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THE EXISTENCE OF TOPOLOGICAL SOLUTIONS
TO THE CHERN-SIMONS MODEL ON LATTICE GRAPHS

BoBO HUA, GENGGENG HUANG AND JIAXUAN WANG

We prove the existence of topological solutions to the self-dual Chern—Simons model and the abelian
Higgs system on the lattice graphs Z" for n > 2. This extends results of Huang, Lin and Yau (2020) from
finite graphs to lattice graphs.

1. Introduction

Various vortex problems have been extensively studied in recent decades, which play important roles
in quantum physics, solid state physics and so on. The existence of topological and nontopological
solutions in these models has been rigorously proven in mathematics. In R%, we consider the self-dual
Chern—Simons vortex equation

M
Au=re" (" —1)+4n anapj (1)
j=1
and the abelian Higgs equation
M
Au = r(e" — 1)+ 47 anapj )
j=1
with positive integers ny, ..., ny and distinct vortices py, ..., py € R2. Here A > 0, and (Spj is the

Dirac mass at p;. A solution of (1) or (2) is called topological if u(x) — 0 as |x| — +o0, and called
nontopological if u(x) - —oo as |x| — +o0.

For the abelian Higgs system (2), Jaffe and Taubes [1980] proved the existence and uniqueness of
general finite energy multivortex solutions to the Bogomol ' nyi equations, and there have been many studies
on this model since then, such as [Jacobs and Rebbi 1979; Jaffe and Taubes 1980; Wang and Yang 1992].
The self-dual Chern—Simons system (1) is the minimal self-dual model containing the Chern—Simons
term. The Chern—Simons vortices were discovered in [Jackiw and Weinberg 1990; Hong et al. 1990],
which attracted people to investigate the existence problem. The existence of topological solutions in R?
was established in [Wang 1991; Spruck and Yang 1995] by the variational method and iteration argument,
and the existence of self-dual doubly periodic vortex solutions was proved in [Caffarelli and Yang 1995].
Later, nontopological solutions were studied in the literature, e.g., [Chen et al. 1994; Chae and Imanuvilov
2000; Chan et al. 2002; Choe et al. 2011], and see [Dunne 1995; Han 2014; Struwe and Tarantello 1998;
Chae and Kim 1997] for other related results.
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Recently, people have paid attention to the elliptic equations on graphs. Grigor’yan, Lin and Yang
first studied nonlinear elliptic equations on graphs; see, e.g., [Grigor’yan et al. 2016b; 2017]. In a
seminal paper [Huang et al. 2020], Huang, Lin and Yau proved the existence result for solutions to (1)
on finite graphs. Furthermore, on a finite graph, the existence of solutions to the generalized self-dual
Chern—Simons equation was proved in [Lii and Zhong 2021; Hou and Sun 2022], and the existence of
solutions to the Chern—Simons Higgs model has been recently proved in [Li et al. 2024] using topological
degree methods. See [Grigor’yan et al. 2016a; Huang et al. 2021; Chao and Hou 2023] for other related
results. For infinite graphs, existence results for the Kazdan—Warner equation were proved in [Ge and
Jiang 2018; Keller and Schwarz 2018] on graphs with positive spectrum and canonically compactifiable
graphs, while lattice graphs 7", i.e., discrete analogs of Euclidean spaces R", are excluded. In this paper,
our main contribution is to extend the results in [Huang et al. 2020] from finite graphs to lattice graphs.
We study the Chern—Simons equation (1) on Z" for n > 2, and prove the existence of topological solutions.
Furthermore, using topological solutions of (1), we prove the existence of topological solutions to the
abelian Higgs equation (2) on Z" for n > 2.

We consider the infinite integer lattice Z" for n > 2; see Section 2 for details. We define the distance
on 7" by

n
dx,») =) -yl xyez,
i=1

and write d(x) = d(x, 0). For any function u : Z" — R, the /P-norm of u is defined as

Ju {(erzn u(ol?)"" for 1 < p < oo,
r(zny =
SUp,czn [u(x)] for p = o0.
The Laplacian is defined as
Au(x)= > (u(y)—u().
d(x,y)=1
In the following we mainly consider topological solutions to the self-dual Chern—Simons vortex equation

on 7" "
{Au =Xre(e" —1)+4n ijl njs, onZ2",

limd(x)—>+oo u(x) =0,
and construct a topological solution to the above equation, which is maximal among all possible solutions.
Our main result is as follows.

Theorem 1.1. Equation (1) has a topological solution u € [P (Z") on 7" for 1 < p < oo and n =2, which
is maximal among all possible solutions. Furthermore, we have the decay estimate

U= 0(€—m(1—é)d(x))’
where m =In(1+A/(2n)), 0 <e < 1.

In this paper, we provide two proofs of Theorem 1.1. In Proof A, we adopt the exhaustion method and
the discrete isoperimetric inequality. Proof A is novel, which relies on the discrete nature of graphs in an
essential way. First, by a contradiction argument, we prove the existence of solutions on a finite subset €2
with Dirichlet boundary condition in Lemma 3.2. In order to prove the existence result on Z", we apply
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the exhaustion method. This approach was first introduced by Lin and Yang [2022] to the analysis on
graphs. Considering a sequence of finite subsets

0
QCQC---C -, UQZZ

and corresponding monotone solution sequence {ug,} obtained by Lemma 3.2, we denote by il (x)
the null extension to Z" of ug,; see Section 2.1. By passmg to the limit, to avoid the triviality of the
limit, one needs to prove a uniform bound for all &#‘. Suppose that it is not true. Then there exists
lim;_, 40 @' (x;) = —oo for a vertex sequence {x;}. Set

={xeQ: — (x) 0},
Ai={xeQ i (x)<—(2n+1)C—A},
L —{xeQ: —Cn+DC—r<i (x) <=C},

where C =4rx Zf’lzl nj. Since |Aii’ (x)| is bounded on €2;, we may prove that
AL #2  and . lim |AS| = +o0.

These imply that lim;_, ; |A’ | =400 by the 1soper1metrlc inequality on Z". However, summing over
Q; in the equation, we know that ) eo; e (1 —e™) is uniformly bounded, which yields a contradiction.
Hence we prove the [*°-convergence i’ — u on Z", and this limit is a topological solution. Applying
the maximum principle and Lemma 3.3, we finally get the decay estimate and the maximality of the
constructed solution.

In Proof B, we follow the methods in [Spruck and Yang 1995]. We prove a key lemma, Lemma 3.4,
which provides the uniform /?-norm estimate of the solution on a finite subset £ with Dirichlet boundary
condition. To prove this lemma, let F (u) be the natural functional associated to the equation (1) on 2.
By Green’s identities on graphs, we prove that F'(u;) decreases with respect to k and has a upper bound
which only depends on n, A and Z;VIZ ;. Applying the discrete Gagliardo—Nirenberg—Sobolev inequality
proved in [Porretta 2020], we have

lurllz@) < C3(F(ur) +1) < Cy,

where Cs, C4 only depend on n, A and Z j=11j- Thanks to this lemma, we may pass to the limit and
get the solution ug € I>(2) on Q. Since its />-norm is uniformly bounded, we construct the solution u
of equation (1) on Z" by the exhaustion method. As in Proof A, we prove the decay estimate and the
maximality of the solution.

With the help of Theorem 1.1, we prove the existence of topological solutions to the abelian Higgs
model.

Theorem 1.2. Equation (2) has a unique topological solution u’ € [P (Z") on 7" for 1 < p <ocoandn > 2,
satisfying u < u’ <0, where u is constructed in Theorem 1.1. Furthermore, there holds the decay estimate
u = O(E—m(l—e)d(x))’

where m =In(1+A/(2n)), 0 <e < 1.
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To prove Theorem 1.2, we apply the subsupersolution method. By choosing w; = 0 as a supersolution
and w, = u as a subsolution, where u is constructed in Theorem 1.1, we obtain a solution to (2) by the
monotone iteration argument.

The paper is organized as follows: In next section, we introduce the setting of graphs. In Section 3, we
give two proofs of Theorem 1.1. In Section 4, we prove Theorem 1.2.

2. Preliminaries

2.1. The setting of 7". Consider the infinite integer lattice graph 7", n > 2, consisting of the set of
vertices

V=7"={x=@....x») eR" :x; €Z, V1 <i <n}
and the set of edges
n
E={{x,y}:x,yeZ",lei—yi|:1},
i=1

and we write x ~ y if {x, y} € E. We denote by C(Z") = {u : 7" — R} the set of functions on Z", by
supp(u) = {x € Z" : u(x) # 0} the support of u, and by Cy(Z") the set of functions with finite support.
For a finite subset 2 C Z", we define the boundary of €2 as

8Q:={yez"\Q:3x € Qsuch that y ~ x},

and write Q = QU SQ. For u € C(S), the null extension to Z" of u is defined as

u(x) on S,

u(x) = {0 on €.

We define the difference operator as
Vou=u(y) —ux), ueC"), x,yelZ".

For f, g € C(R), we introduce a bilinear form,

Dq(f, g) = % Z vxyfvxyg + Z vxyfvxyg,

x,yeQ X€R, yedQ
X~y X~y

and we write Do (f) = Dq(f, f) for the Dirichlet energy of f on Q. For f € C(R), the directional
derivative operator 9f/0n at x € 62 is defined as

af
=) = y;Z(fm — £
x~y

The following are Green’s identities on graphs; see, e.g., [Grigor’yan 2018].
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Lemma 2.1. Let f, g € C(Z") and 2 be a finite subset of 7".
(@) If f € Co(Z"), we have
3 Y ValVog=—)_ f()Ag).

x,yeZ" xeZn
x~y
g
(b) Do(f, g) = —; fx)Ag(x) + % F) 5= ().

2.2. Maximum principle and discrete functional inequalities. In this subsection we introduce a maxi-
mum principle, the isoperimetric inequality, and the discrete Gagliardo—Nirenberg—Sobolev inequality
on 7", which play key roles in the proofs of the main results. The following maximum principle is
well-known.

Lemma 2.2. Let Q be a finite subset of Z7". For any positive f € C(S), suppose that a function v € C ()
satisfies

A=fHrv=0 onQ,
v<0 on 8§2.

We have v <0 on Q.
Proof. We prove the result by contradiction. Suppose that there exists x € €2 such that v(x) =sup, .5 v(y) =
¢ > 0. By the equation,
Av(x) = f(x)v(x) > 0.

This implies that there exists xg ~ x, xo € Q, such that v(xg) > v(x) = ¢, which yields a contradiction. [J

By the above lemma, we have the following corollary.
Corollary 2.3. For any positive f € C(Z"), suppose that a function v € 1>(Z") satisfies

A—=—fHv=0 on 7",
{limd(x)_>+oo v(x) <0.

Thenv <0on 7"

The isoperimetric inequality is well-known on Z”, see, e.g., [Barlow 2017], which is needed for our
Proof A. For K C 7", we denote by |K | the cardinality of the set K.
Lemma 2.4. There exists a constant C,,, only depending on the dimension n, such that for any finite
Qcz,

5921 > Calel" .

For p > 1, we define the D'P-norm as

lull prr(zny == (Z Z lu(y) —M(X)|p)p-

xezm" y~x
In Proof B, we need the discrete Gagliardo—Nirenberg—Sobolev inequality on Z". Since Z" is a discrete
regular mesh, the proof of Theorem 4.1 in [Porretta 2020] yields the following discrete Gagliardo—
Nirenberg—Sobolev inequality.
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Lemma 2.5 [Porretta 2020]. Letn >2, p> 1, y = pand p’ = p/(p — 1). Then for any u € I?(Z"), we have

4 y—1
”u”lyn/(n—l)(zn) < C(p7 n, )/)HM”DLP(Z")||M||l(y_1)p/(z,,)-

Remark 2.6. Although Theorem 4.1 in [Porretta 2020] requires p > n and y > p, the above inequality
in fact holds for any p > 1 and y > p by the same argument in [Porretta 2020]. For n > 2, choose

With a well-known fact that for any g > p,

Nwlliazny < Nuwllirzny,

see, e.g., [Huang et al. 2015], we get for u € I>(Z"),
1

1 1
llliszny < Nutlloo-vzny < Colluell 1.2 gy N1t o -

3. Existence theorems for the Chern-Simons equation

In this section we consider the existence of topological solutions to the Chern—Simons equation, and we
give two proofs of Theorem 1.1. To prove this theorem, we first consider an iterative sequence on a finite
subset of Z".

Let ¢ be a finite subset of Z”, satisfying 29 D {p j}ju: 1» and €2 be an arbitrary connected finite subset
such that 29 C Q C Z". We write

M M
g=4n2nj8pj, C=47r2nj,
j=1 j=1

and it is obvious that g € [”(Z") for any p > 1. Choose a constant K > 21 > 0. Let ug = 0 and consider
the iterative equations

(A — K)up = re"=1(e"'—1)+g— Kug—; on £, 3)
ur, =0 on 6€2.
Lemma 3.1. Let the sequence {uy} be given in (3). Then for each k, uy, is uniquely defined and
O=upzuyZ2up>---.
Proof. First we have
(A—K)u; = on 2,
¢ 4)
u; =0 on 6€2.

One easily sees the existence and uniqueness of the solution #; on €2. Using Lemma 2.2, we obtain that
u; <0.
Suppose that 0 =ug > uy > up > --- > u;. Since

rei (e — 1)+ g — Ku; € 12(R),
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we have the existence and uniqueness of the solution u; ;. From the equations (3) we get
(A= K)(uisr —uj) = (e — =) —p(e" —e"~') — K (u; —ui—1)
> 20* (uj — ui—1) — K (u; —uj—1) > K (€ = D)(u; —ui-1) >0,
where w is a function satisfying u; < w < u;—1. This implies that u;;; < u; by Lemma 2.2 and proves
this lemma. g
Proof A of Theorem 1.1. By Lemma 3.1, we prove the convergence of the monotone sequence {uy}.
Lemma 3.2. Let {uy} be the sequence defined by (3). Then there exists ug € C(Q) such that

up — ug on Q,

which satisfies

Aug = re"2(e'2 — 1 Q
{ ug = re"(e )+g onQ, 5)

ug =0 on §%2.

Proof. Since 2 is finite and the sequence is monotone, the pointwise limit uq of uj exists. It suffices to
show that ug is bounded. We first consider the set

B(Q) ={x € 2 :3Jy € §Q2 such that y ~ x}.

Summing over €2 in (3), by Lemma 2.1 we obtain

M
du
D G @AY U= = g () + K Y () —um (0) <4 Y Sy =C.
xedQ n xeQ xeQ xeQ j=1
This yields that
Y lm@l<c.
xeB(Q)

In particular, for any x € B(£2), the sequence {u;(x)} is uniformly bounded.
If x; ~ xp, x1 € Q2 and xg € B(R2), we claim that {u;(x;)} is uniformly bounded. Equation (3) at xg

shows that

| Aug (x0)| < K |ug(x0) — ug—1(x0)| + Ale" =100 (e=100) — )| 4 | g(xp)]

<
< Klug(xo)| + 314+ C < (K +1DC + 1.
Note that
Auy(xo) = Z(Mk()’) — ug(x0)) < ug(x1) — 2nug(xo) < ug(x) +2nC

y™~Xo0
and ug(x1) < 0. We obtain that {u(x;)} is uniformly bounded.
Since €2 is connected, we repeat the above process, and get that {u;(x)} is uniformly bounded on €2,
which completes the proof of this lemma. O

Let ©;, 1 <i < oo, be finite and connected subsets satisfying
[e.¢]

Qcoccuc, (Ju=7"
i=1

We write u' = ug, for simplicity. To prove Theorem 1.1, we need the following lemma.



492 BOBO HUA, GENGGENG HUANG AND JIAXUAN WANG

Lemma 3.3. Let Q2 be a finite subset of 7" and {u;} be the sequence defined by (3). For any function
V e C(Q) satisfying
AV=re (" —1)+g onQ,
{V(x) <0 on 6%2,
we have

O=uozuyz2--Zuy=---2ug2V.
Proof. First, one has
AV =2re' @ —D+g=reV (" —1).
We claim that sup, . V(x) < 0. If not, choose V (xp) = sup, .o V (x) > 0 for some xy € Q2. Then

0> AV (xg) = re”® (V00 _1) >0,

which yields a contradiction and proves the claim.
Suppose that V < uy. Then

(A= K) (g1 — V) <A™ — V) —n(e —e") — K(up — V) < K(e* — 1) (ux — V) <0,

where the function w satisfies V < o < uy < 0. This implies that V < uy; by Lemma 2.2 and proves
this lemma by the induction. O

Finally, we use these lemmas to prove Theorem 1.1.

Proof of Theorem 1.1. For any integers 1 < j < k, we have Q2; C €. On Qj, since uf < 0, one easily
sees that u* satisfies the conditions in Lemma 3.3, and we obtain

uk < u!  on S_Zj.
Let &' be the null extension to Z" of u' on §2;. Note that

o' >i*>--->ik>...
on Z".
In order to prove the convergence of the sequence {ii'} to a nontrivial limit, we need to give a uniform
lower bound of {ii'}. We argue by contradiction. Suppose that

lim ||@ || = 400.
——+00

We write ) )
Al={xeQ: —C<u'(x) <0},

Ab={xeQ:i'(x) <—Qn+1)C—Ar},
Al={xeQ: —Qn+1)C—ir<i'(x) <—C}.

By the conditions we assume, we get Aé # & when i > iy for some ip. In the following, we only consider
i > ig. Following the proof of Lemma 3.2, we have

Y. liml<c,

)CGB(Q,‘)
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which yields B(€2;) C A"1 so that A‘i # @. To obtain the uniform /°°-norm, we show the contradiction in
three steps.

(i) We claim that

AL # 0.
Suppose that Ag = @, which is equivalent to A’i U Aé = ;, and there exist two vertices x, y € €,
satisfying x ~y, x € A"l, y € Aé. Note that

Al (x) = Z(ﬁ"(z) — @' (x) <a'(y)—2ni'(x) < —Cn+1)C—A+2nC=—C—xr
and '

IAT ()] < |g(0)| +Ale™ (1 —e™)| < C+A.

This yields a contradiction. Thus we have Ag #* .

(i1)) We claim that
lim |A%| = +oo.
i—+00

By

lim || [|; = 400,
i—+00

we choose a sequence {x;}, where x; € ;, satisfying
lim @' (x;) = —o0.
i—+00
Consider the function

w; (x) = lli(x —x1+Xx;)

and
Q={xeZ" :x—xi+x €Q}.
We have
lim w; (x1) = —o0.
1—+00

Let i be sufficiently large. From the proof in (i) we also have the estimate that for any x € €,
|[Aw; (x)| < C+ A.

Consider an arbitrary vertex y; € Q;, y1 ~ X1, and by the above facts,

Aw;(y) =Y (wi(2) —wi(y)) < =2nw; (y1) + w; (x1).
™~y
This implies that
1 CH+A
w;(y1) < %wi(xl) + %
Since Q! is connected, x| € Q! and
lim €] = +o0,

i—-+00
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there exist y; ~ x; and a subsequence, still denoted by {S2}}, satisfying y; € Q!. One obtains that

lim inf w; (y;) = —o0.
i—+00
Repeating the above process,
limsup|{y € Q; : liminfw;(y) = —o0}| = +o0.
i—+00 i—+00

The monotonically decreasing sequence {ii'} guarantees that
j i+1
A5 C AT
By letting i — 400, one easily sees that

lim |Aj| =limsup |A5| = 400.
1—>+00 i—+00

(iii)) From (i) and (ii) we want to prove that
lim sup |A§| = +00.
i—>—+00
We argue by contradiction.
Suppose that
lim sup |A§| =N < +o0.
i—4o00
We focus on the set ©; \ AL = A’i U Aé, which can be divided into a union of several disjoint connected
subsets, 1.€.,

I
Q\Ay = o;.
j=1
and we have
80; C 89 UAL.
From the proof of (i), we have
0;jC Al or 0;C Al

For some 1 </; <[ — 1, without loss of generality, we may assume that

A l
Ai:UOJ and Ab= U 0;.
j=1 j=li+1
Since B(R2;) C A', we get
I
5@ c|_Js0;.
j=1
Thus for [} +1 < j <,
30; C AL
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For any x € Q;, since Oy, ..., Oy are disjoint connected sets and |6{x}| = 2n, there are no more than 2n
sets from the family { Oj}lj:1 satisfying x € § 0;.
By the isoperimetric inequality in Lemma 2.4, we have the estimate

[ n 1 n 1 _n_
j 1 \n-1 _n_ 1 \n=t n—1
|AL| = E 10;] < (C_n) | E, . 180;|n—T < <C_n> < E |80j|>
J=h

j=l+1 j=h+1

2n nzl i == <2I’lN>nﬁl
< (= -1 L
= (C) A3l < Cy ’

which contradicts the claim proved in (ii) by letting i — +-00.

With this fact, we choose a small constant € satisfying

0<e< inf e*(1—e").
xe[—(+1)C—1,—C]

From (5), we get
dii’ M
Y GE@Hr Y (=)= Y g =dn Y on = C.
x€8%2; xe; xX€R; j=1
which implies that
X:e’zi(l—e'zi)<E and X:e<E

xeQ; xEAg

This yields a contradiction to (iii). Thus {i'} has a uniform bound in [°°(Z"), and we have the pointwise
convergence

lim @' (x) =u(x) forall x € 7",
i—+400

where u € [°°(Z7") and u satisfies the self-dual Chern—Simons vortex equation (1). From the above
inequality and the fact that u has a lower bound, we pass to the limit, and get that for any i > 1,

pinfrezn u(x) 1—e") < (1 — ') < E,
XEZQi ( ) xéi ( ) A
which yields that u is a topological solution.

That the solution is maximal follows from Lemma 3.3. On any finite subset €2, by Lemma 3.3, we
obtain that the solution ug, is maximal. On Z", we suppose that there exists another topological solution
[ of the self-dual Chern—Simons vortex equation. From the proof of Lemma 3.3, we observe that f <0
on Z". Applying Lemma 3.3 on €2;, we have

f< ut,

For a fixed integer k > 1 and for i > k we have
S ) <limj oo’ (x) = u(x) on .

For any x € 7", there exists a sufficiently large integer k satisfying x € € such that f(x) < u(x). Thus
we obtain f < u on Z", and the solution u# is maximal among all possible solutions.
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The last part is to prove the decay estimate
U= 0(€—m(1—é)d(x))’
where m = In(1 + A/(2n)). Note that the solution u satisfies

Au=Lre"(e" —1) on Q.
Since

Iim u(x)=0,
d(x)—+o0

for any 0 < € < 1, we can choose R > 1 sufficiently large that

S

Zn)]_e _ 1], d(x) > R.

re > 2n[<l +
Then for d(x) > R,
Au=re'(e" — 1) = 2" u < re®u < cu,

where the function w satisfies u < w < 0 and c3 = 2n[(1 +1/(2n))' € —1].
Consider the function /i(x) = —e (=94 [ et ¢; be the vector whose i-th component is 1 and the
others are 0. For x € 8_26 and d(x) > R, suppose that d(x) =t > R > 1, and we have

n

Ah(x) =) (h(y) =h(x) =Y (h(x +e) +hx —e) = 2h(x)).
y~x i=1

If x; # 0, then

h(x +ei) +h(x _ ei) _ 2h(x) — _e—m(l—e)(t—l) _ e—m(l—e)([—l—l) +2e—m(1—e)t.
If x; =0, we have

h(x +e) +h(x —e;) —2h(x) = =2 mU7OUHD 4 pp=md=e)

> _em1=a=1) _ mm(=e)t+1) | o ,—m(1=o)
Therefore, we have the inequality
Ah(x) > n[_efm(lfe)(tfl) _efm(lfe)(H»l) _|_2efm(lfe)t] — n[efm(lfe) _{_em(lfe) _ 2]h(x)
c3

Q={xeZ":d(x) >R, >R},

Fix a subset

which satisfies Q( N Qo = @. By choosing a large constant C (¢), we obtain
(A—c3)(C(e)h—u) >0 on £,
lim (C(e)h—u)(x)=0 and C(e)h(x)—u(x) <0 if d(x) = R;.

[x|—=+00
These imply that
0> u(x) > —C(e)e ™19 on Qf

completing Theorem 1.1. As a consequence, we obtain u € [7(Z"), 1 < p < oo. |
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Proof B of Theorem 1.1. Proof B follows the methods in [Spruck and Yang 1995]. We mainly prove the
following key lemma.

Lemma 34. Letn > 2, L > 0, and Qq be a finite subset of 7" containing the distinct points {p j}j!”: - For
any finite subset Q2 O 2, the boundary value problem

Au = re'(e" —1)+4m Ziw:l njs, ong,
u(x)=0 on 8§82,

has a solution ug : Q@ — R. This solution is maximal among all possible solutions and satisfies that
lugllz) < Co, where Co only depends on n, A and C.

By Green’s identities in Lemma 2.1, we consider the following functional on €2:

F(u)=3Da(u)+ Y [3A(e"Y —1)* + g(x)u(x)].

xe

We prove the following lemma which states that F'(u;) deceases with respect to k.

Lemma 3.5. Let {uy} be the sequence defined by (3). Then
cozFu) 2 Fu) =2 =2 F(u) = -+,

where the constant co only depends on n, C, A.

Proof. Multiplying (3) by u; — uy—; and summing over €2, we obtain

D (A = K)uge (o) [k () — w1 ()]

xe
= [re" (e = 1)ux — 1) = Ky (g — 1) + g (g — ux—) ] (x).~ (6)
xeQ
By Green’s identities in Lemma 2.1,
Z Aug(x)(ug(x) —ug—1(x)) = —Dq(up — ug—1, ux) = —Dq(ux) + Do (ur—1, ug).
xeQ

Combining it with equation (6), we get

Da(ur) — Doug—1. ue) + Y K (ur(x) — ug—1(x))

xe u u
==Y [re" (@ — 1) — 1) + g (ug — ug—1)1(x).
xe
Consider the function
Ay > K »
(p(x)zz(e -1 —316 )

which is concave for any x < 0. Hence

Qur—1) — @ (ur)
Uk—1 — Uk

> ¢ (ug—1) = re" 1 (@ — 1) — Kuy—.

That is,

e =12 < 2 = 1 T — 1) A @ — D g — ).
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By the fact

|Da(u—1, up)| < % Z |Vayttg—1 Vayui| + Z | Vayttg—1 Vyytig|

x,yeQ xeR,yes
X~y X~y

<3 (Vi P+ 1V + 5 Y (Vayteot P + [ Viyue )

x,y€QR xeQ,yesQ
X~y X~y

= 3 Dq(ux—1) + 3 Do (up),
we obtain that
K
Fui) < F ) + 5 -y = il gy < F ).

Thus we only need to prove F(u;) < cg. Note that

DQ(”])=% Z |nyu1|2+ Z |vxy”1|2

X, yEQ XER,yeSNR
X~y X~y

<Y @ +uMH+2 Y @ Fu()?)

X, yEQ x€QR,yesN
X~y x~y

2
< 41’1””1 ”[2(9)

and |e"! — 1| =1 —¢e"' < —u;y. Then we have the estimate

Fun) <3l g +5 3 0007 + 4 Y lg @) +101 (0]

xeQ xeN

2
=] +C2||u1”12(9)1

where c1, ¢ are constants that only depend on n, A and C. Multiplying (4) by u; and summing over £2,

we have
Do(un) +K Y ui(x)> ==Y g@)ui(x).
xeQ xeQ
This yields
1 K
KDY m@)?<5p > 8@ +5 ) mw?
xeQ xeQ xXeQ
Hence,
181172 n
> m? < —5=
xXeQ
which completes the proof. U

Our aim is a uniform control of the /2-norm of {uy}. By Lemma 3.5, we can use the functional F'(uy)
to control the /?-norm of uy. In fact, we prove the following lemma, which states that the functional F is
coercive.
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Lemma 3.6. Let v € [(Q) and v(x) = 0 for all x € 5. Then
Ivll2@) < C2(F(v) + 1),
where Cy only depends on n, C, A. In particular, let {uy} be the sequence defined by (3). We have for any
k>1,
lukllz) < C2(F(ug) + 1) < Co,
where Cqy only depends on n, C, A.

Proof. For any function v € I>() with v(x) = 0 for all x € §Q. Let ¥ be the null extension to Z" of v
on . Hence ¥ € [?(Z"). By Lemma 2.5, we have

~n4 ~12 ~112
||v||l4(Z") < C;l”v”Dl,Z(Zn)||v||12(zn)-
Note that
1
~ 4 4 ~2 2 ~ >
19l fszmy = D0 W0z, = D 0% and [Tl pragn < 2Da®))2.

xeQ xeQ

This yields that
Y )< C3Da(v) Y v(x)?, (7)

xX€EQ xeQ

where C3 =2C),. Since ¢’ —1 >vand 1 —e™ > v/(1 4+ v) for v > 0,

2
|ev—1|2>( vl )
“ 1+
By (7) we obtain

F(v) = Do)+ Y [3A(e"™ = 1)? + g(x)v(x)]

xeQ
> 1Da() + i Z<M>2 — g lwscan 0l
22 T )] rrEn e

1

2 7
> 1 Do)+ 12 2(%) — Cy(Da(v)} (Z v(x)z)
xeQ

xEQ

@)\ Cs L
> 1Dg(v) + 1A <—> —elvllp — — (Da(v))?
2 2 XEZQ 1+ |v(x)] €

el
>1p LY () - Do) —C
5 Da(v) + 5 er(1+|v(x)| ellvllz) — 7Da(v) — Cy

el Y
= }TDQ(U) + %)\.;(m) — 6”1)”]2(9) - C4, (8)

where € > 0 is a sufficiently small constant which will be chosen below, and Cj4 is a uniform constant
only depending on €, C, C,, which may change its value from line to line.
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By the inequality (7), we have the estimate

2 2
)V lu(x)|
(xezgvm ) = [Zﬂ —1+|v(x>|<1+|v<x>|>|v<x)|}
< Z(M)z S+ @) )2
\er 1+|v(x)| xe
el ) 2
< Z(H-Iv(x)l) Z(v(x) +u(0)*h
Z( [v(x)] ) Z ()% +2C; Z( [v(x)] )ZDQ(’U)ZU(X)Z
S 1+ Jv(x)] I+ |v(x)]

xeQ xeR xeN

cr{go) () (o
S N\ T+ Z\i+pwi) ) 7

XEQ
< 1(2 U(x)z)erC [IJF(Z( lv(x)] >2>4+D (v)q
~ b} 5 PN Q b
? x€Q X€ER 1—|—|U(X)|

where Cs, Ce are uniform constants only depending on C,,. This yields that

) Y
||v||,z<m<c6[1+ (—) +Dg<v)]. 9)
g 1+ [v(x)]

min{1/8, A /4}
Cs

We choose € = , and by combining (8) with (9), we obtain

10l < C2(F(v) +1).
By Lemma 3.5, we have

lurllz@) < Co(F(ug) +1) < Co,
where C;, Cy only depend on n, C, A. U

Proof of Lemma 3.4. By Lemmas 3.6 and 3.1, we obtain
we— ug inl(Q), and luglpg < Co.

Since A is a local operator, by the pointwise convergence the function ug € I2(2) is the solution to the
equation
Au=re"(e"—1)+g on Q,
{u(x) =0 on §€2.

This finishes the main proof of Lemma 3.4. For the rest, it remains to prove that this solution is maximal,
which we argue the same as in Proof A. U
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Let €2; be finite and connected subsets satisfying
oo
Qcccuc, (Jau=2,
i=1

and we write u’ = ug,. Finally we use these lemmas to prove Theorem 1.1.

Proof of Theorem 1.1. As in Proof A, for any integer 1 < j < k, one easily sees that

Let ii* be the null extension to Z” of u;. Then
o' >it>--->ik>...
on Z". Noting that ||it* l12(zny < Co for any k > 1, we have the pointwise convergence
i*(x) > u(x), forallxeZ",

and u € [>(Z"). Hence u satisfies the equations

{Au = e (e" —1)+4m Z;W:] 8p, onZ",
limg(y)— 400 u(x) =0,

which is a topological solution. Analogous to Proof A, one can show that this solution is maximal and
satisfies the decay estimate. This implies that u € [?(Z") for any 1 < p < 0o, and we finish Proof B. [J
4. Existence theorems of the abelian Higgs equation

Note that the topological solution to the Chern—Simons model, obtained in Theorem 1.1, serves as a
subsolution of the abelian Higgs equation. In this section we will prove the existence of topological
solutions to the abelian Higgs equation (2) on Z" for n > 2 using the subsupersolution approach. We
prove the existence of topological solutions to (2) by a monotone iteration method.

Definition 4.1. We call a function w a supersolution or a subsolution of (2) if, on Z,
Ao < (e —1)+g or Aw>=xr(e”—1)+g, respectively.

Lemma 4.2. The function w, = 0 is a supersolution of (2), and the function w, = u given by Theorem 1.1
is a subsolution of (2).

Proof. Since g > 0, we have
Aw; =0 A —1)+g.

Noting that w; < 0, we have

Awry =21e? (e —1)+g>Are?—1)+g. O
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Similar to Section 3, we define an iterative sequence as follows. For K > A, let u6 = 0 and consider
the following equations, k > 1,

(A —K)uj = 1t — 1)+ g — Ku,_, onZ",

lim u)(x)=0.
d(x)—+o00 k( )

(10)

We have the following lemma.
Lemma 4.3. Let {u}} be the sequence defined by (10). Then for each k, u), is uniquely defined and
o =0=ug>u) Zuy>--- > w.
Proof. It is clear that u/ is unique and | € 12(Z™). Since
(A=K)(wy—up) 2 A —1) =Ky > (A — K)w 20,

with the boundary conditions, we prove that u} > w, by Corollary 2.3.
Suppose that
O=ug=uyZuy > >u; >

and we have the existence and uniqueness of u;_ ; € 12(Z"). By calculation, we obtain
(A — K)oy —ul) = A(e"i —e"i1) — K (u} —u}_y) = re (u) —u}_) — K (u} —u}_))
> K" —Du,—u;_1) =0

and
(A= K) (w2 —uj ) > r(e”? — "ty — K (wp — u;) = (he™ — K)(wy —u}) 20,

where the functions 75y, 1y satisfy

u;<m<u;_; <0 and wy < <u; <O0.
These yield that
w) Sy < uj. O
Finally, we give a sketch of the proof of Theorem 1.2.

Proof of Theorem 1.2. By Lemma 4.3, the monotone sequence {u;} is bounded in 12(Z"). Hence, we get
the pointwise convergence
up(x) = u'(x) forallx € 2",

and we obtain that u’ € [(Z") and ' is a topological solution to (2). In addition, if there exists another
topological solution f, then
AW — f) =" —el).

Hence there exists a function f”, satisfying min{u’, f} < f’ < max{u’, f}, such that
(A—=2re! YW = f)=0.

By the maximum principle, we obtain that this solution is unique.
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Furthermore, since 0 > u’ > wr» = u and

U= O(e—m(l—e)d(x))’

we have
u = O(E—m(l—e)d(x))

and u’ € [P (Z") for any 1 < p < o0. O
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