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A SHARP STABILITY CRITERION FOR EULER EQUATIONS VIA SPARSENESS

ÓSCAR DOMÍNGUEZ AND MARIO MILMAN

We introduce sparse versions of function spaces that are relevant to characterize the solutions of Euler
equations without concentration. The standard Sobolev space H�1 is given a sparse structure that allows
measuring the degree of compactness of embeddings into H�1 and provides new quantitative general
criteria for H�1-stability. Indices of sparseness are defined, and function spaces whose indices have
prescribed decay are constructed, resulting in an improvement of the classical H�1-stability results:
sparse stability. The analysis relies on the introduction of sparse Riesz–Morrey–Tadmor spaces, that are
characterized via maximal operators and new sparse domination theorems, together with extrapolation
techniques. Our methods also yield improvements on recent results on the conservation of energy of
physically realizable solutions of 2D-Euler.
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1. Preamble

The classical Euler equations for incompressible fluid flow are given by8<:
ut Cu � ruD�rp;

div uD 0;

initial and boundary conditions;
(1-1)

where uD .u1; : : : ;un/ is the velocity field and p is the (scalar) pressure. Although the Euler equations
have been studied for more than two and half centuries, many important open problems remain unanswered.
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In particular, while it is easy to see that smooth solutions of (1-1) conserve kinetic energy, the existence
of weak solutions that conserve energy or the uniqueness of weak solutions are more subtle issues.

1.1. H �1-stability for approximate solutions of Euler equations. Research on conservation of energy
has been considerably influenced by the work of DiPerna and Majda [1987a; 1987b; 1988]. These authors
introduced the key concept of approximate solutions fu"g">0 (see Definition 16) that weakly converge
to u. If u"! u strongly in L2, then u is a weak solution to (1-1). Otherwise the energy concentrates on
sets. Despite this, u may be still an Euler solution due to the presence of subtle cancellations. This is the
so-called concentration-cancellation phenomenon.

In their foundational papers, Lopes Filho, Nussenzveig Lopes, and Tadmor [Lopes Filho et al. 2000]
and Tadmor [2001] develop H�1-stability1 (see Definition 19) into a very powerful unifying framework
to study lack of concentrations in approximate solutions. To be more precise, these authors obtained the
following result.

Theorem 1 [Lopes Filho et al. 2000]. Suppose that fu"g">0 is an H�1-stable approximate family of
Euler solutions. Then fu"g">0 converges strongly (possibly passing to a subfamily) to a weak solution of
the Euler equation u in L1.Œ0;T �IL2

loc.R
nIRn//.

The implementation of H�1-stability depends on having at one’s disposal sharp criteria to characterize
the compact sets of H�1 and, in particular, leverage this knowledge to decide which function spaces,
among those relevant in the description of physical phenomena connected with the Euler equations, embed
compactly into H�1. In this direction, the H�1-criteria, as it applies to rearrangement invariant spaces,
was extensively developed in [Lopes Filho et al. 2000], recovering and extending earlier results from
[DiPerna and Majda 1987a; Lions 1996].

As shown in [DiPerna and Majda 1987a], solutions to 2D Euler equations when the initial vorticity is
supported in a curve play a central role in fluid dynamics. These solutions are called vortex sheets and
their regularity can be naturally measured in terms of the Morrey spaces M p;˛ (see (2-2) below).

Remark. We use standard notation: If X is a function space on Rn, we let Xc be the subspace of
compactly supported functions; and we let Xloc be the set of functions f such that f 1Q0

2 X , for all
cubes Q0. We write

Xc ,!H�1
loc .R

n/ or Xc
compactly
,����!H�1

loc .R
n/

if for all Q0

X.Q0/ ,!H�1.Rn/ or X.Q0/
compactly
,����!H�1.Rn/;

respectively, where X.Q0/D ff 2X W suppf �Q0g with kf kX .Q0/ D kf 1Q0
kX .

The H�1-stability theory for Morrey spaces is also treated in [Lopes Filho et al. 2000], and relies on a
compactness result2 due independently to DeVore and Tao (a proof was given in [Lopes Filho et al. 2000,
Theorem 4.2]),

M p;˛
c .Rn/

compactly
,����!H�1

loc .R
n/; (1-2)

1More precisely, H�1
loc -stability.

2The same statement holds, mutatis mutandis, for the Morrey space of measures [Lopes Filho et al. 2000, Theorem 4.3].
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provided that one of the following conditions is satisfied:

(a) p >
n

2
,

(b) p D
n

2
and ˛ > 1.

Once in possession of these statements, Theorem 1 can be applied to establish that for families of
approximate solutions, with uniformly bounded vorticities in M p;˛.Rn/, one can extract convergent
subsequences to a solution of the Euler equation (1-1), without concentration. In the special case nD 2,
p D 1 and ˛ > 1, this result3 was first obtained by DiPerna and Majda [1987a, Theorem 3.1] using tools
from elliptic theory. On the other hand, the case nD 3 and p D 3

2
is connected with the work of Giga

and Miyakawa [1989] on well-posedness of 3D Navier–Stokes equations with initial singular data such
as vortex filaments.

At present time, the picture is not completely understood for all the values of the parameters involved in
(1-2). Specifically in 2D, it is known that for pD1 and ˛D 1

2
, (1-2) does not hold (see [DiPerna and Majda

1987a; Majda 1993]). To the best of our knowledge, it remains an open problem to decide whether (1-2)
with pD 1 still holds for ˛ 2

�
1
2
; 1
�

(the so-called “gap problem”), leaving open the existence of solutions
without concentrations in M 1;˛ . Similar types of gaps also appear when dealing with higher dimensions.

In an effort to understand the nature of these gaps, and their impact on the convergence of approximate
solutions of the Euler equations, Tadmor [2001] introduced the finer scale of RMT spaces, Rp;q log˛,
that sharpen (1-2); see Definition 20.

1.2. Tadmor’s refinement of H �1-stability. It is shown in [Tadmor 2001] that RMT spaces “interpolate
the compactness gap” in the sense that

Rp;2 log˛.Rn/c
compactly
,����!H�1

loc .R
n/ (1-3)

provided that one of the following conditions is satisfied:

(a) p >
2n

nC2
,

(b) p D
2n

nC2
and (crucially) ˛ > 1

2
.

The Rp;2 log˛ scale is sharp, with respect to the H�1- stability, in the sense that for approximate
solutions, with vorticities uniformly bounded in R2n=.nC2/;2 log˛ , ˛> 1

2
, we can extract solutions without

concentration, while for ˛ 2
�
0; 1

2

�
there is a weak limit solution (i.e., a concentration-cancellation effect).

On the other hand, the original gap problem for Morrey spaces M 1;˛, is apparently not resolved in this
fashion, since4 (see [Tadmor 2001, page 519 and the discussion after (3.5)])

R1;2 log˛.R2/�M 1;˛.R2/:

3The original statement from [DiPerna and Majda 1987a] involves a certain additional assumption on weak decay at infinity
of vorticities.

4In other words, Tadmor’s scale requires a stronger regularity condition than Morrey regularity on the set of vorticities to
achieve compactness.
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1.3. Paving the way to sparseness. The presence of logarithms in (1-3) (and (1-2)) is very natural and
is connected with some implicit extrapolation constructions that are needed since R1;2.R

2/ (or more
generally, R2n=.nC2/;2.R

n/) is not suitable for H�1-stability. In fact, we have (see (4-9))

R 2n
nC2

;2
.Rn/ªH�1.Rn/: (1-4)

To overcome this obstacle, in this paper we propose a different methodology based on sparseness.

1.4. A new framework for H �1-stability: Sparse stability. The main goal of this paper is to reformulate
H�1-stability applying the theory of sparse spaces, that we recently introduced in [Domínguez and
Milman 2021]. In a nutshell, we show that the “defect” of RMT spaces exhibited by (1-4) can be
overcome if the geometry of testing cubes in the definition of these spaces is changed. More precisely, let
SR2n=.nC2/;2 the space that is obtained by replacing pairwise disjoint cubes in R2n=.nC2/;2 by sparse5

families of cubes (see Definition 4 below). Then, somewhat informally, the following surprising formula
holds (see Theorem 6 for the precise statement):

SR 2n
nC2

;2
.Rn/DH�1.Rn/: (1-5)

Armed with formula (1-5) we provide a sparse structure to H�1, which we exploit to develop new
methods to characterize compact sets in H�1. In particular, we introduce indices of sparseness, associated
to function spaces, that measure the degree of compactness into H�1. Conversely, given a decay ‰, i.e.,
a positive decreasing function on Œ0;1/ satisfying

lim
t!1

‰.t/D 0; (1-6)

we construct sparse spaces S‰, whose sparse indices have the prescribed decay ‰. This leads to the
introduction of the concept of ‰-sparse stability for approximate solutions; see Definition 11. As a
consequence, we create a refined scale that exhausts the classical H�1-stability in the following sense
(compare with Theorem 1).

Theorem 2. Let fu"g">0 be a family of approximate solutions. The following are equivalent:

(i) fu"g">0 is H�1-stable,

(ii) fu"g">0 is sparse stable.

As a consequence, if (ii) holds then (possibly passing to a subfamily) u"! u strongly in L2, where u

is a solution of (1-1).

We show that sparse stability not only provides a simplified approach to all previously known existence
results from [DiPerna and Majda 1987a], [Lopes Filho et al. 2000] and [Tadmor 2001] but, more
importantly, it leads to the sharpening of the classical results.

We next detour to present in detail the construction of sparse spaces (including their connection with
negative Sobolev spaces; see (1-5)), sparse indices and sparse stability.

5Loosely speaking, sparse cubes are not necessarily disjoint but possible overlappings can be controlled in a sharp fashion;
see Definition 3.
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1.5. Negative Sobolev spaces via sparse RMT spaces. The norms of many familiar spaces in analy-
sis are defined in terms of coverings by disjoint cubes or “packings” (e.g., spaces like BMO, John–
Nirenberg spaces, Morrey spaces, Campanato spaces, Brudnyi spaces, Lipschitz spaces, Garsia–Rodemich
spaces, . . . ). In [Domínguez and Milman 2021], we initiated the analysis of “sparse versions” of classical
spaces, obtained modifying the requirements on the coverings: we replaced the usual packings of cubes by
the slightly bigger class of “sparse coverings”. We briefly recall the definition of sparse family of cubes.

Let Q0 be a (not necessarily dyadic) cube in Rn of sidelength ` > 0 and corner xD .x1; : : : ;xn/ 2Rn,
i.e.,

Q0 D Œx1;x1C `�� � � � � Œxn;xnC `�:

A (dyadic) child of Q0 is any of the 2n cubes obtained by partitioning Q0 by n median hyperplanes
(i.e., the hyperplanes parallel to the faces of Q0 and dividing each edge into 2 equal parts). Iterating this
process, from Q0 to its children, then to the children of the children, . . . , we construct the lattice D.Q0/

of dyadic subcubes in Q0.

Definition 3 (sparse cubes). A (countable) family .Qi/i2I �D.Q0/ is called �-sparse,6 � 2 .0; 1/, if for
every Qi there exists a measurable subset EQi

such that

(i) the sets EQi
are pairwise disjoint,

(ii) �jQi j � jEQi
j.

We let S.Q0/ be the collection of all sparse families of dyadic cubes in Q0. Analogously, one can
introduce S.Rn/, the set formed by all sparse families of dyadic cubes in Rn.

In particular, the sparse spaces SRp;q log˛.Q0/ are constructed modifying standard RMT spaces
(see (2-1)) by replacing families of packings, “.Qi/i2I 2….Q0/”, by sparse families, “.Qi/i2I 2S.Q0/”.

Definition 4 (sparse RMT spaces). Let 1� p; q �1 and ˛ 2R. The sparse RMT space SRp;q log˛.Q0/

is formed by all those f 2L1.Q0/ such that

kf kSRp;q log˛.Q0/ D sup
.Qi /i2I2S.Q0/

�X
i2I

�
.1� .log jQi j/�/

˛

jQi j
1=p0

Z
Qi

jf j

�q�1=q

<1: (1-7)

In particular, we let SRp;q.Q0/ D SRp;q log0.Q0/. The corresponding spaces on Rn are introduced
analogously.

Remark 5. The definition of SRp;q log˛ is well adapted to work with signed measures ! 2 BMC. Indeed,
we simply replace

R
Qi
jf j in (1-7) by !.Qi/.

Since we trivially have ….Q0/� S.Q0/, it follows that

SRp;q log˛.Q0/�Rp;q log˛.Q0/:

6In this paper the parameter � will not play a role, so in what follows we shall let �D 1
2

.
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However, in general, the sparse spaces are different7 from their parent spaces. In our context, the
differences manifest themselves through the behavior of the maximal operators M�;Q0

(see (3-1)). The
theory developed in Section 3 will play a crucial role in our analysis.

Suppose that 1 � p < q <1; then a special case of Proposition 25 below shows that there exists
fQigi2I 2 S.Q0/ and a constant c depending only on p and q such that

Mn. 1
p
� 1

q /;Q0
f .x/� c

X
i2I

�
1

jQi j
1=p0C1=q

Z
Qi

jf .y/j dy

�
1Qi

.x/: (1-8)

In the literature the process of constructing such coverings is referred as sparse domination; see [Lerner
and Nazarov 2019; Hytönen 2021]. From (1-8) and more or less standard arguments, we obtain the
following remarkable result connecting SRp;q.R

n/ and classical Sobolev spaces H��q .Rn/, � 2 .0; n/
(see (4-1)).

Theorem 6. Let 1� p < q <1. If f 2L1
loc.R

n/; f � 0 a.e., then

kf kSRp;q.Rn/ � kf k
H
�n. 1

p�
1
q /

q .Rn/
:

In general

SRp;q.R
n/ ,!H

�n. 1
p
� 1

q /
q .Rn/:

In particular, the canonical choice of parameters p D
2n

nC2
, n� 2, and q D 2 gives8

kf kSR 2n
nC2

;2
.Rn/ � kf kH�1.Rn/ if f � 0: (1-9)

Consequently

SR 2n
nC2

;2
.Rn/ ,!H�1.Rn/: (1-10)

1.6. Sparse indices. Since we deal with local problems, most of the analysis will be carried out on
cubes, but similar constructions are also possible in Rn. Let Q0 � Rn, n � 2, be a fixed cube and let
Q2S.Q0/. For k 2N0 WDN[f0g, let D�kIQ0

WD
˚
Q WQ2D.Q0/ with sidelength `.Q/� 2�k`.Q0/

	
,

D�kIQ0
.Q/ WD D�kIQ0

\Q. When there is no danger of confusion, we use the simplified notation D�k

and D�k.Q/.

Definition 7 (sparse indices). (i) The sparse indices of f 2L1.Q0/ are defined by9

sN .f /D sup
Q2S.Q0/

� X
Q2D�N�1.Q/

�
jQj

1
n
� 1

2

Z
Q

jf j

�2� 1
2

; N 2 N: (1-11)

7Note that SRp;1 log˛.Q0/DRp;1 log˛.Q0/DM p;˛.Q0/; see Remark 21.
8The role of sparseness is crucial here. In particular, for the classical space R2n=.nC2/;2, this approach fails dramatically

(see (1-4)).
9Sparse indices may depend on the given cube Q0. However, since this dependance will not play a role in our arguments, it

will be safely omitted in the corresponding notation.
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X upper estimate for s
N
.X /

Lp; p >
2n

nC2
2
�N .2Cn

2n
� 1

minf2;pg /n

M p;˛; p >
n

2
; ˛ 2 R 2�N . 2

n�
1
p /

n
2 N �

˛
2

M
n
2
;˛
; ˛ > 1 N

1�˛
2

Rp;2 log˛; p >
2n

nC2
; ˛ 2 R 2

�N .2Cn
2n
� 1

p /nN �˛

R 2n
nC2

;2
log˛; ˛ > 1

2
N

1
2
�˛

Table 1. Sparse indices for some classical function spaces.

(ii) Let X be a function space, X �L1
loc.R

n/. The sparse indices of X.Q0/ are defined by

sN .X /D sup
kf kX.Q0/

�1

sN .f /: (1-12)

Remark 8. The definitions above can be extended in a natural way to the setting of measures with
distinguished sign.

Compactness of embeddings into H�1 can be characterized in terms of sparse indices. Specifically,
we have the following result.

Theorem 9. Let X be a function space10 X � L1
loc;C.R

n/, n � 2, (or more generally, X � BMCc ).
Then:11

(i) s1.X / <1 , Xc ,!H�1
loc .R

n/.

(ii) limN!1 s
N
.X /D 0 , Xc

compactly
,����!H�1

loc .R
n/.

The proof of this result is given in Section 4.3.
Sparse indices provide a very satisfactory criteria for H�1-stability (see Theorem 1).

Corollary 10. Let X be a function space X �L1
loc;C.R

n/, n� 2, (or more generally, X � BMCc ) such
that

lim
N!1

sN .X /D 0: (1-13)

Suppose that fu"g">0 is an approximate family of Euler solutions with related set of vorticities f!"g">0

uniformly bounded in C..0;T /IX /. Then (passing to a subfamily if necessary) u" ! u strongly in
L1.Œ0;T �IL2

loc.R
nIRn//, where u is a solution to (1-1).

The new indices pose a challenge: can we compute them? In Section 5 we provide the explicit calcula-
tion of sparse indices for classical spaces like Lebesgue, Morrey, and RMT spaces. The results are presented
in Table 1. These computations, combined with Theorem 9, give a unified proof of (1-2) and (1-3).

10As usual, L1
loc;C.R

n/ D ff 2 L1
loc.R

n/ W f � 0 a.e.g. The additional assumption f � 0 is not restrictive since
s
N
.f /D s

N
.jf j/.

11Note that s1.X /D supN2N s
N
.X /.
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Furthermore, understanding the rates of decay of the sparse indices will allow us to measure the degree
of H�1-compactness, and pave the way to extend the known results as we now explain.

1.7. Sparse spaces. So far, given a function space X , we analyzed the decay of its sparse indices s
N
.X /

(see (1-12)) in order to guarantee H�1-stability; see Corollary 10. However, note that the definition of
sparse indices s

N
.f / (see (1-11)) is independent of any particular space X. This simple observation leads

to the following question: can we use “reverse engineering” to create new function spaces whose sparse
indices have prescribed decay? A natural construction associated with this idea can be described as follows.

Definition 11 (sparse spaces). Let ‰ be a decay (see (1-6)). The sparse space S‰.Q0/ is formed by all
f 2L1.Q0/ such that

kf kS‰.Q0/ D sup
N2N

s
N
.f /

‰.N /
<1: (1-14)

The counterparts on Rn as well as for positive measures can be introduced analogously.

Note, parenthetically, the superficial similarity with the constructions of Yudovich spaces and extrapo-
lation spaces in [Domínguez and Milman 2024]. As we shall soon see this connection goes deeper and,
moreover, some concrete calculations can be effected which lead to the introduction of new Euler relevant
function spaces.

From (1-14), we clearly have
sN .S‰.Q0//�‰.N /;

therefore, by Theorem 9,
S‰.R

n/c
compactly
,����!H�1

loc .R
n/: (1-15)

In particular, using sparse embeddings we can formulate a new H�1-criteria.

Theorem 12 (H�1-stability via sparse embeddings). Suppose that

Xc ,! S‰.R
n/c (1-16)

holds for some decay ‰, then X is H�1-stable, in the sense that

Xc
compactly
,����!H�1

loc .R
n/:

In particular, suppose that fu"g">0 is a family of approximate solutions of the Euler equations, such that
the related set of vorticities f!"g">0 is uniformly bounded in X . Then there exists a subfamily of fu"g">0

which converges strongly to a weak Euler solution in L1.Œ0;T �IL2
loc.R

n//.

The proof of this result is an immediate consequence of (1-15) and Theorem 1.
Next we go a step further and show that assumption (1-16) in Theorem 12 is in fact necessary to

establish H�1-stability. To do this, we need to introduce the natural generalization12 (say, function
space-free) of (1-16) to approximate solutions: sparse stability. As already anticipated in Theorem 2 (see

12Recall that H�1-stability does not involve any function space X, but only approximate solutions; see Definition 19.
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Section 6 for its proof), this new concept provides us with a remarkable characterization of H�1-stability
in terms of sparseness.

As usual, let An be the set of all antisymmetric matrices of order n with real entries.

Definition 13 (sparse stability). We say that a family fu"g">0 of approximate solutions of the Euler
equation is sparse stable if there exists a decay ‰ such that the corresponding set of vorticities f!"g">0

is uniformly bounded in13 C.0;T IS‰.R
nIAn//. In particular, fu"g">0 satisfies the admissible sparse

stability property if ‰ is an admissible14 decay.

Applying sparse stability, it is thus possible, at least theoretically, to improve all the known H�1-stability
results of [DiPerna and Majda 1987a; Lopes Filho et al. 2000; Tadmor 2001] (see Sections 1.1 and 1.2).
However, to make the implied extensions meaningful, we need to exhibit concrete instantiations. In fact, we
obtain significant improvements on the classical results and we show that our constructions unexpectedly
connect with the theory of Yudovich spaces [1995], Vishik spaces [1999] and more specifically with the
extrapolation spaces of [Jawerth and Milman 1991; Domínguez and Milman 2024].

1.8. New extrapolation spaces guaranteeing strong convergence to Euler solutions. As already men-
tioned in Section 1.3, extrapolation constructions seem to be implicit in (1-2)–(1-3). In Sections 7 and 8
we confirm this belief and show how the extrapolation theory of Jawerth and Milman [1991] (more
precisely, the updated account given recently in [Domínguez and Milman 2024]) can be successfully
applied to construct concrete examples of function spaces with prescribed sparse decay. In particular,
these new spaces strictly contain the limiting spaces involved in (1-2) and (1-3), but are still H�1-stable.
As a consequence, we are able to extend the existence results for vortex sheets of [DiPerna and Majda
1987a; Tadmor 2001] to larger classes of vorticities.

1.8.1. Sharpening Morrey regularity of DiPerna–Majda. We introduce the distributional space V‰.R
n/

given by (see Definition 34)

1X
jDN

2�2j
k�jf kL1.Rn/ .‰.N /2; N 2 N0:

These spaces may be considered as “dual” counterparts of classical Vishik spaces proposed in [Vishik 1999]
in connection with uniqueness issues for Euler flows; see Remark 35 for further explanations. Applying
the set of techniques explained in previous sections, we show sparse stability15 and nonconcentration
phenomenon in V‰; see Theorem 37. A crucial point in our arguments is that V‰ can be characterized as
an extrapolation space of classical Besov spaces (see Theorem 39). In particular, for the special decay
‰.t/D t .1�˛/=2, ˛ > 1, we have (see Theorem 38)

M
n
2
;˛
.Rn/ ,! V‰.R

n/:

13In what follows, we will use the simplified notation S‰.R
n/ rather than S‰.R

nIAn/.
14see Definition 36(i).
15In fact, sparse numbers of V‰ behave like ‰.
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Furthermore, this result is sharp, i.e., we give a constructive method to produce functions in V‰.R
n/ but

not in M n=2;˛.Rn/. As a by-product, we get a nontrivial improvement of (1-2).

1.8.2. Sharpening Tadmor regularity. The results stated in Section 1.8.1 for Morrey spaces admit counter-
parts for RMT spaces. In this setting, the role of V‰ is played by the new space T‰.R

n/ (see Definition 44),
which admits the following nice characterization in terms of Fourier integrals:Z

j�j>2N

.1Cj�j2/�1
j yf .�/j2 d� .‰.N /2; N 2 N0:

Then we establish sparse stability and nonconcentration phenomenon in T‰; see Theorem 47. In particular,
for the special decay ‰.t/D t1=2�˛, ˛ > 1

2
, we have (see Theorem 48)

R 2n
nC2

;2
log˛.Rn/ ,! T‰.R

n/:

Again, this result is sharp. As a consequence, we improve Tadmor’s embedding (1-3).

1.9. Energy conservation for physically realizable solutions via sparse stability. In Section 10 we show
that our methods are sufficiently robust to provide criteria for the preservation of energy by physically
realizable solutions16 of 2D Euler equations on the two-dimensional torus T2. Indeed, extending Lp.T2/-
results,17 p> 1, obtained by Cheskidov, Lopes Filho, Nussenzveig Lopes, and Shvydkoy [Cheskidov et al.
2016] (see also [Ciampa et al. 2021] for the case on the whole plane R2), we show that our framework
can be used to provide conditions for physically realizable solutions to conserve energy.

Theorem 14. Let u be a physically realizable weak solution of the 2D Euler equations with a physical
realization fu"g">0 satisfying admissible sparse stability. Then u is conservative, i.e., ku.t/kL2.T2/ D

ku0kL2.T2/.

Very recently, Lanthaler, Mishra, and Parés-Pulido [Lanthaler et al. 2021] proposed an interesting
approach to energy conservation based on the so-called structure functions (i.e., the L2-modulus of
smoothness) of fu"g">0. On the other hand, Theorem 14 relies on the sparse indices of f!"g">0.
Switching from u" to !" has important advantages from the point of view of applications, as it is
illustrated by the following.

Corollary 15. Let X be a function space X �L1.T2/ (or more generally, X �BMC) with sparse indices
s
N
.X / satisfying (1-13) and the admissibility condition (see Definition 36). Let fu"g">0 be a physical

realization of the Euler solution u. If f!"g">0 is uniformly bounded in X , then u is conservative.

This result follows immediately from Theorem 14 from the fact that X ,! S‰.T
2/, where ‰.N /D

s
N
.X /. In particular, Corollary 15 can be applied to all the classical function spaces exhibited in Table 1,

as well as the new spaces X D V‰ and X D T‰.

16Roughly speaking, physically realizable solutions are weak solutions of Euler equations that can be obtained as weak limits
of vanishing viscosity; see Definition 61.

17For general Lp solutions with p � 3
2

, conservation of energy can be derived from the well-known Besov-type criterion of
Cheskidov, Constantin, Friedlander and Shvydkoy [Cheskidov et al. 2008]; see also [Cheskidov et al. 2016, Theorem 1] for an
alternative and streamlined proof.
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1.10. Brief interlude: some references. Existence and uniqueness of weak solutions for the 2D Eu-
ler equations are well established. In particular, we mention the concentration-cancellation result by
Delort [1991] (resp. Vecchi and Wu [1993]) proving existence of weak solutions for initial vorticities in
BMCc \H�1 (resp. in L1

c \H�1/; existence and uniqueness results of weak solutions for initial bounded
vorticities (resp. vorticities in Yudovich spaces) were established by Yudovich [1963] (resp. [Yudovich
1995]), and the corresponding results for vorticities in BMO (and related spaces) obtained by Vishik
[1999]. For vorticities in Lp the uniqueness problem remains open, although substantial progress has
been achieved recently. Relaxing assumptions in the sense of forced 2D Euler equations, Vishik [2018a;
2018b] (see also [Albritton et al. 2024; Castro et al. 2025]) established nonuniqueness for vorticities in Lp ,
p <1. More recently, using a newly developed refined version of the convex integration technique, the
nonuniqueness of weak solutions under vorticity in L1C", with " sufficiently small, was shown by Bruè,
Colombo and Kumar [Bruè et al. 2024].

We close this introduction stating our belief that, given the central role of negative Sobolev spaces in
PDEs, our methods could find applications elsewhere.

Notation. Given two normed spaces X and Y , the symbol X ,! Y means that the identity operator
from X into Y is continuous. Given two positive quantities A and B, we write A . B if there is a
constant C > 0 such that A�CB. We also use A�B if A.B and A&B. For a 2R, a�Dminfa; 0g,
p0 denotes the dual exponent of p given by 1=pC 1=p0 D 1 and jEj is the (Lebesgue) measure of a
measurable set E.

2. Background

2.1. Approximate solutions and H �1-stability. For convenience of the reader, we recall the well-known
concepts of approximate solutions of Euler equations and their H�1-stability, as introduced in [DiPerna
and Majda 1987a] and [Lopes Filho et al. 2000], respectively.

Definition 16. A family of velocity vector fields fu". � ; t/g">0, t 2 Œ0;T �, defines an approximate solution
of (1-1) if for some L> 1, it is uniformly bounded18 in

L1.Œ0;T �IL2
c .R

n
IRn//\Lip..0;T /IH�L

loc .R
n
IRn//;

with div u" D 0 (in the distributional sense), and is weakly consistent with (1-1), in the sense that19Z T

0

Z
Rn

't �u
"
C .D' u"/ �u" dx dt C

Z
Rn

'.x; 0/ �u".x; 0/ dx! 0 as "! 0

for every test field ' 2 C1c .Œ0;T /�RnIRn/ with div' D 0. Here, D' is the Jacobian matrix of '.

Remark 17. If the family is constant, u" � u for all " > 0, then u is in fact a classical weak solution
to (1-1).

18The uniform bound in Lip..0;T /IH�L
loc .R

nIRn// is a technical assumption in order to guarantee that initial vector fields
u". � ; 0/ are well-defined. In practice, this follows easily from the uniform energy bound L1.Œ0;T �IL2

c .R
nIRn//; see [DiPerna

and Majda 1987a].
19The weak formulation related to domains with boundary is analogous to that of Rn, taking into account the additional

boundary condition u" � nD 0 (in the trace sense).
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Remark 18. There are standard methodologies to construct approximation solution families, e.g., through
mollification of initial data, Navier–Stokes approximate solutions (also known as vanishing viscosity
method), vortex blob approximations, discrete methods, . . .

Definition 19 (H�1-stability). We say that a family fu"g">0 of approximate solutions of the Euler equation
is H�1-stable if the corresponding set of vorticities f!" D curl u"g">0 (i.e., !"i;j D .u

"
i /xj � .u

"
j /xi

for
i; j D 1; : : : ; n) is precompact in C..0;T /IH�1

loc .R
nIAn//.

2.2. Riesz–Morrey–Tadmor spaces. Let ….Q0/ be the set of families of packings20 .Qi/i2I , with
Qi 2 D.Q0/.

Definition 20 [Tadmor 2001]. The Riesz–Morrey–Tadmor spaces21 (RMT spaces, in short) Rp;q log˛.Q0/,
1� p; q �1, ˛ 2 R, are defined through the condition

kf kRp;q log˛.Q0/ D sup
.Qi /i2I2….Q0/

�X
i2I

�
.1� .log jQi j/�/

˛

jQi j
1=p0

Z
Qi

jf j

�q�1
q

<1: (2-1)

The corresponding spaces on Rn are defined analogously.

Remark 21. In particular, Morrey spaces are part of this scale. Let 1 � p �1, ˛ 2 R. The Morrey
space M p;˛.Q0/ is defined by

kf kM p;˛.Q0/ D sup
Q2D.Q0/

.1� .log jQj/�/˛

jQj1=p
0

Z
Q

jf j<1: (2-2)

Consequently, M p;˛.Q0/DRp;1 log˛.Q0/.

Remark 22. A similar comment to Remark 5 also applies to Rp;q log˛ and M p;˛.

3. Characterization of sparse RMT spaces via maximal operators

Let 0� � < n and ˛ 2 R. For f 2L1.Q0/, consider the maximal operator

M�;˛;Q0
f .x/D sup

Q2D.Q0/
x2Q

jQj
�
n�1.1� .log jQj/�/˛

Z
Q

jf .y/j dy; x 2Q0: (3-1)

In the absence of logarithmic weight (i.e., ˛ D 0), we simply write M�;Q0
. In addition, if �D 0 then one

recovers the classical (dyadic) maximal operator MQ0
.

In this section we show that, under some natural conditions, the sparse SRp;q log˛ spaces (see
Definition 4) admit simple characterizations in terms of maximal operators (3-1). This is in sharp
contrast with the parent spaces Rp;q log˛.

20Families of pairwise disjoint cubes.
21Our notation differs from [Tadmor 2001] where the space Rp;q log˛.Q0/ is instead denoted by V pq.log V /˛.Q0/ (or

simply by V pq;˛.Q0/). The reason behind this change of notation comes from the Riesz theorem (see (4-7)).
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Theorem 23. Suppose that p; q; ˛ satisfy

1� p � q <1 and ˛ 2 R .˛ � 0 if p D q/: (3-2)

Then

SRp;q log˛.Q0/DMn. 1
p
� 1

q /;˛;Q0
Lq.Q0/:

More precisely,
kf kSRp;q log˛.Q0/ � kMn. 1

p
� 1

q /;˛;Q0
f kLq.Q0/; (3-3)

where the hidden constants of equivalence are independent of f and Q0.

Remark 24. When p D q, the restriction ˛ � 0 is necessary to avoid trivial cases. To be more precise, if
˛ > 0 and p D q, then

kMn. 1
p
� 1

q /;˛;Q0
f kLq.Q0/ <1 D) f D 0 a.e. on Q0:

Indeed, since Mn. 1
p
� 1

q /;˛;Q0
f .x/DM0;˛;Q0

f .x/ <1 a.e. x 2Q0, we have

1

jQj

Z
Q

jf j � .1� .log jQj/�/�˛M0;˛;Q0
f .x/ (3-4)

for every Q 2 D.Q0/, with x 2 Q, and jQj sufficiently small. Taking limits on both sides of (3-4)
as jQj ! 0, and applying the Lebesgue differentiation theorem, we conclude that f .x/D 0 for every
Lebesgue point x.

Sparse domination principles underlie the characterizations of sparse spaces via maximal functions.

Proposition 25. Suppose that p; q and ˛ satisfy (3-2), and let f 2L1.Q0/. Then there exists a family
.Qi/i2I 2 S.Q0/ (depending on f and the parameters p; q and ˛) such that, for almost every x 2Q0,

Mn. 1
p
� 1

q /;˛;Q0
f .x/

� 2 max
�

1; e
1
p�

1
q�˛

�
pq˛

q�p

�̨ �X
i2I

�
.1� .log jQi j/�/

˛

jQi j
1=p0C1=q

Z
Qi

jf .y/j dy

�
1Qi

.x/ (3-5)

Remark 26. As usual, if p D q the constant maxf1; e1=p�1=q�˛.pq˛=.q � p//˛g in (3-5) should be
interpreted to be equal to 1.

Proof of Proposition 25. The desired decomposition will be obtained by a standard process of exhaustion,
whereby for each cube of the starting decomposition we shall apply the process again and again. We set
up the selection process by letting Qf DQf;p;q;˛ be the collection of Q 2D.Q0/ such that the following
condition is satisfied:

.1� .log jQj/�/˛

jQj1=p
0C1=q

Z
Q

jf .y/j dy � 2 max
n
1; e��˛

�
˛

�

�̨ o.1� .log jQ0j/�/
˛

jQ0j
1=p0C1=q

Z
Q0

jf .y/j dy; (3-6)

where � WD 1
p
�

1
q

. If the collection Qf is empty then we let EQ0
D fQ0g, and we readily verify that

(3-5) holds. Otherwise we continue the process selecting .Qi/i2N, the family of maximal dyadic cubes



672 ÓSCAR DOMÍNGUEZ AND MARIO MILMAN

in Qf . By construction, the selected family .Qi/i2N is pairwise disjoint and, therefore, for almost every
x 2Q0,

Mn. 1
p
� 1

q /;˛;Q0
f .x/DMn. 1

p
� 1

q /;˛;Q0
f .x/1Q0n

S1
iD1 Qi

.x/C

1X
iD1

Mn. 1
p
� 1

q /;˛;Q0
f .x/1Qi

.x/

DW (A)C (B):

Next we estimate each of the terms (A) and (B) separately.

Estimate (A). We claim that, for x 62
S1

iD1 Qi ,

Mn. 1
p
� 1

q /;˛;Q0
f .x/� 2 max

n
1; e��˛

�
˛

�

�̨ o.1� .log jQ0j/�/
˛

jQ0j
1=p0C1=q

Z
Q0

jf .y/j dy: (3-7)

Indeed, suppose, to the contrary, that for some x 62
S1

iD1 Qi , (3-7) does not hold. Then, by the definition
of Mn.1=p�1=q/;˛;Q0

(see (3-1)), there exists a dyadic cube Q � Q0, such that x 2 Q, and Q 2 Qf .
Consequently, there exists a maximal cube Qi such that Q�Qi , but this leads to a contradiction since
x 62Qi . Therefore, for x 62

S1
iD1 Qi , we have

(A)� 2 max
n
1; e��˛

�
˛

�

�̨ o.1� .log jQ0j/�/
˛

jQ0j
1=p0C1=q

Z
Q0

jf .y/j dy:

Moreover, from .Qi/i2N �Qf (see (3-6)) we see that

'.jQi j/jQi j
�1

Z
Qi

jf .y/j dy � 2 max
n
1; e��˛

�
˛

�

�̨ o
'.jQ0j/jQ0j

�1

Z
Q0

jf .y/j dy; (3-8)

where
'.t/ WD t

1
p�

1
q .1� .log t/�/

˛; t > 0:

We distinguish two possible cases.

(I) Suppose first that ˛ � �. Routine computations show, under this assumption, that ' is a nondecreasing
function. It follows from (3-8) that

1X
iD1

jQi j �
1

2 maxf1; e��˛.˛=�/˛g
jQ0j

'.jQ0j/
R

Q0
jf .y/j dy

1X
iD1

'.jQi j/

Z
Qi

jf .y/j dy

�
1

2 maxf1; e��˛.˛=�/˛g
jQ0jR

Q0
jf .y/j dy

1X
iD1

Z
Qi

jf .y/j dy �
jQ0j

2
:

Note that, in the first step of above computations, we assume that f is not identically zero (almost
everywhere) on Q0; otherwise the desired result (3-5) holds trivially. Therefore, if we assign to the cube
Q0 the set

EQ0
WDQ0

/ 1[
iD1

Qi ; (3-9)

then
jQ0j

2
� jEQ0

j; (3-10)

i.e., the sparseness condition given in Definition 3(ii) holds.
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(II) Suppose now that ˛ > �. Let

 .t/ WD

�
t� .1� log t/˛ if t 2 .0; e1�˛=�/;

e��˛.˛=�/˛ if t 2 Œe1�˛=�;1/:

It is plain that  is a nondecreasing function such that, moreover, '.t/�  .t/ for t > 0. By (3-8), we
have

1X
iD1

jQi j �
1

2 maxf1; e��˛.˛=�/˛g
jQ0j

'.jQ0j/
R

Q0
jf .y/j dy

1X
iD1

'.jQi j/

Z
Qi

jf .y/j dy

�
1

2 maxf1; e��˛.˛=�/˛g
jQ0j

'.jQ0j/
R

Q0
jf .y/j dy

1X
iD1

 .jQi j/

Z
Qi

jf .y/j dy

�
1

2 maxf1; e��˛.˛=�/˛g
jQ0j .jQ0j/

'.jQ0j/
R

Q0
jf .y/j dy

1X
iD1

Z
Qi

jf .y/j dy

�
jQ0j

2 maxf1; e��˛.˛=�/˛g
 .jQ0j/

'.jQ0j/
:

Furthermore, using the estimate

 .jQ0j/

'.jQ0j/
�max

n
1; e��˛

�
˛

�

�̨ o
;

we obtain
1X

iD1

jQi j �
jQ0j

2
:

Hence the set EQ0
defined by (3-9) satisfies the required sparseness condition (3-10).

Estimate (B). We will show that the procedure used to estimate (A) can be iterated to estimate each term
of the sum (B). Fix i 2 N. Observe that for x 2Qi , the maximality of the Qi’s and the nesting property
of dyadic cubes, yield

Mn. 1
p
� 1

q /;˛;Q0
f .x/DMn. 1

p
� 1

q /;˛;Qi
f .x/: (3-11)

Indeed, we only need to prove that the right-hand side is � the left-hand side. Consider Q a generic
dyadic cube such that x 2Q�Q0. In particular, Q\Qi ¤¿. Now there are two possible situations.
Firstly, if Q�Qi , the cube Q enters in the competition for computing both, the left- and right-hand sides
of (3-11), which is consistent with what we wish to prove. Assume now that Qi �Q. In this case, since
Qi is a maximal element of Qf , we must have that Q 62Qf . Therefore (see (3-6))

.1� .log jQj/�/˛

jQj1=p
0C1=q

Z
Q

jf .y/j dy < 2 max
n
1; e��˛

�
˛

�

�̨ o.1� .log jQ0j/�/
˛

jQ0j
1=p0C1=q

Z
Q0

jf .y/j dy: (3-12)

On the other hand, since Qi 2Qf , it follows that

2 max
n
1; e��˛

�
˛

�

�̨ o.1� .log jQ0j/�/
˛

jQ0j
1=p0C1=q

Z
Q0

jf .y/j dy �
.1� .log jQi j/�/

˛

jQi j
1=p0C1=q

Z
Qi

jf .y/j dy

�Mn. 1
p
� 1

q /;˛;Qi
f .x/: (3-13)
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Putting together (3-12) and (3-13),

.1� .log jQj/�/˛

jQj1=p
0C1=q

Z
Q

jf .y/j dy <Mn. 1
p
� 1

q /;˛;Qi
f .x/;

and taking now the supremum over all possible dyadic cubes Q�Q0 with x 2Q, we arrive at the desired
upper estimate � in (3-11).

By (3-11), we can write (B) as

(B)D
1X

iD1

Mn. 1
p
� 1

q /;˛;Qi
f .x/1Qi

.x/: (3-14)

The proof can be now completed applying the procedure used to estimate (A) to each of the terms that
appear on the right-hand side of (3-14). �

Proof of Theorem 23. Let f 2 SRp;q log˛.Q0/. In light of Proposition 25, there exists .Qi/i2I 2 S.Q0/

(depending, in particular, on f ) such that the estimate (3-5) holds. Then, taking Lq-norms on both sides
of this estimate, we find

kMn. 1
p
� 1

q /;˛;Q0
f kLq.Q0/ .





X
i2I

�
.1� .log jQi j/�/

˛

jQi j
1=p0C1=q

Z
Qi

jf .y/j dy

�
1Qi






Lq.Q0/

:

To estimate the right-hand side, we shall use duality, the properties of sparseness and the Hardy–Littlewood
maximal theorem (recall that q<1). This requires a number of elementary manipulations, but to facilitate
the reading we present all the steps,

kMn. 1
p
� 1

q /;˛;Q0
f kLq.Q0/

. sup
kgk

Lq0 .Q0/
�1

Z
Q0

�X
i2I

.1� .log jQi j/�/
˛

jQi j
1=p0C1=q

Z
Qi

jf .y/j dy 1Qi
.x/

�
jg.x/j dx

D sup
kgk

Lq0 .Q0/
�1

X
i2I

.1� .log jQi j/�/
˛

jQi j
1=p0C1=q

Z
Qi

jf .y/j dy

Z
Qi

jg.x/j dx

. sup
kgk

Lq0 .Q0/
�1

X
i2I

.1� .log jQi j/�/
˛

jQi j
1=p0C1=q

jEQi
j

jQi j

Z
Qi

jf .y/j dy

Z
Qi

jg.x/j dx

D sup
kgk

Lq0 .Q0/
�1

X
i2I

.1� .log jQi j/�/
˛

jQi j
1=p0C1=q

Z
Qi

jf .y/j dy

Z
EQi

�
1

jQi j

Z
Qi

jg.u/j du

�
dx

� sup
kgk

Lq0 .Q0/
�1

X
i2I

.1� .log jQi j/�/
˛

jQi j
1=p0C1=q

Z
Qi

jf .y/j dy

Z
EQi

MQ0
g.x/ dx

D sup
kgk

Lq0 .Q0/
�1

Z
Q0

�X
i2I

.1� .log jQi j/�/
˛

jQi j
1=p0C1=q

Z
Qi

jf .y/j dy 1EQi
.x/

�
MQ0

g.x/ dx

� sup
kgk

Lq0 .Q0/
�1

kMQ0
gkLq0 .Q0/





X
i2I

.1� .log jQi j/�/
˛

jQi j
1=p0C1=q

Z
Qi

jf .y/j dy 1EQi






Lq.Q0/
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. q





X
i2I

.1� .log jQi j/�/
˛

jQi j
1=p0C1=q

Z
Qi

jf .y/j dy 1EQi






Lq.Q0/

D q

�X
i2I

�
.1� .log jQi j/�/

˛

jQi j
1=p0C1=q

Z
Qi

jf .y/j dy

�q

jEQi
j

�1=q

� q

�X
i2I

�
.1� .log jQi j/�/

˛

jQi j
1=p0

Z
Qi

jf .y/j dy

�q�1=q

� qkf kSRp;q log˛.Q0/:

Conversely, for any .Qi/i2I 2 S.Q0/, we have (recalling the sparseness condition in Definition 3(ii))X
i2I

�
.1�.log jQi j/�/

˛

jQi j
1=p0

Z
Qi

jf .y/j dy

�q

� 2
X
i2I

�
.1�.log jQi j/�/

˛

jQi j
1=p0C1=q

Z
Qi

jf .y/j dy

�q

jEQi
j

D 2

Z
Q0

X
i2I

�
.1�.log jQi j/�/

˛

jQi j
1=p0C1=q

Z
Qi

jf .y/j dy

�q

1EQi
.x/ dx

� 2kMn. 1
p
� 1

q /;˛;Q0
f k

q

Lq.Q0/
:

Taking the supremum over all .Qi/i2I 2 S.Q0/, we arrive at

kf k
q

SRp;q log˛.Q0/
� 2kMn. 1

p
� 1

q /;˛;Q0
f k

q

Lq.Q0/
: �

Remark 27. Note that, since the Hardy–Littlewood maximal function is not bounded on L1, the above
proof does not work if q D1. However, Theorem 23 holds trivially if q D1 (for any value of ˛ 2 R)
since

kf kSRp;1 log˛.Q0/ D kf kM p;˛.Q0/ D kM n
p ;˛;Q0

f kL1.Q0/I

see (2-2) and (3-1).

3.1. Spaces defined on the whole space. The analogue of Theorem 23 for SRp;q log˛.Rn/ can be now
formulated in terms of the (dyadic) maximal function

M�;˛f .x/D sup
Q2D.Rn/

x2Q

jQj
�
n�1.1� .log jQj/�/˛

Z
Q

jf .y/j dy; x 2 Rn; (3-15)

where � 2 Œ0; n/ and22 ˛ 2 R. For q 2 Œ1;1/, we define

M�;˛Lq.Rn/D ff 2L1
loc.R

n/ W kM�;˛f kLq.Rn/ <1g:

Theorem 28. Suppose that p; q; ˛ satisfy (3-2). Then

SRp;q log˛.Rn/DMn. 1
p
� 1

q /;˛
Lq.Rn/:

22In the absence of the log-parameter (i.e., ˛ D 0), we simply write M� instead of M�;0. If, in addition, �D 0 then we get
back the classical Hardy–Littlewood maximal function M .
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Proof. To facilitate the reading we have divided the proof into four steps, which we now outline. The
general goal is to extend the local estimate (3-3) to a global one. For this purpose in Step 1 we construct
a suitable nested sequence of cubes Qk such that

S
k Qk D Rn and invoke (3-3) for each Qk . The

quantities involved in (3-3) are local maximal operators and local sparse RMT functionals related to each
cube Qk . In Steps 2 and 3 we develop the asymptotic analysis that will enable us to take limits23 when
k!1 in Step 4, and in this manner effect the required transference from local to global estimates for
sparse RMT functionals.

Step 1. Consider the sequence of (not dyadic) cubes

Qk WD Œ�2k ; 2k �n; k 2 N:

According to Theorem 23, with equivalence constants independent of f and k,

kf 1Qk
kSRp;q log˛.Qk/ �



Mn. 1
p
� 1

q /;˛;Qk
.f 1Qk

/




Lq.Qk/
: (3-16)

Step 2. We claim that, for every k 2 N and x 2Qk ,

Mn. 1
p
� 1

q /;˛;Qk
.f 1Qk

/.x/�Mn. 1
p
� 1

q /;˛
.f 1Qk

/.x/; (3-17)

(see (3-1) and (3-15)). Indeed, the estimate . follows from the simple observation that

D.Qk/nfQkg � D.Rn/;

and the fact that the first (dyadic) generation of Qk , say fQ1
k;l
W l D 1; : : : ; 2ng, gives a pairwise disjoint

decomposition of Qk . In particular,

Qk D

2n[
lD1

Q1
k;l

and jQ1
k;l
j D 2�njQk j. Hence, given any x 2Qk ,

jQk j
1
p
� 1

q
�1

Z
Qk

jf .y/j dy D 2n. 1
p
� 1

q
�1/

2nX
lD1

jQ1
k;l j

1
p
� 1

q
�1

Z
Q1

k;l

jf .y/j dy

� 2n. 1
p
� 1

q /Mn. 1
p
� 1

q /;˛
.f 1Qk

/.x/:

Accordingly,

Mn. 1
p
� 1

q /;˛;Qk
.f 1Qk

/.x/

� sup
Q2D.Qk/nfQkg

x2Q

jQj
1
p
� 1

q
�1.1�.log jQj/�/˛

Z
Q\Qk

jf .y/j dyCjQk j
1
p
� 1

q
�1

Z
Qk

jf .y/j dy

. sup
Q2D.Rn/

x2Q

jQj
1
p
� 1

q
�1.1� .log jQj/�/˛

Z
Q

jf .y/j1Qk
.y/ dyCMn. 1

p
� 1

q /;˛
.f 1Qk

/.x/

�Mn. 1
p
� 1

q /;˛
.f 1Qk

/.x/:

23In particular, to justify the passage to the limit requires estimates that are independent of Qk .
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Next we focus on the estimate & in (3-17). Consider x 2Qk , and Q2D.Rn/ with Q3x and moreover
Q 6�Qk (indeed, if Q �Qk then Q 2 D.Qk/). We cannot assert that Qk �Q (recall that Qk is not
dyadic), but what is certainly true is that there exists Q1

k
2 D.Qk/, in the first dyadic generation (i.e.,

2 `.Q1
k
/ D `.Qk/), such that Q1

k
� Q (because D.Qk/nfQkg � D.Rn/ and x 2 Qk). Note that, in

particular, jQj � jQ1
k
j D `.Q1

k
/n D 2�n`.Qk/

n D 2�njQk j D 2kn > 1. Since 1
p
�

1
q
� 1< 0, we have

jQj
1
p
� 1

q
�1.1� .log jQj/�/˛ D jQj

1
p
� 1

q
�1
� jQ1

k j
1
p
� 1

q
�1
D 2n.1C 1

q
� 1

p /jQk j
1
p
� 1

q
�1

D 2n.1C 1
q
� 1

p /jQk j
1
p
� 1

q
�1.1� .log jQk j/�/

˛;

which yields

jQj
1
p
� 1

q
�1.1� .log jQj/�/˛

Z
Q\Qk

jf .y/j dy

�2n.1C 1
q
� 1

p /jQk j
1
p
� 1

q
�1.1�.log jQk j/�/

˛

Z
Qk

jf .y/j dy

� 2n.1C 1
q
� 1

p /Mn. 1
p
� 1

q /;˛;Qk
.f 1Qk

/.x/:

Consequently,

Mn. 1
p
� 1

q /;˛
.f 1Qk

/.x/� 2n.1C 1
q
� 1

p /Mn. 1
p
� 1

q /;˛;Qk
.f 1Qk

/.x/:

This completes the proof of (3-17).
On the other hand, since

Qk �QkC1 and
[
k2N

Qk D Rn; (3-18)

we have

lim
k!1

Mn. 1
p
� 1

q /;˛
.f 1Qk

/.x/1Qk
.x/DMn. 1

p
� 1

q /;˛
f .x/; x 2 Rn: (3-19)

Indeed, given any fixed x 2 Rn, we have

Mn. 1
p
� 1

q /;˛
.f 1Qk

/.x/1Qk
.x/�Mn. 1

p
� 1

q /;˛
f .x/; for all k 2 N;

and (see (3-18))

Mn. 1
p
� 1

q /;˛
.f 1Qk

/.x/1Qk
.x/�Mn. 1

p
� 1

q /;˛
.f 1QkC1

/.x/1QkC1
.x/: (3-20)

By the monotone convergence theorem for sequences of real numbers, we derive

lim
k!1

Mn. 1
p
� 1

q /;˛
.f 1Qk

/.x/1Qk
.x/D sup

k2N

Mn. 1
p
� 1

q /;˛
.f 1Qk

/.x/

D sup
Q2D.Rn/

x2Q

jQj
1
p
� 1

q
�1.1� .log jQj/�/˛ sup

k2N

Z
Q\Qk

jf .y/j dy

DMn. 1
p
� 1

q /;˛
f .x/;

where we have used (3-18) in the last step.
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It follows from (3-17) that

Mn. 1
p
� 1

q /;˛;Qk
.f 1Qk

/




Lq.Qk/
�


Mn. 1

p
� 1

q /;˛
.f 1Qk

/1Qk




Lq.Rn/

;

uniformly with respect to k. Consequently, applying the monotone convergence theorem (see (3-19)
and (3-20)):

lim
k!1



Mn. 1
p
� 1

q /;˛;Qk
.f 1Qk

/




Lq.Qk/
� kMn. 1

p
� 1

q /;˛
f kLq.Rn/: (3-21)

Step 3. Next we deal with the left-hand side of (3-16). We claim that

kf 1Qk
kSRp;q log˛.Qk/ � kf 1Qk

kSRp;q log˛.Rn/ (3-22)

uniformly with respect to k and f .
The estimate . can be obtained as follows. Given any .Qi/i2I 2 S.Qk/, there are two possible

scenarios. (I) Qi ¤Qk for every i 2 I . Then .Qi/i2I 2 S.Rn/, since D.Qk/nfQkg � D.Rn/. Clearly,
this implies kf 1Qk

kSRp;q log˛.Qk/ � kf 1Qk
kSRp;q log˛.Rn/. (II) Suppose now that there is i0 2 I such

that Qi0
DQk . In particular, .Qi/i2Infi0g

2 S.Rn/ and Qi �Qk for i 2 Infi0g. Now, the first dyadic
decomposition of Qk (i.e., fQ1

k;l
W l D 1; : : : ; 2ng) is formed by pairwise disjoint cubes in D.Rn/ (so, in

particular, fQ1
k;l
W l D 1; : : : ; 2ng 2 S.Rn/) with jQ1

k;l
j D 2�njQk j. Hence, in this case, we can split the

sum related to the SRp;q log˛.Qk/-norm as

X
i2I

�
.1� .log jQi j/�/

˛

jQi j
1=p0

Z
Qi

jf .y/j dy

�q

D

X
i2I
i¤i0

�
.1� .log jQi j/�/

˛

jQi j
1=p0

Z
Qi

jf .y/j dy

�q

C

�
1

jQk j
1=p0

Z
Qk

jf .y/j dy

�q

� kf 1Qk
k

q

SRp;q log˛.Rn/
C

1

2nq=p0

� 2nX
lD1

1

jQ1
k;l
j1=p

0

Z
Q1

k;l

jf .y/j dy

�q

. kf 1Qk
k

q

SRp;q log˛.Rn/
C

2nX
lD1

�
1

jQ1
k;l
j1=p

0

Z
Q1

k;l

jf .y/j dy

�q

. kf 1Qk
k

q

SRp;q log˛.Rn/
:

Therefore, taking the supremum over all possible .Qi/i2I 2 S.Qk/, we achieve

kf 1Qk
kSRp;q log˛.Qk/ . kf 1Qk

kSRp;q log˛.Rn/;

i.e., the estimate . in (3-22) is shown.
To deal with the converse estimate, for any QD .Qi/i2I 2 S.Rn/, we consider the index set

Ik WD fi 2 I WQi �Qkg:
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Therefore we can splitX
i2I

�
.1� .log jQi j/�/

˛

jQi j
1=p0

Z
Qi

jf .y/j1Qk
.y/ dy

�q

D

X
i2Ik

�
.1� .log jQi j/�/

˛

jQi j
1=p0

Z
Qi

jf .y/j dy

�q

C

X
i2InIk

�
.1� .log jQi j/�/

˛

jQi j
1=p0

Z
Qi\Qk

jf .y/j dy

�q

DWR1CR2: (3-23)

Note that .Qi/i2Ik
2 S.Qk/ (since .Qi/i2Ik

2 S.Rn/\D.Qk/). Accordingly

R1 � kf 1Qk
k

q

SRp;q log˛.Qk/
: (3-24)

Concerning R2, we argue as follows. Let i 2 InIk , i.e., Qi 6�Qk . Assume further that Qi \Qk ¤¿.
Note that Qk is not a dyadic cube in Rn, but its first dyadic generation fQ1

k;l
W l D 1; : : : ; 2ng is formed

by dyadic cubes in Rn. Since Qk can be expressed as the disjoint union of the cubes Q1
k;l

, we can assert
that there exists a unique l.i/ such that Qi \Q1

k;l.i/
¤¿. By the structure of dyadic cubes in Rn, we

have either Qi �Q1
k;l.i/

or Q1
k;l.i/

�Qi . The former is not possible; otherwise, Qi �Qk but i 62 Ik .
Hence Q1

k;l.i/
�Qi , therefore Z

Qi\Qk

jf .y/j dy D

Z
Q1

k;l.i/

jf .y/j dy: (3-25)

For l 2 f1; : : : ; 2ng, we define

Qk;l WD fQi W i 2 InIk and Q1
k;l �Qig:

The above argument leads to

.Qi/i2InIk
D

2n[
lD1

Qk;l : (3-26)

Moreover, since the Qi’s are dyadic cubes in Rn, the elements of Qk;l D fQ1;Q2; : : :g can be ordered in
such a way that Q1

k;l
�Q1 �Q2 � � � � We cannot exclude the possibility that some of the cubes in Qk;l

coincide, but the number of these cubes is uniformly bounded by the sparse constant � in Definition 3.
Therefore, by (3-25) and (3-26),

R2 �

X
i2InIk

�
1

jQi j
1=p0

Z
Q1

k;l.i/

jf .y/j dy

�q

D

2nX
lD1

�Z
Q1

k;l

jf .y/j dy

�q X
Qi2Qk;l

1

jQi j
q=p0

.
2nX

lD1

�Z
Q1

k;l

jf .y/j dy

�q 1X
jDk

2�jnq=p0
�

2nX
lD1

�Z
Q1

k;l

jf .y/j dy

�q

2�knq=p0

D

2nX
lD1

�
1

jQ1
k;l
j1=p

0

Z
Q1

k;l

jf .y/j dy

�q

� kf 1Qk
k

q

SRp;q log˛.Qk/
: (3-27)
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Combining (3-23), (3-24) and (3-27),X
i2I

�
.1� .log jQi j/�/

˛

jQi j
1=p0

Z
Qi

jf .y/j1Qk
.y/ dy

�q

. kf 1Qk
k

q

SRp;q log˛.Qk/

for all .Qi/i2I 2 S.Rn/. In particular,

kf 1Qk
kSRp;q log˛.Rn/ . kf 1Qk

kSRp;q log˛.Qk/;

completing the proof of (3-22).
By the lattice property of sparse RMT spaces, we have (recall (3-18))

kf 1Qk
kSRp;q log˛.Rn/ � kf 1QkC1

kSRp;q log˛.Rn/

and
kf 1Qk

kSRp;q log˛.Rn/ � kf kSRp;q log˛.Rn/; k 2 N:

Hence, applying the monotone convergence theorem and the dominated convergence theorem, we obtain

lim
k!1

kf 1Qk
kSRp;q log˛.Rn/ D sup

k2N

kf 1Qk
kSRp;q log˛.Rn/

D sup
.Qi /i2I2S.Rn/

sup
k2N

�X
i2I

�
.1� .log jQi j/�/

˛

jQi j
1=p0

Z
Qi\Qk

jf j

�q�1
q

D sup
.Qi /i2I2S.Rn/

lim
k!1

�X
i2I

�
.1� .log jQi j/�/

˛

jQi j
1=p0

Z
Qi\Qk

jf j

�q�1
q

D sup
.Qi /i2I2S.Rn/

�X
i2I

�
.1� .log jQi j/�/

˛

jQi j
1=p0

Z
Qi

jf j

�q�1
q

:

In other words, we have shown that

lim
k!1

kf 1Qk
kSRp;q log˛.Rn/ D kf kSRp;q log˛.Rn/: (3-28)

Step 4. Finally, taking limits on both sides of (3-16) as k!1, and invoking (3-21), (3-22) and (3-28),
we achieve the desired estimate

kf kSRp;q log˛.Rn/ � kMn. 1
p
� 1

q /;˛
f kLq.Rn/: �

4. A sparse approach to H �1-stability

As already mentioned in Section 1.5, one of the main features of the theory of sparse function spaces lies
in the fact that, unlike their classical parent spaces, they often admit complete explicit characterizations.
Indeed, Theorem 6 provides us with the following surprising (informal) characterization: SRp;q spaces
can be identified with negative Sobolev spaces. Before we give the proof of this result, we introduce some
basic notation.
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Consider the Riesz potential operators I�, � 2 .0; n/, formally defined, for f 2L1
loc.R

n/, by

I�f .x/ WD

Z
Rn

f .y/

jx�yjn��
dy; x 2 Rn:

For 1< q <1, we let

H��q .Rn/ WD
˚
f 2L1

loc.R
n/ W kf kH��q

D kI�f kLq.Rn/ <1
	
; (4-1)

the Riesz potential space, and its associated lattice

H��q .Rn/ WD
˚
f 2L1

loc.R
n/ W kf kH��q

D kI�.jf j/kLq.Rn/ <1
	
: (4-2)

It is plain that
H��q .Rn/�H��q .Rn/:

Furthermore, as it is customary, we shall suppress the subindex q D 2 and simply write

H��.Rn/ WDH��2 .Rn/ and H��.Rn/ WDH��2 .Rn/: (4-3)

4.1. Proof of Theorem 6. In order to be able to use a result of Muckenhoupt and Wheeden [1974] we
introduce the fractional maximal24 operator, defined for f 2L1

loc.R
n/,

M�f .x/ WD sup
x2Q

jQj
�
n�1

Z
Q

jf .y/j dy; x 2 Rn;

where the supremum runs over all (not necessarily dyadic) cubes Q in Rn, with x 2Q. It is plain (see
(3-15)) that M�;0f .x/ �M�f .x/, and, although this pointwise inequality cannot be reversed, it is
well-known that by the 1

3
-translation trick (see [Christ 1988]) we have the equivalence

kM�;0f kLq.Rn/ � kM�f kLq.Rn/: (4-4)

Putting together Theorem 28, with ˛ D 0 and �D n
�

1
p
�

1
q

�
, and (4-4), we get

kf kSRp;q.Rn/ � kMn. 1
p
� 1

q /
f kLq.Rn/: (4-5)

For the maximal operator M� we have the trivial estimate

M�f .x/� cnI�.jf j/.x/; x 2 Rn;

where cn depends only on n. In fact, via the Muckenhoupt–Wheeden theorem [1974, Theorem 1], we
achieve, for 0< q <1,

kM�f kLq.Rn/ � kI�.jf j/kLq.Rn/: (4-6)

Combining (4-2), (4-5) and (4-6) we arrive at

kf kSRp;q.Rn/ � kf k
H
�n. 1

p�
1
q /

q .Rn/
;

as we wished to show. �
24Compare with the dyadic local version M�;Q0

defined in (3-1).
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Our next result refers to the limiting case p D q in Theorem 6 and it can be viewed as the sparse
counterpart of the Riesz’s theorem (see [Domínguez and Milman 2021, p. 1062]),

Rp;p.R
n/DLp.Rn/: (4-7)

Theorem 29. Let 1< p <1. Then

SRp;p.R
n/DLp.Rn/:

Proof. This is an immediate consequence of Theorem 28 (with p D q and ˛ D 0) and the classical
Hardy–Littlewood maximal theorem:

kMf kLp.Rn/ . kf kLp.Rn/; p > 1: �

4.2. On the difference between R1;2.R
2/ and SR1;2.R

2/. In view of Theorem 29 and (4-7),

SRp;p.R
n/DLp.Rn/DRp;p.R

n/; 1< p <1:

One may be tempted to think that SRp;q.R
n/DRp;q.R

n/ for general values of p and q. However, this is
far from being true. Next we concentrate on the most relevant case for the purposes of this paper, i.e., we
will show that the embedding

SR1;2.R
2/�R1;2.R

2/

is strict, in the sense that,

SR1;2.R
2/¤R1;2.R

2/: (4-8)

As a by-product (see (1-9)),

R1;2.R
2/ªH�1.R2/: (4-9)

We shall use an elementary but indirect method. It is well known (see, e.g., [Lions 1996, p. 141]) that
the largest rearrangement invariant space embedded in H�1

loc .R
2/ is the Lorentz space defined for a given

cube Q0
25 by

L.1;2/.Q0/ WD

�
f W kf kL.1;2/.Q0/

D

�Z 1

0

.tf ��Q0
.t//2

dt

t

� 1
2

<1

�
:

Here, we use standard notation: f �
Q0

is the nonincreasing rearrangement of a measurable function f
restricted to Q0, more precisely, f �

Q0
is the generalized inverse of the distribution function

�f .˛/D
ˇ̌
fx 2Q0 W jf .x/j � ˛g

ˇ̌
; ˛ > 0;

and f ��
Q0

is the maximal function given by f ��
Q0
.t/ D t�1

R t
0 f
�

Q0
.s/ ds. When there is no danger

of confusion, we shall simply drop Q0 and use the notation f � and f �� rather than f �
Q0

and f ��
Q0

,
respectively.

25Without loss of generality, we may assume that jQ0j D 1.
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Using that t 7! tf ��.t/ is an increasing function, we have, for every u 2 .0; 1/,

kf kL.1;2/.Q0/
�

�Z 1

u

.tf ��.t//2
dt

t

� 1
2

� .�log u/
1
2 uf ��.u/:

It follows that

L.1;2/.Q0/�L.1;1/.log L/
1
2 .Q0/;

where L.1;1/.log L/
1
2 .Q0/ is the Lorentz–Zygmund space defined by26

kf k
L.1;1/.log L/

1
2 .Q0/

WD sup
0<t<1

t.1� log t/
1
2f ��.t/:

Then

L.1;1/.log L/
1
2 .Q0/ªH�1

loc .R
2/;

which in turn yields (see Theorem 6)

L.1;1/.log L/
1
2 .Q0/ª SR1;2;loc.R

2/: (4-10)

On the other hand, by the Hardy–Littlewood inequality for rearrangements (see, e.g., [Bennett and
Sharpley 1988, Lemma 2.1, p. 44]) and (4-10),

kf k2R1;2.Q0/
D sup
.Qi /i2I2….Q0/

X
i2I

�Z
Qi

jf j

�2

� sup
.Qi /i2I2….Q0/

X
i2I

�Z jQi j

0

f �
��Z

Qi

jf j

�
D sup
.Qi /i2I2….Q0/

X
i2I

jQi jf
��.jQi j/

Z
Qi

jf j

� kf k
L.1;1/.log L/

1
2 .Q0/

sup
.Qi /2….Q0/

X
i2I

.1� log jQi j/
� 1

2

Z
Qi

jf j

� kf k
L.1;1/.log L/

1
2 .Q0/

sup
.Qi /i2I2….Q0/

X
i2I

Z
Qi

jf j

� kf k
L.1;1/.log L/

1
2 .Q0/

kf kL1.Q0/

� kf k2

L.1;1/.log L/
1
2 .Q0/

:

It follows that

L.1;1/.log L/
1
2 .Q0/�R1;2;loc.R

2/: (4-11)

Consequently, (4-8) now follows from (4-10) and (4-11).

26A basic reference to Lorentz–Zygmund spaces is [Bennett and Rudnick 1980].
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4.3. Proof of Theorem 9. (i) Let Q0 be a cube. Recalling that

kf kSR 2n
nC2

;2
.Q0/ D sup

.Qi /i2I2S.Q0/

�X
i2I

�
jQi j

1
n�

1
2

Z
Qi

jf j

�2�1
2

; (4-12)

we observe s1.f /D kf kSR 2n
nC2

;2
.Q0/ (see (1-11)). Then

s1.X /D sup
kf kX.Q0/

�1

kf kSR 2n
nC2

;2
.Q0/ <1 () X.Q0/ ,! SR 2n

nC2
;2
.Q0/:

The desired assertions follow immediately from (1-9) and (1-10).

(ii) We need to introduce some notation: Given Q D .Qi/i2I 2 S.Q0/, note that Q can be split as
QD

S1
kD0 DkIQ0

.Q/, where

DkIQ0
WD fQ 2 D.Q0/ W `.Q/D 2�k`.Q0/g; DkIQ0

.Q/ WD DkIQ0
\Q:

When there is no danger of confusion, we use the simplified notation Dk and Dk.Q/. By construction,
Dk.Q/ is formed by pairwise disjoint cubes (i.e., Dk.Q/ � ….Q0/), and for Qi 2 Dk.Q/, we have
jQi j D 2�knjQ0j.

Assume that limN!1 s
N
.X /D 0, i.e., given any " > 0 there exists N0 2N, such that for all N >N0,

sup
kf kX.Q0/

�1

sN .f /� ": (4-13)

Let QD .Qi/i2I 2 S.Q0/ and let f 2X.Q0/ be such that kf kX .Q0/ � 1. Then�X
i2I

�
jQi j

1
n
� 1

2

Z
Qi

jf j

�2�1
2

D

� 1X
kD0

X
i2I WQi2Dk.Q/

�
jQi j

1
n
� 1

2

Z
Qi

jf j

�2�1
2

� IC II; (4-14)

where

I WD
� N0X

kD0

X
i2I WQi2Dk.Q/

�
jQi j

1
n
� 1

2

Z
Qi

jf j

�2�1
2

and

II WD
� 1X

kDN0C1

X
i2I WQi2Dk.Q/

�
jQi j

1
n
� 1

2

Z
Qi

jf j

�2�1
2

:

It follows from (1-11) and (4-13) that

IID
� X

i2I WQi2D�N0C1.Q/

�
jQi j

1
n
� 1

2

Z
Qi

jf j

�2�1
2

� sN0C2.f /� ": (4-15)

On the other hand, we obviously have

I�
� N0X

kD0

X
Q2Dk

�
jQj

1
n
� 1

2

Z
Q

jf j

�2�1
2

: (4-16)
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Combining (4-14), (4-15) and (4-16), we find that, for all .Qi/i2I 2 S.Q0/ and for all f in the unit
ball of X.Q0/, �X

i2I

�
jQi j

1
n
� 1

2

Z
Qi

jf j

�2�1
2

�

� N0X
kD0

X
Q2Dk

�
jQj

1
n
� 1

2

Z
Q

jf j

�2�1
2

C ":

Therefore, by (4-12),

kf kSR 2n
nC2

;2
.Q0/ �

� N0X
kD0

X
Q2Dk

�
jQj

1
n
� 1

2

Z
Q

jf j

�2�1
2

C ": (4-17)

Let D�N0IQ0
D D�N0

D
SN0

kD0
Dk ; then the cardinality of D�N0

is

L WD
2n.N0C1/�1

2n�1
:

Consider the linear operator

T W f 2X.Q0/ 7!

�
jQj

1
n
� 1

2

Z
Q

f

�
Q2D�N0

2 `L
2 :

It is easy to see that T is well-defined: if f 2X.Q0/ (and hence f � 0) then

kTf k`L
2
D

� N0X
kD0

X
Q2Dk

�
jQj

1
n
� 1

2

Z
Q

jf j

�2�1
2

D jQ0j
1
n
� 1

2

� N0X
kD0

2�kn. 1
n
� 1

2/2
X

Q2Dk

�Z
Q

jf j

�2�1
2

� jQ0j
1
n
� 1

2

� N0X
kD0

2�kn. 1
n
� 1

2/2
� X

Q2Dk

Z
Q

jf j

�2�1
2

D jQ0j
1
n
� 1

2

� N0X
kD0

2�kn. 1
n
� 1

2/2
�1

2

kf kL1.Q0/

. 2N0.n
2
�1/kf kX .Q0/:

Furthermore, T is compact, since it is a finite rank operator. We can equivalently rewrite (4-17) in terms
of T as follows: for every f 2X.Q0/, kf kX .Q0/ � 1,

kf kSR 2n
nC2

;2
.Q0/ � kTf k`L

2
C ": (4-18)

Let fflgl2N be a bounded sequence in X.Q0/
�
without loss we may assume that, for all l , kflkX �

1
2

�
.

The compactness of T W X.Q0/! `L
2

guarantees (modulo passing to a subsequence) that fTflgl2N is
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convergent in `L
2

. Accordingly, there exists l0 such that

kTfl �Tfl 0k`L
2
� "; if l; l 0 � l0:

Therefore, by (4-18),
kfl �fl 0kSR 2n

nC2
;2
.Q0/ � 2":

Consequently, from (1-10) we see that fflgl2N is a Cauchy sequence in H�1.
Next we show the converse statement, i.e., if27 Xc

compactly
,����!H�1

loc .R
n/ then

lim
N!1

sN .X /D 0: (4-19)

By assumption UX .Q0/, the closure of the unit ball of X.Q0/, is a compact set in H�1.Rn/. In particular,
for any ı > 0 there exist f1; : : : ; fL 2 UX .Q0/ such that

UX .Q0/ �

L[
lD1

B
�
fl ;

ı

2

�
;

where B.fl ; ı=2/ denotes the ball in H�1 centered at fl and radius ı=2. Hence, for any f 2 X.Q0/,
kf kX .Q0/ � 1, there exists l 2 f1; : : : ;Lg such that

kf �flkH�1.Rn/ <
ı

2
:

As a consequence (see (1-9))

sN .f /� sN .f �fl/C sN .fl/� s1.f �fl/C sN .fl/. kf �flkH�1.Rn/C sN .fl/

<
ı

2
C sup

l2f1;:::;Lg

sN .fl/: (4-20)

Assume momentarily that

lim
N!1

sN .!/D 0 for every ! 2H�1.Rn/: (4-21)

In particular, we have, for N sufficiently large depending only on ı,

sup
l2f1;:::;Lg

sN .fl/�
ı

2
:

Inserting this estimate into (4-20), we conclude that (4-19) holds.
To complete the proof, it remains to show (4-21): Fix � 2C1.Rn/ with28 supp��B.0; 1/ and �� 0.

For every dyadic cube Qjm 2 Dj , we let29

�jm.f / WD .�jm; f /D

Z
Rn

�jm.x/f .x/ dx; m 2 Zn; (4-22)

27Recall that X �L1
loc;C.R

n/; see (4-3).
28One may think that �.x/D e�1=.1�jxj2/1B.0;1/.x/.
29�jm.f / should be adequately interpreted in the distributional sense.
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where �jm.x/ WD 2jn�.2j x �m/. Without loss of generality, we may assume that supp�jm � dQjm

for a fixed constant d > 1 and

inf
x2Qjm

�jm.x/& 2jn: (4-23)

Then, we have

sN .!/D sup
Q2S.Rn/

� 1X
kDN�1

X
i2I WQi2Dk.Q/

�
jQi j

1
n
� 1

2

Z
Qi

d!

�2� 1
2

�

� 1X
kDN�1

X
Q2Dk

�
jQj

1
n
� 1

2

Z
Q

d!

�2� 1
2

D

� 1X
kDN�1

X
Q2Dk

�
2�kn. 1

n
C 1

2/
Z

Q

2kn d!

�2� 1
2

�

� 1X
kDN�1

2k.�1�n
2 /2

X
Q2Dk

�Z
Q

�Q.x/ d!

�2� 1
2

: (4-24)

Note that the last step is true because both �Q � 0 and ! � 0. Furthermore, using well-known estimates
of function spaces in terms of local means (see, e.g., [Triebel 2008, Theorem 1.15]), we get� 1X

kD0

2k.�1�n
2 /2

X
Q2Dk

�Z
Q

�Q.x/ d!

�2� 1
2

. k!kH�1.Rn/:

In particular, this implies

lim
N!1

� 1X
kDN�1

2k.�1�n
2 /2

X
Q2Dk

�Z
Q

�Q.x/ d!

�2� 1
2

D 0

provided that ! 2H�1.Rn/\BMCc and (see (4-24))

lim
N!1

sN .!/D 0:

This shows the desired result (4-21). �

5. Computability of sparse indices

In this section we estimate the sparse indices for familiar scales of spaces.

Proposition 30 (sparse indices for Lp). Let n� 2 and p > 2n
nC2

. Then, for every N 2 N,

sN .L
p/. 2

�N n.2Cn
2n
� 1

minf2;pg/: (5-1)
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Proof. We can estimate s
N
.f / (see (1-11)) as follows: Let QD .Qi/i2I 2S.Q0/. By Hölder’s inequality

we haveX
Q2D�N�1.Q/

�
jQj

1
n
� 1

2

Z
Q

jf j

�2

D

1X
kDN�1

X
i2I WQi2Dk.Q/

�
jQi j

1
n
� 1

2

Z
Qi

jf j

�2

�

1X
kDN�1

X
i2I WQi2Dk.Q/

jQi j
2
n
� 2

p
C1

�Z
Qi

jf jp
�2

p

D jQ0j
. 2Cn

2n
� 1

p /2
1X

kDN�1

2�kn. 2Cn
2n
� 1

p /2
X

i2I WQi2Dk

�Z
Qi

jf jp
�2

p

: (5-2)

We distinguish two possible cases. First, assume that p � 2. Then

1X
kDN�1

2�kn. 2Cn
2n
� 1

p /2
X

i2I WQi2Dk

�Z
Qi

jf jp
�2

p

�

1X
kDN�1

2�kn. 2Cn
2n
� 1

p /2
� X

i2I WQi2Dk

Z
Qi

jf jp
�2

p

� kf k2Lp.Q0/

1X
kDN�1

2�kn. 2Cn
2n
� 1

p /2

� cn

�
2Cn

2n
�

1

p

��1
2�N n. 2Cn

2n
� 1

p /2kf k2Lp.Q0/
: (5-3)

On the other hand, if p > 2 then, by Hölder’s inequality,

1X
kDN�1

2�kn. 2Cn
2n
� 1

p /2
X

i2I WQi2Dk

�Z
Qi

jf jp
�2

p

�

1X
kDN�1

2�kn. 2Cn
2n
� 1

2/2
� X

i2I WQi2Dk

Z
Qi

jf jp
�2

p

� kf k2Lp.Q0/

1X
kDN�1

2�kn. 2Cn
2n
� 1

2/2

� cn2�N n. 2Cn
2n
� 1

2/2kf k2Lp.Q0/
: (5-4)

Combining (5-2)–(5-4) (and noting that all estimates are uniform with respect to Q), we obtain

sN .f /. 2
�N n.2Cn

2n
� 1

minf2;pg/kf kLp.Q0/:

Taking the supremum over all f 2Lp.Q0/, kf kLp.Q0/ � 1, we achieve the desired estimate (5-1). �

Proposition 31 (sparse indices for M p;˛). Let n� 2. If N is sufficiently large30 then

sN .M
p;˛/.

(
2�N . 2

n
� 1

p /
n
2 N�

˛
2 if p > n

2
; ˛ 2 R;

N
�˛C1

2 if p D n
2
; ˛ > 1:

30To be more precise, 2.N�1/n > jQ0j. This assumption is not restrictive since we are only interested in the asymptotic
behavior of indices. For the sake of completeness, we mention that s

N
.M p;˛/ with 2.N�1/n � jQ0j can be also computed using

the same ideas, but now the log-parameter ˛ does not play any role.
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Proof. By definition (see (2-2)),Z
Q

jf j � jQj
1

p0 .1� .log jQj/�/�˛ kf kM p;˛.Q0/ for all Q 2 D.Q0/:

Therefore, for any QD .Qi/i2I 2 S.Q0/,X
Q2D�N�1.Q/

�
jQj

1
n
� 1

2

Z
Q

jf j

�2

D

1X
kDN�1

X
i2I WQi2Dk.Q/

�
jQi j

1
n
� 1

2

Z
Qi

jf j

�2

� kf kM p;˛.Q0/

1X
kDN�1

X
i2I WQi2Dk.Q/

jQi j
2
n
� 1

p .1� .log jQi j/�/
�˛

Z
Qi

jf j

� kf kM p;˛.Q0/

1X
kDN�1

2�kn. 2
n
� 1

p /k�˛
X

i2I WQi2Dk.Q/

Z
Qi

jf j

� kf kM p;˛.Q0/kf kL1.Q0/

1X
kDN�1

2�kn. 2
n
� 1

p /k�˛

� kf k2M p;˛.Q0/

1X
kDN�1

2�kn. 2
n
� 1

p /k�˛: (5-5)

Furthermore
1X

kDN�1

2�kn. 2
n
� 1

p /k�˛ �

�
2�N n. 2

n
� 1

p
/N�˛ if p > n

2
; ˛ 2 R;

N�˛C1 if p D n
2
; ˛ > 1:

(5-6)

The desired result follows then from (5-5) and (5-6). �

Proposition 32 (sparse indices for RMT spaces). Let n� 2. If N is sufficiently large then

sN .Rp;2 log˛/.
(

2�N n.nC2
2n
� 1

p
/N�˛ if p > 2n

nC2
; ˛ 2 R;

N�˛C
1
2 if p D 2n

nC2
; ˛ > 1

2
:

Proof. Let f 2Rp;2 log˛.Q0/ and QD .Qi/i2I 2 S.Q0/. Since DkIQ0
.Q/�DkIQ0

�….Q0/, we get

X
Q2D�N�1.Q/

�
jQj

1
n
� 1

2

Z
Q

jf j

�2

D

1X
kDN�1

X
i2I WQi2Dk.Q/

�
jQi j

1
n
� 1

2

Z
Qi

jf j

�2

.
1X

kDN�1

2�kn2.nC2
2n
� 1

p /.1C k/�2˛
X

Q2Dk

�
.1� .log jQj/�/˛

jQj1=p
0

Z
Q

jf j

�2

� kf k2Rp;2 log˛.Q0/

1X
kDN�1

2�kn2.nC2
2n
� 1

p /.1C k/�2˛:
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Since the previous estimates are uniform with respect to Q, we derive

sN .f /
2 . IN kf k

2
Rp;2 log˛.Q0/

; (5-7)

where

IN WD

1X
kDN�1

2�kn2.nC2
2n
� 1

p /.1C k/�2˛:

Observe that

IN �

�
2�N n2.nC2

2n
� 1

p /N�2˛ if p > 2n
nC2

; ˛ 2 R;

N�2˛C1 if p D 2n
nC2

; ˛ > 1
2
:

(5-8)

Plugging (5-8) into (5-7) and taking the supremum over all f 2Rp;2 log˛ , kf kRp;2 log˛ � 1, we arrive at
the desired estimate for s

N
.Rp;2 log˛/. �

Remark 33. The proof of Proposition 32 gives a slightly stronger result using the refined class CRp;q log˛ .
These spaces are defined using congruent cubes, by31

kf kCRp;q log˛.Q0/ WD sup
k2N0

sup
.Qi /i2I2DkIQ0

�X
i2I

�
.1� .log jQi j/�/

˛

jQi j
1

p0

Z
Qi

jf j

�q�1
q

<1:

Clearly kf kCRp;q log˛.Q0/ � kf kRp;q log˛.Q0/ and hence

sN .Rp;q log˛.Q0//� sN .CRp;q log˛.Q0//:

Then Proposition 32 with CRp;2 log˛ also holds.

6. Proof of Theorem 2

(ii) ) (i). Assume that fu"g">0 is sparse stable, i.e., f!"g">0 is uniformly bounded in S‰.R
n/ for

some decay ‰. It follows from (1-15) that f!"g">0 is a precompact set in H�1
loc .R

n/, i.e., fu"g">0 is
H�1-stable.

(i)) (ii). Define

‰.N / WD sup
">0

sN .!
"/: (6-1)

It is clear that ‰ is decreasing. Furthermore s
N
.!"/�‰.N /, which yields that for all " > 0,

k!"kS‰.Rn/ D sup
N2N

s
N
.!"/

‰.N /
� 1;

i.e., f!"g">0 is bounded in S‰.R
n/.

31Note that CRp;q log˛.Q0/ can be equivalently introduced as the set of all f 2L1.Q0/ such that, for every k � 0,� X
Qi2DkIQ0

�Z
Qi

jf j

�q�1=q

.
�

2kn=p0.1C k/�˛ if 2k � `.Q0/;

2kn=p0 if 2k � `.Q0/:
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It remains to show that ‰.N /! 0 as N !1. The proof follows closely the one of (4-19). On
account of (i), the set W D f!"g">0 � BMCc is compact (in H�1.Rn/). In particular, for any ı > 0 there
exist !1; : : : ; !L 2W such that

W �

L[
lD1

B
�
!l ;

ı

2

�
:

As a by-product, for any " > 0 we can find l 2 f1; : : : ;Lg such that

k!"�!lkH�1.Rn/ <
ı

2
: (6-2)

Therefore

sN .!
"/� sN .!

"
�!l/C sN .!l/. k!"�!lkH�1.Rn/C sN .!l/;

where the hidden equivalence constant is independent of ". As a consequence (see (6-1) and (6-2))

‰.N /. ı
2
C sup

l2f1;:::;Lg

sN .!l/:

Then, by (4-21), limN!1‰.N /D 0. �

7. Sharpening Morrey regularity of DiPerna–Majda via V‰

As already mentioned in Section 1.1, a famous 2D result due to DiPerna and Majda [1987a] asserts strong
convergence of approximate solutions with initial vortex sheet satisfying Morrey regularity M 1;˛.R2/

with ˛ > 1. A proof can be obtained from the compactness assertion (see (1-2))

M
n
2
;˛

c .Rn/
compactly
,����!H�1

loc .R
n/; ˛ > 1; n� 2: (7-1)

The goal of this section is to show that these results can be further improved using the sparse techniques
developed in previous sections combined with extrapolation techniques.

7.1. V‰ -spaces. Given a decay function ‰, in this section we construct a new Besov-type space V‰,
whose sparse indices are controlled by ‰.

Definition 34. Let V‰.R
n/ be the space formed by all tempered distributions f 2 S 0.Rn/ such that32

kf kV‰.Rn/ WD sup
N2N0

1

‰.N /2

1X
jDN

2�2j
k�jf kL1.Rn/ <1:

Let V C
‰
.Rn/D V‰.R

n/\BMCc .

Remark 35. The construction of the space V‰ is in some sense “dual” to the one used to define the
classical Vishik space33 B� , where � W Œ0;1/! .0;1/ is an increasing function with limt!1 �.t/D1

32As usual, f�j gj2N0
refers to standard (inhomogeneous) Littlewood–Paley operators on Rn.

33See [Domínguez and Milman 2024].
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(a “growth function”) and the norm of B� is given by

kf kB�.Rn/ WD sup
N2N0

1

�.N /

NX
jD0

k�jf kL1.Rn/: (7-2)

Note that we could have elements f 2 B�.R
n/ such that

P1
jD0 k�jf kL1.Rn/ D1 (i.e., f does

not belong to the Besov space34 B0
1;1

.Rn/), as long as the growth of the corresponding partial sums is
controlled by � . On the other hand, V‰.R

n/ is formed by elements f 2 B�2
1;1

.Rn/, the classical Besov
space of negative order, equipped with

kf kB�2
1;1

.Rn/ D

1X
jD0

2�2j
k�jf kL1.Rn/; (7-3)

such that the remainder of the corresponding series in (7-3) has a prescribed decay given by ‰.N /2. The
connection of these spaces becomes apparent through the use of stream functions. Let ! 2 V‰.R

n/, and
let  be a stream function, i.e., � D !. Using Fourier multipliers one can show that

! 2 V‰.R
n/ () sup

N2N0

1

‰.N /2

1X
jDN

k�j kL1.Rn/ <1:

In other words, the space V‰.R
n/ is formed by vorticities ! with corresponding stream functions  

satisfying the “dual” of the Vishik condition (7-2).

7.2. V‰ -regularity of Euler flows. In this section, we restrict ourselves to the following sufficiently rich
class of decays.

Definition 36 (admissible/doubling decays). Let ‰ be a decay. We say that ‰ is

(i) admissible35 provided that

NX
rD0

.2r‰.r//2 . .2N‰.N //2; N 2 N0I

(ii) doubling provided that ‰.ct/&‰.t/ for some c > 1.

We are now ready to state the main result of this section.

Theorem 37. Let ‰ be an admissible doubling decay. Then:

(i) V C
‰
.Rn/c ,! S‰.R

n/c . As a consequence (see (1-15)), V C
‰
.Rn/c

compactly
,����!H�1

loc .R
n/.

34Recall that the Besov spaces Bs
p;q.R

n/, s 2 R, p; q 2 Œ1;1�, are endowed with the norm

kf kBs
p;q.R

n/ D

� 1X
jD0

2jsq
k�jf k

q
Lp.Rn/

�1=q

:

See, e.g., [Stein 1970; Bennett and Sharpley 1988; Triebel 2008].
35This is a very weak assumption on the monotonicity properties of ‰. Basic examples of admissible decays are ‰.t/D t��,

‰.t/ D .log t/��, where � > 0, (or more generally, concatenations of logarithms) and their products. Exponential decays
‰.t/D 2�C t , C � 1, are excluded. However, this is not restrictive since V2�C t .Rn/ ,! Vt��.R

n/.
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(ii) Let fu"g">0 be a family of approximate solutions to Euler equations (1-1) such that the related family
of vorticities f!"g">0 is uniformly bounded in L1.Œ0;T �IV C

‰
.Rn/c/. Then fu"g">0 has a strong

limit u in L1.Œ0;T �IL2
loc.R

n//, where u is a solution with no concentrations.

Specializing the previous result with ‰.t/D t .1�˛/=2, we are able to improve36 (7-1) in the following
sense.

Theorem 38. Assume that ˛ > 1. Then

M
n
2
;˛.Rn/ ,! V‰.R

n/:

Furthermore, this embedding is strict in the sense that M
n
2
;˛.Rn/¤ V‰.R

n/.

The proofs of these results are based on extrapolation methods developed in the following section.

7.3. Extrapolation characterization of V‰ . Let .A0;A1/ be an interpolation pair37 of Banach spaces.
Recall that the K-functional relative to .A0;A1/ is defined by

K.t; f IA0;A1/D kf kA0CtA1
D inf
fDf0Cf1

.kf0kA0
C tkf1kA1

/

for t > 0 and f 2A0CA1.

Theorem 39. Suppose that ‰ is an admissible doubling decay. Then

kf kV‰.Rn/ � sup
t2.0;1/

K.t; f IB�2
1;1

.Rn/;B0
1;1

.Rn//

‰.�log t/2
: (7-4)

Remark 40. This result shows that the V‰ spaces can be described as extrapolation spaces38 relative to
the classical Besov pair .B�2

1;1
;B0
1;1

/, a fact that will be very useful later, since it enables the transfer of
fundamental properties of the classical Besov spaces to V‰.

Remark 41. The assumption that ‰ is doubling is necessary in order to ensure that the right-hand side of
(7-4) is nontrivial. For instance, for the admissible decay ‰.t/D 2�C t , C 2

�
1
2
; 1
�
,

sup
t2.0;1/

K.t; f IB�2
1;1

.Rn/;B0
1;1

.Rn//

t2C
<1 () f D 0:

Proof of Theorem 39. We use the retraction method of interpolation theory. Recall that `s
1
.L1.Rn//,

s 2 R, is the vector-valued sequence space equipped with the norm

kffj gj2N0
k`s

1
.L1.Rn// D

1X
jD0

2js
kfjkL1.Rn/:

36We only focus on the most interesting case p D n=2, but similar improvements can also be obtained in the noncritical
regime p > n=2.

37Loosely speaking, A0CA1 makes sense.
38with respect to the so-called †-method of extrapolation (see [Jawerth and Milman 1991]).



694 ÓSCAR DOMÍNGUEZ AND MARIO MILMAN

It is well known (see [Domínguez and Milman 2024, Appendix A1]) that Bs
1;1

.Rn/ is a retract of
`s

1
.L1.Rn// via

f 7! f�jf gj2N0
:

In particular this yields

K.t; f IB�2
1;1.R

n/;Bs
1;1.R

n//�K
�
t; f�jf gj2N0

I `�2
1 .L1.Rn//; `s

1.L
1.Rn//

�
:

Furthermore, a well-known estimate for K-functionals asserts

K
�
t; ffj gj2N0

I `�2
1 .L1.Rn//; `s

1.L
1.Rn//

�
�

1X
jD0

2js minf2.�2�s/j ; tgkfjkL1.Rn/:

Hence (letting s D 0)

K
�
2�2N ; f IB�2

1;1.R
n/;B0

1;1.R
n/
�
�

1X
jD0

minf2�2j ; 2�2N
gk�jf kL1.Rd /

D 2�2N
NX

jD0

k�jf kL1.Rn/C

1X
jDNC1

2�2j
k�jf kL1.Rn/:

This implies that

sup
N2N0

K
�
2�2N ; f IB�2

1;1
.Rn/;Bs

1;1
.Rn/

�
‰.N /2

�ACkf kV‰.Rn/; (7-5)

where

A WD sup
N2N0

2�2N
PN

jD0 k�jf kL1.Rn/

‰.N /2
:

Furthermore, we claim that

A. kf kV‰.Rn/: (7-6)

Indeed,
NX

jD0

k�jf kL1.Rn/ D

NX
jD0

22j‰.j /2
2�2j

‰.j /2
k�jf kL1.Rn/

�

�
sup

j2N0

2�2j

‰.j /2
k�jf kL1.Rn/

� NX
jD0

22j‰.j /2

. 22N‰.N /2kf kV‰.Rn/ (by the admissibility of ‰);

which yields the desired estimate (7-6).
Combining (7-5) and (7-6), we see that

sup
N2N0

K
�
2�2N ; f IB�2

1;1
.Rn/;Bs

1;1
.Rn/

�
‰.N /2

� kf kV‰.Rn/:
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Note that, by basic monotonicity properties of the expressions involved (recall that ‰ is doubling),

sup
t2.0;1/

K.t; f IB�2
1;1

.Rn/;B0
1;1

.Rn//

‰.�log t/2

� sup
N2N0

K
�
2�2N ; f IB�2

1;1.R
n/;B0

1;1.R
n/
�

sup
t2.2�2.NC1/;2�2N /

1

‰.�log t/2

� sup
N2N0

K
�
2�2N ; f IB�2

1;1
.Rn/;B0

1;1
.Rn/

�
‰.N /2

: �

Remark 42. The proof above shows that B0
1;1

.Rn/ plays an auxiliary role in Theorem 39, in the sense
that the same result is obtained if we replace it by Bs

1;1
.Rn/, for any s >�2. More precisely, let s >�2,

and replace the admissibility condition given in Definition 36(i) by

NX
rD0

2.2Cs/r‰.r/2 . 2.2Cs/N‰.N /2; N 2 N0:

Then using the same methodology we can readily show that

kf kV‰.Rn/ � sup
t2.0;1/

K.t; f IB�2
1;1

.Rn/;Bs
1;1

.Rn//

‰.�log t/2
:

7.4. Proof of Theorem 37. The proof relies strongly on the extrapolation description of V‰. In particular,
Theorem 39 will be applied to decompose functions in V‰ in terms of wavelets (see Proposition 43 below).

Let f‡G
N l
WN 2 N0; G 2GN; l 2 Zng be an orthonormal wavelet basis in L2.Rn/.

Remark. We briefly recall that orthonormal wavelet bases may be constructed in a standard way from
two compactly supported (Daubechies) wavelets  F 2C 1.R/ ( father wavelet) and  M 2C 1.R/ (mother
wavelet) satisfying certain moment conditions. More precisely

‡G
N l.x/D 2N n=2

nY
rD1

 Gr
.2N xr � lr /:

Here G0DfF;M gn and GN DfF;M gn�, N 2N, where � indicates that at least one of the components of
G 2GN must be an M . The role played by the tensor index G 2GN is auxiliary (note that card GN � 1).
To simplify the exposition, the index G may be safely removed from our computations.

Proposition 43. Suppose that ‰ is an admissible doubling decay. Then, f 2 V‰.R
n/ if and only if

f D
X

N2N0;G2GN

l2Zn

�G
N l2
�N n=2‡G

N l ; f�
G
N lg 2 v‰ (7-7)

(unconditional convergence in the sense of S 0.Rn/), where

kf�G
N lgkv‰ WD sup

N2N0

1

‰.N /2

1X
kDN

2�2k sup
G2Gk; l2Zn

j�G
kl j<1:
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The representation of f is unique, and the coefficients �G
N l

are determined by

�G
N l D 2N n=2.f; ‡G

N l/; (7-8)

and the operator

I W f 7! f�G
N lg (7-9)

defines an isomorphism of V‰.R
n/ onto v‰. Furthermore

kf kV‰.Rn/ � kf�N lgkv‰ : (7-10)

Proof. By the classical wavelet theory for Besov spaces [Triebel 2008, Theorem 1.20], the operator I

given by (7-9) acts as an isomorphism

I W B�2
1;1.R

n/! `�2
1 .`1/ and I W B0

1;1.R
n/! `1.`1/: (7-11)

Here, as usual, `s
1
.`1/, s 2 R, is the mixed sequence space formed by all those f�N lg such that

kf�N lgk`s
1
.`1/ D

1X
ND0

2N s sup
l2Zn

j�N l j<1:

We also let `1.`1/D `
0
1
.`1/.

It follows from (7-11) that

K
�
t; f IB�2

1;1.R
n/;B0

1;1.R
n/
�
�K

�
t; f�N lgI `

�2
1 .`1/; `1.`1/

�
:

Consequently, combining with Theorem 39 yields

kf kV‰.Rn/ � sup
t2.0;1/

K
�
t; f�N lgI `

�2
1
.`1/; `1.`1/

�
‰.�log t/2

: (7-12)

At this point the method of proof developed in Theorem 39 can be applied line by line (`1 now playing
the role previously played by L1.Rn/) to show that

sup
t2.0;1/

K
�
t; f�N lgI `

�2
1
.`1/; `1.`1/

�
‰.�log t/2

� kf�N lgkv‰ : (7-13)

Combining (7-12) and (7-13), we obtain (7-10).
For f 2 V‰.R

n/, the convergence of the wavelet expansion (7-7), as well as the uniqueness of wavelet
coefficients given by (7-8), is guaranteed by the fact that V‰.R

n/ ,!B�2
1;1

.Rn/ (see Remark 35) since
the corresponding assertions are valid for classical Besov spaces. �

Proof of Theorem 37. (i) Without loss of generality, we may assume that Q0 D .0; 1/
n. Let L 2 N0 and

QD .Qi/i2I 2 S.Q0/. If f � 0 is compactly supported in Q0, then� X
Q2D�L�1.Q/

�
jQj

1
n
� 1

2

Z
Q

jf j

�2� 1
2

D

� 1X
kDL�1

X
i2I WQi2Dk.Q/

�
jQi j

1
n
� 1

2

Z
Qi

f

�2� 1
2
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� kf k
1
2

L1.Q0/

� 1X
kDL�1

2�kn. 1
n
� 1

2/2 sup
Q2Dk

Z
Q

f

� 1
2

� kf k
1
2

L1.Q0/
‰.L/ sup

N2N0

�
1

‰.N /2

1X
kDN�1

2k.�2Cn/ sup
Q2Dk

Z
Q

f

� 1
2

�‰.L/ sup
N2N0

1

‰.N /2

1X
kDN�1

2k.�2Cn/ sup
Q2Dk

Z
Q

f:

As a by-product (see (1-14))

kf kS‰.Q0/ D sup
L2N

sL.f /

‰.L/
� sup

N2N0

1

‰.N /2

1X
kDN�1

2k.�2Cn/ sup
Q2Dk

Z
Q

f:

Hence the desired embedding .V C
‰
.Rn//c ,! .S‰.R

n//c follows if we show that

sup
N2N0

1

‰.N /2

1X
kDN�1

2k.�2Cn/ sup
Q2Dk

Z
Q

f . kf kV‰.Rn/: (7-14)

Let f 2 V‰.R
n/. According to Proposition 43, f can be expressed as

f D

1X
rD0

X
l2Zn

�rl2
�rn=2‡rl ; (7-15)

where �rl is given by (7-8). The wavelets ‡rl can be chosen such that

supp‡rl � cQrl D c.2�r l C 2�r Q0/; (7-16)

j‡rl.x/j. 2rn=2; r 2 N0; l 2 Zn; (7-17)

and there exists A 2 N, A> 2, satisfyingZ
Rn

xˇ‡rl.x/ dx D 0; jˇj<A; r 2 N; l 2 Zn: (7-18)

We are going to compute �jm.f / given by (4-22). For every j 2 N0, we can split f as (see (7-15))

f D fj Cf
j
WD

jX
rD0

X
l2Zn

�rl2
�rn=2‡rl C

1X
rDjC1

X
l2Zn

�rl2
�rn=2‡rl : (7-19)

Then, for m 2 Zn,

�jm.f /D �jm.fj /C�jm.f
j /: (7-20)

Next, we estimate each of these terms separately.
We first estimate �jm.fj /. For r � j , we let (recall that supp�jm � dQjm)

`j
r .m/ WD fl 2 Zn

W dQjm\ cQrl ¤¿g: (7-21)
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Obviously (see (7-16))

�jm.‡rl/D 0 for l 62 `j
r .m/: (7-22)

On the other hand, if l 2 `
j
r .m/ then (noting that j�jm.x/j. 2jn)

j�jm.‡rl/j �

Z
dQjm

j�jm.x/jj‡rl.x/j dx . 2jn

Z
dQjm

j‡rl.x/j dx . 2rn=2; (7-23)

where we have used the property (7-17) in the last step. In light of (7-22) and (7-23), we derive

j�jm.fj /j �

jX
rD0

X
l2Zn

j�rl j2
�rn=2

j�jm.‡rl/j D

jX
rD0

X
l2`

j
r .m/

j�rl j2
�rn=2

j�jm.‡rl/j

.
jX

rD0

X
l2`

j
r .m/

j�rl j: (7-24)

Note that since card `j
r .m/� 1, if 0� r � j , from (7-24) it follows that

j�jm.fj /j.
jX

rD0

sup
l2Zn

j�rl j: (7-25)

Next we deal with �jm.f
j /. Let r > j and l 2 `

j
r .m/ (see (7-21)). Using the Taylor expansion of

�jm around 2�r l and using the cancellation conditions (7-18), one can show that

j�jm.‡rl/j D

ˇ̌̌̌Z
Rn

�jm.x/‡rl.x/ dx

ˇ̌̌̌
�

X
j
 jDA

sup
x2Rn

jD
�jm.x/j

Z
Rn

j‡rl.x/jjx� 2�r l jA dx

. 2j.nCA/

Z
Rn

2rn=2
j .2r x� l/j2�rA

j2r x� l jA dx

D 2.j�r/.nCA/2rn=2

Z
Rn

j .x/jjxjA dx

� 2.j�r/.nCA/2rn=2:

Using this estimate we obtain

j�jm.f
j /j �

1X
rDj

X
l2`

j
r .m/

j�rl j2
�rn=2

j�jm.‡rl/j.
1X

rDj

2.j�r/.nCA/
X

l2`
j
r .m/

j�rl j: (7-26)

Note that card `j
r .m/� 2n.r�j/ if r � j . Hence, by (7-26),

j�jm.f
j /j.

1X
rDj

2.j�r/.nCA/ sup
l2Zn

j�rl j2
n.r�j/

D 2jA
1X

rDj

2�rA sup
l2Zn

j�rl j: (7-27)
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Putting together (7-20), (7-25) and (7-27),

j�jm.f /j � j�jm.fj /jC j�jm.f
j /j.

jX
rD0

sup
l2Zn

j�rl jC 2jA
1X

rDj

2�rA sup
l2Zn

j�rl j

uniformly with respect to m 2 Zn. Consequently,

sup
m2Zn

j�jm.f /j.
jX

rD0

sup
l2Zn

j�rl jC 2jA
1X

rDj

2�rA sup
l2Zn

j�rl j: (7-28)

Let N 2 N0. From (7-28), changing the order of summation and using A> 2, we get

1X
jDN

2�2j sup
m2Zn

j�jm.f /j.
1X

jDN

2�2j

jX
rD0

sup
l2Zn

j�rl jC

1X
jDN

2.A�2/j
1X

rDj

2�rA sup
l2Zn

j�rl j

. 2�2N
NX

rD0

sup
l2Zn

j�rl jC

1X
rDN

2�2r sup
l2Zn

j�rl j:

It follows that

sup
N2N0

1

‰.N /2

1X
jDN

2�2j sup
m2Zn

j�jm.f /j. sup
N2N0

2�2N

‰.N /2

NX
rD0

sup
l2Zn

j�rl j

C sup
N2N0

1

‰.N /2

1X
rDN

2�2r sup
l2Zn

j�rl j

DW IC II: (7-29)

Next we show I . II. Indeed, by condition (i) from Definition 36,

NX
rD0

sup
l2Zn

j�rl j D

NX
rD0

22r‰.r/2
2�2r

‰.r/2
sup
l2Zn

j�rl j �

�
sup

M2N0

�
2�2M

‰.M /2
sup
l2Zn

j�Ml j

�� NX
rD0

22r‰.r/2

.
�

sup
M2N0

�
2�2M

‰.M /2
sup
l2Zn

j�Ml j

��
22N‰.N /2:

Consequently,

2�2N

‰.N /2

NX
rD0

sup
l2Zn

j�rl j. sup
M2N0

�
1

‰.M /2

1X
rDM

2�2r sup
l2Zn

j�rl j

�
D II:

Now, taking supremum over all N 2 N0, we arrive at

I . II:
Consequently (7-29) reads as

sup
N2N0

1

‰.N /2

1X
jDN

2�2j sup
m2Zn

j�jm.f /j. II: (7-30)
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Since f � 0 and (4-23) holds, we have (using the notation �Q D �jm if QDQjm 2 Dj )

sup
N2N0

1

‰.N /2

1X
kDN�1

2k.�2Cn/ sup
Q2Dk

Z
Q

f . sup
N2N0

1

‰.N /2

1X
kDN�1

2�2k sup
Q2Dk

�Q.f /:

Consequently by (7-29)–(7-30),

sup
N2N0

1

‰.N /2

1X
kDN�1

2k.�2Cn/ sup
Q2Dk

Z
Q

f . sup
N2N0

1

‰.N /2

1X
rDN

2�2r sup
l2Zn

j�rl j;

which combined with Proposition 43 yields

sup
N2N0

1

‰.N /2

1X
kDN�1

2k.�2Cn/ sup
Q2Dk

Z
Q

f . kf kV‰.Rn/;

concluding the proof of (7-14).

(ii) Combine (i) with Theorem 12. �

7.5. Proof of Theorem 38. Let ‰.t/D t .1�˛/=2; ˛ > 1. It follows from (7-8), (7-16) and (7-17) that

1X
kDN

2�2k sup
l2Zn

j�kl j.
1X

kDN

2�2k sup
l2Zn

2kn=2

Z
cQkl

jf jj‡kl j

.
1X

kDN

2�2k sup
l2Zn

2kn

Z
cQkl

jf j

. kf kM n=2;˛.Rn/

1X
kDN

2�2k sup
l2Zn

2kn
jQkl j

1� 2
n .1� .log jQkl j/�/

�˛

� kf kM n=2;˛.Rn/

1X
kDN

.1C k/�˛

�N�˛C1
kf kM n=2;˛.Rn/ D‰.N /2kf kM n=2;˛.Rn/:

Taking the supremum over all N 2 N0 and invoking Proposition 43, we get

M
n
2
;˛.Rn/ ,! V‰.R

n/ (7-31)

as desired.
To show that (7-31) is strict, we apply again Proposition 43, and use the fact that ˛ > 1, to derive

k2.2�
n
2 /K‡K.0;:::;0/kV‰.Rn/ � sup

0�N�K

1

N�˛C1
D

1

K�˛C1
: (7-32)

On the other hand, we have

k‡K.0;:::;0/kM n=2;˛.Rn/ D sup
Q

.1� .log jQj/�/˛

jQj.n�2/=n

Z
Q

j‡K ;.0;:::;0/j
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�
.1� .log jQK.0;:::;0/j/�/

˛

jQK.0;:::;0/j
.n�2/=n

Z
QK.0;:::;0/

j‡K ;.0;:::;0/j

�
K˛

2�K.n�2/

Z
QK.0;:::;0/

j‡K ;.0;:::;0/j

& K˛

2�K.n�2/
2�Kn2Kn=2

D 2K.n
2
�2/K˛;

where we have used the wavelet properties in the penultimate step. Consequently,

k2.2�
n
2 /K‡K.0;:::;0/kM n=2;˛.Rn/ &K˛: (7-33)

We now argue by contradiction. Suppose that, to the contrary,

V‰.R
n/ ,!M

n
2
; ˛.Rn/:

In particular, we have, uniformly with respect to K,

k2.2�
n
2 /K‡K.0;:::;0/kM n=2;˛.Rn/ . k2.2�

n
2 /K‡K.0;:::;0/kV‰.Rn/:

Combining the last inequality with (7-32) and (7-33) yields

K˛ .K˛�1;

and letting K!1 we arrive at a contradiction. �

8. Sharpening Tadmor’s regularity via T‰

As already mentioned in Section 1.2, Tadmor [2001] proposed an approach, based on Rp;2 log˛-spaces,
guaranteeing existence of Euler solutions with no concentration. In particular, in the distinguished 2D
case, the author was able to improve the Morrey regularity of vortex sheets obtained in [DiPerna and
Majda 1987a] from ˛ D 1 to the borderline regularity ˛ D 1

2
. This is an application of the H�1-stability

method since (see (1-3))

R2n=.nC2/;2 log˛.Rn/c
compactly
,����!H�1

loc .R
n/; ˛ > 1

2
: (8-1)

The goal of this section is to show that the results from [Tadmor 2001] admit improvements in terms
of new scales of extrapolation spaces (T‰-spaces; see Definition 44 below) and the method of sparse
stability developed in previous sections.

8.1. T‰ -spaces. To motivate the constructions that follow it is instructive to compare the scalings of the
spaces involved in the critical embeddings (1-2). For a function space X.Rn/, let the scaling parameter
of X be the number iX such for all � > 0, and all kf kX D 1, we have ��iX kf .� � /kX D 1. For the
Morrey spaces M p.Rn/, for � > 0, and kf kM p.Rn/ D 1, we have kf .� � /kM p.Rn/ D �

�n=p so that
iM p.Rn/ D�n=p. Likewise, for H�1.Rn/, iH�1.Rn/ D�1� n=2. Comparing scaling parameters in the
critical case p D n=2, we see that iM n=2.Rn/ D iH�1.Rn/ only when nD 2, in which case the common
value of the parameter is �2. This suggests to seek for an alternative to (1-2) where the involved spaces
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have the same scaling parameter as H�1 (i.e., �1�n=2). With this in mind, we propose a new space T‰,
a variant of V‰ introduced in Definition 34, which is obtained by measuring the dyadic frequencies �jf

in the L2-norm rather than the L1-norm.

Definition 44. Let T‰.R
n/ be the space formed by all f 2 S 0.Rn/ such that

kf k2T‰.Rn/ WD sup
N2N0

1

‰.N /2

1X
jDN

2�2j
k�jf k

2
L2.Rn/

<1:

Let TC
‰
.Rn/D T‰.R

n/\BMCc .

Remark 45. Similarly as in Remark 35, the space T‰ can be seen as a dual counterpart of classical
Vishik spaces involving the Besov space B�1

2;2
. Note that B�1

2;2
can be identified with the inhomogeneous

version of H�1.

Remark 46. The space T‰ admits a somewhat simpler characterization in terms of Fourier transforms.
Namely

kf k2T‰.Rn/ � sup
N2N0

1

‰.N /2

Z
j�j>2N�1

.1Cj�j2/�1
j yf .�/j2 d�:

Indeed, this is a consequence of Plancherel’s and Fubini’s theorem, together with basic properties of39

f'j gj2N0
,

kf k2T‰.Rn/ � sup
N2N0

1

‰.N /2

Z
Rn

1X
jDN

Œ2�j'j .�/�
2
j yf .�/j2 d�

� sup
N2N0

1

‰.N /2

Z
Rn

.1Cj�j2/�1 1.2N�1;1/.j�j/j
yf .�/j2 d�:

8.2. T‰ -regularity of Euler flows. We state now the main results of this section.

Theorem 47. Let ‰ be an admissible doubling decay. Then:

(i) TC
‰
.Rn/c ,! S‰.R

n/c . As a consequence (see (1-15)), TC
‰
.Rn/c

compactly
,����!H�1

loc .R
n/.

(ii) Let fu"g">0 be a family of approximate solutions to Euler equations (1-1) such that the related family
of vorticities f!"g">0 is uniformly bounded in L1.Œ0;T �ITC

‰
.Rn/c/. Then fu"g">0 has a strong

limit u in L1.Œ0;T �IL2
loc.R

n//, where u is a solution with no concentrations.

Specializing the previous result with ‰˛.t/D t�˛C1=2, we are able to improve (8-1) in the following
sense.

Theorem 48. Assume that ˛ > 1
2

. Then

R2n=.nC2/;2 log˛.Rn/ ,! T‰˛ .R
n/:

Furthermore, this embedding is strict in the sense that R2n=.nC2/;2 log˛.Rn/¤ T‰˛ .R
n/.

39Here 'j denotes the Fourier multiplier associated with �j , i.e.,
^

�jf .�/D 'j .�/ yf .�/.
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8.3. Extrapolation characterization of T‰ . The next result represents the T‰ spaces as extrapolation
spaces for the pair .H�1;L2/. Since the proof follows closely the one for Theorem 39, we shall leave
the details to the interested reader.

Theorem 49. Suppose that ‰ is an admissible doubling decay. Then40

kf kT‰.Rn/ � sup
t2.0;1/

K.t; f IH�1.Rn/;L2.Rn//

‰.�log t/
: (8-2)

Remark 50. A variant of Remark 42 also holds for the T‰.R
n/ spaces. Indeed, suppose that the

admissibility condition stated Definition 36(i) is replaced by

NX
rD0

.2.1Cs/r‰.r//2 . .2.1Cs/N‰.N //2:

Let H s.Rn/ be the standard (fractional) Sobolev space endowed with the norm

kf kH s.Rn/ D k.I ��/
s=2f kL2.Rn/;

then formula (8-2) holds if we replace the pair .H�1.Rn/;L2.Rn// by .H�1.Rn/;H s.Rn//, where
s > �1.

8.4. Proof of Theorem 47. For the proof we will use the following analogue of Proposition 43, that can
be obtained mutatis mutandis and we therefore leave its proof to the interested reader.

Proposition 51. Let f‡G
N l
W N 2 N0; G 2 GN; l 2 Zng be a wavelet system satisfying (7-16)–(7-18)

with41 A> 1. Assume that ‰ is an admissible doubling decay. Then, f 2 T‰.R
n/ if and only if

f D
X

N2N0;G2GN

l2Zn

�G
N l2
�N n=2‡G

N l ; f�
G
N lg 2 t‰ (8-3)

(unconditional convergence in the sense of S 0.Rn/), where

kf�G
N lgk

2
t‰
WD sup

N2N0

1

‰.N /2

1X
kDN

2k.�2�n/
X

G2Gk; l2Zn

j�G
kl j

2 <1: (8-4)

This representation is unique in the sense that the coefficients �G
N l

are determined by (7-8) and the
operator I given by (7-9) defines an isomorphism from T‰.R

n/ onto t‰. Furthermore

kf kT‰.Rn/ � kf�
N;G
l
gkt‰ : (8-5)

40Since T‰ is not homogeneous, the space H�1.Rn/ in (8-2) should be adequately interpreted from the context as the
inhomogeneous counterpart of (4-3), equipped with the norm kf kH�1.Rn/ D k.I ��/

�1=2f kL2.Rn/. Recall the well-known

fact that k.��/�1=2f kL2.Rn/ � kI1f kL2.Rn/.
41The explanation behind A> 1 comes from Theorem 49 and well-known wavelet assumptions on H�1.
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Proof of Theorem 47. (i) Let L2N0. Given f � 0 compactly supported on Q0 (without loss of generality,
we may assume Q0 D .0; 1/

n), we observe that

sL.f /D sup
Q2S.Q0/

� 1X
kDL

2k.�2Cn/
X

i2I WQi2Dk.Q/

�Z
Qi

f

�2�1=2

:

Using Proposition 51 we will show that

sup
L2N0

1

‰.L/

� 1X
kDL

2k.�2Cn/
X

i2I WQi2Dk.Q/

�Z
Qi

f

�2�1=2

. kf kT‰.Rn/; (8-6)

with a constant independent of the sparse family Q. Then the desired (local) embedding

kf kS‰.Q0/ . kf kT‰.Rn/

follows readily.
Let � be a smooth cut-off function introduced in the proof of Theorem 9, and define the corresponding

coefficients �jm.f / via (4-22). According to (7-19), (7-20), (7-24) and (7-26), these coefficients can be
estimated as

j�jm.f /j.
jX

rD0

X
l2`

j
r .m/

j�rl jC

1X
rDj

2.j�r/.nCA/
X

l2`
j
r .m/

j�rl j; (8-7)

where `j
r .m/, which was introduced in (7-21), satisfies

card `j
r .m/�

�
2n.r�j/ if r � j ;

1 if r � j:
(8-8)

Using Hölder’s inequality and (8-8),X
l2`

j
r .m/

j�rl j.
� X

l2`
j
r .m/

j�rl j
2

�1=2

�

�
2n.r�j/=2 if r � j ;

1 if r � j ;

and inserting this into (8-7), we achieve

j�jm.f /j.
jX

rD0

� X
l2`

j
r .m/

j�rl j
2

�1=2

C 2j.ACn
2 /
1X

rDj

2�r.ACn
2 /
� X

l2`
j
r .m/

j�rl j
2

�1=2

: (8-9)

Let " 2 .0;minf1;A� 1g/ (recall that A> 1 is fixed). By Hölder’s inequality, the two terms given in
the right-hand side of (8-9) can be bounded by

jX
rD0

� X
l2`

j
r .m/

j�rl j
2

�1=2

. 2j"

� jX
rD0

2�r"2
X

l2`
j
r .m/

j�rl j
2

�1=2

and
1X

rDj

2�r.ACn
2 /
� X

l2`
j
r .m/

j�rl j
2

�1=2

. 2�j"

� 1X
rDj

2�r.ACn
2
�"/2

X
l2`

j
r .m/

j�rl j
2

�1=2

:
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Hence

j�jm.f /j
2 . 2j"2

jX
rD0

2�r"2
X

l2`
j
r .m/

j�rl j
2
C 2j.ACn

2
�"/2

1X
rDj

2�r.ACn
2
�"/2

X
l2`

j
r .m/

j�rl j
2

and summing up over all m 2 Zn, we haveX
m2Zn

j�jm.f /j
2

. 2j"2

jX
rD0

2�r"2
X

m2Zn

X
l2`

j
r .m/

j�rl j
2
C 2j.ACn

2
�"/2

1X
rDj

2�r.ACn
2
�"/2

X
m2Zn

X
l2`

j
r .m/

j�rl j
2: (8-10)

Furthermore, we remark that

cardfm 2 Zn
W l 2 `j

r .m/g �

�
2n.j�r/ if r � j ;

1 if r � j:

Using this information and changing the order of summation in (8-10), we arrive at

X
m2Zn

j�jm.f /j
2 . 2j"2

jX
rD0

2�r"22n.j�r/
X
l2Zn

j�rl j
2
C 2j.ACn

2
�"/2

1X
rDj

2�r.ACn
2
�"/2

X
l2Zn

j�rl j
2;

where the equivalence constant is independent of j . Summing up the last estimate over all j �L and
using Fubini’s theorem (recall that " <minf1;A� 1g), we have
1X

jDL

2j.�2�n/
X

m2Zn

j�jm.f /j
2

.
1X

jDL

2j.�1C"/2

jX
rD0

2�r."2Cn/
X
l2Zn

j�rl j
2
C

1X
jDL

2j2.�1CA�"/
1X

rDj

2�r.ACn
2
�"/2

X
l2Zn

j�rl j
2

. 2L.�1C"/2
LX

rD0

2�r."2Cn/
X
l2Zn

j�rl j
2
C

1X
rDL

2�r."2Cn/
X
l2Zn

j�rl j
2
1X

jDr

2j.�1C"/2

C

1X
rDL

2�r.ACn
2
�"/2

X
l2Zn

j�rl j
2

rX
jDL

2j2.�1CA�"/

. 2L.�1C"/2
LX

rD0

2�r."2Cn/
X
l2Zn

j�rl j
2
C

1X
rDL

2�r.2Cn/
X
l2Zn

j�rl j
2:

Hence

sup
L2N0

1

‰.L/

� 1X
jDL

2j.�2�n/
X

m2Zn

j�jm.f /j
2

�1=2

. IC II; (8-11)

where

I WD sup
L2N0

2L.�1C"/

‰.L/

� LX
rD0

2�r."2Cn/
X
l2Zn

j�rl j
2

�1=2
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and

II WD sup
L2N0

1

‰.L/

� 1X
rDL

2�r.2Cn/
X
l2Zn

j�rl j
2

�1=2

:

We have� LX
rD0

2�r."2Cn/
X
l2Zn

j�rl j
2

�1=2

�

� LX
rD0

2r.1�"/2‰.r/2
�1=2

sup
M2N0

2�M.1Cn
2
/

‰.M /

�X
l2Zn

j�Ml j
2

�1=2

�

� LX
rD0

2r.1�"/2‰.r/2
�1=2

II: (8-12)

Furthermore, the following estimate holds:� LX
rD0

2r.1�"/2‰.r/2
�1=2

. 2L.1�"/‰.L/: (8-13)

Indeed, by monotonicity properties, a simple change of variables and the doubling property of ‰ (see (ii)
in Definition 36),

LX
rD0

2r.1�"/2‰.r/2 �

Z L

0

2t.1�"/2‰.t/2 dt �

Z L.1�"/

0

2t2‰
�

t

1�"

�2
dt

�

Z L.1�"/

0

2t2‰.t/2 dt �

bL.1�"/cX
rD0

2r2‰.r/2

. 2L.1�"/2‰.L/2;

where42 the last step follows from (i) in Definition 36. This proves (8-13). Applying now (8-13) in (8-12),
we find � LX

rD0

2�r."2Cn/
X
l2Zn

j�rl j
2

�1=2

. 2L.1�"/‰.L/ II;

i.e., we have shown that I . II. As a consequence (see (8-11))

sup
L2N0

1

‰.L/

� 1X
jDL

2j.�2�n/
X

m2Zn

j�jm.f /j
2

�1=2

. II;

or equivalently (see (8-4))

sup
L2N0

1

‰.L/

� 1X
jDL

2j.�2�n/
X

m2Zn

j�jm.f /j
2

�1=2

. kf�rlgkt‰ :

42As usual, bxc denotes the integer part of x 2 R.
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Consequently, invoking Proposition 51,

sup
L2N0

1

‰.L/

� 1X
jDL

2j.�2�n/
X

m2Zn

j�jm.f /j
2

�1=2

. kf kT‰.Rn/: (8-14)

On the other hand, the assumption f � 0 and (4-23) enable us to derive

sup
L2N0

1

‰.L/

� 1X
kDL

2k.�2Cn/
X

i2I WQi2Dk.Q/

�Z
Qi

f

�2�1=2

D sup
L2N0

1

‰.L/

� 1X
kDL

2k.�2�n/
X

i2I WQi2Dk.Q/

�Z
Qi

2knf

�2�1=2

. sup
L2N0

1

‰.L/

� 1X
kDL

2k.�2�n/
X

i2I WQi2Dk.Q/

�Qi
.f /2

�1=2

. kf kT‰.Rn/;

where in the last step we used (8-14). This concludes the proof of (8-6) and hence (i).

(ii) Invoking Theorem 12, statement (ii) is a consequence of (i). �

8.5. Proof of Theorem 48. To avoid unnecessary technicalities, we assume, without loss of generality,
that the constant c in (7-16) is equal to 1. From (7-8) and (7-17), we find

1X
kDN

2k.�2�n/
X

G2Gk; l2Zn

j�G
kl j

2 .
1X

kDN

2k.�2Cn/
X
l2Zn

�Z
Qkl

jf j

�2

�

1X
kDN

2k.�2Cn/2�k.�2Cn/k�2˛
X
l2Zn

� ˇ̌
log jQkl j

ˇ̌˛
jQkl j

1=.2n=.nC2//0

Z
Qkl

jf j

�2

� kf k2R2n=.nC2/;2 log˛.Rn/

1X
kDN

k�2˛

�N�2˛C1
kf k2R2n=.nC2/;2 log˛.Rn/:

Consequently,

sup
N2N0

1

‰˛.N /2

1X
kDN

2k.�2�n/
X

G2Gk; l2Zn

j�G
kl j

2 . kf k2R2n=.nC2/;2 log˛.Rn/;

where ‰˛.t/D t�˛C1=2. Then by (8-4) and (8-5) it follows that

R 2n
nC2

;2 log˛.Rn/ ,! T‰˛ .R
n/; ‰˛.t/D t�˛C

1
2 : (8-15)

To show that the embedding (8-15) is strict we argue by contradiction. Suppose to the contrary that

R 2n
nC2

;2 log˛.Rn/D T‰˛ .R
n/:
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In particular (for a fixed G)

k2K‡G
K.0;:::;0/kT‰˛ .R

n/ � k2
K‡G

K.0;:::;0/kR2n=.nC2/;2 log˛.Rn/ for every K 2 N: (8-16)

Using Proposition 51, we compute

k2K‡G
K.0;:::;0/kT‰˛ .R

n/ � sup
N�K

1

N�˛C1=2
D

1

K�˛C1=2
;

which combined with (8-16) results in

1

K�˛C1=2
� k2K‡G

K.0;:::;0/kR2n=.nC2/;2 log˛.Rn/

&
ˇ̌
log jQK.0;:::;0/j

ˇ̌˛
jQK.0;:::;0/j

.n�2/=.2n/

Z
QK.0;:::;0/

2K
j‡G

K.0;:::;0/j

�
K˛

2�Kn=2

Z
QK.0;:::;0/

j‡G
K.0;:::;0/j

& K˛

2�Kn=2
2Kn=2

jQK.0;:::;0/j DK˛:

Taking the limit as K!1 we arrive at a contradiction. �

Next we seek a strategy to establish a priori T‰-bounds as required in Theorem 47(ii). In particular,
we shall focus on the critical case ˛ D 1

2
in the prototypical choice ‰˛.t/D t�˛C1=2 (see Theorem 48).

This case presents several intrinsic difficulties. In particular, according to Definition 44,

T1.R
n/DH�1.Rn/ if ‰1=2.t/D 1; (8-17)

so we shall redefine T‰˛ to avoid trivial statements. In order to do this, we first observe that, for ˛ > 1
2

,
the following characterization of T‰˛ holds (see Proposition 51):

kf k2T‰˛ .Rn/ � sup
N2N0

1

N�2˛C1

1X
kDN

2k.�2�n/
X

G2Gk; l2Zn

j�G
kl j

2: (8-18)

Putting (at least formally) ˛D 1
2

in the previous characterization, we would arrive at the wavelet counterpart
of (8-17), i.e.,

kf k2T1.Rn/ �

1X
kD0

2k.�2�n/
X

G2Gk; l2Zn

j�G
kl j

2
� kf k2

H�1.Rn/
;

where the last equivalence corresponds to the classical wavelet characterization of H�1.Rn/. By basic
monotonicity properties, (8-18) can be rewritten as

kf k2T‰˛ .Rn/ � sup
j2N0

1

2j.�2˛C1/

2jC1�2X
kD2j�1

2k.�2�n/
X

G2Gk; l2Zn

j�G
kl j

2 (8-19)
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if ˛ > 1
2

. When compared with the standard characterization (8-18) of T‰˛ .R
n/, the alternative character-

ization given by (8-19) has the important advantage of providing us with nontrivial spaces (i.e., different
from H�1) in the critical case ˛ D 1

2
, and leads to the following:

Definition 52. The space T1.R
n/ is formed by all those f 2 S 0.Rn/ with wavelet decomposition (8-3)

such that

kf k2T1.Rn/ D sup
j2N0

2jC1�2X
kD2j�1

2k.�2�n/
X

G2Gk; l2Zn

j�G
kl j

2 <1;

where f�G
kl
g is the sequence of wavelet coefficients of f given by (7-8).

Proposition 53. Let fu"g">0 be a family of approximate solutions of the 2D Euler equations with
corresponding initial vorticities f!"

0
g">0 of positive sign. Then, for every " > 0 and t > 0,

k!".t/kT1.R2/c
. 1: (8-20)

Proof. Consider the pseudoenergy

H.!/D�
1

2�

Z
R2

Z
R2

log jx�yj!.x/!.y/ dx dy:

For every fixed k 2 N0, we can express H.!".t// as

H.!".t//D�
1

2�

X
l2Z2

Z
Qkl

Z
Qkl

log jx�yj!".x; t/!".y; t/ dx dy

�
1

2�

X
l¤m

Z
Qkl

Z
Qkm

log jx�yj!".x; t/!".y; t/ dx dy

DWHsi;k.!
".t//CHie;k.!

".t//: (8-21)

Here, Hsi;k and Hie;k refer to the self-induced part and the interaction energy at the dyadic level k,
respectively.

Since .log jx�yj/C � 2.jxj2Cjyj2/ (apply the parallelogram rule!), we can estimate Hie;k as

�Hie;k.!
".t//�

1

�

X
l¤m

Z
Qkl

Z
Qkm

.jxj2Cjyj2/!".x; t/!".y; t/ dx dy

�
2

�
I0.!

".t//I2.!
".t//; (8-22)

where

I0.!/ WD

Z
R2

!.x/ dx; I2.!/ WD

Z
R2

jxj2!.x/ dx:

Let j 2 N0. By the positivity assumption of !" and using (7-8), (7-16) and (7-17), we have

2jC1�2X
kD2j�1

2�4k
X
l2Z2

j�kl.!
".t//j2 �

2jC1�2X
kD2j�1

X
l2Z2

�Z
Qkl

j!".x; t/j dx

�2
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D

2jC1�2X
kD2j�1

X
l2Z2

Z
Qkl

Z
Qkl

!".x; t/!".y; t/ dx dy

.
2jC1�2X
kD2j�1

1

k

X
l2Z2

Z
Qkl

Z
Qkl

ˇ̌
log jx�yj

ˇ̌
!".x; t/!".y; t/ dx dy

�

2jC1�2X
kD2j�1

1

k
Hsi;k.!

".t//:

Then, by (8-21) and (8-22),

2jC1�2X
kD2j�1

2�4k
X
l2Z2

j�kl.!
".t//j2 .

2jC1�2X
kD2j�1

1

k

�
H.!".t//�Hie;k.!

".t//
�

�

h
H.!".t//C

2

�
I0.!

".t//I2.!
".t//

i 2jC1�2X
kD2j�1

1

k

.H.!".t//C I0.!
".t//I2.!

".t//:

Taking now the supremum over all j , we arrive at

k!".t/k2
T1=2.R2/

.H.!".t//C I0.!
".t//I2.!

".t//. 1;

where the last step follows from well-known conservation laws and "-independence bounds for the
quantities H; I0 and I2; see [Majda 1993, Section 3]. �

Remark 54. An alternative proof of Proposition 53 can be obtained from RMT spaces. To be more
precise, we claim that

R1;2 log
1
2 .R2/ ,! T1.R

2/: (8-23)

Assuming momentarily the validity of this embedding, (8-20) follows from the a priori estimates given in
[Tadmor 2001, Lemma 4.1] that assert (under the same assumptions of Proposition 53)

k!".t/kR1;2 log1=2.R2/c
. 1:

Next we show (8-23): for every j 2 N0, we have

2jC1�2X
kD2j�1

2�4k
X
l2Z2

j�kl j
2
�

2jC1�2X
kD2j�1

X
l2Z2

�Z
Qkl

jf j

�2

. kf k2
R1;2 log1=2.R2/

2jC1�2X
kD2j�1

k�1
� kf k2

R1;2 log1=2.R2/
:

This gives the desired result (8-23).
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Remark 55. A priori estimates in the spirit of Proposition 53 but now for the V‰-spaces introduced in
Section 7 also hold. In particular, similar to in Definition 52, the distributional space V1.R

2/ is endowed
with43

kf kV1.Rn/ D sup
j2N0

2jC1�2X
kD2j�1

2�2k.1C k/�1=2 sup
G2Gk; l2Zn

j�G
kl j;

where f�G
kl
g is the sequence of wavelet coefficients of f given by (7-8); see Proposition 43. If fu"g">0 is

a family of approximate solutions of the 2D Euler equations with corresponding initial vorticities f!"
0
g">0

of positive sign then, for every " > 0 and t > 0,

k!".t/kV1.R2/c
. 1:

The proof of this result is similar but easier than the one given for Proposition 53.

9. Comparison between V‰ and T‰

In view of the results obtained in Sections 7 and 8, it is natural to compare44 the spaces V‰.R
2/ and

T‰.R
2/ for a fixed decay ‰. In this section we show that neither space contains the other. More precisely,

we construct explicit examples of functions showing that T‰.R
2/nV‰.R

2/¤¿ and V‰.R
2/nT‰.R

2/¤¿.

Example 56 (T‰.R2/nV‰.R
2/¤¿). Given a scalar sequence fcN gN2N0

, let f be given by (7-7), where

�N l D

�
22N cN ; N 2 N0; l D .0; : : : ; 0/;

0; otherwise:
We compute the norms of f in V‰ and T‰ using Propositions 43 and 51, respectively,

kf kV‰.R2/ � sup
N2N0

1

‰.N /2

1X
kDN

jck j

and

kf kT‰.R2/ � sup
N2N0

1

‰.N /

� 1X
kDN

jck j
2

�1=2

:

Therefore, if we select fcN gN2N0
2 `2 such that

1X
kDN

c2
k �‰.N /2; (9-1)

then kf kT‰.R2/� 1. The existence of such sequences (even with� replaced byD in (9-1)) is guaranteed
by classical results in approximation theory (see, e.g., [Timan 1963, Section 2.5]). On the other hand,
since

1X
kDN

jck j �

�
inf

l�N

1

jcl j

� 1X
kDN

jck j
2
�

‰.N /2

supl�N jcl j
;

43Note that the additional log-smoothness of order 1
2

(i.e., .1C k/�1=2) is now introduced in the definition of V1.R
n/; see

also Proposition 43. This modification is rather natural in view of the classical a priori estimates for M 1;1=2.R2/ obtained in
[Majda 1993, Proposition, p. 928].

44According to the discussion at the beginning of Section 8.1, we may restrict our attention to the 2D setting.
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we have
1

‰.N /2

1X
kDN

jck j&
1

supl�N jcl j
; (9-2)

but since fcN gN2N0
2 `2, we have limN!1 jcN j D 0 and therefore the left-hand side of (9-2) tends to

1 as N !1, showing that f 62 V‰.R
2/.

Example 57 (V‰.R2/nT‰.R
2/¤¿). Given a scalar sequence fclgl2Zn , define f using (7-7) with

�N l D

�
cl ; N D 0; l 2 Zn;

0; otherwise:
Computing norms using Propositions 43 and 51, we find

kf kV‰.R2/ � sup
l2Zn

jcl j and kf kT‰.R2/ �

�X
l2Zn

jcl j
2

�1=2

:

Thus, if we select fclgl2Zn 2 `1n`2 we obtain an example of f 2 V‰.R
2/ but f 62 T‰.R

2/.

Remark 58. The above computations show a stronger assertion: given any decays ‰ and ˆ, one can
always construct f 2 V‰.R

2/ such that f 62 Tˆ.R
2/.

The previous remark shows that for different decays ‰ ¤ˆ, V‰.R
2/ cannot be contained in Tˆ.R

2/.
The next result shows that under some additional condition the reverse inclusion is possible.

Proposition 59. Suppose that
1X

jDN

ˆ.j /.‰.N /2; N 2 N0: (9-3)

Then
Tˆ.R

2/ ,! V‰.R
2/:

Proof. We use Nikolskii’s inequality for entire functions of exponential type (see, e.g., [Timan 1963,
Section 4.9.53]) to estimate

1X
jDN

2�2j
k�jf kL1.R2/ .

1X
jDN

2�j
k�jf kL2.R2/

�

�
sup

M2N0

2�M

ˆ.M /
k�Mf kL2.R2/

� 1X
jDN

ˆ.j /

.‰.N /2 sup
M2N0

2�M

ˆ.M /
k�Mf kL2.R2/

�‰.N /2 sup
M2N0

1

ˆ.M /

� 1X
jDM

2�2j
k�jf k

2
L2.R2/

�1=2

D‰.N /2 kf kTˆ.R2/:

Therefore Tˆ.R
2/ ,! V‰.R

2/. �
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Remark 60. The assumption (9-3) is quite restrictive. In particular, it forces the series
P1

jD0ˆ.j / to be
convergent. This automatically excludes many interesting examples of spaces Tˆ such as the corresponding
one to the decay ˆ.j /D j�˛ with ˛ 2 .0; 1�, which are connected with R-spaces (see Theorem 48). In
conclusion, the analysis of Tˆ cannot be, in general, reduced to study of the simpler spaces V‰.

10. A sparse approach to energy conservation

Throughout this section, we work with the following special class of approximate solutions on T2� Œ0; 2��2

introduced in [Cheskidov et al. 2016, Definition 3].

Definition 61. Let u 2 C.0;T IL2.T2// with u0 2 L2.T2/. We say that a weak solution u of Euler
equations is physically realizable with initial velocity u0 provided that there exists a family fu"g">0 of
solutions of Navier–Stokes equations with viscosity ", such that u"* u weakly* in L1.0;T IL2.T2//

and u"
0
! u0 strongly in L2.T2/. In this case, fu"g">0 is called a physical realization of u.

Next we provide the proof of Theorem 14. In this regard, the following interpolation inequality
involving sparse function spaces plays a crucial role. This result is of independent interest.

Lemma 62. Let Q0 be a cube in R2 or Q0 D T2, and let ‰ be an admissible decay. Assume that
f 2 S‰.Q0/\ PH

1.Q0/. Then, with absolute constants, we have

kf �fQ0
kL2.Q0/

. ‰.�log r/

r
kf kS‰.Q0/C rkrf kL2.Q0/

for all r 2 .0; 1/: (10-1)

Remark 63 (see equation (11) in [Cheskidov et al. 2016]). Let us show how (10-1) can be applied to
produce a classical Gagliardo–Nirenberg inequality. Let f 2 Lp; p 2 .1; 2/. Then by Proposition 30,
with decay ‰.t/D 2�2t.1�1=p/, Lp.Q0/ ,! S‰.Q0/. Applying (10-1) for this special decay, we obtain

kf �fQ0
kL2.Q0/

. r1� 2
p kf kLp.Q0/C rkrf kL2.Q0/

for all r 2 .0; 1/. Optimizing the right-hand side by equating both terms, i.e., selecting

r D

�
krf kL2.Q0/

kf kLp.Q0/

��p
2

;

we find

kf �fQ0
kL2.Q0/

. krf k1�
p
2

L2.Q0/
kf k

p
2

Lp.Q0/
:

Proof of Lemma 62. We will use the sparse characterization of L2 (see Theorem 29 and [Domínguez and
Milman 2021]):

kf �fQ0
kL2.Q0/

� sup
QD.Qi /i2I2S.Q0/

�X
i2I

�
1

jQi j

Z
Qi

jf �fQi
j

�2

jQi j

�1=2

(10-2)

and

kf kL2.Q0/
� sup

Q2S.Q0/

�X
i2I

�
1

jQi j

Z
Qi

jf j

�2

jQi j

�1=2

: (10-3)
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To estimate the left-hand side of (10-1) we use (10-2). Let f 2 S‰.Q0/ and Q 2 S.Q0/. Then, for
M 2 N0 we have X

i2I

�
1

jQi j

Z
Qi

jf �fQi
j

�2

jQi j D J1.M /CJ2.M /; (10-4)

where

J1.M / WD

MX
kD0

X
Qi2Dk.Q/

�
1

jQi j

Z
Qi

jf �fQi
j

�2

jQi j;

J2.M / WD

1X
kDMC1

X
Qi2Dk.Q/

�
1

jQi j

Z
Qi

jf �fQi
j

�2

jQi j:

We estimate J1.M / and J2.M /. Since f 2 S‰.Q0/, we find

J1.M /.
MX

kD0

X
Qi2Dk.Q/

�
1

jQi j

Z
Qi

jf j

�2

jQi j �

MX
kD0

22k
X

Qi2Dk.Q/

�Z
Qi

jf j

�2

�

MX
kD0

22kskC1.f /
2

. kf k2S‰.Q0/

MX
kD1

22k‰.k/2

. kf k2S‰.Q0/
22M‰.M /2; (10-5)

where we have used Definition 36(i) in the last estimate.
To estimate J2.M / we will make use of the classical Poincaré inequality,Z

Q

jf �fQj. `.Q/
Z

Q

jrf j: (10-6)

Then, by (10-6) and (10-3) applied to jrf j,

J2.M /.
1X

kDMC1

X
Qi2Dk.Q/

�
`.Qi/

jQi j

Z
Qi

jrf j

�2

jQi j

�

1X
kDMC1

2�k2
X

Qi2Dk.Q/

�
1

jQi j

Z
Qi

jrf j

�2

jQi j

. krf k2
L2.Q0/

1X
kDMC1

2�k2 (by Hölder’s inequality)

� krf k2
L2.Q0/

2�M2: (10-7)
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Inserting the estimates (10-5) and (10-7) into (10-4), we achieve�X
i2I

�
1

jQi j

Z
Qi

jf �fQi
j

�2

jQi j

�1=2

. kf kS‰.Q0/2
M‰.M /Ckrf kL2.Q0/

2�M :

Since this bound is independent of the sparse family Q, we arrive at (see (10-2))

kf �fQ0
kL2.Q0/

. kf kS‰.Q0/2
M‰.M /Ckrf kL2.Q0/

2�M :

Since ‰ is decreasing, the previous estimate can be expressed as

kf �fQ0
kL2.Q0/

. ‰.�log r/

r
kf kS‰.Q0/C rkrf kL2.Q0/

for all r 2 .0; 1/. �

We are now ready to present the proof of Theorem 14. The strategy of proof is inspired by [Lanthaler
et al. 2021]; we have replaced the role played there by structure functions with our decays of sparse
indices. We provide full details for the sake of completeness.

Proof of Theorem 14. Let fu"g">0 be a physical realization of u and let f!"g">0 be the related vorticities.
By assumption, there exists an admissible decay ‰ such that

M WD sup
">0

k!"kC.0;T IS‰.T2// <1: (10-8)

Furthermore, !" satisfies the transport equation,

!"t Cu" � r!" D "�!";

and div u" D 0. Multiplying both sides of the previous equation by !" and integrating on T2 yields

d

dt
k!"k2

L2.T2/
D�2"kr!"k2

L2.T2/
:

Consequently, for any ı 2 .0;T / and t 2 .ı;T /,

k!".t/k2
L2.T2/

D k!".ı/k2
L2.T2/

� 2"

Z t

ı

kr!".s/k2
L2.T2/

ds: (10-9)

According to Lemma 62 (with Q0D T2 and45 f D !"D !". � ; t/, t 2 .0;T /) and (10-8), there exists
a universal constant C > 0 such that

k!"k2
L2.T2/

� C
‰.�log r/2

r2
M 2
CC r2

kr!"k2
L2.T2/

for all r 2 .0; 1/:

Integrating,Z t

ı

k!".s/k2
L2.T2/

ds � C TM 2‰.�log r/2

r2
CC r2

Z t

ı

kr!".s/k2
L2.T2/

ds (10-10)

45Note that !" has mean zero, i.e., !"
T2 D 0.
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for r 2 .0; 1/. In fact, letting ‰.t/ D ‰.0/ for t < 0, (10-10) with r � 1 follows immediately from
Poincaré’s inequality.46 Next we optimize the right-hand side of (10-10), setting

r0 WD log

�R t
ı kr!

".s/k2
L2.T2/

ds
�1=4

‰.0/1=2
and r D

‰.r0/
1=2�R t

ı kr!
".s/k2

L2.T2/
ds
�1=4 :

Note that �log r � r0 (since ‰ is decreasing) and thus ‰.�log r/�‰.r0/. Accordingly, it follows from
(10-10) that�Z t

ı

k!".s/k2
L2.T2/

ds

�2

� C 2.TM 2
C 1/2‰

�
log

�R t
ı kr!

".s/k2
L2.T2/

ds
�1=4

‰.0/1=2

�2 Z t

ı

kr!".s/k2
L2.T2/

ds:

Setting x" D x".t/ D "
R t
ı k!

".s/k2
L2.T2/

ds and y" D y".t/ D
R t
ı kr!

".s/k2
L2.T2/

ds, the previous
estimate can be rewritten as �

x"
"

�2
� f .y"/; (10-11)

where

f .y/D C 2.TM 2
C 1/2y‰

�
log

y1=4

‰.0/1=2

�2

:

The function f satisfies

sup
y>0

f .y/

y
D C 2.TM 2

C 1/2 sup
y>0

‰

�
log

y1=4

‰.0/1=2

�2

D C 2.TM 2
C 1/2‰.0/2 <1;

and (recall that limy!1‰.y/D 0)

lim sup
y!1

f .y/

y
D C 2.TM 2

C 1/2 lim sup
y!1

‰

�
log

y1=4

‰.0/1=2

�2

D 0:

In addition f .0/ D 0 (note that limy!�1‰.y/ D ‰.0/). Hence [Lanthaler et al. 2021, Lemma C.1]
guarantees the existence of a strictly increasing function F with F.y/� f .y/ such that the corresponding
inverse function of F can be expressed as F�1.x/ D �.

p
x/x, where � is a continuous increasing

function with �.
p

x/� �0 > 0 and limx!1 �.x/D1. From (10-11), we have�
x"
"

�2
� F.y"/;

and thus

�
�

x"
"

��x"

"

�2
D F�1

��
x"
"

�2�
� y"

46By the Poincaré inequality k!"kL2.T2/ . kr!"kL2.T2/, we have, for r � 1,Z t

ı
k!".s/k2

L2.T2/
ds .

Z ı

t
kr!".s/k2

L2.T2/
ds � r2

Z ı

t
kr!".s/k2

L2.T2/
ds:
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or equivalently

�"2

Z t

ı

kr!".s/k2
L2.T2/

ds � ��
�

x"
"

�
x2
" : (10-12)

Note that (10-9) can be rewritten as

d

dt
x" D "k!

".ı/k2
L2.T2/

� 2"2

Z t

ı

kr!".s/k2
L2.T2/

ds

and then, by (10-12) and well-known a priori L2-estimates47 for Navier–Stokes solutions (see [Lanthaler
et al. 2021, Lemma A.2]),

d

dt
x" � "k!

".ı/k2
L2.T2/

� 2�
�

x"
"

�
x2
" �

ku0k
2
L2.T2/

ı
� 2�

�
x"
"

�
x2
" : (10-13)

Next we show that

lim
"!0

"

Z t

ı

k!".s/k2
L2.T2/

ds D 0 (10-14)

uniformly with respect to t 2 Œı;T �. For � > 0 arbitrary, consider the set

A�;t WD f" > 0 W x".t/� �g:

Assume first that 0 2 NA�;t . In particular, there exists f"lgl2N � A�;t with liml!1 "l D 0. Since � is
increasing, �.x"l

.t/="l/� �.�="l/ and (see (10-13))

d

dt
x"l
�

ku0k
2
L2.T2/

ı
� 2�

�
�

"l

�
�2:

Observe that liml!1 �.�="l/D1, which yields that x"l
.t/ is decreasing with respect to t whenever

l � l0 D l0.�; �; ku0kL2.T2/; ı/. Since x"l
.ı/ D 0 and x"l

.t/ � 0, we conclude that x"l
.t/ D 0 for all

t > ı and l � l0. Therefore there exists "0 D "0.�; �; ku0kL2.T2/; ı/ > 0 such that

x".t/� � if "� "0: (10-15)

On the other hand, if 0 62 NA";t then (10-15) holds trivially. Either way, we have shown that (10-14) is
fulfilled.

Recall the energy formula for 2D Navier–Stokes solutions

d

dt
ku"k2

L2.T2/
D�2"k!"k2

L2.T2/
:

Integrating over Œı; t �:

ku".t/k2
L2.T2/

�ku".ı/k2
L2.T2/

D�2"

Z t

ı

k!".s/k2
L2.T2/

ds:

In light of (10-14), we get (uniformly in t )

lim
"!0
ku".t/k2

L2.T2/
�ku".ı/k2

L2.T2/
D 0: (10-16)

47Recall that u0 2L2.T2/; see Definition 61.
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Since fu"g">0 is sparse stable, by virtue of Theorem 2, one can find a sequence of "’s with "! 0 such
that

lim
"!0
ku".t/k2

L2.T2/
D ku.t/k2

L2.T2/

for all t 2 .0;T /. This combined with (10-16) lead to

ku.t/kL2.T2/ D ku.ı/kL2.T2/ for any t 2 .ı;T /: (10-17)

On the other hand, since ku.t/kL2.T2/ is right-continuous at t D 0, given any � > 0 one can find ı > 0

(depending on �) such that

0� ku.t/kL2.T2/�ku0kL2.T2/ � � for all t 2 .0; ı�:

Since (10-17) also holds, we have

0� ku.t/kL2.T2/�ku0kL2.T2/ � � for all t 2 .0;T �:

Clearly this shows that u is conservative, i.e., ku.t/kL2.T2/ D ku0kL2.T2/, t 2 Œ0;T �. �

Added in proof

After this paper was submitted, the sparse spaces technology was successfully applied by Domínguez
and D. Spector [2024] to resolve in the negative the DiPerna–Majda gap problem (see Section 1.1):
M 1;1 is the borderline regularity space regarding existence of approximate solution sequences with
concentrations for the 2D Euler equations. This closes the gap between lack of concentration (and
hence existence of weak solutions with energy conservation) in M 1;˛ with ˛ > 1 [DiPerna and Majda
1987a] and the concentration-cancellation phenomenon in M 1;1=2 [Delort 1991; Majda 1993]. As a
consequence, the sufficient conditions for the H�1-compactness assertion (1-2) turn out to be also
necessary. Hence the sparse methods introduced in this paper provide an optimal strategy to characterize
lack of concentration/concentration-cancellation.
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