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DIMENSION-FREE L? ESTIMATES
FOR HIGHER-ORDER MAXIMAL RIESZ TRANSFORMS
IN TERMS OF THE RIESZ TRANSFORMS

MACIEJ KUCHARSKI, BLAZE] WROBEL AND JACEK ZIENKIEWICZ

We prove a dimension-free L?(R?) estimate, 1 < p < 0o, for the vector of higher-order maximal Riesz
transforms in terms of the corresponding Riesz transforms. This implies a dimension-free L” (R) estimate
for the vector of maximal Riesz transforms in terms of the input function. We also give explicit estimates
for the dependencies of the constants on p when the order is fixed. Analogous dimension-free estimates
are also obtained for single higher-order Riesz transforms with an improved estimate of the constants.

1. Introduction

Fix a positive integer k and denote by H; = ’HZ the space of spherical harmonics of degree k on the
Euclidean sphere S¢~!. Throughout the paper we identify P € H; with the corresponding solid spherical
harmonic. Via this identification P € H is a harmonic polynomial on R? which is homogeneous of
degree k, i.e., satisfies P(x) = |x|[*P(x/|x]), x € R.

For P € Hy the Riesz transform R = Rp is defined by the kernel

P(x) . r(3k+d)
Kp@) =K =y g with yk=an(%k), (1-1)
more precisely,
P
Rpf(x)= lir(lgl+ Ry f(x), where Rﬁof(x)zykfll |y|Eiy+)kf(x—y)dy- (1-2)
— yi>t

The operator R, is called the truncated Riesz transform. In the particular case of k = 1 and P;(x) = x;
the operators R P j=1,...,d, coincide with the classical first-order Riesz transforms. It is well known,
see [Stein 1970, p. 73], that the Fourier multiplier associated with the Riesz transform Rp equals

mp(€) = (=) P(E/IE]), &eR™ (1-3)

By the above formula m,, is bounded and Plancherel’s theorem implies the L*(R%) boundedness of Rp.
The L?(R%) boundedness of the single Riesz transforms Rp for 1 < p < oo follows from the Calderén—
Zygmund method of rotations [1956].
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The systematic study of the dimension-free L? bounds for the Riesz transforms began in the seminal
paper of E. M. Stein [1983]. There he proved a dimension-free £> vector-valued estimate for the vector of
the first-order Riesz transforms

d 1/2
‘ (Z |R.,-f|2)
j=1

In the inequality above, the R;, j =1, ..., d, denote the first-order Riesz transforms defined via (1-2)
with P;(x) = x; and the constant C, is independent of the dimension d.

< Cp”f”LP(le)’ 1< p < OQ. (1-4)
LP(RY)

Stein’s result has been extended to many other settings. The analogue of the dimension-free inequality
(1-4) has been also proved for higher-order Riesz transforms; see [Duoandikoetxea and Rubio de Francia
1985, théoreme 2]. The optimal constant C,, in (1-4) remains unknown when d > 2; however the best
results to date given in [Bafiuelos and Wang 1995] (see also [Dragicevi¢ and Volberg 2006]) established
the correct order of the dependence on p. We note that the explicit values of L”(R?) norms of the single
first-order Riesz transforms R;, j =1, ..., d, were obtained by Iwaniec and Martin [1996] based on the
method of rotations.

In this paper we study the relation between Rp and the maximal Riesz transform defined by

R} f (x) = sup| Rl f (x)].

t>0

Clearly, we have the pointwise inequality Rp f'(x) < R} f(x). In a series of papers [Mateu and Verdera
2006, Theorem 1] (first-order Riesz transforms), [Mateu et al. 2010, Section 4] (odd-order higher Riesz
transforms), and [Mateu et al. 2011, Section 2] (even-order higher Riesz transforms), J. Mateu, J. Orobitg,
C. Pérez, and J. Verdera proved that also a reverse inequality holds in the L? (R¢) norm. Namely, together
the results of [Mateu and Verdera 2006; Mateu et al. 2010; 2011] imply that for each 1 < p < oo there
exists a constant C(p, k, d) such that

IRp fllLr@wey < C(p,k, IRp £l Lr@a) (1-5)

forall f e L? (R?). As a matter of fact, the estimate (1-5) has been proved in [Mateu and Verdera 2006;
Mateu et al. 2010; 2011] for more general singular integral operators with even kernels [Mateu et al.
2011] or with odd kernels [Mateu et al. 2010]. However, even for the higher-order Riesz transforms, the
values of C(p, k, d) that follow from these papers grow exponentially with the dimension. In view of
[Janakiraman 2004], the question about an improved rate arises naturally.

The first step towards a dimension-free estimate of the constant C(p, k, d) in (1-5) has been made by the
first and the second authors, who proved that when p =2 in (1-5) one may take an explicit dimension-free
constant C(2, 1, d) <2-10%; see [Kucharski and Wrébel 2023, Theorem 1.1]. The arguments applied
in [Kucharski and Wrébel 2023] relied on Fourier transform estimates together with square function tech-
niques developed by Bourgain [1986], and Bourgain, Mirek, Stein, and Wrébel [Bourgain et al. 2018; 2021],
for studying dimension-free estimates for maximal functions associated with symmetric convex bodies.

Recently Liu, Melentijevi¢, and Zhu [Liu et al. 2024] extended the results of [Kucharski and Wrébel
2023] and proved that C(p, 1, d) < (2+ 1/+/2)%? for p > 2. An important ingredient of their argument
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is the positivity of the transition kernels M f (see (1-7)), which is not at all clear in [Kucharski and Wrébel
2023].

In this paper we prove that the dimension-free estimate of the form (1-5) and its vector-valued
generalization hold for Riesz transforms of arbitrary order k£ and for all 1 < p < oo. The main result of
our paper is the following square function estimate of the vector of maximal Riesz transforms in terms of
the Riesz transforms.

Theorem 1.1. Take p € (1, 00) and let k < d be a positive integer. Let Py be a subset of Hy. Then there
is a constant A(p, k) independent of the dimension d and such that

‘ <Z |R2f|2)1/2 (Z IRprZ)l/z

PePy PePy
where f € LP(R?). Moreover, for fixed k we have

’

LP(RY)

< A(p,k)‘

LP(Rd)

A(p,k)zO(p5/2+k/2) as p — oo and A(p,k)zO((p—l)_s/z_k/z) as p— 1.
In particular, if P, contains one element P, then Theorem 1.1 immediately gives

RS fllLr@ey < AP, KIRP flLrwe)-

In this case however, we can slightly improve the constant A(p, k). This is due to the fact that in the proof
of Theorem 1.2 below we do not need to apply Khintchine’s inequalities twice, which is an important
ingredient in the proof of Theorem 1.1.

Theorem 1.2. Take p € (1, 00) and let k < d be a positive integer. Let P be a spherical harmonic of
degree k. Then there is a constant B(p, k) independent of the dimension d and such that

IR fllLrwey < B(p, ) IRP [l Lrwa),
where f € LP(R?). Moreover, for fixed k we have
B(p.k)=0(p™*?) asp—>oo and  B(p,k)=0((p-1)"""? asp—1.

Our last main result follows from a combination of Theorem 1.1 with a result of Duoandikoetxea and
Rubio de Francia [1985, théoreme 2]. Denote by a(d, k) the dimension of H; and let {Y;};—1 . 4.k be
an orthogonal basis of #; normalized by the condition

b Y:0)>d (9)——1 :
o(sd—l)/y“'f Fdo®) = Tan

here do denotes the (unnormalized) spherical measure.

Corollary 1.3. Take p € (1, 00) and let k < d be a positive integer. Then there is a constant G(p, k)
independent of the dimension d and such that

a(d,k) 1/2
(2w r)
j=l1

<G, B fllr@ey
LP(R‘l)
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where f € LP(R?). Moreover, for fixed and odd k we have
Gp,ky=0(p"*™? asp—oco and G(p,k)=0((p—1)"""** asp—1,
and for even k we have
Gp.ky=0p"*" % asp—>oo and G(p,k)=0(p—1D""** asp—1.
We finish this section with two remarks.

Remark 1. Corollary 1.3 seems interesting by itself. In the particular case of kK = 1 it is a direct maximal
function counterpart of Stein’s inequality (1-4), namely

d 1/2
|(5e07)
j=1

It is unclear to us if one can prove Corollary 1.3 or even inequality (1-6) without using Theorem 1.1 as an

< Cp”f”Lp(Rd), 1 <p<oo. (1-6)
LP(RY)

intermediate step.

Remark 2. We do not know what the sharp rates of the constants A(p, k), B(p, k) and G(p, k) are in
terms of p. However, the results of [Mateu et al. 2010; 2011; Mateu and Verdera 2006] suggest that

B(p,k) = O(max(1,(p—1)"%) and B(p,k) = O(max(l, (p— 1))

might be the optimal rates for fixed odd and even k, respectively. In fact, such estimates do follow from
these papers at the price of involving upfront constants which depend on the dimension. When k =1,
then from [Liu et al. 2024] we indeed have B(p, 1) = O(1) as p — o0o. The same holds for B(p, 2)
because in this case the transition kernel Mé (see (1-8)) coincides with the centered Hardy-Littlewood
averaging operator over the balls.

We are also unaware what the optimal constants H (p, k, d) in the inequalities for truncated maximal
Riesz transforms

IRD fllLr ey < H(p, k, ) fll Lo ey

are even in the case k = 1. In view of the above comment about B(p, 1) and known optimal bounds
for the Riesz transforms from [Iwaniec and Martin 1996], it might be possible to achieve H(p, 1,d) =
O (max(p, (p — 1)72)). However, even if this is true, it would not be optimal in dimension d = 1 for
p — 1. Then the maximal Riesz transform is the maximal Hilbert transform and the sharp order of its
L?(R) norm is max(p, (p — 1)7™h).

1.1. Structure of the paper and our methods. The proofs of Theorems 1.1 and 1.2. require four main
ingredients.

First, we need a factorization of the truncated Riesz transform R} = M,ﬁ (Rp). Here, ML, t > 0, is
a family of radial Fourier multiplier operators. In the case k = 1 this factorization on the multiplier
level has been one of the key steps in establishing the main results of [Kucharski and Wrébel 2023].
In particular, the operator M| considered here coincides with M’ defined in [Kucharski and Wrébel
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2023, equation (3.5)]. For general values of k the factorization on a kernel level is implicit in [Mateu
and Verdera 2006, Section 2] (k = 1), [Mateu et al. 2011, Section 2] (k even), and [Mateu et al. 2010,
Section 4] (k odd). In this paper we utilize the factorization on an operator level via an explicit formula
for the operator M in terms of the Riesz transforms Rp and the truncated Riesz transforms R’,. Note
that for the first-order Riesz transforms (k = 1) the formulas RJ? =M f (Rj), j=1,...,d, together with
the identity I = _Z?:1 (R;)? imply that

d d
Mi=-> M{(R)*=-)_ RIR;. (1-7)
j=1 j=1

It seems that formula (1-7) and its variants for k > 1 have not been considered before. Yet, they are
invaluable when one is interested in dimension-free L?(R?) bounds for M ,ﬁ Details of the factorization
procedure are given in Section 2.

The second ingredient we need is an averaging procedure. It turns out that a useful analogue of (1-7)
is not directly available for Riesz transforms of orders higher than 1. The reason behind it is the fact that
not all compositions of first-order Riesz transforms are higher-order Riesz transforms according to our
definition. For instance, in the case kK = 3 the multiplier symbol of (Rl)3 = RiR R, on L*(R?) equals
—i& 13 /€ and P(§) = —i 513 is not a spherical harmonic. However, the formula

d d d
I= _Z Z Z(le)z(Rjz)z(RJ'S)z

J1=1 jp=1 jz=1

includes squares of all compositions of Riesz transforms including (Rl)6 = ((R1)3)2. Therefore the above
formula does not directly lead to an expression of M| in terms of R’ and Rp. To overcome this problem
we average over the special orthogonal group SO(d). Then we obtain

M f(x)=C(d, k) /sow) Z(R}Rj)uf(X)dM(U); (1-8)

jel

see Proposition 3.1. Here Ty is the conjugation of an operator 7 by U € SO(d), see (3-1), du denotes
the normalized Haar measure on SO(d), while C(d, k) is a constant. The symbol / denotes the set
of multi-indices j = (i, ..., jx) with increasing components while R} and R; are the truncated Riesz
transforms and the Riesz transforms (1-2) corresponding to the monomials P;(x) = x;, - - - x;,. Note that
since j € I the polynomials P; are spherical harmonics and thus the operators R; are indeed higher-order
Riesz transforms. In view of (1-8), if we demonstrate that C(d, k) is bounded by a universal constant,
jer R} R;. The reduction via the
averaging procedure is described in detail in Section 3. It is noteworthy that in order for the averaging

we are left with estimating the maximal function corresponding to )

approach to work it is essential that for each order k the multiplier symbols of M; are radial functions.
The third main ingredient of our argument is an extension to C? followed by the complex method of
rotations of Iwaniec and Martin [1996]. We use the complex method of rotations to estimate the maximal
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function R* corresponding to

=Y RIR;. (1-9)

jel

Here Rt and R denote extensions to C? of the truncated Riesz transform Rt and the Riesz transform R;.
The deﬁmtlon of R can be given on the multiplier level according to the scheme from [Iwaniec and Martin
1996]. We note, however, that the truncated extended operator R} needs to be defined differently —on a
kernel level. In the context of dimension-free estimates for Riesz transforms the real method of rotations
has been employed by Duoandikoetxea and Rubio de Francia [1985]. However, as it can be applied only
to operators with odd kernels, for the general case we need the complex version. The method of rotations
itself is preceded by a number of other ingredients. In particular we need L? vector-valued estimates for
the maximal directional truncated k-th power of the complex Hilbert transform, see Proposition 4.3, and
for the vector of higher-order Riesz transforms, see Proposition 4.4. En route to obtain these results we
also need Khintchine’s inequalities and specific computations. All of it reflects the size of the constants
A(p, k) in Theorem 1.1 and B(p, k) in Theorem 1.2. The extension procedure and the application of the
complex method of rotations are described in detail in Section 4.

The last ingredient is a restriction procedure. This allows us to deduce the estimates for R* on R? from
the estimates for R* on C¢. The restriction of the complex Riesz transforms 13 in (1-9) can be done on
the multiplier level as in [Iwaniec and Martin 1996, Chapter 4]. However, in order to restrict R’ and the
maximal function R* we need to work on the kernel level. A problem that we encounter here i 1s that the
resulting restricted operator of R* is not the same as the desired maximal operator R*. Therefore we need to
investigate their difference and estimate it appropriately. The restriction procedure is described in Section 5.

At the first reading it might be helpful to skip the explicit values of constants in terms of £ and p and
only focus on these constants being independent of the dimension d. An interested reader may trace the
exact dependencies of the constants in terms of k£ and p in the paper.

1.2. Notation. We finish the introduction with a description of the notation and conventions used in the
rest of the paper.

(1) The letters d and k stand for the dimension and for the order of the Riesz transforms, respectively. In
particular we always have k < d, even if this is not stated explicitly.

(2) The symbol N represents the set of positive integers. Throughout the paper we assume that k € N.
We write (4 for the set of positive rational numbers.

(3) By [d] we denote the set {1, ..., d} of positive integers up to d.

(4) For an exponent p € [1, co] we let ¢ be its conjugate exponent satisfying

l=—+-—.
P q

When p € (1, oco0) we set
p*i=max(p, (p—1)7").
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(5) We abbreviate L?(R%) to L? and || - ||z to || - || p- For a sublinear operator T on L?” we denote by
Tl ) p its norm. We let S (RY) = S be the space of Schwartz functions on R¢. Slightly abusing the
notation we say that a sublinear operator 7 is bounded on L? if it is bounded on & in the L” norm.

(6) For k € N we let D(k) be the linear span of {Rp(f) : P € Hy, f € S}. Since Rp is bounded on L?
for 1 < p < 00, the space D(k) is then a subspace of each of the L? spaces.

(7) For a Banach space E the symbol L?(R?; E) stands for the space of weakly measurable functions
£ :RY — E with the norm I fllrre: £y = (fRd ||f(x)||'g dx)l/p. Similarly, for a finite set F, by £7(F; E)
we denote the Banach space of E-valued sequences { f; }ser with the norm || fller(r: 2y = (X s p 1 f511%) p

(8) The symbol Cx stands for a constant that possibly depends on A > 0. We write C without a subscript
when the constant is universal in the sense that it may depend only on k but not on the dimension d nor
on any other quantity.

(9) For two quantities X and ¥ we write X S Y if X < CaY for some constant Cx > 0 that depends
only on A. We abbreviate X < Y when C is a universal constant. We also write X ~ Y if both X <Y
and Y < X hold simultaneously. By X <* Y we mean that X < C*Y with a universal constant C. Note
that in this case X/ < yl/4,
(10) The symbol §9=1 stands for the (d—1)-dimensional unit sphere in R? and by w we denote the
uniform measure on S¢~! normalized by the condition w (S = 1. We also write

27d/2

= (1-10)
r(3d)

Sa—1=

to denote the unnormalized surface area of S?~!. We write ¢ for the uniform measure on $?¢~! normalized
by the condition ¢(S*~1) = 1.

(11) We let (1 ) ( . )
I'(3(k+d) I'(d+ 5k
2 ~ 2
— = - d = = £ 7 1-11
Yk = Vk.d 47T (LK) and Yk = ¥k,24 T (14) (1-11)
(12) The Fourier transform is defined for f € L' and £ € R by the formula
Fr®&=f@& = / F0eT T dx
R
(13) The Gamma function is defined for s > 0 by the formula
(o.¢]
I'(s) = / e dr.
0
We shall use Stirling’s approximation for I'(s):
C(s) ~ V225712, s — oo. (1-12)
A useful consequence of (1-12) is the formula
['(s+a)~s*T(s), s— o0, (1-13)

which is valid for each fixed a > 0.
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(14) We will also need the formula

M(3d)r(4d +0)

Fd+a) (-9

0 pd—1 | |
2/0 A3 ryire dr=B(3d, 5d+a) =

valid for & > 0. This follows from the change of variables r> — r followed by formulas for Euler’s beta
function B(a, b) from [Olver et al. 2010, 5.12.1, 5.12.3].

2. Factorization

The goal of this section is to show that a factorization formula for R’ in terms of Rp is feasible.
Proposition 2.1 below is implicit in [Mateu et al. 2010, Section 4; 2011, pp. 1435-1436].

Proposition 2.1. Let k € N. Then there exists a family of operators M}, t > 0, which are bounded on LP,
1 < p < 00, and such that for all P € Hy we have

Rpf = Mi(Rpf), (2-1)
where f € LP. Each M} is a convolution operator with a radial convolution kernel b}

Proof. We consider separately the cases of k odd or even starting with k£ odd.
Let
I(3d—1)

, N=lxk-0,
winr(y) T

Cqg =

and denote by B the open Euclidean ball of radius 1 in R?. In [Mateu et al. 2010, pp. 3674-3675] it is
justified that the function

d
b(x) =ba(x) ==Y _ Rily;-h(»)1(x), (2-2)
j=1
where
1 -
h(y) =ca(l =) gy loe () + (B + Byl 4+ By 1),
satisfies the formula
Rp(b)(x) = Kp(x)1pe. (2-3)
Here 1, ..., By are constants which depend only on k£ and d and whose exact value is irrelevant for our

considerations, and K p and Rp have been defined in (1-1) and (1-2), respectively. The important point is
that (2-3) remains true for any P € Hy.

Denote by H the radial profile of the Fourier transform of £, i.e., H(|€]) = fl(é) for & € R?. By taking
the Fourier transform of (2-2) it is straightforward to see that b is a radial function. This follows since the
multiplier symbol of R; is —i&;/|&| and

3

GhONE) = szm H'(|€]),
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so that . 1
Fo) =) 5ep  HED = 3 H'(8)

j=1
is indeed radial and so is b.
Let b’ (x) = bl (x) :=17¢b(x /1) be the L' dilation of b; clearly ' is still radial. The dilation invariance
of Rp together with (2-3) leads us to the expression

Kp(x)1pe(x/t) = Rp(d")(x). (2-4)
Let M; be the convolution operator

Mif(x)=Db"* f(x).

It follows from [Mateu et al. 2010, Section 4] that M; is bounded on L spaces whenever 1 < p < 0o.
Moreover, in view of (2-4) we see that

Rpf=Rp(")* f=b"xRp(f) = My(Rp f).

It remains to consider k£ even. Let N = k/2. From (10) and (12) in [Mateu et al. 2011, pp. 1435-1436]
it follows that the function

b(x) = by g(x) := (g +ar x>+ +ay_[x*V D) 1p(x)

satisfies the formula
Rp(b)(x) = Kp(x)1pe(x). (2-5)

Here a4, ..., ay_1 are constants which depend only on k and d and whose exact value is irrelevant for

our considerations. As in the case of odd &, the important point is that (2-5) remains true for any P € Hy.
Using (2-5) we proceed as in the proof in the case when k. Let b (x) = b/i (x) := t_db(x/t) be the L'

dilation of b. Since b is clearly radial the same is true of b’. Let M} be the convolution operator

ML f(x)=b"* f(x).

It follows from [Mateu et al. 2011, Section 2] that M} is bounded on L? spaces whenever 1 < p < c0.
Moreover, in view of (2-5) we see that

Ry f=Rp(b') % f =b' % Rp(f) = ML(Rp ). O

As a corollary of Proposition 2.1 we see that in order to justify Theorems 1.1 and 1.2 it suffices to
control vector- and scalar-valued maximal functions corresponding to the operators M;. Note that for
fesS, PeHy,and x € R<, the mapping  — R}f(x) is continuous on (0, co) and thus, by (2-1), so is
t— M;(Rp f)(x). Consequently, for f € D(k) (see (6) in the notation section) we have

sup |M f (x)| = sup [M f (x)].

t>0 teQy
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In particular sup,. o |M; f (x)| is measurable for such f, although possibly infinite for some x. Define

M f(x) = sup |M f(x)]. (2-6)

teQy

Proposition 2.1 reduces our task to proving the following two theorems.

Theorem 2.2. Fix k € N. For each p € (1, 00) there is a constant A(p, k) independent of the dimension d
and such that for any S € N we have

N 1/2 S 1/2
H (Z |M:fx|2) < A(p, k) “ (Z |st2>
s=1 14 s=1

where fi, ..., fs € LP. Furthermore A(p, k) satisfies A(p, k) < (p*)>/**/2,

9

p

Theorem 2.3. Fix k € N. For each p € (1, 00) there is a constant B(p, k) independent of the dimension d
and such that

IMifllp < B(p, I flp

whenever f € LP. Moreover B(p, k) satisfies B(p, k) < (p*)FHk/2,

3. Averaging

In this section we describe the averaging procedure. The averaging procedure will allow us to pass from
M to another maximal operator that is better suited for applications in Sections 4 and 5. Before moving
on, we establish some notation. We define the set / of multi-indices with increasing components as

I={je{1,...,d}k:j,-<j1f0ri<l}.

For a multi-index j = (ji, ..., jx) € [ we write
Fj(x) = xj 1= Xj - X

and denote by R; the Riesz transform Rp, associated with the monomial P;. The truncated transform
ij and the maximal transform ijk are defined analogously. We also abbreviate K;(x) = Kp,(x) and
Kjt(x) = K},j (x).

The averaging procedure will provide an expression for M; in terms of the Riesz transforms R; and
R} postulated in (1-8). For f € L?, 1 < p < 00, let

R’f::ZR}RJ-f and R*f := sup |R'f|.

jel teQy

Note that both R’ and R* are well defined on all L? spaces. Indeed, R} and R; are bounded on L” and
the supremum in the definition of R* runs over a countable set thus defining a measurable function.

Let SO(d) be the special orthogonal group in dimension d. Since it is compact, it has a bi-invariant
Haar measure p such that £ (SO(d)) = 1. For U € SO(d) and a sublinear operator 7 on L? we denote by
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Ty the conjugation by U, i.e., the operator acting via

Ty f() =T(fU~"-)Ux). (3-1)

Proposition 3.1. Fix k € N. Then there is a constant C(d, k) € R such that
M f(x)=Cd, k)/ (R f1(x) du(U) (3-2)
SO(d)

forallt > 0and f € LP. Moreover, |C(d, k)| has an estimate from above by a constant that depends
only on k but not on the dimension d, so that

S

5 1/2 1/2
<Z|M:fg(x)|2> Sf (Zl[(R*)Ufs](x)lz> du(U) (3-3)
o S0)

s=1

for SeNand fi,..., fse€ LP.

Proof. Let A be the operator
A= (R, (3-4)

Jjel

which by (1-3) means that its multiplier symbol equals

£ £
a§)= (=Y =D ) a
el &1 el (3
Let A be the operator with the multiplier symbol
- (U§) )
= U&)du(U) = (—1)f / ——2 1 dn). 3-5
ae) /So(d)a< £)duU) = ( ),ze; o e @) (3-5)

Then a is radial, and since it is homogeneous of order 0, it is constant.
Let now m’ be the multiplier symbol of M;. Then, from Proposition 2.1 we see that m’ = b is radial,
so that

m () =aam' &) =a" /

SO(d)

mt(é)a(U%‘)du(U)=5¢1f m' (U&)aU§)du(U).

SO(d)

Using properties of the Fourier transform the above equality implies that
Mif@=a" [ 100 du)
SO(d)

Recalling (3-4) we apply (2-1) from Proposition 2.1 and obtain

jel jel
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here an application of (2-1) is allowed since each R; corresponds to the monomial x; which is in H;
when j € I. In summary, we justified that

Mifx)y=a"" /So(d)[(R’)U](f)(X)dM(U), f €D, (3-6)

which is (3-2) with C(d, k) =a~".
Now we need to prove that
ICd, k)l =lal' ~1 3-7)

uniformly in the dimension d. Note that each of the integrals on the right-hand side of (3-5) has the same
value independent of j € I, so that

(WUé)q....0)

2
a) = (=i d(U);

SO(d) &2

here |I| stands for the number of elements in /. Since a is constant, we can integrate it over S9! with
probabilistic measure and change the order of integration to get

Now notice that the inner integral does not depend on U, which means that

a= (=DK1 ) lw%.--w,%da). (3-8)
i

Since k is fixed, by an elementary argument we get |/| = (Z) ~ d¥. Thus it remains to show that
/ i wfdo~dr. (3-9)
gd—1

Formula (3-9) is given in [Sykora 2005, (10)]. It can be also easily computed by the method from
[Hormander 2003, Chapter 3.4]; for the sake of completeness we provide a brief argument. Consider the
integral J = fRd xl2 X -x,fe_“C * dx. Since J is a product of the one-dimensional integrals we calculate
J = F(%)kF(%)d_k, while using polar coordinates gives J = Sy_; foH a)% e a),% dw fooo pRhtd=1o=r? gy
where S;_ is defined by (1-10). Altogether we have justified that

r 1 d—k
/ o ewtdo~ —O
Sd—l Sdflr(k + Ed)

Since k is fixed and d is arbitrarily large, using (1-10), Stirling’s formula for the I" function (1-12) and
the known identity I'(3) = /7 we obtain

k+1d(d/(2e))%/? =42 [k +d/a\"4?
§ 3d((k+d/2)/e)k+d/2

This gives (3-9) and concludes the proof of (3-7).
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It remains to justify (3-3). This follows from (2-6), (3-6), and (3-7), together with the norm inequality

/ (U dpU)| < / | s (U)x dp(U)
SO(d) X SO(d)

on the Banach space X = 1, ..., S £°(Q4)), with Fy ,(U) = (R")y(fy)(x) and x being fixed. O

Since conjugation by U € SO(d) is an isometry on all L? spaces, in view of u(SO(d)) = 1 and
Minkowski’s integral inequality, equation (3-3) of Proposition 3.1 allows us to deduce Theorems 2.2
and 2.3 from the two theorems below.

Theorem 3.2. Fix k € N. For each p € (1, 00) there is a constant A(p, k) independent of the dimension
d and such that for any S € N we have

S 1/2 S 1/2
H (Z IR*fs|2) S A(p,k)H (Z Ifs|2>
s=1 p s=1

where fi, ..., fs € LP. Moreover, A(p, k) satisfies A(p, k) <y (p*)>/>T+/2,

’

p

Theorem 3.3. Fix k € N. For each p € (1, 00) there is a constant B(p, k) independent of the dimension
d and such that

IR*fllp < B(p, Ol p

whenever f € LP. Moreover, B(p, k) satisfies B(p, k) <y (p*)>/2.

4. Extension to C¢ and the complex method of rotations

Here we extend the operators R’ acting on L”(R?) to the operators R acting on L?(C?). Then we apply
the complex method of rotations of Iwaniec and Martin [1996] to R

Let P € Hy. Forz = (x; +iy1, ..., Xqg+iyq), x € R4, y€E R4 we denote
~  T'd+k/2)

~ ~ P2 )
Kp(z) =yvi——-7 Withy

|z|2d+k - 74l (k/2) ’ 4D

and define, for f € S(CY),

~ ~ = P
Ref() = lim Ry f(2),  where Kb f(2) = / (w)

weCd : |w|>t |w|T+kf(Z—IU)dw, 4-2)

Iwaniec and Martin [1996] considered the extension on the multiplier level whereas here we need to
write it on the kernel level. This makes no difference for the operator Rp. However, the multiplier symbol
corresponding to the truncated transform ﬁ} does not have a simple formula, thus writing the extension
on a kernel level seems the only reasonable option here.

Formulas (4-1) and (4-2) lead us to define the extension of R’ by

R=R .= RE. (43)
jel
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Using the complex method of rotations [Iwaniec and Martin 1996, Section 6] we will prove L? (CY
estimates for

R*f(z) = sup |R' f(2)|.

teQy

Theorem 4.1. Fix k € N. For each p € (1, 00) there is a constant A(p, k) independent of the dimension
d and such that for any S € N we have

S 1/2 S 1/2
H (Z IR*f.YIZ) < A(p, k) “ (Z |fs|2)
s=1 s=1

whenever fi, ..., fs € LP(C%). Moreover, A(p, k) satisfies A(p, k) < (p*)5/2+k/2.

LP(CY) LP(CY)

Theorem 4.2. Fix k € N. For each p € (1, 00) there is a constant B(p, k) independent of the dimension
d and such that

||R f||Ln(cd) B(P,k)||f||LP(<Cd)
whenever f € L?(C?). Moreover, B(p, k) satisfies B(p, k) <y (p*)FHk/2,

The reminder of this section will be devoted to the proofs of Theorems 4.1 and 4.2. From these results
we shall obtain Theorems 2.2 and 2.3 provided we develop a restriction procedure from C? to R?. As we
already remarked this is not straightforward, since the restriction of the complex truncated Riesz transform
is not the real truncated Riesz transform. Details of the restriction and estimates for the resulting operators
are given in Section 5.

We now focus on the proofs of Theorems 4.1 and 4.2. Let P € Hy. Note that

2nf F(w)dw:/ /F(w)|x|2d2dme,
cd s2d-1JC

where F € S(CY) and d@ stands for the spherical measure on S?~! normalized by the condition
0(52?=1) = §5,_1. Take f € S(CY). Applying the above identity with

F(0) = Fiosiy |(;f+)k Lypjar £z — w)

gives

ﬁ%f(z):?/ ||(TZ)_,’)_klw>zf(Z—U))dw

P(A0)
_/24 1/ |)\|2d+k1|)»\>zf(z—)»9)|A|2d 2drde
g2

— 16
)f (Z )1|}\,|>t d)\,d@,
§2d-1 1Al A2 -

where in the last equality above we used the k-homogeneity of P. This means that we got

~

Rof(z) = ;/—7’; f » PO H}, f(2)d6, (4-4)



DIMENSION-FREE L? ESTIMATES FOR HIGHER-ORDER MAXIMAL RIESZ TRANSFORMS 641

where

‘ ey 2\ fz—=20)
Hy, f(2) =Hyf(2):= A(m) Tllklzt()‘) d

is the truncated directional k-th power of the complex Hilbert transform.
Identity (4-4) can be written in terms of the probabilistic spherical measure d¢ on $2?~! in the following

way:
Dt ( ) / t
R P()H dg. 4-5
Lf(@) = F(d)r(%k) (@) HL f(2)d¢ 4-5)
The limiting case of (4-5) is then
% P{d+3k) /
R P(¢)H, d 4-
pf(x)= F(d)F(%k) (§)H; f(z) d, (4-6)

where

B 3 A\ fz—a0)

is the directional k-th power of the complex Hilbert transform.

Identities (4-5) and (4-6) were initially established for f € S (C%). However, a density argument based
on the L”(C%) boundedness of H é and H, allows us to write these identities for all f € L? (C%). For
further reference we note that when k is fixed, then by (1-13) we have

I'(d+ 3k
( 21) Ndk/z. (4_7)
nl(d)T(5k)
In the proofs of Theorems 3.2 and 3.3 we shall need boundedness properties of the maximal operator

H} @)= H}\ f @)= sup |H.f(2)]

teQy

associated to H ;t

Proposition 4.3. For each 1 < p < 0o we have

S 1/2
(Z |Hg‘fs|2>
s=1

uniformly in ¢ € S??~ and the dimension d.

XS: 5 1/2
i | /sl )
(s:l

LP(CY) LP(CY)

The proof of Proposition 4.3 is standard and therefore we omit it here. For the convenience of the
reader we include the proof in the Appendix.
We will also need vector-valued estimates for { ﬁj( )}, jel, s=1,...,d.
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Proposition 4.4. Fix k € N. Then for each 1 < p < 0o we have

S - 1/2 S 1/2
(XX Rsr) i pp' gkt (z ) , (48)
s=1 jel Lr(C) =1 Lr(C?)
_ 1/2
‘ (Z |ij|2) Sk P 1 f ey (4-9)
jel Lr(C9)

uniformly in the dimension d.

Proposition 4.4 can be proved by an iterative application of its k = 1 case together with Khintchine’s
inequalities. However, such an approach produces worse constants than those in (4-8), (4-9). An important
ingredient in the proof are properties of the functions

§j = (xj Hiyp) - (g +1yj).
Note that ¢;, j € I, are orthogonal with respect to the inner product on §24=1 Moreover,
[ eiPdcsat (4-10)
SZd—]

Indeed, all the integrals on the left-hand side of (4-10) are equal for j € I and thus

1 1 1
N2de = — 12 _ Rar— % g, < gk
/ ¢ *d¢ m/MlZw dt < |1|/2d1 DRISIRS m/W ¢ de <d
S S el s jedlt S

since | 1| ~ d*
We justify (4-8) and (4-9) separately, starting with the latter.

Proof of (4-9). Take numbers A;(f,z) = A;(z), j € I, such that
- 1/2 _
<ZIij(z)I2) =Y @R f@. Y K@=l
Jel Jjel jel

Using (4-6) and (4-7) followed by Holder’s inequality we obtain

12y p
()] -
jel
/ > xi @
§2d—1 el

p
<P dkp/2/
q
> x(@)¢;

<dkp/z/lz(/xzz 1
C §2d— el

Now we deal with the first inner integral in (4-11). Since ¢; € H,%d for j € I, for fixed z the function
= jer §j*j(z) also belongs to H,%d. Using [Duoandikoetxea 1987, Theorem 1], orthogonality of the

p
dz

MR @
jel

p
dz

r/q
d{) / |H; f(2)|7 d¢ dz. 4-11)
§2d—1
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functions ¢;, j € I, inequality (4-10), and the formula S A j (z)2 =1, we get

jel
q 1/q 2 1/2
(/ > 3@ d() §qk/2(/ > xi@)¢; d{)
§2d—1 I §2d—1 el
1/2
1/2
k/Z( kZ)‘ (Z)z) qk/Zd—k/Z‘ (4-12)

jel

Applying (4-12) and coming back to (4-11) we obtain

1/2 1/p
H( |ij|2) <q'? ( / 1He f117 5 o dg) :
el p §2d—1

Now Proposition 4.3 completes the proof of (4-9). O

We are now ready to prove (4-8). This is similar to the proof of (4-9) with an addition of Khintchine’s
inequalities. For s =1, 2, ... we let {r;} be the Rademacher functions; see [Grafakos 2014, Appendix C].
These form an orthonormal set on L2([0, 1]). Moreover we have Khintchine’s inequalities [Grafakos
2014, Appendix C.2],

o0

E:ajrj

j=1

00 172
(S0 <[ o
j=1

for any complex sequence (a,)S2, and 1 < p < oo. The explicit bounds on constants in (4-13) and
(4-14) follow from explicit values of the optimal constants established by Haagerup [1981] together with

00 1/2
< p”(Z |aj|2) (4-13)
j=1

Lp([0,1])

and

, (4-14)
Lr([0,11)

Stirling’s formula (1-12).
Proof of (4-8). Take numbers A ;(z, {fs}) =A;(2), j€l, s=1,...,8, such that

s 1/2 s N
<ZZ|ijs(z)|2> =Y ) 2s@R; fi(2), ZZ}F @ =1 (4-15)

jel s=1 s=1 jel s=1 jel

Using (4-15), (4-6), and (4-7) we obtain

’ (Ziu@m )1/2

jel s=1

dz

is@R; f5(2)

=1 jel

<pdkp/2/ / ZZAJS(Z)CJH;fs(Z)dé“ dz. (4-16)
Cd S2d 1

=1 jel
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Orthogonality of the Rademacher functions {r;} and Holder’s inequality imply

S p
d"l’/szd /SmIZZAJ’S(ZK’HJS(ZMC' dz

p
:dkp/2/ /;M 1/ (ZZH(E)M Y(Z)§J><er(§)H{fs(Z)>d‘é::dé‘ dz
o2 | . q r/q
<d er@)x,,s(z);, dg dt
Cd S2d 1 s—1 JEI

P
dedcdz. (4-17)

11 S
> @ H f(2)
=1

S2d—1J0

Let

rs(é))\j S(Z);j

1/q
QSq(Z)—(/SW/ dgd;) .

Then, coming back to (4-16) and applying Khintchine’s inequality (4-13) to the second factor in the last

s=1 jel

inequality in (4-17), we reach

(s

jel s=1
Thus, Proposition 4.3 implies

(s

4 S p/2
<r pp/zdkP/ZHQS,q”Zoo(Cd)/ / (Z |H; fs(Z)|2) dzdg.
» s2d-1 Jd p—r

(Z Ifc|2>1/2

1/2 3k/2
< p*p'Pd 2 Qs 4 ll Lo o :
LP(CY)

jel s=1 p
Therefore, the proof of (4-8) will be completed if we justify that
10541l ooty S g “HP2a2. (4-18)

The proof of (4-18) splits into two cases.
If ¢ > 2, we proceed similarly as in (4-12). Namely we apply Khintchine’s inequality (4-13),

q/2 S q 2/q\4/2
(Q5.4(2)1 < qqﬂ/ (Z > hs@)¢; ) d¢ <q‘1/2(2(fsd 1 Zm(z)g dc) )
s=1"'jel s=1
/2
e kq/2(2/d | Z,\”(z)g] dg) ,

uniformly in z € C¢. Here an application of [Duoandikoetxea 1987, Theorem 1] is justified since ¢ i€ H,%d

Minkowski’s inequality and [Duoandikoetxea 1987, Theorem 1], obtaining

for j € I and thus also the sum Zjel Aj,s(z)¢; belongs to H,%d for each fixed z € C¢. Now, using the
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orthogonality of ¢;, j € I, inequality (4-10) and the formula Zf:l > jer M, s(z) =1 we see that

(05,427 S ¢ kq/z(Z/ Zx,sm Is1 dc) =q"%q ’“1/2( "ZZM@>

s=1 jel

/2

9/2 ka2 g—ka/2.

<q%7q

Therefore, (4-18) is justified in the case g > 2.
If on the other hand 1 < g < 2, an application of Holder’s inequality together with (4-18) in the case
q = 2 shows that

Q5.4(2) < 052(z) Sd 72
This completes the proof of (4-18) and thus also the proof of (4-8) from Proposition 4.4. O

We are now ready to prove Theorems 4.1 and 4.2. In both the proofs we shall need the formula

~ I(d + 3k) ~
Rf)=——2" f H} [Z C;ij} () d¢, (4-19)
AT (54 Jeu 7oL 2
which follows from (4-3) and (4-5). We start with the proof of Theorem 4.2.

Proof of Theorem 4.2. Using (4-19) and (4-7) we see that

IR* f(2)] S d*/? /Sz,“ H;*[Z ;jiijf](z)d;, zeCl.

jel

Hence, Minkowski’s integral inequality followed by Proposition 4.3 shows that

B Pl S 9 [ IS cfr| e
§2d-1 el LP(Cd)
Using Holder’s inequality and Fubini’s theorem we obtain
- ) " p 1/p
IR* fll rcay S prd*/ (/Cd /2[ 1 ‘Z CiR f(2)| d¢ dz) . (4-20)
§2-1]<
jel

Since for fixed z the function ¢ — ) jer & jﬁj f(z) belongs to ’H,%d , applying [Duoandikoetxea 1987,

Theorem 1] we obtain
p 2 172
)" <[, [peisef a)
524

( - ‘Z;JR f@

Using orthogonality and (4-10) we thus see that

1/p 1/2
( f d4> S ph (Z |§,-f(z)|2) , (4-21)
SZ -1

jel

‘R i f(2)

p

Z;,R £
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which, together with (4-20), leads to

(DR /1 )1/2

jel

D k
IR* fllLocay S p*p*?

Ll’(O’)‘
Thus, (4-9) from Proposition 4.4 completes the proof of Theorem 4.2. U
We finish this section with the proof of Theorem 4.1.
Proof of Theorem 4.1. Using (4-19), (4-7), and Minkowski’s integral inequality on the space
Gl S5 L¥(@Q4)

we see that
s

S N 1/2 N 2\ 1/2
(S con [ (S(e[gmsfe)) s
s=1 K

s=1 jel

Thus, another application of Minkowski’s integral inequality followed by Proposition 4.3 gives

S 1/2 N N
H (ZIR*J‘SIZ) Sp*dm/ <Z Y LR ) dg.
s=1 Lr () SN e Lr(c?)
Using Khintchine’s inequality (4-14) followed by Holder’s inequality on S%?~! we see that
g quality y quality
S 1/2 1/p
H (ZIR*fs|2) S prd? f ( er(S)ZCJR £ de dz) d¢
=1 LP(C9) S§2d-1\J 4 Jel
i p 1/p
< prd (/ // ‘Zg [ rs(sm(z)] dcdsdz> .
cd §2d—1

Finally, (4-21) followed by (4-9) from Proposition 4.4 and Khintchine’s inequality (4-13) gives

s 1/2 2\p/2 I/p
IR*fs|2) p* “2(/ /( ) dédz)
<; LP(Cd) c?

p 1/p
< (phFH 2( de dz>
cdJo

¢ S
5/2+k/2 > 2 P/ e
< (pF)H (/d<2|fs|) dz) ) O
c s=1

5. Restriction to the initial Riesz transforms

[ rs(é)fs(Z)]

]EI

er(é)fs (2)
=1

The purpose of this section is twofold. Firstly, we restrict the maximal operator R* acting on L?(C%) to a
maximal operator R* acting on L”(R?). This is done in a way which preserves estimates for the norms.
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However, the restricted maximal operator R* is not the same as R*. Therefore, we need to estimate their
difference, which is done in the second part of Section 5.

5.1. Bounding the restriction R* of R*. In Theorems 4.1 and 4.2, we proved dimension-free estimates

for the operator R* acting on L”(C%). An approach similar to [Iwaniec and Martin 1996, Chapter 4]

leads to dimension-free estimates for the restriction of this operator to L? (R?) which we now describe.
To elaborate, for x € R? and ¢+ > 0 we define the restricted kernel ICI. (x) by

pd—1
dr for|x| <t

/cj.(x)z{y" I ek |d+k \/r2/|x|2 (I4r2)d 72 ’ (5-1)
K] (x) for |x| >t.

Recall that K jt is the truncation of the kernel K; given by (1-1) when P;(x) =x;, ---x,, j € I. A short
computation based on (1-10), (1-11), and (1-14) gives, for x # 0,

rd=1 I'(d+ %k) ©  pd-l Xj
llmJ/del dkf a2 4= 1 1 / sariz 4 Tk
t—0 |x| + /12/]x|2—1 (1+l" ) +k/ nd/zF(ik)F(id) 0 (1+r ) +k/ |-x| +
X
= yk—|x|;+k = K;(x). (5-2)

For f € L (R?) we let R} f = f % K} and define

R'f =) RIRf and R*f=sup |R'fl,
el teQy
where R; is as in (1-2) with P(x) = P;j(x) = xj, - - - x}.

A transference argument leads to the two results below. The proofs of Theorems 5.1 and 5.2 are based
on ideas from [Iwaniec and Martin 1996, Section 4], but extra difficulties arise. These complications
stem from the fact that we need to restrict compositions of singular integral operators instead of just one
singular integral operator. Furthermore, useful formulas for the multiplier symbols of I?jt or Rjt are not
available.

Theorem 5.1. Fix k € N. For each p € (1, 00) there is a constant A(p, k) independent of the dimension
d and such that for any S € N we have

N 1/2 S 1/2
H (Z IR*fs|2> < A(p’k)H (Z |fs|2>
s=1 s=1

whenever fi,..., fs € L?(RY). Moreover, A(p, k) satisfies A(p, k) < (p*)5/2+k/2.

LP(R?) LP(R?)

Theorem 5.2. Fix k € N. For each p € (1, 00) there is a constant B(p, k) independent of the dimension
d and such that

IR* f”LP(Rd) B(p»k)”f”LP(Rd)

whenever f € L?(R?). Moreover, B(p, k) satisfies B(p, k) <k (p*)FHk/2,
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The restriction procedure from Theorems 4.1 and 4.2 to Theorems 5.1 and 5.2 will result in the kernels
K ; and K jt defined in (4-1) being integrated over their imaginary component iy in R¢. This is the origin
of the kernel K as the next lemma justifies.

Lemma 5.3. Foreacht > 0and x € R?,
/ Rt +iy) dy = K (). (5-3)
Rd

Proof. To justify (5-3) consider two cases: |x| > ¢ and |x| < ¢. In the first case, integrating in polar
coordinates in R? and noting that f gi-1 Pi(x +irw)dw = Pj(x),

~ ) ~ Pi(x+iy) ~ Pi(x+iy)
K{(x+ly)dY=/ e dy = / L
/[R" ! yeRd : |x+iy|>t lx + ly|2d+k ¢ x+ l))|2d+k

d—l P(X) rd—l

= ViSa- 1P(x)/ (|x|2+r2)d+k/2d = VeSa- V@ Jo (14 r2)d+hi2 dr

= Kj(x) = Kj (x) = Kj(x).

In the fourth equality above we used the change of variable r — r|x| and then we used (5-2). Similarly,
in the second case |x| < ¢t we obtain

/ D) ay=gisiane [ e dr=Kl)
YT T gk @Y = Vidd-1£5(X s Ar =K;(x),

yeRdsfxiplze X iy T TRE (x4 At !

where in the second equality we used the change of variable » — r|x|. Thus (5-3) is justified. ]

We present only the proof of Theorem 5.1. The proof of Theorem 5.2 is similar. We merely need a
simpler duality argument instead of (5-4) below and an application of Theorem 4.2 instead of Theorem 4.1.

Proof of Theorem 5.1. By Lebesgue’s monotone convergence theorem we may restrict the supremum
in the definition of R* to a finite set of positive numbers {t1, ..., fxy}, as long as our final estimate is
independent of N. Further, a density argument shows that it suffices to consider fi, ..., fs € S(R?).
For F:C? — Cand u > 0 we let (§,F)(x +iy) = F(x +iuy) and define
RVU(F)(x +iy) := (8,-10 R 08,)(F)(x +iy) = R (8, F)(x +iu~'y).

Using Theorem 4.1 it is straightforward to see that
s 1/2
(Z |F, |2)

N - 1/2
H (Z Sup |Rtn’uFS |2)
s=1

=1 nefl,...,N}

< A(p, k)
LP(C4)

LP(C”)‘
Note that by duality between the spaces L” (C%; Es) and L1(C?; E;), where
Ew=C({1,.... Skt ..., 0nD) and Ey=E({1,..., Sk ' (..., 1)),

the above inequality can be rewritten in the equivalent form

1/2 N 2\1/2
ZZ (R™"Fy, Gn.s) 120y | < A(p, k)H (ZlFl ) ( (Z|Gn,s|> )
Lr(CH I \g—; \,=

s=1 n=1
where G, € L9(C4, E)).

, (5-4)
L4(C9)
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Let n € S(R?) be a fixed function such that |||l ;»re) = 1 and take f € S(RY). Defining

F(x+iy)=(f®nx,y)=fx)n0k), x,yeR
we claim that
lim (R""F, G)2cay = (R'(f) @1, G) 12cey (5-5)

u—0+

for any function G € § (C% and all ¢ > 0.

Assume for a moment that the claim holds. Fix ¢ € (0, 1) and let ¥ € S(RY) be a function of L4(R?)
norm 1 and such that [(n, ¥) ;2(gey| = (1 —¢). Take f; € S(R?) and 8ns € S([Rd) forn=1,..., N,
s=1,...,S. Then, substituting F; = f; ® n and G,, s = g,.s ® ¥ in (5-4) we have

N
D (R (f @), gns @ V) 1200)

=1 s 12
< A(ch)H (Zlfs®n|2>
s=1

At this point the claim (5-5) implies

e

1

©
Il
S

(

LP(CY) s=1 “n=1

N
<an Js gn,s)Lz(Rd)

e

{7, ¥) 2@
s 1/2 S , N 2\1/2
< A(p, b ” (Z |st2) (Z( |gn,s|) )
s=1 s=1 “n=1

Now, using duality between the spaces L” (R?; Eo) and LY(RY; E}) together with the density of Schwartz

s=1 n=1

LP(R?) L1(R)

functions in L?(R) we conclude that

N 12
(Z sup |R" fs|2>

T nefl..N)

(I-e)

N 1/2
< A(p, k) H (Z |fs|2)
s=1

Since ¢ € (0, 1) was arbitrary this completes the proof of Theorem 5.1.

LP(R4) LP(RY)

It remains to verify the claim (5-5). Since R = > jel I?j’ I?j it is easy to see that
Dtu Dt pu
RW“F =) R“K/F,
jel
where, for F = f ®n, we let
RIM(F)(x+iy) = RIS F)(x +iu"y),  RI(F)(x+iy) = Rj(8,F)(x +iu"y).
Thus, it is enough to justify that

lim (RiRYF. G) 2oy = (R R f) @1, G) p2ca) (5-6)

u—0t

for jel, t>0,and G € S(CY).
Fix j € I and ¢t > 0 and denote by m’ and m the multiplier symbols on C¢ corresponding to the
operators 1};’ and I}}, respectively. Then §,(m") and 8, (m) are the multiplier symbols corresponding to the
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operators IAQ;I " and IA?;V, respectively. Thus, identifying C? with R??, taking the Fourier transform on R%“,
and using Plancherel’s theorem, we see that

(RIRIF. G) p2(cay = (8,(m)8,(m") FIF1, FIG]) (5-7)

L2(Cdy"
By formula (1-3) (applied on R2?) and definitions (4-1), (4-2) for Pi(z):=zj=2zj -z, we have

G Pi(E+iur)
8u y = (— kj—
(m)(§, v) = (=) &+ inclF
for £, T € RY. Hence, for £ # 0 and 7 € R? it holds that
w i)

hm m(E, ut) =m(E,0) = (—i)*

&k
Another application of (1-3) (this time on R?) shows that the function mg (&) := m(&, 0) is the multiplier
symbol of the operator R; acting on L(R?).

Since the operators 1’5]’ and EJ are both bounded on L*(C?) the functions 8, (m) and §,(m') are in
L>(C%), uniformly in u > 0. Thus, coming back to (5-7) and using Lebesgue’s dominated convergence
theorem we see that

ot.u
ulgg+<1§ R F,G)2cay = hm (3 (m")F[F], mo]-'[G]>L2(Cd),
provided the limit on the right-hand side exists. By deﬁmtlon of mg applying again Plancherel’s theorem
we obtain

lim (R’“R F,G)p2ciy = hm (R”‘F (R ® D*G) 2 (cays (5-8)
u—0

u—0+
provided the limit on the right-hand side exists. In the above formula R; ® I denotes the operator R;
acting only on the R? coordinates of a function defined on C“ and the adjoint is taken with respect to the
inner product on L2(C¢). Now, if we justify that
ulig)l (Rt uF (R ® I) G)LZ(C’]) <Rt (f) ® 77 (R ® I) G>L2(@d) (5'9)

and use the formula

together with (5-8), then we will complete the proof of the claim (5-6).
Since the operators IAQJ;’” are uniformly bounded on L?(C%) with respect to u > 0 to prove (5-9) it
suffices to show that

lim (R “F, G)Lz(@z) = (R (f)®n, )LZ(@d), (5-10)

u—0+t

where G € S(C%). For z = x +iy, x,y € R?, we have
RIM(F)(2) = R (f @m(@) = u™*8,1(KN) % (f @ ) (2)

Pi(x'+iu 1y’)

/ —d "] I / ’
= X —X — dy' dx
/d A )/eRd |x/+iu=Ly’|>1 it X/ +iu=ty'|2d el = y)dy

~ (X +ly) , /g
Fo =X 2 (v —uy') dy' dx. (5-11)
/I‘%“’/): eR?: |x'+iy' |>t /|2d+k
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Moreover, a computation shows that for fixed x € R and ¢ > 0 it holds that
Pi(x" +iy)

S 1/,rd
Ix/+iy/|2d+k l|x’+iY’|Zl e L' (CY) (5-12)

fx=xH

uniformly in x € R?. Hence, taking the limit as ¥ — 0T in (5-11) and using Lebesgue’s dominated
convergence theorem followed by Lemma 5.3 we obtain

)
LB
eRY : |x/+iy'|>t |X’+iy’|2d+k

lim R (F)(z) =n(y) / flx—x)) /
u—0+t R y

=n(y) fR =K A =R = RINH @My (-13)

forx,y e R“. Moreover, another application of (5-12) shows that I};t M(F) e L®(CY), uniformly in u > 0.
Now, since G € S (C?) using again Lebesgue’s dominated convergence theorem followed by (5-13) we
reach

lim (R{"F, G) 2oy =( lim R“F, G)LZ(U) = (RI(f) ®n. G)2cay.

u—0t u—0+t /

This justifies (5-10), and hence also the claim (5-6). The proof of Theorem 5.1 is thus complete. U
5.2. Bounding the difference between R' and R'. Define the difference kernels on R? by
E; (x):= Kj’(x) — IC]’-(x). (5-14)

Recall that by definitions (1-1) of Kj’ and (5-1) of ICJI. we have E; (x) = —IC;(x) if |x| <t and E}(x) =0
if |x| > ¢. We let D; be the operator on L”(R) given by Dj f = f * E|; and define

D'f =3 DiRf, D*f= sup |D'f].

jel l‘E@Jr

Clearly,
R'=R'+ D',
so using Theorems 5.1 and 5.2 we reduce Theorems 3.2 and 3.3 to the following two statements.

Theorem 5.4. Fix k € N. For each p € (1, 00) there is a constant A(p, k) independent of the dimension
d and such that for any S € N we have

N 1/2 S 1/2
H (Z ID*fs|2> <A(p. k)H (Z |fs|2)
s=1 s=1

whenever fi, ..., fs € LP(R?). Moreover, A(p, k) satisfies A(p, k) <k (p*)>/FHki2,

Lr(RY) L7 (Rd)

Theorem 5.5. Fix k € N. For each p € (1, 00) there is a constant B(p, k) independent of the dimension
d and such that

ID*fllLr@way < B ) f | Lo e

whenever f € L?(R?). Moreover, B(p, k) satisfies B(p, k) <k (p*)FHk/2,
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The proofs of the above two theorems will follow the scheme of the proofs of Theorems 4.1 and 4.2.
The main difference lies in the application of the real method of rotations. The reason for taking complex
extensions (4-3) of the operators R’ is due to the fact that the real method of rotations is only applicable
to singular integrals with odd kernels. Using this method for k odd one may express R’ as an integral of
directional truncated Hilbert transforms. In the case of the operator D’ the cancellations are not important.
We can use the real method of rotations to estimate D* by an integral of one-dimensional directional
Hardy-Littlewood maximal functions.

For ¢ > 0 we let I" be the function on (0, 00) given by
o0 Sd—l
L) —
I (I")—l(()’[)(r) mmdé‘, r>0. (5-15)

Using the definitions (5-1) and (5-14) and integrating in polar coordinates in R we obtain

i) = | S (D S s =) dy

—)/de 1//1 rJI(r)f(x—ra))da)dr
2r (5 +d))
F(%k)r(%d)
f(x

= yde_1/ oM, f(x)dw = [ M, f(x)dw, (5-16)
d—1 gd—1

where

HLf(x)=§Sd_1 f A (5-17)
k

Let now H, f(x) = sup,cq, |H., f (x)|. The next proposition serves as a replacement for Proposition 4.3.

S ) 1/2
i [ fs] )
(=

Proposition 5.6. For each 1 < p < 0o we have

s 12
H (Z m:w)
s=1

uniformly in w € S~ and the dimension d.

(5-18)

LP(RY) LP(Rd)

Proof. For w € $~! and t > 0 we let

Mfuf(X)=% |f(x —ro)|dr and M, f(x) = sup | M, f (x)|

t>0
be the directional Hardy—Littlewood averaging operator and the directional Hardy-Littlewood maximal
function. Using Fubini’s theorem and one-dimensional estimates for the Hardy—Littlewood maximal
function, see, e.g., [Grafakos 2014, Theorem 5.6.6], we obtain

N 1/2 S 1/2
H (Z IMZfslz) * (Z Ifs|2>
s=1 s=1
uniformly in w € $?~!. Thus, to prove (5-18) it suffices to show the pointwise estimate

H, f(x) S M., f(x)

uniformly in x € R%, o € S;_1, with in-explicit constants independent of the dimension.

’

LP(RY)

LP(R?)
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This bound will follow if we justify that

< (5-19)

with the implicit constant being uniform in ¢ > 0, 0 < r < ¢, and the dimension d. Note that for
s> (2/r2 =DV we have + < /52 +1/t. Hence, recalling (5-15) and using (1-14), we obtain

)’/‘]; It(r) Sdfl
S Sd-1 _dl_ nara—ny2 4
Vi r S (Lt sH)dte=b/
d-1 d+k—1
e TR L (L
vt Jo o (14sHdtk=b/ Ty 2r(d+ik—n) i

Applying (1-10) and (1-11) we reach
Zl'(r) _2n??  T(d+43k) T(G@+k—D)r(3d) 1
Ve r T T(3d)mPT(3(d+k) 20(d+5k—1) !
Fd+3k)  T(E@+k=D) 1
Crd+ik-n) rld+r)

Since k is fixed, using (1-13) we conclude that

s O (d+5k-1)" Ry

Ye T ( d+ 1 (k—l))l/z t ™t

Thus, we have completed the proof of (5-19) and hence also the proof of Proposition 5.6. ]

We will also need vector-valued estimates for {R;(fs)}, j €I, s=1,...,d. The following proposition
can be deduced from Proposition 4.4 if we proceed along the lines of [Iwaniec and Martin 1996, Section 4].

Proposition 5.7. For each 1 < p < co we have

N 12
| (zszs ) < pp!2qor (z ) , (5-20)
s=1 jel LP(RY) s—1 LP(Rd)
1/2
H (Z IR; f| ) S oy, (5-21)
jel L (RY)

uniformly in the dimension d.

Proof. In contrast to the proofs of Theorems 5.1 and 5.2, here we apply the methods from [Iwaniec and
Martin 1996, Section 4] in a direct way. Therefore we shall be brief. Let n = k = d and identify C?
with R

For the proof of (5-20) we take E = ¢2({1, ..., S}) and F = ¢*>({1, ..., S} x I). The operator T is
defined by

T fids=1..8) = (R (f)}s. peit,...s)x1-
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Using (1-3) for P(z) =z, - - - 2, one can check that the restricted operator Tj is then

To({ fs}s=1....8) ={R; (f)}s. prell....S)x1-

Hence, [Iwaniec and Martin 1996, equation (45)] together with (4-8) lead to (5-20).
The proof of (5-21) is similar. We take £ =C and F = 22(I). The operators T and Tj are defined as
above. The desired inequality follows from [Iwaniec and Martin 1996, equation (45)] together with (4-9).
O

We are finally ready to justify Theorems 5.4 and 5.5. At this point the proofs mimic the corresponding
proofs of Theorems 4.1 and 4.2. Therefore we shall be brief and only point out the differences.

Proof of Theorem 5.4. We proceed analogously to the proof of Theorem 4.1 on page 646. In particular,
we replace C?¢ with R?, I?;" with D;" and 1’5] with R;. The most important difference is that (5-16)
replaces (4-5). This leads to the replacement of (4-19) by

2 (3k+a))
D'f(x) = _%/ H;[ijij](x)dw. (5-22)
P (3k)T(3d) Jsem Lo
In the proof we also use (5-20) in place of (4-8) and Proposition 5.6 instead of Proposition 4.3. O

Proof of Theorem 5.5. We proceed analogously to the proof of Theorem 4.2 on page 645, making the
replacements as in the proof of Theorem 5.4. In particular we use (5-22), (5-21), and Proposition 5.6. [

Appendix

Proof of Proposition 4.3. A (complex) rotational invariance argument reduces the inequality to its

‘ s , 1/2
|fs|)
(=

AN Fz—A
H*f(z) := sup |H{ f(z)|, with H;ff(z)=f<—) f(z—z)lmzz(k) dhx,
reQ, c \ 2| |A]

one-dimensional case:

S 1/2
(Z IH*fslz)

s=1

Spt
LP(C)

LP(C)

Here

is the k-th power of the complex Hilbert transform on C.
We split the operator H* into two parts. To this end let ¢ : C — R be a smooth radial function satisfying
¢(z) =1 for |z] < 2, and ¢(z) = O for |z| > 4. Define ¢;(z) = ¢(z/t) and let

k
Z 1
1= (i) gt

H* f(2) <sup |(@ixe * /)@ +sup | (1= ¥ /)@ = H fF@+HE, f () SMF@+Hf_, f (),

t>0 t>0

be the kernel of H/. Then
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where M denotes the Hardy-Littlewood maximal operator on R?. Since [Grafakos 2014, Theorem 5.6.6]
gives us vector-valued estimates for M, we get
S 1/2
(Z | fs |2)
s=1

N 1/2
‘ (Z |H;;fx|2)
s=1

The remaining ingredient is to prove

N
LP(C)

LP(C)

S 1/2 S 1/2
H (DH{‘_@N) Sp (Zmﬁ) (A-1)
s=1 Lr(©) s=1 Lr(©)
We will apply [Grafakos 2014, Theorem 5.6.1] with
Bi=¢*{1,....,8) and By=¢€*{1,...,8}); L®(Q,))
and
K@) = (1= g)xi(@) ur,.... (1= 9)x:(2) - us) € By (A-2)
for any sequence u = (ui)f:1 € B;. Then, taking e, = (0, ..., 1, ..., 0), with 1 on the s-th coordinate,
we see that the operator 7 defined in [Grafakos 2014, 5.6.4] satisfies
s
T(Z fses)w = (H{_,fi@)..... H_,f5(2) (A-3)
s=1

and

s s 1/2
HT(Z fses>(z) - (Z IH[“_wfs(Z)|2>
s=1 s=1

for any sequence ( fs)f:1 of smooth functions that vanish at infinity. In order to use [Grafakos 2014,
Theorem 5.6.1] we need to verify conditions (5.6.1), (5.6.2) and (5.6.3) from [Grafakos 2014] and check
that T is bounded from L3(C, B)) to L*(C, By).

Condition (5.6.1) is a straightforward consequence of (A-2). It is also not hard to verify that
Jocpri=t K (z)dz = 0, so that condition (5.6.3) is satisfied with K = 0.

We shall now justify (5.6.2). Let ¢; := 1 — ¢; and g, = @; x; so that

B>

- P
8:(2) = ¢ (Z)|Z|T+2'

Since
|K(z—w)— K255 =supl|g:(z—w)—g )l
t>0
we have

IK (z —w) — K (@)l5,-5

= sup |@:(z — w)—(Z ) A (Z)—Zk
el w2 e
- - (z — w)k - (z — w)F z*
< sup (¢ (z — w) — @ (2)) —————— | +sup |¢;(z) - . (A4
=0 | Nz — w2 o Tz — w2 |7k
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Hence, the proof of (5.6.2) boils down to estimating the two terms in (A-4) under the assumption
|z| > 2|w|. We begin with the first term. Since |z| > 2|w| we have |z| & |z — w|. Hence, in order for the
expression inside the absolute value to be nonzero, ¢ has to be comparable to |z| and |z — w|. In that case,
using the smoothness of ¢ we obtain

(z — w)k
|z—w|k+2

ol 1wl
~2 z—w? zllz—w]? Jz3

'(% (z—w) —¢;(2)

In the second term of (A-4) we omit ¢, and get

(z —w)k Zk (z —w)k (z —w)k (z —w)k z*
_ < _ _
|Z _ w|k+2 |Z|k+2 |Z _ w|k+2 |Z|k+2 |Z|k+2 |Z|k+2
k+2 k+2
BN e {101

k
+ (z—w)" —z .
|Z_w|k+2|Z|k+2 |Z|k+2| |Z|3

This means that we have proved that

- - |w|
1K (z—w) = K@) lg—>5 S e
for |z| > 2|w|. Integrating this yields
/ 1K (z—w) = K@)l -5 dz S |wl —sdz~1,
l21>2lw 21>20w] 12]

so that condition (5.6.2) is satisfied.
It remains to justify the boundedness of T from L*(C, By) to L?>(C, B,). We have the pointwise bound

Hi ,f(2) SMF@+H*f().

Therefore the desired L2 boundedness of T is a consequence of (A-3) and the L?(C) boundedness of H*
This allows us to use [Grafakos 2014, Theorem 5.6.1] and completes the proof of (A-1), and hence also
the proof of Proposition 4.3. O
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