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ENTROPY MAXIMIZATION IN THE TWO-DIMENSIONAL EULER EQUATIONS

MICHELE COTI ZELATI AND MATIAS G. DELGADINO

We consider a variational problem related to entropy maximization in the two-dimensional Euler equations,
in order to investigate the long-time dynamics of solutions with bounded vorticity. Using variations
on the classical min-max principle and borrowing ideas from optimal transportation and quantitative
rearrangement inequalities, we prove results on the structure of entropy maximizers arising in the
investigation of the long-time behavior of vortex patches. We further show that the same techniques apply
in the study of stability of the canonical Gibbs measure associated to a system of point vortices.
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1. Long-time dynamics in two-dimensional perfect fluids

The Euler equations describing the motion of an inviscid and incompressible fluid in a two-dimensional
regular simply connected domain M C R? read
{8,w+u-Va)=O,

. E
wli=0 = »", ®

where w(f, x) : R x M — R is the vorticity and u(z, x) : R x M — R? is the divergence-free velocity
field, related to w through the Biot-Savart law

u=Vy = (=¥, V),

{mp:w in M, (-

Y =0 on IM.
In short, u = VA~ 'w. The transport nature of equations (E) translates into the representation of solutions
via the method of characteristics,
o, x)=w"o CDt_l(x),
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where
d

g Q) =ult, (x)),  Pox) =x,
is the Lagrangian flow. Thanks to Yudovich theory [1963], the Euler equations can be seen as a well-posed,
weak-* continuous dynamical system on the compact metric space given by the unit ball in L*>

X:={we L¥M) : |lolL~ =1},

endowed with the weak-* topology (see [Nguyen 2022] for a recent proof of this fact). It is then natural to
ask what is the generic long-time picture of solutions to (E). A central conjecture due to V. Sverak [2012]
posits that generic initial data give rise to solutions whose orbits are not precompact in L?. While this
conjecture, in its generality, remains currently out of reach, the recent inviscid damping results [Bedrossian
and Masmoudi 2015; Masmoudi and Zhao 2024; Ionescu and Jia 2020; 2022; 2023] validate it in certain
perturbative regimes.

A related point of view revolves around the idea that the velocity causes a cascade towards high
frequencies that averages (i.e., mixes) the vorticity in infinite time. The Euler equations (E) preserve
physically relevant quantities, hence said frequency cascade is constrained to be consistent with many
conservation laws. These are the kinetic energy,

Ew) = %/M VA ()P dx = | fM (o dr,

the circulation,

K(w):f u-dE:/ w(x)dx,
oM M

and the Casimirs,

1

S5 @) = T

/ f(w(x))dx, for any continuous f : R — R.
M

Along any sequence of times tending to infinity, weak compactness implies the existence of subsequential
limit points we, for the dynamics. While E and K are continuous in the weak-* topology, and hence

(E, K)(@™) = (E, K) (@), (1-2)

the Casimirs may lose information at infinite time. In particular, if @ (f;) * woo, along a sequence of
time #; — oo, then only upper-semicontinuity can be deduced, namely
Sy (a)i“) =limsup Sy(w(?j)) < Sy(ws), for any continuous concave f: R — R.
j—00
A strict inequality above is associated to mixing and is often observed in the long-time limit of the
two-dimensional Euler equations.

To give the above observations a robust mathematical framework, one can account for the Euler
evolution and its long-time limits by considering the weakly-+ closed set

O = {a)i“ od | d: M — M is an area preserving diffeomorphism}*, (1-3)



ENTROPY MAXIMIZATION IN THE TWO-DIMENSIONAL EULER EQUATIONS 507

which can be seen as the orbit of the natural action of the volume-preserving diffeomorphism group on
the vorticity field ™. Although this set may strictly contain the ©2-limit set of ™, we can get close to
the dynamics of 2d Euler by intersecting Oj, with the various conservation laws (1-2). This approach
provides the basis of Shnirelman’s maximal mixing theory [1993], explored and revisited recently in
[Dolce and Drivas 2022].

1.1. A statistical mechanics perspective. For specific choices of f (e.g., f(w) = —wlogw), Sy can
be seen as a measure of entropy, which is a measure of the number of possible configurations at the
microscopic level that leads to the observable macrostate. The second law of thermodynamics states that
the entropy of an isolated system will never decrease, but will instead tend to increase over time until it
reaches a maximum value at equilibrium.

L. Onsager argued in his seminal [1949] work that under certain ergodicity assumptions, Euler flows
originating from point vortices should relax to vorticities that maximize the Boltzmann entropy

S() = ——— [ wx)logw(x)dx, (1-4)
IM| [y
subject to all conservation laws, in analogy with equilibrium statistical mechanics. The field has seen
tremendous growth since then, with the development of statistical hydrodynamics theories corresponding
to variational problems of the type

maximize Sy (w) subject to @ € Oy, and E(w) = E(w™), (1-5)

for suitable choices of f, see the reviews [Robert 1995; Bouchet and Venaille 2012]. A rigorous picture
for point vortices has been established in the seminal articles [Caglioti et al. 1992; 1995; Eyink and Spohn
1993; Kiessling 1993]. In this article we center in the choice of the Boltzmann entropy (1-4), but other
choices of f are also physically relevant.

In the canonical formalism of statistical mechanics, the maximal entropy functional is computed via a
variational problem over a microcanonical ensemble as

S(e) =max{Sy(w) : w € Oy, E(w) =e}, (1-6)

and is expected to be concave with respect to the energy level e. However, even in the simple scenario of
a single vortex patch in a disk, this seems to be an open question [Sverdk 2012].

One of the aims of this article is to give a general strategy to show the concavity of S, via a variation
of the classical min-max principle. The energy constraint in (1-6) can indeed be rewritten as

§(e) = max [S/(@) + inf ple —E@))]. (1-7)

since
0 if E(w) =e,
—o0 otherwise.

ég& ple —E(w)) = {
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By formally commuting the max and the inf in (1-7), also known as the min-max principle, we are able
to rewrite

(e) = inf{ Be+ me(lg)i(n( r(w) — BE(w)) { = inf 1 Be+ m%)i(n Fg(w) (1-8)
in terms of the associated free er 1C12Y

Fg(w) :=Sy(w) — BE(w). (1-9)

If the min-max principle applies, it follows immediately that S is concave as it is now written as the
infimum over affine functions of e. The rigorous justification of the min-max theorem is included in the
Appendix, whose main requirement is the uniqueness of maximizers of Fg in O;, for every B € R. This
discussion leads to the following conditional result.

Theorem 1 (uniqueness implies concavity). Assume that o™ = 14, for some A C M, and suppose that
£ eC([0,00)NCL((0, 00)) is strictly concave with f'(z) — —oc as z — 0%, If for any achievable energy
level the constrained entropy maximization problem (1-5) has a unique maximizer, then the maximal
entropy functional S in (1-6) is strictly concave.

Remark. The uniqueness of the entropy maximization problem (1-5) can be relaxed to allow uniqueness
up to transformations that preserve the entropy and the energy, see Remark A.2. For instance, in the case
of radially symmetric domains, we can for instance allow for uniqueness up to rotations.

Showing the uniqueness property required in the above Theorem 1 in general settings is an interesting
and challenging open question. In statistical physics, nonuniqueness of the equilibrium state is directly
related to phase transitions in the associated system [Georgii 2011; Delgadino et al. 2021; 2023]. For
interacting particle [Carrillo et al. 2020; Chayes and Panferov 2010] and spin glass systems, several toy
models exhibiting discontinuous phase transitions exist. In the case of 2d Euler, it could be expected that
for nontrivial geometries, a discontinuous phase transitions takes place (specifically, the relevant type are
first-order or discontinuous phase transitions).

While in the variational problem it is just a Lagrange multiplier, 8 plays the role of the inverse
temperature in the language of statistical mechanics. More specifically, if there exists a unique 8 = f(e)
that attains the infimum in (1-8), we obtain the classical statistical mechanics identity (Clausius law)

ds
p= de’
That is to say, the derivative of the maximal entropy with respect to the energy is the inverse temperature
of the system. In particular, B(e) is strictly decreasing in e, and hence we can write the energy associated

to a given inverse temperature level 8 (see Figure 1).

1.2. Main results for vortex patches. One of the purposes of this article is to show the uniqueness of
maximizers in (1-5) in the case when ™" is a vortex patch on the disk, by exploiting the theory of radial
rearrangements. We therefore consider M = [, the unit disk centered at the origin, and ' the indicator
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S(e)

S(e.)

0 €min €, €max e

B>0 B <0

Figure 1. The function e — S(e). The three cases § — —oo, 8 =0 and § — oo are associated
with the energy levels enax, €, and epin, respectively.

function of aset A C D, 1.e.,

W (x) = 14 (x), %=me ©, 1). (1-10)

D
In this context, the corresponding set in (1-3) takes the particularly amenable form [Dolce and Drivas
2022]

1
0= :a)ELOO 0<w<1, —/w(x)dx:m}. (1-1D)
Dl Jo

Since O is weak-* compact, the weak continuity of E implies the existence of a maximum and a minimum,
denoted epax (resp. emin), achieved at vorticity wmax (resp. wmin). Also, since 0 ¢ O and E(w) = 0 if and
only if w =0, it necessarily holds that ey;, > 0. In fact, enax and epin and corresponding vorticities can
be computed explicitly, see Lemma 3.2. Given e € [epin, €max], W€ are interested in the maximization
problem

maximize S(w) subject to w € O and E(w) = e, (1-12)

where S denotes the Boltzmann entropy

S(w) := _ L w(x)logw(x)dx. (1-13)

DI Jp
Remark (on the choice of entropy). Our analysis does not heavily rely on the specific form (1-13),
although for the patch problem, several other entropies can be considered, consistent with classical
theories of statistical hydrodynamics. For instance, in the Robert—-Sommeria—Miller theory [Robert 1990;
1991; Miller 1990; Robert and Sommeria 1991], the choice of S should be dictated by the form of the

initial datum: assume that D is partitioned into a disjoint union of sets {Ag}évzl, and ™ = > paela, with
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a, € [0, 1]. Then one can define the entropy (generated by ') as
1
Srsm (@) = sup{—@ / > ) logpe(x)dx = aipr, 0<pr <1, > py= 1}. (1-14)
Dy ¢ [

The case of a vortex patch (1-10) leads to explicit computations: since Aj = A, A» =D\ A, a; =1 and
ap = 0, the only possible choice in (1-14) is when p; = w and p, = 1 — w, leading to

Syom (@) 1= —ﬁ [0 log0 () + (1~ @) logl —w(x)]dx,

Another possibility, introduced by Turkington [1999], is to consider a different maximization problem
compared to (1-14), that, in the case of a vortex patch, allows vorticity to mix on the whole range of small
scales a € [as, a;] = [0, 1]. This leads to the entropy

=
St(w) := |D|/th(w(X))dx,
with |

1 1
ft<w>=sup{—/0 p(») logp()dy < p =0, /0 P dy =1, /O yp(y)dy=w}.

This amounts to performing an entropy maximization over all probability densities p dy in (0, 1) which
give w as their mean value.

The first main result of this article is the following characterization of the maximal entropy functional,
in complete analogy with classical statistical mechanics.

Theorem 2. The function S : [emin, €max] — [0, 00) defined as
S(e) =max{S(w) : w € O, E(w) =¢}
is strictly concave. Moreover,
(@) S has a unique, strictly positive global maximum at e, = tm?/16;
(b) S(emin) = S(emax) =0;
(c) S isincreasing on [emin, €«] and decreasing on [e,., emax]-
Remark. Theorem 2(c) is a consequence of concavity and Theorem 2(a)—(b).

In light of Theorem 1, the rigorous justification of the min-max principle in the Appendix needed for
Theorem 2 requires the uniqueness of maximizers of Fg in O for every 8 € R. This is the second main
result of this article.

Theorem 3. For any B € R, there exists a unique solution wg € O of the maximization problem
maximize Fg(w) subject to w € O.
Moreover,
o if B >0, then wg is radially increasing,
o if B <0, then wg is radially decreasing.

In particular, wg is constant when B = 0.
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Our uniqueness proof follows closely the developments in uniqueness of steady states for the standard
Keller—Segel model [Calvez and Carrillo 2012], and their homogeneous variants [Calvez et al. 2021;
Carrillo et al. 2015]. In broad terms, the strategy is to find suitable interpolation curves between two
competitor states, such that the free energy over the curve is convex or monotone. The seminal paper
of McCann [1997] implements this idea with the interpolation curves given by the geodesics of the
optimal transportation distance. We also mention the novel interpolation curve in [Delgadino et al. 2022]
for radially decreasing states, which unfortunately is not directly applicable to our setting. Inspired by
[Calvez and Carrillo 2012; Calvez et al. 2021; Carrillo et al. 2015], we first use rearrangement theory
[Talenti 1976; Kesavan 2006] to reduce the problem to one-dimensional radially decreasing profiles.
Then we consider the optimal transportation interpolation between a maximizer and a competitor. Finally,
employing Jensen’s inequality and the Euler—Lagrange equation for the maximizer, we can show the strict
monotonicity of the free energy along the interpolation curve. One of the main differences with [Calvez
et al. 2021; Carrillo et al. 2015] is that we need to deal with the L*>° constraint, imposed by (1-11).

1.3. On the conservation of angular momentum. The constrained maximization problem (1-12) takes
into account the conservation laws (1-2), but neglects the additional symmetries of the disk that give rise
to conservation of angular momentum

A(w):—f %(1—|x|2)w(x)dx:fxL~u(x)dx, (1-15)
D D

which is weak-* continuous, like the energy E.

The inclusion of this extra constraint changes the picture dramatically. Indeed, entropy maximizers are
no longer necessarily radially symmetric, as the following heuristics illustrate. Ignoring for the moment
the L™ constraint that the set O in (1-11) imposes, the limiting case of maximal angular momentum
amax = 0 is achieved only for states @ which are supported on the boundary dD. In which case, if wyq is
radial then wryq = c8yp and E(wrag) = 0. On the other hand, the nonradial state w,, = §x, with xo € 9D also
has zero angular momentum, and formally has unbounded energy E(wy,) = +00. This extreme situation
hints that constraining the angular momentum implies there are energy levels that are not achievable by
radial vorticities. A rigorous statement describing this situation is contained in the following result.

Theorem 4. For m € (0, 1) and L > 1, consider the set
O = {a)eLoo :0<w<L, L/ w(x)dx:m}.
DI Jp
For the radial optimization problem, there exists C > 1 independent of L, a and m such that
sup{E() : w e 0L, Aw) =a, w is radial} < C<m|a| + |a|210g(|];—|>). (1-16)

For the nonradial case, if L > 47%m3 / |a|2, we have the lower bound

2 L|a|?
sup{E(w) : w € O, A(w) =a} > n;n 10g(647r2m3)' (1-17)
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In particular, there exist a, € (—l O) and Q > 2w depending on m, such that if a € (ay, 0) and

27
L = Q*m3/|al?, then
sup{E(a)) twe 0, Alw)=a, wis radial} < sup{E(w) twe 0, Alw) = a}.

The radial bound (1-16) follows by utilizing the formula

1 (1
E(w):E/O ;/I;Va)(x)dx

which is valid only for radial functions. The bound follows by estimating the amount of vorticity near the

2
dr,

origin, using the L* bound and the angular momentum. The lower bound (1-17) follows by calculating
the energy of a vortex patch of the form

Wyxy,L = Lle(xo)-

The complete proof of Theorem 4 is postponed to Section 5.

We note that the proof of Theorem 4 is similar in spirit to [Dolce and Drivas 2022, Theorem 2].
The main difference is that Dolce and Drivas consider the case of a periodic channel (hence not simply
connected) instead of the disk. In their case, the conserved quantity of interest is the linear momentum
instead of the angular momentum.

1.4. On the stability of Onsager solutions. The Euler—Lagrange equations associated to the variational
problem (1-12) resemble those appearing in the context of mean-field limits of point-vortices studied in
[Caglioti et al. 1992; 1995; Eyink and Spohn 1993; Kiessling 1993]. Specifically, in the setting of the
unit disk and for 8 € (—8m, 00), there exists a unique radial solution to the mean field equation

BY, AYg = in D,
wp=2"" and Vp=wp in (1-18)
Zg Y =0 on 0D,
where
Zg :/ ePYs () dx,
D
which is given in radial variables by
1—A 1
wp(r) = ) ,  with A(B) = P . (1-19)
T (1—A(B)r?)? 8nr +p

We call such steady Euler flows Onsager solutions, as they appeared first in [Onsager 1949]. A result of
[Caglioti et al. 1995], rephrased with the terminology of this article, states that such solutions arise as
maximizers of the same free energy Fg in (1-9) over the set

73={a)eL1 tw >0, /w(x)dx:l, /a)(x)loga)(x)dx<oo}.
D D

Moreover, we notice by (1-19) that as B — —8m we have wg — d¢, see Theorem 6.1 below for a precise
statement. This restriction of 8 > —8m did not apply to the previous results as we considered the vortex
patch problem, which has the conservation of the L* norm which prevents blow-up.
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Quantitative stability of these solutions in L' has been addressed in [Lemou 2016], using the stability
of the Hardy-Littlewood inequality applied to angular momentum. The techniques developed in the proof
of Theorem 3 allow us to prove the following qualitative L2-stability result.

Theorem 5. For any B € (—8m, 00), the solution wg to (1-18) is L? stable with respect to L pertur-
bations. That is, for any € > 0 and any positive ™ € L, there exists 8 = §(e, ||| =) > 0 such that if

™ —wgll 2 <9, the corresponding Euler solution w = w(t) is such that |w(t) — wgl| 2 < € for any t > 0.

The case S > 0 follows from the classical method of Arnold [1966; Arnold and Khesin 1998], as
the right-hand side of (1-18) is an increasing function (see also [Gallay and Sverdk 2024] for a recent
revisitation of the method). However, the case 8 < 0 is nontrivial, and it will be our main focus. Indeed,
Arnold criteria for stability of steady Euler solutions satisfying the semilinear elliptic equation Ay = F ()
require that

—M<F <0 or 0<F <oo,

where A1 > 0 is the first eigenvalue of the Dirichlet Laplacian. Such a condition is clearly violated by (1-18).

To obtain this Lyapunov stability result we make use of a quantitative Jensen’s inequality and an
adaptation of Talenti’s original argument [1976]. In particular, we borrow ideas from [Amato et al. 2024],
which combine the arguments of the quantitative versions of Polya—Szegé [Cianchi et al. 2008] and
Hardy-Littlewood [Cianchi and Ferone 2008] inequalities, specialized to the solutions of the Poisson
equation to obtain a quantitative version of Talenti’s inequality.

We mention that the uniqueness of Onsager-type solutions in the sphere S* was recently addressed in
[Gui and Moradifam 2018] by studying Onofri’s inequality [1982], which settled a conjecture in conformal
geometry [Chang and Yang 1987]. The stability of Theorem 5 is related to the dual formulation of Onofri’s
inequality, which was exploited recently in [Carlen 2025] to obtain stability of the log-HLS inequality.

2. Uniqueness implies concavity

The purpose of this section is to prove Theorem 1, for vortex patches of the form (1-10) in a general two-
dimensional simply connected domain M C R?. In which case, we will make use of the characterization
(1-11) for the orbit of the patch, with the disk D replaced by M. As mentioned in Section 1.2, the
concavity of S is a consequence of the min-max principle stated in Proposition A.1. The only nontrivial
requirement is stated in Proposition A.1(e), which requires the uniqueness of maximizers wg € O of the
functional
L(w, B) = Be+ Sy (w) — BE(w)

for a given fixed 8 € R.

In the generality of Section 1.1, the energy functional E still achieves a maximum and minimum values
emax = €min > 0 on O. Theorem 1 is then a consequence of Proposition A.1 and the following result.

Proposition 2.1. Assume that the free energy Fg has a unique maximizer wg € O for each € R. Then
the function e — S(e) is strictly concave on [emin, €max]-

We start by deriving an Euler—Lagrange equation, which we will use in the proof of Proposition 2.1.
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Lemma 2.2. Assume f € C([0, 00)) N C'((0, 00)) is concave and lim, g+ f'(z) = —o0. Any maximizer
 of Fg over O satisfies inf @ > 0, and there exists A = A(®) such that
1

|M|f/(6))+,31/_/:)_» a.e. on {® < 1}, (2-1)

where _
Ay = inM,
V=0 on oM.

Proof. To prove (2-1), we consider a positive smooth function ¢, such that

1 _
— | l—w)p=1. 2-2)
[M] /M v
We take the perturbation
m
we = ——(@+e(l —w)g),
m+¢e
with & > 0 small enough to satisfy @, € O. Taking a variation of the entropy, and using concavity, we
know S/ (@,) — S/ (@)
. o f(we) — op(w 1 /= _ 1 _
hgrg(l)gff > ~TM] /M (@)1 —-w)e— ESf(w)-
Similarly, taking a variation of the Energy we get
E(w:) —E(® _
lim 22 —E@) _ —/ T —d)p— 2E@).
e—>0t & M m

Using the maximality property of @, we know that

lim MSO

e—0t &

’

which immediately implies that

/ (f (@) +M)(1 —D)p > AM®) = - (S(@) — 2BE@))
u\ M| "

for any positive and smooth test function ¢ which satisfies (2-2). Therefore,
f'(@)
|M]|

+BY >X1 ae.on{d<l}.

Using that f/(0) = —oo and that ¢ is uniformly bounded, we have that & is uniformly bounded below
in M. Hence, we have that the perturbation
_ m

We = m_g(cT)—scp)GO

0
|M| M(p_

and & > 0 small enough. Following the same arguments as above, we obtain the reverse inequality
'@ - -
+BY <X ae.onM,
|M]|
and (2-1) follows. U

for any positive smooth ¢ satisfying
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Proof of Proposition 2.1. Applying the min-max principle in Proposition A.1, the maximal entropy
function can be written as an infimum over affine functions in e, namely

S() = inf {ﬂe+ max Fﬂ(w)}, (2-3)

weOm
and hence it is concave in e. We now verify its strict concavity. For any 8 € R, let
:= max Fg(w).
8(B) = max Fy (@)

Being the supremum of affine functions of 8, g is a proper lower semicontinuous convex function.
Therefore, for any 8 € R, the subdifferential dg(8) is nonempty and monotone. We define the set

Be):={BeR:Se)=pBet+g(B)}
We claim that B(e) is nonempty in (emin, €max), Single-valued and monotone as a function of e.
e B(e) is nonempty. For e € (epin, €max), We first show that

ﬂgliloo(ﬂe +8(B)) = +oo. 24

The expression for the energy optimizers wmax and wniy can be computed explicitly (see (3-6) and (3-7)).
In particular, wmax, @min € {0, 1}, and hence Sy (wmin), Sy (wmax) are finite.
For g > 0, we have
—Bemin + Sf (@min) = Fﬂ (@min) < al;rel%x Fﬂ () =g(B),
which implies the bound
B(e —emin) + Sf((l)min) <Be+g(B),

and shows that ﬂlim (Be+ g(B)) = +oo. Similarly, for 8 < 0, we have the bound
—00
—Bemax + Sf (Wmax) = Fﬂ (wmax) < g(B),

which implies the bound
—B(emax —©) + Sf (wmax) < Be+g(B),

and the claim (2-4) follows. If {8,} C R is a minimizing sequence such that
S(e) = lim (Bre+g(Bn)),
n—oo
then by (2-4) we must have that {8,} is bounded and therefore has a limit point B. By the lower
semicontinuity of f we find from (2-3) that Be+g(B) = S(e), proving the claim.

o Characterization. If 8 € S(e), then
—e € dg(p), (2-5)

because § is a minimizer. Next we show that the subdifferential of f is given by

9g(B) = {—E(wp)}, (2-6)
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where wg is the unique maximizer of Fg over Oj,. Since g is the pointwise supremum of affine func-
tions G, (B) := Sy(w) — BE(w) over w € Oy, the subdifferential dg(B) is in general [Zilinescu 2002,
Theorem 2.4.18] given by

9g(B) =co< U 106.(8) : Gu(B) =g(ﬂ)}),

w€Oi

where co(B) denotes the closed convex hull of the set B. Due to our uniqueness assumption and the fact
that G, is differentiable, in our case the above identity reduces to

d

%28 = { 45

Go(B) s, | = (—E@p)).
which is (2-6).

o Strict monotonicity. Thanks to (2-5)—(2-6), the function S(e) is given implicitly by the equation

E(wge) =e.

Hence B(e) is well-defined and monotone if we can prove that the mapping 8 — E(wg) is strictly
monotone.

Given B; < B2, we want to show that E(wg,) > E(wg,). By the Euler—Lagrange condition (2-1), we
know that wg, # wg,. Hence, by uniqueness of maximizers, we have

Fg, (wg,) > Fg, (wg,), Fg,(wp,) > Fg,(wg,),
which implies
(B2 — B1)(E(wg,) — E(wg,)) = (Fg,(wp,) — Fg,(wp,)) + (Fp, (wp,) — Fp,(wp,)) <O.
This shows the desired strict monotonicity. U
Remark. The assumption that o™ = 1, for some A C M is only used to show that for any ) # 8, we

have that wg, # wg,, which stems from the Euler-Lagrange condition (2-1).

3. Free energy and entropy maximizers

In this section we analyze various aspects of entropy maximization related to the free energy Fg. We
specialize from now on in setting of Section 1.2, hence considering the vortex patch problem in the unit
disk M = D, with entropy given by (1-13). Since our analysis is based on rearrangements inequality, we
first take some time to review the basic concepts of radial rearrangements. The assumptions on f are
those of Theorem 1.

3.1. Rearrangements and radial symmetry of maximizers. A standard technique for studying maximizers
is utilizing rearrangements of mass. Given a set B C [, its symmetric rearrangement B is the open
centered ball whose volume agrees with B, namely

B ={x e R? : n|x|*> < |B|}.
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Given a function w € O, its symmetric decreasing rearrangement is defined by

o*(x) = /01 Lpoperpe (x) dt.
Notice that w® is radial. The symmetric increasing rearrangement of w is
wy(x) = (/1 — |x]2).
It follows directly from a theorem of Talenti [1976, Theorem 1(v)] that
E)=3IVA™ 0|2, < JIVAT' |2, = E(w?) (3-1)

for any w € O, with equality if and only if @ = w*; see [Carlen and Loss 1992; Kesavan 2006]. We are also
interested in comparing the kinetic energy among radial vorticities. If w is radial, then the corresponding
stream function can be explicitly derived from (1-1) as

1 K
V() =— f % / o (5)5 d5 ds. (3-2)
r 0

For any radial function g € O, define

M, (r)=2m frg(s)s ds :/ gx)dx, re(,1], (3-3)
0 B,

where B, is the ball of radius r centered at the origin. Thanks to (3-2), for any radial w € O, it is not hard
to see that

E(a))znfol |8r1//(r)|2rdr:%/01 1My ()P (3-4)
Moreover, we have the following comparison principle in the radial case.
Lemma 3.1. Let w € O be a radial function. Then
E(wp) < E(@) < E(0).

Proof. Thanks to the Hardy—Littlewood inequality! and the fact that (15 )% = 1p , we have

/ 15, (s (x) dx < / 15, () (x) dx < / 15, (¥)o" (x) dx,
D D D

implying that M,,, < M,, < M. The claim follows from (3-4). ]
The representation (3-4) of E is also useful to compute explicitly the energy for specific vorticities. For
instance,
2
w,=m = e, =Ew,)= ”1—’2. (3-5)

For any two measurable functions f, g : D — [0, 00), it holds that /D fﬁgu < /D fg < /D fﬁgﬁ.
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Now, for any radial w € O, we have that M, (r) <rx min{r?, m}. Defining

1, re(,m),
. = 3-6
Wmax (1) {0’ re («/ﬁ, 1. (3-6)
we then have that M, < M,, . Similarly,
1
M, (r) = M,(1) =27 / w(s)sds > m(m—1+7r?),
r
so that M, > M,, . , where
0, re,+1—m),
Omin () = — (3-7)
17 r e ( 1 - m, 1).

As a consequence, by a direct computation of E(wmin) and E(wmax) we have the following result, which
we state without proof.

Lemma 3.2. For any radial w € O we have

emin < E(®) =< emax,

where
2
emin = E(@min) = "1z~ — T (1 =m)(m+ (1 —m) log(1 —m))
and
emax := E(@ )—”—mz+”—m2|lo m|
max «— max/) — 16 8 g *

In fact, the above functions satisfy the stronger property below.

Lemma 3.3. The functions wyin and wmax are the unique functions that achieve their energy levels, that is

E(w)=emn = @ = ®min,

E(w) =emax = ©=omax- (3-8)

Proof. Since w — E(w) is a convex function, it has a unique global minimizer in O. Moreover, such
minimizer is radially symmetric, since E is invariant under rotation. Thus, Lemma 3.2 implies that wp, is
the unique minimizer. Turning to (3-8), we know by (3-1) that any energy maximizer is necessarily radially
decreasing, and by Lemma 3.2 that @, is one of them. If @ is another radially decreasing maximizer, it
is not hard to see that ® = wmax if and only if Mz = M, . i.e., if and only if E(®) = E(wmax)- O

'max ?

3.2. Relaxed maximization problems. The strategy to prove Theorem 2 is to study (relaxed versions of)
the maximization problem (1-12) and apply a min-max principle. In turn, we will see how this is reduced
to study uniqueness of maximizers for the free energy Fg in (1-9), as B € R varies. We begin with the
following observations.

Lemma 3.4. For every e € [emin, €max ), the constrained maximization problem (1-12) admits at least one
solution.
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Proof. Notice that Sy is strictly concave and upper semicontinuous. Let w, be a maximizing sequence.
Since O is weak-* compact, there exists @ € O such that w, * @ up to subsequences, and since
E(w,) — E(®) by continuity, E(®) = e. Moreover,
sup{Ss(@) : @ € O, E(w) =e} =limsup Sy (w,) < Sy (@),
n—oo

as Sy is upper semicontinuous. Hence @ is a maximizer. (]
It is also important to identify the global entropy maximizer, regardless of the energy constraint.

Lemma 3.5. The unconstrained maximization problem
maximize Sy (w) subject to w € O

has a unique maximizer given by the constant solution @, = m.

Proof. The proof follows from the previous Lemma 3.4, with the uniqueness stemming from the strict
concavity of the entropy functional. Assume now that @ is the unique maximizer, and let ® : D — D be
a volume-preserving diffeomorphism. Then w o ® € O, and Sy(w o ®) = S¢(w). Thus, by uniqueness,
oo d = @, and since @ is arbitrary, this implies @ is constant, hence equal to its average. ]

Thanks to the computation in (3-5), Theorem 2(a) is proved. The role of e, = E(w,) in (3-5) is quite
interesting. Indeed, for a fixed energy level e < e,, the maximization problem (1-12) can be relaxed into a
convex one.

Lemma 3.6. If epin < e < e,, then the constrained maximization problem (1-12) is equivalent to the
relaxed problem
maximize Sy (w) subjectto w € O, E(w) <e. (3-9)

In particular, problem (3-9), and hence (1-12), have a unique solution.
If e, <e < emax, then the constrained maximization problem (1-12) is equivalent to the relaxed problem

maximize Sy (w) subjectto w € O, E(w) > e. (3-10)

Proof. We first look at the case e < e, and argue by contradiction. Fix any maximizer ® € O with E(®») <e.
For any ¢ € [0, 1], the convex combination w; = (1 — t)@ + tw, is in O. Moreover, using the continuity
of E, we have that for ¢ small enough E(w;) < e. Since @ is a maximizer,

d
5Sf(wt)|t=0 =0.

However, a direct computation shows

Ls1@lco= 1 /D (=)' @) = - /D (@~ D) ('@ — @) > 0,

hence reaching a contradiction. Since the condition E(w) < e in (3-9) is convex and the entropy functional
is strictly concave, uniqueness of solution follows immediately. The case e > e, is completely analogous,
however (3-10) is not a convex problem and therefore uniqueness of solutions is not as immediate as the
previous case. U
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4. Uniqueness of maximizers at negative temperature

In light of Proposition 2.1, we have reduced the problem to the investigation of uniqueness of maximizers
for the free energy Fg. This is the main result of this section.

Theorem 4.1. For any B € R, there exists a unique maximizer wg of Fg over O.

For B > 0, Fg is strictly concave and therefore admits a unique maximizer, which is necessarily radial
due to the invariance of the functionals under rotations. Hence, this section is devoted to the study of the
case of negative inverse temperature § < 0.

4.1. The Euler-Lagrange equations. Despite the loss of concavity of Fg for 8 < 0, Talenti’s inequality
(3-1) implies that if w is not radially symmetric and decreasing then

Fs (@) = S() — BE(w) = S(F) — BE(w) < S(0F) — BE(0) = Fg(0). (4-1)

Thus, any maximizer is radially symmetric and decreasing. First, we derive the Euler-Lagrange equations,
which we refine from Lemma 2.2.

Lemma 4.2. Let B < 0. Any maximizer @ of Fg over O is radially decreasing and satisfies the following:
there exist rg € [0, 1) and L = )_»(CT)) € [0, 00) such that

or)=1, onl0,rgz),

1
—log &(r) —g/ %M@(s) ds=%. on(ry 1) (4-2)

As a consequence, o(r) > e >0on [0, 1].

Proof. By (4-1) we know that any maximizer must be radially symmetric and decreasing. Hence, the first
property that there exists a rg € [0, 1) such that {& = 1} = B,_ follows immediately.

To prove (4-2), we simply rely on Lemma 2.2. In the case of Boltzmann entropy, f'(z) = —1 —log(z).
Moreover, we can make use of the expression (3-2) for radial stream functions with (3-3) and conclude
the proof. U

We use the nondegeneracy that stems from (4-2), to show that out of the set of possible maximizers @,
there exists at least one maximizer with the smallest possible radius rg.

Lemma 4.3. Let B < 0. There exists a maximizer wg of Fg over O such that

(@) {wp =1} =10,rp);
(b) For Ag = X(a)ﬂ) in (4-2), it holds that

1
—logwg(r) — g/ %Mwﬂ (s)ds=xrg on(rg,1); (4-3)

(¢c) rg <rg for any maximizer @.
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Proof. By the upper-semicontinuity of the entropy and the continuity of the energy, it follows that the set
of maximizers
M= {cT) €0 : Fglw) = maé( F,g(a))}
we
is weak-+ compact. As (c) suggests, we want rg to be defined by
= inf rg.
'8 (I)le/\/t 'o
We consider {@, },en C M a minimizing sequence such that

lim rg =rg.
n—oo n p

Using compactness, we know that, up to subsequence, there exist an accumulation point wg € M such
that @, = wg. The fact that wp satisfies the Euler-Lagrange condition (4-3) follows from the maximality,
so that to complete the proof we just need to show (a), namely

{a),g = 1} = [0, l’/g).

We notice that {®,},en 1S a sequence of radially decreasing and bounded functions, hence they are of
bounded variation, which implies the convergences is strong in L? (D) for any p € [1, co). Using that
rg < rg,, we know that @, =1 on r € [0, rg), which implies the inclusion [0, rg) C {wg = 1}, for instance
by passing to a further subsequence that converges pointwise. We will show the reverse inclusion by
using the Euler-Lagrange equation for @,. Indeed, differentiating in r the Euler—Lagrange condition
(4-2) for w,, we get the equation

0y Wy, 1
— _a) ") E—Mw (r)y=0, forr>r,.
wy, (1) 2r “F

Using the strong convergence of @, — wg, and the distributional convergence of the derivatives

0,@w, — 0,wg, we obtain that

1
Orwg(r) = ga)ﬁ(r)—Mwﬂ (r) <0 forr >rg,
r

which implies that
wg <1 forr>rg. |

Written for the corresponding radial stream function /g, the Euler-Lagrange equation (4-3) reads
AYg = e Mee™PVs, (4-4)

4.2. Uniqueness of maximizers. We will show that wg is in fact unique maximizer of the free energy Fg.
We start by considering @ a general radial competitor. Below we write an expression for Fg(®) in terms
of wg and the Brenier [1991] map (or optimal transport map) between them. As both functions are
radial (and decreasing), we know that the optimal mapping is also radial and increasing. Just like the
one-dimensional case it can be represented implicitly by the cumulative distribution functions. To avoid
some pathological regularity situations, from now on we assume that both the source and target measure
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are bounded above and below, which is satisfied by maximizers; see Equation (4-3). Namely, there exists
a unique strictly increasing map 7 : [0, 1] — [0, 1] such that T(0) =0, T(1) =1 and

r T(r)
/ wg(s)sds = / w(s)sds for any r € [0, 1]. 4-5)
0 0
In particular, from (3-3) we have
r T(r)
My, (r) = 271/ wg(s)s ds = 271’/ w(s)s ds = Mz (T (r)). (4-6)
0 0
Using the Monge—Ampere equation associated to the change of variable we obtain the relationship
mwﬁm —&(T(r)) forany r €0, 1]. 4-7)

To simplify the notation we define the function

T()T'(r) “s)

d(r) =

The next results is a comparison between the energy and entropy of wg and .

Lemma 4.4. Let wg and @ be two radial functions in O that are bounded below away from zero. Then
1
S(w) — 2/ wg(r)log ¢ (r)r dr = S(wp), 4-9)
0

1 1
E(w) +/ (/ %a)lg (s)Mwﬁ (s) ds) log ¢ (r)r dr < E(wg), (4-10)
0 r

where ¢ (r) is defined in (4-8).

Remark. We note that in the previous result we do not use the optimality in of @ or wg in any strong
way, it only requires that both vorticities are radial.

Proof of Lemma 4.4. Using the change of variable r = T'(s) given by the Brenier map (4-5), we can
rewrite the entropy as
1

1
S(@) = —2 f &(r) log(@(r))r dr = —2 / @(T (5)) log(&(T ())) T (5)T"(s) ds.
0 0

1
S(w) = —2/0 wgp(s) log<2ﬁ(§))s ds,

Using (4-7), we obtain

which coincides with the desired (4-9).
For the energy, we first integrate by parts to obtain the different representation

Eoy | /1 \Ma()* /1 _
(w) = — ——dr=-— Mg (r)o(r) log(r)r dr.
0 0

4 r

Next, we perform the change of variables r = T'(s) and use (4-6) and (4-7) to obtain

1 1
E(w) = —f Mz(T (5))o(T (s)) log(T (s))T (s)T'(s) ds = —/ M, (s)wp(s) log(T (s))s ds.  (4-11)
0 0
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We use that ¢ (r) = [T2]'/2r to rewrite
log(T (5)) = 3 log(T*(s)) = %mg(zfos b (a)a da).
Then, we normalize the integral to be able to apply Jensen’s inequality and we obtain
log(T (s)) = % log(s*) + 4 1og(S32 /0 $(a)a da) > log(s) + Slz /0 log(¢(a))a da.
Using this inequality on (4-11) we have
E(w) < E(wp) — /01 (siz /OS log(¢(a))a da>Mwﬁ (s)wg(s)s ds.

The result (4-10) follows by applying Fubini’s theorem. (Il
Finally, we show that wg is the unique maximizer of Fg.

Lemma 4.5. Let B < 0. Let rg and wg be given by Lemma 4.3. Assume that & € O is radial, bounded
below away from 0, and satisfies (0, rg) C {®w = 1}. Then we have the inequality

Fg(w) — Zwﬂ(l)Al log ¢ (r)r dr < Fg(wgp), (4-12)
where ¢ (r) is defined in (4-8). Moreover, if ® # wg, then the energy difference is positive, namely
—2a),3(1)/1 log ¢ (r)rdr > 0. (4-13)
Proof. Applying Lemma 4.4, we have ’
Fg(w) + /01 (—20)[; r)—p /rl %0)5 (5) Mo, (s) ds) log(¢p (r))r dr < Fg(wg). (4-14)

Notice that by the hypothesis (0, rg) C {@ = 1}, Brenier’s map is trivial on [0, rg). That is to say

¢(r)=1 on|0,rp).

For r € (rg, 1), we can use the Euler-Lagrange equation (4-3) to simplify the remainder. More specifically,
taking a derivative of (4-3) we obtain

wg(rM,, (r
ara)‘B(r) — EM‘
2
Integrating back on (r, 1), we deduce that
B (1
wg(1) = wg(r) + ) ;a)ﬁ(s)Mw‘g (s)ds foranyr e (rg, 1). (4-15)
r

Replacing back (4-15) into (4-14), we obtain the desired (4-12).
To show (4-13), we apply Jensen’s inequality

1 1 1
2f log ¢ (r)r dr§log<2/ d(r)r dr) :log(Z/ T(r)T'(r) dr) =log(T?(1) —T?(0)) =0. (4-16)
0 0 0
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The equality in Jensen’s inequality can only occur if ¢ (r) = C is constant, which implies that Brenier’s
map 7' (r) = r is the identity. The conclusion that the defect is positive if @ # wg follows directly from
the previous argument, and the fact that wg(1) > 0 by Lemma 4.2. (I

We conclude this section with the proof of Theorem 4.1, which is a consequence of the results above.

Proof of Theorem 4.1. We will show that wg given in Lemma 4.3 is the unique maximizer of Fg. Assume
@ is also maximizer of Fg, then by Lemmas 4.2 and 4.3 it satisfies the hypothesis of Lemma 4.5. Applying
Lemma 4.5 and Fg(®) = Fg(wg), we obtain wg = o. U

5. Nonradial energy maximizers at fixed angular momentum

This section is dedicated to the proof of Theorem 4. Section 5.1 contains the upper bound on the kinetic
energy E for radial functions on O, and Section 5.2 contains the lower bound by computing the energy of
an explicit vortex patch. The conclusion follows then by choosing L in terms of the angular momentum.
As in the statement of Theorem 4, we let m € (0, 1) and L > 1 and set

Or = {a)eLoo :0<w<L, L/w(x)dx:m}.
1Dl Jp
The proof is carried out in the next sections.

5.1. Upper bounds on the kinetic energy for radial functions. We claim that there exists a constant
C > 1, independent of L, a, and m, such that

sup{E(w) : w € 01, A(w) = a, o is radial} < C(mla| + [a|* log(L/[al)). (5-1)

Now, if w € Oy is a radial function, from (1-15) we deduce that

1 1 1
Alw) = —%[271/0 o(r)(1—r2)r dri| = —%[nm —/O aer(r)rzdr] = —/0 Mo (r)r dr.

Thus, for every r € [0, 1], we have the pointwise identity

IM,((1—r)=1 / As[My(s)(1 —sH)]ds = n/r w(s)(1 —s%)sds — / M, (s)s ds.
In particular, ’ ’ ’

IM, (1 —r?) < nfr w(s)(1 —s?)sds < —A(w),
0

so that any radial function w € O with A(w) = a satisfies

2
My <mintrrr, 220 2ml
1 —r2

wLr?, r2§1—,/1—%,

L
M, (r) < 2|a|, 1—,/1—%<r2§]_%’
1—r2 nL m

2|a
Tm, 1—L<r2§l.
am

This implies
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Thanks to (3-4), we then have E(w) < E| 4+ E; 4+ E3, where

1 rt=1—/T-8Ja[/(x L) 1 7TL Blal ’ 2
1 - <
Ey = P |”L“ | T 16 wL =l
2__ — am
2 i r’=1-2a|/(rm) 2|a| : |
A7 r2=1—/1-8la[/(x L) I=r?

_ﬁ[n_mﬂ (n_m_1>_ 1 O (1—«/1—8|a|/(71L)):|
= 2r [ 21a] T B\ 2pa T8/l P\ JT=8R/xD)
< mlal +al*log(L/[a)).

1 1 7Tm | |
E— L LimPRdr = —TM g g(l——) mial.
A Jr2em1-2jal/m) T 8 i

Thus (5-1) follows by collecting the above three bounds.

525

5.2. Kinetic energy of a vortex patch near the boundary. Next, we compute the energy of a vortex

approximation near the boundary. We consider the vortex patch of height L > 0 around x¢ € D, given by

Wy, L = Lle(xo)’

where we impose that L satisfies
4m

L> ———,
~ (I=1xo])?

(5-2)

so that wy, 1 € Or. To estimate the kinetic energy of wy, ., we use the explicit Green’s function of the

Laplace operator on the unit disk, so that

1 |x —yl L lx — yl
v ,L<x>=—/log—w L) dy=3= 1
o 27 Jp T yllx —yel

’

27 Jp oy VI = sl

where y, = y/|y|?. Thus

[yl1x — y«l
B, 1) = / Vo2 () a () o = 2= f / log I =Y<l g
BW(XO) B /st (x0) |x - y|

Forx,ye B m(xo), we have the bound

m
xX—y|l<2./—.
lx =yl =< ,/L

Using that |y| > % and y, ¢ D, from (5-2) we deduce the bound

21y ml_1{, 1 —|xo > 1
VI = yel = S 1= Ixol — 71732 — |xol — 5 > 7 (1 —|xo).

Plugging (5-4)—(5-5) into (5-3) we obtain the bound

E(waL)>_1 (\/7(1—|x0|)>

(5-3)

(5-4)

(5-5)

(5-6)
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Computing explicitly the angular momentum, we find
2 mm 2 m
Alwy,,L) = —%/ (I = |x[D)wxy,L(x) dx = —7<1 — |xol” — Z) > —mm(1l — [xol).
D

Hence, from (5-6) we have the bound

7m?2 log(«/z|A(a’m,L)|>, (5-7)

2 8 vm3

3

E(wxo,L) =

as long as
4%m
= NPT
|A(@x,1)]
to satisfy (5-2).

5.3. Proof of Theorem 4. The bounds (1-16) and (1-17) are included in the sections above. Given an
angular momentum a, we consider the height

L= ™ (5-8)
with O > 2 to be chosen below. By (5-7) and (5-8), we have the bound
2
sup{E(w) : w € 01, A(w) = a} > % log(10)

which is independent of a. We pick
2

0= 8enrm? ,
which implies
sup{E(w) : w € O, A(w) =a} > 1.

For radial functions, we use (5-1) to get the bound
3
sup{E(w) : w € O, A(w) = a, w is radial} < C<m|a| 1 Jaf? 10g(Q2712|mT)>,
a

So to finish the proof we need to pick a, < 0 close enough to zero depending only on m such that for any

m3
C(m|a|+|a|210g( anm)) <1,
a

which implies the desired inequality.

a € (a4, 0), we have

6. Stability of Onsager solutions with negative inverse temperature

Equations of Liouville-type such as (4-4) arise in the classical setting of mean-field limits of the canonical
Gibbs measure associated to a system of point vortices. We state below an important result from [Caglioti
et al. 1995] for Onsager solutions, namely solutions to the mean-field equation (1-18).
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Theorem 6.1 [Caglioti et al. 1995, Section 5]. Let 8 € (—8m, 00). Onsager solutions

1—A(B) 1 . .
A—apry "M AP =55

wg(r) =

are the unique maximizer of

Fﬂ(a)):S(a))—,BE(a)):—/ a)logwdx—gf VA~ w|? dx
D D
over the set

P:{a)eLl Tw >0, /a)(x)dx:l, /w(x)logw(x)dx<oo}.
D D

Moreover, we have the convergence

lim  wg — do,
B——8r~

weakly in the sense of measures.

The purpose of this section is to prove Theorem 5. As mentioned already, the ideas related to
(quantitative) rearrangement inequalities and elliptic equations from [Talenti 1976; Amato et al. 2024;
Cianchi et al. 2008; Cianchi and Ferone 2008] are here revisited in the case of the disk D and vorticities
 satisfying an L bound. The key result for us is the following stability result with respect to the H~!
norm and its radially decreasing rearrangement.

Lemma 6.2. Consider a positive vorticity distribution w € L™ such that fD wdx =m > 0. Then, for

every € > 0, there exists § > 0 such that if
E(w") — E(w) < 8,
then there exists x, € R? such that |x«| < e and
lo — ™ (- —x L1y <&
where @ and o* are extended by zero outside the disk.
The proof is deferred until after the proof of Arnold’s stability.

6.1. Proof of Theorem 5. We now proceed with the proof of the main result in this section.

Proof of Theorem 5. Throughout the proof we take ||o™ — wgll 2 < & progressively smaller, and we keep
changing ¢ accordingly and without renaming it. We will also omit the dependence on ¢ of the solution
o = w(t), as the proof is carried for any arbitrary ¢ > 0. We proceed in several steps. To simplify the
notation, we first assume that

/ wn(x)dx=m=1 (6-1)
D

so that we have unit mass, and in the last step we generalize to the case m # 1.
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Step 0. We show that for any ¢ > 0 small enough, we can pick ||wg — ™"||;2 < 8 small enough that the
corresponding Euler solution w = w(¢) is such that

0 < Fglwgl —Fg(w(t)) <& forallt € [0, 00). (6-2)

Proof of Step 0. We notice that Fg is continuous with respect to the L? norm. For what concerns the
kinetic energy part, by the triangle and Poincaré inequalities there exists Co = Co(||@'| 2, [|l@]lz2) > 0
such that

[E(@) — E(@)] = 3[lloll g1 = 1o/l z-1 |l g1 + || g-1) < Collo —a||2 forallw, o € L®NP.
For the Boltzmann entropy part, we notice that
lwlogw| <1+ |w|?. (6-3)

Thus if w, —  in L?, then up to subsequences w, log w, — @ log @ almost everywhere and (6-3) implies
uniform integrability. Thus, the Vitali convergence theorem implies that S(w,) — S(®).
Hence, given ¢ > 0, there exists § = §(g, B) such that if ||wg — ™| 12 <6, then

|Fs(wp) — Fg(@™)] < e.

Using assumption (6-1), that wg is the unique maximizer over P of Fg, and that the mass and free energy
Fg are conserved along the evolution of the Euler equations, we obtain the desired inequality (6-2).

Step 1. We can choose ||o™ — wgll 2 < 8, such that
lo(, ) — o, - —x)ll2mey <& forallz €0, 00), (6-4)
where x, = x,(t) € R satisfies |x,| < &, and both functions are extended to R? by zero outside the disk.
Proof of Step 1. Using (6-2), we have
0 < Fg(wp) — Fs( (1)) + Fg (0" (1)) — Fs(w(t)) <& forall ¢ € [0, 00), (6-5)

>0 >0

where the positivity of each term follows from the fact that wg is the optimizer of Fg over P, and that
Fg (@' (1)) > Fg(w (1)) for B < 0, in view of (4-1). Hence, using that S(w*) = S(w) we can conclude that

0 < E(0*()) — E(w(?)) < &.

Up to notation, the conclusion of (6-4) follows from the quantitative Talenti’s inequality in Lemma 6.2.
To get the stability in L? we just need to interpolate the above bound with the bounds in L.

Step 2. We consider the Brenier map T : [0, 1] — [0, 1] such that 7(0) =0, T(1) =1 and

r T(r)
/ wg(s)sds = / o(s)sds for any r € [0, 1]. (6-6)
0 0
For every ¢ > 0, we can pick ||wg — '"||;2 < & small enough such that
1 1 TT
/ ws(r) — o (T(r)Prdr <e and / H( : ) rdr <e, (6-7)
0 0

where H (u) = —logu +u — 1.
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Proof of Step 2. By (6-5) we have that
0 < Fg(wp) — Fg(w* (1)) <e.
Applying Lemma 4.5, we have that

TT’
r

1
0< —2w,3(1)/ 1og( )r dr < Fs(wp) — Fs() <&
0

The first inequality follows from an application of Jensen’s inequality as in (4-16).
Next, we apply a quantitative version of Jensen’s inequality. Given G(-) = —log( -), considering the
random variable X = T'T’/r and the probability measure 2r dr in [0, 1], we have

1
EX = 2/ TT dr =T?*(1) — T?(0) = 1.
0
Hence, for the function G(-) = —log(-), we have

EG(X)=E[G(X) — G(EX) — G'(EX)(X —EX)].

We define the convex function
H(x):=—logx+x—1,

which satisfies the inequality
tmin{lx —1°, |x — 1|} < H(x) forallx > 0. (6-8)

Using the observations above, we have

1 /7 1 !/
2/ H(TT >rdr§—2/ log(TT )rdr<8.
0 r 0 r

Differentiating (6-6), we have

THT'(r)  wp(r)
ro Wi (T(r)’

Applying (6-8) and using that o, wg € L™, we can pick a = a(llo| e, lwgllL) > 0 small enough so

that
sty = ()

alws(r) —o* (T (r)I* < zimin{ AT | b Ty W (T (r))

Therefore, up to relabelling € we have

1
/ lwg (r) — wﬁ(T(r))Izr dr <e.
0

Step 3. We exhibit a control on how far the Brenier map is from the identity. That is to say, we can choose
lwg — '||;2 < 8 small enough so that

|T(s)—s| <e forallsel0,]1]. (6-9)
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Proof of Step 3. By (6-7), for § small enough we have the inequality

s , 1 /
f H(TT )rdrff H(TT>rdr<8.
0 r 0 r

Applying Jensen’s inequality, we have

2 T2 2 5 / s /
S H () =35y . T rdr) < H(TT )rdr<8.
2 52 2\s2 )y 1 0 r

Using (6-8), we have

) |

52

1.2
75 Mmin
1 { T2 $2

T2(s)_1“<£H<T2(s)>
<5H(—").

Using the mass constraint and the L bound on w we can take » > 0 small enough depending on [|&™ ||~

such that . )
1 —flo™[| L |x]

f(x) >
R P e

% for all |x| < r.

=
Hence, using (6-6), we have that for r small enough

T(r) r
C_IT(r) < / a)j(s)s ds =/ wg(s)sds < Cr,
0 0

which implies that uniformly

Tz(r) #
sup — 1| < C(Jlo || ).
refo,l]l F
Hence, up to relabeling ¢, we have
T (s 2 T%(s 2
IT(s) —s|? L+1 =5’ #—1 <e,
s s

and the conclusion follows.

Step 4. For every ¢ > 0, we can pick [|wg — ™| ;2 < & small enough so that

1
/ lwg(r) — &*(r)|r dr <. (6-10)
0

Proof of Step 4. Changing variables and applying the triangle inequality, we notice that
1 1
/ lwg(r) — & (r)|r dr = / lwg(T(r)) — @*(T ()| T ()T’ (r) dr
0 0

1 1
5/0 Iwﬂ(T(l’))—w/s(r)lT(l’)T’(r)dr+/O |wp (r)—* (T (r)|T ()T (r) dr

I I

Applying (6-9) and the smoothness of wg, we get the bound

1
I < 10,wpllL=lIT —rllLoo/ T(MT'(r)dr < |3, wpllLee.
0
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We manipulate the second term to get

! 1
115/ Iwﬁ(r)—wﬁ(T(r))lrdr+/ lwﬂ(r)_wn(T(r))KTT/—r)dr5\/§+8,
0 0

where we have used Cauchy—Schwarz and (6-7). Up to renaming ¢, (6-10) now follows.
Step 5. We now conclude the proof of the theorem, under the unit mass assumption (6-1).

Proof of Step 5. We combine (6-4) and (6-10) to obtain that
lwp(+ —x4) = (@) p1(r2) <2¢, forallz >0,

for some x, € R? such that |x«] < e, where we have extended the functions by zero outside the disk D.
Using the continuity of the L' norm over translations for wg, we can conclude that, up to renaming &,

lop — @@ 12y <&
To get the stability in L? we just need to interpolate the above bound with the bounds in L.
Step 6. We conclude the proof of the theorem, without the unit mass assumption (6-1).

Proof of Step 6. We start by showing that the maximizer of the problem

max Fﬂ(w):S(w)—ﬁE(w):—fa)loga)dx—é/ VA~ w|* dx, (6-11)
WEP D 2 D
where

sz{weLl tw>0, /w(x)dx:m, /a)(x)loga)(x)dx<oo},
D D

is continuous with respect to the mass parameter m in any L? with p € [1, 00), as the long the parameter
mpB > —8x. By rescaling, we find

B 1240 pm? -1 2
max — [ wlogwdx—= | |[VAT w|"dx =max —m | wlogwdx ——— | |[VA™ 'w|"dx —mlogm.
D 2 Jp D 2 Jo

w€e€Pp, wePy
Hence, for general m, we get that the maximizer of (6-11) is given by
Wy = MWmg,

which by (1-19) is continuous in any topology as long as it does not blow up mg > —8x.
Using the continuity of the mass with respect to the L? norm, we can pick § small enough so that
lwg — winll 2 < & implies

Imwmpg —wgll2 <& and  [|momg — winll2 <&, (6-12)

m= / win(x) dx.
D

To conclude the proof, we need to repeat Steps 0-5 replacing the role of wg by mwmg. We conclude that

where

we can pick § small enough that |[wg — win|| 2 < § implies ||mwmg — w(1)]| 2 < & forall # > 0, and the
result follows, up to relabeling ¢, by (6-12). ]
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6.2. Stability of rearrangements. We now proceed to prove Lemma 6.2, which constitutes the crucial
step in the proof of Theorem 5.

Proof of Lemma 6.2. We consider (up to signs!) the associated stream functions to w and its rearrange-
#
ment

— — i “Ad =t i
{ Ap=w inD, { Ap =" inD, 6-13)

¢=0 on 0D, $=0 on 0D.
A celebrated theorem of Talenti [1976, Theorem 1] states that

¢*(x) <p(x) forallx €D,
and
E(w) = 1IVol2, < JIVI?, = E(?).

To prove the lemma, we again proceed in steps.

Step 1. We show that under our hypothesis, there exists C(||@| L=, m) > 0 such that
I — ¢%ll= < C(E(@") — E()). (6-14)
Proof of Step 1. For h > 0, we consider the distribution function

u(h) ={x €D : ¢p(x) > hil,

1
u'(h) = —/ —dn.
ag=n] |V

Considering the perimeter of the level sets and the isoperimetric inequality we obtain

whose derivative is

2r2u(h)? §Per([¢>h])=/ g

dH! < <—u/(h)
d[¢>h]

Wwd#>

A[p>h]

Next, we use the first equation in (6-13) to compute the last integral,

(u(hy/m)'72
/ V| dH! =/ —A¢dx:/ wdxf/ o’ (s)s ds.
d[p>h] [p>h] [¢p>h] 0

Putting the last two equations together, we get the inequality
(u(h)/m)'?
dru(h) < —u/(h)f w®(s)s ds. (6-15)
0

Noting that for the rearranged vorticity o all the inequalities are in fact equalities, we obtain that the
distribution v(h) = |[{x € D : ¢(x) > h}| function satisfies

(w(h)/m)'/?
drv(h) = —v’(h)/ w*(s)s ds. (6-16)
0
Using the boundary condition we have that

u(0) =v0) =m,
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and hence we can use the derivative equations (6-15) and (6-16) to conclude that

u(h) <v(h) forallh>0.
Using the inequality above with

u(@f(x) =zlx* =v(@x)) and v'(h) <0, (6-17)
we get Talenti’s inequality
¢*(x) < $(x). (6-18)
Using (6-17), with (6-15) and (6-16), we obtain that
3¢ (r) > 8,¢(r) forall r €0, 1],
where we have abused notation and considered ¢* and ¢ with respect to the radial variable. This implies

max lp(x) — ¢*(x)| = (0) — ¢*(0).

Since w, w* € L™, the corresponding stream functions ¢, ¢ are Lipschitz-continuous. As radial rearrange-
ments are contractive in the Lipschitz norm, we have

%l < lPllwroo < llewllzoe.

Hence, there exists r > 0 small enough depending only on ||w| 1~ such that
() = ¢* ()| = 3116 = §% [l forall |x| <r. (6-19)

Using the mass constraint and the L° bound on w, we can take r > 0 small enough depending on |||z

and m such that
m— ||l L|x|?

f(x) >
Y= T

> g for all [x| < r. (6-20)
Now we are ready to show (6-14). By the Hardy—Littlewood inequality,
E0) ~E@) =} [ §0F—godr =} [ Foi -0t G-h0farz | [ G- otax
D D D
-1 /B (% — by dx

> c(l@lze, m)d — ¢,
where we used (6-18), (6-19) and (6-20).

Step 2. For any ¢ > 0, there exists § > 0 such that if ||¢ — ¢*|| .~ < 8, there exists x, € R? such that
|x«] < & and

lo— o (- —x) 01wy <&

where the functions w and o are extended by zero outside the disk.
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Proof of Step 2. We choose x, to be the optimizer of
I — " (- —x)ll2@ey = inf ¢ =& (- —x0) 22
)CQERz
Applying [Amato et al. 2024, Section 5, equation (82)], we have that there exists a C > 0 such that

C~"min(|x,|, 1) < IDAM@ + x| < Cll — ¢* 11}/

The proof of [Amato et al. 2024, Theorem 1.4] shows exactly that we can pick ||¢ — ¢%|| 1~ < & small
enough that

inf [lo—of (- —x0)lp1 < llo— (- —x )l <e. O
X()ERZ

Appendix: A min-max principle

We show a variation of the classical min-max principle, which can be found in [Ekeland and Témam
1999, Chapter VI].

Proposition A.1. Let A and B be closed convex sets of a Banach space (X1, || - |[1) and (X2, || - ||2), and
consider a proper functional L : A x B — R. Assume the following:

(a) Forevery B € A, the function w — L(B, w) is weakly upper semicontinuous.
(b) For every w € B, the function B +— L(B, w) is convex and lower semicontinuous.
(c) The functional L is coercive in 8. More specifically, there exists a function g : [0, 00) — [0, 00) such

that lim,,_, », g(u) = 0o and for any B € A there exists w € B such that

L(B, w) = g(lIBl1).

(d) The set B is bounded, and hence weakly compact.
(e) Forevery B € A, the function w — L(B, w) has a unique maximizer wg.

Then
inf sup L(B, w) = inf L(B, w).
Ant, sup (B, w) = sup Aot (B, w)

w€eB weB PE

Remark A.2. The (e) can be weakened to the following: for any B, € A, any two maximizers ] and w;
satisfy

L(B, w]) = L(B, w3) for any other B € A.

In the case of the Euler equation in a radial domain this means that the min-max principle applies if we
know that the maximizers are unique up to rigid rotations, which preserves the energy and the entropy.

Proof of Proposition A. 1. First of all, we observe that

L(B, w) > inf L(B, w) forallw e B,
BeA

so that
sup L(B8, ) > sup gng L(B, w),

weB weB PE
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and thus
inf sup L(B, w) > sup ﬁjng L(B, w),

€A weB weB PE

so we only need to prove the reverse inequality. Define

f(B) :==L(B, wp) = sup L(B, w),

weB

where wg € B is assumed to be the unique maximizer from (e). The function g+ f(B) is convex and
lower semicontinuous, being the envelope of convex lower semicontinuous functions by (b). Therefore
by convexity and coercivity (c) it attains its lower bound at some § € A, so that

fB= mln f(B)= mln max L(8, )

and
f(B) = L(B,w) forallwe B.

Now, by convexity (b), for every 8 € A, w € B and t € (0, 1), we have

L((1 —)B+1B, w) < (1 —1)L(B, ®) +L(B, ).

In particular, taking 8, = (1 —¢) B + 1B we consider w = wg, given by (e) and we find

fB) = f(B) =L, wp) = (1 = )L(B. wp) +1L(B. wp) = (1 = 1) f(B) +1L(B. wp,).
implying
f(B) <L(B,wp,) forall BeA. (A-1)
Now, by compactness (d), as r — 0, wg, converges weakly to some @ € B, up to subsequences. Next, we

claim that @ = wg. Indeed,
L(B:, wp,) > L(B;, w) forallw € B,

and from convexity (b) we have
(1 =1)L(B, wp,) +tL(B, wg,) > L(B;, w) forall w € B.

Since L(B, wg,) < f(B) < 0o, we can use the semicontinuity (a) and (b) to pass to the limit as t — 0 and
obtain

L(B, @) > lim sup(l — LB, wg,) +tL(B, wg,) > 11m1nf L(B;, w) > L(B, w) forallwe B,

t—0
proving the claim that ® = wg, the unique maximizer by (e). We can now pass to the limit in (A-1), using
weak upper semicontinuity (a), to get

f(B) <L(B.wg) forall e A.
Thus

min max L(8, <minlL(B, w;) < maxminlL(8, w),
BeA weB (B, ) = BeA (B wﬁ) " weB BeA (B, )

as we needed, and the proof is complete. U
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