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SHARP QUASI-INVARIANCE THRESHOLD
FOR THE CUBIC SZEGO EQUATION

JAMES COE AND LEONARDO TOLOMEO

We consider the 1-dimensional cubic Szegd equation with data distributed according to the Gaussian
measure with inverse covariance operator (1 — 8%)5, where s > % We show that, for s > 1, this measure is
quasi-invariant under the flow of the equation, while for s < 1, s # %, the transported measure and the
initial Gaussian measure are mutually singular for almost every time. This is the first observation of a
transition from quasi-invariance to singularity in the context of the transport of Gaussian measures under

the flow of Hamiltonian PDEs.
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1.1. Main result. In this work, we consider the Cauchy problem for the cubic Szegd equation on the
1-dimensional torus T = R/(27 7),

{ia,u= T(Jul®u),
u(0) = up = IM(uop),
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where IT is the Szeg6 projection onto nonnegative Fourier frequencies,

I1 (Z ﬁ(n)ei"x) = Z a(n)e™,
nez n>0

and the condition ug = IT(ug) simply means that we restrict our attention to initial data which has Fourier
support on nonnegative frequencies. Our goal is to study certain statistical properties of the evolution
of (1-1), when its initial data u( is randomly distributed, according to a particular family of Gaussian
measures [is.

More precisely, we concern ourselves with the following question: denoting with &, (u¢) the solution
of (1-1) at time ¢, does it hold that

((Dt)#uvs < g ?

When this phenomenon happens, we say that the measure is quasi-invariant under the flow of (1-1).

The study of quasi-invariance for the flow of Hamiltonian PDEs has been initiated by Tzvetkov [2015].
In particular, in this pioneering work, Tzvetkov showed that in the particular case of the regularized long
wave (BBM) equation, and of Gaussian probability measures of the form

s ~ exp(—|lull.) du, ! (1-2)

quasi-invariance holds in a regime that is much wider than what one would expect from the classical
results of Cameron and Martin [1944] and Ramer [1974]. Throughout the years, the technology to show
quasi-invariance has been greatly developed, especially in the context of dispersive PDEs. In particular,
we signal quasi-invariance results for the BBM and Benjamin—Ono equations [Tzvetkov 2015; Genovese
et al. 2023a; 2023b], KdV type equations [Planchon et al. 2023], wave equations [Oh and Tzvetkov 2020;
Gunaratnam et al. 2022; Sosoe et al. 2020], and Schrédinger equations [Oh and Tzvetkov 2017; Oh et al.
2018; 2019; Planchon et al. 2020; Forlano and Trenberth 2019; Debussche and Tsutsumi 2021; Oh and
Seong 2021; Forlano and Seong 2022; Genovese et al. 2023a; Forlano and Tolomeo 2025].

In the results above, the dispersive nature of the equation plays a significant role in the proof, and
indeed, if one considers the ODE

iou = |u|2u,

it is possible to show that quasi-invariance fails in a dramatic fashion, and (®,)su; K us; see [Oh et al.
2018].

However, the relationship between the dispersive nature of the equation and quasi-invariance is not fully
understood. In particular, when the regularity of the initial data (distributed according to the measure i)
becomes low enough, it is unclear if quasi-invariance is preserved or not. On the one hand, from the study
of invariant measures, one could expect that the evolution eventually becomes singular with respect to
the underlying Gaussian measure. Famously, the d>‘3‘ measure of quantum field theory

©§'~exp(—%/u4—%/u2—%/quF)

IFora rigorous definition of these measures in the setting of this paper, see Section 2.
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is singular with respect to the underlying Gaussian measure, and it is (formally) an invariant measure for
the Schrodinger equation on T3
10;u— Au —u’ =0,

and in [Bringmann et al. 2024] it has been shown to be invariant for the wave equation on T3 (up to
renormalisation)
3u— Au—u®=0.

On the other hand, no such example is available in the literature, and only positive results are known.

Herein lies our interest in (1-1). This equation was introduced by Gérard and Grellier [2010] as a toy
model for nondispersive Hamiltonian dynamics. More precisely, this equation informally serves as a toy
model for the “O-dispersion” limit of fractional NLS/half-wave equation

i3 — (—A)2u = |ulu

and similar dispersionless models. Indeed, equation (1-1) shares many features with such models. To
begin with, it is formally a Hamiltonian equation on the phase space Li = T1(L?(T)),? with Hamiltonian
given by

E(u) = l|ull sy,

Moreover, it has a number of conserved quantities, including the L? norm and the H'/? norm of the
solutions, i.e.,

1_
M@ = sy P =lalye = [ -t
T

Gérard and Grellier [2010] showed that this equation admits a Lax pair, which in particular implies
that the equation is completely integrable and there exist infinitely many conservation laws. Exploiting
these conservation laws, Gérard and Koch [2017] showed that (1-1) is globally well-posed in the space
BMO, = IT(L*°(T)).

From a statistical point of view, the conservation of M and P above suggests that the white-noise
measure (o and (a variant of) the measure (11,2 should be invariant (and hence quasi-invariant) for the
flow of (1-1). While these measures are concentrated on distributions of too low regularity to be able to
show strong invariance statements, a weak form of invariance for 11,2 has been proven in [Burq et al.
2018]. For s > 1 one has that us(BMO,) =1, and so the flow map @, and the push-forward measure
(P are well-defined for every ¢ € R. In view of the conservation laws for the Szegd equation and of
the analogous results for dispersive equations, one might conjecture that (®;)zu; <K Ws.

On the other hand, as discussed, equation (1-1) enjoys no dispersion nor multilinear smoothing, even
in the probabilistic setting [Oh 2011]. Consequently, one could expect its behaviour to be similar to the
one of the ODE

idu = |ulu,

for which we recall that no measure (for s > %) is quasi-invariant; see [Oh et al. 2018].

2Hence our choice ug = I(ug).
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The main goal of this paper is to provide a clear picture of quasi-invariance and lack thereof for
equation (1-1), and develop a better understanding of when one should expect quasi-invariance to hold or
fail. In particular, our main result is the following.

Theorem 1.1. Lets > %, and let ®, be the flow map of equation (1-1) on the space BMO.. We have the
following.

(1) If s > 1, then the measure [, is quasi-invariant. More precisely, for every t € R, we have that
(q)t)#ﬂs < Ms.

@Gi1) If % <s<lands # %, then the transported measure (;)upus is singular with respect to s for
almost every time t € R. More precisely, there exists a countable set 4y C R such that, for every
t € R\ A5, we have (Pp)gns L .

To the authors’ knowledge, this is the first time that such a transition from quasi-invariance to singularity

has been observed.

1.2. A heuristic for quasi-invariance and a strategy for singularity. In order to understand the numer-
ology of our result in Theorem 1.1, consider (as a toy model) the dynamical system on R?

{y'=b(y),
y(0) = x,

where b : R? — R is a smooth vector field. For the purpose of this subsection, denote by ®,(x) the

(1-3)

solution of (1-3). For every probability measure vy on R4, the transported measure v, := (®;(x))uvg will
satisfy the Liouville equation

oy, = —div (bv,). (1-4)

When vy is a probability measure of the form
1
vo = — exp(—E(y)) dy

for some smooth function E : RY — R with exp(—kE) € L' (RY), then we can solve (1-4) for

d d
f,::log—]}x’—logd—‘;O

explicitly with the method of characteristics, and obtain that

fi= E(0)— E(@_,(x)) + / div (b)(®_y (x)) dr"
0
For convenience, define

0 =LEG®)|_ +div), (1-5)

from which we obtain

V= exp(/ot O(d_,(x)) dx) V0. (1-6)
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One can now apply (formally) this formula to equation (1-1) and vo = p in (1-2), for which E (1) = ||u II%{”
obtaining that

t
(P)#pus(ug) = exp (/0 O(®_y(up)) dl/) s (uo),

where
Ou) := ZIm(/ n(|u|2u)<v>2m)

=5 Y (m)¥ =)+ (13)* — (n))AmDA() A () (ng),  (1-7)
ny—nay+n3—ns=0
n;>0
and the last equality is obtained by exploiting Plancherel and the symmetry between the Fourier coefficients
of u and u. Then, a natural benchmark to test quasi-invariance is the following: denoting by S(¢) the
propagator for the linear flow for (1-1), is it true that
2

E,. f O(S(—1")(ug)) di’| <o0?
0

In the case of equation (1-1), one has that S(¢) is the identity, and this condition translates to

Fu,|O(uo)|* < o0.

Exploiting the cancellations of the symbol ({(n D — (12)% + (n3)% — (n4)?), one can check that, for
s > % this is the case if and only if s > 1, which is exactly the regime in which we prove quasi-invariance
in Theorem 1.1. Actually, the finiteness of this quantity is what allows us to perform the proof of
quasi-invariance in this regime. We essentially rely on the strategy of [Planchon et al. 2020] adapted to
the Szegd equation, together with some recent technology (namely, the variational formula (3-7)) in order
to estimate

/CXP(fQ(uo)) dus (uo).

In this paper, we reintroduce the strategy of [Planchon et al. 2020] starting from a different point of view,
which relies on the formula (1-6) in a more crucial way; see the proof of Proposition 3.6.> While in
the particular case of equation (1-1) the results we obtain are completely equivalent, we believe that the
argument presented in this paper is far more flexible, and indeed some of this flexibility was exploited in
the work of Forlano and the second author [Forlano and Tolomeo 2025].

We now move to discussing the case s < 1, where instead we have [, | O (up)|> = co. As it turns
out, the heuristic above not only suggests that singularity should hold but also a strategy for its proof.
Indeed, if two probability measures v, v" are mutually singular, there exists a set E such that v(E) = 1,
V'(E€) = 1. Therefore, if we formally write

dv'
f=5

Y

3A similar argument appeared also in [Ambrosio and Figalli 2009].
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we must have that

/ fdv=V'(E)=0,
E

which implies that f = 0 v-almost surely. By flipping the roles of v, v/, we also get

%:O Vs, &  f=4o00 V-as.

In the case of the Szegd equation, since (formally) div(b) = 0, we can rewrite (1-6) as

(Do)its (o) = exp(lluolldy — 1D o) lI3+) 1o (o).

Therefore, the conditions above can be rewritten as

2 2
lluollgys — 1P —s (o) Iys = —00 ps-as.,

and
luoll3s — 1 (o) |13 = 400 (Paps-as. < || (uo) |5 — lluoll3s = +00 pus-a.s.

In other words, singularity should correspond exactly to the fact that for a generic u distributed according
to ws, then t =0 is a (local) minimum for the (infinite) quantity || P, (ug) |2,,. This suggests the following
strategy for showing singularity:

(1) Pick a well-defined approximation Ry (ug) of ||u0||%1x.

(2) Show that, for some ¢ > 0, o > 0,

dZ
RN (@ wo)| =N +o(1)
for ug-a.e. ug, and that

d

ERN(th(uo))\t:O = o(N).

(3) Exploiting the local theory for (1-1), show that for t <« 1

2 d?
" 2de?

which formally corresponds to the fact that t =0 is a local minimum for

Ry (@, (o)) — 14 Ry (@ uo))|

p Ry (@, (uop)) L 1*N°,
1 t=0

lim N ¥Ry (®;(up)).
N—o0

(4) Since functions on R can have at most countably many local minimum points, deduce that for up to
countably many times (®;)zuts L Us.

This list of steps is essentially the strategy that we perform in Section 4 in order to show Theorem 1.1(ii).
More precisely, we first show an abstract formulation of (4) in Proposition 4.1.
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In Section 4.2, we then consider an approximation Ry of the square of the H' norm,* and proceed to
estimating

d

" 2RN(<1>t(uo>>) ~ N4

d -
‘%RN«D,(MO))\ ‘ SNTE
=0

This is where our restrictions on s, namely s # 1, 3 7» originate from. Indeed, we have the following:

« Fors =1, both £ Ry (®;(u0))|,_, and -5 Ry (®,(uo))|,_, are O(1), and similarly the error terms
coming from (3) are also of the same size,

e When s = %, the quantity

d?

SRy (i (uo))|

transitions from being positive when 3 7 < s < 1 to being negative when 1 5 <s <73 Whens= i,
the sign of this quantity is unclear, but in any case it is of smaller order than N4~ 4‘, which is the

minimum of what the rest of the argument can handle.
We then proceed to estimate the error of the term

t d?
2 dr?
This requires a very precise decomposition of the solution as u(t) = X(¢) + Y (¢), where X(¢) is a
semiexplicit, pseudo-Gaussian term of regularity s — % (the same as a typical data sampled according
to i) and Y (¢) has regularity 2s — 1. We perform this in Section 4.3. This decomposition is closely related
to the paracontrolled ansatz for stochastic PDEs [Gubinelli et al. 2015; 2024], and other decompositions
introduced by Bringmann [2021] and Deng, Nahmod and Yue [Deng et al. 2024; 2022]. However, we point
out that the main properties that we need to exploit are completely deterministic and are not improved by
the random structure of the initial data u.

Ry (@, u)) — 1 &

- T Ry (1 (uo))|

Ry(®@:(uo))|

Finally, in Section 4.4, we use this decomposition in order to show a series of (sharp) error bounds.
We note that the only term that does not have a satisfactory deterministic bound is (4-29), for which a
random estimate is necessary.

Remark 1.2. It might be possible that, in the case s = 1, performing sharper estimates and choosing a
better approximation Ry of ||uo||§11 would allows us to conclude singularity also in this case. Similarly,

it might be possible to show that, for s = %,

a*

4—4
RN ()|~ Nt

for some ¢ # 0. However, this would require substantially more work and ideas in Sections 4.4 and 4.2,
respectively, and at this stage, it is unclear if such results are true.

4Choosing the H! norm instead of the H* norm makes no difference in the subsequent steps, but some of the formulas
become slightly easier.
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Remark 1.3. As a sanity check, we can also test the heuristic above for the ODE
idu = |ul’u, (1-8)

for which we know that quasi-invariance fails for every s > %; see [Oh et al. 2018]. In this case, the
condition above for quasi-invariance translates into
2

£, < 00,

Do ()P = () 4 (13) — (na))a(n) i (n2)i (n3)ik (n4)

ny—ny+n3—ng=0

where the only difference with respect to (1-1) is that we dropped the condition n; > 0 from the sum. For

this sum, we have that
2

ool D () = (2 + (n3) — (na)™)ii ()i (n2)ik (31 (na)

ni—ny+n3—ng=0

O N Ll L e e L A R

2s 2s 2s 2s ~
v N (n1)=(n2)=* (n3)=* (n4) s
no=n4=0

Therefore, according to our heuristic, we do not expect quasi-invariance to hold for any s > %, which is
indeed the case. We believe that the techniques of this paper (namely the argument of Section 4) can be
adapted to this case as well, and that this singularity result should be technically much easier to show
than Theorem 1.1, due to the explicit formula for solutions of (1-8).

1.3. Some reductions. In practice, while working with the Szeg6 equation, we will need to keep track of
the regularity of solutions emanating from an initial datum sampled according to ©;. Consequently, we
will not be able to work in the full space BMO_, where the global flow for (1-1) is defined, but we will
rather have to consider some space X; € BMO,.

Recall from [Gérard and Grellier 2010] that (1-1) is globally well-posed in the space H{ for every
o> % In view of Lemma 2.3, we have that, for u-a.e. initial datum uo, we have ug € H{ for every
o<Ss— % Therefore, when s > 1, one recovers a good global well-posedness statement by referring to
well-known results.

When s < 1, the situation is a bit more complicated. Indeed, while global well-posedness in L%r has
recently been shown in [Gérard and Pushnitski 2024], it is still unclear if (1-1) is well-posed in HY for
any 0 <o < % It is indeed possible (in principle) that, for a general initial data in H° N BMO,, the
solution will belong to a space Hf:(t) for some o (¢) which is strictly decreasing in time; see [Gérard
and Koch 2017]. On the other hand, for the purpose of Section 4, we need to keep track of the optimal
regularity of the solution. The considerations above lead to the following choice for Xj,

H? forany 1 <o <s—1, when s > 1,
+ Y 2 2 . (1-9)

X
5 <s=1,

= s—1/2,+ . 1

B;’oo/ for any p > mm(lOO, m) when
where Bf,,_olo/ > is a Besov space for functions supported on nonnegative frequencies, defined in Section 2.
In view of Lemma 2.3, this space is well-adapted to the Gaussian measure w;. Moreover, it satisfies the

following.
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Proposition 1.4. Let s > % Then the Banach space X; C BMO, defined above satisfies us(Xs) = 1
and (1-1) is locally well-posed in X.

Unfortunately, the restriction to the space X makes it unclear if a generic X; C BMO.. solution @, (zq)
actually belongs to X for infinite time. Even worse, in principle it is possible that the set of times in
which the solution belongs to Xj, i.e.,

Guo) :={r € R: P, (uo) € Xy},
can be disconnected.
To deal with these (potential) issues, we need to introduce some notation. For ¢ € R, we denote by
WP(¢) the set of “good” initial data for which the solution to (1-1) exists in X for every time T between
0 and ¢, or more precisely

WP(t) := {up € X, : equation (1-1) admits a solution u € C ([0, t], X) with u(0) = uo}
when ¢t > 0, and
WP(?) := {ug € X; : equation (1-1) admits a solution u € C([¢, 0], X;) with u(0) = ug}

when ¢ < 0. By the local well-posedness in the space X; and the global well-posedness in the space
BMO, D X, we must have that, for ug € WP(¢), the (local) solution in X must coincide with @, (u).
Moreover, by Proposition 1.4, we obtain that

d,: X; DWP@H) — X,
is a continuous map, and that WP(¢) € X is an open set for every ¢ € R.
Then, the main results of Sections 3 and 4 are the following, respectively.
Proposition 1.5. Let s > 1. Then for every t € R we have that WP(t) = X;. Moreover, we have that
(Pp)ams K g
foreveryt e R.

Proposition 1.6. Let % <s <1,withs # %. Then there exists a countable set ./ C R such that, for every
t € R\ A with us;(WP(#)) > 0,
(D)4 (Lwpypes) L .
It is clear that Proposition 1.5 immediately implies Theorem 1.1(i). The situation in the singular case

is more unclear, but it can be proven via a soft argument that Proposition 1.6 automatically implies
Theorem 1.1(i1). We will show this at the end of Section 4.

2. Preliminaries

2.1. Notation. To fix notation, we will always interpret N, M and N; as dyadic integers (and sums over
such as just sums over dyadic integers), and given a family Ny, ..., N; of dyadic integers, we define
ND > N? > ... > N® to be a decreasing arrangement of the N ;. We take as notation M < N to
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mean M <27°N, M > N tomean M > 27N, M ~ N tomean M > N > M, and N &~ M to mean
%M < N < 4M. This (unconventional) choice of symbols will help with probabilistic decoupling of
different frequency scales.

When A, B are not dyadic numbers, we will instead use the notation A < B to indicate that there exists
a constant C € (0, +00) such that A < CB.

We also take the convention T = R/(27Z) with normalised integral

/ fx)dx .= — f(x) dx,
0
and we define the Fourier transform of a function f to be
f)i=FIflmn) = / f)e ™ dx,
T
where n € 7.

2.2. Function spaces. Let s € R and 1 < p < co. We define the L?-based Sobolev space H*(T) by the
norm

1/ s = 1n)* F )l

and the space restricted to nonnegative frequencies
Hi =TI(H*(T)).

Let ¢ : R — [0, 1] be a smooth bump function supported on [—%, %] and g =1on [_%’ %] We set

$1(6) = p(I&]) and
on (E) = @) w(%) @)

where N =2/ and j € N. Then, for N = 2/ for j € Ny := N U {0}, we define the Littlewood—Paley
projector Py as the Fourier multiplier operator with a symbol ¢. Note that we have

D v =1

Ne2No

f=) Pvf.

Ne2No

for each £ € R. Thus, we have

We will also denote by ¢p«n, d<n, ¢~N, Pxn, $>N, ¢y the multipliers

ban =Y bu, d<n= Y ¢u, Pn= ) bu,

M<&N MSN M~N
v =Y bus bn= Y bu. $sn= D b,
M~N M>N M>»N

and Py, P<y, P~y, P~n, P>y, Psn will denote the corresponding Fourier multiplier operators.
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Next, we recall the basic properties of the Besov spaces By,  (T) defined by the norm

||u||B;wq = ||NU||PNM||L§ ¢4, (2Noy*

Essentially, o denotes the regularity of a function u € By , and p the integrability of such a function,
with the extra parameter ¢ allowing for some extra flexibility at a “logarithmic” scale.
We shall also define
o,+ ._ o
By =TI(B, (1)),

i.e., the Besov space on nonnegative frequencies. Note that, from the boundedness of the Hilbert transform
'\ C BY,, whenever p # 1, 0.
We recall the basic estimates in Besov spaces. See [Bahouri et al. 2011; Gunaratnam et al. 2022] for

of LP(T) for 1 < p < oo, we also have that B;

example for (i)—(iii), while (iv) is a simple consequence of the well-known boundedness of the Hilbert
transform on L? for p € (1, 00).

Lemma 2.1. The following estimates hold:

(1) Let sy, sp € Rand py, p2, q1, q2 € [1, 00). Then, we have

”u”B;ﬁ,q. N ||M||B»[§2M2 for sy <s3, p1 < p2,and q1 > q2,
||Lt||3;1lyqI < ||M||B;21m for sy <3, (2-2)

Iy, . S lullen S lullgo -

1 _ 1
P2 P1

el gy S el (2-3)

(1) Let 1 < py < p; <00, g €[1, 0], and 53 > s —I—( ) Then, we have

(iii) Let p, p1, p2, p3, pa € [1, 00] such that % + % = % + % = %. Then, for every o > 0, we have

luvllag, < lullsg , Ivlze + lulzoslivl s, - (2-4)

@iv) For p € (1, 00),
Il S llulize. (2-5)

In particular, in view of (2-4), (2-3) and (2-2) we have that, whenever p > al, the space Bg’ q has the
algebra property, i.e.,
1£8llsg, S Uflsg, lgllsg, - (2-6)

rq "
Combining with (2-5), we have for max(l, é) < p < oo that the space BZ:(‘; has the following algebra
property:
I gt S s g g (2-7)
Next we recall the Coifman—Meyer multiplier theorem, which we shall use extensively. See [Cardona
and Kumar 2019, Theorem 3.3].°

SWe point out that [Cardona and Kumar 2019, Theorem 3.3] has a weaker condition on the symbol, namely using only
discrete derivatives rather than continuous ones. By the mean value theorem, the hypotheses of Proposition 2.2 are strictly
stronger than the ones in the referenced result.
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Proposition 2.2. Let R > 1, and let m : R¢ — C be smooth away from the origin such that

Imllcma:= sup  sup [x[*9*m(x)] < R < oo.
|| <d(d+3) xeR4

Consider the multilinear map given by

d
FITu(fio-n )l = Y mGu,....na) [ ] fimnp).

Nlyenny ng€l j=1
ni+--+ng=n
Then, for all p € [1,00) and p1, ..., pg € (1, c0] with % = % 4+ + é, thereis a C(R, p, pi) < 00
such that
d
T Cfre s f) e < CR. p, p) [ [ 1 £illes
j=1
forall fi,..., fa.

We refer to ||m||cm.q as the Coifman—Meyer norm of m. A key feature of this result is: for any family
of smooth multipliers {m y}y with uniformly bounded Coifman—Meyer norms, we may choose a uniform
operator bound C (R, p, p;) for the family {7}, }~.

2.3. On the Gaussian measures jL;. We now define the Gaussian measures p; that we are going to
consider throughout the paper, conditioned to be concentrated on spaces of functions which only have
nonnegative frequencies.

To this end, for s > % we consider random initial data of the form

8n
uo(x) =y e (2-8)
n>0
where {g,},>0 are independent standard complex Gaussian random variables,® and (n) = (1 4+n%)!/2. We
define
ps = Law(uo),

which is the unique centred Gaussian measure on L%r with covariance operator (1 — A)™* (restricted to
nonnegative frequencies). This measure may be written formally as

2

L1 )

diy = —
= o

where du is the formal Lebesgue measure on L2(T), and Z, denotes an (infinite) normalisation constant,
so that y; is a probability measure. We recall for o < s — %,

e (HO \ H ™2y =1,

and so one may view ug as random initial data of regularity s — %— (in Sobolev norm).
We now verify that p; is concentrated on a Besov space with critical regularity s — %

6i.e., Re(gn) ~ Im(gpn) ~ N(O, %), and Re(gy), Im(g,) are independent.
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Lemma 2.3. Let s > %, and let p € [1, 00). Then MS(B;TOL/2’+) =1.

Proof. We shall show the result for p = 2k for k € N, and the general case follows by interpolation. We
note that

1
||M||B°';L/2*+: sup N7 2||Pyullrr,
” Ne2No

and so we define the random variable X y for N € 2No as
1
Xy = N*6=2)) Py,

where u = ug is given by (2-8). We see that

Xy = Nk(2s—l)/
T

2k
Z ¢N(n)gn einx dx

(n)*

nEN()

k —
_ nk@s=1) Z 1—[ ¢N(nj)¢N(mj)gnjgmj S —mNx g

n,meN{‘) Jj=1 <nj>s<mj>S
k
:Nk(2x—1) Z Cn,m Hgnj%,
n,meNs j=1

ni4-Fng=mi+--+my

where n = (ny,...,n;), m=(my,...,my), and

T v m))

C’ =
n,m i (nj>s (mj>s

We note that
Com=0 for (n, m) ¢ [N/2,2N1*,

Com S 3355 for (n, m) € [N/2,2N1*.
Now, for j =0, ..., k, let E; denote the set of (n, m) such that n and m have exactly j entries in common,
ie.,
Ej=|{(m,m)e[N/2, 2N max[#{l s.t. n =moq)}] = il
o €D
where S; denotes the set of permutations of {1, ..., k}. We define

k
YN,j = Nk(2s—1) Z Cn,m 1_[ gﬂjg7j‘

(n.m)eE; j=1
Ry ng=mye-tmy

Since [N/2,2N1* = |_|];:0 E;, we have that

k
Xy=>) Yy (2-9)
j=0
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Since the {g;} are independent standard complex Gaussians, we observe that

k
[E|:1_[ gnj%] =0 whenever (n, m) ¢ Ey. (2-10)
j=1

Therefore, for 0 < j <k,
E[Yy,;1=0.

For convenience of notation, write
A={(n,m) €[N/2, 2N  ini+- 4 =mi+-- +my}.

For 0 < j < k, we have that

k
E[yy 1= N*@-D 3" Cn,mCz,pE[Hgn_,gz_,%%}-

(n,m)eE;NA j=l1
(I,p)eE;NA

By similar considerations to the ones leading to (2-10), we have that

k

[E|:1_[ g,,jglj%g_pj] =0 unless (m, p) =o(n,l) for some o € Sy,
j=1
and by Holder,
k
[E[l_[ gn]gljg_m]g_p,j| S |E|g0|4k Sk 1
j=1

For o € Sy, define
oi(n,l):=(@mDy,....,om 1), oxnl):=©00n Digr,....,oMm, Dy).

We then obtain

E[Yy ;]
k
2k(2s—1 —
:N (2s ) Z Cn,mCl,pE[l_[gnjgljgmjgpj]
(n,m)eE;NA j=1
(I,p)eE;NA
k
< N¥ED S N CumCrp [E[]‘[ gn,,.gz,gv_,g—p,] SNTHFY Y
o€Sy (n,m)eE;NA j=1 o €S (n,ol(n,l))eEjﬂA
(l,p)EEjﬂA (l,Uz(n,l))EEjﬂA

(m,p)=0(n,l)
= N"*[{(o.n.1) € Sy x IN/2,2NT* x [N/2.2NT* : (n. o1, D)) € E; N A, (L op(m, D) € E; N AY].

We now bound the size of this set.
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Firstly, we note, since (n, o1(n, 1)) € E;, (I, 02(n, 1)) € E;, there exist permutations t,, 77, 71, T2 € Sk
such that

T (n); =11(01(n, 1))y, ooy Ta(m); =T1i(01(m, 1)),
()1 = na(o2(n, 1))y, oo ) =1n(02(n, 1)),
Tu(n)j11 =102, 1) j1, ..., Ta(n) =12(02(n, 1))y,
u)jr=no1m )iy, ..., ur=t(or1(n,1D)).
Namely, the permutations t,, 77, 71, T» € S; put the common terms between n and o} (7, [) and between
m and o;(n, I) in corresponding positions 1, ..., j, and the common terms between n and o, (n, I) and
between m and o (n, ) in corresponding positions j + 1, ..., k.

Since [Sx|* = (kD)* <; 1, we obtain that

[{(o,n,1) € Sy x [N/2,2N1* x [N/2,2N1* : (n, 01(n, 1)) € E; N A, (I, 02(n, 1)) € E; N A}
Sk {{m L€ IN/22NT X IN/2 2N sy o b = L -+ L Se N

Therefore, we deduce that

E[Yy ] SN N> = %

Summing over N € 20, we obtain that, for every & > 0 and every j < k,
2
E[(sup N3 1w 1) | < [E[ > |YN,,-|2N1‘28] Ske L.
Nedo Ne2o
Therefore, we obtain that

Yyl < C.N~(9) (2-11)

holds p,-a.s. for a (random) constant C, < o0.
It remains to consider the j = k case. Noting that E} is the set of (n, m) € [N/2,2N 1?% such that m is
a permutation of n, we see that

k k k
Yne=k N DX Cn [Tlen, P Se N Y. [lgn?= (N—1 > |gn|2) =: (Yw)*.
j=1

nezk ne[N/2,2Nk j=1 n€[N/2,2N]

We have that

[E[?N]ztE[N—‘ > |gn|2}51

ne[N/2,2N]

and, by independence of the Gaussians g,, g, for n # m,

2
Yo lal-t }=N2[E[ > <|gn|2—1>2}51v1-

E[|Yxn — E[YNIP] = NZ[E[
ne[N/2,2N] ne[N/2,2N]

Therefore, we obtain that u -a.s.
lim Yy —E[Yy] =0,

N—o0
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and so, for some deterministic C = C (k) > 0, we have that

limsup Yy x <lim sup(?N)k = lim sup([E[?N])k <C.
N—o00 N—oo N—o0

Therefore, together with (2-9) and (2-11), we obtain that pg-a.s.

sup Xy < 00,
N

which implies that ug € Bls,,_oé/ 2% JLs-a.8. Il

2.4. Local well-posedness. Recall our choice of Xj:

o 1 1
HY forany§<o<s—§, when s > 1,

B;’—olo/2,+ for any p > max(lOO, #), when % <s <1

X, = (2-12)

We have the following local well-posedness statement.

Proposition 2.4. Let s > % Then (1-1) is locally well-posed in X;. More precisely, for every uy € Xj,
there exists T, = T.(|luollx,) > O such that (1-1) admits a unique solution u belonging to the space
u € C([0, Tyl, X;). Moreover, this solution satisfies

u e C([0, T,1, Xy).

Proof. The proof is a standard application of the Banach fixed-point theorem, where we only need the
algebra property, i.e., the boundedness of the maps

H° xH° 5 (f.g)> fg€H', B, /*xBy>>(f.g) fgeB) />

p,00

(for our choice of parameters), together with boundedness of
. . -1/2 —-1/2,+
M:H° — HY, T:B)/*— B, [/>".

Note that the fact that the solution is going to be infinitely smooth in time follows from the (formal)
identity
P*0fu =TT (juPTL(ul? - TP ) - ),

and the fact that the right-hand side of this expression is bounded in X is due to the algebra property
again. (|

3. Quasi-invariance: s > 1

For N € N, we introduce the sharp Fourier truncation 7 on Li by

nN(Zﬁ(n))z > i)
n>0 0<n<N

and the truncated flow

{iatuN =2y (M (lun Pun)), (3-1)

u(0) =ug € Ty (L3).
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We recall from [Gérard and Grellier 2010] that on the space my (Li) =~ R2N endowed with the symplectic
form

o, v) =4Im(u, v)2,
this truncated flow is the equation for a Hamiltonian equation associated with the Hamiltonian
4
Eynu) = llmn @)l7..

The Hamiltonian vector field X g, (1) = wn (IT(Ju|?u)) on JTN(L%_) is smooth, and by the conservation of
the Hamiltonian, we can define a global flow map ®, y for (3-1) on this space. Moreover, using standard
arguments, one can easily show the following approximation statement.

Proposition 3.1. Let o > %, and letuy € H°. Let T > 0. Then for every o' < o
1\}1_1;1100 ”q)t,N(MO) - (Dt(u()) ”C([—T,T],H”') = 0,
and for every R > 0 convergence is uniform on the H° ball
Bg:={up € H’ : |lug|lg- < R}.

We next define the truncated measure

M, N = (TTN)# s,

which is a Gaussian measure on 7y (L%r), given by

Ll

dudu,
ZS,N

dﬂs,N =

where du du is the natural Lebesgue measure on wy(L%) = C¥ = R?V. By Liouville’s theorem, the
Lebesgue measure is invariant under the flow map, so we see that for all + € R

d( Py N)its,N = exXp(— [P v ()17 + el Fy) dps, s
and hence we define f; y to be the density in the expression above, i.e.,

d®; n#s N

Jun =
dﬂs,N

= exp(— | @y ()5 + ). (3-2)

We point out that the normalisation constant does not play any role in the formulas above, since it
simplifies to 1 in the expression for f; y. By the fundamental theorem of calculus, we can write for

ueE TL'N(L_%_)
—t

NP N @ + Ty == Oy (Pen@))dr, (3-3)
0
where (with an abuse of notation) we write

QT[N(u) = QﬂN (M, u,u, u)
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and Oy, is the multilinear map

Oy (1, uz, u3, uy) = > %‘I’s(l_l)bﬂ(m)@(m)@(m)@(m%

ny—ny+n3—ns=0
0<n;<N

with W, being the multiplier
W (n) = (n1)% — (n2)™ + (n3)* — (n4)%.

We have the following bound on W;.

Lemma 3.2. Letn; € Nowithn; ~ N and ny —ny +n3 —n4 =0, and let s > 5. We have
Wy m)| S (NDY»TING. (3-4)

Proof. Without loss of generality, we can assume Nj ~ Ny ~ N (M Indeed, if otherwise we had (say)
~ N3~ ND > N5, N4, then the condition n; > 0 prevents us from having ny —ny +n3 —ng =0.
Therefore, from the mean value theorem, we obtain that
(W (m)] < [(11)> — (n2) ™| + (n3)™ + (n4)>
SN2 ny —na| + (N + (N9)
= (N2~ py — | 4+ (NG L (N2
< (NDY2=1NB), 0
Remark 3.3. Recalling the calculations of Remark 1.3 for the ODE setting, we see the diverging term
of Q(u) is given by the interaction of |n1|, |n3| > |n2|, |[n4|. By restricting to nonnegative frequencies,

no such interaction can exist, from which we deduce this improved bound on W, which we use to prove
integrability of Q.

We wish to show (local) exponential integrability (with respect to ps n) of Qr,, uniformly in N. To
do this we first need a deterministic multilinear bound on Q.

Lemma 3.4. For all py, p>, p3, ps € (1, o] wzth + + —i— =1, and for every s > 1 there is a
constant C(p;, s) > 0 such that, forall N € N and N dyadtc

4
| @y (Prytt1, Py, Psus, Py,ua)l < C(pin YNV INO T 1 Pyl (3-5)
j=1
forallu; EJTN(L ).

Proof. Without loss of generality it suffices to consider the case Ny = N M and Ny ~ N,. For M > 1
dyadic, we let

Wars () = (¢<m (1) (n1)> — Pp<m (n2) (n2)™ + P ar (n3) (n3) — d<ar (1) (n4)? 1‘[¢<M<n,>

and we write

Wy s(n) = (ng —n3)(ny —n3)my (n1, n, n3, n4).
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By the fundamental theorem of calculus, on the set
{ni —ny+n3—ns =0},
myy corresponds to the multiplier
4 1 pl
my (ny, ny, n3, ng) = 1_[ d<m(nj) / / () <) (n3 +5s(n2 — n3) + 1 (na — n3)) ds dt.

. 0 Jo

j=1
Recalling that s > 1, we see that the Coifman—Meyer norm of m,; is bounded by M?*~2. Denote by T},,,
the quadrilinear operator given by the multiplier m , i.e.,

Ty (i, g, uz,ug) = Y myg(ny, na, na, )it (n1)i (n2) i3y (n3) g (na).
ny—ny+n3—ng=0

We calculate

Qxy (Pyut, Pyyus, Pyyus, Py,ug)

i o — — ——
=D > 5Yus@Pyui(n) Prua(no) Pryus(n) Pia(na)
M<Ny ny—na4n3—ns=0
0<n;<N

i . . ..
= Z szM(PNlul, 10y Py,uy, Pyyus, idy Py,u4) + similar terms,
M<N,

where each of the similar terms is obtained by writing each of the terms of
2
(ng —n3)(ny —n3) = nang —non3 — n3ng +nj

as derivatives. Applying the Coifman—Meyer multiplier theorem on mj; and using Bernstein’s inequality
yields (with a constant C(p;, s) that changes line-by-line)

4
| @y (Prut, Pryita, Pysits, Py,ua)| < C(pins) Y M NN [T 1P ujlrs
M<N, j=1
4
< C(pi. NPT NOTT I Py,ujll e O
j=1

2
that o is sufficiently close to s — % Also, we let

From now on, we fix s > 1 and % <o <s— 1 asin the definition (1-9) of X, with the understanding

Bg:={uo € H’ : lug|lp- < R}.

Proposition 3.5. There exist constants A(s, o), B(s, o), C(s, o) > 0 such that for every M >0, R > 1,
and N € N we have

/ exp(M| Q. ()) 1 g0y () dpts v () < exp(CM max(1, M*)(1+ R)®).
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Proof. We recall from [Forlano and Tolomeo 2025, Lemma 2.4] the simplified Boué—Dupuis variational
formula, which in this context reads

10g/GXP(MIQnN(M)I)lBRm)(M)dus,N(u)

< E[ sup M|Qny o+ V)| Lggy (v (o + V) = 3IVIE: ] (3-6)
VeH’

where ug is a random variable distributed according to p;. By symmetry we may expand

|Q7TN(M0+V)|S Z C0|Q7TN(PN](MO+V)7PNz(u0+V)aPN3(MO+V)9PN4(MO+V))|

Ni,N2,N3,Ns SN
No=NO Ny~ ND N ~N,

for some combinatorial constant Cy. For ease of notation, we write
On(f1, f2, 3. f4) = Ony (PN, (f1)s PN, (f2), Pny(f3), Pn,(fa)),
and again write On (f) = On ([, [, f. f)-

Fix ¢ > 0 to be chosen later, then pick § > 0 so that

> 68N, ¢ < 1.

Ni,N2,N3,Ny SN
No~ND Ny=N® N ~N,

For some universal constant Cy > 0, from (3-6) we then have that

log/eXP(M|QnN(M)|)1BR(0)(M) dps, n (1)

< > E[ sup CoMIQn (o + V) 1,000 (o (g + V) = 368N IV I3 | 3-7)
N1.N2. N3, NySN Ver
No~ND Ny=ND Ny ~N,
We now expand Qn (1o + V). We point out that, due to the restriction ug+V € Bg(0), it is convenient
to not expand directly in terms with homogeneous degree in V, but to keep as many copies of ug+ V as
possible. We end up with the following decomposition:

On(uo+V,ugp+V,up+V,uop+V)

= On(ug, uo, uo, uo+V) D
+ On(uo, ug, V,ug+V)+ Onuo, V,ug, uo+ V) + On(V,up, ug, up+V) (I
+OnV, V,ug+V,up+V) (I10)
+OnV,up, V,ug+V)+ QOn(uo, V,V,ug+V). aIv)

One can check that indeed (1) + (II) + (III) + (IV) = O n (4o + V). We now bound each term, showing
that, for each ¢ < {(1), (ID), (IIT), AV)},

Z E[ sup CoM 7 1p,0) (T (uo+V)) — %8N;8||V||§,S] < M max(1, M) (1+ R)?, (3-8)
NeS VeH?
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where
S={N:Ni,No, N3, Na SN, Na~ NV, Ny = NY, Ny ~ No .

We will implicitly use the fact that N € S throughout the rest of the proof.

(I): We express (I) as a random kernel acting on the low-frequency function Py, (1o + V), namely

Qu (uo, uo, uo, o+ V) =y Ky(na) Py, (o + V)(na),

0<n4<N
where
Ky () = Z iV ()N, (n1)Pn, (12) DN, (13) 80, Eny 81y )
- - o ‘v lv ~ 4 .
ny—nz+n3=n4 2<nl>A (’/12>S<n3>S
0<ny,ny,n3<N
We see that

| QN (uo, uo, uo, uo+ V)| 10 (Tn(ug+V)) < ||Kﬁ(”l4)||eg4 | Pn, 7t (o + V) | 1210y (7rn (o + V)
< RN4_0||KN(”4)”€§47

which is a quantity independent of V. Now using (3-4), we have

[E[ sup CoM|Q n (uo, uo, uo, uo+ V)| 1p0) (7w (uo + V))]

VeH?
i v, 2 i
< MR (N;z"[E[Z |KN(VL4)|2:|> <MR <N4_2" Z <n1>2|S (nfz)J(m)zs)

ny—no+n3—ng=0

ni~N;
< ~20 45—2 \12 p—ds n =25y L Osni<N
< MR(N, > NaN3NgN5* N3N, ¥ Ny )2,
SO
— — — 1
E[ sup 1D1Lg0 (v o+ V)) | S MRING ' NN, (3-9)

VeH*
from which we obtain (3-8).

(IT): We again use a random kernel representation. Note that each of the terms in (I) can be written as

Y K3, n4)(n3) (147 Py, (V) (n3) Py, (o + V) (na),

0<nj3,ng<N
where
iV ()N, (nD)PN, 0 (12)8n, &
Ky(ns, ny) = > ? 2(n ;(sl)(n ) (n a)(zs)(n )Un1 P Nuy (1), (1),
R (1) —Na(2)Ha3)—nas=0 ! 2 3 4
0<ny,ny<N

« is a permutation of {1, 2, 3}, and g,,, §,, are normal Gaussian random variables that satisfy E[g,, 8,,] =0
unless n1 =nj and «(2) =2, in which case g,, = g,,. Note that in this case we must also have W (n) = 0.
Therefore,

Z i\l‘l;&‘(n)(ﬁNa(l)(nl)(pNa(z) (n2)<§n1§n2

2(n1)*(n2)* (n3)*(n4)®

DNy (13) PN, (n4).

Kn(n3, ng) =

N (1) —Na(2) FNa3) —nas=0
O§~n1 ,~nz<N
ELZn &ny 170
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We denote by || K ||op the optimal constant C such that the inequality

Y. K(n3,nganz)b(ng) < Clalp )bl

0<nj3,n4s<N

holds. Then it follows that
D10 (TN (o +V)) S max IKnllopll VIIas 7t (o + V) | Ho 1pgo) (T (uo + V)

S Rmax [KyllopllV s

Taking Hilbert—Schmidt norms, and using (3-4) again, we see that

E[IKN135) S ELNEN 171y )

5 5 W (1) P, ) (1), (n2)
(n1)% (n2)? (n3)> (nq)>

Ng(1)—Na2) Fa@)—ns=0
n1#ny

§ NZ_IN;_ZSNJ__ZO-.

PNy (13) Doy, (14)*

Therefore, for some universal constant C > 0, by Young’s inequality, we have

E[ sup CoMIDILp,0) (e uto+ V)= 58N IV I3 | <E[ sup CMRIKy lopllV Il = 36N5* IV Iy
VeH* VeHs

2C*M?R*N;
< E[IKNG,]

<8 'C?MPR*NETIN;EN, T, (3-10)
from which we obtain (3-8).
(III): To bound this term, we use (3-5) and Bernstein’s inequality, recalling that o > % we obtain (on the
set Ty (ug+ V) € Br(0)):
|| < N5 N3l Py, en V2 | Py ew VL2 | P oy (o + V) L oo | Py 7t (g + V) [ o

—min(l,a—%)

3
—1a727° 2 2 2 2
SNy Ny PswanVilgslon o+ V)llge S RN, I P<nytn Vil gs-

~

Therefore, for some universal constant C, we have

—mi _1

|(ID)| < CR*N, min(1.o 2)||P5N27tNV||%15.
Let No = No(R, M, 8, 0, £) be such that, for every N’ > N,
—mi _1 ) _
RZ N’ min(1,0 ;) <2 (NH~E.
CRA(N) <557 V)
_1

Note that this exists as long as ¢ < min(l, o 2), and for some b1, b, > 0 we can choose Ny such that

No < MPT R,
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Then, for a constant C' = C'(§, o, ¢) that can change line to line, distinguishing the cases N, < Ny and

N, > Ny, we obtain that for some a;, a; > 0

- 8 A —
CoM |(ID)|Lg,0) (T (o + V) < Ny “C' M@ R® |l VI + 5N; IV Iz

< N EMOREC (R + ol e+ SN5 IV e

Therefore, by taking expectations, we get for some universal constant C > 0

[E[ sup CoM |(ITD)| 1,0y (7w (g + V) — %5N;8||V||§,x] <CM*(14+RMN;*,
VeH’

from which we obtain (3-8).

(IV): We use once again (3-5) and obtain (on the set (g + V) € Bg(0)), recalling that Ny
and that s > 1,

|AV)| S N3~ N3Ny N5 ||P<N2nNV||%,v I P~vyttoll o< | Pyt (o + V) [ Lo
S NSTINIT Pty VIR NS ol -2 R
<SRN, : I P<,en Vs lutoll 172+
Proceeding as for (IIT), we pick Ny = No(R, 8, ug, M, &) such that for all N’ > Ny

n—1 e
CR(N')# ||”0||Bi;é/2,+ = W(N)
where C is the implicit constant in the inequality above. Moreover we may pick
No ~ M“' R ||”0|| B2 ") s

400

for some a; > 0 depending only on ¢. Therefore, for 0 < 8 < 1 such that

9s+(1—9)0>s—§,

(3-11)

~Ny 2 N3

and for constants C = C(s,0,0,8) >0and A; = A(e,0) > 0, A» = Ay(¢g, 8) > 0 (that can change line

to line), distinguishing the cases Ny > Ng and N, < Ny,

CoM|(IV)|Lpg0) Ty (o + V) < Ny *CMA R |Jug|| 2 e 1/2+||P5N2anni,x_l/g + LNV 135

2(1-6 —
< N CM™ R |2 anu an Ve + 18N eIV

< N, SCMY R ug]| 2 1/2+||nNV||Hn+6N;8||V||%,s

< N, SCMMT R ug]| 2 1/2+(R+||uo||Ha>2+aN;8||V||%p.

4oo

In particular, we have that for a (different) constant C > 0

[E[ sup CoM|(IV)|1p,0) (T (o + V) — 8N2_8||V||%{x] < Ny*CMA R,
VeH’

from which we obtain (3-8).

(3-12)
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Finally, from (3-7), (3-9), (3-10), (3-11), (3-12), we get that, for some constant K > 0 and some
A, B >0,

log / exp(M|Qry () )15, 0) () dps, v () < KM max(1, M*)(1+ R)®. O
We now introduce the sets Ey g; Cty(H?) for R>1andt € R,
Eyrs = () ®en (r (Br(O) = fu €y (H) s sup [ &y @) 1e < R}, (3-13)
rel, tel;

where I, = [0, t] for t > 0 and I, = [t, 0] for ¢t < 0. These sets will allow us to obtain a priori estimates on
the L? norm of f; y1gy .,,in a manner not too dissimilar from the arguments in [Ambrosio and Figalli
2009; Forlano and Tolomeo 2025].

Proposition 3.6. For s > 1 and % <o <Ss— % with s — % — o sufficiently small, there are constants

0< A, B,C < oo suchthat, forallt e R, NeN, R>1,and p € (1, 00), we have
I finLEy i lLrcre dus vy < ||exp(? Qxy (u)l)lBR(O)(M)HL,,(Hn,dMS’N)S exp(C|1+ pt|*R®).  (3-14)

Proof. From (3-2), (3-3), and by Jensen’s inequality together with convexity of the exponential, we have

LA L I e = / o )P Ly o, (0) i ) dp oy ()
= [ @)™ L, (@) it vt

—t
=fexp(—(17—1)/o QnN(¢t+f,N(u))df>1EN,R,,(<I>t,N(u))dﬂs,N(u)

t

:feXp<m(p_l)/1 QnN(fbr,N(u))df>1EN,R,T(<D;,N(u))dﬂs,N(u)

1
S/m/I exp(t(p — 1) Qry (Pr v ))) 1y ., (Pr () dT dpas, n (1)

1
= / m/; exp(t(p — 1) Ony W) 1Ey ¢ (Pr—r v (W) frn () dT d g n(u).
For T € I; we note [

S nu) € Eyg:y = sup [[Pv@)|lpe <R = u€Eyng;.

rel,—t

Combining this with the fact that Ey g C Br(0), we see
1
||ft,NlEN_R_,||£,>(Ha,dmN) < / mf explt(p—1) Qry (W) 11p,0) W) 1Ey 5, (W) frn (W) dT dins n(u)
: L
< |lexp[t(p—1)|Qx, (u)|]1BR(0)(M)HLpf(Ha o) SUP e N LEy gLt dp n)-
TSN el

Taking the supremum over ¢ in some interval I7 and using p’(p — 1) = p yields the first inequality
in (3-14). The second inequality then follows from Proposition 3.5. O
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Remark 3.7. If one were able to obtain a similar result with a H'/2-cutoff instead of a H? -cutoff, due
to conservation of the H'/2 norm, one could then apply Bourgain’s (quasi-)invariant measure argument
([Bourgain 1994], see [Forlano and Tolomeo 2025, Theorem 6.1] for a precise statement), and obtain
polynomial-in-time bounds on solutions for p,-a.e. initial data. However, these estimates appear out
of reach. We point out that in [Gérard and Grellier 2017], a dense set of turbulent solutions for (1-1)
has been constructed, but it is unclear if such solutions are typical or not. It would be interesting to
either show good bounds on the growth of Sobolev norms for a.e. initial data distributed according to s,
or alternatively to exhibit a set of turbulent solutions with positive probability under such a Gaussian

measure.
With this uniform L? bound on the truncated densities, we are ready to prove Proposition 1.5.

Proof of Proposition 1.5.. We first fix % <o <s§-— % satisfying the conditions of Proposition 3.6, and
we recall that X; = H?, where we have global well-posedness. By Proposition 3.1, we have that, for all
ue H? and T > 0, for every o’ < o,

@, y(Tyu) = ®;(u) inC(—T,T], H®) as N — oo,

and this convergence is uniform on Bg(0) for every R > 0. We now fix % < 0’ < o that also satisfies the
hypotheses of Proposition 3.6. By global well-posedness for (1-1) (see [Gérard and Grellier 2010]) and
this uniform convergence, we have that, for any R > 1 and ¢ € R, there exists C(R, t) > 0 such that, for
all N big enough (depending on R, t),

@ N (7 (Br(0))) C Ey cryae

where the latter set corresponds to (3-13) with o’ replacing o.

From the estimate (3-14), for any r € R and R > 1, there exists f; r € L?(H®, duy) such that (uptoa
subsequence) f; N1y ¢z, OTN —> fr.r Weakly in L*(H®,d Ws). With this, we consider any nonnegative,
continuous and bounded function F : H° — [0, 00). By dominated convergence, we have

/F(”O)d((Dt)#(lBR(O)Ms)(MO)=/F(th(MO))d(lBR(O)Ms)(”O)
:Nli_r)noo/F(Qt,N(nNuO))lBR(O)(MO)dﬂs(uo)

flimsup/F((DI,N(”NMO))]-JTN(BR(O))(”NMO)dﬂs(”O)

N—o00

=limsup/F(JTNMO)1¢,,N(nN(BR(0)))(ﬂNuo)ft,N(ﬂNuo)d,us(uo)

N—o00

5 hm sup f F(nNMO)lEN,C(RJ)_, (nNMO)ft,N(T[NMO) dMs(”O)-

N—o0

We note by the dominated convergence theorem and the uniform L? bound on f; y1g v.Crays © TN that

A]li_gnoo / |F(tnuo) — F(10)| Lo, yry (Br0) (TNU0) fr,8 (TNU0) d s (ug) =0,
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and so

/F(“O)d(Qt)#(lBR(O)Ms)(MO)flimsup/F(“O)]-ENC(R‘,),,(ﬂNuo)ft,N(ﬂN”O)dMs(”O)

N—o0
=/F(M0)ft,R(”0) d s (uo)-
Therefore (®;)#(1p,0)1s) K us for any R > 1. Since R is arbitrary, we deduce that (®;)xpy < g as
well. O
4. Singularity: s <1

4.1. An abstract singularity result. We start this section by showing a condition that guarantees singularity

for up to countably many times. Most of the remainder of the paper will be dedicated to showing that this

condition is indeed satisfied by the flow of (1-1) whenever % <s<1lands # %.

Proposition 4.1. Let g : X; x X; — RU{—00, 00} be a measurable function that satisfies
gx,y)>0 = g(y,x)<0.

Suppose that there exists a measurable function T = t(ug) > 0 such that uy € WP(r) "WP(—1), 7 > 0,
for ugs-a.e. ugy, and for every 0 < |t| < 7,

(D (uo), ug) > 0.
Then there exists a countable set ./ C R such that, for everyt € R\ A,
(P)#(Lwpys) L ps.
Proof. Suppose by contradiction that the set
N =R\ ({1 : s (WP()) > 0, (@) (Awpryibs) L s} U {2 2 g (WP(1)) = 0})

is uncountable. Since T > 0 u,-a.s. by assumption, for every ¢ € .4/, there must exist m, m, € N such
that

(®)s(Awpryus)({t > 1/m1}) > 1/my.

Since ./ is uncountable, we deduce that there exist 7y, &9 > 0 such that the set

Nayeo = {1 1 (@)#(Awpry its) ({T > 270}) > €0}

is uncountable as well. Since .47, ¢, € R is uncountable, it must have at least one accumulation point; i.e.,

there exist distinct 7, f2, ..., t,, ... such that z; € 47  for every j € N, and there exists #, € R such that
_lim tj = ty.
j—00

"Note that T(ug) = 0 always (vacuously) satisfies the previous properties, so one just needs to check the existence of such a
map on a set of full measure for pg.
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Therefore, up to extracting a subsequence, we can assume that |¢; — ;| < 7o for every j € N. Now consider
the sets
Ej:= cb;l({uo :T(ug) > 270} NWP(—1))).

Recalling that 7; € .47, ¢, and that by definition Cbgl (WP(—t;)) = WP(¢;), we obtain that
ws(Ej) = (@) )aps({T > 270} NWP(—1;)) = (P14 (Lwp) i) ({T > 270}) > €0.
Therefore, there must exist ji, j» such that E; N E;, # &, otherwise we would have

= MS(U Ej) =D us(Ep) =) eo=00.
' i i

J

Let ug € Ej, N Ej,. By definition of E;, we have that t(dD,_/.k (ug)) > 219 for k = 1, 2. Therefore, by
definition of 7, since |tj, —t),| < |t;, —t«| + |1« — 1j,] < 270, we have that

8(®y;, (o), Py, (o)) = g(Pr;, —1;, Py}, (uo)), Py, (0)) > 0.

Therefore, by hypothesis on g, we have that g(®;;, (o), @, (o)) < 0. However, proceeding similarly,
g(®y, (o). By, () = g(®s,, s, (B, (o)), D1, (10)) > 0.

which is a contradiction. 0

Our main goal for this section will be showing the following.

Proposition 4.2. Let % <s < 1withs # %, and for x,y € X; let

(4-1)

1Pnax % — 1P Y1,
:= liminf el H
g, y) =l inf = = N
Then g satisfies the hypotheses of Proposition 4.1. More precisely, for every x,y € X, we have that
g(x,y) > 0implies g(y, x) <0, and for ps-a.e. ug there exists v (ug) > 0 such that for all 0 < |t| < T (ugp)
we have

| Py @, (o) 1%, — I Pnuoll;
liminf — i
N—>o00 (4s —3)N4—4s

We discuss briefly the main ideas that go into Proposition 4.2. It is not unreasonable to expect that, for

small times ¢, we have

ﬁ

d? 2 3
Sl Pyl | 00 @)

1Py @ (o)) (151 — Il Pyttoll 5y & t - 1| Py @1 (o)) |13

d
ar 0T

t=

We then exploit (1-1) to compute

d d?
1Py oD% . I Py e,

1=

=

as polynomial objects in the frequencies of ug. By taking expectations, we obtain that

e[S Py only| =0, [E[%HPNCDI(MO))H%I‘ ]~ s -,

=l =
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This suggests that, for small times, || Py ®; (i0)) ||i.11 — || Pyug ||i.11 has a definite sign as N — oo (depending
on the sign of 4s — 3), which in turn leads us to the choice of g in (4-1). In particular, Proposition 4.2
follows once we show that this heuristic is correct, and once we bound the various error terms that will
appear in the O (%) term with the correct power on N. It actually turns out that the expansion in (4-2) is
not fully correct, and we will need to allow for extra error terms of the form o(N*~*) (that disappear in
the limit in the definition of (4-1)).

Note that estimating the remainder in (4-2) deterministically, i.e., using only the fact that the solu-
tion map t — P, (up) is smooth in time with values in X;, we are only able bound the error term as
O(N**t113) > N4~ Therefore, in order to conclude, we will need to show appropriate multilinear
random estimates for the solution of (1-1) at time .

4.2. Time derivatives of the norm of the solution. Define the random objects

—4 d
Fy(uo) = N S Pyu(o) | 4-
(o) NPV | (4-3)
G o) = N¥ L Pt 2 (4-4)
drt? H'|,—o
Let u(z) be a (local) solution of (1-1) on X;. By a direct computation, we have that
d P 2
E” Nu(t)”Hl - QN(M’ u,u, ’/l)(t),
where Qy is the quadrilinear map given by
Oy uzu) = Y SUN@)E (1)@ (n2)i3 (n3) T3 (na), (4-5)
ny—na+n3—ng=0
n;>0
where we define the multiplier Wy (r) for n = (ny, no, n3, ng) as
4
Wy (n) = [ ] 1ng (i) (nidn (01)* — 3w (n2)* + n3gw (n3)* — nidn (4)?). (4-6)

i=1
We note that (by construction) W is antisymmetric, so if n| —no+n3—ng =0 with {n, n3}N{ny, n4} # 9,
then Wy (n) = 0. We start by showing a simple bound on Wy .

Lemma 4.3. For n; € Ng with ny —ny +n3s —ng = 0 and n; ~ N;, we have
Wy ()| S 1yaysy N min(N, NP).

Proof. Tt is clear that if NV « N, we then have Wy (r) = 0, so it is enough to show the bound. Similarly,
from n’¢y(n) < N2, the bound

Wy (n)] < N2

is immediate, so we focus on showing that |Wy ()| < NN®_ In order to have ny —ny +nz —ns =0,
since n; > 0, we cannot have that the biggest two frequencies are {n, n3} or {n,, n4}. Therefore, up to



SHARP QUASI-INVARIANCE THRESHOLD FOR THE CUBIC SZEGO EQUATION

swapping n; with n3 and n, with n4, we have that

min(ny, ny) > max(ns, ng).

1135

Up to further swapping n; with n, and n3 with ns (which does not change |\Wy (r)|), we can put ourselves

in the case

ny=ny=n4=>n3.

By the mean value theorem, noting that ||} |z~ < %, we obtain that

Wy ()] < |nign (1) — n3n (n2)?| + [nGdn (n4)* — n3dy (n3)?|
S N|ny —na| 4 Nlng — n3|
=2N|n4 — n3|
< N4N
=NON,

and so the bound follows.
We are now ready to estimate Fy and Gy in (4-3) and (4-4).
Proposition 4.4. For % < s < 1, we have that
E[Fn (o)l =0, E[|Fy(uo)*] S N>
In particular, we have that
lim Fy(ug) =0 wug-almost surely.
N—o0
Proof. For N dyadic we have

N4 Fy(uo) = Qn/(uo, uo, 1o, to)

_ 3 Ly ()i (1) it (m2) i (n3) 0 (1)

2
ni—ny+n3z—ng=0
n;>0

Note that Fyy is antisymmetric under conjugation, so we have that
Fy (uo) = —Fy (uo).
However, since Law (ity(n)) = Law(izp(n)), we obtain
ELFy (u0)] = —E[Fy (10)] = —E[Fy (o)1,

so we must have that

E[Fy(u0)]=0.

(4-7)
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We now move to computing the variance of Fy (u¢). Recalling that whenever n; = n, or n; = nq we have
Wy (n) =0, and by Lemma 4.3, we get that

4
1
27 _ aAr8s—8 2
E[IFn (o)’ =N > ) H e

n1—ny+n3—ng=0 j=1

" N?min(N2, (N®)?)

~ Z Z NZSNZSNZSNZS
N1,N2,N3,N4 ny—ny+n3—ngs=0 1 2 3 4

N(I)NN(Z)RN Ilj""Nj

2 mi 2 BGN2y V@) N3 @)
< N8s—8 Z N m1n(N ;(N ) )N NVYN < NSS—8N6—6S _ N2s—2.
~ N sNZS NZs N25 ~

Ni,N2,N3,Nq4 1 Y2 #Y3 4
NOANO>N

In particular, this implies that [E[Z ~ [ Fn(uo) |2] < 00, S0 we must have
lim Fy(up) =0
N—o00
us-almost surely. (|

Proposition 4.5. For% < s < 1, define

00 1 prl el
I :=(4s —2) ( / (xp (x))*x' ™% dx) ( / / f YEA—y+ (@ +0))* *dodr dy). (4-8)
0 0J0 JO

Then I, > 0, and we have
. 2
Nh_r)réo G (uo) =8(4s = 3) Lslluoll7> ) (4-9)

for ug-almost every uy.

Proof. Recalling that
wPunpy = Y aGmpialmy)i(ms),

my—mo+m3=n|

we use the symmetry of Fy to compute

2 o _ _
%MPNu(t)ni-,l:zRe( 3 wN<n>iatu<n1>ﬁ<nz>ﬁ<n3)ﬁ<n4))

ni—ny+n3—ng=0

=2 Z Wy (ng—ns-+ne, ng, ns, ne)it(ny)a(n2)i(n3)i(ng)i(ns)i(ne),

n1—ny+n3—ng+ns—ne=0
n1—ny+n3>0
n;>0

where we relabelled (mq, my, ms3, na, n3, ng) — (n1, ny, n3, n4, n5, ng) and inserted ny — ny + n3 =
ng —ns+ng in Wy . Note that the coefficients Wy are real, and the real part of

[T amp J] aep

j=13.,5 Jj=2,4,6
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is invariant under permutations in the set
ceS:={oeS:0({1,3,5)={1,3,5}oro({1,3,5)) ={2,4,6}} = (5’ x §°) x Z,.

Therefore, we obtain that

d2 2 A N, A RN, A ~,
a2 1 Pnu @l = E v (i, no, n3, ng, ns, ne)u(ny)i(nz)iu(nz)u(na)u(ns)u(ne),
ni—ny+n3—n4+ns—ne=0
ny—ny+n3>0
n;>0

where fy is the symmetrisation of Wy under the action of S; i.e.,

1
fn(ny,n2,n3, n4, na,ne) = =5 D WN (1) = Mo @) + o (3): M@ Na(5): Mo (6)- (4-10)

oges

We now show a bound on fy analogous to the one in Lemma 4.3; i.e.,
| fn@)| S Lywsy N min(N, N©) 4-11)

under the condition n| — ny + n3 — ng + ns — ng = 0. To see this, by symmetry it suffices to bound
Yy (g4 — No(5) + Na(6), No@)s Mo (5), Na(6)) by this quantity. This bound follows by Lemma 4.3, in
combination with the observation that we cannot have three of the values ng4, ns, ng and nqy — ns + ng
being bigger than 100N Indeed, by definition of N/, we must have min(ng, ns, ng) < N, and if
ny—na+n3 =ng —ns+ng > 100N, then max(n,, n2, n3) > 6N, and so at most one of ny, ns, ng
can be bigger that 6N ® as well.

We see that
6
Gn(ug) =2N** > In ) [T 8, B 8ns s 8ns 8
nl—n2+n3—n46}-n5—n620 j=1
nj>

which we decompose based on the number of pairings:

Gy (uo) = Gy,0(uo) + Gn,1(uo) + Gy 3(uo),
where
Go(u) =2N"* > SN )i (n2)ii(n3) (ng)i (ns)i (),
ni—ny+n3z—ng+ns—ng=0

n;>0
{n1,n3,n5}N{n2,n4,n6}=2

Gna)=18N*"* 3" fyman)i(n)i(n3)i(ng)li(ns) P,

ny—ny+n3—ng=0

n; >0
{ni,n3}N{n2,n4}=2
ns=neg
3
4s—4 A 2
Gy =12N%"* 3" fy(i.ning ng,nan3) [ [ lamp)P.
ny,n2,n3>0 j=I

The fact that Gy = Gy 0+ Gy.1 + Gy, 3 can be easily verified using the symmetry of f under the action
of S. For the 0-pairing term, by independence of different frequencies we have that E[G y o(u¢)] =0, and
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we use (4-11) to bound its variance,

6
2 85—8 2 -2
E[IGN.0(uo) )] S N® > MOM I
ni—ny+n3—ng+ns—neg=0 =1
n;>0
6
< N¥8 > N?min(N?, NHONTZ TN
N1>N2>N3>N4>N5>Ng Jj=2
N1ZN,Ni~N,
8s—8 4 a7—25 a71—25 A71—2s 8s—8 2 a7—25 a71—25 A73—2s
<N D> NNTENyENTE 4N > NANFN, PN
N1=N>>N3 N1=Ny>N3
N3ZN N1 ZN>>N3
< N2.Y—2+N6S—6 < N2S—2
which is summable in N. Hence we obtain that
lim GN,()(M()) =0
N—o00
for ug-a.e. ug.
We now move to estimating Gy ,1(up). We further decompose it as
Gn,1(up) = Gy.1,0Wo0) + Gn,1,2(u0),
defined respectively by®
6
4s—4 - P —
GN,],(): 18N s Z fN(n)l_[<nj> sgn1gn2gl’l3gn4»
ni—ny+n3—ng+ns—neg=0 =1
n;>0
{n1,n3}N{na,na}=2
ns=ng p
45—4 s — = 2
Gn.12=18N* > Sn ) [ 65) 7 8n 8@y 8na (s — 1),
ny—no+n3—ng+ns—neg=0 j=1
n; >0
{n1,n3}N{n2,n4}=2
ns=ng
where we fixed the representation
up =y (n)~"gne™.
n>0
Similarly to the situation for Gy o, we have that E[G y 1 2(#0)] = 0 and
6
E[IGN.12(o) ] S N* 8 > In@? i)™ SN>72,
ny—ny+n3—ng+ns—neg=0 =1

n;>0,n5=ng

5o limy_, 00 Gn.1,2(up) =0 for pg-a.e. uo.

8The attentive reader would notice that G N,1,0 and Gy 1 2 are the projections to the homogeneous Wiener chaos of order O
and order 2, respectively, hence the choice of notation.
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We now move to estimating Gy 1. It is again easy to check that E[G y 1 0] = 0. Using again (4-11),
note that for ny ~ Ny, ..., n4s ~ Ny with ny —ny+n3 —ng =0, letting NV > ... > N@ be a decreasing
rearrangement of Ny - - - Ny, recalling that this implies N D~ NP we get that

-2
> I fn (. no, nz, ng, m,m)|(m) =

m=>0
< Y Nmin(N, N m) =+ Y Nmin(N, (m)(m) "
mSN@) N(2)>>m>>N(3)
ND>N NDZN
+ > N min(N, N®)(m)~2
m>NP>N
max((m), N >N
. 3) 3-2s ~ (1) (1)\y1-2s
~ Nmin(N, N )1N(1)5N+N 1N(1>2N—|—Nrmn(N,N )(max(N, N“)) .
Therefore,
E[IGw,1,0(u0) 1] ]
SN®S Z |fN(n1,n2,n3,n4,n5,n5)|‘|fN(n1,nz,n3,n4,n6,n6)|H(nj)_zs
ny,nz,n3,n4,ns,n6>0 j=1

ni—ny+n3—ng=0

4 2
=N¥t 3 1‘[<n,~>‘25(2 | fx(ni,na,n3, ng, m, m)l<m>‘2s)

ni,na,n3,ns>0 j=I m>0
ny—na+n3—ng=0

SN®E 3 (NPmin(N, N3)*Ly,zn + N4 1yasy
N1~N2>N3>Ny 4
2 - 2 2—4s —1 1-2s
+ N?min(N, Ny)? max(N, N> )N [ V]
=1

SNZ2 L Ny NBs8 Z N?min(N, Ny)? max(N, Ni)> " N/~
Ny

S N2S—2+N—1N4S—4 maX(N3_4S, 1)’

which is again summable in N. Therefore, we get that limy_, o G n,1,0(10) = 0 for us-a.e. ug, and so

IVIi—I)noo(GN(uO) —Gn3(up)) =0

for ug-a.e. ug.
In order to evaluate the behaviour of Gy 3 in the limit N — oo, it is convenient to work with the
nonsymmetric form Wy instead of fx, and so we write

3
Gna)=2N""" 3" Q= Lpmuy)Wn (1 — g+ 13,11, n2,m3) [ | 1)1

ny,n2,n3>0 j=1

Indeed, note that all the pairings in (4-10) that have ns(5) = ny@) or ny(s5) = ng(e) result in Wy =0, and
so one must have that n, sy = ns(2), which becomes ns = n, after we undo the symmetrisation procedure.
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First of all, we note that in the case n| = n3, the third highest frequency between 2n| — njy, ny, no, n;
has size < N;. Moreover, note that if ny, np < N, we have that W = 0. Therefore,

N4S74

> Wn@ny —na.nyng, np)liio(n)| o ()

ny,n2>0

lgni 1* 18ma]?
(n1)* (na)?

SNB N Nmin(V, (1))

ni,ny>0
max((n),{n2)) 2N

By taking expectations, we obtain

N4S—4 [E

> Wn@ni —ng,ny,ng, ny)lio(m)|*io ()

ny,n2>0

1 1
< N4sf4 N mi N, < N4s74 N mi N, N N1—4SN1—2s
< > min(N, (1) T S > min(N, NN~ N)

Pny,n>0 Ni,Ns:
max({n1),{n2) N max(N1,N2)ZN
5 N4S—4 E N3—4SM1—25 +N2M1—4S S N_l,
M>N

which is again summable. When n, = n3, we simply get that Wy (n; —ny +ns, ny, na, n3) = 0. Therefore,

for us-a.e. ug, we deduce that
3

Gna(uo) =4N*"* " Wy(ni—na+n3,ni,ng,n3) [ [1a@mp) P +o(D).

ny,n2,n3>0: j=1
n; are distinct

Therefore, we can antisymmetrise further and order the n;. We obtain

Gy +o(l)

— 8N4S—4

Z Wy —ny+n3,ni,ny,n3) +Wy(ny —n3+no, ny,n3, ny)

2 2 2
<n1>23<n2>25(n3>25 |gn1| |gn2| |gnz| .

ny>ny>n3>0
Note that here we neglected the term with Wy (ny —n| +n3, ny, ny, n3), because in that case either (1) we
have n3 2 N, and so

Wy (ny —ny +ns3, na, ny, n3)
[E‘SN““ |8, 17180 1718y I*
n1>n22>;l3>N (n1) (n2)* (n3)* b e
S; N4sf4 Z NZ(Nl N2N3)172s g N4574N2+376S 5 N172s’
Ni,N2,N3ZN

which is summable in N, or (2) we have n3 < N, and so in order to have Wy # 0 we must have
ny <ny <ny+nzand Yy, —ny+n3, ny, ny,n3) = qu(nl)zn% — qSN(nz)zn%, in which case

Z Wy (ny —ny +n3, no, ny, n3)

E|gNH—
‘ (n1)%$(n2)s (n3)%

2 2 2
|gn1| |gn2| |gn3|

ni>ny3>n3>0
S N4S—4 Z NN3N11_23(N2N3)1_ZS S N1—2s’
Ni,N2~N>N3
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which is again summable in N. We now apply a further decomposition to the expression of Gy 3. We
write

(;1\]’3’52 — 8N4S—4

Z Wy (ny —ny+n3, ny,ny, n3) +Wy(ny —n3 +na, ny, n3, ny) P
nil »

(n1)?s (n2)% (n3)2s
ny>ny>n3>0

Z Wy —ny+n3,ni,ny,n3) +Wy(ng —n3+no, ng, n3, ny)
(n1)%5(n2)% (n3)?

GN’3,>2 — 8N4S—4
ny>ny>n3>0
X (18n, 1?18 1> — 1)1 ns I*-

By the above, we have that

Gy =Gn3<2+Gn3>2+0(1)
as N — o0o. We now show that Gy 3 -2 is a further error term. Recall that
E[(Ign, I*1gm|* = D(Igw; I*1gn,]* = D] =0

whenever n’1 #ny, ny and n/2 # ny, ny. Therefore, from the inequality ab < a? 4+ b?* and Lemma 4.3, we
obtain

E[1Gw 3,-2(u0) ]

2
5N85_82< Z ‘IIN(m—nz+n3,n1,nz,n3)+‘lfzv(n1—n3+nz,n1,n3,nz)>
ny

2 2 2
()2 (1) (n3)
O<nz<npy<ng

4 N8 Z( Z Wy (ny —ny+n3, ny,ny,n3) + Wy —n3+ny, ny,ns, nz))2
1y ni,n3: <n1>2S (”2)2s <n3>2s
O<nz<ny<ng
PYEIE Z( Z Wy (ny —ny+n3, ny, ny,n3) + Wy —n3 +ny, ny,ns, i’lz))
ni no,n3: <n]>2s (n2>2s <n3>2s
O<nz<ny<ny
% ( Z lI’N(nz—nl4—713,,712,111,113)+\11N(n]—ng—i—ng,n],m,nz))
noy,n3: <n1>2s <n2>25 <n3>2S

O<nz<ny<np

< Ngs_gz Z Wy (ny —na +n3, ny, na, n3) + Wy (n1 —n3 +na, ny, n3, n2)\’
~ — e (n1>2s<n2>25<n3>25

O<nz<ny<ng

L N8B Z( Z Wy (n —ny+n3, ni, ny, n3) + Wy (ny —n3+no, ny, n3, ”2))2
2 2 2
ny ni,n3: <n]> S(n2> s<n3> g
O<nz<ny<ni
< N8 Z (1\]11*45NZI*‘”N?*‘”N2 min(N, N2)*)(N, + Ny)
N1=N,>N3
NI>N
< NSs-8 Z ]\]12—4S]\721—4~‘N32_4SN2 min(N, Np)?

N1=N>>N3
NiZN
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< N5 ST NI N max(N, No)2 4 min(N, N>)?
N>
< NS 8 A—dstmax(34s.0) < prds—4 4 pr-]

which is again summable in N. This shows that

Gy =Gny3<2+0(l) as N — oco.

Therefore, in order to conclude (4-9), we just need to show that Gy 3, <2(ug) = 8(4s —3) I ||uo||i2

For convenience, write
~ 2
Gn3.<2(u0) =8 lio(m)[*An(n),
n>0

ie.,

_2¥Nn(n ny+n,ni,ny,n)+¥Yyn—n+ny, ny,n, nz)
. 45—4 YN (T — N2 1,2 N
An(n) = Z [N (n 1)25( 2>2s

ny>ny>n

Note that Ay (n) is a quantity independent from ug. We first show that, for every n > 0,
lim Ay(n) = (4s —3)I
N—o0

and that /; > 0. We start by proving that, for every 0 < & < gg(s) < 1, as N — oo we have

Ay () = N4 Z Yy (ny +na,ny,0,n2) +Wy(ny —na, ny, na, 0)

nin
N1+52n1>n22N1‘9 1 2

2s ,2s +0N(1)'

+o0(1).

(4-12)

(4-13)

(4-14)

Indeed, recalling the definition of Wy in (4-6), by the mean value theorem, we have that for N > (n)

o Uy +ny,ny,0,n)+Wy(ng —ny, ny, no, 0)
ds—4 N 2, 11 2 Ny 2,1, N2
AN(n) - N Z n25n2s
Nl*te>n >n,>N1-¢ 2
N21,, >N N(n2) 1, >n
< NAs—4 N (n) 4 N4 n2] 2 4 N4 nlz
~ Z n%sn%s Z <n1>2s<n2>2s Z <n1>2s<n2>2s

Nte>p >ny>N1-¢ n >Nte ny<N1—¢

n>ny>n ni>ny>n
< (NS BN =0@—49) | N2=1 yA+e)(1=25) 4 N25=2 N (1=0)2=25) _ (1)
as N — 00, as long as 0 < ¢ < 1. Now, let
h(x) =x%p(x)>.
Recalling the definition of Wy in (4-6), and by writing Wy in terms of 4, by (4-14) we have

1 h ) (T - %
A =5 ) & +73)- 25112) = G=%) v,
Nte>n >ny>N1-¢ (N) (ﬁ)
which we can view as an (improper) Riemann sum, and so

I —2h(x) R —
lim Ay(n) = f x+y) ZS(XZ)SJF @ e ay.
N—o0 x>y>0 X7y
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Both the existence of the integral and convergence of the Riemann sums can be justified by the fact that &
is smooth and compactly supported and then using the double mean value theorem to get

lh(x +y) —2h(x)+h(x —
2s

Yl 25 2-2 25 -2
)CZSy SHhNHLWx Sy Y]-O§y§)c§4'|'”h”Loox Sy Sllfyfx,

which is integrable. Together with the analogous estimates for 4’, one can easily show convergence of the
Riemann sum.

We now manipulate this integral in order to show its relationship with /5, and verify that /; > 0. Using
the fact that 4 is supported away from the origin, by change of variable, we have

. hix+y)—2h(x)+h(x—y)
lim 5 dx dy
€10 x> y>ex x25y2s

— nﬁ}(/m [h(x(1+u)) —2h(x) +h(x(1—u)]x""*u=>dx du)

1>u>¢

=lim(/ hx(1+w)x""%u= dx du—2/ h)x ™ u™ dx du
el0 x>0 x>0

1>u>¢ 1>u>¢

+/x>0 h(x(1—u)x" " u= dx du)

1>u>e¢

00 1 1 1
= (/ h(x)x' ™ dx) lim</ uzs(l—i-u)A'SZdu—Zf u du—l—/ u= (1 —u)432du)
0 el0 e e e
0 1
— (/ h(x)x! =% dx) 11?01(f S+ 2241 - u)4s_2]du>.
0 & P

We note that the final integral converges since, in a neighbourhood of 0,
u72S[(1 + u)4s72 —24(1— u)4572] S u272s’

which is integrable. Moreover, by using the fundamental theorem of calculus twice, we get that

1
/ M—ZS[(I +M)4S—2_2+(1 _u)4s—2] du
0

1 p1 pl
:(4s—3)(4s—2)</f/ uz_zs(l—u+(o+t)u)4s_4dadrdu),
0J0 JO

and so (4-13) follows. The fact that I, > 0 follows from the fact that, on the interval [0, 1], we have that
l1—u+(o+7t)u>0andh >0 as well.

In order to conclude the proof, we just need to show that we can swap limit and summation in (4-12).
By Lemma 4.3, we have that

A SN¥ Y

ny>ny

N min(N, n2)1, >y

5 N4s—4N3—2sN1—25 S 1.
(n1)%(ny)?

Therefore, for u-a.e. ug, by dominated convergence,

lim Gy(uo) = lim Gy3 <o) =8 lim Y |ip(n)|* Ay (n) = 8(4s — 3) Lluol|7. O
N—o0 N—o0 N—o0

n>0
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4.3. Paralinear decomposition of the flow. We now need to justify the fact that (for short times) we
can approximate || Py P, (uo)||2 by its second order expansion in time. In all of the following we let

% < s < 1 and recall our ch01ce of X as Xy = Bq 1/2.+

with p > max{lOO, o= 1/2} We also let
={uo € X, : lluollx, = R}.

The first step to showing the validity of the expansion (4-2) is to linearise (1-1) at high frequency. In
particular, note the following (paraproduct) decomposition:

idu=T(ulu)y= Y TI(PyuPy,uPy,u)

Ni,N2,N3
=2 Y T(PyuPynuPyu)+2 Y TI(PyuPy,uPy,u)
Ni,N2<KN3 Ni<N3

N>~Nj3

+ > T(PyuPyuPyu)+ Y T(PyuPyuPyu).  (4-15)
Ni~N3 Ni,Na~N3

N2« N3
This first term will serve as our linearisation around high frequency. For ease of notation, we introduce
the trilinear paraproduct operator describing this low-low-high interaction:

MLiu(,v,w):= Y T(PyuPy,vPy,w).
Ni,N2<KN3

Now, consider the system of equations

iu = T1(Jul*u),

10/ X =2l Lu(u, u, X),
Y=u-X,

(u, X, Y)l1=0 = (uo, uo, 0).

(4-16)

Namely, u = X + Y represents the solution to (1-1), while X flows under the linearised low-low-high
interaction. The main advantage of this decomposition is that the term X captures the main nonlinear
object with regularity s — %, while Y will be a smoother remainder. In particular, we have the following.

Proposition 4.6. Let p > max{ 100, 5 For all R > 1 there exists Tr > 0 such that for all ug € Bg,

1 /2 }
there exists a unique triple

(u, X.Y) € CX([~T. Trl: X, x X, x B2 55)

that satisfies (4-16) with
| (u, X, Y)”C2([ T Tl Byl x By B2 1) = <C(1+R 4-17)

for some universal constant C > 0.
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Proof. First, consider the multilinear bound, for N dyadic,

1Py (ML L, v, w)llie S D 11PN (PyuPr,vPryw)llze

N1, N2 N3

S Y Pl Pyl | Prsw]l o
Ny, N2 K N3
N3~N

S lullgeorrllvll gz Y I Pawllzo,

N3~N
where we just used Holder’s inequality and the embedding B;TOL/ 2o Bgo’ |- In particular, we obtain that,
foreveryo eR, g > 1,

ML LG, v, )l get S leell gs—12 vl o2 lwll g - (4-18)
Moreover, by (4-15), for every g > 2s+1 we have
1Py (TT(Ju*u) = 20T L, w, )| o

‘PN<2 > T(PyuPyuPyu)+ > T(PyuPyuPyu)+ Y H(PNIMPNZuPMu))H

N1 <N3 N1~N3 Ny,N2~N3
N2~N3 Ny« N3
< 2 s -
SHuloine( Do IPNullo(NaN3)2 "+ Y~ ([ Pyulli (N1 N3)?
2420 Ni<N; Ni~N3>N
N>~N3ZN Nr<& N3

1_¢
+ E | Pn,ullL=(N2N3)? “)
Ni~N>~N3;>N
1—2s 3 o
5 N Y||’/t||B:71/2.+,
2q,00

s—1/2,4

where we used Holder’s inequality || fghllze <||fllzllgllz2¢ |l 12« and the embedding qu’oo

We obtain that

0
<—>BOO’1.

| P (T Pae) = 2000 G, e, ) gocre S Nl o (4-19)

2g,00

Now, rewrite the equations for X, Y in (4-16) as
laIX = 2HL,L,H(u9 u, X)?
i0,Y = T(Jul*u) — 2L Lu(u, u, 1) + 210 L u(u, u, Y).

Then, by a standard Banach fixed point argument, from the estimates (4-18) and (4-19), we obtain that
there exists a unique couple (X, Y) € C([—Tk, Tr], B;,_olo/ 2+ BiS/ZL’OJr), while the existence of u follows
from Proposition 2.4. Further, the fact that (X, Y) e C 2([—Tg, Tr), Bf,’_oé/ 2% % Blzjs/zi’j) follows from
considerations similar to the ones in Proposition 2.4, together with (4-18) and the analogue of (4-19) for
the difference

OF(TT(lulu) — 2Ty 1 (u, u, u)).

The reason of the power R in the right-hand side of (4-17) is the fact that d*u|,—¢ is a quintic expression
in R. We omit the details. 0
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Recall that, in view of (4-2), Propositions 4.4 and 4.5, our goal is showing that, in an appropriate sense,

12 d?
Py @ o)l = I Pxuollyy = 5 75 I Pattollzy |+ R(, uo),
with

IR(t, ug)| < et>?N*=% £ o(N*%)
for ¢ small enough (depending both on & and u(). Recalling the definition of Qy in (4-5) and of F and

Gy in (4-3) and (4-4), respectively, such a statement reduces to showing that, for every fixed ¢ > 0 and
for every t small enough (depending on ug, €), we have

[N~ Qo (o), ue), (), w(t)) = Fy (o) — Gy (uo)| < et.

In order to see this, one can write u(¢) as u(t) = X (¢) + Y (¢), and expand the terms in the expression for
Qn by using quadrilinearity. The next lemma essentially states that the estimate above holds whenever
the expansion of Q contains at least one term in Y that does not appear in the lowest frequency.

Lemma 4.7. Let Ni, N3, N3, N4 be dyadic numbers, and let f1, ..., fs € Li(T). We have that
4

|ON(Pw, 1. Pry fa Py fa. Py, f)l S N min(N, NO)Y [T 1 £ 2. (4-20)
j=1

where we recall that NV > N® > NO > N® 54 reordering of Ny, ..., Na.
Proof. Recall the formula (4-6) for the multiplier Wy (r) appearing in (4-5),
Wy () = nipy (11)? = n3py (n2)° +n3gn (13)* — nipn (na)?,
where we omitted the indicator of nonnegative frequencies due to the assumption f; € Li.
Exploiting the symmetries of Wy, we can assume without loss of generality that N ~ N, = N and
N3, N4 S Ni. Under the condition ny —ny +n3 —n4 =0, and n; ~ N;, we can decompose Wy as

n2py (n1)2 — n2py (n2)?

Ny —n2) ,1:[1 Pt )> r3gn (n3)” —niy (na)?

Wy (n) = N(ng— n3)<

=: N(n4 —n3)hy(ny, ny, n3, ng) +nign(n3)* —nigy (ng)?.

It is fairly easy to check that hy(x1, x2, x3, x4) = h(x1/N,x2/N, x3/N,x4/N), and h is a smooth,
compactly supported function of x, y. Therefore, by Proposition 2.2, we obtain

|ON (PN, f1, P, f2, Pny f3, Pny f4)l

3" Nhw(.na, n3,na)(na—n3) Py, fi(01) Py, f2(n2) Py, f3(n3) Py, fa(ns)

ny—ny+n3—ng=0

<

+| > nden(n3)*Py, fi(n1) P, fo(n2) Py, f3(n3) Py, fa(ns)

ni—ny+n3z—ng=0

+| > nden(ma)*Py, fi(n1) Py, fo(n2) Py, f3(n3) Py, fa(na)

ny—ny+n3—ns=0
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S (NII P, fill Ll Py, foll .+ (N (P Py £3) | 1l Py fall o+ 1T Povs 311 24l (P Py f) 1l 1)
+ 1Py, fill el P, foll Ll (P Povs f3)" 1 24 | Py fall e
+ | Pn, f1 ||L4||Psz2||L4||PN3f3||L4||(PNPN4f4)N||L4)

4
1_[ ||f]||L4 N (min(N, N3) + min(N, Ny)) + min(N, N3) + min(N, Ny) )
=1

~.

4
SN min(N, NO)Y T £l 4 O
j=1
As we will see in Section 4.4, the previous lemma and Proposition 4.4 leave us with estimating the
difference

|N4S_4QN(X(t)v X)), X(),u)) — tGN(MO)|

under the extra assumption that the terms in #(¢) in the expression above appear at the lowest frequency.
However, one can check that, for generic f1, ..., f4 € BY 1/2.+ , one cannot expect an estimate which is
any better than

ON(fis for for f1) SN

Therefore, in order to conclude, we need to exploit the random oscillations of X (¢) in order to show that
the expression

On(X (1), X(1), X (1), u(t))

has the correct growth in the parameter N (and has the correct dependency in the parameter ¢). In order
to achieve this, we will need some further reductions. As it turns out, it is actually convenient to treat
Y () together with further error terms. In particular, the goal of this subsection is to show the following.

Proposition 4.8. For ug € X and N dyadic, define
UoN = Z Pyuo = Pnuo.
M<&N

Let un(t) = ®4(uo,n). Then there exists To = To(|luollx,) > O such that, for every N dyadic,

Pyu(t) = PNII(Xn) (1) +on (1),

where .
Xn(t) =exp(—2i/ |P<<NuN|2(t)dt)P@Nuo 4-21)
0
and u, vy satisfy
lu()llc2q— <1+ luollk,
C*([=To,Tol; Xy) Xy 12 (4-22)
“vN(l)||C2([—T0,TO];LP/3) S+ ||140||X )N

We defer the proof of this proposition to the end of this subsection, since we will need a number of
preliminary lemmas.
Firstly, we have the following bound on the difference of solutions u(¢) and u y (¢).
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Lemma 4.9. For every ug € Xy, there exists To = To(|luol|x,) > O such that, for every N dyadic,
lu(®) —un @) SN uollx, (14 lluolly)
Ny, 7o B 1) ~ ollx, ollx, ),

where p > max(lOO — /2) is the same parameter that appears in the definition (1-9) of X;.

Proof. Let R =1+ ||uo||x,. Note that, by definition,
luo.nllx, S lluollx,-

Therefore, by Proposition 2.4 we may pick C, fR > 0 such that Nl o1 (=T Tl x) = < Clluo||xs R* and
lun Ol v (=T To1:x) = Clluollxs R* for all N. We now show a product estimate on Besov spaces (for
functions not necessarily supported on nonnegative frequencies). For every 0 < ¢ < s — % — %, we have

that
Ifghlige, = IPu(feh)llLr
M

<> Y IPu(Py, f Pr,g Pa; ) Lo

M Ni,Ny,N3
S lglse, A5, Z( ooy )llPleIILpN2€N3E
Ni,Nz,N3 Ni,Nz,N3
Ni1<max(N,,N3)  Ni>»>max(Na,N3)
M<max(N2,N3) Ni~M
S gl g2 l1Al - 1/2(2M Ifllse, +2 D ||PN1f||Lp)
M Ni~M

< - -
S U0, gl gy Il oo

With this, we see for |¢| < TR
t
lu(e) —un @l o < luo — o.n o, +/ 1T (P (T) = luy Py (1)l o, d
’ ) 0 ?

t
l_ _ S —
S ol V4 [ =) il + 1=l d

< lluollxs N2~ + R*|t|luollxs sup lu() —un (@)l .

ITl=lt]

and so it follows that picking a Ty = To(R) > 0 small enough we obtain
< N%—S
[|u () _uN(t)”CO([*TO,To]iB&T) ~ “u()”XS-
The analogous C? bound follows by taking derivatives and a similar argument, yielding
1_
”u(t) - MN(Z)”CZ([—T(),T()];B%T) ,S N2 S(HMOHXS + ”81"4(0)”}(? + Hazzu(o)”Xy)

1_
SN fuollx, (1+ lluoll%). =
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Lemma 4.10 (commutator estimates). For N dyadic, consider the trilinear maps
CyLf. & ] = PNTTI(Pan (f)Pan()h) — Pan(f) P<n(g) PNTI(h),
CyLf. g hl= PyTI(TILLu(f, & h) — Pan (f) P<n(g)h).

For j =1, 2, we have the estimate

J 1-2
ICNLS: & IlllLes SN2 g gl goi2llhll gz,

which holds for all f, g, h not necessarily supported on nonnegative frequencies.

Proof. We compute forn € Z

ChLS. g k()
= > [y () — 1, (n3)pw (n3)]1 Py F (1) Pecn g (n2)h (n3)

ni,na,n3 eZ
ny—na+n3=n

=1n(m) Y [dn() — o (13) P | (n1) Pan g (n2) TPy hi(n3)

n.,nz,n3eZ
ny—nz+n3=n
In, (1) n3 +0(n1 np) — S
= OT (n —nz)/ do Py f(n1) Pengm2) 1P~ yh(n3)
ni,np, nsEZ
np—nz+n3z=n
Ay, (n) — —_—
=—i=y— D mnum,n)(Pen ) (1) Pang (1) TPanh(n3)
ni,ny,n3el

ny—nz+n3=n

Iy, () T N NED
ti—e— Y mwGn, o, n3) Pan F (1) (Pacng) (n2) TPy h(n3),
nl,nz,n3€Z
ny—nz+n3=n
where m y is the Fourier multiplier given by

3

1 _
my (€1, &, &) = /0 ¢/(W) do E(

We note that the my are smooth and bounded on R? (uniformly in N), and are supported on frequencies
|émax| < N. Using the fact ) m<100N Pm (X) is supported on (—200N, 200N), we note that for all
multi-indices o,

> ¢M<s,->>.

M<100N

*my (1, 2, &) SN e 1<vy SNEL &, &)Y,

and so the my are Coifman—Meyer multipliers, with norms uniform in N. So by Proposition 2.2, we
have that, uniform in N,

ICNLSfs &5 Ml o S —(||P<<1vf Lo PangliLe + 1 Pan fllr | Pan g o) ITT Pkl Lo

1o 1 5—S
NN S NNE 1 N g Il g Bl s
p,o0 p,o0 p,o0
Ni<N
1-2s
SN2 f s lgl g Il 1.
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The estimate for C12v is simpler, noting that

szv(f, g, h)= PN“( Z (Pem(f)Pcr(g)Puh) — P<<N(f)P<<N(g)h>
M~N

= PNH< Z (Pem(f)Per(g) — P<<N(f)P<<N(g))PMh)

M~N

= PNH( Z ((Pamt (f) = Pen (f)) Pem(8) + Pan () (Pcnt (8) — P<<N(g)))PMh),
M~N

from which the estimate follows. O

Proof of Proposition 4.8. Let R = 1+ |lug||x,. Recall the decomposition u = X + Y, where (u, X, Y)
solve (4-16). By Proposition 4.6 and Lemma 4.9, we may pick a constant C > 0 and 7o = Tp(R) > 0

such that 5
IX D214 151 x0) < CR,

5
”Y(t)|IC2([_TR,TRJ§B’2,A)£L'C+) =< CR )
5 (4-23)
lunOllc2—1p.121:x,) = CR”,
1 _sp5
() = MN(I)”CZ([*TRvTR]QBg"T) =CN>7R
for all N dyadic. We also note that X 5 as defined in (4-21) solves the equation

{iatXN =2|Peyun|*Xn,
XN (0) = Pxnuo,

for which one can easily prove the analogue of Proposition 4.6. Therefore, up to making 7y smaller, we
also have
IXn Ol 275, 701:x,) < CR? (4-24)

for all N dyadic. Then we decompose

VN = PNH(X) — PNH(XN) + PNY.
From (4-23), we get
IPNY )l 2oy 791103 S RON'T,

and so it suffices to bound vy = PyI1(X — X ). We compute
t
Uy = —2i / PyTI(ML L n(u, u, X))(t) — PyI1(| Peyun*Xn)(7) dt
0
t t
=2 / |Penuy |y dr —2i / PNTI(| Penun|*(X — Xn)) — | Panun > PyTI(X — Xy) dT
0 0
t
—2i / PyTI(ML L n(u, u, X) — | Payun|*X) dt
0

t
— i / (IP<nun Oy +Ch(un, un, X — Xn) + PyTI(TL L (u, u, X) — |Payun|*X)) dr.
0
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First note that, by (4-23), for |t| < T,

From the commutator estimate in Lemma 4.10, (4-23), and (4-24), we see that

PyTI(ML L u(u, u, X) — |Peyun]*X)
= PNIU(ML L, u, X) = e LGy, uy, X)) + Py L, un, X) = | Panun*X)
= PyIT(M,Luu, u, X) — L Lu(uy, uy, X)) +Cy (uy, uy, X).

Again from Lemma 4.10, (4-23), and (4-24), we have

10 ~
5 R TO”vN”CO([—TO,TO];LPB)-

t
2~
/ | Penun|"vy dt
0 Lp/3

t
/ Cy(uy. ity, X — Xy)dt
C*([—To,Tol; LP/3)

0

Next we compute

t
H / 2 Gy, uy, X) d
0 C2([—Ty,To); LP/3)

By (4-23), and Lemma 4.9, we have that

| PNIT(TTL Lo (e, u, X) — o uun, un, X))l erq—10, 103107

S Y Py, (= un) Pry(un) + Py (u — un) Py ) P X ll o1 oy 1y 107%)

N1,N2&N3
N3~N

10 A7 4 — 10 A71—2
SRUN2 v||u(f)—”N(t)||c1([_T0,To];l'321),SR N

Therefore

< R15T0N1—2S
C2([=To, ToJ; LP/3)

t
/ Py L1 (u, u, X) — | Payuy|>X) dt
0

Putting all this together we can deduce that, up to making 7y even smaller (but depending only on R),

= 5712
||UN||C2([—T0,T0];L1’/3) 5 R°N S,
and so
5712
lonllcaq-7y, 7y3: L0 S RON'TT

as well. |

4.4. Estimates for Q. We now verify that the decomposition u(t) = PyI1(Xy)(t) + vy (t) given by
Proposition 4.8 allows us to estimate Q y (u(¢), u(t), u(t), u(t)) appropriately. For ease of notation, let
t
En(t) = exp(—2i / | Penun|*(T) dl’)
0

and
En(t) = Pen(En(2)).
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We will also define, for M, M’ dyadic,
X3 = PuTl(Xy) = PuT1(Ep (1) Pamuo),
Xu.m = Ep (t) Pyuo = Py (Epr (1)) Pyutg.
We have the following estimates.
Lemma 4.11. Let M’ < M be dyadic, uy € X;, and let To = To(||luol| x,) be as in Proposition 4.6. Then
15 = X e qom ey S M2 (M2 7 (1 + [luoll ) ol x, - (4-25)

Proof. We write

X3 = Xy = PuT1(Em(t) Paptto) — P (Enr (1)) Pagug

= Py T1((Ep (1) — Enr (1)) Papruto) D
+ Py T1((Em (1) — P Enr (1)) Papgito) (I)
+ Py (P Emr (1) Ppputo) — Py Enr (1) Py Pxprutos (I1I)

where in the last line we used that TT(PgpEpp () Pxptto) = Peppénp (t) Pxpruo and that Py Py = Py
To estimate (I), from Lemma 4.9, we deduce that

< NA—s 5
Em (@) = Emr (Dl c2 -1, 10,8 S (M)2 (1 + luollx, )",
from which by Holder’s inequality
D21y, 1004 S NEM @) — Emr (Ol c2—1., 157,18 | Prtto | 13

< s nA—s 5

SM2 (M) (T+ luollx, ) lluollx, -
For (II), note that &y (¢) solves the equation

18,6y (1) = 2| Pcrrita | Epr (1),

from which we immediately deduce that

IEm llc2=m, 101, x0) S 1+ Nuse o=y, 101, x) lem 1 (=10, 701, %)
1
S (U lluoll ). (4-26)

Therefore, we obtain that

16w (6) = Perr Dl q-my 119 S D 1PLéw om0,
L>M'

1
< Z L2 16w 21, 191.%,)
LM

1_
S (MY (14 luollx,) ™.
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Therefore,
IID N c2—75, 700, 4 S 1Em () — P Emr Ol c2 (10, 701,28 | Pmtto | .8
1 1
SM2S (M2 (1 + Nluollx,) " lluoll x, -

To estimate (III), consider the multiplier

g (n1, ) = m EH L +”§i — ) )b ().

It is easy to check that this is a Coifman—Meyer multiplier with |7 ||car2 S 1. In particular, we deduce
that, for every f, g : T — C supported on frequencies |n| < M, we have

1Py (fg) = fFPu(@lls S M s gl zs.
Therefore,

-1
D | 2= 79,700, 14 S Z M~ |0y PLéw |l 2=, 11, .8 I Py |l 18
LM’

L
S 2 Pl nmon | Pemiolls
LM

L 1 . 1
s> 7 LM e e xo luolx,
L&M’

3_ ¢ I
SMNYITSMT (4 (luollx,) lluollx,
1_ 1_
SM2S (M2 (14 [luollx,) "lluoll x, - O

Lemma 4.12. Let M' < M be dyadic, uy € X5, and let To = To(||luol| x,) be as in Proposition 4.6. Then
2p2 2p2 < NEIS s 10
10y Py (Xnt,m7) — Enr 0y Py Pusollc2 -1, 1,24y S N2 (M2 (1 + lluollx,) " lluollx,. — (4-27)

Proof. Recall that

Xm,m = Epp (£) Pypug = Pcpy (Epp (1)) Pprug.

Moreover, as in the previous proof, we have that (see (4-26))

I llc2q-mo, xS (1 lluoll )
For f, g smooth, it is easy to check that the bilinear map
07 PN (Pcar )8) — P f - 87 Py ()
is given by the multiplier

em(ny, na) = (Mg (n1)? — (n1 +n2)>pn (n1 +n2)Hdcam (n2)

ni(on (n1)* — oy (1 +n2)?)

— 2ninay 4+ n3) o (n1 +n2)*Pcan (n2).
Mn,

=Mn,; - ¢<<4M (n2)
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Via a scaling argument, it is easy to check that, for N ~ M, we have

‘ ni(pn (n1)* — oy (1 +n2)?)

Mny
Therefore, by Coifman—Meyer’s theorem, we obtain that, for M ~ N,
|05 Py (Pcar [)8) — Pcars f - 05 PR (8) I,
S MIFsllgl s + PR (Pecar F8) 2 + 1Py (Pecar f )8 2
SN Nesligls + 1 Mzsligles +1F s ligl s
We now apply this to f = BtkPLé"M/(t) for k € {0,1,2} and L <« M’, and g = Ppuo. Note that when
M % N, the left-hand side of (4-27) is equal to 0. Therefore, we can assume that M ~ N and obtain

107 PR X bt = Eneriy 03 Py Puatto] oy oy 1oy S D (ML A+ LI PLébar ()l gy, 7.4 | Prrttol .+

<1
CcM,2

dcam(n2)

LM’
1_ 1_
<D ML-L M2 8w (Ol 21,701 x,) 140l x,
LM’
3_ 3_
SN2ZS(M) 27 (1 + luollx,) lluoll x, - O

The previous deterministic estimates allow us to isolate the “diverging” part of Q y for general ug € X,.
For ease of notation we introduce the conjugation relation

z for j even,

Cj(Z)={

Lemma 4.13 (decoupling of Q). Let ug € Xy, and let Ty = To(||luoll x,) be as in Proposition 4.6. For
N1, N2, N3 dyadic, define

z for j odd.

YNy Ny N (X)

. 3
=5 Y (e () —n3en(n2) +nien () [ | én, (nj)ej @on e ™m0, (4-28)

ni,ny,n3ez j=1

Then, for all N dyadic, we have

2
‘QN(M,M,M,M)(Z)—‘l > /|EN(3)| Ene (1, X) PNyttminv, nv@) (5 X) Yy Ny, v5 (X)
NiN> Na»>Ny T
NO~NO>NN,
NON

C2([~To,To)

SN+ uol i),
where we recall that NV > N® > NG > N® js 4 reordering of Ny, ..., Ny 10

9As we will see soon, this is an improper name, since the “diverging” part of Q  will actually be of smaller order as a power
of N. Nevertheless, for general functions u( € X, this is not the case, and the “diverging” part can actually be much bigger than
the other terms.

107 i5 actually possible to improve the power in the right-hand side to (1 + ||u0||§( ). However, this is inessential to the
argument of this paper. '
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Proof. By symmetry, we make the decomposition

On(u,u,u,u)

=4 Z On(Pn,u, Pyyu, Pyu, Py,u) + Z On(Py,u, Pnyu, Pyyu, Pyu)

N1,N2,N3>>Ny Ni,N2,N3, Ny
N>Ny min(N,N®)<N®
§ : 2
= 4 / |EN(3)| EN(3) ([, x)PN4umin(N,N(3>)(t’ x)YleNZsti ()C)
Ni,N2,N3>>Ny 7
NO~ND>N> Ny
N(3),§N
+4 E ON (XN, N®s Xny NO s XNy N s PNy Umin(v, v3)))
N1,N2,N3>Ny
N(I)NN(2)2N>>N4
NO<N

—/IEN(S)IZENo)(l,X)PNMmin(N,N(s))(t,X)YNI,NZ,N3(X)> D
T

+4 Z (QN(X;19X;25X[_G3’ PN4umin(N’N(3)))

Nl,AI\/lz,NI%J>>N4
>Ny - QN(XNl,NG)’ XNQ,N(3)’ XN3,N<3)s PN4umin(N,N(3)))) (II)
+4 > (On(Pwu. Pyu, Pyu, Pyu) — On (X5 . X5 X3 Paylinv n®))) (111)
N1,N2,N3>>N4
N>Ny

+ E On(Py,u, Pyyu, Pyyu, Py,u). (IV)
N1,N2,N3,Ny
min(N,N®)<N®

Let Ty = Tp(R) be as in Proposition 4.8. From (4-20) and (4-22), we have that

1AV c2q=75,701)

4

< . 3) 1/2—s 4

S 2 NminW N TN IOl g gy e
N1,N2,N3,Ny Jj=1

min(N,N®)<N®
N(I)NN(Z)ZN
SN Y minV, NOYWND) TS (WD) (WD) 2 (VD)3 (14 uollR)

Ni,N2,N3,Ny
min(N,N®)<N®
NO~ANO >N

<N Y minV, NO)ymax(N, NN (NG T (14 Juol3)

NO>N®
min(N,N®)<N®

§<N“S PR ECULE N S (N<3>>3—3S(N<4>>5—S)<1+||uo||§?)
N(S)NN(4)§N N<3)2N(4)2N l

SN2+ NT) A+ uollR)

SNTHA A+ uoll ).
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In order to estimate (II), for j = 1, 2, 3, decompose Pyu(t) =X IJ\F’,- + vy, (t), as in Proposition 4.8.
Recalling that

low, Ol c2qmy.701.L03) S N7 ol x,
and that % > 4, by (4-20) and Lemma 4.9 we obtain

IAD e rmp S Y, NminV, N3 (VD)5 (V@) 375 (NO) 35 (NO) 3= (1 Jug30)

Ni,N2,N3>>Ny
NDO~ND>N>N,

<Y WO WO TN A uo|3) S NP o1,
NO~N@>N

For estimating (II), we proceed similarly, using (4-25) in lieu of the estimate on vy. Using (4-20) once
again, we obtain

M2, 17 =4 Z (QN(X+1, X;\rzz, X;\?}, PN, Umin(n, N®))

N1,N3,N3>>Ny
N>Ny
— On(Pxn, XNI,N(3)’ P%NzXNz,NOM P%N3XN3,N<3>’ PN4”min(N,N<3>))) ,
CI‘
1 1 1
S ) NminW NN D) WO IENG)T A+ uol¥)
N1,N2,N3>Ny

NDO~ND>N>N,
4—4 44
SN A+ luolly).

Finally, we move to the estimate of (I). Recall the definition of Wy in (4-6), which we now view as
inducing a differential operator in spatial representation. More specifically, we have that

_ o~ = 2 _ -
Y nieR ) fi(m) fr(no) f3(n3) falng) = — fT (PY ) fofs fa

ny—na+n3—ng=0

Y ndek () fitm) fr(n2) f(n3) fa(na) = — /T F1O2(PE f2) f fas

ny—na+n3—ng=0

and similarly for the terms in n3, n4. Then, by definition of X, » and recalling that N4 < N, which
implies Py Py, = 0, we have that

ON XN, N5 Xy, NO s XNy N® s PNyUmin(v, N®)))

- / |Exo|*Ene (t, %) Pytminov vy () YNy v, (X) d
T

_ 3
i — .
= 5/ P, tmin(v, N®) Z(—l)j (Cj(a)%PI%/XN_,,N@)) 1_[ (X, o)
T =1 ke{1.2.31\(j}
2 p2
— ¢ (Eyo )0 Py Pyug) | ] ck(ENo)(t)PNkuo))dx

ke{1,2,31\{j}
3

fPN4umin<N,N<3>)Z(—l)jcj(afpﬁXN,-,Nw—EN<3>(I)3,%P1%PN,-MO) [ a«Xy.no)dr.
T j=1 kel1,2,30\(j}

NI~
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By (4-27), we obtain that

H ONXy, N XNy vy XNy N s PNy Umin(v, v®))

- f |En [ Ene (1, X) Pylminov, vy (6 X) Yny vy v, () dx
.

C2([~To, To)

2
S PN uminv vy ez - 1o, 701,29 WEN® I o2 gy 7). o)
3

XZHBJ%PNXNI',N(S) _EN(3)(I)8)%PNPNJ‘MO)||C2([7TO’TO]’L4) l_[ ||PNkM0||L4
j=1 ke{1,2,31\{j}

1_ 1_
S+ JugllEH (NP S NI (NOND) TN < (1 JuplFHNTS (VD) =S (WD) -2 N
Therefore,

3_g 1 g d— 4
IDlexqeny oy SA+IuolE) > NTSWID) TS WNO2ENT SA+|luolFHN. O

N1,N>,N3>>Ny
N(l)NN(2)2N>>N4
NOLN

In view of this estimate, we are left with bounding the expression

2
E /|EN(3)| EN(3)(t’x)PN4umin(N,N(3))(tax)YN1,N2,N3(x) dx.
Ni,N2,N3>Ny T
NO~ND>N> N,
NOLN

In principle, if the various functions in the expression above are general elements of the Besov space

Bf,,_og/ > the best estimate that one could prove is

2 1-3
> / |Ene P Ene (t, %) Py timinoy v00 () YNy ng v (X) dx S N275,
Ni, N2, N3Ny 2T
NO~NO>N>Ny
N® <N
which is not sufficient for our goals. However, exploiting the (random) structure of ug, we can prove the
following.

Lemma 4.14 (random estimate for Q). Fix R > 0, and let Ty(R) be as in Proposition 4.8. For every
0 < |t] < To(R) and for every k € {0, 1, 2}, we have that

d 2
[EH i DD | Enor [ Enor (6 Puttaingy, v ) (6 9 Vv o,y () dx
NN NNy 2T
N(I)NN(2)2N>>N4
N(3)§N

13, (MO)j|

S A+ RMNTF, (429
where Bg denotes the ball in the topology of X;:

Bg :={ug € Xy : |lupllxs < R}.
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Proof. Note that, by definition, the function Yy, n, n, does not depend on time. Therefore, when we take
derivatives, we obtain that

dk
dik

(/ |EN(3) |2EN(3) (I’ x)PN4umin(N,N(3))(t’ x)YNl,Nz,N3 (x) dx) = / flf2f3f4YN1,N2,N3 dx,
T T
where f1, ..., f4 are functions of P e uo which satisfy

11
I fillcoq—ro, 71, x) S 1+ R

as long as || P y®uollx, S R and have Fourier support in {n : [n| < 2N 3} In particular, we have that

/f1f2f3f4YN1,Nz,N3 dx = / f12f3f4P 168 YN, Ny, N, AX
T T

and that Yy, n, n, 1s independent from (f1, ..., fa), since Y is a function of Py, ug, Py,uo, Pn,uo, which
are independent from Py uo.
For |k| < 16N®, we now estimate E|Yy, , v, (k)|2. By (4-28), we have

3 2
ElV v R =E D (nion (1) —n3on(12)> + n3gn (13)°) [ | b, ()¢ (@ (n )
ny—ny+n3=k j=1
(n3pn (1) — n3pn (12)? + n2¢y (13)°)? [Ty dw, (n))>
(n1)% (n2)% (n3)%

S X

ni—ny+n3z=k
naF#ny,n3

5 N2 min(N’ N(3))2(N1N2N3)—25N(])N(3)
< N2 min(N, N(3))2(N(3))1—2S(N(l))1—4s‘

Here we used that, under the condition |n; — ny + n3| = |k| < N, we have the bound
Inén (n1)* = n3¢n (n2)* +n3¢w (n3)*| S N min(N, NO),

which follows from Lemma 4.3, where we put nqy = kM
Moreover, for k # h we have that

E[¥ny 50,8 () Yy s; ()] = 0,

Indeed, it is easy to check that k  h implies that we cannot pair the frequencies i (n;) and L?B(n/j) SO
that

/ / / / / /
{ni,n3} ={ny,n3}, na=n; and ni—ny+n3=k, ny—ny+n3=h,

and so the expectation must vanish.

1y principle, Lemma 4.3 does not hold when n4 < 0, while it is certainly possible for us to have k < 0. However, one can
check that in the proof of Lemma 4.3, the lowest frequency is allowed to be negative without any modification in the argument.
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Therefore, by Plancherel, recalling that Yy, v, n, is independent from P, y3ug and (f;) j=1
functions of Py uo, for a universal constant C > 0, we have

]

4 are

.....

[EH </F f1 213 faY Ny Ny N, dx) 1p, (uo)

]

2
1BCR (P<<N(3)M())]

—

. [EH (/ URENENE LR dx) 1ger(Penouo)
T
4 —
5[E|: Z Hfj(k)YleNz,Ns(k)
k| 16N®) j=1

- ¥

lk|<16N®) =

S X

lk|<16N® -

= [ 2

4
Hfj
j=1

—

4
[]r®

j=1

2

=

ek (P<<N(3)M0):| E| YN, Ny ()|

—

4
[]r®

j=1

2

e

1B <P<<N<a)uo)}N2 min(N, N®)2(NG)! =25 (n D)1=

Lper <P<<N<3>uo>]zv2 min(N, N2 (N7 (v D)1=,
L2

Therefore,

d* 2
[EHﬁ Z |EN<3)| EN<3>(t,x)PN4umin(N7N<3>)(t,x)YNl,Nz,N3(x)dx
N1,Ny,N3>Ny 7
NO~ND>N3N,
N(3)§N

2
S E [E|:H |Eno|”E N6 PNyUminv, NG
Ni,N2,N3>Ny
N(I)NN(2)2N>>N4

NOEN x N min(N, N®)(N®)375(ND)3=2

13, (Mo)}

1BCR (P<<N(3) M()):|
C*([—To(R). To(R)],L?)

1_
< (14 R¥) Z N} *N min(N, N(s))(N(s)ﬁ—s(N(l))%—zs < (14 R¥)N33, 0
Ni,N,N3>>Ny
NO~NO>NN,
NN

4.5. Singularity of the evolved measure. We are now ready to prove Propositions 4.2 and 1.6.

Proof of Proposition 4.2. We first show that g(x, y) > 0 implies that g(y, x) < 0. Indeed, by (4-1), we
have

o IPyIE = PNl I PyyI2, — 1 Pyxll?,
g(y, x) = liminf Fi R 1 < 1m sup Fi I—ds f
N—oo (4s —3)N Nesoo (4s —3)N
; IPnxl%, — I Puy I, PNl = 1Py Y13,
= 11m sup — = —l1imin
oo (4s —3)N*H Vo (As— 3N

=—g(x,y) <O.
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We now move to showing the existence of t(ug) > 0 for us-a.e. ug € X;. We simply pick
: 2
T(up) = min(To(|luollx,), S(lluollx,, luoll72))s

where Ty is as in Proposition 4.6 and § < 1 is to be determined later in the proof. For ease of notation, let

1Px (D o) 1%, — Il Pyuoll?,
N4—4s :

hy(t) =

By Proposition 2.4, we deduce that iy (t) € C3([—Tp, Ty]). Therefore, by Taylor’s theorem with integral
remainder, we have that

2 ! 3
i (0) = (O -+ 3, 0) + 5500+ [ h()% do
0
2 t 2 3
= 1 Fy (o) + G (uo) + N /0 (-5 onw©), u(@), u(@), u(@)) Edo,  (430)

where Fy, Gy and Qy are defined in (4-3), (4-4) and (4-5), respectively. By Lemmas 4.13 and 4.14, we
can write
N (L 0y wio). u). 1) u(0)) = ai(@) + ax(o).
with
lar @) |-, 70 S 1+ luoll
Elaz(0) Liugene)| S N*71H1 + R*).

In particular, since N s=1 js summable, we deduce that

To(uo) o3
lim lay(0)|— do =0
N—o0 _TO(MO) 6

for us-a.e. ug € X;, and for every |¢| < t(ug)

I¢] 3
f ja1(0)| % do < 2 (L lluollx )™ < 26(1+ uollx,)*.

Il

Therefore, we can pick

§ < s = 311+ lluollx,) " *luol7,
so we can guarantee that

7] 3

/ @)% do < l4s — 3|1, uol3r.
=zl

where I is defined in (4-8). Making this choice, we obtain

2 2
< |4s = 3[Llluoll7 1"

lim sup 3

N—o00

t 3
/ h(0) % do
0 6
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Therefore, from (4-30), Proposition 4.4, and (4-9), for every 0 < |t| < (1) we have that

.. hN (@)
D =1 f
8(®:(ug), uo) =liminf 7=
. Fy(uo) . Gn(ug) ¢? 1 .. "o, o3
= Jim S fim G g it [ o) do
> 815 lluoll 721> — Iy luol 71>
> Iluol|7.1* > 0. O
Proof of Proposition 1.6. This is an immediate corollary of Propositions 4.2 and 4.1. O

We now complete the paper by showing that Proposition 1.6 implies Theorem 1.1(ii).

Proof of Theorem 1.1 (ii). Fix § > 0, and define

N5 = {t e R: (Pp)aps L Iwps)nwp(—s) s}

We first show that .45 is countable for every § > 0. If u,(WP(8) N WP(—4§)) = 0, then by definition
N5 = @, so without loss of generality, we can assume that s (WP(§) NWP(—6)) > 0. For ¢t € 43, pick a
representative for the Radon—Nykodim derivative d(®; )1 /d s of (the absolutely continuous part of)
(®y)sps with respect to g, such that the singular part of (®,)sus with respect to w; is concentrated on
the set

{d (Poups }

——— =00y.
d s

Define the set

d(Pr)siis
E = cI>_t<{0 < T#lep(a)mwp(—a) < 00})

Now fix an interval I C R with |I| < §, and define
I za:= sup us(U E)

TC AN,
7 countable te7

It is fairly easy to check that the sup in the definition of as ; is a maximum, i.e., there exists a countable

set J5.1 € A5 N1 such that
aa,1=us( U Et)-

teJs |

Call E; := U,E%J E;. From the definition of as ;, we deduce that, for every t € (45N 1)\ T 1,

d(D)yp
0=pus(E;NE;) = g (Ef nNo_, ({0 < ##Slwp(smwm—a) < OO}))
S

d(q)t)#,uvs
< —

- <d>t>#<15;us)({o L

lwp@)nwp(—s) < OO}>,
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and so for every ¢ € (A5 N 1)\ F5 1, we have (®;)4(L1gepus) L Lwps)nwe(—s) /s From the definition of .45,
we deduce that

(ANDN\ Ts, 1 S{t € I (P)s(Lg,ms) £ 1sk= U {t el (Po)u(Le ms) £ s} (4-31)
169773,[

Now let t € 75 ; and t € I. By definition of E;, we have that

®,(E,) € WP(8) N"WP(—8) C WP(t —1)
and
()1 ps) K My

Therefore, by Proposition 1.6, we deduce that

{T el (Po)se(Leme) L s} ={t €11 (Pr_)s((P)s(1E 15)) L s}
={rel: (Pr—)sQwpe—n(P)e(1E 1s)) L s}
Clrel (P )a(Qwpa—nis) L s}
is countable. By (4-31), recalling that the set .7 ; is countable, we deduce that .45 N [ is countable as
well. Since I was an arbitrary interval with || < §, taking unions over a countable family of 7, we obtain

that .#5 is countable.
Now, define

N ={t € R: (Pp)ups L s}

By Proposition 4.6, we have that py = lim,_, oo Iwp(1/2)nWP(—1/n)is. Therefore,

A = Am

neN

is a countable union of countable sets, so it must be countable as well. O
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