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A SHARP STABILITY CRITERION FOR EULER EQUATIONS VIA SPARSENESS

OSCAR DOMINGUEZ AND MARIO MILMAN

We introduce sparse versions of function spaces that are relevant to characterize the solutions of Euler
equations without concentration. The standard Sobolev space H~! is given a sparse structure that allows
measuring the degree of compactness of embeddings into ™! and provides new quantitative general
criteria for H~!-stability. Indices of sparseness are defined, and function spaces whose indices have
prescribed decay are constructed, resulting in an improvement of the classical H~!-stability results:
sparse stability. The analysis relies on the introduction of sparse Riesz—Morrey—Tadmor spaces, that are
characterized via maximal operators and new sparse domination theorems, together with extrapolation
techniques. Our methods also yield improvements on recent results on the conservation of energy of
physically realizable solutions of 2D-Euler.
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1. Preamble

The classical Euler equations for incompressible fluid flow are given by
ur+u-Vu=-Vp,
divu =0, (1-1)
initial and boundary conditions,
where u = (uyq,...,up) is the velocity field and p is the (scalar) pressure. Although the Euler equations
have been studied for more than two and half centuries, many important open problems remain unanswered.
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In particular, while it is easy to see that smooth solutions of (1-1) conserve kinetic energy, the existence
of weak solutions that conserve energy or the uniqueness of weak solutions are more subtle issues.

1.1. H ~-stability for approximate solutions of Euler equations. Research on conservation of energy
has been considerably influenced by the work of DiPerna and Majda [1987a; 1987b; 1988]. These authors
introduced the key concept of approximate solutions {u®}.~¢ (see Definition 16) that weakly converge
to u. If u® — u strongly in L2, then u is a weak solution to (1-1). Otherwise the energy concentrates on
sets. Despite this, # may be still an Euler solution due to the presence of subtle cancellations. This is the
so-called concentration-cancellation phenomenon.

In their foundational papers, Lopes Filho, Nussenzveig Lopes, and Tadmor [Lopes Filho et al. 2000]
and Tadmor [2001] develop H ~!-stability! (see Definition 19) into a very powerful unifying framework
to study lack of concentrations in approximate solutions. To be more precise, these authors obtained the
following result.

Theorem 1 [Lopes Filho et al. 2000]. Suppose that {uf}¢~¢ is an H'-stable approximate family of
Euler solutions. Then {u®}.~o converges strongly (possibly passing to a subfamily) to a weak solution of
the Euler equation u in L*°([0, T]; LIZOC([R"; R)).

The implementation of H ~!-stability depends on having at one’s disposal sharp criteria to characterize
the compact sets of H~! and, in particular, leverage this knowledge to decide which function spaces,
among those relevant in the description of physical phenomena connected with the Euler equations, embed
compactly into H~!. In this direction, the ~!-criteria, as it applies to rearrangement invariant spaces,
was extensively developed in [Lopes Filho et al. 2000], recovering and extending earlier results from
[DiPerna and Majda 1987a; Lions 1996].

As shown in [DiPerna and Majda 1987a], solutions to 2D Euler equations when the initial vorticity is
supported in a curve play a central role in fluid dynamics. These solutions are called vortex sheets and
their regularity can be naturally measured in terms of the Morrey spaces M ?>* (see (2-2) below).

Remark. We use standard notation: If X is a function space on R”, we let X, be the subspace of
compactly supported functions; and we let X}, be the set of functions f such that /1o, € X, for all
cubes Q. We write
Xe = H (R") or X, <% f-1(R™)
if for all Q¢
X(Qo) > H'(R") or X(Qo) =™ H™'(R"),

respectively, where X(Qg) ={f € X :supp f C Qp} with ||f||X(Q0) = | f1g,llx-

The H~!-stability theory for Morrey spaces is also treated in [Lopes Filho et al. 2000], and relies on a
compactness result? due independently to DeVore and Tao (a proof was given in [Lopes Filho et al. 2000,
Theorem 4.2]),

MP(R") S5 Higl (R, (1-2)

"'More precisely, H_!-stability.

loc
2The same statement holds, mutatis mutandis, for the Morrey space of measures [Lopes Filho et al. 2000, Theorem 4.3].
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provided that one of the following conditions is satisfied:

n
(a) P>
(b) ng and o> 1.

Once in possession of these statements, Theorem 1 can be applied to establish that for families of
approximate solutions, with uniformly bounded vorticities in M ?:*(R"), one can extract convergent
subsequences to a solution of the Euler equation (1-1), without concentration. In the special case n = 2,
p =1anda > I, this result® was first obtained by DiPerna and Majda [1987a, Theorem 3.1] using tools
from elliptic theory. On the other hand, the case n =3 and p = % is connected with the work of Giga
and Miyakawa [1989] on well-posedness of 3D Navier-Stokes equations with initial singular data such
as vortex filaments.

At present time, the picture is not completely understood for all the values of the parameters involved in
(1-2). Specifically in 2D, it is known that for p =1 and o = %, (1-2) does not hold (see [DiPerna and Majda
1987a; Majda 1993]). To the best of our knowledge, it remains an open problem to decide whether (1-2)
with p =1 still holds for @ € (% 1] (the so-called “gap problem”), leaving open the existence of solutions
without concentrations in M 1'%, Similar types of gaps also appear when dealing with higher dimensions.

In an effort to understand the nature of these gaps, and their impact on the convergence of approximate
solutions of the Euler equations, Tadmor [2001] introduced the finer scale of RMT spaces, R 4 log®,
that sharpen (1-2); see Definition 20.

1.2. Tadmor’s refinement of H ~-stability. Tt is shown in [Tadmor 2001] that RMT spaces “interpolate
the compactness gap” in the sense that

Ry log® (R"), <% H (R (1-3)

provided that one of the following conditions is satisfied:

2n
(a) ) P>
_ : 1
(b) p= p— and (crucially) o > 3.

The R, ,log* scale is sharp, with respect to the H ~1_ stability, in the sense that for approximate
solutions, with vorticities uniformly bounded in Ry, /(;+2),2 log¥, o > 1 Wwe can extract solutions without
concentration, while for o € (0, %] there is a weak limit solution (i.e., a concentration-cancellation effect).
On the other hand, the original gap problem for Morrey spaces M "¢, is apparently not resolved in this

fashion, since* (see [Tadmor 2001, page 519 and the discussion after (3.5)])
Ry log*(R*) € M (R?).

3The original statement from [DiPerna and Majda 1987a] involves a certain additional assumption on weak decay at infinity
of vorticities.

4In other words, Tadmor’s scale requires a stronger regularity condition than Morrey regularity on the set of vorticities to
achieve compactness.
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1.3. Paving the way to sparseness. The presence of logarithms in (1-3) (and (1-2)) is very natural and
is connected with some implicit extrapolation constructions that are needed since Rl,z(R2) (or more
generally, Ry, /(n42),2(R")) is not suitable for H ~!_stability. In fact, we have (see (4-9))
R ,(R")Z H™'(R"). (1-4)
2. 9
n+2

To overcome this obstacle, in this paper we propose a different methodology based on sparseness.

1.4. A new framework for H ~-stability: Sparse stability. The main goal of this paper is to reformulate
H~!-stability applying the theory of sparse spaces, that we recently introduced in [Dominguez and
Milman 2021]. In a nutshell, we show that the “defect” of RMT spaces exhibited by (1-4) can be
overcome if the geometry of testing cubes in the definition of these spaces is changed. More precisely, let
SR>p/(n+2),2 the space that is obtained by replacing pairwise disjoint cubes in R, /(n4-2),2 by sparse’
families of cubes (see Definition 4 below). Then, somewhat informally, the following surprising formula
holds (see Theorem 6 for the precise statement):

SR 20 ,(R") = H'(R"). (1-5)

n+2’

Armed with formula (1-5) we provide a sparse structure to H~!, which we exploit to develop new
methods to characterize compact sets in H~!. In particular, we introduce indices of sparseness, associated
to function spaces, that measure the degree of compactness into H~!. Conversely, given a decay V, i.e.,
a positive decreasing function on [0, co) satisfying

lim W() =0, (1-6)
—>00

we construct sparse spaces Sy, whose sparse indices have the prescribed decay W. This leads to the
introduction of the concept of W-sparse stability for approximate solutions; see Definition 11. As a
consequence, we create a refined scale that exhausts the classical H~!-stability in the following sense
(compare with Theorem 1).

Theorem 2. Let {u®}.~¢ be a family of approximate solutions. The following are equivalent:
() {uf)e=o is H '-stable,
(i) {u®}eso is sparse stable.
As a consequence, if (i) holds then (possibly passing to a subfamily) u® — u strongly in L*, where u
is a solution of (1-1).

We show that sparse stability not only provides a simplified approach to all previously known existence
results from [DiPerna and Majda 1987a], [Lopes Filho et al. 2000] and [Tadmor 2001] but, more
importantly, it leads to the sharpening of the classical results.

We next detour to present in detail the construction of sparse spaces (including their connection with
negative Sobolev spaces; see (1-5)), sparse indices and sparse stability.

5Loosely speaking, sparse cubes are not necessarily disjoint but possible overlappings can be controlled in a sharp fashion;
see Definition 3.
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1.5. Negative Sobolev spaces via sparse RMT spaces. The norms of many familiar spaces in analy-
sis are defined in terms of coverings by disjoint cubes or “packings” (e.g., spaces like BMO, John—
Nirenberg spaces, Morrey spaces, Campanato spaces, Brudnyi spaces, Lipschitz spaces, Garsia—Rodemich
spaces, ...). In [Dominguez and Milman 2021], we initiated the analysis of “sparse versions” of classical
spaces, obtained modifying the requirements on the coverings: we replaced the usual packings of cubes by
the slightly bigger class of “sparse coverings”. We briefly recall the definition of sparse family of cubes.

Let Q¢ be a (not necessarily dyadic) cube in R” of sidelength £ > 0 and corner x = (xy,...,x,) € R,
ie.,

Qo = [x1, X1 + €%+ X [, X + L]

A (dyadic) child of Qg is any of the 2" cubes obtained by partitioning Q¢ by n median hyperplanes
(i.e., the hyperplanes parallel to the faces of Q and dividing each edge into 2 equal parts). Iterating this
process, from Qg to its children, then to the children of the children, ..., we construct the lattice D(Q)
of dyadic subcubes in Q.

Definition 3 (sparse cubes). A (countable) family (Q;)icr C D(Qy) is called n-sparse,® n € (0, 1), if for
every Q; there exists a measurable subset E g, such that

(i) the sets E g, are pairwise disjoint,
(i) n|Qil = |Eg;|.

We let S(Qg) be the collection of all sparse families of dyadic cubes in Q. Analogously, one can
introduce S(R"), the set formed by all sparse families of dyadic cubes in R”.

In particular, the sparse spaces SR, 410og%(Qg) are constructed modifying standard RMT spaces
(see (2-1)) by replacing families of packings, “(Q;);es € I1(Qy)”, by sparse families, “(Q;)icr € S(Qo)”.

Definition 4 (sparse RMT spaces). Let 1 < p, g < oo and o € R. The sparse RMT space SRy 410g%(Qo)
is formed by all those /' € L!(Qy) such that

, (1 - (log | Qi])-)® 9
1/ sk, g (0p) = Sup { [ PE it <o a
palo Q0 T ies(00) ,; |0:[1/P 0;

In particular, we let SR, 4(Qo) = SRy 4 10g°(Qy). The corresponding spaces on R” are introduced
analogously.

Remark 5. The definition of SR, 4 log® is well adapted to work with signed measures w € BM T, Indeed,
we simply replace le_ | £]in (1-7) by w(Q;).

Since we trivially have I1(Qg) C S(Qy), it follows that

SRp,q10g%(Qo) C Rp,qlog*(Qo).

61In this paper the parameter 1 will not play a role, so in what follows we shall let n = %
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However, in general, the sparse spaces are different’ from their parent spaces. In our context, the
differences manifest themselves through the behavior of the maximal operators M) o, (see (3-1)). The
theory developed in Section 3 will play a crucial role in our analysis.

Suppose that 1 < p < g < oo; then a special case of Proposition 25 below shows that there exists
{Qitier € S(Qp) and a constant ¢ depending only on p and ¢ such that

1
< F— -
Vo000 = X [, 101 10, a-8
iel i
In the literature the process of constructing such coverings is referred as sparse domination; see [Lerner
and Nazarov 2019; Hytonen 2021]. From (1-8) and more or less standard arguments, we obtain the
following remarkable result connecting SRy 4(R") and classical Sobolev spaces H, A(R"), A€ (0,n)
(see (4-1)).

Theorem 6. Let 1 < p <q <oo. If f € LL (R"), f >0 a.e., then

loc

my &~ || fIl 11 .

In general

SRp.4(R") < Hy "(5=0) ().

In particular, the canonical choice of parameters p = 2;_12, n>2,and g =2 gives®
n
1 fllsk 5, @m ~ 1/ a1y i £ 20. (19)
2
Consequently
SR 2n_,(R") > H™'(R"). (1-10)
n+2’

1.6. Sparse indices. Since we deal with local problems, most of the analysis will be carried out on
cubes, but similar constructions are also possible in R”. Let Q¢ C R”, n > 2, be a fixed cube and let
Q€ S(Qy). For k € Ng:=NU{0}, let Dk, := {0 : Q € D(Qy) with sidelength £(Q) <27%¢(Qy)},
D<k;0,(Q) := D<k;0, N Q. When there is no danger of confusion, we use the simplified notation D <y
and D< (Q).

Definition 7 (sparse indices). (i) The sparse indices of f € L'(Qy) are defined by®

1

2732
()= sup [ 3 (IQ|5‘5/Q|/"IH, NeN. (-11)

QeS(Qo)l gep_n_,(0)

"Note that SRp, o0 10g%(Q¢) = Rp,00 10g%(Qg) = M P**(Qy); see Remark 21.

8The role of sparseness is crucial here. In particular, for the classical space R314/(n+2),2> this approach fails dramatically
(see (1-4)).

9Sparse indices may depend on the given cube Q. However, since this dependance will not play a role in our arguments, it
will be safely omitted in the corresponding notation.
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X upper estimate for s, (X)
L?, P> 2n 27N(22J’;tn7min{12,p})n
n+2
MPe. p>Z. acR NGNS
M3 a>1 N'Z*
2n ~N(ZEn-Lyn
R, > log%, >—— «a€R 2 2n ~P)INTH
».2708 P n+2
1
R 5, 210g"‘, a>% N27¢
n+2’

Table 1. Sparse indices for some classical function spaces.

(ii) Let X be a function space, X C L} (R"). The sparse indices of X(Qy) are defined by

loc

sy(X) = sup sy (f). (1-12)
I fllxcop=1
Remark 8. The definitions above can be extended in a natural way to the setting of measures with

distinguished sign.

Compactness of embeddings into ! can be characterized in terms of sparse indices. Specifically,
we have the following result.

Theorem 9. Let X be a function space'® X C Llloc’_i_([R{”), n > 2, (or more generally, X C BM;").
Then:11

D s1(X) <0 & Xe— H!(R").
(i) My oo sy (X) =0 & X <% HoT(RM),

The proof of this result is given in Section 4.3.
Sparse indices provide a very satisfactory criteria for H~!-stability (see Theorem 1).

Corollary 10. Let X be a function space X C Llloc, +(R"), n =2, (or more generally, X C BM) such
that

lim sy (X)=0. 1-13

Jim sy (X) (1-13)

Suppose that {u®} ¢~ is an approximate family of Euler solutions with related set of vorticities {w®}¢=¢
uniformly bounded in C((0,T); X). Then (passing to a subfamily if necessary) u® — u strongly in
L>®([0, T]; L2 (R";R™)), where u is a solution to (1-1).

loc
The new indices pose a challenge: can we compute them? In Section 5 we provide the explicit calcula-
tion of sparse indices for classical spaces like Lebesgue, Morrey, and RMT spaces. The results are presented
in Table 1. These computations, combined with Theorem 9, give a unified proof of (1-2) and (1-3).

1045 usual, Llloc,_'_(IR" ={f e LIIOC(R”) : f = 0ae.}. The additional assumption f > 0 is not restrictive since

sy (f) = sy (11D

HNote that 51 (X) = supy e Sy (X).
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Furthermore, understanding the rates of decay of the sparse indices will allow us to measure the degree
of H~!-compactness, and pave the way to extend the known results as we now explain.

1.7. Sparse spaces. So far, given a function space X', we analyzed the decay of its sparse indices s, (X)
(see (1-12)) in order to guarantee H -1 -stability; see Corollary 10. However, note that the definition of
sparse indices sy (/) (see (1-11)) is independent of any particular space X. This simple observation leads
to the following question: can we use “reverse engineering” to create new function spaces whose sparse
indices have prescribed decay? A natural construction associated with this idea can be described as follows.

Definition 11 (sparse spaces). Let W be a decay (see (1-6)). The sparse space Sy (Qy) is formed by all
f € L'(Qyp) such that
SN(f ) <

1/ lls0(00) = sup 2 < oo, (1-14)
v(00 T Nen W(N)

The counterparts on R” as well as for positive measures can be introduced analogously.

Note, parenthetically, the superficial similarity with the constructions of Yudovich spaces and extrapo-
lation spaces in [Dominguez and Milman 2024]. As we shall soon see this connection goes deeper and,
moreover, some concrete calculations can be effected which lead to the introduction of new Euler relevant

function spaces.
From (1-14), we clearly have

sy (Sw(Qo)) = W(N),
therefore, by Theorem 9,
Sg(R")e <2 Hig! (R"). (1-15)
In particular, using sparse embeddings we can formulate a new H ~!-criteria.

Theorem 12 (H~!-stability via sparse embeddings). Suppose that
Xe = Sy(R"), (1-16)
holds for some decay V, then X is H™-stable, in the sense that
X, ot pe LR,

In particular, suppose that {u®}.~¢ is a family of approximate solutions of the Euler equations, such that
the related set of vorticities {w®}¢=¢ is uniformly bounded in X. Then there exists a subfamily of {u®}¢=¢
which converges strongly to a weak Euler solution in L°°([0, T']; leoc([R{")).

The proof of this result is an immediate consequence of (1-15) and Theorem 1.

Next we go a step further and show that assumption (1-16) in Theorem 12 is in fact necessary to
establish H~!-stability. To do this, we need to introduce the natural generalization!? (say, function
space-free) of (1-16) to approximate solutions: sparse stability. As already anticipated in Theorem 2 (see

12Recall that H~!-stability does not involve any function space X, but only approximate solutions; see Definition 19.
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Section 6 for its proof), this new concept provides us with a remarkable characterization of H ~!-stability
in terms of sparseness.
As usual, let A" be the set of all antisymmetric matrices of order n with real entries.

Definition 13 (sparse stability). We say that a family {u#®}.-o of approximate solutions of the Euler
equation is sparse stable if there exists a decay W such that the corresponding set of vorticities {w®}¢~¢
is uniformly bounded in'3 C(0, T'; Sg(R”; A")). In particular, {u®},~ satisfies the admissible sparse
stability property if W is an admissible'# decay.

Applying sparse stability, it is thus possible, at least theoretically, to improve all the known H ~!-stability
results of [DiPerna and Majda 1987a; Lopes Filho et al. 2000; Tadmor 2001] (see Sections 1.1 and 1.2).
However, to make the implied extensions meaningful, we need to exhibit concrete instantiations. In fact, we
obtain significant improvements on the classical results and we show that our constructions unexpectedly
connect with the theory of Yudovich spaces [1995], Vishik spaces [1999] and more specifically with the
extrapolation spaces of [Jawerth and Milman 1991; Dominguez and Milman 2024].

1.8. New extrapolation spaces guaranteeing strong convergence to Euler solutions. As already men-
tioned in Section 1.3, extrapolation constructions seem to be implicit in (1-2)—(1-3). In Sections 7 and 8
we confirm this belief and show how the extrapolation theory of Jawerth and Milman [1991] (more
precisely, the updated account given recently in [Dominguez and Milman 2024]) can be successfully
applied to construct concrete examples of function spaces with prescribed sparse decay. In particular,
these new spaces strictly contain the limiting spaces involved in (1-2) and (1-3), but are still /7~ !-stable.
As a consequence, we are able to extend the existence results for vortex sheets of [DiPerna and Majda
1987a; Tadmor 2001] to larger classes of vorticities.

1.8.1. Sharpening Morrey regularity of DiPerna—Majda. We introduce the distributional space Vi (R")
given by (see Definition 34)

o0
> 27 )A) fllpeo@ny S W(N)® N eNo.
j=N
These spaces may be considered as “dual” counterparts of classical Vishik spaces proposed in [Vishik 1999]
in connection with uniqueness issues for Euler flows; see Remark 35 for further explanations. Applying
the set of techniques explained in previous sections, we show sparse stability!> and nonconcentration
phenomenon in Viy; see Theorem 37. A crucial point in our arguments is that Vg can be characterized as

an extrapolation space of classical Besov spaces (see Theorem 39). In particular, for the special decay
W(r) = (1=9/2 o > 1, we have (see Theorem 38)

n
M 2% R") — Vg(R").
13In what follows, we will use the simplified notation Sy (R") rather than S (R”; A”).

145ee Definition 36(1).
151n fact, sparse numbers of Viy behave like W.
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Furthermore, this result is sharp, i.e., we give a constructive method to produce functions in Vig (R") but
not in M"/2%(R"). As a by-product, we get a nontrivial improvement of (1-2).

1.8.2. Sharpening Tadmor regularity. The results stated in Section 1.8.1 for Morrey spaces admit counter-
parts for RMT spaces. In this setting, the role of Viy is played by the new space Ty (R") (see Definition 44),
which admits the following nice characterization in terms of Fourier integrals:

[ O ERTIFOF de S w0 N

Then we establish sparse stability and nonconcentration phenomenon in 7Ty ; see Theorem 47. In particular,

for the special decay W(r) = t1/27¢ o > %, we have (see Theorem 48)

R 7y 2log"‘(IR”) — Tg(R").
n+2’

Again, this result is sharp. As a consequence, we improve Tadmor’s embedding (1-3).

1.9. Energy conservation for physically realizable solutions via sparse stability. In Section 10 we show
that our methods are sufficiently robust to provide criteria for the preservation of energy by physically
realizable solutions'® of 2D Euler equations on the two-dimensional torus T2. Indeed, extending L7 (T?)-
results,!” p > 1, obtained by Cheskidov, Lopes Filho, Nussenzveig Lopes, and Shvydkoy [Cheskidov et al.
2016] (see also [Ciampa et al. 2021] for the case on the whole plane R?), we show that our framework
can be used to provide conditions for physically realizable solutions to conserve energy.

Theorem 14. Let u be a physically realizable weak solution of the 2D Euler equations with a physical
realization {u®}¢~o satisfying admissible sparse stability. Then u is conservative, i.e., |[u(?)| p2(r2) =
luollL2(r2)-

Very recently, Lanthaler, Mishra, and Parés-Pulido [Lanthaler et al. 2021] proposed an interesting
approach to energy conservation based on the so-called structure functions (i.e., the L?-modulus of
smoothness) of {uf},~9. On the other hand, Theorem 14 relies on the sparse indices of {w®}¢~.
Switching from u® to w® has important advantages from the point of view of applications, as it is
illustrated by the following.

Corollary 15. Let X be a function space X C L'(T?) (or more generally, X C BM™) with sparse indices
sy (X) satisfying (1-13) and the admissibility condition (see Definition 36). Let {u®}¢~¢ be a physical
realization of the Euler solution u. If {w®}¢~¢ is uniformly bounded in X, then u is conservative.

This result follows immediately from Theorem 14 from the fact that X < Sy(T?), where W(N) =
sy (X). In particular, Corollary 15 can be applied to all the classical function spaces exhibited in Table 1,
as well as the new spaces X = Viy and X = Ty.

16Roughly speaking, physically realizable solutions are weak solutions of Euler equations that can be obtained as weak limits
of vanishing viscosity; see Definition 61.

17For general L? solutions with p > 3 conservation of energy can be derived from the well-known Besov-type criterion of
Cheskidov, Constantin, Friedlander and Shvydkoy [Cheskidov et al. 2008]; see also [Cheskidov et al. 2016, Theorem 1] for an
alternative and streamlined proof.
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1.10. Brief interlude: some references. Existence and uniqueness of weak solutions for the 2D Eu-
ler equations are well established. In particular, we mention the concentration-cancellation result by
Delort [1991] (resp. Vecchi and Wu [1993]) proving existence of weak solutions for initial vorticities in
BM N H™! (resp. in L! N H™1); existence and uniqueness results of weak solutions for initial bounded
vorticities (resp. vorticities in Yudovich spaces) were established by Yudovich [1963] (resp. [ Yudovich
1995]), and the corresponding results for vorticities in BMO (and related spaces) obtained by Vishik
[1999]. For vorticities in L? the uniqueness problem remains open, although substantial progress has
been achieved recently. Relaxing assumptions in the sense of forced 2D Euler equations, Vishik [2018a;
2018b] (see also [Albritton et al. 2024; Castro et al. 2025]) established nonuniqueness for vorticities in L?,
p < oo. More recently, using a newly developed refined version of the convex integration technique, the
nonuniqueness of weak solutions under vorticity in L!T¢, with ¢ sufficiently small, was shown by Brug,
Colombo and Kumar [Brug et al. 2024].

We close this introduction stating our belief that, given the central role of negative Sobolev spaces in
PDEs, our methods could find applications elsewhere.

Notation. Given two normed spaces X and Y, the symbol X < Y means that the identity operator
from X into Y is continuous. Given two positive quantities 4 and B, we write 4 < B if there is a
constant C > 0 such that A < CB. We alsouse A~ Bif A < Band A2 B. Fora € R, a— = min{a, 0},
p’ denotes the dual exponent of p given by 1/p + 1/p’ = 1 and |E]| is the (Lebesgue) measure of a
measurable set E.

2. Background

2.1. Approximate solutions and H ~-stability. For convenience of the reader, we recall the well-known
concepts of approximate solutions of Euler equations and their H ~!-stability, as introduced in [DiPerna
and Majda 1987a] and [Lopes Filho et al. 2000], respectively.

Definition 16. A family of velocity vector fields {#°(-,)}e>0, t €[0, T], defines an approximate solution
of (1-1) if for some L > 1, it is uniformly bounded!® in
L2([0, T]; LZ(R"; R™) N Lip((0, T); Hiplk (R"; R")),

with div 2 = 0 (in the distributional sense), and is weakly consistent with (1-1), in the sense that!®

T
// (pt'ue%—(D(pue)-uadde—/ 0(x,0)-u®(x,0)dx -0 ase—0
0 Jrn R~

for every test field ¢ € C°([0, T') x R"; R") with div ¢ = 0. Here, D¢ is the Jacobian matrix of ¢.

Remark 17. If the family is constant, u® = u for all ¢ > 0, then u is in fact a classical weak solution
to (1-1).

18The uniform bound in Lip((0, T); H];CL (R™; R™)) is a technical assumption in order to guarantee that initial vector fields
u®(-,0) are well-defined. In practice, this follows easily from the uniform energy bound L ([0, T]; L2 (R"; R")); see [DiPerna
and Majda 1987a].

19The weak formulation related to domains with boundary is analogous to that of R”, taking into account the additional

boundary condition #® -n = 0 (in the trace sense).
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Remark 18. There are standard methodologies to construct approximation solution families, e.g., through
mollification of initial data, Navier—Stokes approximate solutions (also known as vanishing viscosity
method), vortex blob approximations, discrete methods, ...

Definition 19 (H ~!-stability). We say that a family {u®}~ ¢ of approximate solutions of the Euler equation
is H~!-stable if the corresponding set of vorticities {w® = curl u®}4~¢ (i.e., a)fj = (uf)x; — (Mf)x,- for
i,j=1,...,n)is precompact in C((0, T); H! (R"; A")).

2.2. Riesz—Morrey-Tadmor spaces. Let TI(Qg) be the set of families of packings?® (Q;);es, with
Qi € D(Qo).

Definition 20 [Tadmor 2001]. The Riesz—Morrey—Tadmor spaces®' (RMT spaces, in short) R p,q102%(00),
1 <p,qg <00, a €R, are defined through the condition

1

(I —(log|Qi[)-)* N«

1/ 11 Ry 1007 (Q0) = sup { [ ; / |/ < o0. (2-1)
paloe”(Qo) (Qi)ier€l(Qo) ; |0:[1/P 0;

The corresponding spaces on R” are defined analogously.

Remark 21. In particular, Morrey spaces are part of this scale. Let 1 < p < oo, o € R. The Morrey
space M ?%(Qy) is defined by

(1—(log|Q])-)* /
p.o = 7 . 2-2
(WAIFYZXIToS) Qesg(on) 01/7 0 | fl< o0 (2-2)

Consequently, M 7%(Qo) = Rp,00 10g*(Qo).

Remark 22. A similar comment to Remark 5 also applies to R, 4 log* and M 7-*.

3. Characterization of sparse RMT spaces via maximal operators

Let0 <X <nanda € R. For f € L'(Qy), consider the maximal operator

M) 0,00/ (x)=sup |Q|ﬁ_1(1—(10g|Q|)—)a/|f(y)|dy, x € Qo. (3-1)
Qexlé(QQo) 0

In the absence of logarithmic weight (i.e., @ = 0), we simply write M} ¢, . In addition, if A = 0 then one
recovers the classical (dyadic) maximal operator Mg,,.

In this section we show that, under some natural conditions, the sparse SR, 4 log* spaces (see
Definition 4) admit simple characterizations in terms of maximal operators (3-1). This is in sharp
contrast with the parent spaces R 4 log®.

20Families of pairwise disjoint cubes.
210ur notation differs from [Tadmor 2001] where the space R p.q 10g%(Qy) is instead denoted by VP4 (log V)¥(Qy) (or
simply by VP2:%(Q)). The reason behind this change of notation comes from the Riesz theorem (see (4-7)).
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Theorem 23. Suppose that p, q, a satisfy

I1<p=<g<oo and acR (x=<0ifp=gq). (3-2)
Then
o — q
SRp.q10g"(Qo) = Mn(%_%),a,QOL (Qo).
More precisely,

17 sRp.q 100 (@0) 2 1My 1_1) 0 0y / | L9(Q0)- (3-3)
where the hidden constants of equivalence are independent of f and Q.

Remark 24. When p = ¢, the restriction o < 0 is necessary to avoid trivial cases. To be more precise, if
o > 0and p = ¢, then

”Mn(%—é),a,Qof”Lq(Qo) <oo = f =0 ae. on Q.

Indeed, since Mn(%_%),a’Qof(x) = My u,0,/(x) <ooae. x € Qo we have
1
10|

for every Q € D(Qy), with x € Q, and | Q| sufficiently small. Taking limits on both sides of (3-4)
as |Q| — 0, and applying the Lebesgue differentiation theorem, we conclude that f(x) = 0 for every

/Q /1< (1= (log |Q))-)™* Mo.a.g0 f(x) (3-4)

Lebesgue point x.
Sparse domination principles underlie the characterizations of sparse spaces via maximal functions.

Proposition 25. Suppose that p,q and o satisfy (3-2), and let f € L'(Qy). Then there exists a family
(Oi)ier € S(Qy) (depending on f and the parameters p, q and o) such that, for almost every x € Qy,

M —1).a.00/ ()

1_1_, o 1_ 1 iD- o
< 2max{ 1P (242) }ZI(( o [ 0l )1e 6

Remark 26. As usual, if p = ¢ the constant max{1, e!/?~1/9=%(pga /(¢ — p))*} in (3-5) should be
interpreted to be equal to 1.

Proof of Proposition 25. The desired decomposition will be obtained by a standard process of exhaustion,
whereby for each cube of the starting decomposition we shall apply the process again and again. We set
up the selection process by letting Oy = Qf, , 4.« be the collection of Q € D(Q) such that the following
condition is satisfied:

(1—(log|Q])-)*
|Q|1/p’+1/q

(x)“} (I —(log|Qo|)-)*

A—o
[ oty = amaxfr e (S SO0 R0 | o 6

1

where A ;= >~ é. If the collection Qf is empty then we let Eg, = {Qo}, and we readily verify that

(3-5) holds. Otherwise we continue the process selecting (Q;);en, the family of maximal dyadic cubes
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in Qf. By construction, the selected family (Q;);en is pairwise disjoint and, therefore, for almost every
x € Qo,

Myy(1_1y 0,00/ () = My 11y 4 0, /() 10\ 2, 0,(0) + Z My(1_1) 4.0,/ ()10, ()
=1 (A)+ (B). =
Next we estimate each of the terms (A) and (B) separately.
Estimate (A). We claim that, for x ¢ Ji2, O;,

ma () (= log | Qo))"
Moty /) = 2maxtee (5 E 8B [ ol o)

Indeed, suppose, to the contrary, that for some x ¢ | J;=; Q;, (3-7) does not hold. Then, by the definition
of My1/p—1/g),a,00 (se€ (3-1)), there exists a dyadic cube Q C Qy, such that x € Q, and Q € Q.
Consequently, there exists a maximal cube Q; such that Q C Q;, but this leads to a contradiction since
x & Q;. Therefore, for x € J72, Q;, we have

(1 —(log|Qol)-)*
|Qo|!/P'+1/a

(A)<2max{1 et “()\) } /Q Sl dy.

Moreover, from (Q;)ien C Qf (see (3-6)) we see that

w1010 [ 17wz 2max{te (5 otoobien™ [ 1ol 69

where .
e(t):=t?P 4(1 —(logt)-)*, >0.
We distinguish two possible cases.

(I) Suppose first that < A. Routine computations show, under this assumption, that ¢ is a nondecreasing
function. It follows from (3-8) that

1 | Qol
= d
;—1 10il = 2 max{1, e*=%(a/1)%} ¢(|Qol) [o, |/ (M) dy l§_l:¢(|Q |)[ | S| dy
1 | Qo |Q0|
E d
= 2 max{l, er— a(a/)‘)a}fQo If(y)ldy /l | fOW)dy < —

Note that, in the first step of above computations, we assume that f is not identically zero (almost
everywhere) on Qg; otherwise the desired result (3-5) holds trivially. Therefore, if we assign to the cube
0y the set

=00\ Ue (3-9)

i=1
then

1Qol
2
i.e., the sparseness condition given in Definition 3(ii) holds.

|EQ()|’ (3_10)
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(II) Suppose now that & > A. Let

[t (1=logt)* ift e (06!,
1/,(t) = {e)b—a(a/)\‘)a ifle[el—a/)»’oo)'
It is plain that ¢ is a nondecreasing function such that, moreover, ¢(¢) < ¥ (¢) for ¢ > 0. By (3-8), we
have
3 ! 100
! d
2O = S a1} 100D g, T Z¢('Q ) [,
1 | Qo
d
= 2max{L (a0 (100D [, 1701 dy ; vien |, 17old
1 |Qol¥(1Q0l)
d
= 2max{l. = (a/0)%} ¢ Qo)) Jg, 1/ ()] dy Z/ 7ty
|Qol ¥ ([ Qol)

<

~ 2max{l, e*=%(a/A)*} (| Qol)
Furthermore, using the estimate

100l e\
Z(ﬂggo)fmax{l’el ()

we obtain
o0
0
Z 10i| < %
i=1
Hence the set £, defined by (3-9) satisfies the required sparseness condition (3-10).
Estimate (B). We will show that the procedure used to estimate (A) can be iterated to estimate each term

of the sum (B). Fix i € N. Observe that for x € Q;, the maximality of the Q;’s and the nesting property
of dyadic cubes, yield

My (1 1y 4 00/ () =M1 1), 0, f(X). (-11)

Indeed, we only need to prove that the right-hand side is > the left-hand side. Consider Q a generic
dyadic cube such that x € Q C Qy. In particular, Q N Q; # &. Now there are two possible situations.
Firstly, if O € Q;, the cube Q enters in the competition for computing both, the left- and right-hand sides
of (3-11), which is consistent with what we wish to prove. Assume now that Q; C Q. In this case, since
Q; is a maximal element of Qf, we must have that Q ¢ Q. Therefore (see (3-6))

(1 - (log | Q]))® _afay#) (1= (10g | Q)-)®
o ol <amax A (§f SRR [ 1y 6

On the other hand, since Q; € Qf, it follows that

r—a (@ \*) (1 = (og|Qo])-)* (1—(log |Qi])-)*
2max {1, et~ (%)} VeNCIERI /Qolf(y)ldys YRLEar /Qilf(y)|dy

My 11y 4.0, /(). (3-13)
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Putting together (3-12) and (3-13),

(1—(log|O)-)*
|Q|1/p/+1/q

/Q SO dy < Mys s 4 0,/ (),

and taking now the supremum over all possible dyadic cubes Q C Q¢ with x € O, we arrive at the desired
upper estimate < in (3-11).
By (3-11), we can write (B) as

B)=>_ My(1_1y 4.0, ()10, (x). (3-14)

i=1
The proof can be now completed applying the procedure used to estimate (A) to each of the terms that
appear on the right-hand side of (3-14). O

Proof of Theorem 23. Let f € SRy 410g%(Qo). In light of Proposition 25, there exists (Q;)icr € S(Qo)
(depending, in particular, on f) such that the estimate (3-5) holds. Then, taking LZ-norms on both sides
of this estimate, we find

(1 - (log | Q1) )®
Z( |Qi|1/P/+l/q /Ql|f(y)|dy)1Ql

iel

M, 1 1 L < :
I n(4-1 ,ot,Qof” 9(Qo) L9(00)

To estimate the right-hand side, we shall use duality, the properties of sparseness and the Hardy—Littlewood
maximal theorem (recall that ¢ < co). This requires a number of elementary manipulations, but to facilitate
the reading we present all the steps,

”Mn(i—l)a Qof”Lq(Qo)
pre (1= (log | Q:]))°
s [ (SR [ elarie )iselas

”g”Lq/(Q())Sl iel

. Z(l—(log|Qi|)—)a/Q.|f(y)|dy/-|g(x)|dx

|1/ p'+1/q
el e o=t ic7 1€l

(1- (log|Qi))* | Eg,|
S M [, 1oar [ leeolas

(1 —(og|Qi])-)* 1
= SRR [ vonar [ (i [, tewian) ax

el L0’ o) <1 1eT

(1 - (log | Qi) )"
< s S | 1 ldy [ Mo,e dx
el o=t fer 1€l o} Eo,

(1 - (log | Q11) )"
= [ O(Z R /Qi|f(y)|dylEQl.(x))MQog@)dx

”g"Lq/(QO)S iel
1—-( i-)¥ _
Z( (log|Qil)-) /Q | S dylEg,,

1/ p’+1/q
iel |Ql|

1

<
lela’ o)<

< sup I1MogllLa (g,
||g||Lq/(Q0)S

L4(Qo)
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(1 - (log| Qi])-)®
2

=4 ~ 101/ P +1/4 /Q,- |/ Wldy1Eg,, reon
(I1—(log|Qi)-)* q 1/q
=q(;( |Q;|1/P'+1/4 /Qi |f(y)|dy) |EQ,-|)
(1—(og|Qi-)* , )q)l/q
= 7 d
q(z;( 0,11/7 fQilf(y)l y

= q“f”SRpﬂ log®(Qo)"
Conversely, for any (Q;);er € S(Qg), we have (recalling the sparseness condition in Definition 3(ii))

(1—(log | Q;])-)* a (1—(log |0 ])—)* q
Z( 10|17’ /Q,. |f(y)|dy) S22:( |0: [P +1/a /Qi |f(y)|dy) |Eg;l

iel P
(1-(log | Q;])-)* q
:2[90 ;( |Q;|1/P'+1/a /Q,- If(y)ldy) g, (x)dx

q
= 2||Mn(%—$ ,a,Qof”Lq(Qo)'

Taking the supremum over all (Q;);er € S(Qy), we arrive at

115 =2[M, O

q
SRp.q 10g%(Q0) = 121y 0,00/ ILa(p)

Remark 27. Note that, since the Hardy—Littlewood maximal function is not bounded on L', the above
proof does not work if ¢ = co. However, Theorem 23 holds trivially if ¢ = oo (for any value of @ € R)
since

1S szy, 00 108% Qo) = I/ lagre(@o) = 1M1 o 0, /| L20(00):
see (2-2) and (3-1).

3.1. Spaces defined on the whole space. The analogue of Theorem 23 for SR, 4 log* (R") can be now
formulated in terms of the (dyadic) maximal function

A
My o f(x)=sup |Q|”_1(1—(10g|Q|)—)°’[ SOl dy, xeR", (3-15)
Qilé(g”) o

where A € [0, ) and?? « € R. For g € [1, o0), we define
My, o LYR") = {f € Lig(R") : | M), o f | Lamry < 00}
Theorem 28. Suppose that p, q, a satisfy (3-2). Then
SRp,q loga(Rn) = Mn(%_é)’an(Rn).

221p the absence of the log-parameter (i.e., & = 0), we simply write M, ) instead of M o. If, in addition, A = 0 then we get
back the classical Hardy—Littlewood maximal function M .
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Proof. To facilitate the reading we have divided the proof into four steps, which we now outline. The
general goal is to extend the local estimate (3-3) to a global one. For this purpose in Step 1 we construct
a suitable nested sequence of cubes Qj such that | J; Or = R” and invoke (3-3) for each Q. The
quantities involved in (3-3) are local maximal operators and local sparse RMT functionals related to each
cube Qy. In Steps 2 and 3 we develop the asymptotic analysis that will enable us to take limits?® when
k — oo in Step 4, and in this manner effect the required transference from local to global estimates for
sparse RMT functionals.

Step 1. Consider the sequence of (not dyadic) cubes
Oy :=[-2F.2F1", Kk eN.

According to Theorem 23, with equivalence constants independent of f and k,

1/ 10 lIsky 4 10201 = | M2 1) 0.0, (S 10 | Loy (3-16)
Step 2. We claim that, for every k € N and x € Qy,
My1_1y 4.0, (f10)X) = My 11y ,(f1g,)(x), (3-17)
(see (3-1) and (3-15)). Indeed, the estimate < follows from the simple observation that
D(Qr)\1Qk} CDR"),

and the fact that the first (dyadic) generation of Qy, say {Q,lC ;o1 =1,...,2"}, gives a pairwise disjoint

decomposition of Q. In particular,
211

o= 0},

=1

and |Q11€,1| = 27" Qr|. Hence, given any x € O,

2”
ol [ 1oy =G Y jof i [
Qk I=1 ’ Q1

k

|f (W) dy

1_1
< 2”(17 q)Mn(%_%),a(lek)(x)'
Accordingly,

Myi_1) o 0, (F 1))

< sup |Q|%_$_1(1—(10g |Q|)—)a/

1_1_
= SO dy+[Qkl? 4 1/ SOl dy
QPN Ok} 0N 0«
X€

Ok

< sup (011 o QD" [ 17010, () dy+ My ) o(F10,)(0)
Qiggn) Q p q

~ Mn(%—é),a(lek)(x)'

231n particular, to justify the passage to the limit requires estimates that are independent of Q k-
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Next we focus on the estimate = in (3-17). Consider x € Qg, and Q € D(R") with Q > x and moreover
O ¢ Oy (indeed, if Q C Qf then Q € D(Qy)). We cannot assert that Oy C Q (recall that Oy, is not
dyadic), but what is certainly true is that there exists Q,lc € D(Qy), in the first dyadic generation (i.e.,
2€(Q11€) = £(Qk)), such that Q}{ C Q (because D(Q)\{Qr} C D(R") and x € Q). Note that, in
particular, | Q| = [ Q)| = £(Q})" = 27"0(Qx)" = 27"| Qx| = 2" > 1. Since £ — 1 —1 <0, we have

017757 (1= (log |Q))* = |QI» s ™! <[} o™ = 2"(Fa=D) gy p7a !
=2"(F 70|77 (1 - (log | Q) ),
which yields

1015771 (1 — (log | Q) ) / )] dy
onex <2"(14375)| 0 |7 ~a~ (1= (log | Ok ) )" / | f ()| dy

Qk
< on(1+5- ,,)M( a0, (1)),
Consequently,
M1 1) (1)) < 2T M, 4y 0, (F10,)().

This completes the proof of (3-17).
On the other hand, since

Ok C Qi1 and | ) Ok =R". (3-18)
keN
we have

Jim M1 o (F10) (010, (¥) = M,y _1) o (). xR (3-19)
Indeed, given any fixed x € R”, we have
My(1_1)o(f10,)(N) 10 (¥) < My1 1) f(x). forall k€N,
and (see (3-18))
Mn(%_é),a(lek)(x)le(x) < M,,(%_é),a(flgkﬂ)(x)1Qk+1(x)- (3-20)

By the monotone convergence theorem for sequences of real numbers, we derive

11m M( ~1a (f1g,)(x)1g, (x) = supM( ~La (f1g,)(x)

= sup |07 (1~ (log|Q])-)* sup/ |f (W) dy
oD@ oJal o)
X€

= M-4ya /0

where we have used (3-18) in the last step.
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It follows from (3-17) that

”M -, Qk(lek) La(Qy) ~ HM 1)a(f1Qk)1Qk L4(R")’

uniformly with respect to k. Consequently, applying the monotone convergence theorem (see (3-19)
and (3-20)):

hm HM L 1) 4.0, f1Qk)\|Lq(Ql) M, 1 1)’af||Lq(Rn). (3-21)
Step 3. Next we deal with the left-hand side of (3-16). We claim that

”le;‘ ”SRpﬂ log®(Qy) ~ ”f]‘Qk ”SRp.q log® (R") (3-22)

uniformly with respect to k£ and f.

The estimate < can be obtained as follows. Given any (Q;)ic; € S(Qp), there are two possible
scenarios. (I) Q; # Qy, forevery i € I. Then (Q;);cr € S(R"), since D(Qx)\{ Ok} C D(R"). Clearly,
this implies || /19, lIsr, ,10e%(0x) = I/ 10k lIsr, 4 10g* ). (II) Suppose now that there is ig € / such
that Q;, = Q. In particular, (Q;)ier\(io} € S(R") and Q; C Qy for i € I'\{ip}. Now, the first dyadic
decomposition of Qy (i.e., {Q}C’ ;I =1,...,2"}) is formed by pairwise disjoint cubes in D(R") (so, in
particular, {Qllc,l l=1,...,2"} € S(R")) with |Qllc,l| = 27"| Q. Hence, in this case, we can split the
sum related to the SR, 4 log*(Qy)-norm as

(1= (log | Q1)) )° )
S (e [ roas

iel
_ (1—(log|0;[)-)* d ( 1 )q
_Z( |Qi|1/p/ /Q,- |f(y)|dy) + _|Qk|1/p/ /lef(y)ldy

iel

i#ig

211

1 1 a
= 1/ 20l 4 tog iy + na/p’ (Z Q. "? ‘/;}vl |f(y)|dy)

1 q
<"lek||szepqmga<w>+Z(|Qk1|w / 'f(y)'dy)

~ ” lek ||SR17 q loga(R")
Therefore, taking the supremum over all possible (Q;);er € S(Qk), we achieve
I/ 10, sk, 41062 (010) S I/ L0y Isr,. 4 10 (R7Y

i.e., the estimate < in (3-22) is shown.
To deal with the converse estimate, for any Q = (Q;);e; € S(R"), we consider the index set

Iy ={iel:Q;C O}
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Therefore we can split

—( iD-)* '
Z((l (ogIQ/I)) /Q.|f(y)|1Qk(y)dy)

~ |Q:|1/P
iel
(1 - (log |0i)))° )q ((1 ~ (log| Qi) )* )q
- p )
Z,( oy Jo TN * T g [, ol
IR (3-23)

Note that (Q;);er, € S(Qp) (since (Q;)ier, € S(R") ND(Qk)). Accordingly

Ry =1/ 10, ISk, 001" (3-24)
Concerning R,, we argue as follows. Leti € I\, i.e., Q; ¢ Q. Assume further that Q; N Oy # .
Note that Q is not a dyadic cube in R”, but its first dyadic generation {Q,lC ;o0 =1,...,2"} is formed

by dyadic cubes in R”. Since Q. can be expressed as the disjoint union of the cubes Q}c’ ;» We can assert
that there exists a unique /(i) such that Q; N Q}(, 1G) # @. By the structure of dyadic cubes in R”, we
have either Q; C Qi’l(i) or Qllc,l(i) C Q;. The former is not possible; otherwise, Q; C Qj buti & I.
Hence Q}C’ 16y © Q;, therefore

/ S| dy = / )] dy. (3:25)
QiNQy !

Qk.l(i)

For/ e {1,...,2"}, we define

Qk,1 = {0Q; i € I\I and Qllc,l C Qi}.
The above argument leads to

2n
(ODiens, = Q- (3-26)
I=1

Moreover, since the Q;’s are dyadic cubes in R", the elements of Qx ; = {Q1, O», ...} can be ordered in
such a way that Q}c’ ; €01 C QrC--- We cannot exclude the possibility that some of the cubes in Qg
coincide, but the number of these cubes is uniformly bounded by the sparse constant 7 in Definition 3.
Therefore, by (3-25) and (3-26),

2n

5 Z( / lf(y)ldy)q Z(/ If(y)ldy)q Yy o
2 = _
iel\I; Qi7" Joy 1=1 N Qh Qi€ |Qi14/

2" q o na) 2" q kna)
< d 2mnalp’ o dv ) 2~knalp’
;(/Q}”|f<y>| ) p> ;(/Q}de )

2" q
Z(lQ R / 'f(y)|dy) =<1/ 10 s, 100 (04 (3-27)
I=1 k,l
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Combining (3-23), (3-24) and (3-27),

1—(1 il)-)* ’
;(( e [ 0] £ 1100, 000

for all (Q;);er € S(R™). In particular,

I/ 10, sk, 4 1002 @) < 11 10y Isr,. 4 1062 (0

completing the proof of (3-22).
By the lattice property of sparse RMT spaces, we have (recall (3-18))

I/ 10 sk, 4 1002 @) = 11/ 10411 lIsRp 4 10s* ()
and

1/ 1o sy g 100 @) = 1./ sy 4 1002 @), K € N.

Hence, applying the monotone convergence theorem and the dominated convergence theorem, we obtain

kli>moo ”lek ”SRp.q log® (R") = 22% ”lek ”SRp.q log® (R")

1
(1 - (log| Qi)-)" N
= sy sl Y
(Qi)icr€SRM) keN |0il QiNQy

iel

1
. (1—(og|QiD-)* N«
s i {3 Tl Y]
(Q)icreS@n) k—oo L7 Qi 0:iNQ

= (1 —(log|Qi[)-)* ]q}é
(Qi)i:?ES(R”){Z[ |0;|1/P /Q,- | /1 .

iel

In other words, we have shown that
kli)nolo /1o, ||SR,,,q log¥ (R") = ||f||SR,,,q log® (R") - (3-28)

Step 4. Finally, taking limits on both sides of (3-16) as k — oo, and invoking (3-21), (3-22) and (3-28),
we achieve the desired estimate

1/ 1Is7, 4 10g% @) = ”Mn(%_é),af”Lq(lR”)' O

4. A sparse approach to H ~1-stability

As already mentioned in Section 1.5, one of the main features of the theory of sparse function spaces lies
in the fact that, unlike their classical parent spaces, they often admit complete explicit characterizations.
Indeed, Theorem 6 provides us with the following surprising (informal) characterization: SRy, 4 spaces
can be identified with negative Sobolev spaces. Before we give the proof of this result, we introduce some
basic notation.
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Consider the Riesz potential operators I, A € (0,n), formally defined, for f € L]OC([RR”), by
I f(x) ::/ L)kdy, x € R".
R |X — "
For 1 < g < o0, we let
H AR = {f € L (R") : 1 | = I f | Loy < 00}, (4-1)
the Riesz potential space, and its associated lattice
HHRY) = {f € L (R") : 1/ Ty = 1A f DIl Laqny < 00} (4-2)

It is plain that
H M (RY) € H (R

Furthermore, as it is customary, we shall suppress the subindex ¢ = 2 and simply write
HMR") :=H;M(R") and H*R"):= Hy*(R"). (4-3)

4.1. Proof of Theorem 6. In order to be able to use a result of Muckenhoupt and Wheeden [1974] we

introduce the fractional maximal®# operator, defined for f € LIOC(R"),

My f(x) = sup|Q|"1 / SO dy. xR,

xeQ

where the supremum runs over all (not necessarily dyadic) cubes Q in R”, with x € Q. It is plain (see
(3-15)) that M, o f(x) < M, f(x), and, although this pointwise inequality cannot be reversed, it is
well-known that by the %—translation trick (see [Christ 1988]) we have the equivalence

M0 f lLa@ny ~ My fllLa@n- (4-4)
Putting together Theorem 28, with @« = 0 and A = n(; — —) and (4-4), we get
I/ NIsry.4 Ry = ”Mn(%_é)f”Lq(R")- (4-5)
For the maximal operator M, we have the trivial estimate

My f(X) =enh(I/D(x), xR,

where ¢, depends only on n. In fact, via the Muckenhoupt—Wheeden theorem [1974, Theorem 1], we
achieve, for 0 < g < oo,

Mo S lLa@wny = 1|/ DIl La@ny- (4-6)
Combining (4-2), (4-5) and (4-6) we arrive at

15ty % 11, oy

as we wished to show. O

24Compare with the dyadic local version M: 1,0, defined in (3-1).
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Our next result refers to the limiting case p = ¢ in Theorem 6 and it can be viewed as the sparse
counterpart of the Riesz’s theorem (see [Dominguez and Milman 2021, p. 1062]),

Ry p(R") = LP(R"). 4-7)
Theorem 29. Let 1 < p < oo. Then

Proof. This is an immediate consequence of Theorem 28 (with p = ¢ and o« = 0) and the classical
Hardy—Littlewood maximal theorem:

IMfllLr@wny S flLe@ny. p>1. O
4.2. On the difference between RI,Z(RZ) and SR1’2(R2). In view of Theorem 29 and (4-7),
SR, p,(R") = LP(R") =R, ,(R"), 1< p <o0.

One may be tempted to think that SR, ,(R") = R, 4(R") for general values of p and g. However, this is
far from being true. Next we concentrate on the most relevant case for the purposes of this paper, i.e., we
will show that the embedding

SRy 2(R?) C Ry »(R?)
is strict, in the sense that,

SR12(R?) # Ry 2(R%). (4-8)
As a by-product (see (1-9)),

Ri2(R*) € HTH(R?). (4-9)

We shall use an elementary but indirect method. It is well known (see, e.g., [Lions 1996, p. 141]) that
the largest rearrangement invariant space embedded in ngcl (R?) is the Lorentz space defined for a given
cube Qy2° by

1 %
L(l’z)(QO) = {f : ||f||L‘1’2)(Q0) = |:/0 (tfé:(l))zg] B OO}

Here, we use standard notation: f| Q*o is the nonincreasing rearrangement of a measurable function f
restricted to ¢, more precisely, f Q*o is the generalized inverse of the distribution function

, o>0,

hp(@) = [{x € Qo:|f/(x)| Za}

and fQ*: is the maximal function given by fQ*:(t) = ¢! fot fQ*O(s) ds. When there is no danger
of confusion, we shall simply drop Q¢ and use the notation f* and f** rather than fQ*o and fé“:,
respectively.

25Without loss of generality, we may assume that Q| = 1.
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Using that 7 — ¢ f**(¢) is an increasing function, we have, for every u € (0, 1),

1 1
dr |? 1
I/ lLa2 0y = [/ (tf**(l))zT] > (—logu)Zuf**(u).
u
It follows that

L0 (Qg) c L™ (log L) (Qy),

where L% (log L)% (Qy) is the Lorentz—Zygmund space defined by?¢

1/l sup #(1—log)? f**(1).

LU (log )3 (Q0) 0<t<1
Then

1 —
L(l’oo)(log L) 2 (QO) g I—Ilocl (Rz)’

which in turn yields (see Theorem 6)
L) (log L)2(Q0) € SR1.2,100(R2). (4-10)

On the other hand, by the Hardy-Littlewood inequality for rearrangements (see, e.g., [Bennett and
Sharpley 1988, Lemma 2.1, p. 44]) and (4-10),

2
1.2( ()) (Qi)i Ie”(Q‘)) iel i

- (©01er2M1(00) ;(/o@i| f*) (/Q,- Ifl)

= s Yjodsae [ 1]
(Qi)ier€ll(Qo) jer Qi

<1/l sup S -(1-toglQi) ™ [ 11

L. (log L) 2 (Qo) (Qi)el(Qo) je1

i

< su

=M liaow ndien (©icren@o ;/Q,- /!
<

=1V IR 1] TS

=712

L% (l0g L) 2 (Q)
It follows that

L0 (log L)3(Q0) C Ry 2.10c(R?). (4-11)

Consequently, (4-8) now follows from (4-10) and (4-11).

26 A basic reference to Lorentz—Zygmund spaces is [Bennett and Rudnick 1980].
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4.3. Proof of Theorem 9. (i) Let Q¢ be a cube. Recalling that

11 2)2
= i[|n72 , 4-12
1/l5# 5, (00 sup {§ :(IQ | /Q | Ifl) } (4-12)

(@i)iereS(Qo) ¢y
we observe s1(f) = || f sz ,, ,(Q0) (see (1-11)). Then
n+2-°
siX) = sup [ fllsr,, L0 <00 = X(Qo) = SR 2n_,(Qo).
Ifllxcop =1 n+2 n+2’

The desired assertions follow immediately from (1-9) and (1-10).
(il) We need to introduce some notation: Given Q = (Q;)ics € S(Qp), note that Q can be split as
9 = U2 Dk:0,(Q), where

Di;0y = {Q € D(Q0) 1 4(Q) = 27¥4(Q0)}.  Di;0,(Q) := Dis0, N Q.

When there is no danger of confusion, we use the simplified notation Dy and Dy (Q). By construction,
Dy (Q) is formed by pairwise disjoint cubes (i.e., D (Q) C T1(Qy)), and for Q; € Dr(Q), we have
|Qil = 274" Q.

Assume that limy —, o0 55 (X) = 0, i.e., given any & > 0 there exists No € N, such that for all N > No,

sup sy (f) <e. (4-13)
”f"X(Q())El

Let @ = (Qi)ier € S(Qo) and let f € X(Qo) be such that || f[|x(g,) =< 1. Then

{Z(lQ"M_é fQi |f|)2}é = {i > (IQ:-I'H /Q,- Ifl)z}% <141, (4-14)

iel k=0 iel:0;eD;(Q)
where
NO 1 1 2 %
={Y X (et i)}
k=0 iel:Q; €Dy (Q) Qi
and

=y ¥ (1ot [ i

k=Ny+1 i€l:Q;€Dy(Q)
It follows from (1-11) and (4-13) that

22
n={ % (it [ an) | =m0 <. @15

iel:QieD<Ny+1(Q)
On the other hand, we obviously have

No

1={y ¥ (1 [ |f|)2}é. @-16)

k=0 Q€eDy
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Combining (4-14), (4-15) and (4-16), we find that, for all (Q;);e; € S(Qy) and for all f in the unit
ball of X(Qy),

(2ot [} =35 3 (100t [

Therefore, by (4-12),
No 11 2 %
75ty o0 = {2 3 (12374 1) | +e @17)
e k=0 QeDy Q
Let D>ny:0, = D>n, = U,ivgo Dy ; then the cardinality of D>y, is

. 2n(N0+1)_1
o 2r—1

Consider the linear operator

=

T:feX(Qo)H(IQI —ifo)Q ) ety

It is easy to see that T is well-defined: if /" € X(Q¢) (and hence f > 0) then

ITf Nz = {% > ('Q"H/Q 'f')2}2

k=0 QeDy
S y-kn(i-1) |
=|Qo|i—i{22—k" A-b) Z( |f|)}
k=0 Q€D /Q
S 5-kn(i-b) )
< |QO|H{ rkn(h=b 2( Ifl) }
kX:;) Q%k /Q
1 1 NO 1 1 %
— Qo+~ {Z 2—k"<n—2>2} T
k=0

< 2N°(5_1)||f||X(Q0)-

Furthermore, T is compact, since it is a finite rank operator. We can equivalently rewrite (4-17) in terms
of T as follows: for every f € X(Qo). || fllx(gy = 1.

1/ N5k 2,000 = ITS llgr + e (4-18)
n+2-°

Let { f7}1en be a bounded sequence in X(Qg) (without loss we may assume that, for all /, || fi|lx < %)
The compactness of 7 : X(Qp) — KZL guarantees (modulo passing to a subsequence) that {Tf;};en is
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convergent in Z%. Accordingly, there exists /o such that

||Tf;—Tf1/||££, <e, ifl,l'>1,.
Therefore, by (4-18),
11 = Jrllsr 5, ,00) = 26
n+2°

Consequently, from (1-10) we see that { f;};¢n is a Cauchy sequence in H 1.
Next we show the converse statement, i.e., if?” X, <% 7{-!(R") then

li X)=0. 4-19
NI_IPOOSN( ) ( )

By assumption Uy (g,). the closure of the unit ball of X (Qy), is a compact set in #~1(R"). In particular,
for any 6 > 0 there exist fi,..., fL € Ux(g,) such that

L
UX(QO) C U B(f], §>,
=1

where B( f;,8/2) denotes the ball in ! centered at f; and radius §/2. Hence, for any f € X(Qy),
| fllx(oy) =1, there exists / € {1, ..., L} such that

8
1/ = filsr @y < 5-
As a consequence (see (1-9))

sn() sy (f = S0 +syUD = s1(f = /D) +sy (D) SIS = Jilly=1@ny + sy (UD)

< g + sup sy (/7). (4-20)
2 le{1,...,L}
Assume momentarily that
lim sy (w) =0 foreveryw e HL(RY). (4-21)
N—o0

In particular, we have, for N sufficiently large depending only on &,

)
sup sy (/i) < 5.
le{1,...,L}

Inserting this estimate into (4-20), we conclude that (4-19) holds.
To complete the proof, it remains to show (4-21): Fix x € C°(R") with?® supp x € B(0, 1) and x > 0.

For every dyadic cube Qj;,, € D;, we let??

X i=Cme D) = [t Sy dx. mez. 42

*"Recall that X C L, (R"); see (4-3).
280ne may think that x(x) = e~ 1/(=Ix?) 1p(0,1)(X).

29y im(f) should be adequately interpreted in the distributional sense.
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where xjm(x) := 271y (27 x —m). Without loss of generality, we may assume that supp x im CdQjm
for a fixed constant d > 1 and

inf  xjm(x) 22/ (4-23)

X€E im

Then, we have

[e%e} 2%
wor= s [ 5 (lod | w]]

k=N—-1 icl:Q;eDy(Q)

- 244
< 10|12 dw)]
'k—XN: 1 Qelek( /Q
-y v (z—kn(n 2)/ Skn dw)]
~k=N—1 QeDy
— 00 2 %
< Z 2k(=1-%2)2 Z (/ XQ(x)dw)] ) (4-24)
~k=N-1 QeDy 0

Note that the last step is true because both g > 0 and w > 0. Furthermore, using well-known estimates
of function spaces in terms of local means (see, e.g., [Triebel 2008, Theorem 1.15]), we get

. -
X0 3 ([ romrdo) | <10l
k=0 ey, €

In particular, this implies
© . 241
Nhinw[kz%:_l Sk(-1-4)2 Q%k(/Q 1o () da)) ] —0
provided that w € H™1(R") N BM and (see (4-24))
ngnoo sy (@) =0.

This shows the desired result (4-21). O

5. Computability of sparse indices

In this section we estimate the sparse indices for familiar scales of spaces.

Proposition 30 (sparse indices for L?). Letn > 2 and p > ” +2 Then, for every N € N,

2+n 1
sy (L?) <2 VO minzpy), (5-1)
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Proof. We can estimate sy, (/) (see (1-11)) as follows: Let @ = (Q;)ier € S(Qo). By Holder’s inequality
we have

)> (|Q|i-%[Q|f|)2= > Y (|Qié-%/Qi|f|)2

QeD<N-1(Q) k=N-1 iel:Q;€D;(Q)

-y ¥ IQI_“(/QilfI”)i

k=N—1 icl:Q;eD;(Q)

— |00 —5)? 3 y—kn(35t—5)2 3 (/ |f|p), (5-2)

k=N-1 iel:Q;eDy

We distinguish two possible cases. First, assume that p < 2. Then

Z ykn(G—7)2 3 ([Q,-'ﬂp) Z ykn(G =5 )2( 3 /|f|p)

k=N-1 iel:Q;ebDy k=N-1 iel:Q;€by
o0
—k 24n_ 1
< f1iny 2. 2755 9)
k=N-—1
24n I\ _Np(2tr_1 .
sa( 50 —5) TGN gy 63

On the other hand, if p > 2 then, by Holder’s inequality,

RS (/Q i|f|p)”5 PORERE )z( 3 / |/|P)

k=N-—1 iel:Q;eDy k=N-1 iel:Q;€bhy

o0
pp(2n_1
<Mooy Do 27FM(52)2
k=N-1
—_ 2+n_ 1
<27 N2 112, 00 (5-4)
Combining (5-2)—(5-4) (and noting that all estimates are uniform with respect to Q), we obtain
. ~Nn(2tn___1
s (1) 527V w2 )| £l gy

Taking the supremum over all /" € L?(Qy), || fllLr(g,) < 1, we achieve the desired estimate (5-1). O
Proposition 31 (sparse indices for M ?*%). Letn > 2. If N is sufficiently large®°® then

—_N(2-1L\yn __«a .
sy (MP%) < 2 —oz(—:1 Pin ifp>3. «a€R,
Nz ifp=% a>1

30To be more precise, 2N=Dn | Qol|- This assumption is not restrictive since we are only interested in the asymptotic
behavior of indices. For the sake of completeness, we mention that s, (M >%) with 2N=Dn < | Qo] can be also computed using
the same ideas, but now the log-parameter o does not play any role.
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Proof. By definition (see (2-2)),
/Q 1 <1017 (1 (log |Q])-) ™™ |/ larre(gq) forall Q € D(Qo).

Therefore, for any Q = (Q;)iecr € S(Qy),

) (|Q|i—5/Q|f|)2

Qeb<n—-1(9Q) 0o . 5
D (|Ql-|n z/Ql_m)

k=N—-1iel:Q;eD;(Q)

ST T S |Qi|5—é(1—<1og|Qi|>_)-“/ /]

k=N-1 i€l:Q;€D;(Q) Qi
—kn(2-1y, _
Moty 3 2GR Y /
k=N-1 iel:Q;€D(Q)

—kn(2-1); —
< |1/ lazracopll f L1 (00 Z k(%) e

k=N-—1
<1/ 13 00) Z 2 knGi=p)e, (5-5)
k=N-1
Furthermore
N”( ) —o
Z 2K A { i N itp >3 n’ @k (5-6)
PN 1 ifp=3, a>1

The desired result follows then from (5-5) and (5-6). O

Proposition 32 (sparse indices for RMT spaces). Let n > 2. If N is sufficiently large then

2 if p> , o eR,
SN(RP’z loga) S {N—a—i-; ;“p n;_nz > 1
UP =32~ 7

Proof. Let [ € Rp210g%(Qop) and Q = (Q;)ier € S(Qo). Since Dy, (Q) C Do, C I1(Qo), we get

3 (|Q|»‘1 2/|f|)2=i )3 (|Q,~|f‘f5/Qi|f|)2

QeD<N-1(Q) k=N-1 iel:Q;eDi(Q)

00 o 2

s 2

1/p
k=N-—1 Q€|Dk |Q|

o
—kn2(ht2_1 _
= 1My sopcon 2o 27T AR
k=N-1
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Since the previous estimates are uniform with respect to Q, we derive

v SIN ISR, 1067 (00)* (5-7)
where
o0
Z 2—kn2(%—%)(1+k)—2a'
k=N-1
Observe that

“Nm2("gE ) y2e 2n_
IN%{z 2PN if p> 20 aeR, (5-8)

N2t if p=24 o> 1.

Plugging (5-8) into (5-7) and taking the supremum over all f € R, > log?, [ /IR, 10e* <1, we arrive at
the desired estimate for s, (Rp,2 log”). O

Remark 33. The proof of Proposition 32 gives a slightly stronger result using the refined class CR) 4 log®.
These spaces are defined using congruent cubes, by?!

1-( il)-)* N
ety aerioni= swpsup {3 CECRIGDI [T oo

keNo (Qi)ier€Dk:0y \ieg Qi ?

Clearly || fllcr, ,106%(Q0) = /| Ry 41067 (Qo) and hence
sy (Rp.q log*(Qo)) < sy (CRp 4 log®(Qo)).

Then Proposition 32 with CR,, » log® also holds.

6. Proof of Theorem 2

(i) = (i). Assume that {u®}.~ is sparse stable, i.e., {®w®}¢~¢ is uniformly bounded in Sg(R") for
some decay W. It follows from (1-15) that {w?®}.~¢ is a precompact set in ngcl (R™), i.e., {u}eso is
H~!-stable.

(i) = (ii). Define
W(N) :=sup sy (0°). (6-1)

e>0

It is clear that W is decreasing. Furthermore sy, (w®) < W(N), which yields that for all & > 0,

sy (0%)
|@°|l s (rn) = sup

<1,
Nen W) T

i.e., {wf}e=0 is bounded in S\y(R").
3INote that CRp,q10g%(Qp) can be equivalently introduced as the set of all f € L1(Qy) such that, for every k > 0,

NV (2knlP (14 k)~ if 2K > £(Qy),
{ 2 (/Qi'f ')} {zk"/l’ if 2% < £(Qy).

Qi €Dk: 0,
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It remains to show that W(N) — 0 as N — oo. The proof follows closely the one of (4-19). On
account of (i), the set W = {w®},>0 C BM is compact (in %~ (R")). In particular, for any § > 0 there
exist wy,...,wy, € W such that

L
U (r.3).
As a by-product, for any ¢ > 0 we can find / € {1,..., L} such that

)
lo® = @rllz-1 @y < 5 (6-2)
Therefore

sy (@0f) < sy (0f — @) + sy (@) S o — o lly—1 @ny + sy (@),

where the hidden equivalence constant is independent of €. As a consequence (see (6-1) and (6-2))
Y(N) = 8 +  sup sy (o).
Then, by (4-21), limy o0 Y(N) = 0. O

7. Sharpening Morrey regularity of DiPerna—Majda via Vy

As already mentioned in Section 1.1, a famous 2D result due to DiPerna and Majda [1987a] asserts strong
convergence of approximate solutions with initial vortex sheet satisfying Morrey regularity M 1% (R?)
with « > 1. A proof can be obtained from the compactness assertion (see (1-2))

MCEJX (Rn) compactly fllgcl (Rn), a>1, n>2. (7-1)

The goal of this section is to show that these results can be further improved using the sparse techniques
developed in previous sections combined with extrapolation techniques.

7.1. Vy-spaces. Given a decay function W, in this section we construct a new Besov-type space Vi,
whose sparse indices are controlled by W.

Definition 34. Let Vi (R") be the space formed by all tempered distributions f € S’(R") such that3?

. —2]
1/ I qary = s \P(N)ZZ 18 /oo @ny < 00

Let Vi (R") = Vg(R") NBM/.

Remark 35. The construction of the space Vi is in some sense “dual” to the one used to define the
classical Vishik space®® Br, where I" : [0, c0) — (0, 00) is an increasing function with lim;_, o0 I'(¢) = 00

32 As usual, {A j }jeN, refers to standard (inhomogeneous) Littlewood—Paley operators on R".
33See [Dominguez and Milman 2024].
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(a “growth function”) and the norm of Br is given by
| N
Il Br @y := sup === D N4 fllLeo@n).- (7-2)
r(®R") NeNo F(N);) J (R")

Note that we could have elements f € Br(R") such that Z})io IA;j fllLoomny = oo (i.e., [ does
not belong to the Besov space’* Bgo,l (R™)), as long as the growth of the corresponding partial sums is
controlled by I". On the other hand, Vig(R") is formed by elements f € B;fl (R™), the classical Besov
space of negative order, equipped with

o0
— —2j . -
1/ 1522, @y = D222 1A S oo n). (7-3)
ji=0
such that the remainder of the corresponding series in (7-3) has a prescribed decay given by W(N)2. The
connection of these spaces becomes apparent through the use of stream functions. Let w € Vig(R"), and
let ¢ be a stream function, i.e., Ay = w. Using Fourier multipliers one can show that

o0
1
weVygR"Y < sup ——— | A ¥ || Loo(mny < 00.
Nerg P(N)? J.;N JERLED
In other words, the space Viy(R") is formed by vorticities @ with corresponding stream functions ¥
satisfying the “dual” of the Vishik condition (7-2).

7.2. Vy-regularity of Euler flows. In this section, we restrict ourselves to the following sufficiently rich
class of decays.

Definition 36 (admissible/doubling decays). Let W be a decay. We say that W is

(i) admissible®> provided that

N
Q) s @VU(N))?. N eNg:
r=0

(ii) doubling provided that W(ct) = W(¢) for some ¢ > 1.
We are now ready to state the main result of this section.
Theorem 37. Let V be an admissible doubling decay. Then:
@) V\I'," (R™M) e — Sy (R").. As a consequence (see (1-15)), VJ([RR”)C compely, =1 (RM).

loc

34Recall that the Besov spaces BIS,’q(R”), seR, p,qe]l, 0], are endowed with the norm
0 1/q
- _ i . q
1718300 = (3 25718 £ )
j=0

See, e.g., [Stein 1970; Bennett and Sharpley 1988; Triebel 2008].

35This is a very weak assumption on the monotonicity properties of W. Basic examples of admissible decays are W(r) = 1,
() = (logt)_}‘, where A > 0, (or more generally, concatenations of logarithms) and their products. Exponential decays
V() = 2=Ct € > 1, are excluded. However, this is not restrictive since Vy—ct (R") — V,—i (R").
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(i1) Let {u®}¢~o be a family of approximate solutions to Euler equations (1-1) such that the related family
of vorticities {w®}¢~¢ is uniformly bounded in L*° ([0, T]; V\I‘," (R™)¢). Then {uf}¢~q has a strong
limit u in L*=°([0, T; LIZOC(IR”)), where u is a solution with no concentrations.

Specializing the previous result with W (¢) = 1(1=®)/2 e are able to improve3% (7-1) in the following
sense.

Theorem 38. Assume that o > 1. Then
M 2%([R") — Vi (R").
Furthermore, this embedding is strict in the sense that M 2°*(R") # Vg (R").

The proofs of these results are based on extrapolation methods developed in the following section.

7.3. Extrapolation characterization of Viy. Let (Ag, A;) be an interpolation pair3’ of Banach spaces.
Recall that the K-functional relative to (Ag, A1) is defined by

K, f: Ao, A1) = | fllag+e4, =f—ifn£-f1(”f0”A0 + 2l /1lla,)

fort >0and f € Ag+ A4;. '
Theorem 39. Suppose that V is an admissible doubling decay. Then
K S B (RY), B, (RY)
I/ vy @y = tesg)?l) W(log)? -

(7-4)

Remark 40. This result shows that the Viy spaces can be described as extrapolation spaces3? relative to
-2

00,1’
fundamental properties of the classical Besov spaces to V.

the classical Besov pair (B Bgo 1)» a fact that will be very useful later, since it enables the transfer of

Remark 41. The assumption that W is doubling is necessary in order to ensure that the right-hand side of
(7-4) is nontrivial. For instance, for the admissible decay W(¢) =27¢1, C € (1.1),

K. f: B2 (R, B, (R)

sup t2C

t€(0,1)

oo <= f=0.

Proof of Theorem 39. We use the retraction method of interpolation theory. Recall that £§ (L% (R")),
s € R, is the vector-valued sequence space equipped with the norm

o0

IS5} jemolles coo@ny = Y 27° 11 fj Loy
j=0

36We only focus on the most interesting case p = n/2, but similar improvements can also be obtained in the noncritical
regime p > n/2.

37Loosely speaking, Ay + A; makes sense.

38\yith respect to the so-called ¥-method of extrapolation (see [Jawerth and Milman 1991]).
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It is well known (see [Dominguez and Milman 2024, Appendix Al]) that Bgo 1([R{”) is a retract of
€3 (L (R™)) via
S =4 fljen,-

In particular this yields
K(t, f5 B (R?), By, (R) ~ K (1, {A; [ }jeng: €72 (LP(R), €1 (L (R"))).

Furthermore, a well-known estimate for K-functionals asserts

o0
K (1.4 fibjeno: £72(L®(R™) £5 (L (RM)) ~ Y 275 min{2C2797 4}]| £ [ oo ).
j=0
Hence (letting s = 0)

o0
KN, f3 By (R, Bog, (RN) ~ 3 min{27/ 272 H|A, £ oo e
j=0

N o0
= NS0 Ml + 3 28 [z,
= j=N+1
This implies that

,1
sup
NeNy \IJ(N)2

~ A+ || f vy @ (7-5)

where
— N
272N Yo 1A [ oo @)

A:= sup

NeNy \IJ(N)2
Furthermore, we claim that
AZ S v @ny- (7-6)
Indeed,
N N . 2—2j
Z [Aj fllLoo@wny = Z ZZJ‘P(j)2WIIAijIL°°(R")
j=0 j=0 J
. N
2_2] 27 N2
= (sup =14 flloan ) 3022 9()
(jGNo lIj(])z / &) jg()

<22NU(N)?| fllve@ny (by the admissibility of W),

which yields the desired estimate (7-6).
Combining (7-5) and (7-6), we see that

K27V, f; B2, (R"), B, |(R"))
Sup bl 9

~ 1 f v @m-
Nek W(N)? w(®
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Note that, by basic monotonicity properties of the expressions involved (recall that ¥ is doubling),

K(t. f: B2, (®"), BY, | (R")
sup
1€(0,1) W(—log1)?
1
~ sup K272V, f: B2, (R"), BY (R sup _—
NeNg ( ! ! )te(z—Z(N-i-l)’z—ZN) U (—logt)?
K@V f1BZ (R, By, | (R")
/A sup 5 . |
NeNp lIJ(N)

Remark 42. The proof above shows that Bgo , (R™) plays an auxiliary role in Theorem 39, in the sense
that the same result is obtained if we replace it by BZ_ | (R"), for any s > —2. More precisely, let s > -2,
and replace the admissibility condition given in Definition 36(i) by

N
Z 2(2+S)rqj(r)2 S 2(2+S)N\IJ(N)2, N € NO-
r=0

Then using the same methodology we can readily show that

1A K. [ B (R), B | (R"))
Vo (R ~ sup .
w(®) t€(0,1) U (—logt)?

7.4. Proof of Theorem 37. The proof relies strongly on the extrapolation description of Viy. In particular,

Theorem 39 will be applied to decompose functions in Viy in terms of wavelets (see Proposition 43 below).
Let {Tﬁl : N €Ny, G € GV, | € 7"} be an orthonormal wavelet basis in L?(R").

Remark. We briefly recall that orthonormal wavelet bases may be constructed in a standard way from
two compactly supported (Daubechies) wavelets ¥ € C1(R) (father wavelet) and yps € C1(R) (mother
wavelet) satisfying certain moment conditions. More precisely

n
Y5, x) =22 [T e, @Nx, —1,).

r=1

Here GO ={F, M }Ytand G N — {F, M'}"* N €N, where * indicates that at least one of the components of
G € GN must be an M. The role played by the tensor index G € G is auxiliary (note that card GV & 1).
To simplify the exposition, the index G may be safely removed from our computations.

Proposition 43. Suppose that W is an admissible doubling decay. Then, | € Vg (R"™) if and only if

f= > afNrxg 0§ eve (7-7)

NeN, GeGN
lez”

(unconditional convergence in the sense of S’'(R")), where

AS Hlvg := sup sup  |Ag)| < o0.
N NeNp \I;(N)2 Z GeGk, lezn
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The representation of | is unique, and the coefficients )»](s, ; are determined by

=2V LR, (7-8)
and the operator
I f 050 (7-9)

defines an isomorphism of Viy(R") onto vy. Furthermore

I/ v @y = AN vy - (7-10)

Proof. By the classical wavelet theory for Besov spaces [Triebel 2008, Theorem 1.20], the operator /
given by (7-9) acts as an isomorphism

1:BZ2 (R") —> £7%(loo) and 1 : B (R") — £1(£oo). (7-11)
Here, as usual, £{(£c), s € R, is the mixed sequence space formed by all those {A ;} such that

o0
AniHles oy = Y 27 sup Ay < oo
N=0 lezn

We also let £1(£oo) = E?(ﬁoo).
It follows from (7-11) that

K(t. [ B2 (R"), By, | (RM) ~ K(t. (AN} €7 (Loo). L1 (Ueo)).
Consequently, combining with Theorem 39 yields

Ul ~ sup N1 67 (o), i (bov))
14 ny ~
w (R") eon ¥ Ciog1)?

. (7-12)

At this point the method of proof developed in Theorem 39 can be applied line by line (£, now playing
the role previously played by L°°(R")) to show that

up K (2, (N1} 477 (Loo), 41 (Eeo))
t€(0,1) V(—logt)?
Combining (7-12) and (7-13), we obtain (7-10).
For f € Vig(R"), the convergence of the wavelet expansion (7-7), as well as the uniqueness of wavelet

coefficients given by (7-8), is guaranteed by the fact that Vig (R") — B;ozl (R"™) (see Remark 35) since
the corresponding assertions are valid for classical Besov spaces. O

~ [{ANiHlvg - (7-13)

Proof of Theorem 37. (i) Without loss of generality, we may assume that Q¢ = (0, 1)". Let L € Ny and
Q=1(0i)ier € S(Qyp). If £ =0 is compactly supported in Qg, then

5 (o -[E E (e )]

0€D<r-1(Q) k=L—1 icl:Q;e€D;(Q)
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1 o —kn(l_1 3
< ||f||zl(Q0)|: Z 27kn(5=2)2 gup / f:|
k=L—1 Q

Q€D
1 1 0 k(—2+n) %
<IF1E, o WL sup [— S ok gy / f}
LI(QO) NeNy \IJ(N)Z k=N—1 QGIDk Q

<W(L) sup —q;(]lv)z Z ok(=2+n) sup / f.

NEN() k=N—1 QGDI
As a by-product (see (1-14))

(f) 1 k(—2+n)
I/ lsg(Q0) = < sup 2 ") sup / 7.
M \I'(L) NeNy ‘I’(N)z k %: 1 Q€D /0

Hence the desired embedding (VJ (R™"))e — (Sy(R™)). follows if we show that

T ok g /QfSIIfIIVq,(Rny (7-14)

1
NGNO U(N)? el QeDy

Let f € Viy(R"). According to Proposition 43, f can be expressed as

o0
=3 a2y, (7-15)

r=0 lezn
where A,; is given by (7-8). The wavelets Y,; can be chosen such that
supp Y, CcQpy =c(271+277 Qy), (7-16)
T (x)| S22, reNo. [eZ”, (7-17)

and there exists 4 € N, A > 2, satisfying
/ B (x)dx =0, |Bl<A, reN, leZ". (7-18)
Rn

We are going to compute xj», (/) given by (4-22). For every j € No, we can split f as (see (7-15))

J 00
=Bt =30 Ym0 Y A2 (7-19)
r=0 lezn r=j+11lezn
Then, for m € 7",

Xim(f) = xim(f7) + xjm(f7). (7-20)

Next, we estimate each of these terms separately.
We first estimate xj»(f;j). Forr < j, we let (recall that supp xjm C dQjm)

tm)y:={1eZ7":dQimNcQ, # T} (7-21)



698 OSCAR DOMINGUEZ AND MARIO MILMAN

Obviously (see (7-16))
Xim(Xp1) =0 for I & £ (m). (7-22)

On the other hand, if / € Ef (m) then (noting that |, (x)| < 2/™)

|xjm(CrD)| = / |Xjm QY rr () dx < 2j”/ 01 (x)| dx 52712, (7-23)

jm jm

where we have used the property (7-17) in the last step. In light of (7-22) and (7-23), we derive

J J
Gm DTS 272 1m (G0 =D > 272y m (X))

r=0 lez" r=0 lee{(m)
J
YD Il (7-24)
r=0 je¢i (m)

Note that since card E{ (m)=1,if 0 <r < j, from (7-24) it follows that

Xim ()] S Z sup [A]. (7-25)

r= OEZ"

Next we deal with ij(fj). Letr > jand/ € E{ (m) (see (7-21)). Using the Taylor expansion of
Xjm around 27"/ and using the cancellation conditions (7-18), one can show that

Tl = [ im0

= 30 sup 1D [ Yol =271 dx
| | AXGR R7

Sz](n-‘rA)/ 2rn/2|w(2rx_Z)|2—rA|2rx_l|Adx
— 2(j—r)(n+A)2rn/2/Rn h”(x)HxlA dx
~ 2(j—r)(n+A)2rn/2.
Using this estimate we obtain
Xim (S )] < Z Y 27 gim (T S Z 2U70EED N ). (7-26)
r=J 1eti (m) leti (m)

Note that card E{ (m) ~ 20 =1) if p > j. Hence, by (7-26),

xim(f)] S Zz(f DD sup 1,270 ) = 2“122 " sup [Ap]. (7-27)

r=j lezn r=j lezn
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Putting together (7-20), (7-25) and (7-27),

Xim O] =< 1xim D]+ [ xm (S S Z sup [A,| +2/4 Z 2774 sup A

r—ol€2" r=j lezn
uniformly with respect to m € Z". Consequently,
sup {xjm(f)] 2 Z sup [hpi] 4277 Z 27 sup [4y]. (7-28)
y—ol€z" r=j lezn

Let N € Ny. From (7-28), changing the order of summation and using 4 > 2, we get

Z 272 sup [xjm(/)] S Z 272 Z sup Ay + Z 2(4-2)J Zz A sup A

lezn

<3S p Bl + 3027 sp il

P OleZ" r=N lezn
It follows that
.y 72N N
27 sup xim()IS s sup |A,]
NGNO ‘I’(N)2 Z megn GN W(N)? Zlezn !

+ sup 27 sup |A,]
NeN le(N)z Z lezn !

=:T+1T. (7-29)
Next we show Z < Z7. Indeed, by condition (i) from Definition 36,

—2r 2M N
> s il = Zzz’wfq,( 53 sup Uil = (sup (s sup lanl ) ) 32wy

r=0 lezn lezn M eNy lezn

272M 2N 2
<| sup (— sup IkMzI))2 Y(N)~.
(MEN() \IJ(M)Z lezn

Consequently,

2—2N 2y
sup [11] % sup( 22" sup iy
lIU(N)Z‘Z T Men, \P(M)? Z ez

Now, taking supremum over all N € Ny, we arrive at

<171
Consequently (7-29) reads as

mezn

o0
1 2 :
sup ——— > 277 sup |xjm(S)| S IT. (7-30)
NeNy \D(N)zjgj:v m
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Since f > 0 and (4-23) holds, we have (using the notation xg = xjm if Q = Qjm € Dj)

> 27K sup xo().

o0
Z k(=241 gup / f < sup L 3
0" T Nen, Y(N)? QeDy

NGNO \D(N)zk N—1 Qeby

Consequently by (7-29)—(7-30),

k(—24+n) —2r
sup 2 sup / f < sup 2 sup |[A,7],
NeNy ‘IJ(N)Zk ; 1 QebDy 4O NeNp ‘II(N)Z Z lezn ’

which combined with Proposition 43 yields

o0

1 k(=2+n) /
sup 2 Sup VASE WA IZACON
Nevo \D(N)zk;_l W
concluding the proof of (7-14).
(i1) Combine (i) with Theorem 12. O

7.5. Proof of Theorem 38. Let V(1) = tA=0/2 o > 1. It follows from (7-8), (7-16) and (7-17) that

o0 o

> 2 sup al € 3° 2 sup 262 [ 7|
k=N lezn k=N lezr Lt

o0
s> [ gy
Qi

k=N lezn

S S Iagnrze @) Z 272k sup 2570 |' 77 (1 — (log | Qs [)-) ™
k N lEZ"

o0
~ | Sz Y (L+k)™
k=N

~ N7 fllagnrzagmy = YN S agns2a gm)-

Taking the supremum over all N € Ny and invoking Proposition 43, we get

M 2%(R") < Vig(R") (7-31)

as desired.
To show that (7-31) is strict, we apply again Proposition 43, and use the fact that « > 1, to derive

2 1 1
||2( DK Tk (0,....0) |V @n) ~ S;EK N—a+l — g-a+l’ (7-32)

On the other hand, we have

1—( )«
1Tk (0,....,0) | ag7/2.0 =Sup( ((:f_'ZQ)J),, ) [ 1Tk (....,0)
o 10| 0
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_ (1= (og|Qk(...0D-)*
B |QK(0,...,0)|(n_2)/n 0k.....0)

Ka
A m/g 1Tk .....0)]

o

Tk o,...,0)]

2—Kn2Kn/2 — 2K(%—2)K¢x’

where we have used the wavelet properties in the penultimate step. Consequently,
12C7D %Yo, oyl gz ny 2 K. (7-33)
We now argue by contradiction. Suppose that, to the contrary,
Vg (R") < M 2%R").

In particular, we have, uniformly with respect to K,

.....

Combining the last inequality with (7-32) and (7-33) yields
K(x < K()l—]

and letting K — oo we arrive at a contradiction. O

8. Sharpening Tadmor’s regularity via Ty

As already mentioned in Section 1.2, Tadmor [2001] proposed an approach, based on R, » log*-spaces,
guaranteeing existence of Euler solutions with no concentration. In particular, in the distinguished 2D
case, the author was able to improve the Morrey regularity of vortex sheets obtained in [DiPerna and
Majda 1987a] from o = 1 to the borderline regularity o = % This is an application of the H ~!-stability
method since (see (1-3))

Ronjn+2),2 log® (R")e <% HON(RY), o> 1. (8-1)
The goal of this section is to show that the results from [Tadmor 2001] admit improvements in terms
of new scales of extrapolation spaces (7y-spaces; see Definition 44 below) and the method of sparse

stability developed in previous sections.

8.1. Ty-spaces. To motivate the constructions that follow it is instructive to compare the scalings of the
spaces involved in the critical embeddings (1-2). For a function space X (R"), let the scaling parameter
of X be the number iy such for all A > 0, and all || f|x = 1, we have A7 || f(A-)|x = 1. For the
Morrey spaces M P(R"), for A > 0, and || f | asr®n) = 1, we have || f(A-) | prr@r) = AP 5o that
ipr@ny = —n/ p. Likewise, for H™Y(R"), ig—1@®ny = —1—n/2. Comparing scaling parameters in the
critical case p = n/2, we see that i M2y = ig—1 ®") only when n = 2, in which case the common
value of the parameter is —2. This suggests to seek for an alternative to (1-2) where the involved spaces
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have the same scaling parameter as ! (i.e., —1 —n/2). With this in mind, we propose a new space Ty,
a variant of Vi introduced in Definition 34, which is obtained by measuring the dyadic frequencies A; f
in the L?-norm rather than the L°°-norm.

Definition 44. Let 7'y (R") be the space formed by all f € S’(R") such that
1 2)
1/ 17y @y = 9P <5 D 27187 f117 2y < 00
Ty (R") NeNo W(N)zj;\f 7S L2 wm)

Let T (R") = Ty(R") NBM/.

Remark 45. Similarly as in Remark 35, the space Ty can be seen as a dual counterpart of classical
Vishik spaces involving the Besov space B 12 Note that B 12 can be identified with the inhomogeneous
version of H~1.

Remark 46. The space Ty admits a somewhat simpler characterization in terms of Fourier transforms.
Namely

2 ~ b 211 2(£Y12 4
™ 390 i [ O P I F @O a

Indeed, this is a consequence of Plancherel’s and Fubini’s theorem, together with basic properties of3°
{9j}jeno

2 ~ 1 - —i i (EYRI F(E)12 d
L T [R njzzN[z o OPI ) de

1 _ ~
A sup W/RH(IHEIZ) "N 1,00 (EDLS ) dE.

8.2. Ty-regularity of Euler flows. We state now the main results of this section.
Theorem 47. Let V be an admissible doubling decay. Then:
1) T‘; (R™M) ¢ — Sy (R™),. As a consequence (see (1-15)), TJ(R”)C compacty, ngcl (R™).
(i) Let {u®}¢¢ be a family of approximate solutions to Euler equations (1-1) such that the related family
of vorticities {w®}¢~¢ is uniformly bounded in L*°([0, TY; TJ (R™)¢). Then {u}¢~¢ has a strong
limit u in L*°([0,T; LIZOC(R”)), where u is a solution with no concentrations.

Specializing the previous result with Wy (¢) = 1~H1/2 e are able to improve (8-1) in the following
sense.

Theorem 48. Assume that o > % Then
Ron/(n+2),2 10g*(R") — Ty, (R").
Furthermore, this embedding is strict in the sense that Ry /(n+2),2 10g% (R") # Ty, (R").

39Here ¢; denotes the Fourier multiplier associated with Aj, i.e., A/]\f &) =9j () f &).
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8.3. Extrapolation characterization of Ty. The next result represents the 7Ty spaces as extrapolation
spaces for the pair (H~!, L?). Since the proof follows closely the one for Theorem 39, we shall leave
the details to the interested reader.

Theorem 49. Suppose that V is an admissible doubling decay. Then*°

Ty (R?) X~ SUup .
v @ 1€(0,1) Y(—logt)

Remark 50. A variant of Remark 42 also holds for the Ty (R") spaces. Indeed, suppose that the
admissibility condition stated Definition 36(i) is replaced by

(8-2)

N
2(2(1-{—5‘)7' \IJ(V))Z < (2(1+S)N‘-I-‘(N))2
r=0

Let H®(R™) be the standard (fractional) Sobolev space endowed with the norm

1S sy = 12— 2)*2 £ ]| L2y

then formula (8-2) holds if we replace the pair (H~!(R"), L2(R")) by (H~'(R"), H*(R")), where
s> —1.

8.4. Proof of Theorem 47. For the proof we will use the following analogue of Proposition 43, that can
be obtained mutatis mutandis and we therefore leave its proof to the interested reader.

Proposition 51. Let {Tgl :N €Ny, G € GN, [ € 7"} be a wavelet system satisfying (7-16)—(7-18)
with*! A > 1. Assume that V is an admissible doubling decay. Then, [ € Ty(R") if and only if

f= Y a§NRxg. 0§ et (8-3)

NeN, GeGN
lez”

(unconditional convergence in the sense of S'(R™)), where

o0
1 L
A 37, == sup 5 > 2K N pE P <o (8-4)
Neny Y(NV)
€No k=N GeGk,lezn

This representation is unique in the sense that the coefficients kg ; are determined by (7-8) and the
operator I given by (7-9) defines an isomorphism from Ty (R™) onto ty. Furthermore

1 7y & 1A g - (8-5)

40Since Ty is not homogeneous, the space H~!(R") in (8-2) should be adequately interpreted from the context as the
inhomogeneous counterpart of (4-3), equipped with the norm || /|| ;r—1 ®) = - A)il/zf“Lz(R”)' Recall the well-known
fact that |(=A) "2 £l p2gmy ~ 11 /| L2 @en)-

41The explanation behind 4 > 1 comes from Theorem 49 and well-known wavelet assumptions on H 1.
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Proof of Theorem 47. (i) Let L € Ng. Given f > 0 compactly supported on Q¢ (without loss of generality,
we may assume Qg = (0, 1)"), we observe that

sp(f) = sup [Z pk-2m) Y0 (/ | f)Z]l/Z‘

QeS(QoL_ 1 iel:Q;eD(Q)

Using Proposition 51 we will show that

©0 241/2
1 - n
U WD) [kgzk( S (/Q,- f) ] SIS I 7e @) (8-6)

LeNg iel:Q; €D (Q)

with a constant independent of the sparse family Q. Then the desired (local) embedding

I/ 5900y = I/ 7y )
follows readily.
Let x be a smooth cut-off function introduced in the proof of Theorem 9, and define the corresponding
coefficients xj,(f) via (4-22). According to (7-19), (7-20), (7-24) and (7-26), these coefficients can be
estimated as

Xim()] < Z >l + Z 070D (8-7)
r=0 Jet] (m) let] (m)
where Ei (m), which was introduced in (7-21), satisfies
=0 if >,

8-8
1 if r < j. (8-8)

card E{ (m) ~ {
Using Holder’s inequality and (8-8),

1/2 n(r—=i/2 ;
2 ifr>7j,
> ials( X k) <] /

, , ifr <j,
leti (m) let] (m)

and inserting this into (8-7), we achieve

J 1/2 () 1/2
|x,~m<f)|sZ( > Mmz) +2"(“+'3)22"("‘+”( > Mrzlz) .69

r=0 “1epl (m) r=j let! (m)

Let ¢ € (0, min{1, A — 1}) (recall that A > 1 is fixed). By Holder’s inequality, the two terms given in
the right-hand side of (8-9) can be bounded by

XJ:( > IMIZ) 52!8(21:2—r82 S )1/2

r=0 leﬁf (m) leﬁj (m)

00 1/2 ) 1/2
Z 2—r(A+g)( Z Mmz) < 2—]8(2 y—r(A+5—¢)2 Z |)‘-rl|2) '
r=j r=j

leti (m) leti (m)

and
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Hence

J 00
im(NIP 2722772 37 a2/ (AFE72 YR (AR K a2
r=0 let] (m) r=j let] (m)

and summing up over all m € 7", we have

> Ixjm(f)l

mezn
<2]£2 Zz—rsz Z Z n, l|2+2](A+ —£)2 Zz r(A+5—¢)2 Z Z |)\rl| (8-10)
mezn lee! (m) mez”n lE@j (m)
Furthermore, we remark that
i on(G=r) ifp < i
card{m e 7" : 1 € tJ(m)} ~ 1 r_].,
1 ifr > j.

Using this information and changing the order of summation in (8-10), we arrive at

Z |ij(]/)|2 <2]92 Zz—rsZZn(] r)Z |)L l|2 +2](A+§—s)2 Zz—r(A+E—g)2 Z |)‘rl|

mezn lezn r=j lezn

where the equivalence constant is independent of j. Summing up the last estimate over all j > L and
using Fubini’s theorem (recall that ¢ < min{1, 4 — 1}), we have

Zzﬂ N xim (NP

mezn
< Z 2]( 1+¢)2 22 r(e2+n) Z |)\ 1|2+Z 2]2( 1+ A—¢) Zz r(A—i—E—s)Z Z |)‘rl|2
lezn lezn
<2L( 1+¢)2 ZZ r(s2+n) Z A, l|2+ Z - r(e2+n) Z A, l|2221( 1+¢)2
lezn lezn
+ Z 7 r(A+%—¢)2 Z . l|2 Z 7J2(=1+A4-¢)
lezn
<2L( 1+¢)2 Zz r(e2+n) Z A, l|2+ Z 7=r(2+n) Z I, l|2
lezn lezn
Hence
Cammy s 1/2
sup [ 2/ (=2 Ixjm ()] ] SI+11, (8-11)
LeNy lIl(L) Z mgz:n "
where
SL(— 1+s)|: 5 5 1/2
T:= sup 277 (e24m) A
o B [ s
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and
(2+n) 12
I7 := sup [ 2 r@n A, ,|2] .
ERCIPOL
We have
1/2 L 1/2 —M(1+2) 1/2
- 2
7~ r(e2+n) A 2] §|: 2r(1 s)ZqJ r 2i| su [ A 2]
[Z P > O R Py
ezn r=0 lezn
L 1/2
< [Z zr(l—m\p(r)z} 77. (8-12)
r=0
Furthermore, the following estimate holds:
L 1/2
[Z 2’“—8)2\1/@)2} < 2kU=9y(L). (8-13)
r=0

Indeed, by monotonicity properties, a simple change of variables and the doubling property of W (see (ii)
in Definition 36),

L

er(l—s)zq,(r)z%/ 21(1-0)2 ()2 dt%/ 2t2‘p<1t ) gt
0 0

—&
r=0
L(1—¢) [L(1—¢)]
~ / 22w di~ Y 20(r)?
0 r=0

S 2L(1_8)2‘~I’(L)2,

where*? the last step follows from (i) in Definition 36. This proves (8-13). Applying now (8-13) in (8-12),
we find

1/2
|:Zz r(g2+n) Z |)L l|2] <2L(1_8)IIJ(L)II,

lezn

i.e., we have shown that Z < Z7. As a consequence (see (8-11))

1/2
sup W(L)[Z 2D |x,m(f)|2} <11,

LeN mezn

or equivalently (see (8-4))

1/2
Sup W(L)[ZZJ( 2 Z |X1m(f)|2] S A ey -

LeNy mezn

42As usual, x| denotes the integer part of x € R.
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Consequently, invoking Proposition 51,

oo
1 Z i(—2—
Sup ——— 21( 2-n)
P9 L=L

LeNy

1/2
3 Iij(f)Iz] <1/ - (8-14)

mez"

On the other hand, the assumption f > 0 and (4-23) enable us to derive

| 00 » ) 291/2
—2+n
w2 2 ()]
o k=L i€el:Q;€Dk(Q) ! | 00 291/2
. k(—=2—n) kn g
- wip 22 ()
Len, Y(L) k; Z Qi

iel:Q;eD(Q)
. 00 1/2
< sup W[Z 2k(=2=m) Z X0 (f)2:|
LeNy ( ) k=L . 3
= iel:Q;eDk(Q)
SIS 7y @mys

where in the last step we used (8-14). This concludes the proof of (8-6) and hence (i).
(ii) Invoking Theorem 12, statement (ii) is a consequence of (i). O

8.5. Proof of Theorem 48. To avoid unnecessary technicalities, we assume, without loss of generality,
that the constant ¢ in (7-16) is equal to 1. From (7-8) and (7-17), we find

i 2k(—2—n) Z |)‘I?l|2 < i 2k(—2+n) Z (/ |f|)2
k=N k=N Qi

GeGk, lezn lezn

o0 1 a 2
Y okHm k24 —2 |log | Q| ]
10w |/Cr/a+Dy |,
ki

k=N lezn

(o, ¢]
2 —2u
= ”f”Rzn/(n-;-z).lega(R") Z k
k=N

o N 2041 2
~ N ||f||R2n/(n+2)’2 loga(Rn).
Consequently,

00
1\?250 W kgz:v 2k(_2_n)G€G%;€Zn |)~;§;|2 R ”f||§32n/(n+z),2 log® (R
where Wy (1) = t~*+1/2_ Then by (8-4) and (8-5) it follows that
R 2y ,log*(R") = Ty, ®"), Walt) = ot (8-15)
To show that the embedding (8-15) is strict we argue by contradiction. Suppose to the contrary that

o (mhy — n
an%’zlog (R)—T\ya(R )
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In particular (for a fixed G)

1257 0. oy 17wy @) = 125 Y€ 6. 0) | Ranjusny 2 loge ey for every K € N. (8-16)

Using Proposition 51, we compute

K~G N _ 1
12 TK(O,...,O)”T\I/a(R")NA?gI}( N—ot1/2 ~ g-atl/2’

which combined with (8-16) results in

1 K~G
T=ariz 127 Tk ....0) | Ronsn42) 2 1067 @)

o
- |log | Qk o,....0 | / K| |
|QK(0,---,0)|(n_2)/(2n) 0k .....0) ©,--,0)

o
~ _If(n/z / |TIC(;(0 0)|
2 0k .....0) T

K kn/2
R S Knj2? 710k ....0l = K.

Taking the limit as K — oo we arrive at a contradiction. |

Next we seek a strategy to establish a priori Tiy-bounds as required in Theorem 47(ii). In particular,
we shall focus on the critical case o = % in the prototypical choice Wy (¢) = 1~2+1/2 (see Theorem 48).
This case presents several intrinsic difficulties. In particular, according to Definition 44,

Ti(R") = H'R") if Wyn() = 1, (8-17)
so we shall redefine Ty, to avoid trivial statements. In order to do this, we first observe that, for o > %,
the following characterization of Ty, holds (see Proposition 51):

l o0
2 ~ k(—2—n) G |2 _
I W ey~ 9P Sy 2 2 2 W (8-18)

k=N GeGk, lezn

Putting (at least formally) o = % in the previous characterization, we would arrive at the wavelet counterpart
of (8-17), i.e.,

o0
112 k(—2— G 2 2
117 @y~ 25252 3 G~ 1 11y
k=0 GeGFk, lezn

where the last equivalence corresponds to the classical wavelet characterization of H~!(R"). By basic
monotonicity properties, (8-18) can be rewritten as

2+l

2 N 1 k(—2— G2
1/ 17y, gy & sup pycr==) E ok(=2-n) 2 : A (8-19)
J€No k=2/—1 GeGk,lezn
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if o > % When compared with the standard characterization (8-18) of T, (R"), the alternative character-

ization given by (8-19) has the important advantage of providing us with nontrivial spaces (i.e., different
1

from H~') in the critical case o = 5> and leads to the following:

Definition 52. The space T} (R") is formed by all those f € S'(R") with wavelet decomposition (8-3)
such that

2]-’1‘1_2
2 k(—2— G |2
110y = sup D 25270 B0 A2 <o,
JENo g o4 GeGk,lezn

where {Agl} is the sequence of wavelet coefficients of f given by (7-8).

Proposition 53. Let {u®},~¢ be a family of approximate solutions of the 2D Euler equations with
corresponding initial vorticities {wg }¢~o of positive sign. Then, for every e > 0 and t > 0,

lo® O 7, ®2), <1- (8-20)
Proof. Consider the pseudoenergy

H(w) =~ [R 2 /R log v — ylo(x)w(y) dx dy.

For every fixed k € Ny, we can express H(w®(t)) as

|

/ log |x — ylw®(x, t)w®(y,t) dx dy
lez? Or1Y Qi

_L _ & &
e [ tomle—sio ot dedy
I#m kl km

=1 Hj g (0° (1)) + Hie o (0°(1)). (8-21)

Here, Hy; ;. and H;, i refer to the self-induced part and the interaction energy at the dyadic level k,
respectively.
Since (log |x — y|)+ < 2(|x|® +|»|?) (apply the parallelogram rule!), we can estimate Hj, j as

—H: € < l
0233 [

Io(0® (1)) I (° (1)), (8-22)

/ (2 + |71 (x, )0 (v, 1) dx dy
ka

=

Qo

where

Io(w) = /sz(x) dx, L(w):= /Rz lx]2w(x) dx.

Let j € Ng. By the positivity assumption of w® and using (7-8), (7-16) and (7-17), we have

2i+1_» 2it1_»

T Y ) Y Z(/

k=27—1 lez? k=2i—1 lez2 \’ @k

2
|w®(x,1)| dx)
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2j+1_2

= Z Z/ / o’ (x,)w’(y,t)dx dy
k=2/—1 lez2 Oxi1Y Ok

s>
k

/ |log |x — y||0®(x,1)0®(y, 1) dx dy
—0i—1 eg2? @k’ CQri

2i+1_» {
~ Y k(@ ),
k=2/—1
Then, by (8-21) and (8-22),
2/ 12 2/t !
Y. 7Y @@ Y L[H@ 1) - Hie g ()]
k=27—1 lez? k=2J/—1
) 2i+1_» .
<[H@ O) + 2@ )L )] Y+
k=2/—1

S H(® (1)) + To(0° (1) I2(0°(1)).
Taking now the supremum over all j, we arrive at
lof 113, g2y S H@0) + Io(@* () L@* (1) S 1,

where the last step follows from well-known conservation laws and e-independence bounds for the
quantities H, Iy and I,; see [Majda 1993, Section 3]. O

Remark 54. An alternative proof of Proposition 53 can be obtained from RMT spaces. To be more
precise, we claim that

Ry log? (R?) = T (R?). (8-23)

Assuming momentarily the validity of this embedding, (8-20) follows from the a priori estimates given in
[Tadmor 2001, Lemma 4.1] that assert (under the same assumptions of Proposition 53)

||C‘)€(t)||Rl,210g1/2(R2)c S 1

Next we show (8-23): for every j € Ny, we have

2i+1_p 2/t 2
—ak 2
X vyl X (1)
k=2/—1 lez? k=2 —11e72 ~ Pkl
2]+l_2
< 2 -1 2
~ ||f||R1!210g1/2(R2) . Z k ~ ”f”Rl!zlogl/Z(Rz).
=2Ji—1

This gives the desired result (8-23).
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Remark 55. A priori estimates in the spirit of Proposition 53 but now for the V-spaces introduced in
Section 7 also hold. In particular, similar to in Definition 52, the distributional space V;(R?) is endowed
with*?

2j+l_2
I @ =sup > 2720 +0)72 sup 1G],
J€No, 54 GeGk,lezn

where {kgl} is the sequence of wavelet coefficients of f given by (7-8); see Proposition 43. If {#°}.~¢ is
a family of approximate solutions of the 2D Euler equations with corresponding initial vorticities {wg }¢>0
of positive sign then, for every € > 0 and 7 > 0,

Iy, ®2), < 1.

The proof of this result is similar but easier than the one given for Proposition 53.

9. Comparison between Vy and Ty

In view of the results obtained in Sections 7 and 8, it is natural to compare** the spaces Vg (R?) and
Ty (R?) for a fixed decay W. In this section we show that neither space contains the other. More precisely,
we construct explicit examples of functions showing that Ty (R?)\ Vig (R?) # @ and Vg (R?)\ Ty (R?) # @.
Example 56 (T (R?)\ Vg (R?) # @). Given a scalar sequence {cy} NeN,» let f be given by (7-7), where
22Nen, N eNg, 1=(0,...,0),
ANE=9, )
, otherwise.
We compute the norms of f in Vi and Ty using Propositions 43 and 51, respectively,

oo
1
1 vy ®2) > sup o=mss ) lekd
Ve (R?) NeRo W(N)?2 k;\’

and
. 00 . 1/2
1/ a2y ~ sup —( |ck|) .
Ty (R?) NeNOLD(N) k=ZN

Therefore, if we select {cy | nen, € £2 such that

o0
> i~ W(N), (9-1)
k=N
then || /|| 1, (r2) & 1. The existence of such sequences (even with 2 replaced by = in (9-1)) is guaranteed
by classical results in approximation theory (see, e.g., [Timan 1963, Section 2.5]). On the other hand,

oo oo

o] W(N)?
. b= (i 1) 2 1~ S
k=N =V k=N e

since

43Note that the additional log-smoothness of order % (.e., (1 + k)_l/ 2) is now introduced in the definition of V; (R"); see
also Proposition 43. This modification is rather natural in view of the classical a priori estimates for M 1.1/ 2 (R?) obtained in
[Majda 1993, Proposition, p. 928].

44 According to the discussion at the beginning of Section 8.1, we may restrict our attention to the 2D setting.
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we have

1

o0
1
- > - 00 -
\II(N)ZkZ_N el 2 sup; ©-2)

>n lel’

but since {cny | nen, € L2, We have limy_, o |cx| = 0 and therefore the left-hand side of (9-2) tends to
oo as N — oo, showing that f & Vig(R?).

Example 57 (Vg (R?)\ Ty (R?) # @). Given a scalar sequence {c;};ezn, define f using (7-7) with
Ay = {Cl, N =0, ez
0, otherwise.
Computing norms using Propositions 43 and 51, we find

1/2
ey~ sup el and ey~ (X Jal?)

lezn lezn
Thus, if we select {¢;};ezn € £oo\{2 We obtain an example of f € Vig(R?) but f ¢ Ty (R?).

Remark 58. The above computations show a stronger assertion: given any decays W and ®, one can
always construct f € Vig(R?) such that f ¢ T (R?).

The previous remark shows that for different decays ¥ # ®, Viy(R?) cannot be contained in T (R?).
The next result shows that under some additional condition the reverse inclusion is possible.

Proposition 59. Suppose that

(o,¢]
®(j) SW(N)2, N eNy. (9-3)
j=N
Then
Ty (R?) — Vg (R?).

Proof. We use Nikolskii’s inequality for entire functions of exponential type (see, e.g., [Timan 1963,
Section 4.9.53]) to estimate

o0 o0
S 2 A Ml < S 271
j=N j=N
M >
< swp 2 An Sl ) ()
(MGNO O(M) " j:ZN
-M

2
SWUN)? sup ———[Ans f 2o
Men, P(M) L*®)

o0 1/2
1 —2j 12
W) sup —( 727 |a; /| )
MeNg d(M) j=ZM JJ I L2(R2)

= U(N)? || £l 7 @2)-
Therefore T (R?) — Vg (R?). O
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Remark 60. The assumption (9-3) is quite restrictive. In particular, it forces the series Z;io ®(j) to be
convergent. This automatically excludes many interesting examples of spaces T such as the corresponding
one to the decay ®(j) = j % with o € (0, 1], which are connected with R-spaces (see Theorem 48). In
conclusion, the analysis of Tg cannot be, in general, reduced to study of the simpler spaces Vy.

10. A sparse approach to energy conservation

Throughout this section, we work with the following special class of approximate solutions on T2 = [0, 27]?
introduced in [Cheskidov et al. 2016, Definition 3].

Definition 61. Let u € C(0, T; L?(T?)) with ug € L?(T?). We say that a weak solution u of Euler
equations is physically realizable with initial velocity u provided that there exists a family {u®},~¢ of
solutions of Navier—Stokes equations with viscosity ¢, such that u® — u weakly* in L®(0, T'; L?(T?))
and ué — ug strongly in L2(T?). In this case, {u®},> is called a physical realization of u.

Next we provide the proof of Theorem 14. In this regard, the following interpolation inequality
involving sparse function spaces plays a crucial role. This result is of independent interest.

Lemma 62. Let Qg be a cube in R*> or Qg = T2, and let ¥ be an admissible decay. Assume that

/€ Su(Q0) N HY(Qy). Then, with absolute constants, we have

W(—logr)
r

Remark 63 (see equation (11) in [Cheskidov et al. 2016]). Let us show how (10-1) can be applied to

produce a classical Gagliardo—Nirenberg inequality. Let / € L?, p € (1,2). Then by Proposition 30,
with decay W(r) = 27210=1/P) L P(Qy) < Sy(Qo). Applying (10-1) for this special decay, we obtain

If = foollL2(e) = I/ lsg o) + 71V fliL2cy) Sforall r < (0,1). (10-1)

. -2, .
I/ = fooll2cop) S 7771/ ILrcge) + IV fllL2(gy)

for all r € (0, 1). Optimizing the right-hand side by equating both terms, i.e., selecting

(HWHU(Q(,))—’%
r=\—7—1—"7" ,
I fllLr Qo)

we find

1-2 D
1/ = oollz2c00) S 1V £l 2ion 1/ 12000y

Proof of Lemma 62. We will use the sparse characterization of L? (see Theorem 29 and [Dominguez and
Milman 2021]):

| 2 1/2
1= foon~ s {5 (5 [ 17-se) l0d) (102

9=(01)ier€S(Qo) ¢r
and

| 2 1/2
2 ~ ' i . 10-3
Iz~ sup {Z(|Q,|/Qi|f|) IQI} (10:3)

ES(Q()) iel !
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To estimate the left-hand side of (10-1) we use (10-2). Let f € Syw(Qp) and Q € S(Qyp). Then, for
M €Ny we have

(|Q|/ - fQ,|) 101l = J1 (M) + I (M), (10-4)

iel

where

M 1 2
Ji(M) = (i1 [ 17~ 10u1) 121
1 Z % © |Q,|/Q,.
2
han=3Y Y (|Q1—1,|/Qi|f—fg,~l) 0il.

k=M+1 Q;€D;(Q)

We estimate J{ (M) and J,(M). Since f € Sy(Qy), we find

A<y Y (IQI/ Ifl) o1~ 5 2 Y (fQim)z

k=0 Q;€Di(Q) k=0 0i€bi(Q)

= Z 2K s 41(f)?
k=0

M
S M3y 00 2 225 W(k)?
k=1

S M3y 002" M ¥ (M), (10-5)

where we have used Definition 36(i) in the last estimate.
To estimate J, (M) we will make use of the classical Poincaré inequality,

/ = fol ﬁ(Q)/ v/l (10-6)
0} 0

Then, by (10-6) and (10-3) applied to |V f|,

¢ 2
hns Y% (|(QQI) v11) 104

k=M+1 Q;eD(Q) Qi

— k2 1 2
~ Y 2k Y (IQ'I/ IVfI) 0]
k=M+1 0iebi (o) N =12
(o, ¢]
5||Vf||iz(Q0) Z k2 (by Holder’s inequality)
k=M+1

NV 11320002 M (10-7)
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Inserting the estimates (10-5) and (10-7) into (10-4), we achieve

2 1/2
1 _
(X (i | 17=tad) 100} 51750002 WD + 19 2202 ™.
ieg N/ Qi
Since this bound is independent of the sparse family Q, we arrive at (see (10-2))

1/ = feoll2p) = 1/ Isuien2™ W M) + 1V flIL2¢0g) 27
Since W is decreasing, the previous estimate can be expressed as

W(—logr)
||f_fQ0”L2(Q0) < f”f”S\p(Qo) +r||vf||L2(Qo)

for all r € (0, 1). O

We are now ready to present the proof of Theorem 14. The strategy of proof is inspired by [Lanthaler
et al. 2021]; we have replaced the role played there by structure functions with our decays of sparse
indices. We provide full details for the sake of completeness.

Proof of Theorem 14. Let {u®},~¢ be a physical realization of u and let {w®},~¢ be the related vorticities.
By assumption, there exists an admissible decay W such that

M :=sup |0°||c(o. 1554 (T2)) < O°- (10-8)

>0

Furthermore, w? satisfies the transport equation,
of +u® - Vo = eAw®,
and div #® = 0. Multiplying both sides of the previous equation by w® and integrating on T? yields

d
L0122 52y = — 261 VO |2 g

Consequently, for any § € (0, T) and ¢ € (6, T),

t
10 (D12 212 = [0° B2 212 — 2 /5 IV ()13 212, ds. (10-9)

According to Lemma 62 (with Q¢ = T? and*’ [ = w® = w®(-,1), t € (0, T)) and (10-8), there exists
a universal constant C > 0 such that

W(—logr)?
||a)8||22w2) < Cr—2M2 + CVZHV“’SHEZ(WZ) for all r € (0, 1).

Integrating,

W (—log r)2
2

t t
/6 ||w8(s)||§2m) ds <CTM? + cﬂ[g ||Vw6(s)||§2m) ds (10-10)

45Note that w® has mean zero, i.e., a)fr2 =0.
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for r € (0,1). In fact, letting W(z) = ¥(0) for ¢t < 0, (10-10) with » > 1 follows immediately from
Poincaré’s inequality.#® Next we optimize the right-hand side of (10-10), setting

1/4
(5 1V05 (5132 g2y ds) W(ro)!/?
w(0)!/2 a2 174
(fy 190582552, ds)

ro ;= log

Note that —log r > rg (since W is decreasing) and thus W(—logr) < W(rg). Accordingly, it follows from
(10-10) that

t 2
[ )22 2 ds)
(/s O IV By ds) e )
<CH(TM~*+1) lIf(log T0)1/2 )/||Vw8(s)||L2(T2)ds.
)

Setting x, = x.(t) = sfg ||a)8(s)||iz(ﬁ) ds and y, = y.(t) = fst ||Va)8(s)||22q2) ds, the previous
estimate can be rewritten as

(%2) < 7o), (10-11)

£
where

F() = CH(TM? + 1)2yw(1og LM)Z.
w(0)1/2

The function f satisfies

S )
sup ——

y>0 Y y>0

1/4 2
= CHTM?+ 1) sup \IJ(log quo)l/z) — CHTM? +1)2¥(0)? < o,

and (recall that limy o W(y) = 0)

1/4 \2
limsup@=C2(TM2+1)21imsup\IJ(log Y ) =0
y—oo Y y—00 W(0)!/2

In addition f(0) = 0 (note that lim,_, o, W(y) = W(0)). Hence [Lanthaler et al. 2021, Lemma C.1]

guarantees the existence of a strictly increasing function F with F(y) > f(y) such that the corresponding

inverse function of F can be expressed as F~!(x) = o(4/X)x, where ¢ is a continuous increasing
function with 6 (4/x) > 0 > 0 and limy_, oo 0(x) = oo. From (10-11), we have

(%)2 < F(ye),

() = () 2

46By the Poincaré inequality lo®llL2(r2y £ IV0® | L2(y2), e have, for r > 1,

and thus

t § §
I O 2y 5 [ IV O g2y s = 72 [ 1V05 01 g
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or equivalently

t
_82/5 IVof ()113 272y ds < —0(%)x§. (10-12)

Note that (10-9) can be rewritten as
d 2 2 ! 2
— £ e
o xe = e (B)]122p2) — 28 /5 IV ()12 252, ds

and then, by (10-12) and well-known a priori L2-estimates*” for Navier—Stokes solutions (see [Lanthaler
et al. 2021, Lemma A.2]),

2
L e < el 0*®) 2252, - 2a(f)x§ < —5 -2 (f)xﬁ. (10-13)
Next we show that ;
. 3 2 — -
tim e [ o 0113z s =0 (10-14)
uniformly with respect to ¢ € [§, T']. For n > 0 arbitrary, consider the set
Apsi={e>0:x:(t) = n}.

Assume first that 0 € /I,,,t. In particular, there exists {&;};eny C Ap,s With lim;_, o, &7 = 0. Since o is
increasing, o (xg, (t)/e7) > o(n/e;) and (see (10-13))

d - ||”0||22(T2) 5 n\ »
EXEI _T— (o} 8—[ n-.

Observe that lim;_,, 0(n/&;) = oo, which yields that x, (¢) is decreasing with respect to t whenever
[ =1y =1lo(n, 0, [luol L2(r2). 8)- Since x¢,(8) = 0 and x¢, (1) = 0, we conclude that x, (¢) = 0 for all
> 8 and / = ly. Therefore there exists eg = €9(1, 0, |[uollL2(12), §) > 0 such that

xe(t) <n ife=<e. (10-15)

On the other hand, if 0 & /L;,, then (10-15) holds trivially. Either way, we have shown that (10-14) is
fulfilled.
Recall the energy formula for 2D Navier—Stokes solutions

d
E N2 2 ray = 260 22y
Integrating over [4, ]:
t
”us(I)HEZ(TZ) - ”us(a)”iZ(-n—z) = _28/8 ||C()8(S)||iz(.ﬂ_2) ds.
In light of (10-14), we get (uniformly in 7)

: 2 2 —
gl_IR) ||I/l€(l)||L2(.ﬂ_2) - |Iu€(8)||L2(-|]'2) =0. (10'16)

47TRecall that ug € L2(T?2); see Definition 61.
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Since {u®},¢ is sparse stable, by virtue of Theorem 2, one can find a sequence of &’s with ¢ — 0 such
that

. 2 _ 2
im [l (017 212y = N1 25
for all ¢ € (0, T'). This combined with (10-16) lead to
lu@ll 22y = Nu@) 22y forany 1 € (6.7). (10-17)

On the other hand, since [|u(?)||2(y2y is right-continuous at 7 = 0, given any 1 > 0 one can find § > 0
(depending on 7) such that

0= llu@®lr2cr2y — luoll2qr2y =m forallz € (0,4].
Since (10-17) also holds, we have
0 =<|lu@)llr2cr2y — llwollL2rzy =n  forallz € (0, T1].

Clearly this shows that u is conservative, i.e., |u(?)[ r2(r2) = uollL2(r2y, # €0, T]. O

Added in proof

After this paper was submitted, the sparse spaces technology was successfully applied by Dominguez
and D. Spector [2024] to resolve in the negative the DiPerna—Majda gap problem (see Section 1.1):
M1 is the borderline regularity space regarding existence of approximate solution sequences with
concentrations for the 2D Euler equations. This closes the gap between lack of concentration (and
hence existence of weak solutions with energy conservation) in M !** with « > 1 [DiPerna and Majda
1987a] and the concentration-cancellation phenomenon in M L,1/2 [Delort 1991; Majda 1993]. As a
consequence, the sufficient conditions for the H~!-compactness assertion (1-2) turn out to be also
necessary. Hence the sparse methods introduced in this paper provide an optimal strategy to characterize
lack of concentration/concentration-cancellation.
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