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TYPE-II SMOOTHING IN MEAN CURVATURE FLOW

SIGURD ANGENENT, PANAGIOTA DASKALOPOULOS AND NATASA SESUM

Veldzquez (1994) constructed a smooth O (4) x O(4) invariant mean curvature flow that forms a type-II
singularity at the origin in spacetime. Stolarski (2023) showed that the mean curvature on this solution
is uniformly bounded. In a work in preparation, Angenent, Ilmanen, and Veldzquez (Angenent et al.)
also provided formal asymptotic expansions for a possible smooth continuation of the solution after the
singularity.

Here we prove short-time existence of Veldzquez’ formal continuation, and we verify that the mean
curvature is also uniformly bounded on the continuation. Combined with the earlier results of Veldzquez
and Stolarski we therefore show that there exists a solution {Mt7 C R®| —1y < t < 1y} that has an isolated
singularity at the origin 0 € R® and at # = 0; moreover, the mean curvature is uniformly bounded on this
solution, even though the second fundamental form is unbounded near the singularity.

1. Introduction

We say that a family of hypersurfaces {M;};cj0.7) C R"*! moves by the mean curvature flow if

aF -
5o =H, (MCF)

where H (-, t) is the mean curvature vector of the hypersurface M;, and F (-,1): M — M, cR"" is
a smooth family of parametrizations of the moving hypersurface. In the case of closed hypersurfaces,
Huisken [1984] showed the norm of the second fundamental form blows up at finite time 7" < oo; that is
lim sup max |A|( -, t) = oo.
t—>T t
Very often, even in a complete, noncompact setting, mean curvature flow (MCF) develops a singularity
at a finite time 7" < oco. It is very natural to ask whether the mean curvature also needs to blow up at a
finite time singularity, or equivalently, whether a uniform bound on |ITI | for all ¢ € [0, T') guarantees the
existence of smooth solution past time 7.

For mean convex flows it is well known [Huisken 1984] that the mean curvature bounds the second
fundamental form A, i.e., |A|/| H | attains its maximum at ¢ = 0 and therefore is uniformly bounded. This
implies that for mean convex flows the mean curvature is never bounded near a singularity. Dropping
the assumption of mean convexity, it was shown by Le, Lin, and Sesum [Le and Sesum 2011a; 2011b;
Lin and Sesum 2016] and by Xu, Ye, and Zhao [Xu et al. 2011] that for mean curvature flow of closed
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hypersurfaces the mean curvature needs to blow up at the first singular time, given some extra assumptions,
such as having only type-I singularities or being close to a sphere in the L? sense. More recently, Li and
Wang [2019] showed, using a quite involved argument that in the case of closed surfaces in R* the mean
curvature always blows up at the first singular time. The question of boundedness of the mean curvature
on a singular mean curvature flow is therefore completely settled in the case of compact surfaces in R,
and for hypersurfaces in higher dimensions under a variety of extra assumptions.

For n > 4, Velazquez [1994] constructed O(n) x O(n) symmetric solutions of dimension N =2n — 1
that converge to the Simons cone at parabolic scales around the singularity, and converge to a smooth
minimal surface desingularizing Simons cone at the scale at which the norm of the second fundamental
form blows up at the origin. Using formal asymptotic expansions, Angenent, [lmanen, and Velazquez
[Angenent et al.] also suggested a way in which the solution {M,;} might be continued smoothly after the
singularity, i.e., for ¢ > 0.

These complete noncompact solutions were expected to provide examples of higher-dimensional mean
curvature flow with the property that the mean curvature stays bounded at the first singular time. Stolarski
[2023] used precise asymptotics of these solutions together with sophisticated blow up arguments to
rigorously prove that this is indeed the case for ¢ < 0; i.e., he showed that before the singularity forms the
mean curvature on some of Veldzquez’ solutions is uniformly bounded. (To be precise, he requires the
parameter k that appears in Veldzquez’ solutions to be even and not less than 4.)

Here we consider the case n = 4, i.e., the case of 7-dimensional hypersurfaces in R®. We first prove
existence and regularity of Veldzquez’ formal extension of the Veldzquez—Stolarski solutions, and we
thereby obtain a solution {M, C R® | =ty < t < 9} of MCF that is smooth everywhere except at the origin
(0,0) € R® x (—tg, 1p) in spacetime, and whose mean curvature is uniformly bounded even though its
second fundamental form blows up near (0, 0). In particular, we show that the singular hypersurface
My = lim; -9 M, that remains after the Velazquez—Stolarski solution forms its singularity can be used as
initial data for MCF, and that at least one of the ensuing solutions has uniformly bounded mean curvature.

Stolarski [2023] indicates he expects his result to be true for closed mean curvature flow that can be
obtained by compactifying Veldzquez examples, but it still remains open. Another question that remains
completely open is what happens in dimensions 3 < N < 6 where neither an example of a singular solution
with bounded mean curvature nor a theorem proving the impossibility of such an example are known.

1.1. Outline. In this paper we consider an O(4) x O(4) symmetric hypersurface M, defined by the
profile function

u=up(x),
where ug : (0, c0) — R is a smooth function that near the origin satisfies

ug(x) =x+K0x2(k_l)+o(x2(k_l)), x N\ 0, (1.1.1)
for some integer
k>4
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and some constant Ky > 0. We will also assume that for all x > 0 one has
0<ug(x) <Co, |ug(x)| <Co, |ug)| < Cox*~* (1.1.2)
for some constant Cyp > 0. The last assumption implies, after integration, that for all x > O one has
lup(x) — 1] < Cx*73 (1.1.3)

for some constant C > 0, depending on Cy. This implies that for x small enough we have ug(x) > % By
rescaling we may assume that
ug(x) >c¢>0 forx e[0,1]. (1.1.4)

It turns out that such a function u((x) is the final-time profile near a singularity (0, 0) of the O (4) x O (4)
MCEF solution M,, —t; <t < 0, for some small #; < 0, which was constructed by Veldzquez [1994].
Under the assumption that k is even, Stolarski [2023] showed that the Velazquez solution has bounded
mean curvature at the singularity, i.e., the mean curvature of M; remains bounded as t — 0™ near (0, 0).

Our goal in this paper is to show that the MCF starting at M( can be continued for 0 < ¢ < ¢, for some
top > 0 small, with a smooth solution M;, t € (0, ty), which is O(4) x O (4) symmetric. Furthermore, the
mean curvature of M, as t — 0" will remain uniformly bounded despite the fact that My is singular
atx =0.

The solution M, will be defined by a profile function u : (0, o0) x (0, ) — (0, 0o) that satisfies the
initial value problem

Uax 3, 3 (1.1.52)
u, = Zu,— =, .1.5a
! l+uz  x Yo
lim u, (x, 1) =0, (1.1.5b)
x—0
lim u(x, t) = up(x). (1.1.5¢)
t—0

Note the condition lim,_, o u, (x, ) = 0 ensures that u(x, ¢) defines an O (4) x O (4) hypersurface M, that
is smooth at the origin and hence everywhere.

We will prove the following:
Main Theorem. Assume that My is an O(4) x O(4) symmetric hypersurface defined by the profile
Sfunction ug : [0, 00) — R which is smooth for x > 0 and at x = 0 satisfies condition (1.1.1) for some
k > 3. Then, there exists ty > 0 and a C*-smooth O(4) x O (4) symmetric MCF solution M,, 0 <t < 1y,
defined by a profile function u : (0, 00) x (0, to] — (0, 0c0) which satisfies the initial value problem
(1.1.5a)—(1.1.5c). Furthermore the mean curvature H(x, t) of the hypersurface M, satisfies

sup |H(x,1)| < +o00
(x,1)€[0,00) x (0,a]

for some 0 < a < ty. In particular, H(x, t) is uniformly bounded near the origin as t — 0% despite the
fact that the mean curvature of My is undefined at the origin.

As a corollary of the main theorem and the results in [Stolarski 2023] we have the following result.
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Corollary 1.1.1. There exists an O(4) x O(4) symmetric complete noncompact mean curvature flow
solution {M;}ie(—1y,10) Such that M; is smooth for all t € (—ty, to)\{0}, has a type-1I singularity at the
origin and at time t = 0, and has uniformly bounded mean curvature away from t = 0. More precisely,
there exists a uniform constant C, so that

sup |H(x,t)| <C.
(x,1)€[0,00) x (—19,10)\ {0}

The short-time existence of a smooth MCF solution starting at My follows by standard quasilinear
parabolic PDE theory. The challenge here is to establish the uniform bound on H (-, t) near the singu-
larity (0, 0). For this purpose we will construct sharp upper and lower barriers which will capture the
exact behavior of the profile function u(x, ¢) of our solution M; as (x, t) — (0, 0). This will be done
in Section 3. In Section 4 we will then construct the profile function u(x, t), namely a solution of the
initial boundary value problem (1.1.5a)—(1.1.5c). The boundary condition u, (0, t) = 0 and the fact that
u > 0 will guarantee that u(x, ¢t) defines a smooth MCF solution M, which is O(4) x O(4) symmetric.
In Section 5 we will show that H (x, t) remains bounded as + — 0. The barrier construction in Section 3
is based on the formal asymptotic expansion of the profile solution u(x, ) as (x, t) — (0, 0). For the
convenience of the reader we will start by giving this expansion in the next section.

2. Formal asymptotic expansion of u(x, t)

We start with the construction by Angenent, [lmanen, and Veldzquez [Angenent et al.] of a formal
asymptotic expansion of the profile solution u(x, ¢#) for small > 0. This construction motivates our
choice of barriers in different regions later in order to rigorously prove the existence of a mean curvature
flow past the singular time with the following properties. Our solution before the singularity at r =0
coincides with the solution constructed by Veldzquez [1994], it continues as a smooth solution for
t € (0, 1), for some #; > 0, and has uniformly bounded mean curvature for all times ¢ < 0, for which it
exists, and all t € (0, 11).

2.1. Outer variables. We can approximate any smooth solution for small # > 0 by using the Taylor
expansion u(x, t) = u(x, 0) + tu,(x, 0) + o(¢). In view of the PDE (1.1.5a) this implies that any solution
u(x, t) must satisfy

up(x) 3

3
WJF;%(X)——}JWU), t— 0. (2.1.1)

u(x,t) =uo(x)—|—t{ o)

We will see that under our assumptions (1.1.1)—(1.1.3) on the initial data, the expansion (2.1.1) holds if
x2>> 1. To describe possible solutions for x> ~ ¢ we introduce a new set of coordinates, the intermediate
variables.

2.2. Intermediate variables. Consider the function v(y, 7) defined by

X
ulx, 1) = ﬁv(E,logt). (2.2.1)
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It satisfies

Vyy 3y v 3
=— -+ vy — - ——. 2.2.2
Vg 1+v§+(y+ )v} ( )

Assuming that v(y, ) is close to the cone, we set

vy, 1) =y+ f(y.7)
and compute the equation for f,

fe=Lf+NIf] (2.2.3)
where L is the linear differential operator
cr=tr s (2404 (2 -y 2.2.4)
27 y 2 Y yz2 o 2]
and where )
24 fy
NIf]:=-3 / ) zfyfyy (2.2.5)

YO+ 1+A+ 1)
collects the nonlinear terms in the equation for f.

If we assume that the nonlinear terms are much smaller than the linear terms, then f should be
approximated by a solution of the linear equation f; =L f. The outer approximation u (x, t) =ug(x)+O(t)
together with the assumption that the initial function satisfies u(x, 0) = x + Kox>*~1 4 ... leads to

v(y, T) =y + Koe*/DTy2E=b (2.2.6)
for y > e~%/2. This prompts us to look for approximate solutions of the form
v(y, 1) =y + K"y, (22.7)
where ¢y is a solution of the differential equation
Lo = (k—3) .

It turns out that there are positive and convex solutions of this equation that are defined for all y > 0.
Their asymptotic behavior for small and large values of y is given by

1+o(1) 1+o(l) 5,
== 9 07 = T < b
Pr(y) = y— Pr(y) 2k o’

In Section A.1 we present some more details regarding the eigenfunctions .

y —> 00.

This implies that our intermediate solution v(y, t) from (2.2.7) is given by
- y2k=1)
v(y, ) =y +Ke* 3/2)7m + -
when vy is large.! Comparing with (2.2.6) we see that Ko and K are related by
K= KoQk+ 1! (2.2.8)

INotation: 2k + D!'=1-3.5---(2k—1)- 2k + 1).
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2.3. Inner variables. One can only expect the intermediate approximation to hold if the nonlinear terms

are small compared with the linear terms. Since the linear terms are all of order ~ f/y? and the nonlinear

terms are of order f2/y>, we see that the nonlinear terms are dominated by the linear terms if | f/y| < 1.
When y is small we have f(y, 1) ~e*=3/27y=2 50| f/y| < 1 holds if
eRTIDTYTI 1 ey o®BT1DT Z T

where we write

In the original (x, ) coordinates we have y = e?7 exactly if x = ¢*/3.
This leads us to introduce the new variable

z=ye VT =xt7*3

and a new function w(z, t) defined by

v(y, ) =e""w(ye 7’7, 7). (2.3.1)
Equation (2.2.2) is equivalent to
w 3 3 k
rz;g—i-ng—a=e2”{wf+§(w—zwz)}. (2.3.2)

For t — —oo we assume the terms on the right vanish, so it is natural to look for an approximate solution

of the form
z

w(z, T; Ky) = K2W<K ) -+ correction terms, (2.3.3)

2
where W (z) is Alencar’s solution” of the minimal surface equation

W’ (z) 3, 3
— 5t W@ - ——=
1+Wi(2)* =z W(z)
By scaling invariance of the minimal surface equation, K W(z/K), with K > 0 an arbitrary constant, is
always a solution of (2.3.4) if W is one. We choose W so that it is normalized by

0. (2.3.4)

1
W) =z+ 2 +0(z7?), z— oo. (2.3.5)

The matching condition for the inner solution w(z, t) = K, W(z/K3) + - - - with the intermediate solution
v(y, D) =y+ K% 32T (y) + - - is then

w(z, t)~e vz, 1);

2See Section A.3 for a discussion of this solution. Alencar [1993] analyzed the ODEs that appear when one considers
SO(m) x SO(m) invariant minimal surfaces of this type, although he mostly considered the cases m = 2, 3 in that first paper.
Velazquez [1994] dealt with the case m > 4, and later Alencar, Barros, Palmas, Reyes, and Santos gave a complete classification
in [Alencar et al. 2005]. Much earlier, Hardt and Simon [1985] proved a general existence theorem for smooth minimal
hypersurfaces that accompany strictly minimizing cones, without assuming any kind of symmetry.
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ie.,
K23 ek=3/27 ,=3yT K,
Z+—2+--'=Z+K1—2+--'=Z+—2+’--
Z Z z
Hence the constants K| and K, are related by
K3 =K = Ko(2k+ 1!, (2.3.6)

and our approximate inner solution is given by
wz 1) =KWK, 2.

3. Barriers

3.1. The three regions. Our goal in this section is to construct upper and lower barriers for

Uy +3 3 (1.1.50)
= —Uy —— 1.5a
1+u2 x " u

U

that are valid for all x € (0, +00) and 0 < ¢ < ty, for some small enough ¢y > 0.

To do this we modify the approximate solutions from Section 2 in each of the three regions and glue
the resulting locally defined barriers into one set of globally defined upper and lower barriers.

First we define the three regions. In what follows we regard the three regions as subsets of spacetime
and use the different sets of coordinates (x, ¢), (y, ), and (z, T) on spacetime to describe them.

 For any given M > 0 we define the outer region to be
Ou={(x,t)|x>MJi,0<t<M2}.
We will assume that M > 1.
e For any R > 0 and 7, € R we define the infermediate region to be
Mpo, ={(y.0) |RT<y<e ™’ t <1}

Since y = x/+/t = xe~ /2, the intermediate region is defined up to x = 1; hence the intermediate
and outer regions clearly overlap.

« Finally, we declare the inner region to be
Iz.. ={z 1D |0=z=Z 1=t}
Since z = e~ 7"y, we see that the intermediate and inner regions overlap if Z > R.
In Section 4 we will construct a nested sequence of barriers
Uy  <Uy, <U <Uf |

where §, = 27"§p for some §yp > 0. These barriers will be defined for all ¢ < 75,, where 75, — —00
as 8, — 0. As a result we will see that we need to take Z = Z;, and t* = 75, in the definitions of the
intermediate and inner regions above. In addition we will see that Zs, — 400 as §, — 0.
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3.2. Fixing the parameters. From here on we fix the parameters k > 3 and K¢ > 0, and we let K, K>
be defined by (2.3.6). In all our estimates ¢ and C will be generic constants that can depend only on k,
Ko, K1, and K;. We use C in upper bounds, and ¢ in lower bounds.

3.3. Barriers in the outer region.

Lemma 3.3.1. For sufficiently large M > O the functions
ut(x, 1) = up(x) £ Mt min{1, x4} (3.3.1)
are super- or subsolutions in the outer region QOy;.

Proof. We only consider the upper barrier u™. Similar arguments apply to the lower barrier.
When x > 1 we have u™ (x, t) =uo(x)+Mt, so that for € (0, M~2) one has u™ (x, t) > inf, > uo(x) =:c.
This implies
+
14+ @whH?  x ut
for all x > 1 and t < M~2. Here C does not depend on M. On the other hand u;” = M, so for large
enough M we get
+ > Uy 3+ 3
X

u u s
T4 @h)? x ut

i.e., u™ is an upper barrier for x > 1.

If x > M+/f and x < 1, we have u™t (x, 1) = ug(x) + Mtx*—4, so that
|ujx| < |uoxx|+ CMix*5 < Cx*=* 4 CMx*0 < Cx*4.

Similar estimates hold for u} — 1 and u™ (x, r) — x, namely,

ul |+ xjul = 1)+ [ut — x| < Cx*2,
Hence
Ju3, < x4,
14 (ui)?
and also
3 3 3 lut — x|
2o+ _ 22, =Xl 2k—4
xu" " §x|ux 1143 o <Cx .
Together we get
+
A IO 1 )
14+ wH)?  «x ut

where C does not depend on M. On the other hand, u” = Mx*~* Hence, it now follows that
uo(x) + Mtx?*=* is an upper barrier if M is large enough.

Finally we observe that at the point x = 1 the function ™ (x, #) has a concave corner, so that u™ (x, 1) =
uo(x) + Mt min{1, x%*=*} is indeed an upper barrier for all x > M\/t, t < M2
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Similar arguments show that

u=(x, 1) = up(x) — Mrmin{1, x>*=%}

is a lower barrier in the same region. The only difference is that one now uses for x > 1, t € (0, M —2)
the lower bound

u (x,t)> inf1 upg(x) — Mt > %c,
x>
for M sufficiently large, where ¢ :=inf,>1 up(x). O

3.4. Barriers in the intermediate region. We model the upper and lower barriers in the intermediate
region on the approximate solution v(y, t) = y + f(y, t) from Section 2.2, where f is assumed to be
a small function that satisfies (2.2.3), i.e., fr = Lf + N[ f]. A function f defines an upper barrier for
(2.2.3) in Mg o, if

fr=Lf = NIf] (3.4.1)

holds throughout M, ;.. For a lower barrier the reverse inequality must hold.

It turns out that the approximate solution fy(y, 7) = K e3VT(pk (y) is neither a sub- nor supersolution
for any choice of the constant K. To obtain barriers we therefore add a small correction term fi(y, 7).
While the resulting function fy(y, t) + f1(y, t) does provide a barrier, it does not match the barrier we
construct later in the inner region. To remedy this we add a second correction term f>(y, t). The resulting
barriers fy + f1 + f> will contain a small parameter § > 0. By choosing § > 0 smaller we get more
accurate barriers, but we also have to reduce the time interval —oo < 7 < 75 on which they are defined.
In the end this will allow us to prove convergence as T — —oo of the actual solution that we construct
using our barriers.

Our construction uses an auxiliary function g : (0, c0) — R, which is the solution of the boundary
value problem

6yg() —Lg() =y +y*7, 0<y<oo,
gy =—3y"+o(y™), y =0, (3.4.2)
g =y* T +o(y™*), y = oo.
The choice of forcing term in the equation for g above will become apparent in what follows. In
Section A.2 we prove:

Lemma 3.4.1. Equations (3.4.2) have a solution g : (0, c0) — R.

In fact, the proof in Section A.2 shows that there is a one-parameter family of solutions g. We choose
one of these, for example the one for which the constant B from the proof in Section A.2 vanishes.
Assuming that Lemma 3.4.1 holds, we look for barriers in the family of functions

vy (. D) =y + [0 D), (3.4.3)
where
o0 =ffo.0,)E{A0, 0+ L0, 1)} (3.4.4)
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and
W, 1,8 = (K1 £8)> g (y),

fi(y. 1) = BKe"g(y), (3.4.5)
Hy, 7) =ePtDrEy=r,
Here, as in Section 3.2, we have K| = (2k + 1)!! Ky, while B, § > 0 and p € (2, 3) are parameters.

Proposition 3.4.2. There exist By, Ry, and t, that only depend on k, K such that for all § € (0, %K 1),
p € (2, 3), the functions ]‘5i defined in (3.4.4)—(3.4.5) are upper and lower barriers for (2.2.3) in the
intermediate region Mg, +,. It follows that the functions vgt defined in (3.4.3) are upper and lower barriers
for (2.2.2) in Mg, +,.

We begin with two lemmas that will simplify the proof of Proposition 3.4.2.

Lemma 3.4.3. Wherever f(y, t) > 0 holds, one has

3
IVIfI < S
Yy
where, by definition, for any function F(y, T) we define

[Fla(y, ©) == |F (3, Ol + |y Fy (v, DI+ [y Fyy (v, DI (3.4.6)

Proof. Using 2|1+ x| <14+ (1 +x)? one finds for all x € R

' 24+x - 1 [T+ x| _3
T+04+x2] " 14+ 04+x)2  14+04x)2 2
Using f(y, t) > 0 this implies
3 2+
VA= o057 " TR as e
fr 3 3 3
<35 Rl = U PRI fil) < 5. O

Lemma 3.4.4. For any B > 0 there exist R(B) > 0 and t(B) € R such that if 0 < < %Kl, then f(si as
defined in (3.4.4)—(3.4.5) satisfies

(1) >0

and
IVTFEN < Cue® ™ (v 77 4 y¥*7)

in the intermediate region R(B)e?™ <y < e~ "%, v <1(B).
As promised in Section 3.2, the constant C, only depends on the constants k, K but not on B.

Proof. Recall the notation from (3.4.6). The explicit expression (A.1.2) for ¢, implies

[pxl2 < Cy ™2 (1 +y™),
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and the construction of the auxiliary function g implies

[gla < Cy (1 +y*%72).

We also have forall y > 0
D=y +py P+ p(p+ Dy P =(p+ Dy <16y
because 2 < p < 3. Hence the three terms f; in (3.4.5) that add up to f(sjE satisfy

[fola < Ce¥Ty~2(1 +y*),
[fila < CBe Ty~ (14 y*2),
[ /o], < CePTDYTy =P

assuming that 0 < § < %Kl.
If Re"" <y < e~ ™/2, then we can estimate ]‘5jE as

3

e 6yt e(p+l)yr

yT e
(14 +CB—(1+y*H+C
y y

e 2%k

[ffL<C

yP

3yt (p=2yt
e e

3 BeS)/rkafS p72 }
y y

3yt

< CE-(1 4+ {1+ BR + Be + R},
y
where in estimating the third term in the bracket we used 3y =k — % Thus, if we require
R >max{l, B3} and t <1(B):=—logB, (3.4.7)
then 1 + BR3+ Be" + R~?~2 < 4 and so
[fil = CePTy =2 (1 4y,

Combined with Lemma 3.4.3 this yields
3 ~
VLA = Ty ™ (14507 < Ce Ty 45"

in the intermediate region, provided that we verify f8jE >0 when Re?” <y <e /2,
To prove fsjE > 0 in the intermediate region we recall the assumption § < %K 1, which implies

0,0 =2 LK1 i (v) — (BKTeO T g(y)| +ePTIYT YR

Use the lower bound ¢ (y) > cy~2(1 + y?*) and the upper bound |g(y)| < Cy= (1 + y*=2) to arrive at

+ e 2%k o7 4k—2
fs (1) =c—(+y )—{CB—5(1+y I+
y y

e(p+Dyr }

yl’
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which, because (1 +xy)/(1+x) <1+ y for all x, y > 0, implies

2,3yt 3yt 1 (p—2)yt
ye + € 2k—2 ¢
e ,T)>1—CB 1 —
Ayl s 0= U e e
In the region Re?™ <y < e~ /2 we get
2,3yt CB
y-e + T
- ,T)>1— — —CBe" — .
c(1+ y%*) Sz R3 ¢ cRP2
We adjust our choice of R(B), 7(B) in (3.4.7) to
R(B) = Cmax{l, B'?}, 1(B)=—log(CB) (3.4.8)
for large enough C > 1. Then, for y > R(B) and t < 7(B), we have
2 -3yt
y-e + 1
T A~ ’ == 09
iy =57
and thus fsi(y, 7) > 0. O

Proof of Proposition 3.4.2. We consider the case of upper barriers, where we have
@: — L) fs" = B: = L) fi + B: = £) fi + (3: — L) fo. (349

The first term vanishes because fojE is a solution of the linear equation f; = L f. For the last term in
(3.4.9) we note that for any r € R one has

LIy 1=+ +3)y 2 +ir -1y
Hence, if p € (2, 3) then L[y~ "] < 0 for all y > 0. It follows that
0 =0 f2>0f=(p+Dyf2>0.
The middle term in (3.4.9) satisfies
(9 — L) fi = BKe" (6yg — Lg) = BK{e™ ™ (y 7/ +y*77).

If we choose By, = Cy K| 2 where C, is the constant from Lemma 3.4.4, and if we set R, = R(B,)
and t, = 7(B,) according to (3.4.8), then we clearly have (d; — £) f(;r > N[ f5+] in the intermediate
region Mg, r,.

We conclude that f5+ is an upper barrier, i.e., (3.4.1) holds. With minor modifications this argument
also shows that f;~ is a lower barrier. O

We next show that the barriers f(si form a nested sequence, in the sense of the lemma below. The
nesting of barriers will allow us to construct a solution that is bounded by all barriers at once and will
enable us to prove the convergence of our solution in the inner region to the Alencar minimal surface, as
T — —00.
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Lemma 3.4.5. The constant R, from Proposition 3.4.2 can be chosen so that

fs 0.0 < f500,0) < [, (0, D) < 5 (0, 0) (3.4.10)
forall (y, T) with R,e?™ < y.
Proof. We can write the barrier functions f(;i as
£ 0,0 = Kie" () £ (86T o () + B K77 T g (y) + VT Ty,
Since ¢ (y) > 0 for all y > 0, it is immediately clear that
00 < fipenn) and fL000) < fi (0, 1)

for all y, 7.
To prove the middle inequality we note that f872(y, 7)< f(;/rz (v, 7) holds if and only if

%e3y’¢k(y) + B, K7 g(y) +ePTrTyr 5 0,

which, in view of ¢ (y) > 0, will certainly hold if
B.K}e® " g(y) +ePtDrTy=r 5 0, (3.4.11)

Since g(y) > 0 for large y > 0, there is a constant C; > 0 such that g(y) > —ng_5 for all y > 0. Hence
(3.4.11) follows from

ePTYTy=r _ C B, K7™y >0, e, ye VT > (CoB.K})/OP). O

3.5. Barriers in the inner region. In this section we present a family of sub- and supersolutions to (2.3.2)
for w(z, 7) in the inner region 0 <z < Z.

We recall our notation from Section 2.3 where W (z) denotes the unique Alencar solution to (2.3.4),
normalized so that

1 r
W(Z):”z_z*;*o(z_s)’ 7 — o0, (3.5.1)
holds for a certain constant I" € R.
Lemma 3.5.1. For all z > 0 one has Wk (2) > zWg (2).

Proof. The inequality is invariant under rescaling, so we may assume K = 1. The asymptotics (3.5.1) show
that W (z) —zW,(z) — 0 as z — oco. On the other hand, convexity of W implies (W —zW,), = —zW,, <0
for all z > 0. Hence W(z) — zW,(z) > limz_ o W(Z) — ZW,(Z) =0 for all z > 0. Il

Lemma 3.5.2. For any K > 0 the function w (z, t) = Wk (2) is a supersolution of (2.3.2) on [0, 00) x R.

Proof. The function w™ satisfies w; = 0 and
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From Lemma 3.5.1 we have w* — zw} > 0, and thus

k w 3 3
2yt + 0 Dt + 2z ot
e (w, + 3(w w; )) > I+ wh)? L T
as claimed. O
Lemma 3.5.3. There exist D, > 0, ¢ > 0 such that for all K € (%Kz, 2K2) and D > D, there is a T.(D)
such that

w(z, 7) := Wik (2) + De?’®
is a subsolution of (2.3.2) for0 <z <ct¢e V", T < 1,(D).
Proof. Choose

1 Wk (O
7+(D) < —log k( ).
2y

D
Then t < 7,.(D) and z > 0 implies
De*'™ < Wi (0) < Wk (z),
so that
Wk(z) Sw (z,7) <2Wk(2).

If we substitute w = w™ in (2.3.2) and use 2y + %k =k — 1, then on one hand

k k
et (w; +3w - zw;)) =7 <(k —1)De" + 3 Wk — zw;<)>

and on the other hand

w 3 3 Wi 3., 3 3 3  3DeMT

iz - - K - - =

— 4+ —w = — = = .
I+ )2 z ° w 14+Wp? 2 5 w " Wwg we T Wxw-

Hence w™ is a subsolution if
3D
Wk (2w (z, T)
Since W < w™ <2Wg < C(1+ z), there is a constant C; such that the terms on the left are bounded
from below by

> (k—1)De?™ + ]g(WK(z) — Wk (2). (3.5.2)

3D CiD
>

Wik (@w(z,7) ~ (14+2)%
The terms on the right in (3.5.2) satisfy

Cz
(1+2)?

in the region 1 4+ z < e~ 7" and, due to the asymptotic expansion of W (z) as z — oo (which follows

(k—1)e¥" <G,

from (3.5.1)), they also satisfy

C3
Wk (z) —zWi(z) < ———  forall z > 0.
k(2) x (2) 0tz

)2
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Hence
C2¢’D +C;

(1+2)?
Choose ¢ < +/C1/(2C>), and choose D large enough that C3 < %Cl D. Then we have

2yt k ’
(k—1)De”"" + g(WK(Z) —zWk (@) <

1D - 3D
(14+2)2 ~ Wx(w(z, 1)’

2yt k l
(k—1)De”"" + g(WK(Z) — Wk (@) <

which implies (3.5.2) and thus that w™ is a lower barrier in the region 1 4 z < ¢e™7*. Choose t, so
that ce 7™ > 2. Then 1 +z < e 7" holds for all z < 1 and t < t,, while for z > 1 it follows from
2z <¢e VTthat 1 +z < e 7".

Thus w™ is a lower barrier in the region z < %{e‘”, T < Ty. O

3.6. Matching outer and intermediate barriers. We show that upper and lower barriers constructed in
the inner, the intermediate, and the outer regions match in the overlapping region. We begin here with the
overlap of the outer and intermediate regions.

We start with an M > 0 large enough that the functions

ut(x, 1) = up(x) £ Mrmin{l, x>*=%)

are sub- and supersolutions of (1.1.5a) in the outer region Oy, (see Lemma 3.3.1). In order to match the
outer barriers with the barriers in the intermediate region, we express the outer barriers u = u™(x, t) in
the intermediate variables (v, y, T):

Vo (v, T) 1= e PuF (e Py, e).

In (3.3.1) we defined u™(x, 1) = ug(x) + Mtx2*—* for 0 < x < 1. If we write the assumption (1.1.1) on
the initial data in the form

uo(x) = x + (Ko + €0 (x))x %2, (3.6.1)

where ¢ : (0, 00) — R satisfies lim,_.¢ €p(x) = 0, then we get the following expression for the outer
barriers in the intermediate variables:

vE (3, T) =y + (Ko +eo(ye™?))er Ty 2 £ MeIr Tyt (3.6.2)

The outer barriers only contain the parameter M and thus do not depend on other parameters such as §
and B that appeared in the barriers we constructed for the intermediate and inner regions.

We now consider the intermediate barriers, continuing to use the conventions from Section 3.2 which
relate the constants K, K, etc.

In Proposition 3.4.2 we found B,, R, and t,, such that for any § € (O, %Kl) and p € (2, 3) the
functions

v, 1) =y + (K1 £8)e> T (y) £{ePT7Ty™P 4+ B K1 g (y))

/2

are upper and lower barriers in the intermediate region Mg, ,, = {R.e”" <y <e ", v < 1,}.
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+

out and vgc we rewrite them as

To compare v
e T (WE(y, ) — y) = (Ko + €o(ve™ )y 2 £ My* 4,
e Wiy, 7) —y) = (K1 £8)@u(y) £ P77y P £ B,K7e T g(y).
We now let T — —o0 and conclude that
{6‘3”(11331(% T) —y) > Koy* =2 £ My*4, (3.6.3)
ey, T) —y) > (K1 £8)¢e(y). "
uniformly for bounded y.
The explicit expression (A.1.2) for ¢ implies
2k—2

y _
wr(y) = m +C()’)y2k 4

where
PEOTy R T k==
Substitute this expression for ¢ in (3.6.3) and keep in mind that K; = (2k 4+ 1)!! Ko. Then

8y2

Qk+n

The function c(y) is clearly bounded for y > 1, so if M is sufficiently large, one can neglect c(y) and

eTWE (v, 1) —vE(y, 1)) = iyz’“‘{— M — c(y)}.

conclude that véflt(y, T)— vgt (y, T) changes sign when
8y2 B
k+ DI

To make this more precise we introduce

Ys =2k + DI M/S (3.6.4)

and compare the barriers vgf,t(y, 7) and vgt (y, 7) at the endpoints ys(t) € (%Yg, Yg).

M —c(y)~ M.

Lemma 3.6.1. For any § > 0 there is a t5 € R such that for all T < 15 one has

U;{lt(%Y(g, r) > U;(%Yg, r) and v(;n(é—ltY(;, r) < vs_(%Y(g, ‘L').

Moreover, we also have
v;]'n(Ya, T) < v;(Ya, ) and vy, (Y5, ) > vy (¥s, 7)
forall T < ;.

Proof. We only consider the upper barriers, the other case being nearly identical.
We have found that as T — —o0

e (o35, 7) = 03 (10, 0) = (1) (=0 M = (3)).
Since c(y) is bounded for y > 1, given any large M we will still have

M —c(3Ys) > 0.
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Hence
Jim e (g, (45, 7) — v (495,7) =0,

which implies that for —t sufficiently large one has v;'[n(}‘Y,;, r) > v;(%Y(S, ‘L’), as claimed.

+

out and v; at y = Ys, then we find that for t — —o0

If on the other hand we compare v
eV (0 (Y5, T) — vf (¥s, 7)) = Y H—AM + M — c(Ys5)} = =Y 3M +c(Y5)).
Since c(y) is bounded for y > 1, it follows that for M large enough we indeed have v;;t(Yg, 7)< v;(Yg, 7),

as 7T — —00. O

3.7. Matching intermediate and inner barriers. For any 6 € (0, %K 1), p € (2,3) and B = B, the barriers
v(si yv,o)=y+ f(si (v, T) constructed above are defined in the intermediate region

Mp.o. ={Re" <y<e % 1 <1}
# T

If we assume that Z > 2R,, then it follows that vgt(y, 7) are defined in parts of the inner region
Z7., ={(z,7)|0<z<Z, 1 <1,}. Define

+ yT, 4+
wii(z, 1) i=e Tuy (e z, 1).

Then

Ki+£s 1 | B.K}
s—(U+eaGn)E—+
b4 zP

wid(z, T)=2z+ (I1+ex(z, 1)),

5
Z
where €;(z, T) are generic functions for which ¢;(z, ) — 0 as T — —oo, uniformly for 0 <z < Z. In
particular, for all z € [0, Z] we have

T

. " K § 1  B.K?
Er_noowmd(z, t)=z+z—2:|: Z—2+Z—p+ e 3.7.1)

We will now use Lemmas 3.5.2 and 3.5.3 to match wid(z, 7) with appropriately chosen barriers
wgt (z, T) in the inner region 0 < z < Z. For suitable §-dependent constants K2jE € (%Kz, 2K2), with
(K»)? = K, we consider

wi@ 1) =W @), wy (2, 7) = Wy (2) + De™,

where D depends on K, and Z as described in Lemma 3.5.3.

It follows from Lemmas 3.5.2 and 3.5.3 that, for each K2+ >0and K, >0, w; and wy are the upper
barrier and the lower barrier, respectively, for (2.3.2) in the inner region. Furthermore the asymptotics at
infinity of the Alencar solution in (3.5.1) imply that
(K3)?

22

T(K¥)*
Z3

lim wi(z,7)=z+
T—>—00

+ +0z7%, z>1.

Comparing the asymptotic expansions of wid and wgt we see that they match when (K;E)3 =K £36.

+

ma and wgt may not intersect. For this reason we choose the

However with this choice the barriers w
constants K;t such that

(Kf)} =K, +26.
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With this choice we then have

_ N K, £25 T(K,+28)*3 s
lim wi(z,7)=z+ >— + 3 +0z7), z>1. 3.7.2)
T——00 Z Z

Lemma 3.7.1. Let p € (2, 3) be given, and let B = By, as in Proposition 3.4.2. Then there exist § > 0 and
R = R(B) so that for any § € (0, 8) and t < t5 the barriers wét and wid cross in the interval (%Z(;, Za),
where Zs := ;—‘8‘””"”, in the sense that

wa(3Zs.7) > wi (325.7) and  wiy(32s.7) < wy (325, 7),
and
w$d(Z5, T) < w;(Z(g, ) and w_4(Zs,t) > ws (Zs, T).

Proof. We only consider the upper barriers, the other case being nearly identical. Proposition 3.4.2 asserts

that for § < %K | the function w,(z, ) is an upper barrier in the intermediate region R, <z < e~ */37

and it satisfies (3.7.1) with this choice of constants; that is

Ki+5$6 1
. + _ o -5
rgrfloo w4z, ) =2+ 2 + 7 +0(@z™), z— 00,

where the O(z ™) term is uniform in § € (0, %K 1)- We have also seen that

_ K| +268 _
lim wie D =et == +067), 1o,

T

where O(z73) is again uniform in §. Therefore
8 1
: + + _ -3
im w2, 7) —wpy(z, 7) = 2ot 0(z™), z—o00.

Consider Zs := %‘8—1/@_2). For small enough § > 0 one has Zs > 2R,, so that w(si(z, 7) and wid(z, T) are
defined for all z > %Zg and all T < t,. We evaluate these differences at z = Zs and z = %Zg. Eliminating é

by using § = (%Za)_(p_z) we find
. -2 - _
Jim wi(Zs, 1) —wiy(Ze. 1) = ((3)" - 127 +0(Z57).

For small enough § > 0, Z; is large, and thus the first term dominates the second. This implies that for
small § > O there is a 75 < O such that

wi (Zs, 1) —wl(Zs, 1) > 0

for all T < 5. Similarly, we have

tim_ i (32.7) ~wiy(320.7) = ((3) 2~ 1227 + 0277,

T——00
This implies that if § > 0 is small then there is a t5 < 0 such that
i (325, 7) = wg(325,7) <0

for all T < 5. O
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3.8. A summary of our construction so far. The initial data 1y determines two constants k > 4 and K.
Throughout the paper we let K1 = 2k + 1)!! Ky and K, = K11/3.

In Section 3.3 we chose a constant M > 0 so that Lemma 3.3.1 holds and constructed upper and lower
barriers u* (x, t) in the outer region Oyy.

For any small enough § > 0 we then constructed a family of barriers vgt in the intermediate region
defined by R.e?™ <y <e~ /2, 1 <t;5. Here Propositions 3.4.2 and 3.4.5 specify R,, while 5 is determined
when we match the intermediate and inner barriers in Lemma 3.6.1.

For small § > 0 we then considered the inner region

Tz50={(z 1) 10<z2<Zs, 1 <15}

with Zs := %8*1/ (=2 and where 75 is as above. Since § > 0 is small and R, does not depend on §, we
have § < (%R*)%p , which implies Zs > 2R,. Hence the intermediate and inner regions overlap at least
on %Z(s <z</Zs.

Lemma 3.5.2 with K; satisfying (K2+ )3 = K| + 28 defines the upper barrier w; in the inner region
77,1 and Lemma 3.5.3 with K, satisfying (1(2_)3 = K| — 24 defines the constant D = D(K, ) and the
lower barrier wy in Zz; ;.

3.9. The upper and lower barriers U ;‘ (x,¢) and U (x, t). In the previous subsections, we constructed
upper barriers u™ (x, 1), v;’(y, 7), w;(z, ) and lower barriers u™ (x, 1), v (y, T), wy (2, T) in the outer,
intermediate, and inner regions, respectively, and showed that they are correctly ordered in the overlaps
between the three regions. These barriers exist for all 0 < ¢ <¢s or equivalently —oo < v < t5. We now
define the global barrier U a+ (x, t) by taking the minimum of the upper barriers when all are expressed in
the unrescaled (x, #) variables. More precisely, we define

I/l+(x,t), yZYBa
min{u™(x, 1), 1'% (v, log1)}, <y <Y,
Uy (x, 1) = { 1'% (v, 1og 1), Zs<zandy < 1Y;, (3.9.1)
min{tl/Zv;(y, logt), tk/3w;(z, logt)}, %Z(s <z<Zs,
*Pwf (z,logt), 0<z<1zs,

where, as before, y=xt"!/? and z=x¢"*/3. Lemmas 3.7.1 and 3.6.1 imply that U ; is a weak supersolution
of (1.1.5a) and, similarly,

u=(x,1), y =Y,
max{u~(x, 1), 1'/2v5 (v, log1)}, <y <Y,
Uy (x,1) = 125 (y, logt), Zs<zandy < 3Ys, (3.9.2)
max{tl/zvé_(y, logt), tk/3w5_(z, logt)}, %25 <z<Zs,
tk/3w5_(z,logt), OSZS%Za,

is a weak subsolution of (1.1.5a). This is summarized in the following proposition.
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Proposition 3.9.1. There exist a number &y > 0 and a sequence of times t, \( 0 such that the functions
U;; (x,t) given in (3.9.1) and (3.9.2), with §, = 27" 8y, define weak super- and subsolutions of (1.1.5a)
forall0 <t <t,.

Moreover, one has

Uy (c,0) < Uy (6, 0) < Uy (x,1) < US (x, 1) (3.9.3)
forallx >0and 0 <t <t,41.

Proof. The fact that U i (x,1), 0 <t <t,, define weak super- and subsolutions of (1.1.5a) follows from
Lemma 3.3.1, Proposition 3.4.2, Lemmas 3.5.2 and 3.5.3, and the matching of our barriers in Sections 3.6
and 3.7.

For (3.9.3), we recall that our barriers u™ (x, t) in the outer region do not depend on §; hence they are
ordered in their common domain and furthermore it is clear that u~ (x, ) < u™* (x, t). In Proposition 3.4.2
we proved (3.4.10), which implies that (3.9.3) holds in the intermediate region for 0 < ¢ < f,4. To finish
the proof of (3.9.3) it is sufficient to show that for any § < &y the inequalities

wy (2, T) < wy (2, 1) < wy)(z,7) <wy (z,7) (3.9.4)

hold for all 0 < z < Zs, t < 5. This follows from the definition of wgt (z, T) in Section 3.7 by observing
that the rescaled Alencar solutions Wk (z) := K W(z/K) are ordered for K > 0; that is,

Kk <k = W(z) < Wg(z) forallzel0,+00). 3.9.5)

To see this, recall the inequality W — zW, > 0, z > 0, which is a consequence of the convexity of W and
was shown in Lemma 3.5.1. This inequality implies that

4y )= i(KW(E)) =w(Z)-Zw(2) >0, (3.9.6)
dx dk K K K K
i.e., k = W, (z) is monotone increasing in x. We conclude that (3.9.4), holds which finishes the proof of
(3.9.3) and the proof of the proposition. O

4. Existence of a smooth solution

4.1. Outline of the existence proof. In this section we return to the O (4) x O (4) symmetric hypersurface
My with profile function ug : [0, c0) — R. Recall that ug is smooth for x > 0 and satisfies conditions
(1.1.1) and (1.1.2) for some fixed k > 3 and some constant Cy > 0. In Proposition 3.9.1 we constructed
sequences of nested upper and lower barriers for (1.1.5a). We will show in this section how to use them
to prove the existence of a smooth solution u(x, ¢) to the initial value problem (1.1.5a)—(1.1.5¢) defined
for all 0 <t < 1y, for some £y > 0. Our main result in this section is as follows.

Theorem 4.1.1 (existence of a smooth solution). Assume that My is an O (4) x O (4) symmetric hyper-
surface defined by a profile function uy : [0, 00) — R which is smooth for x > 0 and satisfies conditions
(1.1.1)—(1.1.2). Then there exists ty > 0 and a C*°-smooth O(4) x O (4) symmetric MCF solution M,,
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0 <t <1y, defined by a profile function u : (0, 0c0) x (0, to] — (0, 00) which satisfies the initial value
problem (1.1.5a)—(1.1.5c). Furthermore, u(x, t) satisfies

Us (x,0) u(x,t) U (x,1),  (x,1) €[0,00) x (0, 1), (4.1.1)

where §, = 27"8g and Ugf(x, t), for t € (0,t,), are the upper and lower barriers constructed in
Proposition 3.9.1.
It follows from (4.1.1) that

lim ¢t *3u(* 3z, 1) = Wk, (), (4.1.2)
N0
uniformly for bounded z > 0.

Since equation (1.1.5a) is singular at u = 0, we cannot directly apply one of the standard short-time
existence results to obtain our solution u(x, t). Instead, we will construct it as the limit of a sequence of
approximating solutions u, (x, t), each of which is defined on some time interval starting at a carefully
chosen initial time s,, where s, \ 0. We will define the approximating solutions u, by choosing their
initial times s, and values u, (x, s,) in such a way that they satisfy

U(s:(x, Sp) <uy(x,s,) < U(SJ;(X’ sy) forall x >0, 4.1.3)

where §,, := 275, and where U af( -, t) are the barriers constructed in Proposition 3.9.1.

The barrier Uy is bounded away from u = 0, and this allows us to invoke a classical short-time
existence theorem for the quasilinear parabolic initial value problem (1.1.5a)—(1.1.5b). The short-time
existence theorem guarantees that our solution exists for s, <t < 1,, i.e., until some time 7, > s,. This
time may exceed the life time ¢, of the barriers U ;)‘j In fact, by finding a priori estimates for the solutions
u, (x, t) we will show that there is an ng such that for all n > no we have #, > t,,, and that we can extract
a convergent subsequence up; (x, #) whose limit u(x, 7) is a solution of the full initial value problem
(1.1.5a)—(1.1.5¢c), and which is defined for x > 0 and 0 <t < 1,,,.

The first a priori estimate we derive for the u,, follows directly from the maximum principle applied
to the barriers U, ;nz Since the barriers are ordered by (3.9.3), the a priori bound (4.1.3) implies that for
all ng, n > ng and x > 0 one has

Us, (6. 5n) < Uy (x, 50) < ttn(x, ) < Uyl (x,50) < Uy, (x. 50). (4.1.4)
The maximum principle tells us that for all » > ng and x > 0 one has
Us, (x.1) Sup(x.1) < Uy (x.1) (4.1.5)

for all + > s, at which Uafo (x,t) and u,(x, t) are defined, i.e., for s, <t < min{z,, Tnol-

Thereafter we establish a priori estimates for the higher-order derivatives of the u,. We conclude
this work in the next Section 5 by showing that the mean curvatures H, (x, t) of the evolving surfaces
corresponding to the approximating solutions u,(x, t) are uniformly bounded for all x, n, ¢, and hence
that the mean curvature of the limit solution u(x, ¢) also is uniformly bounded.
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The simplest choice for the initial value for u, would be to simply set u, (x, s,) = U 5 (x, s,), but
this function is not necessarily smooth in the overlaps between inner, intermediate, and outer regions,
and this complicates the estimation of the higher derivatives of u,,. Furthermore, to prove that the mean
curvatures H,, (x, t) are uniformly bounded, it will be important to have H,(x, s,) =0on 0 <x < es,l/ 2
for some small fixed € > 0. For these reasons we will construct u, (x, s,) by smoothly gluing the lower
barrier Uy (x, s,) to an Alencar surface in the inner region x < es,l,/ 2. Let us now turn to the details of

this construction.

4.2. Short time existence and the comparison principle. Equation (1.1.5a) for u(x, t) has a singular
term at x = 0 which is there because we consider radially symmetric solutions only. To derive short-time
existence from existing results, it is more convenient to consider the more general case of hypersurfaces
that are only partially symmetric, i.e., with {1} x O(4) rather than O(4) x O(4) symmetry. For any
positive function r : R* x [0, #0) — R we consider the family of hypersurfaces parametrized by

F:R4XS3X[O,IQ)—>R8,
where
Fx,Q,t)=(x,r(x, 1)2).
A direct computation shows that F' evolves by MCF if and only if r satisfies

re =g (Dr)ryy, — % @.2.1)

in which
. DpiDj
1+pl*

As long as Dr is uniformly bounded, (4.2.1) is a uniformly parabolic quasilinear equation. The solutions

gii(p)=38;+pipj, & (p)=38;

that interest us are not bounded, so we choose a reference function R : R* — R that is uniformly bounded
from below, has uniformly bounded derivatives up to third order, and for which R(x) — uo(]|x]|) is
uniformly bounded.

All initial data we prescribe in the following sections are bounded perturbations of R(x). We therefore
consider solutions of the form r(x, t) = R(x) +a(x, t) and derive the equation for a:

3

a[ = gl-l(DR + Da)ax,-xj +gl](DR + Da)inxj - R+a

4.2.2)

Since we assume that DR and D?R are uniformly bounded, this equation is uniformly parabolic, as long
as Da is bounded. By assumption D™ R with m < 3 are all uniformly bounded, so (4.2.2) is of the form

ar = Aij(x’ Da)ax,-x‘,- + B(X, a, Da)’

where A;; are uniformly parabolic, and where the functions A;;, B are C "in x € R* and real analytic
in (a, Da).

This implies the existence of a short-time solution a(x, ¢t) for any initial a(x, 0) with a(-,0) €
C1*(R*) and for which inf, R(x)+a(x, 0) > 0. The classical theory for quasilinear parabolic equations
[LadyZenskaja et al. 1968, §VI.1] implies that as long as sup, |a(x, t)| and sup, |Da(x, t)| are bounded,
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and as long as inf, R(x) + a(x, t) has a positive lower bound, one can show that Da( -, t) is uniformly
Holder continuous. This in turn implies higher derivative bounds, and hence that the solution can be
extended to a larger time interval.

For such solutions the standard comparison principle also holds: if a+ : R* x [0, 5) — R are two
solutions with Da_ bounded, for which a_(x, 0) <a. (x, 0) holds for all x € R*, then a_(x, 1) < at(x,t)
forall x e R* and 1 < 1.

4.3. The approximating sequence of solutions u, with n > ny. For a fixed small ¢ > 0 (independent
of n) we choose functions W, vy, with

1, 0<é&<l1,
nw=v(=)  vect®, ws):{o .
We define -
on (x) 1= Y (X)5,° Wi, (x5,*7) + (1 = Y () U (x, 50) 4.3.1)

and let u, : (0, 00) X [s,, &) — (0, 00) be the solution to the initial value problem (1.1.5a)—(1.1.5¢) with
initial data u,, (-, s,) = ug,(x) instead of uy(x).

We will only consider the initial data for sufficiently large n; i.e., we choose an ny € N and only
consider those solutions u, with n > ng. Throughout this section “for all »”” will mean “for all n > ng,”
and in each lemma we assume that n¢ has been chosen large enough for the statement to hold.

In Corollary 4.8.2 we verify that our chosen initial data are caught between the barriers, as in (4.1.1).
Before doing that we establish some derivative bounds for ug, (x).

Lemma 4.3.1 (monotonicity and derivative bounds). For large enough ny and any n > ny there is an
sp € (0, t,,) such that the sequence {s, : n > ng} is decreasing and such that u,(x, s,) satisfies the following
estimates for all n:

(1) The function x +— u,(x, s,) is locally Lipschitz and
0 < (un)x(x,5,) = C (4.3.2)

for almost all x > 0, for some C1 >0

/2

(i) The function x — u,(x, s,) is C3 on the interval 0 < x < Ms,i , Where for j =2, 3, and all n, one

has
(1+5,5Bx) 2180 uy (x, 5,)| < Cs;7U7DR3, (4.3.3)

We present the proof in the following Sections 4.4-4.7. Along the way we finally choose the initial
times s, N\, 0, and we use generic constants C that only depend on the various parameters defining the
barriers, and the fixed small parameter €, but not on n.

4.4. Proof of the first derivative bound (4.3.2). We have
(Un)x(x, 50) = Yy > Wiy (x5y) = Us” + 9 Wi, (xs,7) + (1= 9) (U5 (4.4.1)

We estimate these terms one by one.
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172

The terms in (4.4.1) involving ¥, vanish outside the interval es,’” < x < 265,11/ 2 Thus we have

[ (x)sE 3 Wi, (xs, %) < max [y (x)| - max [s¥3Wg, (xs, %) < Cs, 1% s} <
x>0 x<2es)/?
where we have estimated W, (z) < C(1 +z) forall z > 0.
To estimate the other term involving v, (x) we recall that in the region z > Z;,, y < %Y 5, the definition
(3.9.2) implies that Uy is given by

Uy (x, 1) =ty (xt7'/2 log 1).

172

then in the region €s, /2

_ ;_15’1—1/(1’—2) <x <2esy

Hence, if we choose s, > 0 so small that es,, " > Z;, =
we have
U(s: (x,s,) = s;/zv,gn (xs,fl/z, log s,),
and thus also
[l lU; | < Cs; 215, ?vs, (xs;7'/%, Tog s,)| < Cs, (v, log sn),

where y = x/,/s, lies in the interval [€, 2¢€]. This implies that v, (x)U 5; (x, s,) is uniformly bounded.
To estimate the third term we recall that 0 < W}(Z (z) <1, which implies

[ () Wi, (x5, )] < Y () < 1.

Finally, the term (1 — ,)(U;, )’ vanishes for x < €./s,. For x > €,/s,, we have

V/Snvs, ( ,logsn), XS%YBH«/E,
Us, (x, 5,) = maX{@va (Je logsa). u™(osi) ). 1%5,4/5n <X < Y5, /50,
u=(x, Sn), x > Y5, /5n,

with Y5, = 2/(2k + 1)!' M/, as in Lemma 3.6.1.
It follows that x > U (x, s,) is a Lipschitz continuous function whose derivative is almost everywhere
given by (vgn)y oru, (x,s,). If y=x/./sn €€, Ys,] then
(p+Dy
(u,)y(: Togsu) = 1+ (KT =357 6 () = BRS¢ 0+ p= e < C.

for a uniform constant C, independent of n and for n > ny, sufficiently big.

On the other hand, u~(x, s,) = ug(x) — Ms, min{1, x>*=#}. For x > 1 we have u, (x,s,) = ug(x),
which is uniformly bounded by the assumption (1.1.2), while for x < 1 we have u (x,s,) = u()(x) —
(2k — 4)M s,x*=3 which is also uniformly bounded because we assume k > 4.

Combining all these estimates together with (4.4.1) yields the uniform Lipschitz bound on u,.

4.5. Proof of the second derivative estimate (4.3.3). We will show

| () xx (X, 82)| < Cs,7 53 (1 4 x5 K3 ™4 4.5.1)
for all x € [0, M. /s,].
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k/3

Writing z = x5, '~, we estimate the terms on the right-hand side of

(tn)ex =V sk Wi, (2) 429, Wi, (¥ Wi, ()57 + (0= 1) Uy )x =20 (Us )x =¥, Uy . (4.5.2)

172

For 0 < x <es,,’” we have

(n)xx (x, 50) = 5, PWE_(2).
The asymptotic expansion (3.5.1) for W implies that for all z > 0

0<Wg () <Cl+z2)™

Hence (4.5.1) holds for x < esi/z.
If 26S,1/2 <x< Ms,ll/z, ie., if 2¢ <y < M, then u,(x,s,) = s,
definition (3.4.3) for v(;l, we find for2e <y <M

1/zvs_n (v, log s,) and thus, using the

1/2 1 2sr?y Csn_k/3
(Un)xx(x,50) =5, / (v(sn)yy(ya logs,) < Cs, / 7 =< m-

Finally, if es,{/ 2 <x< Zes,{/ 2, then similarly to the previous two cases we get
W Wi, ()5, "7 + (1= ) (U x| < Cs7 P (14 x5 74
To bound the remaining terms in (4.5.2) it is enough to estimate

21951 | Wi, () — (Us, x| + 1951155 Wi, (2) — Uy |.

1/2 k/

Both v, and v, vanish unless €s,’” < x < 26.5‘,1/ 2 In this region one has xs, 3 > 1, and thus our desired

upper bound satisfies
és,’f2 < sTkB(1 4 xsTh3) 4 < o5k,
By the asymptotic expansion (3.5.1) of the Alencar solution W for large z, we have W, (z) =z+O(z2)
and Wy (2) =1+ O(z~%). When es)/? < x < 2es)/? this implies
SKBWg, (x5, %) —x = O(skx™2) = O,
/ —k/3 k. -3 k=32 (4.5.3)
Wi, (xs, ") =1 =0(s,x77) = O(s, ).

In the region es,t/ 2 <x< 26s,1/ * we have, by definition, and by the asymptotic expansions of the terms

fo» J1, f2in (3.4.5),

Ua_n(x, Sp) = s,ll/zvé_” (v, logsp) where y = xsn_l/2

=52y + 5 2Ok 32y
=x +O(skx72). (4.5.4)

This expansion may be differentiated with respect to x, resulting in

|(Us )x — 1| < Cspx ™ < Csy 2. (4.5.5)
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The bounds [/ | = O(s, /%) and || = O(s;") now lead to

—k/3
- - o B Cs
WSS AW, Ces, 7 = Uy < Csy skt = O < —
(14xs, )4

and also

CS,,_k/3
(1+xs, 534

Wl Wi, (us, %) = (U0l < Cs, 1257302 <

This concludes the proof of the stated weighted C? estimate for u,, at time ¢ = s,.

4.6. Proof of the third-order derivative bound (4.3.3). We outline the arguments, which are similar to
those for the second derivative estimate.
For 0 < x < es,’” the definition (4.3.1) of ug,(x) = un(x, s,) directly implies

—2k/3 . —k/3
|(n) e (%, )| = |WE ()15, 273, where again z = x5,*/°.

Using the asymptotic expansion for W (z) as z — oo one then verifies the third derivative estimate for
1/2
x <es,".

If 2esp/? < x < Ms,)/?, ie., if 2¢ <y < M, then

(tn)xxx (X, $n) = (Uy Dxax (0, 50) = 8, (05)yyy (3, log ),

and the estimate follows from the explicit expression (3.4.3) for U5, (y, 7).

If es,{/2 <x< 2es,1/2, then u, is given by
un(x, 5n) = 5, Wiy (2) + Y 5, * Wi, (2) = Uy (x,s0)}, 2 =xs,*°.

The third derivative of the first term can be estimated exactly as in the region x < esy’ 2. After differentiating
the second term three times one ends up with terms of the form

v (55 )K{s,’i”wmw —Up,(xsn)}, 0=e=3.

Using the asymptotic descriptions we have for W and Uy , and taking care to cancel the leading terms in
these descriptions when £ € {0, 1}, we get the third derivative bounds in (4.3.3). The estimates are similar
to the first and second-order estimates.

4.7. Proof that x — u,(x, s,) is nondecreasing. We consider four regions: the region 0 < x < esi/ 2,

1/2

. 172 . . . . . . .
the region €s,"” <x < 2€sn/ where we glue the inner and intermediate barriers, the intermediate region

Zes,{/2 < x <1, and finally the region x > 1.

1/2

. k/3 —k/3 L. . . .
In the region 0 < x < €s,’~ we have u,(x, s,) = s,,/ Wk, (xS, / ), which is an increasing function

of x because W is increasing.

12 1
/ <x <2es,

In the region €s, 2

, we have

()2 (X, 50) = Yy ) (5y> Wi, (x5,7%) = Uy (x, 50)) + ¥ () Wi, (x57%) 4 (1 = 9, () (U ) (5, 50).
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Using (4.5.3), (4.5.4), as well as |y, (x)| < Cs, 1/ 2, we estimate the first term above by
W (O 58 Wi, (x5, %) — Uy (x, )| < Cly(0)]sh ™" < Csy 72,
Furthermore, (4.5.3) and (4.5.5) imply

|W;<2(xsn_k/3) — 1+ [(Us)x(x, 80) = 1] < Cs,’f‘f‘/z,
It follows that
|(up)x(x,8,) — 1] < Csr1§73/2
350, we see that for large

2
172
§x§26sn/ .

throughout the region es,i/2 <x< 2es,1/2. Since s, - 0and k > 4, s0o k —
enough n the function x — u, (x, s,) is strictly increasing when es,i/ 2

Next, in the region 2¢.,/s, < x <1 we have

172

n(x, 50) = Uy (x, 5p) = max(s, *vy (x5, /%, log sn), u™ (x. 5u))

e —1/2 _ . . _ . . .
if xs, / <Y;,, and u,(x, s,) =u" (x, s,) otherwise. It is easy to see that x — u™ (x, s,,) is an increasing

function. Concerning v, (v, log s,) we recall definition (3.4.3), i.e.,
vy, (v, logsn) = y+ (K1 = 8)s,” gr(y) — BK (s g(y) — s/ 17 y =P,

If we choose s, small enough, then the last three terms will be uniformly small in C' on the fixed interval
2e <y <Y;, compared to the leading term y, so that y — vs, (v, logs,) is also increasing on the interval
2e <y <Ys,. It follows that x — u,(x, s,) is increasing on 26s,i/2 <x<l.

The very last situation we must consider is where x > 1. In this case (1.1.2) implies

(Us ) (x, 80) = ug(x) > 0.
Since we have covered all cases, the proof of monotonicity of x — u, (x, s,) is complete.

4.8. Proof of (4.1.3). We turn to the proof that the initial data u, (x, s,) is sandwiched between the two
barriers U;n:, as in (4.1.3).

Lemma 4.8.1. If ng is large enough then, for each n > ny, we can choose s, € (0, t,) small enough that

Uy (X, 50) < s3> Wi, (x5,77) < U (x. s0) (4.8.1)
1/2
for 0 <x <2es,’".

12 —k/3

Proof. In this proof we write y = xs, '~ and 7 = xs,

In the region 0 < y < 2¢ the barriers U 51[ as defined in (3.9.1), (3.9.2) are given by

U3t (x, sp) = mins,*vf (v, 1ogs,), 5,7 Wt (D)),

Uy, (x, sn) = max{s, v (3, 10gs), 53" Wy, (2) + Dsy ™'},

where Kzi(n) = (KS +25,)'/3 (see Section 3.8).
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In Lemma 3.7.1 we defined Z,, := Z;, = %5,1_ 1/(P=2 and showed that the functions whose max/min
define U ;: cross in the interval %Zn <z <Z,. To prove (4.8.1) we therefore must show

ski3 Wi, @ + Dsk < skBW, (z) < 53 Wit (@) (4.8.2)
if0<z<Z,, and
sy vy (v.1og sn) < skP Wi, (2) < 5,/%v5 (7, log sy) (4.8.3)
if z> %Zn and y < 2e.
Since k — W, (z) = k W(z/k) is strictly increasing (see (3.9.5)), from K;,_n = (K3 +28)'3 > Ky it
follows that Wk, (z) < WK;(H)(z) holds for all z > 0. Thus the second inequality in (4.8.2) holds.
The first inequality in (4.8.2) is equivalent to

Wiy (2) = Wy () (2) = D571 forall z < Z,,.
By integrating

00 __Z (5)
8K8ZWK(Z)_ /<2W K <0

from k = K, (n) to K, we see that W, (z) — WK{ () is a decreasing function of z. We therefore must
guarantee

WKz(Zn) - WK;(n)(Zn) > Dsr%k/?)—] )

This holds for each n provided we choose s, € (0, #,,) small enough.
We now consider (4.8.3), which is equivalent to

sy vy (s¥z,logs,) < Wk, (2) < 5,7 vy (572, 1ogsn), (4.8.4)

and we must establish these inequalities for %Z,, < z <2es,”. Both inequalities can be proved in the
same way, and we focus on the one involving v; .

Keeping in mind that K, = K 13 the asymptotics (3.5.1) for the Alencar function W imply that there is
a constant C such that

1+ K1z 2 —Cz < Wi, (2) <z+Kiz 2 +Cz7? (4.8.5)
for z > 1. On the other hand, the definition (3.4.3) of vy implies

sn_Vv(;1 (s)z,logsy) =z 4+ (K| — 8n)s,%y<pk(s,}l’z) — == _ BKlzsgyg(sn_Vz)
=2+ Kis)  ou(s)2) — {8usy  ou (5] 2) + 2P~} = BK{s) g (s, 2).
For y < 2¢ we have
k() =y <C and gy < Cy~>
Hence

sV vy (572, l0gsy) Sz + Kiz 2 — {8,242 P+ CsyY +27), (4.8.6)

where C is the same for all sufficiently large n € N and for 1 < z < 2es,, ”.
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If z > 1 then z7° < z73, s0 (4.8.5) and (4.8.6) together lead to

Wi, (2) — 5,7 v; ()2, logs,) = 8,27 > = Csp/ +27 P70 —Cz 7. (4.8.7)

Now choose s, small enough that s, < (8,Z,/C)"/?”. Then for all z > Z, one has
8u2 2 —Cs2 > 8,22 —Cs? > 0.
If we also require 7 to be large enough that Z, > C'/4=P) then we have for all z > Z,
A Y 6l S (A I o) VI VAR T 6) VAN 1}

Applying the last two inequalities to (4.8.7) we conclude that the first inequality in (4.8.4) holds. A slight
modification of these arguments also proves the second inequality in (4.8.4). O
Corollary 4.8.2. If for each n > ny we choose s,, € (0, t,,) as in Lemma 4.8.1, then (4.1.3) holds, i.e.,
Us (x,sn) < un(x, sp) < U;r:(x, sp) forall x > 0.

Proof. If x > 2es,{/ % then uy,(x,s,)=U 5 (x, s,) and there is nothing to prove.

Ifo<x < 2€S,1/2, then u,(x, s,) is a convex combination of U(;(x, s,) and sﬁ/z’ Wk, (s,fk/3x). We
have just shown that this second function lies between the barriers so the convex combination u,, also lies
between the barriers U gf O

4.9. Monotonicity and uniform C L bound Jor uy(x, t). In the following lemma we show that the initial
uniform C! bound ||u, (-, slct < C persists for as long as each u, (x, t) exists, provided that n is
sufficiently large.

Lemma 4.9.1. If C| is the upper bound for (u,)x(x, s,) from Lemma 4.3.1 then for sufficiently large n
we have 0 < (u,),(x, 1) < Cy forall (x,1) € [0, 00) X [s,, t,).

In order to prove this lemma we will apply the maximum principle to the evolution equation of (u,,),.
For this we first need the following observation.

Lemma 4.9.2. Let M be the same constant as in Lemma 3.3.1. There is an o > 0 such that for all
sufficiently large n one has Ug (x,t) = x forall x € [0, «] and all t € (0, 1,).

Proof. In the part of the outer region where M Jt<x<lwehavet <M —2x2, 50 that
Uy (x,1) = ug(x) — Mtx>*=?
= x4+ (K1 +o(1)x* D — Mex?*=2 (x — 0)
>x+(Kj — M~ +o(1)x>*D (x — 0).
If we choose M > 2/K, then there is an o > 0 such that K; — M~! + 0(1) > 0 and hence such that
Us (x,1) > x holds when M/t < x <a.
In the intermediate region the lower barrier is given by ¢!/? Vs, (t71/2x, logt), where in the rescaled

variables (y, T) we have vs, yv,o)=y+ f(;: (v, 7). Lemma 3.4.4 tells us that f(s: (y,7) =0, so in the
intermediate region we have v, (v, 7) = y and hence U 5 (x,1) > x.
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Finally, in the inner region we have
Uy (x, 1) =" w; (17 x, log1)
and, according to the definition in Lemma 3.5.3,
w, (z,7)= WK; (z) + De”’" > WK; (z) >z

because W, (z) > z for all z > 0. This implies U 5 (x,t) > x in the inner region as well. Il

Proof of Lemma 4.9.1. If u,, is one of the approximating solutions of (1.1.5a), then by differentiating in x
we find that n := (u,), satisfies
ne = Maulnl— Qn(x, 1)n, (4.9.1)

where 5

Nxx 3 2(uy) 3 3
—— 4+ -, d 2 t) i =—
Tha? TxM O = e T T

Lemma 4.9.2 says that u,(x, t) > U(S:(x, t)>x,80 Qu(x,1)>0.
If the domain of n were bounded we could directly apply the maximum principle and conclude that »

is bounded by its initial values. Since the domain is not bounded, we consider 2(x, t) := x 7' +ke'x? in

M,ln] =

the domain x > 0, 0 <t < 1. (Without loss of generality we assume that 7, < 1 for all n.) In this region

Q2 satisfies
2x73 3 2ke!

1+ (un))zc 1+ (un))zc

> ke'x? —2x 73 4+ 3x73 — 2ke! — 6ie!

t

Q — M, [Q]+ Qn(x, HQ > ke'x* —

bke

> ke'x? +x73 — 8ke!

> /{()c2 —8e) +x73.

If we choose « > 0O sufficiently small, then the left-hand side is positive for all x > 0 and ¢ € [0, 1].

For any € > 0 we therefore have

(2= Ma+ Q) (r+e2 >0 in (0,00 x Lsn, F).

Furthermore 1 + €2 — oo as x — {0, oo}, so the maximum principle implies that n + €Q attains
its minimum at the initial time ¢t = s,. Since 0 < u, »(x,s,) < C; (by Lemma 4.3.1), we find that
n(x,t) +€Q(x,t) > 0 for all € > 0, which implies that u, ,(x,?) = n(x,t) > 0 for all x > 0 and
t € [sp, ).

By considering n — €S2 for arbitrary € > 0 we similarly conclude that n is bounded by its largest
initial value, i.e., (u,)x(x, 1) = n(x,t) < Cy for all x > 0 and ¢ € [s,, #,,). This finishes the proof of
Lemma 4.9.1. Il

Corollary 4.9.3. Let u,(x,t) be a solution to the initial value problem (1.1.5a)—(1.1.5¢) with initial
data u,(x, s,) as above, and let n > ng, where nq is large enough that all previous results hold. Then
the solution u,(x,t), which exists for all t € [sy, ,,), satisfies U5:o (x,t) <uylx,t) < U‘;;o (x,t) and
0<(upy)x <Cy forallx >0andallt € [s,, min{t,, t,,}), where C is as in Lemma 4.3.1.
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Proof. We have shown that (u,,), is uniformly bounded, that u#,, > U S_n has a positive lower bound, and that
Uy (x,t) —ug(x) is uniformly bounded (because U af — ug is bounded). The discussion in Section 4.2 and
(4.1.4) then shows that the maximum principle can be applied to conclude that the solution u,, remains
between the barriers U, ‘i) for as long as both u, and U ;nto are defined. UJ

4.10. Uniform lower bound for t,. Each of the approximating solutions u,, exists at least until time 7.
We now argue that if n is large enough, then 7, > #,, for all n > ny.

We have already verified for all x >0 and 7 € [s,,, min{z,, 7,,,}] that the solution u, (x, f) remains between
the barriers U afo (x, t) and that its derivative (u,).(x, t) is uniformly bounded. Standard estimates for
quasilinear parabolic equations applied to (4.2.1) or (4.2.2) then imply that higher derivatives of u,
also are uniformly bounded. If we had 7, < 1,,, then lim, i, u(x, 1) would exist, and we could extend
the solution to a larger time interval. Therefore 7, would not be the maximal time of existence for the
solution u,, after all.

4.11. Proof of the main existence Theorem 4.1.1. We have constructed the sequence of solutions u,
and have established a priori bounds for its derivatives, which imply that there is a subsequence uy,
that converges locally uniformly to a function u : [0, c0) x (0, t,,] — R. The derivative bounds for the
approximating solutions u, imply that u,, u, x, u, xx, and u, , also converge locally uniformly, and that
the limit u is a solution of (1.1.5a).

We now verify that u also satisfies the initial and boundary conditions (1.1.5b), (1.1.5¢), as well as the
asymptotic description (4.1.2) of the inner region.

4.11.1. The initial condition. Let ng be large enough that all previous results in this section hold. Then all
solutions u,, are caught between the barriers U,ff), so the limit also lies between U,ff). In the outer region,
defined by x > M /t, the lower (upper) barriers are defined in (3.3.1) to be the maximum (minimum) of
u®(x, 1) = uo(x) & Mt min{1, x**=*} and the barriers defined in the intermediate region. This implies
that for x > M/t we have

k=4 < y(x, 1) < uo(x, t) + Mrmax{1, x4}

ug(x,t) — Mt max{l, x
Therefore lim;\ o u(x, t) = uo(x) uniformly for all x > 0.

4.11.2. Boundary condition. The solutions u, (x, t) all satisfy u, (0, t) = 0. They converge in C' to
u(x,t), so we have u,(0,1) =0 for all £ € (0, #,,].

4.11.3. Asymptotics in the inner region. To finish the proof of the theorem, we will show that
lim w(z, 1) = Wk, (2),
T—>—00

uniformly on compact sets in z. This follows almost immediately from (4.1.1) and the definition of
our barriers it,f(x, t) in the inner region. Using the definitions w, (z,7) = WK;(H)(z) + De?" and
w, (z,7) = WK;(,Z)(z) from Section 3.5, (4.1.1) implies w;, (z, T) < w(z, T) < w;(z, 7), and hence

Wi (@) +De’™ <w(z, 1) < Wy, (2) (4.11.1)

forall z € [0, Zs,], and T < 7, :=log?,.
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Since Zs, := 45,"/7"? - to0 and Kf(n) = (K3 £25,)"/> — Ki as n — 400, (4.11.1) holds
on [0, Z] x (—o00, T,) for any Z > 0, provided r is sufficiently large. The rescaled Alencar solution
Wk (z) = KW (z/K) depends continuously on K, so after taking the limit # — oo in (4.11.1) we conclude
that lim; o w(z, ) = Wk, (z), uniformly on any bounded interval 0 <z < Z, as claimed in Theorem 4.1.1.

5. Uniform L bound on the mean curvature

5.1. Bounding H. In Theorem 4.1.1 we showed the short-time existence of an O (4) x O (4) symmetric
MCEF solution M;, 0 <t < fy, which is smooth for # > 0 and defined by a profile function

u:[0,+00) x (0,5] > R

which satisfies the initial value problem (1.1.5a)—(1.1.5¢) for the given initial data uo(x). In this section
we will show that the mean curvature of M, is uniformly bounded on [0, +00) x (0, #p] despite the fact
that the initial data ug is singular at the origin. The life time of the solution is fy = t,, for some large
enough ng.

Theorem 5.1.1. Let M,, 0 <t < tg, be the O(4) x O(4) symmetric MCF solution constructed in
Theorem 4.1.1. Then
sup sup|H| < oo. (5.1.1)

O<t<ty M;

To prove this theorem we will first show, using a direct argument, that H (x, ¢) is uniformly bounded in
the outer region x > M+/t, 0 <t < to. Then, using an argument by contradiction that is strongly inspired
by the approach of Stolarski [2023], we will show that H (x, ¢) is uniformly bounded in the remaining
region x < Myt 0 <t <ty.

5.2. Bounding H (x, t) in the outer region. Assuming that f; is sufficiently small we show in this section
that (5.1.1) holds in the part of the outer region where x > +/f and 0 < < f.

Lemma 5.2.1. Let Y5, be as in (3.6.4). There exist ty > 0 and a uniform constant C > 0 so that for all
(x,t) witht € (0, ty) and x > Ygoﬁ one has

|H(x,1)] <C. (5.2.1)

Proof. We fix (x, 1) with 0 < 11 < #p and x; > Ys,+/71. We first deal with the case when x| € (0, %)
By (4.1.1) the solution u lies between our upper and lower barriers U g: constructed in Proposition 3.9.1.
In the region x > %Y(;O«/f we have Ugs(x, 1) = u*(x, 1), and hence

wo ) <u(e,n) <ut(en), YsVi<x<l, (522)
and, by definition (3.3.1) of u™,

lu(x, 1) —up(x)| < Mtx*~%, 1y Vir<x<l.
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Rescaling the solution u(x, t), we consider

t
U(E,s) =x1_1u(x1§, H +x12s) for (§,5) € Q:= (i, 2) X (——12, 0),
X1
which satisfies U 3 3
e . B/ (5.2.3)
1+U; & u

T

If (§,5) € Q,thenx =x;& andt =1 —I—xlzs satisfy iYgO«/; < x <1, so that (5.2.2) applies, and so that
U, s)—x; uo(ai€)] < Mty +xis)x (g4 < cMnagt™

—xi since x1 > Ys,4/11-

The initial profile uq satisfies x < ugp(x) <x + Cx%*=2 for 0 < x < 2, and thus
x;  ug(x18) — & < Cx* 7 foré e (3,2).

The last two inequalities together imply that

U, 5)—&| < Cxi* (5.2.4)

holds on Q. Therefore the function
UE,s)—§
F(,s) = T3
X
which satisfies the equation
oot 3p. 3 o (5.2.5)
T+ UE e T T EUGE ) -

is bounded on Q by |F (&, s)| < C for some constant C that does not depend on (x1, #1).

Claim 5.2.2. U and 1 + U§2 are Holder continuous on
(1 §) _h
Q - (2 ’ 2 X ( x12 b 0} 9

Proof of Claim 5.2.2. By (5.2.4) we have ||U||¢o(gy < C for a uniform constant C, independent of (xi, #1),
where x| € (O, %) Furthermore, in Q we also have

uniformly in (x1, ty).

\Ug (£, 8)| = |ux(x1€, 11 +x75)| < C, (5.2.6)

where C is a uniform constant, independent of (xi, #1). This follows by Lemma 4.9.1 and the fact that
u, (x, t) smoothly converges as n — oo to u(x, t) for all x > 0 and ¢ € (0, #1]. Since U (&, s) satisfies the
uniformly parabolic equation (5.2.3), standard regularity theory applied to (5.2.3) implies that there exists
a uniform constant C, independent of (x1, #1), so that |Ugz (€, s)| < C in Q'. This implies U and 1+ USZ
are uniformly Holder continuous functions on Q' as claimed. O
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Interior parabolic regularity for (5.2.5) then implies that F, Fg, and Fg¢ are uniformly bounded (and
even Holder continuous) on Q'. We conclude that for some constant C that does not depend on (x1, #1)
we have

|Fs(1,0)] <C.

In terms of the original solution u(x, ¢) this then implies
Jur (1) < Cx* < C,

where we have used k£ > 4 and x; < % in the last step. We conclude that |H (x1, ;)| < |us(x1, t1)] is

uniformly bounded whenever Ys,/f1 < x1 < % and 0 < 11 < 1.
To deal with the case where x; > % we recall that the single variable PDE (1.1.5a) for u,(x, t) can be
interpreted as a parabolic equation in more variables (4.2.1) or (4.2.2). As discussed in Section 4.2, the

uniform lower bound u, (x,t) > U 5_0 (x, t) combined with the estimate 0 < (u,),(x, t) < C; allows one

to invoke classical parabolic estimates which imply that (u,,) .y (x, ) is uniformly bounded for all x > %,

sufficiently large n, and all ¢ € (s, ,,). This then implies that the mean curvature on the limiting solution
1

z.

Combining the two cases x| € (0, %) and x; > % leads to (5.2.1), which finishes the proof of the

is bounded when x| >

proposition. U

5.3. Second-order derivative bounds for x < M 4/t. Before we bound H (x, t) in the intermediate and
inner regions, we will establish the following weighted C? bound, which is crucial for our purposes, for
our approximating sequence of solutions u, (x, t) defined in Section 4.

Lemma 5.3.1. There exists nq sufficiently large and a constant C independent of n so that for all n > ny
the bound

() xx (x, )] < CtFB (14 17+35)~ (5.3.1)
holds for all 0 < x < MA\/1, t € [s,, ty].

Proof. The proof follows from scaling and standard regularity theory for linear and quasilinear parabolic
equations. We repeatedly use the first-order derivative bound 0 < (u,),(x, ) < C; from Lemma 4.9.1, as
well as the initial derivative bounds (4.3.3)

107U (x, 5)| < Cs; UM A 45,4 Px) U2 =23,

which were shown in Lemma 4.3.1.

Since our solutions u, (x, ¢) scale differently in the intermediate and inner regions, we need to treat
the cases x € [2Rt*/3, MtY/?] and x € [0, 2Rt*/3] separately. We will choose R in the proof of Case 1
below to be a sufficiently large constant which is independent of n. Then for this choice of R we will
show that Case 2 holds. In both cases we will assume that n > ng and s,, <t < £y, and ng will be chosen
to be sufficiently large and 7y will be chosen to be sufficiently small, uniformly in 7.

We start by fixing n > ng and a point (x1, 71), where 0 < x| < M\/t1, t| € [sy, fo].
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Case 1: Assume x| € [2Rtf/ 3, M tl1 / 2], where R is a sufficiently large constant. Similarly to the proof of

Lemma 5.2.1, we consider the rescaling

Un(&,5) = x7 'un (16, 11 + x7s)

which satisfies the equation

(Un)ee 3 3

+—(Un)e — — 532
oL e (Un)e U (5.3.2)

(Un)s =

in the region

o ={@siy<e<q I a0

9 2 J—
2 X X
We subdivide into the two cases
H — S, 1 f — S, < 1

> —— and .
xi 0 2M? xi T 2M?

Case 1a: If (t; —s,) /xl2 >1/2M 2, then the parabolic square

1 3 1
Oy =]En:T<e<3 s <s=o
has fixed size (independent of (x1, ;) and n) and satisfies Q, C Q,. We will restrict to Q),.

For any (§, s) € Q), we have x := x|§ € [Rtf/3, 2Mt11/2] and ¢ := 1) + x}s € [3t1, 1] In particular,

we have y := xt™12 ¢ [Rtly, 2«/§M], i.e., (x, t) lies in the intermediate region, a fact that will be used
momentarily.

To obtain the desired bound on u,, (x1, t1), we will bound Ug¢ (1, 0) by applying interior parabolic
regularity estimates to the function U, (¢, s) — & defined in Q).

We first estimate the L> norm of this function on Q), by bounding |u, (x, 1) — x| for x = x;£& and
t=1 —|—x12s, where (£, 5) € Q).

By (4.1.1) the solution u,, lies between our upper and lower barriers constructed in Proposition 3.9.1.
Hence

|, (x, 1) —x| < max{lUgg(x, 1) — x|, |Ug, (x, 1) — x|} (5.3.3)

for all n > ng sufficiently large. Using the definition of our barriers U Sf (x,1) (see (3.9.1) and (3.9.2)) the
difference |Uj; (x, 1) — x| for n > ng is bounded by /2| fafo (xt=V2,1)[; fgo was defined in (3.4.4). The
latter can be bounded by 2K 1tk_1gok (xt~1?), provided that fy is sufficiently small. This follows from the
definition of fafo and our estimates in Section 3.4, after expressing these estimates in the (x, ¢) variables
using (2.2.1). Since g (y) < Cx(y* 2 +y~2) with y :=xt~2 € [Rt], 2¢/2M] and 1 € [ 311, 11], we get

max{|Uy (x, 1) — x|, Uy, (x, 1) — x|} < Ct* "Nt ™ V%) 72 < Cx 72t (5.3.4)

for some constant C (depending only on k and M) which is uniform in (x1, #;) and n. Combining (5.3.3)
and (5.3.4) while using t = 1| + x5 <1, yields

Un(€,5) —£] < Cxtf in Q). (5.3.5)
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It follows that the function
Fu(€,5) :=xt;*(Un(&,5) — &)

which satisfies the equation

F,
(n)si +
1+U; &

3 3

Fns: Fn —Fn
(Fn) ( )§+§Un(§,s)

(5.3.6)

is uniformly bounded in the parabolic cube Q/,, namely ”Fn”CO(Q}W) < C, where the constant C is
independent of (xy, #;) and n.

Claim 5.3.2. U, and 1 + U,%é are Holder continuous on the parabolic cube

5 1

QX/I:{(S,S):%<€<Z’ —m <S§O}CQ/A/[7

uniformly in (x1, t1) and n. Furthermore, JT <U,(&,s) <2 forall (§,s)€ Q?vr

Proof. Since x| > Rtf/B, by (5.3.5) we have that |U,(§,s) —&| < CR~3, and since the constant C doesn’t
depend on R, we may choose R large enough that }L < U,(&,5) <2forall (& 5) € Q). In addition
Lemma 4.9.1 implies that |U,¢(§, s)| = [(u,)<(x1§, 11 +x12s)| < (Cjin QM It follows that U, (&, s)
satisfies in Q), a uniformly parabolic equation (5.3.2) with bounded coefficients, and therefore standard
interior (in spacetime) regularity theory applied to the quasilinear equation (5.3.2) implies the existence
of a uniform constant C, independent of (xi, #;) and n, so that |U,g¢ (£, s)| < C in Q}, C Q),. All the
above give us that U, and 1+ Unzé are uniformly Holder continuous functions on Q) as claimed.  [J

Claim 5.3.2 implies that equation (5.3.6) is uniformly parabolic in Q}, and its coefficients are Holder
continuous (uniformly in (x1, #;) and n). Interior (in spacetime) Schauder theory applied to (5.3.6)

in Q}, bounds |(F,)z(1,0)| in terms of ||Fn||C0(Q;(4)’ concluding that |(F,)ge(1,0)| < C for a uni-
3.k
l‘l,

form constant C. Equivalently, |[(U,)e(1,0)| < Cx, and converting back to the original solution

gives the bound |(u,).x(x1, 1) < Cx| 4t{‘. In the considered region we have x1t %3 > R, therefore

t{‘x;“ = tfk/3(tfk/3x1)*4 < thk/3(1 + xltfk/B)*“ (where C depends on R). We conclude that the

desired bound (5.3.1) holds when x; € [2Rt,”>, M#}"*] and (1 — 5,)/x? > 1/(2M?).

Case 1b: If (1 — sn)/xf < 1/(2M2), then x; < Mtll/2 implies that 1| — s, < xlz/(2M2) < %tl, and hence
in this case # € [s;,, 2s,]. This in turn gives x; < M +/2s,, implying in particular that

fo—t to— 25
0 1 > 0 n > 1,
x12 2M2s,

provided that n > ng with ng sufficiently large. Hence the cube

1 H—s HH—s
Q, = (S,s):—<$<§,— Tos<— “ 41
2 2 x12 x12
has fixed size and satisfies Q), C Q,. The difference between this and the previous case is that the cube
Q) starts at s = —(t] — sp) /]C12 corresponding to the initial time ¢ = s, for the solution u,(x, ¢). This
means that our estimates need to include bounds on the initial data u, (x, s,).
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As in the previous case, we will begin by bounding |U, (&, s) —&| in Q,. For any (£, s) € Q,, we have
x:=xi& €[Rty?, 2M /i1 C [Rsy>, 2M /25, (using 11 € [s,, 25,]) and ¢ := 1 +x2s € [s,, QM2 +2)s,]
(using x; < Mtll/z). Hence y =xt"12¢ [R/(\/EM)S,):, 2«/§M], which shows that the point (x, ¢) belongs
to the intermediate region. Now similar arguments as in Case 1a imply that bounds (5.3.3) and (5.3.4) hold
(with s, instead of #1). We conclude that |u,(x, 1) — x| < Cxl_zs;:y%/2 holds at x = x1&, t .=t + s’g‘]z

for any (£, s) € Q,, where C is independent of (xi, #;) and n. In terms of U, (&, s) we obtain
\Un(&,5) —£| < Cx YB3 < Cx?tf in Q). (5.3.7)

Claim 5.3.3. U, and 1 + Ufé are Holder continuous on the parabolic cube

- n n— n
o=l S N0 o N7 g
uniformly in (x1, t}) and n. Furthermore, % <U,(&,s) <2 forall (§,5) € Q,.

Proof. Similarly to Claim 5.3.2, the bounds (5.3.7) and Lemma 4.9.1 imply that on Q), we have Alf <U,<2
and 0 < U,¢ < C;. In addition, for j =2, 3 we have

sup
1/2<§<3/2

. 1 — s .
9/ U, <g, —- an>‘ <x/7' sup  [0fua(x,s0) < Cx7isk <, (5.3.8)
X x1/2<x<3x1/2

where we used (4.3.3) and our assumption x; > 2Rtf/ 3 combined with t| € [sn, 2s,]. In all the above
bounds C is a uniform constant, independent of (x, ¢;) and n. Since U, (&, s) satisfies a uniformly
parabolic equation (5.3.2) in Q) standard interior (in space) theory for quasilinear equations applied
to (5.3.2) yields the C 2 bound | Unee ||C2(QZ) < C (and even a C>! bound), where C is a constant that

depends only on
t —_
Un < Ty T ! 2sn>
X1

therefore C is uniform in (x1, #;) and n, since these bounds are as well. We conclude that U, and 1+ U,%é

[Unllcocg;) and ‘ ,
C3([£/2.38/2])

are uniformly Holder continuous functions on Q/, finishing the proof of the claim. U

Consider the function F, (&, s) := xftl_ k(U,, (&,5) — &) on Q which satisfies (5.3.6) and the uniform
bound ”Fn”CO(Q;’) < C, where C is independent of (x1, #;) and n. Claim 5.3.3 implies that F, (&, s)
satisfies a uniformly parabolic equation (5.3.6) on Q! with coefficients which are uniformly Holder
continuous. Therefore, standard interior (in space) Schauder estimates applied to (5.3.2) on the cube Q)
imply that |(F},)z (1, 0)| can be bounded in terms of

H— S,
Fn(‘,_ 2 )
X1

We have just seen that || F), llcogny = C. We will next show the bound

H— sy
Fn(',_ 2 )
X

[ Fallcocgyy and ‘

C21([3/4,5/4)

<C.
C3([3/4,5/4D)
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First, (5.3.8) and the definition of F,, give

o Fy (S, —1x—2s)‘ =x} 17} 19]Un(E. ) < Ci'sy < C
1
for j=2,3and all £ € [%, %] The bound for j = 1 follows similarly from 0 < (u,).(x, s,) < C. In all

the above bounds C is independent of (x1, ¢;) and n.

We conclude that |(F,)eg(1,0)| < C, where C is independent of (x1, #;) and n, and, similarly to
Case la, the desired bound (5.3.1) holds for x; € [2R{”, Mt;"*] and (1 — s,)/x* < 1/(2M?). This

completes the argument in Case 1b.

Case 2: Suppose next that x; € [0, Rtfﬁ], that is (x1, #;) belongs to the tip region. Here R is a large fixed

constant, chosen as in Case 1. In this case we will not scale around x; but around the origin, and we will
show
sup () (6, i)l < CH 7 P 0 <ty <1, (5.3.9)

xel0,Re{?]

for a uniform constant C independent of n and #; (C may depend on R). This estimate is equivalent to

(5.3.1) because in the considered region one has x;f, k/3 <R.

To this end we set o := %k > 1 for simplicity and introduce the rescaled function

Un(&,5) = t; %u, (11, ) +17%), (5.3.10)

which satisfies (5.3.2) in the region

Hh— Sy to—1H
Q=1(¢,8:0<§<2R, ——5— <s<—— -
h h
Bound (5.3.9) is equivalent to
sup [(Un)ge(6,0)| <C (5.3.11)
§€[0,R]

and will follow by applying standard regularity theory to (5.3.2) in an appropriate cube Q) C Q,,.

First, one needs to bound U, on Q) from above and below away from zero. To this end, observe that

(4.1.5), (3.9.1)—~(3.9.2) and the definition of the inner region barriers in Section 3.5 give
W gy (817 4 D 1081 <y (0, 1) < 19 Wiy (x17%) (5.3.12)

for all n > ng sufficiently large and all x € [0, Z¢*] (for any Z > 0) and ¢ < ty. Here D > 0, and thus we
can drop the small term De?” °87, The above estimate when expressed in terms of U, (&, s) gives

D)Wk () (ﬁi(s)) < Un(&,9) <0 Wit o) (%@) (5.3.13)

where 9, (s) := 1%t " = (1 + tlz"‘*ls)“. Note that in order to obtain (5.3.13) from (5.3.12) we need to
have £/9,(s) < Z for all (¢, s) € Q,, and for some Z > 0 which is independent of (&, s) € Q). This will
be checked below. We need to consider two cases, (] — s,)f; 2 - 1 and (t — st 2a < 1, and choose
Q,, appropriately.
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Case 2a: If (1] — s,,)t_z"‘ > 1, then we restrict to the parabolic cube of fixed size
Q' ={(,5:0<E<2R, ~1<s5<0}

(independent of #; and n), which obviously satisfies Q" C Q,,. We will restrict to Q’, where s € (—1, 0]
implies the bounds ¢, (s) > (1 — tlz"‘_l)“ > % and 9, (s) < 1 (for the former use #; < fy, where ¢y can be
chosen sufficiently small).

Using 9,7 ' <4R and % <9, <1, we conclude from (5.3.13) that there exists a uniform in »n and #
constant C > 0 (depending on inf,¢[0 4r) Wk ) (z) and sup, (o 4g) WK;(n)(z)) such that

0<C ' <U,(&,5)<C forall (£,5)€ Q. (5.3.14)
Furthermore, arguing as in (5.2.6), we note that the definition (5.3.10) of U,, implies

Uné(g, §) = unx(tix’ 5] +t12as)’

so that [|Upg || co(gry < sup |uux| < C, where C does not depend on n or #;. Standard interior (in spacetime)
regularity theory applied to (5.3.2) implies that there exists a uniform constant C, independent of n and ¢y,
so that supg (o gy [(Un)es (§, 0)] < C; that is (5.3.11) holds. In terms of the original solution u, (x, ) this
implies the desired bound (5.3.9) in the case (¢; —s,)t; 25 1, witha = %k.

Case 2b: Finally, if (¢ —s,,)tl_z"’ <1, then since t; <fgis small and @ > 1, we have | <s, +t12“ <s,+ %tl;
that is #; € [s,, 2s,]. In this case we restrict to the parabolic cube of fixed size

1 — t —
:{(5,5)30555213,— ! zsn <s<-— ! ZS"+1}’
e 1

which contains the point (1, 0) and satisfies Q,, C Q,. Since 0 < (f; —s,,)/ tf“ <1, for any (§,s) € Q,,
we have s € [—1, 1]; thus 3, := (1 —I—IZO‘ 1s)°‘ satisfies the bounds % <%,(s5) < % for all #; <ty with 1
sufficiently small.

Claim 5.3.4. The bounds 0 < C~' < U, (&, s) < C and |(Un)e (€, 5)| < C hold on Q,,. Furthermore,

I — Sy
-2
H ( 12

In all these bounds C is a uniform constant independent of n and t,.

<C.
C3([0.2R))

Proof. Since 1 5 < Ou(s) < 2, similarly to Case 2a we can apply (5.3.13) to obtain 0 < C'<U,E,5)<C
in Q. Also, similarly to the previous cases, 0 < (Uy,)¢(&,5) < C; in Q,, follows from Lemma 4.9.1.
For the third bound it is sufficient to just estimate second- and third-order derivatives. To this end we
use (4.3.3) which implies that |81un(x sp)| < Csp SO for j =2, 3 and for all x € [0, 2Rtk/3] (recall
that 1, ~ s,,).

In terms of U,, we get |8]U &, -t —sn)/f 20y < C for j =2, 3 and for all £ € [0, 2R]. The above
bounds imply that ||U, (-, —(t; — s,) / ’1 N e3qo.2r) < C. In all these bounds the constant C is uniform,
independent of n and 7;. 0
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The previous claim and standard interior (in space) regularity theory applied to (5.3.2) on the cube Q)
implies that sup)g g [(Un)zz (§, 0)| (even | Ux (-, 0)llc21(0, 7)) can be bounded in terms of || Unllcoor)
and ||U,(-, —(t; — sn)/tlz"‘) lc3(10.2r7)> and thus both are bounded by a constant C which is uniform in #;
and n. We conclude that (5.3.11) holds, which expressed in terms of u, (x, t) gives that (5.3.9) holds in
the last case where (1 — s5,,)t; 2 S 1, with @ = %

Combining Cases la—1b and Cases 2a—2b concludes the proof that the desired bound (5.3.1) holds for
all (x, 1) satisfying 0 < x < MA/t, t € [s,, tp] and all n > ng, provided n is sufficiently large and fy > 0
is sufficiently small. 0

5.4. Bounding H in the intermediate and inner regions. We will now show that H (x, t) is bounded in
the region x < M4/t, 0 <t < tq. Instead of showing that H is bounded, we will prove that

h(x,t) :=u, = HV 14 u?

is bounded. Since u, is uniformly bounded (Lemma 4.9.1), the bounds for # and H are equivalent.
Arguments in this section have been inspired by arguments from [Stolarski 2023].

The PDE for u implies that & = u, satisfies

3 3
IR
X u

For n > ny, define h,(x, t) := d;u,(x,t), where u, : [0, 00) X [s,, fp] — R is our approximating
sequence of solutions from the proof of Theorem 4.1.1 in Section 4. We choose a fixed m € (2, 3) and set

An = max{(1 +173x)"|h,(x,1)] : 0 < x < M/1, t € [s5, 101}
We claim the following holds.
Lemma 5.4.1. We have sup, A, < oo.

This lemma implies that |/, (x, t)| is uniformly bounded and hence that H, = h,/\/1+ u% is also
uniformly bounded. Since the bound is uniform in n, by passing to the limit as n — 400 we will then
obtain that the mean curvature H (x, ¢) of our solution is bounded for 0 < x < M/t, 0 <1 < t,.

5.5. Choice of the blow-up sequences. For the proof of Lemma 5.4.1 we argue by contradiction and
assume that sup, A, = co. Then we can pass to a subsequence so that we may assume without loss of
generality that

lim A, =+o0. 5.5.1)

n—oo

Our goal in this section is to contradict (5.5.1).
The bound (5.3.1) for u,, implies the same bound for /,,; namely, we have

h (e, )] S5 BA 4+ x < MV, 1€, 1ol (5.5.2)
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The quantity (1 +17%3x)™|h, (x, t)] attains its maximum in the region {(x,1) |0 <x < Mt s, <t <to},
so we can choose T, € [s,, fo] and a, € [0, M+/T,] such that
h(an, T = Ap(1+ T, a,) ™. (5.5.3)
The inequality (5.5.2) implies
k/3 —k/3  \4— -1
TR 4T, Ba)™ < AL,
and thus
max{Tnk/3, Tn(m—S)k/3a3—m} < A;l.

Since A,, — oo, we find that 7,, — 0 and also

{95}

SN bl

m
m

a, K T3,

At this point we use our assumption that k > 3 and choose m close enough to m = 2 that the exponent

of T, satisfies 324 > 1 which then implies

a, L TV (5.5.4)

To complete the proof we distinguish between two cases a, < Tnk/ ? and T,f P« ap K T,ll/ 2, depending on

where the maximum q,, is attained.

5.6. Case I: a, < T,,k/ 3. We choose the scale o, = Tnk /3 and form the blow-up sequences
(5. 8) =0, uyEctn, T, + scty), (5.6.1)
ho(€,8) = A, hy(Bay, Ty 4 sa?). (5.6.2)
These functions are defined for
T, — s,
E>0 and -5, <s <0, whereSn=—2,
an
and they satisfy the equations
ou 7] 3 3
S S (5.6.3)
as 1+, & i,
oh, 9 ([ hy, 3. 3
= — —h —h,. 5.6.4

We use (5.6.1) with o, = Tnk/ 3 and the definition of the inner region rescaling w, (z, t) of u,(x, t), i.e.,

k/3

uy,(x,t) = tk/3wn(t_ x,logt),

witht =T, + TnZk/3s to express i, (&, s) in terms of w,(z, 7). We get

_ B 3
un(gv S) — ﬁn(s)wn (m’ 10g t),

where
9,(s) = tk/3Tn_k/3 — (T, + Tn2k/3s)k/3Tn_k/3 —(1+ TnZk/3_ls)k/3.
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Since T, — 0, we have 9,(s) — 1 uniformly for bounded s, and thus
logt =log T, + % log ¥, (s) — —o0,
uniformly for bounded s. Similarly to the last statement of Theorem 4.1.1 we claim the following.

Claim 5.6.1. u, (&, s) —> Wk, (&) in C°

loc*

Proof. For every fixed £ > 0 there exists an ng such that for all n > ny we have

Dpw, (f( X 10gt> <i,(&,s) < ﬁnw:(ﬁf(s),logt),

where logt =log T, + % log ¥, (s) and w;, and w;' are the lower and the upper barriers in the inner region,

respectively. See Lemmas 3.5.2 and 3.5.3. This implies

7.9 WK (n)(j ) + D(T 193/]()2)/ < un(f ) < 19 WK+(n) (5 )

where we recall that (K (n))3 = K3£8,. Since lim,_, 0o T, =0, lim,,—. oo 9, = 1, and lim,, o0 K3 (1) = K>,
we conclude that i, (§, s) — Wk, (§) uniformly for bounded £ > 0 and bounded s.

Furthermore, since (it,)z:(§,5) = U, ()" N (wy) .2 (z, T) is uniformly bounded for bounded & and s,
it follows that i,,¢ also converges locally uniformly. After bootstrapping the nondegenerate parabolic
equation (5.6.3) for i, we find that u, (&, s) - Wk, (&) in C° O

loc*

Recall next that by the definition of A, we have
(&, )| < (1+ TEPE(T, + THPs) ™3™ = (1 4 £ + TP s) 7Ky =,

For s <0 and & > 0 this implies

h
a9 = g

Lemma 5.6.2. Let (&) = W (&) — EW/(E), where W (&) is a solution to (2.3.4). Then for any Sy > 0
there is a ky > 0 such that "~* ® (&) is a supersolution for (5.6.4) in the region —min{S,,, S} <s <0,
0<&<5 MTI/2 k/3 , where S, = (T, —sn)/ozﬁ.

Proof. Expanding the derivative in (5.6.4) leads to

_ _ e {3 21;,,5&"55 } 3 -
hns - Mn hn = _ +1- rEEE—T-— hn + _—hn. 5.6.5
(hn) Tra e ara) et (5.6.5)

In order to estimate M, [®] we write the right-hand side as

Mulhy] = Meolhn] + Ralh,]
with

Mooln] =

Mes {3 2W/ (W (&) } (5.66)

w2 e a+wer " wer"
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and where the remainder is given by

Rulnl = an(&, $)nze +bu(§, $)nz +cn(€, )1

for certain coefficients a,, b,, ¢, which one obtains by subtracting (5.6.6) and (5.6.5).

We now argue that a,,, b,, ¢, are uniformly bounded if s remains bounded. The estimate (5.3.1) says
[tnx| S t=*31 ++7*3x)=* for small r > 0 and for 0 < x < M+/1. By definition (5.6.1) of u, this
implies that for & < MT,,I/Z_kB\/ 1+ Tn2k/3_ls one has

liinss (&, )| = T upa (TFE, T, + T2 s))|
<A+ TP ) kB 4 (1 + TP 5) k),
Under the assumption that —min{S,, S} <s <0, and because 7,, — 0, we may conclude
litnes ] S (1+8)™*  for —min{S,, S,} <5 <0, 0 <& < %MTnl/sz/;

This implies that u,¢¢ is uniformly bounded for 0 < & < % MTY> k3,

Since itz (£, 8) = s (TA €, T, + T,/ s), we have 0 < it < C; (by Lemma 4.9.1), so that i, is

uniformly bounded.
Finally, by comparing i, with the lower barrier Uy from (3.9.2) we have

iy (£, 8) > 1,0, 8) = T, 3u, (0, T, + T*/3s)
> T, PU (0. T, + TP s) use (3.9.2)
= T,*(T, + T Ps) Pwy (0, log(T, + T, s))
> (14 T*P 1) B3 Wi, 12(0).
The assumption —min{S,, S} <s < 0 together with 7,, — 0 and Wg (0) = K W (0) = K then implies
ity (£,5) > K, forall £ >0 and —min{S,, S,} <s <0.

This implies that i, (&, $)"2is uniformly bounded, and hence that the coefficients a,, b,, ¢, are uniformly
bounded.
Therefore there is a ¥ > 0 such that

IRalnll < k(Inezl + Ingl + )

whenever —min{S,, Sy} <s <0and 0 <§& < %MTnl/z_kB. Since

Mo[@]=0 and [®"(x)|+ [P (x)] S P(x),
we find that
M,[P] < Ckd.

If we define k, = Ck, then we have found that ¢“*®(x) is an upper barrier for hps = My[hy). O



900 SIGURD ANGENENT, PANAGIOTA DASKALOPOULOS AND NATASA SESUM

Lemma 5.6.3. S, — oc.

Proof. We argue by contradiction. Assume that there is a subsequence of S, along which the limit is
finite. Without loss of generality we can take this to be S, itself, that is assume that

T, — _
Snzn—zsnfS<—|—oo for all n.

oy

This implies that 7;, <s, + Eaﬁ =s,+S Tn2k/ 3. Since T, — 0 and k > 3, we then conclude that 7,, < 2s,

forn > 1.

We will now apply the maximum principle to &, in the region
~8, <5 <0, 0<&<er, WA,

Observe first that the definition (4.3.1) of our initial data u, (x, s,,) is such that the surface coincides
with an Alencar surface in the region y =o(1), i.e., for x <€,/s, with € as in Section 4.3. This implies that
hp(x, s,) =0 for x <e./s,. Using T, <2s, for n > 1, we conclude that by taking n >> 1 and € sufficiently
small we can guarantee that /1, (&, —S,) = A;lhn(ané, sp)=0for& < eozn_lT,,l/2 = eTn_(k/3_1/2). At the

end of this region, where £ = eTnl/ 2=k/3

lha (€, ) < (148 = (1 +&) 21 +&) "2 LT EE1D g,

Here we have used the expansion (A.3.1) combined with the fact that ® (&) = W(§) —&EW/(§) > 0
(Lemma A.3.1) to conclude that ® (&) > (1 4+ £)2. Choosing «, as in Lemma 5.6.2, we see that for
suitably large C the function

, we have

&‘Tn(m—2)(k/3—1/2)ek*scb(%.)
is an upper bound for both l_zn (&, s) and —}_zn (&, s) in the region —§,, <5 <0, & < eTn] /27k/3 and for all n.

Finally, at s = O this implies
(€, 0)| S T PEBYD 0 as n — oo.

This cannot be, because maxg |ha(£,0)| = 1, thus showing that §,, — oo. O

We can now complete the blow up argument, at least in the case where a, < Tnk/ 3. Since Sy — 00, we

00
loc

pod (ke N 3, 3
hy = 8E<1+W/(§)2> + e+ gt (5.6.7)

The ancient solution / satisfies the bound

can pass to another subsequence along which /2, converges in C2° to an ancient solution /2 of

lhE, )| <(1+&7", £>0, s<0.

By the definition of a, (see (5.5.3)) the function (1 4+ &)™ |h, (£, s)| attains its maximum at &, = a,, T,fk/ 3,

We assumed here that a,, < Tnk/ 3, so we may assume also that &, — € for some finite & > 0. Thus we

~

have
h(E,0)=(1+&)". (5.6.8)
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To complete the proof we compare this ancient solution with the stationary solution ®(§) = W (§)—& W/(§).
By the asymptotic expansion of the Alencar solution we have
&) =T +o(1)E2 £ — oo,

for some constant I"y > 0.
Choose a large number ¢ > 0 and consider the function

W(E) = D) —3D(0).
Since @ (&) is a decreasing function of £, we have
3PE) <W(E) <) forall € €0, £].

Furthermore, it follows from M, [®] = 0 that

30 (0)

M[W](E) = TaWE)r

Since W (£) =& +o(1) and & (£) ~ &2 for large £, there is a ¢ > 0 such that W (&) ™2 > c® (&) > cW(£).
There is also a constant ¢ > 0 with ®(£) > c£~2. Therefore we get

Moo[W] < —cl?W(§) for& €0, £].
It follows that for any s
B s)=e 0w

satisfies /1, > M[h] for £ € [0, £].
We will next compare h with h in the domain {0 <& <, —sg <s <0} which will lead to a contradiction.
At & = ¢ we have

|]:l(£7 S)| < (1 + E)_m ecE’Z(S—i-So).
h(l,s) v (f)
Using
1 1 2
VO 300 = Z(1+0)
we therefore find for —sg <s <0
(€, 5)|
h(e, s)

<C(l+ g)—(m—l)ec[—Z(s_'_so) <Cl+ E)—(m—Z)ecZ_zs().

Since W(£) > ¢(1 4 &)~2 for a uniform ¢, at time —so we have

A&, —so)l _ (1+&)™"

- Cc(1 —m=2) < ¢,
e s - Ve <C(1+%§) <

To conclude our argument, for any given £ > 0 we choose sy > 0 large enough that

C(14 )~ M=t 0 o 1,
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Applying the maximum principle to the linear equation sy = Mo[/2] on the domain {0 <& <€, —so <s <0},

we have _
h(§, -
RC I o140t foro<e <t —sp<s<0.
h(,s)
In particular,
h(,0 -
|A(§ )| < C(l _f_g)—(mfZ)ecZ zso for O < 5 < g’
h(,0)

and hence, using the definition of h,
|h(E, 0 <C1+0)7"W(E) for0<&<t.

The constant C does not depend on £, so by choosing ¢ large enough we reach a contradiction if 4 (£, 0) #0

for some £ > 0 since (5.6.8) needs to hold at the same time as well.

This completes the proof of Lemma 5.4.1 in the case a, < Tn_k/ 3,

5.7. Case 2: a, > T,,_k/ 3 If we are not in Case 1, i.e., if it is not true that a,, < Tn_k/ 3, then there is a

subsequence along which a, T,,k/ 3 _5 50. In this case we choose our scale to be o, = a,, and we define
the blow-ups

ha(an§, Ty + ans)

- -1 2 7
u,(E,8)=a, u,(a,&, T,+as), h,E,s)= 5.7.1
n(§,8) =a, un(a.§ n5) &,5) oG T (5.7.1)
These blow-ups are defined for all £ > 0 and for
T —
—S, <s<0, withS, = """,
a

n

By our intermediate region asymptotics for u,, and u,’, since eVt wa, « Tnl/ 2 (see (5.5.4)) and
u, (x,s) <uy(x,s) <ul(x,s), we have

Un(§,8) > Uoo(§) =§
uniformly for bounded & > 0 and s and in C};, for § > 0 and s <O0.

Lemma 5.7.1. For h, (£, s) we have the pointwise bound

_ Tk/3 6125 km/3
Ihn(é,s)|§(1+ ! )(l+ T) g (5.7.2)

ay n

forall &£ with 0 < a,& < M\/Tn—l——anzs. In particular, for large enough n we also have

(€, 5)| <257 (5.7.3)
Sforall § with0 < a,é < M\/Tn—i-—anzs and for bounded s.
Proof. By definition of A,, a,, and 7,, we have for all x < M J/t and t € [sp, to]

a0 < AL 475%™ hy(an, Tl = A (14T, a,) ™.
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Hence 3
< 1+T, / Ay }m.

hy(a,é, T, —i—a,zls)
1+ (T +als)*3ayé

hl’l (al’l’ Tn)

Discarding the “+1” in the denominator and multiplying numerator and denominator with Tnk/ 3an_1 we

find 03
m 2 \mk/3
5<T” +1) (1+“"S> g
a, T,

This proves (5.7.2). Since Tnk/ 3 La, K Tnl/ 2 (recall that (5.5.4) implies a, < T,,l/ 2), we have

Tr{c/:’) m a'%s mk/3
+1 1+ — 1
An T,

uniformly for bounded s which implies (5.7.3). U

hn(a,§, T, +a,%s)
hn(an, T,)

This lemma tells us we have a sequence of solutions /,, of the linear equation

oh 0 h 30h 3 h 3 2a oh 3
no_ _{ nfz } 20 __2hn _ nE_SZ + {_ o ”"5’_4”55 } "y _—2hn (5.7.4)
ot 0& L+ i, & 0E  u? L+t & (l—i-uns)2 0 u?

which satisfies the uniform bound (5.7.3) for all n > ng > 1. As before we have:
Lemma 5.7.2. S, — oo.

Proof. Assume that S, is bounded and, after passing to a subsequence, that we have S, - S.

The function u, converges in C{ t0 iloo (&, s) = &, so interior estimates for the divergence form
(5.7.4) imply that 1, is locally uniformly Hélder continuous for £ > 0 and —S, < s < 0. Moreover, the
construction of u, (-, s,) guarantees that h,, starts out with 7,, (&,—S,) =0forall a,¢& K Tnl/ 2 We may

therefore assume that there is a convergent subsequence 1, (&, s) — h(&, s), where

|h(E,s)| <&

forall £ > 0 and s € [— S, 0] and where h is a solution of

f_ls = %}_lgg + g}_lg + ;—2}_1 = MO[I’_I],
with A(1,0) = %1 and h(€, —Ss) = O for all £ > 0. The limiting function 4 is smooth for & > 0,
—Ss0 <5 <0. We note that fz(é) = £724+£73 is a stationary solution of hs = Mo[h], so that for any n >0
the functions j:nfz provide upper and lower barriers for /1, provided we can show that —nfz <h< nfz as
& — 0 or & — oo. This boundary condition is fulfilled because |h(€,s)| <& ™ with 2 < m < 3. The
maximum principle therefore implies that || < nfz for all > 0. Letting  — O this yields A(£, s) = 0 for
all £ > 0 and all s € [—S4, 0]. This contradicts h(1,0) = £1 and shows that the sequence S, is indeed
unbounded. (|

Let (€, s) be a limit of the &, (&, s) along some subsequence n = n; /' oo. We now show that
h(1,0) =0, which contradicts the fact that (1, 0) = £1 and therefore completes the proof of Lemma 5.4.1.
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Lemma 5.7.3. /(1,0) = 0.

Proof. Choose a small € > 0 and consider the function
k(€ s)=h(E, ) —e5™> —es ™.

This function is a solution of the linear equation k; = Mgy[k]. In view of the bound h(g,s) <&™, which
holds for all £ > 0 and s < 0, we have

k(g,s) <&M —ek™> —ek 3.

Since 2 < m < 3, this implies that k(£, s) <0 if £ < €!/G=™ or & > ¢~ 1/m=2),

The differential operator My is a standard Sturm—Liouville operator with smooth coefficients on the
interval I, = [e!/G~™) ¢~ 1/m=2)]  Since & 2isa strictly positive solution of My[¢] = 0, the principal
eigenvalue Ay of

MolQ(E)] = =2, Q™) =qE V") =0

is positive, and the corresponding eigenfunction €2(§) is also positive for all & in the interior of the
interval I.. Choose C. > 0 so that

7" e~ < CQ(E)
forall & € I.
For any given so > 0 we then have

k(&, —s0) < CeQ(E) forall £ € L.

Moreover, I%(S, §) = Cee 2060 Q (£) is a solution of lgs = M[IE], so the maximum principle applied on
the domain I x [—sg, 0] implies that at time s = 0 we have

k(&,0) <k(E, 0) = Cce 00Q(&).

Since this is true for all 5o > 0, we conclude £(§,0) < 0. By definition of k(&, s) this implies that
h(g,0) < eg!/B=m 4 eg=1/m=2) for all & € I.. In particular, this holds for & = 1 where it implies
h(1,0) < 2e. This argument goes through for all € > 0, so we find h(1,0) <0.

Applying the whole argument once more to k(£, s) = —h(&, s) — €€/~ — g=1/@=m) jngtead, we
find —A(1, 0) < 0. Hence A (1, 0) = 0, as claimed. O

The proof of Lemma 5.4.1 is now complete. We can now conclude the proof of Theorem 5.1.1.

Proof of Theorem 5.1.1. Lemma 5.4.1 implies sup, A, < oo. Using the definition of A, this implies that
|Hy| = |hy|/+/1+u2, is also uniformly bounded. The derivative bounds from sections Section 4.4-4.6
imply that u, (x, t) converges uniformly smoothly to u(x, t) for ¢t € (0, tp] as n — oco. Therefore we get
|H(x,1)| = lim,_ o |H,| < C forall 0 < x < M/t and ¢ € (0, fp]. On the other hand, Lemma 5.2.1
shows that H (x, t) is bounded when x > Y5 /. By definition (3.6.4) we have Ys, := 2/(2k + 1)!T M/3;
if we choose M large enough then Y5, < M so the two regions 0 < x < M/t and x > Y5,/ overlap.
The mean curvature H is therefore uniformly bounded on the whole solution, which concludes the proof
of Theorem 5.1.1. O
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Appendix

A.l. The linear equation in the intermediate region. The eigenvalue equation Lo = (k — %)go is
1 3.y 31
st (S8t (-3 )o= - 3)e

6 6

i.e.,

Let (y) = y_2 xx(¥). Then x; satisfies the equation
Vi 2
Xk + y+y X = 2k xr.

For every real k > 0 there is a unique solution with x;(0) =1, x/(0) = 0. This solution is monotone
increasing and for large y has the expansion

() = Cy* +0(y%), y— 0.

For k € N it is given by the series expansion

Nk —1)---(k—n+1) ,,
X => YGRS ¥, (A.1.1)

n=0

where 2n+1)!!:=1-3-5-7---(2n+1). This defines ¢y for all real k. We will only need these functions
for integer values of k, in which case x; is a polynomial, and ¢; (y) = y 2« (y) is given by

o(y) = 22( )m (A.1.2)

There is a second solution x; that satisfies

A(y) = e 00y o0,
At y = 0 this solution is singular:

. C
() = v +0(@(), y—0.

A.2. Proof of Lemma 3.4.1. The homogeneous equation 6y ¢ — L¢ = 0 has solutions of the form

¢=Cpi(y)+BYl(y), C,BeR,

where <p,§ (y) and wkl are solutions with
-2

wl(y)=iy ’ e
g O(y*=3),

y — 00,

and
_3 y— 0,

O(e™Y' 124007y y 5 0.

Wk ) = {
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Since y = 0 is a regular singular point for the differential equation 6y g — Lg = G(y) =y~ + y*~7, we
look for the solution in the form of a power series. From

6y — O 1=—3+2)(+3)y >+ 1@k —7—-r)y" (A2.1)
it follows that (3.4.2) has a particular solution of the form

20p(y) = Coy > Po(y*) + C1y > log(y) P (%),

where P; (y?) are power series in y? with P;(0) = 1. The logarithmic term appears because r = —3 is
one of the characteristic exponents. The coefficient Cy is obtained by substitution in the equation. One
finds Co = —%.

Every solution ¢ of the homogeneous equation satisfies ¢ = O(y~3) = 0(gop) as y — 0, and therefore
every solution g of the inhomogeneous equation satisfies

g=80p+00H H=—1y"+00logy), asy— 0. (A.2.2)

The differential equation 6y g — Lg = G has an irregular singular point at y = 0o, so we cannot use
the power series method. Instead, we obtain a solution using sub- and supersolutions. For any m € R the

4k—9

functions g+ (y) = y*~ 7 +my satisfy

6y — L)g+ = (—3(4k —5)(4k —4) £m)y* 7 + 0* 1),y — oo

For m > %(4k — 5)(4k — 4) it follows that g_ < g, are sub- and supersolutions for 6yg — Lg = G on the
interval [yo, 00) if yo is large enough. Hence there is a particular solution g, satisfying

8oop(M =y*T+00%* ), y— o0

At y =0 all solutions satisfy (A.2.2), S0 goo) also satisfies goop (y) = —%y‘s +O(y3logy). The general
solution of the nonhomogeneous equation (3.4.2) is then of the form g := goo ), + Cgo,l + Bt//,& forC, B eR.
However, the boundary condition g(y) = y*~3 4+ 0(y*~3) as y — oo requires C = 0. One concludes
that g := goop + Bwkl, B € R, is a one-parameter set of solutions to (3.4.2) which satisfies the conditions
of our lemma, thus finishing the proof.

A.3. The Alencar solution.

Lemma A.3.1. Let W : [0, c0) — R be the solution of
W, 3

1+W? ¢

Then W,; >0and 0 < W —zW, <1 forall 7 > 0.
For large 7 the solution W(z) has the expansion

I I's T
W=z+—+—t—
2 3P

3
WZ_W:O’ W) =1, W' 0)=0.

. (A3.1)

for certain coefficients I'; € R.
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Proof. The differential equation for W has been thoroughly studied. In particular, W,, > 0 and W > z W,
were shown by Veldzquez [1994, Proposition 2.2], (B”(u) > 0 and G,(r) < 0 in his notation). Here we
prove that W (z) has the stated asymptotic expansion. Let

P=W, and Q:%.

Then (P, Q) as a function of log z satisfy an autonomous system of differential equations,
{ZPZ =3(1+P*)(Q—P),
z0.=P - P?Q.

This system has two fixed points with Q > 0, namely, the origin (0, 0) and the point (1, 1).
The origin corresponds to the boundary condition W, =0, z = 0, while the fixed point corresponds to

(A3.2)

the Simons cone on which W =z and W, = 1.

10
3-3 .
eigenvector corresponding to the unstable eigenvalue is (3) The unique orbit in the unstable manifold

The matrix of the linearization at (0,0) is (5 _;). Its eigenvalues are A; = +1 and A, = —3. The

of the origin is the Alencar solution. It approaches the fixed point (1, 1) as z — oc. The matrix of the
1

linearization at (1, 1) is (_é 6

) with eigenvalues/vectors

- 1 - 1
A= -3, v1=<2) and Ay =—4, v2=<3).

The eigenvalues are both negative and they satisfy the “no resonance” condition, i.e., neither eigenvalue
is an integer multiple of the other. This implies that there is a real analytic conjugacy of the nonlinear
system (A.3.2) near the fixed point (1, 1) with the linearization (see the chapter on normal forms and
Poincaré’s theorem in [Arnold 1983]). The general solution of the linear system is

a1 4l Ciz 3+ Cyz™?
Ciz(p) +e(3) = -
12 2) T2 (3)= e 3 4 30,0
This in turn implies that all solutions of (A.3.2) that converge to (1, 1) are convergent power series in z~
and z~*. In particular, 1/Q = W/z has an expansion of the form
% =1 +C3z 3 +Caz 4+ Cz7 4+ Crz7 4 =1+ Z Crmz 274,

I,m>1

3

Therefore W (z) satisfies

W=z+ C3Z—2 + C4z_3 + C6Z_5 + C7Z—6 b=zt Z Cl,le_3l_4m-
I,m>1
So if we set I';,, = Cj,,+-1 we have proved the expansion (A.3.1) ]
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