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ILL-POSEDNESS FOR DISPERSIVE EQUATIONS:
DEGENERATE DISPERSION AND THE TAKEUCHII-MIZOHATA CONDITION

IN-JEE JEONG AND SUNG-JIN OH

We provide a unified viewpoint on two ill-posedness mechanisms for dispersive equations in one spatial
dimension, namely degenerate dispersion and (the failure of) the Takeuchi-Mizohata condition. Our
approach is based on a robust energy- and duality-based method introduced in an earlier work of the
authors in the setting of Hall-magnetohydrodynamics. Concretely, the main results in this paper concern
strong ill-posedness of the Cauchy problem (e.g., nonexistence and unboundedness of the solution map) in
high-regularity Sobolev spaces for various quasilinear degenerate Schrodinger- and KdV-type equations,
including the Hunter—Smothers equation, K (m, n) models of Rosenau—Hyman, and the inviscid surface
growth model. The mechanism behind these results may be understood in terms of the combination of two
effects: degenerate dispersion — which is a property of the principal term in the presence of degenerating
coefficients — and the evolution of the amplitude governed by the Takeuchi—-Mizohata condition — which
concerns the subprincipal term. We also demonstrate how the same techniques yield a more quantitative
version of the classical L?-ill-posedness result by Mizohata for linear variable-coefficient Schrodinger
equations with failed Takeuchi-Mizohata condition.
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1. Introduction

1.1. Quasilinear degenerate dispersive equations. We study the issue of ill-posedness of the Cauchy
problem for various quasilinear dispersive equations in one spatial dimension in the presence of degenerate
dispersion. We consider both Schrédinger- and KdV-type equations. Examples of Schrodinger-type
equations we treat include, for instance, the equation of Hunter and Smothers [2019]

i0;¢ + 3x(|¢|*0,9p) =0, (1-1)

which was derived from the equation of Majda, Rosales and Schonbek [Majda et al. 1988] describing
the resonant reflection of sound waves off a sawtooth entropy wave, as well as its Hamiltonian variant
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considered by Germain, Harrop-Griffith and Marzuola [Germain et al. 2020; Harrop-Griffiths and Marzuola
2022]
18,0+ Pox (93:9) — pold ¢ =0, o =—1,0.1, (1-2)

where ¢ : Ry x T — C. A degenerate Schrodinger-type equation similar in form to (1-1) and (1-2) (but
with different lower-order terms) also arose earlier in the work of Rosenau and Schochet [2005] in the
study of compact breathers (see also Remark 1.3 below). In the KdV case, our results cover the K (m, n)
equation of Rosenau and Hyman [1993] with n =2, i.e.,

du + (lw) + (1u2) =0, m anonnegative integer, (1-3)
nm X 2 XxXx

which has been studied extensively in connection with the remarkable nonlinear phenomenon of the
existence of compactons (solitons with compact spatial support) [Rosenau 1994; 2005; 2006; Rosenau
and Hyman 1993; Zilburg and Rosenau 2017; 2018] (see [Rosenau and Zilburg 2018] for a recent review),
as well as the inviscid surface growth model (see [Blomker and Romito 2009; 2012; Choi and Yang
2021; Ozanski and Robinson 2019] for the full surface growth model, with the dissipation —v/, .y On
the right-hand side)

0rh + (7)) =0, (1-4)

where u, h : Ry x T — R. Indeed, degenerate KdV-type equations similar in form to (1-3) appear in
various subjects including sedimentation models [Zumbrun 1999; Betancourt et al. 2011], the shoreline
problem in water waves [Lannes and Métivier 2018] and magma dynamics [Simpson et al. 2007; 2008], to
name a few. A more extensive list of references on degenerate KdV equations can be found in [Germain
et al. 2019; 2020].

In each of these equations, observe that the highest-order term is nonlinear — more specifically, qua-
dratic or cubic —in the solution. Vanishing of the solution, therefore, leads to some kind of “degeneracy”
of the highest-order term, which in turn gives rise to delicate issues in the (local) well-posedness of the
associated Cauchy problem.

Indeed, for initial data that are uniformly bounded away from O (a property henceforth referred to as
nondegeneracy), one expects local well-posedness in high-regularity L?-based Sobolev spaces H*(T).
For example, in the case of (1-1), for a sufficiently regular solution ¢, one has the conservation of the L?

§(fre)-o

Obtaining higher-regularity a priori estimates is a much more nontrivial task. One can observe the

norm:

following bound for n > 1 (in operator notation) at each ¢:
d
5( / |(ax|¢|28x>"¢|2dx) Su Bl
T

Furthermore, as long as the solution stays nondegenerate at ¢, in the sense that inf, |¢ (x, )|> > ¢ for some

¢ > 0, a standard argument involving the ellipticity of (9, |¢ (x, 1)|>9,)" allows us to bound || (-, 1)||>

H?2n
4n+2

by the integral on the left-hand side up to errors of the form O(||¢ (-, 1)]/;2, ). Putting these together,
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one can establish a short-time H?" a priori estimate for the solution ¢ with nondegenerate initial data.
However, in the case of degenerate initial data (i.e., those without a uniform bound away from 0), the
above scheme for a short-time H>" a priori estimate with n > 1 clearly breaks down.

In this paper, we show that this failure of proof of higher-derivative a priori estimates is, in fact, a
manifestation of genuine ill-posedness in standard function spaces. Despite the formal conservation of
the L? norm, we demonstrate that all of the equations above are rather strongly ill-posed — in the sense
of nonexistence of solutions and unboundedness of the data-to-solution map in suitable set-ups —in a
neighborhood of degenerate initial data (e.g., zero data) in high-regularity spaces (C¥~!"!, Sobolev or
Holder spaces).

1.2. Main results for quasilinear degenerate dispersive equations.

1.2.1. Results for Schridinger-type equations. To treat the Hunter—Smothers equation (1-1) and the
Hamiltonian equation (1-2) simultaneously, we shall consider the general equation

13,0+ | 0,x 9 + 18|dc 1> + B1d(3:8) + p1|p|*p = 0, (1-5)

where ¢ : R, x R, — C, oy, 81 € Rand u; € C. Indeed, the case «; = 81 = 1 and u; = 0 corresponds
to (1-1), while the case @y = 0 and B; = 1 corresponds to (1-2).

For the statement of the main results, we need to introduce the following exponents. Given «, 81 € R,
we introduce the exponent

GC:—<%+,31—1) (1-6)

and let s. be the smallest integer greater than 1 and o, — 5, i.e.,

1
2’

sc=max{2, Lac—%J +1}. (1-7)
Note that o, = —% and s, = 2 for (1-1), while o, = 0 and s, = 2 for (1-2). For the significance of o, and
|_c7C — %J + 1, see Remark 1.4 and Section 1.3. We note already that the lower bound s. > 2 is a technical
byproduct of our proof, which we have not attempted to optimize.

Our first result is unboundedness of the solution map (i.e., norm inflation) in C* near any solution
with a linear degeneracy.

Theorem 1.1 (unboundedness of the solution map near a linearly degenerate solution). Assume that there
exists a solution f € L*([0, §]; C**tL1(T)) to (1-5) with some 8 > 0 such that f(t =0) = fy is linearly
degenerate; that is, there exists xo € T with f(xo) =0 and fo’ (xg) #0.

Then, for any € > 0, sy > s¢, and 0 < 8' < 8, we can find ¢y € C®°(T) such that ||¢o||cso < € and one
of the following holds:

o there exists no L*([0, 8']; C%(T)) solution to (1-5) with initial data [y + <§0; or
e any L*°([0, §']; C*(T)) solution ¢ with ¢p(t =0) = fo+ qNSO satisfies

sup lg(t, ) — f(t, e > co(8) ™2,

O<t<d’

with some cog > 0 depending only on f.
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While the solutions considered in this theorem and below are assumed to be only L in time, it is
immediate from the equation and the high spatial regularity (i.e., s, > 2 in the present case, and s, > 3 in
the KdV-type case below) that they are in fact (at least) continuous as a function of (¢, x). Hence, there is
no ambiguity in the notion of the initial data (i.e., the restriction to {# = 0}) for such solutions.

We remark that the norm inflation assertion immediately implies the inflation of any norm that
controls C*, such as H? with o > s, + % In fact, our proof readily extends to norm inflation in H°
for any o > o, in the second alternative, which is expected to be sharp according to Remark 1.4 and
Section 1.3 below; see Remark 2.10 for further details. We also remark that the statement of Theorem 1.1
should extend over to the case of solutions with orders of degeneracy other than 1. For simplicity, however,
we restrict ourselves to the linearly degenerate case, which is “critical” in some sense; see Section 1.3.

Our second result is the nonexistence of a regular local-in-time solution in arbitrarily high-regularity
C* spaces.

Theorem 1.2 (nonexistence of regular local-in-time solution). For any € > 0 and sy > s. + 2, there exists
an initial data ¢o € C° (1) satisfying ||Pollcso < € for which there is no corresponding solution to (1-5)
belonging to L*=([0, 81; C**%(T)) with any § > 0.

As an immediate corollary of the above, we have that (1-1) and (1-2) are ill-posed in the strongest sense
of Hadamard in function spaces which contain C* and control the C* norm (where 4 = s. + 2): there
exists C* initial data without a local solution in L*W* 7 with s — % >4 and L®Ck* with k + o > 4.

Remark 1.3. We give a few simple remarks regarding the above.

« In all of the above, the physical domain could be taken to be R instead of T.
« As one may expect, the lower-order term /1|¢|?¢ in (1-5) does not play any essential role.

o In [Rosenau and Schochet 2005], the following equation (with u = 1) was studied:
idw + 3 (@18, w[*d,w) + ulw|*w) =0. (1-8)

If the coefficient w in front of the lower-order term is zero, then observe that ¢ := d, w obeys exactly an
equation of the form (1-5), to which our theorems apply. In view of the preceding remark, we expect our
method to be readily extendible to (1-8) for © = 1 as well.

Remark 1.4 (exponents o, s., Takeuchi-Mizohata condition and degenerate dispersion). Observe that
the ill-posedness results, Theorems 1.1 and 1.2, hold for all possible coefficients «;, f; in front of
subprincipal terms, although these possibly alfer the exponents o, and s.. Heuristically, o, is the expected
critical L?-Sobolev regularity exponent above which the linearization of (1-5) around a regular linearly
degenerate solution is ill-posed. In fact, the negativity of o, already signals L2-ill-posedness of the
linearized equation by the classical Takeuchi—-Mizohata condition [Mizohata 1985, Chapter VII]! Even
if o, is positive, it turns out to be L*>-ill-posed after taking k many derivatives with k > o, — % This
consideration motivates the exponent s, and our ill-posedness results. We shall elaborate on this remark
in Section 1.3.
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1.2.2. Results for KdV-type equations. To unify our treatment of KdV-type equations, we consider the
general equation

Butt + it + 1l + %(u'”)x =0, (1-9)

where u : R; x Ry = R, a1 € R, i1 € R and m is an integer greater than or equal to 2. Note that there is
no need to separately consider the case m = 1, as then this term can be easily removed by the change of
variables (z, x) = (t/, x’ + u1t').

Note that ; = 3 and | = 1 corresponds to the K (m, 2) equation (1-3). The inviscid surface growth
model (1-4) reduces to the case oy = 3 and | = 0 after making the change of variables u = V2hs.

In the present case, the role of linear degeneracy in the Schrodinger case is played by cubic degeneracy,
see Section 1.3. As before, we introduce the constant

o= (e~

and the regularity exponent
se =max{5, [oc — 5| +1}.

Here, o, is the critical L?-Sobolev regularity exponent above which the linearization of (1-9) around a
regular cubically degenerate solution is ill-posed (see Section 1.3). The linearized equation is L*°-ill-posed
after taking k£ many derivatives with k > o, — %; this motivates the exponent s.. The lower bound s, > 5
is again a nonoptimal technical byproduct of our proof; see Proposition 3.2 for where it is used.

Theorem 1.5 (unboundedness of the solution map near a cubically degenerate solution). Assume that
there exists a solution f € L*([0, 8]; C*~11(1)) of (1-9) with some 6 > 0 and I = |a, b], such that the
initial data fy is positive on I \ 31, vanishes cubically on 91 and fo € C*~11 where s. < s < so. Then,
forany € >0, s <mgy < s0, and 0 < §' <6, we can find ¢y € C*°(T; R) such that supppo < I \ 91,
ldollcmo < €, and one of the following holds:

o there exists no solution to (1-9) with initial data fy + ¢o that belongs to L*°([0, 8']; C*~11(I)); or

o any solution u with u(0) = fo + ¢o and belonging to L= ([0, 8']; CS~11(1)) satisfies, for every
se <5’ <2|3s],
sup flu(t,-) = f (&, sy > @72
O<t<d’

That s’ < 2L%sJ is not essential and is expected to be replaceable by s’ < s; however, it is assumed
here to simplify the proof (see the proof of Theorem 1.5 below).

As in the Schrodinger case, the statement of Theorem 1.5 should extend over to the case of solutions
with orders of degeneracy other than 3, provided that s. is modified suitably. We however focus on the
cubic degeneracy case for simplicity, which is “critical”’; see Section 1.3.

The nonexistence result for (1-9) is as follows.

Theorem 1.6 (nonexistence of regular local-in-time solutions). For any € > 0 and s, < s < so, where s
is an even integer, there exists an initial data uy € C°°(T) satisfying |ugl|cso < € for which there is no
corresponding solution to (1-9) belonging to L*°([0, §]; C*(T)) for any § > 0.
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That s is an even integer is not essential but is assumed here to simplify the proof (see the proof of
Theorem 1.6 below).

Remark 1.7. We now give a few simple remarks regarding the above.

e As in the Schrodinger case, the physical domain could be taken to be R instead of T. Also, the
lower-order term (#™),, for any m > 2, does not play any essential role in the proof of ill-posedness
of (1-9).

o Our proof easily extends to norm inflation in H¢ for any o > o, in the second alternative in Theorem 1.5.
Moreover, in contrast to the Schrodinger case, we may also easily extend Theorem 1.6 to the nonexistence
of solutions in H? for any o > max{ac, 5+ %} (see Remark 1.15 for why the situations are different).
These numerologies are expected to be sharp, as we shall discuss in Section 1.3 below. We refer the reader
to Remark 2.10 for more details on this modification (which is for norm inflation in the Schrodinger case,
but the overall idea is the same).

* We expect our results to generalize to K (m, n) with n > 2, as well as C(m, a, b) equations [Rosenau
2006] with n := a + b > 2, by considering degeneracies of order n3T1 (which are critical).

Remark 1.8 (comparison with the work of Ambrose, Simpson, Wright and Yang [Ambrose et al. 2012]).
In the pioneering paper [Ambrose et al. 2012], the ill-posedness of u, = uu ., in the (fairly low-regularity)
Sobolev space H? has been proved based on the construction of a compactly supported H> (but not
smooth) self-similar solution A. However, the existence of such a solution is specific to the equation
Uy = Ullyyxy, and the proof does not extend to the more general class of equations (1-9), nor to higher-
regularity Sobolev spaces, as in our results. Our approach is distinct from that of [Ambrose et al. 2012]:
it does not involve self-similar solutions, but is rather based on appropriate smooth wave packet-type
approximate solutions traveling towards the degeneracy; see Section 1.3. While our results (Theorems 1.5
and 1.6) do not cover Sobolev regularities as low as H? due to technical reasons, our heuristics suggest
that our ill-posedness mechanism should extend to H with o > o, = %

Nevertheless, we point out that a key heuristic consideration of our approach, namely, the combined
effect of degenerate dispersion and subprincipal terms, can already be found in [Ambrose et al. 2012],
albeit with a different viewpoint.

Remark 1.9 (comparison with the works of Germain, Harrop-Griffith and Marzuola [Germain et al. 2019]
and Harrop-Griffith and Marzuola [2022]). For solutions to (1-1) and (1-2) with degenerate initial data
(i.e., initial data with a zero), our proof identifies and exploits, in a nonlinear fashion, a mechanism by
which energies in low frequencies are transferred to high frequencies at arbitrarily fast rates, where the
frequencies are defined with respect to the original variable x. We emphasize, however, that it does not
rule out the possibility of well-posedness in regularity classes adapted to the degeneracies of the initial
data, by working with a renormalized variable and/or suitable weights. Indeed, such positive results have
been proved in the interesting works of Germain, Harrop-Griffith and Marzuola [Germain et al. 2019] for
a KdV-type quasilinear dispersive equation, and Harrop-Griffith and Marzuola [2022] for (1-2), where
Lagrangian-type coordinates adapted to the solution were used to formulate the function spaces.
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1.3. Key mechanism: degenerate dispersion and the Takeuchi-Mizohata condition. The nonlinear
ill-posedness results in this paper are firmly based on a detailed and quantitative understanding of ill-
posedness for the linearized equation around a background solution f whose initial data contains a
degeneracy. For simplicity, in this subsection we shall assume that the linearization takes the form

{B,M —i0¢(adyu) —ibo,u = (lower-order) in the Schrodinger case, (1-10)

oru + %(8)? (au) + aa)?u) + bafu = (lower-order) in the KdV case,

where a = a(x) is real-valued in both cases and b = b(x) is also real-valued in the KdV case.!

Remark 1.10 (on time independence of the coefficients in (1-10)). While we assumed that a(x) and b(x)
are time independent, the actual linearization of (1-5) and (1-9) on a dynamic background solution f (¢, x)
would, of course, have time-dependent coefficients. Nevertheless, the timescale of the ill-posedness
mechanism is arbitrarily short, and hence we may effectively approximate these coefficients by the initial
values for the purpose of our discussion.

It is conceptually useful to distinguish two intertwined mechanisms for ill-posedness, degenerate
dispersion and Takeuchi—Mizohata instability, which can be seen from the principal and subprincipal
terms, respectively. Both phenomena must be taken into account to obtain a comprehensive picture of the
ill-posedness of (1-5) and (1-9) in the presence of a degeneracy in the initial data (and, more concretely,
to explain the relevance of the exponents o, and s;).

(1) Principal term: dynamics of bicharacteristics. The ill-posedness of (1-10) from degenerate dispersion
can be most easily described at the level of the bicharacteristic ODE system associated with the principal
symbol p of the spatial part of (1-10), which is given by

{X:aép(x, ),

- z (1-11)
o= _axp(xa C‘)»

where p(x, £) equals —a(x)£2 in the Schrodinger case and —a(x)& in the KdV case. By geometric optics,
the trajectory (X (¢), E(¢)) describes (at least on sufficiently short timescales) wave packets concentrated
near X (¢) in the physical space and E(#) in the frequency space; see (1-15) and (1-16) below for further
discussion. If (1-11) admits the growth of |E| by a definite factor (e.g., 2) in arbitrarily short timescales,
we would have a strong indication of ill-posedness of (1-10) in high-regularity Sobolev spaces. In turn,
such a growth may come from some degeneracy of p in X — this phenomenon is what we shall refer to
as degenerate dispersion.

To be concrete, let us assume that the dynamics is given in (x, £) € R x R and the coefficient a in p is
of the degenerate form a(x) ~ Ax" (n > 0) for |x| small, so that

p(x, &)~ —Ax"E™ for |x| small and |&]| large. (1-12)

IFor Schrodinger-type problems, we regard first-order terms of the form E(x)axﬁ as (lower-order), as it can be removed by a
suitable change of the dependent variable; see the introduction of ¥ in Section 2.3.2 below.
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Note that m equals 2 in the Schrodinger case and 3 in the KdV case. The associated bicharacteristic ODE
system is

X~ —AmXx"gm-!

{ n ’ (1-13)

E~ AnX"1E",

In view of the fact that the group velocity X vanishes at the point x = 0 (since n > 0), we shall say that p
is degenerate at x = 0.

We shall now describe the ill-posedness mechanism of degenerate dispersion in this concrete case.
(This analysis can be found in the introduction of [Germain et al. 2019] as well.) With a change of the
time variable, we may take A = 1. Assume, for the sake of this heuristic discussion, that the ~ above are
exact equalities. Consider the solution to (1-13) with initial conditions (Xg, Eg), where 0 < Xo < 1 and
Eo > 1. Then, appealing to the fact that X" E™ is conserved in time, we have

B(1) = Bo(1+ (n —m) X~ Ep—lgym/tm=n)
for m # n. When m = n, which will be referred to as the critical case, we have instead
B(1) = Epexp(m X[ BN ). (1-14)

In all cases, the frequency magnitude doubles (i.e., | E(12)| = 2| Ep|) at time 15 =~ | o]~ Xo|' . If the
order of p is greater than 1 (i.e., m > 1), the doubling time 7, may be taken to be arbitrarily small by
choosing | Eg| large, as we desired. Such an arbitrarily fast growth of E suggests that high derivatives of
the solution following this bicharacteristic flow would also grow arbitrarily fast— this is what we shall
refer to as ill-posedness via degenerate dispersion.

Finally, let us connect the above model case to the equations considered in this work. Recall that
the principal coefficient a in the linearized operator is determined by the background solution f, where
a =|f|? for (1-5) and a = f for (1-9). Since the relevant frequency doubling timescale 7, is arbitrarily
small, it is reasonable to make the approximation f & fy. Assuming that fj is degenerate at x =0, in
the sense that | fy| vanishes to some finite order at 0, we arrive at the ansatz a(x) ~ Ax" for some A # 0
and n > 0.

Remark 1.11 (critical degeneracy). In this work, for simplicity, we shall consider only background
solutions with critical degeneracy n = m. The heuristics suggest, however, that a similar arbitrary fast
growth of |E| is expected for any order of degeneracy n > 0. The techniques in this paper should be
generalizable to these cases.

(2) Subprincipal term: evolution of wave packet amplitude and the Takeuchi—Mizohata condition. While
subprincipal terms do not enter in the dynamics of bicharacteristics, they need to be considered in order to
fully understand the well- and ill-posedness issues for (1-10). In fact, the subprincipal term may already
cause ill-posedness in L? even when the principal term is nondegenerate! This phenomenon is captured
by the classical Takeuchi—Mizohata condition (after the works [Takeuchi 1980; Mizohata 1981] in the
Schrédinger case); see (1-19) below.
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To understand this phenomenon, it is instructive to delve a little deeper into the construction of wave
packet (approximate) solutions for (1-10). Consider the ansatz? u = a(z, x)e!®*) with the following
properties: (i) ®(¢, x) is real-valued, 0, ®(0, x) = Eg on the support of @(0, x), and (ii) a(z, x) is complex-
valued, and a (0, x) is a smooth bump function adapted to a small ball centered at Xy. With the expectation
that the 9, ® (¢, x) stays large compared to the characteristic frequencies of a, a and b, we may write

e (3, — id,a(x)dy — ibd,)(ae'®)
2

;P
=i(3;®+a(d,®)P)a+da+2ad, ®d.a+ <8xa +b+a8xq))8x<l>a +--
X

in the Schrodinger case (where we omitted terms that do not involve d, ®) and

e (3 + 1 (3}a +ad}) +bd7)(ae'®)
2

: 3 2 3 ax(I> 2
=i(0® —a(®:®))a+da —3a(3:®)*dca — b+ 30ra — a2 ) (0@ a+ -
X

in the KdV case (where we omitted terms of order O and 1 in 9, ®). To eliminate the main terms on the
right-hand sides, we are led to impose the following classical Hamilton—Jacobi and transport equations
for ® and a:

0 ®+a(d,®)?*=0, , L
in the Schrodinger case, (1-15)
0ra +2ad, ®o.a+ 9, (ad, ®)a=—bo, Pa
P —a(d,®)°* =0, .
) 3 ) ) in the KdV case. (1-16)
0ra —3a(0,®) 0 a — 50, (a0, ®))a =Db(3,P)"a

Observe that (X (¢), E(¢)) solving (1-11) are precisely the bicharacteristics for the above equations in the
method of characteristics [Evans 2010, Chapter 3], which explains the relevance of (1-11). Moreover, the
transport equations show how b influences the evolution of the amplitude a. In fact, we may easily check
that

(1-17)

N —

d lal2, = —(Re b d,®a, a) inthe Schrodinger case,
dr T T (b(3, @) %a, a) in the KdV case,

which clearly demonstrates how b influences the evolution of the L? norm (here (-, - ) is the standard
L?-inner product).

We are now ready to give a heuristic derivation of the Takeuchi-Mizohata conditions. By the method
of characteristics, we expect, at least for a short time, that 9, ®(¢, X (#)) = E(¢) and a remains a bump
function adapted to a ball centered at X (¢). Hence, on supp a, we expect

Re b(X (1))

_ ~ — g 22 =
(Reb 0, ®a, a) ~ —Reb(X (1) E()|al; 2a(X (1))

X lal3,

2In the KdV case, we can take the real or imaginary part of ae'® at the end to obtain a real-valued wave packet.
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in the Schrodinger case and

b(X (1)

) N =02all?, = —
(b(0x®)’a, a) ~b(X (1)) E@) |lal;. = 3a(X (1))

X@)llall?,
in the KdV case, where we used (1-11) for the last equalities. Using (1-17) and ||u||;2 = ||@]| .2, We arrive
at the expectations

exp(— [y (Reb)/(2a) dx)lu(t = 0)[| > in the Schrodinger case,

Xo

(1-18)
exp( x b/ (a) dx)flu(r =0)| 12 in the KdV case.

lu(@)ll2 =~
The Takeuchi—Mizohata conditions (see [Takeuchi 1980; Mizohata 1981] in the Schrodinger case; see

[Akhunov 2014; Ambrose and Wright 2013] and Remark 1.13 for the KdV case) are simply sufficient
conditions for the forward-in-time boundedness of ||a|| > read off from (1-18):

" Reb
sup / ——dx| < 400 in the Schrodinger case, (1-19)
X0<X1 X0 261
Xop
sup / —dx <400 in the KdV case. (1-20)
xo<x1 Jx a

Conversely, the failure of the Takeuchi—-Mizohata conditions (1-19) and (1-20) signals arbitrarily fast
growth (i.e., norm inflation) of the L? norm of u, since X (¢) may travel arbitrarily far from Xq in
any fixed duration of time if Ey is large. In this paper, we shall refer to this norm inflation (or ill-
posedness) mechanism as the Takeuchi—-Mizohata instability. Below, we shall consider the interaction of
degenerate dispersion and the Takeuchi—-Mizohata instability, which provides us with a detailed heuristic
understanding of the ill-posedness properties of the linearization of (1-5) and (1-9) in the presence of a
(critical) degeneracy in the initial data.

Remark 1.12 (rigorous results on Takeuchi—-Mizohata-type conditions). The necessity of (1-19) for the
L?-well-posedness of (1-10) in the Schrodinger case has been known since the early works [Takeuchi
1980; Mizohata 1981]; see also [Akhunov 2014] for the KdV case. On the other hand, whether such a
condition alone is sufficient for L? boundedness in general is less clear, especially in higher dimensions.
Nevertheless, some strengthened form of the Takeuchi-Mizohata condition underlies many works on
the well-posedness of the Cauchy problem for linear and even nonlinear Schrodinger- and KdV-type
equations; see, e.g., [Akhunov 2014; Akhunov et al. 2019; Ambrose and Wright 2013; Harrop-Griffiths
2015a; 2015b: Kenig et al. 1998; 2004; Marzuola et al. 2012; 2014; 2021; Mizohata 1985].

Remark 1.13 (role of sgn b in the KdV case). Observe that the absolute value is needed in the Schrodinger
case (1-19) since X (r) may travel in both directions, while it is not necessary in the KdV case (1-20)
since X (t) is always decreasing if a is positive (resp. increasing if a is negative) according to (1-11).
In particular, in the KdV case, (1-20) is always satisfied if » < 0, and even when b has some positive
parts, it is possible that the Takeuchi—-Mizohata condition is still satisfied (e.g., when b oscillates). This
phenomenon has been explored by Ambrose and Wright [2013], who prove well-posedness of some
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variable coefficient linear KdV-type equations in the periodic setting in the presence of the positive part
of b (referred to as “antidiffusion” in that paper).

Remark 1.14. While our main focus is the interaction of Takeuchi—-Mizohata instability with degenerate
dispersion, the method developed in this paper also provides a new and effective way to rigorously
establish the necessity of (1-19) and (1-20) for the Lz—well—posedness of (1-10). We refer the reader to
Section 1.5 and the Appendix for sample results in the Schrodinger case for a = 1 (but in arbitrarily
dimensions).

(3) Combined effect of degenerate dispersion and Takeuchi—Mizohata instability. We are now ready to
discuss the combined effect of the principal and subprincipal terms in (1-10) obtained by linearizing
around a background solution f with a degeneracy. Keeping Remarks 1.10 and 1.11 in mind, we consider
the linearization of (1-5) and (1-9) around f(z, x) = x and x> (for |x| small), respectively. Then we arrive
at (1-10) with

a(x)=x* b(x)=3(a1+p1—1)x inthe Schrodinger case,

a(x)=x>, b(x)=3(a; —3)x? in the KdV case.

Recall from the above that we are considering bicharacteristics (X (¢), E(¢)) with Xo > 0 and X (¢)
traveling to the degeneracy O in both cases. Wave packets corresponding to such bicharacteristics shall be
called degenerating wave packets.

The relevant Takeuchi—-Mizohata condition (see (1-21) below with o = 0) for ||u|| ;> may or may not
hold, meaning that degenerating wave packets may or may not remain bounded in L?. Nevertheless,
it always fails for high enough derivatives, which is consistent with the heuristic E(¢) — oo! Indeed,
observe that commutation of (1-10) with 97 leads to a similar equation for 97 u but with the following
coefficients:

a(x)=x* b(x)=3(3a1+p1—1+0)x in the Schrodinger case,
a(x)=x>, b(x)=3(a1 —3+0)x’ in the KdV case.

In view of 0 < X (¢) < Xy, the Takeuchi—-Mizohata condition for boundedness of |[u|| go is

x1
sup / (%oel +8—1 +o)d—x < 400 in the Schrodinger case,
O<xp<x1<K1 Jxo X
. (1-21)
: dx .
sup / (oq - % +0)— < +o00 in the KdV case,
O<xp<x1K1 Jxg X

which fails exactly when o > o, in both cases. Moreover, the preceding heuristic analysis suggests that
the H? norm of the degenerating wave packet grows if o > o,, stays constant if ¢ = o, and decays if
o < o.. This consideration explains the relevance of the exponent o,.

Working directly with the transport equations for @ in (1-15)—(1-16) in place of (1-17), we may also
see that, for 5§, = o, + %, the W** norm of the wave packet grows if s > 5., stays constant if s = 5., and
decays if s < §.. This consideration motivates the integer exponent s, in our results.
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1.4. Discussion of the proof. Our discussion so far has been rather formal; deriving actual nonlinear
ill-posedness in standard function spaces requires more ideas. Our main technical contribution in this
work is developing a robust scheme for establishing quantitative ill-posedness, which is not only able
to deduce strong ill-posedness in quasilinear cases but also yields much stronger statements for linear
equations. The scheme largely consists of three parts: (1) construction of degenerating wave packets for
the linearized equation, (2) duality testing argument and (3) incorporation of the nonlinearity.

(1) Degenerating wave packets. We first describe the ideas for construction of a degenerating wave
packet. Compared to the heuristic discussion above, the actual construction of such an approximate
solution # to (1-10) has to (i) allow for time-dependent coefficients a = a(¢, x) and b = b(¢, x) (as the
background solution may depend on time, see Part (3) below), and (ii) solve the linearized equation up
to an equation error €; of size O(E(r)” _]_‘3) (in a suitable norm) for some § > O (here, m equals 2 for
Schrddinger and 3 for KdV). Property (ii) is necessary to justify the approximation on a longer timescale

=1l—m

than E,7", which is the instability timescale; see (1-14).
Our idea is to make appropriate changes of the independent and dependent variables from (x, u) to
(y, v) to reduce the problem to the constant coefficient case, for which the construction is standard. For

time-dependent coefficients @ = a(¢, x) and b = b(¢, x), the transformation (x, u) — (y, ¥) is of the form

dx = (a(t, x))"/™dy, u= (ww)"'v,
where

wgw = M, w9, w = ax_a'

ma 2ma

Roughly speaking, the Takeuchi-Mizohata instability is renormalized by the conjugation of the dependent
variable by the weight w, in the sense that v(z, x) := wu(¢, x) solves (1-10) with b = 0 (with possibly
different lower-order terms). Similarly, degenerate dispersion is renormalized by the change of variables
x +— y accompanied with the conjugation of the dependent variable by the weight w, in the sense that
v(t, y) solves the constant coefficient problem (9; +i(id,)™ )V = (lower-order terms). Now, starting from
a standard wave packet for the constant coefficient problem traveling towards the degeneracy and returning
to original variables, we obtain a degenerating wave packet i with the desired properties.

In order to make the above heuristic discussion precise, there are several more factors to consider. For
instance, we need to make sure that the contribution of 9;a, d,b are indeed acceptable, which ultimately
relies on the estimates we have on the time derivative of the background solution f(¢, x) in applications;
see Part (3) below. In the Schrodinger case, we need the following two additional ideas: (a) an extra
change of dependent variables to treat terms of the form bd,i, and (b) an extra phase rotation e**$ for the
wave packet v to treat terms of the form —(Im b + 9,y)9, 0, both of which are potentially problematic for
achieving Property (ii). For more details, see the proofs of Propositions 2.7 and 3.3 for details.

Remark 1.15 (numerologies in the Schrodinger vs. KdV cases). In order to justify the properties of &
needed for the proof of the H* or C* norm growth, (b) above forces the technical restriction that f € C$+1:!
with s > 2 in the Schrodinger case, while f € C s=L1 with s > 4 is sufficient in the KdV case; compare
the degeneration bounds in Propositions 2.7 and 3.3. This point explains the different numerologies in
Theorems 1.1 and 1.2 in the Schrédinger case versus Theorems 1.5 and 1.6 in the KdV case.
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(2) Modified energy estimate and duality testing argument. In order to upgrade the norm growth for
a degenerating wave packet # to an actual solution u to (1-10), we adapt the energy estimate and
duality method introduced in our previous work [Jeong and Oh 2022] on Hall-magnetohydrodynamics
(Hall-MHD). Here we shall briefly explain the argument, in the simplest setup.

Given a degenerating wave packet & for (1-10), denote by u any3 solution to (1-10) with u(t = 0) = iy,
where i1y := u(t = 0). In view of the aforementioned fact that v = wu solves (1-10) with b = 0, the
following modified energy estimates should hold (at least when u is sufficiently regular):

lwaell oo go,01:22) S Nlwollzs Nwitll e qo,r1:22) S llwitoll 2, (1-22)

where 0 < #p < 1. By the same token, the following generalized (bilinear) energy estimate should also
hold: d
|, wi)| S Jwell 2wl 2 + wul 2| wegll

(We remark that 9, w also arises, but in applications we shall have |3, w| < w.) Here, €, and €; are the

errors associated with u and u# viewed as approximate solutions to (1-10). Then, as long as the error
%2’
behavior of u in various norms by simply estimating the degenerating wave packet i and using duality.

terms are bounded, we may deduce that (wu, wi) =~ (wug, wig) = ||witg||5,, which allows us to obtain

In actual applications, the errors often contain derivatives and hence ||we;||;2 (resp. ||we, | ;2) may
diverge as |Eo| — oo. Nevertheless, in view of the fact the instability time-scale is >~ |E|! =", for the
above argument to work it suffices to have fOtOHwégHLz <1 (resp. fOtO||weu||Lz < 1) for g > ST,
For u, this is precisely Property (ii) in the preceding discussion. For an actual solution u to (1-10),
this follows from the fact that €, does not contain principal nor subprincipal terms (except bd, i in the

Schrédinger case, which may be eliminated using integration by parts).

(3) Incorporation of the nonlinearity. The ideas discussed so far explain how to prove the ill-posedness
of (1-10) that arises from linearizing (1-5) and (1-9) around a regular solution f (¢, x) whose initial data
has a critical degeneracy at x = 0. As in [Jeong and Oh 2022], the nonlinear norm inflation results
(Theorems 1.1 and 1.5) are derived by assuming the existence of a nonlinear perturbation « around f (i.e.,
f +u solves the nonlinear equation) without the instability behavior, then applying the above argument.
Moreover, the nonlinear nonexistence results (Theorems 1.2 and 1.6) are proved by superposition of
infinitely many configurations exhibiting norm inflation (with unbounded rates of growth), with disjoint
supports in physical space. We refer to [Jeong and Oh 2022, Section 1.6] for a more detailed summary of
the ideas involved, and to Sections 2.5, 2.6, 3.5 and 3.6 for details. A key new feature of the present paper
compared to [Jeong and Oh 2022], however, is that the background solution f need not be stationary
solutions, and are given as a part of the contradiction hypothesis in the proof of the nonexistence theorems.

1.5. Revisiting L*-ill-posedness a la Takeuchi-Mizohata. In view of the extensive appearance of the
Takeuchi—Mizohata instability in this paper, it is perhaps not surprising that our techniques also apply to
the original setting considered by Takeuchi and Mizohata of L?-ill-posedness of linear nondegenerate

3Note that it is a priori possible that uniqueness of the Cauchy problem for (1-10) fails. Nevertheless, the method is still
applicable and establishes the norm growth of every solution u# with the same initial data satisfying (1-22).
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Schrédinger-type equations. In the Appendix, we provide a few results concerning the Takeuchi—-Mizohata
condition obtained through our approach. In particular, we recover the following result of Mizohata [1985,
§VIL2]:

Proposition 1.16. Consider the linear first-order perturbation of the Schridinger equation on R?
i0u + Au+ b’ (x)dju =0, (1-23)

where b € CH1(RY). Suppose that the Takeuchi—Mizohata condition for (1-23) fails, i.e.,
T .
sup{/ Re b/ (x —2sw)w;ds : x € R, weS !, T > 0} = +00. (1-24)
0

Then, for any 8 > 0, every solution map L> — L ([0, d]; L?) for (1-23), if it exists, is unbounded.

Note that Proposition 1.16 clearly implies the result proved in [Mizohata 1985, § VII.2], namely, the
impossibility of having a solution map for the inhomogeneous equation

iU+ Au+b! (x)du=f (1-25)
satisfying
lull Lo o.81:22) < Colluoll 2 + 11 f Il L1 o.57:2.2))

for some Cp < +o00. In fact, via Duhamel’s principle, this result is equivalent to Proposition 1.16.
Nonetheless, our techniques generalize easily to other situations when such an equivalence is not obvious,
e.g., when b depends on time.

More interestingly, we also provide some new unconditional quantitative lower bounds for (1-23),
which are valid way past the trivial O (%) timescale (where A is the initial characteristic frequency), up to
a time when the L? norm may grow at a quantitative rate depending on A; see Propositions A.1 and A.3.
These results should be contrasted with the proofs of Proposition 1.16 and [Mizohata 1985, §VIIL.2],
which rely on qualitative contradiction arguments up to O (%) timescales.

Organization of the paper. The Schrodinger- and KdV-type equations are treated respectively in Sections 2
and 3. In the Appendix, we prove Proposition 1.16 and related results for the linear nondegenerate
Schrédinger-type equation (1-23).

2. Schrodinger-type equations

This section is organized as follows. To motivate our approach, we analyze in Section 2.1 a model
problem (2-2) derived from (1-1). In Section 2.2, we study the properties of linearly degenerate solutions —
typically denoted by f —and in Section 2.3, we construct degenerating wave packets for the linearized
equation around f. In Section 2.4, we establish a modified and generalized (bilinear) energy estimates
for the perturbation (solving the nonlinear difference equation) around f. Finally, in Sections 2.5 and 2.6,
we prove Theorems 1.1 and 1.2, respectively.
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2.1. Degenerating wave packets for model linear equation. To motivate what is to follow, consider the
case (1-1) (i.e., (1-5) with o; = ; = 1 and u; = 0), which we recall here for convenience:

id¢ + 3, (9] 9:4) = 0. (1-1)

We note that when the domain is taken to be R, f(z, x) = xe?t — which degenerates (i.e., vanishes)
linearly at 0—is formally a solution to (1-1).* Indeed, even in the absence of any well-posedness results
for the Cauchy problem, it is not difficult to show that any hypothetical smooth solution to (1-1) with
initial data fo(x) that equals x in some neighborhood of the origin should approximate xe? uniformly for
small |x| and |¢|. To illustrate our ill-posedness mechanism for initial data close to f (0, x), we consider
the linearization of (1-1) around the background solution f(t, x) = xe*!. To wit, by plugging in the

ansatz

o1, x) =xe?" +¢(t, x) (2-1)

into (1-1) and dropping quadratic or higher terms in $, we obtain the linearization of (1-1) around the

explicit solution xe?’:

18,6+ 0, (x% 0, ) + 20, (x Re(@)) + (%' — 1)d, (x$) = 0.

Freezing the coefficients of the linearized equation at 1 = 0 and dropping zeroth-order terms in ¢, which
can be readily incorporated into our ill-posedness proof if desired (see Remark 2.3), we arrive at the
model linear equation:

09+ LIG1=0, L[-]1=2dc(x?dx(-))+2x 3, Re(-). (2-2)

The goal of this section is to sketch a proof of the fact that this model linear equation is ill-posed; see
Proposition 2.1.

An important observation regarding the operator £ is that for any sufficiently regular v, we have the
estimate

[(x 2 Llvl, x]20)] < Cllix |20l 7. (2-3)
To see this, we first expand £ and perform an integration by parts to get
(x| 2iLtvl, x]'/?v)

= f Re[(i 0y (x2 0xV) +1ix 9, v+ x d,v)(sgnx)xv]dx
= / Re[—i(sgnx)x> 8,v 8,0 — i (sgn x) (x2 9, ) (35x) ¥ + i (sgn x)x2 xv0 + i (sgn x)x2 3,00 ] dx,

where the contribution of d, sgn x is zero thanks to the vanishing integrand at x = 0. Inside Re[ - 5], the
first term vanishes since it is purely imaginary, and the second and third terms exactly cancel (which

4In this section, we take the domain to be R rather than T.
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dictates the power % in (2-3)). For the fourth term, we write 0,0V = %BX (v?) and perform another
integration by parts to obtain

(x| 2Ll x]'20) = / Re[—i3(sgnx)(@.:x%)0%] dx,

172,112
L
Equation (2-3) suggests that the correct way to measure regularity for solutions of (2-2) is to use

1/2 1/2

whose absolute value is clearly estimated by |||x|'/“v||%,, as desired.

|x|'/2-weighted spaces.> To this end, we set ||| 2 = lllx|"/“vl| 2. We are now ready to state the main

result of this section.

Proposition 2.1. Equation (2-2) is ill-posed in L?. More specifically, for any profile gy € C OO(%, 1), any
L®L2 solution ¢ to (2-2) with initial data

$).0(x) = go(x) exp(irIn|x]), 1 <0,
satisfies the growth
||q3(,\)||Lz(t) >coexp(|Alt) foranyO <t <T,

with constants co, T > 0 depending only on gy.

Remark 2.2. By an L®L2 solution to (2-2), we mean a weak solution ¢ which satisfies the bound

Bl 2 (1) < exp(CH)lIoll 2 .

where C > 0 is the constant from (2-3) and attains the initial data in the weak sense. Existence of an L§’°L2w
solution given an L2 initial data follows from a standard argument involving the Aubin-Lions lemma
(see [Jeong and Oh 2022, Appendix A] for instance). Note that ||q~S(A),o|| 12, ||¢~>(A),0|| L2 < 1 uniformly
in 1. While we cannot rule out the possibility of nonuniqueness, the above result applies to all L*L?,
solutions.

In following the proof, the reader may find Parts (1) (degenerating wave packets) and (2) (modified
energy estimate and duality testing argument) in Section 1.4 expanded in detail. See also the remarks
following the proof, which discuss additional ideas that go into the proof of Theorems 1.1 and 1.2.

Proof. We demonstrate how to construct approximate solutions to (2-2), from which Proposition 2.1
naturally follows. To begin with, we make a change of variable y = Inx for x > 0. Then using x 3, = d,,
(2-2) transforms into
0, + dyyd + 3, + 29, Re(¢) = 0.
Defining ¢ = e,
10,0+ 0y + 0y —2¢0—¢=0.
We then introduce

v =9+ Ag, (2-4)

2i 1/2

5 As we shall see below, the exponents 2 and % in xe*'’ and |x|

for (1-5) in general.

, respectively, should be replaced by appropriate constants
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where A = % !'is (formally) an operator of order —1. Then
10y = _8)7)'(/) +A ayyq_’ - 3y¢_1 +A ay(" — (20— +2A0 + Ap)
= —0yy¥ +Adyy@ + 0yy AP — 3y, + A 3yp—(—2¢ — ¢ + 2 A9 + Ag).

Then we see that
10, + 0y, = A0y,p—(—2¢ — ¢ +2Ap + Ag).

Since the right-hand side is of order zero, it suggests that a degenerating wave packet ¢ may be constructed
by taking i to be an approximate wave packet solution to the one-dimensional Schrodinger equation,
and then going back to ¢. More precisely, take

Yoy (1, y) =exp(iry — iA*tag(y — 2A0), (2-5)

where we fix ag to be C°°-smooth and supported in {—2 < y < —1}. We need to take A < 0, so that the
support of ¥ PP(¢, ) is conﬁned to {y < —1} for all > 0. To invert (2-4), we wish to take ¢ =~ ¢ — Ay.
Since A = —8 ! acts like —55 on ¥, we are motivated to take

0P, ) =y (V) + o w(p‘% y) (2-6)

and then set

PP = e VP = ¢V (emy_kt)ao(y —2At) + TN

—i)\.(y—)»t)a—o(y _ 2)\1)) .
Returning to the x-coordinates and defining the error by €5 = [i9; + L]$*P, we have
lesOll S llaoll gz, 120, 2-7)

uniformly in A. In this sense, $*PP is an approximate solution of (2-2). Moreover, ¢*P itself satisfies the
bound [|¢*PP(¢)| 12 S llaollz2. The last key property is degeneration: with a weight higher than Ix|1/2,
*PP (1) decays in the O(|A|~!)-timescale: for example, with the weight |x|, we have

1x1¢%P (2, )l 2 S e flagll 2. (2-8)

Interpolating (2-8) with the L%)—estimate shows that [|¢*PP(z, N2 = e Now, let ¢ be an L;’Osz
solution of (2-2). Then, with a direct computation, we have the generalized energy estimate for the
weighted L>-estimate (see Section 2.4.2)

{112, v 2G) = (1112, x| e,
which gives, together with (2-7),
Re(|x|'?@, |x|'2¢*P) (1) = Re(|x|'*@, |x|'2¢*PP)(t = 0) — Ctl|pl =12 llao]l 2
At the initial time, by choosing ag in a way depending only on gy, we can guarantee that

Re(|x|'/2¢, [x|'2¢*P)(t = 0) > Idoll 12 165 Il 12 -
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Then, for 0 < < C||ao||HXz/(4||¢~>o||L%)), we obtain with (2-8) that

1 _ p z oz z z z za
¢ aoll 2022 = Re(@, |x|$™P) (1) = Re(|x|Z. [x['26*P) (1) = §lIdoll 2 165" I3,

which gives the claimed exponential growth of ()] 12- O

Remark 2.3. (1) lll-posedness of the linearization of (1-1). A small modification of the above proof
gives an analogous ill-posedness result for the linearization of (1-1) around xe*!, which takes the form

0,9+ L+ (¥ — l)xaxqzb = (zeroth-order in ¢).

Note that the additional zeroth-order terms in ¢ do not affect argument in any way; the main modification
4t 1)y Bng). Specifically, to cancel the contribution of

dy@ (where y and ¢ = e’ ¢ are as before), the operator in (2-4) needs to be modified to A = %e‘”’ dy L

is due to the presence of the additional term (e

which in turn motivates the modified ansatz

4it

e
0P, 3) =Gy (1 )+ Sy (),

with w&p)p (t, y) as before. The remainder of the proof proceeds similarly as before; we leave the details
to the interested reader.

(2) Ill-posedness in H™ for m > 0. In fact, another small modification of the above proof shows that (2-2)
is ill-posed in H™ for m > 0. More precisely, we have the growth

||8)’(”q~§(x) l72(¢) = coexp((1+42m)|A|t) foranym >0and 0 <t < T,

with ¢g, T > 0 depending only on go and m.

We now sketch the needed modification; see Section 2.5 for the complete proof. We would like to
modify the last part of the proof of Proposition 2.1 using “differentiation by parts”: under the assumption
that 377 (|x|p*P) € L?,

137 @l 2110, (1x16™P) || 2 > Re(d™p, 3™ (|x|*P)) (1) = Re(|x|' %, |x|'/2¢*P) (r).

Now the point is that ;' = xd;' = ¢, and y ~ —2|A|7 on the support of ¢*PP(r), which gives a
faster rate of degeneration [|d; " (|x|¢*P)| ;2 < exp(—(2m + 1)|A|t). This gives the claimed lower bound
for ||8;”<]3|| 12. In general, there could be some low frequency part of |x|(,z~§"‘pp which does not degenerate,
and for this reason we introduce a decomposition of |x|¢*P into high and low frequency parts in the
actual proof in Section 2.5.

Remark 2.4 (additional ideas in the proof of Theorems 1.1 and 1.2). For a general equation of the
form (1-5), we do not have access to a stationary solution with a linear degeneracy in general (furthermore,
we shall also require that fy be compactly supported, which rules out xe?’, too). Hence, we shall carry
out the above analysis (degenerating wave packet construction, modified energy estimate and duality),
where the background solution f is merely a regular (most likely) time-dependent solution to (1-5), which
has compactly supported initial data f, with a linear degeneracy, in place of xe?".
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Theorem 1.1 is proved by considering a perturbation f +¢ of such an f, and arguing that if f +¢ exists
as a regular solution (i.e., if we are in the second case in Theorem 1.1), then the above growth mechanism
for ¢ can be justified. To prove Theorem 1.2, we consider initial data ¢ consisting of a superposition of
an infinitude of configurations as above (i.e., ), (fx.0 + qgk,o), where fi o has a linear degeneracy and
gi;k,o is a degenerating wave packet adapted to fi o) with unbounded rates (i.e., the initial frequencies of
the degenerating wave packets are unbounded), disjoint supports (i.e., {supp fx.0o U supp ¢k o}« is pairwise
disjoint), yet with an e-small C""° norm. Then we perform a contradiction argument: if a regular solution ¢
to such initial data exists, then we may justify the growth mechanism (as in Proposition 2.1), which is
absurd. For details, see Sections 2.5 and 2.6 below.

2.2. Properties of a regular linearly degenerate solution. We shall assume that there exists a smooth
solution to (1-5) which is linearly degenerate and analyze its properties. To be precise, we will let
f:10,8] x [—x1, x;] = Cbe a L*([0, 81; C3Y([xo — x1, xo+x1])) solution to (1-5) with some x;, § > 0
satisfying

foe CPM ([xg—x1. xo+x1D),  folxo) =0, |fy(x0)l >0
at t = 0 for some xp € T.

Owing to the symmetries of (1-5) (translation and phase rotation), as well as its behavior under the
transformation ¢ > c¢, we may assume without loss of generality that xo = 0 and fj(0) = 1. Then, from
the equation it is easy to see that, on the time interval [0, &],

f(,00=0

and

.d

i3 f(0.0) = —(en + B0 € OF f'(2,0),
which implies in particular that

[f'(t,0)]=1 and |f(t,x)|=x+ 0 (x]%) uniformly in 7.

More generally, we have the following lemma.
Lemma 2.5. Let s > 2 be an integer, and let f € C,(][0, §]; CS~ 1)) be a solution to (1-5). Then:

(1) The zero set of f(t, x) is preserved in time, i.e., a € T is a zero of f(0, x) if and only if it is a zero for
f(, x) forallt €0, §].
(2) Leta €T be a zero of (0, x). Then {aff(t, a)}‘;;(l) is determined by the initial data at x = a, i.e.,
(9% £ (0, g
Here, the important point is that, thanks to the regularity assumption, f (0, x) vanishes at least linearly
at each zero x = a, which is critical for (1-5) in the senses discussed in Section 1.3.

Proof. By the regularity assumption (in particular, that s > 2), it follows from (1-5) that |0, f (¢, x)| <
C| f(z, x)|; hence the first statement follows. To prove the second statement, consider a zero a of f(0, x).
Without any loss of generality, we may assume that a = 0. By the assumption and Taylor expansion, we
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have
s—1

1
ft,x) =) 00 f @ 03" + 0P,
k=1""
s—2

felt 0 = Y 0 £, 0t 4+ 0,
k=0
s—3 1
Feelt,x) =) 202 (1, 05" + 0(x ),
k=0
where the implicit constants depend only on || f || Tttt (and in particular are independent of (z, x)).
Plugging this into (1-5) and matching the coefficients of x* for k =1, ..., s — 1, we formally obtain a
determined system of first-order ODEs for {ij f, 0)}2;{; here, the fact that f (¢, x) vanishes at least
linearly is crucially used to ensure that no 8% f (¢, 0) with k > s — 1 arises. Indeed, these ODEs may be
justified in the sense of distributions by testing (1-5) against a test function of the form n(¢)(— 1)"8)'5 Xe(x),

where n € C2°(0,6), x € Cfo(—%, %) with fx =1, and x.(x) =€~ x(¢~'x). By the uniqueness of this
ODE system, the desired statement follows. O

From now on, given fy which are linearly degenerate at x = 0 and f (0, 0) positive real, we are going
to take O < x; < 1 smaller if necessary, so that

(sup [ fex(0,0)])x1 < 1 £:(0,0). (2-9)

x€[—xy,x1]

In particular, we have
5£2(0,0) <] £(0,x)| <2£:(0,0) forall x € [—x1, x1].

Proposition 2.6. Let f € LX([0, §]; C*'([—x1, x1]) be a solution to (1-5), and set M = || f | . (0.5). c31)-
Then, we have the pointwise bounds

| £t x)| < | fo(x)| exp(CM?t) (2-10)
and
19, (1.f (£, x)[F)| < CM exp(CM>8)(1+ (£ (0,0) " 'M)> (| fo(x)I> + M| fo(x)]?) (2-11)
forallt €0, 8] and |x| < x;.
Proof. We first note directly from (1-5) that |9;| £ (¢, x)|| < CI| f |3 11| £ (£, x)| holds, which gives (2-10).
Now note that f € L*([0, §]; C3 Y ([=x1, x1]) implies, via (1-5), that
190 (101 = CLF @O W errs 100 f 0= CLEEOPIS o (2-12)

Then, the Taylor expansion in time of f(z, x) gives

2

|f<r,x>|2=|fo<x)|2+2Re(m /0 (aff)<t’,x>dr/)+' /O @)W x) d’
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Taking the time derivative,

a,<|f<z,x>|2>=2Re(m<azf>(r,x>)+2Re<<a,f)<t,x) /O (&f)(rﬂx)dﬂ). (2-13)

Using (2-10), the last term in (2-13) is bounded by

ClLA o | £ 2. 0)] /0 f(t. 0)|de" < CM*texp(CM?0)| fo(x)[.

For the other term in the right-hand side of (2-13), we further rewrite it as
- - - t
2Re(fo(x) (3 f)(#, x)) = 2Re(fo(x)(9; f)(0, x)) + ZRG(fO(X) /0 (B (@, x) dt/)

and note that the last term is bounded using (2-12) by C exp(CM 28)M>3t| Jo(x) . On the other hand, the
first term on the right-hand side equals

Im( fo(x) (1 fo(o) 2 8xx fo(x) + a1 fo(x)[3x fo(x) 1 + Bi fo(x) (B fo(x))* + 1] fo ()12 fo(x)))
= 1 Im(fo(x)@x fo(x)?) + Ol foll )1 fo(o) P,

and we see that the leading term in the Taylor expansion of fj ()2 (3, fo (x))? is purely real, with remainder
bounded by

C(f(0,0° x|l foll o114 £ (0, 00 x [l foll 2y £ (0, 0 [x Pl follF.i) < C (A4 £ (0, 0) ' M) fo () P,

where we have used |x| < x; and the smallness of x; from (2-9). Collecting the bounds, we obtain the
proposition. U

2.3. Degenerating wave packets for the linearized equation. In this subsection, our goal is to construct
approximate solutions, called degenerating wave packets, for the linearization of (1-5) around a (possibly
hypothetical) regular linearly degenerate solution, which possess the desired degeneration property that is
responsible for the ill-posedness of (1-5); see Proposition 2.7 below.

2.3.1. Properties of degenerating wave packets. Given a smooth solution f to (1-5), let us write ¢ = f +¢,
where ¢ is another smooth solution to (1-5). The equation for ¢ is given by

10+ 17 00 + 1 f (0 ] 0.+ 00 f 0:9) +2B1F 0 f 0.+ Vid+ Wd = Qs[],  (2-14)
with
V= f o f+ailde fI7 42wl fI,
Wi =fouf +B1@x ) +u1f2
O/[81= —(fd+ fD)0xd — 16(Bs f 9:h+ 0, f 3:8) — o1 13:B1> — 2816 0. f 3xh — b1 F(0:6)°
— 1617 06 — 01610, B > — BB (0:$) >~ 10| $IPP — 211 F1B — i1 F (@), (2-15)
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Note that Qy [¢] is at least quadratic in ¢ and its derivatives. Dropping the right-hand side, we obtain the
linearized equation around f:

100+ | f17 Oux® + 01 f (O f Oxp+ Do f 0:) +2B1 F 0u f 9.+ Vi + Wpp = 0. (2-16)

We now state the key proposition of this section, which shows properties of degenerating wave packets
for (2-16). Given a positive number L, we introduce the notation

N
lgllwse = D (L3 gllLs
j=0

and write H(SL) when p = 2.
Proposition 2.7. Let f € L°°([0, §]; C**~11([0, x11)) be a solution to (1-5) with sy > 4 satisfying
£(0,00=0, f'(0,00=A (2-17)

for some A > 0. By taking x| < 1 small if necessary, assume that (2-9) holds. Then, to any ) < —1
and a C*°-smooth complex-valued profile go supported in (%xl , xl), we may associate a function q;?g) =
é?ff [go, f1defined in [0, §] x R satisfying the following properties:

e Linearity: the map gy +— Js?f)" is (real) linear;

e Support property: supp((/gilf)p[go]) C (0, e"”AZ’xl);

e Initial data: forany 1 < p < oo,

‘l _ o T
Ellgolle < A% F177¢™P(0, x) I 12 < Cligoll .2,
_ ~ 1/p—1/2
A% £17 %P0, x) || r < Cxl/p Plgoller:
e Regularity: for 0 <n <sg— 2, we have

A=A F180) by ()22 < Crs AT igolly, o ¢ < min{AT2[A]7V2, 8} (2-18)

o Degeneration: forany 1 <p <2, 0<s<so—2,andy’ > —s— % + % we have

e g an (T ) | g (2-19)
& =SB A+ 108y ™ ‘”

for some 1//2{))1) , éfga“, and S, where ljlélf)p is independent of p, s and y’, and

|f|y/+s—1/2
AL+ 1f10:9)

1+y’ / —
Scf‘:s'y AY +S+1/2|)\’| s

Y (8, x)
Ly

x exp(=2IAl(y +s + 4 — 3)A%) lgoll 2, (2-20)
AT @35 @ 02 < Crs A~ A igollay, | (2-21)
for t < min{A"2|A|71/2, 8}, after taking § > O smaller in a way that 5||f||%oo([0 s1:Cl) is small in

terms of A7V f || L ((0.51:c31y3
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o Error estimate: defining the error e[&?g) 1 by the left-hand side of (2-16) with ¢ = qgff)p , we have the

estimate

1177l 1Ol < CraA™ Pligollyz ¢ < min{A*37/2, 8}, (2-22)

In the above estimates, the constant Cy s satisfies
Crs < Coll+ A7 Fll et €xp(Coll £ 12 crgr16) (2-23)
for some Cy, No > 0 depending on o1, B, 1 and sy but not on f and x.

We fix A = 1 and prove Proposition 2.7 in the remainder of this subsection. In the general case,
given f we can define f(t,x):= A" f(A~2%t, x) which is another L;""Cs_l’1 solution to (1-5) satisfying
£¢(0,0) = 1. Then, we simply define

Py 120, f1(t, x) = ¢y [Ago, f1(A%t, x)
and verify the claimed properties of q;?f)p [go, f] using those for (/Sﬁf)p [Ago, f]. In the proof, it will be seen
that | f| 0, S remains invariant under this rescaling.

2.3.2. Renormalization and wave packet construction. With x| > 0 given in Proposition 2.7, we define
the variable y for ¢ € [0, §] and x € (0, x{] by

X1 1 )
e == [ e <0

For each t > 0, the inverse of x — y(¢, x) is denoted by x = x(¢, y). From | f (¢, x)| = x + O (|x|?), we
have
y(t,x) —In xi =B(t,x), x(t,y)=x1"" % [B(t,x)| < Cxi||fllpzcr (2-24)
1

Using | f| 0, = dy, we rewrite (2-16) in (¢, y)-coordinates:

i0:G+ih 0,6+ 026 + ‘xlfay_f“ﬂl';ajf miLALIVA P S flﬁTzfaydiJr Vig+Wrd =0. (2-25)
Here, we have introduced A(t, y) = 8,y so that 3,¢(t, x) = 8,@(z, y) + h(t, y)d,¢(t, y). Now defining
G(t,y) = (—oc+3) InlfIt,y), 3,6)(t,y) = (-0, + %)W(n y)
and introducing the conjugation ¢ = ¢%¢, we obtain (recall from (1-6) that o, = —(%a 1+ 81— 1))
90+ Byt alfﬁ—g@ 4 <(—a1 T Zﬁl)lm(é# T h)iaygo —Blgl  (226)

with

Bolgl = i(3,G)g + (3,,G + (3,G) )¢

+a %%G@ + ((_051 +281)

Im(f 3y f)

|f|2 +h)i(ayG)(p—Vf(p—Wf¢.
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Note that the terms in By do not contain derivatives of ¢. To handle the term containing dy¢ in the
left-hand side of (2-26), we make yet another change of variables: introducing formally

. a_lfayf _1-
V=S TR e
we have that (2-26) turns into
Im(f 3
i8;1ﬂ+8yylﬁ+<(—a1+2,31)%+h>i8y¢=...’ (2-27)

where the terms on the right-hand side do not contain any derivatives of . Indeed, introducing the

shorthand
ap fo,f 415

2 Y

and omitting any zeroth-order terms in ¢, we have the formal computation

Im(f 0, f)

| fI?
Im(f 3y f)
| fI?

Ag =

iaﬂﬁ:_y)r‘p'i‘l[at,A](P'i‘Aay)@ 0‘1f|f|2f y@ — ((_0514‘2,81)

fovf —

| fI?

Im(f 9y f)
| fI?

Motivated by this computation, we construct a wave packet approximate solution for (2-26) by starting

+h)i8y<p+-~-

=—0yy ¥ + 0,y A9 + A0y, —a1——7-0,9 — (( a1 +26)——3— +h>iayw+---

=_8yyw_<(_al+2ﬂl) +h)i3y1ﬁ+---

with a wave packet for the preceding equation for i, then coming back to ¢. More precisely, given go(x)
as in Proposition 2.7, we take

ao(y) = x,*g0(x(0, ).
which is supported in y € (—% In2, 0) by (2-24). For each A < 0, we define
Yoy, y) =e*0ag (., y), (2-28)
where a,) (¢, y) is the unique solution to
Im(f 3y f)
|f1?

with initial data a)(0, y) = ao(y). The function 1//( defined via (2-28) and (2-29) turns out to be a
suitable approximate solution to (2-27) (more precisely, (2-38) holds). Next, given PP, set

A
8ta(,\> +2A 8ya(;\) = 1_ <(—O{1 +281) + h)a(x) (2-29)

app app | 91 SOy f —app
o) =V Tom e Yoo (2-30)

which will be shown to be a suitable approximate solution to (2-26) (for more details, see the end of the
proof of Proposition 2.7). Finally, the degenerating wave packet is defined by

P 180, f1=e Oy = 1f177 20y (2-31)
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2.3.3. Proof of Proposition 2.7. Now that we have defined the wave packet solution, let us proceed to
confirm the properties stated in Proposition 2.7.

Linearity and support property. From the definition, linearity is clear. Furthermore, note from (2-31),
(2-30) and (2-28) that the support of qg?f)p (t, - ) coincides with that of a,) (%, - ). (From now on, we shall
refrain from writing out the subscript A.) On the other hand, note the following formulae for a:

a(t, y) = e*SNay(y — 211, (2-32)
Im(f 3, f)
|12

Since A < 0, the support of a(t, - ) is contained in the interval (—% In2+ 2At, 2kt) C (—00,0) fort >0,
which verifies the support property of ¢®P via (2-24).

t
S(t,y)= / ((—oel +2B1) + h) ',y =2 —1t"))dr. (2-33)
0

Regularity estimates. To begin with, we obtain estimates on & := 9,y. Recalling (2-13), we have

n | e 81D
h=— 0| —— | dx' = ——~dx’, od,h= och =— .
fx t(lf(t,x/)l) > / g & =l TiE

Applying (2-10) and (2-11), we obtain the pointwise estimates

Ih| < cf,5(1 +11n %)xl, 19,h| < Crs(x +1). (2-34)

We now estimate a. Observing that the right-hand side in (2-29) is purely imaginary,

1d

2dr =0.

- Lo d

|a|2(t, y) = —2ARe(dyaa)(t,y), which gives a||a||iz(dy)
In what follows, we use the notation L?(dy) to denote the L? norm taken with respect to the y variable,
to avoid confusion with the corresponding norm in the original x variable. Similarly, we use the notation

H'(dy) and so on. Now, taking a y-derivative and then integrating in y, we see that

1d
2 dt

—|Ale

18yal22q,) < Craltle™™ + 1) llall 2y l8yall 2ay)-

where we have used

Im(f 0, f)
|12

on the support of a(¢, - ). This estimate follows from (2-34) and

Im(f 0, f)| _|, , Im(F )|
Vi |f12

Therefore, by integrating in time, we obtain

dy ((—061 +281) +h)‘ < Crs(x(t,y) +1) < Crs(exp(—|Alr) +1) (2-35)

3, 3,9,

18ya(®) 2@y < Crsllaoll g1y
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uniformly in A, for (z, 1) satisfying # < |A|!/2. A similar argument applies to the estimate of 85a, as
long as k < sg — 2; one can proceed by an induction in k, using the bound

Im(f 3y f)
| fI?

on the support of a(t, - ). The estimate for |8§h| readily follows from the explicit decomposition d,h =
hi 4+ th,, where h; and h, are LfOCSO*Z’l—smooth functions defined by

o ((—al +261) +h)‘ < C(x(t, ) +1) < Crs(exp(—|ilt) +1)

_ 1t
hi(t, x) = 2| f17* Re(fo(x) (3 £)(t, x)), hz(l,x)=2|f|_2Re((3tf)(T,X); fo @& f), x) dr/).

Hence we conclude
lal g ay) < Crsllaoll ge@y). 0 <t <min{|2|~"/?,8}. (2-36)
In what follows, we shall restrict the variable ¢ to [0, min{|A|~'/2, §}].

Initial data and regularity estimates. At the initial time, from ag(y) = xll /2 go(x(0, y)) we have that

/ lap(y)|* dy = f x1] fo(x)| ! go(x)[* dx,

and we note that the right-hand side is equivalent up to constants with || g0|| . This gives the claimed
initial data estimate in the case p = 2, and the case of general p can be proved similarly. Next, with
dy = | fo(x)|0y at the initial time, we note the bound

|08 ao ()] < Crx)’ (anonck 21|fo(x)|f|afgo(x)|)
which gives
laoll ity < CeCl+ Il foller2*llgollg k< s0—1. (2-37)

Let us now check the regularity estimate (2-18) in the case n = 0: using | |77 T1/2 = ¢C,

A1y (¢, )7 = fo By (&, )PLf (2, %) 2% dx = / Bon & WIPLF (@, )2+ dy

0
=f P, P dy = C(1+ |x|1)/ PG, P dy
< Clla(t)IILz(dy) = Cllaoll L2@yy = Cllgoll 2-
The cases 1 <n < sg— 2 can be handled similarly, using (2-36) and (2-37).

Degeneration estimate. Next, we check the degeneration property (2-19). To simplify the notation, we
introduce the notation

e
q

H=q0(ag) = sup
te[0,min{A~1/2,8}]

< Cysllaoll gxay)-
L2(dy)
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Note that ||| £1'/2(-)ll z2ay) = Il - l .2(ax) for each z. The terms that are abbreviated as 1 0y (ap) (for k < s)

will constitute | f|~% ¢(S£;a“ the desired estimate (2-21) would be an immediate consequence of the

L? norm estimate embedded in the Oy ( -) notation. Recalling the definitions of ¢?f)p , <p?f)p ,and W(,\) , and
arguing as in the proof of the regularity estimate, we have

Y _ /]
LI oy = 1 f e ) l/zwf‘f}’+f—oo<ao>

For the first term, we have

7@ =Py @, 0l < € / WP WIPLF )P PP dy

r/2 b ey )P
§C</ Wy @ )l dy) (/ O fa Y dy)
- supp ¥ (1)

» 1/p—1/2)
=y +l
< Cllaoll}> Lf @, y)|=r2" " dy ;
L supp ¥y (7,-)

so it remains to estimate the last factor. Note that, since | f |_18y| fl=0fl=140(x)and x < x1e¥/?
for y € (—o00, 0), we have
|f(t7)’)|fcey forye(_ooao)'

Using the support property supp w(kp(t -) € (—o0, —2|A|t), we see that

24 Vp=l/z rL1 1
(/ | f@ | dy> Sexp(=20Al(y'+ 5 = 3)1)-
supp ) (1)

Hence the desired estimate (2-19) in the case s = 0 now follows.
To treat the cases s > 0, we begin by recalling that w?f)p =y =exp(iA(y — A+ S(, ¥)))ao(y —2A1).
Note the identity
|/

1
exp(ik(y —At495)) = m (may) exp(ik(y —At+9)).
y

For the expression d,S in the denominator, recalling (2-33) and (2-35), we have
|0y S| < Cystx,

and in particular we note that 1+ 9,5 > % when ¢ is sufficiently small, which can be arranged by taking
6 > 0 smaller. Commuting llﬂay (which equals 9, in the (7, x)-coordinates) outside, we have

e FE D2 L
1/2., app PP
7@l = Ifla< in(1+0,59) '”<”)+ Ortao)

By arguing as in the case of s = 0, the expression inside the parentheses can be shown to obey the
degeneration bound (2-20). The cases s > 1 are handled similarly.
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Error estimate. To begin with, at the level of W(A) , the point of choosing a(¢, y) as the solution of (2-29)
is to have

a Im(f d, o
iU 4 0y + ((—al + 2/%1)% + h)zayw/f(f)p O2(ao), (2-38)

which can be checked with a direct computation using (2-27). We now see that <p(k) is an approximate
solution to (2-26), which is motivated by the following heuristics: recalling (2-28), we have

QP 2P ap fo,f 7app . app | oy oS —app
Yo =Voy =5 e ey =V o T

To this end, (2-38) gives

3 7 Im(f 0
—id ) + Wiy — ((—al +281) m(ﬁ;';f ) ) 0, ¥ = 0s(ap)

and from this it is not difficult to see that

1 —3pp 1 ~app
29 [l a1‘ + 8)y]w()h) }w(k) + 02(610) 3y Klf(k) + 02((10)7 (2‘39)

so that

ap foyf app) f ’fayw(dff-i-Oz(ao)-

i) (S ) = e
Using (2-38), (2-39), and

Im(fayf) _\., (@1 3 —ap aifonf, (Fof .
((—oe1+2ﬂ])T|;+h)zay<21A i w(;’f):oz(ao), I y( TiE w(;’;’)=oz<ao),

we simplify

Im(f d,
[ ot (4280 20 i Joi v T

TN 7P
:[iat+ayy+((—a1+2ﬂ1)Im(|J;|82yf) ) K%/ffff zol]x J]?lelf?ff)
rnd 0V - 2§£|jfy|{ay<@‘/’?§)
= T L0 0T o L0, 0T+ Outa) = Oatan),

aPP]

Moreover, it is easy to see that Bo[go(k)

= 0> (ap), and finally the error estimate (2-22) follows from

, Im(f 9, f) ]
[z 3 + 0yy + ((—al + 251)% + h)lay]wg‘f)" +a f| szf 3,0 — Bole(y 1= 0a(ap)

and (2-37). This completes the proof of Proposition 2.7. O
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2.4. Modified and generalized energy estimates. In Sections 2.4.1 and 2.4.2, we establish the modified
and generalized (or bilinear) energy estimates that we shall need in the proofs of Theorems 1.1 and 1.2,
respectively.

2.4.1. Modified energy estimate. Assume that f and ¢ = f + ¢ are solutions to (1-1) on some time
interval. Then, recall that ¢ solves

10,0+ | F17 Oux® + 01 f (B f Oxp+ 0, f 0:0) +2B1 F 0, f 0:h+ Vi + Wi = Qs[@l,  (2-40)

where Vy, Wy and Q[ -] are defined in (2-15). To deal with solutions of (2-40), it turns out that the
following time-dependent Hermitian product and norm are very natural (which will be referred to as the
modified energy): given some f, we define

(a3 = [ 11220t it v ol @)= [17 u P d.

Regarding this modified energy, we have the following estimate.

Proposition 2.8. Let f € L®([0, 8]; C*~ 1)) be a solution to (1-5) and ¢ € L*°([0, §']; C*~11)) be a
solution to (2-40) for some 0 < §' < 8. When o, > %, assume furthermore that at every zero a of fo, we
have 9y fo(a) # 0 and (/go(x) vanishes up to order |_O'C — %J ata. Then,ont € [0, 8], we have

1611,2(6) < 18112 (0) exp(CAULF 17011 + Q1700100 (2-41)
where o, is as in (1-6) and C > 0 is an absolute constant.

Proof. We first present a formal computation without worrying about the finiteness of the modified energy
and the validity of integration by parts, and discuss its justification below. We begin with

dyz2 v d [ 20 20 4 [ 72 —20, 12\ £1—20
S0 = & [16Pr e = [16R a0 a+ [aapir ar

The term involving 3, (| f|~2°¢) in the right-hand side can be bounded using the pointwise inequality

01 f
| f1

2
S

To handle the second term, we write

311617 = Re(i| £ 12 0:x ) + a1 Re(if (9, f dxp + dy f 54)) + 281 Re(i f y f 0:hp)
+Re(iVypp) +Re(iWr(¢)?) —Re(i Qr[Pld). (2-42)

We multiply both sides by | £|~2% and integrate in x. From the first term on the right-hand side, we
obtain, after an integration by parts,

/ Re(i|f 12 dex )| £172 dx = — / | F 22 Re(i 85 9.6 dx — (2 — 20, f £ 0, | £ Re(id, )

=—(2—20.) /Ifl_%f Re(f . /) Re(i0:$). (2-43)
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From the second and third terms on the right-hand side of (2-42), we have

[ Re(if (3 f 0: + o f 0.:)B) +2B1 Re(i 0, f 9,31 172 dx

_ = -2 _ -
= (a1 +261) f | £172 Re(f 3 f) Re(id:pp) dx+alTﬁl / | £172° Im( f 3y f)dx|p|* dx

(03] 0. . 732
+7/|f| “Re(if 0y f 8:()%) dx

a) —2B

3 f (3:(1f 1727 Im(f 8, /))) 1$1° dx

= (a1 +2B1) / | 172 Re(f 8 f) Re(id,$) dx —

-2 /(iax(lfl_z"”f 9@ dr+ % /(iaxafrz"ff 57 (@) dx.

By our choice of o, in (1-6), the first term on the right-hand side cancels exactly with (2-43). The
remaining terms are estimated from the above by C|| f ”im ol ||¢~)||iz. Next, it is easy to see that
i 7

‘ / Re(iVr$d)| £ dx| + ‘ / Re(in$$>|f|—2"fdx' S W cua 11

It remains to estimate f Re(i Qy [é]é)l f172% dx. The contribution of any term with at least one factor

of ¢ (without any derivatives) may be easily estimated by (|| fllzcl,l + ||¢~5||?;1_1) [ 161%] f172% dx. Recalling
the expression for Q¢ from (2-15), we may estimate

~ ~ ~ ~ 1/2 ~
S Uflen Bl + G120 1913, + (/|ax¢|“|f|2—2"c) 1912

‘ / Re(i Q/[$1)] £172 dx

Integrating by parts and using Holder’s inequality, we have

f ()Y fI1772% = f G (3:)* (=30, | | — (2 —200)3: P | £ £11£172% dx

B . . 1/2
< Cllculflicor il ( f (@) | f P72 dx) .
Hence

'/Re(z‘ Qrlpld)| £~ dx‘ SASlerlidlicn + ||43||§1,1)||q3||i;.
Collecting all the terms, we conclude that
d -~ ~ ~
ar1P1%: S U Imcns + 1917 x 01917

Integrating in time gives the desired conclusion.

We now sketch the observations needed to make the above computation rigorous. Note that, in order
for (2-41) to be nontrivial, the right-hand side must be finite, i.e., ||¢3||L; (t =0) =|| fol % oll 2 < +o00.
When o, > %, this implies the vanishing of ¢y at each zero a of f (which is isolated by the assumption in
this case) up to order |_oc - %J Applying Lemma 2.5 to the L>([0, §]; C*~"1)) solutions f and f + P,
it follows that the zero set of f(z, x), as well as the nonvanishing of f’(¢, a) and the vanishing of d;(t, X)
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up to order Lo*c — %J at each zero a of f, is preserved in ¢ € [0, §]. As a consequence, ||¢~>||L} < +o00
for every ¢ € [0, 8] as well. Using the vanishing properties of f and ¢ (the latter is needed only when
o > %), the above computation can then be justified. U

2.4.2. Generalized (bilinear) energy estimate. We proceed to prove the generalized energy estimate.

Proposition 2.9. Let ¢ be a solution of

[id, + L1 = Q[P

where [i0; +£f]¢~> denotes the left-hand side of (2-14), and let $*P° = [ gy, f] be the degenerating wave
packet constructed in Proposition 2.7. Then, we have the following estimate on t € [0, min{|x|~'/%, §}]:

d .~

3 Re(0 ™) 12| < (CUS N prr + 1917 VISl 2 + CrsA™™ P ligoll 2 DIGllLz-  (2-44)

Proof. In the proof, the time variable ¢ will be restricted to the interval [0, min{|x|~!/2, §}]. Before we
proceed, let us recall that L£¢ is given by

LoI1 = f Porto f (B f O+ f0,8)+2B1 Fd fub+Vid+ Wb
= | f1P0cxd+ (1 +2B81) Re(Foy £)ded+(—a +2B1)i Im(Fy £)dxP+ort £ O+ Vidp+ Wi
and that qgapp satisfies [i0; + L f]qgapp =€;. We compute6

d .~

3 Re(@. ™) 2 = Re( / —20c| f1727 70,1 f 1o

+ / iLfI727 (L[] — Qr (D™ — f i1f172% P (LrlgePP] - 643)).

Using the estimates for |8,| fll, Qr [q~5], and € > We can bound

.
SIS BBl 2167712,

Re / | F17207 10, | f oo

Re/i|f|2"ch[<5]@>

2 iy = =
S e + ||¢||Ltoccl,1)||¢||L;_||¢“pp||L;

and

Re f if1727 &g

7 —0.+3
< Cral g™l A Pligol 2 -

We now consider the remaining expression

f | 1727 Re(i L [P1p*P) dx — [ | |72 Re(ipL[p*P]) dx.

%Here, since $?PP is smooth and compactly supported away from the zeroes of f at each ¢, there are no issues whatsoever in
justifying the computation that follows.
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For the contribution of the principal term | | d,,, we obtain

/ |£172% Re(i| 7 0x $pP) dx — f | F172% Re(id| £ 2 95x P) dx

= — [ |f1*72 Re(idy ¢ 9, p?PP) dx — / (2—=20.)| f1'7%% 8, | f| Re(i D, pp2PP) dux

+ / | f17727 Re (i3, 8,0™P) dx + [ (2 —20.)| f1' 2% 8, | | Re(i¢p d,p*PP) dx

=- / (2= 20)| 172 3, | | (Re(i By p$™P) — Re(ip 9, $P)) dx =: I.

Since | f| d,| f| = Re(f 8, f), this term cancels with some of the first-order terms, i.e.,

(o1 + 2B f1727 Re(f dy f) Re(i 3, pp2PP) dx

- / (@1 + 281 12 Re( 3, f) Re(ih 9,) dx = —L.

For the remaining first-order terms, we have, after integrating by parts,

- / (=1 +2B)1 1727 Im(f 3, f) Re(3x ™) dx — [ (=1 +2B1)| |72 Im(f 0, f) Re( 3, ™P) dx

= (—a1 +2B1) [ (1 f17% Im(f 3, f))) Re(¢ppPP) dx,

/ o1 f172% Re(if 8, £ 0,6@) dx — [ ory| 1727 Re(igh £y £ 0, PP) dix

=5 Jir s sagam—iTaFa e ac=S [ GT0T o0 i, £

-2 / B0 Fi, )3 dx - f @127 T ) FF d.

Both expressions may be bounded from above by C|| f ||%1.1 loll 12 | 2PP|| 13- Finally, for the zeroth-order
terms, we easily have ' '

‘ / 11727 Re(i(Vpd + Wy d)doe) dx — [ 1 £172% Re(id(Vydoo + Wy eoe)) dx

.
SIFIZ 1912 16701 2.

This gives (2-44), which concludes the proposition. O

2.5. Proof of Theorem 1.1. We are now in a position to conclude the proof of Theorem 1.1 for equa-
tion (1-5). To begin with, let f satisfy the assumptions of the theorem with fy = f(r = 0). We may
assume that f(0) =0 and f;(0) =: A > 0 by translation and phase rotation if necessary. We also fix x;
as in Proposition 2.7.
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Now let € > 0, 59> s. and 0 < &’ <& be given. We take some A < —1 and g satisfying the assumptions
of Proposition 2.7, and define ¢y by

do = €c(s0) |10y (1 = 0)[go; f1.

Here, qﬁ?f)p = qﬁ(pp[go, f11is the degenerating wave packet constructed in Proposition 2.7 using gg. It is not
difficult to check that qb(pp (t=0)eC¥ and ||¢(pp (t =0)]cso Sy |2, Hence, by taking a sufficiently
small ¢(sg) > 0, we can ensure that ||go||co < € uniformly for all A < —1, as required by the statement of
the theorem. We observe that

Re(do, pyy (1 = 02 = Co||¢oIIL2 1P (r = Ol 2 (2-45)

for some ¢y > 0 independent of A. To proceed, let us assume that the first option in the theorem does not
hold; namely, there exists a solution ¢ to (1-5) satisfying ||¢— f' || L>(0,8'];c5c) < +00 and ¢ (t =0) = fo+o.
On [0, §'], we write ¢ = ¢ — f and set

My= sup (If Dl + 1D lcr).

1€[0,8']
We shall now establish the claimed norm inflation statement for ¢ by taking || sufficiently large but in a
way depending only on f and §'.

On the time interval [0, 8], using Proposition 2.8 and (2-18) we obtain that
16012 < exp(CMIDIdoll 2. POz < CraA™ligoll 2.

In particular, we note that~||g50|| 2 < +00 since ¢ is supported away from the zeroes of f, and as
discussed in Section 2.4.1, ¢ (¢) vanishes sufficiently fast at the zeroes of f (ultimately due to Lemma 2.5)
so that ||q3(t) II 12 is well-defined and obeys the above bound. Applying (2-44), integrating in time on the
interval [0, min{8', cM; %, A=2|A|~"/2}] for a sufficiently small ¢ > 0 and using (2-45), we have

Re(d (1), ¢ (1)) 12 = 3colldoll 2llgollz2 for |t < min{8', eMy®, AZA712) (2-46)
Next, applying (2-19)—(2-21) with y’ = —o. and s = 5., we have

Re(@(1), §7P (1)) = CraA~" " 1A 1ol 2 g0l et
< Re<g5(t), 8;”(.3 |f|_(7'c+s(:_1/2 wapp(t)>>
%A% (14| f195 S)
< 183 @@L A (L1 f18:8) L f P77 2y P @) s
< Cps ™ ANTOH 2 exp(=20 (se — 0 + 3) A% 133 O < 1 oll 2.

Taking |A| sufficiently large, we may ensure that
CrsA™ " A lgoll gt < geollgoll2 and  ATZAITY2 <8, (2-47)
(x1)
which gives, after combining the previous two inequalities with (2-46),

30C g ATCT O UD R exp (21 (se — o+ 5) A% doll 2 < 18 G0 |
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for |¢| < min{cM_z, A72|x|~1/2}. For each || satisfying (2-47) there are two cases; either (i) cM2_2 <
A72|AI712 or (i) eMy? > A72|A|7'/2. In the case (i), we obtain that My >4 [A|'/* >4 (8)71/?
using (2-47). Here, we could have assumed that |A| is sufficiently large from the beginning so that
sup; 0.6 11f O llcrr Ka |A|'/4. Then, M, ~ SUP; [0.5/] ¢ (@)l c11 and the desired norm inflation follows
simply from our assumption in (1-7) that s, > 2. In the case (ii), we simply take ¢t = A72A|712 in (2-46),

which gives the claimed norm inflation (actually, in this case we obtain a much stronger growth in terms
of 1/8’) using that s. > o, — % This finishes the proof of Theorem 1.1. O

Remark 2.10. At the end of the above proof, observe that we could have followed the same argument
but have used (2-19)—(2-21) with y' = —o,, s =0 and p = 2 to derive

303 AT exp 21l (@ — o) APD ol 2 < 16O e

fort < min{cM_z, A72|x|~1/2}. This can be used to prove the inflation of the H° norm for any o > o,
in the second alternative of Theorem 1.1.

2.6. Proof of Theorem 1.2. Let us divide the proof of Theorem 1.2 into several steps.

Choice of background solution. Towards a contradiction, we shall assume that there exist € > 0 and
50 > sc + 2 such that, for any ¢y € C°°(T) satisfying ||¢o|lcs0 < €, there exist § = §(¢g) > 0 and a solution
¢ € L>([0, 8]; C*T11) to (1-5) with initial data ¢ (r = 0) = ¢.

Under this assumption, let us fix a function fo € C°°(T) which is supported in (—%, %) and fo x)=x
in [—}T, %] ‘We then set

oo oo
for=) fro= Y Ao —x)),  Av= 27K, =272,
k=ko k=ko

where ko = ko (sg, €, f°0) > 1 is taken sufficiently large to achieve || follcs0o < %e. It is not difficult to see that
fo € C*°(T). Furthermore, since the supports of fi ¢ are disjoint from each other, for each k > ko, we may
choose x; € C*°(T) to be a cutoff function satisfying x; = 1 on supp( fx,0) and xx = 0 on supp( fi',0) for
any k" # k. From the contradiction hypothesis, we have a solution f(¢) € L*°([0, §]; C setl1y to (1-5) with
initial data fj for some § > 0. The estimate |9, f| < | f| from (2-12) shows that supp(f(¢)) = supp( fo)
on [0, 8], and since x; equals either O or 1 on supp(f(¢)) = supp( fo), we have that

Xk=xp» k=0

on supp(f(¢)) for any k > kq. Using these observations, it follows, for each k > ko, that f; := xi f is
again a solution to (1-5) with initial data f;(t = 0) = fi.o. Furthermore, the L>([0, §]; C**!!) norm
of fx is bounded uniformly in k.

In the following, as in the above, we use the notation

(a, b) ¢(1) :=fT|f(z,x>|—2"fa<z,x>b<r,x>dx, lally; = (a, a).

Let us also use the shorthand ||ao||szc0 = ||a||L% (r=0).
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Choice of wave packet solutions. We now fix some nonzero function gg € C*° supported in (% th) and take
gi(x) :=2K/2go (2% (x — x1)). For some sequence {Ax}i>x, to be determined (for now, we take —A; > A;”),
we consider the sequence of wave packet solutions

B =P [gxs fil,

where qS?ff) [gr; fx] is the wave packet solution from Proposition 2.7 with data g, Ax, adapted to the
linearly degenerate solution f, with A = A; and x; = 27¥~2. We define the corresponding error by

[id, + L 1b T = ex, (2-48)

where the operator [i9; + Ly, ] is obtained from (2-14) by replacing f with f;. Applying Proposition 2.7,
we obtain the following bounds: with & := min(8, A, %|A¢|~/2} = A, ?|xx|~!/? (by our choice of —iy
in the above),

° ||¢k Il 1o [0,8¢1; L2) = ka 8k ”¢kpp(t = O)HLZ = ka 5 A ||g0||L2,
(
* lekllzeqo.5.22) < Cra A ‘||gk||H(227kf2 Croa A" lgoll e
and
2 app |f|_gc+sc_1 /2 app 20, 7 small
—20, —ZL0¢ 4.S
c + c
T4 ((zmm I FRGIAL ) T
with
| floetse 1/ app

1—o, ctsc+1/2 —s.
< Cp AL 0 exp (=20 Akl (—oe + se + 1) Aet) llgoll .2

for 0 <t <6 and

(A% (14 [ f] 0S)% L

7 small —o.+1 -1
16" M qo.ser 23y < CroaAe ™ Ml gillae

—0t1, -1
< Crse A" Il llgoll e -

From (2-23) we see that

Crise S 1+ A MM exp(CoM>81), M = sup || f(t,-)llcwerin,
1€[0,6]
where the implicit constant and Ny depends on go, @1, B1, L1, S¢, but not on k and A. Then, simply using
8 < 6 and recalling Ay = 2% we see that C s S < 2Mok? holds, where the implicit constant depends
further on M and § but not on k and A;. In turn, this gives an upper bound on the constants in the estimates
above; for instance
1—0. 4 —0c+sc+1/2 Nik2
C b Ay <2M

with some N; > 0 depending additionally on o, and s.. In the following, we shall write < as long as the
implicit constant does not depend on k and .
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Choice of initial data. We now take

o0 [e.¢]
fo@) =) o) =) exp(=Ial G (1 = 0,x), (2-49)
k=ko k=ko
which belongs to C>(T). By taking ko even larger if necessary, we can guarantee that ||@gcn < %e.

Then we set ¢ = fo + éo, which satisfies ||¢o|lcn < €. Again from the contradiction hypothesis, we have
a L1 solution ¢ (¢) to (1-5) with initial data ¢y on some time interval [0, §']. We may assume that
0 < &’ < § and define

Pt):=¢)— f(1),  F(1) == xap(t)
for all kK > ko. We have that ) ;- *o ér = ¢; this follows from 8;|f 4+ ¢| < | f + ¢| and the uniform
pointwise estimate | f + @|(t, x) < | fo+ @ol(x) < | fol(x). Then we see that ¢ solves
[id: + L 1 = Qi ldrl,

(which is (2-40) with f and d~> replaced with f; and ¢~>k, respectively). We note that the L>°([0, §']; C*ot11)
norm is uniformly bounded for { fi}x=«, and {Jsk}kzko. Therefore, from Proposition 2.8, we obtain the
estimate

16kl Loe qo.1.22) S N0l iz (2-50)

uniformly in k > ko. Now, combining this with the generalized energy estimate (2-44) for ¢ and ézpp ,
we obtain that

2~
S Reld, ™| S 2% Ideol .2 Ngollse (2-51)

for ¢ € [0, 8;]. We shall now take || larger so that & = Ay 2|A;|~!/2 satisfies 2158y is very small with
respect to the implicit constants in (2-50) and (2-51). Then, since at t = 0 we have

Re(dr, ,77) r(t = 0) > T, oll 2 I§FP(t = Ollzz

by integrating (2-51) in time from ¢ = 0 to §;, we obtain

Re(de. ) 13 = gldeolliz 165 1.2 - (2-52)
At t = §; we write
|f|—a(y+sc—1/2
(A% (141 f19x8)%
and then combining the estimates of the right-hand side with (2-52), we get

2 o —s. _
||¢ko||Lz ||¢"“’"||L S2ME (1103 il oo el exp(—21ak |2 (—0¢ + s + 2))lgoll 22 + 1Akl "l goll ase ).

Re(dr, ™) r(8) = (=D Re<a;e¢;k, 1papp> T Relde, G 1,

By taking |Ax| even larger if necessary, we can guarantee that |Ag|~ 1pNik? llgollgse K ||¢app||Lz holds
(« is defined in terms of the implicit constant in the previous inequality), so that we deduce

2 .~ _
||¢ko||Lz ||¢"“’||L S 2K e | oo [ Ak |75 exp(—2[Ak ] * (— 0 + e + %)) 1goll 2,
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and then recalling the form of <l7>k,0 from (2-49),
183 Gu(r = 8l 227N Al exp (2l ]2 (— e + 5 + 1) — ] %),
Note that the left-hand side is bounded by

I Wl oo 0,53 cser1y + NNl oo go,53: cse+1.1y

for all £ sufficiently large. This is a contradiction since the right-hand side diverges as k — co. The proof
is now complete. 0

3. KdV-type equations

This section is organized as follows. After setting up some pieces of notation in Section 3.1, we study the
properties of regular cubically degenerate solutions — typically denoted by f —in Section 3.2. Then in
Section 3.3, we carry out the key construction of degenerating wave packets for the linearized equation
around f, and in Section 3.4, we establish a modified energy estimate for the perturbation (solving the
nonlinear difference equation) around f. Finally, in Sections 3.5 and 3.6, we prove Theorems 1.5 and 1.6,
respectively.

3.1. Preliminaries. We introduce the following quantity defined for a C>! function f on an interval I:

_ _ 3/2
L vy = 1F 723 0 Flioocry + 1F 772 8ax 1y + 1 ooty + 18aae Fllory.

We shall write f € Y(I) if || f|lyq) is finite. This quantity is appropriate to handle solutions with
degeneracies of order at least 3. For convenience we set

I Fllgkey = 1 f ke + 1L Ty @y
For f depending on time, we say f € L°°([0, §]; 5"’“(1)) (resp. f € L*™([0, §]; Y(I)) if

I f Wl oo go,61: ke )y 2= SE)PS]||f(T)||Ek,a(1) <400 (resp. || fllLeqo.sryy = S[l(l)%]llf(t)HY(I) < 400).
tell, tell,

It is easy to see using the Taylor expansion that any C* function which vanishes cubically at its zeroes
must belong to Y. However, propagation of Y -boundedness for (1-9) in general requires higher regularity,
e.g., C*! (see Proposition 3.2).

For later use, we introduce the notation

(@, b)y (1) := / 6,072 Pa(t, )b, x)dx, - lally (1) = (a, a)y (). (3-1)
1

20./3

For the motivation behind the power f~ , see Section 3.4.

3.2. Properties of a regular cubically degenerate solution. We first discuss a few basic properties of a
regular cubically degenerate solution f to (1-9), which shall serve as the background for our ill-posedness
mechanism.

Under the assumption f € Lf’og 39(I) with any o > 0, we can propagate the information that f
vanishes cubically on an endpoint of / and compute the coefficient.
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Lemma 3.1. Let f € L*°([0, 5], 53’“(1)) be a solution of (1-9) with initial data fy that is positive on
I\ 01 and vanishes to order at least 3 on each point in 01, where 0 < o < 1. Then the following statements
hold:

(1) The zeroes and the sign of f(t, x) are preserved in time, i.e., f(t, x) vanishes on o1 and f(t,x) >0
forx e I\ 0l forallt €10, §].

(2) Let I =a, b]. Then, the set of t-dependent functions {8§f(t, a)}izo fort €10, 8] is determined by
the initial data at x = a, i.e., {Bff(O, a)}13c:0- In particular,

Ft.x)=BO&—a)’ + Ol f l2qosicaeylx —al’™), x—at, (3-2)
where B(t) is the solution of
B(t) = =2 +6a)B (1),  66°(0) = fo.rx (@), (3-3)

and the implicit constant in O ( -) is universal. The same statement applies to b € 01.

Proof. Since we are assuming that f(z, -) € C3, from (1-9), we have

18 £1 < CU fex LF T+ 1Sl Lfexl H LALLM,

From the assumption that f (¢, -) € Y, we have the pointwise estimate

19 F1<CUflly + 1 flles L+ IFITDILL
This shows that

Fo@) exp(=Cr £l gsa(1+ I3 < £(2.2) < fo@) exp(Crll fll mgsa 1+ FIE=D)  (B-4)

for any x € I, which proves the first statement. The second statement follows from simply evaluating
equation (1-9) at x = a, b and carrying out a minor modification of the proof of Lemma 2.5. Here, the
fact that f vanishes at least cubically at x = a ensures that no Bf f(t,a) with k > 3 occurs in the ODEs
for the Taylor coefficients. We omit the details. 4
Before we proceed further, let us note that the assumptions of Theorem 1.5 on the solution f are
automatically satisfied for any sufficiently smooth solutions of (1-9).
Proposition 3.2. Consider an interval I =[a, b]CT. Let fo e C*\(T) satisfy fo>0on I\{a} (resp. I\{b})
and vanishes at least cubically at a (resp. b), so that fo € Y (I). Then there exists § > 0 depending on
| folly 1y such that, if f is a solution to (1-9) with initial data f, satisfying f € L*([0, §]; C*1(T)), then
f satisfies f|; € L°([0, 8]; Y (1)) with the bound || f || L 0.s1:y (1)) < CCoexp(CM$).
Furthermore, for this value of §, let u be another solution to (1-9) belonging to L*°([0, 8]; C +1(M))
with initial data ug satisfying ug € Y (I) and

lup(x)| = C1 fo(x) (3-5)
for some C1 > 0 uniformly for x € I. Then, for some 0 < 8’ < § depending only on ||uglly and || foly,
lu(t, x)| < C1(1+CCqyt)exp(CMt) f(t,x), t€][0,8], (3-6)
uniformly for x € I, where Co = Co(ll folly, lluolly) and M = M(|| f || Lo car, llull oo can).
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Proof. Without loss of generality, we consider the case fy > 0 on I \ {a} with fy vanishing at least
cubically at a. We compute that

o f = _,ulfmilfx — a1 fx fax — ffrxxs
O fr == (S fx — a1 (fer)® = (@ + D f frox = ffrevxs
O fox = _,ul(fmilfx)xx — Bay + 1) fox faxx — (@1 +2) fx froxxx — [ oxoxxx

Upon f € LY C*!, we have the pointwise estimate
SASPH AL +1feel®) < CMAFP+1£eP 41 £erl),
where we introduce the shorthand
M =14+ f 7 cen + 117

for simplicity. By Gronwall’s inequality, we have the pointwise estimate

(fP+ 1P + 1 fax) @, x) < exp(CMO fol” + | fouxl” + 1 o) (). (3-7)
From the assumptions on the initial data, we have that

| fo.x GO 41 fo,xx (0)I° < C5(fo(x))? (3-8)

holds pointwise on I, with some Cy > 0 depending only on || fo|ly. Returning to (3-7) and applying
Young’s inequality, we deduce the pointwise bound

| fx (2, x) fex (2, x)| < CCoexp(CMt) fo(x)
for all x € /. In turn, using this bound in the equation for 9, f, we obtain for all x € I that
0, f (1, x)| = CM|f (1, x)| + CCo exp(CMT) fo(x). (3-9)

Dividing by fy and applying Gronwall’s inequality to f/ fo — 1, we obtain

i — 1| < CCotexp(CM?t)
Jo
which, after some simplification, implies
f(t, x) < (14 CCot) exp(CMt) fo(x) (3-10)
as well as
f(t,x) = (I = CCot) exp(=CM7) fo(x). (3-11)

This guarantees that f € L{°([0, §]; Y), provided that ¢ is sufficiently small depending on Co = Co(]| folly)-
For the second statement, we note that the assumption (3-5) implies

|t () |* 4 |to,x (X) P + [10.xx (¥)[® < CT(1 + Clluolly)| fo(x)|?
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for some absolute constant C > 0. With this bound, we may apply the above argument to u instead of f
and obtain the bound

lu(t, x)| < (1+CCot) exp(CMB)|ug(x)] < C1(1+ Cot) exp(CM?) fo(x), te[0,8],

for some 0 < 8’ < § depending only on Coy = Co(||luglly). Here, M =1+ ||u||i[ooc4,1 + IIMII%OE%J. Using
this bound together with (3-11), we obtain the desired estimate (3-6), by taking 8’ smaller in a way

depending only on |lug|ly and || fo|ly if necessary. This finishes the proof. O

3.3. Degenerating wave packets for the linearized equation. In this subsection, our goal is to construct
degenerating wave packets for the linearization of (1-9) around a (possibly hypothetical) regular cubic
degenerate solution; see Proposition 3.3.

3.3.1. Linearized equation and degenerating wave packets. In the following, we fix some function f that
satisfies all the assumptions from Theorem 1.5 and further assume for simplicity that the interval is given
by I =0, b] for some b > 0. We fix some 0 < x| < b such that

3 foxex(0) < fornx(0) < 2foxxx(x)  forall x € [0, x1]. (3-12)
We now write u = f + ¢, where u is a solution to (1-9). Then, we have that ¢ must solve
WP+ Lrop =0l (3-13)
with
Li¢ = furr + 1 frprx + (@1 frx + 1 " Dpr + (frxx + m = Dt f772 f) (3-14)
Q161 = ~¢unr —1udus — - (f +6)" = " = mf" g, (3-15)

We are concerned with constructing wave packets to the linearized equation
¢+ Lrep=0. (3-16)

Recall the notation || gllW&? = Z‘;:OII(LSX)j gllrax and HYp ) = W(SL’§ from the previous section. Our
aim is to prove the following result.

Proposition 3.3. Let f € L7°([0, §1; cs It (1)) be a solution to (1-9) with initial data fy satisfying fo >0
on I \ {0} and vanishing cubically at 0 and fy € 5‘“)_1'1(1), where 4 < s <sq. Let A = %fo,”x (0) and fix
0 < x1 < 1 so that (3-12) holds. Then, given A € N and gy € C2° supported in (%xl, xl), we may associate

a function ¢?ff [go, f] defined in [0, §] x I satisfying the following properties:

o Linearity: the map gy — qﬁ?ff [go, f1is linear;
« Support property: supp(eyy[go, f1(t, -)) C (0, x1) N (0, Crxy exp(=38(1)A* 2%r));

o Initial data estimates: for 0 <n <syand 1 < p < 0o, we have

1 - —Cec
e Ugollz =27 golly, )< 16y 0950, 02 < Clgoll 2. (3-17)
fo ’

—0:/3 _ 3 —1/2
1y @A™ P @3 $G O. ) < oo™ A gollyer: (3-18)
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o Regularity: fort €[0,8]and 0 <n <s,
1L AT F 0, 2080 gy (102 < CrIAIgoll iy, (3-19)
e Degeneration: for any 1 < p <2, a nonnegative even integer s' <s,andy’ > —s’ — % + %, we have

f(—m+y/+s’)/3

(—oc+y")/3 4 apPP
f ¢()\) <(_1)s//2As//3ks

where, for 0 < j <1landt € [0, 8], we have

- ¢?}13)P> + f(*0c+)//)/3¢(3§3a11’ (3_20)

18] (A= 137 ooty TR ¢ x| < O ff HOTIEUPTR 4 135 26D
xexp(=38(AY (Y + (" = N+ 5 = 3))llgolly (B2
177 @ 0l < CA~Mgol (3-22)
x]
o Error estimate: letting
elpiy 1= (3 + L
fort €0, 8], we have
Lf = el 1, )2 < Cp(1 + ||f||LooCm)(1+|M DIrllgoll g2, - (3-23)
In the above properties, each constant referred to as C 7 (resp. C 7 ) obeys the estimate
Cj < Coexp(N;A7 || fllpogsm11)  (resp. Cp < Cexp(NyA™ | follgo-11))
f t fo
for some Cg; > 0 and N € N independent of f and x| (but possibly dependent on s).
When f or g are clear from the context, we shall often simply omit them in ¢( [go, f1.

3.3.2. Renormalization and conjugation. For the construction, we introduce the normalization

fa.x)

ft,x) = 4

By this normalization, we have f(O, xX)=x3+ of (x3). Using f, we define for ¢ € [0, 6] and x € (0, x1]

X1 1 ,
y(tsx)=_/ ~ _1/3dx SO
o f(t,x")

Note that d,y > 0. Then, we compute from 9, = f1/3 d, that
f2/3 dex = dyy — %f_lfy dy, faxxx = dyyy — f_lfy dyy + (_%f_lfyy + gf_z(fy)z)ay

Furthermore, in the time derivative of ¢,

0 (1, x) = 0;9(1, y) + (3 y)dy9 (1, y),
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and we set g := 9,y for simplicity. Note that in the (¢, x)-coordinates, we have

X1 _f£Ff  _ £ £ _ rigofrm=2 22
A_lq _ l/ S frxx al{xfxx m (f Fx d’. (3-24)
3/, f(t,x’)4/3

Then, in the (¢, y)-coordinates, (3-16) transforms into
A_lat¢ + ¢yyy + (a1 — 1)f_lfy¢yy
=—a7l9ty + (=) f T h + (S5 +30) F 2+ /1 )e,
—((FTP8) f4+m =D f"7 £, 7. (3-25)

We shall regard the expressions on the right-hand side of (3-25) as error terms. To remove the last term
on the left-hand side, we introduce the conjugated variable

p=e9, (3-26)
where G shall be determined below. We compute

3y¢ = e%(By9 +0,Go),
03¢ = e%(0;¢ +20,G 0,0 + (3;G + (3,G)")p),
05 = e%(0¢ +30,G 079 + (30;G +3(3y,G)*)dy9 + (0,G +30,G 3;G + (3,G)*)p).
Hence, the left-hand side of (3-25), after factoring out ¢, becomes
AT 00+ @y + BG4 (@1 = D f T ey + BG oy +3G +2(ar — DG, f ' /i)y
+(A7'G+ Gyyy +3G,Gyy + G+ (@1 — (G, + G [ e
The right-hand side, after factoring out ¢®, becomes
—A7'qg, + ((=en) /™ o+ (=3 +30) f 2+ AT 7 T P)g,
—(a= (=) f+ (=3 +2a) F 2 +ma” T FR)) G
—((fT P9 f 4 =D AT 2L ),
To remove the second-order term, we are motivated to choose

1
ar—1 Oc— 5

Gy=-— 3

fy_ f_lfy-

3

Noting that f~! f, = (In f)y, we see that G(z, y) = (0. — 3) 3 In f(t, y) + C for some choice of C. We
choose C = %ln A so that

O = foel3 f16, (3-27)
in view of the weight f~20¢/3

of L]% in Section 3.1).

in the modified energy estimate we shall prove later (see also the definition
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In conclusion, (3-25), after factoring out ¢, may be rewritten as

AT'B89+ ¢y,
= (AT g+ Cia T iy A Craf TR A m AT T T g,
+(=AT G+ Cor 7 fyyy + Conf 2 fy fry + Cosf () + Coai A~ "2, F 1), (3-28)

where C; € R are constants that depend on o, w1 and m.

3.3.3. Specification of the wave packet and the proof of Proposition 3.3. Given go(x), we set ho(y) =
xl1 /2 20(x(0, )), and for each A € N, we first take go?ff [go, f] to be the standard wave packet for the Airy
equation with time rescaled by A and with frequency A, i.e.,

¢P1g0. F1(t. y) = Re(e™ A% 0 ng(y +-342%1)) = cos(A(y + AX20))ho(y +3A3%).  (3-29)

Then, we define the degenerating wave packet ¢?f)p [go, f]1by eGq)?f)p [go, f]1. Explicitly, we have

¢ g0, F1= £ (1. )7 F(t. y)7 /0 cos(hly + AR20)ho(y +3A3%1). (3-30)

Proof of Proposition 3.3. Now that we have specified the construction of ¢?f)p [go, f], we verify its
properties claimed in Proposition 3.3. In what follows, the dependence of constants on f, A and x; has
been made explicit. Moreover, we shall use the notation C 7 introduced in Proposition 3.3.

Linearity and support property. To begin with, the linearity property is clear. To prove the support
property, we first note from (3-2) and the positivity of fthaty <0 implies x < x1, and vice versa. Note
also that

1 X
y(t, x) = %(m B, x)),

where

B(t) := %, |B(t, )| < Cxill f | poecan-

Here, 8(t)° = é Sfrxx(t, 0) as in Lemma 3.1; observe that ,3 (0) =1 by definition. The above formula for y
gives
x(t,y) =xPO7F, (3-31)

from which the rest of the support property follows.
From (3-31), it follows that

Ft,y) = BP0 (1 4 00 O E | fl )
< exp(CIIf [l pogan)xi B (1) (3-32)

Using the control of || f L=y, we furthermore have

1/3 2/3

L= CUFI Sy 1L Ul < CUFIy L1 1l < CHFlliger LS. (3-33)
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For higher derivatives, it is straightforward to verify by induction that

195 /1 < Cell FllRgucr il f1 for k =4, (3-34)

We furthermore claim that, for any integer 0 <k < s+ 1,

i (k=1)/3
Irolt @y < e+ ILFI<25 D g0l - (3-33)

Indeed, arguing via induction in a similar fashion as above, we may verify that, for any 0 <k <s 41,
-N/3 Fil3
ZW hol < x| <|g0| +Cy Z anon;foog% VR |afgo|)
=1 j=1

Note furthermore that, by (3-12), C‘le < f (x) < fo on supp go. Taking the Lz(dy) norm of both
sides and changing variables, we are led to (3-35).

3.3.4. Initial data and regularity estimates. Let us now verify the initial data and regularity estimates.
We begin by noting that

/ FRBG (1 x)? dx = / (f77P f1og ™t y))* dy

= / (Papp(t, y)2 dy = ”hOHiZ(dy)a
from which the regularity estimate in the case n = 0 follows. Moreover, from this identity it is clear that

£ 72360, 1)1 2 < C, lgoll 2.

To obtain the claimed lower bound, first note that
o2 = | Lo, (sin2ay)h2(y) dy + o2
leos(y)holFzayy = | 73 (SIn@AATH) dy + 310l 72 gy

and then one can integrate by parts in the first term on the right-hand side, with ||/]|| L2(dy) pe 7 llgollz>-
Next, when n = 1, we note that

3,¢™P (1, x) = Re(iA f (1, y)7/3 10 0HAD p (v 4 34371))

o= 4]

; 7 fa, y)oc/3]?1/6 Re(e"’\(”A*z’)ho(y + 3AA2t))

+

+ £, 37 FUO RO, o (v + 340°D).

From this expression, the regularity estimate follows by the earlier computation; the power || arises
from the first term, the second term is estimated using (3-33), and the need for the H(lxl) norm of gg is due
to the third term. The case of higher n can be handled similarly; we omit the details. Lastly, the initial
data estimate can be proved simply by taking t = 0; see the computations below for s" = 0.
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small

Degeneration property. When s’ = 0, we simply set ®Gy =0. Arguing as in the proof of the regularity
property, we have

L (&, ) OB (1, 1] by

= / 196
, , p/2 mprn P
sAW“( / |¢;‘;§(,,y>|2dy> ([ ) dy)
supp ¢y (t,-)

: o —3An% 1 N p(/p=1/2)
< |lholl, AP 2 (Cxy Pty +1/P= 1/ ( / exp((WV + l)ﬁ(t)y> dy)

—0o0

< llholl 7 (Cpxp)? T HUP=UD (A B exp(=3pB(1) AR (y' + 1 — §)1),

where we have simply used (3-32) to bound f (t, ¥). This proves (3-21) in the case s = 0.
To handle the case s > 0, it is convenient to introduce the following notation (as in the Schrodinger
case): given some function r = r(¢, y),

~1 6 H
H=rOh) < sup |f/°— < Cllholl greay)-
1€[0,8] T L2y
In this case, note that ||f1/6( 2@y = Il - lI22ax) for each . We shall also freely use (3-35) to relate

the right-hand side with || go| HE - In what follows, the expression abbreviated as 1 5 Ok (ho) constitutes
foe/ 3¢Sma“ the desired estlmate (3-22) would be an immediate consequence of the L? boundedness
property embedded in the Oy (-) notation.

We treat the case s = 2. We begin with the identity

7213

cos(A(y + Akzt)) =— A2

(F7138,)% cosh(y + Aﬂr))—%f 1oy fsin((y + ARD).

Plugging this identity into the expression (3-30) for (j)(pp[go, f1and commuting (f~'/3 8},)2 (which equals
83 in the (¢, x)-coordinates) outside, we have

(—oc+y'+2)/3 /3
f(l‘ y)( oc+y )/3 app (f 1/%8 ) (f(t,y) Y ¢?}1?)p> %02(}10),

(_ 1)A2/3)»2

Arguing as in the case s = 0, the expression inside the parentheses can be shown to obey the degeneration
bound (3-21). The cases s > 2 are handled similarly.

Error bound. We begin by noticing that, by our construction, we have

LF =7 eld i) M 12ax) < 100+ Dyy)@(hy | 2(ay) + I|RHS of (3-28)) [ 2ay)-

The first term is the error for the standard wave packet for the Airy equation with frequency A; it is easily
bounded by C|X||| Al H3» which is acceptable. Now, it only remains to estimate the L?(dy) norm of each
term on the right-hand side of (3-28). The worst contribution turns out to be —g ¢y, which we turn to first.
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By (3-32), (3-33), and the definition of ¢, it follows that
A7 q(t, y)| < Cr(1+ ”f”LocCOl)/ dy’ <C;(1+ ||f||Loocm)|y| (3-36)

By the support property of (p(k) , we have

1A g o)y llz2 < Cp(1+ ”f”LooCOl)(l + A0 Mol 1 ay)

which is acceptable The remaining terms on the right-hand side of (3-28) involving ¢, are bounded by
Cr (1+”f”LooCO1)|)‘|||h0”H'(dy)s which are strictly better. Next, since [A~'9; f| < C7(1+ IIfIILooCOI)IfI
(as in the estimate for ¢), we have

|A719,G| < C(1+ ”f”LooCOl

Using this bound, as well as (3 32) and (3-33), the terms on the right-hand side of (3-28) involving ¢ are
bounded by C T+1r1"s Lo CO D@l 2dy)» which is good. This completes the proof of (3-23). Il

3.4. Modified energy estimate for the perturbation. Recall the equation satisfied by ¢:

8t¢ + f¢xxx + o fx¢xx + (alfxx + lemil)ﬁbx + (fxxx + (m - I)lemizfx)(pb
= ~@uax — A1 s — 1 ((f +@)" = f" —mf" " p),. (3-37)

Regarding a solution ¢ of the above and recalling the notation || - || 12 from (3-1), we have the modified
energy estimate '

Iz () = /1 O (1) dx, ol = /1 $2(0, x) £(0, x) 2%/ dx

assuming that f is defined on /.

Proposition 3.4. Assume that f is a solution to (1-9) satisfying f € L*°([0, §]; c 3.9(1)) with initial data
fo that is positive on I \ 91 and vanishes to order at least 3 on each point in d1. Moreover, assume that
¢ € L>([0, 8]; C>*(I)) is a solution to (3-37) satisfying

f+¢eL>¥(0,8;C**(), f'(f+¢) € L¥(10,8]; L¥()).

Then we have the estimate
19113 1) < exp(Cr.r+5D 90l .2

fort €0, 8], where ¢po(x) = ¢ (0, x) and

Crpr9=<C s;é;;](nfny +A+1f S+,
tell,

172

N+l + U fllcor +11f +@llco)” "), (3-38)

with C > 0 an absolute constant.

Proof. In what follows, we shall simply present a formal computation without worrying about the validity
of the expressions and manipulations. Also, all integrals are taken over /. As in Section 2.4.1, the
assumption |¢o(x)| < C| fo(x)| and the finiteness of the right-hand side ||¢ || 13 < 400 would imply, via
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Lemma 3.1, the vanishing property of ¢ (¢, -) on 9/ that is necessary to justify the computation; we shall
leave the routine details to the reader.
To prove the proposition, we compute

S0t =5 [ @ a0 R ar= [2pa0@0 P ar [ @ e dx,

and the last term can be bounded as in the proof of (3-4); we have

‘/¢2a,(f(r,x>—2"f/3>dx = Clfly iz,

We decompose the other term in the right-hand side as follows, up to a factor of 2:
I=- / S (fbrer + fuxx + o1 fdrr + 01 frxd) f 27 dx,
=gy [ gGn = 1@f™ 2 fiot 771805
= [ 0ig1 > ax.
To estimate I, we observe the following chain of inequalities:
[ 8 s

‘/a1¢¢xfxxf_2%/3 dx‘ =

§C||f||y||¢lli%,

% f 020 (fox f27/3) dx

’

/ w1 fof 20 dx = —a / @0 fef ot % / $200x (o f 203 dx,

and lastly
/ Gprra ff 2 dv =~ / Guxo f [0 — g (f f 727 dx
=3 / @0, (ff ) dv — 3 / ¢ O (f f7271) dx.

From
W(ff2P)y = (1=30.) f 2P fr = 3oy f 27 £,

we obtain a cancellation of terms involving (qu)2 and then we observe
105 fan f 27D A B (fe f D) 4 B O £ T2 < ClL flly f 7207

to conclude the estimate

1= CIfIyIgl:.
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Next, to treat II we simply integrate by parts:

_2
I = {121 f¢2 ((m — D" - ﬂf’” Zf)f—20c/3dx

2

<CIIfI%% Iz

Finally, we turn to III. Observe that we may use ||| ¢3.« since it is controlled by || fllcse + || f + @l co;
similarly for ||@]|co.1. Recall the expression for Q[¢] given in (3-15). We first estimate

‘ f G (—Prrr) f 23 dx

= Cliglicai ol

and

‘/qb(_al(px(pxx)fzacﬂdx

(0] —20.
=< ‘ ?¢2¢xxxf 20¢/3 dx

< ‘ / S e f 2
<CUpllcai+1f 7 (F 4ol

o10¢ 20.—3)/3 o110, e
+‘/]T¢2(¢+f)xxf( 20, 3)/3fxdx‘+‘f 13 ¢2fxxf( 20, 3)/3fxdx

+‘/ %¢2(¢+f)xxf(_2”“_3)/3fxdx‘—i—‘/ a130c¢2fxxf(—2nc—3)/3fxdx‘
RIf+oly

2/3

L1+ 1711913

The remaining terms in Q[¢] are easier to treat, and collecting the estimates, we conclude

d 2
Pt

for some Cy sy satisfying (3-38). The proposition follows by integrating in time. 0

<Cy f+¢||¢||i}

3.5. Generalized energy estimate and the proof of Theorem 1.5. Let f satisfy the assumptions of
Theorem 1.5. Without loss of generality, we may assume that a =0 and 0 < € < 1. For simplicity, we shall
focus on the case (0) = (l Jo.xxx (0))1/ = 1, the general case being analogous. Fix 0 < x| < b so that
(3-12) holds. Fix go € C2° supported in ( 5X1, xl) with normalization || gol|;2 = 1. In what follows, we
shall suppress the dependence of constants on f and gy, in addition to o1, (v1 and m as before. Also, we
write C(M) for a positive strictly increasing function of M € (0, 0o) such that C(M) — oo as M — o0,
which may vary from line to line.

Let ¢?f)p = ¢(pp[g0, f1 according to Proposition 3.3. We shall take

o = coer"0x 29l (0),

where cg is chosen so that ||¢g||cm0 < € using (3-19) and A is to be determined below. Furthermore, by
the normalization ||go||;2 = 1, we have

1 —m —m
AT < ligoll2 < ColAI™™, (g0, d) (O)g, = ||¢o||L2. (3-39)
Co fo Co fo

for some constant Co > 0 (which, in fact, depends on || f||&s-1.1). At this point, it is easy to ensure that
(3-5) is satisfied with C| = 2, where uy = fo + ¢o.
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Fix also 0 < 8’ < §. To prove the theorem, we assume that the first alternative does not hold, i.e., there
exists a solution f 4+ ¢ € L>([0, 8']; C*~11(1)) to (1-9). By Proposition 3.2 (and since s > 5), there
exists 0 < 79 < 8’ depending only on || f(0)|ly and ||(f + ¢)(0)||y such that f, f +¢ € L*°([0, to]; Y (1))
and f~1(f 4+ ¢) € L*>([0, to]; L°°(I)). Moreover, by the same proposition, we have

sup (1 f O llgsr gy + 10+ D llgsagy + 17 F+DOllz=ay) < C(Ms),  (3-40)

O<t<ty

where Ms:= |||l 1 (0,1]:c*1 (1)) (Here, we remind the reader of our convention of omitting the dependence
on f in this proof.) By Proposition 3.4 and the preceding bound, we have

1oz = exp(CL(Ms)D) I doll .2 (3-41)

for some positive strictly increasing function C;(-) that diverges at infinity. We emphasize that this
function is independent of A, although Ms = ||| L 0.4,1:c+1 (1)) Might be dependent on A.

Now using that ¢ is a solution to (3-37) and (9; + Eﬂqﬁ?ff qb(pp] we compute that

<19, ¢?{’§’>
(. LA + (D, €[dTN)  — (LrIB1 $20) 5 + (0101 ) f — 20l f 10, f . )

We first uncover some cancellations between the two terms involving the linearized operator £y, which
resemble those in the proof of Proposition 3.4. We write

—(@, LIy Dy — (LB ¢
= [ G+ o SO e f T+ a0 S
— i [ G+ = DR g
_ /(f¢xxx + a1 feux + 1 fradr + fxxx¢)¢(ppf—2a[/3 dx

= [ = DR R0
= I+10+1I+1V.

We begin with I + III. The zeroth-order terms (in both ¢ and ¢(Ap) are not dangerous, but we need to
perform some integration by parts for the higher-order terms. For the third-order terms, we have

~ [0 + Bunnt 20
/ (B + Drexdiin) £ 27 dx + (1 - 3op) / (PPpey + Brexd™) f " fro 1727 dx
=3(1-300) [ @b £ 2P e = (1= 30) [GOT + 00 (ff )

—300) / G o f 27 dx 4 (1= 300) / PPy (fef 27 er dx;
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for the second-order terms, we have

~ [[@00 fo b £
=201 [ 08 Sus o ar e [ @O + b 2P,

=20 [ G e [T

and for the first-order terms, we have

~ [0, For a8 £ £ dx = [ S P,

In particular, since 3(1 — gac = 2a;, integrals that involve ¢,¢r" cancel and we are left with
p g (A X

3
[I+1] < C||f||Y”¢”L2”¢(pp”Lf

Next, II 41V consist of first- and zeroth-order terms, where the former may be treated as above and the
latter are already acceptable. We have

W+ IV] < CIFNIgs 102 1957 12

For the remaining terms in - (qb ¢?f)p )r» we have

leleylll2 < C(1+220)]Al,
101¢1ll.2 < Cligll 2.

If =9 fll~ < C.
We conclude that
SOOI | = U ARG = CA+ A2l exp(C (M TR (342
Integrating this estimate in time and using (3-39), we have
(@, d)r (1) = %Ild)olly for || < min{t, C1(Ms)™", c|A| 7/} (3-43)

for some ¢ > 0.
To proceed, let m be the smallest even integer greater than or equal to s, and define j = m — s'.
Applying Proposition 3.3 with y’ = —o. and s’ = m, we have

(—1)%o+ijps0+i

app s'+j f( 2ot D/ app small
<¢ ¢(A)) ¢8 —¢(;\) dx + ||¢”L%”¢(A) ”L% (3‘44)
By (3-22) and (3-41), the last term may be bounded as follows for some C; > 0:
16121685 1.2 < C22™" exp(Ci(Ms)t) 7~ ool

< 4C ¢ ol if [t| < C1(Ms)~" and [4] > Co. (345
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We are now ready to conclude the proof of the theorem. For each A, there are two possible cases:
(i) C1(Ms)~" < ¢|A|732, or (i) C1(Ms)~" > ¢|r|~3/%. In case (i), we have ¢~ !|A|?/? < C|(M5s), so
Ms > (8')~1/2 if || is chosen large enough depending on C(-) and &'. Since s’ > s. > 5, the desired
norm inflation follows. Hence, it only remains to consider case (ii). Then, by (3-43), (3-44) and (3-45),

we have
f(—2ac+s’+j)/3

1 " . _
2—CO||¢0||L% = /¢3; - (m@"?ﬁ) dx for |¢| < min{to, c|A|~/?}.
Using duality and applying (3-21), we arrive at
1 ’ . e 1 _ / . P
3c; 190llz2 < 187 $llu= 18] G0 F TR QR
< A% exp(=3B(OA* (—oc + 5"+ 1) 1) 185 pll 1=
Rearranging the factors, we finally arrive at

195 (D)l > %AS"’”O exp(3B(H)A*(—o. +s'+3)t)  for 0 <t <minfrg, c|A] 7).

Fix t = c|A|~%/2; by taking A sufficiently large, we may clearly ensure that # < fo. Since s’ > s > 0 — 3
and A%t = c|A|'/?, by taking A larger we may also ensure that the right-hand side is at least (8")~!/? for
each s’. This completes the proof of Theorem 1.5. O

3.6. Proof of Theorem 1.6. We are now in a position to complete the proof of Theorem 1.6. As we shall
see, the argument is parallel to that for Theorem 1.2 in the Schrodinger case.

Let so > s > s, and € > 0 be given as in the statement of Theorem 1.6. Suppose, for contradiction, that
for every ug € C*°(T) satisfying |lug|cso < € there exists § = §(uo) > 0 and a corresponding solution u
to (1-9) belonging to L*°([0, §]; C*(T)).

We shall fix a function f°0 € C*°(T) supported in [—4x;, 4x] which satisfies fo(x) =x3in [—x1, x1],
foo > 0 on (0, 2x1) and the cubic vanishing property at 2x; for some small 0 < x; < ﬁ; in what follows,
we omit the dependence of constants on fy. Then, we take

o0 o0
for=) fro=Y A2 F - x)), m=27"7 A= 27k,
k=ko k=ko
where kq shall be fixed below. We see that fo € C* and || follco < %e provided that kg is sufficiently
large depending on so and €. Moreover, we can check that there exists a constant Co = Co( fp) > 0 such
that (3-8) holds for fy. For each k € N, we take cutoff functions x; which are equal to 1 on the support
of fi.0 and vanish on the support of fi o for all k" # k.

Now, let f € L*°([0, é]; C*(T)) be a solution to (1-9) with f(t =0) = fy. Using the equation and
C*!-regularity, we have the pointwise estimate |3; | < | fo| + | f], which guarantees that the support of
f(t,-) is preserved in time. For simplicity, we set My = || f|| (0,s}.c+1) and replace § with min{é, c}
with some small constant ¢ = ¢(My) > 0, so that we have uniformly

L) < ft,x) <3 fox), tel0,8], (3-46)

whenever fy(x) > 0. The existence of such a constant ¢ follows from (3-10) and (3-11).
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Since xi is either 0 or 1 on supp(fo) = supp(f(z,-)), we have 9, xx = 0 on the support of f and
xxef = sz f. From these observations, it follows that x; f =: fi provides a solution to (1-9) for any k > kg
with initial data fj o. Let Iy = [xx, xx + 27%2x,], and observe that

I feollyao < Ax(l follyqo.zan +27 %1 foll Lo qo.201)) — 0 as k — oo. (3-47)

Taking kg larger and § smaller if necessary, by Proposition 3.2, we have, for every k > k,

Il ficll Lo o,51: v (1)) < C(Mp).

Let us fix a C°°-smooth profile gg supported in (%x] , xl) and normalized in L%; in what follows, we
omit the dependence of constants on gg. We take gi(x) = 2k/2 g0 (2% (x — x¢)). For a strictly increasing
sequence {Ax}i>k, (Ax > 1) to be determined, we consider the wave packets

O (1, x) = Pon 8k, fil,

where d)?ff) [gx, fr] denotes the wave packet constructed in Proposition 3.3 using the solution f; with
profile g; and frequency A;. We define the corresponding error by

[0 + L1 18" = €y, (3-48)

where Ly, is simply (3-14) with f replaced with fi. Recall also the definition of the L} norm from (3-1),
and observe that f = f; on the support of ¢pr . Applying Proposition 3.3, we obtain the following
properties of ¢zpp for all ¢ € [0, §]:

* 19" @ 0l < Crllgt Nl < Crligollze,

100" (@ )l 2 < Clldg N < Co

* lleg (6, 0)ll 2 = C (1 4+ AY (1 +330),
and, since s is even, we have

(=20.+5)/3
—20./3 4, aPP __ q. f
f2Re, —a;(

d)app) + f—206/3¢)sma11 , (3_49)

with
—5/33 —s £(—20.4s)/3 PP . A 0c/35 —s . 2/3,2( 1
o I(ATAT S B I < Cp ALTPAr exp(=3B ()AL A (—oc +5 + 3)1),
o IF7 RGN, ) ee < Cae s

where B (¢) is the solution to (3-3) with f replaced by fi. Observe that C 7 depends on My, k and s, but
not on Ax. In view of (3-17), note that A; should be sufficiently large depending on k and g¢ to ensure
that the first inequality in the first item holds. Define

Bo(x) ==Y o) =Y exp(—a, ) (x).

k=ko k=ko
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By ensuring some growth of A (e.g., Ax > 2¥) and by taking k( even larger if necessary, we can guarantee

that ||¢g|lcs < %e, so that ug := fo + ¢ is C*°-smooth and satisfies |lug| cs0 < €. From the contradiction

hypothesis, we have a L>°C* solution u(z, x) to (1-9) with initial data u on some time interval [0, §'].
By shrinking either § or 8, we may assume that 0 < §’ = §. We now set

@) ==u(t) = (1),  ¢(t) = xx (1)

for all k > ky. Moreover, taking ko larger if necessary, we can easily arrange that fy(x) and ug(x) are
uniformly comparable; for all x,

7 9
guo(x) < fo(x) < guo(x).
From the conservation of the support in time, we have that Z,fiko ¢r = ¢. We now introduce

M=1+ s;é%](llf(t)llcx +le@llcs) = My, (3-50)
tel0,

which is finite by the contradiction hypothesis, and further replace § with min{é, c}, where ¢ = c(M) > 0
is large enough that we have

Juo(x) <u(t,x) <3ug(x), te€l0,38], (3-51)

whenever uo(x) > 0. Note also that, by a computation similar to (3-47), we have |lug|ly,) — 0 as k — oo.
Choosing kg sufficiently large and § small enough, by Proposition 3.2, we have, for every k > ko,

lukll Lo qo.61:y (1)) < C(M).
We see that xiu is a solution to (1-9) and it follows that ¢y solves
[0 + L1k = O[],

where Qy, is simply (3-15) with f replaced with fj.
From Proposition 3.4, we have the modified energy estimate for ¢y,

||¢k(t)||L?,(1k) = C(M)H‘Pk,O”L%b(]k)-
Proceeding as in the proof of (3-42), we obtain

d
37 (00 &) f\ < C(M, k,5)(1+ h(1 +x,%r>>||¢k,o||L;_o(,k), t €10, 8]. (3-52)

We shall take #, := )L,ZS/ 3 « 1 and make sure that ko is large enough so that #; < §. Integrating (3-52)
from t =0 to 1,

(D6, )y (1) = (1= CM k, ) (1 + M (14 2G)) I broll 2 = 3lldollz

by taking A, larger if necessary. On the other hand, we write

(D, $77) p (1) = (1, BS(fT2TOBYIPYY (1) + (7P, £ ™) (1),

8 $/3 4 s
(=124
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Using the above estimates for ¢y and ¢,§ma“ at t = t, for Ay sufficiently large, the last term on the
right-hand side is bounded by %||¢k,0|| 12 - We may therefore obtain
JO

—5/3 4 —s —20,
ildeolliz < A2 183kl L f T2 ol

< C(M, k, )A; 707 exp(=3Bc (1) A} (=0 +5 + ) ag ) 135 e @)l .

Recalling that ||¢k,0||L} > c(k) exp(—)\i/g), we arrive at the lower bound
0

2/3 /3, —1/8
Ik (t)llcs = (M, k, )3 exp(3Be (DAL (—oe +5 + )0 =1 7).
Finally choosing A to be sufficiently large, we may guarantee that

M = sup [[9(Dllcs = llgx()llcs — 00 as k — oo.
1€[0,8/]

This contradicts the finiteness of M in (3-50), which completes the proof of Theorem 1.6. O

Appendix: Takeuchi-Mizohata ill-posedness via duality

In this appendix, we show how an application of the duality (or generalized energy) argument from [Jeong
and Oh 2022] and this paper leads to simple proofs of quantitative ill-posedness results for first-order
perturbations of the free Schrodinger equation related to the Takeuchi—-Mizohata condition, including
Proposition 1.16 (see Section A.2).

A.l. One-dimensional case. We begin with the one-dimensional first-order perturbation of the free
Schrédinger equation,

i3+ dyput +b(x)dyu = 0. (A-1)

Fix xg € R. For T > 0 and u > 1, we define the weight

X b ( x /) ,
w(x) =exp Re dx
0 2
and the growth factor

xo+2T+y b(x'
M(T, p) = inf exp(/ Re *) dx/).
.yo):yl=p lyol<p™! X040 2

Fix also ¢y € C*°(R) with supp ¢ C {x : |x| < 1} and ||1] ;2 = 1. Given u > 1 (inverse spatial scale),
define ¥, , = w44 (u(x — xo)). Given also A > 1 (frequency, or inverse semiclassical parameter) —
which in practice would be much larger than @ — define

At
it x) = w (x)el MM exp(—/ iImb(x — 2s) ds) Voo (X — 201). (A-2)
0

This is a wave packet that approximately solves (A-1); see (A-7)—(A-9) below.
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Proposition A.1. Let it be as in (A-2), and let ug satisfy

/Re(uozf()))w2 dx=1, suppug < [xo— ,u_l,xo +u‘1].

Then there exists at least one corresponding solution u of (A-1) belonging to Lloo‘éy (R; L%)). Assume that
it furthermore satisfies u € LY ([0, t7]; L?) with

ty<ep, (A-3)

where c is a constant depending only on ||b||c1.1 and || || g2. Then, u(t) necessarily satisfies the pointwise
lower bound
lu(@)ll2 = SM 1, wlluollp2  forall 0 <t <ty. (A-4)
Proof. As discussed in Section 1.4, we consider the conjugation v = wu. Introducing the formally
self-adjoint operator '
L=A+ilmb(x)d + % Imby,,

2
we have the conjugation identity

(0 + Lyv = (url Ofw+bw ™! o+ 2 Imbx)v Fw(id, + A +bx)du.

Under the assumption that v(t) € L?, we have for t > 0

(@)l 2 < e

lvoll 2, (A-5)
where C depends only on ||b||c1.1 and || ]| 2. Moreover, we also have
163, + Lyv(0)]l 12 < Coe™ [lvoll 2, (A-6)

where Cy depends only on ||b|c1.1 and || ]| 2.
Next, we consider the standard wave packet v for i9; + L obtained by solving (1-15) with a = 1,
Reb =0, ®(0,x) =Ax and a(0, x) = v, ,(x). It is given explicitly by

At
§ = eitxirit exp(—/ iImb(x — 2s) ds) Yz (X — 2A1).
0
(Note, furthermore, that 7 = w~'9.) By the definition, we clearly have, for all ¢,
[o@ll2 = 1. (A-7)
Moreover, by the support property of v, it follows that

[wo()llg2 < sup  w(x —24r+y). (A-8)
yilyl=p!
Finally, we consider the error incurred by v. A straightforward computation gives the following:
Lemma A.2. We have
13 +L)5l 2 < Cou®, (A-9)

where 50 depends only on ||b||c1.1 and |1 || ge.
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Given the above lemma, by the self-adjointness of £, we have

%(v, B) = —((i9, + D)v, iB) + (iv, i (i3, + L)D).

By (A-5), (A-6), (A-7) and (A-9), we have
|00, )| = (Cot+ Con®e gl 2.
Provided that (A-3) holds with ¢ sufficiently small compared to Cy and Co, we see that
(v, 0)(t) = Sllwugll2 forall 0 <t <ty.
On the one hand, by duality (i.e., Cauchy—Schwartz) and (A-8),

(v, 0)(1) = (u, wO)(#) = sup  w(x —2rr + y)u(®)ll 2.
yilylsp!
On the other hand, by the support property of u(, we have
luoll 2 < sup  w™! (xo — 24t + y) |wuo | .2
yilyl=p!

Combining the preceding three inequalities, we arrive at (A-4). 0

Proof of Lemma A.2. We compute, with ¥y = v, y,

19,0 =220+ A0 Imb(x —211) — 2i ANM’
W (x —2A1)
A B
s = (i1 [ i -2 04 L2
0 W (x — 2At)
and
At 2 Ay
axxf):—(x—f Imbx(x—Zs)ds> 5+2<ik—f iImb, (x—2s)d> ‘/’X(x—z)‘t)
’ 0 Y (x —2A1)
A
v j ~Vex (x — 2A1)
_v/O iImby,(x —2s)ds+v m

Then, after several direct cancellations, we have

At
(i8,+Z)ﬁ=A(Imb(x—2M)—Imb(x)+2/ Im b, (x — 25) ds>5
0

At 2
_Imb<—/ i Imb, (x — 2s)ds + 0T 2’\[)) +(/ i Imb, (x—2s)ds>
0

W (x —207)
M Y (x —2A1) ~
—|—2(—f0 ilmb,(x — 2s)d) w(x—ZM) ( iImby,(x — 2S)dS)U
+"’”(x ) 5 L by,

Yx—2ut) 2



ILL-POSEDNESS FOR DISPERSIVE EQUATIONS 177

Using
by
/ Imb,(x —2s)ds = —% Im(b(x —2At) — b(x))
0

we get a cancellation of remaining terms of order A. Moreover, the same identity eliminates all integrals
on the domain [0, A7]. Using 1« > 1 to bound all the other terms by O (u?), the proof is complete. [

A.2. Multidimensional case. We consider the following equation on R?:
i0u + Au+ b7 (x)dju = 0. (A-10)

Unfortunately, the proof of a pointwise lower bound in Proposition A.1 breaks down due to the lack of
a simple physical space conjugation that removes Re b/ (x)0;. Instead, we shall prove two (conceptually)
weaker statements using the duality method, including Proposition 1.16.

The first result is an unconditional integrated lower bound that is valid for nontrivially long (i.e., > 1~1)
timescales. To state this result, given xg € RY, wye S, m>1and T > 0, define

T
Moo (T, ) = | ilnf ] exp(—/ Re b/ (xo + y — 2swo)(wo); ds).
yilyl<u~ 0

Fix ¢ € C*®(RY) with supp 1 C {x : |x| < 1} and ||¢/]|;2 = 1. Given p > 1, define

Ypxe = 172491 (U (x — x0)).

Given also A > 1, define (see [Mizohata 1985, §VIIL.2])
A
amm:aM*W%mﬁfiw@—%mmmmﬁmmu—umm
0

Proposition A.3. Letu € LY°([0, t7]; L?) be a solution to equation (A-10) with initial data ug satisfying
(ug, u(0)) = 1, where u is determined from [, v and | as above. Then as long as

1/3

p<cA'® and tp <erT3, (A-11)

where c is a constant depending only on ||b||c1.1 and ||V || g2, we have that u(t) necessarily satisfies the

averaged lower bound
1 (% A4+p"ar)? B
; meo,wo(M, w) M lu @) 2 de = %”L‘OHLZ- (A-12)
fJ0 .

An example of an initial data ug satisfying the above hypothesis is, of course, uy = #(0), in which
case u is expected to behave like . An argument similar to the proof of (A-14) shows that

Y
la()ll2 < sup exp (-f Re b’ (xo + y — 2swo) (wo); dS) (0]l 2.
yilyl<p! 0

Thence, provided we choose ;! to be sufficiently small depending on b, (A-12) is sharp for i up to a
constant.
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Proof. We introduce £ and its formal Lz—adjoint L* (in operator notation),
L=A+Db/(x)d;, L*=A-db(x).
The basis of the proof of Proposition A.3 is the generalized energy identity

%(ul, uz) = — (@0 + Lyuy, iuz) — (iuy, (i0; + Luz), (A-13)

which is a consequence of the Leibniz rule for 9, and 0 = (i Luy, uz) + (iuy, iL*uz). A simple but
important observation is that (A-13) holds even under the weak assumption u; = u € L{°([0, #7]; L?),
provided that u; is nice enough, e.g., smooth in ¢, x and compactly supported in space for each fixed time.

The identity (A-13) motivates us to consider not a wave packet for i 9, + £, but rather its adjoint i 9, + L*.
Given 1 < u < A, consider

At
(1, x) = e iF exp ( f b’ (x = 2sw0) (a0); ds) Yz (X — 2Aw0t).
0

Observe that
A
exp</ Re b/ (x — 2swp) (wp), ds) < M(Xt, ,u)_1 for x € supp ¥, x, (- —2Awot),
0

where we have introduced the abbreviation M (Af, ) = My, »,(At, 1). Hence, using also that Re bl =
Re b/, it follows that

li* (@)l 2 < MOt )" (A-14)
The following lemma quantifies the error €[u*] = (i, + A)u* — 9; (b7 (x)@r*) incurred by ii*.

Lemma A.4. There exists a constant Cy, which depends only on ||b||c1.1 and ||Yr1]| g2, such that

lel@ 1Ol 2 < Colp+ 40> M Gut, )" (A-15)
We are now ready to implement the duality method. Assume for the moment that, for some B > 0, we
have
L]l (14 'ar)?
LD by < Blluol 2. (A-16)
il = 2p) LH(0.171:L2)

By (A-13) and (A-15), we then have

|| = Cotu+ MGt 1) ] 2

dr

Integrating in ¢ and using the contradiction assumption, we arrive at

(u, @) (1) = lJvoll ,2(1 = BCop® (1 + pu ™" atp) ).
Suppose that

1 \1/3 1 N3
m= <SBC0) M, th(SBCo) AT, (A-17)
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Dividing into two cases 77 < u/A and ty > /A, it follows that
BC()pL I+ pu lklf)zlf %
Therefore,
(u, @*)(t) = Hluoll> forall0 <t <t.
Then, applying (A-14), we obtain the lower bound
lu(®)llg2 = SM e, w)lluoll 2 (A-13)

We now multiply both sides by (14~ 'A)2M (At, u)~! and integrate. Since

I
/ (L+p~"an?de > 2t (1 + " aep)?,
0
we arrive at
(14 p~'ar)?

—1
(g e )

> glluoll 2. (A-19)

I LI([0.171:L2)

To complete the proof, we assume, for the purpose of contradiction, that (A-16) holds with B = l.
Take ¢ = (3/(4Cp))'/? in (A-11) so that (A-17) is satisfied. Then by the preceding argument, we arrive at
(A-19), which is a contradiction that establishes (A-10). O

Proof of Lemma A.4. As in the proof of Lemma A.2, we compute with ¥ =, ,, that
it = Az + irb’ (x— 2Atwo)(a)0)]~ 21)\. Vv 7

Introducing for simplicity

At
Ik(x)=—/ 8k15j(x—2sw0)(a)0)j dS, I(x)=(11,...,ld),
0

we have
™ = (z)»(a)o)k — I+ M) ,
v
A = =22 |wp2ii* — 2irawp - Tit* + 2i1 22 VY + R[],
where

21 -Vyr |V |? N »
v + 1/f2 +Xk:3k /:ﬁ . )M .

Then, after several direct cancellations, we have

RIi*] = (|1|2 -

(id; + L)a* — (b7 (x)i*) = (=2irwg - [ +irb! (x — 2htwo) (wp); — irb? (x)(wo);)it*

+RIiE*] = b! () I; (x)i* + wu — (b7 (x))it*

and, as in the one-dimensional case, we use that

At
46 e = 2acon) B0 = [ 55— 2500 ds = > =)ol

0
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to get cancellations among the O (%) terms.” It is now not difficult to see that the remaining terms are
bounded in L? by the right-hand side of (A-15). (|

As alluded to before, the second result we shall prove using essentially the same argument is
Proposition 1.16, i.e., that the failure of the Takeuchi—-Mizohata condition (see (1-24)) implies norm
inflation for (A-10).

Proof of Proposition 1.16. Assume, for contradiction, that there exists By < 400 such that, for every
2
up € L-,

ll2ell oo 0,61,2) < Bolluoll .2 (A-20)

By (1-24), there exists a sequence (x,, w,, 1) such that

T, '
My, o, (T,) = exp(/ Re b/ (xp, — 25w,) (wy); dx) > 2",
0

By restarting from the point x,, + 27T w,, where M, ., (T) = 1 if necessary, we may assume also that
My, »,(T)>1forall 0 <T <T,. Since My, o, (Tn, ) = My, o, (Ty) as @ — o0, we may choose 1,
so that

Mx,,,w,, (T, Mn) = e".

We shall apply the argument in the proof of Proposition A.3 with the parameters

If=—, Xo=Xn, @)=y, WKL=MUn, A=AhAp,
)‘-n

where A, shall be determined below. We denote by i the wave packet for i 9, + L* with these parameters,
and by u,, the solution to (A-10) with initial data uo = u;(0) satisfying (A-20). Taking A, to be large
enough, we may guarantee that 1 = 7,,/A, < §. Then by the contradiction assumption and the bound
M(T) > 1, it follows that (A-16) is satisfied for u = u,, with B = C| By, where C| depends only on ||0b|| .
Furthermore, choosing A, sufficiently large depending on By, Cy, C| and T,,, we may ensure that (A-17)
holds (here, it is important that the power of A in the second inequality is greater than —1). Thence, it
follows from (A-18) and our choices of parameters that

Ty
Un E

Taking n — o0, we arrive at a contradiction. O

1
> 5" lup (0) | 2.
L2

Remark A.5. We note that when d = 1, Proposition 1.16 is essentially a consequence of Proposition A.1,
although pedantically the notion of solution is slightly different due to the presence of a conjugation when
d = 1. On the other hand, the preceding proof applies to all d > 1.

7Unlike the one-dimensional case, however, we cannot eliminate the integral on the domain [0, A7] in /. Hence, we let the
right-hand side of (A-15) depend on Az.
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