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COMPACTNESS RESULTS FOR SIGN-CHANGING SOLUTIONS
OF CRITICAL NONLINEAR ELLIPTIC EQUATIONS OF LOW ENERGY

HUSSEIN CHEIKH ALI AND BRUNO PREMOSELLI

Let 2 be a bounded, smooth connected open domain in R* with n > 3. We investigate compactness
properties for the set of sign-changing solutions v € HO1 (2) of

—Av+hv=v* 2 inQ,

v=0 on 092,
where h € C'(Q) and 2* :=2n /(n —2). Our main result establishes that the set of sign-changing solutions
of the above system at the lowest sign-changing energy level is unconditionally compact in C?($2) when
3 <n <5, and is compact in C 2(K_Z) when n > 7 provided & never vanishes in Q. In dimensions n > 7 our
results apply when 4 > 0 in Q and thus complement the compactness result of Devillanova and Solimini
(2002). Our proof is based on a new, global pointwise description of blowing-up sequences of solutions

of the above system that holds up to the boundary. We also prove more general compactness results under
perturbations of 4.

1. Introduction
1.1. Statement of the results. Let 2 C R" be a smooth bounded connected open set in R*, n > 3,
heCHQ) and 2* := 2n/(n —2). We investigate solutions v € HO1 (R2) of

—Av+hv=* % inQ, (1-1)
v=0 on 0€2.

Here and in the sequel, we let || - ||, be the usual norm of L?(2) for 1 < p < 00, and HO1 (€2) be the
completion of C2°(£2) with respect to the norm

2 2
v = Vvl dx.
o1, /Q IVl

For simplicity we will assume throughout this paper that —A + /& is coercive, that is, that there exists
C > 0 such that
/ (|Vv|]* + hv?) dx > c/ |Vu|*dx forall v e Hy ().
Q Q

Under this assumption, the existence of positive solutions of (1-1) is very well understood. We let

. (|Vv|? + hv?) dx
,(Q):= inf Ja ——
veH @\0) ([, [v]?" dx)

1-2)
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Brézis and Nirenberg [1983] proved that, when n > 4, positive ground states attaining (1-2) exist if and
only if & < 0 somewhere in Q2. When n = 3, Druet [2002] proved that positive ground states attaining
(1-2) exist if only if mj; > 0 somewhere in €2, where m, is the so-called mass function of the operator
—A + h. This function is defined as follows: let G, be the Green’s function for — A + & with Dirichlet
boundary conditions in 2. Then, when n = 3, we have

1
Gu(x,y) = ————+gn(x,y) forall ye Q\{x}
4r|x — yl
for some g, € C*1(Q x Q), and we define mj,(x) = g, (x, x). Under these assumptions, [Brézis and
Nirenberg 1983; Druet 2002] also prove that we have I,(2) < K, 2 where
L S IV dx

= inf : (1-3)
veCX (RM\{0} (fRn |U|2* dX)2/2

is the optimal constant in Sobolev’s inequality in R”. An explicit expression of K,, can be found in [Aubin
1976; Talenti 1976]. It is simple to see that if v € HO1 (2) attains I, (€2) and is normalised to satisfy (1-1)
then

/ lv|* dx = L,(Q)"* < K. (1-4)
Q

The existence of sign-changing solutions for problem (1-1) has also attracted a lot of attention. Existence
results for a general function 7 € C 1(Q) are in [Bartsch and Weth 2003]. When & = —2, for A € (0, A1),
equation (1-1) is the so-called Brézis—Nirenberg problem

{—Av —aw=*% inQ,

1-5
v=0 on 092, (1-5)

for which existence results have been obtained in [Cerami et al. 1984; Capozzi et al. 1985; Fortunato and
Jannelli 1987; Solimini 1995; Devillanova and Solimini 2002; Clapp and Weth 2004; Schechter and Zou
2010]. The existence of a sign-changing solution of least-energy (among all sign-changing solutions) for
(1-5) when A € (0, A1) —the range in which —A — X is coercive — was proven in [Cerami et al. 1986]
when n > 6 (see also [Chen and Zou 2015] for a new proof) while it was proven in [Roselli and Willem
2009; Tavares et al. 2022] when n =4, 5. The existence of least-energy sign-changing solutions for (1-5)
is not yet known when n = 3.

In this paper we focus on compactness properties for solutions of (1-1). We let (h4)qen be a sequence
of C! functions that converge to 4 in C!(£2), and we let (vy)wen be a sequence of solutions in HO1 (R2) of

{—Ava+hava: g vy in 2, (1-6)

vy =0 on 9<2

satisfying lim sup,, _, | o, ||v0,||H(} < +o00. We will say that (vy)y is sign-changing if (vy)+ = max(vy, 0)
and (v,)_ = —min(vgy, 0) are both nonzero for any o. We investigate under which assumptions on 4 the
sequence (vy)geN converges in a strong topology. Our main result answers this question when (vy)gen
has minimal energy:



COMPACTNESS RESULTS FOR SOLUTIONS OF CRITICAL NONLINEAR ELLIPTIC EQUATIONS 589

Theorem 1.1. Let Q2 be a smooth bounded connected domain of R"*, n > 3, and (hy)gen be a sequence
that converges in CY(Q) towards h. Assume that —A + h is coercive and that I;,(2) < Kn_z. Let
(Vo) aeN € HOl () be a sequence of solutions of (1-6) such that

lim sup/ lve|? dx < K"+ 1,(2)"/?, (1-7)
a—+00 JQ
and assume that either

e ne€{3,4,5}and, foralla >0, v, is sign-changing, or
e n>7andh # 0 at every point in Q.
Then, up to a subsequence, (Vy)aen Strongly converges in C*(2) to a nonzero solution of (1-1).

Recall that 1;,(£2) is defined in (1-2). In the particular case where i, = h, Theorem 1.1 implies the
following compactness result for solutions of (1-1):

Corollary 1.2. Let Q be a smooth bounded connected domain of R", n > 3, and let h € C 1 (S_Z) be such
that — A + h is coercive and I,(2) < Kn_z.

o Assume that n € {3, 4, 5}. There exists € = e(n, Q) > 0 such that the set of sign-changing solutions v
of (1-1) satisfying

| dx < K"+ 1,(Q2)"* 4 ¢
Q

is precompact in the C*()-topology.
o Assume thatn > 7 and h # 0 in Q. There exists € = e(n, h, ) > 0 such that the set of solutions v of
(1-1) satisfying
[ ar <k n@r e
Q

is precompact in the C*(2)-topology.

The energy bound (1-7) is very natural when investigating sign-changing solutions of (1-1). Solutions
of (1-6) satisfying (1-7) exist: the least-energy sign-changing solutions of (1-5) constructed in [Cerami
et al. 1986; Tavares et al. 2022], for instance, satisfy

/ | dx < K"+ 1, ()"
Q

A simple application of the celebrated compactness result of Struwe [1984] (see also [Cerami et al.
1986, Lemma 3.1]) shows that if a sequence (vy)yen Of solutions of (1-6) changes sign and satisfies
limy—s 100 || Ve ]loo = +00 (we will say in this case that (vy)gen blows up), then

/ val* dx > K" + 1, ()" + o(1)
Q

as o — ~+00. The threshold K, "+ 1, (2)"/? is therefore the direct counterpart, for sign-changing solutions,
of the minimal energy threshold K, " that ensures the existence of positive ground state solutions in (1-4).
In this respect, Theorem 1.1 and Corollary 1.2 have to be understood as the first compactness result for
(1-6), at the lowest energy-level for sign-changing blow-up, when [, (€2) is attained.
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Theorem 1.1 shows that, when 3 <n <5, sign-changing solutions are unconditionally compact in
C?(£2) under assumption (1-7). By contrast, without further assumptions on £, the set of positive solutions
satisfying (1-7) is not compact in general when 3 < n < 5. For equation (1-5), for instance, families
of positive solutions whose energy converges to K, " and which are not compact in C?(2) have been
constructed in [Musso and Pistoia 2002; Rey 1990] when n > 4 and A — 0+, and in [del Pino et al. 2004]
when n =3 and A — A, from above, where A, satisfies maxg m;, =0. When 3 <n <5, Theorem 1.1 is
therefore unexpected since sign-changing solutions of equations like (1-6) are known to exhibit a much
richer and more erratic behaviour than positive ones. When n > 7, Theorem 1.1 applies to positive and
sign-changing sequences of solutions (v )yen and Corollary 1.2 generalises the well-known compactness
theorem for energy-bounded solutions of (1-5) proven in [Devillanova and Solimini 2002]. It is still an
open question to know whether Theorem 1.1 holds for any energy-bounded sequence (vy)qen Without
the assumption (1-7) when n > 7 and & # 0 in Q.

Dimension 6 is excluded from Theorem 1.1. In this case we prove:

Proposition 1.3. Let Q be a smooth bounded domain of R® and (hy)wen be a sequence that converges in
CY(Q) towards h. Assume that — A + h is coercive and that I,,(2) < K6_2. Let (Vy)geN € HO1 (2) be any
sequence of solutions of (1-6) satisfying (1-7), and assume that ||vy||cc — +00 as @ — +o00. Then there
exists Voo € HO1 (2), Voo > 0in Q, attaining I;,(2) such that vy, converges weakly but not strongly to v
in H(} (2) and there exists xoo € 2 such that

h(Xe0) = £2000 (X00)-

Compactness of sign-changing solutions of (1-6) satisfying (1-7) does not hold when n = 6: in [Pistoia
and Vaira 2022], for instance, the authors constructed a noncompact family (v, ), of sign-changing solutions
of (1-5) which blows up as A converges to some Ag > 0O that satisfies Lo = 2||vglle0, Where vy attains
1_,,(S2) (the existence of such (A¢, vo) is also proven in that work). This six-dimensional phenomenon
has been known for a while for positive solutions; see [Druet 2004], where it was first highlighted.

1.2. Strategy of proof and outline of the paper. For positive solutions there is a vast literature addressing
the issue of compactness of equations like (1-6) through blow-up analysis. On open sets of R" with
Dirichlet boundary conditions we mention for instance [Druet 2002; Druet and Laurain 2010; Konig and
Laurain 2022; 2024] for (1-1), [Druet et al. 2012] for Lin—Ni-type problems with Neumann boundary
conditions and [Ghoussoub et al. 2023] for singular Hardy—Sobolev-type problems. On closed manifolds
we mention [Druet 2003] for compactness of energy-bounded solutions and the series of works related to
the compactness of the Yamabe equation: [Li and Zhu 1999; Druet 2003; Marques 2005; Khuri et al.
2009]; see also [Hebey 2014]. On manifolds with boundary we refer to [Mesmar and Robert 2024].
For sign-changing solutions of critical elliptic equations on open sets of R” the only compactness result
available is [Devillanova and Solimini 2002] when »n > 7; this result was generalised on closed manifolds
in [Vétois 2007]. In lower dimensions, compactness results on closed manifolds have been obtained
more recently: we refer for instance to [Premoselli and Vétois 2019; 2022a; 2022b; 2024; Premoselli and
Robert 2025]. Concerning problem (1-5) in particular, there is a vast literature on the construction and
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the behaviour of blowing-up solutions: we mention for instance [Ben Ayed et al. 2006a; 2006b; Druet
2002; Druet and Laurain 2010; Konig and Laurain 2022; 2024; Iacopetti and Pacella 2015; Iacopetti and
Vaira 2018; Musso and Pistoia 2002; Musso et al. 2024; Premoselli 2022; Vaira 2015].

Our approach in this paper is strongly inspired by these references. We proceed by contradiction:
under the assumptions (and with the notations) of Theorem 1.1, and by [Struwe 1984], if (vy)qen does
not strongly converge in HO1 (€2) we have, up to a subsequence,

Vo = By £ Voo +0(1) in H} () (1-8)

as @ — +00, where vy, > 0 solves (1-1) and where By, is a positive bubbling profile that concentrates at
some point x, € Q and is modelled on a positive solution of —AB = B¥~! in R"; see (2-5) for more
details. We perform an asymptotic analysis of v, near x,, at different scales and obtain necessary conditions
on h for blow-up to occur. The contradiction follows from these conditions: to prove Theorem 1.1 when
3 <n <5, for instance, we prove that if (1-8) holds we simultaneously have voo =0 and vy, > 0 in Q2. In
order to investigate the behaviour of v, near x, we prove in this paper new pointwise estimates on v, up
to the boundary, that improve (1-8) in strong spaces. We precisely prove that

vy — [1By F Voo
By + v

H -0 (1-9)

as o — 400, where I1B,, is the projection of B, in HO1 (R2) defined by (2-14); see Theorem 2.1 for a precise
statement. Estimate (1-9) provides an accurate control on v, up to 9€2 and is particularly useful close
to 0€2, where, at first order, [1B, deviates from B, and vy, vanishes. To the best of our knowledge this is
the first time that a similar estimate is proven. We heavily rely on estimate (1-9) to rule out the possibility
that the concentration point x, converges to a point in d€2: this is both the main difficulty that we face in
the proof of Theorem 1.1 and the main novelty of our analysis, and is deeply related to the sign-changing
nature of the solutions we consider; see Remarks 3.6 and 3.7 for a detailed explanation of this fact.

The structure of the paper is as follows. In Section 2 we prove Theorem 2.1 and establish (1-9). In
Section 3 we apply it to obtain necessary conditions for the blow-up of (vy)en by means of suitable
Pohozaev identities at different scales. We separately treat the interior blow-up case (Proposition 3.1) and
the boundary blow-up case (Propositions 3.2, 3.4 and 3.5), and we deduce our main result, Theorem 1.1,
from this analysis. Finally, the Appendix contains the proof of a few technical results that are used
throughout Section 3.

2. The C°-theory for blow-up

In this section we let o, € C°(2) and consider a family of functions (hy)genN € C'() such that

lim hy =he in CUQ). -1

a—>+00

We assume that —A + A is coercive in HO1 (£2) and that I, (2) < Kn_z, where I (€2) is as in (1-2), so
that positive ground states of (1-1) with & = h, exist. We consider a sequence of functions (vy)gen in
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HO1 (€2) such that, for all @ € N, v, is a solution to

—Avg +hovy = |U(x|2*72va ?n Q, (2-2)
Ve =0 in 0.
We assume that
lim sup f lve|* dx < K"+ I ()" (2-3)
a—>+00 JQ
We also assume that (vy)gen blows up, that is
lim ||y oo = +00. (2-4)

a——+00

By (2-3) and (2-4), and following [Struwe 1984] (see also [Struwe 2008]), we get that, up to a subsequence,
Vo = By £ 0o+ in Hy(Q), (2-5)

where ||(pa||H01 — 0 as a — +00. In (2-5), vy is a solution of (1-1) with & = h, and we have let
By (x) i= pu, "2 By (g (x — xy))  forx € Q, (2-6)

where (x4)qen and ((q)gen are sequences of points in €2 and the positive real numbers, respectively, and
where we have let
x|

1-3
m) for any x € R". 2-7)

Bo(x) = (1 +

It is well known that By satisfies —A By = Bg*_l in R" and achieves K, Zin (1-3). Asa consequence
of (2-5), we have

lim vy =+vy weakly in HOI(Q) (2-8)
a—>+00
and
lim /|va|2*dx=Kn"+/ Voo |* dx.
a—>+00 Q Q

A consequence of (2-3) and of the assumption I, _(2) < K2 is that either vy, = 0 or v is a least-energy
positive solution of
—AVso + hooVoo = vg;_l in €2,

Voo > 0 in 2, (2-9)
Voo =0 on 0%2.

If v, is assumed to change sign for all @ > 1, that is if (v4)4 and (v,)_ are nonzero, the arguments in
[Cerami et al. 1986, Lemma 3.1] show that vs, > 0 and hence that

lim / lug|? dx = K" + I, ()"2.
Q

a—+00

This observation will be important in the proof of Theorem 1.1 but will not be used in this section. Without
loss of generality we can assume that (x4)yen and (g )aen are chosen to satisfy

Ve (X)) = e () oo and g 1= |vg ()| 72 @2, (2-10)
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so that x,, € Q2. Note that (2-4) implies that u, — 0 as « — +00. We will denote by x, € Q the limit of
the x, as o — +o00. In the case where v, > 0, Hopf’s lemma shows that there exists Cy > 0 such that

Co_ld(x,BQ)fvoo(x)fcod(x,HQ) for all x € Q, (2-11)

where d(x, 02) :=inf{|x — y| : y € 92} is the distance of x to boundary. In (2-5) we used the notation
Vg = By £ v + ¢4, Which classically means either vy, = By + Voo + @y OF Vy = By — Voo + ¢ 1t Will
often be more convenient to subtract B, & vy from v, (for instance in the statement of Theorem 2.1),
which we will thus write as

Vo — By F Voo = Pa
so that the sign convention is satisfied.

The purpose of this section is to turn (2-5) into a decomposition in strong spaces, and to obtain sharp
pointwise estimates on vy. In order to state our main result we need to introduce more notation. For «
large, thanks to (2-1), —A + h, is coercive in HO1 (€2). We can thus let G, be the Green’s function of
—A + hg in Q with Dirichlet boundary conditions. By standard properties of the Green’s function (see
[Robert 2010]), there exists C > O such that for all « > 1 we have

C . d(y, 0)d(x, 0R2)
Ga(y,x)s—zmm 1, 3 forallx,yeQ, x#y, (2-12)
ly —x|"~ ly — x|
and
IVGo(y,x)| <Cly —x|'™ forallx,yeQ, x#y. (2-13)

For o > 1, we let [1B, be the unique solution in H(} (R2) of

—A+h)IB, =B*"! inQ,
{( + hg) o in (2-14)

InB, =0 on 0€2.

Since B, satisfies —A B, = Bé*_l in R” by (2-6) and (2-7), we easily see with (2-14) that B, —I1B, — 0
in H(} (2) as @ — +o00. Thus (2-5) can be rewritten as

Vg =By £ v +0(1) in H(; (2) as @ — H-o0. (2-15)

A representation formula for 1B, together with (2-12) shows that there exists C > 0 such that for all
x € Qand all « > 1 we have
0 < TIBy(x) < CBy(x), (2-16)

where positivity follows from the coercivity of —A + h,. We can now state the main result of this section:

Theorem 2.1. Let 2 be a smooth bounded domain of R", n > 3, and (hy)qen be a sequence of functions
that converges in CYQ) 10 hoo. We assume that —A + h is coercive in HO1 (82) and that I, (2) < Kn_z.
Let (Vy)geN € H(} (2) be a sequence of solutions of (2-2) that satisfies (2-3), (2-4) and (2-5). There exists
a sequence (&4)qeN Of positive real numbers converging to 0 such that, up to a subsequence, we have, for
anyx € Qand o > 1,

Ve (x) = TTBg (X) F Voo (X)| < €4 (By(x) + Voo (X)). (2-17)
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Pointwise descriptions of blowing-up solutions as in Theorem 2.1 were first obtained for positive
solutions of critical Schrodinger-type equations on manifolds without boundary; see for instance [Druet
and Hebey 2009; Druet et al. 2004] (see also [Hebey 2014]). For positive solutions of equations like (2-2)
in bounded open subsets of R" they were obtained in [K6nig and Laurain 2022; 2024]. Similar estimates
have been obtained for positive solutions of Hardy—Sobolev equations in [Cheikh Ali 2022; Ghoussoub
et al. 2023]. These sharp pointwise estimates have proven crucial in order to obtain compactness and
stability results for critical stationary elliptic equations [Druet 2003; Druet and Laurain 2010]. When
it comes to sign-changing blowing-up solutions, a general pointwise description as in Theorem 2.1, on
manifolds without boundary, has been obtained in [Premoselli 2024; Premoselli and Robert 2025], and
subsequent compactness results have been proven in [Premoselli and Robert 2025; Premoselli and Vétois
2022a; 2022b]. Theorem 2.1 is, to our knowledge, the first instance where sharp pointwise estimates for
blowing-up solutions of equations like (2-2) are obtained up to the boundary of 2. Note indeed that in
Theorem 2.1 we do not assume that the concentration point xo, = limy_, 4 X, 1S an interior point in €2.
It may happen that x, € 0€2: the real novelty of Theorem 2.1 is that (2-17) holds regardless of the speed
of convergence of x, to 32, uniformly in x € Q. This creates additional technical difficulties that we
overcome in the course of the proof.

We prove Theorem 2.1 by taking inspiration from the arguments in [Druet and Hebey 2009]; see
also [Hebey 2014]. Throughout this section we let 2 be a smooth bounded domain in R", n > 3,
(ho)wen € CUQ) and (vo)aen € Hy (R2) be such that (2-1), (2-2), (2-4), and (2-5) hold, and we let
(x¥q)aeN € 2 and (g )gen be as defined as in (2-10). We start with the following simple proposition:

Proposition 2.2. We have

d(xq, 02
A0, 98 _ | o (2-18)
a—>+00 Mo
We define the rescaled function
Do (x) := 2200 (X + pax)  forall x € Q, (2-19)
where Q4 ;= {x € R" : xo + ox € Q2}. Then
lim v,(x) = Bo(x) in Clzoc([R”), (2-20)

a—+00

where By is defined in (2-7).
Proof. First, (2-18) follows from Struwe’s original result [Struwe 1984]; see also [Mazumdar 2017,
Theorem 1.2]. We now prove (2-20). For x € Q4 := {x € R" : x4 + nox € R}, it is clear by (2-2) and
(2-19) that _ .

_Aﬁa +haﬂgl~)a = |1~)a|2 7260{ in Qq,

0y =0 on 082y,
where ﬁa (x) = hy(xq + mex) and v, is defined in (2-19). We remark that |vy| < |04 (0)| = 1. It follows
from (2-1) and from standard elliptic theory that, after passing to a subsequence, v, — v in CIZOC([R”),

where 7 € C?(R") is such that
—AD=9)""% inR"



COMPACTNESS RESULTS FOR SOLUTIONS OF CRITICAL NONLINEAR ELLIPTIC EQUATIONS 595

and |v] < 1. Let K € R” be a nonempty compact subset of R”. By (2-5) we have v, — By in L% (K) as
o — 400, so that v = By in K, which proves (2-20). [l

Using (2-18) and standard elliptic theory, together with (2-14) and (2-16), we also obtain that
1g P By (xq + o) — Bo(x)  in Cipo(R") (2-21)
as @ — +o00. The following result establishes a first pointwise control on vy .
Proposition 2.3. For x € Q we let Dy (x) := |x — xo| + tho. Then
Do(x)"2/2|vy, —TIBy Fvos] = 0 in CY(RQ) as « — +o0, (2-22)
where v and T1 By are as defined in (2-8), (2-9) and (2-14).

To prove Proposition 2.3 we proceed by contradiction: we assume that there exist €g > 0 and (yy)gen € Q
such that

D (ya) ™22 v (y) F V00 (o)~ T1 By () [ =X (Der (1) =27 v (1) Foo (1)~ T B (X)) Z €0, (2-23)
and we let (Vy)aen € (0, +00) be such that
Ve (Vo) | = v3™/% forall a > 1. (2-24)
Since vy, [1B, and vy vanish in €2, a first simple observation is that y, € €.

Step 1. We claim that
Dy (y0)" " ?*By(ye) > 0 as & — +oo0.

As a consequence, with (2-16) we have
Doa(ye) P2 TIBy(yy) — 0 as a — +o0. (2-25)
Proof. Indeed, suppose on the contrary that there exists pg > 0 such that
Do ()" "By (ya) = po

for all o large enough. Hence we have that

Xo — D e — X |?
1+| o — Yal _ o (Yer) Z,Og/( 2)(1+ |)’aM2 al )
o

Mo Mo

Up to passing to a subsequence we then assume that there exists R > 0 such that limg— 0o 1t ' |ye —%o| = R.
This means that

Do (Ya) = O(1a)- (2-26)
It follows from (2-21) and (2-20) that

lim 115" |vg (ya) — T1By (ya)| = 0.

a—+00
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With (2-26) we thus get that
lim Do (30) " 2|0 (Ya) F Voo (Ya) — TTBa (ya)| =0,
o—>—+00

which contradicts (2-23). O
Step 2. We claim that

vy —> 0 asa — 400, (2-27)
where v, is defined in (2-24).

Proof. Indeed, it follows from (2-23) and (2-25) that
€0 < Dy (Ya) "2 (Jvg ()| + o lloo) + 0(1) (2-28)

as o — +o00. If Dy (yq) — 0 as ¢ — +00, then (2-27) follows from (2-28). Suppose on the contrary that,
up to a subsequence, Dy (yy) — co as o — +00 for some ¢y > 0. It follows from (2-23) and (2-25) that

[va (%) F Voo (1) + 0(1) = 2"|va (o) F Voo (Ya) | + 0(1) (2-29)

for x € Bey2(ya) N Q and all sufficiently large. If v, (y,) — +00 as @« — 400, it is clear, by the

definition of v, that we obtain (2-27). If v, (y,) = O (1), standard elliptic theory together with (2-8) and

(2-29) proves that v, F Voo — 0 in CIZOC(BC0 /4(Ya)) as @ — +o00. This contradicts (2-23) using (2-25).

We thus get that (2-27) holds. O
For any x € Q, :={x e R" : yo + vqx € 2}, we set

Wy (x) = V(gn72)/2va (Yo + v X).

By (2-2), w, satisfies
:_Awa + ho (v + VX2 = wel* 2wy in Q. (2-30)

wy =0 on 092,.

Thanks to (2-24), we have that |w, (0)| = 1. We define a set S as

. [{hmaﬁm o] v = el = O () and i = 0(vo),

%) otherwise,

where it is intended that the limit exists up to passing to a subsequence. Let us fix K € R"\ S a compact
set.

Step 3. As @ — +00 we have
VD2 B L (yy — vgx) — 0 forall x € K. (2-31)

Proof. Let x € K. If v, = 0(uy) then (2-31) is true since B, (x) < /L;("_z)/z for any x € Q. We now
assume that u, = o(vy): since x € K, we get that v, = O(]yy — x4 — Vex|). Thus once again (2-31)
holds by definition of B,. We may thus assume that there exists C > 0 such that

C Yy < g <Cvy forall a. (2-32)
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Assume first that |y, —xy — vgx| = O(1ty). Thus, since x € K and by (2-32), we get |y, — Xo| = O (1Lg)-
Arguing as in the proof of Step 1 we get a contradiction. Thus, for all x € K, we have

|ya — Xo — Vole

lim ———— = 400.
o—> 400 I‘LOl
Together with (2-32) this implies (2-31). O
Step 4. We claim that
we(x) =0() forall x e KNQ,. (2-33)

Proof. Indeed, using (2-23) and (2-25) together with (2-31) yields

n—2
D, +vgx)\ 2 _ _
( a(Dya(y 3 )) |1 () F 5™ o (e + vax) =0T By (o veX)[ < T 0(1) - (2-34)
o o
for all x € K N Q,. It then follows from (2-16), (2-27), (2-31) and (2-34) that

n—2

D 2
(%) (lwe ()| +0(1) < 1+0(1) forall x € KN, (2-35)

o« (Ve

We claim that there exists ng > 0 such that
lim Dy (Yo + vox) Dy (ya)_l > Nk
oa——+00

for all x € K N Q. Together with (2-35) this will prove that w,, is bounded in K N Q. Suppose on the
contrary that for a sequence (zy)qen in K N 2, We have

[Vo — Xo + Vo Zo| + o = 0(1Ya — Xa|) + 0(1he).
Then |y, — xo| = O(vy), e =0(vy) and

Ya — Xa
Vo

lim
a—> 400

_ZO! =07

which is a contradiction since liminf,_, { oo d(24, S) > 0. (|
We now conclude the proof of Proposition 2.3.

Proof of Proposition 2.3. We first claim that 0 € Q4,\S. If S = & this is obvious. Assume thus that S # &,
which implies that |y, — x4| = O (vy) and pq = 0(vy) as ¢ — +o00. Then, since vy, — 0 as ¢ — 400

and by (2-28), we obtain

2/(n—2 _
/" +0(1) <1 ' Dy(ya).

Hence, we have lim,, 4 oo v, '(ye —X4) #0,and thus 0 ¢ S. By (2-33), for any compact subset K C R\ S
that contains 0, there exists Cg > 0 such that

lwe(x)| < Ck in K.
In particular, by standard elliptic theory, (2-30) and (2-1), we get

wy — wo € CL (R™\S), (2-36)
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where wy satisfies —Awg = |wo|® 2wy in R"\S and |wo(0)| = 1. Independently, it follows from (2-5)
and (2-31) that w, — 0 in L¥ (K) as « — +o00. Hence, by (2-36), we find that

/ lwo|> dx = 0.
K

Thus wo =0 in K, which contradicts |wg(0)| = 1. This ends the proof of Proposition 2.3. O

For p > 0 small enough, we define

Na(p) = sup |vg(x)l, (2-37)
Q\B) (x0)

where x, is given by (2-10). Thanks to (2-22), we obtain
lim  sup 74 (0) < [[veoll0o- (2-38)
oa—>+00
The next results establishes a first pointwise control on vy.

Proposition 2.4. Forany v € (0, %) there exists R, > 0, p, > 0, and C, > 0 such that for all « € N

—-2)/2—v(n—2
pg e N (pv)
|x _ xa|(”_2)(l_”) |x _ xa|(n—2)v

[ve ()] < Cv( (2-39)

forall x € Q\Bg, 1, (Xa).

Proof. We divide our proof into two cases, depending on the position of x., with respect to the boundary
of Q.

Case 1: xo € 0Q2. Let U C R" be a smooth bounded open set such that QeU. Foralla > 1, we
extend Ay and &, as functions on U in such a way that

hy = heo in CO(U) (2-40)

and — A + h is still coercive in H(} (U). Let G:U x U\{(x, x) : x € U} — R be the Green’s function
of the operator —A + ho, with Dirichlet boundary conditions in U. It exists by coercivity of —A + hso
and satisfies, for all x € U,

—AG(x, )+ heoG(x, ) =8, inU\{fx}. (2-41)

We now define 50, (x):= (N}(xo,, x) forallx e U \{xx} and @ € N. It follows from [Robert 2010] that there
exists C; > 0 such that

0 < Go(x) < Crlx — x> forall x € U\ {xq) (2-42)
and that there exist p > 0 and C, > 0 such that
~ VG
Go(x) > Colx —xo[*™™ and VGe (] = «)] > Calx — xo| ™! (2-43)
|G ()]

for all x € B, (xy)\{xo} € U. We define

Ly = —A+hy —|vg]* 72, (2-44)
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and for a fixed v € (0, 1) we let, for « € N and x € U\{x,},
Yoo (x) = pl PG (0! Y+ g (0)Ga ()" (2-45)

Straightforward computations using (2-40) and (2-41) show that

L 2 .
LaVv ol haglloo +0(1) + v(1 — ) || — [y P2,
wv,a o
By using (2-43) we get
L C? .
Do o D ellos +0(1) + (1 —v)— 2 [y, 22 (2-46)
v,o |x — xq|

for all x € B,(xq)\{xs} € U, where C, is the constant appearing in (2-43). Proposition 2.3 now shows
that there exists Ry > 0 such that for any R > Ry and x € Q\ Bg,,, (x,) we have

» o V(1 —1)C3

[ = a0 () F 000 (01777 < =5y (2-47)
for o sufficiently large. Hence, by (2-47), we get
I — Xa e (0)F 72 < 2o (1= v)CF +27 7 0 luse 12,7 (2-48)

for all x € (B,(x¢)\BRrpy, (X)) N 2. Choose pp > 0 small enough that for any p € (0, pp) we have
T o 1272 + 207 oo lloo < Fv(1—)C5. (2-49)

Combining (2-48) and (2-49) in (2-46) we finally obtain that, for all x € (B, (xo)\BRry, (xa)) N <2,

LoYva = %(o(p% + 301 =)C3)Yvq > 0. (2-50)

xa|2
Independently, it follows from (2-20), (2-37) and (2-43) that there exists C = C(R, p, v) > 0 such that
[vg (X)| < Cifry o (x)  forall x € I((B)(xq)\Bry, (Xe)) N €2). (2-51)

By (2-2), v, satisfies Lyv, = 0. Using (2-50) and (2-51) we thus have

Lo(CYryo) > 0= Lyvgy in (Bp(xa)\BRp,a (xg)) N2,

Crya > vy on a((Bp(xa)\BRua (x0)) N L2), (2-52)
La(cwv,a) >0=—Lyvy, in (Bp<xot>\BRua (x0)) N L2,
Ciryoa = —y on 8((B,o(xa)\BRua (xq)) N L2).

The operator L, satisfies the comparison principle on (B, (x¢)\Bry, (X)) N 2 since ¥, o > 0 and
Loy o > 0 (see, e.g., [Berestycki et al. 1994]), and therefore

[V (X)] = CYyo(x)  forall x € (B, (xa)\Bry, (xa)) NE2.

Using again (2-42) implies (2-39) in this case.
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Case 2: xo, € Q. Let G be the Green’s function in €2 of the operator —A + h, with Dirichlet boundary
conditions. For x € Q\{x,} define éa := G(xg, - ), which satisfies

—AGy+hoGe =0 in Q\{x,}.
Since x, € €2, it follows from [Robert 2010] that there exists C3 > 0 such that

0< éa(x) < C3lx — x> forall x € Q\{xq)}

and there exist C4 > 0 and p > 0 such that
Go(x) = Calx —xo*™" and

for all x € B, (x¢)\{x¢} € Q. Define, for a fixed v € (0, 1), fora € N and x € Q\{xe},
Yoa () i=pnd P0G (0 4 10 (0)Ga ()",
and let again L, = —A + hy — |v,|* ~2. Mimicking the arguments in Case 1 we here again have v/, , > 0
and Lo, o > 0in B,(x4)\BRry, (Xo), and the proof of (2-39) follows in a similar way. O
The next results establishes a pointwise control from above on v,.

Proposition 2.5. There exists C > 0 such that

[va ()| < C(E 22Dy ()%™ + Voo lloo) (2-53)
forall x € Q.
Proof. Recall that D, (x) = e + |x — x| for x € Q. We first prove that there exists p > 0 and C > 0
such that

[va ()] < C(UE 272Dy ()™ + 1 (), (2-54)

where 1, (p) is defined in (2-37). We fix 0 < v < 1/(n +2), and we let R, > 0 and p, > 0 be given by
Proposition 2.4. We let p = p,.. Proving (2-54) amounts to proving that, for any sequence y, € €2, we

have
|vg (Ya)|
(n-2)/2

Jp Do (Ya)*™" 4+ 1a(p)

We let in this proof ry := |y, — x¢|. First, if r, > p, it is clear that (2-55) is satisfied by definition of
Ne(p). If now ry, = O(1ty) we also have Dy (yy) = O (L), and (2-21) and (2-22) yield

Do (y)" 211, "2 vy (vo) | = O (1),

=0(l) asoa— +oo. (2-55)

which proves (2-55). We thus assume from now on that
ra<p and  lim % =400 (2-56)

a——+00 Mo

Green’s representation formula and (2-12) yield the existence of C > 0 such that

lva (V)| < C / Ve — x> o (x)|* ' dx (2-57)
Q
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for all @ > 1. We write
[ =P P
Q
<[ = 5P 0P+ v = 2P o O T dx. (2-58)
QO {|x—xo| <Ry o} QO {|x—xa|>Rypa}
Fix Cy > R, . For « sufficiently large we have using (2-56) that
Co
raZCOMaZR_|x_xa| forallerﬂ{|x—xa|§RUMa},

v

so that |y, — x| > (1 = R,Cy l)ra for all such x. Therefore, using Holder’s inequality and (2-3) yields

'u(n—2)/2
/ Yo = X" e ()P dx = 0<“—_2). (2-59)
QN{|x—xo| <Ry pta} |ya — X |"

Now, we deal with the second term of (2-58). From (2-39), we get

2-n 21 (14+2)(1—21)/2 Yo — x[*7"
Yo = X" oo (0)F ~ dx = O D) 9%
QN{lx—x¢|>Ryjta} QN{|x—xo|=Ruta} 1X — Xa|

x_ | Ve — X277
+0(77a(/0v)2 1/ S dx)).
QN{|x—xg|2 Rupta) X — Xal

Since 2 — (n 4 2)v > 0, using Giraud’s lemma (see [Hebey 2014, Lemma 7.5]) yields

/ Y = 5127 = xal =27 dx = O (D). (2-60)
Q

Independently, letting y, = (Yo — Xo)/ Mo We have

/ ! 1 dx < uz‘(”“)“‘”)/ ! L
QN{lx—xg > Ryptg) [ Yo = X172 |x —x | (1D A=) 7 70 RM\B(O,R,) |Ja—x]"72 x| 1+ 0=0)

MZ—(n—i-Z)(l—v) Mn—(n+2)(1—V)
- 0(“~—2) = 0(“—2), (2-61)
(I+1[yo )"~ | %o — Yo"~
where the second line again follows from Giraud’s lemma in R" since (n 4+ 2)(1 —v) > n. Combining
(2-60) and (2-61) finally shows that

(n=2)/2

_ *_ 2
/ Ve — %7 |va ()7 1alx=0(“—,1_2)+0<na<p>>,
QN{lx—xq| =Ry o} % — Yol

which together with (2-59) concludes the proof of (2-54).
We now conclude the proof of (2-53). First, if vy, > 0, (2-53) simply follows from (2-38) and (2-54).
We may thus assume that v, = 0. We now prove that for « large enough

ne(p) = O (u=27%). (2-62)
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Together with (2-54) this will conclude the proof of (2-53) in this case. We prove (2-62) by contradiction:

we assume that
Na(0)

i o (2-63)

as a — +00, and we let V, = vy /1« (p). For any o we let z, € Q\ B, (xy) be such that |v, (zo)| = ne (0).
By the definition of D, (x) and by (2-54) we see that for any § > 0 fixed we have |Vy(z4)| = 1 and

[Va(x)| < C+o0(1) forx e Q\Bs(xy). (2-64)

Now, the function V,, satisfies
— AV +ho Ve =12 (p)> 7 |Val* Ve

in . Since 14 (p) — 0 by (2-38), (2-64) and standard elliptic theory show that V,, — V in CIZOC(S_Z\{xOO}
as o — +00, where Vi, satisfies | Vo (x)| < C for any x # x and

—AVoo+hooVoo =0 in Q\{xs}.

In particular, the singularity of V4, at xoo is removable and V., satisfies weakly —A Voo + figo Voo = 0
in Q. Since —A + hy is coercive by assumption, this shows that Vo, = 0. Independently, if we let
Zoo =limy s 400 2o, the C120c convergence shows that | Vi (zo0)| = 1; hence Vi, # 0. This is a contradiction,
which concludes the proof of (2-62). O

The next result will be frequently used in the proof of Theorem 2.1.

Proposition 2.6. Let U C 2 be an open set. There exists a constant C(U) such that limjy—.o C(U) =0
and such that, for all y € Q and forall o > 1,

/ Gy(y,x)dx <CU)d(y, 982). (2-65)
U

Proof. We let C(U) =sup,q [, Ix —y|' ™" dx. Since Q is bounded and y — |y|'~" € L} (R") we have

loc
C(U) — 0 as |U| — 0 by absolute continuity of the integral. Using (2-12) yields
/ Go(y, x)dx =011 (y) + L2(y)), (2-66)
U

where we have let, fori =1, 2,

1 d(y, 0Q2)d(x, 02
Ii(y)::f —zmin{l, (0, 85D (x, )}dx,
U; |y_'x|n_

ly —x|?

and
U :=Un{ly—x| <1d(y,dQ)} and U,:=Un{ly—x|>1d(y, 0Q)}.

When x € Uy we have |y — x| < %d(y, d€2), so that

1
11()’)5/ ﬁdXS%d(y,BQ) dx < 1cWyd(y, dQ).
u |y —x|"~

v ly—x"-!
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When x € U, we get that d(x, d2) <3|y — x|. We then get

d(x,09) 1
L(y)=d(y,9Q) | ————=<3d(y,09Q) | ————dx =3C{U)d(y, 9R2).
U |y_x|n U|)’_x|"
Combining these estimates proves Proposition 2.6. ]

The next result improves the upper estimate in Proposition 2.5.

Proposition 2.7. There exists C > 0 such that
[vg (x)] < C(By(x) +v0o(x)) forallx and all x € Q. (2-67)

Proof. First, if vy, = 0, (2-67) simply follows from (2-53). We may thus assume in the following that
Voo > 0 in 2. Proving (2-67) in Theorem 2.1 is equivalent to proving that, for any sequence (yy)gen € €2,

we have
[Va (Vo) |

By (Ya) + Voo (Yar)
Assume first that |y, — x4| = O (1g). It follows from (2-21) and Proposition 2.3 that

=0() asa— +oo. (2-68)

Ve (o)l = O (oo (Yar) + Bar(Ya)) + 0(Da (o) ™" "?/%) = 0 (Vo (o) + Bu(Ya)).
which proves (2-67) in this case. We thus assume from now on that

agrfoo b]a,u;axal = +00. (2-69)
Using Proposition 2.3 and standard elliptic theory, we have that
Vo = Floo  in CE.(Q\{Xe0)) as @ — 4-00. (2-70)
Therefore, there exists p, > 0, p, — 0 as ¢ — +00, such that, up to a subsequence,
Ve £ Voo llc2(fjx—xo |> puin) = 0(1). (2-71)
Using again Green’s representation formula and (2-12) we have

Ve (V)|
= 0( f Go (Yo X) 0 (X) >~ dx + f Ga(ya,x>|va<x>|2*—ldx). (2-72)
{Ix—xg|<pa }NE2 {lx—xo |> 0o }NS2
Thanks to (2-11), (2-65) and (2-71), we get
/ GO Do (D2 dx = O (Voo (va)). (2-73)
{lx—x¢|>po }N2
We fix R > 0, and we now write

/ Go (e, X) Ve (X)[* "' dx
Qﬁ{lex(ﬂfpa}

=0 ( f Yo =X > o (x) >~ dx 4 / G o (Y» X)| Vg (x)[* ! dx). (2-74)
QN{|x—x¢|<Rpa} QR <|X—Xe|=<pa}
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As in the proof of (2-59), thanks to (2-3) and to Holder’s inequality, we obtain

u =272
/ Ve = X7 g (0)]*  dx = 0(“—,,_2)
QN(1x—xa| <Rpta) Yo = Xa|

By (2-53), there exists C > 0 such that

(2-75)

e () F L < C(uI P2 Dy () 727" + luso X7 H,

where Dy (x) := uy + |x — x4 for all x € Q2. Therefore, using again (2-11), we have

/ G (Vs )00 ()~ dx
QR <|x—x¢|<pa}

= 0<M<(xn+2)/2 f Ve — X127 x = xg | 727" dx) +0( / Ga<ya,x)dx)
QN{|x—x¢|>Ritg} QR <|x—Xe|=<pa}

(n—2)/2

=0 (“—) + 0 (Voo (Ya))- (2-76)

|xe — yaln_2

Combining (2-75) and (2-76) in (2-74) finally shows that
/ Go (Y )Nve(0)> 7 dx = 0" |x4 — 0|7 + 0 (000 (Ya))
QO{|x —x¢|<pa}

as o — +o0o. Together with (2-72) and (2-73) this proves (2-68) and concludes the proof of (2-67). [
We are now in position to conclude the proof of Theorem 2.1.

Proof of Theorem 2.1. Proving Theorem 2.1 is equivalent to proving that, for any sequence (yy)wenN € €2,
we have

Vo (Vo) = T By (Vg) £ 000 (Vo) + 0(By (Ya)) + 0 (Voo (V) 2-77)

as o« — +o00. Throughout this proof it will be intended that all the terms involving v, disappear if vy, = 0.
If |xg — Yol = O(1y) orif |xq — yo| /4 0, (2-77) follows from Proposition 2.3. We may thus assume in
the following that

| X — Yol

[X¢ = Yol >0 and —— — +o00 (2-78)
Mo

as @ — +o0o. We write three representation formulae for vy, 1B, and v, using (2-2), (2-9) and (2-14),
respectively, and we subtract them to get

Vo (ya) - HB(x(Y(x) F Uoo(ya)
=f Gu<ya,-)<|va|2"2va—B§*lq:vi’;l)dxi/(Ga(ya,->—Goo<ya,->>v§21dx, (2-79)
Q Q

where we have denoted by G, the Green’s function for —A + .

Case 1: vy, = 0. In this case the second integral in (2-79) vanishes and we only have to estimate the
first one. Let R > 1 be fixed. Using (2-12) and (2-53) and letting y, = (Yo — X&)/ M4a» @ simple change of
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variables and direct computations give

*__ *__ (i 1 *_
/ Ga(Vas ) (val® v — By D dx| < Cpg ™ 2>/2/ ~———B; ldx
Q\BRjig (%) R\Bg(0) | Yo — |
= O (erBa(Ya)) (2-80)

as @ — +00, where ep denotes a positive number satisfying limg_, 1~ €g = 0. Independently, (2-21)
and (2-20) show that

Vo — Ba —0
Ba LBy (va)
as @ — +o00. As a consequence, using (2-12),
/ Ga(Vas )(al* Pvg — B3 D dx =o(/ |ya—y|2—"B§*—‘dx)
BRriug (%) Brpug (xa)
= 0(By(ya)). (2-81)

Up to passing to a subsequence, combining (2-80) and (2-81) proves (2-77) in the v, = O case.

Case 2: vy > 0. We first estimate the first integral in (2-79) by decomposing it in three domains:
BRru, (xa), (N B1/r(xe))\BRru, (xo) and Q\By/r(xy). We first have

/ GG ) (0 200 — BX ' 021 dix
BR;/,a (xa)

=/ Ga<ya,-)<|va|2"—2va—Bﬁ*—‘>dx+0</ Ga<ya,->dx)
BR;/.a (xot) BR[,La (xot)
— 0(Ba(ya)) + 0(vse (30)), (2-82)

where the last line follows from (2-81) and from (2-11) and (2-65) with U = Bg,, (x4). Using (2-71) we
now have

/ Goé(ya’ . )(|Ua|2*_zva _ Bé*—l F vgz—l) dx
Q\BI/R()Cot)
:/ GV ) (0a|* 20g T2 dx + O(u2/?)
Q\B1/r(xq)

= 0</ Go(Yas ¥) dy) + 0(Ba(Ya)) = 0(Ba(Ya)) +0(Voo (Yar)),  (2-83)
Q
where the last equality again follows from (2-11) and (2-65). Finally, using (2-12) and (2-53) we have
Ga (s ) (Ival” v — By ' F 02 dx

= O(f |ya—y|2—"B§*—1dx>+0<f Ga<ya,y>dy>
Q\BRpuy (Xa) QNBy /R (xa)

= O(erBa(ya)) + O(erVo0 (Vo). (2-84)

‘/(QHBI/R (xa))\BR;A.a (xa)
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where the last line follows from (2-80) and (2-65) with U = 2N By, (xy). Combining (2-82), (2-83) and
(2-84) proves that
f Go(ar V(Ivel® e = By ~' Foi D dx
Q
= 0(Ba(Ya)) +0(Vs(Ya)) + O(erBa(ya)) + O (6RVoo (Vo))  (2-85)

as @ — 400, where limg_, ; oo €g = 0. We now estimate the second integral in (2-79). For y € 2 and for
all o, we let

Fl’a(y)sz“(y”)vgé_ldx and Fz(y)=/Goo(y,')v§Z_ldx.
@ Q

By definition of G, and G «, these functions satisfy (—A +hg) Fi o = v 7" and (= A +heo) Fr = 027,
respectively, so that by (2-1) and standard elliptic theory (£ 4)aen is uniformly bounded in L*°(£2). We
also have

(A +hoo)(Fi,o — F2) = (hoo — ho) F1 4.
A representation formula for F; , — F; applied at y, then shows
/ (GaGar ) = Goolyar WEdx = Fi 4 () — Fr(ya) = / Goo (s )lioo — ) F1 o dx.
Q Q

Using (2-1), (2-11) and (2-65) we thus obtain

/Q(Ga(ya, ) = GooVa, )V dx

= 0(/ Goo(Ya, X) dX) = 0(Voo (Yar))- (2-86)
Q
Plugging (2-85) and (2-86) into (2-79) finally proves that

|voc (yoc) - HBot(yot) + voo(ya)l = O(Ba (yot)) + O(UOO(ya)) + 0(8RBa (yot)) + O(ERUoo(yoz))

as o — +00, where limg_, 1o, €g = 0. Passing to a subsequence proves (2-77) and concludes the proof
of Theorem 2.1. 0

3. Necessary conditions for blow-up and proof of Theorem 1.1

Let 2 be a smooth bounded domain of R", n > 3. Throughout this section we let (h,)ycn be a sequence of
functions that converges in C 1(Q) to hoo, Where — A +h o, is coercive in HOl (£2) and where I, (Q2) < K,/ 2
and we let (vy)aeN € H(} (2) be a sequence of solutions of (2-2) that satisfies (2-3), (2-4) and (2-5).
Equation (2-15) is thus also satisfied, and we have

vy = 1By £ vo6 +0(1) in Hy (R) as @ — +o0,

where I1B,, is given by (2-14) and where (x4)qen and ((y)qen are sequences of points in €2 and (0, +00)
satisfying (2-10) and with limg_, o0 e = 0. We let again xo, = limy_, 1 X4, and we identify in this
section necessary blow-up conditions that constrain the localisation of x~,. We recall for this the celebrated
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Pohozaev identity, that for our sequence (vy)qen is as follows: for any family U, of smooth domains
such that x, € U, C Q for « € N we have

/ (ha(x) + 3(Vhe(x), x — x4))v; dx

[

Vo> 02 Jual® .
=[ (x—xq, ) the—t———)dox)— | ({x—xq, VUg)+5(01—2)0a)0y v do(x), (3-1)
U, 2 2 2% U,

where v is the outer unit normal to the boundary of U, and (-, - ) is the Euclidean scalar product; see for
instance [Hebey 2014, Lemma 6.5]. We distinguish two cases according to whether x, is a boundary
blow-up point or not.

3.1. Interior blow-up case: xo, € . If x is an interior point we prove the following result:

Proposition 3.1. Let Q2 be a smooth bounded domain of R", n > 3. Let (hy)qen be a sequence of functions
that converges in C'(Q) to hao, where — A + ho is coercive in HO1 (2) and where 1), (2) < Kn_Z, and
we let (Vy)geN € H(} () be a sequence of solutions of (2-2) that satisfies (2-3), (2-4) and (2-5). Let
Xoo = limy s 400 Xo and assume that xoo € Q2. Then

e if n =3, we have v, =0 and my,_ (x0) =0,
e if n=4,5 we have voo =0 and hoo(xs0) =0,
o if n =6, we have hoo(Xoo) = F2V00 (X00),

e if n>7,we have hoo(Xo0) = 0.

Proof. First, since xo € 2, we have Bs /;;(xq) C €2 for all o large enough. The Pohozaev identity (3-1)

yields
/ (ha(xX) + $(Vho (x), x — xo))v2 dx = / Fy(x)do (x), (3-2)
Bs Jiiq (%) 9Bs /g (Xa)
where we have let
|Vvoz|2 vé |va|2* 1
Fo(x) = (x — xq, V) ) +h(x?_7 _(<x_xaavva>+§(n_2)va)avva- (3-3)

For any x € (2 — x4)/ /Lo We let
ﬁa(x) = Vg (Xg + «//Lozx)-

Using (2-2) it is easily seen that 0, satisfies

{_Aﬁa + ,uailaﬁa = Malﬁa|2*72ﬁa in (Q - xoc)/\/ Mas

ﬁa:() on 8((9_)6&)/«/:“05),

where we have let fza(x) = h(xq + /ex). By (2-67) and standard elliptic theory there thus exists
Do € C2(R"\{0}) such that iy — D in CIZOC(R"\{O}), and Theorem 2.1 shows that for any x € R"\{0}

we have
Doo(x) = (n(n — 2)) "2 x |77 £ vg (Xo0)-
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The change of variables x = x4 + /Ity and straightforward computations then show that

g "R / Fy(x)do (x)
3Bs g (%)

|V |? ~ 02 |0]* A o
= (x,v) + tahg = = pta—-— ) do(x) — ((x, Vig) + 5 (n —2)04) 0,0y do (x)
9B5(0) 2 2 2 9B5(0)

= 30, 1n "0 = 2) "D Py (x0) + £+ 0(1) (3-4)

as @ — 400, where g5 denotes a quantity such that lims_,o &5 = 0 and where w,_ is the area of the
round sphere $"~!. We now claim that

0 (1) ifn =3,
/ (ha(x)+%<Vha(x)vx_xa>)U§ dx = O(Mé In(1/14q)) ifn=4, (3-5)
B (k) 12 (hoo(xo0) fin Bo(x)>dx +0(1)) ifn >S5,

where By is defined in (2-7). We prove (3-5). First, using (2-16) and Theorem 2.1, straightforward
computations show that

[ AVh.x - = {0(’“‘0‘) =34 (3-6)
2 o 3
Bs i (x) O(uynpgl|) ifn >3,

and that "™
o) ifn=3,

/ ha(x)vé dx = { 5 ]
Bs i (%) O(uiIn(1/pny)) ifn=4.

If n > 5, using Theorem 2.1, we have

(3-7)

/ o (x)v2 dx = / ho (X)(T1By)* dx + o(112).
Bs /g (xa) Bs Jiiq (%)
Dominated convergence together with (2-21) now shows that
[ oM dx = ot [ W BuCe? dx o).
Bs iz (xa) R

Combining the latter with (3-6) and (3-7) proves (3-5). Combining (3-2), (3-4) and (3-5) now shows that

i%wn,ln(n_z)/z(n _ 2)(n+2)/2Uoo(xoo)M((),n_2)/2 +86M((xn_2)/2 +O(M((xn—2)/2)
O™ ifn =3,
=1 O (ug In(1/pa)) ifn=4, (3-8)
12 (hoo(Xo0) g B§ dx +0(1)) ifn > 5.

Assume first that n € {3, 4, 5}. Equation (3-8) then gives

O (ua) ifn=3,
Voo (Xoo) + &5 +0(1) = { O(ue In(1/uy)) if n =4,
0( /i) ifn=5

as @ — +oo. Letting first « — 400 then § — 0 shows that v (xs) = 0. Since v, > 0 by (2-3) and the
assumption I, (2) < K2, the strong maximum principle then shows that v, = 0.
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Assume now that n = 6. Integrating —A By = Bg shows that

/ B} dx = 6*4 ws.
R6
Therefore, it follows from (3-8) that
£ 5056*4 Vo (Yoo ) g, + Esitg +0(1g) = 674 wshoo (xeo) 113, + 0(1G).-
Letting « — +o00 and then § — 0 shows that

hoo(Xoo) = 2000 (Xo0)-

Assume finally that n > 7. Then M((x”_z)/z = o(ué) as ¢ — 400, and (3-8) then gives, after letting

a — 400,
hoo(xoo) = 0.

These considerations prove Proposition 3.1 in the case n > 6.

To conclude the proof of Proposition 3.1 we now consider the case where 3 <n <5 and v, = 0. We
let § > 0 be small enough that Bs(x,) C €2 for all &, and we write a Pohozaev identity in Bs(xy),

/ (ho(x) + 3(Vhe(x), x — x4))v5 dx =/ F,(x)do(x), (3-9)
Bs(xq) Bs(xq)

where F, is again as in (3-3). For x € ©2 we let in this case
00 () = g P Pug ().
Using (2-2) it is easily seen that 9, satisfies
{—Aﬁa + hoby = n2 104> 20y in Q,
Vg =0 on 9%,
and (2-16) and (2-67) show that

R C
|Ua(.X)| < m forall x Q\{xa},
— Aa

where C is a positive constant independent of «. Standard elliptic theory with (2-20) then shows that

o = Doo in C2.(2\{xoo}), Where

Do0(X) = (1 — 2)w,—1 (n(n — 2)) "2 G o (Xoo, X)

and where G is the Green’s function for — A + Ao, with Dirichlet boundary conditions in €2, which is

the only solution to
—AyGp (x,y) +hGp (x,y) =6, in 2,
Gp (x,y)=0 fory e 02, x € Q.

When n = 3 it is well known that

1
Goo(X0, y) = m +mp, (X0) + O(Jxeo — y|) forall y € Q\{xoo}.
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Straightforward computations with the latter then show that
2472 1, n=3,
u2 / Fo(x) dor(x) = { My (oo) 85 - 0(1). (3-10)
Bs(x0) o(l), n=4,5,

where lims_, ¢ &5 = 0. Independently, straightforward computations using Theorem 2.1 (see, e.g., [Pre-
moselli and Robert 2025, Section 5]) show that

08 ie) if n=3,
/ (ha(X) + 3(Vho (x), X — Xo) )03 dx = { 64w3hoo(Xoo) 2 In(1/11g) + O(u2) ifn=4, (3-11)
Bs(xa) 12 (hoo(Xo0) [ Bo(x)*dx +o0(1)) ifn>5
as o — +o0o. If n € {4, 5}, combining (3-10) and (3-11) in (3-9) shows that
O(n(1/pe)™ "), n=4,
O (Ka), n=>5,
as o — +o0o, which shows that s, (xs) = 0. If n = 3, combining (3-10) and (3-11) in (3-9) shows that

hoo(xeo) +0(1) = {

Mp, (Xoo) +0(1) + &5 = O(8)

as o — +o0. Letting first « — 400 then 6 — 0 proves that mj_ (xo) = 0, which concludes the proof of
Proposition 3.1. ([l

3.2. Boundary blow-up case: xo, € 9. We assume in this subsection that x,, € Q2. For o > 1, we let

dy =d(x4,02) >0 (3-12)
as o — 400, since xq € 2. We know from (2-18) that d, > iy as @« — +o00. For o > 1 we also let
N
Vo = W, (3-13)

and we analyse the bubbling behaviour of v, at the scale r,. The idea to consider the scale r, comes
from the following heuristic. Recall that when v, > 0, Hopf’s lemma shows that

Voo (XYoo — 1V (Xo0)) = (—0y Voo (Xo0))f + 0(1)

as t — 0. At distance d, from 9S2, v thus behaves at first order as (—0, Voo (Xx0))dy. The scale r, thus
defines the distance from x, at which B, and v, become of the same size. We analyse the boundary
blow-up of v, according to the value of d,/r,. We first prove the following result, which states that
boundary blow-up points cannot get too close to 9€2:

Proposition 3.2. Let Q2 be a smooth bounded domain of R", n>3. Let (hy)qeN be a sequence of functions
that converges in CY(Q) 10 hoo, where —A + ho is coercive in HO1 (2) and where I, (2) < Kn_z, and
we let (Vy)geN € HO1 () be a sequence of solutions of (2-2) that satisfies (2-3), (2-4) and (2-5). Let
Xoo = limy s 4o Xy, and assume that xo, € Q. If n > 6, assume in addition that hoo # 0 in Q. Then, up

to a subsequence,
o
— — 400
Ty
as o — +00.
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Proof. We proceed by contradiction, and we assume that, up to a subsequence,

dy
Iim — =p €[0, +00).

a—>+00 1y

In this case we define, for all x € (Q2 — xy)/dy,

n—2
Uy (x) 1= mafwva(xa +dyx).
u

o

Equation (2-2) and the definition of v, show that v, satisfies

—Avy — dé}_laﬁa = (,ua/da)zll_)ﬂz*_zﬁa in (2 —xy)/dy,
Uy =0 on 9((2 —xq)/dy),

where 7, is as in (3-15) and Ay (x) 1= h(xy + dyx). By (3-13) and (3-14) we have

n—2

dy = O (u=2=D/2y " or, equivalently, cdy = 0(1).

_*
—2)/2
Pl

By Hopf’s lemma we have
Voo (X + doX) = Voo (Xa) + O(do) = O(dy)

611

(3-14)

(3-15)

(3-16)

(3-17)

(3-18)

as o« — 400, and the latter remains obviously true if v, = 0. The latter with (2-16) and Theorem 2.1

show that

Xy 0
i \{0}

1D ()] < C(1 +|x]*™) forall x €

(3-19)

for some positive constant C. Since 2 is smooth and since d, — 0 as « — +00 by assumption, standard

elliptic theory shows that, up to a rotation, v, — Voo € C 2(S_Z()\{O}), where we have let

Qo:=]-00, [ xR*" ' asa — +oo

and where vy, satisfies

—Avs =0 in Qp\{0}, Voo =0 on dQ,
and
[Tao ()] < C(1+|x|*™) forall x € Q.
Lemma 3.3. We have

(n(n—2))"=2/2
|x|n—2

4+ H(x) forall x € Qp\{0},

Voo (X) =
where ‘H satisfies

—AH =0 in Sy, H=—mnmn—-=2)""22.7" oniQ,
and H(0) < 0.

(3-20)

(3-21)

(3-22)

(3-23)

(3-24)
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Proof of Lemma 3.3. Let 0 < § < 1 be fixed, and let x € 9 Bs(0)\{0}. For « > 1, Lemma A.1 shows that

dn72 -2 (n—2)/2
— s By (e + dox) = (e =207 7 4 ony 4 20D (3-25)
/Lozn |x|n— |x|n—2

as a — +00, where &(|x|) denotes a function that satisfies lim|,|0 £(|x|) = 0. We now consider v
satisfying (3-21). By (3-22) and Bd&cher’s theorem [Axler et al. 1992; Bocher 1903] there exist A # 0
and a harmonic function #H in £ such that

Doo(X) = Alx|? ™"+ H(x) for x € Qo. (3-26)

Theorem 2.1 together with (3-17) shows that
n—2

d
Uog(x) = —2——TIB, (x4 +dyx)| < C +o0(1)
M('l—Q)/Z
o

for x € B5(0)\{0}, for some fixed C > 0 as « — +0c. Multiplying the latter by |x|"~2 and passing to the
limit as &« — +o00 then shows, using (3-25), that

|10 (x) — (1 4+ (Ix ) (2(n — 2) "2 < C|x|" 2.
Letting x — O then shows that A = (n(n — 2))"=2/2 apd proves (3-23). That H satisfies (3-24) is a
simple consequence of the Dirichlet boundary conditions.

To conclude the proof of Lemma 3.3 we thus need to show that H(0) < 0. For x € € as in (3-20) we

define
n(n—4)/2 (l’l _ 2)(n—2)/2

) =2 = 1) /a =yl do ) (3-27)

n—1
If y € Qp, we let y* := (2 — y1, ¥') € R" be its reflection with respect to the hyperplane {y; = 1}. For
x,y €, x #y, we let

1
G , - - _ y|2—n . x2—n
o(x, y) Do, (Jx =yl lx =717

be the Green’s function of —A in €2y with Dirichlet boundary conditions. Straightforward computations
show that

20— 1
Go(x,y) =

PP for x € Qg and y € 09,

so that H can be rewritten as

N _ o)) (=22
A = [ a,Gotx ) da ().
9% Iyl"

In particular, H satisfies

—AH =0 in Sy, H=—(nn—2)"""22.1>" ondy,

and we have

(=200

nwy—1

7(0) = f (A+1yP) " dy <. (3-28)
Rnfl
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‘We now claim that

H=H inQy. (3-29)

To prove (3-29) we first prove that H e L®(0). We write any y € 3Q as y = (1, y') with y’ € R".
We similarly write x € Q¢ as x = (x1, x") with x; < 1. If x € o, with (3-27) and a simple change of
variables we thus have, for some positive constant C = C(n),

1
y=C |
s520 (1 — D2+ 1y P72 a2, (1Y P72

1H(x)| < C(1—xp) dy' < +o0,

where the last line again follows from a change of variables. Thus H is bounded in R0\ Bg, (1). We can now
conclude the proof of Lemma 3.3. Since # is harmonic in €2 it is bounded in B1,2(0). Equations (3-22)
and (3-23) also show that H is bounded in €2y. Independently, we just proved that H e L®(Q). The
function 7 — 7 is thus harmonic in €29, bounded in €2 and vanishes on 3. Since 92 is a hyperplane
a simple reflection argument allows to apply Liouville’s theorem, which shows that H = H. This proves
(3-29) and by (3-28) conclude the proof of Lemma 3.3. U

We are now in position to prove Proposition 3.2. Let § > 0 be fixed. We write Pohozaev’s identity
(3-1) in Uy = Bsg, (xy): this gives

/ (ha(xX) + 3(Vho (x), x — xo) )2 dx = / Fy(x)do (x), (3-30)
Bsdy (Xa) 0Bsdy (Xg)

where F, is defined in (3-3). Changing variables we get that

2—n
(@) / Fyy(x)do (x)
do 9By (xa)

Vial* = 505 ltal” 1 -
= (x, V| ——+hed; 2 —d;—— ) do (x)— ((x, VUg)+5(n—2)Vq) Vo do (x), (3-31)
3B5(0) 2 2 2% 9B5(0)
where v, is defined in (3-15). Direct calculations using (3-17) and (3-19) yield, since hy € L*°(£2),
d§/ (X, V)2 do (x) = O(d284" + p=2/0=Dgmy = o(1),
9B5(0)

(3-32)
E [ el dot) = 067dE +ul 0 = o)
0B5(0)

as o — +o0o. Plugging (3-32) into (3-31) gives, since vy — Voo € C*(Q0\{0}),

2—n
. Mo
lim (— / Fy(x)do(x)
Ol—)-‘rOO(da ) aBédoz (Xu) ¢

=f x| (31 V0oo|* = (3yT00)?) do (x —%(n—z)f Doy Uoo do (X)
9 B;(0) dB5(0)

= s, 10" = 2)"D23(0) +£(5), (3-33)
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where €(§) — 0 as § — 0 and where the last equality follows from Lemma 3.3. Independently, direct
computations using (2-1), (2-20) and (2-67) show that

/ (ha(x) + 3{Vhe(x), x — x4))vg dx
Bsay (xe)
0 (83d3 + S14dy) ifn=3,
=1 0(8*dS + 12 In(dy/1e)) ifn=4, (3-34)
13 hoo(Xoo) [ru Bo(¥)* dx +o(uj) + 0(8"dy+?) ifn = 5.
Combining (3-33) and (3-34) into (3-30) we finally obtain
30n1n "2 (= 2)"D294(0) +€(8)
s 0(83d5+8uad) if n=3,
= (—"‘) 0 (8*dS + 12 In(dy /1ta)) ifn=4, (3-35)
Hea 12 oo (Xo0) frn Bo(x)>dx +0(12) + O(8"d™?) if n > 5.

Using (3-17), and since d, — 0, we easily obtain, when n € {3, 4, 5}, that (3-35) shows
HO)+€(8) =0(1)

as o — 400, which contradicts Lemma 3.3. If now n > 6, (3-17) shows that d3+2 = o(ui). Since
H(0) < 0 by Lemma 3.3, we can choose § fixed but small enough that H(0) + £(8) < 0. By (3-35) we
then have

hoo(xoo)/ Bo(x)?dx +o(1) <0.
Ril

Letting @« — 400 implies Ay (xo0) < 0. In the case where sy > 0 in Q this is a contradiction and
concludes the proof of Proposition 3.2.
We may thus assume /o, < 0in © and n > 6. With (3-35) we obtain

dy = (Co+o())pulr—H/=2 (3-36)

for some constant Cy > O that depend on n and h. Integrating (2-2) against Vv, in U, yields the
Pohozaev identity

faUa (%szv 3y Ve — 2* Jev2 ) do(x) = —% /U haV (v2) dx, (3-37)

where v is the outer unit normal to U,. Straightforward computations using Theorem 2.1, (2-16) and
(3-18) show that

/ 1 ¥ vde = 0urd" 1y + 0@,
d
while integrating by parts and using Theorem 2.1 and (2-16) shows that

/ hoV (v2) dx :f hov2vdo (x) —/ ViVhedx = O 2d>™) + 0@d" ™) + 0 (u?).
Uo( 6Ua Utx
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Independently, (3-22) and (3-23) show that

f (51Vval*v = 0,04 Vg ) do (x) = =2 (/ (31V oo ?v — 8, B0 Voo ) do (x) +0(1))
Uy 9B5(0)

o
-2
o
dar!

as o — +o00. Plugging these estimates into (3-37) finally gives

(D2 (g — ) D20y (0 + £(8) + o(1))

e 2 d2n 5 dn—l

_ a a _

VHO0)+¢e() =0 ((E) + e +d,+ M3_4) =o0(1),

where in the last line we used (3-36). Passing to the limit as « — 400 and as § — 0 shows that VH(0) = 0.
But going back to (3-27), and since H = ﬂ, we have 9, H(0) < 0 by Lemma A.2, which is a contradiction.
This concludes the proof of Proposition 3.2. O

We now investigate more precisely what happens at the scale r,. This is the content of the following
result:

Proposition 3.4. Let Q2 be a smooth bounded domain of R", n > 3. Let (hy)qen be a sequence of functions
that converges in CY(Q) 10 hoo, where —A + ho is coercive in HO1 (82) and where 1), (2) < Kn_z, and
we let (Vy)geN € H(} (2) be a sequence of solutions of (2-2) that satisfies (2-3), (2-4) and (2-5). Let
Xoo = limy_ oo X, and assume that xo € 0K2. Assume that

< > 40
Ve
as a — +oo. Then
e if n € {3,4,5}, we have vy, = 0,
e if n>6,we have hoo(xs) = 0.
Proof. We assume that
. dy
lim — =+4o0. (3-38)

a—>+00 F,

Using (3-13) we define, for x € (2 — x4) /74,

_ ra—? _
B () = —25575 Vo (K F raX) = g v (X + 7). (3-39)
Ha

Since v, satisfies (2-2), v, solves

— Ay + ity = r2dy " |0 |2 2 in (R — xg) /.
Vg =0 on d((2 —xq)/ra),

where we have let 1, (x) = h(xy + rex). By Hopf’s lemma and by (3-38) we have

Voo (Xg +TeX) = Voo (Xg) + O (rg) = — 0, Vo0 (Xo0)dy + 0(dy) (3-40)
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as @ — 400, and (3-40) obviously remains true if ve, = 0. Using (2-16), Theorem 2.1, (3-13) and (3-40)

we thus have
Q—xq

15 ()] < C(Ix* " +1) forall x \{0}.

o
Standard elliptic theory then shows that v, converges to some vy in CIZOC(IR”\{O}). Let x € R*\{0} be
fixed. First, as a consequence of Lemma A.1,
rn—2 )
&5 TIBy (xy +rax) = (n(n—2)""?2|x P~ in Ci (R"\{0})

-2)/2
el

as @ — +00. The latter with (3-40) and Theorem 2.1 then shows that
Voo = (n(n —2)" P2 |x 77" £ 0, Voo (Xoo). (3-41)

For « large enough we let U, = B, (x,) C €2, and we apply the Pohozaev identity (3-1). We get

/ (ho(x) + 2(Vhe(x), x — x4))vg dx = / Fy(x)do(x), (3-42)
B (Xa) 9

Bra (x)

where F, is defined in (3-3). By changing x into x4, + dyx, we can write

d;*ry " / Fy(x) do (x)
0B, (xo)

|V, |* 202 S l0al® o s
= (x,v) T—i—hara?—raT do (x) — ((x, VUg) + 5(n — 2)q) 3y U do (x),
dB1(0) 9aB1(0)

where vy, is as in (3-39). Direct calculations with (2-67) and (3-40) give
r;f/ (x, V)hy02 do(x) = O(r2) and r§/ (x, V)| 0> do (x) = O(r2).
3B1(0) 3B1(0)
Together with (3-41), the latter then shows that

lim d;2r2" / Fo(x) do (x) = £, 1n 22 (n = 2) "2 v (x00). (3-43)
@ +oo 9By, (o)
Since limgy—s 00 7 ,u;l = 400, direct computations using (2-1), (2-20), (2-67), (3-13) and (3-40) show
that
O(ua? /do) ifn =3,
/B ( )(ha(x) + 3 {(Vha(x), x —Xa))va dx = § O (U2 In(re/ 1) + 12) ifn=4, (3-44)
ro Xa

13 (hoo(xe0) fgu Bo(x)*dx +0(1)) ifn >5.
Returning now to (3-42) with (3-43) and (3-44), and since d2r" 2 = dou'~>’* by (3-13), we have that

t3wn-1(n = 2) 202,000 (o0 )da 11§ TP + 0(da iy =)
O (ua” /de) ifn =3,
=1 0(ug In(re/1ta) ifn=4, (3-45)

13 (hoo (Xo0) o Bo(x)*dx +o0(1)) ifn>5.
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Independently, since r, = 0(d,) by (3-38), and by (3-13), we get
e = 0(d" /2y ag o4 — oo, (3-46)
Assume first that n = 3. Then (3-45) shows that
Voo (X)) +0(1) = O (—> =o(1)
by (3-46). If n = 4, (3-45) shows that

3y Voo (Xoo) + 0(1) = 0(% 1n(r—“)) - 0(,@/3 1n<r—"‘)) = o(1)
o Ha Mo

by (3-46). If n =5, (3-45) shows that

12
Bvoo(¥ec) +0(1) = O (“ ) = o(1)
again by (3-46). We thus obtain, when n € {3, 4, 5}, that
0yVoo(Xo0) =0,

which shows that v, = 0 by Hopf’s lemma. Assume now that n > 6. Then (3-45) shows that
hoo(Xeo) | Bo(x)? dx = O(dapt' %) +0(1) = o(1)
Rl‘l

since d, — 0 as @ — 4-00. This concludes the proof of Proposition 3.4. (Il
The next result finally shows that, in small dimensions, the concentration point cannot occur on 9€2.

Proposition 3.5. Let Q2 be a smooth bounded domain of R", n > 3. Let (hy)qen be a sequence of functions
that converges in C'(Q) to hoo, where — A + ho is coercive in HOl (2) and where Ij,(2) < Kn_z, and
we let (Vy)geN € H(} () be a sequence of solutions of (2-2) that satisfies (2-3), (2-4) and (2-5). Let
Xoo = liMy s 400 Xo. Assume that n € {3, 4} or thatn =5 and hoo # 0 in Q. Then xo € Q.

Proof. We proceed by contradiction and assume that xo, € d€2. Under the assumptions of Proposition 3.5,
Propositions 3.2 and 3.4 also apply. They show in particular that

d
“ 5 t+o00 (3-47)
Ty
as o — +oo and that ve, = 0. For x € (2 — x,)/d, we define again
n—2
Vg (x) := (n“fwva (xg +dyx). (3-48)
"

o

Equation (2-2) then shows that v, satisfies

—Avy — dé}_lal_]a = (Ma/do:)zlﬁap*_zﬁa in (2 —xq)/dy,
Uy =0 on 9((2 —xq)/dy),
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where h14(x) := h(xy 4 dyx). Since voo = 0, (2-16) and Theorem 2.1 show that

Xo
p \{0} (3-49)

o

[Ty (x)] < Clx|*™ forall x €

for some positive constant C. Since €2 is smooth and since d, — 0 as ¢ — 400 by assumption,
standard elliptic theory shows that, up to a rotation, v, — Vo € C 2(8_20\{0}) as @ — 400, where
Qo :=]—o00, 1[ x R"! and where 7, satisfies
—Avso =0 in 2¢\{0}, Voo =0 on a2
and
|Tso (x)| < Clx|>™"  for all x € €.

The arguments in the proof of Lemma 3.3 again show that

(n(n—2))"—212
=2

Voo (X) = 4+ H(x) forall x € Q¢\{0}, (3-50)

where H satisfies
—AH =0 inQy, H=—mn—-2)""22.12" ondQy

and is given for any x € Q2 by

n(n—4)/2(n _ 2)(n—2)/2 )
H(x) =12 (x1—=1) IyI""x —y| ™" do (y) (3-51)
Wp—1 920

and also satisfies
H(0) <O0. (3-52)

In the following we let 0 < § < 1 and Uy = Bsg, (x). We write Pohozaev’s identity (3-1) in U,: this gives

/ (ha(xX) + 3(Vho (x), X — Xo)) vz dx:/ Fy(x)do (x),
Bsq, (xa) 0Bsa, (Xa)
where F,, is defined in (3-3). Mimicking the computations that led to (3-31), (3-32) and (3-33) we obtain
w n—2
/ Fy(x)do(x) = (_“) (F0n1n "2 (0 — 2)"FD23(0) + £(8) + o(1)) (3-53)
9 Bsdy (xa) Sdq

as @ — +o00, where £(§) — 0. Independently, direct computations using (2-1), (2-20) and (2-67) show

O (Ugta) if n=3,
/ (ha ()45 (Vha(x), x—xa))v; dx = { 64w3hoo (Xoo) 12 In(de/ 11a) + O (u3) if n=4, (3-54)
Bsd (xa) 12 (hoo(Xoo) [gn Bo(x)?dx+o(1))  ifn>5.

If n = 3, combining (3-53) and (3-54) gives

H(0) = 0(V1ta);
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hence H(0) = 0, which contradicts (3-52). This proves Proposition 3.5 when n = 3. If n =4, 5, using
(3-52), we obtain feo(xs) < 0. If hoo > 0 in Q this is a contradiction and concludes the proof of
Proposition 3.5.

We assume from now on that /4, < 0in Q and n =4, 5. In this case the proof is similar to the proof of
Proposition 3.2 when n > 6. Using again (3-52) the previous Pohozaev’s identity then shows the existence
of a constant Cy > 0 depending on n, hs and § such that

d*In(dy/ie) = Co+o(l) ifn=4 and  d,=(Co+o()u? ifn=>5. (3-55)

We recall the gradient Pohozaev identity (3-37),

1 1
f (51Vval?y = 8,0, Vo, - 2* 2 ) do(x) = _E/ haV(v2) dx,
AUy Uy

where v is the outer unit normal to U,,. Straightforward computations using Theorem 2.1 and (2-16) show

/ 21* v¥vdo(x) = 0(uld;" ),
U,

while integrating by parts and using Theorem 2.1 and (2-16) shows

O(ugIn(dy/ite)) ifn=4,

hy,V(v3)d :/ hov2vdo —/ V2Vhy dx = O(u2d>") +
/[;a o (a) X " aly (X) v, o adX (/’La o ) 0(#3) ifn=>5.

Independently, (3-49) and (3-50) show that

n—2

/ (L1Vug 20 = 8,04 V) dor (x) = 2
1o

e 1(/ (%|vaoo|2v—avaoowoo)da(xwoa))
9B5(0)

- Z 1<n<" D2 (n —2)" 2w, VH(0) +£(8) +o(1))

as o — +o00. Plugging these estimates into (3-37) finally gives

_ ([ M 5o 0@ In(dy /) ifn=4,
VH(O)+8(8)_0((da> )“M ”:owst/ua) I

=o(1),

where in the last line we used (3-55). Passing to the limit as « — 400 and as § — 0 shows that VH (0) =
But going back to (3-51) we again have 9;H(0) < 0 by Lemma A.2, which is a contradiction. This
concludes the proof of Proposition 3.5 when n =4, 5 and s, < O.

To conclude the proof of Proposition 3.5 we finally assume that 7 = 4. If &1, (xo0) # 0 in  the proof
of Proposition 3.5 follows from the previous arguments. We may then assume that /1, (xo0) = 0. In this
case combining (3-53) and (3-54) shows

H(0) = O(d?) =o(1)

as o — +o0o, which contradicts (3-52). This concludes the proof of Proposition 3.5. ]
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Remark 3.6. Assume that (vy)geN € HO1 (£2) is any sequence of solutions of (2-2) that satisfies (2-3)
and (2-4), so that (2-5), (2-6) and (2-8) also hold. Let x, = lim,—, » X, be the concentration point of u,.
Propositions 3.2, 3.4 and 3.5 prove that x, € €2, i.e., that x, is an interior blow-up point, in the following
cases (regardless of the value of vy,): either when n € {3, 4} or when n > 5 and under the assumption
hoo #0in Q. If h is allowed to vanish somewhere in 32 the property that xo, € 2 is unlikely to remain
true, and concentration points may arise on the boundary in large dimensions. When n > 7, for instance,
sign-changing solutions of (1-5) that blow-up with one concentration point in 02 as A — 04 (which
corresponds to h, = 0) have been constructed in [Vaira 2015]; see also [Musso et al. 2024] for a more
recent construction with an arbitrary number of bubbles.

Remark 3.7. We mentioned in Remark 3.6 that, when n > 7 and ho, =0, sign-changing solutions of (1-5)
that blow-up with one concentration point in €2 as A — 04 exist; see [Vaira 2015]. By contrast, it is
important to point out that, in any dimension n > 4, positive solutions of (1-5) as A — 0, may only
blow-up with interior concentration points and do not possess concentration points in d€2. This is shown
in [Ko6nig and Laurain 2024, Proposition 2.1] and heavily relies on the positivity of the solutions. The
issue of boundary concentration points thus arises when working with sign-changing solutions of (1-6).

We are now in position to prove Theorem 1.1.

End of the proof of Theorem 1.1. Let 2 be a smooth bounded domain of R"*, n > 3, and (h4)yen be a
sequence that converges in C 1(Q) towards /. Assume that —A + /4, is coercive and that I (2) <K ,1_2.
Let (Vg)aenN € HO1 (€2) be a sequence of solutions of (2-2) that satisfies (2-3). Assume first that (vy)gen 1S,
up to a subsequence, uniformly bounded in L°°(£2). By standard elliptic theory it then strongly converges,
again up to a subsequence, to some vg in C>(Q) as @ — +oo. That vy # 0 simply follows from the
coercivity of —A 4 ho, which easily implies, by Sobolev’s inequality, that liminf, . ;o [|Ve |l > 0. This
concludes the proof of Theorem 1.1.

We thus proceed by contradiction and assume that, up to a subsequence, (2-4) holds, and hence that
(2-5), (2-6) and (2-8) hold for some sequence (x)yen Of points in 2 and (uy)een Of positive real numbers
converging to 0 satisfying (2-10). In particular,

Vg = By £V +0(1) in Hy (),

where voo = 0 or vy is a positive solution of (2-9). We let xoo = limy— 100 Xy € Q. Under these
assumptions, the analysis of Section 3 applies.
We first assume that n > 7 and that /i, # 0 at every point of Q. Propositions 3.2 and 3.4 first show
that x, € 2. Proposition 3.1 then applies and shows that /1, (xs,) = 0, which is a contradiction.
We now assume that 3 <n < 5 and that (vy)gen € H(} (R2) is sign-changing for all @ > 0. We then
claim that
Voo >0 in Q. (3-56)

This is a strong consequence of the assumption that v, changes sign. We adapt an argument from
[Cerami et al. 1986, Lemma 3.1]. Since v, does not strongly converge to v, (vy)+ and (v,)_ may not
simultaneously strongly converge to (voo)+ and (vs)—. Assume for simplicity that (v, )4 weakly but not
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strongly converges to (Vo) in HO1 (€2). Integrating (2-2) against (v, )+ and using the Brézis—Lieb lemma
shows that

/Q V() s — W) )P dx 4 o(1) = /Q [(0a)+ — (veo)+ 2 dix,

from which we deduce that fQ |(Vg)+ — (voo)+|2* dx > K, " +o(l) as @« — +o00 by (1-3). Independently,
since (vy)—_ is nonzero, integrating (2-2) against (v,)_ and using (1-2) yields

f |(Ve)— | dx > I, ()"
Q

Thus, again by Brézis—Lieb’s lemma,

f|va|2"dx=/ |<va>+|2*dx+f (02" dx
Q Q Q

_ f [(0a) s — (o) 12 dx + / [(voo) 7" dx + / ((wa)_ 17 dx +o(1)
Q Q Q
> K"+ I ()" +o(1)

as @ — +o00. This shows that v, # 0 and hence that vy, > 0 in 2 and attains I;_(£2). As before, the
analysis of Section 3 applies to v,. First, using (3-56), Propositions 3.2 and 3.4 show that x, € 2. We
may thus apply Proposition 3.1, which shows that v, = 0 and contradicts (3-56). Thus (vy)qen 18 again
uniformly bounded in L°°(£2) and Theorem 1.1 is proven. ]

We now prove Corollary 1.2.

Proof of Corollary 1.2. We assume that 2 and £ are as in the assumptions of Corollary 1.2. We observed
in the proof of Theorem 1.1 that any sequence (v, )qyen Of solutions of (1-1) which is bounded in L*°(£2)
up to a subsequence is precompact in C*(£2). With this observation we proceed by contradiction: if no &
as in the statement of Corollary 1.2 exists, we can find a sequence (vy)qen Of solutions of

—Avy + hy, = Ivalz*_zva in ,
Ve =0 in 0€2,

which satisfies 1img— 400 [| Ve lloo = +00 and limsup, _, , o [o 1Ve|? dx < K" +1,(2)"/%. When3<n <5
we have in addition that (vy)yen changes sign. We may now apply Theorem 1.1 to the sequence (vy)geN
with hy = h for all @ > 0, which gives a contradiction. (I

We now consider the six-dimensional case and prove Proposition 1.3.

Proof of Proposition 1.3. Assume indeed that (vy)yen 1S @ sequence of solutions of (2-2) that satisfies
(2-3) and (2-4). Hence (2-5), (2-6) and (2-8) hold for some sequence (xy), of points in 2 and (iy )y Of
positive real numbers converging to 0 satisfying (2-10). Then

Vg = By £ v +0(1) in Hy (Q),

where vo, = 0 or v is a positive solution of (2-9). We let xoo = limy_, 400 Xo € Q. First, Propositions 3.2
and 3.4 show that x, € 2. Proposition 3.1 then applies and shows that /i (Xo0) = £2V50 (X00)- U
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Remark 3.8. When n € {3, 4, 5}, Theorem 1.1 is likely to be false if (1-7) is not satisfied. On a closed
Riemannian manifold and when 3 < n < 5, blowing-up solutions of equations like (1-6) of the form
By + v, Where v is a sign-changing solution of (1-1), may exist; see [Premoselli and Vétois 2022b,
Theorem 1.4]. The examples in that result are constructed on a closed manifold with symmetries and
B, concentrates at a point where v, vanishes. These examples are likely to adapt to the case of a
symmetric bounded open set when 3 < n < 5 and h # 0 in Q. They suggest that, even when 3 <n < 5,
sign-changing solutions may exhibit noncompactness at a higher energy level than K" + I, _(£2)"/2.

Appendix: Technical results

A.1. Pointwise estimates on I1 B,. Let I1B, be given by (2-14). We prove a technical result that was
used several times throughout the paper and that provides an asymptotic expansion of I1B, close to 9£2.

Lemma A.1. Let (xy)qenN and ((hy)aeN be sequences of points in Q and positive real numbers, respectively,
satisfying d(xy, 0Q) > uq as « — 400. Let B, be given by (2-6) and T1B,, be given by (2-14). Let
(Ya)aeN be a sequence of points in Q2 satisfying

1 [Xe — Yol
d(ye, 02) > 0, |xg — Yol < 5d(x4,02) and ———— — +00 (A-1)

Ha

as o — +00. Let £ =1limy s o0 |Xq — Yo |/d (Xo, 0S2), Which exists up to a subsequence. Then, as & — +00,

n—2)/2

Mo (ye) = ((n(n =) Fo(1) +e(0) =iy

where ¢ : Ry — Ry denotes a function satisfying €(0) = 0 and lim,_, ¢ e(x) = 0.

Proof. We write a representation formula for I1B, using (2-14),

[ Ba(y) = / Gu(yar B2V dx, (A2)
Q

where as before G, denotes the Green’s function of —A 4 A, with Dirichlet boundary conditions in 2.
Using (A-1), (2-12) and arguing as in (2-80) we have

/ Ga(Ya, )BE ~"dx = 0(Ba(ya)) (A-3)
S0\ Bixg—yal/2(Xa)
as @ — +oo. We let in what follows
Ioz = Ixa - ya|n_2:u¢;(n_2)/2 / Ga (you . )Bazl*_l dx.
Bixy—yal/2(¥a)
By a change of variable we have

Iy = / |xXe — yaln_zGa Yas X + lLaZ)Bo(Z)Z*_l dz, (A-4)
Blxy —yal/2ue) (0)
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where By is as in (2-7). Using (2-12) there is C > 0 such that, for any z € By, —y,|/2u)(0),
|xe — ya|n_2Ga(yaa Xo +1ez) < C.

Let z € R" be fixed. Since u, = o(d,) we have by (A-1)

d(vy, 9Q)d ,0Q 1
Do lim (Vo> 0€2) (xa+uaz2 ) > Lo
a— 400 |V — (Xq + e 2)] 14

as o« — 400, where we have let £ = limy— 100 |X¢ — Yo|/d(xy, d2), and we use the convention that
the right-hand side is equal to +oo if £ = 0. Note that £ < % by (A-1). Since uy = o(dy) and
limy—s 400 |[Vo — (X + ez)| = O uniformly in z € Bg(0), Proposition 12 in [Robert 2010] applies
and shows that, for any fixed z € R”,

1
. . n—2 _ .
akrfoo |Xq — Yol Go(Yas X + HaZ) = n— 2wy (1 (1 _|_4D)(n—2)/2)

= e (1+0()). (A-5)

Plugging (A-5) into (A-4) we get by dominated convergence that
1 x
IL,=0+¢e@)+o0(1)— f By 'dx=(1+e) +o(1)(nn—2))""2"
(n—=2)wu—1 Jpn

as @ — 400, where £(£) denotes a function such that £(0) = 0 and £(¢) — 0 as £ — 0. In the latter
estimate we used
/ Bi ~'dx = (n=2)w,-1(n(n —2))" /2,

which follows from integrating the equation —A By = Bg*_l. Going back to the definition of I, proves
the lemma. O

A.2. Sign of 31H(0). We will finally prove the following simple result that was used in the proof of
Propositions 3.2 and 3.5.

Lemma A.2. Let H be given by (3-27). Then 3,H(0) < 0.

Proof. Straightforward computations show that

1~ _ -
5O = [ P demy—n [ o)
0 920 Q0

where we have let Dy = 2n"=9/2(n — 2)1=2/2 /4, _; and where 9229 = {1} x R"~!. Simple changes of
variable then yield

_ —3)/2 _ _
/ P2 do(3) = bon a1 and / D172 do () = Lol I,
BQU BQO

where w,_» is the area of the round sphere "2 and where we have let, for p,q >0, p > g + 1,

+o00 rd
I‘I:/ dr
Pdo )P
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I,g"_3)/2 ll(n—3)/2

Classical induction formulae (see, e.g., [Aubin 1976]) show that = 51,_,7"". Combining these

computations finally shows that

1 . ~ _ _
Do HO) = 30,01 (1= 3n) = =31 =2) | |y do () <0,
990

which proves the lemma. O
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