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DIMENSION-FREE L? ESTIMATES
FOR HIGHER-ORDER MAXIMAL RIESZ TRANSFORMS
IN TERMS OF THE RIESZ TRANSFORMS

MACIEJ KUCHARSKI, BLAZE] WROBEL AND JACEK ZIENKIEWICZ

We prove a dimension-free L?(R?) estimate, 1 < p < 0o, for the vector of higher-order maximal Riesz
transforms in terms of the corresponding Riesz transforms. This implies a dimension-free L” (R) estimate
for the vector of maximal Riesz transforms in terms of the input function. We also give explicit estimates
for the dependencies of the constants on p when the order is fixed. Analogous dimension-free estimates
are also obtained for single higher-order Riesz transforms with an improved estimate of the constants.

1. Introduction

Fix a positive integer k and denote by H; = ’HZ the space of spherical harmonics of degree k on the
Euclidean sphere S¢~!. Throughout the paper we identify P € H; with the corresponding solid spherical
harmonic. Via this identification P € H is a harmonic polynomial on R? which is homogeneous of
degree k, i.e., satisfies P(x) = |x|[*P(x/|x]), x € R.

For P € Hy the Riesz transform R = Rp is defined by the kernel

P(x) . r(3k+d)
Kp@) =K =y g with yk=an(%k), (1-1)
more precisely,
P
Rpf(x)= lir(lgl+ Ry f(x), where Rﬁof(x)zykfll |y|Eiy+)kf(x—y)dy- (1-2)
— yi>t

The operator R, is called the truncated Riesz transform. In the particular case of k = 1 and P;(x) = x;
the operators R P j=1,...,d, coincide with the classical first-order Riesz transforms. It is well known,
see [Stein 1970, p. 73], that the Fourier multiplier associated with the Riesz transform Rp equals

mp(€) = (=) P(E/IE]), &eR™ (1-3)

By the above formula m,, is bounded and Plancherel’s theorem implies the L*(R%) boundedness of Rp.
The L?(R%) boundedness of the single Riesz transforms Rp for 1 < p < oo follows from the Calderén—
Zygmund method of rotations [1956].
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The systematic study of the dimension-free L? bounds for the Riesz transforms began in the seminal
paper of E. M. Stein [1983]. There he proved a dimension-free £> vector-valued estimate for the vector of
the first-order Riesz transforms

d 1/2
‘ (Z |R.,-f|2)
j=1

In the inequality above, the R;, j =1, ..., d, denote the first-order Riesz transforms defined via (1-2)
with P;(x) = x; and the constant C, is independent of the dimension d.

< Cp”f”LP(le)’ 1< p < OQ. (1-4)
LP(RY)

Stein’s result has been extended to many other settings. The analogue of the dimension-free inequality
(1-4) has been also proved for higher-order Riesz transforms; see [Duoandikoetxea and Rubio de Francia
1985, théoreme 2]. The optimal constant C,, in (1-4) remains unknown when d > 2; however the best
results to date given in [Bafiuelos and Wang 1995] (see also [Dragicevi¢ and Volberg 2006]) established
the correct order of the dependence on p. We note that the explicit values of L”(R?) norms of the single
first-order Riesz transforms R;, j =1, ..., d, were obtained by Iwaniec and Martin [1996] based on the
method of rotations.

In this paper we study the relation between Rp and the maximal Riesz transform defined by

R} f (x) = sup| Rl f (x)].

t>0

Clearly, we have the pointwise inequality Rp f'(x) < R} f(x). In a series of papers [Mateu and Verdera
2006, Theorem 1] (first-order Riesz transforms), [Mateu et al. 2010, Section 4] (odd-order higher Riesz
transforms), and [Mateu et al. 2011, Section 2] (even-order higher Riesz transforms), J. Mateu, J. Orobitg,
C. Pérez, and J. Verdera proved that also a reverse inequality holds in the L? (R¢) norm. Namely, together
the results of [Mateu and Verdera 2006; Mateu et al. 2010; 2011] imply that for each 1 < p < oo there
exists a constant C(p, k, d) such that

IRp fllLr@wey < C(p,k, IRp £l Lr@a) (1-5)

forall f e L? (R?). As a matter of fact, the estimate (1-5) has been proved in [Mateu and Verdera 2006;
Mateu et al. 2010; 2011] for more general singular integral operators with even kernels [Mateu et al.
2011] or with odd kernels [Mateu et al. 2010]. However, even for the higher-order Riesz transforms, the
values of C(p, k, d) that follow from these papers grow exponentially with the dimension. In view of
[Janakiraman 2004], the question about an improved rate arises naturally.

The first step towards a dimension-free estimate of the constant C(p, k, d) in (1-5) has been made by the
first and the second authors, who proved that when p =2 in (1-5) one may take an explicit dimension-free
constant C(2, 1, d) <2-10%; see [Kucharski and Wrébel 2023, Theorem 1.1]. The arguments applied
in [Kucharski and Wrébel 2023] relied on Fourier transform estimates together with square function tech-
niques developed by Bourgain [1986], and Bourgain, Mirek, Stein, and Wrébel [Bourgain et al. 2018; 2021],
for studying dimension-free estimates for maximal functions associated with symmetric convex bodies.

Recently Liu, Melentijevi¢, and Zhu [Liu et al. 2024] extended the results of [Kucharski and Wrébel
2023] and proved that C(p, 1, d) < (2+ 1/+/2)%? for p > 2. An important ingredient of their argument
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is the positivity of the transition kernels M f (see (1-7)), which is not at all clear in [Kucharski and Wrébel
2023].

In this paper we prove that the dimension-free estimate of the form (1-5) and its vector-valued
generalization hold for Riesz transforms of arbitrary order k£ and for all 1 < p < oo. The main result of
our paper is the following square function estimate of the vector of maximal Riesz transforms in terms of
the Riesz transforms.

Theorem 1.1. Take p € (1, 00) and let k < d be a positive integer. Let Py be a subset of Hy. Then there
is a constant A(p, k) independent of the dimension d and such that

‘ <Z |R2f|2)1/2 (Z IRprZ)l/z

PePy PePy
where f € LP(R?). Moreover, for fixed k we have

’

LP(RY)

< A(p,k)‘

LP(Rd)

A(p,k)zO(p5/2+k/2) as p — oo and A(p,k)zO((p—l)_s/z_k/z) as p— 1.
In particular, if P, contains one element P, then Theorem 1.1 immediately gives

RS fllLr@ey < AP, KIRP flLrwe)-

In this case however, we can slightly improve the constant A(p, k). This is due to the fact that in the proof
of Theorem 1.2 below we do not need to apply Khintchine’s inequalities twice, which is an important
ingredient in the proof of Theorem 1.1.

Theorem 1.2. Take p € (1, 00) and let k < d be a positive integer. Let P be a spherical harmonic of
degree k. Then there is a constant B(p, k) independent of the dimension d and such that

IR fllLrwey < B(p, ) IRP [l Lrwa),
where f € LP(R?). Moreover, for fixed k we have
B(p.k)=0(p™*?) asp—>oo and  B(p,k)=0((p-1)"""? asp—1.

Our last main result follows from a combination of Theorem 1.1 with a result of Duoandikoetxea and
Rubio de Francia [1985, théoreme 2]. Denote by a(d, k) the dimension of H; and let {Y;};—1 . 4.k be
an orthogonal basis of #; normalized by the condition

b Y:0)>d (9)——1 :
o(sd—l)/y“'f Fdo®) = Tan

here do denotes the (unnormalized) spherical measure.

Corollary 1.3. Take p € (1, 00) and let k < d be a positive integer. Then there is a constant G(p, k)
independent of the dimension d and such that

a(d,k) 1/2
(2w r)
j=l1

<G, B fllr@ey
LP(R‘l)
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where f € LP(R?). Moreover, for fixed and odd k we have
Gp,ky=0(p"*™? asp—oco and G(p,k)=0((p—1)"""** asp—1,
and for even k we have
Gp.ky=0p"*" % asp—>oo and G(p,k)=0(p—1D""** asp—1.
We finish this section with two remarks.

Remark 1. Corollary 1.3 seems interesting by itself. In the particular case of kK = 1 it is a direct maximal
function counterpart of Stein’s inequality (1-4), namely

d 1/2
|(5e07)
j=1

It is unclear to us if one can prove Corollary 1.3 or even inequality (1-6) without using Theorem 1.1 as an

< Cp”f”Lp(Rd), 1 <p<oo. (1-6)
LP(RY)

intermediate step.

Remark 2. We do not know what the sharp rates of the constants A(p, k), B(p, k) and G(p, k) are in
terms of p. However, the results of [Mateu et al. 2010; 2011; Mateu and Verdera 2006] suggest that

B(p,k) = O(max(1,(p—1)"%) and B(p,k) = O(max(l, (p— 1))

might be the optimal rates for fixed odd and even k, respectively. In fact, such estimates do follow from
these papers at the price of involving upfront constants which depend on the dimension. When k =1,
then from [Liu et al. 2024] we indeed have B(p, 1) = O(1) as p — o0o. The same holds for B(p, 2)
because in this case the transition kernel Mé (see (1-8)) coincides with the centered Hardy-Littlewood
averaging operator over the balls.

We are also unaware what the optimal constants H (p, k, d) in the inequalities for truncated maximal
Riesz transforms

IRD fllLr ey < H(p, k, ) fll Lo ey

are even in the case k = 1. In view of the above comment about B(p, 1) and known optimal bounds
for the Riesz transforms from [Iwaniec and Martin 1996], it might be possible to achieve H(p, 1,d) =
O (max(p, (p — 1)72)). However, even if this is true, it would not be optimal in dimension d = 1 for
p — 1. Then the maximal Riesz transform is the maximal Hilbert transform and the sharp order of its
L?(R) norm is max(p, (p — 1)7™h).

1.1. Structure of the paper and our methods. The proofs of Theorems 1.1 and 1.2. require four main
ingredients.

First, we need a factorization of the truncated Riesz transform R} = M,ﬁ (Rp). Here, ML, t > 0, is
a family of radial Fourier multiplier operators. In the case k = 1 this factorization on the multiplier
level has been one of the key steps in establishing the main results of [Kucharski and Wrébel 2023].
In particular, the operator M| considered here coincides with M’ defined in [Kucharski and Wrébel



DIMENSION-FREE L? ESTIMATES FOR HIGHER-ORDER MAXIMAL RIESZ TRANSFORMS 631

2023, equation (3.5)]. For general values of k the factorization on a kernel level is implicit in [Mateu
and Verdera 2006, Section 2] (k = 1), [Mateu et al. 2011, Section 2] (k even), and [Mateu et al. 2010,
Section 4] (k odd). In this paper we utilize the factorization on an operator level via an explicit formula
for the operator M in terms of the Riesz transforms Rp and the truncated Riesz transforms R’,. Note
that for the first-order Riesz transforms (k = 1) the formulas RJ? =M f (Rj), j=1,...,d, together with
the identity I = _Z?:1 (R;)? imply that

d d
Mi=-> M{(R)*=-)_ RIR;. (1-7)
j=1 j=1

It seems that formula (1-7) and its variants for k > 1 have not been considered before. Yet, they are
invaluable when one is interested in dimension-free L?(R?) bounds for M ,ﬁ Details of the factorization
procedure are given in Section 2.

The second ingredient we need is an averaging procedure. It turns out that a useful analogue of (1-7)
is not directly available for Riesz transforms of orders higher than 1. The reason behind it is the fact that
not all compositions of first-order Riesz transforms are higher-order Riesz transforms according to our
definition. For instance, in the case kK = 3 the multiplier symbol of (Rl)3 = RiR R, on L*(R?) equals
—i& 13 /€ and P(§) = —i 513 is not a spherical harmonic. However, the formula

d d d
I= _Z Z Z(le)z(Rjz)z(RJ'S)z

J1=1 jp=1 jz=1

includes squares of all compositions of Riesz transforms including (Rl)6 = ((R1)3)2. Therefore the above
formula does not directly lead to an expression of M| in terms of R’ and Rp. To overcome this problem
we average over the special orthogonal group SO(d). Then we obtain

M f(x)=C(d, k) /sow) Z(R}Rj)uf(X)dM(U); (1-8)

jel

see Proposition 3.1. Here Ty is the conjugation of an operator 7 by U € SO(d), see (3-1), du denotes
the normalized Haar measure on SO(d), while C(d, k) is a constant. The symbol / denotes the set
of multi-indices j = (i, ..., jx) with increasing components while R} and R; are the truncated Riesz
transforms and the Riesz transforms (1-2) corresponding to the monomials P;(x) = x;, - - - x;,. Note that
since j € I the polynomials P; are spherical harmonics and thus the operators R; are indeed higher-order
Riesz transforms. In view of (1-8), if we demonstrate that C(d, k) is bounded by a universal constant,
jer R} R;. The reduction via the
averaging procedure is described in detail in Section 3. It is noteworthy that in order for the averaging

we are left with estimating the maximal function corresponding to )

approach to work it is essential that for each order k the multiplier symbols of M; are radial functions.
The third main ingredient of our argument is an extension to C? followed by the complex method of
rotations of Iwaniec and Martin [1996]. We use the complex method of rotations to estimate the maximal
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function R* corresponding to

=Y RIR;. (1-9)

jel

Here Rt and R denote extensions to C? of the truncated Riesz transform Rt and the Riesz transform R;.
The deﬁmtlon of R can be given on the multiplier level according to the scheme from [Iwaniec and Martin
1996]. We note, however, that the truncated extended operator R} needs to be defined differently —on a
kernel level. In the context of dimension-free estimates for Riesz transforms the real method of rotations
has been employed by Duoandikoetxea and Rubio de Francia [1985]. However, as it can be applied only
to operators with odd kernels, for the general case we need the complex version. The method of rotations
itself is preceded by a number of other ingredients. In particular we need L? vector-valued estimates for
the maximal directional truncated k-th power of the complex Hilbert transform, see Proposition 4.3, and
for the vector of higher-order Riesz transforms, see Proposition 4.4. En route to obtain these results we
also need Khintchine’s inequalities and specific computations. All of it reflects the size of the constants
A(p, k) in Theorem 1.1 and B(p, k) in Theorem 1.2. The extension procedure and the application of the
complex method of rotations are described in detail in Section 4.

The last ingredient is a restriction procedure. This allows us to deduce the estimates for R* on R? from
the estimates for R* on C¢. The restriction of the complex Riesz transforms 13 in (1-9) can be done on
the multiplier level as in [Iwaniec and Martin 1996, Chapter 4]. However, in order to restrict R’ and the
maximal function R* we need to work on the kernel level. A problem that we encounter here i 1s that the
resulting restricted operator of R* is not the same as the desired maximal operator R*. Therefore we need to
investigate their difference and estimate it appropriately. The restriction procedure is described in Section 5.

At the first reading it might be helpful to skip the explicit values of constants in terms of £ and p and
only focus on these constants being independent of the dimension d. An interested reader may trace the
exact dependencies of the constants in terms of k£ and p in the paper.

1.2. Notation. We finish the introduction with a description of the notation and conventions used in the
rest of the paper.

(1) The letters d and k stand for the dimension and for the order of the Riesz transforms, respectively. In
particular we always have k < d, even if this is not stated explicitly.

(2) The symbol N represents the set of positive integers. Throughout the paper we assume that k € N.
We write (4 for the set of positive rational numbers.

(3) By [d] we denote the set {1, ..., d} of positive integers up to d.

(4) For an exponent p € [1, co] we let ¢ be its conjugate exponent satisfying

l=—+-—.
P q

When p € (1, oco0) we set
p*i=max(p, (p—1)7").
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(5) We abbreviate L?(R%) to L? and || - ||z to || - || p- For a sublinear operator T on L?” we denote by
Tl ) p its norm. We let S (RY) = S be the space of Schwartz functions on R¢. Slightly abusing the
notation we say that a sublinear operator 7 is bounded on L? if it is bounded on & in the L” norm.

(6) For k € N we let D(k) be the linear span of {Rp(f) : P € Hy, f € S}. Since Rp is bounded on L?
for 1 < p < 00, the space D(k) is then a subspace of each of the L? spaces.

(7) For a Banach space E the symbol L?(R?; E) stands for the space of weakly measurable functions
£ :RY — E with the norm I fllrre: £y = (fRd ||f(x)||'g dx)l/p. Similarly, for a finite set F, by £7(F; E)
we denote the Banach space of E-valued sequences { f; }ser with the norm || fller(r: 2y = (X s p 1 f511%) p

(8) The symbol Cx stands for a constant that possibly depends on A > 0. We write C without a subscript
when the constant is universal in the sense that it may depend only on k but not on the dimension d nor
on any other quantity.

(9) For two quantities X and ¥ we write X S Y if X < CaY for some constant Cx > 0 that depends
only on A. We abbreviate X < Y when C is a universal constant. We also write X ~ Y if both X <Y
and Y < X hold simultaneously. By X <* Y we mean that X < C*Y with a universal constant C. Note
that in this case X/ < yl/4,
(10) The symbol §9=1 stands for the (d—1)-dimensional unit sphere in R? and by w we denote the
uniform measure on S¢~! normalized by the condition w (S = 1. We also write

27d/2

= (1-10)
r(3d)

Sa—1=

to denote the unnormalized surface area of S?~!. We write ¢ for the uniform measure on $?¢~! normalized
by the condition ¢(S*~1) = 1.

(11) We let (1 ) ( . )
I'(3(k+d) I'(d+ 5k
2 ~ 2
— = - d = = £ 7 1-11
Yk = Vk.d 47T (LK) and Yk = ¥k,24 T (14) (1-11)
(12) The Fourier transform is defined for f € L' and £ € R by the formula
Fr®&=f@& = / F0eT T dx
R
(13) The Gamma function is defined for s > 0 by the formula
(o.¢]
I'(s) = / e dr.
0
We shall use Stirling’s approximation for I'(s):
C(s) ~ V225712, s — oo. (1-12)
A useful consequence of (1-12) is the formula
['(s+a)~s*T(s), s— o0, (1-13)

which is valid for each fixed a > 0.
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(14) We will also need the formula

M(3d)r(4d +0)

Fd+a) (-9

0 pd—1 | |
2/0 A3 ryire dr=B(3d, 5d+a) =

valid for & > 0. This follows from the change of variables r> — r followed by formulas for Euler’s beta
function B(a, b) from [Olver et al. 2010, 5.12.1, 5.12.3].

2. Factorization

The goal of this section is to show that a factorization formula for R’ in terms of Rp is feasible.
Proposition 2.1 below is implicit in [Mateu et al. 2010, Section 4; 2011, pp. 1435-1436].

Proposition 2.1. Let k € N. Then there exists a family of operators M}, t > 0, which are bounded on LP,
1 < p < 00, and such that for all P € Hy we have

Rpf = Mi(Rpf), (2-1)
where f € LP. Each M} is a convolution operator with a radial convolution kernel b}

Proof. We consider separately the cases of k odd or even starting with k£ odd.
Let
I(3d—1)

, N=lxk-0,
winr(y) T

Cqg =

and denote by B the open Euclidean ball of radius 1 in R?. In [Mateu et al. 2010, pp. 3674-3675] it is
justified that the function

d
b(x) =ba(x) ==Y _ Rily;-h(»)1(x), (2-2)
j=1
where
1 -
h(y) =ca(l =) gy loe () + (B + Byl 4+ By 1),
satisfies the formula
Rp(b)(x) = Kp(x)1pe. (2-3)
Here 1, ..., By are constants which depend only on k£ and d and whose exact value is irrelevant for our

considerations, and K p and Rp have been defined in (1-1) and (1-2), respectively. The important point is
that (2-3) remains true for any P € Hy.

Denote by H the radial profile of the Fourier transform of £, i.e., H(|€]) = fl(é) for & € R?. By taking
the Fourier transform of (2-2) it is straightforward to see that b is a radial function. This follows since the
multiplier symbol of R; is —i&;/|&| and

3

GhONE) = szm H'(|€]),



DIMENSION-FREE L? ESTIMATES FOR HIGHER-ORDER MAXIMAL RIESZ TRANSFORMS 635

so that . 1
Fo) =) 5ep  HED = 3 H'(8)

j=1
is indeed radial and so is b.
Let b’ (x) = bl (x) :=17¢b(x /1) be the L' dilation of b; clearly ' is still radial. The dilation invariance
of Rp together with (2-3) leads us to the expression

Kp(x)1pe(x/t) = Rp(d")(x). (2-4)
Let M; be the convolution operator

Mif(x)=Db"* f(x).

It follows from [Mateu et al. 2010, Section 4] that M; is bounded on L spaces whenever 1 < p < 0o.
Moreover, in view of (2-4) we see that

Rpf=Rp(")* f=b"xRp(f) = My(Rp f).

It remains to consider k£ even. Let N = k/2. From (10) and (12) in [Mateu et al. 2011, pp. 1435-1436]
it follows that the function

b(x) = by g(x) := (g +ar x>+ +ay_[x*V D) 1p(x)

satisfies the formula
Rp(b)(x) = Kp(x)1pe(x). (2-5)

Here a4, ..., ay_1 are constants which depend only on k and d and whose exact value is irrelevant for

our considerations. As in the case of odd &, the important point is that (2-5) remains true for any P € Hy.
Using (2-5) we proceed as in the proof in the case when k. Let b (x) = b/i (x) := t_db(x/t) be the L'

dilation of b. Since b is clearly radial the same is true of b’. Let M} be the convolution operator

ML f(x)=b"* f(x).

It follows from [Mateu et al. 2011, Section 2] that M} is bounded on L? spaces whenever 1 < p < c0.
Moreover, in view of (2-5) we see that

Ry f=Rp(b') % f =b' % Rp(f) = ML(Rp ). O

As a corollary of Proposition 2.1 we see that in order to justify Theorems 1.1 and 1.2 it suffices to
control vector- and scalar-valued maximal functions corresponding to the operators M;. Note that for
fesS, PeHy,and x € R<, the mapping  — R}f(x) is continuous on (0, co) and thus, by (2-1), so is
t— M;(Rp f)(x). Consequently, for f € D(k) (see (6) in the notation section) we have

sup |M f (x)| = sup [M f (x)].

t>0 teQy
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In particular sup,. o |M; f (x)| is measurable for such f, although possibly infinite for some x. Define

M f(x) = sup |M f(x)]. (2-6)

teQy

Proposition 2.1 reduces our task to proving the following two theorems.

Theorem 2.2. Fix k € N. For each p € (1, 00) there is a constant A(p, k) independent of the dimension d
and such that for any S € N we have

N 1/2 S 1/2
H (Z |M:fx|2) < A(p, k) “ (Z |st2>
s=1 14 s=1

where fi, ..., fs € LP. Furthermore A(p, k) satisfies A(p, k) < (p*)>/**/2,

9

p

Theorem 2.3. Fix k € N. For each p € (1, 00) there is a constant B(p, k) independent of the dimension d
and such that

IMifllp < B(p, I flp

whenever f € LP. Moreover B(p, k) satisfies B(p, k) < (p*)FHk/2,

3. Averaging

In this section we describe the averaging procedure. The averaging procedure will allow us to pass from
M to another maximal operator that is better suited for applications in Sections 4 and 5. Before moving
on, we establish some notation. We define the set / of multi-indices with increasing components as

I={je{1,...,d}k:j,-<j1f0ri<l}.

For a multi-index j = (ji, ..., jx) € [ we write
Fj(x) = xj 1= Xj - X

and denote by R; the Riesz transform Rp, associated with the monomial P;. The truncated transform
ij and the maximal transform ijk are defined analogously. We also abbreviate K;(x) = Kp,(x) and
Kjt(x) = K},j (x).

The averaging procedure will provide an expression for M; in terms of the Riesz transforms R; and
R} postulated in (1-8). For f € L?, 1 < p < 00, let

R’f::ZR}RJ-f and R*f := sup |R'f|.

jel teQy

Note that both R’ and R* are well defined on all L? spaces. Indeed, R} and R; are bounded on L” and
the supremum in the definition of R* runs over a countable set thus defining a measurable function.

Let SO(d) be the special orthogonal group in dimension d. Since it is compact, it has a bi-invariant
Haar measure p such that £ (SO(d)) = 1. For U € SO(d) and a sublinear operator 7 on L? we denote by
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Ty the conjugation by U, i.e., the operator acting via

Ty f() =T(fU~"-)Ux). (3-1)

Proposition 3.1. Fix k € N. Then there is a constant C(d, k) € R such that
M f(x)=Cd, k)/ (R f1(x) du(U) (3-2)
SO(d)

forallt > 0and f € LP. Moreover, |C(d, k)| has an estimate from above by a constant that depends
only on k but not on the dimension d, so that

S

5 1/2 1/2
<Z|M:fg(x)|2> Sf (Zl[(R*)Ufs](x)lz> du(U) (3-3)
o S0)

s=1

for SeNand fi,..., fse€ LP.

Proof. Let A be the operator
A= (R, (3-4)

Jjel

which by (1-3) means that its multiplier symbol equals

£ £
a§)= (=Y =D ) a
el &1 el (3
Let A be the operator with the multiplier symbol
- (U§) )
= U&)du(U) = (—1)f / ——2 1 dn). 3-5
ae) /So(d)a< £)duU) = ( ),ze; o e @) (3-5)

Then a is radial, and since it is homogeneous of order 0, it is constant.
Let now m’ be the multiplier symbol of M;. Then, from Proposition 2.1 we see that m’ = b is radial,
so that

m () =aam' &) =a" /

SO(d)

mt(é)a(U%‘)du(U)=5¢1f m' (U&)aU§)du(U).

SO(d)

Using properties of the Fourier transform the above equality implies that
Mif@=a" [ 100 du)
SO(d)

Recalling (3-4) we apply (2-1) from Proposition 2.1 and obtain

jel jel



638 MACIEJ KUCHARSKI, BLAZEJ] WROBEL AND JACEK ZIENKIEWICZ

here an application of (2-1) is allowed since each R; corresponds to the monomial x; which is in H;
when j € I. In summary, we justified that

Mifx)y=a"" /So(d)[(R’)U](f)(X)dM(U), f €D, (3-6)

which is (3-2) with C(d, k) =a~".
Now we need to prove that
ICd, k)l =lal' ~1 3-7)

uniformly in the dimension d. Note that each of the integrals on the right-hand side of (3-5) has the same
value independent of j € I, so that

(WUé)q....0)

2
a) = (=i d(U);

SO(d) &2

here |I| stands for the number of elements in /. Since a is constant, we can integrate it over S9! with
probabilistic measure and change the order of integration to get

Now notice that the inner integral does not depend on U, which means that

a= (=DK1 ) lw%.--w,%da). (3-8)
i

Since k is fixed, by an elementary argument we get |/| = (Z) ~ d¥. Thus it remains to show that
/ i wfdo~dr. (3-9)
gd—1

Formula (3-9) is given in [Sykora 2005, (10)]. It can be also easily computed by the method from
[Hormander 2003, Chapter 3.4]; for the sake of completeness we provide a brief argument. Consider the
integral J = fRd xl2 X -x,fe_“C * dx. Since J is a product of the one-dimensional integrals we calculate
J = F(%)kF(%)d_k, while using polar coordinates gives J = Sy_; foH a)% e a),% dw fooo pRhtd=1o=r? gy
where S;_ is defined by (1-10). Altogether we have justified that

r 1 d—k
/ o ewtdo~ —O
Sd—l Sdflr(k + Ed)

Since k is fixed and d is arbitrarily large, using (1-10), Stirling’s formula for the I" function (1-12) and
the known identity I'(3) = /7 we obtain

k+1d(d/(2e))%/? =42 [k +d/a\"4?
§ 3d((k+d/2)/e)k+d/2

This gives (3-9) and concludes the proof of (3-7).
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It remains to justify (3-3). This follows from (2-6), (3-6), and (3-7), together with the norm inequality

/ (U dpU)| < / | s (U)x dp(U)
SO(d) X SO(d)

on the Banach space X = 1, ..., S £°(Q4)), with Fy ,(U) = (R")y(fy)(x) and x being fixed. O

Since conjugation by U € SO(d) is an isometry on all L? spaces, in view of u(SO(d)) = 1 and
Minkowski’s integral inequality, equation (3-3) of Proposition 3.1 allows us to deduce Theorems 2.2
and 2.3 from the two theorems below.

Theorem 3.2. Fix k € N. For each p € (1, 00) there is a constant A(p, k) independent of the dimension
d and such that for any S € N we have

S 1/2 S 1/2
H (Z IR*fs|2) S A(p,k)H (Z Ifs|2>
s=1 p s=1

where fi, ..., fs € LP. Moreover, A(p, k) satisfies A(p, k) <y (p*)>/>T+/2,

’

p

Theorem 3.3. Fix k € N. For each p € (1, 00) there is a constant B(p, k) independent of the dimension
d and such that

IR*fllp < B(p, Ol p

whenever f € LP. Moreover, B(p, k) satisfies B(p, k) <y (p*)>/2.

4. Extension to C¢ and the complex method of rotations

Here we extend the operators R’ acting on L”(R?) to the operators R acting on L?(C?). Then we apply
the complex method of rotations of Iwaniec and Martin [1996] to R

Let P € Hy. Forz = (x; +iy1, ..., Xqg+iyq), x € R4, y€E R4 we denote
~  T'd+k/2)

~ ~ P2 )
Kp(z) =yvi——-7 Withy

|z|2d+k - 74l (k/2) ’ 4D

and define, for f € S(CY),

~ ~ = P
Ref() = lim Ry f(2),  where Kb f(2) = / (w)

weCd : |w|>t |w|T+kf(Z—IU)dw, 4-2)

Iwaniec and Martin [1996] considered the extension on the multiplier level whereas here we need to
write it on the kernel level. This makes no difference for the operator Rp. However, the multiplier symbol
corresponding to the truncated transform ﬁ} does not have a simple formula, thus writing the extension
on a kernel level seems the only reasonable option here.

Formulas (4-1) and (4-2) lead us to define the extension of R’ by

R=R .= RE. (43)
jel
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Using the complex method of rotations [Iwaniec and Martin 1996, Section 6] we will prove L? (CY
estimates for

R*f(z) = sup |R' f(2)|.

teQy

Theorem 4.1. Fix k € N. For each p € (1, 00) there is a constant A(p, k) independent of the dimension
d and such that for any S € N we have

S 1/2 S 1/2
H (Z IR*f.YIZ) < A(p, k) “ (Z |fs|2)
s=1 s=1

whenever fi, ..., fs € LP(C%). Moreover, A(p, k) satisfies A(p, k) < (p*)5/2+k/2.

LP(CY) LP(CY)

Theorem 4.2. Fix k € N. For each p € (1, 00) there is a constant B(p, k) independent of the dimension
d and such that

||R f||Ln(cd) B(P,k)||f||LP(<Cd)
whenever f € L?(C?). Moreover, B(p, k) satisfies B(p, k) <y (p*)FHk/2,

The reminder of this section will be devoted to the proofs of Theorems 4.1 and 4.2. From these results
we shall obtain Theorems 2.2 and 2.3 provided we develop a restriction procedure from C? to R?. As we
already remarked this is not straightforward, since the restriction of the complex truncated Riesz transform
is not the real truncated Riesz transform. Details of the restriction and estimates for the resulting operators
are given in Section 5.

We now focus on the proofs of Theorems 4.1 and 4.2. Let P € Hy. Note that

2nf F(w)dw:/ /F(w)|x|2d2dme,
cd s2d-1JC

where F € S(CY) and d@ stands for the spherical measure on S?~! normalized by the condition
0(52?=1) = §5,_1. Take f € S(CY). Applying the above identity with

F(0) = Fiosiy |(;f+)k Lypjar £z — w)

gives

ﬁ%f(z):?/ ||(TZ)_,’)_klw>zf(Z—U))dw

P(A0)
_/24 1/ |)\|2d+k1|)»\>zf(z—)»9)|A|2d 2drde
g2

— 16
)f (Z )1|}\,|>t d)\,d@,
§2d-1 1Al A2 -

where in the last equality above we used the k-homogeneity of P. This means that we got

~

Rof(z) = ;/—7’; f » PO H}, f(2)d6, (4-4)
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where

‘ ey 2\ fz—=20)
Hy, f(2) =Hyf(2):= A(m) Tllklzt()‘) d

is the truncated directional k-th power of the complex Hilbert transform.
Identity (4-4) can be written in terms of the probabilistic spherical measure d¢ on $2?~! in the following

way:
Dt ( ) / t
R P()H dg. 4-5
Lf(@) = F(d)r(%k) (@) HL f(2)d¢ 4-5)
The limiting case of (4-5) is then
% P{d+3k) /
R P(¢)H, d 4-
pf(x)= F(d)F(%k) (§)H; f(z) d, (4-6)

where

B 3 A\ fz—a0)

is the directional k-th power of the complex Hilbert transform.

Identities (4-5) and (4-6) were initially established for f € S (C%). However, a density argument based
on the L”(C%) boundedness of H é and H, allows us to write these identities for all f € L? (C%). For
further reference we note that when k is fixed, then by (1-13) we have

I'(d+ 3k
( 21) Ndk/z. (4_7)
nl(d)T(5k)
In the proofs of Theorems 3.2 and 3.3 we shall need boundedness properties of the maximal operator

H} @)= H}\ f @)= sup |H.f(2)]

teQy

associated to H ;t

Proposition 4.3. For each 1 < p < 0o we have

S 1/2
(Z |Hg‘fs|2>
s=1

uniformly in ¢ € S??~ and the dimension d.

XS: 5 1/2
i | /sl )
(s:l

LP(CY) LP(CY)

The proof of Proposition 4.3 is standard and therefore we omit it here. For the convenience of the
reader we include the proof in the Appendix.
We will also need vector-valued estimates for { ﬁj( )}, jel, s=1,...,d.
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Proposition 4.4. Fix k € N. Then for each 1 < p < 0o we have

S - 1/2 S 1/2
(XX Rsr) i pp' gkt (z ) , (48)
s=1 jel Lr(C) =1 Lr(C?)
_ 1/2
‘ (Z |ij|2) Sk P 1 f ey (4-9)
jel Lr(C9)

uniformly in the dimension d.

Proposition 4.4 can be proved by an iterative application of its k = 1 case together with Khintchine’s
inequalities. However, such an approach produces worse constants than those in (4-8), (4-9). An important
ingredient in the proof are properties of the functions

§j = (xj Hiyp) - (g +1yj).
Note that ¢;, j € I, are orthogonal with respect to the inner product on §24=1 Moreover,
[ eiPdcsat (4-10)
SZd—]

Indeed, all the integrals on the left-hand side of (4-10) are equal for j € I and thus

1 1 1
N2de = — 12 _ Rar— % g, < gk
/ ¢ *d¢ m/MlZw dt < |1|/2d1 DRISIRS m/W ¢ de <d
S S el s jedlt S

since | 1| ~ d*
We justify (4-8) and (4-9) separately, starting with the latter.

Proof of (4-9). Take numbers A;(f,z) = A;(z), j € I, such that
- 1/2 _
<ZIij(z)I2) =Y @R f@. Y K@=l
Jel Jjel jel

Using (4-6) and (4-7) followed by Holder’s inequality we obtain

12y p
()] -
jel
/ > xi @
§2d—1 el

p
<P dkp/2/
q
> x(@)¢;

<dkp/z/lz(/xzz 1
C §2d— el

Now we deal with the first inner integral in (4-11). Since ¢; € H,%d for j € I, for fixed z the function
= jer §j*j(z) also belongs to H,%d. Using [Duoandikoetxea 1987, Theorem 1], orthogonality of the

p
dz

MR @
jel

p
dz

r/q
d{) / |H; f(2)|7 d¢ dz. 4-11)
§2d—1
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functions ¢;, j € I, inequality (4-10), and the formula S A j (z)2 =1, we get

jel
q 1/q 2 1/2
(/ > 3@ d() §qk/2(/ > xi@)¢; d{)
§2d—1 I §2d—1 el
1/2
1/2
k/Z( kZ)‘ (Z)z) qk/Zd—k/Z‘ (4-12)

jel

Applying (4-12) and coming back to (4-11) we obtain

1/2 1/p
H( |ij|2) <q'? ( / 1He f117 5 o dg) :
el p §2d—1

Now Proposition 4.3 completes the proof of (4-9). O

We are now ready to prove (4-8). This is similar to the proof of (4-9) with an addition of Khintchine’s
inequalities. For s =1, 2, ... we let {r;} be the Rademacher functions; see [Grafakos 2014, Appendix C].
These form an orthonormal set on L2([0, 1]). Moreover we have Khintchine’s inequalities [Grafakos
2014, Appendix C.2],

o0

E:ajrj

j=1

00 172
(S0 <[ o
j=1

for any complex sequence (a,)S2, and 1 < p < oo. The explicit bounds on constants in (4-13) and
(4-14) follow from explicit values of the optimal constants established by Haagerup [1981] together with

00 1/2
< p”(Z |aj|2) (4-13)
j=1

Lp([0,1])

and

, (4-14)
Lr([0,11)

Stirling’s formula (1-12).
Proof of (4-8). Take numbers A ;(z, {fs}) =A;(2), j€l, s=1,...,8, such that

s 1/2 s N
<ZZ|ijs(z)|2> =Y ) 2s@R; fi(2), ZZ}F @ =1 (4-15)

jel s=1 s=1 jel s=1 jel

Using (4-15), (4-6), and (4-7) we obtain

’ (Ziu@m )1/2

jel s=1

dz

is@R; f5(2)

=1 jel

<pdkp/2/ / ZZAJS(Z)CJH;fs(Z)dé“ dz. (4-16)
Cd S2d 1

=1 jel
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Orthogonality of the Rademacher functions {r;} and Holder’s inequality imply

S p
d"l’/szd /SmIZZAJ’S(ZK’HJS(ZMC' dz

p
:dkp/2/ /;M 1/ (ZZH(E)M Y(Z)§J><er(§)H{fs(Z)>d‘é::dé‘ dz
o2 | . q r/q
<d er@)x,,s(z);, dg dt
Cd S2d 1 s—1 JEI

P
dedcdz. (4-17)

11 S
> @ H f(2)
=1

S2d—1J0

Let

rs(é))\j S(Z);j

1/q
QSq(Z)—(/SW/ dgd;) .

Then, coming back to (4-16) and applying Khintchine’s inequality (4-13) to the second factor in the last

s=1 jel

inequality in (4-17), we reach

(s

jel s=1
Thus, Proposition 4.3 implies

(s

4 S p/2
<r pp/zdkP/ZHQS,q”Zoo(Cd)/ / (Z |H; fs(Z)|2) dzdg.
» s2d-1 Jd p—r

(Z Ifc|2>1/2

1/2 3k/2
< p*p'Pd 2 Qs 4 ll Lo o :
LP(CY)

jel s=1 p
Therefore, the proof of (4-8) will be completed if we justify that
10541l ooty S g “HP2a2. (4-18)

The proof of (4-18) splits into two cases.
If ¢ > 2, we proceed similarly as in (4-12). Namely we apply Khintchine’s inequality (4-13),

q/2 S q 2/q\4/2
(Q5.4(2)1 < qqﬂ/ (Z > hs@)¢; ) d¢ <q‘1/2(2(fsd 1 Zm(z)g dc) )
s=1"'jel s=1
/2
e kq/2(2/d | Z,\”(z)g] dg) ,

uniformly in z € C¢. Here an application of [Duoandikoetxea 1987, Theorem 1] is justified since ¢ i€ H,%d

Minkowski’s inequality and [Duoandikoetxea 1987, Theorem 1], obtaining

for j € I and thus also the sum Zjel Aj,s(z)¢; belongs to H,%d for each fixed z € C¢. Now, using the
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orthogonality of ¢;, j € I, inequality (4-10) and the formula Zf:l > jer M, s(z) =1 we see that

(05,427 S ¢ kq/z(Z/ Zx,sm Is1 dc) =q"%q ’“1/2( "ZZM@>

s=1 jel

/2

9/2 ka2 g—ka/2.

<q%7q

Therefore, (4-18) is justified in the case g > 2.
If on the other hand 1 < g < 2, an application of Holder’s inequality together with (4-18) in the case
q = 2 shows that

Q5.4(2) < 052(z) Sd 72
This completes the proof of (4-18) and thus also the proof of (4-8) from Proposition 4.4. O

We are now ready to prove Theorems 4.1 and 4.2. In both the proofs we shall need the formula

~ I(d + 3k) ~
Rf)=——2" f H} [Z C;ij} () d¢, (4-19)
AT (54 Jeu 7oL 2
which follows from (4-3) and (4-5). We start with the proof of Theorem 4.2.

Proof of Theorem 4.2. Using (4-19) and (4-7) we see that

IR* f(2)] S d*/? /Sz,“ H;*[Z ;jiijf](z)d;, zeCl.

jel

Hence, Minkowski’s integral inequality followed by Proposition 4.3 shows that

B Pl S 9 [ IS cfr| e
§2d-1 el LP(Cd)
Using Holder’s inequality and Fubini’s theorem we obtain
- ) " p 1/p
IR* fll rcay S prd*/ (/Cd /2[ 1 ‘Z CiR f(2)| d¢ dz) . (4-20)
§2-1]<
jel

Since for fixed z the function ¢ — ) jer & jﬁj f(z) belongs to ’H,%d , applying [Duoandikoetxea 1987,

Theorem 1] we obtain
p 2 172
)" <[, [peisef a)
524

( - ‘Z;JR f@

Using orthogonality and (4-10) we thus see that

1/p 1/2
( f d4> S ph (Z |§,-f(z)|2) , (4-21)
SZ -1

jel

‘R i f(2)

p

Z;,R £
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which, together with (4-20), leads to

(DR /1 )1/2

jel

D k
IR* fllLocay S p*p*?

Ll’(O’)‘
Thus, (4-9) from Proposition 4.4 completes the proof of Theorem 4.2. U
We finish this section with the proof of Theorem 4.1.
Proof of Theorem 4.1. Using (4-19), (4-7), and Minkowski’s integral inequality on the space
Gl S5 L¥(@Q4)

we see that
s

S N 1/2 N 2\ 1/2
(S con [ (S(e[gmsfe)) s
s=1 K

s=1 jel

Thus, another application of Minkowski’s integral inequality followed by Proposition 4.3 gives

S 1/2 N N
H (ZIR*J‘SIZ) Sp*dm/ <Z Y LR ) dg.
s=1 Lr () SN e Lr(c?)
Using Khintchine’s inequality (4-14) followed by Holder’s inequality on S%?~! we see that
g quality y quality
S 1/2 1/p
H (ZIR*fs|2) S prd? f ( er(S)ZCJR £ de dz) d¢
=1 LP(C9) S§2d-1\J 4 Jel
i p 1/p
< prd (/ // ‘Zg [ rs(sm(z)] dcdsdz> .
cd §2d—1

Finally, (4-21) followed by (4-9) from Proposition 4.4 and Khintchine’s inequality (4-13) gives

s 1/2 2\p/2 I/p
IR*fs|2) p* “2(/ /( ) dédz)
<; LP(Cd) c?

p 1/p
< (phFH 2( de dz>
cdJo

¢ S
5/2+k/2 > 2 P/ e
< (pF)H (/d<2|fs|) dz) ) O
c s=1

5. Restriction to the initial Riesz transforms

[ rs(é)fs(Z)]

]EI

er(é)fs (2)
=1

The purpose of this section is twofold. Firstly, we restrict the maximal operator R* acting on L?(C%) to a
maximal operator R* acting on L”(R?). This is done in a way which preserves estimates for the norms.
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However, the restricted maximal operator R* is not the same as R*. Therefore, we need to estimate their
difference, which is done in the second part of Section 5.

5.1. Bounding the restriction R* of R*. In Theorems 4.1 and 4.2, we proved dimension-free estimates

for the operator R* acting on L”(C%). An approach similar to [Iwaniec and Martin 1996, Chapter 4]

leads to dimension-free estimates for the restriction of this operator to L? (R?) which we now describe.
To elaborate, for x € R? and ¢+ > 0 we define the restricted kernel ICI. (x) by

pd—1
dr for|x| <t

/cj.(x)z{y" I ek |d+k \/r2/|x|2 (I4r2)d 72 ’ (5-1)
K] (x) for |x| >t.

Recall that K jt is the truncation of the kernel K; given by (1-1) when P;(x) =x;, ---x,, j € I. A short
computation based on (1-10), (1-11), and (1-14) gives, for x # 0,

rd=1 I'(d+ %k) ©  pd-l Xj
llmJ/del dkf a2 4= 1 1 / sariz 4 Tk
t—0 |x| + /12/]x|2—1 (1+l" ) +k/ nd/zF(ik)F(id) 0 (1+r ) +k/ |-x| +
X
= yk—|x|;+k = K;(x). (5-2)

For f € L (R?) we let R} f = f % K} and define

R'f =) RIRf and R*f=sup |R'fl,
el teQy
where R; is as in (1-2) with P(x) = P;j(x) = xj, - - - x}.

A transference argument leads to the two results below. The proofs of Theorems 5.1 and 5.2 are based
on ideas from [Iwaniec and Martin 1996, Section 4], but extra difficulties arise. These complications
stem from the fact that we need to restrict compositions of singular integral operators instead of just one
singular integral operator. Furthermore, useful formulas for the multiplier symbols of I?jt or Rjt are not
available.

Theorem 5.1. Fix k € N. For each p € (1, 00) there is a constant A(p, k) independent of the dimension
d and such that for any S € N we have

N 1/2 S 1/2
H (Z IR*fs|2> < A(p’k)H (Z |fs|2>
s=1 s=1

whenever fi,..., fs € L?(RY). Moreover, A(p, k) satisfies A(p, k) < (p*)5/2+k/2.

LP(R?) LP(R?)

Theorem 5.2. Fix k € N. For each p € (1, 00) there is a constant B(p, k) independent of the dimension
d and such that

IR* f”LP(Rd) B(p»k)”f”LP(Rd)

whenever f € L?(R?). Moreover, B(p, k) satisfies B(p, k) <k (p*)FHk/2,
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The restriction procedure from Theorems 4.1 and 4.2 to Theorems 5.1 and 5.2 will result in the kernels
K ; and K jt defined in (4-1) being integrated over their imaginary component iy in R¢. This is the origin
of the kernel K as the next lemma justifies.

Lemma 5.3. Foreacht > 0and x € R?,
/ Rt +iy) dy = K (). (5-3)
Rd

Proof. To justify (5-3) consider two cases: |x| > ¢ and |x| < ¢. In the first case, integrating in polar
coordinates in R? and noting that f gi-1 Pi(x +irw)dw = Pj(x),

~ ) ~ Pi(x+iy) ~ Pi(x+iy)
K{(x+ly)dY=/ e dy = / L
/[R" ! yeRd : |x+iy|>t lx + ly|2d+k ¢ x+ l))|2d+k

d—l P(X) rd—l

= ViSa- 1P(x)/ (|x|2+r2)d+k/2d = VeSa- V@ Jo (14 r2)d+hi2 dr

= Kj(x) = Kj (x) = Kj(x).

In the fourth equality above we used the change of variable r — r|x| and then we used (5-2). Similarly,
in the second case |x| < ¢t we obtain

/ D) ay=gisiane [ e dr=Kl)
YT T gk @Y = Vidd-1£5(X s Ar =K;(x),

yeRdsfxiplze X iy T TRE (x4 At !

where in the second equality we used the change of variable » — r|x|. Thus (5-3) is justified. ]

We present only the proof of Theorem 5.1. The proof of Theorem 5.2 is similar. We merely need a
simpler duality argument instead of (5-4) below and an application of Theorem 4.2 instead of Theorem 4.1.

Proof of Theorem 5.1. By Lebesgue’s monotone convergence theorem we may restrict the supremum
in the definition of R* to a finite set of positive numbers {t1, ..., fxy}, as long as our final estimate is
independent of N. Further, a density argument shows that it suffices to consider fi, ..., fs € S(R?).
For F:C? — Cand u > 0 we let (§,F)(x +iy) = F(x +iuy) and define
RVU(F)(x +iy) := (8,-10 R 08,)(F)(x +iy) = R (8, F)(x +iu~'y).

Using Theorem 4.1 it is straightforward to see that
s 1/2
(Z |F, |2)

N - 1/2
H (Z Sup |Rtn’uFS |2)
s=1

=1 nefl,...,N}

< A(p, k)
LP(C4)

LP(C”)‘
Note that by duality between the spaces L” (C%; Es) and L1(C?; E;), where
Ew=C({1,.... Skt ..., 0nD) and Ey=E({1,..., Sk ' (..., 1)),

the above inequality can be rewritten in the equivalent form

1/2 N 2\1/2
ZZ (R™"Fy, Gn.s) 120y | < A(p, k)H (ZlFl ) ( (Z|Gn,s|> )
Lr(CH I \g—; \,=

s=1 n=1
where G, € L9(C4, E)).

, (5-4)
L4(C9)
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Let n € S(R?) be a fixed function such that |||l ;»re) = 1 and take f € S(RY). Defining

F(x+iy)=(f®nx,y)=fx)n0k), x,yeR
we claim that
lim (R""F, G)2cay = (R'(f) @1, G) 12cey (5-5)

u—0+

for any function G € § (C% and all ¢ > 0.

Assume for a moment that the claim holds. Fix ¢ € (0, 1) and let ¥ € S(RY) be a function of L4(R?)
norm 1 and such that [(n, ¥) ;2(gey| = (1 —¢). Take f; € S(R?) and 8ns € S([Rd) forn=1,..., N,
s=1,...,S. Then, substituting F; = f; ® n and G,, s = g,.s ® ¥ in (5-4) we have

N
D (R (f @), gns @ V) 1200)

=1 s 12
< A(ch)H (Zlfs®n|2>
s=1

At this point the claim (5-5) implies

e

1

©
Il
S

(

LP(CY) s=1 “n=1

N
<an Js gn,s)Lz(Rd)

e

{7, ¥) 2@
s 1/2 S , N 2\1/2
< A(p, b ” (Z |st2) (Z( |gn,s|) )
s=1 s=1 “n=1

Now, using duality between the spaces L” (R?; Eo) and LY(RY; E}) together with the density of Schwartz

s=1 n=1

LP(R?) L1(R)

functions in L?(R) we conclude that

N 12
(Z sup |R" fs|2>

T nefl..N)

(I-e)

N 1/2
< A(p, k) H (Z |fs|2)
s=1

Since ¢ € (0, 1) was arbitrary this completes the proof of Theorem 5.1.

LP(R4) LP(RY)

It remains to verify the claim (5-5). Since R = > jel I?j’ I?j it is easy to see that
Dtu Dt pu
RW“F =) R“K/F,
jel
where, for F = f ®n, we let
RIM(F)(x+iy) = RIS F)(x +iu"y),  RI(F)(x+iy) = Rj(8,F)(x +iu"y).
Thus, it is enough to justify that

lim (RiRYF. G) 2oy = (R R f) @1, G) p2ca) (5-6)

u—0t

for jel, t>0,and G € S(CY).
Fix j € I and ¢t > 0 and denote by m’ and m the multiplier symbols on C¢ corresponding to the
operators 1};’ and I}}, respectively. Then §,(m") and 8, (m) are the multiplier symbols corresponding to the
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operators IAQ;I " and IA?;V, respectively. Thus, identifying C? with R??, taking the Fourier transform on R%“,
and using Plancherel’s theorem, we see that

(RIRIF. G) p2(cay = (8,(m)8,(m") FIF1, FIG]) (5-7)

L2(Cdy"
By formula (1-3) (applied on R2?) and definitions (4-1), (4-2) for Pi(z):=zj=2zj -z, we have

G Pi(E+iur)
8u y = (— kj—
(m)(§, v) = (=) &+ inclF
for £, T € RY. Hence, for £ # 0 and 7 € R? it holds that
w i)

hm m(E, ut) =m(E,0) = (—i)*

&k
Another application of (1-3) (this time on R?) shows that the function mg (&) := m(&, 0) is the multiplier
symbol of the operator R; acting on L(R?).

Since the operators 1’5]’ and EJ are both bounded on L*(C?) the functions 8, (m) and §,(m') are in
L>(C%), uniformly in u > 0. Thus, coming back to (5-7) and using Lebesgue’s dominated convergence
theorem we see that

ot.u
ulgg+<1§ R F,G)2cay = hm (3 (m")F[F], mo]-'[G]>L2(Cd),
provided the limit on the right-hand side exists. By deﬁmtlon of mg applying again Plancherel’s theorem
we obtain

lim (R’“R F,G)p2ciy = hm (R”‘F (R ® D*G) 2 (cays (5-8)
u—0

u—0+
provided the limit on the right-hand side exists. In the above formula R; ® I denotes the operator R;
acting only on the R? coordinates of a function defined on C“ and the adjoint is taken with respect to the
inner product on L2(C¢). Now, if we justify that
ulig)l (Rt uF (R ® I) G)LZ(C’]) <Rt (f) ® 77 (R ® I) G>L2(@d) (5'9)

and use the formula

together with (5-8), then we will complete the proof of the claim (5-6).
Since the operators IAQJ;’” are uniformly bounded on L?(C%) with respect to u > 0 to prove (5-9) it
suffices to show that

lim (R “F, G)Lz(@z) = (R (f)®n, )LZ(@d), (5-10)

u—0+t

where G € S(C%). For z = x +iy, x,y € R?, we have
RIM(F)(2) = R (f @m(@) = u™*8,1(KN) % (f @ ) (2)

Pi(x'+iu 1y’)

/ —d "] I / ’
= X —X — dy' dx
/d A )/eRd |x/+iu=Ly’|>1 it X/ +iu=ty'|2d el = y)dy

~ (X +ly) , /g
Fo =X 2 (v —uy') dy' dx. (5-11)
/I‘%“’/): eR?: |x'+iy' |>t /|2d+k
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Moreover, a computation shows that for fixed x € R and ¢ > 0 it holds that
Pi(x" +iy)

S 1/,rd
Ix/+iy/|2d+k l|x’+iY’|Zl e L' (CY) (5-12)

fx=xH

uniformly in x € R?. Hence, taking the limit as ¥ — 0T in (5-11) and using Lebesgue’s dominated
convergence theorem followed by Lemma 5.3 we obtain

)
LB
eRY : |x/+iy'|>t |X’+iy’|2d+k

lim R (F)(z) =n(y) / flx—x)) /
u—0+t R y

=n(y) fR =K A =R = RINH @My (-13)

forx,y e R“. Moreover, another application of (5-12) shows that I};t M(F) e L®(CY), uniformly in u > 0.
Now, since G € S (C?) using again Lebesgue’s dominated convergence theorem followed by (5-13) we
reach

lim (R{"F, G) 2oy =( lim R“F, G)LZ(U) = (RI(f) ®n. G)2cay.

u—0t u—0+t /

This justifies (5-10), and hence also the claim (5-6). The proof of Theorem 5.1 is thus complete. U
5.2. Bounding the difference between R' and R'. Define the difference kernels on R? by
E; (x):= Kj’(x) — IC]’-(x). (5-14)

Recall that by definitions (1-1) of Kj’ and (5-1) of ICJI. we have E; (x) = —IC;(x) if |x| <t and E}(x) =0
if |x| > ¢. We let D; be the operator on L”(R) given by Dj f = f * E|; and define

D'f =3 DiRf, D*f= sup |D'f].

jel l‘E@Jr

Clearly,
R'=R'+ D',
so using Theorems 5.1 and 5.2 we reduce Theorems 3.2 and 3.3 to the following two statements.

Theorem 5.4. Fix k € N. For each p € (1, 00) there is a constant A(p, k) independent of the dimension
d and such that for any S € N we have

N 1/2 S 1/2
H (Z ID*fs|2> <A(p. k)H (Z |fs|2)
s=1 s=1

whenever fi, ..., fs € LP(R?). Moreover, A(p, k) satisfies A(p, k) <k (p*)>/FHki2,

Lr(RY) L7 (Rd)

Theorem 5.5. Fix k € N. For each p € (1, 00) there is a constant B(p, k) independent of the dimension
d and such that

ID*fllLr@way < B ) f | Lo e

whenever f € L?(R?). Moreover, B(p, k) satisfies B(p, k) <k (p*)FHk/2,
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The proofs of the above two theorems will follow the scheme of the proofs of Theorems 4.1 and 4.2.
The main difference lies in the application of the real method of rotations. The reason for taking complex
extensions (4-3) of the operators R’ is due to the fact that the real method of rotations is only applicable
to singular integrals with odd kernels. Using this method for k odd one may express R’ as an integral of
directional truncated Hilbert transforms. In the case of the operator D’ the cancellations are not important.
We can use the real method of rotations to estimate D* by an integral of one-dimensional directional
Hardy-Littlewood maximal functions.

For ¢ > 0 we let I" be the function on (0, 00) given by
o0 Sd—l
L) —
I (I")—l(()’[)(r) mmdé‘, r>0. (5-15)

Using the definitions (5-1) and (5-14) and integrating in polar coordinates in R we obtain

i) = | S (D S s =) dy

—)/de 1//1 rJI(r)f(x—ra))da)dr
2r (5 +d))
F(%k)r(%d)
f(x

= yde_1/ oM, f(x)dw = [ M, f(x)dw, (5-16)
d—1 gd—1

where

HLf(x)=§Sd_1 f A (5-17)
k

Let now H, f(x) = sup,cq, |H., f (x)|. The next proposition serves as a replacement for Proposition 4.3.

S ) 1/2
i [ fs] )
(=

Proposition 5.6. For each 1 < p < 0o we have

s 12
H (Z m:w)
s=1

uniformly in w € S~ and the dimension d.

(5-18)

LP(RY) LP(Rd)

Proof. For w € $~! and t > 0 we let

Mfuf(X)=% |f(x —ro)|dr and M, f(x) = sup | M, f (x)|

t>0
be the directional Hardy—Littlewood averaging operator and the directional Hardy-Littlewood maximal
function. Using Fubini’s theorem and one-dimensional estimates for the Hardy—Littlewood maximal
function, see, e.g., [Grafakos 2014, Theorem 5.6.6], we obtain

N 1/2 S 1/2
H (Z IMZfslz) * (Z Ifs|2>
s=1 s=1
uniformly in w € $?~!. Thus, to prove (5-18) it suffices to show the pointwise estimate

H, f(x) S M., f(x)

uniformly in x € R%, o € S;_1, with in-explicit constants independent of the dimension.

’

LP(RY)

LP(R?)



DIMENSION-FREE L? ESTIMATES FOR HIGHER-ORDER MAXIMAL RIESZ TRANSFORMS 653

This bound will follow if we justify that

< (5-19)

with the implicit constant being uniform in ¢ > 0, 0 < r < ¢, and the dimension d. Note that for
s> (2/r2 =DV we have + < /52 +1/t. Hence, recalling (5-15) and using (1-14), we obtain

)’/‘]; It(r) Sdfl
S Sd-1 _dl_ nara—ny2 4
Vi r S (Lt sH)dte=b/
d-1 d+k—1
e TR L (L
vt Jo o (14sHdtk=b/ Ty 2r(d+ik—n) i

Applying (1-10) and (1-11) we reach
Zl'(r) _2n??  T(d+43k) T(G@+k—D)r(3d) 1
Ve r T T(3d)mPT(3(d+k) 20(d+5k—1) !
Fd+3k)  T(E@+k=D) 1
Crd+ik-n) rld+r)

Since k is fixed, using (1-13) we conclude that

s O (d+5k-1)" Ry

Ye T ( d+ 1 (k—l))l/z t ™t

Thus, we have completed the proof of (5-19) and hence also the proof of Proposition 5.6. ]

We will also need vector-valued estimates for {R;(fs)}, j €I, s=1,...,d. The following proposition
can be deduced from Proposition 4.4 if we proceed along the lines of [Iwaniec and Martin 1996, Section 4].

Proposition 5.7. For each 1 < p < co we have

N 12
| (zszs ) < pp!2qor (z ) , (5-20)
s=1 jel LP(RY) s—1 LP(Rd)
1/2
H (Z IR; f| ) S oy, (5-21)
jel L (RY)

uniformly in the dimension d.

Proof. In contrast to the proofs of Theorems 5.1 and 5.2, here we apply the methods from [Iwaniec and
Martin 1996, Section 4] in a direct way. Therefore we shall be brief. Let n = k = d and identify C?
with R

For the proof of (5-20) we take E = ¢2({1, ..., S}) and F = ¢*>({1, ..., S} x I). The operator T is
defined by

T fids=1..8) = (R (f)}s. peit,...s)x1-
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Using (1-3) for P(z) =z, - - - 2, one can check that the restricted operator Tj is then

To({ fs}s=1....8) ={R; (f)}s. prell....S)x1-

Hence, [Iwaniec and Martin 1996, equation (45)] together with (4-8) lead to (5-20).
The proof of (5-21) is similar. We take £ =C and F = 22(I). The operators T and Tj are defined as
above. The desired inequality follows from [Iwaniec and Martin 1996, equation (45)] together with (4-9).
O

We are finally ready to justify Theorems 5.4 and 5.5. At this point the proofs mimic the corresponding
proofs of Theorems 4.1 and 4.2. Therefore we shall be brief and only point out the differences.

Proof of Theorem 5.4. We proceed analogously to the proof of Theorem 4.1 on page 646. In particular,
we replace C?¢ with R?, I?;" with D;" and 1’5] with R;. The most important difference is that (5-16)
replaces (4-5). This leads to the replacement of (4-19) by

2 (3k+a))
D'f(x) = _%/ H;[ijij](x)dw. (5-22)
P (3k)T(3d) Jsem Lo
In the proof we also use (5-20) in place of (4-8) and Proposition 5.6 instead of Proposition 4.3. O

Proof of Theorem 5.5. We proceed analogously to the proof of Theorem 4.2 on page 645, making the
replacements as in the proof of Theorem 5.4. In particular we use (5-22), (5-21), and Proposition 5.6. [

Appendix

Proof of Proposition 4.3. A (complex) rotational invariance argument reduces the inequality to its

‘ s , 1/2
|fs|)
(=

AN Fz—A
H*f(z) := sup |H{ f(z)|, with H;ff(z)=f<—) f(z—z)lmzz(k) dhx,
reQ, c \ 2| |A]

one-dimensional case:

S 1/2
(Z IH*fslz)

s=1

Spt
LP(C)

LP(C)

Here

is the k-th power of the complex Hilbert transform on C.
We split the operator H* into two parts. To this end let ¢ : C — R be a smooth radial function satisfying
¢(z) =1 for |z] < 2, and ¢(z) = O for |z| > 4. Define ¢;(z) = ¢(z/t) and let

k
Z 1
1= (i) gt

H* f(2) <sup |(@ixe * /)@ +sup | (1= ¥ /)@ = H fF@+HE, f () SMF@+Hf_, f (),

t>0 t>0

be the kernel of H/. Then
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where M denotes the Hardy-Littlewood maximal operator on R?. Since [Grafakos 2014, Theorem 5.6.6]
gives us vector-valued estimates for M, we get
S 1/2
(Z | fs |2)
s=1

N 1/2
‘ (Z |H;;fx|2)
s=1

The remaining ingredient is to prove

N
LP(C)

LP(C)

S 1/2 S 1/2
H (DH{‘_@N) Sp (Zmﬁ) (A-1)
s=1 Lr(©) s=1 Lr(©)
We will apply [Grafakos 2014, Theorem 5.6.1] with
Bi=¢*{1,....,8) and By=¢€*{1,...,8}); L®(Q,))
and
K@) = (1= g)xi(@) ur,.... (1= 9)x:(2) - us) € By (A-2)
for any sequence u = (ui)f:1 € B;. Then, taking e, = (0, ..., 1, ..., 0), with 1 on the s-th coordinate,
we see that the operator 7 defined in [Grafakos 2014, 5.6.4] satisfies
s
T(Z fses)w = (H{_,fi@)..... H_,f5(2) (A-3)
s=1

and

s s 1/2
HT(Z fses>(z) - (Z IH[“_wfs(Z)|2>
s=1 s=1

for any sequence ( fs)f:1 of smooth functions that vanish at infinity. In order to use [Grafakos 2014,
Theorem 5.6.1] we need to verify conditions (5.6.1), (5.6.2) and (5.6.3) from [Grafakos 2014] and check
that T is bounded from L3(C, B)) to L*(C, By).

Condition (5.6.1) is a straightforward consequence of (A-2). It is also not hard to verify that
Jocpri=t K (z)dz = 0, so that condition (5.6.3) is satisfied with K = 0.

We shall now justify (5.6.2). Let ¢; := 1 — ¢; and g, = @; x; so that

B>

- P
8:(2) = ¢ (Z)|Z|T+2'

Since
|K(z—w)— K255 =supl|g:(z—w)—g )l
t>0
we have

IK (z —w) — K (@)l5,-5

= sup |@:(z — w)—(Z ) A (Z)—Zk
el w2 e
- - (z — w)k - (z — w)F z*
< sup (¢ (z — w) — @ (2)) —————— | +sup |¢;(z) - . (A4
=0 | Nz — w2 o Tz — w2 |7k
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Hence, the proof of (5.6.2) boils down to estimating the two terms in (A-4) under the assumption
|z| > 2|w|. We begin with the first term. Since |z| > 2|w| we have |z| & |z — w|. Hence, in order for the
expression inside the absolute value to be nonzero, ¢ has to be comparable to |z| and |z — w|. In that case,
using the smoothness of ¢ we obtain

(z — w)k
|z—w|k+2

ol 1wl
~2 z—w? zllz—w]? Jz3

'(% (z—w) —¢;(2)

In the second term of (A-4) we omit ¢, and get

(z —w)k Zk (z —w)k (z —w)k (z —w)k z*
_ < _ _
|Z _ w|k+2 |Z|k+2 |Z _ w|k+2 |Z|k+2 |Z|k+2 |Z|k+2
k+2 k+2
BN e {101

k
+ (z—w)" —z .
|Z_w|k+2|Z|k+2 |Z|k+2| |Z|3

This means that we have proved that

- - |w|
1K (z—w) = K@) lg—>5 S e
for |z| > 2|w|. Integrating this yields
/ 1K (z—w) = K@)l -5 dz S |wl —sdz~1,
l21>2lw 21>20w] 12]

so that condition (5.6.2) is satisfied.
It remains to justify the boundedness of T from L*(C, By) to L?>(C, B,). We have the pointwise bound

Hi ,f(2) SMF@+H*f().

Therefore the desired L2 boundedness of T is a consequence of (A-3) and the L?(C) boundedness of H*
This allows us to use [Grafakos 2014, Theorem 5.6.1] and completes the proof of (A-1), and hence also
the proof of Proposition 4.3. O
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A SHARP STABILITY CRITERION FOR EULER EQUATIONS VIA SPARSENESS
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We introduce sparse versions of function spaces that are relevant to characterize the solutions of Euler
equations without concentration. The standard Sobolev space H~! is given a sparse structure that allows
measuring the degree of compactness of embeddings into H~! and provides new quantitative general
criteria for H~!-stability. Indices of sparseness are defined, and function spaces whose indices have
prescribed decay are constructed, resulting in an improvement of the classical H~!-stability results:
sparse stability. The analysis relies on the introduction of sparse Riesz—Morrey—Tadmor spaces, that are
characterized via maximal operators and new sparse domination theorems, together with extrapolation
techniques. Our methods also yield improvements on recent results on the conservation of energy of
physically realizable solutions of 2D-Euler.
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1. Preamble

The classical Euler equations for incompressible fluid flow are given by
ur+u-Vu=-Vp,
divu =0, 1-1)
initial and boundary conditions,
where u = (uy, ..., up) is the velocity field and p is the (scalar) pressure. Although the Euler equations
have been studied for more than two and half centuries, many important open problems remain unanswered.
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In particular, while it is easy to see that smooth solutions of (1-1) conserve kinetic energy, the existence
of weak solutions that conserve energy or the uniqueness of weak solutions are more subtle issues.

1.1. H ~-stability for approximate solutions of Euler equations. Research on conservation of energy
has been considerably influenced by the work of DiPerna and Majda [1987a; 1987b; 1988]. These authors
introduced the key concept of approximate solutions {u®}.~o (see Definition 16) that weakly converge
to u. If u® — u strongly in L2, then u is a weak solution to (1-1). Otherwise the energy concentrates on
sets. Despite this, # may be still an Euler solution due to the presence of subtle cancellations. This is the
so-called concentration-cancellation phenomenon.

In their foundational papers, Lopes Filho, Nussenzveig Lopes, and Tadmor [Lopes Filho et al. 2000]
and Tadmor [2001] develop H ~!-stability! (see Definition 19) into a very powerful unifying framework
to study lack of concentrations in approximate solutions. To be more precise, these authors obtained the
following result.

Theorem 1 [Lopes Filho et al. 2000]. Suppose that {uf}¢~¢ is an H~'-stable approximate family of
Euler solutions. Then {u®}.~o converges strongly (possibly passing to a subfamily) to a weak solution of
the Euler equation u in L*°([0, T']; LIZOC([R”; R™)).

The implementation of H~!-stability depends on having at one’s disposal sharp criteria to characterize
the compact sets of H~! and, in particular, leverage this knowledge to decide which function spaces,
among those relevant in the description of physical phenomena connected with the Euler equations, embed
compactly into H~!. In this direction, the H~!-criteria, as it applies to rearrangement invariant spaces,
was extensively developed in [Lopes Filho et al. 2000], recovering and extending earlier results from
[DiPerna and Majda 1987a; Lions 1996].

As shown in [DiPerna and Majda 1987a], solutions to 2D Euler equations when the initial vorticity is
supported in a curve play a central role in fluid dynamics. These solutions are called vortex sheets and
their regularity can be naturally measured in terms of the Morrey spaces M ?>* (see (2-2) below).

Remark. We use standard notation: If X is a function space on R”, we let X, be the subspace of
compactly supported functions; and we let X, be the set of functions f such that f1p, € X, for all
cubes Qg. We write
Xe > H M(R") or X <% Ho(R")
if for all Qg
X(Qo) = H'(R") or X(Qo) == H™'(R").

respectively, where X(Qo) =1{f € X :supp f C Qo} with || fllx(0o) = |/ 10, llx-

The H~!-stability theory for Morrey spaces is also treated in [Lopes Filho et al. 2000], and relies on a
compactness result? due independently to DeVore and Tao (a proof was given in [Lopes Filho et al. 2000,
Theorem 4.2]),

MP(R") <% B LR, (1-2)

'More precisely, ngcl -stability.
2The same statement holds, mutatis mutandis, for the Morrey space of measures [Lopes Filho et al. 2000, Theorem 4.3].
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provided that one of the following conditions is satisfied:

n
(a) P>

(b) P=3 and o> 1.

Once in possession of these statements, Theorem 1 can be applied to establish that for families of
approximate solutions, with uniformly bounded vorticities in M #-%(R™), one can extract convergent
subsequences to a solution of the Euler equation (1-1), without concentration. In the special case n = 2,
p =1and a > 1, this result® was first obtained by DiPerna and Majda [1987a, Theorem 3.1] using tools
from elliptic theory. On the other hand, the case n =3 and p = % is connected with the work of Giga
and Miyakawa [1989] on well-posedness of 3D Navier—Stokes equations with initial singular data such
as vortex filaments.

At present time, the picture is not completely understood for all the values of the parameters involved in
(1-2). Specifically in 2D, it is known that for p =1 and o = % (1-2) does not hold (see [DiPerna and Majda
1987a; Majda 1993]). To the best of our knowledge, it remains an open problem to decide whether (1-2)
with p =1 still holds for « € (%, 1] (the so-called “gap problem”), leaving open the existence of solutions
without concentrations in M 1%, Similar types of gaps also appear when dealing with higher dimensions.

In an effort to understand the nature of these gaps, and their impact on the convergence of approximate
solutions of the Euler equations, Tadmor [2001] introduced the finer scale of RMT spaces, R, 4 log%,
that sharpen (1-2); see Definition 20.

1.2. Tadmor’s refinement of H ~-stability. Tt is shown in [Tadmor 2001] that RMT spaces “interpolate
the compactness gap” in the sense that

Ry log” (R™), <% - 1(R™) (1-3)

provided that one of the following conditions is satisfied:

2n
(a) ) D> i
(b) p= " and (crucially) o > %

n+2

The R, log* scale is sharp, with respect to the H ~1_ stability, in the sense that for approximate

solutions, with vorticities uniformly bounded in Ry, /(n+2),2 log¥, o > %, we can extract solutions without

concentration, while for o € (0, %] there is a weak limit solution (i.e., a concentration-cancellation effect).
On the other hand, the original gap problem for Morrey spaces M 1, is apparently not resolved in this
fashion, since* (see [Tadmor 2001, page 519 and the discussion after (3.5)])

Ry log*(R?) € M ¥(R?).

3The original statement from [DiPerna and Majda 1987a] involves a certain additional assumption on weak decay at infinity
of vorticities.

4In other words, Tadmor’s scale requires a stronger regularity condition than Morrey regularity on the set of vorticities to
achieve compactness.
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1.3. Paving the way to sparseness. The presence of logarithms in (1-3) (and (1-2)) is very natural and
is connected with some implicit extrapolation constructions that are needed since R (R?) (or more
generally, Ry, /(n42),2(R")) is not suitable for H ~l_stability. In fact, we have (see (4-9))

R, ,(R)Z HT'(RY). (1-4)
n+2’
To overcome this obstacle, in this paper we propose a different methodology based on sparseness.

1.4. A new framework for H ~-stability: Sparse stability. The main goal of this paper is to reformulate
H~!-stability applying the theory of sparse spaces, that we recently introduced in [Dominguez and
Milman 2021]. In a nutshell, we show that the “defect” of RMT spaces exhibited by (1-4) can be
overcome if the geometry of testing cubes in the definition of these spaces is changed. More precisely, let
SR35,/(n+2),2 the space that is obtained by replacing pairwise disjoint cubes in Ry, /(4+2),2 by sparse’
families of cubes (see Definition 4 below). Then, somewhat informally, the following surprising formula

holds (see Theorem 6 for the precise statement):

SR 5p_,(R") = H™'(R"). (1-5)
2
n+2’

Armed with formula (1-5) we provide a sparse structure to H~!, which we exploit to develop new
methods to characterize compact sets in /1. In particular, we introduce indices of sparseness, associated
to function spaces, that measure the degree of compactness into 1. Conversely, given a decay ¥, i.e.,
a positive decreasing function on [0, co) satisfying

lim ¥(¢) = 0, (1-6)
=00

we construct sparse spaces Sy, whose sparse indices have the prescribed decay W. This leads to the
introduction of the concept of W-sparse stability for approximate solutions; see Definition 11. As a
consequence, we create a refined scale that exhausts the classical H~!-stability in the following sense
(compare with Theorem 1).

Theorem 2. Let {uf},~o be a family of approximate solutions. The following are equivalent:
() {ule=o is H '-stable,
(1) {u®}e=o is sparse stable.
As a consequence, if (i) holds then (possibly passing to a subfamily) u® — u strongly in L%, where u
is a solution of (1-1).

We show that sparse stability not only provides a simplified approach to all previously known existence
results from [DiPerna and Majda 1987a], [Lopes Filho et al. 2000] and [Tadmor 2001] but, more
importantly, it leads to the sharpening of the classical results.

We next detour to present in detail the construction of sparse spaces (including their connection with
negative Sobolev spaces; see (1-5)), sparse indices and sparse stability.

3Loosely speaking, sparse cubes are not necessarily disjoint but possible overlappings can be controlled in a sharp fashion;
see Definition 3.
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1.5. Negative Sobolev spaces via sparse RMT spaces. The norms of many familiar spaces in analy-
sis are defined in terms of coverings by disjoint cubes or “packings” (e.g., spaces like BMO, John—
Nirenberg spaces, Morrey spaces, Campanato spaces, Brudnyi spaces, Lipschitz spaces, Garsia—Rodemich
spaces, ...). In [Dominguez and Milman 2021], we initiated the analysis of “sparse versions” of classical
spaces, obtained modifying the requirements on the coverings: we replaced the usual packings of cubes by
the slightly bigger class of “sparse coverings”. We briefly recall the definition of sparse family of cubes.

Let Q¢ be a (not necessarily dyadic) cube in R” of sidelength £ > 0 and corner x = (xy,...,Xx,) € R",
ie.,

Qo = [x1, X1 + L] X+ X [xp, xp + £].

A (dyadic) child of Qy is any of the 2" cubes obtained by partitioning Q¢ by n median hyperplanes
(i.e., the hyperplanes parallel to the faces of Q¢ and dividing each edge into 2 equal parts). Iterating this
process, from Qj to its children, then to the children of the children, ..., we construct the lattice D(Qy)
of dyadic subcubes in Q.

Definition 3 (sparse cubes). A (countable) family (Q;)ier C D(Qy) is called n-sparse,® n € (0, 1), if for
every Q; there exists a measurable subset E g, such that

(i) the sets E . are pairwise disjoint,
(i) nlQil < |Eg;|-

We let S(Qg) be the collection of all sparse families of dyadic cubes in Q. Analogously, one can
introduce S(R"), the set formed by all sparse families of dyadic cubes in R”.

In particular, the sparse spaces SR, 410g%(Qy) are constructed modifying standard RMT spaces
(see (2-1)) by replacing families of packings, “(Q;);er € [1(Qg)”, by sparse families, “(Q;)icr € S(Qo)”.
Definition 4 (sparse RMT spaces). Let 1 < p, g < oo and « € R. The sparse RMT space SR, 4 10g*(Qo)
is formed by all those f € L!(Qg) such that

(1—(log | Q;)-)* /e
1/ sk, og(0e) = SUp { [ PE it < a)
K108 (00 T ieres(Q0) 2 10;|1/» 0;

iel

In particular, we let SR, 4(Qo) = SRy 4 10g°(Qy). The corresponding spaces on R” are introduced
analogously.

Remark 5. The definition of SR, 4 log® is well adapted to work with signed measures w € BM T, Indeed,
we simply replace fQi | /] in (1-7) by o(Q)).

Since we trivially have I1(Qg) C S(Qy), it follows that

SRp.q10g%(Q0) C Rp,410g%(Q0).

®In this paper the parameter 1 will not play a role, so in what follows we shall let = %



664 OSCAR DOMINGUEZ AND MARIO MILMAN

However, in general, the sparse spaces are different’ from their parent spaces. In our context, the
differences manifest themselves through the behavior of the maximal operators M) ¢, (see (3-1)). The
theory developed in Section 3 will play a crucial role in our analysis.

Suppose that 1 < p < g < oo; then a special case of Proposition 25 below shows that there exists
{Qi}ier € S(Qo) and a constant ¢ depending only on p and ¢ such that

1 X
Mn(%_é),gof(x) =c ;(W /Qi WAGR] dy) 19, (x). (1-8)

In the literature the process of constructing such coverings is referred as sparse domination; see [Lerner
and Nazarov 2019; Hytonen 2021]. From (1-8) and more or less standard arguments, we obtain the
following remarkable result connecting SRp,q(R") and classical Sobolev spaces H,~ M(R™), A € (0,n)
(see (4-1)).

Theorem 6. Let 1 < p <q <oo. If f € LL (R"), f >0 a.e., then

loc

(WAl my~ | a1
SRp.q(R™) H, (

p aq (R")
In general
n ~1(5=7) on
SRy q(R") — H, " 7 (R").
In particular, the canonical choice of parameters p = %, n>2, and q =2 gives®
n
1/ sk 5, @) =IfIlg-1@n ¥S=0. (1-9)
m.Z
Consequently
SR 2, ,(R") = H™'(R"). (1-10)

n+2°

1.6. Sparse indices. Since we deal with local problems, most of the analysis will be carried out on
cubes, but similar constructions are also possible in R”. Let Qo C R”, n > 2, be a fixed cube and let
Q€ S(Qy). For k € Ng:=NU{0}, let Dk, := {0 : Q € D(Q,) with sidelength £(Q) <27%¢(Qy)},
D<k;0,(Q) := D<k.0, N Q. When there is no danger of confusion, we use the simplified notation D<
and D (9).

Definition 7 (sparse indices). (i) The sparse indices of f € L'(Qy) are defined by®

213
sy(f)=sup [ 3 (|Q|5‘5/Q|f|)}, N eN. (1-11)

QeS(Qo)lgep_n_1(Q)

"Note that SRp, 0 10g%(Q0) = Rp,00 10g¥(Qo) = M P*(Qy); see Remark 21.

8The role of sparseness is crucial here. In particular, for the classical space R, /(n+2),2- this approach fails dramatically
(see (1-4)).

9Sparse indices may depend on the given cube Q. However, since this dependance will not play a role in our arguments, it
will be safely omitted in the corresponding notation.
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X upper estimate for sy, (X)
2
L?, D 2n Z_N( Z_ttn_min{IZ,p})n
n+2
MPe, p>%. aeR 2 NGp)EN-S
M3 a1 N
2n N3 —Lyn
R, 5 log%, >—— «a€eR 2 2n " P)ITNT®
p,2 108 p i
1
R 3, ,log”, oe>% N27¢
n+2’

Table 1. Sparse indices for some classical function spaces.

(i) Let X be a function space, X C Ll (R"). The sparse indices of X(Qy) are defined by

loc

sy(X) = sup sy (f). (1-12)
£ lxcop=1
Remark 8. The definitions above can be extended in a natural way to the setting of measures with
distinguished sign.

Compactness of embeddings into H~! can be characterized in terms of sparse indices. Specifically,
we have the following result.

Theorem 9. Let X be a function space'® X C LII()C’+([R{”), n > 2, (or more generally, X C BM;").
Then:!!

@ s1(X) <00 & Xe— Hi!(®R").
(i) imy oo sy (X) =0 & X, <5 HEL(RY),

loc
The proof of this result is given in Section 4.3.
Sparse indices provide a very satisfactory criteria for 4~ !-stability (see Theorem 1).

Corollary 10. Let X be a function space X C Llloc’ +(R"), n =2, (or more generally, X C BMj) such
that
lim sy (X)=0. (1-13)
N—o0

Suppose that {u}¢~¢ is an approximate family of Euler solutions with related set of vorticities {w®}¢=q
uniformly bounded in C((0,T); X). Then (passing to a subfamily if necessary) u® — u strongly in
Lo°([0, T]; L2 _(R™; R")), where u is a solution to (1-1).

loc
The new indices pose a challenge: can we compute them? In Section 5 we provide the explicit calcula-
tion of sparse indices for classical spaces like Lebesgue, Morrey, and RMT spaces. The results are presented
in Table 1. These computations, combined with Theorem 9, give a unified proof of (1-2) and (1-3).

10A5 ysual, Llloc,_’_(R”) ={f € Llloc(IR") : f > 0ae.}. The additional assumption f > 0 is not restrictive since
sy () = sy (LD
HNote that 51 (X) = sup v ep Sy (X).
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Furthermore, understanding the rates of decay of the sparse indices will allow us to measure the degree
of H~!'-compactness, and pave the way to extend the known results as we now explain.

1.7. Sparse spaces. So far, given a function space X', we analyzed the decay of its sparse indices s, (X)
(see (1-12)) in order to guarantee H -1 -stability; see Corollary 10. However, note that the definition of
sparse indices sy (/) (see (1-11)) is independent of any particular space X. This simple observation leads
to the following question: can we use “reverse engineering” to create new function spaces whose sparse
indices have prescribed decay? A natural construction associated with this idea can be described as follows.

Definition 11 (sparse spaces). Let W be a decay (see (1-6)). The sparse space Sy (Qy) is formed by all
f € L'(Qy) such that
sy ()

I /s = sup X7 < . (1-14)
\IJ(QO) Nen \I’(N)

The counterparts on R” as well as for positive measures can be introduced analogously.

Note, parenthetically, the superficial similarity with the constructions of Yudovich spaces and extrapo-
lation spaces in [Dominguez and Milman 2024]. As we shall soon see this connection goes deeper and,
moreover, some concrete calculations can be effected which lead to the introduction of new Euler relevant
function spaces.

From (1-14), we clearly have

sy (Sw(Qo)) = W(N),
therefore, by Theorem 9,
Su(R")e <% HI! (R"). (1-15)

In particular, using sparse embeddings we can formulate a new H ~!-criteria.

Theorem 12 (H~!-stability via sparse embeddings). Suppose that
Xe = Sw(R")c (1-16)
holds for some decay W, then X is H™-stable, in the sense that
X, meet g LR,

In particular, suppose that {u®}¢~ is a family of approximate solutions of the Euler equations, such that
the related set of vorticities {w®}¢s¢ is uniformly bounded in X . Then there exists a subfamily of {u®}¢~¢
which converges strongly to a weak Euler solution in L ([0, T]; L2 (R™)).

loc
The proof of this result is an immediate consequence of (1-15) and Theorem 1.
Next we go a step further and show that assumption (1-16) in Theorem 12 is in fact necessary to
establish H~!-stability. To do this, we need to introduce the natural generalization'? (say, function
space-free) of (1-16) to approximate solutions: sparse stability. As already anticipated in Theorem 2 (see

12Recall that H~!-stability does not involve any function space X, but only approximate solutions; see Definition 19.
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Section 6 for its proof), this new concept provides us with a remarkable characterization of H ~!-stability
in terms of sparseness.
As usual, let A" be the set of all antisymmetric matrices of order n with real entries.

Definition 13 (sparse stability). We say that a family {u®},-¢ of approximate solutions of the Euler
equation is sparse stable if there exists a decay W such that the corresponding set of vorticities {w?}¢~¢
is uniformly bounded in'3 C(0, T'; Sg(R"; A™)). In particular, {u®},~ satisfies the admissible sparse
stability property if W is an admissible!* decay.

Applying sparse stability, it is thus possible, at least theoretically, to improve all the known H ~!-stability
results of [DiPerna and Majda 1987a; Lopes Filho et al. 2000; Tadmor 2001] (see Sections 1.1 and 1.2).
However, to make the implied extensions meaningful, we need to exhibit concrete instantiations. In fact, we
obtain significant improvements on the classical results and we show that our constructions unexpectedly
connect with the theory of Yudovich spaces [1995], Vishik spaces [1999] and more specifically with the
extrapolation spaces of [Jawerth and Milman 1991; Dominguez and Milman 2024].

1.8. New extrapolation spaces guaranteeing strong convergence to Euler solutions. As already men-
tioned in Section 1.3, extrapolation constructions seem to be implicit in (1-2)—(1-3). In Sections 7 and 8
we confirm this belief and show how the extrapolation theory of Jawerth and Milman [1991] (more
precisely, the updated account given recently in [Dominguez and Milman 2024]) can be successfully
applied to construct concrete examples of function spaces with prescribed sparse decay. In particular,
these new spaces strictly contain the limiting spaces involved in (1-2) and (1-3), but are still H~!-stable.
As a consequence, we are able to extend the existence results for vortex sheets of [DiPerna and Majda
1987a; Tadmor 2001] to larger classes of vorticities.

1.8.1. Sharpening Morrey regularity of DiPerna—Majda. We introduce the distributional space Viy(R")
given by (see Definition 34)

o0
3" 27| A fllzso@n S WN)? N €N
j=N

These spaces may be considered as “dual” counterparts of classical Vishik spaces proposed in [Vishik 1999]
in connection with uniqueness issues for Euler flows; see Remark 35 for further explanations. Applying
the set of techniques explained in previous sections, we show sparse stability!> and nonconcentration
phenomenon in Viy; see Theorem 37. A crucial point in our arguments is that Viy can be characterized as
an extrapolation space of classical Besov spaces (see Theorem 39). In particular, for the special decay
W(r) =1(1=%/2 > 1, we have (see Theorem 38)

n
M 2% (R") — Vg(R").
13Tn what follows, we will use the simplified notation Sy (R”) rather than Sy (R”; A™).

l4gee Definition 36(1).
15T fact, sparse numbers of Vi behave like W.
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Furthermore, this result is sharp, i.e., we give a constructive method to produce functions in Vig(R") but
not in M"/2:%(R"). As a by-product, we get a nontrivial improvement of (1-2).

1.8.2. Sharpening Tadmor regularity. The results stated in Section 1.8.1 for Morrey spaces admit counter-
parts for RMT spaces. In this setting, the role of Viy is played by the new space Ty (R") (see Definition 44),
which admits the following nice characterization in terms of Fourier integrals:

/a 2N(lJrlélz)“lf(é)lzals5\11(N)2, N e Nj.

Then we establish sparse stability and nonconcentration phenomenon in Ty; see Theorem 47. In particular,

1/2—a

for the special decay W(¢) = ¢ , o> % we have (see Theorem 48)

R 2, log"(R") = Ty(R").
n+2’

Again, this result is sharp. As a consequence, we improve Tadmor’s embedding (1-3).

1.9. Energy conservation for physically realizable solutions via sparse stability. In Section 10 we show
that our methods are sufficiently robust to provide criteria for the preservation of energy by physically
realizable solutions'® of 2D Euler equations on the two-dimensional torus T2. Indeed, extending L? (T?)-
results,!” p > 1, obtained by Cheskidov, Lopes Filho, Nussenzveig Lopes, and Shvydkoy [Cheskidov et al.
2016] (see also [Ciampa et al. 2021] for the case on the whole plane R2), we show that our framework
can be used to provide conditions for physically realizable solutions to conserve energy.

Theorem 14. Let u be a physically realizable weak solution of the 2D Euler equations with a physical
realization {u®}¢-q satisfying admissible sparse stability. Then u is conservative, i.e., |u(?)| 212y =
lwoll L2 (r2)-

Very recently, Lanthaler, Mishra, and Parés-Pulido [Lanthaler et al. 2021] proposed an interesting
approach to energy conservation based on the so-called structure functions (i.e., the L?-modulus of
smoothness) of {u®},~o. On the other hand, Theorem 14 relies on the sparse indices of {w®}.~¢.
Switching from u® to w® has important advantages from the point of view of applications, as it is
illustrated by the following.

Corollary 15. Let X be a function space X C L1(T?) (or more generally, X C BM™) with sparse indices
sy (X) satisfying (1-13) and the admissibility condition (see Definition 36). Let {u®}¢=q be a physical
realization of the Euler solution u. If {w®}¢~¢ is uniformly bounded in X , then u is conservative.

This result follows immediately from Theorem 14 from the fact that X < Sy (T?), where W(N) =
sy (X). In particular, Corollary 15 can be applied to all the classical function spaces exhibited in Table 1,
as well as the new spaces X = Viy and X = Ty.

16Roughly speaking, physically realizable solutions are weak solutions of Euler equations that can be obtained as weak limits
of vanishing viscosity; see Definition 61.

17For general L? solutions with p > %, conservation of energy can be derived from the well-known Besov-type criterion of
Cheskidov, Constantin, Friedlander and Shvydkoy [Cheskidov et al. 2008]; see also [Cheskidov et al. 2016, Theorem 1] for an
alternative and streamlined proof.
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1.10. Brief interlude: some references. Existence and uniqueness of weak solutions for the 2D Eu-
ler equations are well established. In particular, we mention the concentration-cancellation result by
Delort [1991] (resp. Vecchi and Wu [1993]) proving existence of weak solutions for initial vorticities in
BM N H™! (resp. in L} N H™1); existence and uniqueness results of weak solutions for initial bounded
vorticities (resp. vorticities in Yudovich spaces) were established by Yudovich [1963] (resp. [ Yudovich
1995]), and the corresponding results for vorticities in BMO (and related spaces) obtained by Vishik
[1999]. For vorticities in L? the uniqueness problem remains open, although substantial progress has
been achieved recently. Relaxing assumptions in the sense of forced 2D Euler equations, Vishik [2018a;
2018b] (see also [Albritton et al. 2024; Castro et al. 2025]) established nonuniqueness for vorticities in L2,
p < 00. More recently, using a newly developed refined version of the convex integration technique, the
nonuniqueness of weak solutions under vorticity in L!T¢, with ¢ sufficiently small, was shown by Brug,
Colombo and Kumar [Brue et al. 2024].

We close this introduction stating our belief that, given the central role of negative Sobolev spaces in
PDEs, our methods could find applications elsewhere.

Notation. Given two normed spaces X and Y, the symbol X < Y means that the identity operator
from X into Y is continuous. Given two positive quantities 4 and B, we write 4 < B if there is a
constant C > 0 such that A < CB. We alsouse A~ Bif A < Band A Z B. Fora € R, a— = min{a, 0},
p’ denotes the dual exponent of p given by 1/p + 1/p’ = 1 and | E| is the (Lebesgue) measure of a
measurable set E.

2. Background

2.1. Approximate solutions and H ~-stability. For convenience of the reader, we recall the well-known
concepts of approximate solutions of Euler equations and their H ~!-stability, as introduced in [DiPerna
and Majda 1987a] and [Lopes Filho et al. 2000], respectively.

Definition 16. A family of velocity vector fields {u®(-,?)}¢>0, ¢ €[0, T], defines an approximate solution
of (1-1) if for some L > 1, it is uniformly bounded!® in
L*([0, T]; LZ(R": R")) N Lip((0, T): Hiplk (R": R")),

with div#® = 0 (in the distributional sense), and is weakly consistent with (1-1), in the sense that!®

T
// (pt-u8+(D(pu8)-u8dxdz+/ 0(x,0)-u®(x,0)dx -0 ase—0
0 Jrr R

for every test field ¢ € CX°([0, T') x R"; R") with divg = 0. Here, D¢ is the Jacobian matrix of ¢.

Remark 17. If the family is constant, u® = u for all ¢ > 0, then u is in fact a classical weak solution
to (1-1).

18The uniform bound in Lip((0, T); ngcL (R™; R™)) is a technical assumption in order to guarantee that initial vector fields
u®(-,0) are well-defined. In practice, this follows easily from the uniform energy bound L°°([0, T; Lg (R"; R"™)); see [DiPerna
and Majda 1987a].

19The weak formulation related to domains with boundary is analogous to that of R”, taking into account the additional
boundary condition ¢ - n = 0 (in the trace sense).
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Remark 18. There are standard methodologies to construct approximation solution families, e.g., through
mollification of initial data, Navier—Stokes approximate solutions (also known as vanishing viscosity
method), vortex blob approximations, discrete methods, ...

Definition 19 (/1 ~!-stability). We say that a family {1°},~ ¢ of approximate solutions of the Euler equation
is H~1-stable if the corresponding set of vorticities {®® = curl u®},~ (i.e., wfj = (uf)x; — (u‘;)xi for
i,j=1,...,n)is precompact in C((0, T); H ! (R"; A")).

2.2. Riesz—Morrey—Tadmor spaces. Let TI1(Q,) be the set of families of packings?® (Q;);cs, with
Qi € D(Qo).

Definition 20 [Tadmor 2001]. The Riesz—Morrey—Tadmor spaces*' (RMT spaces, in short) R p,q102%(Q),
1 < p,q <00, a €R, are defined through the condition

1
| (—(og|QiD)® [ T4
1R, gy = Sup { [ DE it <o e

PO ) ereTI(Q0) ; 10]1/» 0;

The corresponding spaces on R” are defined analogously.

Remark 21. In particular, Morrey spaces are part of this scale. Let 1 < p < oo, @ € R. The Morrey
space M P*(Qy) is defined by

(1—(10g|Q|)—)°‘/
b(Qg) = : < 0. (2-2)
I/ arpe Qo) Qesgl(pQO) o[/ 0 |f]<o0

Consequently, M 7**(Q¢) = Rp,00 10g*(Qy).

Remark 22. A similar comment to Remark 5 also applies to R, 4 log* and M 7%,

3. Characterization of sparse RMT spaces via maximal operators

Let0 <A <nanda € R. For f € L'(Qy), consider the maximal operator

M a0,/ (x) = sup IQlﬁ_l(l—(longl)—)“/If(y)ldy, x € Qo. (3-D
QGXDG(QQO) Q

In the absence of logarithmic weight (i.e., @ = 0), we simply write M} ¢, . In addition, if A = 0 then one
recovers the classical (dyadic) maximal operator M, .

In this section we show that, under some natural conditions, the sparse SR, 4log* spaces (see
Definition 4) admit simple characterizations in terms of maximal operators (3-1). This is in sharp
contrast with the parent spaces R, 4 log®.

20Families of pairwise disjoint cubes.
21Qur notation differs from [Tadmor 2001] where the space Rp.4log¥(Qy) is instead denoted by VP4 (log V)*(Qy) (or
simply by VP9:*((Q)). The reason behind this change of notation comes from the Riesz theorem (see (4-7)).
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Theorem 23. Suppose that p, q, o satisfy

I<p=<g<oo and aeR (@=Z0ifp=q). (3-2)
Then
o — q
SRp.q10g"(Qo) = M, (1_1y 4 0,L%(Qo)-
More precisely,

I/ 1I5R, 4 1082 (Q0) & ||M,,(%_5 .00/ 1L9(00)- (3-3)
where the hidden constants of equivalence are independent of [ and Q.

Remark 24. When p = ¢, the restriction o < 0 is necessary to avoid trivial cases. To be more precise, if
o > 0and p = ¢, then

”Mn(%—é),a,gof”Lq(Qo) <oco = [f=0 ae. onQy.

Indeed, since Mn(%_é)’a’Qof(x) = Moy ,0,/(x) <ooae. x € Qop, we have
1
10|

for every Q € D(Qy), with x € Q, and | Q| sufficiently small. Taking limits on both sides of (3-4)
as |Q| — 0, and applying the Lebesgue differentiation theorem, we conclude that f(x) = 0 for every

[Q /1< (1= (log [O)-)"* Mo a.00 / (x) (3-4)

Lebesgue point x.
Sparse domination principles underlie the characterizations of sparse spaces via maximal functions.

Proposition 25. Suppose that p,q and « satisfy (3-2), and let f € L'(Qg). Then there exists a family
(0i)ier € S(Qy) (depending on [ and the parameters p, q and o) such that, for almost every x € Qy,

M(-1)a.007 )

11, @ 1 — (log | Qi])—)® ,
szmax{l,eéé (%)}Z}(( |Q(,.ﬁg/1|)%34) [Qi|f(y)|dy)lg,-(x> (3-5)

Remark 26. As usual, if p = ¢ the constant max{1,e'/?=1/2=%(pga /(g — p))®} in (3-5) should be
interpreted to be equal to 1.

Proof of Proposition 25. The desired decomposition will be obtained by a standard process of exhaustion,
whereby for each cube of the starting decomposition we shall apply the process again and again. We set
up the selection process by letting QO = Qf, , 4.« be the collection of Q € D(Qy) such that the following
condition is satisfied:

(1—(og|OD-)* [, —a (o \*| (1= (log|Qo])-)*
Q| /P +1/d /Q|f(y)|c1yzzmax{1,eA (%)} |Q0|1/P”:)1/‘1 /Q0|f(y)|dy, (3-6)

where A 1= % — %. If the collection Qf is empty then we let Eg, = {Qo}, and we readily verify that
(3-5) holds. Otherwise we continue the process selecting (Q;);en, the family of maximal dyadic cubes
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in Qf. By construction, the selected family (Q;);en is pairwise disjoint and, therefore, for almost every
x € Qo,
oo
Myy(11) 0,00 () = My(1_1y 4 0,/ () g\ U2, 00+ D My1_1) 4 0,/ (0) 10, (x)
i=1
=:(A) +(B).
Next we estimate each of the terms (A) and (B) separately.
Estimate (A). We claim that, for x ¢ J72, O;,

(1—(log|Qo|)-)*
|Q0|1/p +1/q

My 1) 00,/ () = 2max ] 2 (2)) [ ol 6

Indeed, suppose, to the contrary, that for some x ¢ | J;=; Q;, (3-7) does not hold. Then, by the definition
of Myu(1/p—1/g),a,0, (s€€ (3-1)), there exists a dyadic cube Q C Qy, such that x € Q, and Q € Q.
Consequently, there exists a maximal cube Q; such that Q C Q;, but this leads to a contradiction since
x & Q;. Therefore, for x €| 72, Qi, we have

@ = 2max{p. () BB [ ay

Moreover, from (Q;)ien C Qf (see (3-6)) we see that

w1010 [ 1 0ldy z2max{L. = (§ poobiool™ [ 10y G

i

where L
e():=t? 4(1—(logt)-)*, >0.
We distinguish two possible cases.

(I) Suppose first that @ < A. Routine computations show, under this assumption, that ¢ is a nondecreasing
function. It follows from (3-8) that

3 1 | Qo
n= d
i=21|Q | = 2 max{l, e*=(a/1)*} (p(lQOl)fQo If(y)Idy Z‘/’(|Q |)/ | f(»)| dy

! Qo |Q0|
E dy
ZWMM“WWM@mmermﬂ” E

Note that, in the first step of above computations, we assume that f* is not identically zero (almost
everywhere) on Q; otherwise the desired result (3-5) holds trivially. Therefore, if we assign to the cube
0y the set

Eg,:= 00\ U 0s (3-9)

i=1
then

1Qol
2

i.e., the sparseness condition given in Definition 3(ii) holds.

= |EQ0| (3-10)
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(II) Suppose now that o > A. Let
™ (1—logt)® ifre(0,e!2/M),

t) .=

v {e)‘_“(a/k)"‘ if 1 € [e!=** 0).

It is plain that v is a nondecreasing function such that, moreover, ¢(¢) < ¥ (¢) for ¢t > 0. By (3-8), we
have

3 ! 10l
il = J
;|Q | 2max{1 e)» a(a/)\)a}(p(lQol)/‘QO If(y)ldy Z¢(|Q |)/ |f(y)| Y
1 [Qol
d
= Tmax{1 @/} 91 Qo) Jg, 1/ O] ;‘”('Q D, ona
1 |Qol¥ (1Q0l)
d
< 2 max{l, oh— “(a/k)a}(quODfQO | 7)) dy Z/ | f(»)|dy
< |Qol ¥ (1Qol)

~ 2max{l, e (a/1)*} (| Qo)
Furthermore, using the estimate

|Qol) —af\*
HI0O) .o (2

we obtain

o0

Qo

> o <2l

i=1
Hence the set Eg, defined by (3-9) satisfies the required sparseness condition (3-10).
Estimate (B). We will show that the procedure used to estimate (A) can be iterated to estimate each term
of the sum (B). Fix i € N. Observe that for x € Q;, the maximality of the Q;’s and the nesting property
of dyadic cubes, yield

n(l o Q f(x) n(%—é)’a,Qi f(‘x)‘ (3_11)

Indeed, we only need to prove that the right-hand side is > the left-hand side. Consider Q a generic
dyadic cube such that x € Q C Q. In particular, Q N Q; # &. Now there are two possible situations.
Firstly, if Q € Q;, the cube Q enters in the competition for computing both, the left- and right-hand sides
of (3-11), which is consistent with what we wish to prove. Assume now that Q; C Q. In this case, since
Q; is a maximal element of Qf, we must have that Q ¢ Q. Therefore (see (3-6))

(I —(log|Q)-)* o (1—(log |Qo])-)®
ol ol <amax (G SRR |1y 61

On the other hand, since Q; € Q, it follows that

o\ (1= (10g [ Q0 ]))° (1 - (log | Qi) -)°
amax{1, e (5} S SR [ o= SRR [ 1ol

= Mn(%—é),a,Q,-f(x)‘ (3-13)
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Putting together (3-12) and (3-13),

(1—(log|0O))-)*
|Q|1/p’+1/q

J 0N <My 0,1,

and taking now the supremum over all possible dyadic cubes Q C Q¢ with x € Q, we arrive at the desired
upper estimate < in (3-11).
By (3-11), we can write (B) as

B)=>_ My(1_1) 4.0,/ ()10, (x). (3-14)

i=1
The proof can be now completed applying the procedure used to estimate (A) to each of the terms that
appear on the right-hand side of (3-14). O

Proof of Theorem 23. Let f € SRy 410g%(Qy). In light of Proposition 25, there exists (Q;)icr € S(Qo)
(depending, in particular, on /') such that the estimate (3-5) holds. Then, taking L-norms on both sides
of this estimate, we find

||M,,(L 1),a’Q0f||L‘1(Q0) <

P q

(1 - (og[Qi])-)*
Z( |0;|1/P'+1/4 /Qilf(y)ldy)lgi

iel

L4a(Qo)

To estimate the right-hand side, we shall use duality, the properties of sparseness and the Hardy—Littlewood
maximal theorem (recall that ¢ < oo). This requires a number of elementary manipulations, but to facilitate
the reading we present all the steps,

1M1 -1y 4.0,/ IL9(Q0)
(1=(og Qi) [
s [ (SR [ 10dre ) sl ds

”g“Lq/(Q())Sl iel

(1 - (log | Qi[)-)°
= s PRSI [ ol [ leeolds

"g”Lq/(Qo)_ iel

(1-(log|Qi|)-)* | Eg,| ‘
< d d
NnguL:}:QO)s 2 0[P +1a Q] /Q,- AOY] y/Qi lg(x)] dx

§ : (1—(log|Qi])-)* ( 1 )
"g”L:}tQO)SI ~ |Ql.|1/p/+1/q /Qi WAGR] Y/.EQi 10| 0, lg(u)|du ) dx

(I—(o i)—)%
= su Z 1%1|;/Q+11|/q / |f(J/)|dJ’/ Mg,g(x)dx
el o=t a7 €l o} Eo,

= [ (CEEEE [ 10l 00) Mo ds

"g”Lq/(Qo)Sl IEI
1— (I ih=)*
Z( (log|Qil)-) /Q. |f(y)|dy1EQl.

|1/p'+1/q
iel |Ql|

lier

= sup ||MQog||Lq’(Q0)
”g"qu(QO)S

L41(Qo)
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3 (1 —(og|Qi])-)*

<q
- |Qi|V/ P /d

/Q Ol

iel L1(Qo)

(1—(log|QiD)-)* q 1/q
:q(;( |Q;|1/P'+1/a /Q’_|f(y)|dy) |EQ,.|)

1= iD= o ] qa\1/q
(B | o)

iel

= q ” f ”SRp,q log¥(Qo)"

Conversely, for any (Q;);cr € S(Qo), we have (recalling the sparseness condition in Definition 3(ii))

(1—(log |01 )-)° a (1—(log |01 )—)° a
Z( ol /Qilf(y)ldy) 522( P RIGaT /Ql_lf(y)ldy) Eo,|

iel =
(1-(og|QiD-)* q
=2/QO;( |0;|\/ 7' +1/a /Qi|f(y)|dy) IEQi(x)dx

q
= 2”Mn(%—é),0¢,Q0f”L"(Qo)'

Taking the supremum over all (Q;);er € S(Qp), we arrive at
q q
17 sk, 10500 = 2MMn(t—1).0.00/ La(00): =

Remark 27. Note that, since the Hardy—Littlewood maximal function is not bounded on L', the above
proof does not work if ¢ = co. However, Theorem 23 holds trivially if ¢ = oo (for any value of @ € R)
since

1/ lsky oo 102 (00) = I Inara(0o) = 1Mz 4 0, /|Lo0(Q0):

see (2-2) and (3-1).

3.1. Spaces defined on the whole space. The analogue of Theorem 23 for SR, 4 log® (R") can be now
formulated in terms of the (dyadic) maximal function

M o f(x) = sup IQlﬁ_l(l—(longl)—)“/If(y)ldy, x €R", (3-15)
agen :

where A €[0,7) and?? o € R. For ¢ € [1, o0), we define
M), o LYR") = {f € Lipc(R") : [ M), o f || Lagny < 00}
Theorem 28. Suppose that p, q, « satisfy (3-2). Then

221n the absence of the log-parameter (i.e., & = 0), we simply write M;_instead of M 3,0- If; in addition, A = 0 then we get
back the classical Hardy—Littlewood maximal function M .
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Proof. To facilitate the reading we have divided the proof into four steps, which we now outline. The
general goal is to extend the local estimate (3-3) to a global one. For this purpose in Step 1 we construct
a suitable nested sequence of cubes Qj such that | J; Ox = R" and invoke (3-3) for each Q. The
quantities involved in (3-3) are local maximal operators and local sparse RMT functionals related to each
cube Q. In Steps 2 and 3 we develop the asymptotic analysis that will enable us to take limits?>> when
k — oo in Step 4, and in this manner effect the required transference from local to global estimates for
sparse RMT functionals.

Step 1. Consider the sequence of (not dyadic) cubes
Oy :=[=2%2%", keN.

According to Theorem 23, with equivalence constants independent of f and k,

1/ V0 sk, 4 10601 = | M1 1) 0.0, (S L0 | Lo (3-16)
Step 2. 'We claim that, for every k € N and x € Oy,
M”(%—é),a,Qk (f1g,)(x)~ Mn(%—é),a(lek)(x)’ (3-17)
(see (3-1) and (3-15)). Indeed, the estimate < follows from the simple observation that
D(Qk)\1Qk} CDR"),

and the fact that the first (dyadic) generation of Qy, say {Q}( ;oL =1,...,2"}, gives a pairwise disjoint

decomposition of Q. In particular,
2n

o=\ 0},

=1
and |Q}€’l| = 27" Q|- Hence, given any x € Q,

|Qk|z"‘5‘1[Q ) dy = 2G4 I)DQI,F“ I[Ql ) dy

k.l

<2 (p q)M( 1) (f1g,)(x).
Accordingly,

My(1_1 4.0, (f10) ()

< s QT (1—(log|0])- )“/ |f(y>|dy+|Qk|"1/ £ ()] dy
QED(xQeké\{Qk} ong Ok

S swp (01— og QD" [ 17010, () dy + My 1) o(F10,)(0)
Qiz(ggn) Q p 4

¥ M40/ 10

n particular, to justi e passage to the limit requires estimates that are independent o .
231n particular, to justify the passage to the limit req timates that dependent of Oy,
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Next we focus on the estimate 2 in (3-17). Consider x € Qg, and Q € D(R") with Q > x and moreover
0 ¢ Oy (indeed, if Q C QO then Q € D(Qy)). We cannot assert that Oy C Q (recall that Oy, is not
dyadic), but what is certainly true is that there exists Q}c € D(Qp), in the first dyadic generation (i.e.,
2£(Q,1€) = £(Q¢)), such that Q,lc C Q (because D(Qr)\{Qr} C D(R") and x € Q). Note that, in
particular, |Q| > |Q,1€| = K(Q}c)” = 27"(Qk)" = 27" Ok| = 25" > 1. Since % - }1 —1 <0, we have

Q1P a 7 (1= og | QD) = Q[ 7ot < |ofppma ! =2"(Fa R gy i
= 2"(+a70)| 0y 774" (1 - (log | Ok )",
which yields

o A= dogloD” [ wldy .
L (R R M

< 2n(1+$_%)Mn(%—é),a,Qk(lek)(x)'
Consequently,
M1 1) (1)) < 2T M, 41y o (F10,)().

This completes the proof of (3-17).
On the other hand, since

Ok CQiy1 and | ) Qr =R", (3-18)
keN
we have

hm M, n(s 1)a(lek)(x)1Qk(x) (7 1)af(x) x € R". (3-19)
Indeed, given any fixed x € R", we have
My(1_1) o (10,0010 (¥) < My 1) f(x). forall k €N,
and (see (3-18))
Mn(%_é),a(flgk)(x)lgk (x) = M,,(%_%),a(flgkﬂ)(X)IQ,(H(X)- (3-20)

By the monotone convergence theorem for sequences of real numbers, we derive

Jim M, 11 (f1e) ()10, (x) = SupM( ~1,e (/1))

1_1_
= sup Q77 (1—(log|Q)-)* Sup/ | Sl dy
QeD(R") keNJ ONQy
xeQ

—M(i l)af(X)

where we have used (3-18) in the last step.
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It follows from (3-17) that

”Mn(%—% ,a,Qk(lek) La(Qp) ~ HMn(%—é),a(lek)le LaR)’
uniformly with respect to k. Consequently, applying the monotone convergence theorem (see (3-19)

and (3-20)):

kli)ngo” Mn(%_é),a,Qk (19l Laco,) © ||Mn(%_$),af||m(uen)- (3-21)

Step 3. Next we deal with the left-hand side of (3-16). We claim that

”lek ”SRp.q log®(Qy) ~ ”le]‘ ||SR1;,q log“ (R") (3-22)

uniformly with respect to k and f.

The estimate < can be obtained as follows. Given any (Q;);e; € S(Qk), there are two possible
scenarios. (I) Q; # Qy, forevery i € I. Then (Q;);er € S(R"), since D(Qr)\{ Ok} C D(R"). Clearly,
this implies || /19, lIsr, ,106%(0x) = I/ 10y Isr, 4 10g* @n)- (II) Suppose now that there is ig € I such
that Q;, = Q. In particular, (Q;)ier\{io} € S(R") and Q; C Qy fori € I'\{ip}. Now, the first dyadic
decomposition of Qy (i.e., {Q}(’ p2I=1,...,2"}) is formed by pairwise disjoint cubes in D(R") (so, in
particular, {Q}(’l l=1,...,2"} € S(R")) with |Q,1(’l| = 27" Qp|. Hence, in this case, we can split the
sum related to the SR, 4 log*(Qy)-norm as

(1 — (log |04 )° d
Z( 0:177 /Q,-'f(y)'dy)

iel
_ (1—(log|Qi])-)* d 1 q
_Z( |Qi|1/p/ /Q,-|f(y)|dy) +(—|Qk|l/p/ /Qk|f(y)|dy)

iel

iio

2n

1 1 4
q E -
= ”lek HSRp,q log* (R") + ong/p’ (1—1 |Q]1< lll/p/ /Q/ll |f(y)| dy)

2n
1 q
q —
<1/ 1oy ”SRp,q log® (R") + Z (lQ]lc lll/p/ /;2/1( i ol dy)

=1

q
R ”lek HSRp.q log® (R") "
Therefore, taking the supremum over all possible (Q;);e; € S(Qf), we achieve
I/ 10 sk, 4 1062 (01) < 1 10y Isry.q 1002 (7Y

i.e., the estimate < in (3-22) is shown.
To deal with the converse estimate, for any Q = (Q;);e; € S(R"), we consider the index set

I, ={iel:Q;C O}
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Therefore we can split

1 — (log| 04])-)® 4
S (SHa = [ 1roite )

iel |Qi|1/p
(1 - (log | Q1)) )* )‘1 ((-tezlon.r )q
lezlk( |0:|1/ 7' /Qi /() dy +i€12\1k 10,177 /ian|f(y)| y
=! R1 + R». (323)

Note that (Q;);er, € S(Qp) (since (Qi)ier, € S(R") ND(Qk)). Accordingly
R =1/ 1S, 0 (01)- (3-24)

Concerning R,, we argue as follows. Leti € I\ I, i.e., Q; € Q. Assume further that Q; N Q. # @.
Note that Q. is not a dyadic cube in R”, but its first dyadic generation {Q}c, ;o0 =1,...,2"} is formed
by dyadic cubes in R”. Since Qj can be expressed as the disjoint union of the cubes Q}c’ ;» We can assert
that there exists a unique /(i) such that Q; N Q}(’ 1) # @. By the structure of dyadic cubes in R”, we
have either Q; C Qllc,l(i) or Qllc,l(i) C Q;. The former is not possible; otherwise, Q; C Qy buti & I.
Hence Q}c’ 1) C Q;, therefore

[ o= 1ol (3-25)
QN0

Qk,l(i)

For/ € {1,...,2"}, we define
Q1 = {Q; i €I\l and Qllc,l C Qi}.

The above argument leads to

2
(Odiens, = Q- (3-26)
I=1

Moreover, since the Q;’s are dyadic cubes in R", the elements of Qy ; ={Q1, O3, ...} can be ordered in
such a way that Q}c’ ; €01 C Qs C--+ We cannot exclude the possibility that some of the cubes in Qg
coincide, but the number of these cubes is uniformly bounded by the sparse constant 7 in Definition 3.
Therefore, by (3-25) and (3-26),

Rz Y (i /., swldr) ZZ(/ i) ¥
2= = T T
iel\I} Qi |1/p Qi1 I=1 0, 0:€0k, |Qi|q/P
on g o . ) on q /
<[, vona) Srmr <[ o)zt
=1 Ilc.l j=k =1 Qllc,l

211

1 q

= _— q

B (IQ1 17 /Ql |f(y)|dy) =1/ 0llsg, , 102 (01 (3-27)
=1 k.l k.l
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Combining (3-23), (3-24) and (3-27),

1—{(1 i)-)® ’
S (e [ 700 ) 51710,y e
iel ! '

for all (Q;);er € S(R™). In particular,

I/ 10, sk, 41002 @) < 11/ 10y Isry. 4 1067 (01)

completing the proof of (3-22).
By the lattice property of sparse RMT spaces, we have (recall (3-18))

I/ 10 sk, 4 1002 @) = 11/ 10441 IsRp 4 0g® @)
and

I/ 10 sk, 4 1002 @) = 1./ lIsR, 4 1022 @), K €N.

Hence, applying the monotone convergence theorem and the dominated convergence theorem, we obtain

kli)ngo I/ 10, Isry.q 10g% @) = Iillé I/ 10, Isry 4 10g® (R

1
(1 - (log | Qi)-)® N
R — sup{Z[ e Y
(Qicres@) ken ;] Qi 0iNQk
1
: (1—(log|Qi)-)* N\
= sup lim {Z[ 1/1:/ / | ]
(Q)icreS@n k—oo i~ Qi 0iNQk

= (I —(og|Qi])-)* T}é
(Qi)i:?ES(R”){Z[ |0; |1/ 7 /Q; [/ .

iel

In other words, we have shown that
kli)fr;o I/ L0y lIsry 4 1002 @) = NI /[l 5,4 10g @) (3-28)

Step 4. Finally, taking limits on both sides of (3-16) as k — oo, and invoking (3-21), (3-22) and (3-28),
we achieve the desired estimate

I/ IsRy 4 tog* (1) & IIM,,(L l)ﬂf”Lq(R")- O

p a
4. A sparse approach to H ~1-stability

As already mentioned in Section 1.5, one of the main features of the theory of sparse function spaces lies
in the fact that, unlike their classical parent spaces, they often admit complete explicit characterizations.
Indeed, Theorem 6 provides us with the following surprising (informal) characterization: SR, 4 spaces
can be identified with negative Sobolev spaces. Before we give the proof of this result, we introduce some
basic notation.
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Consider the Riesz potential operators I, A € (0,n), formally defined, for f € L1 oo (R™), by
I, f(x) :=/ L)ldy, x e R".
R [x — p|"
For 1 < g < oo, we let
Hy (R = {f € Lie®") : | /| g = M Sl Lagny < 00}, 4-1)
the Riesz potential space, and its associated lattice
H R o= {f € Lbe®) 1S yor = [0S Dl zagen) < 00} (42)

It is plain that
H, M (RY) € H M (R").

Furthermore, as it is customary, we shall suppress the subindex ¢ = 2 and simply write
HMRY) :=H;*(R") and H*(R"):= Hy*(R"). (4-3)

4.1. Proof of Theorem 6. In order to be able to use a result of Muckenhoupt and Wheeden [1974] we

introduce the fractional maximal®# operator, defined for f € L10C (R™),

My f(x) 1= sup|Q|n—1/ SO dy. xR,

XE

where the supremum runs over all (not necessarily dyadic) cubes Q in R”, with x € Q. It is plain (see
(3-15)) that M) o f(x) < M, f(x), and, although this pointwise inequality cannot be reversed, it is
well-known that by the -translation trick (see [Christ 1988]) we have the equivalence

I M50/ lLa@ny 2 M fllLa@ny- (4-4)
Putting together Theorem 28, with « = 0 and A = n(; - —) and (4-4), we get
I/ Isr,.q ) = ||M,,(1 )f”Lq(R”)- (4-5)

For the maximal operator M) we have the trivial estimate

Muf(x) =enn (1 /D), xR,

where ¢, depends only on #. In fact, via the Muckenhoupt—Wheeden theorem [1974, Theorem 1], we
achieve, for 0 < g < oo,

Mo fllLa@ny = 110 (1f DIl La @y (4-6)
Combining (4-2), (4-5) and (4-6) we arrive at
1/ sz, @y 2 [Lf ) Gy’

as we wished to show. O

24Compare with the dyadic local version M 1,0, defined in (3-1).
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Our next result refers to the limiting case p = ¢ in Theorem 6 and it can be viewed as the sparse
counterpart of the Riesz’s theorem (see [Dominguez and Milman 2021, p. 1062]),

Rp,p(w) = LP(R"). 4-7)
Theorem 29. Let 1 < p < oo. Then

Proof. This is an immediate consequence of Theorem 28 (with p = ¢ and @ = 0) and the classical
Hardy-Littlewood maximal theorem:

IMfller@wny NI flLe@ny. p>1. O
4.2. On the difference between Rl,z(Rz) and SR I,Z(RZ). In view of Theorem 29 and (4-7),
SRy p(R") = LP(R") =Ry, ,(R"), 1< p<o0.

One may be tempted to think that SR, ,(R") = R, 4(R") for general values of p and g. However, this is
far from being true. Next we concentrate on the most relevant case for the purposes of this paper, i.e., we
will show that the embedding

SR 2(R?*) C Ry 2(R?)
18 strict, in the sense that,

SR12(R?) # Ry 2(R?). (4-8)
As a by-product (see (1-9)),

Ri (R € H™'(R?). 49)

We shall use an elementary but indirect method. It is well known (see, e.g., [Lions 1996, p. 141]) that
the largest rearrangement invariant space embedded in ngcl (R?) is the Lorentz space defined for a given
cube Q¢%° by

1 !
L(1,2)(Q0) = {f ||f||L“~2)(Q0) - |:/(; ([fQ*:(t))Z%] - 00}

Here, we use standard notation: f 50 is the nonincreasing rearrangement of a measurable function f
restricted to Qg, more precisely, f, Q*o is the generalized inverse of the distribution function

hp@)=|{x€Qo: /()] za}|, a>0

and fé: is the maximal function given by fé:(l) = ¢! fé féo(s) ds. When there is no danger
of confusion, we shall simply drop Q¢ and use the notation f™* and f™** rather than féo and f *:’)‘,
respectively.

25Without loss of generality, we may assume that |Qg| = 1.
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Using that 7 — ¢ f**(¢) is an increasing function, we have, for every u € (0, 1),

1 1
‘ dt |? 1o
A lzamen = | [ er @9 = Clogwbur .
u
It follows that

LD (0g) ¢ L0 (log L)2(Qy).

where L(1:°)(log L)% (Qy) is the Lorentz—Zygmund space defined by?>®

£ sup (1 —logt)? f**(1).

1 =
LU (1ogL)2(Q0)  ges<i
Then

L0 (log L)7(Q0) € Hig! (R?),

which in turn yields (see Theorem 6)

L% (log L) (Q0) & SRy 3 10¢(R). (4-10)

On the other hand, by the Hardy-Littlewood inequality for rearrangements (see, e.g., [Bennett and
Sharpley 1988, Lemma 2.1, p.44]) and (4-10),

2
2( ) (Q )IEIGII(QO) iel

<o () (1)

= s Ylodr™(0; |)/

(Q)ier€l(Qo) jer

<71 (1—log| Qi) / /1
La. oo)(logL)Z(Qo) (0; )eH(Qo); <

< su
- ”f”L(l"’")(logL)%(Qo) (Qi)ielepn(Qo) Z/ i /1

iel
= “f”L(l_oo)(logL)%(QO)

<712

L. (log L)2 > Qo)

1/ 1210

It follows that
L% (log L)3(Q0) C Ry 2.10c(R?). (4-11)

Consequently, (4-8) now follows from (4-10) and (4-11).

26 A basic reference to Lorentz—Zygmund spaces is [Bennett and Rudnick 1980].
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4.3. Proof of Theorem 9. (i) Let Q¢ be a cube. Recalling that

1_1 23
Iy, on= s 5 (10ai 7t [ 1n1) ] @12)

(Qi)iereS(Qo) ;¢
we observe s1(f) = || flIsr ,, ,(00) (see (1-11)). Then

2n
n+2
si(X) = sup [ fllsr,, L0 <00 = X(Qo) = SR 24 ,(Qo).
"f”X(Qo)Sl nt2- n+2’

The desired assertions follow immediately from (1-9) and (1-10).
(i) We need to introduce some notation: Given Q = (Q;);e; € S(Qp), note that Q can be split as
9 = U2 Dk:0,(Q), where

Di;0 := {0 € D(Q0) : €(Q) = 27¥U(Q0)}.  Di;0,(Q) := D0, N Q.

When there is no danger of confusion, we use the simplified notation D and D (Q). By construction,
Dy (Q) is formed by pairwise disjoint cubes (i.e., D (Q) C I1(Qy)), and for Q; € D (Q), we have
|Qil =27%"|Qq|.

Assume that limpy s oo sN(X) =0, i.e., given any & > 0 there exists Ny € N, such that for all N > Ny,

sup  sy(f) Ze. (4-13)
1 £ lxco =1

Let @ = (Qi)ier € S(Qo) and let /" € X(Qo) be such that | f||xg,) =< 1. Then

1

{Z(|Qi|’i_é /Q,- Ifl)z}2 = {i > (IQil;‘ré /Q,- |f|)2}é <I+11, (4-14)

iel k=0 iel:Q; €D (Q)
where
No L 2y3
={Y ¥ (e[ i)}
k=0 iel:Q;eD;(Q) Q:
and

1

=l Y x (e A )b

k=No+1 iel:Q; €Dy (Q)
It follows from (1-11) and (4-13) that

2 2
H:{ > (|Qi|’i_i /Q_ |f|) } < sNg+2(f) <. (4-15)

i€l:Q;eD<Ny+1(Q)

On the other hand, we obviously have

1

L=< {i > (IQM‘i/Qlfl)z}z. (4-16)

k=0 QEDk



A SHARP STABILITY CRITERION FOR EULER EQUATIONS VIA SPARSENESS 685

Combining (4-14), (4-15) and (4-16), we find that, for all (Q;);cr € S(Q¢) and for all f in the unit
ball of X(Qy),

1

{Z('Q"'H /Q 'f')z};f{% > (IQI5‘5/Q|f|)2}2+s.

iel k=0 QeDy
Therefore, by (4-12),
at PG
1/ 1Isk 2, ,00) = {Z > (IQ —/ Ifl) } +e. (4-17)
nt2 k=0 QeDy o
Let D>ny:0, = D>n, = U;cvio Dy ; then the cardinality of D>, is

. 2n(N0+1)_1
o 2n—1 ’

Consider the linear operator

=
(S

i/ <X (10l fo)QD 3

It is easy to see that T is well-defined: if f € X(Qy) (and hence f > 0) then

o £ o o]

k=0 QGD/(

-toa {3 rteiobe 3 (1))
k=0

QeDy
Ly

11 No 11 2
_ |Qo|n—z{2 ykn(h=} 2} T

k=0
<2MGD) £ lxcoo)-

Furthermore, T is compact, since it is a finite rank operator. We can equivalently rewrite (4-17) in terms
of T as follows: for every f € X(Qo), || fllx(gy =1

1
2

No

<100l {Z 2—kn<,a—;>z( )

k=0 Qeby

1/ s 2,000 = ITS NlgL +e. (4-18)
n+2°

Let { f7};en be a bounded sequence in X (Qg) (Without loss we may assume that, for all /, || f7|lx < %)
The compactness of 7' : X(Qq) — €2L guarantees (modulo passing to a subsequence) that {T'f;};<n 1S
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convergent in EZL. Accordingly, there exists /o such that

\Tf; — Tfl’||e£- <e, ifl,l'>1,.
Therefore, by (4-18),
11 = S lIsr 5, ,(00) = 28
n+2-

Consequently, from (1-10) we see that { f};en is a Cauchy sequence in H !,
Next we show the converse statement, i.e., if?7 X, <% 7{-! (R") then

lim sy (X)=0. 4-19)
N—o0

By assumption Uy (g,), the closure of the unit ball of X (Qy), is a compact set in H~1(R"). In particular,
for any § > 0 there exist fi,..., fL € Ux(g,) such that

L
UX(QO) C U B(f], %),
=1

where B( f;,8/2) denotes the ball in ! centered at f; and radius §/2. Hence, for any f € X(Qy),
I fllxcgy) =< 1. there exists / € {1,..., L} such that

. 8
1/ = fily=1 @y < 5-

As a consequence (see (1-9))

Sn() sy (f = D) +sy (D =510/ = ) +sy (D) S L = Silly=1@ny + sy (D

< 8 + sup sy (/D). (4-20)
2 jef1...L
Assume momentarily that
lim sy(w)=0 forevery weH '(R"). (4-21)
N—o00

In particular, we have, for N sufficiently large depending only on &,

]
sup sy (/i) < 5.
le{1,...,L}

Inserting this estimate into (4-20), we conclude that (4-19) holds.
To complete the proof, it remains to show (4-21): Fix x € C%(R") with?® supp x € B(0, 1) and x > 0.

For every dyadic cube Qj,; € D;, we let??

X = G = [ gm0 ) v, me 2, @2

2TRecall that X C Lllnc 4 (R™); see (4-3).
280ne may think that x(x) = e 1/(=Ix) 1p(0,1)(X).

29y im(f) should be adequately interpreted in the distributional sense.
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where yjm(x) := 277 x(2/ x — m). Without loss of generality, we may assume that supp x im CdQjm
for a fixed constant 4 > 1 and

inf xjm(x) 2 2/". (4-23)

X€ im
Then, we have

sy(w) = sup |: i Z (|Qi|’i_5/Qida))2i|2

QeS®ILr_N_1 icl:0;eD;(0)

- 00 2 %
< Telia: dw)]
_k_; 1 QGZDk( /\Q
NN (2—kn(n+2)/ Skn dw) }
~k=N—1 QeDy
— 00 2 %
< Z pk(=1-3)2 Z (/ X0 (x) da)) i| . (4-24)
“k=N—1 Qe V€

Note that the last step is true because both x g > 0 and w > 0. Furthermore, using well-known estimates
of function spaces in terms of local means (see, e.g., [Triebel 2008, Theorem 1.15]), we get

[oe) 2 %
[Z 2k(=1-5)2 Z (/ x0(x) da)) } S ol g-1 @ny-
k=0 geny €
In particular, this implies
S k(1) gk
li 2k(=1-3)2 / d =0
[ £ 00 5 ([ i
k=N-—1 QebDy
provided that w € H™1(R") N BM and (see (4-24))
li =0.
i, (e

This shows the desired result (4-21). O

5. Computability of sparse indices
In this section we estimate the sparse indices for familiar scales of spaces.
Proposition 30 (sparse indices for L?). Letn > 2 and p > .=5. Then, for every N € N,

Nn(2+n

1
sy (LP) <2 mm{z,p}). (5-1)



688 OSCAR DOMINGUEZ AND MARIO MILMAN

Proof. We can estimate sy, (/) (see (1-11)) as follows: Let Q@ = (Q;)ier € S(Qo). By Holder’s inequality
we have

) (|Q|r‘z—i/Q|f|)2= D (|Ql-|3«-5/Qi|f|)2

0eD<N-1(Q) k=N-1 iel:Q;eD;(Q)

-y ¥ |Q|‘“(/Qi|f|f’)’2’

k=N—1 iel:Q;eD(Q)

= 1ol D2 3 pkn(iE =2 3 (/Q 'IfIP). (5:2)

k=N-1 iel:Q;€Dy

kST

We distinguish two possible cases. First, assume that p < 2. Then

RS (/ |f|p)”s Y g ke ,,)2( 3 [ Iflp)

k=N—1 iel:Q;en; Qi k=N—1 iel:Q; ey,
—k 2+n
<1100y Z 27kn(5=7)?
k=N—1
24n ANV _Na(tr-1y2, 02
fcn< n —;) 2 (5 =%) ||f||Lp(Q0)- (5-3)

On the other hand, if p > 2 then, by Holder’s inequality,

i kb 3 (/ |f|p)127§ i S—kn(2 2)2( 3 / |f|p)

k=N—1 iel:Q;en; \’ Qi k=N—1 iel:Q; ey,
o0
k(2 _1
<N 2oy 2. 27FnCzi—2)2
k=N-1
_ 24n_ 1
<2 M2 112,00 (5-4)

Combining (5-2)—(5-4) (and noting that all estimates are uniform with respect to Q), we obtain

—Nn(2tn___1
() 527 TR oy,
Taking the supremum over all /" € L?(Qy), || fllLr(g,) < 1, we achieve the desired estimate (5-1). [

Proposition 31 (sparse indices for M ?*%). Letn > 2. If N is sufficiently large®°® then

bt > NG N—% ifp>5%, aelR,
sy(MP%) < —at1 e _n
N2 fp=3, a>L

30To be more precise, 2IN=Dn |Qol. This assumption is not restrictive since we are only interested in the asymptotic
behavior of indices. For the sake of completeness, we mention that s, (M P-@y with 2N=Dn < | Q| can be also computed using
the same ideas, but now the log-parameter o does not play any role.
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Proof. By definition (see (2-2)),
1 _
[Q |f1=1017" (1 —(log|QN)-)"* [ fllmre(gy forall Q€ D(Qo).

Therefore, for any Q = (Q;)ier € S(Qo).

) (IQ H/Q |f|)2

QeD<N_1(Q) 0o 5
DS (|Q,~|n Z/Qilfl)

k=N—-1 iel:Q;€Dy(Q)

<[ flmrecgy D > |Qi|5_}’(1_(log|Qi|)_)_a/ /]

k=N-1 iel:Q;eD;(Q) i
—kn(2-1
NSy Y 2GR Y /
k=N-1 i€l:Q;eDy(Q)
—kn(2-1y), —
</ larcon /1100 Z 2y knGimp)ge
k=N-—1
—kn(2-1
<110 Z 2k G=p) e, (5-5)
k=N-1
Furthermore
CNm(2_1y.
z_k”(*_*)k—“w 2 NnG—p) y—a 1fp> 5, o € R, (5-6)
N~ a+1 if n 1
V1 fp=3 a>1
The desired result follows then from (5-5) and (5-6). O

Proposition 32 (sparse indices for RMT spaces). Let n > 2. If N is sufficiently large then

: 2n

lfp>n+2,0l€R,
—a+1 : __ 2n 1

N 2 fp=;43 a> 3.

2_Nn(n+2 1 )N_a

SN(Rp,Z 1Oga) = {

Proof. Let f € Rp»10g%(Qo) and Q = (Q;)ier € S(Q). Since Dy, p,(Q) C Dg.g, C I1(Qo), we get

) (|Q|i—5[Q|f|)2= D (IQi|5‘5/Qi|f|)2

Q€eD<N-1(Q) k=N-1 iel:Q;eD;(Q)
o0 _ a 2
Z 2—ki’l2(%—%)(l +k)—20t Z (1 (log |Q|)—) |f|
0|1/ P 0
k=N-—1 QeDy

oo
- —en2(252—1 _
<10y 00 2 2T AL
k=N-1
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Since the previous estimates are uniform with respect to Q, we derive

sv()? SIN 1S 1%, 106 (00)* (5-7)
where
o0
Iy:= Y 2R 14 k),
k=N-1
Observe that

Nm2(nE2_1
Iy ~ {2 MRTONT it p s a ek (5-8)
N2t ifp=%, a> 7.

Plugging (5-8) into (5-7) and taking the supremum over all f € R, > log%, || f|lr a <1, we arrive at

p,2 log
the desired estimate for sy, (Rp,2 log®). O

Remark 33. The proof of Proposition 32 gives a slightly stronger result using the refined class CR 4 log®.
These spaces are defined using congruent cubes, by>!

1—(1 iho)“ q é
e orsriooi= s sp [ CCEEDE [y [ <o

T
keNo (@i)ier€Dk;0 \ier | Qi |7’

Clearly ||f||CRp’q loga(Q()) = ”f”Rp,q loga(Q()) and hence
Sy (Rp,q102%(Q0)) =< sy (CRp,q10g%(Q0)).

Then Proposition 32 with CR,, , log* also holds.

6. Proof of Theorem 2

(i) = (i). Assume that {#®}.~ is sparse stable, i.e., {w®}¢>¢ is uniformly bounded in Sy (R") for
some decay W. It follows from (1-15) that {w®}.~¢ is a precompact set in ngcl (R™), i.e., {uf}e=o is
H~!-stable.
(i) = (ii). Define

W(N) 1= sup sy (o). (6-1)

>0

It is clear that W is decreasing. Furthermore sy, (w®) < W(N ), which yields that for all & > 0,

Sar (@%)
l0f |l s @ny = sUp ——= <1,
v®) T Ten W(N)

i.e., {wf}e=0 is bounded in Sy (R").

3INote that CRp 4 10g%(Qp) can be equivalently introduced as the set of all f € L1(Qy) such that, for every k > 0,

q\1/q 2kn/p’(1+k)—ot if 2k > £(0),
{ 2 (/Q,- 4 ')} S{2”'/1“ if 2% < £(Qy).

Qi €Dy; 0,
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It remains to show that W(N) — 0 as N — oco. The proof follows closely the one of (4-19). On
account of (i), the set W = {®¢}4=¢ C BM is compact (in ™1 (R")). In particular, for any § > 0 there
exist wq,...,wr, € W such that

As a by-product, for any ¢ > 0 we can find [ € {1, ..., L} such that

)
lo® = @rll3-1@m < 5 (6-2)
Therefore
SN(CUS) = SN(CU8 —wp) +sy(wp) < @ —ay ||H*1(IR”) + sy (@),
where the hidden equivalence constant is independent of €. As a consequence (see (6-1) and (6-2))
Y(N) =< g + sup  sy(wp).
2 lefl,nL

Then, by (4-21), limpy 00 ¥(N) = 0. O

7. Sharpening Morrey regularity of DiPerna—Majda via Vy

As already mentioned in Section 1.1, a famous 2D result due to DiPerna and Majda [1987a] asserts strong
convergence of approximate solutions with initial vortex sheet satisfying Morrey regularity M % (R?)
with & > 1. A proof can be obtained from the compactness assertion (see (1-2))

Mcf’a (Rn) Lompactly Iilgcl (Rn)’ o > 1’ n>2. (7-1)

The goal of this section is to show that these results can be further improved using the sparse techniques
developed in previous sections combined with extrapolation techniques.

7.1. Vy-spaces. Given a decay function W, in this section we construct a new Besov-type space Vi,
whose sparse indices are controlled by W.

Definition 34. Let Vi (R") be the space formed by all tempered distributions f € S’(R") such that32
R ey
1 gy = sup ———= > 27 ||Aj flLooqny < 00
w(R™) NeNo \I’(N)z ]=Z]V J (R™)
Let Vi (R") = Vg(R") NBM .
Remark 35. The construction of the space Vi is in some sense “dual” to the one used to define the

classical Vishik space®® Br, where I' : [0, 00) — (0, 00) is an increasing function with lim; o I'(#) = 00

32 As usual, {A j }jeN, refers to standard (inhomogeneous) Littlewood—Paley operators on R".
33See [Dominguez and Milman 2024].
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(a “growth function”) and the norm of Br is given by
1 N
I/ IBr@ny == sup === ) A fllLeomn- (7-2)
r(R") NeNo I‘(N);) J (R")

Note that we could have elements f € Br(R") such that Zf.io IA;j fllLoo@ny = oo (i.e., f does
not belong to the Besov space’* Bgo,l (R™)), as long as the growth of the corresponding partial sums is
controlled by I". On the other hand, Vig(R") is formed by elements f € Bo_oz’1 (R™), the classical Besov
space of negative order, equipped with

o0
1/ g2 @y = D 27 14 S oo qan (7-3)
j=0

such that the remainder of the corresponding series in (7-3) has a prescribed decay given by W(N)?2. The
connection of these spaces becomes apparent through the use of stream functions. Let w € Vi (R"), and
let v be a stream function, i.e., Ay = w. Using Fourier multipliers one can show that

o0
1
weVygR"Y < sup ——— | AV || Loo(mny < 0.
Neng P(V)? ].:ZN T ED

In other words, the space Vig(R") is formed by vorticities w with corresponding stream functions v
satisfying the “dual” of the Vishik condition (7-2).

7.2. Vy-regularity of Euler flows. In this section, we restrict ourselves to the following sufficiently rich
class of decays.

Definition 36 (admissible/doubling decays). Let W be a decay. We say that W is

(i) admissible’> provided that
N
2 @) s @VW(N)? N eNo:
r=0
(i1) doubling provided that W(ct) = ¥(¢) for some ¢ > 1.
We are now ready to state the main result of this section.

Theorem 37. Let V be an admissible doubling decay. Then:
(1) VJ (R™)e — Sy(R")¢. As a consequence (see (1-15)), VJ (R7) <y =1 (R™M),

loc

34Recall that the Besov spaces Bls,,q (R™), s €R, p,q €1, o], are endowed with the norm

© 1/q
/115,y = (Z 2M||A,-f||2p(w)) .
Jj=0
See, e.g., [Stein 1970; Bennett and Sharpley 1988; Triebel 2008].
35This is a very weak assumption on the monotonicity properties of W. Basic examples of admissible decays are W(r) = 1,
Y(t) = (log 1)~*, where A > 0, (or more generally, concatenations of logarithms) and their products. Exponential decays
() = 2_Ct, C > 1, are excluded. However, this is not restrictive since V,—c: (R") — Vi—a (R™).
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(i1) Let {u®}¢~o be a family of approximate solutions to Euler equations (1-1) such that the related family
of vorticities {w®}¢>¢ is uniformly bounded in L*°([0, TY; VJ (R™)¢). Then {uf}¢~¢ has a strong

limit u in L*°([0, T']; leOC (R™)), where u is a solution with no concentrations.

Specializing the previous result with W () = 11=®)/2 e are able to improve3% (7-1) in the following
sense.

Theorem 38. Assume that o > 1. Then
M 2%R") — Vig (R™).
Furthermore, this embedding is strict in the sense that M 2 (R") # Vg (R").

The proofs of these results are based on extrapolation methods developed in the following section.

7.3. Extrapolation characterization of Viy. Let (Ag, A;) be an interpolation pair3’ of Banach spaces.
Recall that the K-functional relative to (Ag, A1) is defined by

K(t, f: Ao, A1) = |1 f lag+2.4, :f=i%ﬁ_fl(”ﬁ)”Ao+t||f1||A1)

fort >0and f € Ay + A;.

Theorem 39. Suppose that \V is an admissible doubling decay. Then

K@, f: B;f,l (R"), BY, | (R™))
| /vy @®n) = sup .

(7-4)
1€(0,1) W (—log?)?

Remark 40. This result shows that the Viy spaces can be described as extrapolation spaces’? relative to

. . _2
the classical Besov pair (B o1

fundamental properties of the classical Besov spaces to V.

Bgo 1), a fact that will be very useful later, since it enables the transfer of

Remark 41. The assumption that W is doubling is necessary in order to ensure that the right-hand side of
(7-4) is nontrivial. For instance, for the admissible decay W(¢) =27¢*, C € (1.1),

K@, [ B2, (R"), BY, | (R")
sup 2C <

te(0,1)

oo <= [f=0.

Proof of Theorem 39. We use the retraction method of interpolation theory. Recall that £ (L>°(R")),
s € R, is the vector-valued sequence space equipped with the norm

oo

I3} jenolles coo@ny = Y 27° 1 fj Lo ny.-
j=0

36We only focus on the most interesting case p = n/2, but similar improvements can also be obtained in the noncritical
regime p > n/2.

37Loosely speaking, Ay + A; makes sense.

38with respect to the so-called X-method of extrapolation (see [Jawerth and Milman 1991]).



694 OSCAR DOMINGUEZ AND MARIO MILMAN

It is well known (see [Dominguez and Milman 2024, Appendix Al]) that B} | (R") is a retract of
€3 (L*°(R™)) via
J =8 fljeNo:

In particular this yields
K(t, f5 By (R?), B, (R™) ~ K (1, {A) [ }jeno: €72 (L (R), €1 (L (R")).

Furthermore, a well-known estimate for K-functionals asserts

o0
K (1.4 fj}jeno: L2 (L (R™) 5 (L RM)) ~ Y 27 min{2C2797 4}]| £ || oo ).
j=0
Hence (letting s = 0)

K@, fi B 2 (R"), BY, | (R") ~ Zmin{2_2j,2_2N}||Ajf||L°°(Rd)

j=0
N 0o .
=272V A flleee@n + Y 27 NA Sl e
j=0 j=N+1
This implies that
KN, B2 (. B, (&)
sup ~ A+ f v @y (7-5)
Neho W(N)?2 v
where
- N
A 272N 0 18 fllLeoan)
‘= sup e
NeNy
Furthermore, we claim that
A SN f vy @ny- (7-6)
Indeed,
N N 52
D NA; fllzso@ny = 22 W(; )2 00 )2 || Aj [llLoo@m)
Jj=0 Jj=0

. N
274 P
= (s Goalhi lzn) 3022 w()?

J€No j=0
<22NW(N)?| fllve@n (by the admissibility of ¥),

which yields the desired estimate (7-6).
Combining (7-5) and (7-6), we see that

K272V, 11 B2 (RY), B, | (R))
sup
NeNy \IJ(N)Z

~ || f vy @n)-
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Note that, by basic monotonicity properties of the expressions involved (recall that W is doubling),

K(t, [1 B2 (R"), By, |(R"))

sup

1e(0,1) ‘1’(—10%1)2
1
~ sup K272V, f: B2, (R"), B (R™) sup _—
NeN ( 0o, )1 )te(2—2(N+1)’2—2N) W(—logt)?
K(27N, i B2, (R"), B | (R™))
~ sup - d ] O
NeNj \D(N)

Remark 42. The proof above shows that Bgo | (R™) plays an auxiliary role in Theorem 39, in the sense
that the same result is obtained if we replace it by BZ_ | (R"), for any s > —2. More precisely, let s > -2,
and replace the admissibility condition given in Definition 36(i) by

N
Z 2(2+S)rqj(r)2 S 2(2+S)N\IJ(N)2, N e NO-
r=0

Then using the same methodology we can readily show that
0l K(, 3 B3 (R"), B, 1(R”))
Vo (R?) =~ SUp
w(® t€(0,1) W (—log1)?

7.4. Proof of Theorem 37. The proof relies strongly on the extrapolation description of Viy. In particular,
Theorem 39 will be applied to decompose functions in Vg in terms of wavelets (see Proposition 43 below).
Let {Tﬁ,, : N €Ny, G € GV, | € 7"} be an orthonormal wavelet basis in L2(R").

Remark. We briefly recall that orthonormal wavelet bases may be constructed in a standard way from
two compactly supported (Daubechies) wavelets ¥ € C1(R) (father wavelet) and yas € C1(R) (mother
wavelet) satisfying certain moment conditions. More precisely

n
15, x) =22 [T we, @Nx, — 1)

r=1

Here G® ={F, M}" and G = {F, M}"*, N €N, where * indicates that at least one of the components of
G € GY must be an M. The role played by the tensor index G € G¥ is auxiliary (note that card GV ~ 1).
To simplify the exposition, the index G may be safely removed from our computations.

Proposition 43. Suppose that V is an admissible doubling decay. Then, [ € Vig(R") if and only if

f= ) AR, S eve (7-7)

NeNg, GeGN
lez"

(unconditional convergence in the sense of S'(R™)), where

A g = sup sup  [Ag| < oo.
¥ NeNy \IJ(N)Z Z GEGk,IEZ”
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The representation of f is unique, and the coefficients kg ; are determined by

M =2M"2 LR (7-8)
and the operator
I:f= 8 (7-9)

defines an isomorphism of Vig(R") onto vy. Furthermore

I/ v @y = I{ANT vy - (7-10)

Proof. By the classical wavelet theory for Besov spaces [Triebel 2008, Theorem 1.20], the operator /
given by (7-9) acts as an isomorphism

1:B 2 (R") > £7%(loo) and 1:BY |(R") = £1(leo). (7-11)
Here, as usual, £} (£x), s € R, is the mixed sequence space formed by all those {A 5} such that

o0
AN les(eoy = Y 2™ sup A < oo.
N=0 lezn

We also let £1(£oo) = E?(Zoo).
It follows from (7-11) that

K(t. f: B2 (R"). By, | (RM) ~ K (1. N1} €72 (Loo). €1 (Leo)).
Consequently, combining with Theorem 39 yields

K(t. {An11 077 (0so), €1 (o)
v ~ sup & o). 6(C)

. (7-12)
t€(0,1) U(—logt)?

At this point the method of proof developed in Theorem 39 can be applied line by line (£, now playing

the role previously played by L°°(R")) to show that

K(t, N1} 077 (Eoo), €1 (Loo)

sup ( — ) ~ AN}l - (7-13)

1€(0,1) W(—log?)

Combining (7-12) and (7-13), we obtain (7-10).

For f € Vig(R"), the convergence of the wavelet expansion (7-7), as well as the uniqueness of wavelet
coefficients given by (7-8), is guaranteed by the fact that Vig (R") — BO_OZ1 (R™) (see Remark 35) since
the corresponding assertions are valid for classical Besov spaces. O

Proof of Theorem 37. (i) Without loss of generality, we may assume that Q¢ = (0, 1)". Let L € Ny and
Q= (0)iecr € S(Qyp). If f =0 is compactly supported in Q, then

5 e T[S 5 (e )]

QeD<11(Q) k=L—1 iel:Q;€D;(Q)
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oo

—||f||L1(Q )|: Z 2kn(53)? sup /Qf:r

=L—1 QD

(e ¢]

yk(=2+n) ]
> sup /Q f

k=N—1 Q€D

(e,]
Z ok(24m) / I

k=N-1 QeDx

D=

=11 WD) 30 | Gt

1
<WY(L) sup
NeNy lII(‘]V)Z

As a by-product (see (1-14))

sp(f) 1 - k(=2+4n)
1 1l S(00) = SUP =22 < sup ———— sup | S
w(Q0) ™ PR UL T veny Y(N)? 2 2

k=N—-1 Q€D

Hence the desired embedding (Vq_,|r (R™))¢ — (Sy(R™)). follows if we show that

Z K241 gup /Q I S 1S vy @ny- (7-14)

NeNy ‘IJ(N)Z k=N—1 QebDy
Let f € Vg (R"). According to Proposition 43, f can be expressed as

o0
=3 a2y, (7-15)

r=0 lez"
where A, is given by (7-8). The wavelets Y,; can be chosen such that
supp Y, CcQp =c(27"1+277 Qo). (7-16)
1T, 1(x)| S22, reN, 12", (7-17)

and there exists 4 € N, A > 2, satisfying
/ B (x)dx=0, |B|<A, reN, ez (7-18)
Rl‘l

We are going to compute X (f) given by (4-22). For every j € No, we can split f as (see (7-15))

J 00
F=h+=30 Y L2+ >0 > a2, (7-19)
r=0 [ezn r=j+1lezn
Then, for m € 7",

Xim(f) = xim(f;) + xim(f7). (7-20)

Next, we estimate each of these terms separately.
We first estimate ), (fj). For r < j, we let (recall that supp xjm C dQjm)

t(m):={1e€7":dQjmNcQ, # B} (7-21)
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Obviously (see (7-16))
Xjim(Xp1) =0 for [ & L] (m). (7-22)
On the other hand, if / € f{ (m) then (noting that |, (x)| < 2/™)

m(Tr)] < / GOl (0] dox < 27 [ T(oldx <22 (123)

im dem

where we have used the property (7-17) in the last step. In light of (7-22) and (7-23), we derive

J J
m DY D 272 im (G0 =D Y 27 2y m(T0))

r=0 [ezn r=0 IEH(m)
J
YD Il (7-24)
r=0 je¢l (m)

Note that since card Z; (m)~ 1,if 0 <r < j, from (7-24) it follows that
J

Xim (DS D sup [Ayl. (7-25)

r—ol€z"

Next we deal with ij(fj). Letr > jand/ € Ef (m) (see (7-21)). Using the Taylor expansion of
Xjm around 27"/ and using the cancellation conditions (7-18), one can show that

Tl = | [ om0

= 3 swp (Dm0l [ ol =271 dx
g ¥R R

< 21'("+A)/ 22|y (2" x — 1|27 412" x — 1|4 dx

_ 2(j—r)(n+A)2rn/2/ ()| x4 dx
Rn

~ 2(j—r)(n+A)2rn/2'

Using this estimate we obtain
. w w .
imUDI<D 0 D 272 gim (X S 207 00FD 3 ). (7-26)
r=J let] (m) r=j let] (m)

Note that card Ef (m) ~ 2" =) if p > j. Hence, by (7-26),

o0 o0
Xim (DI <Y 20700+ qup (3,270 =1 = 2743 " 2774 up |, (7-27)

r=j lezn r=j lezn
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Putting together (7-20), (7-25) and (7-27),

Xim O] < 1ximUD]+ [xm (S S Z sup (1] +2/4 Z 27" sup |4

r—ol€2" r=j lezn
uniformly with respect to m € Z". Consequently,
sup {xjm(f)] 2 Z sup || +277 Z 277 sup [A]. (7-28)
r=0 lez r=j lezn

Let N € Ny. From (7-28), changing the order of summation and using 4 > 2, we get

Z 2% sup [xjm(f)] 2 Z 2% Z sup 11|+ Z 2(4=2)] Zz " sup A

r—olez lezn
$2° 2”2 sup || + Z 272 sup [Ap].
F= OleZ" r=N lezn
It follows that
i 7—2N N
’Sup |xjim(f)I < sup up |4
Nevo \P(N)Z Z " Nery P(N)2 Zlezn g
+ sup 272" sup |A,]
NeNo \IJ(N)Z Z ez
=T+7I7T. (7-29)

Next we show Z < Z7. Indeed, by condition (i) from Definition 36,

—2r
5" aup i1l = Z 22"1‘(”2§(r)

= OlEZ”

N

2—2M
sup [ht] < ( sup (W sup mm)) 3 2wy

lezn MeNy lezn r—0

272M 2N 2
<\ sup (— sup I?»le))Z W(N)~.
(MENO ‘IJ(M)Z lezn

Consequently,
—2N 1 s
sup A7) < sup (— 272 sup |A 1|) =71T
‘II(N)Z Z " M eNy ‘I’(M)zr;\; lezn "
Now, taking supremum over all N € Ny, we arrive at

7 <17
Consequently (7-29) reads as

272 sup |xim(f)| S IT. (7-30)
NEN() \IJ(N)Z Z meg" |ij f |
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Since f > 0 and (4-23) holds, we have (using the notation xo = xjm if O = Qjm € Dj)

Z 272K sup xo(f).

00
_ 1
2k=241) gup / f < sup
NGNQ \IJ(N)Z Z QG[Dk Q NeNy ‘IJ(N)Z k=N—1 QG[Dk

k=N-1
Consequently by (7-29)—(7-30),

o0
2kE24m) gup f < sup 272 sup A,
k:g\f:—l Qeb, J O NeNy \I’(N)z Z lezn "

1
sup ———
NeNy lI'](]V )2
which combined with Proposition 43 yields

Z k(=241 g /QfSIIfIIVq,(Rn),

NGNO ‘I’(N)zk el QeDy,

concluding the proof of (7-14).
(i1) Combine (i) with Theorem 12. O

7.5. Proof of Theorem 38. Let U(r) = t(1=®)/2 ¢ > 1. It follows from (7-8), (7-16) and (7-17) that

2 -2 2
T % up gl £ 3 2 ksupzk"// 11Tl
k=N lezn k=N lezn cQki

o0
<> ape[
cOki

k=N lezn

S 1S pgnrze gy Z 272 sup 27| Q)" (1 — (log | Q) =)™
k N IGZ"

oo
~ ||f||M”/2>D‘(R") Z (1 +k)_oe
k=N
~ N7 fllagnagamy = YN fllagnr.a -

Taking the supremum over all N € Ny and invoking Proposition 43, we get

M2 (R") < Vig(RY) (7-31)
as desired.
To show that (7-31) is strict, we apply again Proposition 43, and use the fact that o > 1, to derive
1 1
12C=2DE Yooyl @y & U NatT T et (7-32)

On the other hand, we have

(1—(log|Q])-)*
||TK(0 _____ ())”Mn/Z,ot(Rn) = Slép |Q|(n—2)/n |TK,(0 ..... 0)|
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1Tk (0....,0)]
|Qkoo...., 0)|(n_2)/n 0k .....0) ( )
K¢ /
Ny 1Tk ....,0)]
2-K(n-2) 2k .....0)
o
—Kn~Kn/2 _ 7K (%-2) pa
2 xapl (k=2 (3-2) ke,

where we have used the wavelet properties in the penultimate step. Consequently,
12C7D %Yk, 0 lagnragny 2 K*. (7-33)
We now argue by contradiction. Suppose that, to the contrary,
Vg (R") < M 2%R").

In particular, we have, uniformly with respect to K,

Combining the last inequality with (7-32) and (7-33) yields
Ka < Ka—l

and letting K — oo we arrive at a contradiction. O

8. Sharpening Tadmor’s regularity via Ty

As already mentioned in Section 1.2, Tadmor [2001] proposed an approach, based on R, ; log*-spaces,
guaranteeing existence of Euler solutions with no concentration. In particular, in the distinguished 2D
case, the author was able to improve the Morrey regularity of vortex sheets obtained in [DiPerna and
Majda 1987a] from oo = 1 to the borderline regularity o = % This is an application of the H ~!-stability
method since (see (1-3))

Ronjn+2),2 log® R")e <% HL(RY), o> 1. (8-1)

The goal of this section is to show that the results from [Tadmor 2001] admit improvements in terms
of new scales of extrapolation spaces (7y-spaces; see Definition 44 below) and the method of sparse
stability developed in previous sections.

8.1. Ty-spaces. To motivate the constructions that follow it is instructive to compare the scalings of the
spaces involved in the critical embeddings (1-2). For a function space X (R"), let the scaling parameter
of X be the number iy such for all A > 0, and all || /|lx = 1, we have A=X|| f(A-)|.x = 1. For the
Morrey spaces M P(R"), for A > 0, and || f||asr®r) = 1, we have || f(A-) | prr@wn) = AP 5o that
ipr@ny = —n/ p. Likewise, for H™YRM), ig-1 @) = —1 —n/2. Comparing scaling parameters in the
critical case p =n/2, we see that iysm /2@Rny = i H-1(R") only when n = 2, in which case the common
value of the parameter is —2. This suggests to seek for an alternative to (1-2) where the involved spaces
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have the same scaling parameter as H~! (i.e., —1 —n/2). With this in mind, we propose a new space Ty,
a variant of Vi introduced in Definition 34, which is obtained by measuring the dyadic frequencies A; f
in the Z2-norm rather than the Z°°-norm.

Definition 44. Let T'y (R") be the space formed by all f € S’(R") such that

—2
1 1y ey = W(N)z Z 4G £117 2y < 0

Let Ty (R") = Tg(R") NBM/ .

Remark 45. Similarly as in Remark 35, the space Ty can be seen as a dual counterpart of classical
Vishik spaces involving the Besov space B 1 . Note that 32 , can be identified with the inhomogeneous
version of H~1.

Remark 46. The space Ty admits a somewhat simpler characterization in terms of Fourier transforms.
Namely

I gy~ S50 s [, (DT @R e

Indeed, this is a consequence of Plancherel’s and Fubini’s theorem, together with basic properties of3°
{9jtieny

o
Iy~ 0P GO [R n _Z R o @RI @) de
~ NENO \Ir(N)Z / (L4 EP) " 1 on oy o) (EDI S E)1 dE.
8.2. Ty-regularity of Euler flows. We state now the main results of this section.
Theorem 47. Let V be an admissible doubling decay. Then:
() Ty (R™")c < Sw(R").. As a consequence (see (1-15)), Ty (R") <% H1(R™).
(i) Let {u®}¢~¢ be a family of approximate solutions to Euler equations (1-1) such that the related family

of vorticities {w®}¢>0 is uniformly bounded in L°°([0, T1; T+([RR”)C) Then {u®}¢~¢ has a strong
limitu in L*°([0,T]; L loc (R™)), where u is a solution with no concentrations.

Specializing the previous result with Wy (¢) = 17H1/2 e are able to improve (8-1) in the following
sense.

Theorem 48. Assume that o > % Then
Rzn/(n_;,_z),z IOga(Rn) —> T\pa (Rn)
Furthermore, this embedding is strict in the sense that Rap /(5422 10g% (R") # Ty, (R").

39Here @; denotes the Fourier multiplier associated with A, i.e., K}\f &) =9; ) f ©&).
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8.3. Extrapolation characterization of Ty. The next result represents the Ty spaces as extrapolation
spaces for the pair (H ', L?). Since the proof follows closely the one for Theorem 39, we shall leave
the details to the interested reader.

Theorem 49. Suppose that ¥V is an admissible doubling decay. Then*°

K@, f: HY(R"), L2(R"
1f 7o ~ sup LR, EZRD) (8-2)

t€(0,1) V(—log1)

Remark 50. A variant of Remark 42 also holds for the Ty (R") spaces. Indeed, suppose that the
admissibility condition stated Definition 36(i) is replaced by

N
2(2(1+S)rll’(r))2 S (2(1+S)N\IJ(N))2

r=0

Let HS(R") be the standard (fractional) Sobolev space endowed with the norm

1 Wgrs@ny = 11— A)*2 £l L2 ggny.

then formula (8-2) holds if we replace the pair (H~!(R"), L2(R")) by (H~'(R"), H*(R")), where
s> —1.

8.4. Proof of Theorem 47. For the proof we will use the following analogue of Proposition 43, that can
be obtained mutatis mutandis and we therefore leave its proof to the interested reader.

Proposition 51. Let {’Y‘f,l : N €Ny, G € GN, [ € 7™} be a wavelet system satisfying (7-16)—(7-18)
with*' A > 1. Assume that V is an admissible doubling decay. Then, | € Ty (R") if and only if

f= > agvixg 0§ et (8-3)

NeNp, GeGN
lez”

(unconditional convergence in the sense of S'(R™)), where

o0

1 o

A 3112, := sup TiE Yok N G < o0 (8-4)
NeNo k= GeGk, lezn

This representation is unique in the sense that the coefficients )»g, ; are determined by (71-8) and the
operator I given by (7-9) defines an isomorphism from Ty (R") onto ty. Furthermore

1 7 @y = A g - (8-5)

40Since Ty is not homogeneous, the space H 1 (R") in (8-2) should be adequately interpreted from the context as the
inhomogeneous counterpart of (4-3), equipped with the norm ”f”H—l([R") = |- A)_l/zj'”Lz(R,,). Recall the well-known

fact that [|(=A) ™12 £l L2@ny ~ 111 f 1l L2 @y
41The explanation behind 4 > 1 comes from Theorem 49 and well-known wavelet assumptions on A~
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Proof of Theorem 47. (i) Let L € Ng. Given f > 0 compactly supported on Q¢ (without loss of generality,
we may assume Qg = (0, 1)"), we observe that

o0 291/2
sL(f) = sup [Zz"(—”") > (/ f)] :

QeS(Qo)L, 1 iel:Q; €D (Q)

Using Proposition 51 we will show that

o0 241/2
1 - n
Ty L:Zsz‘ DY ( /Q | f” S 1/ g ey (8-6)

LeNy iel:Q;€DK(Q)

with a constant independent of the sparse family Q. Then the desired (local) embedding

I/ I s9(00) < I1f Iy @m)
follows readily.
Let x be a smooth cut-off function introduced in the proof of Theorem 9, and define the corresponding
coefficients xj,(f) via (4-22). According to (7-19), (7-20), (7-24) and (7-26), these coefficients can be
estimated as

Xim ()] S Z > Il + Z 207D Nl (8-7)
r=0 jet] (m) leti (m)
where Ei (m), which was introduced in (7-21), satisfies
{2"(’—1') if r > j,

card £ (m) ~
r () ifr <j.

(8-8)
Using Holder’s inequality and (8-8),

1/2 n(r=j)/2 i -

2 ifr>j

E Arll S E Al -
| rl|~( | rll) X{l ifr<j,

leti(m) leti (m)

and inserting this into (8-7), we achieve

J 1/2 00 1/2
|x,~m(f>|sz( > al) #2AH Yo @D(F p) L e

r=0 "1etd (m) r=j leti (m)

Let ¢ € (0, min{1, A — 1}) (recall that A > 1 is fixed). By Holder’s inequality, the two terms given in
the right-hand side of (8-9) can be bounded by

Z( )3 |A1|2)12<218(Zz—”2 ) |m|)

r=0 “1egl (m) leti (m)

0o 1/2 o0
(2 k) s 3 )
r=j

leti (m) r=j leti (m)

1/2

and
1/2
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Hence

J 00
|ij(f)|2 5 2]82 Z 2—r82 Z |)"rl|2 + 2](A+§—8)2 Z 2—r(A+§—8)2 Z |)‘rl|2

r=0 leti (m) r=j leti (m)

and summing up over all m € 7", we have

Y xim(NI?

mezn
<2]8222—7‘82 Z Z |)\‘ l|2+2j(A+ﬂ—£)222 F(A-}—Q—S)Z Z Z |)"rl|2 (8 10)
mezr IEZJ (m) mezn leel (m)
Furthermore, we remark that
. 2m(G=r) ifr < i,
card{m € 7" : 1 e I (m)} ~ 1 r_j,
1 ifr > j.

Using this information and changing the order of summation in (8-10), we arrive at

J %)
S hm( NP 2723 272U S 2 2 (AT E2 3 g (4482 § 2,

mezn r=0 lezn r=j lezn

where the equivalence constant is independent of j. Summing up the last estimate over all j > L and
using Fubini’s theorem (recall that ¢ < min{l, A — 1}), we have

Zzﬂ N xjm (N

mezn
< Z 2]( 1+¢&)2 Zz r(e2+n) Z ™ +Z 2]2( 1+A—e) 22 r(A+%—¢)2 Z A, l|
lezn lezn
< 2L( 1+¢)2 Zz—r(sz+n) Z |)» l|2 + Z 2—r(82+n) Z |)\ l|2 22](—1+s)2
lezn lezn
+ Z e S SR
r=L lezn j=L
< 2L( 1+¢8)2 22 r(e2+n) Z %, l|2 + Z 7 r(2+n) Z |)»rl|2
lezn lezn
Hence
2-n) 1/2
sup /(2 | xjm ()] } SI+11, (8-11)
LeNy lD(L) |:Z mGZZ" m
where
_ L 1/2
2L( 1-‘1-6)[ _
Z:= sup ——— 277 (e24n) Arrl?
f A Tram PO 2 Vil

r=0 lezn
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and
(2+n) i
I7:= su 2 r(2+n A,Z} .
i 2
We have
L ( ) 1/2 L (—e) 1/2 _M(1+ ) 1/2
2—" e2+n )\’ 2:| S |: 2}" 1—¢ 2‘11 7 2} su [ )\’ 2}
[Z S Jil > R D3
r=0 lezn r=0 lezn
L 1/2
< [Z 2’(1_8)21D(r)2i| 77. (8-12)
r=0
Furthermore, the following estimate holds:
L 1/2
[Z 2’<1—€)2\p(r)2] < 2kU=9y(L). (8-13)
r=0

Indeed, by monotonicity properties, a simple change of variables and the doubling property of W (see (ii)
in Definition 36),

L

L
Z2r(1_8)2\11(r)2%/ 2’(1—8)2\p(z)2dm/
0 0

r=0

L(1—e) [L(1—¢)]

~/ 22w di~ Yy 270(r)?
0 r=0

5 2L(1_8)2‘~D(L)2,

where*? the last step follows from (i) in Definition 36. This proves (8-13). Applying now (8-13) in (8-12),
we find
L

1/2
[22_’“””) > |)‘rl|2:| <2L0-9w(L) 17,

r=0 lezn

i.e., we have shown that Z < Z7. As a consequence (see (8-11))

1/2
o \IJ(lL)[sz( 2 |le(f)|2i| <77,

LeNy mezn

or equivalently (see (8-4))

1/2
sup W(L)[Z A Ixjm(f)lz] S Il

LeNg mezn

42 As usual, | x| denotes the integer part of x € R.
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Consequently, invoking Proposition 51,

oo 1/2
1 i(—2—n
sup —W(L)[sz( Y |x,-m<f)|2] S g ny- (8-14)
]:

LeNy mezn

On the other hand, the assumption f > 0 and (4-23) enable us to derive

| 0o » ) 241/2
—24n
o 22 2 (1))
0 k=L iel:Q;€Di(Q) ! | 00 291/2
. k(—=2—n) kn
B (f, ]
R > ([

iel:Q;eDk(Q)
L[5~ pk(-2-m) i
< —2-n 2
R PO VI
k=L iel:Q;eDE(Q)
S S llrg @y
where in the last step we used (8-14). This concludes the proof of (8-6) and hence (i).
(i1) Invoking Theorem 12, statement (ii) is a consequence of (i). O

8.5. Proof of Theorem 48. To avoid unnecessary technicalities, we assume, without loss of generality,
that the constant ¢ in (7-16) is equal to 1. From (7-8) and (7-17), we find

o 00 5
S 3 pgee S ([ 1)
k=N GeGk,lezn k=N lezn \Y Qi
o0 o 2
lo
~ Z 2k(—2+n)2—k(—2+n)k—2a Z( { %/|(i];i’|1}+2))// |f|)
k=N Jeon M@kl O
o0
2 —20a
= ”f”Rzn/(n+2).210g“(R") Z k
k=N

o AT 2041 2
~ N ||f||R2n/(n+2),2 log® (R")*
Consequently,

00
]\flelgo W k=ZN 2k(_2_n)GeGl§ezn |)\1?1|2 S ”fll%i’zn/(nu).z log® (R™)”
where Wy (1) = t~*+1/2_ Then by (8-4) and (8-5) it follows that
R 2y, log" (®") = Ty, (R").  Wa() = oty (8-15)
To show that the embedding (8-15) is strict we argue by contradiction. Suppose to the contrary that

o iy n
R%,zlog (R)—Tlpa(R )



708 OSCAR DOMINGUEZ AND MARIO MILMAN
In particular (for a fixed G)
”2KTI§(0,...,0)”T\110¢ ®m) ~ ”2KTIC(;(O,...,0)||R2n/(n+2),210g°‘(R”) for every K € N. (8-16)

Using Proposition 51, we compute

Ky 1 |
1277 K(O ..... oy 1 T (R1) & sup N N—at1/2 ~ K—ati/2’

which combined with (8-16) results in

ﬁ ~ ||2KTI?(O R n g 2).2 Tog® (M)
|log| Ok ,...0)||" / 2K|TG |
~ 1Qkqo... o)|(” /@n) Jq. <o K(0....,0)
o
~ 2—11((—n/2 /Qm .... ) %.... 0)|
25 If:,/z 257210k 0,00l = K.
Taking the limit as K — oo we arrive at a contradiction. -

Next we seek a strategy to establish a priori Tiy-bounds as required in Theorem 47(ii). In particular,
we shall focus on the critical case o = % in the prototypical choice Wy (r) = t~®*1/2 (see Theorem 48).
This case presents several intrinsic difficulties. In particular, according to Definition 44,

Ti(R") = H'(R") if ¥y5(0) =1, (8-17)
so we shall redefine Ty, to avoid trivial statements. In order to do this, we first observe that, for o > %,
the following characterization of Ty, holds (see Proposition 51):

k(—2— G |2
1 17y, ny sup N MH Z k2 N g, (8-18)

k=N GeGk, lezn

Putting (at least formally) o = % in the previous characterization, we would arrive at the wavelet counterpart
of (8-17), i.e.,

o0
1/ 17 @y~ D252 > RGP~ 1 11y
k=0

GeGk,lezr

where the last equivalence corresponds to the classical wavelet characterization of H~!(R"). By basic
monotonicity properties, (8-18) can be rewritten as

2it1_o

~ 1 k(—2— G2
”f”T\p &) sup —2]( 25D E pk(=2-n) 2 : A (8-19)
k=27/-1 GeGk, lezn
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if o > % When compared with the standard characterization (8-18) of Ty, (R"), the alternative character-
ization given by (8-19) has the important advantage of providing us with nontrivial spaces (i.e., different

from H 1) in the critical case o = 1, and leads to the following:

2 9
Definition 52. The space T (R") is formed by all those [ € S'(R") with wavelet decomposition (8-3)
such that

2]+l_2
2 k(—2— G2
117y @y = sup - 3° 227 37 P < oo,
TENO =i -1 GeGk,lezn

where {k 1} is the sequence of wavelet coefficients of f given by (7-8).

Proposition 53. Let {u®}.~¢ be a family of approximate solutions of the 2D Euler equations with
corresponding initial vorticities {w{}e~o of positive sign. Then, for every e > 0 and t > 0,

lo® )7, ®2), < 1- (8-20)
Proof. Consider the pseudoenergy

H(w) =~ /R 2 [R log |y — ylo()a(y) dx dy.

For every fixed k € Ny, we can express H(w®(t)) as

HO ) =5 3 [ [ gl —ylot e 00t dxds
leZ2
- f / log |x — y|o®(x,)w®(y, 1) dx dy
l?ém Qi1 d Qrem
=: Hi j(0°(1)) + Hie g (0°(1)). (8-21)

Here, Hy; x and H;, j refer to the self-induced part and the interaction energy at the dyadic level k,
respectively.
Since (log |x — y|)+ < 2(|x|® + |»|?) (apply the parallelogram rule!), we can estimate H, j as

— Hie g (0® (z))<—2/ / (Ix]2 + 1y 2)o® (r, )0 (v, 1) dx dy
l#m
< 2 Io(@* () L (@° (1)), (8-22)

.::

where

Iy(w) = /R2 w(x)dx, L(w):= /[RZ |x]Pw(x) dx.

Let j € Ng. By the positivity assumption of w® and using (7-8), (7-16) and (7-17), we have

2it+1_» 2i+1_»

2
T Y @ P Y Z(/ o (0 dx)

k=2/—1 lez? k=2/—1 lez?
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21+1—2

= f / w®(x,t)w’(y,t) dx dy
k= 2, 1 1eg2? Qu1Y Qi
21+ -2

Z Z/ / |log |x — y||w®(x, e’ (y, 1) dx dy

k=2/-1 IGZZ

20+l {
> k@ @),
k=27-1
Then, by (8-21) and (8-22),
2i+12 2/ 412 I
> Y h@ P Y p[H@ (1)~ Hie g (0)]
k=27/—1 lez? k=2/—1
5 2i+1_» .
<[H@ )+ 2@ L)) Y ¢
k=27-1

S H(@®(1)) + Lo(0° (1) I2(0°(1)).

Taking now the supremum over all j, we arrive at

lo® ()11

= S H@O) + L@ ) L@ (0) $ 1,

where the last step follows from well-known conservation laws and e-independence bounds for the
quantities H, Iy and I5; see [Majda 1993, Section 3]. O

Remark 54. An alternative proof of Proposition 53 can be obtained from RMT spaces. To be more
precise, we claim that
Ry 2 log? (R?) = T (R?). (8-23)

Assuming momentarily the validity of this embedding, (8-20) follows from the a priori estimates given in
[Tadmor 2001, Lemma 4.1] that assert (under the same assumptions of Proposition 53)

||a)€(l)||R1’210g1/2([R{2)C <1.

Next we show (8-23): for every j € Ny, we have

2i+1_» 2i+1_» 2
—4k 2
Y vyl X ([, 1)
k=27—-1 lez? k=2i—11e7?
2/ 12
< 2 -1 2
S MR e eey 22 K I IR 2@y
k=27—1

This gives the desired result (8-23).
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Remark 55. A priori estimates in the spirit of Proposition 53 but now for the Vi-spaces introduced in
Section 7 also hold. In particular, similar to in Definition 52, the distributional space V;(R?) is endowed
with*3

2/ +1_p
I/ n@ny=sup > 27*A+0)72 sup MG,
J€Np k=27 —1 GeGk, lezn

where {Agl} is the sequence of wavelet coefficients of f given by (7-8); see Proposition 43. If {u®},~¢ is
a family of approximate solutions of the 2D Euler equations with corresponding initial vorticities {wg}e>0
of positive sign then, for every € > 0 and # > 0,

o Olly, ®2), <1-

The proof of this result is similar but easier than the one given for Proposition 53.

9. Comparison between Vy and Ty

In view of the results obtained in Sections 7 and 8, it is natural to compare** the spaces Vig(R?) and
Ty (R?) for a fixed decay W. In this section we show that neither space contains the other. More precisely,
we construct explicit examples of functions showing that Ty (R?)\ Viy (R?) # @ and Vig (R?)\ Ty (R?) # @.
Example 56 (Tiy (R?)\ Vg (R?) # @). Given a scalar sequence {cy} NeNy» let f be given by (7-7), where

22Nen, N eNg, 1=(0,...,0),

ANI = .
0, otherwise.

We compute the norms of f in Vi and Ty using Propositions 43 and 51, respectively,

00
1
I/ lvy@®2) = sup ———= |ck|
Vi (R?) NeRo W(N)2 kg}:\,

and
| o0 . 1/2
1 ooy ~ sup —( |Ck|) .
v (R?) NeNo W(N) k;\’

Therefore, if we select {cy | nen, € {2 such that

o0
> i = W(N), (9-1)
k=N
then || /|| 1, r2) = 1. The existence of such sequences (even with 2 replaced by = in (9-1)) is guaranteed
by classical results in approximation theory (see, e.g., [Timan 1963, Section 2.5]). On the other hand,

o0 o0
o1 Y(N)?
> b= (juf ) 2 ekl =
k=N =N =N

since

supy> v |cz|’

43Note that the additional log-smoothness of order % (ie., (1+ k)_l/ 2) is now introduced in the definition of V; (R"); see
also Proposition 43. This modification is rather natural in view of the classical a priori estimates for M 1,1/2 (R?) obtained in
[Majda 1993, Proposition, p. 928].

44 According to the discussion at the beginning of Section 8.1, we may restrict our attention to the 2D setting.
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we have

1

o0
1
- > - 0 -
xp(N)sz_N lexl 2 sup; ©-2)

>n lel’

but since {cy }nen, € €2, We have limy o |cx| = 0 and therefore the left-hand side of (9-2) tends to
oo as N — oo, showing that [ ¢ Vig(R?).

Example 57 (Vg (R?)\ Ty (R?) # @). Given a scalar sequence {c;};ezn, define f using (7-7) with
Ani = {cl, N=0,1[e7"
0, otherwise.
Computing norms using Propositions 43 and 51, we find

1/2
I ey~ suplal - and Iy ~ (X lal?)

lezn
Thus, if we select {c;};ezn € £oo\{2 We obtain an example of f € Vig(R?) but f & Ty (R?).

Remark 58. The above computations show a stronger assertion: given any decays W and ®, one can
always construct f € Vig(R?) such that f ¢ T (R?).

The previous remark shows that for different decays W # ®, Viy(R?) cannot be contained in T (R?).
The next result shows that under some additional condition the reverse inclusion is possible.

Proposition 59. Suppose that

o0

D () SWW)P N eNp. (9-3)
j=N
Then

T (R?) — Vg(R?).

Proof. We use Nikolskii’s inequality for entire functions of exponential type (see, e.g., [Timan 1963,
Section 4.9.53]) to estimate

o0 o0
DU 2NA fllrso@wey S D 274 fla@e

j=N j=N
2—M >
<( sup 2 Ane Sl ) ()
(MGNO O(M) L j:ZN
2 2_M
SUNY sup ——— (At Sl 2
M eNy q)(M) L (R )
1 oo . 1/2
<WV)? sup —( 227 f|2 )
b (M) j=ZM i f L2

=W(N) || fll7y@2)-
Therefore Te(R?) — Vi (R?). O
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Remark 60. The assumption (9-3) is quite restrictive. In particular, it forces the series Z;io ®(j) to be
convergent. This automatically excludes many interesting examples of spaces T such as the corresponding
one to the decay ®(j) = j ¢ with « € (0, 1], which are connected with R-spaces (see Theorem 48). In
conclusion, the analysis of T cannot be, in general, reduced to study of the simpler spaces Vy.

10. A sparse approach to energy conservation

Throughout this section, we work with the following special class of approximate solutions on T2 = [0, 27]?
introduced in [Cheskidov et al. 2016, Definition 3].

Definition 61. Let u € C(0, T; L%(T?)) with uy € L?(T?). We say that a weak solution u of Euler
equations is physically realizable with initial velocity uy provided that there exists a family {u°}.~¢ of
solutions of Navier—Stokes equations with viscosity &, such that u® — u weakly* in L>(0, T'; L(T?))
and u§ — ug strongly in L2(T?). In this case, {u®},> is called a physical realization of u.

Next we provide the proof of Theorem 14. In this regard, the following interpolation inequality
involving sparse function spaces plays a crucial role. This result is of independent interest.

Lemma 62. Let Q¢ be a cube in R?> or Q¢ = T2, and let ¥V be an admissible decay. Assume that
feSu(Qo)N H! (Qo). Then, with absolute constants, we have

W(—logr)

If = foollL2(0o) = 1 lse o) +7IIV fllL2cgy) Sforall v e (0,1). (10-1)

Remark 63 (see equation (11) in [Cheskidov et al. 2016]). Let us show how (10-1) can be applied to
produce a classical Gagliardo—Nirenberg inequality. Let f € L?, p € (1,2). Then by Proposition 30,
with decay W(r) = 27210=1/P) [ P(Qy) < Sg(Qo). Applying (10-1) for this special decay, we obtain

_2
1/ = foll2cop) S 7771/ Lrcge) + IV Sl

for all r € (0, 1). Optimizing the right-hand side by equating both terms, i.e., selecting

o (HWHLz(QO) )—5
I f1lLr 00 ’
we find

1—-2 D
1/ = foollz2cep S IV U2y 1 12000

Proof of Lemma 62. We will use the sparse characterization of L? (see Theorem 29 and [Dominguez and
Milman 2021]):

2 1/2
1
I/ = fooll20y) = sup { (—/ |f—le~|) |Qi|} (10-2)
O o (0i)ieres(Qo) ; 1Qil Jo,

. 2 1/2
liron~ s {5 [ 101) 10) (10:3)

QES(QO) iel

and
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To estimate the left-hand side of (10-1) we use (10-2). Let f € Sy (Q¢) and Q € S(Qy). Then, for
M € Nj we have

2
1 :
owl — Jo il =J1(M)+ J2(M), (10-4)
;(@”/in fQ|)|Q| 1(M) + 5 (M)

where

M | 2
non=% ¥ (3 /Qi 1= foil) 101l

k=0 Qi Gle (Q)

hon= 3 Y (@/Qi|f—fgi|)2|Qi|-

k=M+1 Q;€Dy(Q)
We estimate J; (M) and J,(M). Since f € Sg(Qyp), we find

e (@/Qi'f')z'Qf'”iﬂ ) (/Qim)z

k=0 Q;eDx(Q) k=0 Qi€D(Q)

M
< 25 ()?
k=0

M
SIS 15g0 22 249 0)?
k=1
= ||f||§\1,(Q0)22M‘D(M)2, (10-5)

where we have used Definition 36(i) in the last estimate.
To estimate J,(M ) we will make use of the classical Poincaré inequality,

[ S fol S€(0) / v/l (10-6)
0 (0]

Then, by (10-6) and (10-3) applied to |V £/,

00 00 2
nons Y ¥ (G2 Q.IVfI)IQiI

k=M+1 Q;eDr(Q)

o0 1 2
~ Y kY (|Q,|/ IVfI) 0]
k=M+1 Qi €Dk (Q) 170

o0
5||Vf||iz(Q0) Z 27k2 (by Holder’s inequality)
k=M+1
~ IV Sl 20002 M2 (10-7)
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Inserting the estimates (10-5) and (10-7) into (10-4), we achieve

2 1/2
1 _
(X (i | 17 =tad) 100} 51750002 WD + 19 2202
ier N <M/ Qi
Since this bound is independent of the sparse family Q, we arrive at (see (10-2))

1/ = faollz2cop = 1/ Isu@n2™ W) + 1V fliL2cgy 2~
Since W is decreasing, the previous estimate can be expressed as

X W(—logr)
1f = Joollz2@ey © ———— I/ swcep + 71V fliL200)

for all r € (0, 1). O

We are now ready to present the proof of Theorem 14. The strategy of proof is inspired by [Lanthaler
et al. 2021]; we have replaced the role played there by structure functions with our decays of sparse
indices. We provide full details for the sake of completeness.

Proof of Theorem 14. Let {u®}.~¢ be a physical realization of u and let {w®}.~¢ be the related vorticities.
By assumption, there exists an admissible decay W such that

M = sup [|0° || c(0. 715 (12)) < O°- (10-8)

>0

Furthermore, w? satisfies the transport equation,
wf +u’-Vof = eAo?,

and div #® = 0. Multiplying both sides of the previous equation by ® and integrating on T? yields

L0 2 22y = ~261 V0 |2 pa)-

Consequently, forany § € (0, 7) and ¢ € (6, T),

t
10° (112252 = [0° )1 222 — 2 /5 IV (5)112 212, ds. (10-9)

According to Lemma 62 (with Q¢ = T? and*® [ = w® = w®(-,t), t € (0, T)) and (10-8), there exists
a universal constant C > 0 such that

(- 10g r)?

<C

||w8||izqz) < M? 4+ Cr?|Vo? ||L2(T2) for all r € (0, 1).

Integrating,

W(— log r)?

t
2 2
/5 | ()12 272y ds < CTM L Cr / IV ()11 212, ds (10-10)

45Note that w® has mean zero, i.c., a)fIz =0.
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for r € (0,1). In fact, letting W(z) = ¥(0) for ¢ < 0, (10-10) with r > 1 follows immediately from
Poincaré’s inequality.*® Next we optimize the right-hand side of (10-10), setting
t 2 1/4
(fé ||Va)8(s)||L2(T2) ds) nd r— \I,(,,O)l/z
1/2 1/4°
v (J5 IV ()13 272, ds)

ro :=log

Note that —log r > rq (since W is decreasing) and thus W(—logr) < W(ry). Accordingly, it follows from
(10-10) that

t 2
(1080l )
4
8 2 2 ) (_/8 |VC()€(S)||L2(.[I_2) 2 & 2
<C(TM~-+1) \Il(log T(0)172 ) /8 Vo (s)||L2(T2)ds

Setting x; = x.(t) = efbf ||w8(s)||izqz) ds and y, = y.(t) = f(; ||Va)8(s)||izqz) ds, the previous
estimate can be rewritten as

(=) < 10, (10-11)

where

f()=CHTM? + 1)2y\11(log L/4)2
\l{(o)l/2

The function f satisfies

S )
sup

y>0 y>0

1/4 \2
= CHTM? 4+ 1)2 sup \D(log qfi())l/z) = CHTM? + 1)2W(0)? < o0,

and (recall that lim), o W(y) = 0)

1/4 \2
imsup 2 = c2(Tm? + l)zlimsup\IJ(log 4 ) —0
y—>oo Y y—00 W(0)!/2

In addition f(0) = 0 (note that lim,_, o, W(y) = W(0)). Hence [Lanthaler et al. 2021, Lemma C.1]
guarantees the existence of a strictly increasing function F with F(y) > f(») such that the corresponding
inverse function of F can be expressed as F~1(x) = o(4/X)x, where ¢ is a continuous increasing
function with o (4/x) > 0 > 0 and limy— oo 6(x) = 0o. From (10-11), we have

(%)2 < F(ye),

oY = ()=

46By the Poincaré inequality [|w® lL2(12) S IV@®|L2(72), we have, for r > 1,

and thus

t 8 8
& 2 ! & 2 2 & 2 !
J 10 O aqezy s 5 [ IV O a2y ds =72 [ 19050
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or equivalently
t
X
—82/5 IV ()17 2r2y ds < —a(f)xﬁ. (10-12)
Note that (10-9) can be rewritten as

d t
& xe = 0 )2 5(g2) — 262 /5 IV ()12 22, ds

and then, by (10-12) and well-known a priori L2-estimates*” for Navier—Stokes solutions (see [Lanthaler
et al. 2021, Lemma A.2]),

2
d ”uO”Lz T2
7 e < 8||a)8(8)||]2dz(1r2) - 20(%))%2 < % - 20’(%))63. (10-13)
Next we show that ;
fim e [ o 01132 s =0 (10-14)

uniformly with respect to ¢ € [§, T']. For n > 0 arbitrary, consider the set
Apysi={e>0:x.(t) = n}.

Assume first that 0 € /I,,,t. In particular, there exists {&;};en C Ayp,, With limj_, o &7 = 0. Since o is
increasing, o (xg, (t)/€7) > o(n/e;) and (see (10-13))

d ”1"0”22(1;2) n 2
— Xg < B — —20(— |n°.
&l

dt
Observe that lim;_, o, (/&) = oo, which yields that x, (¢) is decreasing with respect to t whenever
[ =1y =1o(n,0,|luollL2(r2), 8)- Since x¢,(8) = 0 and x¢, (1) = 0, we conclude that x, (¢) = 0 for all
¢ > 3§ and [ = Iy. Therefore there exists eg = €9(n, 0, [0l L2(72), ) > 0 such that

xe(t) <n ife=<e. (10-15)

On the other hand, if 0 & /ISJ then (10-15) holds trivially. Either way, we have shown that (10-14) is
fulfilled.
Recall the energy formula for 2D Navier—Stokes solutions

d
N 22 g2y = =260 |2,
Integrating over [§, ¢]:
t
1B O12 212y — 15O 212y = 26 fs 0% () 1222, .
In light of (10-14), we get (uniformly in #)

: 2 2 _
eh—l;l}) ||u8(t)||L2(T2) - ||u8(5)||L2(T2) =0. (10'16)

47Recall that ug € L2(T?); see Definition 61.
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Since {u®}¢~¢ is sparse stable, by virtue of Theorem 2, one can find a sequence of &’s with ¢ — 0 such
that

. 2 _ 2
Tim 1 0) [ 252 = N3 252,
for all ¢ € (0, T'). This combined with (10-16) lead to
lu@)lL2¢r2y = u()llL2(r2y foranyz e (8, T). (10-17)

On the other hand, since [|u(?)|| 12(y2) is right-continuous at 7 = 0, given any 7 > 0 one can find § > 0
(depending on 7) such that

0= llu@®lr2cr2y — luoll2rzy =n  forallz € (0,4].
Since (10-17) also holds, we have
0 =<|lu@)llr2¢r2y — lluwollL2rzy =n  forallz € (0, T].

Clearly this shows that u is conservative, i.e., |u(?)[ L2(r2) = l[uollL2(r2y, # €0, T]. O

Added in proof

After this paper was submitted, the sparse spaces technology was successfully applied by Dominguez
and D. Spector [2024] to resolve in the negative the DiPerna—Majda gap problem (see Section 1.1):
M1 is the borderline regularity space regarding existence of approximate solution sequences with
concentrations for the 2D Euler equations. This closes the gap between lack of concentration (and
hence existence of weak solutions with energy conservation) in M !** with « > 1 [DiPerna and Majda
1987a] and the concentration-cancellation phenomenon in M L.1/2 Delort 1991; Majda 1993]. As a
consequence, the sufficient conditions for the H~!-compactness assertion (1-2) turn out to be also
necessary. Hence the sparse methods introduced in this paper provide an optimal strategy to characterize
lack of concentration/concentration-cancellation.
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ILL-POSEDNESS FOR DISPERSIVE EQUATIONS:
DEGENERATE DISPERSION AND THE TAKEUCHII-MIZOHATA CONDITION

IN-JEE JEONG AND SUNG-JIN OH

We provide a unified viewpoint on two ill-posedness mechanisms for dispersive equations in one spatial
dimension, namely degenerate dispersion and (the failure of) the Takeuchi-Mizohata condition. Our
approach is based on a robust energy- and duality-based method introduced in an earlier work of the
authors in the setting of Hall-magnetohydrodynamics. Concretely, the main results in this paper concern
strong ill-posedness of the Cauchy problem (e.g., nonexistence and unboundedness of the solution map) in
high-regularity Sobolev spaces for various quasilinear degenerate Schrodinger- and KdV-type equations,
including the Hunter—Smothers equation, K (i, n) models of Rosenau—Hyman, and the inviscid surface
growth model. The mechanism behind these results may be understood in terms of the combination of two
effects: degenerate dispersion — which is a property of the principal term in the presence of degenerating
coefficients — and the evolution of the amplitude governed by the Takeuchi—-Mizohata condition — which
concerns the subprincipal term. We also demonstrate how the same techniques yield a more quantitative
version of the classical L?-ill-posedness result by Mizohata for linear variable-coefficient Schrodinger
equations with failed Takeuchi-Mizohata condition.
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Appendix. Takeuchi—-Mizohata ill-posedness via duality 774
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1. Introduction

1.1. Quasilinear degenerate dispersive equations. We study the issue of ill-posedness of the Cauchy
problem for various quasilinear dispersive equations in one spatial dimension in the presence of degenerate
dispersion. We consider both Schrédinger- and KdV-type equations. Examples of Schrodinger-type
equations we treat include, for instance, the equation of Hunter and Smothers [2019]

id¢+ 8, (19)*0:9) =0, (1-1)

which was derived from the equation of Majda, Rosales and Schonbek [Majda et al. 1988] describing
the resonant reflection of sound waves off a sawtooth entropy wave, as well as its Hamiltonian variant
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considered by Germain, Harrop-Griffith and Marzuola [Germain et al. 2020; Harrop-Griffiths and Marzuola
2022]
10,9 + PO (93:9) — pold ¢ =0, o =—1.0,1, (1-2)

where ¢ : Ry x T — C. A degenerate Schrodinger-type equation similar in form to (1-1) and (1-2) (but
with different lower-order terms) also arose earlier in the work of Rosenau and Schochet [2005] in the
study of compact breathers (see also Remark 1.3 below). In the KdV case, our results cover the K (m, n)
equation of Rosenau and Hyman [1993] withn =2, i.e.,

B u + (lMM> + <lu2> =0, m anonnegative integer, (1-3)
m X 2 xXxx

which has been studied extensively in connection with the remarkable nonlinear phenomenon of the
existence of compactons (solitons with compact spatial support) [Rosenau 1994; 2005; 2006; Rosenau
and Hyman 1993; Zilburg and Rosenau 2017; 2018] (see [Rosenau and Zilburg 2018] for a recent review),
as well as the inviscid surface growth model (see [Blomker and Romito 2009; 2012; Choi and Yang
2021; Ozanski and Robinson 2019] for the full surface growth model, with the dissipation —v/i,, ., On
the right-hand side)

0ih 4 ((h)*)xx =0, (1-4)

where u, h : Ry x T — R. Indeed, degenerate KdV-type equations similar in form to (1-3) appear in
various subjects including sedimentation models [Zumbrun 1999; Betancourt et al. 2011], the shoreline
problem in water waves [Lannes and Métivier 2018] and magma dynamics [Simpson et al. 2007; 2008], to
name a few. A more extensive list of references on degenerate KdV equations can be found in [Germain
et al. 2019; 2020].

In each of these equations, observe that the highest-order term is nonlinear — more specifically, qua-
dratic or cubic —in the solution. Vanishing of the solution, therefore, leads to some kind of “degeneracy”
of the highest-order term, which in turn gives rise to delicate issues in the (local) well-posedness of the
associated Cauchy problem.

Indeed, for initial data that are uniformly bounded away from 0O (a property henceforth referred to as
nondegeneracy), one expects local well-posedness in high-regularity L?-based Sobolev spaces H*(T).
For example, in the case of (1-1), for a sufficiently regular solution ¢, one has the conservation of the L?

d A
E(/Tm dx>_0.

Obtaining higher-regularity a priori estimates is a much more nontrivial task. One can observe the

norm:

following bound for n > 1 (in operator notation) at each :
d ( / 24 v 412 4n+2
—\ [ 10xlp[70)" @I dx ) S 1Bl 2
d[ T X X n H?2

Furthermore, as long as the solution stays nondegenerate at ¢, in the sense that inf, |¢ (x, 1)|*> > ¢ for some

2
H?2n

). Putting these together,

¢ > 0, a standard argument involving the ellipticity of (dy|¢ (x, 1)|%9,)" allows us to bound ||¢ (-, t)]|

by the integral on the left-hand side up to errors of the form O(||¢ (-, t) ||Z’;' 2
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one can establish a short-time H?" a priori estimate for the solution ¢ with nondegenerate initial data.
However, in the case of degenerate initial data (i.e., those without a uniform bound away from 0), the
above scheme for a short-time H>" a priori estimate with n > 1 clearly breaks down.

In this paper, we show that this failure of proof of higher-derivative a priori estimates is, in fact, a
manifestation of genuine ill-posedness in standard function spaces. Despite the formal conservation of
the L? norm, we demonstrate that all of the equations above are rather strongly ill-posed — in the sense
of nonexistence of solutions and unboundedness of the data-to-solution map in suitable set-ups —in a
neighborhood of degenerate initial data (e.g., zero data) in high-regularity spaces (C¥~!-!, Sobolev or
Holder spaces).

1.2. Main results for quasilinear degenerate dispersive equations.

1.2.1. Results for Schrodinger-type equations. To treat the Hunter—Smothers equation (1-1) and the
Hamiltonian equation (1-2) simultaneously, we shall consider the general equation

3¢+ |91*0:xd + a1 0]9: 1% + B1d(3:d)* + w1lp|*p =0, (1-5)

where ¢ : R; x R, — C, a1, B1 € Rand u; € C. Indeed, the case oy = ; = 1 and u; = 0 corresponds
to (1-1), while the case &y = 0 and 8; = 1 corresponds to (1-2).

For the statement of the main results, we need to introduce the following exponents. Given «y, 81 € R,
we introduce the exponent

o
oc=—<71+/31 —1) (1-6)
and let s. be the smallest integer greater than 1 and o, — % ie.,
se=max{2, |o. — 1| +1}. (1-7)

Note that o, = —% and s, = 2 for (1-1), while o, = 0 and s, = 2 for (1-2). For the significance of o, and
|_ac — % + 1, see Remark 1.4 and Section 1.3. We note already that the lower bound s. > 2 is a technical
byproduct of our proof, which we have not attempted to optimize.

Our first result is unboundedness of the solution map (i.e., norm inflation) in C* near any solution
with a linear degeneracy.

Theorem 1.1 (unboundedness of the solution map near a linearly degenerate solution). Assume that there
exists a solution f € L*°([0, §]; C*+t11(T)) to (1-5) with some 8 > 0 such that f(t =0) = fo is linearly
degenerate; that is, there exists xo € T with f(xg) = 0 and fé(xo) #0.

Then, for any € > 0, sg > s¢, and 0 < 8’ < 8, we can find q;o € C*(T) such that ||<]30||ch < € and one
of the following holds:

o there exists no L°°([0, 8']; C*(T)) solution to (1-5) with initial data fo+ ¢o; or
e any L*°([0, §']; C*(T)) solution ¢ with ¢(t =0) = fo+ qNSO satisfies

sup [lp(z,-) — £, e > co(8) 72,

O<r<é’

with some cy > 0 depending only on f.
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While the solutions considered in this theorem and below are assumed to be only L* in time, it is
immediate from the equation and the high spatial regularity (i.e., s, > 2 in the present case, and s, > 3 in
the KdV-type case below) that they are in fact (at least) continuous as a function of (¢, x). Hence, there is
no ambiguity in the notion of the initial data (i.e., the restriction to {# = 0}) for such solutions.

We remark that the norm inflation assertion immediately implies the inflation of any norm that
controls C*, such as H with o > s, + % In fact, our proof readily extends to norm inflation in H?
for any o > o, in the second alternative, which is expected to be sharp according to Remark 1.4 and
Section 1.3 below; see Remark 2.10 for further details. We also remark that the statement of Theorem 1.1
should extend over to the case of solutions with orders of degeneracy other than 1. For simplicity, however,
we restrict ourselves to the linearly degenerate case, which is “critical” in some sense; see Section 1.3.

Our second result is the nonexistence of a regular local-in-time solution in arbitrarily high-regularity
C* spaces.

Theorem 1.2 (nonexistence of regular local-in-time solution). For any € > 0 and sy > s. + 2, there exists
an initial data ¢og € C°(T) satisfying ||pollcso < € for which there is no corresponding solution to (1-5)
belonging to L ([0, 8]; C*+2(T)) with any § > 0.

As an immediate corollary of the above, we have that (1-1) and (1-2) are ill-posed in the strongest sense
of Hadamard in function spaces which contain C* and control the C 4 norm (where 4 = 5. +2): there
exists C initial data without a local solution in L°W* 7 with s — % > 4 and L®Ck* with k +a > 4.

Remark 1.3. We give a few simple remarks regarding the above.

« In all of the above, the physical domain could be taken to be R instead of T.
« As one may expect, the lower-order term ji1|¢|>¢ in (1-5) does not play any essential role.

 In [Rosenau and Schochet 2005], the following equation (with u = 1) was studied:
19w + 3 (3, (|8, w[*8,w) + plw[*w) = 0. (1-8)

If the coefficient p in front of the lower-order term is zero, then observe that ¢ := 9, w obeys exactly an
equation of the form (1-5), to which our theorems apply. In view of the preceding remark, we expect our
method to be readily extendible to (1-8) for © =1 as well.

Remark 1.4 (exponents o, s., Takeuchi-Mizohata condition and degenerate dispersion). Observe that
the ill-posedness results, Theorems 1.1 and 1.2, hold for all possible coefficients «;, B; in front of
subprincipal terms, although these possibly alter the exponents o, and s.. Heuristically, o, is the expected
critical L2-Sobolev regularity exponent above which the linearization of (1-5) around a regular linearly
degenerate solution is ill-posed. In fact, the negativity of o, already signals L>-ill-posedness of the
linearized equation by the classical Takeuchi—-Mizohata condition [Mizohata 1985, Chapter VII]! Even
if o, is positive, it turns out to be L*°-ill-posed after taking k many derivatives with k > o, — % This
consideration motivates the exponent s, and our ill-posedness results. We shall elaborate on this remark
in Section 1.3.
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1.2.2. Results for KdV-type equations. To unify our treatment of KdV-type equations, we consider the
general equation
O+ Uty + Uy Uy +%(um)x =0, (1-9)

where u : Ry x Ry = R, @1 € R, u1 € R and m is an integer greater than or equal to 2. Note that there is
no need to separately consider the case m = 1, as then this term can be easily removed by the change of
variables (¢, x) = (¢/, x' + u1t).

Note that «; = 3 and | = 1 corresponds to the K (m, 2) equation (1-3). The inviscid surface growth
model (1-4) reduces to the case ¢y = 3 and u| = 0 after making the change of variables u = V2h X

In the present case, the role of linear degeneracy in the Schrodinger case is played by cubic degeneracy,
see Section 1.3. As before, we introduce the constant

o= (-3
and the regularity exponent
se =max{5, [oc — 1|+ 1}.

Here, o, is the critical L2-Sobolev regularity exponent above which the linearization of (1-9) around a
regular cubically degenerate solution is ill-posed (see Section 1.3). The linearized equation is L*°-ill-posed
after taking k many derivatives with k > o, — %; this motivates the exponent s.. The lower bound s, > 5
is again a nonoptimal technical byproduct of our proof; see Proposition 3.2 for where it is used.

Theorem 1.5 (unboundedness of the solution map near a cubically degenerate solution). Assume that
there exists a solution f € L>([0, 81; C*~11(1)) of (1-9) with some 8 > 0 and I = [a, b], such that the
initial data fy is positive on I \ 91, vanishes cubically on 31 and fy € Co 11 ywheres, <s < so. Then,
forany € >0, s <mgy < 59, and 0 < 8 < &, we can find ¢pg € C°(T; R) such that supppy C I \ 91,
lpollcmo < €, and one of the following holds:

o there exists no solution to (1-9) with initial data fo + ¢o that belongs to L*°([0, 8']; C*~1(I)); or

o any solution u with u(0) = fy + ¢o and belonging to L* ([0, §']; () satisfies, for every
se <s' < 2|_%SJ,
sup [lut, ) — £, ey > )72
O<t<§’

That s’ < 2|_%sJ is not essential and is expected to be replaceable by s” < s; however, it is assumed
here to simplify the proof (see the proof of Theorem 1.5 below).

As in the Schrodinger case, the statement of Theorem 1.5 should extend over to the case of solutions
with orders of degeneracy other than 3, provided that s. is modified suitably. We however focus on the
cubic degeneracy case for simplicity, which is “critical”’; see Section 1.3.

The nonexistence result for (1-9) is as follows.

Theorem 1.6 (nonexistence of regular local-in-time solutions). For any € > 0 and s, < s < 59, where s
is an even integer, there exists an initial data uy € C°°(T) satisfying |uglcso < € for which there is no
corresponding solution to (1-9) belonging to L*°([0, §]; C*(T)) for any é > 0.



726 IN-JEE JEONG AND SUNG-JIN OH

That s is an even integer is not essential but is assumed here to simplify the proof (see the proof of
Theorem 1.6 below).

Remark 1.7. We now give a few simple remarks regarding the above.

e As in the Schrodinger case, the physical domain could be taken to be R instead of T. Also, the
lower-order term (u™),, for any m > 2, does not play any essential role in the proof of ill-posedness
of (1-9).

o Qur proof easily extends to norm inflation in H¢ for any o > o, in the second alternative in Theorem 1.5.
Moreover, in contrast to the Schrodinger case, we may also easily extend Theorem 1.6 to the nonexistence
of solutions in H? for any o > max{ac, 5+ %} (see Remark 1.15 for why the situations are different).
These numerologies are expected to be sharp, as we shall discuss in Section 1.3 below. We refer the reader
to Remark 2.10 for more details on this modification (which is for norm inflation in the Schrédinger case,
but the overall idea is the same).

o We expect our results to generalize to K (m, n) with n > 2, as well as C(m, a, b) equations [Rosenau
2006] with n := a + b > 2, by considering degeneracies of order n3T1 (which are critical).

Remark 1.8 (comparison with the work of Ambrose, Simpson, Wright and Yang [Ambrose et al. 2012]).
In the pioneering paper [Ambrose et al. 2012], the ill-posedness of u#; = uu ., in the (fairly low-regularity)
Sobolev space H? has been proved based on the construction of a compactly supported H> (but not
smooth) self-similar solution A. However, the existence of such a solution is specific to the equation
Uy = uilyxx, and the proof does not extend to the more general class of equations (1-9), nor to higher-
regularity Sobolev spaces, as in our results. Our approach is distinct from that of [Ambrose et al. 2012]:
it does not involve self-similar solutions, but is rather based on appropriate smooth wave packet-type
approximate solutions traveling towards the degeneracy; see Section 1.3. While our results (Theorems 1.5
and 1.6) do not cover Sobolev regularities as low as H? due to technical reasons, our heuristics suggest
that our ill-posedness mechanism should extend to H with o0 > o, = %

Nevertheless, we point out that a key heuristic consideration of our approach, namely, the combined
effect of degenerate dispersion and subprincipal terms, can already be found in [Ambrose et al. 2012],
albeit with a different viewpoint.

Remark 1.9 (comparison with the works of Germain, Harrop-Griffith and Marzuola [Germain et al. 2019]
and Harrop-Griffith and Marzuola [2022]). For solutions to (1-1) and (1-2) with degenerate initial data
(i.e., initial data with a zero), our proof identifies and exploits, in a nonlinear fashion, a mechanism by
which energies in low frequencies are transferred to high frequencies at arbitrarily fast rates, where the
frequencies are defined with respect to the original variable x. We emphasize, however, that it does not
rule out the possibility of well-posedness in regularity classes adapted to the degeneracies of the initial
data, by working with a renormalized variable and/or suitable weights. Indeed, such positive results have
been proved in the interesting works of Germain, Harrop-Griffith and Marzuola [Germain et al. 2019] for
a KdV-type quasilinear dispersive equation, and Harrop-Griffith and Marzuola [2022] for (1-2), where
Lagrangian-type coordinates adapted to the solution were used to formulate the function spaces.
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1.3. Key mechanism: degenerate dispersion and the Takeuchi—-Mizohata condition. The nonlinear
ill-posedness results in this paper are firmly based on a detailed and quantitative understanding of ill-
posedness for the linearized equation around a background solution f whose initial data contains a
degeneracy. For simplicity, in this subsection we shall assume that the linearization takes the form

{Btu — 10y (adyu) —iboru = (lower-order) in the Schrodinger case, (1-10)

du + 333 (au) + addu) + bd>u = (lower-order)  in the KdV case,

where a = a(x) is real-valued in both cases and b = b(x) is also real-valued in the KdV case.!

Remark 1.10 (on time independence of the coefficients in (1-10)). While we assumed that a(x) and b(x)
are time independent, the actual linearization of (1-5) and (1-9) on a dynamic background solution f (¢, x)
would, of course, have time-dependent coefficients. Nevertheless, the timescale of the ill-posedness
mechanism is arbitrarily short, and hence we may effectively approximate these coefficients by the initial
values for the purpose of our discussion.

It is conceptually useful to distinguish two intertwined mechanisms for ill-posedness, degenerate
dispersion and Takeuchi—Mizohata instability, which can be seen from the principal and subprincipal
terms, respectively. Both phenomena must be taken into account to obtain a comprehensive picture of the
ill-posedness of (1-5) and (1-9) in the presence of a degeneracy in the initial data (and, more concretely,
to explain the relevance of the exponents o, and s.).

(1) Principal term: dynamics of bicharacteristics. The ill-posedness of (1-10) from degenerate dispersion
can be most easily described at the level of the bicharacteristic ODE system associated with the principal
symbol p of the spatial part of (1-10), which is given by

{X:agp(x, 2),

N _ (1-11)
E=—-0pX, B),

where p(x, £) equals —a(x)&2 in the Schrodinger case and —a (x)&3 in the KdV case. By geometric optics,
the trajectory (X (¢), E(¢)) describes (at least on sufficiently short timescales) wave packets concentrated
near X (¢) in the physical space and E(¢) in the frequency space; see (1-15) and (1-16) below for further
discussion. If (1-11) admits the growth of | E| by a definite factor (e.g., 2) in arbitrarily short timescales,
we would have a strong indication of ill-posedness of (1-10) in high-regularity Sobolev spaces. In turn,
such a growth may come from some degeneracy of p in X — this phenomenon is what we shall refer to
as degenerate dispersion.

To be concrete, let us assume that the dynamics is given in (x, §) € R x R and the coefficient a in p is
of the degenerate form a(x) ~ Ax" (n > 0) for |x| small, so that

p(x, &) ~ —Ax"g™ for |x| small and |¢] large. (1-12)

IFor Schrodinger-type problems, we regard first-order terms of the form b(x)dy i1 as (lower-order), as it can be removed by a
suitable change of the dependent variable; see the introduction of ¥ in Section 2.3.2 below.
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Note that m equals 2 in the Schrodinger case and 3 in the KdV case. The associated bicharacteristic ODE
system is

(1-13)

B~ AnX"lgm,

{X ~—AmX"Em!,

In view of the fact that the group velocity X vanishes at the point x = 0 (since n > 0), we shall say that p
is degenerate at x = 0.

We shall now describe the ill-posedness mechanism of degenerate dispersion in this concrete case.
(This analysis can be found in the introduction of [Germain et al. 2019] as well.) With a change of the
time variable, we may take A = 1. Assume, for the sake of this heuristic discussion, that the ~ above are
exact equalities. Consider the solution to (1-13) with initial conditions (Xg, Eg), where 0 < Xo <« 1 and
Eo > 1. Then, appealing to the fact that X" E™ is conserved in time, we have

E(1) = Bo(1+ (m—m)Xy ' Ep—tpym/tm=m
for m # n. When m = n, which will be referred to as the critical case, we have instead
E(1) = Egexp(m X EY '), (1-14)

In all cases, the frequency magnitude doubles (i.e., | E(12)| = 2| Ep]) at time 15 =~ [ o]~ Xo|'". If the
order of p is greater than 1 (i.e., m > 1), the doubling time 7, may be taken to be arbitrarily small by
choosing |Ep| large, as we desired. Such an arbitrarily fast growth of E suggests that high derivatives of
the solution following this bicharacteristic flow would also grow arbitrarily fast— this is what we shall
refer to as ill-posedness via degenerate dispersion.

Finally, let us connect the above model case to the equations considered in this work. Recall that
the principal coefficient a in the linearized operator is determined by the background solution f, where
a =|f|? for (1-5) and a = f for (1-9). Since the relevant frequency doubling timescale 1, is arbitrarily
small, it is reasonable to make the approximation f ~ fy. Assuming that fj is degenerate at x =0, in
the sense that | fy| vanishes to some finite order at 0, we arrive at the ansatz a(x) ~ Ax" for some A #0
and n > 0.

Remark 1.11 (critical degeneracy). In this work, for simplicity, we shall consider only background
solutions with critical degeneracy n = m. The heuristics suggest, however, that a similar arbitrary fast
growth of |E| is expected for any order of degeneracy n > 0. The techniques in this paper should be
generalizable to these cases.

(2) Subprincipal term: evolution of wave packet amplitude and the Takeuchi—Mizohata condition. While
subprincipal terms do not enter in the dynamics of bicharacteristics, they need to be considered in order to
fully understand the well- and ill-posedness issues for (1-10). In fact, the subprincipal term may already
cause ill-posedness in L? even when the principal term is nondegenerate! This phenomenon is captured
by the classical Takeuchi—Mizohata condition (after the works [Takeuchi 1980; Mizohata 1981] in the
Schrodinger case); see (1-19) below.
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To understand this phenomenon, it is instructive to delve a little deeper into the construction of wave
packet (approximate) solutions for (1-10). Consider the ansatz? u = a(t, x)e!®®*) with the following
properties: (i) ®(¢, x) is real-valued, 0, ®(0, x) = Eg on the support of a(0, x), and (ii) a(t, x) is complex-
valued, and a (0, x) is a smooth bump function adapted to a small ball centered at X(. With the expectation
that the 9, ® (7, x) stays large compared to the characteristic frequencies of a, a and b, we may write

e ® (3, —idea(x)dy — ibdy)(ae'®)
82
=i(0; P +a(8x<I>)2)a + 0;a + 2a0, Po,a + (axa +b+a a"

L]
5 |hdat-

X

in the Schrodinger case (where we omitted terms that do not involve 9, ®) and

e (3 + $(3}a +ad}) +bd;)(ae'®)
. 3 2 3 8)%(1) 2
—i(8,® —a(d,®))a+ d,a —3a(d,®)%0,a — b+§8xa—3a8 o 0, ®)’a+---

X

in the KdV case (where we omitted terms of order O and 1 in 9, ®). To eliminate the main terms on the
right-hand sides, we are led to impose the following classical Hamilton—Jacobi and transport equations
for @ and a:

®+a(0,®)* =0, . e
in the Schrodinger case, (1-15)
0;a+2a0,®0,a+ 9, (ady, ®)a = —bd, Pa
9P —a(d,®) =0, _
) 3 ) ) in the KdV case. (1-16)
0ra —3a (9, @) 0ya — 50, (a(0,®)")a =b(3,P®)"a

Observe that (X (¢), E(¢)) solving (1-11) are precisely the bicharacteristics for the above equations in the
method of characteristics [Evans 2010, Chapter 3], which explains the relevance of (1-11). Moreover, the
transport equations show how b influences the evolution of the amplitude a. In fact, we may easily check
that

—(Reb o, ®a,a) in the Schrodinger case,

ld, 2

which clearly demonstrates how b influences the evolution of the L? norm (here (-, -) is the standard
L2-inner product).

We are now ready to give a heuristic derivation of the Takeuchi—-Mizohata conditions. By the method
of characteristics, we expect, at least for a short time, that 9, ®(¢, X (¢)) = E(¢) and a remains a bump
function adapted to a ball centered at X (¢). Hence, on supp a, we expect

_ Reb(X(1))

i ~ — g 22 =
(Reb o, Pa, a) Reb(X (1)) E(1) el 2a(X (1))

X0 lall3,

2In the KdV case, we can take the real or imaginary part of ae'?® at the end to obtain a real-valued wave packet.
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in the Schrodinger case and

b(X(1))

) N =202, — 2 )
(b(@:®)"a, a) X X (N E @) Nalli> = — 3

X0 lall3,

in the KdV case, where we used (1-11) for the last equalities. Using (1-17) and ||u||;2 = ||@|| 12, We arrive
at the expectations

exp(— [, (Reb)/(2a) dx)||u(t = ) >  in the Schrodinger case,

X (1-18)
exp( [y, b/ (3a) dx)|u(t = 0)]| 2 in the KdV case.

lu() g2 =
The Takeuchi—Mizohata conditions (see [Takeuchi 1980; Mizohata 1981] in the Schrodinger case; see
[Akhunov 2014; Ambrose and Wright 2013] and Remark 1.13 for the KdV case) are simply sufficient
conditions for the forward-in-time boundedness of ||a|| ;> read off from (1-18):

"I Reb
sup / —_— dx‘ < +o00 in the Schrédinger case, (1-19)
Xo<X1|dJ xq 261
X1 b
sup / —dx < +o00 in the KdV case. (1-20)
xo<x1 Jx a

Conversely, the failure of the Takeuchi—-Mizohata conditions (1-19) and (1-20) signals arbitrarily fast
growth (i.e., norm inflation) of the L? norm of u, since X () may travel arbitrarily far from Xy in
any fixed duration of time if Eg is large. In this paper, we shall refer to this norm inflation (or ill-
posedness) mechanism as the Takeuchi—-Mizohata instability. Below, we shall consider the interaction of
degenerate dispersion and the Takeuchi—Mizohata instability, which provides us with a detailed heuristic
understanding of the ill-posedness properties of the linearization of (1-5) and (1-9) in the presence of a
(critical) degeneracy in the initial data.

Remark 1.12 (rigorous results on Takeuchi-Mizohata-type conditions). The necessity of (1-19) for the
L?-well-posedness of (1-10) in the Schrodinger case has been known since the early works [Takeuchi
1980; Mizohata 1981]; see also [Akhunov 2014] for the KdV case. On the other hand, whether such a
condition alone is sufficient for L? boundedness in general is less clear, especially in higher dimensions.
Nevertheless, some strengthened form of the Takeuchi—Mizohata condition underlies many works on
the well-posedness of the Cauchy problem for linear and even nonlinear Schrodinger- and KdV-type
equations; see, e.g., [Akhunov 2014; Akhunov et al. 2019; Ambrose and Wright 2013; Harrop-Griffiths
2015a; 2015b: Kenig et al. 1998; 2004; Marzuola et al. 2012; 2014; 2021; Mizohata 1985].

Remark 1.13 (role of sgn b in the KdV case). Observe that the absolute value is needed in the Schrodinger
case (1-19) since X (¢) may travel in both directions, while it is not necessary in the KdV case (1-20)
since X () is always decreasing if a is positive (resp. increasing if a is negative) according to (1-11).
In particular, in the KdV case, (1-20) is always satisfied if b < 0, and even when b has some positive
parts, it is possible that the Takeuchi—Mizohata condition is still satisfied (e.g., when b oscillates). This
phenomenon has been explored by Ambrose and Wright [2013], who prove well-posedness of some
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variable coefficient linear KdV-type equations in the periodic setting in the presence of the positive part
of b (referred to as “antidiffusion” in that paper).

Remark 1.14. While our main focus is the interaction of Takeuchi-Mizohata instability with degenerate
dispersion, the method developed in this paper also provides a new and effective way to rigorously
establish the necessity of (1-19) and (1-20) for the L2-well-posedness of (1-10). We refer the reader to
Section 1.5 and the Appendix for sample results in the Schrodinger case for a = 1 (but in arbitrarily
dimensions).

(3) Combined effect of degenerate dispersion and Takeuchi—Mizohata instability. We are now ready to
discuss the combined effect of the principal and subprincipal terms in (1-10) obtained by linearizing
around a background solution f with a degeneracy. Keeping Remarks 1.10 and 1.11 in mind, we consider
the linearization of (1-5) and (1-9) around £ (¢, x) = x and x> (for |x| small), respectively. Then we arrive
at (1-10) with

a(x) = xz, b(x) = 3(%0{1 + B — l)x in the Schrodinger case,

a(x)=x7, b(x)=3(c; — 3)x? in the KdV case.

Recall from the above that we are considering bicharacteristics (X (¢), E(¢)) with Xo > 0 and X (¢)
traveling to the degeneracy 0 in both cases. Wave packets corresponding to such bicharacteristics shall be
called degenerating wave packets.

The relevant Takeuchi—-Mizohata condition (see (1-21) below with o = 0) for ||u#||;> may or may not
hold, meaning that degenerating wave packets may or may not remain bounded in L?. Nevertheless,
it always fails for high enough derivatives, which is consistent with the heuristic E (1) — oo! Indeed,
observe that commutation of (1-10) with 97 leads to a similar equation for 97 u but with the following
coefficients:

a(x) =x%, b(x)= 3(%0{1 +B1—1+ a)x in the Schrodinger case,
a(x)=x>, b(x)=3(a1 —3+0)x’ in the KdV case.

In view of 0 < X () < Xy, the Takeuchi—-Mizohata condition for boundedness of ||u| g is

x|
sup / (Jo1+p1— 1+ o)i—x < 400 in the Schrodinger case,

O<xp<x1kK1 Jxg

. (1-21)
! dx
sup / (oq — % +a)— < +o00 in the KdV case,
O<xpo<x1 K1 Jxg X

which fails exactly when o > o, in both cases. Moreover, the preceding heuristic analysis suggests that
the H? norm of the degenerating wave packet grows if o > o, stays constant if ¢ = o, and decays if
o < o.. This consideration explains the relevance of the exponent o,.

Working directly with the transport equations for @ in (1-15)—(1-16) in place of (1-17), we may also
see that, for s, = o, + %, the W**° norm of the wave packet grows if s > 5., stays constant if s = 5., and
decays if s < §.. This consideration motivates the integer exponent s, in our results.
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1.4. Discussion of the proof. Our discussion so far has been rather formal; deriving actual nonlinear
ill-posedness in standard function spaces requires more ideas. Our main technical contribution in this
work is developing a robust scheme for establishing quantitative ill-posedness, which is not only able
to deduce strong ill-posedness in quasilinear cases but also yields much stronger statements for linear
equations. The scheme largely consists of three parts: (1) construction of degenerating wave packets for
the linearized equation, (2) duality testing argument and (3) incorporation of the nonlinearity.

(1) Degenerating wave packets. We first describe the ideas for construction of a degenerating wave
packet. Compared to the heuristic discussion above, the actual construction of such an approximate
solution u to (1-10) has to (i) allow for time-dependent coefficients a = a(¢, x) and b = b(¢, x) (as the
background solution may depend on time, see Part (3) below), and (ii) solve the linearized equation up
to an equation error €; of size (’)(Eg1 _1_5) (in a suitable norm) for some § > O (here, m equals 2 for
Schrodinger and 3 for KdV). Property (ii) is necessary to justify the approximation on a longer timescale

=1—m

than E;,7", which is the instability timescale; see (1-14).
Our idea is to make appropriate changes of the independent and dependent variables from (x, u) to
(v, v) to reduce the problem to the constant coefficient case, for which the construction is standard. For

time-dependent coefficients a = a(t, x) and b = b(t, x), the transformation (x, u) — (y, V) is of the form

dx = (a(t, x)"/"dy, u=ww)"'v,
where

wow= Rib, w9 = 8)‘—a.

ma 2ma

Roughly speaking, the Takeuchi—-Mizohata instability is renormalized by the conjugation of the dependent
variable by the weight w, in the sense that v(z, x) := wu(¢, x) solves (1-10) with b = 0 (with possibly
different lower-order terms). Similarly, degenerate dispersion is renormalized by the change of variables
x — y accompanied with the conjugation of the dependent variable by the weight w, in the sense that
v(t, y) solves the constant coefficient problem (9; +i(id,)"™ )V = (lower-order terms). Now, starting from
a standard wave packet for the constant coefficient problem traveling towards the degeneracy and returning
to original variables, we obtain a degenerating wave packet & with the desired properties.

In order to make the above heuristic discussion precise, there are several more factors to consider. For
instance, we need to make sure that the contribution of d;a, d,b are indeed acceptable, which ultimately
relies on the estimates we have on the time derivative of the background solution f (¢, x) in applications;
see Part (3) below. In the Schrodinger case, we need the following two additional ideas: (a) an extra
change of dependent variables to treat terms of the form 5, i, and (b) an extra phase rotation ¢'*S for the
wave packet v to treat terms of the form —(Im b + 9,y)d,0, both of which are potentially problematic for

achieving Property (ii). For more details, see the proofs of Propositions 2.7 and 3.3 for details.

Remark 1.15 (numerologies in the Schrodinger vs. KdV cases). In order to justify the properties of i
needed for the proof of the H* or C* norm growth, (b) above forces the technical restriction that f € C$+1:!
with s > 2 in the Schrodinger case, while f € C~!! with s > 4 is sufficient in the KdV case; compare
the degeneration bounds in Propositions 2.7 and 3.3. This point explains the different numerologies in
Theorems 1.1 and 1.2 in the Schrédinger case versus Theorems 1.5 and 1.6 in the KdV case.
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(2) Modified energy estimate and duality testing argument. In order to upgrade the norm growth for
a degenerating wave packet u to an actual solution u to (1-10), we adapt the energy estimate and
duality method introduced in our previous work [Jeong and Oh 2022] on Hall-magnetohydrodynamics
(Hall-MHD). Here we shall briefly explain the argument, in the simplest setup.

Given a degenerating wave packet i for (1-10), denote by u any3 solution to (1-10) with u(r = 0) = uo,
where @iy := u(t = 0). In view of the aforementioned fact that v = wu solves (1-10) with b = 0, the
following modified energy estimates should hold (at least when u is sufficiently regular):

||wu||L,°°([0,t0];L2) S llwuoll g2, ||w’/~l||L,°°([O,t0];L2) S llwiioll 2, (1-22)

where 0 < 79 < 1. By the same token, the following generalized (bilinear) energy estimate should also
hold: d
|, wid)| S Jwell 2wl 2 + wul 2| weg -

(We remark that 9, w also arises, but in applications we shall have |9, w| < w.) Here, €, and €; are the

errors associated with u and # viewed as approximate solutions to (1-10). Then, as long as the error
227
behavior of u in various norms by simply estimating the degenerating wave packet & and using duality.

terms are bounded, we may deduce that (wu, wit) >~ (wug, witg) = ||wiigl|;,, which allows us to obtain

In actual applications, the errors often contain derivatives and hence ||we;| ;2 (resp. ||we, | ;2) may
diverge as | Eg| — oo. Nevertheless, in view of the fact the instability time-scale is =~ | 20|, for the
above argument to work it suffices to have fotollwef,HLz <1 (resp. f(;°||weu||Lz < 1) for tg > S| .
For #, this is precisely Property (ii) in the preceding discussion. For an actual solution u to (1-10),
this follows from the fact that €, does not contain principal nor subprincipal terms (except 5d, i in the
Schrodinger case, which may be eliminated using integration by parts).

(3) Incorporation of the nonlinearity. The ideas discussed so far explain how to prove the ill-posedness
of (1-10) that arises from linearizing (1-5) and (1-9) around a regular solution f (¢, x) whose initial data
has a critical degeneracy at x = 0. As in [Jeong and Oh 2022], the nonlinear norm inflation results
(Theorems 1.1 and 1.5) are derived by assuming the existence of a nonlinear perturbation u around f (i.e.,
f +u solves the nonlinear equation) without the instability behavior, then applying the above argument.
Moreover, the nonlinear nonexistence results (Theorems 1.2 and 1.6) are proved by superposition of
infinitely many configurations exhibiting norm inflation (with unbounded rates of growth), with disjoint
supports in physical space. We refer to [Jeong and Oh 2022, Section 1.6] for a more detailed summary of
the ideas involved, and to Sections 2.5, 2.6, 3.5 and 3.6 for details. A key new feature of the present paper
compared to [Jeong and Oh 2022], however, is that the background solution f need not be stationary
solutions, and are given as a part of the contradiction hypothesis in the proof of the nonexistence theorems.

1.5. Revisiting L*-ill-posedness a la Takeuchi-Mizohata. In view of the extensive appearance of the
Takeuchi—Mizohata instability in this paper, it is perhaps not surprising that our techniques also apply to
the original setting considered by Takeuchi and Mizohata of L2-ill-posedness of linear nondegenerate

3Note that it is a priori possible that uniqueness of the Cauchy problem for (1-10) fails. Nevertheless, the method is still
applicable and establishes the norm growth of every solution u with the same initial data satisfying (1-22).
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Schrodinger-type equations. In the Appendix, we provide a few results concerning the Takeuchi—-Mizohata
condition obtained through our approach. In particular, we recover the following result of Mizohata [1985,
§VIL2]:

Proposition 1.16. Consider the linear first-order perturbation of the Schrodinger equation on R?
idu+ Au+b/ (x)dju =0, (1-23)

where b € CHY(RY). Suppose that the Takeuchi—Mizohata condition for (1-23) fails, i.e.,
T .
sup{/ Re b/ (x —2sw)w;ds : x € R, weS! ', T > 0} = 400. (1-24)
0

Then, for any 8 > 0, every solution map L> — L ([0, d]; L?) for (1-23), if it exists, is unbounded.

Note that Proposition 1.16 clearly implies the result proved in [Mizohata 1985, §VIL.2], namely, the
impossibility of having a solution map for the inhomogeneous equation

idu+ Au+b' (x)dju=f (1-25)
satisfying
||u||L<><>([0,5];L2) < Co(Jluoll 2 + ||f||L1([0,5];L2))

for some Cy < +o00. In fact, via Duhamel’s principle, this result is equivalent to Proposition 1.16.
Nonetheless, our techniques generalize easily to other situations when such an equivalence is not obvious,
e.g., when b depends on time.

More interestingly, we also provide some new unconditional quantitative lower bounds for (1-23),
which are valid way past the trivial O ( %) timescale (where A is the initial characteristic frequency), up to
a time when the L? norm may grow at a quantitative rate depending on 1; see Propositions A.1 and A.3.
These results should be contrasted with the proofs of Proposition 1.16 and [Mizohata 1985, §VIL.2],
which rely on qualitative contradiction arguments up to O(3) timescales.

Organization of the paper. The Schrodinger- and KdV-type equations are treated respectively in Sections 2
and 3. In the Appendix, we prove Proposition 1.16 and related results for the linear nondegenerate
Schrodinger-type equation (1-23).

2. Schrodinger-type equations

This section is organized as follows. To motivate our approach, we analyze in Section 2.1 a model
problem (2-2) derived from (1-1). In Section 2.2, we study the properties of linearly degenerate solutions —
typically denoted by f —and in Section 2.3, we construct degenerating wave packets for the linearized
equation around f. In Section 2.4, we establish a modified and generalized (bilinear) energy estimates
for the perturbation (solving the nonlinear difference equation) around f. Finally, in Sections 2.5 and 2.6,
we prove Theorems 1.1 and 1.2, respectively.
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2.1. Degenerating wave packets for model linear equation. To motivate what is to follow, consider the
case (1-1) (i.e., (1-5) with @y = 81 = 1 and ; = 0), which we recall here for convenience:

i3:¢ + 0, (] :) = 0. (1-1)

We note that when the domain is taken to be R, f(z, x) = xe*!
linearly at 0—is formally a solution to (1-1).* Indeed, even in the absence of any well-posedness results
for the Cauchy problem, it is not difficult to show that any hypothetical smooth solution to (1-1) with

initial data fy(x) that equals x in some neighborhood of the origin should approximate x> uniformly for

— which degenerates (i.e., vanishes)

small |x| and |¢|. To illustrate our ill-posedness mechanism for initial data close to f (0, x), we consider
the linearization of (1-1) around the background solution f(t, x) = xe?’. To wit, by plugging in the
ansatz

b, x) =xe¥' +¢(t, x) (2-1)

into (1-1) and dropping quadratic or higher terms in ¢, we obtain the linearization of (1-1) around the

explicit solution xe?’:

19,6+ 0, (x% 8:B) + 29, (x Re(d)) + (€4 — 1)d, (x§) = 0.

Freezing the coefficients of the linearized equation at 1 = 0 and dropping zeroth-order terms in ¢, which
can be readily incorporated into our ill-posedness proof if desired (see Remark 2.3), we arrive at the
model linear equation:

i+ LIG1=0, L[-1=2d(x?dx(-))+2x 3, Re(-). (2-2)

The goal of this section is to sketch a proof of the fact that this model linear equation is ill-posed; see
Proposition 2.1.

An important observation regarding the operator £ is that for any sufficiently regular v, we have the
estimate

(I 2iLlv], x]'20)] < Cllx] 2ol 7. (2-3)
To see this, we first expand £ and perform an integration by parts to get
{lx|'2iLtol, x]'?0)

= / Re[(iax(x2 0xV) +ix 0,v+x d,v)(sgnx)xv]dx
= / Re[—i (sgnx)x> 8,0 3 — i (sgn x) (x2 8,v) (3xx)D 4 i (sgn x)x2 8, v + i (sgn x)x2 8, 0] dx,

where the contribution of 9, sgn x is zero thanks to the vanishing integrand at x = 0. Inside Re[ - 5], the
first term vanishes since it is purely imaginary, and the second and third terms exactly cancel (which

4In this section, we take the domain to be R rather than T.
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dictates the power % in (2-3)). For the fourth term, we write d,vv = %8x(172) and perform another
integration by parts to obtain

(lx|'%iLlv], x| ?v) :/Re[—i%(sgnx)(axxz)ﬁz] dx,

1/2,,112
L2
Equation (2-3) suggests that the correct way to measure regularity for solutions of (2-2) is to use

172 172

whose absolute value is clearly estimated by |||x|'/“v||%,, as desired.

|x|!/?-weighted spaces.’ To this end, we set ||v|| 2 = ll1x]*/“vll 2. We are now ready to state the main

result of this section.

Proposition 2.1. Equation (2-2) is ill-posed in L?. More specifically, for any profile gy € C OO(%, 1), any
L L2 solution ¢, to (2-2) with initial data

b0y.0(x) = go(x) exp(irIn|x[), A <0,
satisfies the growth
@l z2(t) > coexp(|Alt)  forany0 <t <T,

with constants co, T > 0 depending only on go.

Remark 2.2. By an L;’OL%) solution to (2-2), we mean a weak solution ¢ which satisfies the bound

@112 (1) < exp(CD)lIgoll .2,

where C > 0 is the constant from (2-3) and attains the initial data in the weak sense. Existence of an L°L?2,
solution given an L2 initial data follows from a standard argument involving the Aubin-Lions lemma
(see [Jeong and Oh 2022, Appendix A] for instance). Note that ||q~5(k),0|| 12, ||q~S(A),0|| L2 < 1 uniformly
in 1. While we cannot rule out the possibility of nonuniqueness, the above result applies to all L*L?
solutions.

In following the proof, the reader may find Parts (1) (degenerating wave packets) and (2) (modified
energy estimate and duality testing argument) in Section 1.4 expanded in detail. See also the remarks
following the proof, which discuss additional ideas that go into the proof of Theorems 1.1 and 1.2.

Proof. We demonstrate how to construct approximate solutions to (2-2), from which Proposition 2.1
naturally follows. To begin with, we make a change of variable y = Inx for x > 0. Then using x 9, = 9,,
(2-2) transforms into
i8¢+ dyyp + 8, + 23, Re(d) = 0.
Defining ¢ = e’ ¢,
10,0+ 0y, +0y0—2¢0—¢=0.
We then introduce

=9+ Ag, (2-4)

5As we shall see below, the exponents 2 and % in xe?! and [x] 172

for (1-5) in general.

, respectively, should be replaced by appropriate constants
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where A = % I'is (formally) an operator of order —1. Then

y
10, = —0yy0 +A0y,¢ — 0,0+ Adyp — (=20 — ¢ +2A¢0 + Ap)

= =0y, ¥ +A0y,¢0 + 0y, Ap — 3,0 + Adyp—(—2¢ — ¢ +2A¢0 + Agp).
Then we see that
10, +0yy ¥ = A0yp—(—2¢ — ¢ +2A0 + Ap).

Since the right-hand side is of order zero, it suggests that a degenerating wave packet ¢ may be constructed
by taking i to be an approximate wave packet solution to the one-dimensional Schrédinger equation,
and then going back to ¢. More precisely, take

Yoy (1, y) =exp(iry — iA*tag(y — 2A1), (2-5)

where we fix ag to be C°°-smooth and supported in {—2 < y < —1}. We need to take A < 0, so that the
support of YPP(¢, ) is conﬁned to {y < —1} for all # > 0. To invert (2-4), we wish to take ¢ ~ 1 — Ay.
Since A = 4 705 I acts like — 57 on ¥, we are motivated to take

G ) =Gy () + 5 W’"( y) (2-6)

and then set
- . 1 -
PP = VPP =7V (e’x(y_)")ao(y —2At) + ﬂe_’“’_ma_o(y — 2M)>.
i

Returning to the x-coordinates and defining the error by €5 = [i9; + L]$*P, we have
le; iz S laollyz. 10, 2-7)

uniformly in A. In this sense, $*PP is an approximate solution of (2-2). Moreover, $*P itself satisfies the
bound [|¢*PP (1) || 12 S llagllz2. The last key property is degeneration: with a weight higher than | x|/,
@*P (1) decays in the O(|A|~!)-timescale: for example, with the weight |x|, we have

1x16%P (2, )l 2 S e M flaoll 2. (2-8)

Interpolating (2-8) with the L%U—estimate shows that ||@®P(z, - )| 2 > e Now, let é be an L;’OLﬁ)
solution of (2-2). Then, with a direct computation, we have the generalized energy estimate for the
weighted L2-estimate (see Section 2.4.2)

d ~ ~ ~
37 (11120, x]120%) = (|x |2, x| 2e).
which gives, together with (2-7),

Re(|x|'/?@, |x|'2¢*P) (1) = Re(|x|'*@, |x|'2¢*P)(t = 0) — Ctl|l oo 12 llao]l r2-

At the initial time, by choosing ag in a way depending only on gg, we can guarantee that

Re(|x|'/2¢, [x|'2¢*P) (1 = 0) = 3lIdoll 2 1™ Il .2
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Then, for 0 < < Cllagll 2/ (4ligoll .2 ), we obtain with (2-8) that

e M laoll 2 1@ (@) 112 = Re(d, [x]¢*PP) (1) = Re(|x|'?@, [x]'*¢*P) (1) = ol 2 166 Nl 2 .

which gives the claimed exponential growth of ()] 2. [l

Remark 2.3. (1) lll-posedness of the linearization of (1-1). A small modification of the above proof
gives an analogous ill-posedness result for the linearization of (1-1) around xe%!, which takes the form

19,0+ L+ (¥ — 1)xd,¢ = (zeroth-order in @).

Note that the additional zeroth-order terms in ¢ do not affect argument in any way; the main modification
is due to the presence of the additional term (¢*’ — 1)xd,¢. Specifically, to cancel the contribution of

dy@ (where y and ¢ = ¢¥¢ are as before), the operator in (2-4) needs to be modified to A = l it 9y !
which in turn motivates the modified ansatz

it
QPP (L, y) =y (@, y)+ w(Pp(z ),

with ¥y PP (¢, y) as before. The remainder of the proof proceeds similarly as before; we leave the details
to the interested reader.

(2) Ill-posedness in H™ for m > 0. In fact, another small modification of the above proof shows that (2-2)
is ill-posed in H™ for m > 0. More precisely, we have the growth

||3;"¢~>(A)||L2(T) >coexp((1+2m)|r|t) foranym >0and0 <t <T,

with cg, T > 0 depending only on go and m.

We now sketch the needed modification; see Section 2.5 for the complete proof. We would like to
modify the last part of the proof of Proposition 2.1 using “differentiation by parts”: under the assumption
that 8" (|x|¢*P) € L2,

171 2118, (1x|™P) || 2 > Re(d™p, 3, ™ (|x|p*P)) (1) = Re(|x|"/?p, |x|'/2¢™P) (1).

Now the point is that 8;1 = xay_l = eyay—l and y >~ —2|A|t on the support of $*PP (1), which gives a
faster rate of degeneration |9, (|x|¢*PP)| ;2 < exp(—(2m + 1)|A|t). This gives the claimed lower bound
for || 8)’21q~>|| 2. In general, there could be some low frequency part of |x|$*PP which does not degenerate,
and for this reason we introduce a decomposition of |x|¢?P into high and low frequency parts in the
actual proof in Section 2.5.

Remark 2.4 (additional ideas in the proof of Theorems 1.1 and 1.2). For a general equation of the
form (1-5), we do not have access to a stationary solution with a linear degeneracy in general (furthermore,
we shall also require that f; be compactly supported, which rules out xe?’, too). Hence, we shall carry
out the above analysis (degenerating wave packet construction, modified energy estimate and duality),
where the background solution f is merely a regular (most likely) time-dependent solution to (1-5), which
has compactly supported initial data f, with a linear degeneracy, in place of xe?’
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Theorem 1.1 is proved by considering a perturbation f -+ of such an f, and arguing that if f +¢ exists
as a regular solution (i.e., if we are in the second case in Theorem 1.1), then the above growth mechanism
for ¢ can be justified. To prove Theorem 1.2, we consider initial data ¢y consisting of a superposition of
an infinitude of configurations as above (i.e., Zk( fro+ dBk,o), where fi o has a linear degeneracy and
ér.0 is a degenerating wave packet adapted to fx.0) with unbounded rates (i.e., the initial frequencies of
the degenerating wave packets are unbounded), disjoint supports (i.e., {supp fi.0o U supp ¢x.o}x 1S pairwise
disjoint), yet with an e-small C™° norm. Then we perform a contradiction argument: if a regular solution ¢
to such initial data exists, then we may justify the growth mechanism (as in Proposition 2.1), which is
absurd. For details, see Sections 2.5 and 2.6 below.

2.2. Properties of a regular linearly degenerate solution. We shall assume that there exists a smooth
solution to (1-5) which is linearly degenerate and analyze its properties. To be precise, we will let
f:10,8] x [—x1, x;] = Cbea L0, 8]; C3 1V ([xg — x1, x0+x1])) solution to (1-5) with some x;, 8 > 0
satisfying

foe C¥M (xo—xi 0+ 21D, foo) =0, | fj(xo) >0

at t = 0 for some xp € T.

Owing to the symmetries of (1-5) (translation and phase rotation), as well as its behavior under the
transformation ¢ > c¢, we may assume without loss of generality that xo = 0 and fj(0) = 1. Then, from
the equation it is easy to see that, on the time interval [0, §],

f(,00=0
and
.d 0) = 1 0 2 p 0
i 1.0 = (@ +BLS (1 O F'(1,0).
which implies in particular that
If'(t,0))=1 and |f(t,x)|=x+ O(x[*) uniformly in ¢.
More generally, we have the following lemma.

Lemma 2.5. Let s > 2 be an integer, and let f € C,([0, 8]; C*~V1(T)) be a solution to (1-5). Then:

(1) The zero set of f(t, x) is preserved in time, i.e.,a € T is a zero of f(0, x) if and only if it is a zero for
f(t,x) forallt € [0, é].
(2) Leta € T be a zero of f(0, x). Then {8ff(t, a)}‘,i;(l) is determined by the initial data at x = a, i.e.,
(9 £ 0, )iy
Here, the important point is that, thanks to the regularity assumption, f (0, x) vanishes at least linearly
at each zero x = a, which is critical for (1-5) in the senses discussed in Section 1.3.

Proof. By the regularity assumption (in particular, that s > 2), it follows from (1-5) that |9, f (¢, x)| <
C|f(t, x)|; hence the first statement follows. To prove the second statement, consider a zero a of f(0, x).
Without any loss of generality, we may assume that a = 0. By the assumption and Taylor expansion, we
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have
s—1

1
Ft,x)=) 500 f @ 0x + 0,
k=1 "
s—2

1
Felt,x) =)0 @, 002+ 0(x T,
k=0 "
s—3

1
Feelt,x) =) 202 (1, 06"+ O(x ),
k=0 "

where the implicit constants depend only on || f | Locs-1 (and in particular are independent of (¢, x)).
Plugging this into (1-5) and matching the coefficients of x* for k =1, ..., s — 1, we formally obtain a
determined system of first-order ODEs for {8)/(C f, 0)}%;%; here, the fact that f(¢, x) vanishes at least
linearly is crucially used to ensure that no 3% f (¢, 0) with k > s — 1 arises. Indeed, these ODEs may be
justified in the sense of distributions by testing (1-5) against a test function of the form 7 (¢)(— 1)"8)]6‘ Xe(X),
where n € C°(0,6), x € C;’o(—%, %) with fx =1, and x.(x) =€~ x(e~'x). By the uniqueness of this
ODE system, the desired statement follows. U

From now on, given fy which are linearly degenerate at x = 0 and f (0, 0) positive real, we are going
to take 0 < x| < 1 smaller if necessary, so that

(sup [ fax(0,3)])x1 < 1 £:(0,0). (2-9)

X€[—x1,x1]

In particular, we have
1£:0,0) <[ f2(0,x)| <2f:(0,0) forall x € [—x1,x1].

Proposition 2.6. Let f € LX([0, 8]; C*!([—x1, x1]) be a solution to (1-5), and set M = || f | . (0.).c31)-
Then, we have the pointwise bounds

| £t )| < | fox)| exp(CM?t) (2-10)
and
19:(1.f (£, X)) < CM exp(CM>8)(1 4 (f:(0,0) "' M)* (| fo(x) I + M| fo(x)1%) (2-11)
forallt €0, 8] and |x| < x;.
Proof. We first note directly from (1-5) that |3;| f (1, x)|| < CI| f I3 11| £ (2, x)| holds, which gives (2-10).
Now note that f € L>([0, 8§]; C>'([—x1, x1])) implies, via (1-5), that
190 f (1,01 < CLF @O W soprrs 10 f 01 < CLEE PN o (2-12)

Then, the Taylor expansion in time of f(z, x) gives
2

|f<r,x)|2=|fo(x>|2+2Re<m /0 (atf><r’,x>dz’>+ /0 @) x) d
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Taking the time derivative,

(L (t, )% =2Re(fo(x) (3 f)(t, x)) +2Re((atf><t, x) /0 (atf><r’,x>dt’>. (2-13)

Using (2-10), the last term in (2-13) is bounded by

Cllf ot £ (2 2] /0 £, 0ldt" < CM* 1 exp(CM?8)] fo(o)I*.

For the other term in the right-hand side of (2-13), we further rewrite it as
2Re(fo(x) (3 f)(t, x)) = 2Re(fo(x)(3, £)(0, x)) +2Re (Wc) fo B (', x) dr/)

and note that the last term is bounded using (2-12) by C exp(CM 28)M3t| fo (x)|3. On the other hand, the
first term on the right-hand side equals

Im(fo(0) (1 fo(x)[*dxx fo(x) + o1 fo(x) 185 fo(O)I* + B1 fo(¥) (Bx fo () + 1| fo(x)* fo(x)))
= B1 Im(fo(x)* (0 fo(x))?) + O (Il foll e fo ()1,

and we see that the leading term in the Taylor expansion of fj (x)2(0, fo (x))?1is purely real, with remainder
bounded by

C(fe(0, 00 [x Pl foll 11+ £ (0, 0 Lx [l foll oy + £ (0, 00 1x Pl foll 20,) < CA+£(0, 00 MY | fo ()PP,

where we have used |x| < x; and the smallness of x; from (2-9). Collecting the bounds, we obtain the
proposition. ]

2.3. Degenerating wave packets for the linearized equation. In this subsection, our goal is to construct
approximate solutions, called degenerating wave packets, for the linearization of (1-5) around a (possibly
hypothetical) regular linearly degenerate solution, which possess the desired degeneration property that is
responsible for the ill-posedness of (1-5); see Proposition 2.7 below.

2.3.1. Properties of degenerating wave packets. Given a smooth solution f to (1-5), let us write ¢ = f +¢,
where ¢ is another smooth solution to (1-5). The equation for ¢ is given by

106+ 112 0xh+ a1 f (5 f 0B+ 0 f 0:0)+2B1F O f 0.+ Vid+ Wrp= Qr[F],  (2-14)
with
Vi = f o f +onlde fI7 4+ 2] f1%,
Wi = f Oxx f + B1(0x f) +u1 f2,
O/[1 = —(fo+ f$)xd — 1§(Br f 0x+ 01 f 9:d) — o1 13: B> — 2816 0. f 3:h — b1 F(0:6)°
— 1617 0126 — 01613, B > — 16 (0. ) >~ 10l12P — 2011 f1BP — w1 F (@), (2-15)
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Note that Qf [¢] is at least quadratic in ¢ and its derivatives. Dropping the right-hand side, we obtain the
linearized equation around f:

10,0+ | F17 Dux® + 01 f (B  Oxp+ 0y f 0:) +2B1 F 0, f 0.+ Vi + Wpp = 0. (2-16)

We now state the key proposition of this section, which shows properties of degenerating wave packets
for (2-16). Given a positive number L, we introduce the notation

N
lgllwsy = D I(Lax) gl
j=0

and write H(SL) when p = 2.
Proposition 2.7. Let f € L°°([0, §]; C*0~1([0, x11)) be a solution to (1-5) with so > 4 satisfying

£(0,00=0, f(0,00=A (2-17)

for some A > 0. By taking x; < 1 small if necessary, assume that (2-9) holds. Then, to any A < —1
and a C*®-smooth complex-valued profile go supported in (lxl , xl) we may associate a function ¢(

¢?f)p 8o, f1defined in [0, §] x R satisfying the following properties:
e Linearity: the map gy +> qgflp P is (real) linear:;

o Support property: supp(qb( Plgo]) C (O, e~ IMA% D;

e Initial data: forany 1 < p < o0,

1 — —o. 7
cllgoll2 = A% Y17 ™P(0, )l 2 < Cligoll 2,

A% £17 P (0, x) | r < Cx, /P72

lgollLrs
e Regularity: for 0 <n <sy—?2, we have

A7 180" by ()22 < Crs AT A igollay, o ¢ <min{AT2A]7Y/2, 8} (2-18)

e Degeneration: forany1 < p <2, 0<s<so—2,andy’ > —s— % + %, we have

|f|y’+s—1/2

—o.+y’ 7app app —octy’ Fsmall 2-19
| 170t GiRP = (w(1+|f|as)swm>+|f| & (2-19)

for some w?ff , d;‘(“f;a”, and S, where l/f?f)p is independent of p, s and y’, and

|f|y’+s—1/2
A (L4 1f10:5)°

< C}‘EV AV’+S+1/2|)\’|—S

Yoy 0| <
LP

x exp(—2[Al(y' +s + l — DA% lIgoll 2, (2-20)

177G 0l < Crs A7 A1 ||go||ng ) (2-21)

fort < mln{A 2|A|712, 8}, after taking 8 > O smaller in a way that 8||f||Loo([O s:Ch ) is small in
terms of A~ ||f||LOO([0,5];C3.1),
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o Error estimate: defining the error 6[¢( | by the left-hand side of (2-16) with ¢ = ¢?f§) , we have the

estimate
I 177 eldG 1Oz < CraA™ P ligolly ¢ < min{A?3 72, 6}, (2-22)
In the above estimates, the constant Cy,5 satisfies
Crs < Col+ A1 llgecso 1) eXp(Coll 17 cip-110) (2:23)

for some Cy, Ng > 0 depending on o1, B, |1 and so but not on f and x.

We fix A = 1 and prove Proposition 2.7 in the remainder of this subsection. In the general case,
given f we can define f(t, x):=A~' f(A"?t, x) which is another LfoCs_l’] solution to (1-5) satisfying
£:(0,0) = 1. Then, we simply define

Py 120, £1(2, %) := iy [Ago, F1(A%t, x)

and verify the claimed properties of ¢?f)p [go, f] using those for qb( [Ago, f1. In the proof, it will be seen
that | f| 0, S remains invariant under this rescaling.

2.3.2. Renormalization and wave packet construction. With x| > 0 given in Proposition 2.7, we define
the variable y for ¢ € [0, §] and x € (0, x{] by

X1 1 .
y”””:‘fx e &S

For each ¢ > 0, the inverse of x — y(¢, x) is denoted by x = x(¢, y). From | f(t, x)| = x + O(|x]?), we
have
y(,x)—In xi =B(t,x), x(t,y)=x1" %, B, x)| < Cxi|| fllpzc (2-24)
1

Using | f| 0, = dy, we rewrite (2-16) in (¢, y)-coordinates:

i0,¢+ih ay<£+a§$+a‘fm+2ﬁ‘|§|?f_ EALIV AR S0 1f|f72fa G+ Vid+Wih=0. (2:25)
Here, we have introduced A(¢, y) = 9,y so that 8;(50, Xx) = atd;(t, y)+h(t, y)ang(t, y). Now defining
G(t,y) = (—oc+3) Il fIt,y), 3,6)(t,y) = (-0, + %)%(r, y)
and introducing the conjugation ¢ = ecé, we obtain (recall from (1-6) that o, = —(%a 1+ 81— 1))
18,0+ By, + a1 f| flzf 0+ ((—m +2ﬂ1)h“(|§# +h>iayso = Boly] (2-26)

with

Bolgl = i(3,G)g + (3,,G + (3,G) )¢
fayf

Im(f 3y f)
| fI2

+ o
| f1?

3,Gp+ ((—on +2B1) + h)i(ByG)go — Vip — W@
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Note that the terms in By do not contain derivatives of ¢. To handle the term containing 8)70 in the
left-hand side of (2-26), we make yet another change of variables: introducing formally

Iy
1[/ - (p 2 |f|2 y §0’
we have that (2-26) turns into
(7
iazw—f-ayylﬁ—i-((—ol]+2ﬂ1)%+h)i8y¢=... , (2-27)

where the terms on the right-hand side do not contain any derivatives of . Indeed, introducing the
shorthand

_ (23] f ayf 1=
Ap = — a,
Tt
and omitting any zeroth-order terms in ¢, we have the formal computation
. . _ N m(fd,/) .
10, = —0yy@ +1i[0;, Alp + Adyy¢ —ay |sz Oy — | (—a1 +2p81) |f|2} +h)idyp+---
3 _ 3 Im(f 9 ,
=—3yylﬂ+8y}7A¢+Aa)yy¢—a1]]szjc yp — (( ar+281) (lj}lzyf) +h)18y1ﬁ+"'

Im(f 0y f)
|f12

Motivated by this computation, we construct a wave packet approximate solution for (2-26) by starting

=_ayyw_((_0‘l+2,31) —{—h)iaywq_... )

with a wave packet for the preceding equation for i, then coming back to ¢. More precisely, given go(x)
as in Proposition 2.7, we take

ao(y) = x;*go(x(0, y)),

which is supported in y € (—% In2, O) by (2-24). For each A < 0, we define
Yoy, y) =0 Mag (1, y), (2-28)
where a,) (¢, y) is the unique solution to

Im(f 3yf) +h>a(k) (2_29)

| f1?

with initial data a)(0, y) = ao(y). The function w( defined via (2-28) and (2-29) turns out to be a
suitable approximate solution to (2-27) (more precisely, (2-38) holds). Next, given PP, set

A
8[61()0 + 21 3ya()L) = 7 ((—Ol] + 2,31)

app app o SOy f —app
oy =V t 2 11 Vi (2-30)

which will be shown to be a suitable approximate solution to (2-26) (for more details, see the end of the
proof of Proposition 2.7). Finally, the degenerating wave packet is defined by

Py Lgo, F1=e oy = 1117712l 2-31)
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2.3.3. Proof of Proposition 2.7. Now that we have defined the wave packet solution, let us proceed to
confirm the properties stated in Proposition 2.7.

Linearity and support property. From the definition, linearity is clear. Furthermore, note from (2-31),
(2-30) and (2-28) that the support of q;?f)p (¢, -) coincides with that of ag)(, - ). (From now on, we shall
refrain from writing out the subscript A.) On the other hand, note the following formulae for a:

a(t,y) = e*S"Vay(y —2a1), (2-32)
Im(f_ 8yf)
|12

Since A < 0, the support of a(t, -) is contained in the interval (—% In2+ 2z, 24t) € (—00,0) for t > 0,
which verifies the support property of ¢*P via (2-24).

t
S(t,y)z/o ((—a1+2ﬂ1) +h)(z’,y—2/\(z—z/))dz/. (2-33)

Regularity estimates. To begin with, we obtain estimates on / := 9;y. Recalling (2-13), we have

0 | e ar?) 51D
h=— ol ——— ) dx' = dx', o0,h= och =— .
/x (lf(r,xm) . / & =l P

Applying (2-10) and (2-11), we obtain the pointwise estimates

h| < cf,s(l +tln )lc)xl, 19,h] < Crs(x +1). (2-34)

We now estimate a. Observing that the right-hand side in (2-29) is purely imaginary,

1d

_ .. d
T lal*(t, y) = —2ARe(dyaa)(t, y), which gives Enaniz( ay =0

In what follows, we use the notation L?(dy) to denote the L? norm taken with respect to the y variable,
to avoid confusion with the corresponding norm in the original x variable. Similarly, we use the notation
H'(dy) and so on. Now, taking a y-derivative and then integrating in y, we see that

1d

2 —
5 37 192y = CralMe™ M +0llal 2y 19yal 2y

where we have used

Im(f 0y f)
|fI12

on the support of a(¢, -). This estimate follows from (2-34) and

(/)| _|, o )]
f21 |f12

Therefore, by integrating in time, we obtain

dy <(—Ot1 +2p1) +h>‘ < Crs(x(t,y)+1) = Cys(exp(—|A[t) +1) (2-35)

dy

0,9,

[9ya® |l 2ay) < Crasllaoll g1y
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uniformly in A, for (¢, A) satisfying r < |A|~!/2. A similar argument applies to the estimate of Bly‘a, as
long as k < sp — 2; one can proceed by an induction in k, using the bound

Im(fayf)
| f1?

on the support of a(¢, - ). The estimate for |8’y‘h| readily follows from the explicit decomposition d,h =
hi+thy, where hy and hy are L7° C%~21_gmooth functions defined by

3§ ((—0!1 +281) +h>| < Crs(x(t,y) +1) < Crs(exp(—|Alt) +1)

_ [ t
hi(t, x) = 2| f17*Re(fo(x) (3 £)(t, x)), hza,x)=2|f|‘2Re((atf)(t,x); /0 (&f)(rﬁx)dt/).

Hence we conclude
la(@) |l t@y) < Crsllaolmr@y. 0 <t <min{|A|7"/ 8}, (2-36)
In what follows, we shall restrict the variable ¢ to [0, min{|A|~!/2, §}].

Initial data and regularity estimates. At the initial time, from ag(y) = x]1 /2 20(x(0, y)) we have that

/|ao(y)|2dy=/x1|fo(x>|—‘|go<x)|2dx,

and we note that the right-hand side is equivalent up to constants with ||g0|| . This gives the claimed
initial data estimate in the case p = 2, and the case of general p can be proved similarly. Next, with
dy = fo(x)|0y at the initial time, we note the bound

|9 ap(x)| < Crx,’ (anonck zllfo(x)ljlajgo(x)|>

which gives

laoll oy < Cel+ Dfoller=* " lgoll g . Kk <50 1. (2-37)

Let us now check the regularity estimate (2-18) in the case n = 0: using | f| 7% T1/2 = ¥,

A% g @ )72 = /0 By (6 ) P1f (2, %) 2% dx = / By (@ P @, )77 dy

0
=f 0, y)Pdy < C(1+ |>»|—1)f WP,y dy
< Clla(t)lle(dy) < Cllaollz2@y) = Cllgoll 2
The cases 1 <n < so— 2 can be handled similarly, using (2-36) and (2-37).

Degeneration estimate. Next, we check the degeneration property (2-19). To simplify the notation, we
introduce the notation

H=q0(ag) = sup

te[0,min{A~1/2,8}]

< Cysllaoll gk (y)-
L%(dy)

‘m”2
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Note that ||| £]'/2(- Miz2y) = I - l22(ax) for each 7. The terms that are abbreviated as %Ok(ao) (fork <)

will constitute | f |_”"¢~>ff;a”' the desired estimate (2-21) would be an immediate consequence of the

L? norm estimate embedded in the Oy (- ) notation. Recalling the definitions of ¢?ff , (p?f)p , and 1//(,\) , and

arguing as in the proof of the regularity estimate, we have

177 gy = 1 P 2y + ﬂoowo)

For the first term, we have

ILf @ Py @ ollf, <€ / W, DIPLF @ 1P =P dy

p/2 T 1-p/2
5C</ W (2, ) dy) (f |2, )T dy)
- supp ¥y (&)

b g \PA/P12)
< Claol?, |f(t, )T Thdy :
EOIN S supp v ()

so it remains to estimate the last factor. Note that, since | f |_18y| fl=0:f]l=1+ O(x) and x < x;e*/?
for y € (—00, 0), we have
|f(t,)’)|fcey fOrye(—O0,0).

Using the support property supp w(kp (t, ) € (—oo, —2|At), we see that

o\ o
(f |f (2, p)|=rr” dy) Sexp(=20Al(y"+ 5 = 3)1)-
SUPPW(AP([ -)

Hence the desired estimate (2-19) in the case s = 0 now follows.
To treat the cases s > 0, we begin by recalling that w&p)p =Y =exp(iA(y — A1+ S(t, ¥)))ao(y —2At).
Note the identity

| f]

exp(ir(y — At +8)) = AA10.5)
y

(l;l )exp(zk(y At +S)).

For the expression d,S in the denominator, recalling (2-33) and (2-35), we have
|3yS| < Cf,(;tx,

and in particular we note that 1+ 9,5 > % when 1 is sufficiently small, which can be arranged by taking
8 > 0 smaller. Commuting ﬁay (which equals 9, in the (¢, x)-coordinates) outside, we have

y'—1/2,, app | f(, y)|y+1 1/2 app) ﬁ
[f (&, ¥l 1//(1) |f|a ( l)»(l-i-ayS) 1//()L) + O1(ap).

By arguing as in the case of s = 0, the expression inside the parentheses can be shown to obey the
degeneration bound (2-20). The cases s > 1 are handled similarly.
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Error estimate. To begin with, at the level of W(A) , the point of choosing a(t, y) as the solution of (2-29)
is to have

Im(fd a
% )'a)w(g’zomo), (2-38)

which can be checked with a direct computation using (2-27). We now see that (pm is an approximate
solution to (2-26), which is motivated by the following heuristics: recalling (2-28), we have

0y + 0y Vi + <(—a1 +281)

appN app O‘l fa f _1 appw app Oll fa f app
Yor =Voy — 5 e Vo =V o e Y

To this end, (2-38) gives

7 Im(f 3 7
—iatl//(k) +8yy1//(;f))p_ ((—Oll +2,31) m(lj}lzyf) ) ) w()}f)p 02(610)

and from this it is not difficult to see that

1 . 1 —5
ﬁ[zaﬁaw]wé‘;’;’ 0¥y + O2a0) = ~3, ¥ + 0(ao). (2-39)
so that
ar fof TS
<zat+ayy)(“ P wg‘{’}’) —on VWY + 0a(ap).

Using (2-38), (2-39), and

Im(f 9y f) . foyf—
e ”’)la (2% i "“51)) = Oalaw),

2faf (faf app

((_al +2B1) BN )\|f|2 |f|2 Klf()\)) = Oz(ap),

we simplify

I _3~ a a
[ia,+ayy+<(—a1+2ﬁ1) m(|]}|;f)+h> } (i’f+a1f|f72f 0Py

_ Im(faf) a o foyf—3
= [za, + dyy + ((—061 +2B1) |f|2y ) i|(‘/’(xp)p 2 1}» YL ‘/’()[»))p>

TS T 2faf (fafwapp)
Ve BV 2ik| fI? % TR

_l’_

- |f|2 e+ |f|2

Moreover, it is easy to see that Bo[gp(pp 1= 03(ap), and finally the error estimate (2-22) follows from

T2 0,9 P + O2(ag) = Oa(ap).

I _8 a a aj
[iat + dyy + ((—on +2p1) m(|]}|2yf) —i—h) d i| o e f|szf 390y — Bolg)1= 0a(ap)

and (2-37). This completes the proof of Proposition 2.7. U
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2.4. Modified and generalized energy estimates. In Sections 2.4.1 and 2.4.2, we establish the modified
and generalized (or bilinear) energy estimates that we shall need in the proofs of Theorems 1.1 and 1.2,
respectively.

2.4.1. Modified energy estimate. Assume that f and ¢ = f + ¢ are solutions to (1-1) on some time
interval. Then, recall that ¢ solves

10, + | f1* ux® + 01 f (O f 05+ 00 f 0:) +2B1 F 0, f 0:h+ Vp+ Wi = Qs[@l,  (2-40)

where V¢, Wy and Q| -] are defined in (2-15). To deal with solutions of (2-40), it turns out that the
following time-dependent Hermitian product and norm are very natural (which will be referred to as the
modified energy): given some f, we define

(0,010 = [ 1120t it e ol @)= [17 "ot F d.

Regarding this modified energy, we have the following estimate.

Proposition 2.8. Let f € L*®([0, 8]; C*~ 1)) be a solution to (1-5) and ¢ € L*=([0, §']; C*~11)) be a
solution to (2-40) for some 0 < §' < 8. When o, > %, assume furthermore that at every zero a of fo, we
have 0y fo(a) # 0 and q;o(x) vanishes up to order |_ac — %J ata. Then,ont € [0, 8], we have

161,20 < 116112 0) exp(CULf 711 + 1117010, (2-41)
where o, is as in (1-6) and C > 0 is an absolute constant.

Proof. We first present a formal computation without worrying about the finiteness of the modified energy
and the validity of integration by parts, and discuss its justification below. We begin with

diyz2 v d [ 202 200 4. [ 172 ~20, TN 41 —200
EMHL}(I)_ dt/|¢| [f1 dx_/|¢| 0 (| f1 )dx+/3t(|¢>| 177 dx.

The term involving 3 (| f|~2°) in the right-hand side can be bounded using the pointwise inequality

0| f1
| f1

2
SR

To handle the second term, we write

Bi1p12 =Re(i| £ 0ux®P) + 1t Re(if (3 f 9,6 + 0y f 0:$)b) + 21 Re(i f 0 f 0:5)
+Re(iVipp) +Re(i Wy ($)?) —Re(i Qr[BlP). (2-42)

We multiply both sides by | f|~2% and integrate in x. From the first term on the right-hand side, we
obtain, after an integration by parts,

f Re(i|f |2 dex )| £172% dx = — / | £ 172 Re(i 8, 9,6 dx — (2 — 20, / | F1172 0| £ Re(i 05 fp)

— (220 / 172 Re(F 0 f) Re(i3: ). (2-43)
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From the second and third terms on the right-hand side of (2-42), we have
(a1 Re(if (3 f 3x + 3 f 9:0)) + 281 Re(i f 0 f 0:B)1| 172 dx
= @ +261) 11727 Re(F 0. ) Retia, ) ax + 221 /Ifl‘z"” Im(F 3, )0, 11 dx
50 177 Retif 8, 8@ d
= (01 +281) f | £172% Re(f 8, /) Re(idx $) dx — “‘Tml / (3x (L1727 Im(f 8, ))) ] dx

o] . 20, ) o] . —20. T A A\ (N2
—Z/<zax<|f| 3 @) dx+7f<zax(|f| o )@ dx

By our choice of o, in (1-6), the first term on the right-hand side cancels exactly with (2-43). The
remaining terms are estimated from the above by C||f||%ooc1_l ||¢~>||i2. Next, it is easy to see that
‘ 7

‘ [ Retiv, 31717 a

+ V Re(i Wy )| £~ dx‘ SUFIZ ||43||i]2,
It remains to estimate f Re(iQy [gﬁ]q:b)| f172% dx. The contribution of any term with at least one factor

of ¢ (without any derivatives) may be easily estimated by (|| f ||2C1,1 + ||(13||2C1,1) / |12 f1~2% dx. Recalling
the expression for Q¢ from (2-15), we may estimate

~ i ~ ~ 12
SUfleligllcn + 1l 01817, + </|ax¢|4|f|2—2“f) Il ,2-
f f

‘ f Re(i O/ [316)] £ dx

Integrating by parts and using Holder’s inequality, we have

/ (:0)* f1*72% = f G (3:8)*(=30:x@| | — (2 —200)3: P | F DI £11.£172% dx

3 ~ ~ 1/2
< Cllgliciall fllcor 1@l 2 ( / @)1 F P72 dx> .
Hence

‘ / Re(i Qr[61¢)|f172 dx

S Uflerlidlers + 18101615
Collecting all the terms, we conclude that

|I¢|ILz SUS NG ecrn 117, 1)II¢||L2

Integrating in time gives the desired conclusion.

We now sketch the observations needed to make the above computation rigorous. Note that, in order
for (2-41) to be nontrivial, the right-hand side must be finite, i.e., ||¢||L2 (t =0) =||| fol 7 ¢>o||Lz < 400.
When o, > 2, this implies the vanishing of ¢y at each zero a of f (whlch is isolated by the assumption in
this case) up to order I_O'C 2J' Applying Lemma 2.5 to the L>°([0, §]; C*~!1)) solutions f and f + .
it follows that the zero set of f(z, x), as well as the nonvanishing of f’(¢, a) and the vanishing of ¢ (z, x)
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up to order Lac — %J at each zero a of f, is preserved in ¢ € [0, §]. As a consequence, ||q~5||L§ < 400
for every 1 € [0, 8] as well. Using the vanishing properties of f and ¢ (the latter is needed only when
oc > %), the above computation can then be justified. U

2.4.2. Generalized (bilinear) energy estimate. We proceed to prove the generalized energy estimate.

Proposition 2.9. Let ¢ be a solution of

i3+ Lr1d = Or[9],
where [i0; +£f]q~5 denotes the left-hand side of (2-14), and let $*PP = ¢p*P[g(, f] be the degenerating wave
packet constructed in Proposition 2.7. Then, we have the following estimate on t € [0, min{|A|~'/2, §}]:

d .~

3 Re(0. ™) 12| < (CUS N swprr + 1917t VIS U2 + Crs A" P ligoll 2 DNz (2-44)

Proof. In the proof, the time variable ¢ will be restricted to the interval [0, min{|x|~1/2, §}]. Before we
proceed, let us recall that L is given by

LoI@1 = Perd+or f(By fuP+dy f0.0)+2P1 FOr fOr+Vy+ Wi
= | P0ux @+ (o1 +281) Re(Foy £)dx -+ (—0ty +2B1)i Im(Fdy £)dxp+ors fy b+ Vi+Wrp
and that 2P satisfies [id; + £ f]d;app =€;. We compute®

d

S Re(@. 677 2 =Re( / 20| f1727 0,1 £ PP

+ [ 1= opangm - [ 17172 be b —ep).

Using the estimates for |8t| f]

, Qf[(l;], and €5, we can bound

Ref 12 0, GG

.
S BBl 216771 2.

2 112 7 It:
S Ul wcr HMPN D@2 1012
t f f f

Re / i1f1727 Q[ plpeeP

and

0. T — 7 —0,.43
Re/zlfl "peg| < Cralld™ iz A lgolle,
We now consider the remaining expression

/ | £ 172 Re(i L [$1¢PP) dx — / | £172% Re(ip L [§*]) dx.

SHere, since $¥PP is smooth and compactly supported away from the zeroes of f at each ¢, there are no issues whatsoever in
justifying the computation that follows.
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For the contribution of the principal term | f|? d,,, we obtain

f |F172% Re(i] f > 0, PP) dx — / | £172% Re(id| f12 8. §™P) dx

=— f | F1772% Re(idep 3,%P) dx — | (2 —20,)| f1'727 8| f| Re(idxpp?P) dx

+ f | F1772% Re(idep 3,2 dx + [ (2 —20.)| f1'727 ;| f| Re(i¢p 3, p?PP) dx

=— | @ =20 1'% 8;| f|(Re(i d: pp*P) — Re(i¢p d,pPP)) dx =: 1.

Since | ] ;| f| = Re(f dx f), this term cancels with some of the first-order terms, i.e.,

(c1 + 2B f1727 Re(f 9, f) Re(id,pp?P) dx

— | (1 +2B)1f17* Re(f 3y f) Re(ig 3,¢*P) dx = —1.

For the remaining first-order terms, we have, after integrating by parts,

_/ (=1 +2B)1f 172 Im(f 8, f) Re(d:$p™P) dx — [ (—orn+21)|f17>7 Im(f 8y ) Re( 0xp*P) dx

= (—a1 +2B1) [ @ (If172° Im(f 8, f))) Re(pd?PP) dx,

/ a1 f 172 Re(if o, £, ) dx — f a1 172 Re(ih £ 3, f 3, 69P) dx

=5 i s sagam—iTaFa e ac= [ GTaF o0 s, fnm

== [@utri o pndeman+ % [ @i Ta @ d.

Both expressions may be bounded from above by C|| f Hzcl»l ol 12 | p2PP|| 13- Finally, for the zeroth-order
terms, we easily have '

‘ f |FI72% Re(i(Vyd + Wid)gP) dx — [ | £172% Re(id(Vy$mP + Wy erp)) dx

2 ~ ~.
S 1L I B2 16571 2.

This gives (2-44), which concludes the proposition. (I

2.5. Proof of Theorem 1.1. We are now in a position to conclude the proof of Theorem 1.1 for equa-
tion (1-5). To begin with, let f satisfy the assumptions of the theorem with fy = f (¢ = 0). We may
assume that f3(0) =0 and fé (0) =: A > 0 by translation and phase rotation if necessary. We also fix x;
as in Proposition 2.7.
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Now let € > 0, so > s, and 0 < 8’ < § be given. We take some A < —1 and g satisfying the assumptions
of Proposition 2.7, and define ¢y by

o = €c(so) A7 F (¢t = 0)[go: f1.

Here, qb?f)p = qb?f)p [go; f]1is the degenerating wave packet constructed in Proposition 2.7 using go. It is not

difficult to check that (j)?ff (t=0)eC> and ||¢?f)p (t =0)|lco Ss [A]*. Hence, by taking a sufficiently

small ¢(s9) > 0, we can ensure that ||gp||cso < € uniformly for all A < —1, as required by the statement of
the theorem. We observe that

Re(do, g (t = 0)2 = Co||¢o||L2 167 (¢ = Ol 2 (2-45)

for some cp > 0 independent of A. To proceed, let us assume that the first option in the theorem does not
hold; namely, there exists a solution ¢ to (1-5) satisfying ||¢— f || L (f0,8']:c5c) < +00 and ¢ (t =0) = f0+q3o.
On [0, §'], we write ¢ = ¢ — f and set

M, = S;%/(Ilf(t)llcll+||¢(t)||cll)

We shall now establish the claimed norm inflation statement for ¢ by taking || sufficiently large but in a
way depending only on f and §’.

On the time interval [0, 8], using Proposition 2.8 and (2-18) we obtain that
16012 < exp(CMIDoll 2. 16Dz < CraA™ligoll 2.

In particular, we note that ||| 2 < +00 since ¢y is supported away from the zeroes of f, and as
discussed in Section 2.4.1, ¢(t) Vamshes sufficiently fast at the zeroes of f (ultimately due to Lemma 2.5)
so that [|¢(1) || 12 is well-defined and obeys the above bound. Applying (2-44), integrating in time on the
interval [0, min{8’, cM; %, A=2|x|~1/2}] for a sufficiently small ¢ > 0 and using (2-45), we have

Re(d(1). $*P(1) 12 > seolldoll 2 lIgollze  for [e] < min{8', eMy®, A2AI7 2L (2-46)
Next, applying (2-19)—(2-21) with y’ = —o, and s = s, we have

Re(§(1), () 13 = CraA™" A1 9ol 2 ol
<Re<q;(t) axc( |f|—0’c+sc—1/2 ¢app(t)>>
- P isease (14| £13,8)5
< 1103 @) | oo A5 11+ | £10,8) 75| f1% 7% 2P (1) 11
< €37 AT exp (=21 (se — 0 + 3) A1) 193 (1) v 1 goll 12

Taking |A| sufficiently large, we may ensure that
CraA™ " AT goll gt < geollgollz2 and  ATZAITY2 <8, (2-47)
(x1)
which gives, after combining the previous two inequalities with (2-46),

§00Crg AT T D exp (21| (s — 0c + 3) A1) ol 2 < 193 G0l
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for |¢| < min{cM; 2, A~2|A|~'/2}. For each || satisfying (2-47) there are two cases; either (i) cM2_2 <
A72A|7V2 or (i) eMy* > A72|A|7V/2. In the case (i), we obtain that My >4 [A['/* >, (8))7!/?
using (2-47). Here, we could have assumed that |A| is sufficiently large from the beginning so that
sup; 051l f (Dl et < |14, Then, M 2 sup, g 5 $()ll 11 and the desired norm inflation follows
simply from our assumption in (1-7) that s, > 2. In the case (ii), we simply take t = A72A|712 in (2-46),

which gives the claimed norm inflation (actually, in this case we obtain a much stronger growth in terms
of 1/8) using that s. > o, — % This finishes the proof of Theorem 1.1. O

Remark 2.10. At the end of the above proof, observe that we could have followed the same argument
but have used (2-19)—(2-21) with y’ = —o,, s =0 and p = 2 to derive

30Cp 3 AT exp 21l — o) APD ol 2 < @)l ae

fort < min{cMz_z, A72|Ax|~1/2}. This can be used to prove the inflation of the H° norm for any ¢ > o,
in the second alternative of Theorem 1.1.

2.6. Proof of Theorem 1.2. Let us divide the proof of Theorem 1.2 into several steps.

Choice of background solution. Towards a contradiction, we shall assume that there exist € > 0 and
50 > sc +2 such that, for any ¢ € C*°(T) satisfying ||¢o|lcs0 < €, there exist § = &(¢pg) > 0 and a solution
¢ € L>([0, 8]; C*+1-1) to (1-5) with initial data ¢ (r = 0) = ¢y.

Under this assumption, let us fix a function f°0 € C°(T) which is supported in (—%, %) and fo(x) =x
in [—}‘, le] We then set

o0 o0
for= Y fro= Y ARTF S —x),  Av=27F, xe=27F2,
k=ko k=ko

where ko = ko (s, €, fo) > 1 is taken sufficiently large to achieve || fyllcs0 < %e. It is not difficult to see that
fo € C*°(T). Furthermore, since the supports of fi o are disjoint from each other, for each k > ko, we may
choose x; € C*°(T) to be a cutoff function satisfying x; = 1 on supp( fi,0) and xx = 0 on supp( fi',0) for
any k" # k. From the contradiction hypothesis, we have a solution f(¢) € L*°([0, §]; C set 1y 1o (1-5) with
initial data fy for some § > 0. The estimate |3, f| < | f| from (2-12) shows that supp(f(¢)) = supp(fo)
on [0, 8], and since x; equals either O or 1 on supp(f(¢)) = supp( fo), we have that

X=Xt k=0

on supp(f(¢)) for any k > kg. Using these observations, it follows, for each k > ko, that f; := xi f is
again a solution to (1-5) with initial data fi(t = 0) = fi 0. Furthermore, the L*([0, §]; CstL1y norm
of fi is bounded uniformly in k.

In the following, as in the above, we use the notation

(a,b) (1) = fT f @01 a(t, )b, x) dx, - lally; = (a,a) .

Let us also use the shorthand ||a0||L} = ||a||L} (t=0).
0
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Choice of wave packet solutions. We now fix some nonzero function gg € C* supported in (%, %) and take
gr(x) = 2k/2 go(2k (x —xx)). For some sequence {Ax}r>k, to be determined (for now, we take —i; > A ,10),
we consider the sequence of wave packet solutions

¢app = d)(kk) 8k Sl

where d;?ff) [gx; fi] is the wave packet solution from Proposition 2.7 with data g, Ax, adapted to the
linearly degenerate solution f;, with A = A; and x; = 27¥=2. We define the corresponding error by

[id, + L 16," = ex, (2-48)

where the operator [i0; + Ly, ] is obtained from (2-14) by replacing f with f;. Applying Proposition 2.7,
we obtain the following bounds: with & := min{$, A;2|Ak|*1/2} = Ak72|kk|*1/2 (by our choice of —A
in the above),

. ”QNSZPPHLOO([O,S;C];LZ Cros o™t = 0)||L2 < Cr5 A" Ngoll 2
. ||€k||L00([0,5,\,],L2 Ct. akA ||gk||H2 i, < Cy, 8kA ”gOHHZ,
and
|f|_2gc¢app ( |f|—ac+sc—1/2 l//app> 4 |f|_20°'<l~5/§mau
(@A) (141 f]0xS)%
with
|f|7¢7¢»+s(-71/2 1papp Cl UCA a¢+s[+1/2|kk|—sp exp(_2|kk|(_0 +5. 4+ l)Akt)”gO” 5
(@)% (L[ f1 08y || 0 = % T g
for 0 <t < 6, and
162" o o.5,0:22) < Crose A ™ Al ™! e,

< Crs AT Dl ™ igol e
From (2-23) we see that

Crooe SU+AMNexp(CoM?8;), M = sup [|£(t, )lcserit,
t€[0,8]
where the implicit constant and Ny depends on go, @1, B1, L1, Sc, but not on k and Ag. Then, simply using
8 < & and recalling Ay = 2% we see that C b S < 2Mok* holds, where the implicit constant depends
further on M and § but not on k and A¢. In turn, this gives an upper bound on the constants in the estimates
above; for instance
1—0, 4 —0c+sc+1/2 N k2
Croo0Ax <2

with some N; > 0 depending additionally on o, and s.. In the following, we shall write < as long as the
implicit constant does not depend on k and .
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Choice of initial data. We now take

Go(x) =D dro(x) =Y exp(—|al "Gt =0, x), (2-49)

k=ko k=ko

which belongs to C*°(T). By taking ko even larger if necessary, we can guarantee that ||q§0||cm < %e.
Then we set ¢g = fo+ @o, which satisfies ||¢o|lcm < €. Again from the contradiction hypothesis, we have
aLy® C+11 solution ¢ (¢) to (1-5) with initial data ¢ on some time interval [0, §']. We may assume that
0 < 8’ <8 and define

o) :=d(t) — 1),  Pi(t) = xxp(t)

for all k > kg. We have that Z,fiko ér = ¢ this follows from &|f 4+ ¢| < | f + ¢| and the uniform
pointwise estimate | f 4+ @|(t, x) < | fo + dol(x) < | fol(x). Then we see that ¢ solves

[id, + L1k = Qi [drl,

(which is (2-40) with f and ¢ replaced with f; and ¢y, respectively). We note that the L ([0, 8']; C*0t1-1)
norm is uniformly bounded for { fi}x>«, and {qzk}kzko. Therefore, from Proposition 2.8, we obtain the
estimate

bkl oe go.1.02) S ol (2-50)

uniformly in k > ko. Now, combining this with the generalized energy estimate (2-44) for ¢ and d)app,

we obtain that

d 2=
4 Re@e %) 1| <2 Ngeoll .2 lgoll e (2-51)

for ¢t € [0, §;]. We shall now take |\¢| larger so that §; = A,:zl)ukrl/z satisfies 2N1k25k is very small with
respect to the implicit constants in (2-50) and (2-51). Then, since at t = 0 we have

Re(ge, ¢") 7 (t =0) = glideoll 2 1 ¢ =02 ,
by integrating (2-51) in time from ¢ = 0 to §;, we obtain
Re(de. ¢ (831) = gl ollL2 ”¢app”L2 - (2-52)
At t = §; we write
|f|—ac+sc—l/2

(iAr)% (141 f19xS)*
and then combining the estimates of the right-hand side with (2-52), we get

||¢k0||L2 ||¢app||L <2V (15 el oo Al = exp(—213a ]2 (=0 + s + 1)) l1goll 2 + el l1gol e )

Re(‘ikv (]’Szpp)f(ak) = (_1)SC RC<8;‘(];I<’ wapp> +RC<¢ ¢Small> 7

By taking |Ag| even larger if necessary, we can guarantee that [Ag|™ IoNik? llgoll gse K ||<15ap Pl 2 holds
(K is defined in terms of the implicit constant in the previous inequality), so that we deduce

Iz, oll2 ||<I§dppllL2 < 2N 193 el oo [k | 7 exp (=20 ] (=0 + 5 + 1)) l1goll 2+
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and then recalling the form of q;k’() from (2-49),
183 Ge(r = 8l 2270 [axl exp (2l ]2 (—oe +5c + 1) — 1] 4).
Note that the left-hand side is bounded by

I f Wl oo 0,67 cse1y + 1Nl oo r0,573: c5e 11y

for all k sufficiently large. This is a contradiction since the right-hand side diverges as k — co. The proof
is now complete. (Il

3. KdV-type equations

This section is organized as follows. After setting up some pieces of notation in Section 3.1, we study the
properties of regular cubically degenerate solutions — typically denoted by f —in Section 3.2. Then in
Section 3.3, we carry out the key construction of degenerating wave packets for the linearized equation
around f, and in Section 3.4, we establish a modified energy estimate for the perturbation (solving the
nonlinear difference equation) around f. Finally, in Sections 3.5 and 3.6, we prove Theorems 1.5 and 1.6,
respectively.

3.1. Preliminaries. We introduce the following quantity defined for a C>! function f on an interval I:

_ _ 3/2
1 vy = 1F 722 0 F il ooy + 1F 73 Ban £y + 1F ooty + 19aar £l o).

We shall write f € Y(I) if || f|ly) is finite. This quantity is appropriate to handle solutions with
degeneracies of order at least 3. For convenience we set

| fllgkecy = 1 f lckacry + 1 Ty -
For f depending on time, we say f € L°°([0, §]; 5"’“(1)) (resp. f € L*°([0, §]; Y (1)) if

I oo 10,87 Gl (1) = Slé% 1f @)l grary < 400 (resp. | fllzxqos1y )y == Sl(l)P(S I f Ol < +00).
t€[0,8] [0,6]

tel0,

It is easy to see using the Taylor expansion that any C>¢ function which vanishes cubically at its zeroes
must belong to Y. However, propagation of Y -boundedness for (1-9) in general requires higher regularity,
e.g., C*! (see Proposition 3.2).

For later use, we introduce the notation

(a, by (1) := f Fe0 7 Pa b x) . lal; (1) = @ a)y (). (3-1)
I
For the motivation behind the power f~2°¢/3, see Section 3.4.

3.2. Properties of a regular cubically degenerate solution. We first discuss a few basic properties of a
regular cubically degenerate solution f to (1-9), which shall serve as the background for our ill-posedness
mechanism.

Under the assumption f € L?°5 3¢ (I) with any & > 0, we can propagate the information that f
vanishes cubically on an endpoint of / and compute the coefficient.
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Lemma 3.1. Ler f € L°°([0, 5]; C3e (1)) be a solution of (1-9) with initial data fy that is positive on
I\ 01 and vanishes to order at least 3 on each point in d1, where O <« < 1. Then the following statements
hold:

(1) The zeroes and the sign of f(t, x) are preserved in time, i.e., f(t, x) vanishes on oI and f(t,x) >0
forx e I\ 0l forallt €[0,$§].

(2) Let I =a, b]. Then, the set of t-dependent functions {8)'ff(t, a)},%:0 fort €0, 8] is determined by
the initial data at x = a, i.e., {aff(O, a)}zzo. In particular,

f,x)=BO&—a)’+ Ol fllr2qosucraylx —al™), x—a®, (3-2)
where B(t) is the solution of
B(1)=—Q2+6a)B (1), 6B°(0) = forxx(a), (3-3)

and the implicit constant in O (-) is universal. The same statement applies to b € 01.

Proof. Since we are assuming that f(¢,-) € C 3, from (1-9), we have

1001 < CU fowa 1FTH1Fel L foxl + LEANFI .

From the assumption that f (¢, -) € Y, we have the pointwise estimate

10 1< CUflly + 1 F e+ TFITDIL
This shows that

Jo@) exp(=Crl fll poo g (1 + LFI7=%) < f,x) < Jo@) exp(Crl fll oo (1 + LFI7=%)  (3-4)

for any x € I, which proves the first statement. The second statement follows from simply evaluating
equation (1-9) at x = a, b and carrying out a minor modification of the proof of Lemma 2.5. Here, the
fact that f vanishes at least cubically at x = a ensures that no 8)’(C f(t, a) with k > 3 occurs in the ODEs
for the Taylor coefficients. We omit the details. ]

Before we proceed further, let us note that the assumptions of Theorem 1.5 on the solution f are
automatically satisfied for any sufficiently smooth solutions of (1-9).

Proposition 3.2. Consider an interval I =[a, b] CT. Let foe C*'(T) satisfy fo>0on I\{a} (resp. I\{b})
and vanishes at least cubically at a (resp. b), so that fo € Y (I). Then there exists § > 0 depending on
Il follyry such that, if f is a solution to (1-9) with initial data fy satisfying f € L*([0, §]; C*1(T)), then
f satisfies f|; € L*°([0, 8]; Y (1)) with the bound || f || L>0.s1:y (1)) < CCoexp(CM$).

Furthermore, for this value of 8, let u be another solution to (1-9) belonging to L*([0, 81; C*1(T))
with initial data ug satisfying ug € Y (I) and

luo(x)| = Ci folx) (3-5)
for some C1 > 0 uniformly for x € I. Then, for some 0 < §' < § depending only on |\uglly and || foly,
lu(t, x)| < C1(14CCot) exp(CM1) f(t,x), t€[0,8], (3-6)

uniformly for x € I, where Co = Co(ll folly, lluolly) and M = M (|| f || Lo, llull oo car).
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Proof. Without loss of generality, we consider the case fy > 0 on I \ {a} with fy vanishing at least
cubically at a. We compute that

of = _lem_lfx — a1 fx fax — ffexxs
0 fr = _Ml(fm_lfx)x - ‘Xl(fxx)z — (a1 + 1) fx faxx — [ frxxxs
O fax = _Ml(fmilfx)xx — Bay + 1) fox frxx — (@1 +2) fx froxx — ffrxxxx-

Upon f € L® C*!, we have the pointwise estimate
SASP P +1feel® < CMASP 41 £ 41 feel),
where we introduce the shorthand
M =1+ f Il ocar + I1Lf 170

for simplicity. By Gronwall’s inequality, we have the pointwise estimate

(ISP +1fel? +1fexl @, x) < exp( @M fol? + | for P+ foue ) @) 3-7)
From the assumptions on the initial data, we have that

| fox G + 1 fox (0)I° < GG (fo(x))? (3-8)

holds pointwise on I, with some Cp > 0 depending only on || fy|ly. Returning to (3-7) and applying
Young’s inequality, we deduce the pointwise bound

| fx (2, %) fax (£, X)| = CCoexp(CM1) fo(x)

for all x € I. In turn, using this bound in the equation for 9; f, we obtain for all x € I that
|0 f(t, x)| < CM| f (2, x)| + CCoexp(CM1) fo(x). (3-9)

Dividing by fj and applying Gronwall’s inequality to f/ fo — 1, we obtain

i — 1| < CCot exp(CMt)
fo
which, after some simplification, implies
(@, x) < (14 CCot)exp(CMt) fo(x) (3-10)
as well as
ft, x) = (1= CCot) exp(=CM?) fo(x). (3-11)

This guarantees that f € L{°([0, §]; Y), provided that 6 is sufficiently small depending on Co = Co(|| folly)-
For the second statement, we note that the assumption (3-5) implies

o () [ + |10 (X) [P + [10.1x (x)|® < CT(1+ Clluolly)| fo(x)]?
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for some absolute constant C > 0. With this bound, we may apply the above argument to u instead of f
and obtain the bound

lu(t, x)| < (1+CCot) exp(CMD)|ug(x)| < C1(1+4 Cot) exp(CM?) fo(x), t€[0,8],

for some 0 < 8’ < § depending only on Co = Co(Jluglly). Here, M =1+ ||u||iooc4_1 + ||u||g’§c_czz‘1. Using
this bound together with (3-11), we obtain the desired estimate (3-6), by taking 8’ smaller in a way
depending only on |lug|ly and || fo|ly if necessary. This finishes the proof. [l

3.3. Degenerating wave packets for the linearized equation. In this subsection, our goal is to construct
degenerating wave packets for the linearization of (1-9) around a (possibly hypothetical) regular cubic
degenerate solution; see Proposition 3.3.

3.3.1. Linearized equation and degenerating wave packets. In the following, we fix some function f that
satisfies all the assumptions from Theorem 1.5 and further assume for simplicity that the interval is given
by I = [0, b] for some b > 0. We fix some 0 < x; < b such that

3 foxex () < foxxx(0) < 2foxxx(x)  forall x € [0, x1]. (3-12)
We now write u = f + ¢, where u is a solution to (1-9). Then, we have that ¢ must solve
o+ Lrd = 0l9gl, (3-13)

with
Lyd = frex + a1 frdrx + @1 frr + 11 /" Db+ (frex + (m = Dyt f"72 f0), (3-14)
Q191 = ~¢uas — 1 — - (f +9)" = " =mf"'g).. (3-15)
We are concerned with constructing wave packets to the linearized equation
09+ Lrp=0. (3-16)

. ; 2 . .
Recall the notation ||8||W§'L§ = Z§:0||(L8x)jg”u’(dx) and Hj;) = W(SL) from the previous section. Our
aim is to prove the following result.

Proposition 3.3. Let f € L°([0, §1; C’ ~LI(I)) be a solution to (1-9) with initial data fy satisfying fo >0
on I\ {0} and vanishing cubically at 0 and fy € GSO_“(I), where 4 < s <sg. Let A = %fo,xxx (0) and fix
0 < x1 < 1 so that (3-12) holds. Then, given . € N and gy € C2° supported in (%xl, xl), we may associate
a function (j)?ff [go, f1defined in [0, §] x I satisfying the following properties:

e Linearity: the map gy +— (b?f)p[go, f1is linear;

o Support property: supp(qb?f})[go, fl1@, ) C 0, x)N (0, Cfxl exp(—3ﬂ(t)A2/3A2t));

o Initial data estimates: for 0 <n <syand 1 < p < 0o, we have

1 _ —0./3
o= Ugollz =2 gollyy ) =< 1y * @O0, 01122 = Cligoll 2. (3-17)
fo

—0./3 _ 1/3 =1/2,4 1
1y @A™ @30 $G O 0 e < T A gollwr: (3-18)
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o Regularity: fort € [0,8]and 0 <n <,

1R ATE PP )80 by (1 )2 < Crlalllgollan,

N . . 1 / / 1 1
o Degeneration: forany 1 < p <2, a nonnegative even integer s’ < s, and y' > —s’ — » + 35, we have

f(—ﬂc+7//+s/)/3

(=oc+y')/3 4 aPP -~
f ¢(}») - ((—1)5//2A5//3)\5/

¢?,€)p> + f(fa(.+y’)/3¢(si1;all’
where, for0 < j <1landt € [0, 6], we have
”a){'(Afs’/3);s’f(foc+y’+s’)/3¢app)(t Ollr < C1+y (y FE DA P=1/2) 4y'/35 —('=))
x exp(—3ﬂ<t>A2/3A2(y +" =N+ )l .
Lf =g (e, )2 < Cpr! Igoll
o Error estimate: letting
elp 1=+ LD
fort €10, §], we have
Lf = el 1, )2 < Cp(1 + IIfIILoch)(l +IAP DIrlgoll g -
In the above properties, each constant referred to as C 7 (resp. C 7 ) obeys the estimate
Cj < Coexp(NsA™ | fllpogs1a)  (resp. C < Csexp(NsA™ | follgo-1.1))
for some Cs > 0 and N5 € N independent of f and x| (but possibly dependent on s).
When f or gg are clear from the context, we shall often simply omit them in ¢(Ap [go, f].

3.3.2. Renormalization and conjugation. For the construction, we introduce the normalization

Ft,x) = f(zx).

By this normalization, we have f(O, x)=x>+ or (x3). Using f, we define for ¢ € [0, 6] and x € (0, x]

X1 1 )
)’(f’x):—/ - _I/de 50.
x o f(t,x")

Note that 9,y > 0. Then, we compute from 9, = f 1739, that
PP =0y =3f7" fdy Foun=0yy = oy + (=57 iy + 527y

Furthermore, in the time derivative of ¢,

0 (1, x) =0,¢(r, )+ (3, y)8,¢ (1, y),
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and we set g := 9,y for simplicity. Note that in the (¢, x)-coordinates, we have
—1 [ _J;ngxx_alfxfxx_%(fmizfz)x /
AT g=+ = dx’.
3 Fla, 2
Then, in the (¢, y)-coordinates, (3-16) transforms into
A_lat¢ +¢yyy + (o1 — l)f_lfy¢yy
=—ATq¢y +((5—o) [ oy + (=5 +3) 22+ 2P gy
—((FTP 0 F+m =D f" £, F . (3-25)

(3-24)

We shall regard the expressions on the right-hand side of (3-25) as error terms. To remove the last term
on the left-hand side, we introduce the conjugated variable

p=cY, (3-26)
where G shall be determined below. We compute
dyp = €% (3,9 +9,Go),
3059 =% (079 +20,G 0,0+ (0;G + (3,G)))g),
3¢ = e (39 +30,G 09 + (30;G +3(3yG)*)dyp + (3,G +30,G ;G + (3,G)*)g).
Hence, the left-hand side of (3-25), after factoring out ¢¥, becomes
A9+ @y + GGy + (a1 = D f T f)gyy + BG oy +3GT +2(1 = DG, £ fi)ey
+(A7'G 4 Gyyy +3G,Gyy + G+ (1 = )(Gyy + G T fi)e.
The right-hand side, after factoring out ¢%, becomes
—A7 ey + (G =) f T iy + (=54 5e) F U HmAT T g
—(a= (=) i+ (=3 + ) F 2 + A 7 )G
—((fTP9 =D AT R T ).

To remove the second-order term, we are motivated to choose

Noting that f~! f, = (In f), we see that G(t, y) = (o, — 3) 1 In f(#, ) + C for some choice of C. We
choose C = %ln A so that

(O — pou/3 f-1/6 (3-27)

in view of the weight f~27¢/3

of LJ% in Section 3.1).

in the modified energy estimate we shall prove later (see also the definition
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In conclusion, (3-25), after factoring out el may be rewritten as

Ao + @yyy
= (AT g+ CiafT iy FCaf () AT T g
+(=AT'G + Cor 7 fryy + Conf 2 fy fuy + Cosf ()P + Coami AT "2 £, f P, (3-28)

where C; ; € R are constants that depend on o, w1 and m.

3.3.3. Specification of the wave packet and the proof of Proposition 3.3. Given go(x), we set ho(y) =
xll /2 g0(x(0, ¥)), and for each A € N, we first take <p?f§’ [go, f] to be the standard wave packet for the Airy
equation with time rescaled by A and with frequency 2, i.e.,

PLg0. f1(t, ¥) = Re(e™ 0T 4% 0ng(y +3A3%0) = cos(A(y + AXN)ho(y +3A2%).  (3-29)

Then, we define the degenerating wave packet ¢?ff [go, f1by eG(p?f)p [go, f1- Explicitly, we have

derLg0, f1= f(t, ) F (2, )70 cos(h(y + AR ) ho(y + 3AN1). (3-30)

Proof of Proposition 3.3. Now that we have specified the construction of d)?f)p [go, f], we verify its
properties claimed in Proposition 3.3. In what follows, the dependence of constants on f, A and x; has
been made explicit. Moreover, we shall use the notation C 7 introduced in Proposition 3.3.

Linearity and support property. To begin with, the linearity property is clear. To prove the support
property, we first note from (3-2) and the positivity of f that y < 0 implies x < x, and vice versa. Note
also that

1 X
Y, x) = %(m B, x)),

where

pay= B 1B vl = Cxl e

Here, B(1)° = % frxx(t, 0) as in Lemma 3.1; observe that B(O) = 1 by definition. The above formula for y
gives
x(t,y) = x1ePO7 78, (3-31)
from which the rest of the support property follows.
From (3-31), it follows that
F@, ) =xi B 0PSB0+ 0P P7E| fl o))
< exp(C| f | )X B2 ()P0, (3-32)

Using the control of || || z=y, we furthermore have

1/3 2/3

A< AR S 1l < CUFIZRGSL 1 fupl < ClL PNy 1 £1. (3-33)



764 IN-JEE JEONG AND SUNG-JIN OH

For higher derivatives, it is straightforward to verify by induction that

ik
195 f1 =< Cull FIy 2| 1 for k = 4. (3-34)

We furthermore claim that, for any integer 0 <k <s 41,

7 (k—1)/3
Mroll ey < Co+IFISZ5 D g0l - (3-33)

Indeed, arguing via induction in a similar fashion as above, we may verify that, forany 0 <k <s+1,
k ko
i’ 172 20 G'=D/3 Fil3)aj
> 18] hol < xy/ (Igol +Co Y Y Il E A |a;go|).
J'=0 J'=1j=1

Note furthermore that, by (3-12), Cflxl3 < fx) < Cx13 on supp go. Taking the L?(dy) norm of both
sides and changing variables, we are led to (3-35).

3.3.4. Initial data and regularity estimates. Let us now verify the initial data and regularity estimates.
We begin by noting that

f FB (¢ x)? dx = / (f 703 F15gP (1, )% dy
2 2
_ / G (1, P dy = ol 22,)-

from which the regularity estimate in the case n = 0 follows. Moreover, from this identity it is clear that

||f—0'(>/3¢app(0’ x)“LZ < Cﬂ)”gOHLZ

To obtain the claimed lower bound, first note that
ol s = | Lo, (sin2ay)h2() dy + L1kl
”COS( y) 0||L2(dy) - X y(SIH( Y)) o(}’) )7+ 5” 0||L2(dy)’

and then one can integrate by parts in the first term on the right-hand side, with [|A¢ll12(4y) 2 i’ llgollz2-
Next, when n = 1, we note that

3,¢™P (1, x) = Re(iA f (1, y) 7/ fU/0H0HAND oy 4 34071))
0c— 5y f

3 f F(t, )73 U6 Re(e* A0 po (y 4 340%1))

+
+ £t )7 FUORe(eMOTAN DD o (y + 3AX1)).

From this expression, the regularity estimate follows by the earlier computation; the power |A| arises
from the first term, the second term is estimated using (3-33), and the need for the H(lxl ) horm of go is due
to the third term. The case of higher n can be handled similarly; we omit the details. Lastly, the initial
data estimate can be proved simply by taking ¢ = 0; see the computations below for s = 0.
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small

Degeneration property. When s’ = 0, we simply set ¢G5y =0. Arguing as in the proof of the regularity
property, we have

I £, x)(—(rc-H’ )/3¢(Pp(t x)”LP(dx)

= /|(P(A)

py'/3 app 2 p/2 l/p ]/2)/ "+1 p(1/p—1/2)
supp ¢ ) (1)

_— —3A2% 1 N p(1/p=1/2)
< llholl7, APV (C oy fyr @ +1/P=12 ( f exp((—y’ + l)ﬁ(t)y) dy)
- - 1/p—1/2

< llholl>(Cx)P Y F/P= U2 (A3 BYPY exp(=3pB(1) AN (v + & — 3)1),

where we have simply used (3-32) to bound f (t, y). This proves (3-21) in the case s = 0.
To handle the case s > 0, it is convenient to introduce the following notation (as in the Schrodinger
case): given some function r = r(t, y),

16 H
H=rOkhy) <= sup |f/°= < Cillholl g ay)-
1€[0,8] Follr2dy)
In this case, note that ||f1/6( 2@y = Il - 224y for each 7. We shall also freely use (3-35) to relate

the right-hand side with ||go|| H - In what follows, the expression abbreviated as 1 5 Ok (ho) constitutes
foel %qb(sm‘*u the desired estimate (3-22) would be an immediate consequence of the L? boundedness
property embedded in the O(-) notation.

We treat the case s = 2. We begin with the identity

£2/3
A2/3)2

2 F—1/34 2 2 | . 2
cos(A(y + Ar7t)) = — (f dy)7 cos(A(y + AL t))—37f dy f sin(A(y + AL71)).

Plugging this identity into the expression (3-30) for ¢(pp [go, f] and commuting ( fo13 E)y)2 (which equals
Bf in the (¢, x)-coordinates) outside, we have

O3 (ho).

f(l‘, y)(fat.+y’+2)/3 ¢app + f(t, Y)V/B
(—1)A232 A

Fa, ) ToTOBe = (F7135)) (

Arguing as in the case s = 0, the expression inside the parentheses can be shown to obey the degeneration
bound (3-21). The cases s > 2 are handled similarly.

Error bound. We begin by noticing that, by our construction, we have

ILf = eldiy M r2any < 13 4 dyyy) o) | L2ay) + II(RHS of (3-28)) [l 12(ay)-

The first term is the error for the standard wave packet for the Airy equation with frequency ; it is easily
bounded by C|A|||Aol| H3» which is acceptable. Now, it only remains to estimate the L?(dy) norm of each
term on the right-hand side of (3-28). The worst contribution turns out to be —q ¢y, which we turn to first.
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By (3-32), (3-33), and the definition of ¢, it follows that
1A g, )l < Cr(1+ IIfIILmCOI)/ dy’ <C;(1+ IIfIILooCOI)IyI (3-36)

By the support property of go?ff , we have

1A gyl < (1 + ”f”LooCOI)(l + A2 Mol 71 ay)

which is acceptable. The remaining terms on the right-hand side of (3-28) involving ¢, are bounded by

Cr(1+ ||f||'£’;éo DIALAoll g1 (gyy» Which are strictly better. Next, since [A™ 19, f1 < Cr(1+ ||f||L°°C01)|f|

(as in the estimate for ¢g), we have

AT, Gl = CrA+ I f 11} g0n)-

Using this bound, as well as (3-32) and (3-33), the terms on the right-hand side of (3-28) involving ¢ are
bounded by Cf~(1 + ||f||L°°C0 D@l z2(gyy» which is good. This completes the proof of (3-23). [l

3.4. Modified energy estimate for the perturbation. Recall the equation satisfied by ¢:
%+ frxx + 1 fidrx + @1 fex + 1 " Db+ (froaw + m = Dt f7" 72 £
= —Prrx — A1PxPrx — 1 ((f +¢)m - fm - mfm_]¢)x~ (3-37)

Regarding a solution ¢ of the above and recalling the notation || - || 12 from (3-1), we have the modified
energy estimate

||¢||i?_(t):/I¢2(z,x)f(t,x)—2m>/3 dx, IId)olli% :/I¢2(o, x) £(0, x)"2%/3 dx

assuming that f is defined on /.

Proposition 3.4. Assume that f is a solution to (1-9) satisfying f € L*°([0, 8]; c 3« 1Y) with initial data
fo that is positive on I \ 01 and vanishes to order at least 3 on each point in d1. Moreover, assume that
¢ € L>([0, 8]; C>*(1)) is a solution to (3-37) satisfying

f+¢€L¥(0,81:C**(),  f7'(f +¢) € L¥(0,8]; Lo(D)).

Then we have the estimate
1913 (0) < exp(Cr o0 9oll.2

fort €0, 8], where ¢po(x) = ¢ (0, x) and

— 2
Crr+o <C sup (IFlly + A+ 1+ o2
t€[0,8]

WE+olly + (I fllcor + 11 f +@llco)™ "), (3-38)

with C > 0 an absolute constant.

Proof. In what follows, we shall simply present a formal computation without worrying about the validity
of the expressions and manipulations. Also, all integrals are taken over /. As in Section 2.4.1, the
assumption |¢pg(x)| < C| fo(x)| and the finiteness of the right-hand side ||¢ol| 12 < 400 would imply, via
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Lemma 3.1, the vanishing property of ¢ (¢, - ) on d/ that is necessary to justify the computation; we shall
leave the routine details to the reader.
To prove the proposition, we compute

S0, =& [ ru P an= [2pa0re0 B e [2acran ) ax

and the last term can be bounded as in the proof of (3-4); we have

‘ f 90, (f (1, )P dx| < CIF Iy 9117,

We decompose the other term in the right-hand side as follows, up to a factor of 2:
I=— f O (f brrr + P + 01 frdbrr + 01 frxa) f727F d,
=gy [ 9Gm = 1gf™ 2 fiot 71005 .
=~ / $QLp1f 27" dx.
To estimate I, we observe the following chain of inequalities:
TGt

’/ al¢¢xfxxf_2%/3 dx

scnfuynqsui;,

’

B ‘% f ¢ (fux f727%) dx

/ w1 fo f 20 dx = —a / @ fef ot 2 / 620, (fo f %) dx.

and lastly
f P f [T dx = — / b [ 70 — i (f f727F) da

-3 / (6020c(FF 2 dx — 1 / $200ne (f f27) dx.
From

8u(f f 727N = (1= 300) f 2% fu = Jan f 2 £,
we obtain a cancellation of terms involving (¢x)2 and then we observe
195 fax £ 72 4 8 (e f 0D+ [Buax (F F 27D < ClLflly 720

to conclude the estimate
2
I = Cliflivliel;.-
¥
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Next, to treat IT we simply integrate by parts:

—%ac+m -

1
IHI=‘M1 / ¢2<(m—1)f’”_2fx— 5 f’”_zfx)f‘2"f/3dx = ClLFIE 19117

Finally, we turn to III. Observe that we may use ||| 3« since it is controlled by || f||c3.« + || f + ¢l c3.0;
similarly for ||¢||co.1. Recall the expression for Q[¢] given in (3-15). We first estimate

‘ / & (—pebune) £ 273 dx

< C||¢||cll||¢||i}

and

/ ¢(_a1¢x¢xx)f_2m:/3 dx

< ' f %¢2¢xxxf‘2"f/3dx'+‘ / %qﬂ(m Paxf I8 frdx

10, Do —
+‘/ 13 ¢2fxxf( 20¢ 3)/3fxdx

< ' / %¢2¢mf—2"f/3dx'+' / G+ N f I, dxM / S o f T o

1/3

<Cglca+1 T S+ONRN+S NI+ I 11

The remaining terms in Q[¢] are easier to treat, and collecting the estimates, we conclude

d 2 2
E—— <<
519032 | = Crrrolol

for some Cy, r44 satisfying (3-38). The proposition follows by integrating in time. (Il

3.5. Generalized energy estimate and the proof of Theorem 1.5. Let f satisfy the assumptions of
Theorem 1.5. Without loss of generality, we may assume that a =0 and 0 < € < 1. For simplicity, we shall
focus on the case (0) = (é J0.xxx (0))1/ - 1, the general case being analogous. Fix 0 < x; < b so that
(3-12) holds. Fix go € CZ° supported in (%xl,xl) with normalization | gg||;2 = 1. In what follows, we
shall suppress the dependence of constants on [ and gy, in addition to a1, |t1 and m as before. Also, we
write C (M) for a positive strictly increasing function of M € (0, 0o) such that C(M) — oo as M — 0o,
which may vary from line to line.
Let ¢?f)p = ¢?f§) [go, f] according to Proposition 3.3. We shall take

_ 1/2
o = coer0x) 29t (0),

where cg is chosen so that ||¢g||cm0 < € using (3-19) and A is to be determined below. Furthermore, by
the normalization ||go||;2 = 1, we have

| - - 1
C T < olliz = Coldl™™ (o, 9 Oy = - ldol 2 (3-39)

for some constant Co > 0 (which, in fact, depends on || f'||&s-1.1). At this point, it is easy to ensure that
(3-5) is satisfied with C; = 2, where ug = fo + ¢o.



ILL-POSEDNESS FOR DISPERSIVE EQUATIONS 769

Fix also 0 < 8’ < 8. To prove the theorem, we assume that the first alternative does not hold, i.e., there
exists a solution f + ¢ € L*°([0, §']; CS~ L) to (1-9). By Proposition 3.2 (and since s > 5), there
exists 0 < fy < &8’ depending only on || f(0)|ly and ||(f + ¢)(0)|ly such that f, f +¢ € L*°([0, 1o]; Y (1))
and f‘1 (f +¢) € L=([0, to]; L*°(I)). Moreover, by the same proposition, we have

sup (Il f O llgar gy + 1+ SO llgsay + 1 F +DOll=y) < C(Ms),  (3-40)

O<t<ty

where Ms := [|@|| oo ([0.1]: c41 (1))- (Here, we remind the reader of our convention of omitting the dependence
on f in this proof.) By Proposition 3.4 and the preceding bound, we have

1ol 2 = exp(C1(Ms)D) i doll .2 (3-41)

for some positive strictly increasing function C;(-) that diverges at infinity. We emphasize that this
function is independent of X, although Ms = ||@|| 10 ([0.¢1: ¢4 (1) Might be dependent on A.

Now using that ¢ is a solution to (3-37) and (d; + £ f)¢?§f = e[qﬁ?ff ], we compute that

<¢ ¢?§§’>
— (@, Lelogy D + (o, €ldy 1) s — (Ll ¢y 7+ (Qfl), by r — 50 (f i fb, by )5

We first uncover some cancellations between the two terms involving the linearized operator £, which
resemble those in the proof of Proposition 3.4. We write

(9. LrloG) Ny = (Ls18). @33
[ OBt O e T+ a0 S
i [ ST 1 D £
_ /(f¢xxx Fat feter + a1 fredy + Fooad)$T 2 dx

— M1 /(fm_1¢x + (m— l)fm_zfxqb)(j)(ppf—ZGcB dc
— I+ + I+ 1V.

We begin with I+ III. The zeroth-order terms (in both ¢ and ¢>(pp ) are not dangerous, but we need to
perform some integration by parts for the higher-order terms. For the third-order terms, we have

~ [ @O+ eI
= [ @b+ b P ar (1= 300) [(@O, + 68 ™ Fup'
==3(1=300) [ 00 £ 2P dx = (1= F) [ QTS + 00 (ff )

=300) [ @b fur R ar (1= 300) [ G020 a
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for the second-order terms, we have

~ [ @00 fo b £ £
=201 [ 68 es P dx e (@O, + 88D P,

=201 [ 68t o ar—an [ 0SS
and for the first-order terms, we have
— / (@1pP e Sfrx +1dedyy frr) [0 dx = o / by S f 27 dux.

In particular, since 3(1 — %ac) = 2w/, integrals that involve ¢x¢?fpx cancel and we are left with

I+ 1| < Cllfllyll(lﬁllLﬁp||¢(pp||L2

Next, II 4+ IV consist of first- and zeroth-order terms, where the former may be treated as above and the
latter are already acceptable. We have

I+IV] < CILf (7%, P12 |I¢(ppllL2
For the remaining terms in 3 4o, qb( Py f» we have

lelei) M2 < CA+ 22D,

@)
1Q[81l.2 < Cligll 2.
Lf =0 fll= < C.
‘We conclude that
llpoll .2
<¢ P dr| = CA+A+ADIADNGN L2 < C(1+ (1 +220)|4]) exp(Cr (Ms)1) ‘TCOL . (42
Integrating this estimate in time and using (3-39), we have
3 . _ _
(@63 (0) = g I1goll,2 for [1] < min{to, C1(Ms) LAl (3-43)

for some ¢ > 0.
To proceed, let m be the smallest even integer greater than or equal to s’, and define j = m — s’.
Applying Proposition 3.3 with ' = —o. and s’ = m, we have

$™P) il (F2oe+s+/3 app small
s'+j s -
s _/¢a (( 1)So+J pso+i ¢(”)dx+”¢”4?”¢@) ez (3-44)

By (3-22) and (3-41), the last term may be bounded as follows for some C, > 0:
191, 1955 < Co™" exp(C1(Ms)1) 7 oo 1ol

< 4C lgoll.2 if [t| <C1(M5)~™ and |4 > C2. (3-45)
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We are now ready to conclude the proof of the theorem. For each A, there are two possible cases:
(i) C1(Ms)~! < ¢|A|73/2, or (ii) C1(Ms)~! > c|x|7%/2. In case (i), we have ¢~ !|A[]*/2 < C1(Ms), so
Ms > (8')~1/2 if || is chosen large enough depending on C;(-) and &'. Since s’ > s. > 5, the desired
norm inflation follows. Hence, it only remains to consider case (ii). Then, by (3-43), (3-44) and (3-45),

we have
f(—26C+Av’+j)/3

1 4 . _
2—C0||¢0||L} = / poy (m¢?§f) dx  for [¢] < min{to, c[A| 2},

Using duality and applying (3-21), we arrive at

1 , e (D
5 1901l < 185 @l 9] .70 f 2R |
< C1 exp(=3B (A} (—oc + 5"+ 1)) 1185 pll .

Rearranging the factors, we finally arrive at
195 (D)L~ = %A“‘/—”’O exp(3B(HA*(—o. +s' +3)t) for 0 <t < minfrg, c|A] /).

Fix t = c|A|~¥/?; by taking A sufficiently large, we may clearly ensure that # < fo. Since s’ > sc > 0c — 5
and A%t = c|A|'/2, by taking A larger we may also ensure that the right-hand side is at least (§")~!/2 for

each s’. This completes the proof of Theorem 1.5. ]

3.6. Proof of Theorem 1.6. We are now in a position to complete the proof of Theorem 1.6. As we shall
see, the argument is parallel to that for Theorem 1.2 in the Schrodinger case.

Let so > s > s. and € > 0 be given as in the statement of Theorem 1.6. Suppose, for contradiction, that
for every ug € C*°(T) satisfying ||ug||cso < € there exists § = §(ug) > 0 and a corresponding solution u
to (1-9) belonging to L*°([0, 8]; C*(T)).

We shall fix a function fog € C*°(T) supported in [—4x;, 4x1] which satisfies fo(x) =x3in [—x1, x1],

fo > 0on (0, 2x;) and the cubic vanishing property at 2x; for some small 0 < x| < in what follows,

1.
o m’
we omit the dependence of constants on fy. Then, we take

[e.e] [e.e]
for=Y fro= Y A2 Q@ —x), =272 Ag=27F,
k=ko k=ko
where k¢ shall be fixed below. We see that fy € C* and | follco < %e provided that kg is sufficiently
large depending on sg and €. Moreover, we can check that there exists a constant Cop = Co( fp) > 0 such
that (3-8) holds for fy. For each k € N, we take cutoff functions x; which are equal to 1 on the support
of fi.0 and vanish on the support of fi: ¢ for all k& # k.

Now, let f € L*°([0, é]; C*(T)) be a solution to (1-9) with f(r = 0) = fy. Using the equation and
C*!-regularity, we have the pointwise estimate |3, f| < | fo| 4+ | f|, which guarantees that the support of
f(t,-) is preserved in time. For simplicity, we set My = || f|| (0,s}.c*1) and replace § with min{é, c}
with some small constant ¢ = ¢(My) > 0, so that we have uniformly

3 fox) < £, x) <3 folx), t€l0,8], (3-46)

whenever fo(x) > 0. The existence of such a constant ¢ follows from (3-10) and (3-11).
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Since xi is either 0 or 1 on supp(fo) = supp(f (%, -)), we have d; xx = O on the support of f and
Xk f = sz f. From these observations, it follows that x f =: fi provides a solution to (1-9) for any k > kg
with initial data fi o. Let Iy = [xg, xx + 27k2x,], and observe that

Il feolly o < Aell follyqo.20p + 27 Il foll e qo.20 1) = 0 as k — oo, (3-47)

Taking kg larger and § smaller if necessary, by Proposition 3.2, we have, for every k > k,

| fill Lo 0,51 v (1)) < C(Mp).

Let us fix a C*°-smooth profile gg supported in (%xl, xl) and normalized in L2; in what follows, we
omit the dependence of constants on gg. We take gi(x) = 2K/ 2go (2¥(x — x¢)). For a strictly increasing
sequence {Ag}i=k, (A > 1) to be determined, we consider the wave packets

G (1, %) =P8k, fel,

where ¢?ff) [gx, fi] denotes the wave packet constructed in Proposition 3.3 using the solution f; with
profile g; and frequency A;. We define the corresponding error by

[0 + L 167" = €4, (3-48)

where Ly, is simply (3-14) with f replaced with f;. Recall also the definition of the L]% norm from (3-1),
and observe that f = f; on the support of ¢zp P Applying Proposition 3.3, we obtain the following
properties of ¢pr for all ¢ € [0, 8]:

* 197 0llz < Crlgg N < Crligollze,

« IR0 8™ @ 0lla < Crlldf e < Cr

* lleg (t. )12 < Cr (1 + AYT) AL+ 230),
and, since s is even, we have

—20,+5)/3
f—zoc/3¢zpp _ as( f(20e+8)/
X

B ¢app) + f—205/3¢small’ (3_49)
(_1)s/2Ai/3ki k k
with
—$/35 =5 £(= —0c/3, — 2/3
o A As fE200 By (1 )1 < C AT 0 exp(—3Bu) AL A (—oe +5 + 1)),
° ||f—0c/3(£]§ma]1(t’ . )”L2 S Cf‘k)"_l,
where B (¢) is the solution to (3-3) with f replaced by f;. Observe that C 7 depends on My, k and s, but

not on A;. In view of (3-17), note that A; should be sufficiently large depending on k and g¢ to ensure
that the first inequality in the first item holds. Define

Go() = dro() = exp(—x,/ ) ().

k=ko k=ko
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By ensuring some growth of A, (e.g., Ax > 2¥) and by taking k( even larger if necessary, we can guarantee
that ||¢g|lcs < %e, so that ug := fo + ¢o is C*°-smooth and satisfies |lug||cs0 < €. From the contradiction
hypothesis, we have a L>C* solution u(¢, x) to (1-9) with initial data u( on some time interval [0, §'].
By shrinking either & or §’, we may assume that 0 < 8’ = §. We now set

¢@) :=ul@) = f(0), (1) := xxp(t)

for all k > k9. Moreover, taking kg larger if necessary, we can easily arrange that fy(x) and up(x) are
uniformly comparable; for all x,

7 9
guo(x) < fo(x) < guo(x).
From the conservation of the support in time, we have that )~ ko Pk = ¢. We now introduce

M=1+ SE?)PS](Hf(l)lle-l-||¢(l)||cs) > My, (3-50)
t€l0,

which is finite by the contradiction hypothesis, and further replace § with min{$, c}, where c = c(M) > 0
is large enough that we have

%uo(x) <u(t,x) =< %uo(x), t €10, 48], (3-51)

whenever uo(x) > 0. Note also that, by a computation similar to (3-47), we have ||ug|y,) — 0 as k — oo.
Choosing kg sufficiently large and § small enough, by Proposition 3.2, we have, for every k > k,

Nl Lo qo.61,y (1)) < C(M).
We see that yu is a solution to (1-9) and it follows that ¢ solves

[0; + Ls 1ok = O [dr],

where Qy, is simply (3-15) with f replaced with f.
From Proposition 3.4, we have the modified energy estimate for ¢y,

lléx (2) ||L.%(1,() <CM) ||¢k,0||L}0(1k)~
Proceeding as in the proof of (3-42), we obtain

d
O B | = CM k) + L+ 20 ol 2 1y 1 €10,8] (3-52)

‘We shall take 7, := A,:S/ 3 « 1 and make sure that kg is large enough so that #; < §. Integrating (3-52)
from t =0 to 1,

(G 3 )y (1) = (1= C(M, k) (14 2 (L 2580)0) I broll 2 > 3ldwolzz

by taking Ay larger if necessary. On the other hand, we write

(B, O (1) = (B, B5(F T2HIBYPOYY (1) + (0P, 0P M) (1),

! /34 s
(—1)s2A77%
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Using the above estimates for ¢y and qb,fmaﬂ at t = t, for Ay sufficiently large, the last term on the
right-hand side is bounded by 211||¢k,0|| L2 - We may therefore obtain
J0

—s/3., — —20.
ol < AP A 183k 0l | f 2P g )
< C(M, k, )AL 707 exp(=3B (DA (—oe + 5 + D)ar ) 185 e (1) | e

Recalling that ||¢x ol 12 > c(k) exp(—)»,lc/ 8), we arrive at the lower bound
0

lpe(tlics = (M, k, )3 exp(3Bet) Ay (=0 +5 + 3)n° =2 7%).
Finally choosing A to be sufficiently large, we may guarantee that

M = sup [[¢(D)llcs = e(t)llcs — 00 as k — oo.
1€[0,8']

This contradicts the finiteness of M in (3-50), which completes the proof of Theorem 1.6. U

Appendix: Takeuchi-Mizohata ill-posedness via duality

In this appendix, we show how an application of the duality (or generalized energy) argument from [Jeong
and Oh 2022] and this paper leads to simple proofs of quantitative ill-posedness results for first-order
perturbations of the free Schrodinger equation related to the Takeuchi—Mizohata condition, including
Proposition 1.16 (see Section A.2).

A.1. One-dimensional case. We begin with the one-dimensional first-order perturbation of the free
Schrodinger equation,

10;u + Oyt +b(x)0u =0. (A-1)

Fix xo € R. For T > 0 and p > 1, we define the weight

X b (x /) ,
w(x) =exp Re dx
0 2
and the growth factor

xo+2T+y b(x'
M(T, 1) = inf exp(/ Re *) dx/>.
oyolyl<s! yol <! %o+ 2

Fix also {1 € C*°(R) with supp 1 C {x : |x| < 1} and ||1]|.2 = 1. Given u > 1 (inverse spatial scale),
define ¥, , = w4y (u(x — xp)). Given also A > 1 (frequency, or inverse semiclassical parameter) —
which in practice would be much larger than © — define

At
i(t, x) = w (x)e ™ exp (— / iImb(x — 2s) ds) Vo (X — 2A1). (A-2)
0

This is a wave packet that approximately solves (A-1); see (A-7)—(A-9) below.



ILL-POSEDNESS FOR DISPERSIVE EQUATIONS 775
Proposition A.1. Let u be as in (A-2), and let uq satisfy

/Re(uOLTO))w2 dx =1, suppugC[xo— /L_I,X() + ,u_l].
Then there exists at least one corresponding solution u of (A-1) belonging to Lﬁfc,t(R; sz). Assume that
it furthermore satisfies u € L{°([0, t7]; Lz) with
tr<cp!, (A-3)
where c is a constant depending only on ||b||c1.1 and |1 || 2. Then, u(t) necessarily satisfies the pointwise

lower bound
lu(@)ll 2 = Mt w)lluoll2 forall0 <t <t. (A-4)

Proof. As discussed in Section 1.4, we consider the conjugation v = wu. Introducing the formally
self-adjoint operator

L=A+ilmb(x)d, + %Imbx,

we have the conjugation identity

(id,+ D)o = (url Ow+bw ™! o+ 2 Imbx)v Fw(id, + A+ b(x)d,)u.

Under the assumption that v(t) € L?, we have fort > 0
o) 22 < e vl 2, (A-5)
where C depends only on ||b||c1.1 and || ]| 2. Moreover, we also have
1G3: +Dyv(0)]l 2 < Coe™ flvoll 2 (A-6)

where C depends only on ||b||c1.1 and || ]| 2.
Next, we consider the standard wave packet v for id, + £ obtained by solving (1-15) with a =1,
Reb =0, ®(0,x) =Ax and a(0, x) =, ,(x). It is given explicitly by

by
§ = ekl exp(— / i Imb(x —2s) ds> Voxe (X — 2A1).
0
(Note, furthermore, that # = w~'7.) By the definition, we clearly have, for all 7,
[o@)lg2 = 1. (A-7)
Moreover, by the support property of v, it follows that

lwo@)|l2 < sup w(x —2At+Yy). (A-8)
yilylsp!
Finally, we consider the error incurred by v. A straightforward computation gives the following:
Lemma A.2. We have
1G9 + L)dll 2 < Cont®, (A-9)

where 60 depends only on ||b||c1.1 and || Y1 || 2.
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Given the above lemma, by the self-adjointness of £, we have

%w, B) = —((id, + D). i) + (iv. i (id, + L)B).

By (A-5), (A-6), (A-7) and (A-9), we have

\ S tw.9) \< (Co+ Cop®e " vl 2.

Provided that (A-3) holds with ¢ sufficiently small compared to Cy and Co, we see that
(v, D) () = Hlwugll2 forall0 <t <ty.

On the one hand, by duality (i.e., Cauchy—Schwartz) and (A-8),

(v, V(1) = (u, wo)(1) = sup w(x —2rr + ) u(®)ll 2.
yilylsp!
On the other hand, by the support property of u(, we have
luoll2 < sup  w™" (o — 24t + y) |wugl| 2.
yilylsp!

Combining the preceding three inequalities, we arrive at (A-4). (]

Proof of Lemma A.2. We compute, with ¢ = v, »,,

19,5 = 325+ A5 Imb(x — 241) — 2iA5 TEX T 24D
Y (x —2A1)
At _
0xV = <i)\_/ ilmbx(x—ZS)ds-{-Wx—m)ﬁ’
0 W (x — 2At)
and
At 2 Iy
axxﬁz—()\—/o Imbx(x—2s)ds> 5+2(i)\—/0 i Imby (x — 2s)d) H
At
v ] ~Vx (x — 2A1)
_U/O iImbyy(x —2s)ds +v m

Then, after several direct cancellations, we have

At
(id,+L)o = k(Imb(x —2xt) — Imb(x) +2/ Im by (x — 25) ds)a
0

At 2
—Imb(—/ iImbx(x—Zs)ds—l—l/IX(x 2M)> —I—(/ iImb, (x—2s)ds)
0

Y (x —2At)

At wx(x 2t)
+2(—/0 iImb, (x—2s)d) 1//(x—2)»l) ( llmbxx(X—zs)dS)U
_|_1//”(x 2M)~—|——Imbxf).

v(x—2x) 2
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Using
At
/ Imb,(x —2s)ds = —% Im(b(x —2At) — b(x))
0

we get a cancellation of remaining terms of order A. Moreover, the same identity eliminates all integrals
on the domain [0, A¢]. Using 4 > 1 to bound all the other terms by O (11?), the proof is complete. [

A.2. Multidimensional case. We consider the following equation on R?:
idu+ Au+ b/ (x)dju =0. (A-10)

Unfortunately, the proof of a pointwise lower bound in Proposition A.1 breaks down due to the lack of
a simple physical space conjugation that removes Re b/ (x)0;. Instead, we shall prove two (conceptually)
weaker statements using the duality method, including Proposition 1.16.

The first result is an unconditional integrated lower bound that is valid for nontrivially long (i.e., > 1~!)
timescales. To state this result, given xg € RY, wye S, u>1and T > 0, define

T
My oo (T, 1) = | ilnf 1 exp(—/ Re b/ (xo + y — 2swp) (wo) ds).
yilyl<u~ 0

Fix 1 € C*®°(R?) with supp y; C {x : |x| < 1} and ||y1]|,2 = 1. Given u > 1, define

Yixo = 12491 (u(x = x0)).

Given also A > 1, define (see [Mizohata 1985, §VIIL.2])
by
i, x) = gitwox—ir’t exp(—/ bl (x — 25wo)(wo) ds) Vi xo (X — 2Awot).
0

Proposition A.3. Letu € LY°([0, #7]; L?) be a solution to equation (A-10) with initial data uq satisfying
(ug, u(0)) = 1, where u is determined from ., v and yr| as above. Then as long as

1/3

w<cAl'? and tp < a3, (A-11)

where c is a constant depending only on ||b||c1.1 and || || g2, we have that u(t) necessarily satisfies the

averaged lower bound
1 [ (14 par)? B
; mMm,wo(}"t’ W) Hu @) 2 dt > é||u0||L2- (A-12)
0

An example of an initial data uq satisfying the above hypothesis is, of course, ug = i (0), in which
case u is expected to behave like . An argument similar to the proof of (A-14) shows that

A
la@)l2 < sup eXP(—/ Re b/ (xo +y — 25wp) (wo); dS) (0]l 2.
yilyl<p~! 0

Thence, provided we choose ;™! to be sufficiently small depending on b, (A-12) is sharp for i up to a
constant.



778 IN-JEE JEONG AND SUNG-JIN OH

Proof. We introduce £ and its formal L2-adjoint £* (in operator notation),
L=A+b'(x)3;, L*=A-db(x).
The basis of the proof of Proposition A.3 is the generalized energy identity

%(ul, uz) = —(((0; + Luy, iuz) — (iuy, (0, + Luz), (A-13)

which is a consequence of the Leibniz rule for d; and 0 = (i Luy, up) + (iuy, iL*us). A simple but
important observation is that (A-13) holds even under the weak assumption u; = u € L{°([0, t]; L?),
provided that u; is nice enough, e.g., smooth in ¢, x and compactly supported in space for each fixed time.

The identity (A-13) motivates us to consider not a wave packet for i 9, 4+ L, but rather its adjoint i d; + L*.
Given 1 < u < A, consider

AL
(1, x) = e exp ( / b’ (x — 2swp) (wp), ds> Yy xo (X — 2Aot).
0

Observe that
A
exp (/ Re b/ (x — 2swp) (wo), ds) < M(A\t, u)_l for x € supp ¥, x, (- —2Awot),
0

where we have introduced the abbreviation M (Af, u) = My, »,(At, ). Hence, using also that Re bl =
Re b/, it follows that

@Ol < MG, )~ (A-14)
The following lemma quantifies the error €[u*] = (0, + A)u* — 9; (b7 (x)@r*) incurred by ii*.

Lemma A.4. There exists a constant Cy, which depends only on ||b||c1.1 and || Y1 g2, such that

le[@*1(0)l 2 < Co(p+ A0 M(ht, )~ (A-15)
We are now ready to implement the duality method. Assume for the moment that, for some B > 0, we
have
1 (14 p=tar)?
R P T < Bluoll 2. (A-16)
trll (1 +p="aty) L1047 1;L2)

By (A-13) and (A-15), we then have

| )] = Colu+ MGt 1) )] 2

dr

Integrating in ¢ and using the contradiction assumption, we arrive at

(u, @) (1) = llvoll 2(1 — BCou* (14 ™" atp)*ts).
Suppose that

1 1/3 1 /3
H= (8300) WPt = <SBC0> . (A-17)
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Dividing into two cases 7y < u/A and fy > /A, it follows that
BCop*(1+ 'ty < 1.
Therefore,
(u, @*)(t) = Slugll 2 forall 0 <t <t.
Then, applying (A-14), we obtain the lower bound
lu(@)llz2 = 3M (e, ) [luoll 2. (A-18)

We now multiply both sides by (1 4~ 'A)>M (At, u)~! and integrate. Since

Iy
/O A+~ "an?de = 1, (14 7' p)?,

we arrive at
1

I
To complete the proof, we assume, for the purpose of contradiction, that (A-16) holds with B = %.
Take ¢ = (3/(4Cp))'/3 in (A-11) so that (A-17) is satisfied. Then by the preceding argument, we arrive at

(14 p~'ar)?

-1
U T2 O )

1
> ¢lluollz2- (A-19)
LI([0,t71;L?)

(A-19), which is a contradiction that establishes (A-10). [l
Proof of Lemma A.4. As in the proof of Lemma A.2, we compute with ¥ = v, y, that
_. -V
10,0 = 2% +irb! (x —2ktwo)(w0)jzl*—2ikw0 wﬁ*.

Introducing for simplicity

At )
Ii(x) = —f Wb’ (x — 2sw0)(wo); ds,  1(x)=(I1,..., 1),
0

we have

9
il = (ik(a)o)k — I+ %)u
.V
A = —2P|wo2i* — 2ihawp - T + 2002 LA + R[i*],
where

- 21-Vy | |Vy|? Y ~
R[u]=<|1|2— St +Xk:8kk7—v-l)u.

Then, after several direct cancellations, we have
(18 4 Lyir* — 8; (b (x)it*) = (—=2irewp - I +irb! (x — 2atwp)(wo)j — iAb (x)(wo);)it*

+R[E*] — b () I; (x)it* + wﬁ* — (3;b7 (x))ir*

and, as in the one-dimensional case, we use that

At
B = 2ntam) =5 0) = [ 8B (5= 2500 s = X e
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to get cancellations among the O (1) terms.” It is now not difficult to see that the remaining terms are
bounded in L? by the right-hand side of (A-15). (I

As alluded to before, the second result we shall prove using essentially the same argument is
Proposition 1.16, i.e., that the failure of the Takeuchi—-Mizohata condition (see (1-24)) implies norm
inflation for (A-10).

Proof of Proposition 1.16. Assume, for contradiction, that there exists By < 400 such that, for every
2
ug € L-,

lull Lo o,51:22) < Bolluollz2- (A-20)

By (1-24), there exists a sequence (x,, w,, 1) such that

T, _
M, o, () := exp(/ Re b’ (x, — 25w,) (0n); dx) > %,
0

By restarting from the point x,, + 27 w,, where M, ., (T) =1 if necessary, we may assume also that
My, »,(T)>1forall 0 <T <T,. Since My, o, (T, u) = My, o,(Tn) as u — 00, we may choose p,
so that

Mxn,wn(Tnv Mn) > e".

We shall apply the argument in the proof of Proposition A.3 with the parameters

T,
tf:A_’ X0 =X, ®)Q=w®n, MU=Mn A=Ay,
n

where A, shall be determined below. We denote by u; the wave packet for i 9, + L£* with these parameters,
and by u,, the solution to (A-10) with initial data uo = i, (0) satisfying (A-20). Taking A, to be large
enough, we may guarantee that f; = 7T, /A, < §. Then by the contradiction assumption and the bound
M(T) > 1, it follows that (A-16) is satisfied for u = u,, with B = C By, where C| depends only on ||dD|| pc.
Furthermore, choosing A, sufficiently large depending on By, Cy, C; and T,,, we may ensure that (A-17)
holds (here, it is important that the power of A in the second inequality is greater than —1). Thence, it
follows from (A-18) and our choices of parameters that

T,
u _
n )\‘n

Taking n — oo, we arrive at a contradiction. (Il

1
> 5" lup (0)[l 2.
L2

Remark A.S5. We note that when d = 1, Proposition 1.16 is essentially a consequence of Proposition A.1,
although pedantically the notion of solution is slightly different due to the presence of a conjugation when
d = 1. On the other hand, the preceding proof applies to all d > 1.

7Unlike the one-dimensional case, however, we cannot eliminate the integral on the domain [0, A¢] in /. Hence, we let the
right-hand side of (A-15) depend on At.
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DISCRETE-TO-CONTINUUM CRYSTALLINE CURVATURE FLOWS
ANTONIN CHAMBOLLE, DANIELE DE GENNARO AND MASSIMILIANO MORINI

We consider here a fully discrete variant of the implicit variational scheme for mean curvature flow, see
Almgren et al. (1993) and Luckhaus and Sturzenhecker (1995), in a setting where the flow is governed by
a crystalline surface tension defined by the limit of pairwise interactions energy on the discrete grid. The
algorithm is based on a new discrete distance from the evolving sets, which prevents the occurrence of the
spatial drift and pinning phenomena identified in Misiats and Yip (2016) and Braides et al. (2010) in a
similar discrete framework. We provide the first rigorous convergence result holding in any dimension, for
any initial set and for a large class of purely crystalline anisotropies, in which the spatial discretization
mesh can be of the same order or coarser than the time step.

1. Introduction

We analyze a space- and time-discrete approximation of crystalline mean curvature flows of the form
V(x. 1) = —¢pWen(x)kp, (), x€IE®D), 1=0, (1-1)

for a class of crystalline norms ¢. We recall that an anisotropy ¢ is said to be crystalline if and only if
{¢ < 1} is a polytope (or, equivalently, ¢ is the support function of a polytope). Moreover, in the current
paper we restrict ourselves to the case where {¢ < 1} is a zonotope with rational generators [McMullen
1971; Braides and Chambolle 2024]. Here V (x, t) stands for the (outer) normal velocity of the boundary
JE(t) at x, ¢ is a crystalline norm on RY representing the surface tension, /cg(t) is the crystalline mean
curvature of 0 E(¢) associated to ¢, and vg(y) is the outer unit normal to d E(¢). The evolution law (1-1)
has been considered to describe some phenomena in materials science and crystal growth; see, e.g.,
[Gurtin 1993; Taylor 1978]. Our main result is a convergence result of the discrete approximation to the
continuous evolution, as the time and space steps go to zero, even in the somewhat surprising case where
the space step is greater or equal to the time-step.

From the mathematical point of view, the lack of regularity of the differential operator involved in the
definition of the crystalline curvature (see [Bellettini et al. 2001; Bellettini and Paolini 1996]) is the main
reason why the well-posedness of the crystalline mean curvature flow in every dimension has been a long-
standing open problem. After some partial results (see for instance [Almgren and Taylor 1995; Angenent
and Gurtin 1989; Bellettini et al. 2006; Caselles and Chambolle 2006; Giga and Giga 2001; Giga et al. 1998;
2014]), important breakthroughs have been obtained simultaneously in [Giga and Pozar 2016; 2018; 20201,
where a suitable crystalline theory of viscosity solutions was developed, and with a different approach
in [Chambolle et al. 2017; 2019a; 2019b], where a new notion of distributional solutions was proposed.
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Let us focus on the definition of distributional solutions, referring to the nice review [Giga and PoZar
2022] for further information on viscosity solutions to (1-1): we just note that the two notions are
equivalent in the setting of [Chambolle et al. 2019a, Remark 6.1]. The exact definition of distributional
solutions will be recalled in Definition 2.1, but when ¢ is smooth it can be motivated as follows: it is
known (see for instance [Soner 1993] for the isotropic case) that E(¢) evolves according to (1-1) if and
only if the signed distance function d( -, t) := sd‘go(t) to 3 E () induced by the polar norm ¢°,' satisfies

9,d > div(Ve(Vd)) in {d > 0}, (1-2)
3,d <div(Ve(Vd)) in {d <0} (1-3)

in the viscosity sense. The idea of the new definition introduced in [Chambolle et al. 2017] is to reinterpret
the equations above in the distributional sense. In particular, note that replacing V¢ (Vu) by a vector
field z € L®({d > 0}; R") such that z(x) € 3¢ (Vd) for a.e. x, where d¢ denotes the subdifferential of ¢,
means equations (1-2) and (1-3) make sense even when ¢ is crystalline. The corresponding notion of
super- and subsolutions admits a comparison principle, which yields uniqueness of the motion up to
fattening. Existence is obtained either by a variant of the minimizing movements scheme of [Almgren
et al. 1993; Luckhaus and Sturzenhecker 1995] in the spirit of [Chambolle 2004], which consists in
building a discrete-in-time evolution obtained by a recursive minimization procedure [Chambolle et al.
2017; 2019a], or by approximation with smooth anisotropies [Chambolle et al. 2019b]. We observe that
the convergence of such time-discrete approaches to a motion characterized by (1-2)-(1-3) in the viscosity
sense was shown in [Ishii 2014], including in the two-dimensional crystalline setting, while convergence
in a distributional sense was established in [Caselles and Chambolle 2006] in the convex case only. Briefly,
given a time step & > 0 and an initial closed set Eg =: E"?, one defines E**+! = {4/"-**1 < 0}, where
uk+1 is defined as the minimizer of a so-called “Rudin—Osher—Fatemi” [Rudin et al. 1992] problem:

ul ke argmin{/ ¢ (Du) + L/ lu — sdq;_k|2}. (1-4)
RN 2h RN '

The idea of the present work is to combine this discretization in time with a simultaneous discretization
in space for the particular class of purely crystalline anisotropies ¢ of the form

Pp) =Y B@i-vl, (1-5)
ieé

where B(i) > 0 and & € ZV \ {0} is a finite set of generators such that Span & = R". These kinds of
convex polytopes are known in the literature as rational zonotopes. The class of rational zonotopes is
dense in the class of symmetric convex sets if N =2, while for N > 3 it is nowhere dense. This fact is
due to the strong symmetry properties of zonotopes, as every facet of a zonotope is itself a zonotope
[McMullen 1971]. Note however that the Euclidean ball may be approximated by rational zonotopes in

every dimension.
We now specify the discrete setting we are interested in, referring the reader to [Braides and Solci
2021] for a more thorough introduction to related topics. We consider an e-spaced square lattice eZV

I'The norm is defined by ¢°(x) = SUPg ()< V- X and satisfies @ (x) = supgo (<1 V- X.
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and discrete functions u : eZ" — R, and we define u; := u(i). We observe that we could also consider a
general finite-dimensional Bravais lattice, at the expense of more tedious notation. A natural discrete
version of total variation-like energies are those appearing in Ising systems, namely energies of the form

TVi):=e""" > Blije—j/e)lvi —vjl, (1-6)
i,jeeZN
where B is as in (1-5), extended to 0 in Z" \ &. Under the hypotheses above on 8, the functionals TVE‘"
are shown to I'-converge? as ¢ — 0 to the total variation functional

Vo) = [ o(Dw),

where ¢ is as in (1-5); see, e.g., [Chambolle and Kreutz 2023]. It is thus natural to define a minimizing
movements scheme based on TV/g;S which is the discrete counterpart of the minimizing procedure (1-4) as
follows: given Eg € R", we define E_ , = {i € ¢Z" | (i +[0, £)") N Eq # @}, and for every k € N we
let u]:,rll be such that

MI;EI c argmin{TVﬁf(v) + ﬁ Z lv; — (sd’s"h)i|2 v:eZV = [R}, (1-7)
iceZN
where sd';’ , denotes a suitable signed ¢°-distance function to Eé‘ » defined on eZN . (Actually, the energy
in (1-7) is infinite and we would rather consider the Euler-Lagrange equation of the problem.) Then, one
sets Ef;l = {uI:;l < 0}.

The idea is to study the asymptotic behavior of the discrete evolutions £ é‘ , asboth &, h — 0. A similar
analysis has been performed in [Braides et al. 2010], in the planar case, for ¢ = || - ||; and sdlg’ , the
continuous signed distance function from the discrete sets E f , Testricted to the lattice eZN; see also
[Misiats and Yip 2016; Braides et al. 2016; Braides and Scilla 2013; Braides and Solci 2016; Malusa and

Novaga 2018; Scilla 2020] for further related results. With this choice, if € >> A it is easy to see that the

dissipation-like term in (1-7)
S 37 i — i
iceZN

forces the functions ulg’ , to be constant as k varies, therefore producing pinning on the moving interfaces.
Moreover, when the two scales ¢, h are going to zero at the same speed it is shown in [Braides et al. 2010]
that a direct implementation of the standard scheme, with the choice above for the distance, introduces
a systematic error of order ¢ = h at each step, which accumulates and produces a drift in the limiting
evolution. As a result, low curvature shapes remain pinned, while sets with higher curvature evolve with
a law which is a nonlinear modification of the crystalline curvature flow (1-1). Thus, the evolution law
(1-1) can be approximated with the scheme of [Braides et al. 2010] only if ¢ < 4. In [Misiats and Yip
2016], similar results are derived, still in dimension 2, for the isotropic (Euclidean) mean curvature flow.

2Note that we do not need to assume that the lattice generated by {eg}r—1 .. 1S 7N | which is necessary to ensure the

equicoercivity of the discrete functionals.

,,,,,
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We show in our main result, Theorem 5.2, that with a new appropriate definition of the distance sdl‘; A
we can recover in the limit &, # — 0 the actual distributional solution to (1-1) for every initial set Eg C R,
for every purely crystalline anisotropy ¢ of the form (1-5) with rational coefficients, in any dimension and
irrespective of relative size of the space and time steps. In fact, the assumption of the rational character of
B can be removed in the regime ¢ < O(h). To the best of our knowledge this is the first general rigorous
convergence result for a fully discrete scheme without restrictions on the dimension, on the initial sets
and in which the spatial mesh is allowed to be of the same order or even coarser than the time step.

Let us further comment on the analysis carried out in [Braides et al. 2010] in the planar case; see also
[Braides and Solci 2021] for many more references on the topic. One important change between these
older results and ours is that we consider distributional solutions to the crystalline mean curvature flow
(1-1) instead of relying on the characterization of the motion via ODEs, which dates back to [Almgren
and Taylor 1995; Angenent and Gurtin 1989]. The latter notion of solutions is indeed suited only for
planar evolutions, thus the limitation N = 2 in the past works. With the ODE definition and for ¢ = | - ||1,
the authors of [Braides et al. 2010] precisely prove the following results: if ¢ < & then the limiting
motion is consistent with (1-1), while if 7 < ¢ pinning happens for any nonempty initial data. As already
mentioned, in the critical case & = h, the limit planar motion is not driven by (1-1) but instead by a slightly
modified nonlinear crystalline mean curvature flow, and pinning may happen for some particular (low
curvature) initial data. This striking difference with our result may be (vaguely) justified by the following
remark: While in [Braides et al. 2010] the focus is on discrete sets, we rather evolve, in accordance with
the definition of distributional solutions, the signed distance functions to the boundaries. In this way we
can effectively achieve a subpixel precision in our approximation, as u, j, and the signed distance function
carry more information than the evolving level set {u, ;(¢#) < 0}. Our new definition of the interpolated
signed distance is detailed in Section 4.

The consistency result in this paper validates the numerical experiments which we carry out in Section 6
to illustrate our results. These experiments are derived from previous experiments in [Chambolle and
Darbon 2009], which however used a different redistancing operation for which no consistency was
proven. Numerical schemes based on the variational approach [Almgren et al. 1993; Luckhaus and
Sturzenhecker 1995] have been introduced for crystal growth [Almgren 1993]. Since then, there have
been many attempts to implement implicit schemes based on this approach for isotropic and anisotropic
curvature flows in various settings [Chambolle 2004; Eto et al. 2012; Oberman et al. 2011; Pozar 2018;
Eto and Giga 2024]. We are however not aware of a formal convergence proof for these schemes in the
fully discrete setting that does not rely on the consistency of the spatial discretization with respect to the
time-discrete scheme (and hence, assuming &€ < h, even if in practice these implementations seem very
robust).

Many other techniques have been considered to simulate crystalline flows after [Taylor 1991; 1993];
see, e.g., [Girdo 1995; Girdo and Kohn 1996; Dziuk 1999] for the evolution of planar curves and [Novaga
and Paolini 1999; Paolini and Pasquarelli 2000] for higher-dimensional algorithms.

Let us conclude this introduction with two comments. The first one concerns the hypothesis that ¢ is
purely crystalline. It seems quite technical as it implies that the associated interaction function g8 (in the
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sense of (1-5)) has finite range. While this is not necessary to carry out the existence part for the discrete
minimizing movements scheme, it is essential for building a calibration which yields a bound on the
speed of Wulff shapes; see Appendix A. In practice, since the closed Wulff shape ¥ := {¢° < 1} is a
finite Minkowski sum of (rational) segments (which is called a zonotope), we can effectively handcraft
a calibration along the directions identified by these segments. It is a remarkable difference between
this discrete setting and the continuous one, where instead the vector field x/¢°(x) in R" is the right
calibration for any anisotropy ¢.

The second one is on possible generalizations of the present analysis to more general evolution laws
than (1-1). The more general evolution law which is shown to admit a unique distributional solution is

V1) =Y o) (—khy () + f@.0), x€dEW), 120, (1-8)

where 1 is a norm (usually referred to as the mobility) and f is a forcing term; see [Chambolle et al. 2017;
2019a]. We expect most of the present analysis to be valid even if ¥ # ¢, under suitable compatibility
assumptions on ¥ (see the same two works for details), and it should not be difficult to consider a driving
force f as long as it is Lipschitz in space and globally bounded; see [Chambolle et al. 2019a] again.

The paper is organized as follows: In Section 2, we recall the definition of distributional crystalline
curvature flows from [Chambolle et al. 2017; 2019a]. Then, we study the discrete “Rudin—Osher—Fatemi”
problem and its Euler-Lagrange equation in Section 3. In Section 4, we introduce the discrete minimizing
movement scheme, with our particular definition of the signed distance function. We study in detail the
properties of these distances, then in Section 4.3 we analyze the particular case of an initial Wulff shape.
In the continuous setting, it is well known that under the law (1-1) it decreases in a self-similar way with
a speed proportional to the inverse of its radius. We show an estimate bounding the decay of the discrete
Waulff shapes; it relies on the delicate construction of a calibration z for the Rudin—Osher—Fatemi problem
with datum ¢°, detailed in Appendix A.

Our main result— which is that, in the limit ¢, » — 0, the motion defined in Section 4 converges to
a crystalline flow —is stated, and proved, in Section 5. We implemented the discrete scheme in two
dimensions and show some numerical simulations in Section 6. Some technical results are collected in
the appendices.

2. Distributional crystalline curvature flows

We recall the distributional formulation for the crystalline mean curvature motion of sets evolving with
normal velocity (1-1) introduced in [Chambolle et al. 2017]; see also [Chambolle et al. 2019a]. Here and
in what follows ¢ is any norm, ¢° denotes the polar (or dual) norm of ¢ and, given a closed set F € R",
dist¢°( -, F) stands for the ¢°-distance function from F defined by

dist?” (x, F) := min{¢°(x — y) | y € F}.
Analogously, for any E, F closed, we set

dist?”(E, F) :=min{¢°(x — y) |[x € E, y € F}.
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We recall that a sequence of closed sets (Eg)x>1 in RN converges to a closed set E in the Kuratowski
sense if the following conditions are satisfied:

(1) If x; € Ej for each k, any limit point of {x;} belongs to E.
(2) For all x € E there exists a sequence {x;} such that x; € E} for each k and x; — x.

We will write in this case
E. L E.

One can easily verify that Ej X, E if and only if (for any norm ) dist'”( - Ey) — dist‘”( -, E) locally
uniformly in RY. Hence, by the Ascoli—Arzela theorem, we have that any sequence of closed sets admits
a converging subsequence in the Kuratowski sense (possibly to @, when dist? (-, Ex) — +00).

Definition 2.1. Let Ey € R" be a closed set. Let E be a closed set in RV x [0, +00), and for each 7 > 0
define E(t) ;= {x e RN | (x,t) € E}. We say that E is a superflow for (1-1) with initial datum E if the
following conditions are satisfied:

(a) E(0) < Eo.
(b) E(s) L5 E(t)ass 7t forall t > 0.
(c) If E(t) = & for some ¢ > 0, then E(s) = & for all s > ¢.
(d) Set T*:=inf{t > 0| E(s) = & for s >t} and
d(x, 1) :=dist*’ (x, E(t)) forall (x,t) e RY x (0, T*)\ E.
Then,
9,d > divz (2-1)

in the distributional sense in R x (0, T*) \ E for a suitable z € L®(R" x (0, T*)) such that
z € 3¢(Vd) ae., div z is a Radon measure in RY x (0, T*) \ E, and

(divz)T e L®{(x, 1) e RN x (0, T*) | d(x, 1) > 8})
for every § € (0, 1).

We say that A, an open set in RY x [0, +00), is a subflow for (1-1) with initial datum E if
RN x [0, 4+00) \ A is a superflow for (1-1) with initial datum R" \ int(Ey).

Finally, we say that E, a closed set in RN x [0, 400), is a weak flow for (1-1) with initial datum E if
it is a superflow and if int(E) is a subflow,? both with initial datum Ej.

In [Chambolle et al. 2017] the next crucial inclusion principle between sub- and superflows is proven.

Theorem 2.2. Let E be a superflow with initial datum Eq and F be a subflow with initial datum Fy in the
sense of Definition 2.1. Assume that dist?” (E?, RV \ FO) =: A > 0. Then,

dist? (E(t), RN\ F(1)) > A forallt >0
(with the convention that dist®” (G, @) = dist?” (@, G) = +0o0 for any G).

3Here we are taking the interior with respect to RV x [0, +-00).
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We also recall the corresponding notion of sub- and supersolutions to the level set flow associated with
(1-1). In what follows UC(R") stands for the space of uniformly continuous functions on R .

Definition 2.3 (level set subsolutions and supersolutions). Let ug € UC(RYM). A lower-semicontinuous
function u : RN x [0, +00) — R is called a level set superflow for (1-1), with initial datum ug, if
u(-,0)>ug and if for a.e. A € R the closed sublevel set {u( -, ¢) <A} is a superflow for (1-1) in the sense
of Definition 2.1, with initial datum {ug < A}.

An upper-semicontinuous function u : RN x [0, +00) — R is called a level set subflow for (1-1), with
initial datum u, if —u is a level set superflow in the previous sense, with initial datum —ug.

Finally, a continuous function u : RV x [0, 4+00) — R is called a level set flow for (1-1) if it is both a
level set sub- and superflow.

Using Theorem 2.2, it is not difficult to deduce the following parabolic comparison principle between
level set sub- and superflows, which yields in particular the uniqueness of level set flows (in the sense of
Definition 2.3); see [Chambolle et al. 2019a].

Theorem 2.4. Let ug, vo € UC(RY) and let u and v be a level set subflow starting from uy and a level set
superflow starting from vy, respectively. If ug < vy, then u < v.

We finally recall that in [Chambolle et al. 2017] (see also [Chambolle et al. 2019a]) the existence of
level set flows is established by implementing a level-by-level minimizing movements scheme. This
in turn yields existence and uniqueness (up to fattening) for weak flows. This is made precise in the
following statement; see [Chambolle et al. 2017, Corollary 4.6; Chambolle et al. 2019a, Theorem 4.8].

Theorem 2.5. Let ug € UC(RYN). Then the following hold:

(i) There exists a unique level set flow u in the sense of Definition 2.3 starting from uy.

(i1) Forall » € R the sets {(x,t) |u(x,t) <A}and {(x,t) | u(x,t) < A} are the maximal superflow and

minimal subflow with initial datum {ug < A}, respectively.
(iii) For all but countably many X\ € R, the fattening phenomenon does not occur; that is,
{Ce, ) Tux, 1) <A} =imt({(x, 1) [u(x, 1) <A}), 2-2)
c(fCe, ) fulx, 1) <AP) ={(x, 1) [ulx, 1) <A},

where interior and closure are relative to space-time.
For all such A, {(x,t) | u(x,t) <M} is the unique weak flow in the sense of Definition 2.1, starting
from {ug < A}.

The aim of this paper is to show that the convergence to the continuum level set flow also holds when
the Euler implicit time discretization is combined with a suitable spatial discretization procedure.

3. The discrete “Rudin—Osher-Fatemi’ problem

In this section, we describe our discrete setting. We then introduce and analyze the discrete variant (1-7)
of the Rudin—Osher—Fatemi (ROF) problem (1-4).
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3.1. Discrete function spaces and operators. For ¢ > 0, we define the function spaces X, = ReZ" and
Y, = ReZ">¢Z" " Given a function u € X, and a discrete “vector field” z € Y., with a slight abuse of
notation we will write u; = u(i) and z;; = z(i, j), i, j € eZV. The discrete gradient D, : X, — Y, is

defined, for u € X,, as
u; —Ltj

(Deu)ij =

We denote its adjoint operator by D} : Y, — X, which is namely the operator that, for n € X, compactly
supported and for z € Y, is defined as

‘ ni —nj
Z(Djz)mi = Z Zij(Den)ij = ZZU PR
i 15 1)

where the indexes, here and throughout the paper, range over ¢Z" if not otherwise stated. In particular,

taking n = x(;), one finds that
Zij — Zji
(D}2); = Z =, 3-1)
J

which can be seen as a discrete divergence operator.

3.2. Discrete ROF problem. In this subsection we consider the discrete anisotropic ROF problem
associated with the discrete total variation functional. Without loss of generality, we consider € = 1 in
this subsection, and define X := X, Y :=Y; and D := D,. Given a nonnegative 8 € X, which will be
called the interaction function, satisfying

> Bli) =t cp < +oo, (3-2)
ieZN
we set a;; = B(i — j) and, for any u € X, we define
TV@) = Y aijlui—ujl =Y ai;|(Du)ijl. (3-3)
i,jeZN i,j
We also consider the discrete perimeter & defined for every E C ZV as
PE)=TV(xF) = aijlxf —xFI.
i,jezZN
We also consider a suitable localization of the perimeter: namely, for any set A € RY, we define
P(E; A) = Z aijlx = xf-
i€eANZN or jeANZN

Note that the quantities above may well be infinite.
Then, given g € X, we consider the following problem: find a pair («, z) € X x Y such that

{D*Z+”=g,

3-4
Zij(ui —uj) = a;jlu; —ujl, |zij| <oy; foralli, j e7V. (3-4)



DISCRETE-TO-CONTINUUM CRYSTALLINE CURVATURE FLOWS 791

The equation above is the Euler-Lagrange equation of the discrete ROF functional

ROF, (v) =TV (v) + % > (i—g)’. (3-5)

iezZN
However, (3-4) makes sense also for those g such that ROF, = +o0. That (3-4) is the first-order condition
for optimality in (3-5) follows from standard convex analysis: the idea is that, since

TV (v) =sup{{z, Dv) | |zi,j| < @i j YV, j)},

the subgradients 7'V (v) of TV at v are precisely given by the vectors D*z for those z which realize the
supremum in this expression. Then, for g with bounded support (such that there is at least some u with
finite energy), (3-4) requires that 0 € 0ROF, (u), which by definition is the condition for the minimality
of u.

We will also consider the following geometric minimization problem. Given g € X, find

in P(F Fai. 3-6
min P(F)+ ) 18 (3-6)

iezZN
In order to deal with unbounded sets, possibly with infinite perimeter, we will consider the following
notion of global minimality with respect to compactly supported perturbations:

Definition 3.1. A set E C Z" is a global minimizer for the problem (3-6) if for every R > 0

PE; BR)+ Y xFei <P(F;BR)+ ) x/ & (3-7)
li|<R lil<R

for every F C ZV such that FAE C Bg. Here Bg = {x € R" | |x| < R} is the open ball of radius R
centered at the origin.

Proposition 3.2. Let g, g’ € X be such that g’ — g > 8§ > 0. Let E and E’' be two global minimizers of
problem (3-7), in the sense of Definition 3.1, corresponding to g and g', respectively. Then, E' C E.

Proof. Let us define in the following x := x s and x’:= x . For a given R > 0 we define the competitor
sets F = (E; \ BR) U((E; UE;)N Bg) and F' = (E, \ Br) U ((E; N E;) N Bg). By minimality of Ej
and E; in Bg one has

Yoo il = xjl+ D] &0 — X A k)
lil<Ror |j|<R li|<R
<D il Axi =X Axl+ D (o)l Axi = xjl (3-8)

li|<R lil<R
[/I<R [jI=R

D il — x4 D] i — %V x)
lil<Ror|j|<R li|<R
<D il Vi =XVl + D (el Vo = xil- (39)

lil<R lil<R
[jl<R [jI=R
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Using the inequality4 lanb—cAd|+lavb—cvd| <l|a—c|+|b—d| and summing together (3-8) and
(3-9) we obtain

D e+ o) xi— x5+ X =D +2 ) (6l =)o — x)*

lil<R lil<R
lil=R
< D (i) Axi— xjl+1x v xi = xiD. - (3-10)
li|<R
ljI=R

We then remark that | x; A xi — x| < |x{ A xi = x{ |+ 1x{ = xj1 = (x{ = x)" +|x; — ]| and analogously
1%/ V xi — xj1 < X/ = xi)" + |xi — x;|. Therefore, (3-10) implies

D= =t = D =Xt D (i ). (3-11)
lil<R lil<R [jI=R

Fix now Rs > 0 such that

> B <48,

|k|=Rs

and define Vy := Z\i|<R(Xi/ — xi)t. Assuming R > R;, for every £ < R, we use (3-11) and g+ < g’ to

get
Vg < Z(X[ —x)t Z (aij +aji) +2cp Z xi—x)"
lil<¢ lJ/I=R L<lil<R
<2 O —x)T Y. B +2cs(Vr— V). (3-12)
li]<t |k|>R—¢

Therefore, choosing £ = R — R;s in (3-12), we obtain
38VR <2¢5(VR = VR-r,) (3-13)

which implies that for every &k, £ € N

6 [
Virs < (1 - 4—> Vik+0)Rs- (3-14)
CB

Letting £ — 400, since Vg, = 0 (M), we infer that V; r; = 0 for every k € N. In particular, this
implies that (x' — x)* =0, i.e., x' < x. O

We will prove the following theorem.

Theorem 3.3. Given g € X there exists a unique function ué € X and there exists a discrete vector field
z € Y such that (u8, z) is a solution of (3-4). Moreover, the following comparison principle holds: if
g < g thenu® < us'. Finally, for any R > 0 and s € R, the sublevel set E; .= {i € N uf <s}lisa
global minimizer (in the sense of Definition 3.1) for (3-6) with g replaced by g — s.

4Indeed, if ¢ > b and ¢ > d, this is an equality, while if a > b and ¢ < d, one deduces that b —d <a —d <a —c,

b—d <b—c<a—csothatthereexistst € (0,1) witha—d=t(b—-d)+ (1 —-t)(a—c), b—c={1—-1t)(b—d)+1t(a—c):
the conclusion follows by convexity of | - |.
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Proof. Step 1. (existence). For every n € N set g" := gx 5 and note that g" € £>(Z"). Therefore, by
standard methods and by strict convexity, the functional (3-5), with g replaced by g", admits a unique
minimizer u” and, as previously observed, the optimality condition is the existence of a discrete field z"
such that (u", z") solves (3-4) (with g" in place of g). Note that, for any k € VAR by (3-4),

lugl < I8¢ 1+ 1(D*2)| < gkl +cp forevery n €N, (3-15)

where the last inequality follows from the definition (3-1) and from |z;;| < «;; and |g"| < |g|. Now, it is
clear that we can extract a subsequence n; and find (u, z) such that u?" — u; and sz — z;j as k — +o0.
Clearly we have that |z;;| < «;; and z;;(u; — u;) = o;j|u; — uj|, and it is immediate to check that (u, z)
satisfies (3-4).

Step 2. (minimality of the sublevel sets). Let R > 0, s € R and let F € Z" such that E,AF € Bg. We
first remark that o;; | xiE’T — ij“I = —z;j( XiEf — XJ.E‘V), which follows easily from the definition of E; and
Zij (Ui —uj) = ajjlu; —ugjl.

We set I :={(i, j) € Z¥ x Z" | |i| < R or |j| < R} and compute

P(F; Bp)—P(E;; BR)= Y aijlx —x/ 1= D eijlx’™ =1

(i.))elr i.))elr
Es Es

> — Z 2 = 1)+ Z zij(G " = x7)

(i.)elr i.)elr

E, E,

= > o = x" =G =1

(i.)elr

E, E,

=Y i = x5 =X, (3-16)

i

where in the last equality we used the fact that XiES = X,-F if |i| > R. Noting that the function x B —xFis
compactly supported, we may use it as a test function for (3-4). Therefore, from (3-16) we deduce

P(F; Bp) — P(Es; Br) = Yz = x = 7 = %)

ij
=3 P DG —u) = Y @i—9— D (gi—9).

i€E,\F i€F\E,
which shows the minimality of Ej;.

Step 3. (comparison and uniqueness for (3-4)). Assume g < g’, and let (u, z) and (v, 7') be two
corresponding solutions for (3-4). Let s > s’, and recall that by Step 2 {u#’ < s’} and {u < s} are global
minimizers for (3-6) according to Definition 3.1, with g replaced by g’ — s’ and g — s, respectively. Since
g —s' —(g—s)>s—s" >0, from Proposition 3.2 we obtain {u' < s’} C {u < s}. By the arbitrariness of
s and s’ we conclude that u < u’. O

Remark 3.4. We remark that, given g € X, clearly u™% = —us.
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4. The minimizing movements scheme

In this section we provide a combined spatial and time discretization of the flow (1-1) for a particular class
of norms ¢ and show the convergence of the scheme to the continuum flow. In what follows, we consider
{e1, ..., em} €ZV, afinite number of integer vectors spanning the whole RN, and set & = {Ler}i_,. We
let B € X be a nonnegative function such that

B(—i)=pB@G) and PB@) >0 ifandonlyif i € &.

One can naturally associate an anisotropy ¢ with the function 8 by setting

$@ = BOli-vl=D 2B el. (4-1)
ieé k=1
Note that, in particular,
#k eV | B(k) #0} < +o0. 4-2)

We recall that the ¢-perimeter associated with (4-1),
PoE)= [ p0m)dae"
E

(defined for every E C RY of finite perimeter) is the I'-limit (in a suitable sense) as ¢ — 0 of the scaled
discrete perimeters

PHE) =N 3 afxF - xfl=eN D of 1(Dex )il

i,jeeZN i,jeeZN

defined for all E C ¢Z"; see for instance [Braides and Chambolle 2024]. Here we have set

of; =B (é - ﬁ) (4-3)

Given ¢ a norm on R" and a closed set E ¢ {@, RV}, we denote by sd"‘;o the signed ¢°-distance
function from E and define it as

sdf, (x) = rygig P°(x —y) — r}%ig ¢°(x — y).

We also set sdgo = +o00 and sdgjv = —o00. We write
Csy= min ¢°@)>0 (4-4)
i€ZN\{0)

and define the ¢-Wulff shape (g (x) of radius R > 0 and center x € RN as g (x) ={y e RV |¢°(x —y) < R}.

4.1. A discrete redistancing operator. In this subsection we introduce a discrete proxy for the signed
distance function to a set and study some of its properties.
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Given u € X, we define the operators dft"bo, sdi¢o, sd®?” : X, — X, in the following way: letting
E ={i € eZ" | u; <0}, we first set

@ )i = sup {u; —¢°Gi — j)},

Jj€fu>0}
(sd”?" (w)); = jei{ggo}{(di¢° @)j +¢°G — )},
dy? (W) = nf 476 = ), (4-5)
(sd7?" )i = jes{ggo}{<di¢° )); — ¢°G — )},
(sd™" (u)); = S (sd}?” (w)); + 3 (sd™” (w));.

Note that &5 (u) = —d“?" (—u) and sd%%" (u) = —sd>* (—u).
We will say that f € X, is (L, ¢°)-Lipschitz if for all i, j € eZ" we have | f; — fil S L¢°( — j).

Remark 4.1. We assume in what follows that u is (1, ¢°)-Lipschitz. Then, concerning di’d’c and sdi¢o,
we remark that

d*% (u) =min{f € X, | f = uin {u > 0}, f is (1, ¢°)-Lipschitz}, (4-6)

and analogously
sd®? (u) =max{f € X, | f <d*® () in {u <0}, fis (1, $°)-Lipschitz}. (4-7)
Correspondingly we have

d7” () =max(f € X, | f <uin {u <0}, f is (1, $°)-Lipschitz},

& ¢)° . & ¢° . . . . (4_8)
sd}” (u)=min{f € X, | f >d," (u)in {u >0}, fis (1, ¢°)-Lipschitz}.

In particular, the functions di¢o(u), sdi’d)o (), sd®®"(u) are also (1, ¢°)-Lipschitz. Let us show (4-6),
the other identities being analogous. To this aim, denote by d the function defined by the right-hand
side of (4-6). Since di’¢o (u) is the pointwise supremum of (1, ¢°)-Lipschitz functions, we clearly have
that di"po (u) is itself (1, ¢°)-Lipschitz. Moreover, testing with j =i in the definition of a’i"po (u), we get
ds? (u) > u in {u > 0}. Thus, we infer d< d=? (u). For the opposite inequality, let f be any function
as in the minimization problem on the right-hand side of (4-6). Then for any i € eZ" and j € {u > 0} we
have

fiz fi—¢°( =) Zu;j—¢°( — ).

By maximizing with respect to j € {u > 0}, we get f > ds ¢° (1) and in turn, by the arbitrariness of f,
d > de? (1), which concludes the proof of (4-6)
Since the functions did)o (n), sdi_;¢o (u), sd® 9° (u) are (1, ¢°)-Lipschitz, from (4-6) it follows that

AW <u inezV, @ w)=u in{u >0}, (4-9)
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while (4-7) implies that
sd”” () = d>" () inezV, sd®® () =d"" ) in{u <0). (4-10)

Reasoning in the same way, we see that

di¢c (I/t) >y in gZN, di’d)o(u) =Uu in {M < O}s (4 11)
sy ) < d” ) in ez, sty W) =d? (W) in u=0).
In particular we conclude
sd®? (u) > u in{u >0}, sd*® () <u in{u <0} (4-12)

Note that (4-12) implies {sd’? () > 0} 2 {u > 0}, and (4-11) yields {sd7? (u) < 0} 2 {u < 0}; thus
{sd%?"(u) = 0} = {u > 0} (and analogously for sd*?"). Similarly, one shows that {sd*" () <0} = {u <0}.
In particular, if the level set O of u is “fat”, then this is preserved by these discrete “signed distance
functions”. Further properties of these discrete signed distance functions are presented in Lemma 4.3
below and in Remark 4.9

Moreover, it follows directly from the definition of di"po(u), sdi‘po (u) that the function sd¢” (u) is
invariant under integer translations, meaning that, for any 7, 7 € eZN,

(sd (- +1))); = (4" @) (4-13)

We now show that the redistancing operator sd®(u) is indeed a discrete approximation of the signed
distance function to the 0O-sublevel set of the function u.
Given a set E C ¢ZV, we will denote with E C RN the closed set defined by

E::E—i—[O,s]N.
Lemma 4.2. Given a (1, ¢°)-Lipschitz function u € X, we have

sup [sd5? (u) —sd% | < cqe (4-14)
eZN\E

for a suitable positive constant cy, where E = {i € eZN | u; < 0). Moreover,
sdi” (u) = sdf —cye inez". (4-15)

Proof. In this proof we let ¢y denote a positive constant which depends on ¢ and that may change from
line to line and also within the same line.
We start by introducing a slightly modified definition of the discrete signed distance sd®¢° (1). Namely,

setting
ajE::{iesZN\EHjeEwith||i—j||oo=s}, “-16)
Bg_E::{ieElEIjESZN\Ewith li — jlloo =€},
we define
i {inf{uj —|—¢°(i.— j? | j'e o E) forz: eeZN\E, 4-17)
sup{u; —¢°(i — j) | j€dE} fori € E.
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We start by showing that
sd?” wu)>d inE, w1s)
sd?* (u)y<d inezM\E.

Indeed, we note that for every i € E we have

(sd"? () = @ )i = sup {u; —¢°G —j)} = sup {u; —¢°Gi — j)} =d;
Jje{u=0} jedTE

On the other hand, recalling that df’d’o(u) <uin E, forevery i € eZN \ E we see
(4" (u)); = nf {(d“” (W) +¢°( = DY = inf {u;+¢°G = ) =
Jjede

Reasoning analogously we show the same inequalities between sd f} and d and thus prove (4-18).
Next, we prove
sup |d — sdA | <cpe. (4-19)

eZN
Recall that by definition (4-16), since # <0 in E and # > 0 in eZ"N \ E and since u is (1, ¢°)-Lipschitz,
we have

luj| <cpe for j€drE
Then, for every i € eZV \ E, we have

d = inf {uJ +¢°( —j)} = inf ¢°( —j)—cqpe >sd (z)—c¢£ (4-20)

jeog E Jj€o: E

On the other hand, by definition of sd% there exists x € E such that sd% (i) =¢°@G —x). Let k e eZV
be the closest point to x in d; E. We have

SdL (1) = ¢°( —x) = ¢°(i —k) — cpe = ¢°(i — k) + 1 — cge > d; — cge. (4-21)

Finally, equations (4-20) and (4-21) imply (4-19) outside E. The other case is analogous.
We now finally prove (4-14) outside E. From (4-18) and (4-19) we have

) = s ) > d > Sd‘ﬁo —cge inE.

In particular, sdA — cyé is an admissible competitor in (4-7), thus sd® 47 (u) > sd¢ —cge in eZN . On the
other hand, in SZN \ E we have (4-18); thus we conclude (4-14) for sd” 97 (u). Concermng sd &.9° (1), we
note that by Remark 4.1 and the equation above we have

1¢° ¢° :
u>sd>? (u) > sd% —cpe in E.
The function sd%o — cyé is therefore admissible in (4-8). Thus by maximality
di¢o () > sd‘%o — cpe.

Since sdi"po (u) = di¢o (u) in eZN \ E, we conclude (4-14), taking also into account again (4-18) and
(4-19). Finally, (4-15) follows by combining (4-14), (4-18) and (4-19). [l
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We conclude the subsection with some further properties of the operator sd®®°.

Lemma 4.3. Given u € X, that is (1, ¢°)-Lipschitz, we have
sd®? (—u) = —sd®?" (u). (4-22)
Furthermore, if uy, uy € X, are (1, ¢°)-Lipschitz and u; < u, then
sd®? (u1) < sd®? (uy). (4-23)
Finally, for any s > 0 and u € X, that is (1, ¢°)-Lipschitz, we have
sd®?" (u —5) < sd*? (u) —s. (4-24)

Proof. For every i € eZ" we have
@7 (—u)i = _max_ {—u;—¢°( — )} =— min {u;+¢°( — j)} = —(d" @)
Jjel(—u)=0} je{u<0}
In turn,

(A2 (cui= _min (@57 ()G = ) == max (@7 @); =9 = D) ==6d}" @)

jel(-uw)=
Reasoning in the same way for di¢° and sdi;qbo we arrive at
sd}? (—u) = —sd” (u) (4-25)

and thus sd€’¢°(—u) = —sd®?” (u). The monotonicity property (4-23) follows easily from the definitions
in (4-5). The proofs of the other results also follow from the definitions in (4-5); we present only the one
concerning (4-24). Fix s > 0, and let u € X, be a (1, ¢°)-Lipschitz function. By definition of di’¢o (u) we
have
@ )i = sup {uj—¢°G— N} =s+ sup {(uj—s)— ¢ — )} =@ (u—1s)); +s.
J€{u=0} jelu=s}

Analogously,
(sd“” (), = inf {@>? W) +¢°G — j))
je{u<0}

> s+ inf }{(di’¢° U —8));+¢°G — )} =s+ (sd5” u—s)):.

jelu<s
Since the proofs for did’o (1) and sdi"po (u) are analogous, we conclude. [l

4.2. The discrete scheme. We now describe our minimizing movements scheme, discretized in both time
and space. A particularity of our scheme is that, in practice, it evolves the distance function to a set rather
than the set itself. In particular, at the discrete level, it may depend on the initialization (even if in the
limit the flow is geometric and only depends on the initial set).

Recalling (4-3), we rescale (3-4) on the lattice eZV in the following way: We recall that X, = ReZ"
and Y, = R*Z"<¢Z"  Given g € X, and a time step 4 > 0, the problem (3-4) now becomes to find
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(u, z) € X x Y, satisfying

(4-26)

&

{hD;‘z+u=g on eZV,
ij°

zij(ui —uj) = of;lui —ujl, 12| <«
where D}z is defined in (3-1). For ease of notation we assume ¢ = ¢(h), with e — 0 as h — 0, and we

will specify the dependence on /4 only.
Let Eg € RY be a closed set. We define EY :={i € eZV | (i + [0, £)¥) N Ey # @}. We note that

E" > E,, E" - E, (4-27)
as h — 0 in the Kuratowski sense, where with a slight abuse of notation we write E™0 to denote the set
E"0 410, e]".

Given a closed set Eog € RY with Eq ¢ {@, RV}, we consider u™°, a (1, ¢°)-Lipschitz function on eZV
which is negative inside E"° and positive outside. For instance, we set

u" = 1Cpe(1 — xpno) — 1Cypexpno,

where Cy is defined in (4-4), so that u™% s (1, ¢°)-Lipschitz. Let us set (zh'o),-j =0foralli,je eZN.
Then, as long as E™* ¢ {@, RV}, we can iteratively define u”**1, z"k+1 for k € N by solving (4-26)
with g = sd®? (u"*); ie.,

{hD;kZh,k-i-l + uh,k—H — Sd8,¢° (uh,k) on SZN, @28
h,k+1, hk+1 hk+1y e, hk+1 hk+1 hk+1 e -
ij ( i —Uu; )—O‘l’jmi —Uu; [, | ij |Saij'

We recall that the redistancing operator sd®?° has been introduced in the previous section. We then set
EM =i e ez | ul ! <0},

If either E"* = @ or E"* =RV, we define E**! = E"k'We denote by T, the first discrete time hk
such that E"¥ = &, if any; otherwise we let 7, = +o00. Analogously, we set 7" , to be the first discrete
time hk such that E"* = RV | if any; otherwise we let T, = +o0.

For ease of notation we will set

EMt) .= EPUM eV dhr) = sd® WP MY e X, W (@) = w1 € X,

iy =M ey, A= sd%;m e Lip(RY),

(4-29)

—

where again, with a slight abuse of notation, E" () stands for E”(¢). Note that in the definition of c?h( 1)

%i, = —o0. Note also that 7 () is well defined

only for 0 <t < min{T}", T/:*}; however, if needed, we can set z/*(¢) = 0 for ¢ > min{T", T,;*}.

we are possibly using the convention sd‘f;o = 400 and sd

Remark 4.4. If u is the solution of (4-26) with (L, ¢°)-Lipschitz datum g, by standard arguments,
based on the comparison principle and translation invariance, one can show that u satisfies the same
Lipschitz bound of g. Indeed, given j € eZ", the function u(- — Jj) £ Lep°(j) solves (4-26) with datum
g(- —j) £ L¢°(j). By comparison one concludes, as g(- — j) —L¢°(j) = g(-) =g(- — j)+LP°(j).
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Lemma 4.5. Let u", E" and d" be defined as in (4-29). Then, for every t >0, d"(t) is (1, ¢°)-Lipschitz
and satisfies

bty <d"(t) ineZN\ E"1),
uh()_ h() l.ngh \ E* (1) (4-30)
u"(t)y>d"(t) in E"(¢).
Proof. 1t follows from Remarks 4.1 and 4.4. O

Remark 4.6 (evolution of the complement). Let E h(t) and u” (¢) be as in (4-29). We note that, if Fy € RV
is a closed set such that F-0 = g7V \ E"9 then the discrete evolution starting from F, coincides with
{u" (1) > 0} for every ¢ > 0. Indeed, denoting by v" the discrete evolution starting from Fy, by definition
0 = —y0 Thus recalling (4-22) we have

sd®?" (V") = —sd®?" "?)
and, by uniqueness for (4-26), it follows that v"(h) = —u" (h). Then we can iterate to conclude.

Remark 4.7 (comparison principle). Let Ey and Fy be closed sets in RN such that E®? € F9 (note that
this condition is satisfied if Eg C Fp). Let E"(¢) and F"(¢) be the corresponding discrete evolutions, and
let u” (1) and v"(¢) be the associated functions as in (4-29). Then, for every t > 0, we have E h(t) C F'(1).
This follows easily by iteration from the monotonicity property (4-23) and from the comparison principle
for (4-26). One in fact could also consider the “open” discrete evolution given by

E'"t):={"(t) <0} and F"(@):={"@) <0}
Then, by the same argument one also has that E ht) c Fh (1).

Remark 4.8 (avoidance principle). Let Eg, Fy € R" be closed sets such that E h0n Fh0 — & (which is,
for example, implied by dist(Ey, Fp) > c4€ for a suitable ¢y > 0). Let E", u" and Eh (t), v" be the closed
and open discrete evolutions starting from Eq and Fy, respectively (where the open discrete evolution has
been defined in Remark 4.7). Then,

F'() c eZVN \ E"(1).
Indeed, F"0 C ¢7ZV \ E™* implies that —u? < v, and thus by (4-22) and (4-23)
—sd®?" ("0) = sd*?" (—u"?) < sd*¢" (W"0).
By the comparison principle for (4-26) and iterating one sees that —u"(t) < v"(¢) for all t > 0, which
implies
Fi'(t) = (v (1) < 0) € {u" (1) > 0} =eZN \ E"(v).

Remark 4.9. We conclude this subsection by observing that we could have made different choices of the
distance function without affecting the final convergence result. In definition (4-5) we could have set

(d~ )i = jei{2£0}{uj +¢°( — P} @=u)); = jei{rulgo}{uj +¢°( — P}
N 4-31
(sd=@)i = sup {(d~w); —¢°G — )}, (d=)); = sup {(d~(w)); —¢°( — j)}. 43D

Jj€fu=0} Jjefu>0}
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One can see that sd=(x) mimics the signed distance function to the boundary of {u < 0} while sd=(u)
mimics the signed distance function to the boundary of {# < 0}. Defining the algorithm as in (4-28) but
with sd=, sd= replacing sd®?°, adapting our proof one can conclude the same convergence result. Let us
further comment on the relation between sd8’¢°, sd=, sd=. One can prove that, for any (1, ¢°)-Lipschitz
function u € X,,

sd=(u) < sd”? (u) < sd%? (u) < sd=(u). (4-32)

Thus, between the many possible choices we could have performed in (4-5), it turns out that sd= is the
“maximal” one, while sd= is the “minimal”. Indeed, let us show that sd®? (n) < sdi"p (u). By definition
(4-5) and equations (4-9) and (4-11), for every i € {u > 0} we have

(d” )i = inf {(@>" ) +¢°G— )< inf {u;+¢°G — )} = (sd5” ).
Jje{u<0} Jje{u<0}
Reasoning analogously, for every i € {u < 0} we have

(A5 ) = sup {( @7 (w)); —¢°G — )} = sup {uj —¢°G — )} = (sd° w)),.

Jje{u=0} Jje{u=0}
Furthermore, for any two (1, ¢°)-Lipschitz functions u, u’ € X,, if u <u’ —s for s > 0 then
sd=(u) <sd=(u') —s.
In particular, this implies that, for any (1, ¢°)-Lipschitz function u € X, and s > s,
sd® (u—s5) <sd® (u—s)+s —s.

Fix ug € X,, a (1, ¢°)-Lipschitz function. Using the properties above and standard arguments, one can
see that for all but countably many s € R the discrete evolutions starting from {ug < s} and corresponding
to the three possible choices of distances in (4-32) coincide.

4.3. Discrete evolution of Wulff shapes. In this section we provide some control on the evolution speed
of discrete Wulff shapes. The first result estimates the solution of (4-26) for the distance to the Wulff
shape.

Lemma 4.10. There exists a constant C = C(¢) > 0 with the following property: if u is the solution of
(4-26) with g = ¢°, then u < ¢", where ¢" € X, is defined as

wo_ | OO+ 55 if $°() = C(Wh v e),
L C(«/ﬁ\/e)+% otherwise.

(4-33)

The proof of Lemma 4.10, based on the construction of a calibration, is postponed until Appendix A.
We now prove a useful lemma used to estimate the redistancing step in our algorithm for functions of the
form (4-33).

Lemma 4.11. Let R > § > 0, and set

u:=(¢°—R)Vv (35— R).
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Then, for e small enough depending on § we have
sd®? (u) <¢p° — R+¢ée  inezZM (4-34)
for a suitable positive constant ¢, depending on ¢. Furthermore, if we assume (B-1), we have
sd®?" (u) <¢°— R inezZV. (4-35)

Proof. By (4-32), it is sufficient to prove the claim for sdi¢o. We start by showing that di’d)o (u) =u and
noting that by (4-11) it suffices to prove di’d’ (u) <wuin {u > 0} = {¢° = R}. Assuming (B-1), given
i € {u > 0} we note that ¢°(i) > R; thus by Lemma B.1 there exists j € Wg \ Wr_p¢, satisfying
¢°()+¢°( — j) =¢°@).
Taking ¢ = ¢(8) we can ensure that R —2¢¢; > %8, so that j € (Wg \ Ws2) N eZN. By definition (4-5)
and the equation above we conclude that
Ay () <uj+¢°G — j) = ¢°(j) — R+¢°( — j) = ¢°() — R,

and hence we have shown that di‘/’o (1) = u. Finally, from definition (4-5) and since did)o (u)=u=¢°—R
on {u# > 0}, we conclude by the triangular inequality that sd‘id’o (u) < @° — R. All in all, we have obtained
(4-35).

If instead (B-1) does not hold, using the first part of Lemma B.1 and reasoning as above, one concludes
that

sd2? (u) < ¢° — R+ ¢é¢
for a positive constant ¢, and then the conclusion follows. U

Combining the two results above we can provide a bound on the evolution speed of Wulff shapes in
the algorithm (4-28).

Proposition 4.12. Assume either ¢ < O(h) or that (B-1) holds. For every § > 0 there exist positive
constants &gy, ho, co depending on § with the following property: if R > 68, ¢ < &g and h < hyg, then the
discrete evolution of Wg defined in (4-28), denoted W), satisfies

W (1) D Wr_cor1e) N ZY (4-36)
aslong as R —co(t +¢€) > %8.

Proof. Let (h (t) be the open discrete evolution (see Remark 4.7) starting from the closure of ¥’y for
some R > 0 and let v" () be the associated function as in the third equation in (4-29). Using the definition
of v"0, (4-10) and the first definition in (4-5), it is easy to see that

(sd®?" (")) = (@ W"))o < —R +cge. (4-37)
On the other hand, consider i € {vh’o > 0} and let x” € 3Wg be such that

¢°(i —x") = ¢°() —¢°(x') = ¢°() — R.
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Since there exists j' € {v"? < 0} such that ¢°(j’ — x") < cpe, then by the triangular inequality
¢°—j) <¢°(i) — R+ cpe.
Thus, using again definition (4-5), we get
@7 @M= inf | @° =) S¢°0) — Ry,

D jewh=
which implies

(5?0 = sup (@), = @°() = —R+cpe. (4-38)

jeluh0=0)
Therefore, since sds’d’o(vh’o) is a (1, ¢°)-Lipschitz function, from (4-37) and (4-38) we get that
sd®? (1) < ¢° — R4-cge  inezZV.
By comparison and Lemma 4.10 we obtain
v (h) < " — R+ cpe, (4-39)

where ¢" € X, is defined in (4-33). Considering R > § and h = h(5), € = £(8) small enough, the equation
above implies that
v"(h) < (¢° — R+ coh +cpe) V (38 — R), (4-40)

where co = 4C /5, with C the same as in (4-33). Assume first (B-1). From Lemma 4.11, with R replaced
by R —coh — cye, we get
sd®?" (v (h)) < ¢° — R + coh + cpe, (4-41)

and therefore by comparison and Lemma 4.10 we get
V" (2h) < ¢" — R+ coh + cye,
which, reasoning as above, implies for £(8) and /(8) small
v"(2h) < (¢° — R +2coh +c4e) v (18 — R).

Hence we can iterate the argument to conclude that

o' (1) < (6° — R+ cot +¢48) V (56 — R) (4-42)
as long as R — cot — cy& > %8 and ¢, h are sufficiently small. In particular, this implies (4-36) (possibly
changing the value of c).

If instead (B-1) does not hold and ¢ < O (h), we obtain (4-39) and (4-40) in the same way. Then, using

the first part of Lemma 4.11 we get

sd®?" (V" (h)) < ¢° — R + coh + Ce + cye, (4-43)
and then iterating we get

v (kh) < (¢° — R +kcoh + kée + cye) v (36 — R).

Hence, recalling that ¢ < O (h), we conclude (4-42) and (4-36) as long as R — cot — cy& > %8 , with g, h
sufficiently small and possibly changing the value of cy. U
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As a corollary of the previous result, we deduce an estimate of the evolution of the distance function
d" at a distance from the evolving boundary, which we show next.

Corollary 4.13. Let Ey C RN be a closed set, and consider the discrete evolution defined in (4-29).
Assume either that ¢ < O(h) or that (B-1) holds. Then, for every § > 0 there exist co = co(8) > 0,
ho = ho(6) > 0 and g9 = £0(8) such that the following holds. If dh (x,t) =6, then, fors >t,

d"(x,5) > d"(x.t) —co(s =t +&+h) (4-44)
provided 0 < h < hgy, 0 <& < ey and as long as dr (x,t)—co(s—t+e+h)> %8. Similarly, ifdAh (x,1) <-4,
then, fors > t,

d"(x,s) <d"(x, 1) +cols —t +e+h) (4-45)
provided 0 < h < hg and as long as c?h(x, )+co(s—t+e+h) < —%6.

Proof. As usual, in this proof we denote by ¢4 a positive constant depending on ¢ whose value may
change from line to line and also within the same line.

Assume d" (x,1) > §. Without loss of generality we may assume ¢ € [0, T;) so that dh (x, t) is finite.
Denote by x, € eZ" an element of the lattice such that x € x; + [0, £)V. Note that there exists a constant
cg > 0 such that, setting R := dar (x,1) — cpe, one has (Wrx)N""NE"(t) = @ and R > %8 (if &, h are
sufficiently small, depending on §). By the avoidance principle stated in Remark 4.8, we deduce that the
open discrete evolution of ¥k (x.), which we denote by F (7), lies outside E"([t /hlh+7) for all T > 0.
By Proposition 4.12 we deduce

F(1) 2 Wr—co(re) (xe) NEZY (4-46)

provided that R — co(t +¢) > %8. Note that in particular
Wr_co(eihe)(xe) NeZN CeZN\ EM1t + 1)
aslongas R—co(t+h+¢)> %8. In turn, we get
d"(xe,t+7) > R—co(t+h+e) (4-47)

provided R —co(t +h +¢) > %8 (for a possibly larger value of cp). Recalling the definition of R and x,
and possibly increasing the value of ¢y, we infer

c?h(x,t—l—r) Zcih(x,t)—co(t—i—h—l—s) (4-48)

as long as dh (x,t) —co(t +h+¢) > 4. The case d" (x,1) < —4 is analogous. O

5. Convergence of the scheme

We now are ready to study the convergence of the scheme as ¢ — 0, 2 — 0. Recall that we assumed
that ¢ = e(h) goes to 0 as & — 0. In this section we assume that either ¢ < O (h) or that (B-1) holds. Let
E"(-) be the discrete evolution defined in (4-29), and recall that E h(.y=E"(-)+[0, e]N. We introduce
the closed space-time tubes

E" :=cl({(x, 1) e RN x [0, +00) : x € E" (1)), (5-1)
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where the closure is in space-time. Then, there exist A and E, open and closed (respectively) subsets of
RN x [0, 4+00), with A C E, and a subsequence /; — 0 such that

E" X5 E and RN x [0, +00) \ int(E™) L5 RN x [0, +00) \ A,

where taking the interior and Kuratowski convergence are meant in space-time. Let E(¢) and A(¢) be the
t-time slice of E and A, respectively.

Note that if E(¢) = & for some ¢ > 0, then (4-44) implies E(s) = & for all s > ¢ so that we can define,
as in Definition 2.1, the extinction time 7* of E. In the same fashion one can define the extinction time
T" of RN x [0, +00) \ A (notice that at least one of T* and T'* is +00). Possibly extracting a further
(not relabeled) subsequence and arguing exactly as in [Chambolle et al. 2017, Proof of Proposition 4.4]
(and relying on the bounds (4-44) and (4-45)), one can in fact show the following result.

Proposition 5.1. There exists a countable set 11 C (0, +00) such that c?hk( 0T = dist? (-, E(1))
and c?hk(- .7 — dist?’ (-, RY \ A(1)) locally uniformly for all t € (0, +00) \ . Moreover, E and
RN x [0, +00) \ A satisfy the continuity properties (b) and (c) of Definition 2.1. In addition, if T* > 0,
then {d"} is locally uniformly bounded in RN x (0, T*)\ E, and analogously {d"} is locally uniformly
bounded in RN x (0, T"YN A if T"* > 0. Finally, E(0) = Eq and A(0) = int(Ej).

Theorem 5.2. The set E is a superflow in the sense of Definition 2.1 with initial datum Eq, while A is a
subflow with initial datum Ey.

The proof of this result follows the main lines of the proof of [Chambolle et al. 2017, Theorem 4.5].
One important difference with respect to the local, continuous setting is that the variable z"* is defined on
the edges (i, j) between the vertices i, j € eZ", and it is therefore unclear how to pass to the limit in this
variable to obtain the limiting vector field z(x, ¢). In order to do so, we associate with the discrete vector
field zf‘j (1) € Y. a vector field (-, ¢) in RN defined as

=13 dwi-)), (5-2)
jeezZN

where i € ¢Z" is such that x € i + [0, &)". Recall that we can take zf‘j (¢) and thus z"(-, 1) identically
zero for t > min{7}", T};*}. First, we show the following:

Lemma 5.3. The vector field 7" satisfies
¢°(z") < 1. (5-3)

Proof. Take v # 0 in RY. Recalling that ¢ (v) = Y_,,v B(£)|v - €], one has, for any x € RY and i € eZV
such that x € i + [0, &),

e nv=1 3 Wi v= Y dia v <), (5-4)

jeezN LezZN

where we used that |zﬁi+se(z‘)| < B). U
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Hence, being globally bounded, this vector field is weakly-* compact in L¥(R"Y x (0, T); R") for
any T > 0. The following lemma establishes a relationship between the divergence of its limits and the
limits of the discrete divergences of z”.

Lemma 5.4. Assume that 7" %~ 7 in L*(RY x (0, T); RM) along a subsequence hy — 0. Then, for
every 9 € C*(RYN x (0, T)) and n € CXRY x (0, T)), we have

lim (e,gv/ S .20 =00, ) [ ne-vousar

k—o00
i,ij‘kZN

Proof. Letp € C*®°(RYN x (0, T)) and n € C (RN x (0, T)), and write S(#) =supp(n(t)) and Qy :=[0, &)".
We have
hi
HON ..

n@, HVe(xij) - (@ —j), (5-5)

2 Y donen DD gy v

i,jEEkZN i,jESkZN

where x;; belongs to the segment between i and j. Furthermore we have

N h (i, 1) —(j.1) 2 ()
Y diona ot D S —/HanVgo-(i—j)dx

Ek

i,jEEkZN i,jESkZN
Ek

oy
< 2 ol [0l = Vo) (= D] dv + 0}

i,jESkZN
afk
2l Y, D, —’fQ|(V<p<xi,~,z)—w<x,t))-(i—j)|dx+0(s,€“>
i+0k

ieS(t)NeZN jESkZN

l .
A J|z JP+0@E)
lES(l‘)ﬂSkZN]ESkZN
N+1 . .12 N
=cep ™ Y S ayli — 1P+ O(el)
jiezN jezN

erieS(t)

<cept! ( Z ,B(£)|K|2> #S(H) NerZV) 4+ 0(e))
tezN
<cer Y PO+ 0, (5-6)
LezN

where in the second line we used the Lipschitz property of n and (4-2), while in the fourth line we used
the Lipschitz property of Vg and |x;; — x| < (1+ VN)|i — j| fori # j and x € i + Qy, and finally in the
last line we used that #(S(t) NeZN) = O(sk_N ), which holds locally uniformly in time. Moreover, note
that the estimate provided above is uniform as ¢ varies in compact subsets of (0, T'). Recalling (4-2), we
conclude by integrating in time and sending k — oo. U

At this point, we may proceed with the proof of Theorem 5.2.
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Proof of Theorem 5.2. As usual, in this proof we denote by cy4 a positive constant depending on ¢ whose
value may change from line to line and also within the same line.

We only show that E is a superflow, as the subflow property of A can be proven analogously. Points
(a), (b) and (c) of Definition 2.1 follow from Proposition 5.1. We are left with showing (d). Without loss
of generality we may assume 7* > 0 (which follows from Corollary 4.13 if the initial set is not trivial).
Note also that by Proposition 5.1 we have liminfy 77 > 7.

Step 1. (proof of (2-1)). For (x,t) e RN x (0, T*)\ E we set d(x, 1) := dist?’ (-, E(1)). By Lemma 4.2

and Proposition 5.1 we have

sup |dhk (t)—d(-,t)|—0as k — oo fort € (0, T*)\ N and for any compact K C RN \ E(t). (5-7)
exZNNK

Moreover, d"* and d are locally uniformly bounded in RY x (0, T*) \ E. Set 2 (-, 1):=0fort > Th*k if
T, < T*. Extracting a further subsequence, if needed, and recalling Lemma 5.3, we may assume that 7
converges weakly-x in L (RY x (0, T*); R") to some vector-field z satisfying

P°(2) =1 (5-8)

almost everywhere. Recall that by (4-30) we have ulk (1) < d"™(¢) in . ZN \ E hi (1), i.e., in the region
where d" (¢) is nonnegative. Combining with (4-28) (and recalling (4-29)) we infer that for r < Th*k

d"(t + hy) — d" (1)
hy

—Dr "t +hy) < in &, ZV \ E"(1). (59)
Consider a nonnegative test function ¢ € CC‘.’O((RN x (0, T*))\ E). If k is large enough, then the distance
of the support of ¢ from E”* is bounded away from zero. In particular, d"* is finite and positive on supp ¢.
We deduce from (5-9) that

At +hy) —d*
g,ﬁV/ > <p(i,t)(’ (tf ;ZZ ' (t)+(D:kzh"(t+hk))i) dr

iESkZN

2P+ i) = 2+ )

(p(lvt)_(p(l’t_hk) h .
= —8,1:’/ Z I d; k(1) dt—i—s,ﬂv Z I (i, t)dt
icg ZN i,jesZN
P e g I o T e
ice ZN i,jeerZN
> 0. (5-10)

It is easy to check that the first integral in (5-10) converges to — f f d 0;¢ dx dt as k — oo thanks to (5-7)
and since d"* and d are uniformly bounded. Recalling that z* converges weakly-x in L% (RN x (0, T*))
to z, we use Lemma 5.4 to conclude that the second integral in (5-10) converges to [[ z- Vo dx dt. We
thus conclude (2-1).
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Step 2. (convergence of u”* to d). Firstly, we establish an upper bound for —D; zj, away from E h . We
start by noting that definition (4-5) implies
sd™" () < J(@2P W), +ue+¢°(- = N+¢°C- —0) ineZ"\{u<0) (5-11)

for every (1, ¢°)-Lipschitz function u € X, and j, £ € {u < 0}. Therefore, specifying the inequality above
for u”*(t), by the comparison principle and Lemma 4.10 we conclude

Wt +h) < 308 + o+ (@57 WM @);) +upt (1) foralli e g ZV\E™ (@), (5-12)

where j, { € E (). If dhx (i, t) = R > 0, recalling the definition of ¢h, we get

Chy,
R—C¢8

W+ hy) < 300G — ) +0°G — 0+ @ W (1)) +ugt (1) + (5-13)
for all i € g, ZN \ EM(1). Taking the infimum in j, £ over E™(t) in (5-13) and using again (4-5) and
(4-11), we conclude

C

Wl (1 + hy) < dM™ () + Iy =

<d" (1) + hy (5-14)

R—cyper —

provided hj and & are small enough depending on R, and for a possibly larger value of C. As a
consequence of (5-14), we obtain

SDL ) < S in @0 2 RiNgZY. (5-15)
Using again Lemma 5.4 and the convergences of Ej, and dp,, it follows that
divzs% in {(x,1) e RY x (0, T*) | d(x,1) > R} (5-16)

in the sense of distributions. Hence we have that div z is a Radon measure in R x (0, 7*) \ E and
(divz)t e L®{(x,1) e RN x (0, T*) | d(x, t) > 8}) for every § > 0.
On the other hand, note that for every i € 7" we have

d" (1) > d (1) — ¢°(- —i). (5-17)
Thus, by Lemma 4.10 and by comparison as before, we get
Wl (1 +hp) = dM (1) — B = d" (1) — (C+ DIy,
Combining the above inequality with (5-14), we deduce for all € (0, 7*) \ 71 and any § > O that

sup "™ (t + hy) —d"™ (1) < Vhe(C +2)
{dn, (-,1)=8)Ner ZN

provided that k is large enough. In particular, recalling also (5-7), we deduce that

sup |uh" (t)—d(-,t)|— 0 as k — oo for r € (0, T*)\ 1 and for any compact K C [R{N\E(t), (5-18)
exZNNK

also with the sequence {1"*} locally (in space and time) uniformly bounded.
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Step 3. (the subdifferential inclusion). It remains to show that
z€d¢(Vd) ae.inRY x (0,T*)\E. (5-19)

Recall that £ € 9¢p(n) if andonly if £ € {v | p°(v) <1, v-n > ¢ (n)}. Since one inequality has been proved
in (5-8), we show the other one. Consider a test function n >0, n € Cfo((IRN x (0, T*)\ E). Leto > 0,
and set d, € C®(R"N x (0, T*)), as d, = d % p,, Where the p, are space-time mollifiers. Obviously

Y oG D@ O-u )= O 0(do (1) —do (. 1))
i,jeerZN i,jeerZN
+ Y OGN () —dy (i, )~ () +dy (j,1). (5-20)
i,jESkZN
In turn, Lemma 5.4 implies that

lim 8;7/( PO e D) —do (V. ”) dtszz-Vdandxdt. (5-21)

k—00 Ek

i,jEEkZN

Let us thus show that

hk . hk ;
u; (1) —dg (i, 1) —u;" (1) —dos (j, 1)
lim lim & / D B OGO i ] i ) dr = 0. (5-22)
o0—>0k—>o00 J Ek
i,jeerZN
We set for every t € (0, 7)) and 0 > 0
mio(t) = min  (u*(t) —dy (i, 1),
iesupp(n)NexZN
Mo ()= max (1) —dy (i, 1)
iesupp(n)NexZN
The convergence (5-18) implies that these quantities are uniformly bounded and
limOk lim my () =0,
o—0k—>+00 (5_23)

lim lim M, (t) =0

0—>0k—400

uniformly for all # ¢ 71. For all times t € (0, T*) \ N

Wi (1) —dy (i, 1) = (1) +do (., 1)

e Y om0

Ek
i,jESkZN
W (1) —dy (i, 1) =y o (1) — U (1) —dy (j, 1) =M o (1))
=& > O, —
i,jEEkZN k

hic oy I c N
Zij (t) ZJ[ (t)n(l’ t)+zjllk(t)7’](l,t) 77(],[)

Ek Ek

=& > W O —doli,)=mi (1) Y

iESkZN jESkZN

). (5-24)
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For k large enough, since the support of 7 is at positive distance from E, by the bound (5-15) one has
Djkzh" (t) > —c(6) on the support for iy small enough. Thus

h h
z,-f (1) — zj,-" (1)
Ek

> —c®e) Y W (6) —dy(i.1) —mpo ()N, 1).

iESkZN

e Y W) —do (i ) —mi o (NG, 1) Y

iegZN jeerzZN

Recalling that
#(supp(n) NexZV) = O (h ™)

uniformly in time, by uniform convergence and (5-18) we conclude that

hy hi
. 4. . o N hi . . Zjj (t)_Zji )
lim lim inf & f D WO =doli) =mepniin) ) S drz0. (529)
iEEkZN jESkZN
The other term in (5-24) can be estimated using the Lipschitz constant of 7, as
‘ / D e (1) —do (i, 1) — me k(D)) (1) ————"—dt
€k
i,jGSkZN
. i —Jl
< IVallootd [ ) @i (6) = dy (i 1) — me g (D)a]f —= dt — 0,
€k
i,jEé‘kZN

letting first k — +o00 and then o — 0, thanks to (5-18) and (5-23). Note that reasoning as in (5-22) but
using M, (¢) instead of m, ;(t), one proves that

2y — ()
1imolimsupe,§v/< D@0 —do (i t) — Me ()G, 1) Y %) dr <0
e ; N _— k

ieeZ jeeZ (5—26)
lim lim & / ' S w0 —ds G, t)—Mg,k(t))sz(z)w dr = 0.

e—>0k—o00

i,jeeZN

Combining (5-24), (5-25) and (5-26), we conclude (5-22).
Integrating in time (5-20) and combining (5-21) and (5-22), since the Vd, = p, * Vd go to Vd
pointwise a.e. and are uniformly bounded in L>®(R" x (0, T*); RV), we have

hi _
lim .9,1(\’/( Z n(, t)z?jf‘(t)w) dt://z-Vdndxdt.

k—o00 k
i,jeeZN

The convergence above can be paired with the lower semicontinuity of the I"-convergence of the discrete
total variations (which follows from an adaptation of classical arguments; we suggest the reader consult,
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e.g., [Chambolle and Kreutz 2023]) and zfj (u§ — uj.) = afj luf — ujg.| to obtain

hy _ }:lk
[[ ewam= i (X wou OO,

i,jeeZN
hy hy
. o (@) —u (1)
=11kr£1>£f5,1(v/( Z n(z,t)zijf‘(t)% dr = z-Vdn,
i,jESkZN
which shows that ¢ (Vd) = z- Vd a.e. on the support of 5, from which we deduce (5-19). [l

We conclude this section by observing that the discrete scheme converges to the unique weak flow (in
the sense of Definition 2.1) starting from Ej for “generic” initial data E, i.e., whenever fattening does
not occur. More precisely, we have the following corollary.

Corollary 5.5. Let ug € UC(RY), and for every » € R let E ﬁ be the closed space-time tube of the
h-discrete evolution starting from {ug < A}, i.e., as in (5-1) with Ey = {ug < A}. Then, there exists a
countable set N such that for all .. € RN \ 1

El' 5 B inRY x [0, +00)
as h — 0, where E;_is the unique weak flow in the sense of Definition 2.1 starting from {ug < A}.

Proof. 1t follows by combining Theorems 5.2 and 2.5. U

6. Numerical experiments

We show some numerical experiments to illustrate our results in dimension 2 (an implementation in
three dimensions is currently being developed). We follow the implementation described in [Chambolle
and Darbon 2009] (see also [Chambolle and Darbon 2012]), except that now the distance is properly
computed using the inf/sup-convolution formulas (4-5). The (exact) numerical resolution of the discrete
ROF functional is computed using the parametric maximum flow algorithm of Hochbaum [2001; 2013],
implemented upon the maxflow/mincut implementation of Boykov and Kolmogorov [2004]. This particular
algorithm has the advantage to provide an exact solution of the ROF problem, up to computer precision.
Other implementations of the algorithm yielding approximate minimizers have been considered for
instance in [Chambolle 2004; Oberman et al. 2011]: of course they work in practice and allow one to
address more (an)isotropies than the current work, yet the joint convergence as ¢ = h — 0 is not clear in
these contexts. For numerical speedup, the infimum and supremum of the definitions in (4-5) are computed
only in a neighborhood of fixed size and not on the whole grid. We expect this to yield, in general, an
error of order Ce with C getting smaller as the width of the strip increases; however, we observe that
Corollary B.2 justifies this restriction (showing that C = 0) in some cases, notably the case ¢ = || - ||,1,
@° = | - ||lee; see Figure 1, left, for which the sup/inf are in fact min/max which are reached very close to
the evolving boundary (as one can chose £; = 1 in Lemma B.1). Similarly, the ROF minimization is only
performed in a neighborhood of the boundary (one can show that this does not affect the solution in a
smaller neighborhood, hence the overall error is the same as when computing the distance in a strip only).
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Figure 1. Wulff shapes of initial radius Ry = 50 evolved at times ¢ = 0, 200, 400, ..., 1200
for four different anisotropies: square, octagon, diamond and “almost isotropic”.
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Figure 2. An initial datum and evolutions for square, octagonal and “almost isotropic”
anisotropies, at two different times.
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The code is available at https://plmlab.math.cnrs.fr/chambolle/discretecrystals/ (implemented in C/C++
and running on GNU/linux with gcc).

Figure 2 shows three examples of flows from the same starting set, composed of random shapes. The
anisotropies are square (nearest neighbors interactions), octagonal (next nearest neighbors, weighted so
that the corresponding Wulff shape is a regular octagon), and “almost isotropic”, which is generated
by the interactions in the 12 directions e € {(0, 1), (%1, 0), (£1, £2), (1, £3)} weighted so that the
Wulff shape is a polygon with 24 facets of equal lengths. This is obtained by setting the weights in the
discrete total variation as 0.131/length(e) for each direction e, so that the total perimeter of the unit Wulff
shape is 24 x (2 x 0.131) =~ 2, in the hope that the corresponding crystalline curvature will be close to
the Euclidean one.

Then, we estimate the decay of the radius of an initial Wulff shape g, = {¢ < Ry} along the evolution,
up to extinction. In our experiment, Ry = 50. It is well known that the solution is the Wulff shape of
radius R(t) =« Ré —2(N — 1)t (where here N = 2). The evolutions are depicted in Figure 1. We use the
same anisotropies as in Figure 2, with additionally a “diamond” Wulff shape generated by the directions


https://plmlab.math.cnrs.fr/chambolle/discretecrystals/
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Figure 3. Top: Evolution of the radius for the square (left) and octogonal (right) anisotropies.
Bottom: Evolution of the radius for the diamond (left) and “almost isotropic” (right) anisotropies.

(0, £1), (£1, £2) and with sides of equal lengths. In all cases, the weights have been calibrated so that
the perimeters of the Wulff shapes are 6.28 ~ 2.

The plots in Figure 3 show that the decay of the radii is remarkably close to the theoretical prediction,
even if this is less precise when more directions of interactions are involved, near extinction. This might
be due in part to the fact that the computation of the distance through truncated variants of (4-5) becomes
less precise.

Finally, we perform the same experiment with varying ¢ and 4. We observe that the results look
remarkably close even if, at low resolution, the error becomes huge when the size of the Wulff shape is
of the order of the discretization. Figure 4 shows the shapes. Observe that the shape at time ¢ = 49 is
only computed for ¢ = 0.1 and & = 0.1 (the shape vanishes before for the two other experiments). On the
other hand, this computation took more than one hour, while the case ¢ = 1 took less than a minute and
the case ¢ = 0.1 and & = 0.5 a bit less than an hour. Figure 5 shows the decay of the radii, which should
be v/ R} — 2t for Ry =10 and 7 € [0, 50].
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Figure 4. Evolution of an initial octagon with Ry = 10 at times 0, 7, 14, ... (left: e =1, h =0.1;
middle: ¢ = 0.1, £ =0.1; right: ¢ =0.1, h =0.5).
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Figure 5. Evolution of the radius for an initial octagon with Ry = 10 until the vanishing time
t =50 (left: e =1, h =0.1; middle: ¢ =0.1, h =0.1; right: ¢ =0.1, h =0.5).

Appendix A: Proof of Lemma 4.10

We build here a supersolution to Problem (4-26) when g = ¢°. Let us first recall some notation and results
concerning zonotopes; see, €.g., [McMullen 1971]. Recall that & = {Fe;};" | C ZN, where, without loss
of generality, the vectors ey, . . ., e, span the whole R". Given a nonnegative interaction function 8 € X,
we assume that 8 =0 on ZV \ & and that 8(—i) = B(i) for every i € ZV. The anisotropy ¢ associated
to B, as defined in (1-5), is such that its 1-Wulff shape ¥/} C RY isa zonotope, which can be expressed

as the Minkowski sum
m

W= Ble)l—e,el=Y_ 2Bex)—ex, exl,

ecé k=1
where [—e, e] C R denotes the closed segment from —e to e. Alternatively, one can define the zonotope
) as the image of a cube under an affine map. Indeed,

W =Vv(QE™), (A-1)

where V = (2B(e1)er, ..., 2B(em)en) € RV*™ and QU =[—1, 1]™. Since the set & is uniquely defined
up to sign changes, the matrix V is also uniquely determined up to permutations of columns or sign
changes.
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Note that by definition of zonotope any element x € ¥/, for £ > 0 can be written as

x =10 2B(e)heex

k=1

for suitable coefficients |A;| < 1. We note that (the closure of) a facet F' (of nonzero dimension) of the
zonotope ; can be described in the form

r m
F =0 2Beo)=Cos eop] +€ Y 2B(o(1))ea(i)o())s (A-2)
j=1 j=r+l
where o is a permutation of {1,...,m}, 1 <r <m and |¢;| = 1. Moreover (see [McMullen 1971, p. 206]
for details), the vectors eq (1), . . ., €5() uniquely identify
lecé&lel F},

and r is uniquely defined as the number of vectors in the family & which are parallel to the facet F.
Analogously, any vertex v of the zonotope ¥/ is of the form

m
v="{ Z 2B(eo(j))€a(j)€o () (A-3)
j=1
where ¢; € {1} for every j =1, ..., m and o is a permutation of {1, ..., m}. Note however that not

every point of this form is a vertex of the zonotope.

Lemma A.1. There exists £y > 0 such that, for every e > 0 and every £ > £, if i € eZ" belongs to 31V,
then for each k € {1, ..., m} one of the following holds:

(i) Neitheri + ecey nor i — gey belong to 0Wey. In this case either ¢°(i +eey) > ¢° (i) > ¢°(i — cey) or
¢°(i —eex) > ¢°(i) > ¢°(i + eey).
(ii) One of i £ eey belongs to 0Wee. In this case ¢°(i £ eey) > £ and
#((i + eZex) N OWee) > 2[£/4o]. (A-4)

Proof. By scaling, it suffices to prove the result in the case ¢ = 1. We take ¢ such that

1
Lo > max
k=1,...m 2B (ex)

and remark that £y € (0, +00). Note that the choice (A-5) implies for every j =1, ..., m that

(A-5)

14
I[=2€B(ej)e;j, 2LB(ej)e;]| = 4LB(e))le;| = Z%IQI-

We then fix i € 31, N Z" and ¢; € §&. We have to distinguish two cases.

Case 1. There exists a facet F' 2 i of 1/, such that ¢; | F. By (A-2) we then see that

i € 20B(ex)[—ex, ex]+ j,
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where j € F. This implies in particular that {n € Z | i + ne; € F} is an interval of Z containing 0.
Furthermore, by the assumption (A-5), it contains at least [2£|ex|/£o] points and we conclude (A-4).
Since i and one of i & ¢, belong to a1/, we have that ¢°(i = ¢;) > £ by convexity.

Case 2. For every facet F 5 i of (), we have e; }f F. Let us fix a facet F > i and note that, by (A-2) and
up to relabeling the indexes,

i€ty 2B(enl—ej el +L Y 2B(e)ese;.

j=1 j=r+1

with k > r and |¢;| =1 for j =r+1,..., m. Recalling (A-1), we see that

. Ek -~
1 — &rég =€V(y— ek),
LB (ex)
where ¢, ..., &, denotes the canonical base of R” and y € Z;zl[—é,-, eil+ 27=r+1 g;je; CaQ™. By
the choice (A-5) and since k > r, one deduces that
LI (m)
y— er€ Qs
£B(ex)

thus i — exex € Wy. Since then e } F for any facet containing i, we must have ¢°(i — xex) < £. By
convexity one easily concludes that ¢°(i + exey) > £, which shows (i). O

We now define a calibration z;; for every (i, j) € ({¢° > elo} NeZ") x eZV. Fix i € eZV with
¢° (i) > €fy. In the following we write i ~ j if (i — j)/e € 6. We start by defining
0 if j #1,
zij =1 —Blex) if j=izxeerand ¢°(j) > ¢°(0), (A-6)
Blexr) if j=ixeerand ¢°(j) < ¢°(0).
In particular, this definition covers case (i) in Lemma A.l. Assume then that there exists j ~ i with
¢°(j) =¢°@i) and (j —i)/e = e € &. Since i € eZ" and ¢; € & fall into case (ii) of Lemma A.1, there
exists an interval [—n, n] N Z for n, n € N such that

(i +eZeg) NOWD ) =i+ ([—n. 71N Dieey,
and moreover
#([—n,nINZ) = 2[¢°(i)/(elo)]. (A-7)

Thus, we define z;; as a linear interpolation of the values assumed at the extremal points of i +[—n, n]eey:

t+n+1 _
Zitteer.i+(t+Dee, = Blex) (1 — 2+) forallz € [-n—1,n]NZ,
n+n+1
et (A-8)
— n _
Zitteer i+(t—D)ee, ‘= P(ek) (1 - 2E+T_+1) forallz € [-n,n+1]NZ.

By definition one easily sees that

lzijl <oy, 2ij(9°() — ¢°())) = af;19°() — $° (). (A-9)
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We now bound the divergence (D}z);. Assume that ¢°(i +¢cex) = ¢°(i) or that ¢°(i —eex) = ¢°(i). Then

by definition (A-8) and by (A-7) one deduces

S e 2D S8 g
n+n+1 [¢°(i)/(e€o)] ¢°(i)

and similarly if ¢°(i —eex) = ¢°(i). If instead ¢p°(i £ ceg) # @° (i) and ¢°(i L eex) > efp, one sees that

Ziiteey T Ziji—sep, — Ziteey,i — Zi—gey,i

Ziiteer T Zii—se, =0 and  Ziyge i +Zimge,i =0. (A-11)

Combining (A-10) and (A-11) and recalling (4-2) we conclude that if ¢°(i) > £;¢ then
C¢/’l
¢° (i)

h(D;z); > — (A-12)

for a suitable positive constant ¢4 depending on ¢.
We now illustrate a procedure that allows us to extend the calibration above to eZ" x ¢ZV. We set
C > 1, a sufficiently big constant, and define a function v € X, as

¢°+ Sk on {¢° > C(VhVve)}NnezZV,
— ¢ \ v (A-13)
C(ﬁVg)+m on {¢° < C(WhVve)nezN.
A calibration w € Y, can be defined for i, j € eZV as
zj i ¢°() =2V/C(WhVe),
Wij = T e ip oy (A—14)
—af; if¢°(i) <2V/C(WhVe).

ij
Since x +> x 4+ Chx~! is strictly monotone in the region {x > +/Ch}, we can employ (A-9) to prove that,
for every i, j € eZV with ¢°(i) > C(v/h V &),

wij(vi —v;) = ol — vl Jwil < af. (A-15)

Moreover, taking C large enough ensures that, whenever j ~ i, we have

9°() <2//C(Whve) = ¢°()<CWhve),

(A-16)
9°(i) > 2//C(Whve) = ¢°()=vVCWhVe).

Thus, equation (A-15) can be directly checked in the case ¢°(i) < 2/ C (\/Z V ¢) using the definition
(A-14).

Note now that definition (A-14) implies Dfw = O in the region {¢° < 2/ C(vh Vv ¢)}; thus, we
assume ¢°(i) > 2/ C(v/h V &) and estimate (Dfw);. If ¢°( —eex) < 2J/C(WhV e), by convexity
¢°(i +eer) > 24/ C(Vh V ¢). Thus, by definition (A-14) we get

Zijiteer — Ziteer,i T Ziji—eer — Zi—eer,i = —PBlex) — Blex) + Blex) — (—B(ex)) =0.

The symmetric case is analogous. On the other hand, if every j ~ i is in {¢° > 2/C(Vh V &)},
equation (A-12) holds. Therefore, we have shown

C¢h
WD} = =~ g e iven (A-17)
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By a direct computation, using (A-17) and assuming that C > cg, we see that the pair (v, w) defined
above satisfies
{hD;“w +v>¢°,

wij(vi —vj) = afvi —vjl, Jwij| <o

iy
Recalling the comparison result in Theorem 3.3, we conclude that the solution u to (3-4) satisfies u < v
in eZN.

Appendix B: A remark on the inf/sup-convolution formulas (4-5)

In this section we show that, in some particular cases, the “inf” and “sup” in the definitions in (4-5) can
be replaced by “min” and “max”, and that this minimization/maximization procedure can be made in a
fixed neighborhood of the point considered. Yet, our proof also shows that this neighborhood can become
very large, depending on the weights of the interaction, and it seems that we cannot expect in general
cases that the minimum and maximum are actually reached.

We introduce the following condition. There exists £4 > 0 such that, for every & € {0, £1} for
k=1,...,m, there exists £ < {4 such that

ZZZ,B(ek)skek e7VN. (B-1)
k=1

Note that this condition is satisfied if B(ex)/B(ex) € Q forall k, k' =1, ..., m.

Lemma B.1. There exists £; > 0 with the following property: for any i € eZN with ¢°(i) > et; there
exists j € eZN \ {0} with ¢°(j) < ¢°(i) satisfying

¢°@) = ¢°(J) +¢°( — j) —cpe. (B-2)
If (B-1) holds, for anyi € eZN with ¢°(i) > 2e, there exists j € (Wee, \{OH N eZN such that
¢°() =¢°(J) +¢°G — j). (B-3)

Moreover, for every R € (2e€1, ¢°(i)) there exists j € Wg \ Wr_2e, such that (B-3) holds.

Proof. By scaling we prove the result in the case ¢ = 1. Given i € ZV \ {0}, inequality (B-2) follows
easily choosing £; > 2, and considering oi € R" \ {0} for an appropriate o € (0, 1) and j € Z" such that
oi € (j+1[0, 11V).

We now assume (B-1) and denote by £, the radius associated to ¢. We then choose £ = €. Let us fix
i € ZV with ¢°(i) = £ > 2¢;. By (A-2) there exist 7 > 0, &, A with |g¢| =1 and |A¢| < 1 such that

> 2B (ek)ek)-

k=r+1

i= E(Z 2B (erexer +
k=1

Let us set the point

v="> 2B(er)erer € I
k=1
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and define the function sign by sign(x) = x/|x| if x # 0 and O otherwise. For any £’ < {4 we rewrite i as

m m E E/
i = E/(v + Z 2B (ex) sign(kk)ek> +=1) (v + Z 2B(ex) (ﬁ — g/)‘k T sign(kk)>ek)
k=r+1 k=r+1
= lw+E—1) (v + > Z,B(ek)k;(ek).
k=r-+1

Notice that, since £ > 2¢’ and |Ax| < 1, we have |)»}€| < 1; thus, by formula (A-2) we get

m
vt Y 2B(e)hier € W,
k=r+1
and therefore ¢°(i — ¢'w) = £ — £'. We conclude by noting that from the hypothesis (B-1) we can choose
¢ < £y so that £'w e ZV, which implies (B-3) since ¢°(¢'w) = ¢'.
We now prove the last assertion. Since ¢°(i) > 2¢;, by the previous result there exists jo € (1, \ {0})
so that ¢° (i) = ¢°(jo) + ¢° (i — jo). Now, if R —2¢; < ¢°(jo) we conclude. If not, then ¢°(i — jo) > 2¢;
by (B-3), and thus we can find ko € (¥, \ {0}) so that

¢°(i — jo) = ¢°(ko) +¢° (i — jo —ko)- (B-4)
Writing j; = jo + ko, on one hand (B-4) implies
¢°@) = ¢°(jo) +¢° (1 — Jjo) +¢°( — j1) = ¢°(j1) +¢°( — ju), (B-5)

thus equality holds instead. If ¢°(j;) > R —2¢; we conclude; if not (B-5) yields ¢°(i — ji) > 2¢; and we
can iterate. Recalling that ¢° > ¢4 > 0 on eZ" \ {0}, it is clear that after a finite number of iterations the
process stops, and one can check that the required properties are satisfied. (Il

By the previous lemma it is easy to prove the following result.
Corollary B.2. Assume that (B-1) holds. Let u € X be a (1, ¢)-Lipschitz function, and let £1 be as in
Lemma B.1. Then, foralli € eZN

sup {u; —¢°( —j)} = max {u; —¢°@( — j)}.
jefu=0} j€{u=0}

In addition, if i € {u < 0}, the maximum is reached at a point in ({u < 0} + ¥¢,) NeZV.

Proof. It is enough to consider i € {u <0} NeZN. Let us write F = ({u < 0} + 1#)¢¢,) N {u > 0}. Firstly,
by a variant of the argument by iteration employed in the proof of Lemma B.1, one can prove that

sup {u; —¢°( — j)} = sup{u; —°( — j)}. (B-6)
je{u=0} jeF

On the other hand, take a point jo € {u > O}. If j € F satisfies u; — ¢°(i — j) > uj, — ¢°(i — jo), since
u <2el;in F (as u is (1, ¢°)-Lipschitz) we obtain

2el1+¢°( — jo) = 9°( — J),

which implies that the supremum in (B-6) is indeed a maximum. ]
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A BILINEAR FRACTIONAL INTEGRAL OPERATOR
FOR EULER-RIESZ SYSTEMS

NUNO J. ALVES, LOUKAS GRAFAKOS AND ATHANASIOS E. TZAVARAS

We establish a uniform estimate for a bilinear fractional integral operator via restricted weak-type
endpoint estimates and Marcinkiewicz interpolation. This estimate is crucial in the integrability analysis
of a tensor-valued bilinear fractional integral operator associated with Euler—Riesz systems modeling
mean-field interactions induced by a singular kernel. The tensorial operator arises from a reformulation of
the Euler—Riesz system that yields a gain in integrability for finite-energy solutions through compensated
integrability. Additionally, for smooth periodic solutions of the reformulated system, we derive a stability
result.

1. Introduction

We consider the following Euler-Riesz system for ¢ > 0 and x € R? (with d € N),

{a,pw'(pu):o, 01
0 (pu) +V-(pu@u)+Vp” +pVKy*p =0,
where p : [0, 00) x R? — [0, 0o) denotes a density, u : [0, 00) x R? — R4 stands for the velocity and the
exponent y is greater than 1. The kernel K, is given by
1 _
Ko (x) = - |x|*™ (1-2)

with 0 < @ < d; the term pV K, * p describes the nonlocal repelling interaction of particles. Smooth

solutions (p, u) of (1-1) decaying sufficiently fast at infinity satisfy the conservation of energy and mass
identities:
d
dr
This, in particular, yields an a priori estimate for weak solutions, which further implies the regularity
p € L®((0, 00); L' N LY (R%)) for the density.
In this work, we exploit an intriguing connection between harmonic analysis and the theory of Euler—

1 2 vy 1 — d - -
» 2,olul +y_1p —|—2p(Ka>k,0)dx—0, & /Wpdx—O. (1-3)

Riesz systems hinging on the study of a bilinear fractional integral operator. The approach is based on
a reformulation of the interaction term in divergence form, as seen in (1-4) below, in conjunction with
uniform bounds for an associated bilinear fractional integral operator that are established here. This
reformulation is advantageous for three reasons: (i) On the one hand, all the terms of the equations
are written in divergence form, allowing the derivatives to be absorbed by the test functions in a weak

MSC2020: 35Q35, 42B20, 42B37.
Keywords: Marcinkiewicz interpolation, Euler—Riesz equations, compensated integrability.

© 2026 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org/apde/
https://doi.org/10.2140/apde.2026.19-4
https://doi.org/10.2140/apde.2026.19.823
http://msp.org
http://www.ams.org/mathscinet/search/mscdoc.html?code=35Q35, 42B20, 42B37
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

824 NUNO J. ALVES, LOUKAS GRAFAKOS AND ATHANASIOS E. TZAVARAS

formulation. (ii) The harmonic analysis estimates lead to integrability properties of the nonlocal interaction
term. (iii) Finally, for finite-energy solutions, it provides a higher integrability estimate for the density
in space-time, achieved by applying the compensated integrability theory for divergence-free positive
symmetric tensors [Serre 2018; 2019; 2023] to the setting of Euler—Riesz systems.

To illustrate, note that the only term of (1-1) that is not in divergence form is the interaction term
oV K, x p. Inspired by a calculation in [Serre 2019] and exploiting the symmetry of the kernel K, one
reaches the identity

PVKyxp=V-5(p), (1-4)

where S, (p) is a tensor defined by

1
Sa(p)(t, %) = %/0 fR Pt x+(0 = 1)Y)p(t, x +0y)|y[* "y @ ydy do. (1-5)

Identity (1-4) is derived in the Appendix and yields a reformulation of (1-1) in which the equations are
expressed as a divergence-free condition of a tensor that fits into the compensated integrability framework
of [Serre 2018]. This reformulation leads, in turn, to a higher integrability estimate for finite-energy
solutions thereby improving on the integrability provided by the energy identity; see Theorem 3.2.

To analyze S,(p), we consider a bilinear fractional integral operator I¢ defined for nonnegative
measurable functions f and g on R? by

190f, £)(x) = /R PO = Dy)gleH0n Iy dy (1-6)

with 0 < o < d and 0 < 6 < 1. The main result of this work provides a uniform bound in 6 for 79
with assumptions similar in style to the classical Hardy—Littlewood—Sobolev (HLS) inequality; see
Theorem 2.1.

From the natural integrability of p induced by the energy identity, one may deduce using the classical
HLS inequality that the term pV K, * p belongs to L' in space whenever 1 < a < d. By contrast,
when employing the formulation (1-4) via the tensor S, (p), one improves the range to 0 < o < d. This
observation underlines the importance of the reformulation of (1-1) through identity (1-4).

The paper is organized as follows. In Section 2 we state the main theorem of this work and describe
the associated results. In Section 3 we explain how the theory of compensated integrability leads to a
higher integrability estimate for finite-energy solutions of the Euler—Riesz system. Section 4 contains the
proof of the main theorem and its corollary, Proposition 2.3, which yields an integrability result for the
tensor given by (1-5). Finally, in Section 5, we establish a stability result for smooth periodic solutions of
the reformulated Euler-Riesz system via the relative energy method.

2. Description of results

The main theorem of this work provides a uniform estimate for the bilinear fractional operator I given
by (1-6); see Theorem 2.1 below.
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Fractional integral operators have been of great importance in harmonic analysis for several decades;
however, in recent years, their bilinear analogues have also attracted research attention. In particular, an
operator By, with 0 < « < d, acting on nonnegative measurable functions of R as

Bu(f. )(x) = /R P gl Iy dy

was first considered in [Grafakos 1992] and later in [Kenig and Stein 1999; Grafakos and Kalton 2001],
in which optimal boundedness properties between Lebesgue spaces were established. It has subsequently
been studied extensively by several authors; we refer to [Ding and Lin 2002; Moen 2014; Li and Sun
2016; Hoang and Moen 2018; Hatano and Sawano 2019; Komori-Furuya 2020; He and Yan 2021] for
estimates concerning B, (and related versions) on a variety of spaces. While the operator I is quite
similar to B, when the dependence on the parameter 6 is ignored, its study becomes more intricate when
seeking estimates that are uniform in the auxiliary parameter 6.

These types of operators have sparked significant interest primarily due to the singular nature of their
integrands, but also due to their proximity to Hilbert transforms. Notable examples include the linear
fractional integral operator (also known as the Riesz potential) and the linear Hilbert transform. In our
case, the bilinear operator I¢ is related to a bilinear Hilbert transform HY given by

HO(f, 9)(x) :p.V./Rf(x+(9— 1)t)g(x+9t)%.

Uniform bounds in 6 for this transform can be deduced by direct application of the results obtained in
[Grafakos and Li 2004; Li 2006]. Other boundedness results for similar bilinear Hilbert transforms can
be found in [Lacey and Thiele 1997; 1999].

2.1. Main result.

Theorem 2.1. Let d € N be the dimension, 0 <« < d, and p, q, r be integrability exponents satisfying

1
1,1 1,0
p

1<p,q<g and g rTd

Then there is a constant C = C(«, d, p, q) > 0 independent of 6 such that for all f € L?(RY) and
gelLl (R?) we have

||13(f, N way < C||f||Lp(Rd)||g||Lq(Rd)- (2-1)

Whenever (% é) lies in the interior of the square with vertices (% %), (% 1), (1, %), and (1, 1),
the operator ¢ is bounded from L?(R?) x L4 (R?) to L"(R?) uniformly in 6 when % + é =14 If
one ignores the uniform bounds in 6, then I(f is bounded from L?(R%) x L?(R?) to L" (RY) when the

pair (%, %1) lies in the interior of the pentagon with vertices (0, %), 0, 1), (1,1) (1,0), and (%, O). See
Figure 1.

The proof of Theorem 2.1 relies on a bilinear version of the Marcinkiewicz interpolation method, where,
from a finite set of restricted weak-type estimates, one deduces strong-type estimates; see Proposition 4.6.

A more general version was established in [Grafakos and Kalton 2001; Grafakos et al. 2012] for multilinear
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q 2,1
0, 1) (d¢ ) (1, 1)
O, oo (1. %)
R RN C) ‘
(0,0) (g,:o) (1,0) %

Figure 1. Region of boundedness.

operators. In particular, in [Grafakos and Kalton 2001], this method is deduced as a corollary of a Boyd
interpolation theorem in the framework of quasinormed rearrangement-invariant spaces.

Finally, we would like to point out that the largest possible region in which uniform estimates hold for
Io(f is, in fact, the open square with vertices (%, %), (%, 1), (1, %), and (1, 1). By interpolation, it suffices
to check that uniform bounds fail on the boundary of this square. To verify this, let us assume that a
uniform bound

sup 1115 (f. )@y < CIf Nl oy I8l Lase e
0<6<1

holds on the horizontal dotted line, that is, when % + é = } +Zand g = g, for some positive constant
C =C(a, d, p). In this case, we must have p = r. By Fatou’s lemma, it follows that

[tim inf 7;(f. &) ] ey < C 1L o ey N8 ey
hence, for all Schwartz functions f and g we must have
||f1a(g)||Lﬂ(le) = C”f”LP([R{d)||g||Ld/Ot([R{d), (2-2)
where I, is the linear fractional integral operator

Io(g)(x) = /Rd gx+y)lyl*"dy = /Rd g(x — y)|y|* 4 dy.

Now inserting
d

fO) = fer@) = (5)217 o~ Zlx—xol?

in (2-2) and letting € — 0, we obtain

[1,(8) (x0)| < ClIgIl Lare (may

for all xo € R?. This would imply that I, maps LY*(RY) to L®°(RY), a fact known to be false; see
[Grafakos 2024, Example 5.1.4]. An analogous argument (letting & — 0) indicates that a uniform bound
also cannot hold on the vertical dotted line of Figure 1.
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2.2. Connections with the HLS inequality. We recall the HLS inequality [Lieb and Loss 2001].

Proposition 2.2. Let p,q > 1 and 0 < o < d satisfy

+-=1+

Q| —
R

1
p
If feLP(RY) and g € L94(RY), then

‘ fR d fR P =y dxdy| = ClL L 8o (2-3)

for some C = C(a,d, p) > 0.

Note that the assumptions on the integrability exponents p and ¢ in Theorem 2.1 with » = 1 and
Proposition 2.2 are exactly the same. Indeed, the assumptions of Proposition 2.2 imply that p, g < g. To
check this fact, suppose, without loss of generality, that p > 1 and g > g. Then % + é <1+ %, which is
a contradiction.

Furthermore, the HLS inequality can be used to infer the L' boundedness of the operator I since, for
nonnegative measurable functions f and g, appropriate changes of variables yield

125 (f. )y = / / F@lx —y[*g(y) dxdy.
Re JRd
Thus, the uniform estimate (2-1) is nontrivial and of independent interest when r # 1.

2.3. A tensorial bilinear fractional integral operator. Consider a bilinear version of the tensor S, (p);
that is, define a tensorial bilinear fractional integral operator J, for nonnegative measurable functions f
and g on R? by

1
I(fow = [ [ e ©-Dgirenn iy ey . -4
0 JR
Note that S, (p) = %Ja (p, p). Additionally, identity (1-4) can be written in terms of J, as

fVKa* f =V (3Ja(f. ). (2-5)
As a consequence of Theorem 2.1, for the operator J, we obtain the following result:

Proposition 2.3. Let 0 <« < d and p, g, r be integrability exponents satisfying

d 1 1 1, «
1<p,q<&, r>1, and ;4—6—]—;4-5.
Then for all f € L?(RY) and gell (R?) we have
I Je (S5 N way < C||f||Lp(Rd)||g||Lq(Rd) (2-6)

for some C = C(a,d, p,q) > 0.
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The previous proposition leads to an integrability result for S, (p). Indeed, if
peL'RHNLY (R,

as implied by the a priori bounds (1-3), and 1 < 2dr/(d + ar) <y for some r > 1, then Sy (p) € L" (RY)
and there exists a constant C = C(«, d, r) > 0 such that

152 ()| r @y < CllONT o gas 2-7)

where p = 2dr/(d + ar). Note that by interpolation, the right-hand side of (2-7) is controlled by the

norm || ol 1 @we) + 101l Ly (re)-

2.4. Reformulation of the Euler—Riesz system. Consider the Euler—Riesz system (1-1) supplemented
with initial data pp and ug. This system comprises a continuity equation for the conservation of mass and
a second equation that ensures the conservation of momentum. These equations govern the dynamics of a
compressible fluid with density p and linear velocity u, subject to pressure and interaction forces. The
pressure function is given by p(p) = p?, with y > 1 being the adiabatic exponent, and the interaction
forces are modeled through the kernel K, given by (1-2). For d > 3 and o = 2, we recover the Euler—
Poisson equations, as in that case, the interaction kernel K, is the Newtonian kernel. For existence
theories on Euler—Riesz systems, we refer to [Choi and Jeong 2022; Danchin and Ducomet 2022; Carrillo
et al. 2025].

As observed in the introduction, smooth solutions of (1-1) satisfy a priori bounds of conservation of
energy and mass. Given the adiabatic exponent, it is reasonable to consider solutions such that p belongs
to L' N LY in space. A natural question is whether this integrability can be improved by exploiting
the structure of the equations. For finite-energy solutions this can be accomplished by compensated
integrability. Specifically, for a finite-energy solution (p, u) of (1-1), one can prove that for each 7 > 0

if peL®0,T: L'\®R))NLY[RY)) then p e LY i((0, T) x RY). (2-8)

The first step towards (2-8) is to rewrite system (1-1) as a space-time divergence-free condition for an
appropriate tensor. This is made possible through identity (1-4). This reformulates system (1-1) into a
divergence-free positive symmetric tensor form, fitting in the compensated integrability theory of [Serre
2018; 2019; 2023], thereby yielding the integrability improvement (2-8); see Section 3. We refer to
[Guerra et al. 2024] for an extension of this theory, and to [LeFloch and Westdickenberg 2007] where a
higher integrability estimate is obtained for one-dimensional finite-energy solutions of an isentropic Euler
system using a different methodology.

Next, we explore a possible weak formulation for the Euler—Riesz system (1-1). For the continuity
equation take

o
// ,oa,cp+,ou-V(pdxdt+/ popodx =0,
0 JRY R?

where ¢ € C Cl ([0, 00) x RY) is a test function with ¢|t=0 = @o. For the momentum equation we have
two options, according to identity (1-4). Let & € C L] ([0, 00) x R?; RY) be a test function with &|,—¢ = &.
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Using the left-hand side of (1-4), we get

o0
// pu'3r5+(pu®u+pyld):Vé—pV(Ka*p)-dedtJr/ poug -&odx =0, (2-9)
0 JRY Rd

whereas, using the right-hand side of (1-4), we have

o0
// PM'3t§+(,0u®u+,0yld+Sa(P))ZVSdXdH-/ poug - §o dx =0, (2-10)
0 JRA Rd

where I is the d x d identity matrix, and for two square matrices A = (a;;) and B = (b;;), we define
A:B= Zi,j al‘jb,’j.
Assume that p € L' N LY (RY). Using the HLS inequality we obtain the following:

() fl<a<dandy >q=2d/(d+a—1), then pVK, % p € L' (R?) since
1V Ko # pll iy < C(@ DIl gay-
(i) fO<a<dandy > p=2d/(d + a), then S,(p) € L'(R?) since
152 (0) 11 gty < C @t DNPIIT e

The second formulation is preferable as it is well-defined for a larger range of the parameters « and y .

3. Compensated integrability

In this section we provide a proof for (2-8), which is one of the reasons for having considered the tensor
S4(p) and subsequently the bilinear fractional integral operator 17 .

3.1. A divergence-free positive symmetric tensor. First, we write system (1-1) as a space-time divergence-
free condition for an appropriate tensor. Thanks to (1-4), system (1-1) can be reformulated into

Vi Aa(p,u) =0, (3-1)

where the (1+4d)-tensor Ay (p, u) is given by

e (pu) " -
Aalp, 1) = [pu pu®u+p(p)1d+5a(p)]' -2

Next, we deduce some basic properties of the tensor S, (p) given by (1-5) that are relevant for the
subsequent analysis.

Proposition 3.1. The tensor Sy (p) is symmetric, positive semidefinite and

p(p),

det(p(p)1a + Su(p)) = {det Sa(p).

Proof. 1t is clear that Sy (p) is symmetric since y ® y is symmetric. Moreover, given a vector v = v(x),

1
1 —d—
s =5 [ [ e @ =Dyt only 02 o dy 2 0
REJ0
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hence S,(p) is positive semidefinite. Therefore, there exist nonnegative eigenvalues Aj, ..., Ay and
their respective eigenvectors vy, ..., vg; that is, Sy(p)v; = A;v;. Then p(p) + A; is an eigenvalue of
p(p)1a+ Sq(p) since (p(p) 1y + Su(p))vi = (p(p) + A;)v;. Hence, given that A; > 0,

{ [T, p(o) = p(p)?,

P O
Hi:l Ai =det Sy (p).

d
det(p(p) 1+ Su(p)) = [ [(P(0) +10) =
i=1
It follows that the tensor A, (p, 1) is symmetric and positive semidefinite. To check the latter, let
w = (wp, w), with wy being a scalar and w a d-dimensional vector, and note that

T _ ~T7| P (pu)" wo
wiAw=[wo w ][pu pu®u+p(p)ld+5a(p)} [ﬁ)]
= p(wo+u-H)? + p(p)| D> + b Sy ()

ZO’

where in the last step we used the fact that S, (p) is positive semidefinite.
Consequently A, (p, u) is a divergence-free positive symmetric tensor.

3.2. Higher integrability for finite-energy solutions. Assume that (p, u) is a solution of (3-1) with finite
mass and energy and such that A, (p, u) belongs to L!((0, T) x RY) N Lllotl/d((o, T) x R?) for each
T > 0. Note that, by the conservation of mass and energy, it suffices to prescribe initial data (pg, ug) with
finite mass and energy. We apply [Serre 2018, Theorem 2.3] to the tensor A, (p, u), along the same lines
of the proof of [Serre 2018, Theorem 3.1].
Set
> =(0,T) x Bg,

Br={xeR’:|x| <R},

0¥ = ({0} x BR)U((0,T) x 9BRr)U({T} x Bg).
We have the estimate

T 1 ]_;,_l
f (det A (p, w)7 dx dt < call Au(p, WVll,18 . (3-3)
0 JBg

where v is the outward normal vector to the boundary of X, given by

(—1,04) on {0} x Bg,
v=1z=(0,x/|x]) on (0,T) x Bg,
(1,04) on {T} x Bg.
Hence
4o, 00, = [ 1o, o010+ 100 pidli—r ds -+ CR)
where '

T
‘ﬁ(R)I// |Ay(p, u)z| dx dt.
0 JoaBg
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Since Ay (p, u) is integrable it follows that ¢ € L' (0, 00). Indeed,

o) oo pT
/ |w<R)|dR§/// Ay (p. )] dx dr AR
0 0 0 JOBg
o0 d T
= — |Ag (o, u)|dxdtdR
[ axl ],

= A (o, Wl 110, 7)xRY)-

Therefore, there exists a sequence R, — oo such that ¥ (R,) — 0. Considering this limit in (3-3), and
using the conservation of mass and momentum, gives

T ] 144
// (detAa(p,u))ddxdt§Cd(/ |(P»,0M)|t:0+|(,0a:0“)|t:de>
0 JRY R4
1+3
=2Cd</d\/,0(2)+,03|u0|2dx>
R

143
<2cqy (fd £o + poluol dx) ,
R

where in the last inequality we used that ~/a% + b? <a +b for a, b > 0.
Now, using Proposition 3.1,

det Ay (o, u) =p det(ﬂu Qu+ p(p)ly+ Sa(p) — pu%puT)

= pdet(p(p)la+ Sa(p)) = pp(p)".
Consequently,

T 1 T 1
ff pdp(p)dxdrsz (pp(p)")h dx dr
0 JR 0 JRd

T
< / (det Aq (0, u))¥ dx dr
0 JRI

1+
3 1 d
< 2¢qy (/ SP0+ 5,00|M0|2 dx)
R4
1

3 1 1 i
<2¢4 —/ poderf = polugl* + h(po) + 5 poK * po dx

2 Rd Rd 2 2
< 00,

which establishes the desired higher integrability estimate given that p(p) = p?.
Letting T — oo we obtain:

Theorem 3.2. Finite-energy solutions of the Euler—Riesz system (1-1) with 0 < o < d and repelling
potentials satisfy the a priori estimate

p e LY ((0, 00) x RY). (3-4)
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The use of the compensated integrability theory for divergence-free positive symmetric tensors requires
the potential to be repulsive.

Other methodological approaches for obtaining improved integrability estimates exist in the literature,
starting with [LeFloch and Westdickenberg 2007], pertaining to one-dimensional spherically symmetric
Euler equations. Additionally, in a recent and interesting work, Carrillo, Charles, Chen and Yuan [Carrillo
et al. 2025] establish the existence of global finite-energy weak solutions for the axisymmetric version
of the Euler—Riesz system (1-1). Their approach uses compensated compactness for radially symmetric
solutions of Euler—Riesz systems and is based on an integrability estimate for the density [Carrillo et al.
2025, Lemma 3.12]. When compared to (3-4), their estimate corresponds to the case d = 1, but it applies
to potentials that are either repulsive or attractive with a wide range of power or logarithmic interactions.

Remark 3.3. The special case « =2 with d > 3 corresponds to the Euler—Poisson system
ap+V-(pu)=0,
9 (pu)+ V- (pu®u)=—-Vp’ — pV, (3-5)
—Ap=p,

commonly used in models for electrically charged fluids.
In this case, as the potential is given as the solution of Poisson’s equation, one could also write

pVp =V (5IV’li= Vo ® Vo),
however, the tensor being applied by the divergence on the right-hand side is not positive semidefinite,

and therefore it does not fit into the theory of compensated integrability.

4. Bilinear harmonic analysis

The aim of this section is to prove Theorem 2.1. Since all the operators involved are positive, we assume
that all the considered functions are nonnegative. Given that all the Lebesgue spaces in this section are
over R?, we shorten the notation of L?(R%) to L?.

4.1. An auxiliary operator 1 % For0 <6 <1,let I? be the bilinear operator defined for (nonnegative)
measurable functions f and g on R? by

1I°(f, 9)(x) = . ]f(x+(9 —Dy)gx +0y)dy.
yI=

Lemma 4.1. The operator I maps L' x L' to L'/?

O CF e < Clf gl (4-1)

uniformly in 6. Precisely,

with C = 345,

Proof. We first prove (4-1) with C = 3¢ for integrable functions f and g supported in cubes with sides of
length 1 parallel to the axes. Let Qg = [0, 11 and, for each k € Z%, let Q; =k + Q( denote the cube with
side length 1 whose sides are parallel to the axes and whose lower left corner is k. For k = (ky, ..., k)



A BILINEAR FRACTIONAL INTEGRAL OPERATOR FOR EULER-RIESZ SYSTEMS 833

and [ = (I, ..., 1) in Z4, assume that f is supported in Qy and that g is supported in Q;. Under these
conditions, we claim that 1 (f, g) is supported in a cube Q of side length 3. Indeed, foreachi =1, ..., d,
the inequalities

ki<xi+@O@—Dyi<ki+1, [ <xi+0y<[i+1
together with |y| <1 and 0 <6 < 1 imply that
ki—1<x;<ki+2, Li—1=<x;<I[i+2,

which establishes the claim. Thus, for these f and g, the Cauchy—Schwarz inequality gives

2
1O CF, @)l e = (/R xolI’(f, o)1t dx) <3 /RfR £+ — Dy)glx +8y) dy dx

53"// fz—y)g(z)dzdy
R4 J R4

<3 flpliglp

Now that we have established (4-1) for all integrable f and g supported in cubes with side length 1,
we proceed to the general case. For each k and m in Z¢, set f; = Xxo. f and g, = x0,,8-

Given x € R?, we claim that if 19(fr, gm)(x) # 0, then each m; satisfies k; < m; < k; + 2. Indeed,
under the hypothesis Ie(fk, gm)(x) #0, we have that x + (6 — 1)y € Oy and x + 60y € Q,,, and so the
conditions

ki<xi+@O—1y <k +1

and
m; <xj +6y; <m; +1
hold for eachi =1, ..., d. Since |y| < 1, the conditions above imply that
ki <xi+0yi—yi <xi+0y;+1<m;+2
and

m; <x;i+0y;=x;+0— Dy +y <ki+2,

which establishes the claim. So, for any fixed k € Z¢, if I9(fi, gm)(x) # 0, then m = k + [, where
1 e[-2,2]YNZ?% = F. Note that F contains at most 5¢ elements.

We have
1 <Y Y 1 (g2 =D Y 1 (fie a1

keZd mezd leF kezd

and so, using the fact that (4-1) with C = 34 holds for the functions fr and gi4y, it follows that

1 \? 1 1\2
1O Cf )l < (Z > (fre ng)nzm) <3¢ (Z D IflZ llgesl zl) :

IeF kezd leF kezd
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Finally, applying the Cauchy—Schwarz inequality to the last term above yields

3 1\
1O (f, @)llpie < 3d(Z(Z ||fk||L1) (Z ||gk+z||u) )

leF “kezd kezd
2
1 1
< 3d<2 [FAF IIgII,{l) <35 flli gl
leF
which concludes the proof. O

4.2. A dilated version of I°. In this section we consider a dilated version of 1¢, denoted by If, for j e Z.
This is defined as

I7(f, 9)(x) = f @&+ 6 —1)y)gx+06y)dy.

ly|<2

Lemma 4.2. The operator IJ(? maps L' x L' to L' uniformly in  and in j. Precisely,

7l < I lllglz (4-2)

Proof. Let f, g € L'. By Fubini’s theorem and the change of variables x + (6 — 1)y = z we have

1Y (f. @)l = f | f@gE+y)dzdy.
lyl<2/JRd

Using Fubini’s theorem once more, together with the change of variables z + y = w, it follows that

Gl = [ 7@ g(w) dwdz < /1 lell . :

lw—z|<2/

Lemma 4.3. The operator I](? maps L' x L' to L'/? uniformly in 6. Precisely,

119 Cf e < 293952 fllpillgl i (4-3)

Proof. This is a consequence of (4-1) via a dilation argument which we include for convenience.
We have

2
I 8)hure = </R 19, )@ )] 2 dx)

% 2
—22dj </ (/ fQ@ x40 —1)y)g2/x +6y) dy) dx)
R \J|y|<2/

1

i 2

= 2% ( f ( f F(27 x4+ O = Dy))g@/ (x +0y))2% dy) dx)
RY\Jyl<1

=23 1(f;, gDl i,

where f;(x) = f(2/x) and gi(x)= g(27x).
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Using (4-1), it follows that

MO, @)l < 2343052 fR fi) dx /R 8j(x) dx

= 2343752 /R f2 Y dx /R L8027 dx =235 £l lgl - O
Lemma 4.4. There exists ¢ > 0, depending only on d, such that for all measurable sets E, A, B € R? we
have
, [ clAlIB|min{2¥, |E]}, (4-4)
(/ II.,‘-’(xA,xB)I%dx <1 c|A||E|min{2¥ | B|}, (4-5)
: c|B||E|min{29 | |A|}, (4-6)
and
/Euf(xA,xBNdxscmin{zdf|E|,|A||B|}. “7)

Proof. First we prove estimate (4-4). Using (4-3) with f = x4 and g = xp we have that

2 2
(f |If(xA,xB)|%dx) 5(/ |1f<xA,xB>|%dx) < 29731524 B.
E R4

On the other hand, by (4-2) and the Cauchy—Schwarz inequality we have

2 2
1 1
(f |1f<xA,xB>|zdx> =(/2xE|If<xA,xB>|zdx> <|EI|Al|B| < 3/5%|E||A]|B).
E R

Estimate (4-4) follows from combining the two estimates above.
Next, we turn our attention to estimates (4-5) and (4-6). We only give a proof of the former due to
their symmetrical nature. First, we use the Cauchy—Schwarz inequality as above to obtain

2
1
(f |1f(xA,xB>|zdx> flEI/ 19 (xa. xp) dx.
E Rd

There are two ways to estimate the integral on the right-hand side of the previous inequality. One way is
by |A||B] (using (4-2)), and the other is as follows (using that xp < 1):

[ oo [ [ uere-tmayac= [ ] aer@-nyacy vdia)
Re - R J |y <2i yi<2i e

where v, denotes the measure of the unit ball in R?. This proves (4-5).
In order to prove (4-7), we observe that
19 (xa. xB) < va2¥
from which it follows that
f|1?<xA,xB>|dxsvd2"f|E|.
E
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The previous inequality together with
0 0
[ 1o owidx < [ 11w idx < 1418
E R

yields the desired estimate. O

4.3. Bilinear Marcinkiewicz interpolation. Recall the definition of weak Lebesgue spaces. For 0 <r < oo,
the weak L” space, denoted by L™, is the space of all measurable functions f on R? such that

1
I £ lzree == supalix € R 1| ()] > A} " < oo (4-8)
A>0
The map || - || .-~ is a quasinorm, and we have (see [Grafakos 2014a])
1
_1.1 s\
£l = sup |EI7 (f 71 dx) , (+9)
0<|E|<o0 E

where 0 < s < r and the supremum is taken over measurable sets E C R? of finite measure.

Definition 4.5. Let 0 < p, g, r < 0o. A bilinear operator U acting on measurable functions is said to be
of restricted weak type (p, ¢, r) (with constant ¢ > 0) if

11
I1U(xa, x)llLre < c|AlP|B|4 (4-10)

for all measurable sets A and B of finite measure.

The next proposition, a version of the multilinear Marcinkiewicz interpolation, is the main step towards
establishing Theorem 2.1. It yields strong-type bounds for bilinear operators, assuming only a finite set
of restricted weak-type estimates. For a proof of the general case, see [Grafakos et al. 2012] or [Grafakos
2014b, Theorem 7.2.2 and Corollary 7.2.4].

Proposition 4.6. Let 0 < p;, q;, ri <00 fori =1, 2, 3. Suppose that the points
(L L) (L L) (L l)
pP1 q1 D2 g2 P3 43
do not lie on the same line in R%. Let 0 < 6;, 60,63 < 1 satisfy 01+ 60,4603 =1, and define 0 < p, g, r < oo
by

Assume that
1 <
,
Let U be a bilinear operator that is of restricted weak-type (p;, qi, i) (with constant c; > 0) for all

i =1,2,3. Then there is a constant C > 0 depending only on p;, q;, r;, and 0; (i = 1,2, 3) such that

01 6, 6
IU(f. @)l = Cey' e’ 1 fllerligllLe

for all functions f € LP(R?) and g € L4(RY).



A BILINEAR FRACTIONAL INTEGRAL OPERATOR FOR EULER-RIESZ SYSTEMS 837

We note that the conclusion of Proposition 4.6 is also valid in the interior of the convex hull of four (or
more) points at which initial restricted weak-type estimates are known. The reason is that any polygon
can be written as a union of triangles.

4.4. Proof of Theorem 2.1. Turning our attention to the bilinear fractional integral operator I° defined
by (1-6), we note that by a dilation argument, if it maps L?” x L9 to L", then necessarily

-4 —=—+=. 4-11)
p q r d

Moreover, Theorem 2.1 affirms that I is bounded uniformly in 6 from L? x L9 to L" when (p, q)
lies in the open square with vertices (1, 1), (l, g), (%, 1), (g, g) and (4-11) holds. In this case, we have
() if (p,q) = (1, 1), then r = 54—,
(i) if (p.q) = (1, £), then r =1,

(iii) if (p,q) = (£, 1), then r = 1,
(iv) if (p, @) = (£, £), thenr = £.
Set
o= (11 57) g =(1.21),
g =(201). ranro=(2.4.9),

To establish Theorem 2.1 it suffices to prove that 13 is of restricted weak type (p;, gi, r;) (with constant c;
that is independent of 6) for i =1, 2, 3, 4. Then, the result follows by bilinear Marcinkiewicz interpolation,
Proposition 4.6.

That is, we need to prove the estimates

115 (xas xB)|l arca-are < c1]Al|B], (4-12)
128 Ceas x8)ll e < 2| Al|BI, (4-13)

128 Geas xs)ll e < e31A1d B, (4-14)

122 (xas X8) | e < calA|d| B, (4-15)

uniformly in 6, for all measurable sets A and B of finite measure.
In the proofs of (4-12)—-(4-15) we utilize the following lemma.

Lemmad4.7. Letd eN, 0O <a <d anda, b > 0. There exists c = c(d, a) > 0 such that

(@=d)j 2
lo—a)j . di 1 o
<Zz 2 (min{2%, a})2> <cad (4-16)
jez
and .
Y 2=Di min(2%a, b) < ca([:—z)a. (4-17)

jez
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Proof. We only prove (4-16) as the other one is similar. Let m = max{j € Z: 24 < a}. Then

m
aj @)
Zz (mm{de a))? = d 27+ Z 2 az
jez j=—00 j=m+1
o o
222 k) _i_Zngd)(i—i-m-l-l)a%
k=0 i=0

o dl (a—d)

The desired inequality is achieved by noting that

=~

=0

m+1) %7 0

a2d and 2

am o (a—d)
2

2

Proof of Theorem 2.1. First, note that R? can be expressed as the union of annuli,

= JmeH\ B2,

jez

where B(R) denotes the open ball in R¢ centered at the origin with radius R.
Therefore,

19£, &) 52/2. O sy
i—l<|y|<2/

jez
=y | £+ O = Dy)gl + 020D dy
jez 2i=t<|y|=2/

<277 2@ DI f, ) (x).

jezZ

Let A, B be measurable sets of R? of finite measure. In what follows, the positive constant C might
change from line to line, but it will always be independent of 6.
To prove the restricted estimate (4-12) we use (4-4), (4-9) with s = % and (4-16) as follows:

) 2
dx)

> 2@ DI (xa. xB)

0 —2+2d-a
11y (Xas XB)|ILa/ea-w.0 <C sup  |E]| d

0<|E|<o0

jez
' 2
<C sup [E| d(Z Iqu,xB)zdx)
0<|E|<oo jez E
2
<C|A||B| sup |E|” d(Z )
0<|E|<o0

jez
= C|A[|B].
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Next we prove (4-13). Here we use (4-5), (4-9) with s = %, and (4-16) as follows:

I \2
dx)

ng(XA: XB)”LLOO <C sup |E|—2+1 (/

> 2@ DI (xa, xB)

0<|E|<o0 jez
) (@=d)j LY
<C sup |E| 1(22 2 /IJQ(XA,XB)ZdX)
0<|E|<o0 E

jez

. (@=d)j Ji N\
<C sup [E| |A||E|(Zz 2 <min{2f,|B|}>z)
0<|E|<o0 jez
< C|A[|B|d.

The estimate (4-14) is based on (4-6) and is deduced similarly as the one above.
Finally, we turn to (4-15). Here we use (4-7), (4-9) with s = 1, and (4-17) as follows:

D 29D (xa, xp)| dx

0 —14+9
11, (xa, xB)lpa/ec <C sup |E| " "d f
Eljez

0<|E|<o0

<C sup |E[T'Ta ) 2@ / 17 (xa» xp) dx
E

0<|E|<o0

jez
<C sup BT Y2 D min(2?|E|, |Al|B)
0<|E|<o0 jez
|AlIBI\d
o
<C sup |E|‘1+d|E|<—)
0<|E| <00 |E|
o a
—C|A|4|B|d.
This completes the proof of the theorem. ]

4.5. Proof of Proposition 2.3. First, we observe that the tensor J,(f, g) is pointwise bounded by
fol I(f(f, g) d6. Indeed, for any x € R? and v(x) € R?\ {0} we have

1
|Jo(f, &) (xX)v(x)] = '/0 /Rd Fx+©6—=Dy)gx+0y* 4 2(y-vx))ydydd
1
S/0/Wf()“r(Q—l)y)g(x+9y)|y|"_“3_2|y-v(x)||y|dyc19

1
S./o IJ(f, &) (x)dolv(x)],
and hence J
|J01(f,g)(X)|= sup | “(fvg)(x)v(x)|
v(x)#0 [v(x)]

1
< f 12(f, g)(x)do.
0
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Therefore, using Jensen’s inequality we deduce that

dx

1
||Ja(f,g)||2rs/ V 19(f. 8)d6
R4 0

1
< / f I9(f, )" d6 dx.
R4JO
Now, we use Fubini’s theorem to obtain

1
1o (f> @7 S/O/Rd 115 (f, )| dx 6

1
_ fo VO CE, Il do

from which the desired result follows upon applying Theorem 2.1.

5. Stability for Euler—Riesz systems

In this section, we establish a stability result for smooth solutions of an Euler—Riesz system with periodic
boundary conditions, written according to identity (1-4). Two smooth solutions are compared using the
relative energy functional. Using the abstract formalism developed in [Giesselmann et al. 2017], we
derive an identity that describes the time evolution of the relative energy. The right-hand side of the
relative energy identity is controlled with the help of the HLS inequality and then Gronwall’s lemma
provides a stability result.

Stability results of this type have been obtained for similar systems of equations, where one of the
considered solutions is assumed to be merely a weak or even measure-valued solution, yielding a weak-
strong uniqueness or measure-valued versus strong uniqueness principle; see [Alves 2024; Alves et al.
2024; Carrillo et al. 2024; Lattanzio and Tzavaras 2017]. The result obtained here can be phrased in the
language of weak-strong stability, but we avoid doing that and we refer to [Alves et al. 2024] for details
of such a formulation.

Let 7 > 0 and denote by T the d-dimensional open cube (—%, %)d. Consider the Euler—Riesz system
in (0, T) x T¢, expressed using the abstract functional framework developed in [Giesselmann et al. 2017],

3”0 +V ° (IOM) = 07
3, () + V- (pu @u) + pViE () = 0, (5-D
pli=o = po, uli=0 = uo,

with the potential energy functional £ defined as
1
E(p) = f h(p) +K§p(Ka * p) dx,
T

where h(p) = ﬁ pY is the internal energy function, K, is the kernel given by (1-2), and the constant «
represents the interaction strength and for this section it is allowed to take positive and negative values.
The size of |«| will be restricted to ensure that the relative energy is nonnegative.

The density p and velocity u are assumed to be periodic in space with unit period.
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5.1. Relative energy identity. The functional derivative % is given by

5. .,
5(0) =h'(p)+«Kqy*p, (5-2)

which can be computed through the formula

E(p+d¢) —E(p)
5 ,

Y _ [ s o
<$(p),<p)—/w 5p(p)<de-—§gI(1)

where ¢ is an arbitrary test function.
Furthermore, using (1-4), we have

pvg—f)(p) — V- Ry(p). (5-3)

where R, (p) = p(p)1ls+ Kk Sy (p), with p(p) = p? being the pressure function. Note that the calculations
in the Appendix that lead to identity (1-4) are valid if one replaces R? by T¢ due to the symmetrical
assumption on the torus.

The relative potential energy functional £(- | -) is defined as

Ep|p) = E(p) — E(5) — (%(5), p—5)
- /Wh(pm)ﬂ%(p — P (Ka ¥ (p— p)) dx,

where h(p|p) = h(p) —h(p) —h'(p)(p — p).
Next, we present the evolution of £(p|p) over time, assuming that p and p evolve according to
system (5-1). For the full details of the calculations involved, refer to [Giesselmann et al. 2017]. We have

d ool i Rool3) dr— (%€ () — 9 5 Y (o —i _
Se1p) = [ Vi Rt 15 a5~ (5500 = S0 V- ot — ). (5-4)
where

Ru(p|p) = p(p|p)a+KSa(p|p).
Now, the linear velocities satisfy
du+ (- Vyu+ V5 (p) =0,
Oyt + (it - V)it + V3 (5) =0,

from which it can be deduced that

d

1 -2 - _ = 7 8& 8¢ - . — 7 -
g |, 7Pl dx= fww.p(u 0@ =) dr+(5-(0) — 5 (0). V- (plu—)). (55)

Combining (5-4) with (5-5) yields the relative total energy identity

%<€(p|ﬁ)+/ %p|u—ﬁ|2dx>=—f Vii: (o(u— i) ® @ — i) + Ra(p| 7)) dx.  (5-6)
T4 T4
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5.2. Stability of smooth solutions. Let (p, u) and (p, i) be two smooth solutions of (5-1), and suppose
additionally that for (p, it) the density 5 is bounded away from vacuum; that is, there exist § > 0 and
M < oo such that
§<pt,x)<M for(r,x)e0,T)xT?
and also
Vit € L®(0, T; L™(T%)).

The solutions (p, u) and (p, u) satisfy the relative energy identity (5-6). Let W : [0, T) — R denote
the relative energy between this pair of solutions,

1 } _
(1) =f plu —al?dx+E(p|p)
Td

=f Lolu =l +h(p| p) 415 (p— 5)(Ke (p— ) dx.
‘[(d

The objective is to prove a stability estimate connecting the behavior at time ¢ € (0, T') to the initial
behavior at time zero.

Identity (5-6) yields

d _ _ _ - - - _
d—\IJ(t) = —/ Vu :p(u—u)®(u—u)dx—/ (V-u)p(plp)dx—x/ Vu:Se(plp)dx. (5-7)

t T Td Td

To use W as a yardstick for comparing the two solutions, we need to show that W is nonnegative. This

is based on two key ingredients. First, the HLS inequality (2-3) gives

1o = B)(Ka % (0 — )| 11y < Coll o = Bl 10,

for some positive constant Co = Cy(ct, d), where p =2d /(d +«). This is improved by using interpolation
and properties of the function i(p|p) to show (see [Lattanzio and Tzavaras 2017, Lemma 3.6] for the
Newtonian potential and [Alves et al. 2024, Proposition 4.2] for the general case):

Lemma 5.1. Consider the function h(p) = ﬁ p? withy >2—%and0 <o <d. Let p € LY (T¢) be
nonnegative, and let p € L>(T¢) be bounded away from vacuum. Then, there exists a positive constant
C, such that

1o = ) Ka * (0 — D)Ly < Cs fT h(p|p) dx. (5-8)

|« |C

Choosing « so that 0 < |x| < Cl and setting A ;=1 — > 0, we obtain

*

x/ h(pm)dxs/ hP1P) ik (0 = P)Kox (o — ) dx
Td ‘[[d

from which the nonnegativity of W follows.
Next, we bound the terms on the right-hand side of identity (5-7) in terms of W. The first term is
bounded by the relative kinetic energy and hence by W. The bound for the second term is also clear as



A BILINEAR FRACTIONAL INTEGRAL OPERATOR FOR EULER-RIESZ SYSTEMS 843

p(plp) = (y —Dh(p|p). Regarding the last term, we first observe that due to the quadratic nature of
S« (p) one has

Sa(p|0) = Sa(p = P).

Moreover, for any fixed time ¢ € [0, T'), the L'-norm of S, (p — p) is bounded by

1
T [ [ 10 =5+ @ =0l = i+ o1 dxdy .
0Jra Sy

where the dependency on time is omitted for simplicity. We then estimate
1
1 _ — -
r=5 [[ ] Wo-p@ie-pe ey
0J1¢J)71<1

1 _ _ -
<3 [ ] 0= @k 2@l = D2 0wz = i dz du
Re JRA
< Cla, DI(p = P X220 17 o gty
where p = 2d/(d + «), by the HLS inequality. Finally, the periodicity in space of p — p implies that
(o — ,5)X(72,2)d ”LP(Rd) = 4d||,0 - ,5||Lmrd)-

Hence, similarly to Lemma 5.1,

fw Vit : Su(pl5) dx <kl Villooll Su(p — )l 1 crey < wammmdx <cw.

In summary, we have obtained the inequality

d
5\11 <CV.

By Gronwall’s lemma, for each ¢ € [0, T), it follows that W(¢) < e“TW(0) which, together with the strict
convexity of the internal energy function /4, yields the desired stability result.

A weak-strong uniqueness theorem is proved in [Alves et al. 2024, Theorem 3.1] following the general
approach outlined above. The method of proof differs in the treatment of the nonlocal term, achieved here
via the use of the representation formula (1-4). This provides an improvement in the range of parameters
o achieving the full range 0 < a < d. By contrast, the range of y is still restricted by y > 2 — 7.

Appendix
Here we give a formal proof that for our symmetric kernel Ky, : RY — R, with Ky (x) = K (|x]), we have

JVKy* f=V-Sa(f) (A-1)

for any sufficiently smooth f : R¢ — R, where the tensor S, (f) is given by

: 1
s ==3 [ [ Kb rar@=npsaroyorisy. @
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Note that for Ko (|y]) = ﬁlyk’“d we have K, (|y]) = —|y|*~?~1, and thus the corresponding tensor
is positive semidefinite for nonnegative f.
To prove (A-1), we first deduce that

1
(fVKqy* f)(x) = —l/Rd /C&(IYI)li—|Vx-/O yf(x+@—=Dy) f(x+0y)dody. (A-3)

Using the symmetry of the convolution one has
y
(VK )= 10 [ KD =) dy
R

_ —f(x)/ KL (¥ £ Cx + ) dy,
R4 |yl

where in the second equality we used the change of variables y — —y.
Hence

(VK 0 =5 [ K LDEFEOU @ =) = G+ dy.

Now it is claimed that
FEOFGE =) = 1) ==V, /01 VG40 = D)y) fx+6y) do
from which identity (A-3) follows. Indeed,
—fOf&x=y)—fx+y)
= fol P+ O =D f(x+07) d0

1
=/0 (VAE+E=Dy) - y) fx+0y) +(V x+60y)-y) f(x+ (6 —1)y)do

1

1
=/0 V(f(X+(9—1)y)f(X+9y))d9'y=Vx-/O Y+ —=Dy) f(x+0y)do,

as desired.
Consequently, componentwise one has

(V- S, =~V f/IC/(Iyl)—yf(x+(0—l)y)f(x+9y)d9dy

. |
=—l/ K&(lYl)—le'/ yf(x+ @ —1y)f(x+6y)dody
2 Jpa [yl 0

= (fVKa* [,

which establishes identity (A-1).

We note that for a d-dimensional cube [—a, a]? centered at the origin, with ¢ > 0, and periodic
functions with period equal to 2a, the formulas (A-1) and (A-2) are still valid with the integrations
performed over [—a, al?.
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