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A SHARP TRACE ADAMS INEQUALITY IN R*
AND EXISTENCE OF THE EXTREMALS

Lu CHEN, GUOZHEN LU AND MAOCHUN ZHU

Let © C R* be a bounded domain with smooth boundary 3. In this paper, we establish the following
sharp form of the trace Adams inequality in W?2(2) with zero mean value and zero Neumann boundary
condition:

2
S(a) = sup / e do <
ueW22(@\(0}, | Aul, <1 9%
Joudx=0, §41,0=0

holds if and only if o < 1272

Moreover, we prove a classification theorem for the solutions of a class of nonlinear boundary value
problem of biharmonic equations on the half-space Ri. With this classification result, we can show that
S(127?) is attained by using the blow-up analysis and capacitary estimate. As an application, we prove a
sharp trace Adams—Onofri-type inequality in general four-dimensional bounded domains with smooth
boundary.

1. Introduction

Let 2 € R" be a bounded domain with smooth boundary 92 and W"?(2) denote the usual Sobolev
space: the completion of C°°(£2) under the norm

-1 =(Z /QID“ulpdx>

loe] <m
If 1 < p <n/m, the classical Sobolev embedding asserts that W7 (Q) — LP" () for p*=np/(n—mp),
and WP (Q) < LP"(3Q) for p*=(m—1)p/(n—mp). However, when p = n/m, it is known that both
W P(Q) < L°°(2) and W™ P(Q) — L*(9) fail.
It is known that the analogue of optimal Sobolev embedding for W(';1 o/ "(Q) (the Sobolev space

==

consisting of functions vanishing on the boundary 9€2) is given by the famous Trudinger—Moser inequality
(m = 1) [Moser 1970/71; Trudinger 1967] and Adams inequality (iz > 1) [Adams 1988], which can be
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stated in the form
<c|Q| ifa=<a@n, m),

=400 ifa>an,m),

sup / exp(a|u(x)|n”m)dx{ (1-1)

m, L Q
ueW, " (\{0)
IA™2u] n <1
m

where

n [nn/zsz(%(mjL D) ] e when m is odd.
wp-1L T(3(n—m+1))

n [n”/22’"1"(%) ] e
@p—1 LT (3(n—m))
Here w,_; denotes the (n—1)-dimensional surface measure of the unit ball in R”. So far, the Trudinger—
Moser—Adams inequalities (1-1) have been generalized in many other directions such as the Trudinger—

a(n,m) =

when m is even.

Moser inequalities on the unbounded domains, compact or complete and noncompact Riemannian
manifolds, CR spheres, hyperbolic spaces, Heisenberg groups, Hardy—Adams-type inequalities on hyper-
bolic spaces, etc., to just name a few from a long list of extensive works we refer the interested readers to
[Adachi and Tanaka 2000; Cohn and Lu 2004; Chen et al. 2020; 2021; 2022b; 2023a; 2023b; Chen 1990;
Li 2005; Cohn and Lu 2001; do O 1997; 2024 Fontana 1993; Lam and Lu 2012; 2013; Lam et al. 2014; Li
and Lu 2021; Li et al. 2018a; 2018b; 2021; Li and Ruf 2008; Li and Zhu 2022; Liang et al. 2020; Lu and
Tang 2013; Lu and Yang 2017; Lu et al. 2024; Ma et al. 2021; Mancini et al. 2013; Nguyen 2018; 2024
Ruf and Sani 2013; Wang 2025; Xue et al. 2025; Yang 2007; Zhang and Zhu 2024; Zhang et al. 2025].

An interesting problem related to the Trudinger—Moser—Adams inequalities lies in investigating the
existence of extremal functions. Carleson and Chang [1986] first established the existence of extremals
for Trudinger—Moser inequalities on the unit ball through a symmetrization rearrangement inequality
combined with the ODE technique. After that, the existence of extremals was proved for any bounded
domains in R” (see [Flucher 1992; Lin 1996; Adimurthi and Druet 2004]). One can also see [Li 2001;
2005; Li and Ruf 2008; Zhu 2014] for existence of extremals for the Trudinger—-Moser inequalities on
unbounded domains and compact Riemannian manifolds, and see [Lu and Yang 2009a; DelaTorre and
Mancini 2021; Chen et al. 2020] for the existence of extremals for Adams inequalities in bounded and
unbounded domains. We note that the Trudinger—Moser—Adams inequalities on the Sobolev spaces
W m (€2) without the Dirichlet boundary condition have also been established; the interested readers
can refer to [Chang and Yang 1988; Leckband 2005; Cianchi 2005; Lu and Yang 2009b; Tarsi 2012].

In this paper, we are interested in the borderline case of Sobolev trace inequality in W in (2). As
mentioned above, from the Sobolev embedding we know that Wi (RQ) — L1(0Q) for any g € [1, 00),
but not for g = co. (See, e.g., Maz’ja’s book [1985]). Adams [1973] showed that W’”’%(Q) can be
embedded into the Orlicz space Ly (0€2), with ¢ (1) = exp(ltl”/(”_’") — 1) (see also [Maz’ja 1985]). The
first optimal trace inequality of Moser type on 92 was obtained in [Chang and Marshall 1985] in a
two-dimensional disk D for functions with zero boundary mean value. Namely,

sup / ¢ do < +oo if and only if a < 7. (1-2)
ueW'2(D)\(0} D
[pIVul*dx=1, [, udo=0
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Using the technique of blow-up analysis, Li and Liu [2005] extended the result of [Chang and Marshall
1985] to general bounded domains and obtained the existence of corresponding extremals. Yang [2006]
obtained another sharp form of trace Trudinger—Moser inequality for functions with zero mean value in
Q C R2. Furthermore, Cianchi [2008] formulated a unified framework for high-dimensional Trudinger—
Moser-type inequalities on a boundary dQ or smooth submanifold of arbitrary dimension in €. In
particular, this includes the trace Trudinger—Moser inequality with the zero mean value in W 1" ()
for n > 3.

The main purpose of this paper is to study the second-order trace Adams inequality on a smooth
bounded domain 2 with zero mean value. Set

2,2 . _n Ou .
H={ueW (Q): || Aull; <1, /Qudx_O, 5\39—0}-

Our main results read as follows.

Theorem 1.1. Let Q@ C R?* be a bounded smooth domain with smooth boundary 0Q2. Then if a < 1272,
we have

S(@):= sup / e do < co. (1-3)
ueH)\{0} J o

The constant 1272 is sharp in the sense that if @ > 1272, then the supremum S(o) is infinity. Moreover,
the supremum is attained if o < 1272,

As an immediate consequence of Theorem 1.1, we have the following result when €2 is a four-
dimensional ball B* and S? is its boundary.

Corollary 1.2. Ifa < 1272, we have

S(e, BY := sup / e do < 0o. (1-4)
ueH\{0} J 3

The constant 1275% is sharp in the sense that if & > 12702, then the supremum S(a, B*) is infinity. Moreover,
the supremum S(c, B*) is attained if o < 1272

As an application of Theorem 1.1, we can derive the following trace Adams—Onofri-type inequality on
any four-dimensional bounded domains.

Theorem 1.3. Assume that Q@ € R* is a bounded smooth domain with smooth boundary 3S2. For any
u € W22(Q) with g—” =0 on 0L2, there exists a constant C such that
v

1 dx ([
— Aul“dx+— [ udx—1o edo )| >C.
48n2/9| | oI &\ o

Remark 1.4. The Moser—Onofri and Adams—Onofri inequalities on the sphere can be obtained by using
the endpoint differentiation argument (see Beckner’s work [1993]). However, this method cannot be used to
establish the sharp trace Adams—Onofri inequality on general four-dimensional bounded domains due to its
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absence of conformal invariance. Our Theorem 1.3 offers a weak version of such a Moser—Onofri-type in-
equality on general bounded domains in R* from the sharp Adams trace inequality obtained in Theorem 1.1.

Remark 1.5. The first-order Sobolev trace inequality was due to Escobar [1988] and Beckner [1993].
The second-order and higher-order Sobolev trace inequalities were established by Ache and Chang
[2017], and subsequently by Ngo6, Nguyen, and Phan [Ng6 et al. 2020], and Q. Yang [2019], where they
established the sharp trace Sobolev inequality of higher-order on the real unit ball B"*! ¢ R"*+!. Case
[2020] establishes a family of sharp Sobolev trace inequalities involving the W*2(R" , y*)-norm, which
leads to the well-known embedding

k—1

Wk,Z(RT-l) s @ Wk—j—%,2(|Rn)‘
j=0
More recently, Flynn, the second author, and Q. Yang [Flynn et al. 2023] introduced conformally

covariant boundary operators for Poincaré—Einstein manifolds satisfying a mild spectral assumption.
Using these boundary operators the authors set up related higher-order trace Sobolev inequalities on
these manifolds. They later [Flynn et al. 2025] introduced an appropriate family of conformally covariant
boundary operators associated to the Siegel domain 2/"*! with the Heisenberg group H" as its boundary
and the complex ball Bfé“ with the complex sphere S*"*! as its boundary and prove all higher-order CR
Sobolev trace inequalities for the Siegel domain /"*! and the complex ball [B?:H. This generalizes the
Sobolev trace inequality in the CR setting by Frank, Gonzélez, Monticelli, and Tan [Frank et al. 2015] in
the case y € (0, 1) to the general case for all y € (0,n+ 1) \ N.

Remark 1.6. Besides the trace Trudinger—Moser inequalities on bounded domains as discussed earlier,
we also refer to the recent article [Chen et al. 2022a] by the authors and Yang, which studies trace
Trudinger—Moser and Adams inequalities under various constraints on the upper half-spaces Ri’" by the
Fourier rearrangement and the polyharmonic extension.

The general strategy we use in this paper is exploiting the blow-up analysis. We first prove the
subcritical trace Adams inequalities and the existence of extremals by using the sharp subcritical Adams
inequalities involved with zero mean value. Then, we take a sequence o — 1277 and find a maximizing
sequence {ug}r C W22(Q) for S(1272). If uy is bounded in L®°(R), i.e., ¢k := max,cq |ur(x)| < 0o, we
can easily show that u; converges to a function u in W22(Q) by elliptic estimates. If ¢; — 400, i.e., the
blow-up arises, we apply the blow-up analysis method to analyze the asymptotic behavior of u; near and
far away from the blow-up point p € 92, and derive an upper bound for the trace Adams functional,

S(127%) < |89 + 272127401, (1-5)

where A, is the value at p of the trace of the regular part of the Green function for the operator A’+1/1R].
Finally, we construct a function sequence in A to show that the upper bound can actually be surpassed,
which implies that the concentration phenomenon will not happen.

Neither the blow-up strategy in the study of second-order Adams inequality with Dirichlet boundary
condition (see [Lu and Yang 2009a]) nor the blow-up method for the first-order trace Trudinger—Moser



A SHARP TRACE ADAMS INEQUALITY IN R* AND EXISTENCE OF THE EXTREMALS 417

inequality and existence of their extremals (see [Li and Liu 2005; Yang 2006]) can be easily generalized
to second-order trace Adams inequality case. In the following, we will introduce the main difference
between the proof of the second-order trace Adams inequality and those for the second-order Adams
inequality with Dirichlet boundary condition and the trace Trudinger—Moser blow-up analysis (see [Lu
and Yang 2009a; Yang 2006]). We will also outline the elements of novelty when we carry out the
blow-up procedure for our second-order trace Adams inequality.

First of all, the main difference between the blow-up analysis for the Adams inequality and that for the
Adams trace inequality blowing-up is the location of the blow-up points. For the former, the blow-up
points must be at some interior points, while for the latter the blow-up points must lie on the boundary
of 2, which leads to the situation where the related Euler—Lagrange equations of the maximizer sequence
are some biharmonic equations with the Neumann boundary condition and the analysis of asymptotic
behavior near and far away from the blow-up points is totally different.

Second, unlike the first-order case, one cannot show that the maximum point x; of u; lies on the
boundary 92 due to the absence of maximum principle of the biharmonic operator A%, We stress that
without this fact one cannot analyze the asymptotic behavior of u; near the blow up points p € 9€2 if the

concentration phenomenon occurs. To overcome this difficulty, we will make use of the assumption that
du
X =0 onaQ
v

to show that there exists some point X; € dS2 such that

[ (Xg) — ug (x)| = ox(1).

This important observation allows us to choose the maximum point x; on the boundary 0€2.
Third, when we try to analyze the asymptotic behavior of u; near the blow up point p, a crucial step is
to classify the solutions to the Liouville equation

A2y =0, x eRY,
% —exp(24n2y), x € dR:,
¥ (0) =supy =0,

oy

5 =0 x €0RY,

where Ri is the half-space {x = (x", 1) :x’ € R3,¢ > 0. Instead of assuming ¥ € Wz*z(Ri) or other
global integrality condition for ¥ (see [Ache and Chang 2017; Ndiaye and Sun 2024]), we can prove the
classification theorem under the finite growth condition | B: |Av| dx < CR?. This finite growth condition
can be verified by the technique of harmonic analysis. Indeed, in order to achieve this goal, we need to
prove an important local estimate for Auy:

/ |ug Auy| dx §C,02, (1-6)
B, (x)NQ

when p is small. For this, we first rewrite u; Auy in terms of the Riesz potential, then by using the
Hardy-Littlewood—Sobolev inequality on the compact manifold with the boundary and the boundedness
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in L log% L(2)of A%uy, we can show that u; Auy is bounded in the Lorentz space L?>%(2), which
implies (1-6). Applying this local estimate and a careful computation, we can show that the solution ¥
must take the form

b= toal(1+(2) 0"+ () )+ 7 :
- 2 2 2 8§ 4 2 4 ’
N 2 (14 () 1) + ()

Fourth, when we try to obtain the upper bound for the trace Adams inequality if the concentration
phenomenon occur, an important step consists in finding the sharp lower bounds of the integral of | Auy|?
on some annular regions when we carry out the capacity estimates. In earlier work [Li and Liu 2005;
Yang 2006], this could be achieved by comparing the energy of u; with the quantity

min f |Vul? dx, (1-7)
ue{u:u(Ry)=a, u(Ry)=b} {R1§|X|SR2}QR~2+

whose extremal function is some harmonic function which can be explicitly obtained by solving some
equation on the half-space. However, in the second-order case, finding the explicit expression of the
corresponding extremal appears to be very hard. In this work, we will compute the upper bound by
directly comparing the Dirichlet energy of u; with some biharmonic function in the half annular region.
In our situation the boundary of the upper half annular region involves some part of 92 where uy is not
vanishing. This will add a lot of trouble in the comparison of the corresponding calculations since the
asymptotic behavior of u; cannot be obtained in this half annular region. In order to avoid the complicated
computations on 9€2, we will modify the biharmonic function to cancel the integral on the boundary 92
(see Section 3.2).

Finally, since H requires that the test functions not only satisfy || Au | < 1, but also satisfy du/dv =0
on 0€2, this makes the construction of test functions more complicated when we try to show that the
concentration upper bound can be surpassed.

This paper is organized as follows. Section 2 is devoted to proving the sharp subcritical trace Adams
inequality, and showing the existence of extremals. In Section 3, we show that the maximizing sequence
must concentrate around the blow-up point when the blow up arises. Moreover, we analyze the asymptotic
behavior of the maximizing sequence near and far away from the blow-up point, and derive an upper
bound for the trace Adams functional. In Section 4, we prove the existence of extremals by constructing
a proper test function sequence, and finish the proof of Theorem 1.1.

2. The best constant for the trace Adams inequality
In this section, we prove that the best constant in Theorem 1.1 is 1272, First, we recall the following
subcritical Adams inequalities for functions with zero mean value proved by Hang [2022]. Throughout
this section, we let 2 € R* be a bounded smooth domain with smooth boundary d€2. We also recall that

2,2 . o dup
’H={ueW (Q).||Au||2§1,/gudx_0, %|m_o}.



A SHARP TRACE ADAMS INEQUALITY IN R* AND EXISTENCE OF THE EXTREMALS 419

Lemma 2.1 [Hang 2022, Theorem 3.2]. For any ¢ > 0, we have

sup /exp((l6n2—e)|u|2)dx<oo. -1
ueH\{0} JQ

Next, we further prove the following.
Lemma 2.2. Ser & = sup{a: sup,cy [ € < +00). Then oy = 167>

Proof. By Lemma 2.1, we know o) > 1672, In order to prove the lemma, we only need to show o < 1672
Taking any p € 92, for any 0 < p < §, we use the notation B, = B,(p) and set

/1 |x|* 1 .
——log(1/Ry) — + ifxeB ne,
T 108(1/Ri) 02/ R log(1/Ry) /4w log(1/Ry) PR

1) =1 /w2 log(1/Re) log(p/1x1) ifx € (B,\ B,yz) N2,
M (lx]) if x € (Bs\ B,) N L,
where {Ri}r>1 C R, Ry \ 0, and 7 satisfies
Nk 1 i)
—‘ =— , ﬂ‘ =0, mlos, =mlos, =0,
dv 9B, pv/m2log(1/Ry) v 9B

and ng, Any are all O(1/,/log1/Ry). Since uy, is radial, we can choose some function g (x) such that

dor 9
9k _ Uk _ 5e(1)  for x € 092,
v v

@k (x) = 05(1) and || Ag]l3 = 05(1) as § — 0.
For some fixed r > §, set

up —¢r ifx € BsNQ,

Uk (x) = {[k¢k if x € (B, \ Bs) N2,

where ¢ is a smooth function such that supp(¢y) C B, \ Bs, % \asz =0, and ¢ is selected such that
v
Jo Uk(x) dx = 0. Easy computation directly gives

[Ul3 = Orr (1), [|AULII3 =1+ Ox - (1).

Normalizing Uy by ﬁk = Ui /||AU||, we have Uy € H. Then it follows that for any fixed a > 16772, there
exists some &g > 0, such that

772 772
/ e"‘Uk 2/ eaUk > cp4e8010g(1/Rk) — 00,
Q QNB, 47
as k — 00, and the proof is finished. ]

Based on Lemma 2.2, we can show that the best constant of the inequality (1-3) is 1272,

Lemma 2.3. Set I,(u) = fagz e do. Then we have

sup Iy(u) <+oo fora < 1272 and sup Iy(u) =+oo foro > 1272
ueH\{0} ueH\{0}
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Proof. Take a smooth vector field v(x) whose restriction on 9<2 is the outward unit normal vector field.
Using the divergence theorem and Sobolev embedding theorem, we derive that for any ¢ > 0,

[ e do = [ divwe ) dx
Q2 Q

- / (div((0) +2(1272 = )u(B(x), Vu))e 127~ dx
Q

< c<1 +/ IVul |u|e(12”2_8)”2> dx
Q

(1272 =¢e)u

2
= C(l + ||Vu||L4(Q) lullLr()lle ||L(16n276)/(12n278)(§2))

1 2,2
< ce(lAulfag + lulf o) lullr@ e ™l oo gy (2-2)
where 1/p+ 4+ (127> — &) /(1672 — &) = 1. This together with Lemma 2.2 yields

sup  Tjpp2_o(u) <400
ueH\{0}

for any & > (. Using the test function Uy constructed in Lemma 2.2 again, one can easily check that for

any o > 1272, Ia(ﬁk) — +o00 as k — oo. O

Let o be an increasing sequence converging to 12772, Then by the weak compactness of the Banach
space L127'/% there exists an extremal function uy € # \ {0} such that

/exp(ak|uk|2)do= sup / exp(ak|u|2)da.
a0 ueH\{0) Jog

Furthermore, we can show that the extremal function u; € H is smooth. For this, we first recall the
following elliptic regularity result.

Lemma 2.4 [Troianiello 1987, Theorem 3.17]. Suppose that f € LP(2) and h € WP (Q) for some p > 2.
Let u € WH2(Q) be a solution of

Au=f inQ,
M _hn onoq.
ov

Then u € WHP(Q).
Lemma 2.5. For any i < 1272, the functional 1,, (1) defined in H admits a smooth maximizer.

Proof. Obviously, there exists uy € H such that

Lo () = sup Iy, ().

ueH\{0}
Hence uy, satisfies the Euler-Lagrange equation
Ay = Vi for all x € 2,
2
a?:k _ M exiiakuk) for all x € 9K2, (2-3)

JoldurPdx =1, fquedx =0, % =0 forall x € 52,
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where )
ur exp(aguy)

do. (2-4)
o ML

= —/ u% exp(aku,%) do, yr= /

a0 3

By the Orlicz embedding (see Lemma 3.4 in [Hang 2022]), we obtain exp(u,%) e LP(Q2) forany p > 1.

Therefore, uy, exp(aku%)/kk e W4 (Q) for any 1 < g < 2. We claim that u; € L>°(R2). Indeed, we can
rewrite (2-3) as the systems

du _ g 2-5)

Auk = V in Q,
on 0%2,

ov
and

2-6
% _p on o, (2-6)
av

[Avk =y in Q,
where hy = ug exp(aku%)/kk. Applying Lemma 2.4 for (2-6), we know vy € W>9(R2). By the Sobolev
embedding theorem, we get vy € L*/“¢~24)(Q). Using Lemma 2.4 again for (2-5), we derive that
up € W24/4-20(Q). Since ¢ > 1, we can immediately obtain the claim by the Sobolev embedding
theorem.

From the boundedness of uy, we know that iy € W12(€2). Thus we have h; € W>2(2) from Lemma 2.4,
and hence h; € W'P(Q) for any p > 2. By Lemma 2.4 again we have u; € W>? () for any p > 2,
which implies that u; € C1% () for some « € (0, 1) by the Sobolev compact embedding. Since on the

boundary 0€2,

9 2
W _ = MR ey
av A

and vy satisfies (2-6), the elliptic regularity gives that vy € C 2%(Q). Since Auy = v € C>*(Q2) and
by (2-5), we can furthermore derive that u; € C**(2) using the elliptic regularity again. Repeating the
above procedure, we obtain u; € C*(L2). U

Now, we give the following important observation.

Lemma 2.6. —likm infA; > 0, and vkl <c¢  for some ¢ > 0.
—> 00

Proof. By the elementary inequality ze’ > ¢’ — 1 for all r > 0, we have

19Q] < sup / 27— qim [ ek < 19Q| — liminf 127724, 2-7)
ueH\(0} J g k=00 Joq k—o00

This implies —lim inf;_, oo Ax > 0. By (2-4), (2-7) and Holder’s inequality, we derive

1
_ 2 3
[yl < —1(/ ui exp(oguy) do) </ exp(agus) da) <c. O
Ml Jyq 90

Set ¢ = |ur(xp)| = max,eq |ur(x)|. If {ct} is bounded, then by the elliptic estimates with respect
to (2-3), there exists u € H N C°°(2) such that uy — u in C*° () as k — 00, and Theorem 1.1 follows
immediately. In the sequel, we assume ¢ — 400 as k — oo. Passing to a subsequence, we may assume
that u (x;) > O for all k, for otherwise we consider —u;, instead of uy.
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3. Blow-up analysis

In this section, we consider the blow-up case, that is u(xz) — oo as k — oco. Applying the Adams
inequality [1988], we know that passing to a subsequence, x; — p for some p € 9€2. Now, we show that
the weak limit of u; in W22(S2) is zero. Furthermore, u; must concentrate around the blow-up point p.

Lemma 3.1. If c; — 400, then uy — 0 in W>2(Q) and uy — 0 in LP () for any 1 < p < co. Moreover,

A |Aug|>dx — 3, in the sense of measures,
(i1) %% is bounded in LP(Q2\ Bs(p)), forany p>1, § > 0;
(iii) ux — 0in C>Y(Q\ Bs(p)), forany y € (0, 1), § > 0.

Proof. Since uy is bounded in W22(2), we assume that u; — uo in W>2(2) with some ug € W>2(Q).
The compactness of the embedding of W>2() into L? () implies ux — ug in L? () for any p > 1. If
1671214%

ug # 0, then by the concentration compactness principle (see Proposition 3.2 of [Hang 2022]), e is

bounded in L? (£2) for some p > 1. Similarly to (2-2), we can find some ¢y > 0 such that 271 is bounded

in L'*%0(3Q), hence d Auy/dv is bounded in L' (3<). Using the same argument in Lemma 2.5, we
get that uy is bounded in L*°(2). This contradicts ¢; — +00. Hence, we have ug = 0.
Now, we show that u; must concentrate around the blow-up point p. Let

A= {q €Q: lim liminff |Aug|* dx > 0}.
B (q)

r—>0 k—o0

We claim that A contains only one point. Suppose that the claim does not hold. Then, for any g € €2, we
have

lim liminf/ [Aug)?dx < 1.
B, (q)

r—>0 k—o0

Then there exist positive numbers r and § such that
/ |Aug|>dx < 8(q) < 1.
B, (q)

Using the same argument as that in (2-2) again, we see that there exists a constant «(g) > 12702 such that

f D dg < C,
9QNB, ()

for some constant C, depending on g. Hence there exists an o > 1272 such that

2
f e*ido < C,
Q2

by using the covering argument. Therefore, it follows from the Vitali convergence lemma that

. 2
im [ e do =39,
k— 400 a0
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which is impossible by the choice of u;. Next we show that A = {p} and

r—0 k—oo

lim liminff |Aug|> = 1.
B, (p)

Suppose not: repeating the argument above, we can obtain that u; is bounded in L>°(Bs(p)) for some
8 > 0, which contradicts with ¢y — 400, and the statement (i) is proved.

The statement (ii) follows from (i) and Lemma 2.1, and the statement (iii) can be proved by the standard
regularity argument; we omit the details. ]

To understand the asymptotic behavior of u; near the blow-up point p, we define

A

3 k 2

ry = —— exp(—akcy).
Ck

Indeed, r decays very fast as k — oo:
Lemma 3.2. For any y < 1272, it holds that eyclfr,? — 0as k — oo.

Proof. For any y < 1272, we have

2 _ 2 2 ) B R
C]%}”Iz’gyﬂk — e(V a)cy / Mieakuk do < / uieakuke(y ap)u? do
02 a0

5 2/s ) (s—2)/s
= / uze’"c do < (/ uj do) (/ eV s/ =2y do)
Q2 Q2 Q2

<c,
provided s is large enough, where we have used the subcritical trace Adams inequality. (I

The following important observation allows us to choose suitably approximate {x;} by points on the
boundary 9£2.

Lemma 3.3. There exists some point X, € 92 such that
luk (X)) — uk (xp)| = o (1),
as k — oc.

Proof. If x; ¢ 9%2, since d(xi, 0€2) is sufficiently small, then there exists a unique y; € 2 such that
dy :==d(xg, 02) = |y — x¢| and xx = yx + dyvr, where v is the inner normal vector of boundary 02 at
the point y;. Hence

1 1
d
) =) = [ [ e+t e =
o 'at 0

ad
T2k (i + tdg, vy | dt — 0
al)k

dug
Oy,
In view of Lemma 3.3, we can take x; = x; € 02 and then

when k — 400 by the mean value theorem and the fact that |yk =0, and the proof is finished. [

ur(xx) = cx + ok (1), (3-1)
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as k — oo. Define two sequences of functions on d€2, namely,

{¢k(x)=uk(xk+rkx)/ck, X €Qr={x:xx+rx €},
Y (x) = cx (ug (g +rex) —cr),  x € .

Up to translation and rotation, we can easily obtain ; — Ri as k — +o0.
Lemma 3.4. de(x) > 1 in 3 (RY).

Proof. By (2-3), for k large enough we have

4
A2y = Ky for all x € Bg(0) N €,
| ck (3-2)
3 2
D Ny = D) gl x € Br(0) NS,
av Ck)\'k

for any R > 0. By the definition of r¢, we have

4 2
r A 'k uy exp(oguy) |0S2] ri
“yl = —zexp(—akc,%)—/ ————Fdo<——= >0
Ck fors ck Joo  AklS2 1€2] ¢
and
r,?uk exp(aku,%) 1
Ck)\k Ck

1oc (Br(0) N €2) and ¢ (xx) = 1+ ox (1), by the standard elliptic
regularity argument, we have ¢y — 1 in C 3 (Bg 12(0) N €2p). O

loc

as k — oo. Since ¢ is bounded in L]

In order to obtain the limit behavior of v, we need to check the following growth condition:
Lemma 3.5. / |Ayy| dx < CR®.
Br(0)N2

Proof. Direct computation gives that

/ AVl dx = Ckrk_z/ [Auy|dx.
Br(0)NS2 Bpry (xp)NS2

Since uy (rgx + xi)/cxy — 1 in C3(Br N §) for any R > 0, in order to prove this lemma we only need to
show that

(Rrk)_zf |ug Aug|dx S 1.
Brry, (xk)NS2
Applying Holder’s inequality in Lorentz space (see [O’Neil 1963]), we get

-2 -2
(Rry) / one lur Augl dx < (Rrie) | X Bre, onu 221 (B, ccne Nt Asticll 200 (B, ()0
BRrk xXi)N

S Nug Augll 200 By, () - (3-3)
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Now, we start to prove that [[ug Aug|l;20q) S 1. Let G denote the Green function of the Laplacian
operator with Neumann boundary condition:

—AG(y) =8:(y) — x,yeQ,
9G IQI

R =0

9 |as2 ’

Jo Gx(»)dy =0, x e Q.

Obviously G, (y) satisfies G,(y) < |x — y|~2 for any x, y € Q. By integration by parts together with
Jq uk(x)dx =0 and dux/9v|yq = 0 and using the fact that [, |Aug|? dx =1 (see the Euler-Lagrange
equation (2-3)), we derive that

|uk(x>|5/ gl 1x — v dy
Q

and

i | .
|Auk(x>|5f =y ka(y>day+f =y 2y dy+— |Auk|dy51+/ =12 fi(y) doy.
a0 Q |€2] P19

where fi = uy exp(axu k) /Ak. Then it follows that

|uk(x)||Auk(x)|s(/Q|(Auk>(y>||x—y|‘2dy)(H/m |x—z|‘2fk<z>daz). (3-4)

Now, we claim that

H (/ Aug()[ 1 — y]2 dy) (1 +/ =22 /) doz)
Q 02

Recall the Hardy-Littlewood—Sobolev inequality in R": for any f € L7 (R"),

f)
1 4
‘/[R" lx — y|»=? Y

1_ 0
wherep>1,0<9<nanda_ .

S 1.

~Y
L2

S llLr@ny,
L4 (R

. Hence it follows that

H (/ |Aug ()| |x —y|™2 dy)
LZ,OO(Q) L6(R4)

Shaul s o S lAulle S 1. (3-5)

1

)4

H(/ |Auk(y>||x—y|‘2dy>
Q

Hence it suffices to prove that

” (f | Aug(y)|]x — y| 2 dy) (f x =z fi (@) doz)
Q a2

For any ¢ > 0O sufficiently small, using the estimate (see [Maalaoui et al. 2016])

<1

L2,oo

-2 2 2 -2 -2 -2
x—y| Pl —zl 7 <|x—y| e —zl Tz -y e —z| 77
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we obtain

H(/ |Auk<y)||x—y|—2dy)<f |x—z|—2fk<z>daz)

Q 02

(/ |Auk<y>||x—y|—2—8dy)(/ |x—z|—2+€fk(z>doz)
Q Q2

'/ (f |Auk(y>||z—y|—2dy)fk<z>|x—z|—2doz
o Q
=1 +1p. (3-6)

L2,c>o

=

120

+

LZ,oo

Applying the generalized Holder’s inequality involving the Lorentz norm, we derive that

= 111 X 112.
L4/(2—s).oo(Q)

I <

/ Aur ()] [x — ¥ dy f I — 2172 f.(2) o
Q I

L4/S(Q)
For I}, the boundedness of fractional integral operator directly gives Ij; < || Aug|| 12(@)- For Ij2, we claim
that it can be dominated by || fx|l11(5q)- Define the auxiliary integral operators

Tgl’,(x):/ Mday, Tf’r(x):/ Mdoy
{d

QN|x—y|<r} |X - )’|2_€ {oQN|x—y|>r} |X - )’|2_5
Obviously,
1 1 < p2+te
T, ,(x)|dx < | sup ———dx |l fillpieey S I fellLioe
Q yea Jx—yl<r} 1X — Y|

and

2 1
ITer i@ = 5= il oo

For any A > 0, we can write
T, )+ T2, (x) > 20 < ot T (0) > A} + [{x T2, (x) > A},
Choosing r such that 1/r27¢|| fill 1150y = . then [{x : T2, (x) > A}| = 0. Hence, we deduce that

24-¢
.l 2 r _ 1 4/(2—¢)
{x: T, (x) + T, (x) > 24} < — Melleroe) = za= 1/l o) -
which gives that 112 < || fkll .1 (35), and the claim is proved.
Gathering the estimates of I1; and Ij2, we derive that I} < || Augll 2o |l fkll L1 (9)- For Lo, obviously

S Augll L2

e
L1(0Q)

/ |Aur(M 1z =y fi(z) dy / 12— yI72 fi(2) do,
Q Q2

LX)

According to Corollary 6.16 in [Bennett and Sharpley 1988], we derive that

S /Q fi(@) 10g%(1 + fr(2)) do;.

L2(Q) 3

H / 12—y fi(2) do,
02
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Since f; = uy exp(aku,%)/kk, it is easy to check that fasz fr(2) log%(l + f1(2)) do, < 1.Combining the
estimates of I; and I, we find that

H (/ Aug)]fx — y[ dy) (/ x =2 fi(2) d0z>
Q Q2

which accomplishes the proof of Lemma 3.5. O

Sl

9

L2,oo

Lemma 3.6. We have y.(x) — ¥ (x', 1) in C} (B} (0)) (x' € 0R?, t € RY), where ¥ (x', t) satisfies the
equations

§2¢ -0, xeRy,
g—t‘” —exp(24n2y), x € oRY,
Y (0) =supy =0,

W _y, x € IR,
ot

Furthermore, W must take the form

1 2 o 4 1 t
w:-Wlog(O%—(%)%) +(3) 1) + g 4 PN 2 :
2 (14 (3)1) +(3) e
Proof. By (2-3), we can easily obtain
A%y = cxrtyi for all x € Br(0) N 4,
OV _
o = 0 for all x € Br(0) N0, (3-7)
dAYy  ukexplo i (14ur/ci))

= for all x € Br(0) N a2,
ot Ck

for any R > 0. Let — Ay, = vg; then ¥, and vy respectively satisfy the equations

i _ (3-8)

— Ay =, forall x € BR(0) N2y,
for all x € Br(0) N9,

at
and
—Avy =ckr,fyk for all x € Br(0) N 2,
{% — DRI/ ) ol x € Br(0) N G2
ot Ck
Noticing

v _ k exp(ax Vi (1 +ui/ck))

€ L®(Bg(0) N aL2),
ot Ck

applying Lemma 3.5 and the standard elliptic regularity, we deduce that

el v g zomgn < 1

Then there exists some v € C1*(Bg/2(0) N ) such that vy — v in C1#(Bg/2(0) N ) for any B < a.
Let W be the even extension of ¥, with respect to the boundary 3B; (0) N dR* ; then we have
—A% e CY*(Br(0) N ), m < ¥ (0) = 0. Using the Harnack inequality and elliptic regularity
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estimates, we get ”{p];”cla(BR(O)ﬁQk) < C. Hence there exists ¥ € C>#(Bg(0) N Q) such that ¥, — ¥
in C*#(Bgr(0) N Q) for any B < «, where  satisfies the equation

A2y =0 in RY,
AV _ oxp(2472y)  on ORY,
¥ (0) =supy =0,

W, on IRA.
ot

From (3-1), it is not difficult to see that

/ exp(24n2y) < — / G (3-10)
BrNOR: Bgy, MR Ak

Next, we will prove that ¥ must take the form

0 =—grloa((1+() 0+ () IP)+

'-'J\N

1 t
L) 0 @) e

Indeed, let ¢ (x) = faRj{ P(x, y)¥(y',0)dy’, where x = (x', 1), y= (), t) and

25

4 7
P N 5——

(x,y) 22—y
is the Poisson kernel for the bi-Laplace operator on the upper half-space. It is not difficult to check that ¢

satisfies the equations
24— 4
(—A)%$ =0, xeRY,

p=vx), xedRi, (3-11)
9 _y, x € IR,
at

and f3,¢<o> |A¢|dx < CR?.
Let w = ¢ — ¢. Then w satisfies

2 4
(—A)w=0, xeR:,

w =0, x €RY, (3-12)
w _y, x € IR,
ot

Noticing fB+(O) |[Aw|dx < fB+(0) |AY|dx + fB+(O) |A¢|dx < CR?, one can deduce that w must be
equal to zero. Hence W(x) faw P(x, y)¥(y',0)dE. Set ¥o(x’) = ¥ (x’,0). Then we know that
laAw/ ot| IRE = (— A) Yo and Iﬁo(x ) satisfies the following equation in the distributional sense:

{( A2y =3eXmV0, x' e 9R?, 3-13)
fR 6247721#o(x)d < E
Let no(x') = 872y (x") + £ log(27?). Then 1y satisfies
{(—A)%n0=2e3"0, x' e R, Go14)
Jrs 3 dx’ < 72,
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From the result of Hyder [2019], we known that no(x") can be decomposed as 179 = v + p, where p
is a polynomial of degree at most 2 and v(x’) = —a log |x'| + o(log |x']) as |x'| — +o0. Furthermore,
no(x") = log(2A/(1 + A%|x — x(’)|2)) if and only if p is a constant. Noticing that ¥ (x’, ¢) is a Poisson
extension of ¥y on Ri and f B;|AW| dx < CR?, we deduce that p must be equal to constant. This proves

2)
1+ 22x" — x>
Since ¥ (x) < ¥ (0) = SUD, . Y (x) =0, it follows that ¥ has the form
1 t
2 (1 (3) 1)+ (3)

where the second term ensures % ‘ sr¢ = 0. By an easy computation, one can see that
+

no(x") = log

W\N

Va0 = =gy log((1+(3) 10"+ (3) 1) +

/ exp(24n 2y (x)) dx’ = 1. O
R4
4

3.1. Polyharmonic truncation functions. We first introduce some notation. If xo € €2, for small § > 0,
let M5, = Bs(x0) ri We can choose a Fermi coordinate (see [Manasse and Misw&]) for M; x, by
the map 6 : M5 — B;(O) x [0, 6], where 0(xp) = 0. We will identify Ms ,, with B;(O) x [0, &] through
the map 6. Under the Fermi coordinate, we can write the metric on the Mj , as

g=gydn®de;+di@de (i, je{l,2,3), (3-15)

where (1 —¢€)d; j < gij < (1+¢)4; ; for small £ > 0.

We choose a Fermi coordinate system (Uy, ;) near the point x; such that 8 (x;) =0, and 6, (U N ) C
Ri ={x=x,1)eR*:t >0}, and 6,(Ux NIQ) C alRi. In the following, we make an even extension
for uy o0, ! in the direction of ¢ under the Fermi coordinate system (Uy, 6¢):

() =ug o ' (x', 1) ift>0,
i (x) =ug o0 ' (x', —1) ift <O,

Then iy (x) € W2(B,(0)) with || Adig || 125, 0y) = 2| Atk |l 12+ (o) For small 7 > 0.
Now, we need some biharmonic truncation functions 1211(” which was studied in [DelaTorre and Mancini
2021]. Roughly speaking, the value of the truncations functions IZ{CM are close to ¢x/M in a small

neighborhood of 0, and coincide with ii; outside the same neighborhood.

Lemma 3.7 [DelaTorre and Mancini 2021, Lemma 4.20]. For any M > 1 and k € N, there exists a radius
,5,?” > 0 and a constant ¢ = c¢(M) such that

(1) uy > == in B M(O)

51 (0);

@) |i
& 9 <

B 1<l<3:
Ck(ﬁ,ﬁ”)’ on o ply(O)forany <[ <3

~M
4) ,5£’1—>0,and’oi—> +00, as k — o0.
T
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Let oM ¢ C4(B~M (0)) be the unique solution of

A*@) =0 in B;u(0),
(3-16)
(vk )—al(uk) on 8B M(O) i=0,1.
We consider the function
~M . —1
u,iv[ _ {vk X ?n 0, (lﬁﬁlﬁw 0)), a1
Ui in Q\ 6, (Bﬁ]y(O)).

Lemma 3.8 [DelaTorre and Mancini 2021, Lemma 4.21]. For any M > 1, we have
M _ Sk -1
u; = i + O(c; ),
uniformly on 9,:1 (B/?[V 0)).

Remark 3.9. Using the explicit form of the Green function of A2 on balls, namely Boggio’s formula
[1905], and the representation formula of solutions for (3-16), one can see that dul! /dv = 0 for any
x €6, (B (0)NIL.

Lemma 3.10. Forany M > 1,
: M2, 1
hmsup/glAuk | dx_—M.

k— 00

Proof. Testing (3-2) with (uy — u,i”), by Lemmas 3.7, 2.6 and Remark 3.9, for any R > 0, we have

/ AurA(uy —u,iw) dx
;" (B3 (0)NS

d
:/ Vk(uk—u,y)dx—f (uk—u,’Y)a—Aukdo
9,:‘(35154 ()N 3(9;1(3/3’?, 0)HNQ) v
i(uk u,i”)Auk do

L
EIC (B3 (0)NR) dv

Ug exp(aku )
f yk(uk—u%)dx—/ (=) ————+d
9;‘(313?4 0)HNQ 9,;‘(3/3]?4 (0)NIQ k

_/ A ug explogud (ug — ul') do + ok (1)
0, (B.y(0)NIL

v

%

_ Ck
—/ Ay Ter exp{aku,%}(ck — —)do +o0;(1)
BRiy 022 M

/ l—i) exp{uk(xk+rkX)+Ckakwk(x)}do_+0k(1)
B Ck

+(0)maR4

v

_) / exp{24n %y (x)} do 4 or(1).
B} (0)NOR?
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Letting R — oo, we get

/ Au A = uly dx = 1= 3+ ou(D). (3-18)
Observing that 6, (B 5 O)NS M

f |Au,§4|2dx=/ |Av,§4|2dx+/ | Aug|? dx
Q 9—'(35%(0))m9 Q\G,:I(Bﬁéw(O))

k

|Av,§4|2dx+1—f | Aug)? dx

/a;k‘ (Bﬁ;{w 0)HNQ ;" (Bﬁliw 0)HNQ

|Av,§”|2dx+1—/ A AGuy —ul) dx

'/9;—' (B ()N o, (B ()N

—/ AukAu,]:/[ dx,
;! (B (0)NE2

by (3-18) and (3-17), we have

|AvM 1 dx — l/ ] Aug AvM dx + or (1)
e

o (B ()N 2 i (B ()N

N —

M2, 1
/QlAuk| dx_M+

IA

<=

—+

N —

fe‘(B oy Av,f’IA(vfy —up)dx + or(1)
~M
Pk

= 2 +ou(D), 0
Lemma 3.11. We have

. . . Y
lim exp(akui) do = lim lim exp((xku,%) do = lim —+ [0€2],
k— 00 a0 L—o0k—o0 Ber(Xk>m39 k— 00 Ck

and consequently,
—)\,k —C,%
—— —> 00 and sup— < o0.
Ck ko M

Proof. By Lemmas 3.7 and 3.1, we have
2 _ 2 M2
/ exp(axuy) do —/ exp(auy) dd+/ exp(a(uy )7)do
Ele) 3909,;‘(351?4 0)) 39\9,;‘(%?4 0))
- — M%) (14 0r(1)) uz

< 5 —k exp(aku,%) do + 10|
(o 6 (B (0)N9Q —Ak
k

A
< —(1+ o () M>Z + 139
Ck

Let kK — 400 and M — 1; we find that

A
lim [ exp(egud)do < — lim “5 + (9.
k=400 J50 k—00 (o
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On the other hand, we also have

/ exp(aku,%) do = (/ +/ ) exp(aku%) do
(e IQ\Bry, () J Bry, ()N

Ak
> |3Q|—|BRrk089|——2/ exp(Yx + o (1)) do.
Ci; J Br(0)NIRY.

Letting k — +o00 and R — 400, we get that

A
lim [ explegud)do = — lim “5 +[9S.
k—+4o00 a0 k— 00 Ck
Combining the above estimates, we accomplish the proof of Lemma 3.11. ([

Lemma 3.12. For any ¢ € C*(0L2), one has

. CrUg 2
— lim @(x)—— exp(akuy) do = ¢(p). (3-19)
k=00 Jaq Ak

Proof. For any fixed M > 1, and k large enough, we divide 92 into three parts,
Q1= (6, By () \ Bre, (60)) NIQ,  Q2=0Q\6; ' (B;u(0), Q3= Bry,(xx) NI,

and split the integral as

cru cru
/ @(x) Kk exp(akui) do = (/ +/ —l—/ )go(x)M exp(aku,%) do
a0 —Ak o Jo, Jo —Ak

=1+, +1s. (3-20)
For I;, we have
2
Uy 2
ILil < Msuplp| | ——exp(okuy)do
FI9) Q —M
”1% 2
< Msuplp|(1+or(1)| 1— —< exp(aguy) do
IQ Br, N0Q ~ Mk

< M sup |¢| (1 — f exp(24n2y) do + ok(1)>
aQ B{naRY
—0 ask,R— oo. (3-21)
Next, by Lemma 3.10, Holder’s inequality, Sobolev embedding theorem and Lemma 3.11, we have
Ck M2 Ck M2
L] < sup | —— / el do < sup ol ——lluell Ly oo ™ 4 N r o)
e —AM Joag I Ak

K150 ask— oo, (3-22)

< csup |¢|

02 k

for some p > 1 and p’ with%—i—#: 1.
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Finally, we have

CrUf
— exp(akui) do

I3 = / @ (x)
Bgy, MR Ak

2/ @ (rex + xi) exp{(¢x + Doy i (x)} dx + 0 (1)
BENoR:

=wmf exp{2472y (x)} do + o (1)
BENaRY:

R

= ¢(p) + ox,r(1). (3-23)
Combining (3-21), (3-22) and (3-23), we obtain (3-19) and the proof is finished. O

Lemma 3.13. Forany 1 < g <2, ceux — G weakly in W>4(Q). Furthermore, for any Q' € Q\ p, we
have cruy — G in C*(Q'), where G satisfies
{AZGz(Sp—ﬁ in S,
G IAG (3-24)
JaG =0, 2= =0, ==lsa\(p) = 0.
Moreover, we have
1
G=—m1n|x—p|+Ap+<p(x), (3-25)

where A, is some constant depending on p, ¢(x) € C3(Q)NCY(RQ) and p(p) = 0.
Proof. From (2-3), we have

A2 (cyuy) = Cr Vi for all x € Q, 326
8iA(ckuk) = cpup explagul) /o for all x € 9. (3-26)
v
Integrating both sides on €2, one has
A cruy explogu?
/ ey dx = / A2(crug) dx = / G / Chity explariay) (3-27)
Q Q s O Fle) Ak

which together with Lemma 3.12 gives ¢y yx — —ﬁ as k — oo. For any ¢ € (1, 2), we have

/ |Aciui|? dx = sup{/ Acrup) Apdx - ||@ll 2y = 1}’
Q Q

where % + % = 1. By the Sobolev embedding theorem, we have sup,.q, |¢(x)| < 0o. Using Lemma 3.12,

we have
dA(crug)

/A(ckuk)Aq)dxzf Az(ckuk)godx—/ ——¢do
Q Q o OV

2
[
2/ Cka(P(x)dx_f CUlky DY) 4,
Q Ble) Ak

= —ﬁ A o(x)dx +o(p)+or(1)

<csuplp)] <c, (3-28)

xe2
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which implies that

/ |Aciui|? dx < c.
Q

Combining this and the condition [, cxurdx =0, [, urdx =0, we derive that cxuy is bounded in
W24(Q) for any 1 < g < 2. Thus, there exists some G € W24(2) such that cpup — G in W4(Q) as
k — oo. Now, letting kK — oo in (3-28), we have

/AGmdx:—i e(x)dx +@(p).
Q 12 Jq

Combining the assumptions on uy, (3-24) is proved.

For any Q' € Q \ p, we can choose some function ¢ € C*®(R*) such that ¢(x) = 1 for x € Q' and
¢ (x) =0 for x belonging to a small neighborhood of p. By Lemma 3.1, we know that ¢uy — 0 in L?(Q')
as k — +oo. This together with the convergence Auy; — 0 in L?(Q) as k — oo implies that e g
uniformly bounded in L*(Q) for any s > 1. Standard elliptic regularity gives that cxur — G in CK(Q)
for any positive integer k.

Next, we prove (3-25). Fix r > 0, without loss of generality, we assume p = 0, and choose some cutoff
function ¢ € C;°(B2,(0)) such that ¢ =1 in B, (0). Let

1
gx)=G(x)+ m(ﬁ(x) In |x].
Then we have
Ag(x)=f inQ,

where

f(x)——(A2¢ In|x|+2VA¢-VIn |x|4+2A(V¢-VIn |x|)+2Vh-VAln |x|+¢-A’ In |x|)+8(x)—@

Since 1/(47%)¢ - A%In|x| = 8(x) in R*, a careful computation yields

F) = %(A%p In|x| +2VA¢ - VIn [x|+2A(Ve - VIn [x]) +2Ve - VA In [x]) — |s12|
Observing G € W2 (Q) for any 1 <s < 2, we obtain f(x) € L?(Q2) for any p > 2. By the standard
regularity theory, we get g(x) € C> (Q)NCY(Q). Let A, =g(0) and

loc

p(x)=gx)—g (0)+ (1—¢) In |x|.
Then we have

1
G =~ Inlx|+ 4, +o. (3-29)

where A, is some constant depending on p, ¢(x) € c3( Q) Ncl(Q) and ¢(0) = 0, and the proof is
finished. U
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3.2. Neck analysis. In this subsection, we will use the capacity technique to derive the upper bound of
1152 (uy) when ¢, — oo. The capacity technique applied to the existence of extremals for Adams inequali-
ties was first used by Lu and Yang in [2009a], and was improved by DelaTorre and Mancini [2021] by com-
paring the Dirichlet energy of maximizing sequence with the energy of a suitable polyharmonic function.

Based on Lemma 3.11, we only need to give the sharp upper bound of limy_, oo —Ar/ c,%. Let us fix a
large R > 0 and a small § > 0 and consider the annular region

Ar(R,8) :={x € Q:rR < |x — x| <6}.

Our strategy is to compare the Dirichlet energy of u; on Ax(R, §) with the energy of the function

1
Wi (x) = —m(log |x — xx| + pr(x)),

where pi(x) € C>(R) is chosen such that

oWk (x) _ OAW;(x)
o av

=0 forxedQ

and || pe(x)[[c3 = O ().
As a consequence of Lemma 3.6, on 0 Bg,, (xx) N §2, we have that

1 OR™)

Y((x —xx)/7k) 1 T ]
uk(x)zck+T+0(ck )=ck—mlogR—F2Cklog§+ o +o(c, ),
provided k is large enough. Similarly, a direct computation also gives
: A2 — _; K, O(R—! _;
Abuy = ( 1/f)((?€ X))/ i) Votrlery = — 2,j/2 e (r —x) + ( | )+0(”k}C1:1)
rick 472r] ey RI rick

for any 1 < j <3, where

1 ifj=1, e
o 1 if j is even,
K> jp= 2 ifj=2, and e;j(x):=] x if j is odd.
—4 if j =3, Ix]
Recalling the definition of W, we have on d Bg,, (xx) N €2 that
ok 1 — Ak 1 0()
Wy = — Io — log R 3-30
K= o2k 127 2¢y g i 4l gR+ Ck (3-30)
and
. K>
APW = ——=2I2 o (x —x) + forany 1 < j <3. (3-31)
4r2cpri R Ck
Hence, we conclude that on 9 Bg,, (xx) N €2,
1 —k 1 T OR™Y 00 4 o
- Wy = 1 — log — 1-—
() k 1272¢; ©8 i 6mlck %85 + Ck + Ck role )+ 1272 )
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and
O(R™71)

J
T Ck

A2 — W) = +o(rk’jck*1) forany 1 < j <3.

Similarly, in view of Lemma 3.13, we also derive that on d Bs(x;) N €2,

A, 0()
up(x) =W = —+—k+( b

and

AP (g (x) = W) = ow) +o(c;") forany 1< j <3,
Ck

where we have also used that |[x — xi|/|x — p| — 1 uniformly on 0 Bs(xy).
Now, we compare || Aug|204,(r.s)) and [|AWkll 24, (r.5))- Obviously,

IS IS NEE] | o A=W AW d, (3-32)
k 5

Step 1. Estimates for the right-hand side of (3-32).
Integrating by parts, the integral in the right-hand side equals to

2/ A(ur —Wy) - AWy dx
Ak(R,5)

:-2/ v.((uk—wk)Aiwk)daJrz/ V- (AZ (g — W) AW) do,
Ar(R.85)\0Q dAL(R.8)\0Q
where we have used the fact that Wi _ % =0on dA;(R,5)NI.

V 1%

On 9 Bgy, (xx) N €2, we have

(uk—Wk)A%Wk-v

1 1 -2 1 O(R™! 0 Ky 3

( log Zk— lgn+ ( ) <l—i>+ ()+( )) =
C

T an2\12n22 2 62 2 o 1272 2 TiR)
1 1 — Ak 1 7 OR™YH o 0(5)
—— ] — log — 1—
JTZ(F'](R)3(127TZC]% °8 c,% 671%,% i) + c,% + 1272 +tg ol )
and
1 ( 71) 3
Az(uk—Wk)AWk'V:( +o(c, ))O(rkR)_ .
Ck

Similarly, on d Bs(x;) N €2, we have

3 1 0(9)
(Mk—Wk)Ang'V=2—83< p+ +o(c, ))
T i i

and

)

Ck

A%(uk—wk)AWk-v=< +o(c; ))0(5—2).
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Then we can obtain

/ A(ur —We) - AWy dx
Ar(R,9)

437

1 — Ak 1 T A, ORYH 00 ( oy ) 5
= lo — log—— —+ + +{1- +o(c, ).
127‘[2C]% g c,% 6n2c]% g 2 c,% c]% c]% 1272 )

Combining the above estimates, we derive that

2 2
” Auk ||L2(Ak(R,8)) - ”AWk ||L2(Ak(R,5))

— Ak 1 T 24, O™ 00 ( a ) ,2
> lo — log — — + + +(2—— ) tole ).
67 2c? g cd 3m2c} ) c? c? ct 672 ")

Step 2. Estimates for ||Auk||i2(A (R.5))"

We rewrite || Aug|?

L2(Ax(R.8) &
||Auk||%2(Ak(R’3))=l—/ |Auk|2dx—/ | Aug|* dx.
Q\Bs (x) QNBRgr (xk)
Since )
1

Az(log|x|>—m, AdloglxD) = =5, A1+z<log|x|>=—4ﬁ,

we have
3
V- GOAIGE) = —(— 1z I3+ Ay +0s(D) (25 - 55+ O(D)
1 1 1
=—;5—3(—mln8+AP+05(l))

and

u.A%G(a)AG((S):—( 412;+0( ))( 412522+0(1)> ﬁa%(uroa(l)).

Since
/ |AG|2dx:/ W(=GA2G + A2GAG) do,
Q\ B (xx) QNI Bs (xx)

we have by Lemma 3.13,

/ AugPdx = L (=5 Togs — <15 + Ay +0s (D) +0x(1)).
Q\Bjs (xx) Ck T 87

By Lemma 3.6, we derive that

1 ,
/ IAuk|2dx=i2/ lAwlzdx+o(l2):—2(/ v(AiwAw—wAiw)do>+o(l2)
QmBRrk(xk) Ck B; Ck Ck BB;r C

= La-T+o().
Ck Ck
Observe that on BBJr N Ri, we also have

1

lﬁ(x) 1 g 2 47_[2

logR-l—O(%), VAT (x) = }T 1 +0< ! )

(3-33)

(3-34)

(3-35)

(3-36)

(3-37)

k

(3-38)
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and

_ 1 1 (x/,t+(% )-(x/,t) 1
_”2<((t+ ) +|x|)> R +0(z)
(et

))(R + o)+ 0(%)
Hence we can write

where

I =f VA3 Y do
9B NRY

_2pf o .m 1 (l))(LL <L>)
=7 R< 671210g2 4n210gR+0 R n2R3+0 R

1 1 T logR)
= 42logR 6n210g2+0(R .

nee %Aw =exp(24m2y) for x = (x’, 0) € IR, set Yo (x') = ¥ (x’, 0). We have
1L, :/ VWA%WdG
B NORY
= /33 _eXP(247T21ﬂ0(x/))wo(x/) dx’
:_/ (2)"’
w(3) (wP+ ()
2\3 1
-v(0.(3))+o(x)
1 1
= slog2— ——+0(%).

where Bz3e denotes the three-dimensional balls with radius R.

2
3

1//(x)dx +0
o (%)

So, we have
_ 1 1 1 logR)
M=—7logR— 10g2—|- ylog2— - 2+0( y
e R T 10gR>
o8y ~galoey ~mig 2+0< R /)

(3-39)
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Now, we estimate I, and rewrite it as
1 1 1
I:/ vAzwAwda:/ vAZwAWdo*—i—/ VAZY Ay do =11 + 1.
aBY IBENRY dBENORY
Since on BB;%r N [R{i, we have
1 1 1 1

VAZY(x)=————=+4+0 <—>

v 472 R *

I 1 , we therefore get

272 R?

, 11 1 1 (2 1 1
=, s =0 ko)) () =gt o).
! /aggnmv WAy do=x R T\ R\ \m)) =52t OR

Using the fact that % =0on B[R{i, we obtain

and Ay = —

IZ:f VAZY AY do = 0.
BT NIRY

Hence we have
[=_1 + 0(1). (3-40)

By (3-38), (3-39) and (3-40), we get

/ |Auk|2dx
QmBRrk(xk)

(L o(h)— (< e R - LT - Ly 0(122R))) (L)
_C]%<87T2+0(R) <4n210g2 671210g2 l6n2+0( R )+0 i

- s g )+ o(53) =
Combining (3-37) and (3-34), we derive that
||Auk||f\k(R’5):1—%(—#105;8 — L +05k(1))
Gl tamrey e )+ 20 (%)
:1—1(161772+ Liog Rt LoiogZa,+0(R28) 40,,m). (3-42)

Step 3. Estimates for | AW
Since

L2(Ak(R,8))

/ |AWk|2dx:—/ VOVLAI W, — A2W AW, do
Ar(R,8) Ar(R,5)

3 1
:—/ VOV AW, — A2Wi AW) do
QNJBs(xy) 5 )
+/ VOV AW, — A2Wi AW) do
QﬁBBRrk<Xk))

= —III; + 11I,. (3-43)
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From (3-30) and (3-31), we have

1 i LR P S S T
= Cr — (0] — (0]
2 1272°% 1272¢; & c,% 42¢y &

K, 3 K, K>
i) ' !1 2 3 3
| = - +0(@) |n°R°r
( 4nzckR3r,§> 4r2ck Rry 4mw2c R2r} ( )> ,

1 1 LA )‘ L Slog R+ — L Low (3-44)
=1- 0 . -
Ton2 872 T2 BN T

Similarly, we can also obtain

1111:/ VOVAI WL — A2W AW, do
QN0 Bs

K 3 —K,1e1(x —xx) =K, 2
v 1 2, 2,1€1 k 2, 2.3 0(8)
o <(4 2 logd 0(8)>< 7283 e3(r —x) 0(8)> B 247128 4n28§ )71 8 2

1 1
=L log § — 03)
C]%<47'L'2 Og 8 2+ ()

Ck

Combining (3-43) and (3-44), we derive that

/ AW dx = 1 L) (Rt PN S SR S PO L Slog R+ — ! +0(5)
X=1——= (0] ——= 102 —— (0]
P 2\an2 20T 82 T a2 B2 a2 2T T

1 log > + —log = 1 0(5)
=1——=(-—log—+-——=log— .
2\4x? R T 2m2 %2

(3-45)

Now, we are in position to give the sharp upper bound for lim;_, ., —5~. Indeed, from (3-42), (3-45)
C
and (3-33), we can get k

lAuell ) — f AW dx
Ar(R,0)

1/ 1 1 1/-1. — A
— (> lo 1 A> 14— — log > 1
2(16712+4712 g28 6 6n2 27 7t +61% (4712 OgR+12 8 2 +0(8))

|
—_

—i(_11g8+ Lo =M1 —Llogﬁ——logl—A +0(5)>
a2 PR T 1222 %2 Tlen?  4n? C2 6n? c2 7
= l(_—1 log 2 + ! log 1 1 log R_ log —A,+ 0(5))
c:\4r2 TR 1272 C/% 1672 472 25 6m 2
1 1 — Ak
Zg(mlog?—%‘p i log +os (1) +o(R™ )>+2—

which implies

A
lim —2k <2n? exp( =+ 12n2Ap).

k—o00 Cj,

Therefore, we can conclude with the following.
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Proposition 3.14. [f ¢, — oo, then

2,2 24,3
sup / e dx < |0Q| 4 22T AT
ueW22(Q), || Aull2<1 8%

4. A test functions argument and the proof of Theorem 1.1

In this section, we assume A, = max,ecyn A, for some p € 3€2. Now we construct a blowing up sequence
¢ with [, |A¢,|* =1, and

B ; _ 1
/ ' #=0 45~ 3Q 272" 475 where ¢e = —/ P dx. @-1)
o 12| Jo

Take a Fermi coordinate system (U, ) around p such that 6(p) = (0, 0), € maps 2N U inside OR%,
and for any ¢ > 0 and x € 9€2, there exists § > 0 such that

(I-6)0 <g=gijdx;@dx;+dt ®dt < (1+¢£)0 in Ms,

where Ms = {x € Qs : dist((x), p) < 6}.

Set
4/3 2/3 2
~ —1/@x)10g((%) P 1x'12/62 + ((3)t/e + 1)) + B+ g (', 1)
¢8(~x k) t) - C +
C
for some constants B, C, where
t/e

8s(x/,l‘)= g 4 2 4 ’
2573 (14 (w/2)5t/e)2 + (/2)3 |x'|2 /&2

Let B = B,(p) N Q and R be a function of ¢ such that R — +o00 and Re — 0 as ¢ — 0. Set
¢ 00(x)  ifxeBf,
¢ =1(G—-npB)/C ifXEB;_RS\B;S’
G/C if x € Q\ By,

where 8 = G — C$E 0 6(x), n is some radial function in C;°(Bag.(p)) with n = 1 on Bg.(p), and
|Vnl=O(/Re), |An| = 0(1/(R8)2). One can easily verify that d¢.(x)/dv = 0 for any x € 0€2.
Now, we estimate fQ | A, |> dx; rewrite it as

/|A¢g|2dx=(/ +/ >|A¢s|2dx =1 +1. (4-2)
Q BY Q\B},

Since

L= f |Age|?
Q\B},

~ 2
_/ |AG|2+/ [A(M(G = Che0b())|” 2
oz C? By \ B}, c? C? Jg;,

+
2Re ZRS\BRS

=11 + 1 + 11;. (4-3)

IVGV(G — C, 00(x))|?
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Let C satisfy

— Llog((Z2)’R?)+B  —-LlogRe+A
C 4 Og((zc) )*E_ e (4-4)

by direct computing, one can easily verify that
1 _
|, 3] = E(O(RS) +O0(R™)). (4-5)

Similar as (3-37) and (3-41), we can obtain

|AG|? 3 1
I, = 7 = vV(—GAZG+ A2GAG)do
3(Q\B7,

oy, C
=L L jogre— L 4 A, +0(R 4-6
=2 42og & — 8712+ p+ O(Re) (4-6)
and
I / AgeP = (= Dog Byl joe ™ 4o 08X (4-7)
= = +-—log —+—log = : -
R 1672 472 872 T2 0873 R

Combining (4-2), (4-3), (4-5), (4-6) and (4-7), we have

/‘ A 1 3 n 1 1 R+ 1 ) n+0 log R
o "P T o2\ Ten2 Tan2 8% T o2 %83 R

+éz( - —— log Re — 812+A —i—O(Rs)—i—O(l))
1

Lo L oeZ L tog 4, +0(Re) + 0 288
=—|—=+-—=log=+—log — & .
2\ T6n2 o2 82 T a2 OB T R

To ensure that [, |A¢.|* = 1, we set

ro L e T Lol 1A, + 0re) + o 228 (4-8)
= —_— - D ~ € * -
1672 62 8 Tag2 %85 T R
On the other hand, from (4-4), we have
2=— 1 togetA,— B+ logZ
= Tag2 ©8 P o2 87
Therefore,
B=— log2 +0(Re) + 0 28R (4-9)
= ax2 87T Ten2 ¢ R )

A straightforward computation gives
o | Q| / $e =

O((R8)4 log R) + O((Re)*loge) + O((Re)* log Re))

(O((Re)*log R) + O((Re)* loge)).

QIH QI
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Then
/ exp(127%(¢s — $e)?) do
02

> / exp(1272(ge — ¢o)*(x', 1)) dx’ dt
9Bt NORT

4/3
3/ exp(12n2C2 310 (( ) | | )+24n23 24712C¢8) dx’
3B NORT 2
1
_ 22 2 4 4 /
_exp(12n C*+24n“B+ O((Re)"log R) + O((Re) 10g8)) /Big ((%)4/3|x/|2/82+1)3 dx’.

ERENS)

Qe
2+

) (n/2)*3R 2

(—) € 471'/ ——=dr

T (rz2+1)>3

“(vo(})

1 / 2 2 3/
ax' = (2)e
/33 (3 Pwre ey (7) 5 (x2—|—1)3

(/2 2)2/3R

where we have used the fact that

00 r2
f dr = L.
o GTHDIT TS

Hence, it follows from (4-8) and (4-9) that
/ exp(1277%(¢s — ¢)*(x', 1)) dx’ dt
B NORY
3 1 22 2 4 4
I3 (1 + 0(?)) exp(12n C“+24n“B+ O((Re) " log R) + O((Re)" log 5))

o (s Lo Liog L) e 2n( (L ioga— L)
=¢ exp(lZn (167T2+67T210g2+47T210g28+Ap + 247 1 log2 — 62

(log R 4 4 )
+ O(Re)+ O = + O((Re)"log R) + O((Re)" loge)

3 2 4 4 log R
= exp(—z +2logm +log2+ 12n Ap) + O((Re)"logR) + O((Re)"loge) + O(Re) + O R

_ 9.2 3 2 4 4 log R
=21 exp( 7+ 127 Ap)+0((R8) logR) + O((Re)" loge) + O(Re) + O r )

Moreover, we have

/ exp(12772 (¢ — $e)?) do > / (1+ 127%(ps — pe)H) do
Q\dB},

Q\d By,

127

> [0\ B, |+ 2/ (G —C¢,)? do.
€ Joavoss,,
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Therefore,

f exp(12772 (e — $e)?) do
02

1272

> 9Q| — O((Re)*) + o2

/ (G —C(O((Re)*log R) + O((Re)* log e)))2 do
Q\3B5,

log R
+272exp(—2 + 127%4,) + O((Re)* log R) + O((Re)* log &) + O <%> +O(Re)

1272

=109 4272 exp(—3 + 12774, + o

f G*+ O((Re)*log R)
02

4 <10g R)
4+ O({(Re)"loge)+ O(Re)+ O )

Let R = log? . Then we have R — oo and Re — 0, and

4 4 1 log R _ (L)
(Re)"log R + (Re) 10g8+0(—R )—I—O(Rs)_o cz)

Hence
f exp(1272(¢s — @e)*) do > |9Q| + 217 exp(—3 + 12774,
Q2

as ¢ is small enough.

Proof of Theorem 1.1. In the subcritical case o« < 12772, the inequality (1-3) and the sharpness of the
constant 12772 can be obtained from Lemma 2.3. In the critical case, that is o = 12772, we will address
the problem by dividing it into two cases. If ¢; = max,cq |ux(x)| is bounded, then the inequality (1-3) is
obvious, and by the elliptic estimates with respect to (2-3), there exists u € H N C*°(2) such that uy — u
in C*(L2) as k — oo, and Theorem 1.1 follows immediately. While if we assume that ¢; — +00 as
k — oo, one can find a contradiction between Proposition 3.14 and the arguments of the test functions for

(4-1) in Section 4, this means that ¢; must be bounded, and the proof is finished. [l

Proof of Theorem 1.3. For any u € W>?(Q) W1th — =0o0n 9L, define u = L' / u dx. Then we can
Q

write

/(;Qe do ZA exp (mHA(M 14)“2) do

— 1 - 2 2
< 12 2&) ( Al — 2>d < Coe /@S 410
_fmexp( T i) O (Fgz A6~ D3 do < Coe . (@10)

where we have used the elementary inequality ab < 1272a> + Aﬁbz and the trace Adams inequality in
T
Theorem 1.1. Then we have

i 1
1og</aQ e da) <log Co + @umng.

1
lo f e da) < / Aul?dx + — udx+lo Co. O

That is
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We study the nature of finite time singularities for the Chern—Ricci flow, partially answering a question
posed by Tosatti and Weinkove. We show that a solution of degenerate parabolic complex Monge—
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generalizing works by Di Nezza and Lu. Moreover, we extend Guedj and Lu’s recent approach to establish
uniform a priori estimates for degenerate complex Monge—Ampere equations on compact Hermitian
manifolds. We apply these results to study the Chern—Ricci flow on log terminal varieties starting from a
current with mild singularities.

1. Introduction 449
2. Preliminaries 454
3. A priori estimates 460
4. Degenerate Monge—Ampere flows 470
5. Finite time singularities 474
6. The Chern—Ricci flow on varieties with log terminal singularities 479
Acknowledgements 481
References 481

1. Introduction

Finding canonical metrics on complex varieties has been a central problem in complex geometry over the
last few decades. Since Yau’s solution to Calabi’s conjecture, significant progress has been made in this
direction. Cao [1985] introduced a parabolic approach to provide an alternative proof of the existence of
Kéhler—Einstein metrics on manifolds with numerically trivial or ample canonical line bundle via the
Kéhler-Ricci flow. This flow is only Hamilton’s Ricci flow evolving Kéhler metrics. Motivated by the
classification of complex varieties, Song and Tian [2012; 2017] have proposed an analytic minimal model
program to classify algebraic varieties with mild singularities using the Kéhler—Ricci flow. This approach
necessitates a theory of weak solutions for degenerate parabolic complex Monge—Ampere equations
starting from rough initial data. Since then, various results have been achieved in this direction. Song and
Tian initiated the study of the Kidhler—Ricci flow starting from an initial current with continuous potentials.
While Guedj and Zeriahi [2017b] (also [T6 2017]) showed that the Kédhler—Ricci flow could be continued
from an initial current with zero Lelong numbers. To the author’s knowledge, the best results so far have
been obtained by Di Nezza and Lu [2017], who successfully ran the Kdhler—Ricci flow from an initial
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current with positive Lelong numbers. There have been several related works in such singular settings
from a pluripotential theoretical point of view. For further details, we refer to the recent works [Gued;
et al. 2020; Dang 2022].

Beyond the Kihler setting, there more recently has been interest in the study of geometric flows in the
context of non-Kéhler manifolds. Unlike the K&hler case, Hamilton’s Ricci flow does not, in general,
preserve the special Hermitian condition. It is thus natural to look for another geometric flow of Hermitian
metrics, which somehow specializes in the Ricci flow in the Kéhler context. Several parabolic flows on
complex manifolds that preserve the Hermitian property have been proposed by Streets and Tian [2010;
2011] and Liu and Yang [Liu and Yang 2012]. Additionally, the anomaly flow of (n—1, n—1)-forms has
been extensively studied by Phong, Picard, and Zhang [Phong et al. 2018a; 2018b].

This paper is devoted to the Chern—Ricci flow, which is an evolution equation of Hermitian metrics on
a complex manifold by their Chern—Ricci form, first introduced by Gill [2011] in the setting of manifolds
with vanishing first Bott—Chern class. Let (X, wp) be a compact n-dimensional Hermitian manifold. The
Chern—Ricci flow w = w(t) starting at wg is an evolution equation of Hermitian metrics,

dw .

3 = —Ric(w), wli=0 = wo, (1-1)
where Ric(w) is the Chern—Ricci form of w associated to the Hermitian metric g = (g; 7), which in local
coordinates is given by

Ric(w) = —dd* log det(g).

Here d = 3 + 9 and d° = i(d — 3)/2 are both real operators, so that dd° = ;9. In the Kihler setting,
Ric(w) = iRj,; dz;j N dzy, where Rj,; is the usual Ricci curvature of w. Thus, if wq is Kihler, i.e.,
dwo =0, (1-1) coincides with the Kihler—Ricci flow. For complex manifolds with c]13C (X)=0,Gill [2011]
proved the longtime existence of the flow and smooth convergence of the flow to the unique Chern—Ricci
flat metric in the d9-class of the initial metric. For general complex manifolds, Tosatti and Weinkove
[2015, Theorem 1.3] characterized the maximal existence time Ty« Of the flow as

Tax = sup{t > 0: 3P € C*°(X) with wy — f Ric(wp) + ddyr > 0}.

Finite time singularities. Suppose that the flow (1-1) exists on a maximal interval [0, Tn,x) With Tiax < 00,
so the flow develops a finite time singularity. We say that the Chern—Ricci flow does not develop a
singularity at a point x € X if there exist an open neighborhood U > x and a smooth metric wz,, on U
inCy(U)ast— T.,..

The following question was asked by Feldman, Ilmanen, and Knopf [Feldman et al. 2003, Question 2,
page 204] for the Kédhler—Ricci flow and by Tosatti and Weinkove [2022, Question 6.1] for the Chern—Ricci
flow.

such that w(t) converges to wr

max

Question 1.1. Do singularities of the Chern—Ricci flow form a union of all analytic subvarieties of X for
which the volume shrinks to zero as t — Tiax?

In the Kéihler setting, this question was affirmatively answered by Collins and Tosatti [2015]. When
X is a compact complex surface and wg is Gauduchon, i.e., dd“wp = 0, the Chern—Ricci flow preserves
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the Gauduchon (pluriclosed) condition, in particular, the limiting form a7, = wy — Tmax Ric(wp) is
Gauduchon. The answer is thus affirmative in this case, due to Gill and Smith [2015] (see also [Tosatti
and Weinkove 2013]), where they proved that singularities of the Chern—Ricci flow form a finite union of
disjoint (-1)-curves.

We partially answer Question 1.1 under two additional assumptions. First, we assume that the limiting
form a7

max

is uniformly noncollapsing:
/ (ar,,, +dd¥)" >co>0 forall ¢ € C*(X), ar,, +dd¢¥ > 0. (1-2)
X

We mention that when dim X = 2 and wy is a Gauduchon metric on X, the latter condition is equivalent
to [ X oz%max > 0 (by Stokes’ theorem). A simple example (see [Tosatti and Weinkove 2013, Remark 3.1])
where this condition appears is the following. Let Y be a compact Hermitian manifold and 7 : X — Y be
the blowup of a point with exceptional divisor E. Let wx and wy be Gauduchon metrics on X and Y
respectively, and fix Tpax > 0. It is known that there is a metric 4 on the line bundle O(E) with curvature
Ry, such that for C > 0 large enough, o' = Cr*wy — Tmax Ry + dd€ f is a Hermitian metric for some
f € C*®(X). By the adjunction formula, we can choose

wo ;= (C + Dr*wy + Thnax Ric(wyx) +dd€ f

which is a Gauduchon metric. Hence a7, =7 *@y+dd® f for some Gauduchon metric @y and f € C*(X);
see [Tosatti and Weinkove 2013, Lemma 3.2] or [Buchdahl 2000]. For any ¢ € C*(X),

X X Y

The second assumption is that X has the bounded mass property, that is, there exists a Hermitian metric
wy such that vy (wx) < +00 (see Definition 2.4). This condition is automatically satisfied for compact
complex surfaces (see [Guedj and Lu 2022]). For further examples of non-Kéhler manifolds in higher
dimensions, we refer the reader to [Angella et al. 2023]. Our main theorem is the following.

Theorem A. Let (X, wg) be an n-dimensional compact Hermitian manifold with bounded mass property,
i.e., v (wgy) < +o0o. Assume that the Chern—Ricci flow (1-1) starting at wq exists on the maximal interval
[0, Timax) with Tnax < 00 and that the limiting form art,, is uniformly noncollapsing:

/ (ar,, +ddY)" = co>0 forall y € C(X) such that ag,, +ddy > 0. (1-3)
X

Then ast — T~ the metrics w(t) converge to wr,,, in Cy.

(S2) for some Zariski open set Q C X.

The strategy of the proof is as follows. Using the uniformly noncollapsing condition of ot , we show

that there exists a quasiplurisubharmonic function p with analytic singularities such that oz, +ddp
dominates a Hermitian metric. This form is called big (see Definition 2.6). Then €2 is the set in which p
is smooth. In particular, it is Zariski open. Next, we establish several uniform local estimates for w near
the maximal time Ti,x, adapting techniques from [Collins and Tosatti 2015; Gill 2011]. The convergence

result follows directly from these estimates.
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Degenerate parabolic complex Monge-Ampére equations. In the previous paragraph, we studied the
behavior of the Chern—Ricci flow at finite singularity time. It is natural to ask whether the flow can pass
through this singularity. To do this, we need to define weak solutions of the Chern—Ricci flows starting
from degenerate initial currents on a compact complex variety with mild singularities. This leads us
to consider several geometric settings arising in the minimal model program, particularly the case of
complex varieties with Kawamata log terminal (klt) singularities. From an analytic point of view, this
situation naturally involves densities that may blow up but still belong to L? spaces for some exponent
p > 1 whose size depends on the algebraic nature of the singularities.

On a compact Hermitian n-manifold (X, wyx), we consider the following degenerate parabolic complex
Monge—Ampere equation,

I _ 1og[(9’ +ddc<pz)”] (1-4)

o
for ¢t € (0, Thax), Where Tihax < 00 and

e 0, =0 4ty is an affine family of smooth semipositive forms, where y is a smooth (1,1)-form and
0 is a smooth, big (1,1)-form, that is there is a quasiplurisubharmonic function p with analytic
singularities such that

0 +dd°p > Swx for some § > 0;

e W is a positive measure on X of the form
w= eV V4 Vx
with ¥* quasiplurisubharmonic functions, being smooth on a given Zariski open subset U C
{p> —oo}and eV € LP for some p > 1 and dVx a smooth volume form;
e ¢ :[0, Thax] X X — R is the unknown function, with ¢; := @(z, ).
We first define the weak solution of the Chern—Ricci flow:

Definition 1.2. A family of functions ¢; : X — R for ¢ € (0, Thax) is said to be a weak solution of
equation (1-4) starting with ¢ if the following hold:

(1) For each ¢, ¢; is 6,-plurisubharmonic on X.
(2) ¢ — @oin L'(X) ast — 0.
(3) For each ¢ > 0 there exists a Zariski open set 2. C X such that the function (¢, x) — ¢(t, x) €

C>([e, Tmax — €] X 2¢). Furthermore, equation (1-4) satisfies in the classical sense on [&, Tinax) X 2.

The following theorem establishes the existence of the complex Monge—Ampere flow starting with an
initial function ¢g with small Lelong numbers.

Theorem B. Let (X, wy) be an n-dimensional compact Hermitian manifold and 6 a semipositive and
big (1, 1)-form. Let @y be an 0-plurisubharmonic function satisfying p*/(2c(¢9)) < Tmax, Where p* is
the conjugate exponent of p. Then, there exists a weak solution ¢ of the flow (1-4) starting with ¢ for
re (07 dex)
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Here, c(¢p) denotes the integrability index of ¢y, which is the supremum of positive constants ¢ > 0
such that e=2¢% is locally integrable. Thanks to Skoda’s integrability theorem, c(gp) = +oc if and only
if ¢o has zero Lelong numbers at all points.

Let us briefly outline the strategy for the proof of Theorem B. We first approximate ¢ by a decreasing
sequence of smooth (f + 27/ wy)-plurisubharmonic functions ¢, j thanks to Demailly’s regularization
theorem. Similarly, ¥* are approximated by smooth quasiplurisubharmonic functions. We consider the
corresponding solution ¢; ; to equation (1-4), with 6, ; = 6; + 27 Jwy. Our goal is to establish several a
priori estimates that allow us to take the limit as j — +o00. Precisely, we aim to show that for any ¢ > 0,
there is a Zariski open set 2. C X such that for each fixed 0 < T < Tyax and any compact subset K C €2,

o g jlleoqe, rxk) < Cer.k5
e 3;¢;,; is uniformly bounded on [¢, T'] X K

e Auy @, j is uniformly bounded on [¢, T] x K.

We then apply the parabolic Evans—Krylov—Trudinger theory and Schauder estimates to obtain uniform
higher-order local estimates for all derivatives of ¢; ; (see [Gill 2011] for a recent account in the Chern—
Ricci flow context). This allows us to pass to the limit and conclude that

Qr,j = ¢r € C®([e, T % Q)

as j — +o00. Furthermore, we automatically have the weak convergence ¢, — ¢q as t — 0. Stronger
convergence results are discussed in Section 4.4 when ¢q has less singularity.

We emphasize here that the mild assumption p*/(2¢(¢p)) < Tmax guarantees that the approximating
flow is well-defined (i.e., not identically —oo) and is crucial for the smoothing properties of the flow. As
noted by Di Nezza and Lu [2017] for the K#hler setting, without this assumption, the Kdhler—Ricci flow
may still run, but it is likely to lose its regularizing effect due to the presence of positive Lelong numbers.
In such cases, they highlighted that the main challenge lies in establishing the a priori C*-estimate. Their
approach relies on Kotodziej’s method, which uses generalized Monge—Ampere capacities. In contrast,
our approach follows the recent developments of Guedj and Lu [2023; 2025], which have the advantage
of being applicable to degenerate (1,1)-forms in the non-Kéhler context.

We finally apply the previous analysis to treat the case of mildly singular varieties. This allows us
to define a good notion of the weak Chern—Ricci flow on complex compact varieties with log terminal
singularities. We will discuss it in Section 6 and prove the following.

Theorem C. Let Y be a compact complex variety with log terminal singularities. Assume that 0y is a
Hermitian metric such that

Timax :=sup{r > 0: 3y € C*(Y) such that 6y — t Ric(6p) + dd°y > 0} > 0.

Assume that So = 6y + dd g is a positive (1, 1)-current with sufficiently small slopes. Then, there exists a
family ()1e[0, T, Of positive (1,1)-currents on Y starting with Sy such that

(1) w; =6y —t Ric(6y) + dd ¢, are positive (1,1)-currents;
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(2) w; — Sy weakly ast — 0T
(3) for each € > 0 there exists a Zariski open set Q2 such that on (&, Tax) X Q2¢, ® is smooth and

ow Ric(o)
— = —Ric(w).
ot

This generalizes previous results of Song and Tian [2017], Guedj and Zeriahi [2017a], T6 [2017],
Di Nezza and Lu [2017], Guedj, Lu, and Zeriahi [Gued; et al. 2020] and the author [Dang 2022] to the
non-Kéhler case, and of T6 [2018], Nie [2017] and the author [Dang 2024] to more degenerate initial
data.

Organization of the paper. We establish a priori estimates in Section 3, which will be used to prove
Theorem B in Section 4. Theorem A will be proved in Section 5, studying the behavior of the Chern—Ricci
flow at noncollapsing finite time singularities. In Section 6, we apply these tools to prove the existence of
the weak Chern—Ricci flow with initial degenerate data on compact complex varieties with log terminal
singularities, proving Theorem C.

2. Preliminaries

2.1. Recap on pluripotential theory. Let X be a compact complex manifold of dimension n, equipped
with a Hermitian metric wx. We fix 6 a smooth semipositive real (1, 1)-form on X.

2.1.1. Quasiplurisubharmonic functions and Lelong numbers. A function u € L'(X) is quasiplurisubhar-
monic (quasi-psh for short) if it is locally given as the sum of a smooth function and a plurisubharmonic
(psh for short) function.

Definition 2.1. A quasi-psh function ¢ : X — [—00, +00) is called 6-plurisubharmonic (0-psh for short)
if it satisfies 6, := 6 + dd“p > 0 in the weak sense of currents. We let PSH(X, 0) denote the set of all
6-psh functions that are not identically —oo.

The set PSH(X, 6) is endowed with the L!(X)-topology. By Hartogs’ lemma, the map ¢ > supy ¢ is
continuous with respect to this topology. Since the set of closed positive currents in a fixed dd“-class is
compact (in the weak topology), it follows that the set of ¢ € PSH(X, 8), with supy ¢ = 0 is compact.
We refer the reader to [Demailly 2012; Guedj and Zeriahi 2017a] for basic properties of 6-psh functions.

Quasi-psh functions are, in general, singular, and a convenient way to measure their singularities is the
Lelong numbers.

Definition 2.2. Let xo € X. Fixing a holomorphic chart xo € Vy, C X, the Lelong number v (g, xo) of a
quasi-psh function ¢ at xo € X is defined as

v(@, x0) :=sup{y > 0: ¢(z) < ylogllz—xoll + O(1), on Vy}.

We remark here that this definition does not depend on the choice of local holomorphic charts. In
particular, if ¢ =log | f| in a neighborhood V, of xy, for some holomorphic function f, then v(¢, xop) is
equal to the vanishing order ord,,(f) :=sup{k e N : D? f(xo) =0, V|y| < k}.
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In some contexts, it is more convenient to work with the integrability index rather than the Lelong
numbers. The integrability index of a quasi-psh function ¢ at a point x € X is defined by

c(p, x) :=sup{c > 0:e 2 c L' (V,)},

where V, is some neighborhood around x. This definition does not depend on the choice of the open
neighborhood V. We denote by c(¢) the infimum of c(¢p, x) for all x € X. Since X is compact, it follows
that c(¢) > 0.

Skoda’s integrability theorem (see [Guedj and Zeriahi 2017a, Chapter 2]) yields the following “optimal”
relation between the Lelong number of a quasi-psh function ¢ at a point xy € X and the local integrability
index of ¢ at xq:

< (@, xo) < (2-1)

v(g, xo0) (g, x0)
In particular, c(¢) = +o0 if and only if v(p, x) =0 for all x € X.

2.1.2. Monge—Ampere measures. The complex Monge—Ampere measure (0 + dd“u)" is well-defined
for any 6-psh function # which is bounded, as follows from the Bedford—Taylor theory: if 8 =dd‘p is
a Kéhler form such that 8 > 0 in a local open chart U C X, then u is B-psh and the positive currents
(B +dd‘u)’ are well-defined for 1 < j < n. Thus, the complex Monge—Ampére measure,

n
6 +ddu)" = Z(’;)(ﬁ Fddu) A6 — B)'",
j=0
is a positive measure on X. Indeed, by Demailly’s regularization theorem, we can approximate u by a
decreasing sequence of smooth (6 + ¢;wx)-psh functions u ;. Consequently, (6 +dd“u)" is the limit of
positive measures (6 + &;wx +dd u;)", ensuring that (6 +dd“u)" is positive.
This definition does not depend on the choice of 8 by the same arguments. We refer to [Dinew and

Kotodziej 2012] for an adaptation of [Bedford and Taylor 1976; 1982] to the Hermitian context. We recall
the following maximum principle.

Lemma 2.3. Let ¢, W be bounded 6-psh functions such that ¢ < . Then
Lig—y) (0 +dd°@)" < 1jg—y) (0 +dd )"

Proof. This is a direct consequence of Bedford—Taylor’s maximum principle; see [Guedj and Zeriahi
2017a, Theorem 3.23]. We refer the reader to [Guedj and Lu 2022, Lemma 1.2] for a brief proof. O

2.1.3. Positivity assumptions. For our purposes, we need to assume a slightly stronger positivity property
of the form 6 in the sense of [Guedj and Lu 2023].

Definition 2.4. We consider

v_(0) := inf{/ O +dd°p)" : ¢ € PSH(X, 0) ﬂLOO(X)}
b'e
and
vy (0) = sup{/ @ +ddp)" : ¢ e PSH(X,0)N L°°(X)}.
X
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We emphasize that when 6 is Hermitian, the supremum and infimum in the definition of these quantities
can be taken over PSH(X, ) NC*°(X) due to Demailly’s regularization theorem and Bedford-Taylor’s
convergence results.

Definition 2.5. A function p is said to have analytic singularities if there exists a constant ¢ > 0 such
that locally on X,

N
p=clog) |fiI*+0(),
j=1

where the f; are holomorphic functions.

Definition 2.6. We say 6 is big if there exists a 8-psh function with analytic singularities such that
0 +dd°p > dwy for some & > 0. We let 2 denote the open Zariski set in which p is locally bounded.

Such a form appears in some contexts of complex differential geometry. For example, if ¥ is a compact
complex space endowed with a Hermitian metric wy and  : X — Y is a log resolution of singularities,
then the form 6 := 7 *wy is big; see, e.g., [Fino and Tomassini 2009, Proposition 3.2]. Moreover, we can
find a 6-psh function p with analytic singularities such that 6 + dd“p > dwyx, and

Q={p>—00} =X \Exc() =7 (Yreg) = Yreg.

2.1.4. Envelopes. Recall that a Borel set E C X is (locally) pluripolar if for each x € X, there exists an
open neighborhood U of x and a psh function # on U such that ENU C {u = —oo}. As follows from
[Vu 2019, Theorem 1.1] or [Guedj and Lu 2022, Lemma 2.6], the set E is globally pluripolar; i.e., there
exists u € PSH(X, wy) such that E C {u = —oco}. Since 0 is big, the function u’ := Su + p is 0-psh and
its —oo-locus contains E.

Definition 2.7. Given a measurable function /# : X — R, we define the 6-psh envelope of h by
Py(h) := (sup{u € PSH(X,0) : u <h on X})*,
where the star means that we take the upper semicontinuous regularization.

We note that this definition is equivalent to the one given in [Guedj and Lu 2022, Definition 2.2]; see
[Guedj and Lu 2022, Corollary 2.7].
We have the following result, established in [Guedj and Lu 2022, Theorem 2.3].

Theorem 2.8. If h is bounded from below, quasi-lower-semicontinuous, and Pg(h) < +00, then
(1) Py(h) is a bounded 0-psh function;
(2) Py(h) <hin X\ P, for some pluripolar set P;
(3) (6 +dd° Py(h))" is concentrated on the contact set { Py(h) = h}.
The following C°-estimate is crucial in the sequel.

Lemma 2.9. Let 6 be a smooth real semipositive and big (1,1)-form. Assume ¢ € PSH(X, ) N L*°(X)
satisfies

(0 +dd )" < %8 f dVy,
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where A > 0 and f, g are measurable functions such that eAV=8 f € L4(X) with ¢ > 1, for some
Y € PSH(X, 60), with § € (0, 1). Then we have the estimate

=y —-C,
where C is a positive constant only depending onn, A, 8, 0, q and an upper bound for fx edAV=8) £4 gV

Proof. We apply the approach recently developed by Guedj and Lu [2023; 2025]. Subtracting a large
constant, we can assume that ¢ < 0. Set u := P_s9(¢ — ). Fix M > 0 so large that E := {¢y > —M}
is not empty and hence it is nonpluripolar. We claim that the global extremal function Vg’( 1-8)0 of E is
not identically +o00, where

Ve (1-8)0 (x) :=sup{@(x) : ¢ € PSH(X, (1 —68)6), ¢ <O on E}.

The proof follows almost verbatim from [Guedj and Zeriahi 2017a, Theorem 9.17]. We suppose by
contradiction that supy Ve 1—-59 = +00. By a lemma of Choquet (see [Guedj and Zeriahi 2017a,
Lemma 4.31]), there exists an increasing sequence u; € PSH(X, (1 — §)0) such that u; = 0 on E,
supy u; > 2/, and

VE (1-8y9 = (lim /" u;)*.

Set v; :=u; —supy u;. These functions belong to the compact set of (1 — §)0-psh functions normalized
by supy w = 0. Hence, there exists a uniform constant C > 0 such that |, x vjdV = —C; see [Dinew and
Kotodziej 2012, Proposition 2.1]. Since (1 — §)6 > 0, the function v := ijl 2-J v; € PSH(X, (1 -6)0)
is a decreasing limit of functions in PSH(X, (1 — §)8), with fx vdV > —C. Since v =—oco0 on E, it
follows that £ is PSH(X, (1 — §)8)-pluripolar. This gives a contradiction.

Since u < ¢ — ¢ < M on E, hence u — M is a candidate defining Vg (1—s)9. Therefore, supy u <
M +supy Vg’( 1_s)p 1s uniformly bounded from above.

Since ¢ — ¢ is bounded from below and quasicontinuous, it follows from Theorem 2.8 that

((1—=18)6 +ddu)"

is supported on the contact set D := {u + ¥ = ¢}. We observe that u 4 i and ¢ are both 6-psh functions
satisfying u + ¢ < ¢, it follows from Lemma 2.3 that
1p(O+dd“(u+ )" <1p(@ +dd p)".
From these, we have
(1=8)0+ddu)' =1p((1 —8)0 +ddu)" <1p(O@+dd(u+¥))" <1p(@ +dd p)"
<1pe 8 fdVy
=1pet eV 78 £ avy.

By assumption, F := ¢4V 78 f € L4(X), with ¢ > 1. Since (1 — )0 is semipositive and big, it follows
from [Guedj and Lu 2023, Lemma 2.1] that there exists a uniform constant m > 0 only depending on dVy,
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n,q,0,8,and |[eAY 8 f| 4, such that we can find v € PSH(X, (1 —8)8) N L>®(X) satisfying —1 <v <0
and
(1=8)0 +ddv)" >mF dVy.
Hence
e ACHATINM (1 _ §)0 +ddv)" > F dVy > e **((1 — 8)6 + dd“u)".

The domination principle (see [Guedj and Lu 2023, Proposition 1.14]) yields u > v 4+ A~! Inm. This
completes the proof. O

2.2. Equisingular approximation. Fix ¢ a 6-psh function on X. We aim at approximating ¢ by a
decreasing sequence of quasi-psh functions which are less singular than ¢ and such that their singularities
are somehow comparable to those of ¢. This leads us to apply Demailly’s equisingular approximation
theorem. For each ¢ > 0, we define the Lelong superlevel sets

E(p):={xeX v, x)=c}

We also use the notation E.(7T) for a closed positive (1, 1)-current 7. A well-known result of Siu [1974]
asserts that the Lelong superlevel sets E.(¢) are analytic subsets of X. We refer the reader to [Demailly
1992, Remark 3.2] for an alternative proof.

The following result of Demailly on the equisingular approximation of a quasi-psh function by quasi-psh
functions with analytic singularities is crucial.

Theorem 2.10 (Demailly’s equisingular approximation). Let ¢ be a 6-psh function on X. There exists a
decreasing sequence of quasi-psh functions (¢m,)menN Such that

(1) (@m) converges pointwise and in LY(X) to @ as m — +00,

(2) @m has the same singularities as 1/(2m) times a logarithm of a sum of squares of holomorphic
functions,

(3) dd®¢,, > —0 — e wx, where &, > 0 decreases to 0 as m — +00,
@) [y @m0 dV < 400,

(5) @m is smooth outside the analytic subset Ey;;, ().

Proof. We briefly outline the idea for the reader’s convenience, as it is likely already known to experts.
We follow the proof of [Demailly 1992] by applying with the current 7 = dd“¢ and the smooth real

(1,1)-form y = —6. We also borrow notation from there.
For § > 0 small, let us cover X by N = N(§) geodesic balls By, (a;) with respect to wy such that
X = Uj B, (a;) and in terms of coordinates 7= (z{, ez,

n n
D Midz) AdZ) <Yy < (A +8)idz) AdZ),
=1 =1
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where we have diagonalized y(a;) at the center a;. Here, N and r are taken to be uniform. Set
@' =By — 2 kilzglz. On each By, (a;), we define
Pjsm = ﬁ log > | fimul®s
keN
where (fj m.x)ken 18 an orthogonal basis of the Hilbert space Hp,, (a; )(mgoj ) of holomorphic functions
on By, (a;) with finite L?-norm ||ul? fBz @) lul%e —2me/ dV (z/). Note that since dd g > y it follows
that o — > ) =1 )J |z) , |2 is psh on By, (a ;). The Bergman kernel process applied on each ball By, (a;) has
provided approximations ¢; s m of ¢/ = @5, (a;) — Y e )\J 2] , |2 it thus remains to glue these functions
into a function @s ,, globally defined on X. For this, we set

1 . .
@s,m(x) = m 10g<z 0;(x)? exp(2m ((ﬂj,a,m + ;()"é -8z} |2>>>,
j

where (6;)1<j<n is the partition of unity subordinate to the B, (a;). Now we take § = §,, \( 0 slowly and
¥m = @¢s,,.m the same computations as in [Demailly 1992, page 16] ensure that

dd‘@m >y —e(0mwx

for m > mg sufficiently large and ¢,, = €(§,,) \( 0 as m — +o00. By construction, the properties (1), (2),
(3), and (5) are satisfied.

Property (4) is crucial for later use; its proof should be provided. The argument originates from
[Demailly et al. 2001, Theorem 2.3, Step 2], using local uniform convergence and the strong Noetherian
property. By the properties of the functions ¢, it suffices to show that on each ball B; = B, (a;),

/ ezm‘pmzm“’dV=/ <Z|f]mk| ) 72m‘pdV(Zj) < 400.
Bj

keN
Welet /1 C Fo C--- C Fi C--- CO(By(aj) x By (a;)) denote the sequence of ideal coherent sheaves
generated by the holomorphic functions (f; n,¢(z) m)gfk on By.(aj) x By-(aj). By the strong
Noetherian property (see, e.g., [Demailly 2012, C. II, 3.22]), the sequence (Fy) is stationary on a compact
subset B; x B; € By,(a;) x By (a;) at an index ko large enough. Using the Cauchy—Schwarz inequality
we have that the sum of the series U (z, w) =Y ;o fim.k(2) f]m—k(ﬁ)) is bounded from above by

(Z k@Y |f,,m,k(w>|2>2

keN keN
hence uniformly convergent on every compact subset of By.(a;) x By, (a;). Since the space of sections
of a coherent ideal sheaf is closed under the topology of uniform convergence on compact subsets, the
Noetherian property guarantees U (z, w) € Fi,(B; x B;). Restricting to the conjugate diagonal w =z,

Y 1 fimr@P < CO(Z |fj,m,k(z>|2)

keN k<ko

we obtain

on B;. Since all terms f; ,, x have the L?-norm equal to 1 with respect to the weight e =2, this completes
the proof. U
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Using this, one obtains the following lemma, which is slightly more general than the one in [Di Nezza
and Lu 2017].

Lemma 2.11. Let 6 be a big (1,1)-form. Assume ¢ € PSH(X, 0). Then for each ¢ > 0 there exist c(¢) > 0
and ¥, € PSH(X, 0) NC*® (X \ ({p =—00}UE) ((p))) such that
f 2 We=0) gV < 4o0. (2-2)
X

Proof. The proof is quite close to that of [Di Nezza and Lu 2017, Lemma 2.7]. Recall that the bigness
of 8 implies that there exists p an 6-psh function with analytic singularities and supy p = 0 such that

0 +ddp > 36wy for a fixed constant §y > 0.

Let c(¢) be the integrability index of ¢. We can assume that c(¢) < +00; otherwise we are done. By
Theorem 2.10, we can find (¢,,) a Demailly’s equisingular approximant of ¢. We have that ¢,, is smooth
in the complement of the analytic subset E1,,,(¢) and

0 4 dd°pp > —emSowx

for &, > 0 decreasing to zero as m goes to +00. We notice that the errors ¢, > 0 appear in the gluing
process; see Theorem 2.10. We choose m = m(¢) to be the smallest positive integer such that

2 2¢

m > T <)
e(ten) elten
We now set o .
Ve = e T Tten” @)
Thus, we have
6 +dd° Y, > —" 25gwy 1= 2cwy.

8}"
Holder’s inequality ensures that (2-2) holds, noticing that p < (0. We easily see that v, is smooth in the
complement of {p = —00} U E () (¢) with c(¢) = m(e)~ L. O

3. A priori estimates

3.1. Notation. We use some notation from [Di Nezza and Lu 2017, Section 3.1]. Until further notice,
X denotes a compact complex manifold of dimension n, endowed with a reference Hermitian form wy.
Following the strategy outlined in the introductory section, we assume, in this part, that 6 and 6, =6 + ¢y,
t € (0, Thnax), are Hermitian metrics, and ¢ is a smooth strictly 6-psh function. We denote by p := f dVx
a positive measure with density || f| L» < C uniformly, for some p > 1. For higher-order estimates, we

assume moreover that
b -
f= eV Y ,

where 1+ are smooth quasi-psh functions. Recall that p is a #-psh function with analytic singularities
such that 8 4 dd°p dominates a Hermitian form. We may assume that supy o = 0. We remark that as
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follows from [Guedj and Lu 2023], a priori bounds below remain valid when 6 is semipositive and big,
f e LP(X, wx), and ¢q is merely bounded and 6-psh.
We consider ¢; a smooth solution of the parabolic complex Monge—Ampere equation

09, _ |:(9t +ddc¢t)n]

_ @l = 3-1
» @li=0 = o (3-D

on [0, Thax); see, e.g., [Tosatti and Weinkove 2015]. We should keep in mind that ¢, plays the role of its
approximants ¢, ; in establishing a priori estimates. For brevity, we will suppress the index ;.
We fix T and S such that

*

p
<T < S < Thax,
2¢(¢0) -
where p* is the conjugate exponent of p, i.e., 1 + l* = 1. Since we are interested in the behavior of the
p P

flow (3-1) near zero, we can assume that
1
s> (1—a)d forac]0,3).

It is truly natural in several geometric contexts; for example, 6; are the pullback of Hermitian forms. Thus,

for each t € [0, S], we have
9_t95+S—t9> | at 0
TS s = s )

During the proof, we use the notation w; := 6; +dd ¢, for the smooth path of Hermitian forms and denote
Ay =try, dd° the corresponding time-dependent Laplacian operator on functions.

We fix g9 > 0 small and let ¥y := ¥/, as established in Lemma 2.11. By construction, ¥ is smooth
outside an analytic subset {p = —o0} U E(¢)(¢p) and satisfies

0 4+ dd Y > 2k wx. (3-2)

We let E, E, denote the quantities
Eq :=/ 2WVo—)/e0 gy < 400,  E, :=/ e PTGy < 400.
X X

Observe that E is finite by Lemma 2.11, while E; is finite since p*/(2c(¢o)) < T and that ¥ is
less singular than ¢y. We should emphasize that ¢g in this a priori estimate section plays a role in
its approximating sequence ¢g ; (which are smooth strictly 6-psh functions decreasing to ¢p). The
corresponding sequence E { is uniformly bounded from above in j. Hence we can pass the limit.

In what follows, we use C to denote a positive constant whose value may change from line to line but
is uniformly controlled.

3.2. Uniform estimate. We first look for an upper a priori bound for ¢,. We recall that

160 <6, < Awx forallte[0,T]
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for A > 0 sufficiently large. It follows from [Tosatti and Weinkove 2010] that there exist a constant ¢ and
a smooth Awyx-psh function ® normalized by infxy ® = 0 such that

(Awx +dd®)" = ef dVx.
Proposition 3.1. For any (¢, x) € [0, T] x X, there exists a uniform constant C > 0 such that
@ (x) <C.

Proof. For any (¢, x) € [0, T] x X, we set v(t, x) = ®(x) 4 ct 4+ supy ¢o. Then, we can check that

v [(wa +da’cv,)"} [(wa +dd"<pt)"}
o = log g

’

3
. while 2 <10
ot

and vg > ¢o. Hence, by the classical maximum principle, we have v(¢, x) > ¢(t, x) for (z, x) € [0, T] x X.
Consequently, this provides an upper bound for ¢(¢, x):

sup |®| + max(c, 0)T + sup go. O
X X

We fix two positive constants «, 8 such that

p* 1 1

< —< <
2c(@o) a a—p

We observe that the density e % f belongs to L? for ¢ > 1. Indeed, we choose § > 0 so small

(a(p*+8) <2c(po)) that

Thax and 64 (x—pB)x =0.

1

with g > 1.

1
=—+
q p pts
Applying Hélder’s inequality and Skoda’s theorem, we have

i q/p*+8
/ e~ e qy < | f1I9, ( / e~ (P dv) < o00.
X X

Thus, by [Tosatti and Weinkove 2010], there exists a smooth 8-psh function u such that
B (0 +ddu)" = eP'=% £ qV.
Proposition 3.2. Fort e (0,a™"),
(1 —at)po+ Btu+n(tlogt —1t) < ¢;.
In particular, there exists a uniform constant C > 0 such that
@o—C(t—tlogt) <¢, forallte (1, a_l).
Proof. The proof is identical to that of [Guedj and Zeriahi 2017b, Lemma 2.9]. (I

Before establishing a lower bound for the solution ¢;, we first prove an upper bound for its time
I

derivative, ¢, ;= —*—.
2 Py
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Proposition 3.3. Forall (t,x) € (0, T] x X,
@1 (x) — go(x) +n
t

Proof. The proof is identical to that of [Guedj and Zeriahi 2017b, Proposition 3.1] (also in [Gued;j et al.
2020]). O

¢r(x) < (3-3)

We follow the approach in [Di Nezza and Lu 2017] to derive the following uniform estimate for the
complex parabolic Monge—Ampere equation.

Theorem 3.4. Fix e > p*ey. Fort € [g, T], we obtain the estimate

- (4 bt c
(pt_ T wO )

where b € (a, l) and C > 0 is a uniform constant.

Proof. Fixing ¢t € [g, T1], it follows from Proposition 3.3 that

(0 +ddp)" = e¥ < " Tl £ gy,

(.
(2 -—< —?>1ﬂ0

at
6; > (1 — —)0.
S

It then follows that v, is 86,-psh with 6 € (0, 1) only depending on &9, a, b, T, S. More precisely,

_ TS —bSsgy
- TS—aTey

Using similar arguments as in the proof of [Di Nezza and Lu 2017, Theorem 3.2], we can bound the

We set

for b € (a, %) close to a. We recall that

quantity
/ eq(llf/—wo)/ffq dV < +00 (3-4)
X

for some g > 1, in terms of || f|.», E1 and E;. To establish this, we fix y > 0 small enough and choose

g > 1 such that
1 1 1 1

=—+ + )
qg p 2p*+y 2p*+vy

By Holder’s inequality, we obtain

q/@2p*+y)
/ AW 9y < | £, ( / 2P Wo—e0) /i dv) ( / o= QP BT gy
X X X

The second term on the right-hand side is finite due to the construction of g in Lemma 2.11. Also, since

)q/(Zp*+V)

Yo is less singular than ¢g, the third term is finite.
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From (3-4), we apply Lemma 2.9 with A = 1/¢ and g = ¢o/t — n to obtain the desired estimate. It is
important to note that our C°-estimate depends only on n, 8, ¢, the fixed parameters &, €, T, S, and an
upper bound for E; and Ej. O

Remark 3.5. When ¢ is bounded or, more generally, has zero Lelong numbers, it was shown in [T0
2018] (generalizing the result of [Guedj and Zeriahi 2017b] in the Kihler context) that the estimate (3-3)
ensures a lower bound for ¢, using the Kolodziej—Nguyen theorem [2015]. Unfortunately, this method
cannot be applied in more general cases, such as when ¢g is more singular, for example, when it has a
positive Lelong number. To analyze the singularities of the initial potential ¢y in such cases, Guedj and
Lu’s approach [2023] could help.

3.3. Laplacian estimate. We recall the following classical inequality.

Lemma 3.6. Let «, B be two positive (1,1)-forms. Then

n(“—")i < trg(a) < n(ﬁ>(tr B!
B" =4p - B o :

v o— (1 bt
t-—( —E)l/fo,

where 1 is defined in Lemma 2.11 with gy > 0 fixed.

We define

To establish the C2-estimate, it is necessary to derive a lower bound for ¢, = %—‘tp
Proposition 3.7. Fix e > p*ey. For (t,x) € (e, T] x X,
@i(x) = nlog(t —e) + AW, — ) — C,
where A, C > 0 are positive constants only depending on e, T, || f || Lr, and an upper bound for E| and E,.

Proof. The proof is almost identical to that of [Di Nezza and Lu 2017, Proposition 3.5]. The only
difference is that we use Theorem 3.4 instead of the corresponding result in [Di Nezza and Lu 2017,
Theorem 3.2]. We include the proof for the reader’s convenience.

Since u = f dV is a smooth volume form, the main result of Tosatti and Weinkove [2010] ensures
that there exists a constant ¢; and ¢; € PSH(X, ) NC*°(X) such that

(0 +dd°¢)" =e“n, supp; =0.
b

From [Guedj and Lu 2023, Theorems 2.2, 3.4], it follows that |c|| + ||¢1 ]| L~ < C, where C > 0 depends
only on the semipositivity and bigness of 6, n, dVx, p and || ]| ,.
We define

G(t,x) =@ (x)+ Al — V) — ¢1 —nlog(t —¢)

for a constant A > 0 to be determined hereafter. Observe that G achieves its minimum on [g, T] x X at
some point (fp, xg) € (¢, T] x (X\{yg = —oc}). In the following, all computations will be performed at
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this point. We compute

b
(% - A,)G — Ag, — IL +A$ A+ Atry, (6, +dd°W,) +tr,, (x +dd°dy).
— &

We observe that

t(b—a) e(b—a)

6, + dd° W, = 0+(1 —%t)(e +ddyo) > 0+ Locwy.
We now choose A > 0 so big that
AB, +ddV,)+ x = 6.
Therefore )
(%—AI>G2A¢I—%—FA%—nA#—trw,(Q—l—ddcqbl). (3-5)

On the other hand, Lemma 3.6 ensures that

1
. 0+ddgy\o .
tre, () +dd‘¢)1) > n(%) — ne—(pz-‘ru/(n).
t
Using the elementary inequality yy —logy > —C,, for any small constant y > 0 and y > 0, we observe
that

A, +ne(—¢z+cl)/” > e—¢1/”—cl —Cs.

Substituting this into (3-5), it follows from the minimum principle that at (¢, xo),

n Abyrgy
t—e¢ S

Q> —n log(Cer —I—nA) —nCy,

and hence

0,

G (19, x0) > —C3 —nlOg(Cz(to ) 4n— AU~ ‘9)‘”0) _AbG-D),

S ST

where we have used Theorem 3.4. Thus, we obtain a uniform lower bound for G (#y, xp), and the desired
lower bound follows. O

We are now in a position to establish the C2-estimate. We follow the computations of [Tosatti and
Weinkove 2015, Lemma 4.1] (see also [T6 2018, Lemma 6.4]), where they use the technical trick
introduced by Phong and Sturm [2010]. Recall that the measure u is of the form

n= eV TV dvy,

where 1+ are smooth K wx-psh functions on X for uniform constant K > 0. For simplicity, we assume
K =1 and normalize supy ¥+ = 0.

Theorem 3.8. Fix e > p*ey. For (t, x) € [e, T] x X we have the bound
(t —e)logtryy (w;) < —ByYo— Cy¥~ +C,

where B, C are positive constants depending only on g, T, ||e™V" || 1», and an upper bound for E| and E,.
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Proof. We follow the computations of [Gill 2011; T 2018] (which are due to the trick of Phong and
Sturm [2010]) with modification to deal with unbounded functions. The constant C denotes various
uniform constants, which may differ throughout the argument.

Consider

H:= (@ —¢)logtry, () —y), (¢, x)ele, T]xX,
where y : R — R is a smooth, concave, increasing function such that lim,_, ; o y (t) = 400, and
u(t, x) =@ (x) =W x) —«y- +1=1,

as follows from Theorem 3.4, and vg, ¥~ < 0. We will show that H is uniformly bounded from above
for an appropriate choice of y.

We let g denote the Riemann metric associated with wx and g the one associated with w; := 6; +dd ;.
Since H goes to —oo on the boundary of X := {x € X : ¥y(x) > —o0}, H achieves its maximum on
[e, T] x X at some point (¢y, xp) € (&, T] x Xp.

At this maximum point, we use the following local coordinate systems due to Guan and Li [2010,
Lemma 2.1, (2.19)]:

087

87 =0ijs P 0 and g;; is diagonal.
j

Following the computations in [T6 2018, equation (3.20)], we have
Artrgy (@) 2 Y 38717 8,5,8 17 — oy Ric(wy) — Ci oy () try, (wx). (3-6)
i,j

From standard arguments, as in [Guedj and Lu 2023, equation (4.5)], we obtain

9 tron (@), _ s try, (@) 2
g C— Re » g"T, -8z, (3-7
(U0 @) trwx(wt) <Zg ¢ g’“gf”>+ (T @) (1 (@0))? ;g ik 7
where T;;7 := g;7; — &;7; is the torsion term corresponding to ¢; which is controlled: |7;;7| < C. Now at
the point (7, xo), we have 0; H = 0; hence
(t =) Y & = oy (@)Y Wu;.
k
The Cauchy—Schwarz inequality yields
2 v (—e) ty(wx)  —v"(w)
@R eZg bl < €7 el L7
(troy (1)) y'w)  (oy (@) fo—e

and hence

C(V’(M)T +l) try, (wx) +—V”(u)

— = __Re &'T 3 ul?
(trwx<wf)> 28T 58 —y"(u) (trpy (W) tg—e =

i,j.k
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using that |g; ;7 — &7z < C. From this, the inequality (3-7) becomes

|9 trey (@r)]2 T "(w)T try, (w —v"(u
x \Dr) [, < 1 (Zg”g”gifjgﬁ]>+c<y( ) +2) w,( x) I y_(8)|314|62,),- (3-8)
i,j

(try (@))? 7~ oy (o) —y"(u) (troy (@))? 1o
Set o := tr,,, (w;). We compute

& = tryy (X) — troy Ric(w;) — try, dd° (YT — ¥ 7) + try, (Ric(wx))
< try, (Ciwx +dd°¢¥ ™) —tr,, Ric(wy),
where we have used the fact that tr,, () is bounded from above, together with the trivial inequality

n < try,, () try, (wx). Combining this with (3-6) and (3-8), we infer that

. . A 9|2
g—Azloga:g_ 1o —| Iw'
o o

o a?

try, (Cravy +dd“y~ ‘W |\t A
B (Crox +dd“Y )—i—C y () 1) ,(wx)+ Y (u)|8u|i). (3-9)
o —y"(w) o« rme

From this, at the maximum point (zy, xo),

0< (% _ A,)H —loga—+ (7 — 8)(% — A 1oga) — ¥ @i+ ¥ @) A + v ()| dul,
C3 try, (wx +dd¢™) n C4( yl(”)T 2) ry, (wx)

—y"(u)
— Y W+ ¥ @V +y W) Aw, (0 =V —ky7),  (3-10)

<loga +

o o?

with C3, C4 > 0 under control. Moreover, since 6, > (1 —at/S)0,

6 +dd W, > (1- %)2/«0;(.
Thus we obtain

Ai(@r — V) <n —ktry, (wx). (3-11)
Substituting (3-11) into (3-10), we obtain

Catry, (wx +dd¢™) by
o

— Y W) (n — K try, (wx +dd“Y7)) — y' (W) — )/’(M)T

Y W)T ) it (@)
C 2 Cs.
* 4<—y"<u>+ (g @)2 T O

0<logoa+

We now choose the function y to obtain a simplified formulation. We set

C3+3
() = ——"y +log(u).
min(k, 1)
Since u > 1 we have
C3+3 C3+3 "w)T
(P Eu.e ki R A CIL Ay PRYOR
min(k, 1) min(k, 1) —y"(u)
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Using try, (wx +ddy ™) < tr,, (wx +ddy ™) tr,, (w;) we obtain

b tr,,
0 <loga —y'(u)g, — y/(u)% 3ty (@x) + Colu® + 1)%- (3-12)

If at the point (#p, x9) we have a? < C¢(u® + 1), then

H(to, x0) < Tlogy/Ce(u? + 1) — y (u) < C7,

and we are done. Otherwise, we assume that, at (79, x9), @® > Ce(u®+ 1). Applying Lemma 3.6, we
obtain
loga@ = logtr,, (@) < (n — 1) log tr,, (wx) +logn + ¢ — ¥~

using that supy ¥ = 0. Plugging this into (3-12), we obtain

b
0 < Cs+ (n — 1) logtry, (wx) — 2 try, (wx) — (' (u) — D@r — V/(M)% —-v,

or equivalently,

v (3-13)

b
try, (wx) < Cs — (¥ (u) — Dy — V'(u)% -

since (n —1)logy —2y < —y+ O(1) for y > 0. In particular, we have

R R y' () by 2 G bAY YT
“ywu)y—-1 y'w-18 T A-1 A-1S A-1
at (o, xo), since tr,, (wx) > 0and A < y'(u) < A+ 1 with A =: (C3 + 3)/ min(k, 1). It follows from
Lemma 3.6 that

7 (3-14)

try, (wx) > n exp(ﬂ).
n
Plugging this into (3-13), we obtain
by _ (A+1)byr _
try, (wx) = Co — V’(M)T —y' Wy~ <Cy— —5  —A+by

with Cg > 0 under control; since ¢ — Dy > —C for y € R, D > 0, we apply with y = (—¢; + ¢ 7)/n.
Again Lemma 3.6 yields

b(A+ 1)y

loga <(n—1) log(Cg — R

—(A-i-l)lﬁ_) +logn+¢ —y~.

Combining this together with (3-14), we have at (¢, xo)

bt  b(t—¢) 1 B
HSCIO_A[%— (1————)¢0:|+<AK—1—H)¢

b(A+ Dy

+(t—8)(n—1)10g<C9— S

—(A-i-l)i/f_)-

Up to increasing A > 0 if necessary, so that
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and since o < 0, we obtain, at (¢, xg),

H < Clo—A[% - (1 - %)%} + Anyo+ Ak /2y~

+(t—e)(n— 1)10g<C9 — M

. —<A+1)w).

The second term is uniformly bounded from above by Theorem 3.4. Since —yy 4+ log y is bounded from
above for y > 0, we conclude that H achieves a uniform bound at (#y, x¢). This completes the proof. [

3.4. Estimates near the zero time. Recall that there exists a 6-psh function p with analytic singularities
such that supy p =0 and
0 +ddp > 38wx

for some 5y > 0. The main result of Tosatti and Weinkove [2010] ensures that there exists a constant ¢y
and ¢ € PSH(X, 6) NC*°(X) such that

(0 +dd¢1)" =e“'du, supg=0.
b
Proposition 3.9. Assume that r, ¥y are two smooth wx-psh functions satisfying

$0=Ciy1, 90> 5(p+80v)

for some constants Cy > 0. Fix Ty € (0, Tax) such that 6, > %0 forallt € [0, T1]. Then there exists a
uniform constant C, > 0 only depending on C1, do, T1 and supy |¢1| such that

@ > Ca(p+ 802+ 1)+ Ciyy forallt €0, Tq].
Proof. The proof is identical to that of Proposition 3.7. We consider
H(t,x) = ¢, — C1yr + A(p; — 5(p +80%2)) — 1

for A > 0 to be chosen later. We observe that H achieves its minimum at some point (¢, xg) € [0, T1] x X.
If 1y = 0, we are done by assumptions. Otherwise, by the minimum principle, we have at (¢, xo),

0> (% _ At)H > —An+ A + (—Ci + A8o) try, (wx) + try, (dd°¢y)
using 6; +dd‘%(p + 80vY2) = Spwx. Now, we choose A = §y(C; + 1), thus

0 +dd g\ .
try, (wx +ddc¢]) > n(M) — ne(—¢t+cl)/”
w

t

using Lemma 3.6. Together with the inequality e” > By — Cp, we obtain a uniform lower bound for ¢; at
(to, x0). On the other hand, by Proposition 3.2 we see that ¢, > ¢y — c(¢), so

¢ > 2(p+80y2) — (),

where c(t) — 0 as t — 0. The lower bound for H (#y, xg) thus follows, finishing the proof. U
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Proposition 3.10. Assume that 1, Yo are two smooth wx-psh functions satisfying

Aoy <e V1, gy > 1(p+80v2)

for some constants C1 > 0. Fix Ty € (0, Tnax) such that 6, > %9 forallt €0, T1]. Then there exist uniform
constants C, > 0, C3 > 0 only depending on Cy, 69 and T such that

try,, (w;) < Cze~ CV1=C2oH80¥2t0v ™) g il 1 € [0, Ty
Proof. Consider the function
H(t, -) =logtryy () + Crinn — y (u),
where y : R — R is a smooth concave increasing function such that lim,_, o ¥ (#) = +00 and
u(t, x) = @ (x) = 5(P(x) + o2 (x)) +8o¥ ~ (x) + 1.

We suppose that H achieves its maximum at a point (¢, xo) € [0, T1] x X, with xg € {p > —o0}. If 17 =0,
then H (0, -) <logn — y(1). Otherwise, assume #y > 0. We proceed by computing at this point. By the
maximum principle and the arguments in Theorem 3.8, we have

.
0< (i—At)Hs Cttolox+ddyT)
tra)x(wl)

a7 Y (u)(n — 8o try, (wx +dd“y ™))+ C
— C try, (dd“Y1) — y' (W) + C(

V/(u) ) try, (wx)
2| —.
—y"(u) - (troy (@;))?

(3-15)

Here, we use 0; —I—ddc%(,o + 8o¥n) > Spwyx. We set

We then proceed in the same way as in the proof of Theorem 3.8 to obtain the uniform upper bound for
H (ty, x0). This finishes the proof. O

4. Degenerate Monge—Ampere flows

4.1. Proof of Theorem B. By Demailly’s regularization theorem (Theorem 2.10), we can find two
sequences x//?E € C*°(X) such that

. 1//]?—L decreases pointwise to ¥+ on X and the convergence is in Cin(U);
o dd°y* > —wy.
We note that |supy wji| is uniformly bounded, and for all j,
le™ i r < lle™ Lo

Thanks to Demailly’s regularization theorem again, we can find a smooth sequence (¢, ;) of strictly
, . + 7z
(0 +27/ wx)-psh functions decreasing towards ¢og. We set0; ; =60, +27/wx and u; = eVi Vi Tt follows
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from [Tosatti and Weinkove 2015, Theorem 1.2] (see also [T 2018]) that there exists a unique function
@j € C*([0, T) x X) such that

¢y, _ 10g|: 0, + ddc%,j)n]’
ot M
@ili=0=9o,;

(4-1)

It follows from the maximum principle that the sequence ¢, ; decreases with respect to j. Moreover,
Proposition 3.1 ensures that supy ¢; ; is uniformly bounded from above. By Proposition 3.2, as j — 400,
the family ¢, ; decreases to ¢;, which is a well-defined 6;-psh function on X. Following the same
arguments as in [T 2018, Section 4.1], we conclude that ¢, — ¢g in LY (X)ast — 0%,

Next, we study the partial regularity of ¢, for small z. We fix &g > 0 and ¢ > p*gg. Let T and S
be as defined in Section 3.1. Let p be a 6-psh function with analytic singularities along D such that
6 + dd‘ p dominates a Hermitian form, where D := {p = —oo}. By Lemma 2.11, there is a function
Yo € PSH(X, ) NC*®(X \ (D U E.(¢0))), where ¢ = c(go) > 0, such that

/ 200w /50 gy < 1o,
X

p*
2¢(¢o0)

We assume without loss of generality that vy < 0. Since < T and v is less singular than ¢y, we

also have
/ e PVIT gV < 4o0.
X

We note that since ¢ is a decreasing limit of a smooth sequence ¢y ;, the corresponding constants for
@o,; are uniformly bounded (in j), and we can pass to the limit as j — +00.

Recall that ¢* are smooth (merely locally bounded) in a Zariski open set U C X\ D. We will show
that ¢, is smooth on U \ E.(¢p) for each t > ¢. Let K be an arbitrarily compact subset of U \ E.(¢p). It
follows from Proposition 3.1, Theorem 3.4, and the remark above that

sup |g;j| = C(e, T, K).
le, T1xK
Next, Proposition 3.7 yields

sup [pj| <C(e, T, K).
e, TIxK

Moreover, by Theorem 3.8, we also obtain a uniform bound for A(p,j :

sup |Ag;| <C(e, T, K).
[e, T]xK

Using the complex parabolic Evans—Krylov-Trudinger theory, together with parabolic Schauder estimates
(see, e.g., [Boucksom and Guedj 2013, Theorem 4.1.4]), we derive higher-order estimates for ¢; on
e, T] x K:

||§0j||Ck([8,T]XK) = C(S’ T, K, k)
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This ensures that ¢; is relatively compact in C*([e, T] x (U \ E.(¢o)) since K was taken arbitrarily. By
passing to the limit in (4-1), we deduce that ¢ satisfies (1-4) in the classical sense on [¢, T] x 2, with

Qe =U\ Ece)(90).

4.2. Uniqueness. We now follow the argument in [Guedj and Zeriahi 2017b] to prove that the solution ¢
to equation (1-4) constructed in the previous part is the unique maximal solution in the following sense:

Proposition 4.1. Let i, be a weak solution to equation (1-4) with initial data ¢y. Then ¥, < @, for all
1 € (0, Tinax)-

Proof. By construction in the previous paragraph, ¢; ; are smooth (6;+277 wx)-psh functions decreasing
pointwise to ¢;. It thus suffices to show that ¥, < ¢ ; for all fixed j.

Fix0 < T < Tpax and 277/ > ¢ > § > 0. We let U, C X denote the Zariski open set in which ¥, is
smooth. We can find a wx-psh function ¢ with analytic singularities along X \ U; see, e.g., [Demailly
and Paun 2004]. We apply the maximum principle to the function H := ¥, — @s4¢,; + 8¢. Suppose
that H achieves its maximum on [0, T — ¢] x X at (., x.) with t, > 0. Note that x, € U,. We thus have

c L C A\
Ofinlo |:(9t+s+dd.(pt+a,] de ¢) :|<0
ot (Qt+e + 27JCUX + ddc@ﬂrs,j)n

using that —dd“¢ < wx, which is a contradiction. Letting § N\ 0, we obtain

Yige(X) — @rpe,j(x) < Sl}l(p(llfg — Qe j).

Moreover, since (¢, x) = @, j(x) is continuous, it follows from Hartogs’ lemma (see [Guedj and Zeriahi
2017a, Proposition 8.4]) that

—0
SUp(e — @z, 1) —> sup(¢o — ¢o,) < 0.
X X

Letting ¢ — 0, the desired inequality follows. (I

The uniqueness we have just shown is referred to as “maximally stretched” by P. Topping [2010,
Remark 1.9] in the context of Riemann surfaces.

4.3. Short time behavior. In this subsection, we study the behavior of the solution to the degenerate
Monge—Ampere flow in a short time. We show that the flow ¢, starting from a current with positive
Lelong numbers also has positive Lelong numbers for a sufficiently short time. This result follows almost
verbatim from the Kéhler case, as discussed in [Di Nezza and Lu 2017, Section 4.2].

Theorem 4.2. If ¢y has positive Lelong numbers, then

E.(po) C Ecry(¢r), c(t) =c—2nt.

In particular, the maximal solution ¢, has positive Lelong numbers for any t < o)
nc(eo

Proof. The proof is identical to that of [Di Nezza and Lu 2017, Theorem 4.5]. We give a sketch of the
proof here. Fix xg € E.(pp). We can find a cutoff function y € C*°(X) with support near xo and y =1
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on a neighborhood of xg. Define ¢ := x (x)clog ||x — xgl|, which is Bwx-psh, and e??/¢ € C*°(X). Since
xo € E.(¢p) we can choose ¢ so that ¢ > ¢y by adding a positive constant. By Lemma 4.3, we obtain

or < (1 =2nt/c)¢p + Ct,

which implies v(¢;, xo) > ¢ — 2nt. If t < 1/(2nc(¢p)), then by Skoda’s integrability theorem, e~2#0/¢ is
not integrable for 2nt < ¢ < 1/c(¢p). Therefore, E.(¢o) is not empty, neither is E.(;)(¢,) for sufficiently
small ¢ > 0. U

Lemma 4.3. Assume that ¢ € PSH(X, wy) satisfies e¥® € C®(X) for some constant y > 0, and
0> ¥+ > ¢ > @o. Then, there exists a positive constant C depending on an upper bound for dde?® such
that

o) < (1 —(my+ D¢ +Ct forallt €[0,1/ny].

Proof. Assume that 6, < wy fort € [0, 1/(ny +1)]. As argued in [Di Nezza and Lu 2017, Lemma 4.4], we
can assume that ¢ is smooth and work with the approximants ¢, ; instead. We choose C > 0 depending
only on an upper bound for dde”?, such that dd°¢ < Ce™"?wy. Consider the function

¢ =1 — (ny + D)o +1log2"C").
We observe that
0 <wx+dd‘¢ <2Ce " wy,
and hence
(wx +dd°d,)" < 2C)"e 0ol < PV VG
Therefore, ¢, is a supersolution to the parabolic equation

(wx +ddu)" = e”’+w+_‘[’_w’§(,

while ¢; ; is a subsolution. By the classical maximum principle, it follows that ¢; ; < ¢, for any fixed j.
This completes the proof. U

4.4. Convergence at time zero. We study in this part the convergence at zero of the degenerate complex
Monge—Ampere flow.

We recall the quasimonotone convergence in the sense of Guedj and Trusiani [2023]: ¢; converges
quasimonotonically to ¢ if Py(inf,>; ¢¢) is a sequence of 6-psh functions that increases to ¢.

Theorem 4.4. The flow ¢, converges quasimonotonically to ¢y ast — 0.
Proof. By Proposition 3.2, we have that for small ¢ > 0,
@t = 9o — C(t —1logt).
It follows that
Po( inf ¢.) = po— Clt—tlogn),
t

O<s<

which completes the proof. (Il

Theorem 4.5. Assume that @ is continuous in an open set U C X. Then ¢, converges to ¢q in Ly, (U).
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Proof. The proof closely follows the arguments in the Kéhler case [Di Nezza and Lu 2017]. Without loss
of generality, we assume that ¢; < 0. By Proposition 3.2, there exists a uniform constant C > 0 and a
small time ¢ such that for 0 <s <t <1y,

@s —C(t—s)log(t —s) = C(t —5) < ¢;.

Set u; := ¢, + (C +log4)t — Ct logt. Substituting s = r/2, we deduce that u; > u, >, hence the sequence
uy - decreases to ug = ¢o. The conclusion follows from Dini’s theorem. U

We also have the same result as in the Kihler case [Di Nezza and Lu 2017, Theorem 6.3]. We assume
that 6 is a big form and that f = e?" =V e LP, for some p > 1, where ¢* are quasi-psh functions.
Assume moreover that ¥~ € L5 (X \ D) for some closed set D C X. It follows from [Guedj and Lu

2023, Theorem 4.1] that there exists a bounded 6-psh function ¢g such that supy g9 = 0 and
O +ddpy)" =cfdV.

We recall that there is p € PSH(X, ) with analytic singularities along a closed subset E such that
0 +dd°p > 28wy forsome § > 0. Set U := X\ (DUE).

Theorem 4.6. Assume @ is as above. Let ¢, be the weak solution of equation (1-4) with the initial data .
Then ¢; converges to ¢q in Cpy.(U).

Proof. The proof is quite close to [Di Nezza and Lu 2017, Theorem 6.3]. We sketch the key steps for the
reader’s convenience. First, we approximate 1= by their smooth approximants wji, thanks to [Demailly
1992]. We then apply the Tosatti—Weinkove theorem [2010] to obtain smooth (6 + 27/ wy)-psh functions
o, j such that supy ¢o ; =0 and

O+2wy +dd g )" =cje’i Vi dv.
Note here that the f; = ¢¥7 Y5 have uniform L?-norms. The same arguments as in [Guedj and Lu 2023,
Theorem 4.2] show that
e cj—>c>0;
e forany € >0, @o ; > e(p+8y ) —C(e);
o Auypo ) < e CE+T),
Let ¢, ; be a smooth solution to equation (1-4) with initial data ¢ ;. The sequence ¢; ; converges to the

unique weak solution ¢,. We apply Propositions 3.9 and 3.10, together with bootstrapping arguments, to
obtain locally uniform estimates for all derivatives of ¢, ;. This leads to convergence in C). (U). O

5. Finite time singularities

In this section, we study the finite time singularities of the Chern—Ricci flow and provide a proof of
Theorem A.

We consider a family of Hermitian metrics w(¢) evolving under the Chern—Ricci flow (1-1) with the
initial Hermitian metric wg. Suppose that the maximal existence time of the flow is finite, i.e., Thax < 00.
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The form a7, = wo — Tmax Ric(wp) is nef in the sense of [Guedj and Lu 2022]; i.e., for each ¢ > 0 there
exists ¥, € C*°(X) such that oy 4+ ddy, > —ewyp. Indeed, for ¢ > 0,

max

Tmax .
or,. tEewo = (I14+¢&)| wgo— —— Ric(wy) |,
1+¢

and since Tyax/(14¢€) < Tinax, we have wg— Trax/ (14-€) Ric(wp) +dd“yr > 0 for some smooth function .
We assume that a7, is uniformly noncollapsing, i.e.,

/ (ar,. +ddy)" >co>0 forall y € PSH(X, ar,)NCP(X). (5-1)
X

This condition implies that the volume of (X, w(¢)) does not collapse to zero as t — T..

Theorem 5.1. Let o be a nef (1,1)-form satisfying the uniformly noncollapsing condition (5-1). If X
admits a Hermitian metric wy such that vy (wx) < +o00 then « is big.
Conversely, if a is big and v_(wx) > 0 then « is uniformly noncollapsing.

When « is semipositive or closed the result was proved by Guedj and Lu [2022, Theorems 4.6, 4.9],
answering the transcendental Grauert—Riemenschneider conjecture [Demailly and Paun 2004, Conjec-
ture 0.8]. For our purposes, we would like to extend it when « is no longer closed.

Proof. The proof of this theorem follows the same lines as in [Guedj and Lu 2022, Theorem 4.6], which
is based on ideas from Chiose [2016], so we omit it here. O

Remark 5.2. When wy is closed, or more generally, is a Guan—Li metric, i.e., dd°wg = ddca)(z) =0,
the condition (5-1) is simply written as / X a’;max > 0. The assumption vy (wy) < 00 or v_(wy) > 0 is
independent of the choice of the Hermitian wy, as shown in [Guedj and Lu 2022, Proposition 3.2]. For
additional examples of manifolds where such conditions hold, we refer the reader to [Angella et al. 2023].

This result is a slight generalization of [Nguyen 2016, Theorem 4.3], where « is closed semipositive,
and X admits a pluriclosed metric, i.e., dd“wy = 0.

As a consequence of Theorem 5.1, we give a slight improvement of the main result in [Tosatti and
Weinkove 2012] (see also [Nguyen 2016, Theorem 4.1]) which extends the one of Demailly [1993] to the
non-Kihler setting.

Theorem 5.3. Let X be a compact complex n-manifold equipped with a Hermitian metric wy satisfying
v+ (wyx) < 00. Let o be a nef (1,1)-form. Assume that x1, ..., xy € X are fixed points and ty, . .., Ty are
positive constants such that

N
0<Y 1< / (@ 4+dd°y)"  forall y € PSH(X, o) NC®(X).
j=1 X
Then, there exists an a-psh function ¢ with logarithmic poles at x1, ..., xy € X,
¢(z—xj) <tjlogllz—x;ll+ O(1)

in local coordinates near xj, forall j =1, ..., N.
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Proof. By Theorem 5.1, we know that « is big. The rest of the proof follows in the same manner as
in [Tosatti 2016, Theorem 1.3]. ]

We go back to the Chern—Ricci flow. Observe that one can deduce the Chern—Ricci flow (1-1) to a
parabolic complex Monge—Ampere equation

0, |:(01t +dd¢,)"
_ = log D —

n
ot R

:|, a, +dd°¢ >0, ¢(0)=0,
where o; := wp — ¢ Ric(wp). We assume that the form o7, is uniformly noncollapsing. By Theorem 5.1,

there exists a function p with analytic singularities such that

ar. +ddp > 28pwo

max

for some §p > 0. We observe that

max

((Toax — 1) (@0 + dd° p) + 1 (@1, +dd“p)) = oo (5-2)
for t € [Tmax — €, Tmax] With sufficiently small ¢ > 0. Set

Q:=X\{p=—00}.
We establish uniform C7. estimates on €2.

Lemma 5.4. There is a uniform constant Cy > 0 such that on [0, Tax) X X we have

@ ¢ = Co;
(ii) ¢ = Co;
(iii) ¢ = p — Co;
(iv) ¢ > Cop — Co.
Proof. The proofs of (i) and (ii) follow directly from the classical maximum principle; see, e.g., [Tosatti
and Weinkove 2015, Lemma 4.1] or [Tian and Zhang 2006].
For (iii), we set ¥ := ¢ — p. Note that the function ¢ + At > —C holds on [0, Ti.x — €] with € as

above. Fix Tpax — & < T’ < Tmax, and assume that v + Ar achieves its minimum at (fp, xo) € [0, T'] x X
with #g € (Tmax — &, T']. Note that xo € Q2. We compute at (79, xo),

0 dd* ddcyr )" 8 n
0>_w+A:10g(at+ 'On+ ¥) +A210g—( Oa;O)

> +A>-C+A,
ot on w)

where we have used the estimate (5-2). If we choose A > C, then we get a contradiction. Thus, we obtain
the lower bound for v, completing the proof.
For (iv), we apply the minimum principle to

Q=¢+ Ay + Bt,

where A and B are large constants that will be chosen later. Our goal is to show that Q > —C on
X x [0, Tax)- As above, we observe that Q > —C on [0, Tyyax — €] X X. Given any Tyax — € < T’ < Tax,



SINGULARITIES OF THE CHERN-RICCI FLOW 471

suppose that Q achieves its minimum on [0, 7'] x X at some point (¢, xo) with g € (Tmax — &, T']. Note
that xo € €2. At this point, we have

0> (% - Aw> 0 = —tr, Ric(wo) + Ag — An + A try (o +dd“p) + B

n
> (SOtrwwo—i—Alog% +tr, wyg — An + B,
0
where A is chosen so large that

(A —1)(a; +ddp) — Ric(wp) > wy

1/n

for t € [Thax — €, Tmax]- But since Alogy — §py'/" is bounded from above for y > 0, the arithmetic-

geometric inequality yields
" W\ /" "
Sotrwwo—i—Alog—ncho(—O) +Alog — > —C|
) " g
for a uniform constant C; > 0. If we choose B = C| + An, we obtain

Oz(%—Aw)tarwwo>0

which leads to a contradiction. Thus, the desired estimate follows. O

Lemma 5.5. There is a uniform constant C > 0 such that on [0, Tax) X X we have
try, w(t) < Ce P,
Proof. Set = ¢ — p 4+ Cop > 0. We apply the maximum principle to
Q =logtry,, w— Ay +e 7,

where A > (0 will be determined later. The idea of using the last term in Q is due to Phong and Sturm [2010]
and was used in the context of the Chern—Ricci flow in [Tosatti and Weinkove 2013; 2015; To6 2018].
Note that e~V € (0, 1].

It suffices to show that Q is uniformly bounded from above. Again, it follows from the definition of Q
that Q < C on [0, Tyax — €] x X for a uniform C > 0. Fix Tyux — € < T’ < Timax, and suppose that Q
achieves its maximum at some point (¢, xo) € [0, T'] x X with ¢ € (Thax — &, T']. In what follows, we
compute at this point. From [Tosatti and Weinkove 2015, Proposition 3.1, also (4.2)] we have

0 2 Gk
(E — Aw) log tl'wo w < (trwo—a))2 Re(gq (To)fpaq trwo a)) +C try, wo,

where (To),fp denotes the torsion terms corresponding to wg. At the maximum point (xg, o) of Q, we
have 9; Q = 0; hence

1 _
ma,- try, @ — Ad; Y —e Vi = 0.
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Thus, the Cauchy—Schwarz inequality yields

Re(g% (To)}, 97 tray Re((A+e™ )qu(To);fpaq V)|

(T woz )2 “’)‘ = ) (try ©)2

<e VY2 +CA+1)2% 5
(ra)oa))

for uniform C > 0 only depending on the torsion term. It thus follows that, at the point (¢, xg),

try,
0=(2-a)o=ca+ne ¢(r L HC oo —(A+e™ g+ (A+e™) (0= (@ +dd*p)
o
tr, wg
< C(A+1)%e ‘ﬂ( 0)2+(c A80)trwa)0+(A+l)log—0 (5-3)

where we have used «; +dd‘p > Sowg. If at (xo, 1), (try, w)? < e¥C(A + 1)? then at the same point we
obtain

Q<CH+3y—Ay+eV <C+1.

Since ¥ > 0, we are done. Otherwise, we choose A =4, ! (C +2). Hence, from (5-3) one gets

n

@y
try, wp < Clog — +C.
a)n

By Lemma 3.6, we obtain

n

n—1
Iy, w < n(tr, a)o)"_lw—n < C (log w_) +Cc<C
@

Wy
since " /wy; < Cop by Lemma 5.4, and y > yllog y|*~! is bounded from above as y — 0. Thanks to
Lemma 5.4(iii), Q is bounded from above at its maximum, finishing the proof. ]

Proof of Theorem A. Let K C Q2 be any compact set. It follows from Lemmas 5.4 and 5.5 that there exists
a constant Cg > 0 such that on [0, Thax) X K,

Cylwo < () < Cxay.

Applying the local higher-order estimates of Gill [2011, Section 4], we obtain uniform C* estimates for
w(t) on compact subsets of 2. Consequently, there exists a constant cx such that

%w — _Ric(w) < cgw on [0, Tyay) X K.

This implies that e 4’ w () decreases in ¢ and is bounded from below. Hence w(¢) converges to wr__ as

max

t — Tmax, and since we have uniform estimates on compact subsets of €2, we see that the convergence is
in C° (£2). This finishes the proof. [l

loc
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6. The Chern—Ricci flow on varieties with log terminal singularities

In this section, we extend our previous analysis to the case of compact complex varieties with mild
singularities. We refer the reader to [Eyssidieux et al. 2009, Section 5] for a brief introduction to the
complex analysis on mildly singular varieties.

We assume here that Y is a )-Gorenstein variety, i.e., Y is a normal complex space such that its
canonical divisor Ky is Q-Cartier. We denote the singular set of Y by Yyjne and let Yyeg := Y \ Ysing. Given
a log resolution of singularities 7 : X — Y (which may and will always be chosen to be an isomorphism
over Yy ), there exists a unique (exceptional) Q-divisor )  g; E; with simple normal crossings (snc for
short) such that

Ky =7*Ky +Za,~E,~.

1

The coefficients a; € Q are called the discrepancies of Y along E;.
Definition 6.1. We say that Y has log terminal (It for short) singularities if and only if @; > —1 for all i.
The following definition of adapted measure is introduced in [Eyssidieux et al. 2009, Section 6]:

Definition 6.2. Let & be a smooth Hermitian metric on the (2-line bundle Oy (Ky). The corresponding
adapted measure py,, on Y is locally defined by choosing a nowhere vanishing section o of m Ky over
a small open set U and setting
"o A G)m
Kyn = —"""5
|U |hm
The point of the definition is that the measure py ; does not depend on the choice of o, so it is globally
defined. The arguments above show that Y has log terminal singularities if and only if wy ; has a finite
total mass on Y, which can be considered as a Radon measure on the whole of Y. Then x = dd®log uy
is a well-defined smooth closed (1, 1)-form on Y.
Given a Hermitian form wy on Y, there exists a unique Hermitian metric & = h(wy) of Ky such that

0)'11/ = KY,h-
We have the following definition.
Definition 6.3. The Ricci curvature form of wy is Ric(wy) := —dd“logh.

We recall the slope of a quasi-psh function ¢ at y in the sense of [Berman et al. 2019]. Choosing local
generators (f;) of the maximal ideal m, of Oy ,, we define

s(9,y) =sup{s >0:9<slog ) |fjl+ 0(1)}.

Note that this definition is independent of the choice of (f;). By [Berman et al. 2019, Theorem A.2]
there is C > 0 such that for any log resolution 7 : X — Y,

v(gpom, E) < Cs(¢, ),
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with E a prime divisor lying above y. In particular, the Lelong numbers of ¢ o w are sufficiently small if
the s(¢, y) is also sufficiently small at all points y € Y. We refer to [Pan 2025] for related results.

Applying the analysis in the previous section, we obtain the existence of the Chern—Ricci flow on log
terminal singularities. This generalizes the result in [Dang 2024, Theorem E].

Theorem 6.4. Let Y be a compact complex variety with log terminal singularities. Assume that 0, is a
Hermitian metric such that

Tmax :=sup{r > 0: 3y € C*(Y) such that 6 — t Ric(6p) + dd°y > 0} > 0.

Assume that So = 0y + dd g is a positive (1,1)-current with small slopes. Then, there exists a family
(@1)1€]0,Tpae) Of pOsitive (1,1)-currents on Y starting with Sy such that

(1) w; =6y —t Ric(Oy) + dd°p; are positive (1,1)-currents;,
(2) w; — Sy weakly ast — 07T
(3) for each € > 0, there exists a Zariski open set 2, such that on (&, Tmax) X Q¢, @ is smooth and

38—‘;) — _Ric(w).
Proof. 1t is classical that solving the (weak) Chern—Ricci flow is equivalent to solving a complex Monge—
Ampere equation flow. Let x be a closed smooth (1,1)-form that represents C?C (Ky). Given T € (0, Trax),

there is a function {7 € C*°(Y) such that 6y — t Ric(6y) + ddr > 0. We set for ¢ € [0, T'],

b, :=6o+1x, with x = —Ric(6p) +dd"¥,

which defines an affine path of Hermitian forms. Since x is a smooth representative of CIISC(K y), one
can find a smooth metric 4 on the Q-line bundle Oy (Ky) with curvature form x. We obtain uy ;, the
adapted measure corresponding to 4. The Chern—Ricci flow is equivalent to the following complex
Monge—Ampere flow:

O +dd¢)" = "y . (6-1)
Let 7 : X — Y be a log resolution of singularities. We have seen that the measure

wi=n*uy,= fdV where f = l_[ |s; |2
i
has poles (corresponding to a; < 0) or zeroes (corresponding to a; > 0) along the exceptional divisors
E; = (s; =0), and dV is a smooth volume form. Passing to the resolution, the flow (6-1) becomes

3_(P 1o |:(91+ddc¢t)n]

1
ar 0%

, (6-2)
where 0, := 7*6, and @ :=m*¢. Since ;) tef0,7] s @ smooth family of Hermitian forms, it follows that the
family of semipositive forms [0, T'] > t — 6; satisfies all our requirements. We also have that 6 := 70y,
the latter is smooth, semipositive, and big but no longer Hermitian. We fix a 6-psh function p with analytic
singularities along a divisor £ = x! (Ysing) such that 6 +dd“p > 26wy with § > 0. We observe that
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since the Lelong numbers v (g, x) are sufficiently small, we have the assumption p*/(2c(¢g)) < Tmax by
Skoda’s integrability theorem. The result therefore follows from Theorem B. (I
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THE EXISTENCE OF TOPOLOGICAL SOLUTIONS
TO THE CHERN-SIMONS MODEL ON LATTICE GRAPHS

BoBO HUA, GENGGENG HUANG AND JIAXUAN WANG

We prove the existence of topological solutions to the self-dual Chern—Simons model and the abelian
Higgs system on the lattice graphs Z" for n > 2. This extends results of Huang, Lin and Yau (2020) from
finite graphs to lattice graphs.

1. Introduction

Various vortex problems have been extensively studied in recent decades, which play important roles
in quantum physics, solid state physics and so on. The existence of topological and nontopological
solutions in these models has been rigorously proven in mathematics. In R%, we consider the self-dual
Chern—Simons vortex equation

M
Au=re" (" —1)+4n anapj (1)
j=1
and the abelian Higgs equation
M
Au = r(e" — 1)+ 47 anapj )
j=1
with positive integers ny, ..., ny and distinct vortices py, ..., py € R2. Here A > 0, and (Spj is the

Dirac mass at p;. A solution of (1) or (2) is called topological if u(x) — 0 as |x| — +o0, and called
nontopological if u(x) - —oo as |x| — +o0.

For the abelian Higgs system (2), Jaffe and Taubes [1980] proved the existence and uniqueness of
general finite energy multivortex solutions to the Bogomol ' nyi equations, and there have been many studies
on this model since then, such as [Jacobs and Rebbi 1979; Jaffe and Taubes 1980; Wang and Yang 1992].
The self-dual Chern—Simons system (1) is the minimal self-dual model containing the Chern—Simons
term. The Chern—Simons vortices were discovered in [Jackiw and Weinberg 1990; Hong et al. 1990],
which attracted people to investigate the existence problem. The existence of topological solutions in R?
was established in [Wang 1991; Spruck and Yang 1995] by the variational method and iteration argument,
and the existence of self-dual doubly periodic vortex solutions was proved in [Caffarelli and Yang 1995].
Later, nontopological solutions were studied in the literature, e.g., [Chen et al. 1994; Chae and Imanuvilov
2000; Chan et al. 2002; Choe et al. 2011], and see [Dunne 1995; Han 2014; Struwe and Tarantello 1998;
Chae and Kim 1997] for other related results.
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Recently, people have paid attention to the elliptic equations on graphs. Grigor’yan, Lin and Yang
first studied nonlinear elliptic equations on graphs; see, e.g., [Grigor’yan et al. 2016b; 2017]. In a
seminal paper [Huang et al. 2020], Huang, Lin and Yau proved the existence result for solutions to (1)
on finite graphs. Furthermore, on a finite graph, the existence of solutions to the generalized self-dual
Chern—Simons equation was proved in [Lii and Zhong 2021; Hou and Sun 2022], and the existence of
solutions to the Chern—Simons Higgs model has been recently proved in [Li et al. 2024] using topological
degree methods. See [Grigor’yan et al. 2016a; Huang et al. 2021; Chao and Hou 2023] for other related
results. For infinite graphs, existence results for the Kazdan—Warner equation were proved in [Ge and
Jiang 2018; Keller and Schwarz 2018] on graphs with positive spectrum and canonically compactifiable
graphs, while lattice graphs 7", i.e., discrete analogs of Euclidean spaces R", are excluded. In this paper,
our main contribution is to extend the results in [Huang et al. 2020] from finite graphs to lattice graphs.
We study the Chern—Simons equation (1) on Z" for n > 2, and prove the existence of topological solutions.
Furthermore, using topological solutions of (1), we prove the existence of topological solutions to the
abelian Higgs equation (2) on Z" for n > 2.

We consider the infinite integer lattice Z" for n > 2; see Section 2 for details. We define the distance
on 7" by

n
dx,») =) -yl xyez,
i=1

and write d(x) = d(x, 0). For any function u : Z" — R, the /P-norm of u is defined as

Ju {(erzn u(ol?)"" for 1 < p < oo,
r(zny =
SUp,czn [u(x)] for p = o0.
The Laplacian is defined as
Au(x)= > (u(y)—u().
d(x,y)=1
In the following we mainly consider topological solutions to the self-dual Chern—Simons vortex equation

on 7" "
{Au =Xre(e" —1)+4n ijl njs, onZ2",

limd(x)—>+oo u(x) =0,
and construct a topological solution to the above equation, which is maximal among all possible solutions.
Our main result is as follows.

Theorem 1.1. Equation (1) has a topological solution u € [P (Z") on 7" for 1 < p < oo and n =2, which
is maximal among all possible solutions. Furthermore, we have the decay estimate

U= 0(€—m(1—é)d(x))’
where m =In(1+A/(2n)), 0 <e < 1.

In this paper, we provide two proofs of Theorem 1.1. In Proof A, we adopt the exhaustion method and
the discrete isoperimetric inequality. Proof A is novel, which relies on the discrete nature of graphs in an
essential way. First, by a contradiction argument, we prove the existence of solutions on a finite subset €2
with Dirichlet boundary condition in Lemma 3.2. In order to prove the existence result on Z", we apply
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the exhaustion method. This approach was first introduced by Lin and Yang [2022] to the analysis on
graphs. Considering a sequence of finite subsets

0
QCQC---C -, UQZZ

and corresponding monotone solution sequence {ug,} obtained by Lemma 3.2, we denote by il (x)
the null extension to Z" of ug,; see Section 2.1. By passmg to the limit, to avoid the triviality of the
limit, one needs to prove a uniform bound for all &#‘. Suppose that it is not true. Then there exists
lim;_, 40 @' (x;) = —oo for a vertex sequence {x;}. Set

={xeQ: — (x) 0},
Ai={xeQ i (x)<—(2n+1)C—A},
L —{xeQ: —Cn+DC—r<i (x) <=C},

where C =4rx Zf’lzl nj. Since |Aii’ (x)| is bounded on €2;, we may prove that
AL #2  and . lim |AS| = +o0.

These imply that lim;_, ; |A’ | =400 by the 1soper1metrlc inequality on Z". However, summing over
Q; in the equation, we know that ) eo; e (1 —e™) is uniformly bounded, which yields a contradiction.
Hence we prove the [*°-convergence i’ — u on Z", and this limit is a topological solution. Applying
the maximum principle and Lemma 3.3, we finally get the decay estimate and the maximality of the
constructed solution.

In Proof B, we follow the methods in [Spruck and Yang 1995]. We prove a key lemma, Lemma 3.4,
which provides the uniform /?-norm estimate of the solution on a finite subset £ with Dirichlet boundary
condition. To prove this lemma, let F (u) be the natural functional associated to the equation (1) on 2.
By Green’s identities on graphs, we prove that F'(u;) decreases with respect to k and has a upper bound
which only depends on n, A and Z;VIZ ;. Applying the discrete Gagliardo—Nirenberg—Sobolev inequality
proved in [Porretta 2020], we have

lurllz@) < C3(F(ur) +1) < Cy,

where Cs, C4 only depend on n, A and Z j=11j- Thanks to this lemma, we may pass to the limit and
get the solution ug € I>(2) on Q. Since its />-norm is uniformly bounded, we construct the solution u
of equation (1) on Z" by the exhaustion method. As in Proof A, we prove the decay estimate and the
maximality of the solution.

With the help of Theorem 1.1, we prove the existence of topological solutions to the abelian Higgs
model.

Theorem 1.2. Equation (2) has a unique topological solution u’ € [P (Z") on 7" for 1 < p <ocoandn > 2,
satisfying u < u’ <0, where u is constructed in Theorem 1.1. Furthermore, there holds the decay estimate
u = O(E—m(l—e)d(x))’

where m =In(1+A/(2n)), 0 <e < 1.
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To prove Theorem 1.2, we apply the subsupersolution method. By choosing w; = 0 as a supersolution
and w, = u as a subsolution, where u is constructed in Theorem 1.1, we obtain a solution to (2) by the
monotone iteration argument.

The paper is organized as follows: In next section, we introduce the setting of graphs. In Section 3, we
give two proofs of Theorem 1.1. In Section 4, we prove Theorem 1.2.

2. Preliminaries

2.1. The setting of 7". Consider the infinite integer lattice graph 7", n > 2, consisting of the set of
vertices

V=7"={x=@....x») eR" :x; €Z, V1 <i <n}
and the set of edges
n
E={{x,y}:x,yeZ",lei—yi|:1},
i=1

and we write x ~ y if {x, y} € E. We denote by C(Z") = {u : 7" — R} the set of functions on Z", by
supp(u) = {x € Z" : u(x) # 0} the support of u, and by Cy(Z") the set of functions with finite support.
For a finite subset 2 C Z", we define the boundary of €2 as

8Q:={yez"\Q:3x € Qsuch that y ~ x},

and write Q = QU SQ. For u € C(S), the null extension to Z" of u is defined as

u(x) on S,

u(x) = {0 on €.

We define the difference operator as
Vou=u(y) —ux), ueC"), x,yelZ".

For f, g € C(R), we introduce a bilinear form,

Dq(f, g) = % Z vxyfvxyg + Z vxyfvxyg,

x,yeQ X€R, yedQ
X~y X~y

and we write Do (f) = Dq(f, f) for the Dirichlet energy of f on Q. For f € C(R), the directional
derivative operator 9f/0n at x € 62 is defined as

af
=) = y;Z(fm — £
x~y

The following are Green’s identities on graphs; see, e.g., [Grigor’yan 2018].
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Lemma 2.1. Let f, g € C(Z") and 2 be a finite subset of 7".
(@) If f € Co(Z"), we have
3 Y ValVog=—)_ f()Ag).

x,yeZ" xeZn
x~y
g
(b) Do(f, g) = —; fx)Ag(x) + % F) 5= ().

2.2. Maximum principle and discrete functional inequalities. In this subsection we introduce a maxi-
mum principle, the isoperimetric inequality, and the discrete Gagliardo—Nirenberg—Sobolev inequality
on 7", which play key roles in the proofs of the main results. The following maximum principle is
well-known.

Lemma 2.2. Let Q be a finite subset of Z7". For any positive f € C(S), suppose that a function v € C ()
satisfies

A=fHrv=0 onQ,
v<0 on 8§2.

We have v <0 on Q.
Proof. We prove the result by contradiction. Suppose that there exists x € €2 such that v(x) =sup, .5 v(y) =
¢ > 0. By the equation,
Av(x) = f(x)v(x) > 0.

This implies that there exists xg ~ x, xo € Q, such that v(xg) > v(x) = ¢, which yields a contradiction. [J

By the above lemma, we have the following corollary.
Corollary 2.3. For any positive f € C(Z"), suppose that a function v € 1>(Z") satisfies

A—=—fHv=0 on 7",
{limd(x)_>+oo v(x) <0.

Thenv <0on 7"

The isoperimetric inequality is well-known on Z”, see, e.g., [Barlow 2017], which is needed for our
Proof A. For K C 7", we denote by |K | the cardinality of the set K.
Lemma 2.4. There exists a constant C,,, only depending on the dimension n, such that for any finite
Qcz,

5921 > Calel" .

For p > 1, we define the D'P-norm as

lull prr(zny == (Z Z lu(y) —M(X)|p)p-

xezm" y~x
In Proof B, we need the discrete Gagliardo—Nirenberg—Sobolev inequality on Z". Since Z" is a discrete
regular mesh, the proof of Theorem 4.1 in [Porretta 2020] yields the following discrete Gagliardo—
Nirenberg—Sobolev inequality.
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Lemma 2.5 [Porretta 2020]. Letn >2, p> 1, y = pand p’ = p/(p — 1). Then for any u € I?(Z"), we have

4 y—1
”u”lyn/(n—l)(zn) < C(p7 n, )/)HM”DLP(Z")||M||l(y_1)p/(z,,)-

Remark 2.6. Although Theorem 4.1 in [Porretta 2020] requires p > n and y > p, the above inequality
in fact holds for any p > 1 and y > p by the same argument in [Porretta 2020]. For n > 2, choose

With a well-known fact that for any g > p,

Nwlliazny < Nuwllirzny,

see, e.g., [Huang et al. 2015], we get for u € I>(Z"),
1

1 1
llliszny < Nutlloo-vzny < Colluell 1.2 gy N1t o -

3. Existence theorems for the Chern-Simons equation

In this section we consider the existence of topological solutions to the Chern—Simons equation, and we
give two proofs of Theorem 1.1. To prove this theorem, we first consider an iterative sequence on a finite
subset of Z".

Let ¢ be a finite subset of Z”, satisfying 29 D {p j}ju: 1» and €2 be an arbitrary connected finite subset
such that 29 C Q C Z". We write

M M
g=4n2nj8pj, C=47r2nj,
j=1 j=1

and it is obvious that g € [”(Z") for any p > 1. Choose a constant K > 21 > 0. Let ug = 0 and consider
the iterative equations

(A — K)up = re"=1(e"'—1)+g— Kug—; on £, 3)
ur, =0 on 6€2.
Lemma 3.1. Let the sequence {uy} be given in (3). Then for each k, uy, is uniquely defined and
O=upzuyZ2up>---.
Proof. First we have
(A—K)u; = on 2,
¢ 4)
u; =0 on 6€2.

One easily sees the existence and uniqueness of the solution #; on €2. Using Lemma 2.2, we obtain that
u; <0.
Suppose that 0 =ug > uy > up > --- > u;. Since

rei (e — 1)+ g — Ku; € 12(R),
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we have the existence and uniqueness of the solution u; ;. From the equations (3) we get
(A= K)(uisr —uj) = (e — =) —p(e" —e"~') — K (u; —ui—1)
> 20* (uj — ui—1) — K (u; —uj—1) > K (€ = D)(u; —ui-1) >0,
where w is a function satisfying u; < w < u;—1. This implies that u;;; < u; by Lemma 2.2 and proves
this lemma. g
Proof A of Theorem 1.1. By Lemma 3.1, we prove the convergence of the monotone sequence {uy}.
Lemma 3.2. Let {uy} be the sequence defined by (3). Then there exists ug € C(Q) such that

up — ug on Q,

which satisfies

Aug = re"2(e'2 — 1 Q
{ ug = re"(e )+g onQ, 5)

ug =0 on §%2.

Proof. Since 2 is finite and the sequence is monotone, the pointwise limit uq of uj exists. It suffices to
show that ug is bounded. We first consider the set

B(Q) ={x € 2 :3Jy € §Q2 such that y ~ x}.

Summing over €2 in (3), by Lemma 2.1 we obtain

M
du
D G @AY U= = g () + K Y () —um (0) <4 Y Sy =C.
xedQ n xeQ xeQ xeQ j=1
This yields that
Y lm@l<c.
xeB(Q)

In particular, for any x € B(£2), the sequence {u;(x)} is uniformly bounded.
If x; ~ xp, x1 € Q2 and xg € B(R2), we claim that {u;(x;)} is uniformly bounded. Equation (3) at xg

shows that

| Aug (x0)| < K |ug(x0) — ug—1(x0)| + Ale" =100 (e=100) — )| 4 | g(xp)]

<
< Klug(xo)| + 314+ C < (K +1DC + 1.
Note that
Auy(xo) = Z(Mk()’) — ug(x0)) < ug(x1) — 2nug(xo) < ug(x) +2nC

y™~Xo0
and ug(x1) < 0. We obtain that {u(x;)} is uniformly bounded.
Since €2 is connected, we repeat the above process, and get that {u;(x)} is uniformly bounded on €2,
which completes the proof of this lemma. O

Let ©;, 1 <i < oo, be finite and connected subsets satisfying
[e.¢]

Qcoccuc, (Ju=7"
i=1

We write u' = ug, for simplicity. To prove Theorem 1.1, we need the following lemma.
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Lemma 3.3. Let Q2 be a finite subset of 7" and {u;} be the sequence defined by (3). For any function
V e C(Q) satisfying
AV=re (" —1)+g onQ,
{V(x) <0 on 6%2,
we have

O=uozuyz2--Zuy=---2ug2V.
Proof. First, one has
AV =2re' @ —D+g=reV (" —1).
We claim that sup, . V(x) < 0. If not, choose V (xp) = sup, .o V (x) > 0 for some xy € Q2. Then

0> AV (xg) = re”® (V00 _1) >0,

which yields a contradiction and proves the claim.
Suppose that V < uy. Then

(A= K) (g1 — V) <A™ — V) —n(e —e") — K(up — V) < K(e* — 1) (ux — V) <0,

where the function w satisfies V < o < uy < 0. This implies that V < uy; by Lemma 2.2 and proves
this lemma by the induction. O

Finally, we use these lemmas to prove Theorem 1.1.

Proof of Theorem 1.1. For any integers 1 < j < k, we have Q2; C €. On Qj, since uf < 0, one easily
sees that u* satisfies the conditions in Lemma 3.3, and we obtain

uk < u!  on S_Zj.
Let &' be the null extension to Z" of u' on §2;. Note that

o' >i*>--->ik>...
on Z".
In order to prove the convergence of the sequence {ii'} to a nontrivial limit, we need to give a uniform
lower bound of {ii'}. We argue by contradiction. Suppose that

lim ||@ || = 400.
——+00

We write ) )
Al={xeQ: —C<u'(x) <0},

Ab={xeQ:i'(x) <—Qn+1)C—Ar},
Al={xeQ: —Qn+1)C—ir<i'(x) <—C}.

By the conditions we assume, we get Aé # & when i > iy for some ip. In the following, we only consider
i > ig. Following the proof of Lemma 3.2, we have

Y. liml<c,

)CGB(Q,‘)
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which yields B(€2;) C A"1 so that A‘i # @. To obtain the uniform /°°-norm, we show the contradiction in
three steps.

(i) We claim that

AL # 0.
Suppose that Ag = @, which is equivalent to A’i U Aé = ;, and there exist two vertices x, y € €,
satisfying x ~y, x € A"l, y € Aé. Note that

Al (x) = Z(ﬁ"(z) — @' (x) <a'(y)—2ni'(x) < —Cn+1)C—A+2nC=—C—xr
and '

IAT ()] < |g(0)| +Ale™ (1 —e™)| < C+A.

This yields a contradiction. Thus we have Ag #* .

(i1)) We claim that
lim |A%| = +oo.
i—+00

By

lim || [|; = 400,
i—+00

we choose a sequence {x;}, where x; € ;, satisfying
lim @' (x;) = —o0.
i—+00
Consider the function

w; (x) = lli(x —x1+Xx;)

and
Q={xeZ" :x—xi+x €Q}.
We have
lim w; (x1) = —o0.
1—+00

Let i be sufficiently large. From the proof in (i) we also have the estimate that for any x € €,
|[Aw; (x)| < C+ A.

Consider an arbitrary vertex y; € Q;, y1 ~ X1, and by the above facts,

Aw;(y) =Y (wi(2) —wi(y)) < =2nw; (y1) + w; (x1).
™~y
This implies that
1 CH+A
w;(y1) < %wi(xl) + %
Since Q! is connected, x| € Q! and
lim €] = +o0,

i—-+00
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there exist y; ~ x; and a subsequence, still denoted by {S2}}, satisfying y; € Q!. One obtains that

lim inf w; (y;) = —o0.
i—+00
Repeating the above process,
limsup|{y € Q; : liminfw;(y) = —o0}| = +o0.
i—+00 i—+00

The monotonically decreasing sequence {ii'} guarantees that
j i+1
A5 C AT
By letting i — 400, one easily sees that

lim |Aj| =limsup |A5| = 400.
1—>+00 i—+00

(iii)) From (i) and (ii) we want to prove that
lim sup |A§| = +00.
i—>—+00
We argue by contradiction.
Suppose that
lim sup |A§| =N < +o0.
i—4o00
We focus on the set ©; \ AL = A’i U Aé, which can be divided into a union of several disjoint connected
subsets, 1.€.,

I
Q\Ay = o;.
j=1
and we have
80; C 89 UAL.
From the proof of (i), we have
0;jC Al or 0;C Al

For some 1 </; <[ — 1, without loss of generality, we may assume that

A l
Ai:UOJ and Ab= U 0;.
j=1 j=li+1
Since B(R2;) C A', we get
I
5@ c|_Js0;.
j=1
Thus for [} +1 < j <,
30; C AL
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For any x € Q;, since Oy, ..., Oy are disjoint connected sets and |6{x}| = 2n, there are no more than 2n
sets from the family { Oj}lj:1 satisfying x € § 0;.
By the isoperimetric inequality in Lemma 2.4, we have the estimate

[ n 1 n 1 _n_
j 1 \n-1 _n_ 1 \n=t n—1
|AL| = E 10;] < (C_n) | E, . 180;|n—T < <C_n> < E |80j|>
J=h

j=l+1 j=h+1

2n nzl i == <2I’lN>nﬁl
< (= -1 L
= (C) A3l < Cy ’

which contradicts the claim proved in (ii) by letting i — +-00.

With this fact, we choose a small constant € satisfying

0<e< inf e*(1—e").
xe[—(+1)C—1,—C]

From (5), we get
dii’ M
Y GE@Hr Y (=)= Y g =dn Y on = C.
x€8%2; xe; xX€R; j=1
which implies that
X:e’zi(l—e'zi)<E and X:e<E

xeQ; xEAg

This yields a contradiction to (iii). Thus {i'} has a uniform bound in [°°(Z"), and we have the pointwise
convergence

lim @' (x) =u(x) forall x € 7",
i—+400

where u € [°°(Z7") and u satisfies the self-dual Chern—Simons vortex equation (1). From the above
inequality and the fact that u has a lower bound, we pass to the limit, and get that for any i > 1,

pinfrezn u(x) 1—e") < (1 — ') < E,
XEZQi ( ) xéi ( ) A
which yields that u is a topological solution.

That the solution is maximal follows from Lemma 3.3. On any finite subset €2, by Lemma 3.3, we
obtain that the solution ug, is maximal. On Z", we suppose that there exists another topological solution
[ of the self-dual Chern—Simons vortex equation. From the proof of Lemma 3.3, we observe that f <0
on Z". Applying Lemma 3.3 on €2;, we have

f< ut,

For a fixed integer k > 1 and for i > k we have
S ) <limj oo’ (x) = u(x) on .

For any x € 7", there exists a sufficiently large integer k satisfying x € € such that f(x) < u(x). Thus
we obtain f < u on Z", and the solution u# is maximal among all possible solutions.
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The last part is to prove the decay estimate
U= 0(€—m(1—é)d(x))’
where m = In(1 + A/(2n)). Note that the solution u satisfies

Au=Lre"(e" —1) on Q.
Since

Iim u(x)=0,
d(x)—+o0

for any 0 < € < 1, we can choose R > 1 sufficiently large that

S

Zn)]_e _ 1], d(x) > R.

re > 2n[<l +
Then for d(x) > R,
Au=re'(e" — 1) = 2" u < re®u < cu,

where the function w satisfies u < w < 0 and c3 = 2n[(1 +1/(2n))' € —1].
Consider the function /i(x) = —e (=94 [ et ¢; be the vector whose i-th component is 1 and the
others are 0. For x € 8_26 and d(x) > R, suppose that d(x) =t > R > 1, and we have

n

Ah(x) =) (h(y) =h(x) =Y (h(x +e) +hx —e) = 2h(x)).
y~x i=1

If x; # 0, then

h(x +ei) +h(x _ ei) _ 2h(x) — _e—m(l—e)(t—l) _ e—m(l—e)([—l—l) +2e—m(1—e)t.
If x; =0, we have

h(x +e) +h(x —e;) —2h(x) = =2 mU7OUHD 4 pp=md=e)

> _em1=a=1) _ mm(=e)t+1) | o ,—m(1=o)
Therefore, we have the inequality
Ah(x) > n[_efm(lfe)(tfl) _efm(lfe)(H»l) _|_2efm(lfe)t] — n[efm(lfe) _{_em(lfe) _ 2]h(x)
c3

Q={xeZ":d(x) >R, >R},

Fix a subset

which satisfies Q( N Qo = @. By choosing a large constant C (¢), we obtain
(A—c3)(C(e)h—u) >0 on £,
lim (C(e)h—u)(x)=0 and C(e)h(x)—u(x) <0 if d(x) = R;.

[x|—=+00
These imply that
0> u(x) > —C(e)e ™19 on Qf

completing Theorem 1.1. As a consequence, we obtain u € [7(Z"), 1 < p < oo. |
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Proof B of Theorem 1.1. Proof B follows the methods in [Spruck and Yang 1995]. We mainly prove the
following key lemma.

Lemma 34. Letn > 2, L > 0, and Qq be a finite subset of 7" containing the distinct points {p j}j!”: - For
any finite subset Q2 O 2, the boundary value problem

Au = re'(e" —1)+4m Ziw:l njs, ong,
u(x)=0 on 8§82,

has a solution ug : Q@ — R. This solution is maximal among all possible solutions and satisfies that
lugllz) < Co, where Co only depends on n, A and C.

By Green’s identities in Lemma 2.1, we consider the following functional on €2:

F(u)=3Da(u)+ Y [3A(e"Y —1)* + g(x)u(x)].

xe

We prove the following lemma which states that F'(u;) deceases with respect to k.

Lemma 3.5. Let {uy} be the sequence defined by (3). Then
cozFu) 2 Fu) =2 =2 F(u) = -+,

where the constant co only depends on n, C, A.

Proof. Multiplying (3) by u; — uy—; and summing over €2, we obtain

D (A = K)uge (o) [k () — w1 ()]

xe
= [re" (e = 1)ux — 1) = Ky (g — 1) + g (g — ux—) ] (x).~ (6)
xeQ
By Green’s identities in Lemma 2.1,
Z Aug(x)(ug(x) —ug—1(x)) = —Dq(up — ug—1, ux) = —Dq(ux) + Do (ur—1, ug).
xeQ

Combining it with equation (6), we get

Da(ur) — Doug—1. ue) + Y K (ur(x) — ug—1(x))

xe u u
==Y [re" (@ — 1) — 1) + g (ug — ug—1)1(x).
xe
Consider the function
Ay > K »
(p(x)zz(e -1 —316 )

which is concave for any x < 0. Hence

Qur—1) — @ (ur)
Uk—1 — Uk

> ¢ (ug—1) = re" 1 (@ — 1) — Kuy—.

That is,

e =12 < 2 = 1 T — 1) A @ — D g — ).
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By the fact

|Da(u—1, up)| < % Z |Vayttg—1 Vayui| + Z | Vayttg—1 Vyytig|

x,yeQ xeR,yes
X~y X~y

<3 (Vi P+ 1V + 5 Y (Vayteot P + [ Viyue )

x,y€QR xeQ,yesQ
X~y X~y

= 3 Dq(ux—1) + 3 Do (up),
we obtain that
K
Fui) < F ) + 5 -y = il gy < F ).

Thus we only need to prove F(u;) < cg. Note that

DQ(”])=% Z |nyu1|2+ Z |vxy”1|2

X, yEQ XER,yeSNR
X~y X~y

<Y @ +uMH+2 Y @ Fu()?)

X, yEQ x€QR,yesN
X~y x~y

2
< 41’1””1 ”[2(9)

and |e"! — 1| =1 —¢e"' < —u;y. Then we have the estimate

Fun) <3l g +5 3 0007 + 4 Y lg @) +101 (0]

xeQ xeN

2
=] +C2||u1”12(9)1

where c1, ¢ are constants that only depend on n, A and C. Multiplying (4) by u; and summing over £2,

we have
Do(un) +K Y ui(x)> ==Y g@)ui(x).
xeQ xeQ
This yields
1 K
KDY m@)?<5p > 8@ +5 ) mw?
xeQ xeQ xXeQ
Hence,
181172 n
> m? < —5=
xXeQ
which completes the proof. U

Our aim is a uniform control of the /2-norm of {uy}. By Lemma 3.5, we can use the functional F'(uy)
to control the /?-norm of uy. In fact, we prove the following lemma, which states that the functional F is
coercive.
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Lemma 3.6. Let v € [(Q) and v(x) = 0 for all x € 5. Then
Ivll2@) < C2(F(v) + 1),
where Cy only depends on n, C, A. In particular, let {uy} be the sequence defined by (3). We have for any
k>1,
lukllz) < C2(F(ug) + 1) < Co,
where Cqy only depends on n, C, A.

Proof. For any function v € I>() with v(x) = 0 for all x € §Q. Let ¥ be the null extension to Z" of v
on . Hence ¥ € [?(Z"). By Lemma 2.5, we have

~n4 ~12 ~112
||v||l4(Z") < C;l”v”Dl,Z(Zn)||v||12(zn)-
Note that
1
~ 4 4 ~2 2 ~ >
19l fszmy = D0 W0z, = D 0% and [Tl pragn < 2Da®))2.

xeQ xeQ

This yields that
Y )< C3Da(v) Y v(x)?, (7)

xX€EQ xeQ

where C3 =2C),. Since ¢’ —1 >vand 1 —e™ > v/(1 4+ v) for v > 0,

2
|ev—1|2>( vl )
“ 1+
By (7) we obtain

F(v) = Do)+ Y [3A(e"™ = 1)? + g(x)v(x)]

xeQ
> 1Da() + i Z<M>2 — g lwscan 0l
22 T )] rrEn e

1

2 7
> 1 Do)+ 12 2(%) — Cy(Da(v)} (Z v(x)z)
xeQ

xEQ

@)\ Cs L
> 1Dg(v) + 1A <—> —elvllp — — (Da(v))?
2 2 XEZQ 1+ |v(x)] €

el
>1p LY () - Do) —C
5 Da(v) + 5 er(1+|v(x)| ellvllz) — 7Da(v) — Cy

el Y
= }TDQ(U) + %)\.;(m) — 6”1)”]2(9) - C4, (8)

where € > 0 is a sufficiently small constant which will be chosen below, and Cj4 is a uniform constant
only depending on €, C, C,, which may change its value from line to line.
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By the inequality (7), we have the estimate

2 2
)V lu(x)|
(xezgvm ) = [Zﬂ —1+|v(x>|<1+|v<x>|>|v<x)|}
< Z(M)z S+ @) )2
\er 1+|v(x)| xe
el ) 2
< Z(H-Iv(x)l) Z(v(x) +u(0)*h
Z( [v(x)] ) Z ()% +2C; Z( [v(x)] )ZDQ(’U)ZU(X)Z
S 1+ Jv(x)] I+ |v(x)]

xeQ xeR xeN

cr{go) () (o
S N\ T+ Z\i+pwi) ) 7

XEQ
< 1(2 U(x)z)erC [IJF(Z( lv(x)] >2>4+D (v)q
~ b} 5 PN Q b
? x€Q X€ER 1—|—|U(X)|

where Cs, Ce are uniform constants only depending on C,,. This yields that

) Y
||v||,z<m<c6[1+ (—) +Dg<v)]. 9)
g 1+ [v(x)]

min{1/8, A /4}
Cs

We choose € = , and by combining (8) with (9), we obtain

10l < C2(F(v) +1).
By Lemma 3.5, we have

lurllz@) < Co(F(ug) +1) < Co,
where C;, Cy only depend on n, C, A. U

Proof of Lemma 3.4. By Lemmas 3.6 and 3.1, we obtain
we— ug inl(Q), and luglpg < Co.

Since A is a local operator, by the pointwise convergence the function ug € I2(2) is the solution to the
equation
Au=re"(e"—1)+g on Q,
{u(x) =0 on §€2.

This finishes the main proof of Lemma 3.4. For the rest, it remains to prove that this solution is maximal,
which we argue the same as in Proof A. U
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Let €2; be finite and connected subsets satisfying
oo
Qcccuc, (Jau=2,
i=1

and we write u’ = ug,. Finally we use these lemmas to prove Theorem 1.1.

Proof of Theorem 1.1. As in Proof A, for any integer 1 < j < k, one easily sees that

Let ii* be the null extension to Z” of u;. Then
o' >it>--->ik>...
on Z". Noting that ||it* l12(zny < Co for any k > 1, we have the pointwise convergence
i*(x) > u(x), forallxeZ",

and u € [>(Z"). Hence u satisfies the equations

{Au = e (e" —1)+4m Z;W:] 8p, onZ",
limg(y)— 400 u(x) =0,

which is a topological solution. Analogous to Proof A, one can show that this solution is maximal and
satisfies the decay estimate. This implies that u € [?(Z") for any 1 < p < 0o, and we finish Proof B. [J
4. Existence theorems of the abelian Higgs equation

Note that the topological solution to the Chern—Simons model, obtained in Theorem 1.1, serves as a
subsolution of the abelian Higgs equation. In this section we will prove the existence of topological
solutions to the abelian Higgs equation (2) on Z" for n > 2 using the subsupersolution approach. We
prove the existence of topological solutions to (2) by a monotone iteration method.

Definition 4.1. We call a function w a supersolution or a subsolution of (2) if, on Z,
Ao < (e —1)+g or Aw>=xr(e”—1)+g, respectively.

Lemma 4.2. The function w, = 0 is a supersolution of (2), and the function w, = u given by Theorem 1.1
is a subsolution of (2).

Proof. Since g > 0, we have
Aw; =0 A —1)+g.

Noting that w; < 0, we have

Awry =21e? (e —1)+g>Are?—1)+g. O
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Similar to Section 3, we define an iterative sequence as follows. For K > A, let u6 = 0 and consider
the following equations, k > 1,

(A —K)uj = 1t — 1)+ g — Ku,_, onZ",

lim u)(x)=0.
d(x)—+o00 k( )

(10)

We have the following lemma.
Lemma 4.3. Let {u}} be the sequence defined by (10). Then for each k, u), is uniquely defined and
o =0=ug>u) Zuy>--- > w.
Proof. It is clear that u/ is unique and | € 12(Z™). Since
(A=K)(wy—up) 2 A —1) =Ky > (A — K)w 20,

with the boundary conditions, we prove that u} > w, by Corollary 2.3.
Suppose that
O=ug=uyZuy > >u; >

and we have the existence and uniqueness of u;_ ; € 12(Z"). By calculation, we obtain
(A — K)oy —ul) = A(e"i —e"i1) — K (u} —u}_y) = re (u) —u}_) — K (u} —u}_))
> K" —Du,—u;_1) =0

and
(A= K) (w2 —uj ) > r(e”? — "ty — K (wp — u;) = (he™ — K)(wy —u}) 20,

where the functions 75y, 1y satisfy

u;<m<u;_; <0 and wy < <u; <O0.
These yield that
w) Sy < uj. O
Finally, we give a sketch of the proof of Theorem 1.2.

Proof of Theorem 1.2. By Lemma 4.3, the monotone sequence {u;} is bounded in 12(Z"). Hence, we get
the pointwise convergence
up(x) = u'(x) forallx € 2",

and we obtain that u’ € [(Z") and ' is a topological solution to (2). In addition, if there exists another
topological solution f, then
AW — f) =" —el).

Hence there exists a function f”, satisfying min{u’, f} < f’ < max{u’, f}, such that
(A—=2re! YW = f)=0.

By the maximum principle, we obtain that this solution is unique.
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Furthermore, since 0 > u’ > wr» = u and

U= O(e—m(l—e)d(x))’

we have
u = O(E—m(l—e)d(x))

and u’ € [P (Z") for any 1 < p < o0. O
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ENTROPY MAXIMIZATION IN THE TWO-DIMENSIONAL EULER EQUATIONS
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We consider a variational problem related to entropy maximization in the two-dimensional Euler equations,
in order to investigate the long-time dynamics of solutions with bounded vorticity. Using variations
on the classical min-max principle and borrowing ideas from optimal transportation and quantitative
rearrangement inequalities, we prove results on the structure of entropy maximizers arising in the
investigation of the long-time behavior of vortex patches. We further show that the same techniques apply
in the study of stability of the canonical Gibbs measure associated to a system of point vortices.
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1. Long-time dynamics in two-dimensional perfect fluids

The Euler equations describing the motion of an inviscid and incompressible fluid in a two-dimensional
regular simply connected domain M C R? read
{8,w+u-Va)=O,

. E
wli=0 = »", ®

where w(f, x) : R x M — R is the vorticity and u(z, x) : R x M — R? is the divergence-free velocity
field, related to w through the Biot-Savart law

u=Vy = (=¥, V),

{mp:w in M, (-

Y =0 on IM.
In short, u = VA~ 'w. The transport nature of equations (E) translates into the representation of solutions
via the method of characteristics,
o, x)=w"o CDt_l(x),
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where
d

g Q) =ult, (x)),  Pox) =x,
is the Lagrangian flow. Thanks to Yudovich theory [1963], the Euler equations can be seen as a well-posed,
weak-* continuous dynamical system on the compact metric space given by the unit ball in L*>

X:={we L¥M) : |lolL~ =1},

endowed with the weak-* topology (see [Nguyen 2022] for a recent proof of this fact). It is then natural to
ask what is the generic long-time picture of solutions to (E). A central conjecture due to V. Sverak [2012]
posits that generic initial data give rise to solutions whose orbits are not precompact in L?. While this
conjecture, in its generality, remains currently out of reach, the recent inviscid damping results [Bedrossian
and Masmoudi 2015; Masmoudi and Zhao 2024; Ionescu and Jia 2020; 2022; 2023] validate it in certain
perturbative regimes.

A related point of view revolves around the idea that the velocity causes a cascade towards high
frequencies that averages (i.e., mixes) the vorticity in infinite time. The Euler equations (E) preserve
physically relevant quantities, hence said frequency cascade is constrained to be consistent with many
conservation laws. These are the kinetic energy,

Ew) = %/M VA ()P dx = | fM (o dr,

the circulation,

K(w):f u-dE:/ w(x)dx,
oM M

and the Casimirs,

1

S5 @) = T

/ f(w(x))dx, for any continuous f : R — R.
M

Along any sequence of times tending to infinity, weak compactness implies the existence of subsequential
limit points we, for the dynamics. While E and K are continuous in the weak-* topology, and hence

(E, K)(@™) = (E, K) (@), (1-2)

the Casimirs may lose information at infinite time. In particular, if @ (f;) * woo, along a sequence of
time #; — oo, then only upper-semicontinuity can be deduced, namely
Sy (a)i“) =limsup Sy(w(?j)) < Sy(ws), for any continuous concave f: R — R.
j—00
A strict inequality above is associated to mixing and is often observed in the long-time limit of the
two-dimensional Euler equations.

To give the above observations a robust mathematical framework, one can account for the Euler
evolution and its long-time limits by considering the weakly-+ closed set

O = {a)i“ od | d: M — M is an area preserving diffeomorphism}*, (1-3)
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which can be seen as the orbit of the natural action of the volume-preserving diffeomorphism group on
the vorticity field ™. Although this set may strictly contain the ©2-limit set of ™, we can get close to
the dynamics of 2d Euler by intersecting Oj, with the various conservation laws (1-2). This approach
provides the basis of Shnirelman’s maximal mixing theory [1993], explored and revisited recently in
[Dolce and Drivas 2022].

1.1. A statistical mechanics perspective. For specific choices of f (e.g., f(w) = —wlogw), Sy can
be seen as a measure of entropy, which is a measure of the number of possible configurations at the
microscopic level that leads to the observable macrostate. The second law of thermodynamics states that
the entropy of an isolated system will never decrease, but will instead tend to increase over time until it
reaches a maximum value at equilibrium.

L. Onsager argued in his seminal [1949] work that under certain ergodicity assumptions, Euler flows
originating from point vortices should relax to vorticities that maximize the Boltzmann entropy

S() = ——— [ wx)logw(x)dx, (1-4)
IM| [y
subject to all conservation laws, in analogy with equilibrium statistical mechanics. The field has seen
tremendous growth since then, with the development of statistical hydrodynamics theories corresponding
to variational problems of the type

maximize Sy (w) subject to @ € Oy, and E(w) = E(w™), (1-5)

for suitable choices of f, see the reviews [Robert 1995; Bouchet and Venaille 2012]. A rigorous picture
for point vortices has been established in the seminal articles [Caglioti et al. 1992; 1995; Eyink and Spohn
1993; Kiessling 1993]. In this article we center in the choice of the Boltzmann entropy (1-4), but other
choices of f are also physically relevant.

In the canonical formalism of statistical mechanics, the maximal entropy functional is computed via a
variational problem over a microcanonical ensemble as

S(e) =max{Sy(w) : w € Oy, E(w) =e}, (1-6)

and is expected to be concave with respect to the energy level e. However, even in the simple scenario of
a single vortex patch in a disk, this seems to be an open question [Sverdk 2012].

One of the aims of this article is to give a general strategy to show the concavity of S, via a variation
of the classical min-max principle. The energy constraint in (1-6) can indeed be rewritten as

§(e) = max [S/(@) + inf ple —E@))]. (1-7)

since
0 if E(w) =e,
—o0 otherwise.

ég& ple —E(w)) = {
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By formally commuting the max and the inf in (1-7), also known as the min-max principle, we are able
to rewrite

(e) = inf{ Be+ me(lg)i(n( r(w) — BE(w)) { = inf 1 Be+ m%)i(n Fg(w) (1-8)
in terms of the associated free er 1C12Y

Fg(w) :=Sy(w) — BE(w). (1-9)

If the min-max principle applies, it follows immediately that S is concave as it is now written as the
infimum over affine functions of e. The rigorous justification of the min-max theorem is included in the
Appendix, whose main requirement is the uniqueness of maximizers of Fg in O;, for every B € R. This
discussion leads to the following conditional result.

Theorem 1 (uniqueness implies concavity). Assume that o™ = 14, for some A C M, and suppose that
£ eC([0,00)NCL((0, 00)) is strictly concave with f'(z) — —oc as z — 0%, If for any achievable energy
level the constrained entropy maximization problem (1-5) has a unique maximizer, then the maximal
entropy functional S in (1-6) is strictly concave.

Remark. The uniqueness of the entropy maximization problem (1-5) can be relaxed to allow uniqueness
up to transformations that preserve the entropy and the energy, see Remark A.2. For instance, in the case
of radially symmetric domains, we can for instance allow for uniqueness up to rotations.

Showing the uniqueness property required in the above Theorem 1 in general settings is an interesting
and challenging open question. In statistical physics, nonuniqueness of the equilibrium state is directly
related to phase transitions in the associated system [Georgii 2011; Delgadino et al. 2021; 2023]. For
interacting particle [Carrillo et al. 2020; Chayes and Panferov 2010] and spin glass systems, several toy
models exhibiting discontinuous phase transitions exist. In the case of 2d Euler, it could be expected that
for nontrivial geometries, a discontinuous phase transitions takes place (specifically, the relevant type are
first-order or discontinuous phase transitions).

While in the variational problem it is just a Lagrange multiplier, 8 plays the role of the inverse
temperature in the language of statistical mechanics. More specifically, if there exists a unique 8 = f(e)
that attains the infimum in (1-8), we obtain the classical statistical mechanics identity (Clausius law)

ds
p= de’
That is to say, the derivative of the maximal entropy with respect to the energy is the inverse temperature
of the system. In particular, B(e) is strictly decreasing in e, and hence we can write the energy associated

to a given inverse temperature level 8 (see Figure 1).

1.2. Main results for vortex patches. One of the purposes of this article is to show the uniqueness of
maximizers in (1-5) in the case when ™" is a vortex patch on the disk, by exploiting the theory of radial
rearrangements. We therefore consider M = [, the unit disk centered at the origin, and ' the indicator
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S(e)

S(e.)

0 €min €, €max e

B>0 B <0

Figure 1. The function e — S(e). The three cases § — —oo, 8 =0 and § — oo are associated
with the energy levels enax, €, and epin, respectively.

function of aset A C D, 1.e.,

W (x) = 14 (x), %=me ©, 1). (1-10)

D
In this context, the corresponding set in (1-3) takes the particularly amenable form [Dolce and Drivas
2022]

1
0= :a)ELOO 0<w<1, —/w(x)dx:m}. (1-1D)
Dl Jo

Since O is weak-* compact, the weak continuity of E implies the existence of a maximum and a minimum,
denoted epax (resp. emin), achieved at vorticity wmax (resp. wmin). Also, since 0 ¢ O and E(w) = 0 if and
only if w =0, it necessarily holds that ey;, > 0. In fact, enax and epin and corresponding vorticities can
be computed explicitly, see Lemma 3.2. Given e € [epin, €max], W€ are interested in the maximization
problem

maximize S(w) subject to w € O and E(w) = e, (1-12)

where S denotes the Boltzmann entropy

S(w) := _ L w(x)logw(x)dx. (1-13)

DI Jp
Remark (on the choice of entropy). Our analysis does not heavily rely on the specific form (1-13),
although for the patch problem, several other entropies can be considered, consistent with classical
theories of statistical hydrodynamics. For instance, in the Robert—-Sommeria—Miller theory [Robert 1990;
1991; Miller 1990; Robert and Sommeria 1991], the choice of S should be dictated by the form of the

initial datum: assume that D is partitioned into a disjoint union of sets {Ag}évzl, and ™ = > paela, with
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a, € [0, 1]. Then one can define the entropy (generated by ') as
1
Srsm (@) = sup{—@ / > ) logpe(x)dx = aipr, 0<pr <1, > py= 1}. (1-14)
Dy ¢ [

The case of a vortex patch (1-10) leads to explicit computations: since Aj = A, A» =D\ A, a; =1 and
ap = 0, the only possible choice in (1-14) is when p; = w and p, = 1 — w, leading to

Syom (@) 1= —ﬁ [0 log0 () + (1~ @) logl —w(x)]dx,

Another possibility, introduced by Turkington [1999], is to consider a different maximization problem
compared to (1-14), that, in the case of a vortex patch, allows vorticity to mix on the whole range of small
scales a € [as, a;] = [0, 1]. This leads to the entropy

=
St(w) := |D|/th(w(X))dx,
with |

1 1
ft<w>=sup{—/0 p(») logp()dy < p =0, /0 P dy =1, /O yp(y)dy=w}.

This amounts to performing an entropy maximization over all probability densities p dy in (0, 1) which
give w as their mean value.

The first main result of this article is the following characterization of the maximal entropy functional,
in complete analogy with classical statistical mechanics.

Theorem 2. The function S : [emin, €max] — [0, 00) defined as
S(e) =max{S(w) : w € O, E(w) =¢}
is strictly concave. Moreover,
(@) S has a unique, strictly positive global maximum at e, = tm?/16;
(b) S(emin) = S(emax) =0;
(c) S isincreasing on [emin, €«] and decreasing on [e,., emax]-
Remark. Theorem 2(c) is a consequence of concavity and Theorem 2(a)—(b).

In light of Theorem 1, the rigorous justification of the min-max principle in the Appendix needed for
Theorem 2 requires the uniqueness of maximizers of Fg in O for every 8 € R. This is the second main
result of this article.

Theorem 3. For any B € R, there exists a unique solution wg € O of the maximization problem
maximize Fg(w) subject to w € O.
Moreover,
o if B >0, then wg is radially increasing,
o if B <0, then wg is radially decreasing.

In particular, wg is constant when B = 0.
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Our uniqueness proof follows closely the developments in uniqueness of steady states for the standard
Keller—Segel model [Calvez and Carrillo 2012], and their homogeneous variants [Calvez et al. 2021;
Carrillo et al. 2015]. In broad terms, the strategy is to find suitable interpolation curves between two
competitor states, such that the free energy over the curve is convex or monotone. The seminal paper
of McCann [1997] implements this idea with the interpolation curves given by the geodesics of the
optimal transportation distance. We also mention the novel interpolation curve in [Delgadino et al. 2022]
for radially decreasing states, which unfortunately is not directly applicable to our setting. Inspired by
[Calvez and Carrillo 2012; Calvez et al. 2021; Carrillo et al. 2015], we first use rearrangement theory
[Talenti 1976; Kesavan 2006] to reduce the problem to one-dimensional radially decreasing profiles.
Then we consider the optimal transportation interpolation between a maximizer and a competitor. Finally,
employing Jensen’s inequality and the Euler—Lagrange equation for the maximizer, we can show the strict
monotonicity of the free energy along the interpolation curve. One of the main differences with [Calvez
et al. 2021; Carrillo et al. 2015] is that we need to deal with the L*>° constraint, imposed by (1-11).

1.3. On the conservation of angular momentum. The constrained maximization problem (1-12) takes
into account the conservation laws (1-2), but neglects the additional symmetries of the disk that give rise
to conservation of angular momentum

A(w):—f %(1—|x|2)w(x)dx:fxL~u(x)dx, (1-15)
D D

which is weak-* continuous, like the energy E.

The inclusion of this extra constraint changes the picture dramatically. Indeed, entropy maximizers are
no longer necessarily radially symmetric, as the following heuristics illustrate. Ignoring for the moment
the L™ constraint that the set O in (1-11) imposes, the limiting case of maximal angular momentum
amax = 0 is achieved only for states @ which are supported on the boundary dD. In which case, if wyq is
radial then wryq = c8yp and E(wrag) = 0. On the other hand, the nonradial state w,, = §x, with xo € 9D also
has zero angular momentum, and formally has unbounded energy E(wy,) = +00. This extreme situation
hints that constraining the angular momentum implies there are energy levels that are not achievable by
radial vorticities. A rigorous statement describing this situation is contained in the following result.

Theorem 4. For m € (0, 1) and L > 1, consider the set
O = {a)eLoo :0<w<L, L/ w(x)dx:m}.
DI Jp
For the radial optimization problem, there exists C > 1 independent of L, a and m such that
sup{E() : w e 0L, Aw) =a, w is radial} < C<m|a| + |a|210g(|];—|>). (1-16)

For the nonradial case, if L > 47%m3 / |a|2, we have the lower bound

2 L|a|?
sup{E(w) : w € O, A(w) =a} > n;n 10g(647r2m3)' (1-17)
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In particular, there exist a, € (—l O) and Q > 2w depending on m, such that if a € (ay, 0) and

27
L = Q*m3/|al?, then
sup{E(a)) twe 0, Alw)=a, wis radial} < sup{E(w) twe 0, Alw) = a}.

The radial bound (1-16) follows by utilizing the formula

1 (1
E(w):E/O ;/I;Va)(x)dx

which is valid only for radial functions. The bound follows by estimating the amount of vorticity near the

2
dr,

origin, using the L* bound and the angular momentum. The lower bound (1-17) follows by calculating
the energy of a vortex patch of the form

Wyxy,L = Lle(xo)-

The complete proof of Theorem 4 is postponed to Section 5.

We note that the proof of Theorem 4 is similar in spirit to [Dolce and Drivas 2022, Theorem 2].
The main difference is that Dolce and Drivas consider the case of a periodic channel (hence not simply
connected) instead of the disk. In their case, the conserved quantity of interest is the linear momentum
instead of the angular momentum.

1.4. On the stability of Onsager solutions. The Euler—Lagrange equations associated to the variational
problem (1-12) resemble those appearing in the context of mean-field limits of point-vortices studied in
[Caglioti et al. 1992; 1995; Eyink and Spohn 1993; Kiessling 1993]. Specifically, in the setting of the
unit disk and for 8 € (—8m, 00), there exists a unique radial solution to the mean field equation

BY, AYg = in D,
wp=2"" and Vp=wp in (1-18)
Zg Y =0 on 0D,
where
Zg :/ ePYs () dx,
D
which is given in radial variables by
1—A 1
wp(r) = ) ,  with A(B) = P . (1-19)
T (1—A(B)r?)? 8nr +p

We call such steady Euler flows Onsager solutions, as they appeared first in [Onsager 1949]. A result of
[Caglioti et al. 1995], rephrased with the terminology of this article, states that such solutions arise as
maximizers of the same free energy Fg in (1-9) over the set

73={a)eL1 tw >0, /w(x)dx:l, /a)(x)loga)(x)dx<oo}.
D D

Moreover, we notice by (1-19) that as B — —8m we have wg — d¢, see Theorem 6.1 below for a precise
statement. This restriction of 8 > —8m did not apply to the previous results as we considered the vortex
patch problem, which has the conservation of the L* norm which prevents blow-up.
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Quantitative stability of these solutions in L' has been addressed in [Lemou 2016], using the stability
of the Hardy-Littlewood inequality applied to angular momentum. The techniques developed in the proof
of Theorem 3 allow us to prove the following qualitative L2-stability result.

Theorem 5. For any B € (—8m, 00), the solution wg to (1-18) is L? stable with respect to L pertur-
bations. That is, for any € > 0 and any positive ™ € L, there exists 8 = §(e, ||| =) > 0 such that if

™ —wgll 2 <9, the corresponding Euler solution w = w(t) is such that |w(t) — wgl| 2 < € for any t > 0.

The case S > 0 follows from the classical method of Arnold [1966; Arnold and Khesin 1998], as
the right-hand side of (1-18) is an increasing function (see also [Gallay and Sverdk 2024] for a recent
revisitation of the method). However, the case 8 < 0 is nontrivial, and it will be our main focus. Indeed,
Arnold criteria for stability of steady Euler solutions satisfying the semilinear elliptic equation Ay = F ()
require that

—M<F <0 or 0<F <oo,

where A1 > 0 is the first eigenvalue of the Dirichlet Laplacian. Such a condition is clearly violated by (1-18).

To obtain this Lyapunov stability result we make use of a quantitative Jensen’s inequality and an
adaptation of Talenti’s original argument [1976]. In particular, we borrow ideas from [Amato et al. 2024],
which combine the arguments of the quantitative versions of Polya—Szegé [Cianchi et al. 2008] and
Hardy-Littlewood [Cianchi and Ferone 2008] inequalities, specialized to the solutions of the Poisson
equation to obtain a quantitative version of Talenti’s inequality.

We mention that the uniqueness of Onsager-type solutions in the sphere S* was recently addressed in
[Gui and Moradifam 2018] by studying Onofri’s inequality [1982], which settled a conjecture in conformal
geometry [Chang and Yang 1987]. The stability of Theorem 5 is related to the dual formulation of Onofri’s
inequality, which was exploited recently in [Carlen 2025] to obtain stability of the log-HLS inequality.

2. Uniqueness implies concavity

The purpose of this section is to prove Theorem 1, for vortex patches of the form (1-10) in a general two-
dimensional simply connected domain M C R?. In which case, we will make use of the characterization
(1-11) for the orbit of the patch, with the disk D replaced by M. As mentioned in Section 1.2, the
concavity of S is a consequence of the min-max principle stated in Proposition A.1. The only nontrivial
requirement is stated in Proposition A.1(e), which requires the uniqueness of maximizers wg € O of the
functional
L(w, B) = Be+ Sy (w) — BE(w)

for a given fixed 8 € R.

In the generality of Section 1.1, the energy functional E still achieves a maximum and minimum values
emax = €min > 0 on O. Theorem 1 is then a consequence of Proposition A.1 and the following result.

Proposition 2.1. Assume that the free energy Fg has a unique maximizer wg € O for each € R. Then
the function e — S(e) is strictly concave on [emin, €max]-

We start by deriving an Euler—Lagrange equation, which we will use in the proof of Proposition 2.1.
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Lemma 2.2. Assume f € C([0, 00)) N C'((0, 00)) is concave and lim, g+ f'(z) = —o0. Any maximizer
 of Fg over O satisfies inf @ > 0, and there exists A = A(®) such that
1

|M|f/(6))+,31/_/:)_» a.e. on {® < 1}, (2-1)

where _
Ay = inM,
V=0 on oM.

Proof. To prove (2-1), we consider a positive smooth function ¢, such that

1 _
— | l—w)p=1. 2-2)
[M] /M v
We take the perturbation
m
we = ——(@+e(l —w)g),
m+¢e
with & > 0 small enough to satisfy @, € O. Taking a variation of the entropy, and using concavity, we
know S/ (@,) — S/ (@)
. o f(we) — op(w 1 /= _ 1 _
hgrg(l)gff > ~TM] /M (@)1 —-w)e— ESf(w)-
Similarly, taking a variation of the Energy we get
E(w:) —E(® _
lim 22 —E@) _ —/ T —d)p— 2E@).
e—>0t & M m

Using the maximality property of @, we know that

lim MSO

e—0t &

’

which immediately implies that

/ (f (@) +M)(1 —D)p > AM®) = - (S(@) — 2BE@))
u\ M| "

for any positive and smooth test function ¢ which satisfies (2-2). Therefore,
f'(@)
|M]|

+BY >X1 ae.on{d<l}.

Using that f/(0) = —oo and that ¢ is uniformly bounded, we have that & is uniformly bounded below
in M. Hence, we have that the perturbation
_ m

We = m_g(cT)—scp)GO

0
|M| M(p_

and & > 0 small enough. Following the same arguments as above, we obtain the reverse inequality
'@ - -
+BY <X ae.onM,
|M]|
and (2-1) follows. U

for any positive smooth ¢ satisfying
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Proof of Proposition 2.1. Applying the min-max principle in Proposition A.1, the maximal entropy
function can be written as an infimum over affine functions in e, namely

S() = inf {ﬂe+ max Fﬂ(w)}, (2-3)

weOm
and hence it is concave in e. We now verify its strict concavity. For any 8 € R, let
:= max Fg(w).
8(B) = max Fy (@)

Being the supremum of affine functions of 8, g is a proper lower semicontinuous convex function.
Therefore, for any 8 € R, the subdifferential dg(8) is nonempty and monotone. We define the set

Be):={BeR:Se)=pBet+g(B)}
We claim that B(e) is nonempty in (emin, €max), Single-valued and monotone as a function of e.
e B(e) is nonempty. For e € (epin, €max), We first show that

ﬂgliloo(ﬂe +8(B)) = +oo. 24

The expression for the energy optimizers wmax and wniy can be computed explicitly (see (3-6) and (3-7)).
In particular, wmax, @min € {0, 1}, and hence Sy (wmin), Sy (wmax) are finite.
For g > 0, we have
—Bemin + Sf (@min) = Fﬂ (@min) < al;rel%x Fﬂ () =g(B),
which implies the bound
B(e —emin) + Sf((l)min) <Be+g(B),

and shows that ﬂlim (Be+ g(B)) = +oo. Similarly, for 8 < 0, we have the bound
—00
—Bemax + Sf (Wmax) = Fﬂ (wmax) < g(B),

which implies the bound
—B(emax —©) + Sf (wmax) < Be+g(B),

and the claim (2-4) follows. If {8,} C R is a minimizing sequence such that
S(e) = lim (Bre+g(Bn)),
n—oo
then by (2-4) we must have that {8,} is bounded and therefore has a limit point B. By the lower
semicontinuity of f we find from (2-3) that Be+g(B) = S(e), proving the claim.

o Characterization. If 8 € S(e), then
—e € dg(p), (2-5)

because § is a minimizer. Next we show that the subdifferential of f is given by

9g(B) = {—E(wp)}, (2-6)
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where wg is the unique maximizer of Fg over Oj,. Since g is the pointwise supremum of affine func-
tions G, (B) := Sy(w) — BE(w) over w € Oy, the subdifferential dg(B) is in general [Zilinescu 2002,
Theorem 2.4.18] given by

9g(B) =co< U 106.(8) : Gu(B) =g(ﬂ)}),

w€Oi

where co(B) denotes the closed convex hull of the set B. Due to our uniqueness assumption and the fact
that G, is differentiable, in our case the above identity reduces to

d

%28 = { 45

Go(B) s, | = (—E@p)).
which is (2-6).

o Strict monotonicity. Thanks to (2-5)—(2-6), the function S(e) is given implicitly by the equation

E(wge) =e.

Hence B(e) is well-defined and monotone if we can prove that the mapping 8 — E(wg) is strictly
monotone.

Given B; < B2, we want to show that E(wg,) > E(wg,). By the Euler—Lagrange condition (2-1), we
know that wg, # wg,. Hence, by uniqueness of maximizers, we have

Fg, (wg,) > Fg, (wg,), Fg,(wp,) > Fg,(wg,),
which implies
(B2 — B1)(E(wg,) — E(wg,)) = (Fg,(wp,) — Fg,(wp,)) + (Fp, (wp,) — Fp,(wp,)) <O.
This shows the desired strict monotonicity. U
Remark. The assumption that o™ = 1, for some A C M is only used to show that for any ) # 8, we

have that wg, # wg,, which stems from the Euler-Lagrange condition (2-1).

3. Free energy and entropy maximizers

In this section we analyze various aspects of entropy maximization related to the free energy Fg. We
specialize from now on in setting of Section 1.2, hence considering the vortex patch problem in the unit
disk M = D, with entropy given by (1-13). Since our analysis is based on rearrangements inequality, we
first take some time to review the basic concepts of radial rearrangements. The assumptions on f are
those of Theorem 1.

3.1. Rearrangements and radial symmetry of maximizers. A standard technique for studying maximizers
is utilizing rearrangements of mass. Given a set B C [, its symmetric rearrangement B is the open
centered ball whose volume agrees with B, namely

B ={x e R? : n|x|*> < |B|}.
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Given a function w € O, its symmetric decreasing rearrangement is defined by

o*(x) = /01 Lpoperpe (x) dt.
Notice that w® is radial. The symmetric increasing rearrangement of w is
wy(x) = (/1 — |x]2).
It follows directly from a theorem of Talenti [1976, Theorem 1(v)] that
E)=3IVA™ 0|2, < JIVAT' |2, = E(w?) (3-1)

for any w € O, with equality if and only if @ = w*; see [Carlen and Loss 1992; Kesavan 2006]. We are also
interested in comparing the kinetic energy among radial vorticities. If w is radial, then the corresponding
stream function can be explicitly derived from (1-1) as

1 K
V() =— f % / o (5)5 d5 ds. (3-2)
r 0

For any radial function g € O, define

M, (r)=2m frg(s)s ds :/ gx)dx, re(,1], (3-3)
0 B,

where B, is the ball of radius r centered at the origin. Thanks to (3-2), for any radial w € O, it is not hard
to see that

E(a))znfol |8r1//(r)|2rdr:%/01 1My ()P (3-4)
Moreover, we have the following comparison principle in the radial case.
Lemma 3.1. Let w € O be a radial function. Then
E(wp) < E(@) < E(0).

Proof. Thanks to the Hardy—Littlewood inequality! and the fact that (15 )% = 1p , we have

/ 15, (s (x) dx < / 15, () (x) dx < / 15, (¥)o" (x) dx,
D D D

implying that M,,, < M,, < M. The claim follows from (3-4). ]
The representation (3-4) of E is also useful to compute explicitly the energy for specific vorticities. For
instance,
2
w,=m = e, =Ew,)= ”1—’2. (3-5)

For any two measurable functions f, g : D — [0, 00), it holds that /D fﬁgu < /D fg < /D fﬁgﬁ.
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Now, for any radial w € O, we have that M, (r) <rx min{r?, m}. Defining

1, re(,m),
. = 3-6
Wmax (1) {0’ re («/ﬁ, 1. (3-6)
we then have that M, < M,, . Similarly,
1
M, (r) = M,(1) =27 / w(s)sds > m(m—1+7r?),
r
so that M, > M,, . , where
0, re,+1—m),
Omin () = — (3-7)
17 r e ( 1 - m, 1).

As a consequence, by a direct computation of E(wmin) and E(wmax) we have the following result, which
we state without proof.

Lemma 3.2. For any radial w € O we have

emin < E(®) =< emax,

where
2
emin = E(@min) = "1z~ — T (1 =m)(m+ (1 —m) log(1 —m))
and
emax := E(@ )—”—mz+”—m2|lo m|
max «— max/) — 16 8 g *

In fact, the above functions satisfy the stronger property below.

Lemma 3.3. The functions wyin and wmax are the unique functions that achieve their energy levels, that is

E(w)=emn = @ = ®min,

E(w) =emax = ©=omax- (3-8)

Proof. Since w — E(w) is a convex function, it has a unique global minimizer in O. Moreover, such
minimizer is radially symmetric, since E is invariant under rotation. Thus, Lemma 3.2 implies that wp, is
the unique minimizer. Turning to (3-8), we know by (3-1) that any energy maximizer is necessarily radially
decreasing, and by Lemma 3.2 that @, is one of them. If @ is another radially decreasing maximizer, it
is not hard to see that ® = wmax if and only if Mz = M, . i.e., if and only if E(®) = E(wmax)- O

'max ?

3.2. Relaxed maximization problems. The strategy to prove Theorem 2 is to study (relaxed versions of)
the maximization problem (1-12) and apply a min-max principle. In turn, we will see how this is reduced
to study uniqueness of maximizers for the free energy Fg in (1-9), as B € R varies. We begin with the
following observations.

Lemma 3.4. For every e € [emin, €max ), the constrained maximization problem (1-12) admits at least one
solution.
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Proof. Notice that Sy is strictly concave and upper semicontinuous. Let w, be a maximizing sequence.
Since O is weak-* compact, there exists @ € O such that w, * @ up to subsequences, and since
E(w,) — E(®) by continuity, E(®) = e. Moreover,
sup{Ss(@) : @ € O, E(w) =e} =limsup Sy (w,) < Sy (@),
n—oo

as Sy is upper semicontinuous. Hence @ is a maximizer. (]
It is also important to identify the global entropy maximizer, regardless of the energy constraint.

Lemma 3.5. The unconstrained maximization problem
maximize Sy (w) subject to w € O

has a unique maximizer given by the constant solution @, = m.

Proof. The proof follows from the previous Lemma 3.4, with the uniqueness stemming from the strict
concavity of the entropy functional. Assume now that @ is the unique maximizer, and let ® : D — D be
a volume-preserving diffeomorphism. Then w o ® € O, and Sy(w o ®) = S¢(w). Thus, by uniqueness,
oo d = @, and since @ is arbitrary, this implies @ is constant, hence equal to its average. ]

Thanks to the computation in (3-5), Theorem 2(a) is proved. The role of e, = E(w,) in (3-5) is quite
interesting. Indeed, for a fixed energy level e < e,, the maximization problem (1-12) can be relaxed into a
convex one.

Lemma 3.6. If epin < e < e,, then the constrained maximization problem (1-12) is equivalent to the
relaxed problem
maximize Sy (w) subjectto w € O, E(w) <e. (3-9)

In particular, problem (3-9), and hence (1-12), have a unique solution.
If e, <e < emax, then the constrained maximization problem (1-12) is equivalent to the relaxed problem

maximize Sy (w) subjectto w € O, E(w) > e. (3-10)

Proof. We first look at the case e < e, and argue by contradiction. Fix any maximizer ® € O with E(®») <e.
For any ¢ € [0, 1], the convex combination w; = (1 — t)@ + tw, is in O. Moreover, using the continuity
of E, we have that for ¢ small enough E(w;) < e. Since @ is a maximizer,

d
5Sf(wt)|t=0 =0.

However, a direct computation shows

Ls1@lco= 1 /D (=)' @) = - /D (@~ D) ('@ — @) > 0,

hence reaching a contradiction. Since the condition E(w) < e in (3-9) is convex and the entropy functional
is strictly concave, uniqueness of solution follows immediately. The case e > e, is completely analogous,
however (3-10) is not a convex problem and therefore uniqueness of solutions is not as immediate as the
previous case. U
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4. Uniqueness of maximizers at negative temperature

In light of Proposition 2.1, we have reduced the problem to the investigation of uniqueness of maximizers
for the free energy Fg. This is the main result of this section.

Theorem 4.1. For any B € R, there exists a unique maximizer wg of Fg over O.

For B > 0, Fg is strictly concave and therefore admits a unique maximizer, which is necessarily radial
due to the invariance of the functionals under rotations. Hence, this section is devoted to the study of the
case of negative inverse temperature § < 0.

4.1. The Euler-Lagrange equations. Despite the loss of concavity of Fg for 8 < 0, Talenti’s inequality
(3-1) implies that if w is not radially symmetric and decreasing then

Fs (@) = S() — BE(w) = S(F) — BE(w) < S(0F) — BE(0) = Fg(0). (4-1)

Thus, any maximizer is radially symmetric and decreasing. First, we derive the Euler-Lagrange equations,
which we refine from Lemma 2.2.

Lemma 4.2. Let B < 0. Any maximizer @ of Fg over O is radially decreasing and satisfies the following:
there exist rg € [0, 1) and L = )_»(CT)) € [0, 00) such that

or)=1, onl0,rgz),

1
—log &(r) —g/ %M@(s) ds=%. on(ry 1) (4-2)

As a consequence, o(r) > e >0on [0, 1].

Proof. By (4-1) we know that any maximizer must be radially symmetric and decreasing. Hence, the first
property that there exists a rg € [0, 1) such that {& = 1} = B,_ follows immediately.

To prove (4-2), we simply rely on Lemma 2.2. In the case of Boltzmann entropy, f'(z) = —1 —log(z).
Moreover, we can make use of the expression (3-2) for radial stream functions with (3-3) and conclude
the proof. U

We use the nondegeneracy that stems from (4-2), to show that out of the set of possible maximizers @,
there exists at least one maximizer with the smallest possible radius rg.

Lemma 4.3. Let B < 0. There exists a maximizer wg of Fg over O such that

(@) {wp =1} =10,rp);
(b) For Ag = X(a)ﬂ) in (4-2), it holds that

1
—logwg(r) — g/ %Mwﬂ (s)ds=xrg on(rg,1); (4-3)

(¢c) rg <rg for any maximizer @.
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Proof. By the upper-semicontinuity of the entropy and the continuity of the energy, it follows that the set
of maximizers
M= {cT) €0 : Fglw) = maé( F,g(a))}
we
is weak-+ compact. As (c) suggests, we want rg to be defined by
= inf rg.
'8 (I)le/\/t 'o
We consider {@, },en C M a minimizing sequence such that

lim rg =rg.
n—oo n p

Using compactness, we know that, up to subsequence, there exist an accumulation point wg € M such
that @, = wg. The fact that wp satisfies the Euler-Lagrange condition (4-3) follows from the maximality,
so that to complete the proof we just need to show (a), namely

{a),g = 1} = [0, l’/g).

We notice that {®,},en 1S a sequence of radially decreasing and bounded functions, hence they are of
bounded variation, which implies the convergences is strong in L? (D) for any p € [1, co). Using that
rg < rg,, we know that @, =1 on r € [0, rg), which implies the inclusion [0, rg) C {wg = 1}, for instance
by passing to a further subsequence that converges pointwise. We will show the reverse inclusion by
using the Euler-Lagrange equation for @,. Indeed, differentiating in r the Euler—Lagrange condition
(4-2) for w,, we get the equation

0y Wy, 1
— _a) ") E—Mw (r)y=0, forr>r,.
wy, (1) 2r “F

Using the strong convergence of @, — wg, and the distributional convergence of the derivatives

0,@w, — 0,wg, we obtain that

1
Orwg(r) = ga)ﬁ(r)—Mwﬂ (r) <0 forr >rg,
r

which implies that
wg <1 forr>rg. |

Written for the corresponding radial stream function /g, the Euler-Lagrange equation (4-3) reads
AYg = e Mee™PVs, (4-4)

4.2. Uniqueness of maximizers. We will show that wg is in fact unique maximizer of the free energy Fg.
We start by considering @ a general radial competitor. Below we write an expression for Fg(®) in terms
of wg and the Brenier [1991] map (or optimal transport map) between them. As both functions are
radial (and decreasing), we know that the optimal mapping is also radial and increasing. Just like the
one-dimensional case it can be represented implicitly by the cumulative distribution functions. To avoid
some pathological regularity situations, from now on we assume that both the source and target measure
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are bounded above and below, which is satisfied by maximizers; see Equation (4-3). Namely, there exists
a unique strictly increasing map 7 : [0, 1] — [0, 1] such that T(0) =0, T(1) =1 and

r T(r)
/ wg(s)sds = / w(s)sds for any r € [0, 1]. 4-5)
0 0
In particular, from (3-3) we have
r T(r)
My, (r) = 271/ wg(s)s ds = 271’/ w(s)s ds = Mz (T (r)). (4-6)
0 0
Using the Monge—Ampere equation associated to the change of variable we obtain the relationship
mwﬁm —&(T(r)) forany r €0, 1]. 4-7)

To simplify the notation we define the function

T()T'(r) “s)

d(r) =

The next results is a comparison between the energy and entropy of wg and .

Lemma 4.4. Let wg and @ be two radial functions in O that are bounded below away from zero. Then
1
S(w) — 2/ wg(r)log ¢ (r)r dr = S(wp), 4-9)
0

1 1
E(w) +/ (/ %a)lg (s)Mwﬁ (s) ds) log ¢ (r)r dr < E(wg), (4-10)
0 r

where ¢ (r) is defined in (4-8).

Remark. We note that in the previous result we do not use the optimality in of @ or wg in any strong
way, it only requires that both vorticities are radial.

Proof of Lemma 4.4. Using the change of variable r = T'(s) given by the Brenier map (4-5), we can
rewrite the entropy as
1

1
S(@) = —2 f &(r) log(@(r))r dr = —2 / @(T (5)) log(&(T ())) T (5)T"(s) ds.
0 0

1
S(w) = —2/0 wgp(s) log<2ﬁ(§))s ds,

Using (4-7), we obtain

which coincides with the desired (4-9).
For the energy, we first integrate by parts to obtain the different representation

Eoy | /1 \Ma()* /1 _
(w) = — ——dr=-— Mg (r)o(r) log(r)r dr.
0 0

4 r

Next, we perform the change of variables r = T'(s) and use (4-6) and (4-7) to obtain

1 1
E(w) = —f Mz(T (5))o(T (s)) log(T (s))T (s)T'(s) ds = —/ M, (s)wp(s) log(T (s))s ds.  (4-11)
0 0
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We use that ¢ (r) = [T2]'/2r to rewrite
log(T (5)) = 3 log(T*(s)) = %mg(zfos b (a)a da).
Then, we normalize the integral to be able to apply Jensen’s inequality and we obtain
log(T (s)) = % log(s*) + 4 1og(S32 /0 $(a)a da) > log(s) + Slz /0 log(¢(a))a da.
Using this inequality on (4-11) we have
E(w) < E(wp) — /01 (siz /OS log(¢(a))a da>Mwﬁ (s)wg(s)s ds.

The result (4-10) follows by applying Fubini’s theorem. (Il
Finally, we show that wg is the unique maximizer of Fg.

Lemma 4.5. Let B < 0. Let rg and wg be given by Lemma 4.3. Assume that & € O is radial, bounded
below away from 0, and satisfies (0, rg) C {®w = 1}. Then we have the inequality

Fg(w) — Zwﬂ(l)Al log ¢ (r)r dr < Fg(wgp), (4-12)
where ¢ (r) is defined in (4-8). Moreover, if ® # wg, then the energy difference is positive, namely
—2a),3(1)/1 log ¢ (r)rdr > 0. (4-13)
Proof. Applying Lemma 4.4, we have ’
Fg(w) + /01 (—20)[; r)—p /rl %0)5 (5) Mo, (s) ds) log(¢p (r))r dr < Fg(wg). (4-14)

Notice that by the hypothesis (0, rg) C {@ = 1}, Brenier’s map is trivial on [0, rg). That is to say

¢(r)=1 on|0,rp).

For r € (rg, 1), we can use the Euler-Lagrange equation (4-3) to simplify the remainder. More specifically,
taking a derivative of (4-3) we obtain

wg(rM,, (r
ara)‘B(r) — EM‘
2
Integrating back on (r, 1), we deduce that
B (1
wg(1) = wg(r) + ) ;a)ﬁ(s)Mw‘g (s)ds foranyr e (rg, 1). (4-15)
r

Replacing back (4-15) into (4-14), we obtain the desired (4-12).
To show (4-13), we apply Jensen’s inequality

1 1 1
2f log ¢ (r)r dr§log<2/ d(r)r dr) :log(Z/ T(r)T'(r) dr) =log(T?(1) —T?(0)) =0. (4-16)
0 0 0
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The equality in Jensen’s inequality can only occur if ¢ (r) = C is constant, which implies that Brenier’s
map 7' (r) = r is the identity. The conclusion that the defect is positive if @ # wg follows directly from
the previous argument, and the fact that wg(1) > 0 by Lemma 4.2. (I

We conclude this section with the proof of Theorem 4.1, which is a consequence of the results above.

Proof of Theorem 4.1. We will show that wg given in Lemma 4.3 is the unique maximizer of Fg. Assume
@ is also maximizer of Fg, then by Lemmas 4.2 and 4.3 it satisfies the hypothesis of Lemma 4.5. Applying
Lemma 4.5 and Fg(®) = Fg(wg), we obtain wg = o. U

5. Nonradial energy maximizers at fixed angular momentum

This section is dedicated to the proof of Theorem 4. Section 5.1 contains the upper bound on the kinetic
energy E for radial functions on O, and Section 5.2 contains the lower bound by computing the energy of
an explicit vortex patch. The conclusion follows then by choosing L in terms of the angular momentum.
As in the statement of Theorem 4, we let m € (0, 1) and L > 1 and set

Or = {a)eLoo :0<w<L, L/w(x)dx:m}.
1Dl Jp
The proof is carried out in the next sections.

5.1. Upper bounds on the kinetic energy for radial functions. We claim that there exists a constant
C > 1, independent of L, a, and m, such that

sup{E(w) : w € 01, A(w) = a, o is radial} < C(mla| + [a|* log(L/[al)). (5-1)

Now, if w € Oy is a radial function, from (1-15) we deduce that

1 1 1
Alw) = —%[271/0 o(r)(1—r2)r dri| = —%[nm —/O aer(r)rzdr] = —/0 Mo (r)r dr.

Thus, for every r € [0, 1], we have the pointwise identity

IM,((1—r)=1 / As[My(s)(1 —sH)]ds = n/r w(s)(1 —s%)sds — / M, (s)s ds.
In particular, ’ ’ ’

IM, (1 —r?) < nfr w(s)(1 —s?)sds < —A(w),
0

so that any radial function w € O with A(w) = a satisfies

2
My <mintrrr, 220 2ml
1 —r2

wLr?, r2§1—,/1—%,

L
M, (r) < 2|a|, 1—,/1—%<r2§]_%’
1—r2 nL m

2|a
Tm, 1—L<r2§l.
am

This implies
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Thanks to (3-4), we then have E(w) < E| 4+ E; 4+ E3, where

1 rt=1—/T-8Ja[/(x L) 1 7TL Blal ’ 2
1 - <
Ey = P |”L“ | T 16 wL =l
2__ — am
2 i r’=1-2a|/(rm) 2|a| : |
A7 r2=1—/1-8la[/(x L) I=r?

_ﬁ[n_mﬂ (n_m_1>_ 1 O (1—«/1—8|a|/(71L)):|
= 2r [ 21a] T B\ 2pa T8/l P\ JT=8R/xD)
< mlal +al*log(L/[a)).

1 1 7Tm | |
E— L LimPRdr = —TM g g(l——) mial.
A Jr2em1-2jal/m) T 8 i

Thus (5-1) follows by collecting the above three bounds.

525

5.2. Kinetic energy of a vortex patch near the boundary. Next, we compute the energy of a vortex

approximation near the boundary. We consider the vortex patch of height L > 0 around x¢ € D, given by

Wy, L = Lle(xo)’

where we impose that L satisfies
4m

L> ———,
~ (I=1xo])?

(5-2)

so that wy, 1 € Or. To estimate the kinetic energy of wy, ., we use the explicit Green’s function of the

Laplace operator on the unit disk, so that

1 |x —yl L lx — yl
v ,L<x>=—/log—w L) dy=3= 1
o 27 Jp T yllx —yel

’

27 Jp oy VI = sl

where y, = y/|y|?. Thus

[yl1x — y«l
B, 1) = / Vo2 () a () o = 2= f / log I =Y<l g
BW(XO) B /st (x0) |x - y|

Forx,ye B m(xo), we have the bound

m
xX—y|l<2./—.
lx =yl =< ,/L

Using that |y| > % and y, ¢ D, from (5-2) we deduce the bound

21y ml_1{, 1 —|xo > 1
VI = yel = S 1= Ixol — 71732 — |xol — 5 > 7 (1 —|xo).

Plugging (5-4)—(5-5) into (5-3) we obtain the bound

E(waL)>_1 (\/7(1—|x0|)>

(5-3)

(5-4)

(5-5)

(5-6)
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Computing explicitly the angular momentum, we find
2 mm 2 m
Alwy,,L) = —%/ (I = |x[D)wxy,L(x) dx = —7<1 — |xol” — Z) > —mm(1l — [xol).
D

Hence, from (5-6) we have the bound

7m?2 log(«/z|A(a’m,L)|>, (5-7)

2 8 vm3

3

E(wxo,L) =

as long as
4%m
= NPT
|A(@x,1)]
to satisfy (5-2).

5.3. Proof of Theorem 4. The bounds (1-16) and (1-17) are included in the sections above. Given an
angular momentum a, we consider the height

L= ™ (5-8)
with O > 2 to be chosen below. By (5-7) and (5-8), we have the bound
2
sup{E(w) : w € 01, A(w) = a} > % log(10)

which is independent of a. We pick
2

0= 8enrm? ,
which implies
sup{E(w) : w € O, A(w) =a} > 1.

For radial functions, we use (5-1) to get the bound
3
sup{E(w) : w € O, A(w) = a, w is radial} < C<m|a| 1 Jaf? 10g(Q2712|mT)>,
a

So to finish the proof we need to pick a, < 0 close enough to zero depending only on m such that for any

m3
C(m|a|+|a|210g( anm)) <1,
a

which implies the desired inequality.

a € (a4, 0), we have

6. Stability of Onsager solutions with negative inverse temperature

Equations of Liouville-type such as (4-4) arise in the classical setting of mean-field limits of the canonical
Gibbs measure associated to a system of point vortices. We state below an important result from [Caglioti
et al. 1995] for Onsager solutions, namely solutions to the mean-field equation (1-18).
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Theorem 6.1 [Caglioti et al. 1995, Section 5]. Let 8 € (—8m, 00). Onsager solutions

1—A(B) 1 . .
A—apry "M AP =55

wg(r) =

are the unique maximizer of

Fﬂ(a)):S(a))—,BE(a)):—/ a)logwdx—gf VA~ w|? dx
D D
over the set

P:{a)eLl Tw >0, /a)(x)dx:l, /w(x)logw(x)dx<oo}.
D D

Moreover, we have the convergence

lim  wg — do,
B——8r~

weakly in the sense of measures.

The purpose of this section is to prove Theorem 5. As mentioned already, the ideas related to
(quantitative) rearrangement inequalities and elliptic equations from [Talenti 1976; Amato et al. 2024;
Cianchi et al. 2008; Cianchi and Ferone 2008] are here revisited in the case of the disk D and vorticities
 satisfying an L bound. The key result for us is the following stability result with respect to the H~!
norm and its radially decreasing rearrangement.

Lemma 6.2. Consider a positive vorticity distribution w € L™ such that fD wdx =m > 0. Then, for

every € > 0, there exists § > 0 such that if
E(w") — E(w) < 8,
then there exists x, € R? such that |x«| < e and
lo — ™ (- —x L1y <&
where @ and o* are extended by zero outside the disk.
The proof is deferred until after the proof of Arnold’s stability.

6.1. Proof of Theorem 5. We now proceed with the proof of the main result in this section.

Proof of Theorem 5. Throughout the proof we take ||o™ — wgll 2 < & progressively smaller, and we keep
changing ¢ accordingly and without renaming it. We will also omit the dependence on ¢ of the solution
o = w(t), as the proof is carried for any arbitrary ¢ > 0. We proceed in several steps. To simplify the
notation, we first assume that

/ wn(x)dx=m=1 (6-1)
D

so that we have unit mass, and in the last step we generalize to the case m # 1.
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Step 0. We show that for any ¢ > 0 small enough, we can pick ||wg — ™"||;2 < 8 small enough that the
corresponding Euler solution w = w(¢) is such that

0 < Fglwgl —Fg(w(t)) <& forallt € [0, 00). (6-2)

Proof of Step 0. We notice that Fg is continuous with respect to the L? norm. For what concerns the
kinetic energy part, by the triangle and Poincaré inequalities there exists Co = Co(||@'| 2, [|l@]lz2) > 0
such that

[E(@) — E(@)] = 3[lloll g1 = 1o/l z-1 |l g1 + || g-1) < Collo —a||2 forallw, o € L®NP.
For the Boltzmann entropy part, we notice that
lwlogw| <1+ |w|?. (6-3)

Thus if w, —  in L?, then up to subsequences w, log w, — @ log @ almost everywhere and (6-3) implies
uniform integrability. Thus, the Vitali convergence theorem implies that S(w,) — S(®).
Hence, given ¢ > 0, there exists § = §(g, B) such that if ||wg — ™| 12 <6, then

|Fs(wp) — Fg(@™)] < e.

Using assumption (6-1), that wg is the unique maximizer over P of Fg, and that the mass and free energy
Fg are conserved along the evolution of the Euler equations, we obtain the desired inequality (6-2).

Step 1. We can choose ||o™ — wgll 2 < 8, such that
lo(, ) — o, - —x)ll2mey <& forallz €0, 00), (6-4)
where x, = x,(t) € R satisfies |x,| < &, and both functions are extended to R? by zero outside the disk.
Proof of Step 1. Using (6-2), we have
0 < Fg(wp) — Fs( (1)) + Fg (0" (1)) — Fs(w(t)) <& forall ¢ € [0, 00), (6-5)

>0 >0

where the positivity of each term follows from the fact that wg is the optimizer of Fg over P, and that
Fg (@' (1)) > Fg(w (1)) for B < 0, in view of (4-1). Hence, using that S(w*) = S(w) we can conclude that

0 < E(0*()) — E(w(?)) < &.

Up to notation, the conclusion of (6-4) follows from the quantitative Talenti’s inequality in Lemma 6.2.
To get the stability in L? we just need to interpolate the above bound with the bounds in L.

Step 2. We consider the Brenier map T : [0, 1] — [0, 1] such that 7(0) =0, T(1) =1 and

r T(r)
/ wg(s)sds = / o(s)sds for any r € [0, 1]. (6-6)
0 0
For every ¢ > 0, we can pick ||wg — '"||;2 < & small enough such that
1 1 TT
/ ws(r) — o (T(r)Prdr <e and / H( : ) rdr <e, (6-7)
0 0

where H (u) = —logu +u — 1.
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Proof of Step 2. By (6-5) we have that
0 < Fg(wp) — Fg(w* (1)) <e.
Applying Lemma 4.5, we have that

TT’
r

1
0< —2w,3(1)/ 1og( )r dr < Fs(wp) — Fs() <&
0

The first inequality follows from an application of Jensen’s inequality as in (4-16).
Next, we apply a quantitative version of Jensen’s inequality. Given G(-) = —log( -), considering the
random variable X = T'T’/r and the probability measure 2r dr in [0, 1], we have

1
EX = 2/ TT dr =T?*(1) — T?(0) = 1.
0
Hence, for the function G(-) = —log(-), we have

EG(X)=E[G(X) — G(EX) — G'(EX)(X —EX)].

We define the convex function
H(x):=—logx+x—1,

which satisfies the inequality
tmin{lx —1°, |x — 1|} < H(x) forallx > 0. (6-8)

Using the observations above, we have

1 /7 1 !/
2/ H(TT >rdr§—2/ log(TT )rdr<8.
0 r 0 r

Differentiating (6-6), we have

THT'(r)  wp(r)
ro Wi (T(r)’

Applying (6-8) and using that o, wg € L™, we can pick a = a(llo| e, lwgllL) > 0 small enough so

that
sty = ()

alws(r) —o* (T (r)I* < zimin{ AT | b Ty W (T (r))

Therefore, up to relabelling € we have

1
/ lwg (r) — wﬁ(T(r))Izr dr <e.
0

Step 3. We exhibit a control on how far the Brenier map is from the identity. That is to say, we can choose
lwg — '||;2 < 8 small enough so that

|T(s)—s| <e forallsel0,]1]. (6-9)
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Proof of Step 3. By (6-7), for § small enough we have the inequality

s , 1 /
f H(TT )rdrff H(TT>rdr<8.
0 r 0 r

Applying Jensen’s inequality, we have

2 T2 2 5 / s /
S H () =35y . T rdr) < H(TT )rdr<8.
2 52 2\s2 )y 1 0 r

Using (6-8), we have

) |

52

1.2
75 Mmin
1 { T2 $2

T2(s)_1“<£H<T2(s)>
<5H(—").

Using the mass constraint and the L bound on w we can take » > 0 small enough depending on [|&™ ||~

such that . )
1 —flo™[| L |x]

f(x) >
R P e

% for all |x| < r.

=
Hence, using (6-6), we have that for r small enough

T(r) r
C_IT(r) < / a)j(s)s ds =/ wg(s)sds < Cr,
0 0

which implies that uniformly

Tz(r) #
sup — 1| < C(Jlo || ).
refo,l]l F
Hence, up to relabeling ¢, we have
T (s 2 T%(s 2
IT(s) —s|? L+1 =5’ #—1 <e,
s s

and the conclusion follows.

Step 4. For every ¢ > 0, we can pick [|wg — ™| ;2 < & small enough so that

1
/ lwg(r) — &*(r)|r dr <. (6-10)
0

Proof of Step 4. Changing variables and applying the triangle inequality, we notice that
1 1
/ lwg(r) — & (r)|r dr = / lwg(T(r)) — @*(T ()| T ()T’ (r) dr
0 0

1 1
5/0 Iwﬂ(T(l’))—w/s(r)lT(l’)T’(r)dr+/O |wp (r)—* (T (r)|T ()T (r) dr

I I

Applying (6-9) and the smoothness of wg, we get the bound

1
I < 10,wpllL=lIT —rllLoo/ T(MT'(r)dr < |3, wpllLee.
0
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We manipulate the second term to get

! 1
115/ Iwﬁ(r)—wﬁ(T(r))lrdr+/ lwﬂ(r)_wn(T(r))KTT/—r)dr5\/§+8,
0 0

where we have used Cauchy—Schwarz and (6-7). Up to renaming ¢, (6-10) now follows.
Step 5. We now conclude the proof of the theorem, under the unit mass assumption (6-1).

Proof of Step 5. We combine (6-4) and (6-10) to obtain that
lwp(+ —x4) = (@) p1(r2) <2¢, forallz >0,

for some x, € R? such that |x«] < e, where we have extended the functions by zero outside the disk D.
Using the continuity of the L' norm over translations for wg, we can conclude that, up to renaming &,

lop — @@ 12y <&
To get the stability in L? we just need to interpolate the above bound with the bounds in L.
Step 6. We conclude the proof of the theorem, without the unit mass assumption (6-1).

Proof of Step 6. We start by showing that the maximizer of the problem

max Fﬂ(w):S(w)—ﬁE(w):—fa)loga)dx—é/ VA~ w|* dx, (6-11)
WEP D 2 D
where

sz{weLl tw>0, /w(x)dx:m, /a)(x)loga)(x)dx<oo},
D D

is continuous with respect to the mass parameter m in any L? with p € [1, 00), as the long the parameter
mpB > —8x. By rescaling, we find

B 1240 pm? -1 2
max — [ wlogwdx—= | |[VAT w|"dx =max —m | wlogwdx ——— | |[VA™ 'w|"dx —mlogm.
D 2 Jp D 2 Jo

w€e€Pp, wePy
Hence, for general m, we get that the maximizer of (6-11) is given by
Wy = MWmg,

which by (1-19) is continuous in any topology as long as it does not blow up mg > —8x.
Using the continuity of the mass with respect to the L? norm, we can pick § small enough so that
lwg — winll 2 < & implies

Imwmpg —wgll2 <& and  [|momg — winll2 <&, (6-12)

m= / win(x) dx.
D

To conclude the proof, we need to repeat Steps 0-5 replacing the role of wg by mwmg. We conclude that

where

we can pick § small enough that |[wg — win|| 2 < § implies ||mwmg — w(1)]| 2 < & forall # > 0, and the
result follows, up to relabeling ¢, by (6-12). ]
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6.2. Stability of rearrangements. We now proceed to prove Lemma 6.2, which constitutes the crucial
step in the proof of Theorem 5.

Proof of Lemma 6.2. We consider (up to signs!) the associated stream functions to w and its rearrange-
#
ment

— — i “Ad =t i
{ Ap=w inD, { Ap =" inD, 6-13)

¢=0 on 0D, $=0 on 0D.
A celebrated theorem of Talenti [1976, Theorem 1] states that

¢*(x) <p(x) forallx €D,
and
E(w) = 1IVol2, < JIVI?, = E(?).

To prove the lemma, we again proceed in steps.

Step 1. We show that under our hypothesis, there exists C(||@| L=, m) > 0 such that
I — ¢%ll= < C(E(@") — E()). (6-14)
Proof of Step 1. For h > 0, we consider the distribution function

u(h) ={x €D : ¢p(x) > hil,

1
u'(h) = —/ —dn.
ag=n] |V

Considering the perimeter of the level sets and the isoperimetric inequality we obtain

whose derivative is

2r2u(h)? §Per([¢>h])=/ g

dH! < <—u/(h)
d[¢>h]

Wwd#>

A[p>h]

Next, we use the first equation in (6-13) to compute the last integral,

(u(hy/m)'72
/ V| dH! =/ —A¢dx:/ wdxf/ o’ (s)s ds.
d[p>h] [p>h] [¢p>h] 0

Putting the last two equations together, we get the inequality
(u(h)/m)'?
dru(h) < —u/(h)f w®(s)s ds. (6-15)
0

Noting that for the rearranged vorticity o all the inequalities are in fact equalities, we obtain that the
distribution v(h) = |[{x € D : ¢(x) > h}| function satisfies

(w(h)/m)'/?
drv(h) = —v’(h)/ w*(s)s ds. (6-16)
0
Using the boundary condition we have that

u(0) =v0) =m,
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and hence we can use the derivative equations (6-15) and (6-16) to conclude that

u(h) <v(h) forallh>0.
Using the inequality above with

u(@f(x) =zlx* =v(@x)) and v'(h) <0, (6-17)
we get Talenti’s inequality
¢*(x) < $(x). (6-18)
Using (6-17), with (6-15) and (6-16), we obtain that
3¢ (r) > 8,¢(r) forall r €0, 1],
where we have abused notation and considered ¢* and ¢ with respect to the radial variable. This implies

max lp(x) — ¢*(x)| = (0) — ¢*(0).

Since w, w* € L™, the corresponding stream functions ¢, ¢ are Lipschitz-continuous. As radial rearrange-
ments are contractive in the Lipschitz norm, we have

%l < lPllwroo < llewllzoe.

Hence, there exists r > 0 small enough depending only on ||w| 1~ such that
() = ¢* ()| = 3116 = §% [l forall |x| <r. (6-19)

Using the mass constraint and the L° bound on w, we can take r > 0 small enough depending on |||z

and m such that
m— ||l L|x|?

f(x) >
Y= T

> g for all [x| < r. (6-20)
Now we are ready to show (6-14). By the Hardy—Littlewood inequality,
E0) ~E@) =} [ §0F—godr =} [ Foi -0t G-h0farz | [ G- otax
D D D
-1 /B (% — by dx

> c(l@lze, m)d — ¢,
where we used (6-18), (6-19) and (6-20).

Step 2. For any ¢ > 0, there exists § > 0 such that if ||¢ — ¢*|| .~ < 8, there exists x, € R? such that
|x«] < & and

lo— o (- —x) 01wy <&

where the functions w and o are extended by zero outside the disk.
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Proof of Step 2. We choose x, to be the optimizer of
I — " (- —x)ll2@ey = inf ¢ =& (- —x0) 22
)CQERz
Applying [Amato et al. 2024, Section 5, equation (82)], we have that there exists a C > 0 such that

C~"min(|x,|, 1) < IDAM@ + x| < Cll — ¢* 11}/

The proof of [Amato et al. 2024, Theorem 1.4] shows exactly that we can pick ||¢ — ¢%|| 1~ < & small
enough that

inf [lo—of (- —x0)lp1 < llo— (- —x )l <e. O
X()ERZ

Appendix: A min-max principle

We show a variation of the classical min-max principle, which can be found in [Ekeland and Témam
1999, Chapter VI].

Proposition A.1. Let A and B be closed convex sets of a Banach space (X1, || - |[1) and (X2, || - ||2), and
consider a proper functional L : A x B — R. Assume the following:

(a) Forevery B € A, the function w — L(B, w) is weakly upper semicontinuous.
(b) For every w € B, the function B +— L(B, w) is convex and lower semicontinuous.
(c) The functional L is coercive in 8. More specifically, there exists a function g : [0, 00) — [0, 00) such

that lim,,_, », g(u) = 0o and for any B € A there exists w € B such that

L(B, w) = g(lIBl1).

(d) The set B is bounded, and hence weakly compact.
(e) Forevery B € A, the function w — L(B, w) has a unique maximizer wg.

Then
inf sup L(B, w) = inf L(B, w).
Ant, sup (B, w) = sup Aot (B, w)

w€eB weB PE

Remark A.2. The (e) can be weakened to the following: for any B, € A, any two maximizers ] and w;
satisfy

L(B, w]) = L(B, w3) for any other B € A.

In the case of the Euler equation in a radial domain this means that the min-max principle applies if we
know that the maximizers are unique up to rigid rotations, which preserves the energy and the entropy.

Proof of Proposition A. 1. First of all, we observe that

L(B, w) > inf L(B, w) forallw e B,
BeA

so that
sup L(B8, ) > sup gng L(B, w),

weB weB PE
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and thus
inf sup L(B, w) > sup ﬁjng L(B, w),

€A weB weB PE

so we only need to prove the reverse inequality. Define

f(B) :==L(B, wp) = sup L(B, w),

weB

where wg € B is assumed to be the unique maximizer from (e). The function g+ f(B) is convex and
lower semicontinuous, being the envelope of convex lower semicontinuous functions by (b). Therefore
by convexity and coercivity (c) it attains its lower bound at some § € A, so that

fB= mln f(B)= mln max L(8, )

and
f(B) = L(B,w) forallwe B.

Now, by convexity (b), for every 8 € A, w € B and t € (0, 1), we have

L((1 —)B+1B, w) < (1 —1)L(B, ®) +L(B, ).

In particular, taking 8, = (1 —¢) B + 1B we consider w = wg, given by (e) and we find

fB) = f(B) =L, wp) = (1 = )L(B. wp) +1L(B. wp) = (1 = 1) f(B) +1L(B. wp,).
implying
f(B) <L(B,wp,) forall BeA. (A-1)
Now, by compactness (d), as r — 0, wg, converges weakly to some @ € B, up to subsequences. Next, we

claim that @ = wg. Indeed,
L(B:, wp,) > L(B;, w) forallw € B,

and from convexity (b) we have
(1 =1)L(B, wp,) +tL(B, wg,) > L(B;, w) forall w € B.

Since L(B, wg,) < f(B) < 0o, we can use the semicontinuity (a) and (b) to pass to the limit as t — 0 and
obtain

L(B, @) > lim sup(l — LB, wg,) +tL(B, wg,) > 11m1nf L(B;, w) > L(B, w) forallwe B,

t—0
proving the claim that ® = wg, the unique maximizer by (e). We can now pass to the limit in (A-1), using
weak upper semicontinuity (a), to get

f(B) <L(B.wg) forall e A.
Thus

min max L(8, <minlL(B, w;) < maxminlL(8, w),
BeA weB (B, ) = BeA (B wﬁ) " weB BeA (B, )

as we needed, and the proof is complete. U
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1. Introduction

We prove the following norm variation bound for three commuting transformations.

Theorem 1.1. For all r > 4, there exists a constant C > 0 such that the following holds. Let (X, F, u) be
a o -finite measure space, Ty, Ty, T»: X — X mutually commuting measure preserving transformations,
and let J and ng < ny < --- < ny be positive integers. For any fo, fi € L8(X) and f> € L*(X), each of
respective norm 1, we have the bound

J
Z”Mnj(fo’ fl’ f2) _Mnj—l(f07 flv f2)||22(x) S Cv

j=1

where we have defined for almost every x € X
= i i i
Ma(fo. fr. L)@) = = 3 fo(Tgx) fi(T{x) fo(T3).
i=0
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Norm variation bounds with » > 2 for one transformation were proven in [Jones et al. 1996] and for two
commuting transformations in [Durcik et al. 2019a], following earlier work [Kovac 2016] in the finite group
setting. Norm variation bounds with any r < oo for any number of commuting transformations were stated
as an open problem in the closing section of [Avigad and Rute 2015]. Any such bounds remain unknown
for more than three commuting transformations. It is natural to conjecture norm variation bounds for r > 2
for any number of commuting transformations. The passage from two to three commuting transformations
is a critical transition as present techniques very clearly fail to address the sharp variation threshold r > 2.

Norm variation bounds for any r are strong quantitative forms of norm convergence. Qualitative norm
convergence for three or more commuting transformations was proven by Tao [2008] by finitary methods.
The case for two commuting transformations had been shown before using the tools from ergodic theory.
Ergodic theoretic proofs of Tao’s result were given in [Host 2009; Austin 2010], and a generalization to
transformations generating a nilpotent group was proven in [Walsh 2012].

Norm convergence should be compared with the more difficult question of pointwise convergence
almost everywhere. Such pointwise convergence is known by the classical Birkhoff theorem for a single
transformation [Birkhoff 1931], with pointwise variational estimates proven in [Bourgain 1989]. Pointwise
convergence almost everywhere remains a widely recognized open problem even in the case of two general
commuting transformations. This contrasts with recent developments in the area concerning multiple
ergodic averages with actions of polynomial powers 77 including a number of pointwise almost every-
where convergence results under the umbrella of the Furstenberg—Bergelson—-Leibman conjecture such as
the bilinear but not completely linear polynomial averages in [Krause et al. 2022] or the multiparameter
polynomial averages in [Bourgain et al. 2023]. For further history on the ergodic means discussed in
the present paper, we refer to the paper on two commuting transformations [Durcik et al. 2019a].

By a variant of the well-known Calderén transference principle, Theorem 1.1 follows from Theorem 1.2
below. We do not elaborate on the transference principle in the present paper but refer to the case of
two commuting transformations in [Durcik et al. 2019a]. It reduces quantitative convergence results to
analogous results on individual orbits of the action of the group spanned by the commuting transformations
and parametrized by Z3. The further transfer from Z> to R? as in Theorem 1.2 is harmless and it can
be made a part of the transference principle in our setting, unlike in the setting of actions 77" with
polynomials of higher degree which face number theoretic complications.

Theorem 1.2. For all r > 4, there exists a constant C > 0 such that the following holds. For any positive
integer J and positive real numbers ty < t| < --- < t7, any fo, fi € L¥R?) and f» € L*(R®) with
respective norm 1, we have

J
Y My o, fr ) = My (fo, frs ]2y < C (1-1)
j=1

where, with eq, ey, e the standard unit vectors in R?, we have defined for almost every x € R?

t
M;(fo, f1, [2)(x) := %/o fo(x +1eg) filx +7ey) fo(x +Ter) dr. (1-2)
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Only the choice of tuple of exponents (8, 8, 4) breaks the symmetry between the three functions in the
above theorems. One therefore concludes the analogous estimates for permutations of these exponents.
Interpolation gives further tuples of exponents, for example the symmetric tuple (6, 6, 6).

Theorem 1.2 is proven using the theory of singular Brascamp-Lieb forms. A singular Brascamp-Lieb
datum D = (n, S, I, (Il;)ses) is a tuple containing the dimension n > 1 of the domain of integration,
the finite set § parametrizing the tuple of input functions, and linear maps IT and I1; for s € S on
the domain R”, where I[1; maps onto the domain of the input function with parameter s, typically of
smaller dimension than n. Together with some singular integral kernel K on the range of I1, the singular
Brascamp-Lieb form A p g is defined as

Apx((fes) = [ KO [] A ds.

seS

where the integral is defined in some principal value sense or, if the kernel has additional qualitative
regularity as is mostly the case in the present paper, in the Lebesgue integral sense. We also often talk about
the multiplier m of the form, which is the Fourier transform of the kernel K. A singular Brascamp—Lieb
inequality estimates this form by a constant times the product of Lebesgue norms [ [, Il sl 5, for some
tuple of exponents p;.

Singular Brascamp—Lieb inequalities with the kind of data appearing in this paper are studied in
[Durcik et al. 2019b; 2022; Durcik and Thiele 2021; Muscalu and Zhai 2022] when K is a classical
Calderén—Zygmund kernel. Compared with this work, the novelty in the present paper is that the kernels
K do not satisfy uniform Calderén—Zygmund bounds but rather multiparameter symbol estimates arising
naturally in the investigation of variation norms. These symbol estimates no longer synchronize with a
Whitney decomposition of frequency space but rather involve regions determined by an arbitrary sequence
of jumps between scales, such as the red regions with arbitrary eccentricity in Figure 1.

Multiparameter singular Brascamp-Lieb forms of this type appear in more basic form already in the
case of two commuting transformations [Durcik et al. 2019a]. Compared to two transformations, novel
challenges for three commuting transformations arise from the absence of the cubical structure of the
main singular Brascamp-Lieb form relevant to Theorem 1.2. For two commuting transformations the
set S of the Brascamp-Lieb datum can be naturally identified with the corners of a square, but for three
commuting transformations it cannot be identified with corners of a cube, but rather with vertices of a
triangular prism. Cubical structure is important to allow a loss-free symmetrization of the form along the
reflection symmetries of the cube. Lacking such cubical structure, the techniques available to us lead to
an unavoidable loss analogous to the work on cancellation for the simplex Hilbert transform [Durcik et al.
2019b] and also [Durcik and Kovac¢ 2022; Durcik and Stip¢i¢ 2025]. One novelty in the present paper is
that this loss needs to be absorbed by a relaxation of the variation norm parameter » towards r > 4. In
other words, we cannot allow a loss in difference between largest and smallest scale involved, i.e., in
the total number of intermediate scales involved, but only a loss in the much smaller number of jumps
between the scales. Thus we need to develop an analysis that carefully uses and preserves the particular
structure of multipliers as depicted in Figure 1 throughout the argument.
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Figure 1. Structure of m = K in Theorem 1.2.

We next provide an overview over the arguments of the present paper, which is structured into
intermediate propositions and sections as in Figure 2.

Theorem 1.2 is deduced in Section 3 from (3-1), an estimate in terms of a fixed number J of jumps in
the variation, which can be thought of as an endpoint estimate at r =4 for (1-1). This endpoint estimate is
reduced to two singular Brascamp-Lieb estimates, both with datum D; defined in (2-1), but with different
two-dimensional kernels illustrated in Figure 1. For simplicity we focus on one quadrant in our discussion,
as the other quadrants do not pose additional difficulties. The first singular Brascamp-Lieb estimate,
Proposition 2.1, takes care of the so-called short variation with a multiplier that lives near the dark blue
overlap regions of the light blue squares in Figure 1. The size of each dark blue square is comparable to
its distance to the origin, a property we call Whitney. Proposition 2.3 takes care of the so-called long
variation with multipliers living at the light blue squares themselves. Each light blue square includes
potentially many scales and therefore is not in general Whitney. However, the piece of the multiplier
associated with each light blue square has elementary tensor structure and telescopes into the difference
between its largest and its smallest scale. For both of these propositions, it is important that the number
of squares involved is controlled by J.

Proposition 2.3 is proved in Section 5. Multipliers vanishing on the diagonal in Figure 1 play a role as
auxiliary objects. We use a positivity of multipliers symmetric across the diagonal to pass to a similar
multiplier m associated with light blue squares but constant on the diagonal. We then define two further
multipliers m, and m3 so that m +m, +m3 is constant in the entire plane. This constant multiplier allows
a trivial bound, reducing the estimate for m to estimates for m, and ms. Multiplier m, is addressed in
Proposition 2.6. It is supported near the red sticks in Figure 1. Each stick is away from the diagonal and
has possibly many scales and is therefore not in general Whitney. However, the multiplier associated with
each stick is an elementary tensor and as such telescopes into a small number of scales. The multiplier



NORM-VARIATION OF TRIPLE ERGODIC AVERAGES FOR COMMUTING TRANSFORMATIONS 543

Theorem 1.2, Section 3
norm variation estimate
three transformations

|

Proposition 2.1, Section 4 Proposition 2.3, Section 5
on-diagonal, Whitney < on-diagonal, non-Whitney
2D 2D
4 / A
Proposition 2.5, Section 6 Proposition 2.6, Section 7
off-diagonal, Whitney off-diagonal, non-Whitney
2D 2D

‘ | \

Proposition 2.7, Section 8 Proposition 2.8, Section 9.1

on-critical, non-Whitney (< off-critical, non-Whitney
3D 3D, discrete

A \

Proposition 2.9, Section 9.2

Theorem 1.1 in [Durcik et al. 2022] ‘ off-critical, non-Whitney
3D, continuous

Lemma 3 in
[Durcik and Thiele 2020]

Figure 2. Structure of the proof of the main theorem.

m1 + my is constant both on the diagonal as well as on the white L-shaped regions in Figure 3. The
multiplier m3 is addressed in Proposition 2.5. It is supported in the at most J purple regions in between
the white L-shaped regions and vanishes on the diagonal. Each purple region has a single scale and is
Whitney. We decompose m3 into a lacunary family of cones towards the diagonal shown in Figure 3.
Each lacunary piece is estimated with Lemma 3 in [Durcik and Thiele 2020]. Thanks to vanishing on the
diagonal, one has a geometric sum for the estimates in this family.

Proposition 2.1 is proved in Section 4. We combine the dark blue squares with a suitable family of
light blue squares with tensor structure to obtain a multiplier vanishing on the diagonal. The light blue
squares are estimated with Proposition 2.3, while the multiplier vanishing on the diagonal is estimated
with Proposition 2.5.

Proposition 2.6 is proved in Section 7. Using the off-diagonal property of the multiplier to preserve
crucial cancellation in the innermost integral, we apply the Cauchy—Schwarz inequality in the remaining
integrals. We estimate one of the factors on the right-hand side of Cauchy—Schwarz using that the
multiplier has J summands, which leads to the loss of J!/2. The other factor we estimate loss-free thanks
to the above mentioned cancellation. This loss-free estimate takes the form of a singular Brascamp—Lieb
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//

Figure 3. Lacunary cones.

form with datum D, defined in (2-10). The multiplier m is now three-dimensional, but consisting of
pieces that are naturally of the form

$1(0 - v1)$2(0 - v2), (1-3)

with two vectors v; = (0, 0, 1) and v, = (1, —1, 0) as shown in Figure 4. Typical behavior of the functions
¢1 and ¢ is shown in Figure 4 on the planes perpendicular to v; and v,. An important role is played
by multipliers vanishing on the critical space spanned by v; and v,. Such multipliers are estimated
in Propositions 2.8 and 2.9 in the non-Whitney case and by Theorem 1.1 in [Durcik et al. 2022] in
the Whitney case. The multiplier m does not vanish on the critical space. It is first modified using
Proposition 2.8 towards a multiplier m’ that also consists of pieces as in (1-3) but is more symmetric in
the variables &, . The multiplier m’ is then estimated by Proposition 2.7.

Proposition 2.7 is proved in Section 8. The key to estimating non-Whitney multipliers such as m’ is a
new variant of a telescoping identity in this context that concerns three-dimensional multipliers with a two-
dimensional flavor as in Figure 4 and (1-3). This identity telescopes a trivial multiplier, the product of the
lightest blue squares minus the product of the darkest blue squares, into two sums consisting of products of
a square in one plane with a difference of the corresponding square with a consecutive square in the other
plane. One sum is arranged to allow a positivity argument using reflection symmetry across the diagonal
in the &, n plane, the other sum is arranged similarly to allow a positivity argument with symmetry in the
shown skew coordinates in the other plane. As the two positive sums add to a trivial multiplier, both are
individually bounded. The given multiplier m’ can be dominated by one of these constructed multipliers,
using various modifications with Propositions 2.8 and 2.9 and Theorem 1.1 in [Durcik et al. 2022].

Propositions 2.8 and 2.9 are proved in Section 9. Vanishing of the multiplier on the critical space
allows a lacunary decomposition away from the critical space and a further Cauchy—Schwarz. This leads
to singular Brascamp-Lieb estimates with a standard cubical datum and three-fold telescoping identities
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T

Figure 4. Three-dimensional multiplier.

for three-dimensional kernels. The non-Whitney property requires telescoping along the scales of the
variation sequences. There is a mix of discrete telescoping and partial integration, with Proposition 2.8
more discrete and Proposition 2.9 more continuous. Analogous but simpler techniques appear in the
Whitney case in [Durcik et al. 2022, Theorem 1.1].

We have kept the sections past Sections 1 and 2 independent of each other; each proves the theorem or
one or two propositions and uses some of the other propositions or cited theorems as black boxes.

While it is plausible that our approach can be upgraded to an iterative scheme that handles more than
three commuting transformations, we decided to complete and circulate the argument in the case of three
transformations. This case has a single transition step with the important new techniques and does not
appear to involve all the complications that one expects for the general case.

2. A collection of propositions on singular Brascamp-Lieb forms

This section contains a number of propositions stating cancellation estimates for singular Brascamp—Lieb
forms for some data and some class of kernels and with symmetric tuples of test functions.

The first four propositions and two corollaries share a common datum D, which, after suitable change
of variables, arises directly out of the original problem in Theorem 1.2. Put coordinates

x = (X0, X1, X2, X3, X3)
on R3. Define
Dl = (5’ S’ H’ (HS)SES) (2_1)
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with § = {0, 1, 2} x {0, 1}, with IT mapping R to R? as
TT(x) = (x§ — X0 — x| — X2, X3 — Xg — X1 — X2),
and with IT; for s = (k, j) mapping R to R3 as
M, j(x) = (x0, X1, X2) — Xxex +X§€k-

Each of the three following propositions will have a constant C, a parameter J and formulate a class
of kernels K such that the singular Brascamp-Lieb estimate

|Ap, k ((f)ses)| < CJ7 (2-2)

holds for all tuples of real-valued Schwartz functions ( f;)ses such that

Juw,00 = fik) (2-3)

for each k € {0, 1, 2} and
I fo.pnlls =l fa.pnlls=Ilfepla=1 (2-4)
for each j € {0, 1}. We point out that the symmetry assumption (2-3) arises naturally when reducing
Theorem 1.2 to the propositions stated below. While our arguments could be modified in order to prove

these propositions without the extra assumption (2-3), we decided not to pursue this line of generalization.
Define for any function ¢ on R? the L' normalized scaling

by (x) =t 9 x).

Define the Fourier transform a of ¢ by integration against the kernel (x, &) > e~ 27/¥,

The kernels in the next proposition satisfy standard two-dimensional symbol estimates with bounds
depending on the parameter k. They consist of pieces satisfying a positivity assumption. Such positivity
assumption is used in the proof by adding further positive terms so as to achieve better behavior on some
frequency diagonal. The complexity of these kernels is bounded by J.

Proposition 2.1 (on-diagonal, Whitney, 2D [proved in Section 4]). Let A = % There exists a constant
C > 0 such that the following holds for all k < 0. Let J be a positive integer and (k‘,-)]].:1 a finite strictly
monotone increasing sequence of integers. Let

J
K=Y a,
j=I

where for each 1 < j < J we assume ®; is a real-valued function on R2, with symmetry

@ (u, v) = Pj(v, u)
and positivity in the sense

/ fw) f)®;j(u, v)dudv >0 (2-5)
RZ
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for all complex-valued f. We assume further
supp@j) C ([_z—kj+20’ _2—kj—20] U [2—kj—ZO, 2—k,~+20])2
and, for all (u, v) € R?,
(D)) g (V)] < 271+ 2w + o) 71O + Ju — v~ (2-6)

Then estimate (2-2) holds for any tuple as in (2-3), (2-4).

We note that the particular value A = % is not essential for the proof of Proposition 2.1. Evidently,

the analogous statement of the proposition becomes stronger for smaller values of A. Our proof can be
pushed to A > 1 at the expense of allowing the constant in (2-2) to depend on A. On the other hand, the
upper bound A < 2 is needed to apply Proposition 2.1 to prove Theorem 1.2. There are also constants 10
and 20 chosen in this proposition which need to be large enough but also need to relate to similar other
constants in other propositions to follow.

If, in the above proposition, each ®; is an elementary tensor of a suitable function ¢; with itself, then
symmetry and positivity are automatic, and k is naturally chosen as 0. We formulate this as an immediate
corollary.

Corollary 2.2. There exists a constant C > 0 such that the following holds. Let J be a positive integer
and (k;) ]J.:] a finite strictly monotone increasing sequence of integers. Let

J
K = Zd’j ®¢;,
j=l

where for each 1 < j < J we assume ¢; is a real-valued function on R with

Supp(aj) C [—2_kf+20, —Z_kj _20] U [2—/{[—20’ 2_19_;_2()]
and, for allu € R,
1(@)) 4y ()| = (1 + lu|) =20,

Then estimate (2-2) holds for any tuple as in (2-3), (2-4).

We need the following technical notion of pairs in the next proposition. Let N = 2'3. This large number
is necessitated by a somewhat inefficient referral in the proof of Proposition 2.7 to a theorem in [Durcik
et al. 2022]. A more hands-on approach should be able to make this number much more moderate, but
this is certainly not important for our argument. A c-pair is a pair (¢, ¢1) of two real-valued integrable
even functions satisfying the following assumptions. Their Fourier transforms ao, 51 map R to [0, 1], are
supported on [—1, 1] and constant 1 on [—2~!, 27!]. They satisfy

@)+ (1 =¢*=1 and [3" 7 llos 16"Vl < c. 2-7)

Here and in what follows, ¢®) stands for the k-th derivative of ¢. Lemma 2.10 below shows that there is
¢ such that a c-pair exists. When c¢ is at most one million times the infimum of all positive numbers ¢’
such that a ¢’-pair exists, then (¢, ¢1) is called a universal pair. A left window is a function ¢ such that
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there exists a function i such that (¢, 1) is a universal pair. A right window is a function ¢ such that
there exists a function p such that (p, ¢) is a universal pair. Note that functions ¢ that are both left and
right window may exist, but a notion of two sided windows needs caution as the corresponding functions
Y and p may not satisfy this notion.

The kernels of the next proposition do not satisfy two-dimensional symbol estimates, at least not
uniformly in the choices of sequences k; and /;. They still consist of pieces with a positivity assumption
and elementary tensor structure with only two different scales in it and have complexity controlled by J.

Proposition 2.3 (on-diagonal, non-Whitney, 2D [proved in Section 5]). There exists C > O such that the
following holds. Let J be a positive integer and (k;) jJ~:1 and (I}) jJ~:1 two finite sequences of integers that
are interlaced in the sense that k; +10 < l; for 1 < j < J and l; <k;y for1 < j < J —1. Consider a
kernel

J
K = Z(¢O,j —¢1,j) ® (9o, — 1),
j=1
where, for each j, ((,bo,j)(szj) is a left window and (gbl,j)(zfzj) is a right window.
Then estimate (2-2) holds for any tuple as in (2-3), (2-4).
Using Corollary 2.2, we have the following corollary of Proposition 2.3,

Corollary 2.4. The variant of Proposition 2.3, where the assumption k; + 10 < [; is replaced by the
assumption k; < l;, holds.

To see this corollary, we split the sequence into terms with k; + 10 > [; and k; + 10 < [;. The former
terms are estimated with Corollary 2.2, while the latter are estimated with Proposition 2.3.

In contrast to the last proposition, the kernel of the next proposition does not oscillate on the critical
frequency diagonal £ 4+ n = 0. The complexity still is controlled by J. We no longer have the positivity
assumptions, but we do satisfy standard symbol estimates, with bounds depending on the parameter k.

Proposition 2.5 (off-diagonal, Whitney, 2D [proved in Section 6]). Let A = % There exists a constant
C > 0 such that the following holds for all k < 0. Let J be a positive integer and let (kj)jj.:1 be a finite
strictly increasing sequence of integers. Let (®;) ]1:1 be a finite sequence of real-valued functions on R>.
Assume that

supp(®)) S {(€.m) e R?: 27870 < |(&, )| <2790,

Assume further that, for all (u, v) € R?,
(D)) 4, )l < 2%+ 25w+ o)A+ Ju — o)+ A+ u+ o)A+ u—vh ™ (2-8)
Let K be defined by

K=Y a,

j=1

and assume that K vanishes on the diagonal {(§,n) e R* : £ + 1 =0}.
Then estimate (2-2) holds for any tuple as in (2-3), (2-4).
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The kernel of the next proposition also vanishes on the critical diagonal. It does not satisfy standard
two-dimensional symbol estimates uniformly in ;. It has no positivity assumption, but similarly to some
of the positive kernels above it is a sum of J tensors with few scales in it.

Proposition 2.6 (off-diagonal, non-Whitney, 2D [proved in Section 7]). There exists a constant C > 0
such that the following holds. Let J be a positive integer and (kj)JJ.:0 a finite increasing sequence of
integers with kj 1 +10 <k for1 < j < J. For 1 < j < J, let ¢y j, ¢1,j, ¢2,j be functions such that
(¢o. j)(sz -1 is a left window, while (¢, j)(szj) and (¢, j)(24—k/-) are right windows. Define

J
K=Y (bo;—$21) @1 (2-9)
j=1

Then estimate (2-2) holds for any tuple as in (2-3), (2-4).

The remaining propositions share a singular Brascamp-Lieb datum D,. The datum D, arises as a
reduction from D, after a Cauchy—Schwarz inequality. Put coordinates x = (xo, X1, xg, xg, x%, x31) on RS.
Define

Dy := (6, S, I, (ITy)ses) (2-10)
with § = {0, 1} x C, where C is the set of functions j : {0, 1} — {0, 1}, with IT mapping R® to R> as
IMx) = (xg — X0 — X] —xg,le — X0 — X| —xg),x31 —xg),

and with IT; for s = (k, j) mapping R® to R3 as

o i
M, j)(x) = (Xk,xé( ), Xi( ).

For this datum D, and a kernel K, we are interested in a loss-free estimate

|AD, k (fo)ses) = C (2-11)

for any tuple of real-valued Schwartz functions ( f;)ses With

Joe. = Jeejn (2-12)
for all k € {0, 1} and j, j' € C, and
[ fsllg =1 (2-13)
forall s € S.

The next proposition is a variant of Proposition 2.3, adjusted to the datum D,. The kernel has some
positivity properties and pieces arising from suitable elementary tensor structure. The complexity J here
is not relevant, as we obtain estimates independent of J.

We write g for the Gaussian g(x) = e”"x'z, typically in one dimension but occasionally in more

than one dimension. We have g = g. We write h for the derivative of the Gaussian in one dimension,
h(x) = —2mxg(x). Recall N = 2'8.
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Proposition 2.7 (on-critical, non-Whitney, 3D [proved in Section 8]). There exists a constant C > 0
such that the following holds. Let « > 1. Let J be a positive integer and (kj)jj.:() a finite increasing
sequence of integers with kj_1 +10 < k; for1 < j < J. Let (mj)JJ.:1 be a sequence of real numbers with
ki—1<m; <kjfor1 ;j <J. For0<j<J,let x; be afunction such that (Xj)(zH.f) is a left window,
and let ¢ be such that ¢; > 0 and

(Zﬁ;j)2 = (-1 = G~
Let

J
K@v,2)=a V)" /R 8@ U+ P& (v + P)dj (2 + p)$; (p) dp.
j=1

Then estimate (2-11) holds for any tuple as in (2-12), (2-13).

Proposition 2.7 will be proven using the next two propositions. Both involve the datum D,. Both
exploit a vanishing of the function K on the critical space & +n = 0.

Proposition 2.8 (off-critical, non-Whitney, 3D, discrete [proved in Section 9]). There is a constant C such
that the following holds. Let J be a positive integer. For 1 <i <2, let (a; ;) jJ~:1 be increasing sequences
of positive real numbers.

For1<j<J,letp;: R* — R be a continuous function satisfying

fz |0jl @1+ p.ua+ pous+r ustr)dpdr <ap j(+ay jlun —ua))ay j(1+ay jlus—ua)) ™ (2-14)
R

for every (uy, us, u3, us) € R*. Let (CJ-)]J.=0 be an increasing sequence of positive real numbers, well-
separated in that 2cj_ < cj for 1 < j < J. Let x be a left window. For 1 < j < J let¢; :R— Rbea
continuous function, which exists due to the left window property of x, satisfying aj > 0 and

67 = R’ = Kiep)™
Let K be defined by

J
K(u,v,z) :Z/3¢j(p)¢j(q)pj(u+p+q+r, v+pt+qg4r,z+rr)dpdgdr. (2-15)
j=1"R

Then estimate (2-11) holds for any tuple as in (2-12), (2-13).

The orthogonal complement V+ of the subspace

V={(5»77»7’_(54‘77"‘7),—(§+U),—(S+U))faﬂ»TER}

of R® can be parametrized as

{(p+q+r.ptq+r,rrp,q:p,q,reR}
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As (2-15) is an integral over V1L of a function F in RS, its Fourier transform is the restriction to V of the
Fourier transform of F' to that subspace. Hence, for some universal constant C,

J
KEno0=CY ¢jE+npjE nt.—E—n—1). (2-16)

Jj=1

This expression shows the vanishing of K (&, n, T) on the hyperplane £ +1n = 0.
Also in the following proposition, K vanishes on & 4+ n. It is made up by a very specific part in the
variables &£, n and a rather general part in the variables t and T + & + 1.

Proposition 2.9 (off-critical, non-Whitney, 3D, continuous [proved in Section 9]). There is a constant C
such that the following holds. Let J be a positive integer and (a ;) JJ.:O, bj) jJ-=1 be increasing sequences of
positive real numbers. For 1 < j < J let ¢; : R? — R be a continuous function satisfying

1) (ur, u)| < (b)) +b7 | (wr, un)) ™, (2-17)

Let K be a kernel such that
J a;
~ J dt -~
KEno=>) / (& +0)°g(16)g(1n) = (v, —& —n = 1). (2-18)
j=1v4%i-1

Then estimate (2-11) holds for any tuple as in (2-12), (2-13).

We remark on a symmetry in the datum D,. We do a change of variables in the kernel using the linear
map
L(a,b,c)=(a+b—c,a—b,c).
Define
M(x):=Loll(x)= (xg —|—x21 —xg —x31 —2(xp + x1), xg —le, x31 —xg).

Define D5 from D5 by replacing IT by M, and choose K so that K o L = K. We obtain

ADZ,K ((fs)seS) = Aﬁz,f((fs)seS)-
The map M has a symmetry under interchanging the last two entries at the same time as precomposing
with the involution

0 _0 1 1 0 0 1 1
(X0, X1, X5, X3, X5, X3) F> (X0, X1, —X3, —X5, —X3, —X;).

This involution can be seen as acting on the tuple of functions f, and hence we have the following
consequence for the associated form. Define K *(a,b,c) = K (a,c,b). For j € C, define j* € C by
Jj*() = j(1 —1) and define f(";{,j)(a, b,c) = fx j»(a, —c, —b). Then

Ap, g((f)ses) = Ap, g« ((f{)ses)- (2-19)

We finally introduce a further datum Dy, which is associated with a regular 3 x 3 matrix A and has
n =0. Let S be the set of functions S : {0, 1, 2} — {0, 1}. We put coordinates x = (x?, xg, xg, xl1 , le, x31)
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on R®. We define

DA = (67 S’ H? (HS)SES)s (2_20)
where the projection IT : R® — R is given by

N’ =, A, (2-21)
where [ is the 3 x 3 identity matrix and (/, A) is a 3 x 6 block matrix. For s € S, Il : R® — R3 is given
by
M) = (@@, x50, 1),

Note that after the relabelling of the coordinates, this datum has the same components as the datum D,
except for the choice of the projection I1. We have used transposes in (2-21) as we usually write vectors
as rows while the matrix equation (2-21) expects columns. The datum D4 will be used in the proofs of

Propositions 2.5, 2.8, and 2.9. In the latter two cases we will only use it with A = —1.
We conclude this section with the previously announced existence result.

Lemma 2.10. There exists a ¢ > 0 and a c-pair as defined near (2-7).

Proof. Let ¢ : [0, 00) — R be a smooth monotone decreasing function with

Yy(x)=1 forxel0,2], Y(x)=0 forx e[l,00).

Let p : [0, 00) — R be a smooth monotone increasing function with
p(x)=0 forxel0,1] ,o(x):3% forxe[%,oo).

There exists a smooth even function ¢y on R such that its Fourier transform is nonnegative and satisfies
on [0, c0)

(@0)> = (4— p*)¥2,

because the right-hand side equals /> on [%, oo) and is bounded below by % on [O, %] and constant 1

on [0, %) There exists a smooth even function ¢; on R such that its Fourier transform is nonnegative and
fulfills on the interval [0, c0)

(1—¢)?=1-@4—pHy?,

because the right-hand side equals JT p? on [O, %] and is bounded below by % on [%, oo) and constant
on [0, %] The pair (¢, ¢1) then satisfies the assumptions for a c-pair with
¢ = max(Ig" ™ oo, 181" loc)- O

We write A < B if there exists a constant C > 0 such that |A| < C|B| uniformly over all values of
parameters appearing in the expressions A and B.
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3. Proof of Theorem 1.2 from Proposition 2.1 and Corollaries 2.2 and 2.4

This section follows the corresponding argument in [Durcik et al. 2019a] for two commuting transforma-
tions with minor modifications. We summarize and streamline the argument.

Let J be given, without loss of generality we may assume J > 2. Let also positive real numbers
to <t <---<tybe given. Let fy, f1, f» be real-valued measurable functions on R3, normalized as

Il folla = Il f1lls = Il f2lls = 1.

We will prove a weak-type endpoint estimate at r = 4, namely for any fy € L*(R%) and fi, f>» € L3(R?)
with respective norm 1,

J
S IMy o fis £2) = My, (o, fis IR S T2, (3-1)
j=1

We call (3-1) an endpoint estimate as it would follow from the hypothetical inequality (1-1) with r =4
by the Cauchy—Schwarz inequality, and conversely (3-1) implies (1-1) for parameters r > 4. Namely,
(3-1) allows by Chebyshev’s inequality to estimate the number of A-jumps of the norm by O (A~*), which
then allows to deduce (1-1) by a layer cake representation of the r-variation. Theorem 1.2 will thus follow
as soon as we prove (3-1).

We decompose the characteristic function 1o 1y into smoother functions. Let x be a left window and
define

0:=x—x-
Then @ is supported in [—1, —272]U[272, 1] and, as detailed in [Durcik et al. 2019a, Section 2.4],

1 ~1 ~1 -1
Lo =1pn*x+ Z 110,00) * O(2x) — Z Li1,00) # Oty =1 @ + Z Po.k + Z Pk (3-2)

k=—o00 k=—o00 k=—o00 k=—00

For © € L'(R) we define in analogy with (1-2) for x € R3

M? (fo, f1, H)(x) 3=/Rfo(x+ueo)f1(x+u€1)f2(x+u€2)19(z)(u) du.

Using (3-2) and the triangle inequality on the sum in k, it suffices to show in place of (1-1) for every
k<-—1,

J
S UM fo. fio ) = ME (o fio IR S T2, (3-3)

j=1

1
IIMﬁfO"‘(fo, fis f2) = M (fo, f1. P13 S 22402, (3-4)

1M for f1s f2) = MY (fos fr, IS 2%, (3-5)

'M\ TM\

~
Il
—
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where y = % In fact, it will follow from our argument that inequality (3-5) continues to hold with any y <1,
at the expense of allowing the constant in that inequality to depend on y. The estimate (3-3) is acceptable
and the estimates (3-4) and (3-5) give a geometric series over k < —1 and are thus acceptable as well.

We first prove (3-3). We reduce further (3-3) to the analogous estimate but with the bump function ¢
replaced by one whose Fourier transform is constant near the origin. We write

o0 [e.¢]
e=x+@—X)=x+ Y (@—x)*0ay =X+ Y p2..

[=-2 [=—2
It then suffices to show
1
1M fo. fro f) — M (fo, fi, PGS T2, (3-6)
j=1
/ 1
D IMP (fo, fi, f) = MEP (fo, fr P13 S272007 (3-7)
j=1

We first prove (3-6). We split into long and short variation as in [Jones et al. 2008]. Enlarging the
sequence #; if necessary while at most doubling the number of terms and retaining at least a quarter of
the left-hand side of (3-6), we may assume that for each #; there is a #; which is an integer power of 2
with 7; <1 <2¢;. Let (k,-)l.I:O be the increasing sequence of all k; such that the power 2k occurs in the
sequence (Z}) ]J.Zl. We have I < J. It then suffices to show the short and long variation bounds,

1

1
> D IMESo fu ) = ME (fo fiu IES T, (3-8)
i=0 j:2ki<tj§2ki+l

1

1
D IME (fo, fri ) =ML (fo, fr, IBS 7. (3-9)
i=1

We first discuss the short variation (3-8). We define T x (s) := (s x (s))’, so that

(T X)) (s) = =13 (x1)(5)),

and we will use T throughout the section. By the fundamental theorem of calculus and the Cauchy—
Schwarz inequality, we have for x € R? and every 1 <i <1,

2
2 MIo fir £ = ML (fo fl’fz><x>|25/1 (M o frs f0) L

ji2ki < <2kit!

It then suffices to show
1 2
2 dt 1
> (M- (fo. fr. D))" S dx S J2.
— Jre i 2t !
1=

Expanding the square and moving the integral in ¢ outside, the left-hand side becomes

2 I 2
/1 > /RS []‘[ fu(x +uey) fulx + ven)](T)()(zk,.,)(u)(T)()(2k,-,)(v)dx du dv %. (3-10)
i= n=0



NORM-VARIATION OF TRIPLE ERGODIC AVERAGES FOR COMMUTING TRANSFORMATIONS 555

The expression (3-10) takes the form

2
| Ap e 4 G-11)
where for s = (k, j) € {0, 1,2} x {0, 1} and y = (y0, y1, y2) we have set
s = fi(y — Qo+ y1 + 32 — yo)ex) (3-12)
and
1
Ki(u,v) := Z(TX)(zki,)(u)(TX)(zki,)(U)- (3-13)
i=0

Indeed, writing x = (xg, X1, x2) and changing variables
u:xg—xo—xl—xz, v:x%—xo—xl—xz, (3-14)
we obtain with the projections I of the datum D,

Fao) Moy (x, X3, x3) = frtx +uer),  foy (M (x, x5, x3)) = filx +vep).

It suffices to prove bounds uniformly for fixed ¢ € [1, 2] on the integrand of (3-11). For this we apply
Corollary 2.2 with the sequence (k,-)l.I:0 and ¢; suitable multiples of (7" x) o« ) and use

supp(Ty) € [—1, —27"TU27 11, T x )] S (1 +[uh) ™. (3-15)
This proves (3-8).
Next, we prove the long variation bound (3-9). Recalling the universal pair (x, ¢), by the triangle
inequality, it suffices to show

1
S IML L Go. fis ) — ME (fou fro IE S T, (-16)
i=1
: 1
> IME (oo fii ) — M3, (fo. fr. I3 S T2 (3-17)
i=1

We first prove (3-16). We expand out the square of the L? norm to reduce matters to estimating

1 2
> /R 5 [1‘[ fax 4 uen) fu(x + ven>]<x(zk,-1) — b)) W (X gtio1) — P (W) dx dudv.  (3-18)
i=1

n=0
Performing the same change of variables in the Brascamp-Lieb datum as in (3-10), we rewrite it as

Ap, k ((fs)ses), (3-19)
with

1
K(u,v)= Z(X(zki—l) - ¢(2ki))(u)(X(2ki—]) - ¢(2ki))(v)-
i=1

We estimate this with Corollary 2.4 of Propositions 2.1 and 2.3, using that x is a left window and 3 isa
right window, and after splitting the sum into even and odd indices j to assure spacing of the sequences
k; and [;. This completes the discussion of (3-16). Similarly, estimating (3-17) reduces to estimating a
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form (3-19) with kernel

1
K@, v) =Y (xah), = b)) ) (Xt — Sty (V).
i=1
This is done with Corollary 2.2. This completes the discussion of (3-17) and thus the discussion of (3-6).
Next, we consider the decaying lacunary pieces near the origin (3-7). We define

@30 (x) == 2" (@2,) 21y (x)

and we replace #; by 2! 1;, using that the sequence #; was arbitrary, to turn (3-7) into

J
S UME (fo, fis f2) = ME o fr IBS T2 (3-20)
j=1

Analogously to our discussion of (3-6), we pass to short and long variation. The short variation we
estimate analogously using in place of (3-15)

supp(Tes,) C [—1, =27 MUR™ 11, | Tes )] < A+ [u))~%, (3-21)

which follows because ¢ — x vanishes at the origin. This completes the estimate for the short variation.
The long variation we expand similarly as (3-18) above into

1 2
Afo, fi, f) =) /R 5 [1‘[ Fulx +uen) fu(x + ven)]
i=1 n=0

X ((¢3,l)(2ki—l) - (‘/’3,1)(2’%))(”)((‘/’3,1)(2’%‘71) - (‘/’3,1)(2’%))(”) dxdudv. (3-22)
By the distributive law, (3-22) is the difference of the two terms of the form

1 2
Z /RS [1_[ Jn(x +uep) fu(x + ven)} (©3.0) iy W) (@3.0) (2t-1y = (93.) o)) (V) dx dudv,  (3-23)
i=1 n=0

with m; = k; and with m; = k;_1, respectively. We write (3-23) as

1 2 2
> / [ / [ ] fax +uen) (@3 @miy@) du] [ f [T 520+ ven) (@30 01y = (@3.0) 0ty () dv} dx
i1 YRLIR R =0

and apply the Cauchy—Schwarz inequality in x and in the summation. This gives

Alfor f1, ) < Alfo, fi, )2 A(fo, i, )7
with

1

1 2 3
Afo, f1, ) = [Z /R 5 []‘[ Fulx +uey) f(x + ven)} (@3.0)2m) (W) (@3.1) @iy (v) dx du dv] . (3-24)
i=1 n=0

By bootstrapping, it suffices to prove a bound on A(fy, f1, f») in place of A(fo, fi, f»). This should be
compared with the integrand in (3-10) for fixed 7. By the same change of variables as there, (3-24) equals

ADl,K ((fs)seS) with

1
K, v) = (@3.0)@m) @) (@30 @ ). (3-25)

i=1
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Applying Corollary 2.2 of Proposition 2.1 yields a bound for this term and finishes the proof of (3-7). The
assumptions of Corollary 2.2 are satisfied, which can be verified similarly as inequalities (3-21) observed
earlier. This completes the proof of the estimate (3-3).

Now we prove (3-4). We write

90k = L(—o0.0) %Oy = 20019,

where 6 := 1(—o0,0) %0 is the primitive of 6. It has high-order decay since 6 has integral zero. By rescaling,
it suffices to show

/ o 0 1
Y UM (fo, fi, f) =ML (fo, fr, I3 S T2

j=1

This now follows in the same way as (3-20), using
supp(6) C [~1, —272JU[272, 1]

and high-order decay of 6. This completes the proof of (3-4).
It remains to prove (3-5). Define

Qa () =20 —275).
We have
@1k) = 20 —275)) 26 = (@a.40) (2 ().

By rescaling, it suffices to show

J
_ 1
2R IME (o, i f) = MES (fos fr PIB S T2
j=1

We split into long and short variation as in (3-20). To estimate the short variation, we use the
fundamental theorem of calculus and the Cauchy—Schwarz inequality, which yields the bound

1
S M o fie f) - MES o il I3

i=0 j:2ki <tj§2ki+l

! 2
S HZ 2~ (r Dk /R 3 /1 (M5 (fo. f1. fD ) %dx]
i=0 1
1 2 2
x[zz“—”k L] (M;j";‘%fo,fl,fzxx))z%dxﬂ . (326)
i=0

. . . I L
We are going to estimate each factor in the square brackets as < J2. We begin with the first factor,
that we expand as

1 2 2
Z /;&5 [1_[ Jn(x +uey) fu(x + Uen):| |:2_(y+l)k‘/1 (@4,1) 2k 1y (W) (@4,1) 2k 1) (V) %j| dxdudv.
i=0 Y™ bn=0
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Similarly as (3-11) and (3-13), this takes the form

AD],K((fs)SES)

with
I

2 1
K(u,v)=2[ /1 27K (4 1) (0 () (@4.0) () (V) %] =Y Dy (u, v).

i=0 (2k) i=0
We apply Proposition 2.1 with A =2 — y > 1, using that ® is symmetric and positive as a superposition
of positive terms, and using
supp(®) € ([-1, —2771U 277, 1))’

and the bound

2
|®(u, v)| < 2_(”“)1‘/ |0a it ) s (¢~ 0)| dt
1
2
<207k / 10" =270 (v —127%))| dt
1

2
< 2<1—V>’</ A+lut+v—2"D°0 + Ju—v)4dr
1
227k

< 2<2—V>’</ (I+lu+v—t) 00+ |u—v))dr
2

1—k

S22 u v O+ Ju— ) (3-27)

Here we estimated the integral for |u + v| < 23—k by the integral over R and for |u + v| > 237k we
estimated the integrand by its supremum norm. We used along the way decay estimates of 6 it inherits
from the window .

We turn to the second factor in (3-26). We proceed as above; in place of (3-27) we compute

2
20t /1 19, (04,00 )13, (1,00 @) &

2
— G-yl ~15¢4=1(y — 17—k 150,10 _ r—kyy) 41
=207 fltat(t O w—127"N)ed, (170G (v —12 )))t .

Applying Leibniz and chain rules, most terms will be analogous to the above. However, when a derivative
falls on 2%, we obtain a factor 2~%. The worst term is the one where both derivatives fall on the r2~%.
Thus we get the estimate

2
< 2<‘—V)’</ A+lu+v—2"5 D700 4 ju —o~1° %.
1

As above, this is estimated by

S28 A+ 25 u 4+ v O+ e — w7
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To treat the long variation, we proceed as for (3-22), where after a bootstrapping estimate we are led to
estimate, analogously to (3-25), Ap, x ((fy)ses) with

1
K (u,0) =277 " (@an) @y (1) (9a.1) @iy (v).
i=1

Similarly as in (3-27) we estimate
27K u (W) pa k()] = 2%7H0(w — 270 (v — 27|
S28MAH v =200+ Ju =T
S 20k 4 2K+ v )T + u— o)
Applying Proposition 2.1 again completes the proof of (3-5).

4. Proof of Proposition 2.1 using Propositions 2.3 and 2.5

Let A = % Let k <0, let J be a positive integer and (k;) }(:1 a strictly increasing sequence of integers. By
splitting into a hundred subsequences, using the triangle inequality to separate these sequences, we may
assume k; +100 <k; for1 < j < J.

Let ®; for 1 < j < J be as in Proposition 2.1. In particular, Eﬁj (¢, —£&) is continuous and even in &
by the symmetry assumption on the kernel ®;. Furthermore, we claim that aj (&, —&) is positive for all
& € R. To see this, first apply Plancherel to the positivity assumption (2-5) in Proposition 2.1 to conclude

0< /R O F . m de dn

for all Schwartz functions f. Now we see the claim by using testing functions f which approximate the
Dirac delta at £.
As ||®; |1 has a universal bound, for suitable universal constant ¢ we have

D (&, —€) <c(doj — 1. )(E)*

with even real functions ¢, ; and ¢y ;, such that (¢o, j),-x-+2s is a left window and (¢1,j),-+-2s is a right
window. Moreover, there exists a real even function v; such that

Ui (6)2 :=2c(o.j — d1.j)(E)* — ;(€, —&). 4-1)

Namely, outside the support of & — Eﬁj (&, —£&), the function @ can be chosen to equal \/%(ao, j —(}5\1’ i)
while on a neighborhood of this support, the function on the right-hand side is at least ¢ and thus has
square root. The funcEi\on (fb\j)(ﬂﬁzs) has support in [—1, 1]. To understand derivative bounds for this
function, let F(§) = (d},)(ﬂ,)(f;‘, —£&). Then we have, for 0 <a <8,

|F(a)(§)| — ‘(_27.”-)(1/ (cDj)(z*"j)(ua ) (u — v)aefZJTi,S(ufv) du dv 5 2(}»71)k’
R2

by (2-6). Thus,
(@) ) S 1 (4-2)
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as one can see outside the support of (51')(24(]) from bounds for derivatives of the windows and on the
support using a lower bound on the right-hand side of (4-1) and upper bounds on the derivative of the
right-hand side of (4-1).

To show a bound on Ap, x ((fs)ses) With K = Zj‘:l ®;, which is positive, it suffices to show a bound
on ADl,Ko((fS)SES) with

J
Ko=) @+ ®y;
j=1

because the form associated with the datum D, and the difference Ky — K is positive as well.
By Proposition 2.3, the form A p, k, ((fs)ses) is bounded, where

J
Ki=2c) (@0 —¢1.)® @0, —¢1.)).

j=1

Hence it suffices to prove a bound on Ap, k,((fs)ses), where K3 = Ko — K.
This is done by an application of Proposition 2.5. Note that we have on the diagonal

J
KiE, —&)=) @5, —&) +¥;(§)> = 2c(do.; — b1.,)(E)* =0.
j=1

We verify the remaining assumptions of Proposition 2.5 for

V=@ +v9; @Y —2c(¢o,j — ¢1,;) @ (do,j — d1,)-

We have
Supp(6]> C ([_2-/(_/+20’ _2—kj—20] U [2-/(_,'—20’ 2—/(_/-1-20])2,
-~ -~ -~ -~ L e ke L 2
supp((do.j — d1./) ® (fo.j — p1.)) S (I—279+%, —27K 720y 278720, 27 +237)7,
Supp({/;j ® {/;j) C ([—Z_kj+25, _2—/(_,'—26] U [2—kj—26’ 2—kj+25])2-
Thus,

supp(¥;) C { (&, m) e R?: 27070 < (&, )| <2753},
Note also that, using in particular (4-2),
(D7) iy (u, )] S 221+ 25+ o) ™10+ Ju =),
[((Po.j — 1) ® (Bo.j — D1.1)) o1y, V)| S (A4 Ju+ ) A+ |u —v]) 7,
(W @) gt @, )] S (L Ju+ 0T+ Ju— v

Hence
(W) gt @ )] S 2%+ 25+ o) A+ =)™+ A+ e+ o)A+ fu— o)™

The final claim now follows from Proposition 2.5.
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5. Proof of Proposition 2.3 using Propositions 2.5 and 2.6

Let J be a positive integer and (kj)JJ.:1 and (lj)JJ.:1 two finite sequences of integers with k; + 10 < /; for
I<j=<Jandl; <kjy forl <j < J—1. By splitting the sequence into subsequences of even and odd
J if necessary, we may assume without loss of generality that /; 10 < k; | foreach 1 < j < J. Assume
a tuple (fy)ses as in (2-3) and (2-4) is given.

Assume we are given ¢ ; and ¢ ; for each j such that (¢, ;) 27 is a left window and (¢, ;) @) is
a right window. Pick corresponding functions ¥ ; and v ; so that the rescaled functions give universal
pairs, and hence

(1—¢1. )%+ (o )* =1, (5-1)
@0+ (=1 )* =1 (5-2)
Then
R J . . J—1 . R .
A=910%+ Y Goj—b1)° + Y Woj— V110 +Fo)* =1. (5-3)
j=1 j=1

To see this, note that at every point at most one of the functions g’b\o, j» &5\1, j» 1 < j < J,is neither 0 nor 1,
and the functions 1///\0, j» {Zf\l, ; are neither O nor 1 precisely when the respective function $1, j» &), jisnot 0
or 1. Therefore, at any point at most one pair (1}0, i 35\1, j) or (@1, js 250, ;) takes values other than 0 and 1,
and we can apply (5-1) or (5-2), respectively.

As Ap, k((fs)ses) in Proposition 2.3 is positive, it suffices to estimate its sum with another positive
term, and thus it suffices to estimate A p, k, ((f5)ses) With

J
Ki€.m)=0=d10EA =100+ Y (o — b1.,)E) (o — b1.,)(n)
o =
+ Y (o — Vi) E Goj — V1)) + o) E) Fo.p) ().
j=1

This can be rewritten in a more compressed form as

27
Ki=) @o.;-91,)®@0.j— 1))
=0

where goo=1,for1 <j <J,
®o0.2j—1=¢0,j, @o2;j="Y0j, @r2j-1=8¢1j, Qi2j-2="Y1j,
and @127 =0. Define for 1 < j <J
myj_2=k; and my;_=I.

Observe that for each 1 < j <2J — 1 we have that (¢, ;) @ "i-1) is a left window and (¢ ;) @) is a
right window.
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In order to apply Proposition 2.6, we introduce for 0 < j < 2J the functions

©2.; = (91,j) 2-4-

Observe that (g2, j)gtmj is a right window whenever 0 < j <2J — 1. We write for K 1

27
=Y @0 —72.)®P1j+P1;® @0, — Pa.)) (5-4)
=0
27
Y @2 —0.)®P1j+P1;® @2 — 1)) (5-5)
=0
27
+Y %0, ®%0.j —P1.j ®Prj- (5-6)
Jj=0

In (5-4), the bound for the sum of these terms over 1 < j < 2J — 1 follows from Proposition 2.6,
applied to the sequence (m j)?lz 6] and the rescaled windows ¢ ;, ¢1,j, ¢2,j for 1 < j <2J — 1. The term
for j =2J in (5-4) vanishes. To deal with the term for j = 0 in (5-4), we use @y o = 1 and rewrite this
term as

—@1,0(m) + ©2,08)1,00) + @1,0(6) — @1,0(6)P2,0(n).

Denoting by fi, k=0, 1, 2, the functions defined via (3-12) and using the change of variables as in (3-14),
we estimate

<lleiolh S1,

2
|A Dy 108 ((f)ses)| = ‘/R“ [1_[ fi(x + Mek)fk(x)]<ﬂ1,0(u) dxdu
k=0

where for a fixed u we used Holder’s inequality in x and & denotes the Dirac delta at the origin. Similarly,

2
|AD, . g108020 (fi)ses)| = ‘/RS []_[ Jie(x +uep) fr(x + Uek)]¢1,0(u)¢2,0(v) dx dudv
k=0

<llerollillg20lli S 1.

By symmetry, this bounds the form associated with the j = 0 summand in (5-4).

It remains to estimate the form associated with K, where I?g is the sum of (5-5), (5-6). As K 118
constant 1 on the diagonal & 4+ n = 0 by (5-3) and the stick terms (5-4) vanish on this diagonal, the
function K> is still constant 1 on this diagonal.

We define K3 by K 3= K » — 1. It suffices to prove bounds for the form associated with K3, because
K> — K3 is the Dirac delta and

517

2
AD1,K2—K3((fv)seS)| = ‘,/[W 1_[ sz(x) dx
" k=0
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where the functions f; are as in (3-12). We rewrite K 3 as

27
Y @2 —PL)®PL+P1;® @2 — P1)) (-7
=0
2
+Z¢0,j ®P0,j — P1,j—1 ®P1j—1, (5-8)
=1

where we have reshuffled (5-6) and used 50,0 =1 and $1’2] = 0. Bounds for the sum of (5-7) and (5-8)
follow from Proposition 2.5. Indeed, foreach 0 < j <2J,

supp((@2,; — 1,;) ® P1,5) € (=274, =27 27t 27 ) s (=27 27 ],
By symmetry, the j-th summand in (5-7) is supported in
{E.mer: 2770 <& <270 = A,
The j-th summand also satisfies a bound by
(@2, = 01.) © @1+ 91, ® (92,5 — 91| gy 0, ©) S A+l + 0D H A+ u — v~

due to the functions being windows.
Similarly, for 0 < j <2J — 1 we have

supp (o, j+1 ® Go,j+1— @1,; ® @1 ;) S [—27", 27 PP\ [=27 L 27 c A
and the decay
90,541 ® 90,11 =917 @01 om0, v) S A+ lu+ )0+ — v~

Thus, bounds for A p, x, follow from Proposition 2.5.

6. Proof of Proposition 2.5 using Lemma 3 in [Durcik and Thiele 2020]

Given a regular 3 x 3 matrix A, let D4 be the datum defined in (2-20). We recall the following lemma,
which is a special instance of a more general result proved in [Durcik and Thiele 2020].

Lemma 6.1 [Durcik and Thiele 2020, Lemma 3]. For all 0 < & < 1, there exists a constant C such that
the following holds.
Let A be a regular 3 x 3 matrix which differs from —I by at most one row and satisfies

ldetA| > & and || Allus <&, (6-1)

where || A||lus stands for the Hilbert—Schmidt norm of A. With S as in the datum Dy, let (f;)scs be a tuple
of real-valued Schwartz functions such that || fs|ls=1forall s € S. Leti =1, 2, 3, and let K be the kernel
satisfying
k(0= [ [ @daoo(or (aph) p)ap 2. 6-2)
Then
[Ap,. k ((fs)ses)| < C.
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Proof of Proposition 2.5. Let . = % Let k <0 be given. Let an integer J > 1 and a strictly increasing
sequence (kj)jj.:1 of integers be given. Let (<I>j)jj.:1 and K be given as in the proposition. Let (f)scs be
given as in (2-3) and (2-4). Set fi := fu,0) = f«,1) foreachk =0, 1, 2.

Let 6 : R — R be a function whose Fourier transform is supported in [—2, ——] U [%, 2] and whose
derivatives up to order 8 are < 1. Assume further that

RN dr
/0 0(r$)7=1

for all £ # 0. We do the two-parameter lacunary decomposition of K in directions &+nand & —n and
collect these pieces into lacunary cones away from the line £ 4+ 1 = 0 centered at the origin. In detail, we

write -
Ren=[ ROen® (©-3)
with o
K9 m= fo R miaE - 1€+ 4. (6-4)

We break the integral in (6-3) into the integrals over the domains (0, 1) and (1, co) and do the estimates
for these integrals separately. We begin with the case z € (0, 1). Here we do an estimate for each z
separately and show for all z < 1 that

—_1)2 1
1Ap, ko ((fy)ses)| S ZA D7 2, (6-5)

which is an integrable upper bound with respect to the measure dz/z. Fix z € (0, 1).

Let g be the one-dimensional Gaussian and let 7 = g’. Set @ = (h)~'. The function @ satisfies similar
support and derivative estimates as 6 since / and its derivatives are essentially constant on the support
of §. In addition, let a be a function supported in the annulus % <|(&, n)| < 16 such that its derivatives
up to order 8 are < 1 and PE MEE)EM) =1if % <|(&,n)| <8. Then, for all £, n € R,

0E—miGE ' E+m) =06 -G E+hE E+mIgE NEEEm.  (6-6)
Note that this equality holds since the left-hand side is supported in the set where
F<1GE <8, (6-7)

Indeed, on the support of the left-hand side of (6-6) we have |& + 7| <2z <2 and % <|& —n| <2. This
yields (6-7).
For z € (0, 1) and ¢ > 0 we define the function w®’ via
Do (& ) =K@ E meE moE —nd ¢ +n)). (6-8)
Let IT be the projection associated with the datum D;. Using the Fourier inversion formula and equa-

tions (6-4), (6-6) and (6-8), we write K @ (ITx) as

/0 /R B G HEF NGO exp(2i (5 () —xy—x1 — )+ (el gy —x)) € d ©L. (6:9)
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Since the Fourier transform of w*’ is supported in the set where 1< [(€,n)| <8, we observe that w*’
vanishes unless ¢ is in the set

~

— U[zkjf?ﬁ’ 2kj+33]‘

We may thus restrict the region of ¢-integration in (6-9) to M. Further, we may interpret the inner integral
in (6-9) as the integral of the Fourier transform of the function

(¥0» Y1+ Y20 Y3 Y4) F> w3 (Y0 4 X0 4 X1, Y1 4 X0 + X1 A1 (02 + X280 (V3 + X981y (4 + X3)

over the hyperplane
{(_5, -, _5 -n, ga 77) . 5 € R? ne IR}

It is therefore up to universal multiplicative constant equal to the integral of the function itself over the
orthogonal complement

{p+q—r,q—r,r,p+q,q) :p,q,r €R}.

The form A p, g ((fi)ses) can then be rewritten as

// [l |ﬂ(l_[ x)] (t)(xo—l—x]—i-p—l-q—r Xo+x1+qg—r)
N dt
a X h-1 (X2 + )80 (X3 + p+ )8y (X3 +q) dx dpdg dr - (6-10)

We write the integral in x; as the innermost and use the Cauchy—Schwarz inequality in the remaining
variables. This bounds (6-10) by the geometric mean of

//7[“ | f2(x0. 1. x3)] ]|w(t)(x0+xl+l’+q—r xo+x1+q—r)|
R
dl
X giy(XY 4 p+ )8 (X3 +q) dxodxy dxi dxi dp dg dr == (6-11)

and

2
f /W[/[n fO(x3’x"xZ)f‘(XO’xavxz)}h(z lt)(X2+r)dx2:|

X |w(t’)(Xo+X1 +p+qg—r,xo+x1+gqg —r)|
dt
x gy (XS + p + @) gy (x3 +q) dxodxy dx) dx; dp dq dr — (6-12)

In order to bound (6-11) and (6-12), we prove a pointwise estimate for w*’. We first claim

lw®! (u, v)| < 2~ (6-13)
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To verify the claim, we observe that since K vanishes on the diagonal & 4+ 1 =0, the function K, 1 *d
has the same property. Therefore

Koy %@ &, ml = K1y % ¢ n) — Koy %0 ((E —n)/2, —(& —n)/2)]

_ V Kooty % (1, vye ™ EME) (o miEEn@ty) _ 1y gy gy
RZ
g/ |K -1y * ¢ (u, v)| min{|& +n||u +v], 1} du dv
RZ
<% +n|*—1/ K1y %, v)[Ju+ v~ dudv, (6-14)
RZ
as A — 1€ (0, 1). We observe that

|K -1y x @, )] S2%A+ 25 u+ o)A+ lu =D+ A+ lu+o) A+ u—v) ™, (6-15)

thanks to the derivative estimates on ¢, to the support properties of $ and @ and to (2-8). Therefore,

/|K(zl)*¢(u,l’)||u+v|’xldudv

R2

S2 [ 2o o dud+ [ ko - ) dudu S
R2 R

Combining this with (6-14) and passing to w*’, we thus obtain
I GRDIPSEam

Estimating the Fourier inversion formula by L! — L bounds, inequality (6-13) follows.

We note that the right-hand side of (6-13) has the desired decay as z tends to 0, however, it does not
have a good behavior with respect to (u, v). We therefore derive a yet another estimate for w®’ in which
the right-hand side possesses merely L' scaling in z but decays sufficiently fast as |(u, v)| tends to infinity.
We set

Fu, v) = o1 ((u+0)/2)0((u — ) /2).

By (6-8), we have w™' = K ,-1) % ¢ * F. Recall that the functions » and 6 are supported in [—2, 2] and
have derivatives up to order 8 bounded by < 1. Using (6-15), we therefore obtain

lw (u, V)| 2K+ 25U+ o)A+ u—v) "z +Fzlu+v)HA+Hu—v)) ™t if 25 <z (6-16)
and
lw™ (u, v)| < z(1+zlu+v) 2 A+ lu—v)™* ifz <2k (6-17)

Finally, we write |w®!| = |w®!|*=D/@M |21 3+D/CY and use the estimate (6-13) for the first factor
and the estimates (6-16) and (6-17) for the second factor. This yields the desired bounds

zt PR —2-2 | k —2-2 —2-2
lw (w, VI Sz 24 [z +zlut+v)) = *+22A+2%u+v]) = 2]A+u—v) = % (6-18)
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if 2¥ < z, and
' G- —2-2 -2 . k
lw* (u,v)| <z 28 z(1+zlu+v]) A(l—l—lu—vl) L if z < 2%, (6-19)
Having inequalities (6-18) and (6-19) at our disposal, we proceed to bound the term (6-11). We observe
that this term can be written as

| [1‘[ | FaCio, 51, 28] ]

i=0,1
x [Jw®!| * (g®g)](,)(x3 —Xx0— X1+, x3 —Xp — X1 +r) dxgdx; dx3 dxg dr —. (6-20)

Applying the Cauchy—Schwarz inequality, we bound (6-20) with

vz = [lw™ % (g @ &)
by

D=
-~ |
-~

/ 1_[ |:/‘S | f2(x0, X1, x§)|4vz,t(x§) —X0— X1 +7, x31 —Xx0— X1 +r)dxodx; abcgdx31 dr] —.
M _o, L/R

The product of the square roots of the integrals for i =0, 1 equals
12

(
4 -1’
I 2llglloz el S 27 2%

The last identity can be seen by integrating first in xé‘i and then in r to obtain the L' norm of v_ ;.

What remains is then the L* norm of f> raised to the fourth power. Using that f ydt/t S J, we deduce

that (6-11) is bounded by a multiple of
A—=1)?
z( ZA) J.

We next focus on the term (6-12). Using the estimates (6-18) and (6-19), bounding the form (6-12)
reduces to estimating

o) 2
fo(xs, x1, x2) f1(x0, X5, X2) | A1) (62 +7) dx2
0 Jr?

RL Zo1
<ty (1417 y g +xi + p/2+q—rl) 7 F S p R
dl
X g(,)(x3 +p +q)g(t)(x3 +q) dxodx dx3 dx; dpdqgdr —

where y =z,0ory = 2k if 2k < 7. We will prove a bound independent of z and k, which will bound (6-12)
by < z*=D*/@M thanks to the extra factor z*~D*/@% in (6-18) and (6-19).
We dominate

2 .2

Y+ o+ x4+ p/2+q—rl) TR A4 ph TR
B _ —2-
2y (1417 (v o +x1 + p/2+q —1). 2p)])

o da
5 ) g(ay—]t)(x0+xl+p/2+q_r)g(at)(2p) 1+2/)\.



568 POLONA DURCIK, LENKA SLAVIKOVA AND CHRISTOPH THIELE

It thus suffices to estimate the form

2
/ /l‘w |:/|:l_[ folxz, 3, x2)f1(x0’x3’x2)}h(z 15 (x2+r) dxz]

dt
X8y -1 X0+21+P/2+4 1)@ 2P)80) (X3 +P+a) 8 (3 +4¢) dxo dxy dx3 dxy dp dg dr = (6-21)

with a bound < « and then integrate over «, using that 2/1 > 1. We claim that

/ 8ay-nXotx1+p/24+q— " &wn2P)gny(xs +p+q)dp
R
S 80 2ay-1n(Xo+ X1 +4q — ")8an (X3 +q). (6-22)

Indeed, we have

g(o{t) (2p) < e*ﬂyza*ZZ*z(p/Z)Z

81241 (P)-
The elementary inequality e 2atb) =2 < pma yields

—myla 72 (p/2)?

g(ayflt)(x() + X1 +P/2+q —r)e S g(21/2ay*1t)(x0 +x1+qg—r).

Thus, the left-hand side of (6-22) is bounded by

801 2ay-11y (X0 + X1 +q — 1) (81201 * 80) (X5 + @) S 82120y -1 (X0 + X1 + G — 1) gary (X5 + ).

as desired.
Expressing further g(;1/24,,-17) (x0+X1+¢ —r) as a convolution of two Gaussians and using the evenness
of the Gaussian, (6-21) is bounded by

2
/ /W |:/|:1_[ folxs, 31, XZ)fl(xO’x3’x2)]h(z 1 (X2 +7) dxz]

dt
X 8(ay 1) (X0 P)8(ay 1) (X1 = PH4 =1 (13 +)8(an) (X3 +4) dxo dxy dx§ dx; dp dg dr . (6-23)

After renaming of variables, naming the variable x, that is twice an integration variable once as xg and

once as x,, then renaming the variables xo, x1, x5, x1, xJ, x! in this order as x|, x, x{, x1, xJ, x1, and

finally introducing functions fo(a, b,c) = fo(b,a,c) and fl = f1, we write (6-23) as

o
0‘/ /7[1_[ ffo(x?,xg’xé)fl(xll,x&Xé)fo(x?,x%,%)fl(x},le,xg)h(z1,)(x§+r)dx§}
0 JR7L.
1=0,1

dt
X 8ay-11y(X) = P+ — 1) &ay-10)(X] + P)&ary(X3 + @) &(ar) (X3 + q) dx) dx| dx3 dxy dp dg dr =

Let S and (I1;)ses be as in the datum Dy. Introducing f; = f;(l) for s € S, we may write the last display
as

oo
a/o /%9 [I Ifs<n5x)j|g(a)’_'f)(x? —pt+tq-— r)g(ay‘]t)(xll +p)
seS
dt
X 8(at) (X3 + @) &(ar) (X3 + @R (=11 (X3 + A1) (x3 +r) dx dp dq dr
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Let V : R* — R? be a mapping given by V (vg, v1, v2) = (ay ~'vg, avy, 27 vp). We perform the change
of variables with respect to this mapping for each of the triples (p, g, r), (x?, xg, xg) and (xl1 , le, x31).
After this transformation, the above form becomes

- Ty ~8,7% 0 —1 -1 1
O{/ fg[l_[a4y 82 st(VHsX):|g(z)(X1 —ptyvqg—yvi «o r)g(,)(xl—}—p)
0 VR seS

dt

x gy () + @) gy (X3 + @)y (xS + )by (x3 +r)dx dp dq dr = (6-24)

This can be recognized as an « multiple of

o1 1
Ap, k((@*y 8278 fy 0 V)ses),

where K has the form (6-2) with i = 3 and

1 —y yz la™!
A=10 —1 0
0 0 —1

Since 0 < y <z <1 <a, the matrix A satisfies the assumption (6-1) with £ = 571/, Observing further that
the function a!/#y~1/8z=1/8 £ o V has the same L® norm as f;, we deduce from Lemma 6.1 that (6-24)
is bounded by < «. This yields the desired bound for (6-12).

Combining the estimates for (6-11) and (6-12), we obtain (6-5).

It remains to consider the part of the integral in (6-3) where z € (1, 00). Let ¢ be the function defined
via its Fourier transform by

ﬂazftkaﬂ.
1 <

Then we can write
ﬁ ﬁ%am%=A R o —mbae +m L. (6-25)

Formally, this expression has the same form as (6-4) when z = 1, except that the function 6 is at one
occurrence replaced by @. Due to this similarity, we will denote (6-25) by K (&, n). Note that 6 is
supported in [—2, —%] U [% 2], @ is supported in [—2, 2] and the support properties of 6 and @ ensure
that (& — n)é(é 4+ n) is supported in the set where é < |(&, n)] < 8. We may therefore apply an argument
analogous to the case z € (0, 1), arriving at the estimate

1
|AD1,K(1>((fs)xeS)| S J2.

Combining this with (6-5) yields the conclusion of the proposition. U

7. Proof of Proposition 2.6 using Propositions 2.7 and 2.8

Let (kj)JJ.:0 be a finite increasing sequence of integers with k;_; +10 < k;. For 1 < j < J, let ¢y ;,
¢1,j, P2, be rescaled respective left or right windows as in the proposition, and define K as in (2-9). Let
(fs)ses be a tuple of functions as in (2-3) and (2-4). Set fi := fk.0) = fx,1) foreach k =0, 1, 2.



570 POLONA DURCIK, LENKA SLAV{KOVA AND CHRISTOPH THIELE
Let (x, ¢) be a universal pair and define x; := X2ki2) and ¢; := ¢(2kj—2). Define

$3,j = Xj-1—@j (7-1)
and consequently,
(3.))° = (-1 = G0
If (¢, n) is in the support of ($o,j — az,j) ®$1,j, then
27kt o7k < g4y <27k 4 27R,

In this range, x;—1(§ + n) is constant 1 and x;(& + n) is constant zero. We can therefore introduce
artificial factors 55\3’ jin K as follows:

J J
KE =Y oj— b)) = (o — b)) &)1 ;s j(—& —n).
Jj=1 j=I1

Taking the Fourier transform, we obtain for some universal constant C,

J
K (u,v) = /R D (@0 — b2 ) E)T Gy (e Vs j(—& — ) dE dn
j=1

J
=C) /R (G0, — ¢2.)(u + p)p1.j (v + p)3 ;(p) dp, (7-2)
j=1

where we used that the integral of a function in R3 over the diagonal {(p, p, p) : p € R} equals the integral
of its Fourier transform over the orthogonal complement of the diagonal, suitably normalized.
Therefore, with S and I as in the datum D, and doing a variable transformation p — x; + p,

J
Ap,k(fidses) = fR 6 []‘[ f.;(nm}
j=1

seS

x (¢0.j — ¢2.1)(x3 — x0 — x1 + p)1.j (x5 — x0 — x1 + p)p3.j(x2 + p)dxdp. (7-3)

We apply Fubini in (7-3) to have the integral in x; as the innermost and then apply the Cauchy—Schwarz
inequality in xg, X1, xg, x31, p, which bounds |A p, x ((fs)ses)| up to a constant by the geometric mean of

J
Z/S[ I1 |f2(x0,x1,x§)|2]uj(xg — X0 — X1+ p,x3 —x0 —x1+ p)dxodx; dx3 dx3dp  (7-4)
— Jr

j=1

i=0,1
and
J . ' 2
> f [ / []‘[ fo(xé,xl,Xz)fl(xo,xé,xz)]¢3,j(xz+ P)dxz]
=R LIRL )

X ,uj(xg —X0—Xx1+p, x31 — X0 — X] +p) dxodx; dxg dx31 dp, (7-5)
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where we have introduced the weight u; defined by

wj(u,v) =|go,j — ¢2,;| W1, | (v).

We will estimate (7-4) as < J and (7-5) as < 1, thereby proving Proposition 2.6.
We begin with (7-4). Applying the Cauchy—Schwarz inequality in the remaining integration variables,
we bound (7-4) by

1

7 1
. 2

E | | [/5 | fo(xo, x1, XD (x5 — X0 — x1 + p, X3 — X0 — X1 + p) dxo dxy dx§ dx; dp]

— R

j=1i=0,1

J
=Y IAliluih S .
j=1

Here the identity is seen by integrating first in x31 ~! then in p to obtain the L' norm of M.
It remains to estimate (7-5). We use decay of u ; thanks to control of derivatives of Fourier transform
of windows and the superposition estimate

—N=20 > do
(1+ 1@, v)D S 1 8@ ()8 (V) — 575

which we scale isotropically and anisotropically, to dominate

o0

< o da da
l’l’j(us V) S | g(azkj)(u)g(azkj')(v) W + | g(azkj—l)(u)g(azkj)(v) m

By superposition of positive terms, it suffices to estimate as < oV the variant of (7-5) with j(u,v)
replaced by

g(azlj ) (u)g(azkj ) (v)
and for each of the sequences [; = k; and [; = k;_1. Define the sequence of real numbers (m ;) 11:1 by

Note that k; — 1 <m; <kj, because /; < k;. Adding and subtracting terms, it suffices to estimate as < aN
the variants of (7-5) with w;(u, v) replaced by

8(a2miy () g(a2miy (V) (7-6)
and by (v;))(u, v), where
Vj (u,v) = g(z’_/)(”)g(gkj)(v) - g(Z'”/')(u)g(ij)(v)- (7-7)
We begin with (7-6). We need to estimate

’ 2
Z/RS[A;{[ l_[ fo(xé,X1,xz)f](xo,xé,xz)]¢3’j(x2+p)dx2]
j=1

1=0,1
X 8oy (X3 — X0 — X1 + P)g(oamiy (X3 — X0 — X1 + p) dxodx; dx§ dx3 dp. (7-8)
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A renaming of variables, naming the variable x; that is twice an integration variable once as xg and once

as x%, then renaming the variables xg, x1, x(z) , x%, xg, x31 in this order as x1, xp, xg , x3l , xg, le, and finally

introducing functions fo(a, b, c) = fo(b, a, c) and f] = f1, we write (7-8) as
J 1
> / 5[]‘[ / folxo, x3. x8) fi ey, x3. x5) folxo. x3. x5) fi (e, x). x) s j (x + p) dxg]
. R . R
j=1 i=0
X 82y (X3 — X0 — X1 + P)gaamiy (X3 — X0 — X1 + p) dxo dx1 dx3 dxy dp.  (7-9)

Introducing for the datum D, the tuple fu jy = fi for k = 0,1 and j € C, we may write (7-9) as
Ap, &, ((fs)ses), with

J
Ki(u,v,z)= Zf 82 (U + P)&2iy(v+ p)P3 j(z+ p)gs j(p) dp.
j=1"F

Proposition 2.7 implies A p, g, ((fs)ses) S alV.

It remains to estimate the term with (7-7). We may assume /; = k;_1, because (7-7) vanishes in the
case k; = /;. With similar transformations as for term (7-6), we write the form associated with (7-7) as
Apy. ki, (fy)ses) with

J
Ko, 0,0 =3 /R (0w @+ p, v+ P32+ ) s(p) dp.
j=1

We decompose v; =, Vj,, Where

D70, m) = D€ MK tim1)” = Tt NIE + 1),
and forn <0,

Dja(E,m) =05, MK tj-10n)* = Rgtimron+1) D E + 1) (7-10)
and for n > 0,
Dy (5, m) = D€ MK gtn-1)) = Tgrian) )G + ). (7-11)

We split K» =, _, K2, accordingly and estimate for each n

Apy .k, ((fi)ses) < 27l

nez

Upon summing over n, we obtain the desired bound for (7-7).
We begin with n = 0. We have, similarly as in (7-2), for some universal constant C,

J
Ka(u,0.2)=C) / 0y € e s (0)e¥ s j(—T — & — 1) dE dnd,
j=1"%

and thus

J
Koo 0,0 =C ) (Rigair1) = @)V E+M B & M3 j (D)3 j (—T — & —1).
j=1
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Preparing to apply Proposition 2.8, we note that K> ¢ is of the form (2-15) with p; defined by

pjuy, uz, uz, ug) = (V) (U, u2)P3, j(u3)es, j(usg),

as can be seen from the Fourier transform side (2-16). We do not attempt to show that p; itself satisfies
the assumptions of Proposition 2.8, but we split into eight pieces by the distributive law, splitting v; into
two pieces as in its definition (7-7) and each ¢35 ; into two as in its definition (7-1). A typical piece is

a2y U8 gty (U2) X j—1 (3) P (ua),
which satisfies the assumptions of Proposition 2.8, because
/2 802 (U1 + D)8 g0y 2 + P)xj—1 (U3 +1)¢j(us +r)dp dr
R
S (8% 8) oty (w1 —u2)275 (14275 |us —ua]) 2.

This along with similar estimates for the other seven pieces completes the bound for A p, , ,((fs)ses) by
Proposition 2.8.

We turn to n > 0. We introduce artificial factors that are constant 1 where relevant, using that the
sequence k; is well separated, and write

Kyn(En,1)=C i((i(azk,.ﬁm))z = Kgats 1)) E +1)
@) = R E + MO0 (& B3 (D (—T — & — 1.
This kernel is of the form (2-15) with
pjE .7, 0) =) ) & )3 (D)3 (o),

with v; , defined in (7-11). We break both functions $3, ; into pieces as above. All pieces are done
similarly, we discuss a typical piece of p; given by

0j,n,t,0)=Djn)@&, U)?jfl(f)aj(a)'
Using that x; and ¢; are even, we have
/ Xj-1@3+ )¢ (g +r)dr = (xj-1% ¢z —ug) S279 (1 +275 |uz —ua)) 2.
R
With Lemma 7.1 below, we obtain

/|Qj|(M1+P,u2+P,M3+F,u4+V)dpdr

2

. < n—n,—lr—k; ~lo—kj1, _ . 1y—29—k; ki =2
S27am 27 (o 27 uy —ua )27 (1427 us —ual)

Proposition 2.8 gives Ap, k,,((fi)ses) S 27", as desired.

Lemma 7.1. We have for every 1 < j < J and every x, y € R the estimate

WinG, MIS2727 A+ 27 e —yh) 27 a2 M e+ y)
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Proof of Lemma 7.1. Scaling by a factor 2k allows us to assume ki=0and —1 <m; <0Oand/; <0. We
fix j and omit the index j. We thus have to prove

un e DI S22 A+ x—yD* A +27" x +y) 7% (7-12)
where
D& M) = (X1 — GO E+n)DE. n) (7-13)
with
D(E ) =gQ'E)g —g2"6)g2"n). (7-14)

We claim that for0 <o <4and0<pB <4and |§+7n| <1

108 _ 1l 1 D& I S 1E + ™ A0 4 18 — 72,

For B > 0, this follows by deriving (7-14) and using the decay of Gaussians and their derivatives for those
Gaussians whose argument contains m or k, because —1 <m < 0 and k = 0. Here we also use the fact
that whenever |£ + 1| <1 and |£ — 5| > 1, then the three quantities |£ — 7|, || and |n| are comparable.

We next estimate the term with 8 = 0. By the choice of m, the function » vanishes on the diagonal
& 41 =0, and thus the same property holds also for 85"17_1)9. Therefore,

198 _,DE M =198 _1, D& m) — 98 _1,0(¢E —m)/2, —E —n)/2)|
1
SIE +n|‘/0 O _pdanb(E—m/2+rE+n/2, —E—n)/2+rE +n)/2)dr
S+l sup 98— 0.0 (E —m/24+rE+m)/2, —E —n)/2+rE+n)/2)|
<r<l
SIE+nI(I+1E—nD2
Turning to ¥, as in (7-13), using that f(zz_l) — X2 is supported in [—2, 2], we obtain by differentiating
1D (& M S 27 lanam <1 (14 & — D72,
100 1y PnE I S 27" g <1 (L4 [E =D 72,
19 1,00 €I S 2 <1 L+ 1E =) 72,
198 100 1P € I S 2" <1 1+ 16 =) 72

Hence, estimating the Fourier inversion formula crudely by L! — L* bounds,
va e DIS272, =yl e, IS272 ey (e, mIS22 x=y eyl o (e, p) S27

We can summarize these findings into (7-12), as can be seen by splitting into four cases depending on
whether 2" < |x 4+ y| or 2" > |x 4 y| and depending on whether 1 < |x — y| or 1 > |x — y|. This proves
the lemma. U
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We finally turn to n < 0. As in the previous case, we introduce an artificial factor and write

J
Kon(6.0,0) = C ) ((Kagtsrn1)> = Tty n1)DE +1)
j=1 . R . -~
X ((X(azkj—lJr”))z - (X(azkj—lJr”“))z)(%- + ﬂ)(U‘/)(a) (gs n)¢3,j (T)¢3,j(_f - %- - 77)
This kernel is of the form (2-15) with
piEn. T,0) = (D) (& M3, (1)s,5(0)
with v; , as in (7-10).
We break both functions ag ;j into pieces as above. All pieces are done similarly, we discuss a typical
piece of p; given by
0,1, 7,0)=0jn)wE MXj-1(T);(0).

With Lemma 7.2, we obtain

[t + st post rowa-+ ) dpar
" <2 2R+ 27wy —ua )2 A 27K s — ug) 2
Proposition 2.8 gives Ap, k,,((fs)ses) S 27, as desired.
Lemma 7.2. We have for every 1 < j < J and every x, y € R the estimate
i I S27270 1A+ 270 TR a 27 T
Proof. We split the function
D&, m) =g216)g(2n) — g(2"€)g(2" )
into its two summands and consider the summands separately. Consider the term
g(2"§)g(2%).
Scaling by the factor 2% in £ and 2% in 5 reduces the matter to proving
| (2, 1S 28 A+ ) THA+1yD 7 (7-15)

where
. =" — Xa)2"E+2""gE)gn)

with / < 0. On the support of the function
X" - 5(\(22))(2n$ + 2n+l77)’

we have
10g0P g &)g(m| S2" A+ ED A +n)

for all 0 < «, B < 4. By the Leibniz rule, analogous bounds hold for 1z,,. The function w, then satisfies
the bound (7-15). This is the desired estimate for the term g(2/&)g(2%n).
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To estimate the term g(2"7£)g(2"/n), we rescale by 2™/ in both variables and claim

1 e, WIS 2725 (A 4+ 1)+ [y 74,
where
. m) =X —Xo) " E+m)gE)gm)

and / =kj_1 —m; <0. This follows similarly as before, using the decay of the Gaussians. As
XA+t s 27 a2

this completes the proof of the lemma. (Il

8. Proof of Proposition 2.7 using Propositions 2.8, 2.9, and Theorem 1.1 in [Durcik et al. 2022]

Leta > 1. Let J be a positive integer and (k;) }(:O a finite increasing sequence of integers with k;_1+10 <k;
for1 <j<J,let (mj)f:1 be a sequence of real numbers with k; —1 <m; <k;. For0 < j < J,let x; be
a function such that (x j)(22—kj) is a left window and let ¢; be as in the statement of the proposition, i.e.,
@) = @i-1* = Q)™
Let a tuple (f;)ses be given as in (2-12), (2-13) and write f(o, jy = fo, fa,j) = f1 forany j €C.
Taking the Fourier transform, the kernel K of the proposition reads as

J
REn D=0 80mi) )8 (Md; (D (—€ —n—1).
j=1
Define the kernel K by

J
KiE 00 = 8 E8urmMFi-1(Xj-1 (=1 =& =) = X (DX (—7 — & — ).
j=1

Therefore, on the critical space & + n = 0, the kernels are equal, i.e., for all £, T we have

KE —£,1)=Ki(E —£, 7).

By the triangle inequality, it suffices to estimate Ap, x—k, and Ap, k,-
We begin with the latter. Since « > 1, we observe that it in fact suffices to prove the (stronger) bound
|Ap,.avk, ((fs)ses)| S 1. Define the kernel K, by

J

Ky m, 1) = Z(§(azm1—1)(S)ﬁ(az'"j—l)(ﬂ) — 821y E) 8wy (M) Xj—1 (D Xj=1 (=T — & — 1)
j=1
and define

(€, n,T) =82 (E)&w2miy M X (DX (=T — & —n).
Here, we formally set my = ko. By telescoping, we have

aNK1+K2:UO—U].
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For each ja ADz,oj ((fs)seS) equals

/7 [l_[ fs(HSX)]g(azmj)(xS — X0 — X1 4 P)8ariy (X3 — X0 — X1 + p)x; (x3 4+ p)xj(x3 + p) dx dp,
R

sesS
where x = (xg, x1, x2, le, X3, X ) This can be estimated using a classical Brascamp-Lieb inequality as

|ADsa, (F)se)] S [ 8o [T IR [T 1£lls S 1. (8-1)

seS

One can verify this Brascamp-Lieb inequality by interpolation between estimates that put one of the
functions f; in L' and all others in L.

The estimate of A p, 4~ g, is thus reduced to an estimate of A p, g,, which we now proceed to do. We
use the fundamental theorem of calculus to split up a difference of Gaussians with parameters a, b as

b b
s@)gan) — gWs)g(bn) = [ —raeurgun) % =21 [ L@ +iPgae)g0n 2

a

_ b 2 2 dt b 2 dt
=2 | t°¢+n) g(té)g(tn)7—4n t Sng(té)g(tn)T- (8-2)

a

Using this splitting, in place of Ap, g, we may estimate Ap, g, and Ap, g, with
= L e dt
R =) [ Perneceson @z oa-r—¢-n)
j=1 a2’
and, using /1 = g’ and that 4 (&) is a constant multiple of &2 (&),

Rite,n.0):= Z / 8 2 7y (07 (-7 = — ).
Proposition 2.9 gives
|AD2,K3((fY)S€S)| S L.

We turn to Ap, k,, which we write on the spatial side as

2
/2’" B fRS [/ |: [1 fo(xo,Xé,xa)fl(xl,xé,&)]h(z)(m +r) dx3]

i=0,1
' dt
X Xj— 1()62 —X0— X1 +Pp)xj— 1(x2 — X0 — X1+ p)dxodx; de alx2 dp—.

Using positivity of the square in this expression, we may dominate

ap

o0
|xj—1 @) xj-1(v)] S/l gepami-1y (W) gpymi-1y (W) 5

Then it suffices to estimate for fixed § > 1 the form A p, g, where

J

~ a A A dt n n

KsE.n.1)=)_ / oy B @ () 5 By gy (-7 = £ = ).
j=17%
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‘We introduce a new kernel
—~ J ﬂz’"j A~ ~ dt
Ke(&,m, 1) = E §(asz)($)§(az'"j)(77)/ ] hay(Dhe (=t —=§—n) -
. pg2"i-
j=1

The kernel K¢ is symmetric to K5 under the symmetry (2-19). We note that, for some M, which is even in
all variables and symmetric under switching the first two variables or switching the second two variables,

Ks(x,y,z)zf M(x+p,y+p,z+p, p)dp.
R
With K 5 as defined near (2-19), we have

I?s(x,y,z)=/ M(3(x+y+2+p. 5(x—y+2)+p.2+p. p)dp
R

=/M(—p,—y—p,—%(x—z+y)—p,—%(x+z+y)—p)dp,
R

where we obtained the last identity by the substitution of p by —p — %(x + y+z). For K 5 as defined
near (2-19), we obtain

I?s*(x,y,z)=f M(-p.—z—p,—3(x—y+2)— p, —5(x+y+2)— p)dp.
R

Using that M is an even function and that it is invariant under interchanging the first two entries or the
second two entries, we obtain

I?é‘(x,y,z)=/ M(z+p,p.s(x+y+2)+p. 5(x—y+2)+p)dp.
R

Inverting the tilde operation, we identify the kernel

Ké‘(x,y,z)=/M(z+p,p,x+p,y+p)dp-
R

Hence, the star symmetry acts on M by interchanging the first two variables with the second two variables
in M.

As Ap, ks ((fs)ses) 1s positive by the above construction, it follows by symmetry that A p, g, is positive
as well and it suffices to estimate the sum Ap, x4 x-

We reverse the arguments leading from K5 to K4, with a Gaussian in place of x;_1, and apply these
arguments both to K5 and symmetrically to K.

In place of Ap, k,;, we obtain the corresponding forms A p, k, and Ap, g, with

J a2
7 dt . A
K no=) / L CEEDTREELN) T & (D&(gami) (—T = =),
j=1 a2

R J ﬂz’”i
R 1) = By & & () /,3 L CE DR~ — ) a
j=1 -
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Note that to arrive at Kg, in place of symmetry arguments, we may also use in place of (8-2) the identity
E+n+2t(t+E+n) =12+ (T+E+n)

The forms A p, k, and symmetrically A p, , are estimated analogously to A p, g, using Proposition 2.9.
Having thus reverted the above steps and having arrived at the analogue of A p, g,, we have reduced
the bound of Ap, x4k, to a bound on Ap, g, with

Ko(&,7,7)

J
= Z[é(a2m1—1>($)§(azm_f—u)(n) - g’(az”’j)(S)g’(az’”j)(77)]59(,32’"./'—1)(T)g’(,sz"‘.i—l)(—T —&—n)
Jj=1
J

+ Z §(a2mj)(§)§(a2’"j)(77) [ﬁ(ﬂz’"/‘—l)(T)ﬁ(,gz’"j—l)(—f —&—n— g(ﬂz”’j)(f)g’(ﬁzmj)(—f —&— 77)]
j=1

= 8(a2m0)(§) & (a2m0y (1) & (p270) (T) & (p2m0y (—T — & — 1)
— 821y (E)&@2amry (M) & (gam) (T)&(g2ms) (=T — & — 1),

where in the last identity we have telescoped the sum. We then obtain

|AD2,K9 ((fs)seS)| 5 1

by a standard Brascamp—Lieb inequality analogously to the bound (8-1). This completes the bound
for A DK, -
It remains to estimate Ap, x—xg,. We have

J
(K—-K)E,n)y=a ¥ Z(g’(az’"/‘)(5)§(a2"’j)(77)1/fj(f, -t—&—1)
=1
with
YUi=0¢; Q¢ — (Xj—1 @ Xj—1— X ®Xj)-
Define

=0 —Xj-1, V2 =xj-1— (X4, 0 =Yj—01;®;—D;®,
J
Ko 0. 1) =Y 8@ &8 (1) (=1 — & — ),
j=1
J
K@ 0.0 =) 8w ®damy i (@)1 (—t =& =),
j=1

J
K@ 0.0 =a Y 8 E)8aamiy (M0 (T. —T —& — ).
j=1

By the triangle inequality, it remains to estimate Ap, x,,, AD,.x,,» AD,.k;,» Separately.
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We begin with A p, k.. Recall that (x;) 224y is a left window. If (r, —t — & — 7)) is in the support of
191’]' ® 1’527]', then

|T| Sz—kj+2’ 2—kj+5 < |T+§+T)| 52_kf*1+2, 2—kj+4 < |g+n| < 2—kj71+3'
Defining
U3, = (P) 22
we have
J
KioE 0.1 = Zranmi)E)8aamiy D1, j (), j(—T — & — )3 (& + 1)’
j=1
because the additional factor involving 193, j 1s constant 1 on the support of the original summand in the
definition of K;o. The bound
|AD2,K10((fS)SES)| 5 1

then follows from Proposition 2.8 applied with
Pj = 82"y ® 8(a2"iy ® 1§1,j ® 1§2,j-

The form A p, g,, is estimated analogously to the form A p, g,,. It remains to estimate A p, k,,. This
form is a more standard singular Brascamp-Lieb form with a kernel associated with a Hormander—Mikhlin
multiplier and we will apply Theorem 1.1 in [Durcik et al. 2022], which was the reason to set N =28,

That theorem will give

1A Dy ki ((f)ses) S 1
provided
19 K12&, n, )| S 1€, n, D)7 (8-3)

for all multiindices y of order 0 < || < N. The assumption of that theorem that IT, 17 is regular for the
present datum D, is satisfied. It thus remains to show (8-3).
By definition of v; and ¥, ;, we obtain

Vi=xj—1®%,j+01,;®xj—1+01,; %1+ x; ®Xj-
Using further the definition of ¢; and ¥, ;, we obtain
0 =X ®V1,;j+01,;®(Xj)a4+701,; 01+ x; ®Xj- (8-4)
Note that 1§1, ;j vanishes outside
[—2ki+2 pki+2],

210k around the origin. In addition, 191, j coincides with —1

Hence 0, is supported on the ball of radius
on [—27K+1 2-k+1] Using that (x i) 24 is a left window, we then see that the Fourier transform of
the first two terms on the right-hand side of (8-4) is equal to —1 on [—27ki+1 2=ki+112 while the Fourier

transform of the last two terms coincides with 1 on the same set. Therefore, 0; vanishes inside the ball of
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radius 27% around the origin. The support properties of o j together with the estimates [0;| S 1and g S 1
yield that |K o] < 1.

Assume next that B is a multiindex with 1 <|B| < N. Then 0; satisfies symbol estimates adapted to
the ball of radius 2!' % around the origin, namely

1080 (z, 0)| < 24111

|(z,0)]<2""74.

Now assume first |£ — n| < |(§ + 7, T)|. Then, using that all derivatives of g up to order N are < 1, and
using that [m; —k;j| <land a > 1,

J
P K@ n 0l Sa ™Y @) L i
j=1

Using further that « > 1 and |8| < N we estimate the last display by

S e+ P <, &, 77,

where in the last inequality we have used |§ — n| < |(t, & 4+ n)|. Now assume to the contrary that
|€ —n| = |(&€ +n, 7)|. Then we use that |3#g(£)| < e~ ¢! for all || < N. Then

J J
9P Ko, n, Dl S o™ Y (@2 Pleme? Bl (g — g 1Py (2 | — ) Ple 276
j=1 j=1

SIE—n7 Py 2Bl (g, m, 7)1

nez

9. Proof of Propositions 2.8 and 2.9

The proofs of these propositions have some similarities, so we put them into one section and do the
second proof analogously to the first.

9.1. Proof of Proposition 2.8. For 1 <i <2let (a; ;) ]].21 be increasing sequences of positive real numbers,
we choose a; 9 > 0 so that (a;, j)jj-:() is still increasing. For 1 < j < J let p; : R* — R be a continuous
function satisfying (2-14), and pick a further such function pq : R* — R. Let (¢ i) JJ':o be a well separated
increasing sequence of positive numbers. Let x be a left window, and let ¢; be a function on R which for
1 < j < J satisfy aj >0 and

@) = Rie;)* = Kiep)™
Let K be defined by (2-15) and let a tuple ( fi)ses be given as in (2-12), (2-13).

The integrand of the integral expressing A p, x ((fs)ses) factors into functions depending on xo and
functions depending on x;. We write the integrals in xg and x| innermost and separate these. With py:= p
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and p| := g we obtain

J
ADQ,K((fs)seS) = Z/I‘W[
j=1

X pj(x(z) + po+ p1+r, le + po+ p1+7, xg +r, x31 +r) dxg dle dxg d)c31 dpodpidr. (9-1)

I1 fu«[n f(i,q)(n(i,q)X)]d)j(xi+Pi)dXi]

i=0,1 qgeC

Applying the Cauchy—Schwarz inequality in the seven exterior variables bounds the last display by the
geometric mean of two forms, parametrized by i = 0, 1, which with the change of variables p;_; —
Pl—i — pi —r we write as

! 2
Z/ [f [l_[ f(i,q)(n(i,q)x):|¢j(x,-+pi)dxl-:|
=1 RTLIRL, e

X |pj|(xg 4+ Pioi, X3+ prois X347, X1 +r) dx) dx) dx dx} dpodpy dr. (9-2)
Fix i and write f for f{; ;), which thanks to (2-12) does not depend on j.
Using the decay (2-14) for p;, we dominate
/2 |pj|(xg+p1_i,x21 + p1-i, xg—i—r, x31 +r) dpi—;dr
R

e da dp
Sfl /1 (g *g)(aal‘j)(xg —le)(g *g)(ﬂazvj)(xg —x31) ; ?

It suffices to consider fixed o and B, and prove uniform bounds in & and 8 for (9-2) with (9-3) replaced
by

(9-3)

(8 * &) war ) (X3 — X2) (8 * &) (an) (X3 — X3).

Modifying the sequences a; ; if necessary, we may assume o = 8 = 1.
Expanding the square in (9-2) and integrating in p;, our task becomes to show

J
> /R 6 []‘[ f(nsx)}@,- x9)(x) —x1)(g * Qay, (X9 — X3) (8 % &)y, (6] —x3)dx S 1, (9-4)
j=1

seS

where S and (Ily),cg are as in the datum D_;, which is the datum defined in (2-20) in the case A = —1.
Define the kernels

J
K= (X 00 — X *0ien) ® (€% ar) ® (8% 8y
j=1
J
Ky:= (X 0o ® (8% &) — € *&)iar) ® (8% i)
j=1
J
K= (X% 0o ® €% &) arn ® (€% 8)ias;) — (€% Dwr):
j=1

and for 0 < j < J also

U] = (X * X)(CJ) ® (g *g)(al,j) ® (g *g)(az,j)-
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We have the telescoping identity
Ki+ K+ K3z =o09—o0y. (9-5)

The form (9-4) to be estimated becomes Ap , x,((f)ses). For each 0 < j < J one has by a standard
Brascamp-Lieb inequality

|AD_1,oj ((f)aeS)| S I.

It then suffices to estimate the forms associated with K, and K3 instead. By symmetry, we will only
elaborate on Ap_, k, ((f)ses)-

Next we would like to dominate |(x * x)(;,_,)| in these two forms by superposition of Gaussians in
such a way that the cancellation is preserved. To do that, we will use the identity

ai,j

1 dt
(g *g)(‘“,j—l) - (g *g)(alﬁj) - _; (h *h)(l) T’ (9_6)

ap,j—1

which follows by taking the Fourier transform of the identity

b b b
g(at)? — g(be)? = — / hg(Erdr = - f Qriggae)? 4t = -1 / (hiag? 4t

a

for any a, b > 0. Using further that 4 is odd and thus

Chh(e—y) = / hx+ p)h(y + p) dp,
R
we obtain

J
Ak (Pse) =2 3
j:]

ai,j

/R 5[1‘[ /R [ [1 f(nsx>}h<t)<x§+p>dx§]

arj-1 i=0,1 s(D)=i
dt

T .
The product over i =0, 1 has two identical factors and thus is nonnegative. We may therefore estimate

X (Y * X)(c,-_l)(x? — xll)(g * g)(azvj)(xg — x31) a’x? dxll dxg dx31 dp 9-7)

the last display by dominating
o0
X * 0l < f (8% &) pe, 1> dB.
1

It suffices to prove bounds of (9-7) with (x * x)(;_,) replaced by (g * g)(sc;_,) uniformly in 8. Fix 8. By
changing c; if necessary, we may assume 8 = 1. Define again kernels
J

K4 = Z((g %) e, — (8% 8)c) ® (8% &)(ar,) ® (8% &)@y
=1

J
K5 = Z(g *g)(ijl) ® ((g *g)(al.jfl) - (g *g)(a1_j)) ® (g *g)(az.j)a
j=1

J
K¢ := Z(g * &) e, ® (€ * a1 ® ((€* ), — (8% &)a))-
j=1

Similarly as near (9-5),

Ap_; ki, ((f)ses) + Ap_; ks((f)ses) + Ap_; ks ((f)ses) (9-8)
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telescopes into a form that is < 1 by a standard Brascamp-Lieb inequality. We have seen above that
Ap_, ks((f)ses) is positive. By symmetric arguments, the other summands in (9-8) are also positive.
Hence each summand is < 1. This completes the proof of Proposition 2.8.

9.2. Proof of Proposition 2.9. Let a positive integer J be given as well as increasing sequences of positive

real numbers (a j)]J‘:o9 (b j)]le. Pick by > 0 so that (b_,-)]J.:O is an increasing sequence. For 1 < j < J let

¢; be given as in (2-17). Let K be defined by (2-18). Let a tuple ( f;)ses be given as in (2-12), (2-13).
We write

2 +0)’gE)gtm =2 E+m g1 +m)e 2716 —n)g @ 215)g 27 2y
= —h@ 1€ +m>p@ i )
with
2
pRTAE ) = 227N E =g 2z ).

Hence passing to the spatial side as near (2-16), replacing the arbitrary sequence a; by 273/2q j to

avoid the cumbersome factors 273/2,

d i dt
Kw0.9=3 [ [ ho@iho@oow+p+atrvtp+atn e crnnapdgar
j:l R- aj—1

We thus have analogously to (9-1),

J aj
Ap,k (f)ses) =) /l;{ 7 / [1‘[ /R []‘[ f<,-,q><n<,-,q)x>]h(,><x,-+p,->dxi}
j=1 4j-1ki=0,1

qeC
0 | (20 1 dt 0,150 ;.1
X p)(Xy +po+p1+rx;+po+p1+r)pi(x3+r,x3+r) ; dxy dx, dx3 dx3 dpodp dr.

Applying the Cauchy—Schwarz inequality as in (9-2), we need to estimate for i =0, 1,

J o 2
Z/ / [/ |:1—[ f(i,q)(n(i,q)x):|h(t)(xi +Pi)dxi]
j:1 R7 aj_l R

qeC
dt
X 1piy |(x) + pi-i, X3 + p1-)|d;|(x3 +r, x5 +7) deS dx) dx3 dx} dpydp, dr.

Thanks to the square, the above integrand is positive and we dominate

o0
low! < 8w ® gy and Iql)jl,S/1 (b)) ® 8(pb) B dB.

It suffices to prove bounds with gp,) ® g(ss;) in place of |¢;| uniformly in B. Fix 8; we may assume
B =1 by modifying the otherwise arbitrary sequence b;.

Performing the analogous steps as leading to (9-4) we end up having to estimate Ap ; k, ((f)ses),
where now
“ dt

(hxh)) @ (g*8)un 7 ®@*8)w)-

K ::—jé/

aj_y
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Define

dt
=—Z/ (8*8)) ® (hxh)an <~ ® (8% 8) s
aj—y

bi dt
K3 2=—§ (g*g)(a,-l)®(g*g)(4a,~l)®/ (h*h)a)?,
, bi_
j=1 j—1
and for 0 < j < J also

0j =(8*%8) ;) ®(g*8)a;) ®(§*&)b))-
Then we have the telescoping identity
Ki+ Ky + Kz =m(og—o0y). 9-9)

Indeed, this follows with (9-6), which gives

I as
J dt
Ki+Ky=m Z/ —13,((g* &)1y @ (g * &) an) - ®(g*8)w)

||
M&

(8% &) ®(€*&)a;_1) — (8% 8)(a)) ® (&% &) dap) ® (& *8) b))

~.
Il
—_

||
M&

K3 (8% 8)a;_1) ® (8% &) da;_) ® ((€* ) v;_) — (€ *8)w)))-

1

.
I

By the identity (9-9),

Ap_; k. ((fses) + Ap_; .k, ((ses) + Ap_; k5 ((fses) S 1.

All quantities on the left-hand side are nonnegative. For Ap_, k,((f)ses). this can be seen as it resulted
after an application of the Cauchy—Schwarz inequality, while for Ap_, k,((f)ses) and Ap_, k. ((f)ses)
it follows by symmetry. This gives the desired upper bound

Ap_, k, ((fses) S 1.
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COMPACTNESS RESULTS FOR SIGN-CHANGING SOLUTIONS
OF CRITICAL NONLINEAR ELLIPTIC EQUATIONS OF LOW ENERGY

HUSSEIN CHEIKH ALI AND BRUNO PREMOSELLI

Let Q be a bounded, smooth connected open domain in R" with n > 3. We investigate compactness
properties for the set of sign-changing solutions v € H, (Q) of
—Av+hv=v* 2 ingQ,
{v =0 on 02,

where i € C'(Q) and 2* :=2n/(n — 2). Our main result establishes that the set of sign-changing solutions
of the above system at the lowest sign-changing energy level is unconditionally compact in C?() when
3 <n <5, and is compact in C%(Q) whenn >7 provided & never vanishes in Q. In dimensions n > 7 our
results apply when /& > 0 in Q and thus complement the compactness result of Devillanova and Solimini
(2002). Our proof is based on a new, global pointwise description of blowing-up sequences of solutions
of the above system that holds up to the boundary. We also prove more general compactness results under
perturbations of 4.

1. Introduction

1.1. Statement of the results. Let 2 C R" be a smooth bounded connected open set in R*, n > 3,

h € C'(Q) and 2* :=2n/(n — 2). We investigate solutions v € H} (Q) of
—Av+hv=¥ % inQ, (1-1)
v=20 on 0L2.

Here and in the sequel, we let || - ||, be the usual norm of L?(2) for 1 < p < oo, and HO1 (2) be the
completion of C2°(€2) with respect to the norm

2 . 2
vl -=/ V|~ dx.
0 Q

For simplicity we will assume throughout this paper that —A + / is coercive, that is, that there exists
C > 0 such that
/(|Vu|2+hv2)dx > c/ |Vu|?dx  forall v e H) ().
Q Q

Under this assumption, the existence of positive solutions of (1-1) is very well understood. We let

V> +hv?)d
L(Q):= inf Jo(IVoI"+hv*) dx

- (1-2)
veHU@\O) ([, ]2 dx)*?
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Brézis and Nirenberg [1983] proved that, when n > 4, positive ground states attaining (1-2) exist if and
only if & < 0 somewhere in Q2. When n = 3, Druet [2002] proved that positive ground states attaining
(1-2) exist if only if mj; > 0 somewhere in €2, where m, is the so-called mass function of the operator
—A + h. This function is defined as follows: let G, be the Green’s function for — A + & with Dirichlet
boundary conditions in 2. Then, when n = 3, we have

1
Gu(x,y) = ————+gn(x,y) forall ye Q\{x}
4r|x — yl
for some g, € C*1(Q x Q), and we define mj,(x) = g, (x, x). Under these assumptions, [Brézis and
Nirenberg 1983; Druet 2002] also prove that we have I,(2) < K, 2 where
L S IV dx

= inf : (1-3)
veCX (RM\{0} (fRn |U|2* dX)2/2

is the optimal constant in Sobolev’s inequality in R”. An explicit expression of K,, can be found in [Aubin
1976; Talenti 1976]. It is simple to see that if v € HO1 (2) attains I, (€2) and is normalised to satisfy (1-1)
then

/ lv|* dx = L,(Q)"* < K. (1-4)
Q

The existence of sign-changing solutions for problem (1-1) has also attracted a lot of attention. Existence
results for a general function 7 € C 1(Q) are in [Bartsch and Weth 2003]. When & = —2, for A € (0, A1),
equation (1-1) is the so-called Brézis—Nirenberg problem

{—Av —aw=*% inQ,

1-5
v=0 on 092, (1-5)

for which existence results have been obtained in [Cerami et al. 1984; Capozzi et al. 1985; Fortunato and
Jannelli 1987; Solimini 1995; Devillanova and Solimini 2002; Clapp and Weth 2004; Schechter and Zou
2010]. The existence of a sign-changing solution of least-energy (among all sign-changing solutions) for
(1-5) when A € (0, A1) —the range in which —A — X is coercive — was proven in [Cerami et al. 1986]
when n > 6 (see also [Chen and Zou 2015] for a new proof) while it was proven in [Roselli and Willem
2009; Tavares et al. 2022] when n =4, 5. The existence of least-energy sign-changing solutions for (1-5)
is not yet known when n = 3.

In this paper we focus on compactness properties for solutions of (1-1). We let (h4)qen be a sequence
of C! functions that converge to 4 in C!(£2), and we let (vy)wen be a sequence of solutions in HO1 (R2) of

{—Ava+hava: g vy in 2, (1-6)

vy =0 on 9<2

satisfying lim sup,, _, | o, ||v0,||H(} < +o00. We will say that (vy)y is sign-changing if (vy)+ = max(vy, 0)
and (v,)_ = —min(vgy, 0) are both nonzero for any o. We investigate under which assumptions on 4 the
sequence (vy)geN converges in a strong topology. Our main result answers this question when (vy)gen
has minimal energy:



COMPACTNESS RESULTS FOR SOLUTIONS OF CRITICAL NONLINEAR ELLIPTIC EQUATIONS 589

Theorem 1.1. Let Q2 be a smooth bounded connected domain of R"*, n > 3, and (hy)gen be a sequence
that converges in CY(Q) towards h. Assume that —A + h is coercive and that I;,(2) < Kn_z. Let
(Vo) aeN € HOl () be a sequence of solutions of (1-6) such that

lim sup/ lve|? dx < K"+ 1,(2)"/?, (1-7)
a—+00 JQ
and assume that either

e ne€{3,4,5}and, foralla >0, v, is sign-changing, or
e n>7andh # 0 at every point in Q.
Then, up to a subsequence, (Vy)aen Strongly converges in C*(2) to a nonzero solution of (1-1).

Recall that 1;,(£2) is defined in (1-2). In the particular case where i, = h, Theorem 1.1 implies the
following compactness result for solutions of (1-1):

Corollary 1.2. Let Q be a smooth bounded connected domain of R", n > 3, and let h € C 1 (S_Z) be such
that — A + h is coercive and I,(2) < Kn_z.

o Assume that n € {3, 4, 5}. There exists € = e(n, Q) > 0 such that the set of sign-changing solutions v
of (1-1) satisfying

| dx < K"+ 1,(Q2)"* 4 ¢
Q

is precompact in the C*()-topology.
o Assume thatn > 7 and h # 0 in Q. There exists € = e(n, h, ) > 0 such that the set of solutions v of
(1-1) satisfying
[ ar <k n@r e
Q

is precompact in the C*(2)-topology.

The energy bound (1-7) is very natural when investigating sign-changing solutions of (1-1). Solutions
of (1-6) satisfying (1-7) exist: the least-energy sign-changing solutions of (1-5) constructed in [Cerami
et al. 1986; Tavares et al. 2022], for instance, satisfy

/ | dx < K"+ 1, ()"
Q

A simple application of the celebrated compactness result of Struwe [1984] (see also [Cerami et al.
1986, Lemma 3.1]) shows that if a sequence (vy)yen Of solutions of (1-6) changes sign and satisfies
limy—s 100 || Ve ]loo = +00 (we will say in this case that (vy)gen blows up), then

/ val* dx > K" + 1, ()" + o(1)
Q

as o — ~+00. The threshold K, "+ 1, (2)"/? is therefore the direct counterpart, for sign-changing solutions,
of the minimal energy threshold K, " that ensures the existence of positive ground state solutions in (1-4).
In this respect, Theorem 1.1 and Corollary 1.2 have to be understood as the first compactness result for
(1-6), at the lowest energy-level for sign-changing blow-up, when [, (€2) is attained.
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Theorem 1.1 shows that, when 3 <n <5, sign-changing solutions are unconditionally compact in
C?(£2) under assumption (1-7). By contrast, without further assumptions on £, the set of positive solutions
satisfying (1-7) is not compact in general when 3 < n < 5. For equation (1-5), for instance, families
of positive solutions whose energy converges to K, " and which are not compact in C?(2) have been
constructed in [Musso and Pistoia 2002; Rey 1990] when n > 4 and A — 0+, and in [del Pino et al. 2004]
when n =3 and A — A, from above, where A, satisfies maxg m;, =0. When 3 <n <5, Theorem 1.1 is
therefore unexpected since sign-changing solutions of equations like (1-6) are known to exhibit a much
richer and more erratic behaviour than positive ones. When n > 7, Theorem 1.1 applies to positive and
sign-changing sequences of solutions (v )yen and Corollary 1.2 generalises the well-known compactness
theorem for energy-bounded solutions of (1-5) proven in [Devillanova and Solimini 2002]. It is still an
open question to know whether Theorem 1.1 holds for any energy-bounded sequence (vy)qen Without
the assumption (1-7) when n > 7 and & # 0 in Q.

Dimension 6 is excluded from Theorem 1.1. In this case we prove:

Proposition 1.3. Let Q be a smooth bounded domain of R® and (hy)wen be a sequence that converges in
CY(Q) towards h. Assume that — A + h is coercive and that I,,(2) < K6_2. Let (Vy)geN € HO1 (2) be any
sequence of solutions of (1-6) satisfying (1-7), and assume that ||vy||cc — +00 as @ — +o00. Then there
exists Voo € HO1 (2), Voo > 0in Q, attaining I;,(2) such that vy, converges weakly but not strongly to v
in H(} (2) and there exists xoo € 2 such that

h(Xe0) = £2000 (X00)-

Compactness of sign-changing solutions of (1-6) satisfying (1-7) does not hold when n = 6: in [Pistoia
and Vaira 2022], for instance, the authors constructed a noncompact family (v, ), of sign-changing solutions
of (1-5) which blows up as A converges to some Ag > 0O that satisfies Lo = 2||vglle0, Where vy attains
1_,,(S2) (the existence of such (A¢, vo) is also proven in that work). This six-dimensional phenomenon
has been known for a while for positive solutions; see [Druet 2004], where it was first highlighted.

1.2. Strategy of proof and outline of the paper. For positive solutions there is a vast literature addressing
the issue of compactness of equations like (1-6) through blow-up analysis. On open sets of R" with
Dirichlet boundary conditions we mention for instance [Druet 2002; Druet and Laurain 2010; Konig and
Laurain 2022; 2024] for (1-1), [Druet et al. 2012] for Lin—Ni-type problems with Neumann boundary
conditions and [Ghoussoub et al. 2023] for singular Hardy—Sobolev-type problems. On closed manifolds
we mention [Druet 2003] for compactness of energy-bounded solutions and the series of works related to
the compactness of the Yamabe equation: [Li and Zhu 1999; Druet 2003; Marques 2005; Khuri et al.
2009]; see also [Hebey 2014]. On manifolds with boundary we refer to [Mesmar and Robert 2024].
For sign-changing solutions of critical elliptic equations on open sets of R” the only compactness result
available is [Devillanova and Solimini 2002] when »n > 7; this result was generalised on closed manifolds
in [Vétois 2007]. In lower dimensions, compactness results on closed manifolds have been obtained
more recently: we refer for instance to [Premoselli and Vétois 2019; 2022a; 2022b; 2024; Premoselli and
Robert 2025]. Concerning problem (1-5) in particular, there is a vast literature on the construction and
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the behaviour of blowing-up solutions: we mention for instance [Ben Ayed et al. 2006a; 2006b; Druet
2002; Druet and Laurain 2010; Konig and Laurain 2022; 2024; Iacopetti and Pacella 2015; Iacopetti and
Vaira 2018; Musso and Pistoia 2002; Musso et al. 2024; Premoselli 2022; Vaira 2015].

Our approach in this paper is strongly inspired by these references. We proceed by contradiction:
under the assumptions (and with the notations) of Theorem 1.1, and by [Struwe 1984], if (vy)qen does
not strongly converge in HO1 (€2) we have, up to a subsequence,

Vo = By £ Voo +0(1) in H} () (1-8)

as @ — +00, where vy, > 0 solves (1-1) and where By, is a positive bubbling profile that concentrates at
some point x, € Q and is modelled on a positive solution of —AB = B¥~! in R"; see (2-5) for more
details. We perform an asymptotic analysis of v, near x,, at different scales and obtain necessary conditions
on h for blow-up to occur. The contradiction follows from these conditions: to prove Theorem 1.1 when
3 <n <5, for instance, we prove that if (1-8) holds we simultaneously have voo =0 and vy, > 0 in Q2. In
order to investigate the behaviour of v, near x, we prove in this paper new pointwise estimates on v, up
to the boundary, that improve (1-8) in strong spaces. We precisely prove that

vy — [1By F Voo
By + v

H -0 (1-9)

as o — 400, where I1B,, is the projection of B, in HO1 (R2) defined by (2-14); see Theorem 2.1 for a precise
statement. Estimate (1-9) provides an accurate control on v, up to 9€2 and is particularly useful close
to 0€2, where, at first order, [1B, deviates from B, and vy, vanishes. To the best of our knowledge this is
the first time that a similar estimate is proven. We heavily rely on estimate (1-9) to rule out the possibility
that the concentration point x, converges to a point in d€2: this is both the main difficulty that we face in
the proof of Theorem 1.1 and the main novelty of our analysis, and is deeply related to the sign-changing
nature of the solutions we consider; see Remarks 3.6 and 3.7 for a detailed explanation of this fact.

The structure of the paper is as follows. In Section 2 we prove Theorem 2.1 and establish (1-9). In
Section 3 we apply it to obtain necessary conditions for the blow-up of (vy)en by means of suitable
Pohozaev identities at different scales. We separately treat the interior blow-up case (Proposition 3.1) and
the boundary blow-up case (Propositions 3.2, 3.4 and 3.5), and we deduce our main result, Theorem 1.1,
from this analysis. Finally, the Appendix contains the proof of a few technical results that are used
throughout Section 3.

2. The C°-theory for blow-up

In this section we let o, € C°(2) and consider a family of functions (hy)genN € C'() such that

lim hy =he in CUQ). -1

a—>+00

We assume that —A + A is coercive in HO1 (£2) and that I, (2) < Kn_z, where I (€2) is as in (1-2), so
that positive ground states of (1-1) with & = h, exist. We consider a sequence of functions (vy)gen in
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HO1 (€2) such that, for all @ € N, v, is a solution to

—Avg +hovy = |U(x|2*72va ?n Q, (2-2)
Ve =0 in 0.
We assume that
lim sup f lve|* dx < K"+ I ()" (2-3)
a—>+00 JQ
We also assume that (vy)gen blows up, that is
lim ||y oo = +00. (2-4)

a——+00

By (2-3) and (2-4), and following [Struwe 1984] (see also [Struwe 2008]), we get that, up to a subsequence,
Vo = By £ 0o+ in Hy(Q), (2-5)

where ||(pa||H01 — 0 as a — +00. In (2-5), vy is a solution of (1-1) with & = h, and we have let
By (x) i= pu, "2 By (g (x — xy))  forx € Q, (2-6)

where (x4)qen and ((q)gen are sequences of points in €2 and the positive real numbers, respectively, and
where we have let
x|

1-3
m) for any x € R". 2-7)

Bo(x) = (1 +

It is well known that By satisfies —A By = Bg*_l in R" and achieves K, Zin (1-3). Asa consequence
of (2-5), we have

lim vy =+vy weakly in HOI(Q) (2-8)
a—>+00
and
lim /|va|2*dx=Kn"+/ Voo |* dx.
a—>+00 Q Q

A consequence of (2-3) and of the assumption I, _(2) < K2 is that either vy, = 0 or v is a least-energy
positive solution of
—AVso + hooVoo = vg;_l in €2,

Voo > 0 in 2, (2-9)
Voo =0 on 0%2.

If v, is assumed to change sign for all @ > 1, that is if (v4)4 and (v,)_ are nonzero, the arguments in
[Cerami et al. 1986, Lemma 3.1] show that vs, > 0 and hence that

lim / lug|? dx = K" + I, ()"2.
Q

a—+00

This observation will be important in the proof of Theorem 1.1 but will not be used in this section. Without
loss of generality we can assume that (x4)yen and (g )aen are chosen to satisfy

Ve (X)) = e () oo and g 1= |vg ()| 72 @2, (2-10)
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so that x,, € Q2. Note that (2-4) implies that u, — 0 as « — +00. We will denote by x, € Q the limit of
the x, as o — +o00. In the case where v, > 0, Hopf’s lemma shows that there exists Cy > 0 such that

Co_ld(x,BQ)fvoo(x)fcod(x,HQ) for all x € Q, (2-11)

where d(x, 02) :=inf{|x — y| : y € 92} is the distance of x to boundary. In (2-5) we used the notation
Vg = By £ v + ¢4, Which classically means either vy, = By + Voo + @y OF Vy = By — Voo + ¢ 1t Will
often be more convenient to subtract B, & vy from v, (for instance in the statement of Theorem 2.1),
which we will thus write as

Vo — By F Voo = Pa
so that the sign convention is satisfied.

The purpose of this section is to turn (2-5) into a decomposition in strong spaces, and to obtain sharp
pointwise estimates on vy. In order to state our main result we need to introduce more notation. For «
large, thanks to (2-1), —A + h, is coercive in HO1 (€2). We can thus let G, be the Green’s function of
—A + hg in Q with Dirichlet boundary conditions. By standard properties of the Green’s function (see
[Robert 2010]), there exists C > O such that for all « > 1 we have

C . d(y, 0)d(x, 0R2)
Ga(y,x)s—zmm 1, 3 forallx,yeQ, x#y, (2-12)
ly —x|"~ ly — x|
and
IVGo(y,x)| <Cly —x|'™ forallx,yeQ, x#y. (2-13)

For o > 1, we let [1B, be the unique solution in H(} (R2) of

—A+h)IB, =B*"! inQ,
{( + hg) o in (2-14)

InB, =0 on 0€2.

Since B, satisfies —A B, = Bé*_l in R” by (2-6) and (2-7), we easily see with (2-14) that B, —I1B, — 0
in H(} (2) as @ — +o00. Thus (2-5) can be rewritten as

Vg =By £ v +0(1) in H(; (2) as @ — H-o0. (2-15)

A representation formula for 1B, together with (2-12) shows that there exists C > 0 such that for all
x € Qand all « > 1 we have
0 < TIBy(x) < CBy(x), (2-16)

where positivity follows from the coercivity of —A + h,. We can now state the main result of this section:

Theorem 2.1. Let 2 be a smooth bounded domain of R", n > 3, and (hy)qen be a sequence of functions
that converges in CYQ) 10 hoo. We assume that —A + h is coercive in HO1 (82) and that I, (2) < Kn_z.
Let (Vy)geN € H(} (2) be a sequence of solutions of (2-2) that satisfies (2-3), (2-4) and (2-5). There exists
a sequence (&4)qeN Of positive real numbers converging to 0 such that, up to a subsequence, we have, for
anyx € Qand o > 1,

Ve (x) = TTBg (X) F Voo (X)| < €4 (By(x) + Voo (X)). (2-17)
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Pointwise descriptions of blowing-up solutions as in Theorem 2.1 were first obtained for positive
solutions of critical Schrodinger-type equations on manifolds without boundary; see for instance [Druet
and Hebey 2009; Druet et al. 2004] (see also [Hebey 2014]). For positive solutions of equations like (2-2)
in bounded open subsets of R" they were obtained in [K6nig and Laurain 2022; 2024]. Similar estimates
have been obtained for positive solutions of Hardy—Sobolev equations in [Cheikh Ali 2022; Ghoussoub
et al. 2023]. These sharp pointwise estimates have proven crucial in order to obtain compactness and
stability results for critical stationary elliptic equations [Druet 2003; Druet and Laurain 2010]. When
it comes to sign-changing blowing-up solutions, a general pointwise description as in Theorem 2.1, on
manifolds without boundary, has been obtained in [Premoselli 2024; Premoselli and Robert 2025], and
subsequent compactness results have been proven in [Premoselli and Robert 2025; Premoselli and Vétois
2022a; 2022b]. Theorem 2.1 is, to our knowledge, the first instance where sharp pointwise estimates for
blowing-up solutions of equations like (2-2) are obtained up to the boundary of 2. Note indeed that in
Theorem 2.1 we do not assume that the concentration point xo, = limy_, 4 X, 1S an interior point in €2.
It may happen that x, € 0€2: the real novelty of Theorem 2.1 is that (2-17) holds regardless of the speed
of convergence of x, to 32, uniformly in x € Q. This creates additional technical difficulties that we
overcome in the course of the proof.

We prove Theorem 2.1 by taking inspiration from the arguments in [Druet and Hebey 2009]; see
also [Hebey 2014]. Throughout this section we let 2 be a smooth bounded domain in R", n > 3,
(ho)wen € CUQ) and (vo)aen € Hy (R2) be such that (2-1), (2-2), (2-4), and (2-5) hold, and we let
(x¥q)aeN € 2 and (g )gen be as defined as in (2-10). We start with the following simple proposition:

Proposition 2.2. We have

d(xq, 02
A0, 98 _ | o (2-18)
a—>+00 Mo
We define the rescaled function
Do (x) := 2200 (X + pax)  forall x € Q, (2-19)
where Q4 ;= {x € R" : xo + ox € Q2}. Then
lim v,(x) = Bo(x) in Clzoc([R”), (2-20)

a—+00

where By is defined in (2-7).
Proof. First, (2-18) follows from Struwe’s original result [Struwe 1984]; see also [Mazumdar 2017,
Theorem 1.2]. We now prove (2-20). For x € Q4 := {x € R" : x4 + nox € R}, it is clear by (2-2) and
(2-19) that _ .

_Aﬁa +haﬂgl~)a = |1~)a|2 7260{ in Qq,

0y =0 on 082y,
where ﬁa (x) = hy(xq + mex) and v, is defined in (2-19). We remark that |vy| < |04 (0)| = 1. It follows
from (2-1) and from standard elliptic theory that, after passing to a subsequence, v, — v in CIZOC([R”),

where 7 € C?(R") is such that
—AD=9)""% inR"
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and |v] < 1. Let K € R” be a nonempty compact subset of R”. By (2-5) we have v, — By in L% (K) as
o — 400, so that v = By in K, which proves (2-20). [l

Using (2-18) and standard elliptic theory, together with (2-14) and (2-16), we also obtain that
1g P By (xq + o) — Bo(x)  in Cipo(R") (2-21)
as @ — +o00. The following result establishes a first pointwise control on vy .
Proposition 2.3. For x € Q we let Dy (x) := |x — xo| + tho. Then
Do(x)"2/2|vy, —TIBy Fvos] = 0 in CY(RQ) as « — +o0, (2-22)
where v and T1 By are as defined in (2-8), (2-9) and (2-14).

To prove Proposition 2.3 we proceed by contradiction: we assume that there exist €g > 0 and (yy)gen € Q
such that

D (ya) ™22 v (y) F V00 (o)~ T1 By () [ =X (Der (1) =27 v (1) Foo (1)~ T B (X)) Z €0, (2-23)
and we let (Vy)aen € (0, +00) be such that
Ve (Vo) | = v3™/% forall a > 1. (2-24)
Since vy, [1B, and vy vanish in €2, a first simple observation is that y, € €.

Step 1. We claim that
Dy (y0)" " ?*By(ye) > 0 as & — +oo0.

As a consequence, with (2-16) we have
Doa(ye) P2 TIBy(yy) — 0 as a — +o0. (2-25)
Proof. Indeed, suppose on the contrary that there exists pg > 0 such that
Do ()" "By (ya) = po

for all o large enough. Hence we have that

Xo — D e — X |?
1+| o — Yal _ o (Yer) Z,Og/( 2)(1+ |)’aM2 al )
o

Mo Mo

Up to passing to a subsequence we then assume that there exists R > 0 such that limg— 0o 1t ' |ye —%o| = R.
This means that

Do (Ya) = O(1a)- (2-26)
It follows from (2-21) and (2-20) that

lim 115" |vg (ya) — T1By (ya)| = 0.

a—+00
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With (2-26) we thus get that
lim Do (30) " 2|0 (Ya) F Voo (Ya) — TTBa (ya)| =0,
o—>—+00

which contradicts (2-23). O
Step 2. We claim that

vy —> 0 asa — 400, (2-27)
where v, is defined in (2-24).

Proof. Indeed, it follows from (2-23) and (2-25) that
€0 < Dy (Ya) "2 (Jvg ()| + o lloo) + 0(1) (2-28)

as o — +o00. If Dy (yq) — 0 as ¢ — +00, then (2-27) follows from (2-28). Suppose on the contrary that,
up to a subsequence, Dy (yy) — co as o — +00 for some ¢y > 0. It follows from (2-23) and (2-25) that

[va (%) F Voo (1) + 0(1) = 2"|va (o) F Voo (Ya) | + 0(1) (2-29)

for x € Bey2(ya) N Q and all sufficiently large. If v, (y,) — +00 as @« — 400, it is clear, by the

definition of v, that we obtain (2-27). If v, (y,) = O (1), standard elliptic theory together with (2-8) and

(2-29) proves that v, F Voo — 0 in CIZOC(BC0 /4(Ya)) as @ — +o00. This contradicts (2-23) using (2-25).

We thus get that (2-27) holds. O
For any x € Q, :={x e R" : yo + vqx € 2}, we set

Wy (x) = V(gn72)/2va (Yo + v X).

By (2-2), w, satisfies
:_Awa + ho (v + VX2 = wel* 2wy in Q. (2-30)

wy =0 on 092,.

Thanks to (2-24), we have that |w, (0)| = 1. We define a set S as

. [{hmaﬁm o] v = el = O () and i = 0(vo),

%) otherwise,

where it is intended that the limit exists up to passing to a subsequence. Let us fix K € R"\ S a compact
set.

Step 3. As @ — +00 we have
VD2 B L (yy — vgx) — 0 forall x € K. (2-31)

Proof. Let x € K. If v, = 0(uy) then (2-31) is true since B, (x) < /L;("_z)/z for any x € Q. We now
assume that u, = o(vy): since x € K, we get that v, = O(]yy — x4 — Vex|). Thus once again (2-31)
holds by definition of B,. We may thus assume that there exists C > 0 such that

C Yy < g <Cvy forall a. (2-32)
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Assume first that |y, —xy — vgx| = O(1ty). Thus, since x € K and by (2-32), we get |y, — Xo| = O (1Lg)-
Arguing as in the proof of Step 1 we get a contradiction. Thus, for all x € K, we have

|ya — Xo — Vole

lim ———— = 400.
o—> 400 I‘LOl
Together with (2-32) this implies (2-31). O
Step 4. We claim that
we(x) =0() forall x e KNQ,. (2-33)

Proof. Indeed, using (2-23) and (2-25) together with (2-31) yields

n—2
D, +vgx)\ 2 _ _
( a(Dya(y 3 )) |1 () F 5™ o (e + vax) =0T By (o veX)[ < T 0(1) - (2-34)
o o
for all x € K N Q,. It then follows from (2-16), (2-27), (2-31) and (2-34) that

n—2

D 2
(%) (lwe ()| +0(1) < 1+0(1) forall x € KN, (2-35)

o« (Ve

We claim that there exists ng > 0 such that
lim Dy (Yo + vox) Dy (ya)_l > Nk
oa——+00

for all x € K N Q. Together with (2-35) this will prove that w,, is bounded in K N Q. Suppose on the
contrary that for a sequence (zy)qen in K N 2, We have

[Vo — Xo + Vo Zo| + o = 0(1Ya — Xa|) + 0(1he).
Then |y, — xo| = O(vy), e =0(vy) and

Ya — Xa
Vo

lim
a—> 400

_ZO! =07

which is a contradiction since liminf,_, { oo d(24, S) > 0. (|
We now conclude the proof of Proposition 2.3.

Proof of Proposition 2.3. We first claim that 0 € Q4,\S. If S = & this is obvious. Assume thus that S # &,
which implies that |y, — x4| = O (vy) and pq = 0(vy) as ¢ — +o00. Then, since vy, — 0 as ¢ — 400

and by (2-28), we obtain

2/(n—2 _
/" +0(1) <1 ' Dy(ya).

Hence, we have lim,, 4 oo v, '(ye —X4) #0,and thus 0 ¢ S. By (2-33), for any compact subset K C R\ S
that contains 0, there exists Cg > 0 such that

lwe(x)| < Ck in K.
In particular, by standard elliptic theory, (2-30) and (2-1), we get

wy — wo € CL (R™\S), (2-36)
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where wy satisfies —Awg = |wo|® 2wy in R"\S and |wo(0)| = 1. Independently, it follows from (2-5)
and (2-31) that w, — 0 in L¥ (K) as « — +o00. Hence, by (2-36), we find that

/ lwo|> dx = 0.
K

Thus wo =0 in K, which contradicts |wg(0)| = 1. This ends the proof of Proposition 2.3. O

For p > 0 small enough, we define

Na(p) = sup |vg(x)l, (2-37)
Q\B) (x0)

where x, is given by (2-10). Thanks to (2-22), we obtain
lim  sup 74 (0) < [[veoll0o- (2-38)
oa—>+00
The next results establishes a first pointwise control on vy.

Proposition 2.4. Forany v € (0, %) there exists R, > 0, p, > 0, and C, > 0 such that for all « € N

—-2)/2—v(n—2
pg e N (pv)
|x _ xa|(”_2)(l_”) |x _ xa|(n—2)v

[ve ()] < Cv( (2-39)

forall x € Q\Bg, 1, (Xa).

Proof. We divide our proof into two cases, depending on the position of x., with respect to the boundary
of Q.

Case 1: xo € 0Q2. Let U C R" be a smooth bounded open set such that QeU. Foralla > 1, we
extend Ay and &, as functions on U in such a way that

hy = heo in CO(U) (2-40)

and — A + h is still coercive in H(} (U). Let G:U x U\{(x, x) : x € U} — R be the Green’s function
of the operator —A + ho, with Dirichlet boundary conditions in U. It exists by coercivity of —A + hso
and satisfies, for all x € U,

—AG(x, )+ heoG(x, ) =8, inU\{fx}. (2-41)

We now define 50, (x):= (N}(xo,, x) forallx e U \{xx} and @ € N. It follows from [Robert 2010] that there
exists C; > 0 such that

0 < Go(x) < Crlx — x> forall x € U\ {xq) (2-42)
and that there exist p > 0 and C, > 0 such that
~ VG
Go(x) > Colx —xo[*™™ and VGe (] = «)] > Calx — xo| ™! (2-43)
|G ()]

for all x € B, (xy)\{xo} € U. We define

Ly = —A+hy —|vg]* 72, (2-44)
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and for a fixed v € (0, 1) we let, for « € N and x € U\{x,},
Yoo (x) = pl PG (0! Y+ g (0)Ga ()" (2-45)

Straightforward computations using (2-40) and (2-41) show that

L 2 .
LaVv ol haglloo +0(1) + v(1 — ) || — [y P2,
wv,a o
By using (2-43) we get
L C? .
Do o D ellos +0(1) + (1 —v)— 2 [y, 22 (2-46)
v,o |x — xq|

for all x € B,(xq)\{xs} € U, where C, is the constant appearing in (2-43). Proposition 2.3 now shows
that there exists Ry > 0 such that for any R > Ry and x € Q\ Bg,,, (x,) we have

» o V(1 —1)C3

[ = a0 () F 000 (01777 < =5y (2-47)
for o sufficiently large. Hence, by (2-47), we get
I — Xa e (0)F 72 < 2o (1= v)CF +27 7 0 luse 12,7 (2-48)

for all x € (B,(x¢)\BRrpy, (X)) N 2. Choose pp > 0 small enough that for any p € (0, pp) we have
T o 1272 + 207 oo lloo < Fv(1—)C5. (2-49)

Combining (2-48) and (2-49) in (2-46) we finally obtain that, for all x € (B, (xo)\BRry, (xa)) N <2,

LoYva = %(o(p% + 301 =)C3)Yvq > 0. (2-50)

xa|2
Independently, it follows from (2-20), (2-37) and (2-43) that there exists C = C(R, p, v) > 0 such that
[vg (X)| < Cifry o (x)  forall x € I((B)(xq)\Bry, (Xe)) N €2). (2-51)

By (2-2), v, satisfies Lyv, = 0. Using (2-50) and (2-51) we thus have

Lo(CYryo) > 0= Lyvgy in (Bp(xa)\BRp,a (xg)) N2,

Crya > vy on a((Bp(xa)\BRua (x0)) N L2), (2-52)
La(cwv,a) >0=—Lyvy, in (Bp<xot>\BRua (x0)) N L2,
Ciryoa = —y on 8((B,o(xa)\BRua (xq)) N L2).

The operator L, satisfies the comparison principle on (B, (x¢)\Bry, (X)) N 2 since ¥, o > 0 and
Loy o > 0 (see, e.g., [Berestycki et al. 1994]), and therefore

[V (X)] = CYyo(x)  forall x € (B, (xa)\Bry, (xa)) NE2.

Using again (2-42) implies (2-39) in this case.
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Case 2: xo, € Q. Let G be the Green’s function in €2 of the operator —A + h, with Dirichlet boundary
conditions. For x € Q\{x,} define éa := G(xg, - ), which satisfies

—AGy+hoGe =0 in Q\{x,}.
Since x, € €2, it follows from [Robert 2010] that there exists C3 > 0 such that

0< éa(x) < C3lx — x> forall x € Q\{xq)}

and there exist C4 > 0 and p > 0 such that
Go(x) = Calx —xo*™" and

for all x € B, (x¢)\{x¢} € Q. Define, for a fixed v € (0, 1), fora € N and x € Q\{xe},
Yoa () i=pnd P0G (0 4 10 (0)Ga ()",
and let again L, = —A + hy — |v,|* ~2. Mimicking the arguments in Case 1 we here again have v/, , > 0
and Lo, o > 0in B,(x4)\BRry, (Xo), and the proof of (2-39) follows in a similar way. O
The next results establishes a pointwise control from above on v,.

Proposition 2.5. There exists C > 0 such that

[va ()| < C(E 22Dy ()%™ + Voo lloo) (2-53)
forall x € Q.
Proof. Recall that D, (x) = e + |x — x| for x € Q. We first prove that there exists p > 0 and C > 0
such that

[va ()] < C(UE 272Dy ()™ + 1 (), (2-54)

where 1, (p) is defined in (2-37). We fix 0 < v < 1/(n +2), and we let R, > 0 and p, > 0 be given by
Proposition 2.4. We let p = p,.. Proving (2-54) amounts to proving that, for any sequence y, € €2, we

have
|vg (Ya)|
(n-2)/2

Jp Do (Ya)*™" 4+ 1a(p)

We let in this proof ry := |y, — x¢|. First, if r, > p, it is clear that (2-55) is satisfied by definition of
Ne(p). If now ry, = O(1ty) we also have Dy (yy) = O (L), and (2-21) and (2-22) yield

Do (y)" 211, "2 vy (vo) | = O (1),

=0(l) asoa— +oo. (2-55)

which proves (2-55). We thus assume from now on that
ra<p and  lim % =400 (2-56)

a——+00 Mo

Green’s representation formula and (2-12) yield the existence of C > 0 such that

lva (V)| < C / Ve — x> o (x)|* ' dx (2-57)
Q
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for all @ > 1. We write
[ =P P
Q
<[ = 5P 0P+ v = 2P o O T dx. (2-58)
QO {|x—xo| <Ry o} QO {|x—xa|>Rypa}
Fix Cy > R, . For « sufficiently large we have using (2-56) that
Co
raZCOMaZR_|x_xa| forallerﬂ{|x—xa|§RUMa},

v

so that |y, — x| > (1 = R,Cy l)ra for all such x. Therefore, using Holder’s inequality and (2-3) yields

'u(n—2)/2
/ Yo = X" e ()P dx = 0<“—_2). (2-59)
QN{|x—xo| <Ry pta} |ya — X |"

Now, we deal with the second term of (2-58). From (2-39), we get

2-n 21 (14+2)(1—21)/2 Yo — x[*7"
Yo = X" oo (0)F ~ dx = O D) 9%
QN{lx—x¢|>Ryjta} QN{|x—xo|=Ruta} 1X — Xa|

x_ | Ve — X277
+0(77a(/0v)2 1/ S dx)).
QN{|x—xg|2 Rupta) X — Xal

Since 2 — (n 4 2)v > 0, using Giraud’s lemma (see [Hebey 2014, Lemma 7.5]) yields

/ Y = 5127 = xal =27 dx = O (D). (2-60)
Q

Independently, letting y, = (Yo — Xo)/ Mo We have

/ ! 1 dx < uz‘(”“)“‘”)/ ! L
QN{lx—xg > Ryptg) [ Yo = X172 |x —x | (1D A=) 7 70 RM\B(O,R,) |Ja—x]"72 x| 1+ 0=0)

MZ—(n—i-Z)(l—v) Mn—(n+2)(1—V)
- 0(“~—2) = 0(“—2), (2-61)
(I+1[yo )"~ | %o — Yo"~
where the second line again follows from Giraud’s lemma in R" since (n 4+ 2)(1 —v) > n. Combining
(2-60) and (2-61) finally shows that

(n=2)/2

_ *_ 2
/ Ve — %7 |va ()7 1alx=0(“—,1_2)+0<na<p>>,
QN{lx—xq| =Ry o} % — Yol

which together with (2-59) concludes the proof of (2-54).
We now conclude the proof of (2-53). First, if vy, > 0, (2-53) simply follows from (2-38) and (2-54).
We may thus assume that v, = 0. We now prove that for « large enough

ne(p) = O (u=27%). (2-62)
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Together with (2-54) this will conclude the proof of (2-53) in this case. We prove (2-62) by contradiction:

we assume that
Na(0)

i o (2-63)

as a — +00, and we let V, = vy /1« (p). For any o we let z, € Q\ B, (xy) be such that |v, (zo)| = ne (0).
By the definition of D, (x) and by (2-54) we see that for any § > 0 fixed we have |Vy(z4)| = 1 and

[Va(x)| < C+o0(1) forx e Q\Bs(xy). (2-64)

Now, the function V,, satisfies
— AV +ho Ve =12 (p)> 7 |Val* Ve

in . Since 14 (p) — 0 by (2-38), (2-64) and standard elliptic theory show that V,, — V in CIZOC(S_Z\{xOO}
as o — +00, where Vi, satisfies | Vo (x)| < C for any x # x and

—AVoo+hooVoo =0 in Q\{xs}.

In particular, the singularity of V4, at xoo is removable and V., satisfies weakly —A Voo + figo Voo = 0
in Q. Since —A + hy is coercive by assumption, this shows that Vo, = 0. Independently, if we let
Zoo =limy s 400 2o, the C120c convergence shows that | Vi (zo0)| = 1; hence Vi, # 0. This is a contradiction,
which concludes the proof of (2-62). O

The next result will be frequently used in the proof of Theorem 2.1.

Proposition 2.6. Let U C 2 be an open set. There exists a constant C(U) such that limjy—.o C(U) =0
and such that, for all y € Q and forall o > 1,

/ Gy(y,x)dx <CU)d(y, 982). (2-65)
U

Proof. We let C(U) =sup,q [, Ix —y|' ™" dx. Since Q is bounded and y — |y|'~" € L} (R") we have

loc
C(U) — 0 as |U| — 0 by absolute continuity of the integral. Using (2-12) yields
/ Go(y, x)dx =011 (y) + L2(y)), (2-66)
U

where we have let, fori =1, 2,

1 d(y, 0Q2)d(x, 02
Ii(y)::f —zmin{l, (0, 85D (x, )}dx,
U; |y_'x|n_

ly —x|?

and
U :=Un{ly—x| <1d(y,dQ)} and U,:=Un{ly—x|>1d(y, 0Q)}.

When x € Uy we have |y — x| < %d(y, d€2), so that

1
11()’)5/ ﬁdXS%d(y,BQ) dx < 1cWyd(y, dQ).
u |y —x|"~

v ly—x"-!
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When x € U, we get that d(x, d2) <3|y — x|. We then get

d(x,09) 1
L(y)=d(y,9Q) | ————=<3d(y,09Q) | ————dx =3C{U)d(y, 9R2).
U |y_x|n U|)’_x|"
Combining these estimates proves Proposition 2.6. ]

The next result improves the upper estimate in Proposition 2.5.

Proposition 2.7. There exists C > 0 such that
[vg (x)] < C(By(x) +v0o(x)) forallx and all x € Q. (2-67)

Proof. First, if vy, = 0, (2-67) simply follows from (2-53). We may thus assume in the following that
Voo > 0 in 2. Proving (2-67) in Theorem 2.1 is equivalent to proving that, for any sequence (yy)gen € €2,

we have
[Va (Vo) |

By (Ya) + Voo (Yar)
Assume first that |y, — x4| = O (1g). It follows from (2-21) and Proposition 2.3 that

=0() asa— +oo. (2-68)

Ve (o)l = O (oo (Yar) + Bar(Ya)) + 0(Da (o) ™" "?/%) = 0 (Vo (o) + Bu(Ya)).
which proves (2-67) in this case. We thus assume from now on that

agrfoo b]a,u;axal = +00. (2-69)
Using Proposition 2.3 and standard elliptic theory, we have that
Vo = Floo  in CE.(Q\{Xe0)) as @ — 4-00. (2-70)
Therefore, there exists p, > 0, p, — 0 as ¢ — +00, such that, up to a subsequence,
Ve £ Voo llc2(fjx—xo |> puin) = 0(1). (2-71)
Using again Green’s representation formula and (2-12) we have

Ve (V)|
= 0( f Go (Yo X) 0 (X) >~ dx + f Ga(ya,x>|va<x>|2*—ldx). (2-72)
{Ix—xg|<pa }NE2 {lx—xo |> 0o }NS2
Thanks to (2-11), (2-65) and (2-71), we get
/ GO Do (D2 dx = O (Voo (va)). (2-73)
{lx—x¢|>po }N2
We fix R > 0, and we now write

/ Go (e, X) Ve (X)[* "' dx
Qﬁ{lex(ﬂfpa}

=0 ( f Yo =X > o (x) >~ dx 4 / G o (Y» X)| Vg (x)[* ! dx). (2-74)
QN{|x—x¢|<Rpa} QR <|X—Xe|=<pa}
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As in the proof of (2-59), thanks to (2-3) and to Holder’s inequality, we obtain

u =272
/ Ve = X7 g (0)]*  dx = 0(“—,,_2)
QN(1x—xa| <Rpta) Yo = Xa|

By (2-53), there exists C > 0 such that

(2-75)

e () F L < C(uI P2 Dy () 727" + luso X7 H,

where Dy (x) := uy + |x — x4 for all x € Q2. Therefore, using again (2-11), we have

/ G (Vs )00 ()~ dx
QR <|x—x¢|<pa}

= 0<M<(xn+2)/2 f Ve — X127 x = xg | 727" dx) +0( / Ga<ya,x)dx)
QN{|x—x¢|>Ritg} QR <|x—Xe|=<pa}

(n—2)/2

=0 (“—) + 0 (Voo (Ya))- (2-76)

|xe — yaln_2

Combining (2-75) and (2-76) in (2-74) finally shows that
/ Go (Y )Nve(0)> 7 dx = 0" |x4 — 0|7 + 0 (000 (Ya))
QO{|x —x¢|<pa}

as o — +o0o. Together with (2-72) and (2-73) this proves (2-68) and concludes the proof of (2-67). [
We are now in position to conclude the proof of Theorem 2.1.

Proof of Theorem 2.1. Proving Theorem 2.1 is equivalent to proving that, for any sequence (yy)wenN € €2,
we have

Vo (Vo) = T By (Vg) £ 000 (Vo) + 0(By (Ya)) + 0 (Voo (V) 2-77)

as o« — +o00. Throughout this proof it will be intended that all the terms involving v, disappear if vy, = 0.
If |xg — Yol = O(1y) orif |xq — yo| /4 0, (2-77) follows from Proposition 2.3. We may thus assume in
the following that

| X — Yol

[X¢ = Yol >0 and —— — +o00 (2-78)
Mo

as @ — +o0o. We write three representation formulae for vy, 1B, and v, using (2-2), (2-9) and (2-14),
respectively, and we subtract them to get

Vo (ya) - HB(x(Y(x) F Uoo(ya)
=f Gu<ya,-)<|va|2"2va—B§*lq:vi’;l)dxi/(Ga(ya,->—Goo<ya,->>v§21dx, (2-79)
Q Q

where we have denoted by G, the Green’s function for —A + .

Case 1: vy, = 0. In this case the second integral in (2-79) vanishes and we only have to estimate the
first one. Let R > 1 be fixed. Using (2-12) and (2-53) and letting y, = (Yo — X&)/ M4a» @ simple change of
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variables and direct computations give

*__ *__ (i 1 *_
/ Ga(Vas ) (val® v — By D dx| < Cpg ™ 2>/2/ ~———B; ldx
Q\BRjig (%) R\Bg(0) | Yo — |
= O (erBa(Ya)) (2-80)

as @ — +00, where ep denotes a positive number satisfying limg_, 1~ €g = 0. Independently, (2-21)
and (2-20) show that

Vo — Ba —0
Ba LBy (va)
as @ — +o00. As a consequence, using (2-12),
/ Ga(Vas )(al* Pvg — B3 D dx =o(/ |ya—y|2—"B§*—‘dx)
BRriug (%) Brpug (xa)
= 0(By(ya)). (2-81)

Up to passing to a subsequence, combining (2-80) and (2-81) proves (2-77) in the v, = O case.

Case 2: vy > 0. We first estimate the first integral in (2-79) by decomposing it in three domains:
BRru, (xa), (N B1/r(xe))\BRru, (xo) and Q\By/r(xy). We first have

/ GG ) (0 200 — BX ' 021 dix
BR;/,a (xa)

=/ Ga<ya,-)<|va|2"—2va—Bﬁ*—‘>dx+0</ Ga<ya,->dx)
BR;/.a (xot) BR[,La (xot)
— 0(Ba(ya)) + 0(vse (30)), (2-82)

where the last line follows from (2-81) and from (2-11) and (2-65) with U = Bg,, (x4). Using (2-71) we
now have

/ Goé(ya’ . )(|Ua|2*_zva _ Bé*—l F vgz—l) dx
Q\BI/R()Cot)
:/ GV ) (0a|* 20g T2 dx + O(u2/?)
Q\B1/r(xq)

= 0</ Go(Yas ¥) dy) + 0(Ba(Ya)) = 0(Ba(Ya)) +0(Voo (Yar)),  (2-83)
Q
where the last equality again follows from (2-11) and (2-65). Finally, using (2-12) and (2-53) we have
Ga (s ) (Ival” v — By ' F 02 dx

= O(f |ya—y|2—"B§*—1dx>+0<f Ga<ya,y>dy>
Q\BRpuy (Xa) QNBy /R (xa)

= O(erBa(ya)) + O(erVo0 (Vo). (2-84)

‘/(QHBI/R (xa))\BR;A.a (xa)
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where the last line follows from (2-80) and (2-65) with U = 2N By, (xy). Combining (2-82), (2-83) and
(2-84) proves that
f Go(ar V(Ivel® e = By ~' Foi D dx
Q
= 0(Ba(Ya)) +0(Vs(Ya)) + O(erBa(ya)) + O (6RVoo (Vo))  (2-85)

as @ — 400, where limg_, ; oo €g = 0. We now estimate the second integral in (2-79). For y € 2 and for
all o, we let

Fl’a(y)sz“(y”)vgé_ldx and Fz(y)=/Goo(y,')v§Z_ldx.
@ Q

By definition of G, and G «, these functions satisfy (—A +hg) Fi o = v 7" and (= A +heo) Fr = 027,
respectively, so that by (2-1) and standard elliptic theory (£ 4)aen is uniformly bounded in L*°(£2). We
also have

(A +hoo)(Fi,o — F2) = (hoo — ho) F1 4.
A representation formula for F; , — F; applied at y, then shows
/ (GaGar ) = Goolyar WEdx = Fi 4 () — Fr(ya) = / Goo (s )lioo — ) F1 o dx.
Q Q

Using (2-1), (2-11) and (2-65) we thus obtain

/Q(Ga(ya, ) = GooVa, )V dx

= 0(/ Goo(Ya, X) dX) = 0(Voo (Yar))- (2-86)
Q
Plugging (2-85) and (2-86) into (2-79) finally proves that

|voc (yoc) - HBot(yot) + voo(ya)l = O(Ba (yot)) + O(UOO(ya)) + 0(8RBa (yot)) + O(ERUoo(yoz))

as o — +00, where limg_, 1o, €g = 0. Passing to a subsequence proves (2-77) and concludes the proof
of Theorem 2.1. 0

3. Necessary conditions for blow-up and proof of Theorem 1.1

Let 2 be a smooth bounded domain of R", n > 3. Throughout this section we let (h,)ycn be a sequence of
functions that converges in C 1(Q) to hoo, Where — A +h o, is coercive in HOl (£2) and where I, (Q2) < K,/ 2
and we let (vy)aeN € H(} (2) be a sequence of solutions of (2-2) that satisfies (2-3), (2-4) and (2-5).
Equation (2-15) is thus also satisfied, and we have

vy = 1By £ vo6 +0(1) in Hy (R) as @ — +o0,

where I1B,, is given by (2-14) and where (x4)qen and ((y)qen are sequences of points in €2 and (0, +00)
satisfying (2-10) and with limg_, o0 e = 0. We let again xo, = limy_, 1 X4, and we identify in this
section necessary blow-up conditions that constrain the localisation of x~,. We recall for this the celebrated
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Pohozaev identity, that for our sequence (vy)qen is as follows: for any family U, of smooth domains
such that x, € U, C Q for « € N we have

/ (ha(x) + 3(Vhe(x), x — x4))v; dx

[

Vo> 02 Jual® .
=[ (x—xq, ) the—t———)dox)— | ({x—xq, VUg)+5(01—2)0a)0y v do(x), (3-1)
U, 2 2 2% U,

where v is the outer unit normal to the boundary of U, and (-, - ) is the Euclidean scalar product; see for
instance [Hebey 2014, Lemma 6.5]. We distinguish two cases according to whether x, is a boundary
blow-up point or not.

3.1. Interior blow-up case: xo, € . If x is an interior point we prove the following result:

Proposition 3.1. Let Q2 be a smooth bounded domain of R", n > 3. Let (hy)qen be a sequence of functions
that converges in C'(Q) to hao, where — A + ho is coercive in HO1 (2) and where 1), (2) < Kn_Z, and
we let (Vy)geN € H(} () be a sequence of solutions of (2-2) that satisfies (2-3), (2-4) and (2-5). Let
Xoo = limy s 400 Xo and assume that xoo € Q2. Then

e if n =3, we have v, =0 and my,_ (x0) =0,
e if n=4,5 we have voo =0 and hoo(xs0) =0,
o if n =6, we have hoo(Xoo) = F2V00 (X00),

e if n>7,we have hoo(Xo0) = 0.

Proof. First, since xo € 2, we have Bs /;;(xq) C €2 for all o large enough. The Pohozaev identity (3-1)

yields
/ (ha(xX) + $(Vho (x), x — xo))v2 dx = / Fy(x)do (x), (3-2)
Bs Jiiq (%) 9Bs /g (Xa)
where we have let
|Vvoz|2 vé |va|2* 1
Fo(x) = (x — xq, V) ) +h(x?_7 _(<x_xaavva>+§(n_2)va)avva- (3-3)

For any x € (2 — x4)/ /Lo We let
ﬁa(x) = Vg (Xg + «//Lozx)-

Using (2-2) it is easily seen that 0, satisfies

{_Aﬁa + ,uailaﬁa = Malﬁa|2*72ﬁa in (Q - xoc)/\/ Mas

ﬁa:() on 8((9_)6&)/«/:“05),

where we have let fza(x) = h(xq + /ex). By (2-67) and standard elliptic theory there thus exists
Do € C2(R"\{0}) such that iy — D in CIZOC(R"\{O}), and Theorem 2.1 shows that for any x € R"\{0}

we have
Doo(x) = (n(n — 2)) "2 x |77 £ vg (Xo0)-
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The change of variables x = x4 + /Ity and straightforward computations then show that

g "R / Fy(x)do (x)
3Bs g (%)

|V |? ~ 02 |0]* A o
= (x,v) + tahg = = pta—-— ) do(x) — ((x, Vig) + 5 (n —2)04) 0,0y do (x)
9B5(0) 2 2 2 9B5(0)

= 30, 1n "0 = 2) "D Py (x0) + £+ 0(1) (3-4)

as @ — 400, where g5 denotes a quantity such that lims_,o &5 = 0 and where w,_ is the area of the
round sphere $"~!. We now claim that

0 (1) ifn =3,
/ (ha(x)+%<Vha(x)vx_xa>)U§ dx = O(Mé In(1/14q)) ifn=4, (3-5)
B (k) 12 (hoo(xo0) fin Bo(x)>dx +0(1)) ifn >S5,

where By is defined in (2-7). We prove (3-5). First, using (2-16) and Theorem 2.1, straightforward
computations show that

[ AVh.x - = {0(’“‘0‘) =34 (3-6)
2 o 3
Bs i (x) O(uynpgl|) ifn >3,

and that "™
o) ifn=3,

/ ha(x)vé dx = { 5 ]
Bs i (%) O(uiIn(1/pny)) ifn=4.

If n > 5, using Theorem 2.1, we have

(3-7)

/ o (x)v2 dx = / ho (X)(T1By)* dx + o(112).
Bs /g (xa) Bs Jiiq (%)
Dominated convergence together with (2-21) now shows that
[ oM dx = ot [ W BuCe? dx o).
Bs iz (xa) R

Combining the latter with (3-6) and (3-7) proves (3-5). Combining (3-2), (3-4) and (3-5) now shows that

i%wn,ln(n_z)/z(n _ 2)(n+2)/2Uoo(xoo)M((),n_2)/2 +86M((xn_2)/2 +O(M((xn—2)/2)
O™ ifn =3,
=1 O (ug In(1/pa)) ifn=4, (3-8)
12 (hoo(Xo0) g B§ dx +0(1)) ifn > 5.

Assume first that n € {3, 4, 5}. Equation (3-8) then gives

O (ua) ifn=3,
Voo (Xoo) + &5 +0(1) = { O(ue In(1/uy)) if n =4,
0( /i) ifn=5

as @ — +oo. Letting first « — 400 then § — 0 shows that v (xs) = 0. Since v, > 0 by (2-3) and the
assumption I, (2) < K2, the strong maximum principle then shows that v, = 0.
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Assume now that n = 6. Integrating —A By = Bg shows that

/ B} dx = 6*4 ws.
R6
Therefore, it follows from (3-8) that
£ 5056*4 Vo (Yoo ) g, + Esitg +0(1g) = 674 wshoo (xeo) 113, + 0(1G).-
Letting « — +o00 and then § — 0 shows that

hoo(Xoo) = 2000 (Xo0)-

Assume finally that n > 7. Then M((x”_z)/z = o(ué) as ¢ — 400, and (3-8) then gives, after letting

a — 400,
hoo(xoo) = 0.

These considerations prove Proposition 3.1 in the case n > 6.

To conclude the proof of Proposition 3.1 we now consider the case where 3 <n <5 and v, = 0. We
let § > 0 be small enough that Bs(x,) C €2 for all &, and we write a Pohozaev identity in Bs(xy),

/ (ho(x) + 3(Vhe(x), x — x4))v5 dx =/ F,(x)do(x), (3-9)
Bs(xq) Bs(xq)

where F, is again as in (3-3). For x € ©2 we let in this case
00 () = g P Pug ().
Using (2-2) it is easily seen that 9, satisfies
{—Aﬁa + hoby = n2 104> 20y in Q,
Vg =0 on 9%,
and (2-16) and (2-67) show that

R C
|Ua(.X)| < m forall x Q\{xa},
— Aa

where C is a positive constant independent of «. Standard elliptic theory with (2-20) then shows that

o = Doo in C2.(2\{xoo}), Where

Do0(X) = (1 — 2)w,—1 (n(n — 2)) "2 G o (Xoo, X)

and where G is the Green’s function for — A + Ao, with Dirichlet boundary conditions in €2, which is

the only solution to
—AyGp (x,y) +hGp (x,y) =6, in 2,
Gp (x,y)=0 fory e 02, x € Q.

When n = 3 it is well known that

1
Goo(X0, y) = m +mp, (X0) + O(Jxeo — y|) forall y € Q\{xoo}.
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Straightforward computations with the latter then show that
2472 1, n=3,
u2 / Fo(x) dor(x) = { My (oo) 85 - 0(1). (3-10)
Bs(x0) o(l), n=4,5,

where lims_, ¢ &5 = 0. Independently, straightforward computations using Theorem 2.1 (see, e.g., [Pre-
moselli and Robert 2025, Section 5]) show that

08 ie) if n=3,
/ (ha(X) + 3(Vho (x), X — Xo) )03 dx = { 64w3hoo(Xoo) 2 In(1/11g) + O(u2) ifn=4, (3-11)
Bs(xa) 12 (hoo(Xo0) [ Bo(x)*dx +o0(1)) ifn>5
as o — +o0o. If n € {4, 5}, combining (3-10) and (3-11) in (3-9) shows that
O(n(1/pe)™ "), n=4,
O (Ka), n=>5,
as o — +o0o, which shows that s, (xs) = 0. If n = 3, combining (3-10) and (3-11) in (3-9) shows that

hoo(xeo) +0(1) = {

Mp, (Xoo) +0(1) + &5 = O(8)

as o — +o0. Letting first « — 400 then 6 — 0 proves that mj_ (xo) = 0, which concludes the proof of
Proposition 3.1. ([l

3.2. Boundary blow-up case: xo, € 9. We assume in this subsection that x,, € Q2. For o > 1, we let

dy =d(x4,02) >0 (3-12)
as o — 400, since xq € 2. We know from (2-18) that d, > iy as @« — +o00. For o > 1 we also let
N
Vo = W, (3-13)

and we analyse the bubbling behaviour of v, at the scale r,. The idea to consider the scale r, comes
from the following heuristic. Recall that when v, > 0, Hopf’s lemma shows that

Voo (XYoo — 1V (Xo0)) = (—0y Voo (Xo0))f + 0(1)

as t — 0. At distance d, from 9S2, v thus behaves at first order as (—0, Voo (Xx0))dy. The scale r, thus
defines the distance from x, at which B, and v, become of the same size. We analyse the boundary
blow-up of v, according to the value of d,/r,. We first prove the following result, which states that
boundary blow-up points cannot get too close to 9€2:

Proposition 3.2. Let Q2 be a smooth bounded domain of R", n>3. Let (hy)qeN be a sequence of functions
that converges in CY(Q) 10 hoo, where —A + ho is coercive in HO1 (2) and where I, (2) < Kn_z, and
we let (Vy)geN € HO1 () be a sequence of solutions of (2-2) that satisfies (2-3), (2-4) and (2-5). Let
Xoo = limy s 4o Xy, and assume that xo, € Q. If n > 6, assume in addition that hoo # 0 in Q. Then, up

to a subsequence,
o
— — 400
Ty
as o — +00.
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Proof. We proceed by contradiction, and we assume that, up to a subsequence,

dy
Iim — =p €[0, +00).

a—>+00 1y

In this case we define, for all x € (Q2 — xy)/dy,

n—2
Uy (x) 1= mafwva(xa +dyx).
u

o

Equation (2-2) and the definition of v, show that v, satisfies

—Avy — dé}_laﬁa = (,ua/da)zll_)ﬂz*_zﬁa in (2 —xy)/dy,
Uy =0 on 9((2 —xq)/dy),

where 7, is as in (3-15) and Ay (x) 1= h(xy + dyx). By (3-13) and (3-14) we have

n—2

dy = O (u=2=D/2y " or, equivalently, cdy = 0(1).

_*
—2)/2
Pl

By Hopf’s lemma we have
Voo (X + doX) = Voo (Xa) + O(do) = O(dy)
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(3-14)

(3-15)

(3-16)

(3-17)

(3-18)

as o« — 400, and the latter remains obviously true if v, = 0. The latter with (2-16) and Theorem 2.1

show that

Xy 0
i \{0}

1D ()] < C(1 +|x]*™) forall x €

(3-19)

for some positive constant C. Since 2 is smooth and since d, — 0 as « — +00 by assumption, standard

elliptic theory shows that, up to a rotation, v, — Voo € C 2(S_Z()\{O}), where we have let

Qo:=]-00, [ xR*" ' asa — +oo

and where vy, satisfies

—Avs =0 in Qp\{0}, Voo =0 on dQ,
and
[Tao ()] < C(1+|x|*™) forall x € Q.
Lemma 3.3. We have

(n(n—2))"=2/2
|x|n—2

4+ H(x) forall x € Qp\{0},

Voo (X) =
where ‘H satisfies

—AH =0 in Sy, H=—mnmn—-=2)""22.7" oniQ,
and H(0) < 0.

(3-20)

(3-21)

(3-22)

(3-23)

(3-24)
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Proof of Lemma 3.3. Let 0 < § < 1 be fixed, and let x € 9 Bs(0)\{0}. For « > 1, Lemma A.1 shows that

dn72 -2 (n—2)/2
— s By (e + dox) = (e =207 7 4 ony 4 20D (3-25)
/Lozn |x|n— |x|n—2

as a — +00, where &(|x|) denotes a function that satisfies lim|,|0 £(|x|) = 0. We now consider v
satisfying (3-21). By (3-22) and Bd&cher’s theorem [Axler et al. 1992; Bocher 1903] there exist A # 0
and a harmonic function #H in £ such that

Doo(X) = Alx|? ™"+ H(x) for x € Qo. (3-26)

Theorem 2.1 together with (3-17) shows that
n—2

d
Uog(x) = —2——TIB, (x4 +dyx)| < C +o0(1)
M('l—Q)/Z
o

for x € B5(0)\{0}, for some fixed C > 0 as « — +0c. Multiplying the latter by |x|"~2 and passing to the
limit as &« — +o00 then shows, using (3-25), that

|10 (x) — (1 4+ (Ix ) (2(n — 2) "2 < C|x|" 2.
Letting x — O then shows that A = (n(n — 2))"=2/2 apd proves (3-23). That H satisfies (3-24) is a
simple consequence of the Dirichlet boundary conditions.

To conclude the proof of Lemma 3.3 we thus need to show that H(0) < 0. For x € € as in (3-20) we

define
n(n—4)/2 (l’l _ 2)(n—2)/2

) =2 = 1) /a =yl do ) (3-27)

n—1
If y € Qp, we let y* := (2 — y1, ¥') € R" be its reflection with respect to the hyperplane {y; = 1}. For
x,y €, x #y, we let

1
G , - - _ y|2—n . x2—n
o(x, y) Do, (Jx =yl lx =717

be the Green’s function of —A in €2y with Dirichlet boundary conditions. Straightforward computations
show that

20— 1
Go(x,y) =

PP for x € Qg and y € 09,

so that H can be rewritten as

N _ o)) (=22
A = [ a,Gotx ) da ().
9% Iyl"

In particular, H satisfies

—AH =0 in Sy, H=—(nn—2)"""22.1>" ondy,

and we have

(=200

nwy—1

7(0) = f (A+1yP) " dy <. (3-28)
Rnfl
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‘We now claim that

H=H inQy. (3-29)

To prove (3-29) we first prove that H e L®(0). We write any y € 3Q as y = (1, y') with y’ € R".
We similarly write x € Q¢ as x = (x1, x") with x; < 1. If x € o, with (3-27) and a simple change of
variables we thus have, for some positive constant C = C(n),

1
y=C |
s520 (1 — D2+ 1y P72 a2, (1Y P72

1H(x)| < C(1—xp) dy' < +o0,

where the last line again follows from a change of variables. Thus H is bounded in R0\ Bg, (1). We can now
conclude the proof of Lemma 3.3. Since # is harmonic in €2 it is bounded in B1,2(0). Equations (3-22)
and (3-23) also show that H is bounded in €2y. Independently, we just proved that H e L®(Q). The
function 7 — 7 is thus harmonic in €29, bounded in €2 and vanishes on 3. Since 92 is a hyperplane
a simple reflection argument allows to apply Liouville’s theorem, which shows that H = H. This proves
(3-29) and by (3-28) conclude the proof of Lemma 3.3. U

We are now in position to prove Proposition 3.2. Let § > 0 be fixed. We write Pohozaev’s identity
(3-1) in Uy = Bsg, (xy): this gives

/ (ha(xX) + 3(Vho (x), x — xo) )2 dx = / Fy(x)do (x), (3-30)
Bsdy (Xa) 0Bsdy (Xg)

where F, is defined in (3-3). Changing variables we get that

2—n
(@) / Fyy(x)do (x)
do 9By (xa)

Vial* = 505 ltal” 1 -
= (x, V| ——+hed; 2 —d;—— ) do (x)— ((x, VUg)+5(n—2)Vq) Vo do (x), (3-31)
3B5(0) 2 2 2% 9B5(0)
where v, is defined in (3-15). Direct calculations using (3-17) and (3-19) yield, since hy € L*°(£2),
d§/ (X, V)2 do (x) = O(d284" + p=2/0=Dgmy = o(1),
9B5(0)

(3-32)
E [ el dot) = 067dE +ul 0 = o)
0B5(0)

as o — +o0o. Plugging (3-32) into (3-31) gives, since vy — Voo € C*(Q0\{0}),

2—n
. Mo
lim (— / Fy(x)do(x)
Ol—)-‘rOO(da ) aBédoz (Xu) ¢

=f x| (31 V0oo|* = (3yT00)?) do (x —%(n—z)f Doy Uoo do (X)
9 B;(0) dB5(0)

= s, 10" = 2)"D23(0) +£(5), (3-33)
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where €(§) — 0 as § — 0 and where the last equality follows from Lemma 3.3. Independently, direct
computations using (2-1), (2-20) and (2-67) show that

/ (ha(x) + 3{Vhe(x), x — x4))vg dx
Bsay (xe)
0 (83d3 + S14dy) ifn=3,
=1 0(8*dS + 12 In(dy/1e)) ifn=4, (3-34)
13 hoo(Xoo) [ru Bo(¥)* dx +o(uj) + 0(8"dy+?) ifn = 5.
Combining (3-33) and (3-34) into (3-30) we finally obtain
30n1n "2 (= 2)"D294(0) +€(8)
s 0(83d5+8uad) if n=3,
= (—"‘) 0 (8*dS + 12 In(dy /1ta)) ifn=4, (3-35)
Hea 12 oo (Xo0) frn Bo(x)>dx +0(12) + O(8"d™?) if n > 5.

Using (3-17), and since d, — 0, we easily obtain, when n € {3, 4, 5}, that (3-35) shows
HO)+€(8) =0(1)

as o — 400, which contradicts Lemma 3.3. If now n > 6, (3-17) shows that d3+2 = o(ui). Since
H(0) < 0 by Lemma 3.3, we can choose § fixed but small enough that H(0) + £(8) < 0. By (3-35) we
then have

hoo(xoo)/ Bo(x)?dx +o(1) <0.
Ril

Letting @« — 400 implies Ay (xo0) < 0. In the case where sy > 0 in Q this is a contradiction and
concludes the proof of Proposition 3.2.
We may thus assume /o, < 0in © and n > 6. With (3-35) we obtain

dy = (Co+o())pulr—H/=2 (3-36)

for some constant Cy > O that depend on n and h. Integrating (2-2) against Vv, in U, yields the
Pohozaev identity

faUa (%szv 3y Ve — 2* Jev2 ) do(x) = —% /U haV (v2) dx, (3-37)

where v is the outer unit normal to U,. Straightforward computations using Theorem 2.1, (2-16) and
(3-18) show that

/ 1 ¥ vde = 0urd" 1y + 0@,
d
while integrating by parts and using Theorem 2.1 and (2-16) shows that

/ hoV (v2) dx :f hov2vdo (x) —/ ViVhedx = O 2d>™) + 0@d" ™) + 0 (u?).
Uo( 6Ua Utx
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Independently, (3-22) and (3-23) show that

f (51Vval*v = 0,04 Vg ) do (x) = =2 (/ (31V oo ?v — 8, B0 Voo ) do (x) +0(1))
Uy 9B5(0)

o
-2
o
dar!

as o — +o00. Plugging these estimates into (3-37) finally gives

(D2 (g — ) D20y (0 + £(8) + o(1))

e 2 d2n 5 dn—l

_ a a _

VHO0)+¢e() =0 ((E) + e +d,+ M3_4) =o0(1),

where in the last line we used (3-36). Passing to the limit as « — 400 and as § — 0 shows that VH(0) = 0.
But going back to (3-27), and since H = ﬂ, we have 9, H(0) < 0 by Lemma A.2, which is a contradiction.
This concludes the proof of Proposition 3.2. O

We now investigate more precisely what happens at the scale r,. This is the content of the following
result:

Proposition 3.4. Let Q2 be a smooth bounded domain of R", n > 3. Let (hy)qen be a sequence of functions
that converges in CY(Q) 10 hoo, where —A + ho is coercive in HO1 (82) and where 1), (2) < Kn_z, and
we let (Vy)geN € H(} (2) be a sequence of solutions of (2-2) that satisfies (2-3), (2-4) and (2-5). Let
Xoo = limy_ oo X, and assume that xo € 0K2. Assume that

< > 40
Ve
as a — +oo. Then
e if n € {3,4,5}, we have vy, = 0,
e if n>6,we have hoo(xs) = 0.
Proof. We assume that
. dy
lim — =+4o0. (3-38)

a—>+00 F,

Using (3-13) we define, for x € (2 — x4) /74,

_ ra—? _
B () = —25575 Vo (K F raX) = g v (X + 7). (3-39)
Ha

Since v, satisfies (2-2), v, solves

— Ay + ity = r2dy " |0 |2 2 in (R — xg) /.
Vg =0 on d((2 —xq)/ra),

where we have let 1, (x) = h(xy + rex). By Hopf’s lemma and by (3-38) we have

Voo (Xg +TeX) = Voo (Xg) + O (rg) = — 0, Vo0 (Xo0)dy + 0(dy) (3-40)
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as @ — 400, and (3-40) obviously remains true if ve, = 0. Using (2-16), Theorem 2.1, (3-13) and (3-40)

we thus have
Q—xq

15 ()] < C(Ix* " +1) forall x \{0}.

o
Standard elliptic theory then shows that v, converges to some vy in CIZOC(IR”\{O}). Let x € R*\{0} be
fixed. First, as a consequence of Lemma A.1,
rn—2 )
&5 TIBy (xy +rax) = (n(n—2)""?2|x P~ in Ci (R"\{0})

-2)/2
el

as @ — +00. The latter with (3-40) and Theorem 2.1 then shows that
Voo = (n(n —2)" P2 |x 77" £ 0, Voo (Xoo). (3-41)

For « large enough we let U, = B, (x,) C €2, and we apply the Pohozaev identity (3-1). We get

/ (ho(x) + 2(Vhe(x), x — x4))vg dx = / Fy(x)do(x), (3-42)
B (Xa) 9

Bra (x)

where F, is defined in (3-3). By changing x into x4, + dyx, we can write

d;*ry " / Fy(x) do (x)
0B, (xo)

|V, |* 202 S l0al® o s
= (x,v) T—i—hara?—raT do (x) — ((x, VUg) + 5(n — 2)q) 3y U do (x),
dB1(0) 9aB1(0)

where vy, is as in (3-39). Direct calculations with (2-67) and (3-40) give
r;f/ (x, V)hy02 do(x) = O(r2) and r§/ (x, V)| 0> do (x) = O(r2).
3B1(0) 3B1(0)
Together with (3-41), the latter then shows that

lim d;2r2" / Fo(x) do (x) = £, 1n 22 (n = 2) "2 v (x00). (3-43)
@ +oo 9By, (o)
Since limgy—s 00 7 ,u;l = 400, direct computations using (2-1), (2-20), (2-67), (3-13) and (3-40) show
that
O(ua? /do) ifn =3,
/B ( )(ha(x) + 3 {(Vha(x), x —Xa))va dx = § O (U2 In(re/ 1) + 12) ifn=4, (3-44)
ro Xa

13 (hoo(xe0) fgu Bo(x)*dx +0(1)) ifn >5.
Returning now to (3-42) with (3-43) and (3-44), and since d2r" 2 = dou'~>’* by (3-13), we have that

t3wn-1(n = 2) 202,000 (o0 )da 11§ TP + 0(da iy =)
O (ua” /de) ifn =3,
=1 0(ug In(re/1ta) ifn=4, (3-45)

13 (hoo (Xo0) o Bo(x)*dx +o0(1)) ifn>5.
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Independently, since r, = 0(d,) by (3-38), and by (3-13), we get
e = 0(d" /2y ag o4 — oo, (3-46)
Assume first that n = 3. Then (3-45) shows that
Voo (X)) +0(1) = O (—> =o(1)
by (3-46). If n = 4, (3-45) shows that

3y Voo (Xoo) + 0(1) = 0(% 1n(r—“)) - 0(,@/3 1n<r—"‘)) = o(1)
o Ha Mo

by (3-46). If n =5, (3-45) shows that

12
Bvoo(¥ec) +0(1) = O (“ ) = o(1)
again by (3-46). We thus obtain, when n € {3, 4, 5}, that
0yVoo(Xo0) =0,

which shows that v, = 0 by Hopf’s lemma. Assume now that n > 6. Then (3-45) shows that
hoo(Xeo) | Bo(x)? dx = O(dapt' %) +0(1) = o(1)
Rl‘l

since d, — 0 as @ — 4-00. This concludes the proof of Proposition 3.4. (Il
The next result finally shows that, in small dimensions, the concentration point cannot occur on 9€2.

Proposition 3.5. Let Q2 be a smooth bounded domain of R", n > 3. Let (hy)qen be a sequence of functions
that converges in C'(Q) to hoo, where — A + ho is coercive in HOl (2) and where Ij,(2) < Kn_z, and
we let (Vy)geN € H(} () be a sequence of solutions of (2-2) that satisfies (2-3), (2-4) and (2-5). Let
Xoo = liMy s 400 Xo. Assume that n € {3, 4} or thatn =5 and hoo # 0 in Q. Then xo € Q.

Proof. We proceed by contradiction and assume that xo, € d€2. Under the assumptions of Proposition 3.5,
Propositions 3.2 and 3.4 also apply. They show in particular that

d
“ 5 t+o00 (3-47)
Ty
as o — +oo and that ve, = 0. For x € (2 — x,)/d, we define again
n—2
Vg (x) := (n“fwva (xg +dyx). (3-48)
"

o

Equation (2-2) then shows that v, satisfies

—Avy — dé}_lal_]a = (Ma/do:)zlﬁap*_zﬁa in (2 —xq)/dy,
Uy =0 on 9((2 —xq)/dy),



618 HUSSEIN CHEIKH ALI AND BRUNO PREMOSELLI

where h14(x) := h(xy 4 dyx). Since voo = 0, (2-16) and Theorem 2.1 show that

Xo
p \{0} (3-49)

o

[Ty (x)] < Clx|*™ forall x €

for some positive constant C. Since €2 is smooth and since d, — 0 as ¢ — 400 by assumption,
standard elliptic theory shows that, up to a rotation, v, — Vo € C 2(8_20\{0}) as @ — 400, where
Qo :=]—o00, 1[ x R"! and where 7, satisfies
—Avso =0 in 2¢\{0}, Voo =0 on a2
and
|Tso (x)| < Clx|>™"  for all x € €.

The arguments in the proof of Lemma 3.3 again show that

(n(n—2))"—212
=2

Voo (X) = 4+ H(x) forall x € Q¢\{0}, (3-50)

where H satisfies
—AH =0 inQy, H=—mn—-2)""22.12" ondQy

and is given for any x € Q2 by

n(n—4)/2(n _ 2)(n—2)/2 )
H(x) =12 (x1—=1) IyI""x —y| ™" do (y) (3-51)
Wp—1 920

and also satisfies
H(0) <O0. (3-52)

In the following we let 0 < § < 1 and Uy = Bsg, (x). We write Pohozaev’s identity (3-1) in U,: this gives

/ (ha(xX) + 3(Vho (x), X — Xo)) vz dx:/ Fy(x)do (x),
Bsq, (xa) 0Bsa, (Xa)
where F,, is defined in (3-3). Mimicking the computations that led to (3-31), (3-32) and (3-33) we obtain
w n—2
/ Fy(x)do(x) = (_“) (F0n1n "2 (0 — 2)"FD23(0) + £(8) + o(1)) (3-53)
9 Bsdy (xa) Sdq

as @ — +o00, where £(§) — 0. Independently, direct computations using (2-1), (2-20) and (2-67) show

O (Ugta) if n=3,
/ (ha ()45 (Vha(x), x—xa))v; dx = { 64w3hoo (Xoo) 12 In(de/ 11a) + O (u3) if n=4, (3-54)
Bsd (xa) 12 (hoo(Xoo) [gn Bo(x)?dx+o(1))  ifn>5.

If n = 3, combining (3-53) and (3-54) gives

H(0) = 0(V1ta);
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hence H(0) = 0, which contradicts (3-52). This proves Proposition 3.5 when n = 3. If n =4, 5, using
(3-52), we obtain feo(xs) < 0. If hoo > 0 in Q this is a contradiction and concludes the proof of
Proposition 3.5.

We assume from now on that /4, < 0in Q and n =4, 5. In this case the proof is similar to the proof of
Proposition 3.2 when n > 6. Using again (3-52) the previous Pohozaev’s identity then shows the existence
of a constant Cy > 0 depending on n, hs and § such that

d*In(dy/ie) = Co+o(l) ifn=4 and  d,=(Co+o()u? ifn=>5. (3-55)

We recall the gradient Pohozaev identity (3-37),

1 1
f (51Vval?y = 8,0, Vo, - 2* 2 ) do(x) = _E/ haV(v2) dx,
AUy Uy

where v is the outer unit normal to U,,. Straightforward computations using Theorem 2.1 and (2-16) show

/ 21* v¥vdo(x) = 0(uld;" ),
U,

while integrating by parts and using Theorem 2.1 and (2-16) shows

O(ugIn(dy/ite)) ifn=4,

hy,V(v3)d :/ hov2vdo —/ V2Vhy dx = O(u2d>") +
/[;a o (a) X " aly (X) v, o adX (/’La o ) 0(#3) ifn=>5.

Independently, (3-49) and (3-50) show that

n—2

/ (L1Vug 20 = 8,04 V) dor (x) = 2
1o

e 1(/ (%|vaoo|2v—avaoowoo)da(xwoa))
9B5(0)

- Z 1<n<" D2 (n —2)" 2w, VH(0) +£(8) +o(1))

as o — +o00. Plugging these estimates into (3-37) finally gives

_ ([ M 5o 0@ In(dy /) ifn=4,
VH(O)+8(8)_0((da> )“M ”:owst/ua) I

=o(1),

where in the last line we used (3-55). Passing to the limit as « — 400 and as § — 0 shows that VH (0) =
But going back to (3-51) we again have 9;H(0) < 0 by Lemma A.2, which is a contradiction. This
concludes the proof of Proposition 3.5 when n =4, 5 and s, < O.

To conclude the proof of Proposition 3.5 we finally assume that 7 = 4. If &1, (xo0) # 0 in  the proof
of Proposition 3.5 follows from the previous arguments. We may then assume that /1, (xo0) = 0. In this
case combining (3-53) and (3-54) shows

H(0) = O(d?) =o(1)

as o — +o0o, which contradicts (3-52). This concludes the proof of Proposition 3.5. ]
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Remark 3.6. Assume that (vy)geN € HO1 (£2) is any sequence of solutions of (2-2) that satisfies (2-3)
and (2-4), so that (2-5), (2-6) and (2-8) also hold. Let x, = lim,—, » X, be the concentration point of u,.
Propositions 3.2, 3.4 and 3.5 prove that x, € €2, i.e., that x, is an interior blow-up point, in the following
cases (regardless of the value of vy,): either when n € {3, 4} or when n > 5 and under the assumption
hoo #0in Q. If h is allowed to vanish somewhere in 32 the property that xo, € 2 is unlikely to remain
true, and concentration points may arise on the boundary in large dimensions. When n > 7, for instance,
sign-changing solutions of (1-5) that blow-up with one concentration point in 02 as A — 04 (which
corresponds to h, = 0) have been constructed in [Vaira 2015]; see also [Musso et al. 2024] for a more
recent construction with an arbitrary number of bubbles.

Remark 3.7. We mentioned in Remark 3.6 that, when n > 7 and ho, =0, sign-changing solutions of (1-5)
that blow-up with one concentration point in €2 as A — 04 exist; see [Vaira 2015]. By contrast, it is
important to point out that, in any dimension n > 4, positive solutions of (1-5) as A — 0, may only
blow-up with interior concentration points and do not possess concentration points in d€2. This is shown
in [Ko6nig and Laurain 2024, Proposition 2.1] and heavily relies on the positivity of the solutions. The
issue of boundary concentration points thus arises when working with sign-changing solutions of (1-6).

We are now in position to prove Theorem 1.1.

End of the proof of Theorem 1.1. Let 2 be a smooth bounded domain of R"*, n > 3, and (h4)yen be a
sequence that converges in C 1(Q) towards /. Assume that —A + /4, is coercive and that I (2) <K ,1_2.
Let (Vg)aenN € HO1 (€2) be a sequence of solutions of (2-2) that satisfies (2-3). Assume first that (vy)gen 1S,
up to a subsequence, uniformly bounded in L°°(£2). By standard elliptic theory it then strongly converges,
again up to a subsequence, to some vg in C>(Q) as @ — +oo. That vy # 0 simply follows from the
coercivity of —A 4 ho, which easily implies, by Sobolev’s inequality, that liminf, . ;o [|Ve |l > 0. This
concludes the proof of Theorem 1.1.

We thus proceed by contradiction and assume that, up to a subsequence, (2-4) holds, and hence that
(2-5), (2-6) and (2-8) hold for some sequence (x)yen Of points in 2 and (uy)een Of positive real numbers
converging to 0 satisfying (2-10). In particular,

Vg = By £V +0(1) in Hy (),

where voo = 0 or vy is a positive solution of (2-9). We let xoo = limy— 100 Xy € Q. Under these
assumptions, the analysis of Section 3 applies.
We first assume that n > 7 and that /i, # 0 at every point of Q. Propositions 3.2 and 3.4 first show
that x, € 2. Proposition 3.1 then applies and shows that /1, (xs,) = 0, which is a contradiction.
We now assume that 3 <n < 5 and that (vy)gen € H(} (R2) is sign-changing for all @ > 0. We then
claim that
Voo >0 in Q. (3-56)

This is a strong consequence of the assumption that v, changes sign. We adapt an argument from
[Cerami et al. 1986, Lemma 3.1]. Since v, does not strongly converge to v, (vy)+ and (v,)_ may not
simultaneously strongly converge to (voo)+ and (vs)—. Assume for simplicity that (v, )4 weakly but not
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strongly converges to (Vo) in HO1 (€2). Integrating (2-2) against (v, )+ and using the Brézis—Lieb lemma
shows that

/Q V() s — W) )P dx 4 o(1) = /Q [(0a)+ — (veo)+ 2 dix,

from which we deduce that fQ |(Vg)+ — (voo)+|2* dx > K, " +o(l) as @« — +o00 by (1-3). Independently,
since (vy)—_ is nonzero, integrating (2-2) against (v,)_ and using (1-2) yields

f |(Ve)— | dx > I, ()"
Q

Thus, again by Brézis—Lieb’s lemma,

f|va|2"dx=/ |<va>+|2*dx+f (02" dx
Q Q Q

_ f [(0a) s — (o) 12 dx + / [(voo) 7" dx + / ((wa)_ 17 dx +o(1)
Q Q Q
> K"+ I ()" +o(1)

as @ — +o00. This shows that v, # 0 and hence that vy, > 0 in 2 and attains I;_(£2). As before, the
analysis of Section 3 applies to v,. First, using (3-56), Propositions 3.2 and 3.4 show that x, € 2. We
may thus apply Proposition 3.1, which shows that v, = 0 and contradicts (3-56). Thus (vy)qen 18 again
uniformly bounded in L°°(£2) and Theorem 1.1 is proven. ]

We now prove Corollary 1.2.

Proof of Corollary 1.2. We assume that 2 and £ are as in the assumptions of Corollary 1.2. We observed
in the proof of Theorem 1.1 that any sequence (v, )qyen Of solutions of (1-1) which is bounded in L*°(£2)
up to a subsequence is precompact in C*(£2). With this observation we proceed by contradiction: if no &
as in the statement of Corollary 1.2 exists, we can find a sequence (vy)qen Of solutions of

—Avy + hy, = Ivalz*_zva in ,
Ve =0 in 0€2,

which satisfies 1img— 400 [| Ve lloo = +00 and limsup, _, , o [o 1Ve|? dx < K" +1,(2)"/%. When3<n <5
we have in addition that (vy)yen changes sign. We may now apply Theorem 1.1 to the sequence (vy)geN
with hy = h for all @ > 0, which gives a contradiction. (I

We now consider the six-dimensional case and prove Proposition 1.3.

Proof of Proposition 1.3. Assume indeed that (vy)yen 1S @ sequence of solutions of (2-2) that satisfies
(2-3) and (2-4). Hence (2-5), (2-6) and (2-8) hold for some sequence (xy), of points in 2 and (iy )y Of
positive real numbers converging to 0 satisfying (2-10). Then

Vg = By £ v +0(1) in Hy (Q),

where vo, = 0 or v is a positive solution of (2-9). We let xoo = limy_, 400 Xo € Q. First, Propositions 3.2
and 3.4 show that x, € 2. Proposition 3.1 then applies and shows that /i (Xo0) = £2V50 (X00)- U
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Remark 3.8. When n € {3, 4, 5}, Theorem 1.1 is likely to be false if (1-7) is not satisfied. On a closed
Riemannian manifold and when 3 < n < 5, blowing-up solutions of equations like (1-6) of the form
By + v, Where v is a sign-changing solution of (1-1), may exist; see [Premoselli and Vétois 2022b,
Theorem 1.4]. The examples in that result are constructed on a closed manifold with symmetries and
B, concentrates at a point where v, vanishes. These examples are likely to adapt to the case of a
symmetric bounded open set when 3 < n < 5 and h # 0 in Q. They suggest that, even when 3 <n < 5,
sign-changing solutions may exhibit noncompactness at a higher energy level than K" + I, _(£2)"/2.

Appendix: Technical results

A.1. Pointwise estimates on I1 B,. Let I1B, be given by (2-14). We prove a technical result that was
used several times throughout the paper and that provides an asymptotic expansion of I1B, close to 9£2.

Lemma A.1. Let (xy)qenN and ((hy)aeN be sequences of points in Q and positive real numbers, respectively,
satisfying d(xy, 0Q) > uq as « — 400. Let B, be given by (2-6) and T1B,, be given by (2-14). Let
(Ya)aeN be a sequence of points in Q2 satisfying

1 [Xe — Yol
d(ye, 02) > 0, |xg — Yol < 5d(x4,02) and ———— — +00 (A-1)

Ha

as o — +00. Let £ =1limy s o0 |Xq — Yo |/d (Xo, 0S2), Which exists up to a subsequence. Then, as & — +00,

n—2)/2

Mo (ye) = ((n(n =) Fo(1) +e(0) =iy

where ¢ : Ry — Ry denotes a function satisfying €(0) = 0 and lim,_, ¢ e(x) = 0.

Proof. We write a representation formula for I1B, using (2-14),

[ Ba(y) = / Gu(yar B2V dx, (A2)
Q

where as before G, denotes the Green’s function of —A 4 A, with Dirichlet boundary conditions in 2.
Using (A-1), (2-12) and arguing as in (2-80) we have

/ Ga(Ya, )BE ~"dx = 0(Ba(ya)) (A-3)
S0\ Bixg—yal/2(Xa)
as @ — +oo. We let in what follows
Ioz = Ixa - ya|n_2:u¢;(n_2)/2 / Ga (you . )Bazl*_l dx.
Bixy—yal/2(¥a)
By a change of variable we have

Iy = / |xXe — yaln_zGa Yas X + lLaZ)Bo(Z)Z*_l dz, (A-4)
Blxy —yal/2ue) (0)
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where By is as in (2-7). Using (2-12) there is C > 0 such that, for any z € By, —y,|/2u)(0),
|xe — ya|n_2Ga(yaa Xo +1ez) < C.

Let z € R" be fixed. Since u, = o(d,) we have by (A-1)

d(vy, 9Q)d ,0Q 1
Do lim (Vo> 0€2) (xa+uaz2 ) > Lo
a— 400 |V — (Xq + e 2)] 14

as o« — 400, where we have let £ = limy— 100 |X¢ — Yo|/d(xy, d2), and we use the convention that
the right-hand side is equal to +oo if £ = 0. Note that £ < % by (A-1). Since uy = o(dy) and
limy—s 400 |[Vo — (X + ez)| = O uniformly in z € Bg(0), Proposition 12 in [Robert 2010] applies
and shows that, for any fixed z € R”,

1
. . n—2 _ .
akrfoo |Xq — Yol Go(Yas X + HaZ) = n— 2wy (1 (1 _|_4D)(n—2)/2)

= e (1+0()). (A-5)

Plugging (A-5) into (A-4) we get by dominated convergence that
1 x
IL,=0+¢e@)+o0(1)— f By 'dx=(1+e) +o(1)(nn—2))""2"
(n—=2)wu—1 Jpn

as @ — 400, where £(£) denotes a function such that £(0) = 0 and £(¢) — 0 as £ — 0. In the latter
estimate we used
/ Bi ~'dx = (n=2)w,-1(n(n —2))" /2,

which follows from integrating the equation —A By = Bg*_l. Going back to the definition of I, proves
the lemma. O

A.2. Sign of 31H(0). We will finally prove the following simple result that was used in the proof of
Propositions 3.2 and 3.5.

Lemma A.2. Let H be given by (3-27). Then 3,H(0) < 0.

Proof. Straightforward computations show that

1~ _ -
5O = [ P demy—n [ o)
0 920 Q0

where we have let Dy = 2n"=9/2(n — 2)1=2/2 /4, _; and where 9229 = {1} x R"~!. Simple changes of
variable then yield

_ —3)/2 _ _
/ P2 do(3) = bon a1 and / D172 do () = Lol I,
BQU BQO

where w,_» is the area of the round sphere "2 and where we have let, for p,q >0, p > g + 1,

+o00 rd
I‘I:/ dr
Pdo )P
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I,g"_3)/2 ll(n—3)/2

Classical induction formulae (see, e.g., [Aubin 1976]) show that = 51,_,7"". Combining these

computations finally shows that

1 . ~ _ _
Do HO) = 30,01 (1= 3n) = =31 =2) | |y do () <0,
990

which proves the lemma. O
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