msp



ANALYSIS AND PDE
Vol. 19 (2026), No. 6, pp. 11071164

DOI: 10.2140/apde.2026.19.1107

SHARP QUASI-INVARIANCE THRESHOLD
FOR THE CUBIC SZEGO EQUATION

JAMES COE AND LEONARDO TOLOMEO

We consider the 1-dimensional cubic Szeg6 equation with data distributed according to the Gaussian
measure with inverse covariance operator (1 — 8?)5, where s > % ‘We show that, for s > 1, this measure is
quasi-invariant under the flow of the equation, while for s < 1, s # %, the transported measure and the
initial Gaussian measure are mutually singular for almost every time. This is the first observation of a
transition from quasi-invariance to singularity in the context of the transport of Gaussian measures under
the flow of Hamiltonian PDE:s.

1. Introduction

1.1.

Main result

1.2. A heuristic for quasi-invariance and a strategy for singularity

1.3.

Some reductions

2. Preliminaries

2.1.
2.2.
2.3.
2.4.

Notation

Function spaces

On the Gaussian measures [ig
Local well-posedness

3. Quasi-invariance: s > 1
4. Singularity: s < 1

4.1. An abstract singularity result
4.2.  Time derivatives of the norm of the solution
4.3. Paralinear decomposition of the flow
4.4. Estimates for Oy
4.5. Singularity of the evolved measure
Acknowledgements
References

1. Introduction

1107
1107
1110
1114
1115
1115
1116
1118
1122
1122
1132
1132
1134
1144
1151
1159
1162
1162

1.1. Main result. In this work, we consider the Cauchy problem for the cubic Szeg6 equation on the
1-dimensional torus T =R/(2n 7),

{ia,u = T(Jul?u),
u(0) = ug = I(uyp),
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where IT is the Szeg6 projection onto nonnegative Fourier frequencies,

I1 (Z ﬁ(n)ei”x) = Z a(n)e’",
neZ n>0

and the condition ug = I'T(ug) simply means that we restrict our attention to initial data which has Fourier
support on nonnegative frequencies. Our goal is to study certain statistical properties of the evolution
of (1-1), when its initial data u¢ is randomly distributed, according to a particular family of Gaussian
measures [is.

More precisely, we concern ourselves with the following question: denoting with @, (i) the solution
of (1-1) at time ¢, does it hold that

(q)t)#ﬂs < Ms?

When this phenomenon happens, we say that the measure is quasi-invariant under the flow of (1-1).

The study of quasi-invariance for the flow of Hamiltonian PDEs has been initiated by Tzvetkov [2015].
In particular, in this pioneering work, Tzvetkov showed that in the particular case of the regularized long
wave (BBM) equation, and of Gaussian probability measures of the form

s ~ exp(—|lull3) du, ! (1-2)

quasi-invariance holds in a regime that is much wider than what one would expect from the classical
results of Cameron and Martin [1944] and Ramer [1974]. Throughout the years, the technology to show
quasi-invariance has been greatly developed, especially in the context of dispersive PDEs. In particular,
we signal quasi-invariance results for the BBM and Benjamin—Ono equations [Tzvetkov 2015; Genovese
et al. 2023a; 2023b], KdV type equations [Planchon et al. 2023], wave equations [Oh and Tzvetkov 2020;
Gunaratnam et al. 2022; Sosoe et al. 2020], and Schrédinger equations [Oh and Tzvetkov 2017; Oh et al.
2018; 2019; Planchon et al. 2020; Forlano and Trenberth 2019; Debussche and Tsutsumi 2021; Oh and
Seong 2021; Forlano and Seong 2022; Genovese et al. 2023a; Forlano and Tolomeo 2025].

In the results above, the dispersive nature of the equation plays a significant role in the proof, and
indeed, if one considers the ODE

i0;u = |u|2u,

it is possible to show that quasi-invariance fails in a dramatic fashion, and (®;)sus; < ©s; see [Oh et al.
2018].

However, the relationship between the dispersive nature of the equation and quasi-invariance is not fully
understood. In particular, when the regularity of the initial data (distributed according to the measure 1)
becomes low enough, it is unclear if quasi-invariance is preserved or not. On the one hand, from the study
of invariant measures, one could expect that the evolution eventually becomes singular with respect to
the underlying Gaussian measure. Famously, the d)‘31 measure of quantum field theory

¢§~exp(—%/u4—%/u2—%/|Vu|2>

IFora rigorous definition of these measures in the setting of this paper, see Section 2.
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is singular with respect to the underlying Gaussian measure, and it is (formally) an invariant measure for
the Schrodinger equation on T3
10;u — Au —u’ =0,

and in [Bringmann et al. 2024] it has been shown to be invariant for the wave equation on T3 (up to
renormalisation)
81214—Au—u3 =0.

On the other hand, no such example is available in the literature, and only positive results are known.

Herein lies our interest in (1-1). This equation was introduced by Gérard and Grellier [2010] as a toy
model for nondispersive Hamiltonian dynamics. More precisely, this equation informally serves as a toy
model for the “O-dispersion” limit of fractional NLS/half-wave equation

i3 — (—A)2u = |u|u

and similar dispersionless models. Indeed, equation (1-1) shares many features with such models. To
begin with, it is formally a Hamiltonian equation on the phase space L2 = IT(L?(T)),? with Hamiltonian
given by

E(u) = [lullgsp)-

Moreover, it has a number of conserved quantities, including the L2 norm and the H'/2 norm of the
solutions, i.e.,

1 _
M) =l PG =l =:/u<—A)2u.
T

Gérard and Grellier [2010] showed that this equation admits a Lax pair, which in particular implies
that the equation is completely integrable and there exist infinitely many conservation laws. Exploiting
these conservation laws, Gérard and Koch [2017] showed that (1-1) is globally well-posed in the space
BMO, = IT(L*°(T)).

From a statistical point of view, the conservation of M and P above suggests that the white-noise
measure (o and (a variant of) the measure (/> should be invariant (and hence quasi-invariant) for the
flow of (1-1). While these measures are concentrated on distributions of too low regularity to be able to
show strong invariance statements, a weak form of invariance for 11,2 has been proven in [Burq et al.
2018]. For s > %, one has that u,(BMO_,) = 1, and so the flow map ®; and the push-forward measure
(®)#ps are well-defined for every ¢ € R. In view of the conservation laws for the Szegd equation and of
the analogous results for dispersive equations, one might conjecture that (®,)zus <K Ws.

On the other hand, as discussed, equation (1-1) enjoys no dispersion nor multilinear smoothing, even
in the probabilistic setting [Oh 2011]. Consequently, one could expect its behaviour to be similar to the
one of the ODE

idu = |ul’u,
for which we recall that no measure (for s > %) is quasi-invariant; see [Oh et al. 2018].

2Hence our choice ug = M(ug).
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The main goal of this paper is to provide a clear picture of quasi-invariance and lack thereof for
equation (1-1), and develop a better understanding of when one should expect quasi-invariance to hold or
fail. In particular, our main result is the following.

Theorem 1.1. Let s > %, and let @, be the flow map of equation (1-1) on the space BMO,.. We have the
following.

(i) If s > 1, then the measure | is quasi-invariant. More precisely, for every t € R, we have that

(cbt)#:us <L Ws-

@G) If % <s<lands # %, then the transported measure (®,)ups is singular with respect to |is for
almost every time t € R. More precisely, there exists a countable set N; C R such that, for every
t € R\ A5, we have (P;)gins L 4.

To the authors’” knowledge, this is the first time that such a transition from quasi-invariance to singularity

has been observed.

1.2. A heuristic for quasi-invariance and a strategy for singularity. In order to understand the numer-
ology of our result in Theorem 1.1, consider (as a toy model) the dynamical system on R?

{y=wa
y(0) =x,

where b : R? — R? is a smooth vector field. For the purpose of this subsection, denote by ®,(x) the

(1-3)

solution of (1-3). For every probability measure vy on R?, the transported measure v, := (P, (x))svo will
satisfy the Liouville equation
a,l), = —div (bl)[). (1-4)

When vy is a probability measure of the form

vo =2 exp(—E () dy

for some smooth function E : R¢ — R with exp(—E) € L'(R?), then we can solve (1-4) for

— oo WV _ 150 V0
Jii=log dx % dx

explicitly with the method of characteristics, and obtain that
t
fi=Ex) — E(®_(x)) +/ div (b)(®—p (x)) dt'.
0

For convenience, define
d .
0() = LEG@)| _ +div ), (1-5)
t=0

from which we obtain

V= exp(/o O(d_,(x)) dx) vp. (1-6)



SHARP QUASI-INVARIANCE THRESHOLD FOR THE CUBIC SZEGO EQUATION 1111

One can now apply (formally) this formula to equation (1-1) and vy = u, in (1-2), for which E (u) = |ju II%IS,
obtaining that

(Dp)ups(up) = exp ( /0 Q(®_y(up)) dt’) s (uo),

where

Q@) := 2Im(/ H(|u|2u)(V)2~‘u>

=5 Y (m)¥ =)+ (13)" — (n)®)am)A()A()A(ng),  (1-7)
ni —nzjj;go—m:o

and the last equality is obtained by exploiting Plancherel and the symmetry between the Fourier coefficients

of u and u. Then, a natural benchmark to test quasi-invariance is the following: denoting by S(¢) the

propagator for the linear flow for (1-1), is it true that

2

[Eus/‘ O(S(—tY(up)) dt'| <oo0?
0

In the case of equation (1-1), one has that S(¢) is the identity, and this condition translates to

Fu, Qo) < o0.

Exploiting the cancellations of the symbol ((n1)* — (n2)% + (n3)* — (n4)), one can check that, for
s > % this is the case if and only if s > 1, which is exactly the regime in which we prove quasi-invariance
in Theorem 1.1. Actually, the finiteness of this quantity is what allows us to perform the proof of
quasi-invariance in this regime. We essentially rely on the strategy of [Planchon et al. 2020] adapted to
the Szegd equation, together with some recent technology (namely, the variational formula (3-7)) in order
to estimate

/CXP(IQ(MO)) d s (o).

In this paper, we reintroduce the strategy of [Planchon et al. 2020] starting from a different point of view,
which relies on the formula (1-6) in a more crucial way; see the proof of Proposition 3.6.> While in
the particular case of equation (1-1) the results we obtain are completely equivalent, we believe that the
argument presented in this paper is far more flexible, and indeed some of this flexibility was exploited in
the work of Forlano and the second author [Forlano and Tolomeo 2025].

We now move to discussing the case s < 1, where instead we have [,,_| Q(up)|> = 0o. As it turns
out, the heuristic above not only suggests that singularity should hold but also a strategy for its proof.
Indeed, if two probability measures v, v" are mutually singular, there exists a set E' such that v(E) =1,
V/(E€) = 1. Therefore, if we formally write

dv'

I=a

3A similar argument appeared also in [Ambrosio and Figalli 2009].
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we must have that

/ fdv=v'(E)=0,
E

which implies that f = 0 v-almost surely. By flipping the roles of v, v/, we also get

%:O v-as, < f=+o00 V-as.

In the case of the Szegd equation, since (formally) div(b) = 0, we can rewrite (1-6) as

(D)#1t5 (o) = exp(lluol|3ys — 11D (o) |13 o(tto)-

Therefore, the conditions above can be rewritten as

2 2
luollgs — 1P (o) I iys = —00 ps-ass.,

and
ol — 1D (o) ||3s = +00 (Dgps-as. < [P, o)l — lluoll3s = +00 pus-a.s.

In other words, singularity should correspond exactly to the fact that for a generic ug distributed according
to ws, then t =0 is a (local) minimum for the (infinite) quantity || P, (ug) ||%15. This suggests the following
strategy for showing singularity:

(1) Pick a well-defined approximation Ry (ug) of ol

(2) Show that, for some ¢ > 0, o > 0,

2
L Ry(@w)| _ =eN“(1+0(1)
for us-a.e. ug, and that
d

SR (@) =o0(N).

(3) Exploiting the local theory for (1-1), show that for r < 1

2 d>

Ry (@1 (o)) = 1 Ry (@, )| =54

Ry (®;(ug))| < 1*N%,
dt t=0

which formally corresponds to the fact that # = 0 is a local minimum for

lim N™%Ry (P, (uo)).

N—o0
(4) Since functions on R can have at most countably many local minimum points, deduce that for up to

countably many times (®;)#us L .

This list of steps is essentially the strategy that we perform in Section 4 in order to show Theorem 1.1(ii).
More precisely, we first show an abstract formulation of (4) in Proposition 4.1.
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In Section 4.2, we then consider an approximation Ry of the square of the H' norm,* and proceed to
estimating

d?

D Ru(@uo))|  ~ N

d -
‘ERN(@(uo))\ ‘ SNTE
=0

This is where our restrictions on s, namely s # 1, 3, originate from. Indeed, we have the following:

94’

e For s =1, both %RN(CD,(MO))L:O and < 2 RN (P; (MO))|z _o are O(1), and similarly the error terms
coming from (3) are also of the same size,

e When s = %, the quantity

d?

SRy (@)

3
7
the sign of this quantity is unclear, but in any case it is of smaller order than N*+~%, which is the

transitions from being positive when % < s < 1 to being negative when % <s < %. When s =

minimum of what the rest of the argument can handle.

We then proceed to estimate the error of the term

d Pt d?
t—Rn(P;(up))

Ry (P (up)) — a7 im0 2di?

272 By (@1 (uo))|

This requires a very precise decomposition of the solution as u(t) = X(¢) + Y (), where X(¢) is a
semiexplicit, pseudo-Gaussian term of regularity s — % (the same as a typical data sampled according
to i) and Y (¢) has regularity 2s — 1. We perform this in Section 4.3. This decomposition is closely related
to the paracontrolled ansatz for stochastic PDEs [Gubinelli et al. 2015; 2024], and other decompositions
introduced by Bringmann [2021] and Deng, Nahmod and Yue [Deng et al. 2024; 2022]. However, we point
out that the main properties that we need to exploit are completely deterministic and are not improved by
the random structure of the initial data u.

Finally, in Section 4.4, we use this decomposition in order to show a series of (sharp) error bounds.
We note that the only term that does not have a satisfactory deterministic bound is (4-29), for which a
random estimate is necessary.

Remark 1.2. It might be possible that, in the case s = 1, performing sharper estimates and choosing a
better approximation Ry of ””0”%11 would allows us to conclude singularity also in this case. Similarly,

it might be possible to show that, for s = %,

d*

R (D ~ 4—4s
s N ( r(uo)) o cN

for some ¢ # 0. However, this would require substantially more work and ideas in Sections 4.4 and 4.2,
respectively, and at this stage, it is unclear if such results are true.

4Choosing the H' norm instead of the H* norm makes no difference in the subsequent steps, but some of the formulas
become slightly easier.
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Remark 1.3. As a sanity check, we can also test the heuristic above for the ODE
idu = ul*u, (1-8)

for which we know that quasi-invariance fails for every s > %; see [Oh et al. 2018]. In this case, the
condition above for quasi-invariance translates into
2

< 00,

[Eus‘ Yo () = () + (n3) — ()i (n)i(n2)i ()i (n4)

ny—ny+n3—ng=0

where the only difference with respect to (1-1) is that we dropped the condition n; > 0 from the sum. For

this sum, we have that
2

Eus‘ DT ()P = () + (n3) — (na))ia(n) i (n2)ii (n3)i (n4)

ny—ny+n3—ns=0

O et - R et 0 P N

2s 2s 2s 2s
iy eyt (n1)**(n2)* (n3)=* (n4) s
ny=n4=0

Therefore, according to our heuristic, we do not expect quasi-invariance to hold for any s > %, which is
indeed the case. We believe that the techniques of this paper (namely the argument of Section 4) can be
adapted to this case as well, and that this singularity result should be technically much easier to show
than Theorem 1.1, due to the explicit formula for solutions of (1-8).

1.3. Some reductions. In practice, while working with the Szegé equation, we will need to keep track of
the regularity of solutions emanating from an initial datum sampled according to ;. Consequently, we
will not be able to work in the full space BMO,., where the global flow for (1-1) is defined, but we will
rather have to consider some space X; € BMO,.

Recall from [Gérard and Grellier 2010] that (1-1) is globally well-posed in the space H for every
o > % In view of Lemma 2.3, we have that, for p-a.e. initial datum uo, we have uo € HY for every
o<s— % Therefore, when s > 1, one recovers a good global well-posedness statement by referring to
well-known results.

When s < 1, the situation is a bit more complicated. Indeed, while global well-posedness in Li has
recently been shown in [Gérard and Pushnitski 20241, it is still unclear if (1-1) is well-posed in H{ for
any 0 <o < % It is indeed possible (in principle) that, for a general initial data in H° N BMO,, the
solution will belong to a space Hi(l) for some o (¢) which is strictly decreasing in time; see [Gérard
and Koch 2017]. On the other hand, for the purpose of Section 4, we need to keep track of the optimal
regularity of the solution. The considerations above lead to the following choice for Xj,

HY forany%<0<s—%, when s > 1,

X, = (1-9)

B;’—OL/ZHr for any p > min(100 when % <s=<l,

1
’ s—1/2)’
where Bf,folo/ 2% is a Besov space for functions supported on nonnegative frequencies, defined in Section 2.
In view of Lemma 2.3, this space is well-adapted to the Gaussian measure ;. Moreover, it satisfies the

following.
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Proposition 1.4. Let s > % Then the Banach space X; C BMO, defined above satisfies (X)) = 1
and (1-1) is locally well-posed in X.

Unfortunately, the restriction to the space X makes it unclear if a generic X; C BMO.. solution ®, (uq)
actually belongs to X for infinite time. Even worse, in principle it is possible that the set of times in
which the solution belongs to Xj, i.e.,

Gup) == {t € R: @;(uo) € Xy},
can be disconnected.
To deal with these (potential) issues, we need to introduce some notation. For ¢ € R, we denote by
WP(t) the set of “good” initial data for which the solution to (1-1) exists in X for every time T between
0 and ¢, or more precisely

WP(#) := {ugp € X; : equation (1-1) admits a solution u € C ([0, t], X;) with u(0) = ug}
when ¢ > 0, and
WP(t) := {up € X, : equation (1-1) admits a solution u € C([¢, 0], X;) with u(0) = ug}

when ¢ < 0. By the local well-posedness in the space X; and the global well-posedness in the space
BMO, D X,, we must have that, for ug € WP(¢), the (local) solution in X; must coincide with @, (u).
Moreover, by Proposition 1.4, we obtain that

D, : X, DWP(@E) — X,
is a continuous map, and that WP(¢) C X is an open set for every ¢t € R.
Then, the main results of Sections 3 and 4 are the following, respectively.
Proposition 1.5. Let s > 1. Then for every t € R we have that WP(t) = X;. Moreover, we have that
(qDI)#Ms < Uy
foreveryt € R.

Proposition 1.6. Let % <s<1,withs # %. Then there exists a countable set A C R such that, for every
t € R\ A with us;(WP(1)) > 0,
(D)4 Qwpayms) L ps.
It is clear that Proposition 1.5 immediately implies Theorem 1.1(i). The situation in the singular case

is more unclear, but it can be proven via a soft argument that Proposition 1.6 automatically implies
Theorem 1.1(ii). We will show this at the end of Section 4.

2. Preliminaries

2.1. Notation. To fix notation, we will always interpret N, M and N; as dyadic integers (and sums over
such as just sums over dyadic integers), and given a family Ny, ..., N of dyadic integers, we define
ND > N® > ... > N® o be a decreasing arrangement of the N j. We take as notation M < N to
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mean M <272N, M 2 N to mean M > 220N M ~ N to mean M 2> N 2 M, and N ~ M to mean
}‘M < N < 4M. This (unconventional) choice of symbols will help with probabilistic decoupling of
different frequency scales.

When A, B are not dyadic numbers, we will instead use the notation A < B to indicate that there exists
a constant C € (0, +00) such that A < CB.

We also take the convention T = R/(27w Z) with normalised integral

/f(x)dx =5= f(X)dx
0
and we define the Fourier transform of a function f to be
Fyi= 71710 = [ feoe ™ a,
T
where n € Z.

2.2. Function spaces. Lets € Rand 1 < p < co. We define the L?-based Sobolev space H*(T) by the
norm

1 es = 114n)* F )l 2

and the space restricted to nonnegative frequencies
H] =TI(H*(T)).

Let ¢ : R — [0, 1] be a smooth bump function supported on [—%, %] andp=1on [_45'1’ %] We set

$1(6) = ¢(|§]) and
dn(§) = (;) (%) (2-1)

where N =2/ and j € N. Then, for N = 2/ for j € Ny := N U {0}, we define the Littlewood—Paley
projector Py as the Fourier multiplier operator with a symbol ¢y. Note that we have

> v =1

Ne2MNo

f=_ Pnf.

Ne2No

for each £ € R. Thus, we have

We will also denote by ¢« n, <y, ¢~n, Gxn, P>n, ¢ the multipliers

ben =Y bu, d<n= Y ¢u, Pn= Y b,

M<N MSN M~N
N = Z éu,  Pzn= Z éu, ¢sN= Z bu,
M~N M=N M>»N

and P¢n, P<y, P~n, P~n, P>y, Psn will denote the corresponding Fourier multiplier operators.
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Next, we recall the basic properties of the Besov spaces B, ,(T) defined by the norm

lullgg, = | Nl Pyullp ||e‘}1v(2N0)~

Essentially, o denotes the regularity of a function u € By , and p the integrability of such a function,
with the extra parameter ¢ allowing for some extra flexibility at a “logarithmic” scale.
We shall also define
o+ .__ o
B, =T(B, (1)),

i.e., the Besov space on nonnegative frequencies. Note that, from the boundedness of the Hilbert transform
:,'; C By , whenever p # 1, oo.

We recall the basic estimates in Besov spaces. See [Bahouri et al. 2011; Gunaratnam et al. 2022] for
example for (1)—(iii), while (iv) is a simple consequence of the well-known boundedness of the Hilbert

g

of LP(T) for 1 < p < oo, we also have that Bp

transform on L? for p € (1, 00).
Lemma 2.1. The following estimates hold:

(i) Let sy, s2 € Rand py, p2, q1, q2 € [1, 0. Then, we have

||’/l||B;1Ml < ||M||B;2M2 for sy <52, p1 < p2,and q1 > qo,
||’/l||;_z;>;,11‘ql < ”””B‘,?].oo Jor sy <3, (2-2)

< <
lulsg, . S lullen S lulgy -

11
P2 P1

il gy, S el (23)

(1) Let 1 < pp < p; <00, g €[1, 00], and s, > s +( ) Then, we have

L =L L_ 1 Then, forevery o >0, we have

1
(iii) Let p, p1, p2, p3, pa € [1, 00] such that o + =T =

luvllsg, < lullsg , Ivllze + luloslvlsg, - (2-4)

@iv) For p € (1, 00),
IT@) e S lulize. (2-5)

In particular, in view of (2-4), (2-3) and (2-2) we have that, whenever p > %, the space B;’ q has the
algebra property, i.e.,
I£8llsg, S 1 Nsg, lglisg,- (2-6)

Pg ™
Combining with (2-5), we have for max(l, é) < p < oo that the space Bg:; has the following algebra
property:
I gor S WS N ggrllglgo- 27

P.q 1200
Next we recall the Coifman—Meyer multiplier theorem, which we shall use extensively. See [Cardona
and Kumar 2019, Theorem 3.3].°

SWe point out that [Cardona and Kumar 2019, Theorem 3.3] has a weaker condition on the symbol, namely using only
discrete derivatives rather than continuous ones. By the mean value theorem, the hypotheses of Proposition 2.2 are strictly
stronger than the ones in the referenced result.
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Proposition 2.2. Let R > 1, and let m : RY — C be smooth away from the origin such that

Imllcma:= sup  sup [x[9%m(x)| < R < oo.
|| <d(d+3) xeRd

Consider the multilinear map given by

d
FITu(fio-os )l = Y mGu,....na) [ finp).

Nni,..., ng€z j=1
ny+-+nqg=n
Then, for all p € [1,00) and py, ..., pa € (1, c0] with % = %+---+$,there isaC(R, p, pi;) <00

such that

d
1T (fr- oo f)llLe < CR o) [ T £ 110
j=1
forall f1,..., fa
We refer to ||m||cm.q as the Coifman—Meyer norm of m. A key feature of this result is: for any family
of smooth multipliers {m y}y with uniformly bounded Coifman—Meyer norms, we may choose a uniform
operator bound C(R, p, p;) for the family {7, }n~.

2.3. On the Gaussian measures ;. We now define the Gaussian measures j; that we are going to
consider throughout the paper, conditioned to be concentrated on spaces of functions which only have
nonnegative frequencies.

To this end, for s > % we consider random initial data of the form

uo(x) =)

n>0

8n  inx
) 2-8
s (2-8)
where {g,},>0 are independent standard complex Gaussian random variables,® and (n) = (1 +n%)"/2. We
define
s := Law(uo),

which is the unique centred Gaussian measure on Li with covariance operator (1 — A)™* (restricted to
nonnegative frequencies). This measure may be written formally as

2

1~ luliy [(0) du,

dius = —
Hs 7

where du is the formal Lebesgue measure on L%(T), and Z, denotes an (infinite) normalisation constant,
1
57

s (HO\H™2) =1,

so that u is a probability measure. We recall foro < s —

and so one may view ug as random initial data of regularity s — %— (in Sobolev norm).
1

We now verify that u; is concentrated on a Besov space with critical regularity s — 5.

bie., Re(gn) ~ Im(g,) ~ N(O, %), and Re(g,), Im(g,) are independent.
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Lemma 2.3. Lets > %, and let p € [1, 00). Then pu (B}, A2y,

Proof. We shall show the result for p = 2k for k € N, and the general case follows by interpolation. We
note that

lull go-toe = sup N*~ 2| Pyullz,
Ne2No

and so we define the random variable X y for N € 2No ag
1
Xy = N*6=3 | pyu),,

where u = ug is given by (2-8). We see that

XN — Nk(2v—1)/
T

k _
_ ONM)ON(Mj)En . 8m: ()
_ atk(2s=1) J J JOMj i(nj—mj)x
= N Z l_[ <n]>s<m]>s e J J dx

2k
 BEGLIN

(l’l)S

nGNO

n,meN j=1

k
— yk@s=n Z Com Hgnj%,

n,meN} Jj=1
ny+-tng=mi+---+my

where n = (ny,...,ny), m=(my,...,my), and

ﬁ N(n])asN(m,)

We note that
Cum =0 for (n,m) ¢ [N/2,2N1*,

Com S w3y for (m,m) € [N/2, 2N,
Now, for j =0, ..., k, let E; denote the set of (n, m) such that n and m have exactly j entries in common,
ie.,
E;={(n,m)c[N/2,2NT* smax(#{l sty =moq)}] = i}
[eASh 3
where S; denotes the set of permutations of {1, ..., k}. We define
k
Yn.j = NP Z Cn.m l_[gnj%-
(n.m)ekE; j=1

ny4-ng=mi4---+my

Since [N/2,2N1* = |_|I;:0 E;, we have that

k
Xy=) Yn,;. (2-9)
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Since the {g;} are independent standard complex Gaussians, we observe that

k
E[H gnj(%} =0 whenever (n, m) ¢ Ej. (2-10)
j=1

Therefore, for 0 < j <k,
E[Yy,;1=0.

For convenience of notation, write
A={@m,m)e[N/2,2NT* i+ +m=mi+-+m].

For 0 < j < k, we have that

k
E[yy j1=N*&=D 3" cn,mcz,p[E[l_[gn_,gz@@].

(n,m)eE;NA j=1
(I,p)eE;NA

By similar considerations to the ones leading to (2-10), we have that

k

[E|:1_[ gnjglj(%%] =0 unless (m, p) =o(n,l) for some o € Sy,
j=1

and by Holder,

k
[E[]‘[ gn,gzj%g,r—,,j] < Elgol* S 1.
j=1

For o € Sy, define

o(n,l):=(m,l),...,omn D), oxml):=@0wn,Dir,...,om, Doy).

We then obtain

E[Yy ;]
k
2k(2s—1 8m.8p;
=N 2s—1) Z Cn,mCl,P[E|:1_[ gnjgljgmjgpjj|
(n,m)eE;NA J=1
(1, p)eE;NA

k
< N2k(25—1) Z Z Cn,mcl,p [E|:1_[ gn,glj%g_m]‘ S N—2k Z Z 1
j=1

o €S (n,m)eE;NA €S (n,zrl(n,l))eEjﬂA
(I,p)eE;NA L,oa(n,l))eE;NA
(m,p)=0(n,l)

=N"*|{(o,n,1) € Sy x [N/2, 2NV x [N/2,2N|*: (n, 01(n, 1)) € E; N A, (I, 02(n, 1)) € E; N A}

‘We now bound the size of this set.
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Firstly, we note, since (n, 01(n, 1)) € E;, (I, 02(n, 1)) € E;, there exist permutations t,, 77, 71, T2 € Sk
such that

Ta(n); = 11(01(n, )1, vy Ta(m)j =11(01 (0, D)),
(1)1 = 12(02(n, 1)1, oo ) =1(02(n, 1));,
(M) jp1 =102, D)jr1, ..., M) =12(02(n, 1)),
u)jp=tnloimD)jr, ... ulr=rt(o1(n,1l)).
Namely, the permutations t,, 77, 71, T2 € S put the common terms between n and o} (n, [) and between
m and o,(n, l) in corresponding positions 1, ..., j, and the common terms between n and o, (n, I) and
between m and o (n, ) in corresponding positions j + 1, ..., k.

Since [Sx]* = (k)* <i 1, we obtain that

{(o,n, 1) € Sy x [N/2,2NT* x [N/2,2N1* : (n, 01(n, 1)) € E; N A, (I, 00(n, 1)) € E;N A}
Sk [{m L€ IN/22NT X IN/2, 2N smjg o e = L + -+ L] Se N

Therefore, we deduce that

E[Yy ] SN *N* 1= %

Summing over N € 20, we obtain that, for every & > 0 and every j <k,
[E[( sup N%—8|YN,j|) } < [E[ 3 1w PN 25} e L.
Ne2No N e2No
Therefore, we obtain that

Yyl < CN—(9) 2-11)

holds u-a.s. for a (random) constant C, < o0.
It remains to consider the j = k case. Noting that E} is the set of (n, m) € [N/2,2N 1% such that m is
a permutation of n, we see that

k k
Yo =kINFED X", , 1‘[|gn]2<kN—k > 1_[|gnj|2:<N_l > |gn|2) = (Yp)k.

nezk ne[N/2,2N1k j=1 n€[N/2,2N]

‘We have that

E[Yy]= [E[N—1 > |gn|2} <1

ne[N/2,2N]

and, by independence of the Gaussians g,, g, for n # m,

2
Yo lal-1 ]=N—2E[ > (|gn|2—1)2]§N‘1.

E[|Yy — E[Yy]I*] = N—Z[E[
ne[N/2,2N] ne[N/2,2N]

Therefore, we obtain that t-a.s.
lim Yy —E[Yy]=0,
N—o0
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and so, for some deterministic C = C (k) > 0, we have that

limsup Yy & < limsup(¥Yy)* = limsup(E[Yy])F < C.
N—o0 N—o0 N— o0
Therefore, together with (2-9) and (2-11), we obtain that ps-a.s.
sup Xy < 00,
N
which implies that ug € B‘;,,_olo/ 2+ [Ls-a.S. O

2.4. Local well-posedness. Recall our choice of Xj:

o 1 1
¥ _ HY forany§<a<s—§, when s > 1,
K 1

= 2-12
B;TOL/Z’+ for any p > max(lOO, i ( )

), when%<s§1.
We have the following local well-posedness statement.

Proposition 2.4. Let s > % Then (1-1) is locally well-posed in X;. More precisely, for every ug € X,
there exists T, = T, (|luollx,) > O such that (1-1) admits a unique solution u belonging to the space
u € C([0, Ty], X5). Moreover, this solution satisfies

u e C*®(0, T, Xy).

Proof. The proof is a standard application of the Banach fixed-point theorem, where we only need the
algebra property, i.e., the boundedness of the maps

H° x H 5 (f.g) > fge H*, By /*x By V> (f.g)r fge B \?

p.oo

(for our choice of parameters), together with boundedness of
. . ps=1/2 ~1/2,+
M:H° — HY, M:B) /- By />".

Note that the fact that the solution is going to be infinitely smooth in time follows from the (formal)
identity
i*9fu =TT (juPTL(ul* - - TL(uP ) - ),

and the fact that the right-hand side of this expression is bounded in X is due to the algebra property
again. O

3. Quasi-invariance: s > 1

For N € N, we introduce the sharp Fourier truncation 7y on L%r by

HN<Zﬁ(n)>: > )
n>0 0<n<N

and the truncated flow

{ia,uN =y (luy*un)). 3-1)

u(0) =ug € Ty (L3).
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We recall from [Gérard and Grellier 2010] that on the space my (L%r) = R?N endowed with the symplectic
form

o, v) =4Im(u, v)2,
this truncated flow is the equation for a Hamiltonian equation associated with the Hamiltonian
4
Eyu) = |lmn @),

The Hamiltonian vector field X g, (1) = an(TT(Julu)) on wy (L%r) is smooth, and by the conservation of
the Hamiltonian, we can define a global flow map &, y for (3-1) on this space. Moreover, using standard
arguments, one can easily show the following approximation statement.

Proposition 3.1. Let o > % and letug € H?. Let T > 0. Then for every ¢’ < o
Nh—I>noo ||q)t,N(u0) - qu(uO)”C([—T,T],H”') =0,
and for every R > 0 convergence is uniform on the H° ball
Bg:={uo € H : |uollg- < R}.

We next define the truncated measure

s, N = (TN)#lhs,

which is a Gaussian measure on rrN(L%r), given by

1l

dudu,
Zs,N

d/'Ls,N =

where du du is the natural Lebesgue measure on my (L%r) =~ CN = R?". By Liouville’s theorem, the
Lebesgue measure is invariant under the flow map, so we see that for all € R

d(Py W)k, = exp(= [Py v ()5 + luellFys) dies
and hence we define f; y to be the density in the expression above, i.e.,

_ AP n#ps N

fon = = exp(—[| Py, @17 + lullzyy). (3-2)

d/fLs,N

We point out that the normalisation constant does not play any role in the formulas above, since it
simplifies to 1 in the expression for f; y. By the fundamental theorem of calculus, we can write for
uemy(L?)

—t
0@y + lully == [ Oy (e dr, (3-3)
0
where (with an abuse of notation) we write

QnN(u) = QnN(”, u,u,u)
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and Qy, is the multilinear map

Oy, uz,ug) = Y. SW B )BT (1),

ny—ny+n3—ng=0
0<n;<N

with W being the multiplier
W (m) = (n1)> — (n2) + (n3)* — (na)”.

We have the following bound on W,.

Lemma 3.2. Letn; € Nowithn; ~ Nj andny —ny+n3 —n4 =0, and let s > % We have
W) S (NN, (3-4)

Proof. Without loss of generality, we can assume N; ~ N, ~ NI, Indeed, if otherwise we had (say)
Ny ~ N3~ ND > N, Ny, then the condition n; > 0 prevents us from having ny —ny +n3z —ng =0.
Therefore, from the mean value theorem, we obtain that
Wy ()] < [(n1)* — (n2) ™| + (n3)> + (n4)*
SN2y —na| + (NP2 + (VD)
= (N2 Vs — |+ (NP £ (N@)2s

Remark 3.3. Recalling the calculations of Remark 1.3 for the ODE setting, we see the diverging term
of Q(u) is given by the interaction of |n{[, |n3| > |n2|, |n4|. By restricting to nonnegative frequencies,
no such interaction can exist, from which we deduce this improved bound on W, which we use to prove
integrability of Q.

We wish to show (local) exponential integrability (with respect to s x) of Q,, uniformly in N. To
do this we first need a deterministic multilinear bound on Q.

Lemma 3.4. For all py, p2, p3, psa € (1, 0o] with % + é + % + ﬁ =1, and for every s > 1 there is a
constant C(p;, s) > 0 such that, for all N € N and N; dyadic,

4

| @y (Pri1, Prytta, Psutz, Py,ua)| < C(piy $)(NOYSTINO TT I Pwjujl o (3-5)
j=I1

foralluj e my (L%r).

Proof. Without loss of generality it suffices to consider the case Ny = NV and Ny ~ N,. For M > 1
dyadic, we let

:p

War s (1) = (p<pr () (11)* — p<pr (n2) (12)* + p<pr (n3) (3)* — p<py (na) (n2)*) [ | p<m (),

j=1
and we write

Wy s(m) = (ng — n3)(ny —n3)mpy(ny, no, n3, ng).
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By the fundamental theorem of calculus, on the set

{n1 —ny+n3—n4 =0},

m s corresponds to the multiplier
4 1,1
my (ny, ny, n3, ng) = 1_[ d<m(nj) / / () p<m)"(n3 +5(n2 —n3) +1(ns —n3)) ds dt.
, 0 Jo
j=1

Recalling that s > 1, we see that the Coifman—Meyer norm of m,; is bounded by M?~2. Denote by Tj,,,
the quadrilinear operator given by the multiplier m y, i.e.,

Ty (U1, un, usz, ug) = Z my(ny, no, n3, na)iy (ny)ua(n2)uz(n3)ug(ng).
ny—ny+n3—ng=0

We calculate

QﬂN(PNlula PNZ”Z’ PN3”37 PN4I/[4)

l‘ — - [
=D D 5Yuns@Pyui(nn) Prua(no) Pryus(ns) Pua(na)
M/SN] ni—ny+n3—ng=0
0<n;<N

i . . ..
= Z §TmM(PN1M1’ i0y Pnyuz, Pynyus, i0x Py,us) + similar terms,
M<N;

where each of the similar terms is obtained by writing each of the terms of
2
(ng4 —n3)(ny —n3) = nong — nan3 — n3ng +nj

as derivatives. Applying the Coifman—Meyer multiplier theorem on m,; and using Bernstein’s inequality
yields (with a constant C(p;, s) that changes line-by-line)

4
| @y (Pry1, Pryta, Pryus, Pyua)l < C(pins) Y MP 2NN [T 1Pwujl e
MEN, j=1

4
< Cpi, NPT NOTTI1Pw;ujll s O
j=1

From now on, we fix s > 1 and % <o <§— % as in the definition (1-9) of X, with the understanding

that o is sufficiently close to s — % Also, we let
B :={ug € H : |luolln- < R}.

Proposition 3.5. There exist constants A(s, o), B(s, o), C(s, o) > 0 such that for every M >0, R > 1,
and N € N we have

f exp(M| Oy (1)) L0y (1) ity (1) < exp(CM max(1, MA)(1 + R)P).
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Proof. We recall from [Forlano and Tolomeo 2025, Lemma 2.4] the simplified Boué—Dupuis variational
formula, which in this context reads

10g/CXP(MIQUN(M)I)lgR(())(u)dus,N(u)

< B[ sup M|Qny (o + V)| Lggyan (o + V) =3IV ] (3-6)
VeH*

where u is a random variable distributed according to us. By symmetry we may expand
| Qry (0 + V)| < > Co| Qry (Pn, (o + V), Pr,(uo+ V), Py, (uo+ V), Py, o+ V)|

Ni,N2, N3, Ny SN
Na=NWD Ny~N@ N ;~N,

for some combinatorial constant Cy. For ease of notation, we write
Qﬂ(fl’ f27 f3v f4) = QHN(PNl (fl)’ PNz(fZ)v PN3(f3)v PN4(f4))’
and again write Qn(f) = On(f, . f. ).

Fix ¢ > 0 to be chosen later, then pick § > 0 so that

> 65N, < 1.

N1,N2,N3,Ny SN
NZNN(I)’N4:N(4)’N1~N2

For some universal constant Cy > 0, from (3-6) we then have that

log/eXP(MIQnN(M)I)lBR(m(u)dus,zv(u)

< ) E[ sup CoMIQn (o + V) L0 (o (g + V) = 65N IV I3 | 3-7)
Ni. Ny N3. Na<N ver
Na~ND Ny=N® Ni~N,
We now expand Q n (1o + V). We point out that, due to the restriction ug+V € Bg(0), it is convenient
to not expand directly in terms with homogeneous degree in V, but to keep as many copies of ug + V as
possible. We end up with the following decomposition:

Ono+V,uop+V,uo+V,up+V)

= Qn(uo, ug, ug, ug+V) )]
+ On(ug, ug, V,upg+V)+ On(ug, V,ug, uo+V)+ On(V,up, up,up+V) D)
+ONV,V,ug+V,up+V) (I1I)
+OnNV,up, V,ug+V)+ On(uo, V, V,up+V). av)

One can check that indeed (I) + (II) + (III) + (IV) = Qn (up + V). We now bound each term, showing
that, for each ¢ < {(I), (ID), (II), (IV)},

> [E[ sup CoM 7 140)(y (g + V) — %8N2_8||V||%,x] < Mmax(1, MY(1+R)E,  (3-8)
NeS VeHs



SHARP QUASI-INVARIANCE THRESHOLD FOR THE CUBIC SZEGO EQUATION 1127

where
S={N:Ni,No, N3, Ny SN, Ny~ ND Ny=ND Ny ~ N>}

We will implicitly use the fact that N € S throughout the rest of the proof.

(I): We express (I) as a random kernel acting on the low-frequency function Py, (1o 4 V), namely

On (o, o, o, o+ V)= Y Kn(na) Py, (o + V) (n4),

0<ng4<N
where
KN(I’[4) _ Z Z\PS(Il)¢N1 (nl)¢N2(n2)¢N3(n3)gn1g_’12gn3d) N (n4)
N - S f f ~ N4 .
e 2(n1)’ (n2)* (n3)*
0<ny,np,n3<N
We see that

QN (1o, uo, ug, o+ V)| 1,0 (n (o +V)) < ||Kﬁ(n4)||eg4 | Py, (o + V)21 g0y (7Tn (uo + V)
< RN[G||KN(H4)||e34,

which is a quantity independent of V. Now using (3-4), we have

E[ sup CoM|Qn(uo, uo, uo, uo+ V)| 1) (ry (uo + V))]

VeH*
1 1
_ 2 _ |Wy(n)|? 2
<MR(N7*E K 2} <MR(N[? i
~ ( N [Z' n(na)l D ~ ( ! 2 (n1)2 (1) (n3)
ng ny—nay+n3—ng=0
ni~N;
2 45—2 nr2 A7 —4s n =251 | Omi<N
< MR(N; 2 NaN3NyNy 2NN * Ny 2)e,
SO
_ _ _ 1
E[ sup 10D1Lp0 (v o + V)| S MR NN, (3-9)

VeH*
from which we obtain (3-8).

(II): We again use a random kernel representation. Note that each of the terms in (II) can be written as

D K3, n4)(n3) (147 Py, (V) (13) Py, (o + V) (na),
0<n3,ng<N
where

Z l\'IJS (n)¢Na(1)(nl)¢Na(2) (n2)§n1gn2

2(n1)*(n2)* (n3)" (n4)°

Ky (n3, ng) = DNy (M3) D~ N, (n4),

Ng(1)—Na2) HeE)—nas=0
0<ni,ny<N

« is a permutation of {1, 2, 3}, and g,,, g, are normal Gaussian random variables that satisfy E[g,, 8,,] =0

unless n1 =nj and «(2) =2, in which case g,, = g_,,l Note that in this case we must also have W, (n) = 0.
Therefore,

Z lq"s (n)¢Na(1) (nl)¢Na(2) (nZ)gnlgng

2(n1)*(n2)* (n3)s (n4)°

DNy (13) P~ N, (n4).

Kn(n3, ng) =

Na(1)—Na2) Ha3)—ns=0
0<ni,ny<N
ELgn, 8ny 170
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We denote by || K ||op the optimal constant C such that the inequality

Y K(ns, na)anz)b(ng) < Clallp bl

0<nj,ng<N

holds. Then it follows that
DL g0 (Tn (o + V) S max | Knllopll VIl s lltn (o + V) | Ho 1pgco) (Tn (uo + V)

S Rmax [KyllopllV Il e

Taking Hilbert—Schmidt norms, and using (3-4) again, we see that

ELI KN I3,] S KNI g1y ]

S 5 W (1) P, ) (1), (n2)
(n1)> (n2)> (n3)> (n4)

Na(1)—Ng(2)FNa3)—n4=0
ni#ny

PNy (13) B, (14)*

Therefore, for some universal constant C > 0, by Young’s inequality, we have

E[ sup CoMI(D)|Lp,0) (e uto+V) = 58N5* VI3 | < E[ sup CMRIKy lopllV s —38N5* IV 1.
VeH* VeH?®

2C?*M?R?>N¢
= ElIKxlG]
<8 'C?M*R*NETIN;TEN, T, (3-10)
from which we obtain (3-8).

(IIT): To bound this term, we use (3-5) and Bernstein’s inequality, recalling that ¢ > 1, we obtain (on the

2’
set my(ug+ V) € Br(0)):

|| S N3~ N3l Pryew V2| Py e V2 | Py e (o ++ V)l e | Py e (o + V) Il e

—min(l,a—%)

3_
SNy INZ N PN Vg llmrn (o + V) 13, S RPN, I P<n, TN VIl
Therefore, for some universal constant C, we have
2 —min(l,a—%) 2
|ID)| < CR°N, I P<n, TN VI gys-

Let Ng = No(R, M, 8, o, ) be such that, for every N’ > N,
—mi _1 1) _
CR2 N’ min(1,0—1) <2 (NHE.
(NY) 7 < 2M( )
_1

Note that this exists as long as ¢ < min(l, o 2), and for some by, b, > 0 we can choose Ny such that

No < M1 R>,
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Then, for a constant C’ = C’'(8, o, ¢) that can change line to line, distinguishing the cases N, < Ny and
N, > Ny, we obtain that for some ay, a, > 0

_ [ -
CoM| ()| 15,0 (T (o + V) < Ny *C'M“ R |7y VIIzye + 5N, [V [
< Ny MU REC! R+ ol o) + N5 1V I
Therefore, by taking expectations, we get for some universal constant C > 0

[E[ sup CoM|(IID)| 10 (e (1o + V) — 38N; || vn%,x} <CMA(1+RYN;*, (3-11)
VeHs

from which we obtain (3-8).

(IV): We use once again (3-5) and obtain (on the set 7x (1o + V) € Bg(0)), recalling that Ny ~ N, = N3
and that s > 1,

|AV)] < N3* ' N3N; N I P<py 7t V s | Py tao 0w | Py (g + V) [ o
<N NI P VIR NS gl geove R
< RN I Py V s ol v
Proceeding as for (IIT), we pick Ny = No(R, 8, ug, M, &) such that for all N’ > Ny

1 é I
CR(N") 4||u0||BZ;(1)/2.+ < W(N) e

where C is the implicit constant in the inequality above. Moreover we may pick

No ~ M“' R ||u0||23s—|/2,+8_a4

4,00

for some a; > 0 depending only on ¢. Therefore, for 0 < 6 < 1 such that
s+ (1—0)0 >s5— 1,

and for constants C = C(s,0,0,6) >0and A = A (g, 0) > 0, A, = Ay(¢, 8) > 0 (that can change line
to line), distinguishing the cases N, > Ny and N, < Ny,

CoM |V L, Gon (o + V) < Ny *CMA R gl 2o I Penytn Vs + 38N “IV I

4,00
- A pA A 260 2(1-6) 1 - 2
< Ny PCM™ R fluoll s IV s Imw Vg™ 4+ 38N IV s
4,00
- Al pA A 2 — 2
< Ny PCMP R luoll i 17NV e + SN NV 1
4,00

< Ny CMAM R ug |42, o (R ol o) + 8N5 IV .
4,00
In particular, we have that for a (different) constant C > 0

[E[ sup CoM|(IV)|Lp,0) (T (g + V) — 8N2_E||V||%15] < N;¥CMATR™, (3-12)
VeH’s

from which we obtain (3-8).
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Finally, from (3-7), (3-9), (3-10), (3-11), (3-12), we get that, for some constant K > 0 and some
A, B >0,

log f exp(M|Qyy ()) 1 0) () d sy (u) < KM max(1, M*)(1+ R)%. O
We now introduce the sets Ex g C ty(H?) for R>1andt € R,
Eygi=[) Pen(7y(Br(0) = {u €N (H) :sup | ®_r y(u)|l o < R}, (3-13)
rel, tel;

where I, = [0, t] for t > 0 and I, = [t, 0] for ¢t < 0. These sets will allow us to obtain a priori estimates on
the L? norm of f; y1Eg, ., in a manner not too dissimilar from the arguments in [Ambrosio and Figalli
2009; Forlano and Tolomeo 2025].

Proposition 3.6. For s > 1 and % <o <s— % with s — % — o sufficiently small, there are constants
0< A, B, C < oo such that, forallt e R, NeN, R>1,and p € (1, 00), we have

| fon Ly g oo dug ) < [€xD01 @y (D10 @ | Ly sre gy < EXPCI+ prIARE). (3-14)

Proof. From (3-2), (3-3), and by Jensen’s inequality together with convexity of the exponential, we have
1o N LEx o Vo chro ey ) = / fen@)P ™ gy o, ) fin () dpg n (1)
= / (frn @y @) Ly, (@1 y (W) dpty (1)
-/ exp(—(p J 0 @ren ) dr)lEN,R,,@t,N(u))dus,N(u)

/ exp (—(P — D | OQny(Pr,n(u)) dT) LEw g (@o,n(u)) dpng N (1)

|7] I

1
< / m / exp(t(p — 1) Oy (Dry (1)) Ly, (D1 () dT sy (1)

/| |/exp(t(p—1)QnN(u))1ENR,(q>z o, N (W) frn (W) dT d gy (u).

For t € I; we note

D, nw) € Engy = sup [P, yW)llge <R = u€EnRg;:.
rel;—t

Combining this with the fact that Ey g . C Br(0), we see
1 L ot ey < f " / explt (p—1) Oy (011, 0) (W) 1y ., (1) frv () dT dpt v (1)
E Hexp[t (P_1)|QnN (u)l]lBR(O) (I/l) HLP/(HU’dMY ~) Sup ”f‘L’,NlENVRVf ”LP(HU,dMS’N)'
v rely

Taking the supremum over ¢ in some interval /7 and using p’(p — 1) = p yields the first inequality
in (3-14). The second inequality then follows from Proposition 3.5. ]
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Remark 3.7. If one were able to obtain a similar result with a H'/2-cutoff instead of a H? -cutoff, due

to conservation of the H'/2

norm, one could then apply Bourgain’s (quasi-)invariant measure argument
([Bourgain 1994], see [Forlano and Tolomeo 2025, Theorem 6.1] for a precise statement), and obtain
polynomial-in-time bounds on solutions for us-a.e. initial data. However, these estimates appear out
of reach. We point out that in [Gérard and Grellier 2017], a dense set of turbulent solutions for (1-1)
has been constructed, but it is unclear if such solutions are typical or not. It would be interesting to
either show good bounds on the growth of Sobolev norms for a.e. initial data distributed according to (g,
or alternatively to exhibit a set of turbulent solutions with positive probability under such a Gaussian

measure.
With this uniform L? bound on the truncated densities, we are ready to prove Proposition 1.5.

Proof of Proposition 1.5.. We first fix % <o <S§— % satisfying the conditions of Proposition 3.6, and
we recall that X; = H?, where we have global well-posedness. By Proposition 3.1, we have that, for all
ue H? and T > 0, for every 0’ < o,

@, y(Tyu) — ®,(u) in C([—T,T], H) as N — oo,

and this convergence is uniform on Bg(0) for every R > 0. We now fix % < o' < o that also satisfies the
hypotheses of Proposition 3.6. By global well-posedness for (1-1) (see [Gérard and Grellier 2010]) and
this uniform convergence, we have that, for any R > 1 and ¢ € R, there exists C(R, t) > 0 such that, for
all N big enough (depending on R, ¢),

®; N (7N (Br(0))) C Ey ciropy.io

where the latter set corresponds to (3-13) with ¢’ replacing o.

From the estimate (3-14), for any r € R and R > 1, there exists f; g € L*(H?, du) such that (upto a
subsequence) f; N1gy cx,. OTN —> fr.r Weakly in L*(H°, dus). With this, we consider any nonnegative,
continuous and bounded function F : H° — [0, o). By dominated convergence, we have

/F(uo)d(q)t)#(lgR(O)Ms)(uo) = / F(®;(uo)) d(Lpgoyis) (o)
= Nll_I)HOO f F(®; n(mnuo))Lpgo) (o) d g (o)

< limsup f F(®; ny(nuo))lry (Bro)) (Tnuo) dins (uo)

N—o0

Zlimsup/F(ﬂNuo)lcb,_N(nN(BR(O)))(TFNuo)fz,N(TFNuo)dus(uo)

N—o00

SlimSUP/F(ﬂNuo)lEN,aR,/),,(FNuo)fz,N(TfNMo)d,us(uo)-

N—o0

We note by the dominated convergence theorem and the uniform L2 bound on f; y1g v.crays © TN that

Nlilnw / |F(ryuo) — F (o)l Lo, yoy By (TNU0) fr.N (Tnuo) d s (o) =0,
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and so

/F(Mo)d(q’z)#(lBR(O)lLs)(uo)Elimsup/F(uo)lEN,C(R,,)_,(JTNMO)ft,N(ﬂNMo) d s (uo)

N—o00
= / F(uo) f1,r(uo) d s (uo).
Therefore (®;)#(1p,0)Ms) K s for any R > 1. Since R is arbitrary, we deduce that (®;)sus << (s as
well. O
4. Singularity: s <1

4.1. An abstract singularity result. We start this section by showing a condition that guarantees singularity

for up to countably many times. Most of the remainder of the paper will be dedicated to showing that this

condition is indeed satisfied by the flow of (1-1) whenever % <s<1lands # %.

Proposition 4.1. Let g : X; x Xy — RU {—o00, 00} be a measurable function that satisfies
gx,y) >0 = gy, x)<0.

Suppose that there exists a measurable function T = t(ug) > 0 such that ug € WP(r) NWP(—1), 7 > 0,
for ug-a.e. ug, and for every 0 < |t| < 7,

g(P;(uo), ug) > 0.
Then there exists a countable set ./ C R such that, for everyt € R\ .4,
(Po)#(Lwpiyps) L phs.
Proof. Suppose by contradiction that the set
N =R\ ({1 s (WP(@)) > 0, (@) (Lwp(ry its) L s} Uz 2 s (WP(1)) = 0})

is uncountable. Since t > 0 us-a.s. by assumption, for every ¢ € .4, there must exist m, my € N such
that

(®)#(Awpryus)({t > 1/m1}) > 1/m;.

Since .4 is uncountable, we deduce that there exist 7, &9 > 0 such that the set

Neoseo = {11 (@)#(Lwpys) (T > 270}) > 0}

is uncountable as well. Since .47, ¢, € R is uncountable, it must have at least one accumulation point; i.e.,

there exist distinct 71, 12, ..., 1., ... such that z; € 47, for every j € N, and there exists 7, € R such that
J]— 00

"Note that 7 (1) = 0 always (vacuously) satisfies the previous properties, so one just needs to check the existence of such a
map on a set of full measure for ;.
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Therefore, up to extracting a subsequence, we can assume that |f; — 1| < 7o for every j € N. Now consider
the sets
~1
Ej = Cbtj (ug : t(uo) > 270} ﬂWP(—tj)).

Recalling that #; € .47, ., and that by definition <I>,7 ! (WP(—t;)) = WP(t;), we obtain that

ws(Ej) = (Pr)uis({r > 210} NWP(—1;)) = (P14 (Lwpqr)its) ({T > 270}) > €0.

Therefore, there must exist ji, j» such that E; N E;, # &, otherwise we would have

lzus<UEj) =Y us(E) =) g =00.
j ; j

Let ug € E;, N E;,. By definition of E;, we have that r(CDI_/.k (up)) > 219 for k = 1, 2. Therefore, by
definition of 7, since |t;, —t},| < |tj, — ti| + |tx — j,] < 270, we have that

g(@y, (), Dy, (1)) = g(Pr;, —1,, (@1, (uo)), Py, (10)) > 0.
Therefore, by hypothesis on g, we have that g(<1>tj2 (ugp), CID,J.1 (u0)) < 0. However, proceeding similarly,
g(th,-Z (0), q’tjl (ug)) = g(q>tj2*tjl (th,-I (0)), q’tjl (uo)) >0,
which is a contradiction. U
Our main goal for this section will be showing the following.
Proposition 4.2. Let % <s < 1withs # %, and for x,y € X; let

IPNxNF = 1PN Y I,
(4s — 3)N4—4s

g(x, y) :=liminf 4-1)
N—oo
Then g satisfies the hypotheses of Proposition 4.1. More precisely, for every x,y € X, we have that
g(x,y) > 0implies g(y, x) <0, and for us-a.e. ug there exists T (ug) > 0 such that for all 0 < |t| < 7 (ugp)
we have ) 5
| Pn P (o) %, — I Pnuoll
lim in aad i L i
N— oo (4s —3)N4—4s

We discuss briefly the main ideas that go into Proposition 4.2. It is not unreasonable to expect that, for

small times ¢, we have

t2 d2 2
L4\ Pyuoll
ot 5 g IPnuollg|

d
| Py wo) Il — | Pruollfy ~ 1 51 Py @Dl |

,F o).  (4-2)

We then exploit (1-1) to compute

d 2 d? 2
NPV oD | o PN @ woD |
as polynomial objects in the frequencies of ug. By taking expectations, we obtain that

d 2 d* 2
B[ 1P oD% ] =0, E[ 51 Py on i,

=

0] ~ (4s — 3)N*%.

=
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This suggests that, for small times, || Py D, (u9)) ||i-,1 —| PNuoHi-[1 has a definite sign as N — oo (depending
on the sign of 4s — 3), which in turn leads us to the choice of g in (4-1). In particular, Proposition 4.2
follows once we show that this heuristic is correct, and once we bound the various error terms that will
appear in the O (>) term with the correct power on N. It actually turns out that the expansion in (4-2) is
not fully correct, and we will need to allow for extra error terms of the form o(N*~*%) (that disappear in
the limit in the definition of (4-1)).

Note that estimating the remainder in (4-2) deterministically, i.e., using only the fact that the solu-
tion map ¢ — P, (ug) is smooth in time with values in X;, we are only able bound the error term as
O(N>*13) > N*=%_ Therefore, in order to conclude, we will need to show appropriate multilinear
random estimates for the solution of (1-1) at time .

4.2. Time derivatives of the norm of the solution. Define the random objects

_ nds—a d 2
Fy(uo) = N™ a1 Pnu @, ' (4-3)
G (o) = N~ L) Pyutr) 2 (4-4)
~(uo) = g 1PNl | -
Let u(t) be a (local) solution of (1-1) on X;. By a direct computation, we have that
d p 2
E” NM(I)HHI - QN(M, u,u, l/l)(t),
where Q is the quadrilinear map given by
On(ur up us,u) = ) SUn()E ()i (1) (n3) T3 (na), (4-5)
ny—ny+n3—ng=0
n;>0
where we define the multiplier Wy (n) for n = (ny, no, n3, ng) as
4
Wy () =[] Ing (i) (nipn (n1)* — n3ew (n2)> + n3y (n3)* — nie (n4)?). (4-6)

i=1
We note that (by construction) Wy is antisymmetric, so if ny —ny+n3—ng =0 with {n{, n3}N{ny, na} # 3,
then Wy (n) = 0. We start by showing a simple bound on Wy .

Lemma 4.3. For n; € Ng with ny —ny +n3 —ng = 0 and n; ~ N;, we have
Wy ()] < Lywsy N min(N, NO).

Proof. Tt is clear that if N <« N, we then have Wy (r) = 0, so it is enough to show the bound. Similarly,
from n’¢y(n) < N2, the bound

Wy (n)| < N2

is immediate, so we focus on showing that Wy (n)| < NN®_ In order to have ny —ny +nz —ns =0,
since n; > 0, we cannot have that the biggest two frequencies are {n, n3} or {n,, n4}. Therefore, up to
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swapping n; with n3 and n, with n4, we have that

min(n, n2) > max(ns, ng).

1135

Up to further swapping n; with n, and n3 with n4 (which does not change |Wy (n)|), we can put ourselves

in the case

ny=ny =n4=>n3.
By the mean value theorem, noting that ||} || L~ < %, we obtain that

Wy ()| < [nign (1) — n3gn (12)?| + [nGdn (12)> — n3dy (n3)?]
S Ning —na|+ Ning — n3|
=2N|n4 — n3|
< NyN
=NON,

and so the bound follows.
We are now ready to estimate Fy and Gy in (4-3) and (4-4).
Proposition 4.4. For % < s < 1, we have that
E[Fy(u0)] =0, E[|Fy(o)’] SN>2.
In particular, we have that
lim Fy(ug) =0 pg-almost surely.
N—o00
Proof. For N dyadic we have

N*% Fy(uo) = Qn (uo, o, uo, uo)

-3 %\IIN(n)ft?)(m)ﬁ?)(nz)@(m)ﬁb(ﬂzt)-

ni—ny+n3—ng=0
n;>0

Note that Fy is antisymmetric under conjugation, so we have that
Fy (o) = —Fy (uo).
However, since Law (iip(n)) = Law(izp(n)), we obtain
E[Fy (u0)] = —E[Fy ()] = —E[Fy (uo)],

so we must have that
E[Fy(up)] =0.

47
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We now move to computing the variance of Fy (u¢). Recalling that whenever n; = ny or n; = ns we have
Wy (n) =0, and by Lemma 4.3, we get that

4

1
E[lFvwolP] =N > [yl []
j=1

2s
n:
ni—ny+n3—ng=0 = < j>
2. 2 3)\2
< NB5-8 Z Z N2 min(N?, (N¥)?)
~ N2S N2s N2s N2s
N1,N2,N3,Ny ny—np+n3—n4=0 1772 773 74

N(I)NN(Z)ZN nj~N;

2 2 3)3\2 2 3 4
cyws y Nminv INDINONOND g p6-65 _ y2s—2
~ N2s N2s N25 N2s ~ - ’
Ni,Na,N3, Ny 1772 773 774
N(I)NN(2)ZN

In particular, this implies that E[Y" | Fy (u0)|*] < 00, so we must have
lim Fy(ug) =0
N—o0
Us-almost surely. (I

Proposition 4.5. For% < s < 1, define

o0 1,1 p1
I :=(4s—2)<f (x¢(x))2x14sdx)(/// yzzs(l—y+(o—|—r)y)4s4dodrdy). (4-8)
0 0J0 JO

Then I; > 0, and we have
1\,11_{1[1oo Gy (uo) =8(4s —3)I; Iluollizm 4-9)

for ug-almost every uy.

Proof. Recalling that
uPu) = Y dm)imy)ims),

my—mo+m3=n|

we use the symmetry of F to compute

2 o I N
Pl =2Re( Y ‘I’N(n)iazu(nl)ﬁ(nz)ft(m)ﬁ(m))

ny—ny+n3—ng=0

=2 Z Wy (ng—ns+ne, na, ns, ne)it(ny)i(n2)i(nz)i(na)i(ns)i(ne),

ny—ny+n3z—ng4+ns—neg=0
ny—na+n3>0
n;>0

where we relabelled (my, my, ms3, ny, n3, ng) — (n1, ny, n3, n4, N5, ng) and inserted ny — ny + n3 =
ng —ns +ng in Wy. Note that the coefficients Wy are real, and the real part of

[T amp [] aep

j=1,3,5 j=2.4,6
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is invariant under permutations in the set
ceS:={oeS:0({l,3,5)={1,3,5ora({1,3,5) ={2,4,6}} = (S’ x ) x Z,.

Therefore, we obtain that

d? A NRTNAL NETA( \R
POl =2 Y Fv(m ma. m3. ma ns, ng)i(n))i(n2)it(n3) i (14)ik(ns) i ().

ny—ny+n3—ng+ns—ne=0
ny—ny+n3>0
ni20

where fn is the symmetrisation of Wy under the action of S; i.e.,

1
fn(ni, ny, n3, na, ng, ne) = 7 Z Wy (Mo (1) — No2) FNo3)s No@)s o (5)s No(6))- (4-10)

oces

We now show a bound on fy analogous to the one in Lemma 4.3; i.e.,
| fn(m)] S Lywzy N min(N, NO) (4-11)

under the condition n; — ny 4+ n3 — ng4 + ns — ng = 0. To see this, by symmetry it suffices to bound
\IJN(I’lg(4) — Ng(5) + No(6) No@)s Mo (5)s ng(ﬁ)) by this quantity. This bound follows by Lemma 4.3, in
combination with the observation that we cannot have three of the values n4, ns, ng and nqy — ns + ng
being bigger than 100N Indeed, by definition of N/, we must have min(ng, ns, ng) < N, and if
ny—ns+n3 =ng —ns+neg > 100N, then max(ny, n2, n3) > 6N, and so at most one of ny, ns, ng
can be bigger that 6N as well.

We see that
6
Gy (o) = 2N > A ) [ 1007 8n, s 8y 8 8ns B
nl—n2+n3—n46i-n5—n(,:0 j=1
n;>

which we decompose based on the number of pairings:

Gy (uo) = Gy,o(uo) + Gn,1(uo) + Gy 3(up),

where

Gyow) =2N""* > Fn i) ()i (n3)d(n2)ii () (ng)
ni—ny+n3—ns+ns—ne=0
ni>
{n1,n3,n5}N{n2,n4,n6}=2

Gya)=18N*"* 3" fyman)i(n)i(n3)i(ng) i),

ni—ny+n3—ng=0

n;>0
{n1,n3}N{n2,n4}=2
ns=ne
3
4s—4 S 2
Gna()=12N%"* 3" fy(i,ni, g, ng,na,n3) [ [lampP.
ny,nz,n3>0 Jj=1

The fact that Gy = Gy 0+ Gy,1+ Gy, 3 can be easily verified using the symmetry of f under the action
of S. For the O-pairing term, by independence of different frequencies we have that E[G y o(1o)] =0, and
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we use (4-11) to bound its variance,

6
2 8s—8 2 —2s
E[IGy.owo) ] SN > ORI
ny—ny+n3—ng+ns—ne=0 =1
nj=
6
< NS > N?min(N?, NHONTP T[NP
N1>N2>N3>N4>Ns5>Ng j=2
N]ZN,N]NNQ

N1>=N,>N3 N1=Ny>N3

N3ZN NiZN>N3

5 N2S—2 +N63—6 S N2s—2’

which is summable in N. Hence we obtain that

lim GN,()(M()) =0
N—o0
for ps-a.e. up.
We now move to estimating G y,1(¢#o). We further decompose it as

Gn.1(uo) = Gy 1,0(u0) + G, 1.2(u0),
defined respectively by®

6
Gy.10=18N*~ > AN [T gn 8@y 8o
ny—ny+n3—ng+ns—ne=0 =1
n;>0
{n1,n3}N{n2,n4}=2
ns=ng p
Gy.io=18N* > AN [T 8ni B @ns 8 (Igns 1> = 1),
ny—nz+nj3 —n46i-l’15 —ng=0 j=1
nj=

{n1,n3}N{n2,n4}=2
ns=neg

where we fixed the representation

uop=y (n)"*g,e".

n>0

Similarly to the situation for Gy o, we have that E[G y 1 2(u0)] = 0 and

6
E[1Gw.1.2(0) "] S N®F > fu@? [iny) > S N¥2,
=1

ni—ny+n3z—ng+ns—neg=0
n;>0,n5=ng

so limy_, o0 Gn.1,2(up) = 0 for pg-a.e. up.

8The attentive reader would notice that G N,1,0 and Gy 1 2 are the projections to the homogeneous Wiener chaos of order 0
and order 2, respectively, hence the choice of notation.
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We now move to estimating Gy 1,o. It is again easy to check that E[G y 1,0] = 0. Using again (4-11),
note that for ny ~ Ny, ..., n4 ~ Ny with ny —ny4+n3 —ng =0, letting NV > ... > N@ be a decreasing
rearrangement of N - - - Ny, recalling that this implies N ~ N® we get that

-2
> 1 fn (. na,n3,ng m,m)|(m) =

m=>0
< Y Nmin(N, N m)™ 4+ Y Nmin(N, (m))(m)=>
mSNG) N(2)>>m>>N(3)
N(I)ZN N(I)ZN
+ Z N min(N, N®)(m)~>
m>NP>N
max((m), N)>N
~ N min(N, N)Lywzy + N> Lyosy +Nmin(N, NV)max(N, N D))=,
Therefore,
E[IGw.1.0(0)I?] )
SN®E > | fn(n1, ng, na, na, ns, ns)| - | (n1, ng, na, na, ne, ne)l | Jon) ™
nl,nz,ng,n4,n5,n620 j=1

ny—ny+n3—ng=0

4 2
= N8 > H(nj)_2s<z Ifzv(nl,nz,na,m,m,m)l(m)_zs)

ny,na,n3,ng>0 j=I1 m=>0
ny—ny+n3—ng=0

SNEE 3" (NP min(N, N3)*Lyon + NO % Lyasy
Ni~N2>N3>Ny 4
2 2 2—4s —1 1-2s
+ N?min(N, Np)* max(N, N>~ )N, ] V]
=1

5 N2S—2 +N—l +N8Y—8 ZNZ min(N, N1)2maX(N, N1)2—4SN11—4S
N

S NZS—Z +N_1N4S_4 maX(N3_4S, 1)’

which is again summable in N. Therefore, we get that limy_,oc G n.1,0(u9) = 0 for us-a.e. ug, and so

Iggllm(GN(uo) — Gy 3(up) =0

for ug-a.e. ug.
In order to evaluate the behaviour of Gy 3 in the limit N — oo, it is convenient to work with the
nonsymmetric form Wy instead of fy, and so we write

3
Gra)=2N""* 3" Q=L o) Wn (11 — 2+ 13,11, g, n3) [ [ 1 ).

ny,na,n3>0 j=1

Indeed, note that all the pairings in (4-10) that have ns(5) = ny@) Or ny(5) = Ry result in Wy =0, and
so one must have that ny sy = ns(2), which becomes ns = n after we undo the symmetrisation procedure.
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First of all, we note that in the case n| = n3, the third highest frequency between 2n| — ny, ny, no, ng
has size < N;. Moreover, note that if ny, n, < N, we have that ¥ = 0. Therefore,

N4S74

> Wy @ny = ng,ny, g, ny) o) *lio(n2)

ni,n2=>0

|gn1 |4 |gn2|2
(n1)¥ (ny)2s

SNB YT Nmin(N, (m1))

ni,ny>0
max((n1),{n2)) N

By taking expectations, we obtain

NSZUE| D Wy 2ny — ng, ny, g, ny) o) *io(n2) |

n1,n2>0

11
< N4 N min(N, - < NH4 N min(N, N))N!~# N1=2s
< > (N, (1) o s S > in(N, NN} ™ N}

Pny,ny>0 N1,Nj:
max({n1),{(n2)ZN max(Ni,N2)ZN
§N4S_4 Z N3—4SM1—25+N2M1—4S rSN—]’
M>N

which is again summable. When n, = n3, we simply get that Wy (n, —ny+ns, ny, na, n3) =0. Therefore,

for ug-a.e. ug, we deduce that
3

Gna(ug) =4N*" " Wy —np+n3,ny,np,n3) [ [ la@mp) P +o(D).

ny,na,n3>0: Jj=1
n; are distinct

Therefore, we can antisymmetrise further and order the n ;. We obtain
Gy +o(1)

— gNH—4 g, 12 18ns 1% 1gns -

Z Wy (ny —ny+n3, ny,ny,n3)+VWymy —ns3 +no, ny, n3, ny)

2s 2s 2s
n1>ny>n3>0 <n1> <”2> (713)

Note that here we neglected the term with Wy (n, —ny +n3, ny, ny, n3), because in that case either (1) we
have n3 2 N, and so

Wy (ny —ny +ns, na, ny, n3)
F 8N4S74 2 2 2
> s e lgnlen|
ny>ny>n3>N
g N4574 Z NZ(]V1 N2N3)172s S N4S74N2+376S 5 N172s’
N1,N2,N3Z N

which is summable in N, or (2) we have n3 << N, and so in order to have Wy # 0 we must have
ny <ny <ny+nzand Yy, —ny+n3, ny, ny,n3) = ¢N(n1)2n% — ¢N(n2)2n§, in which case

E

Z Wy (ny —ny +n3, ny, ni, n3)

8N4s—4
(n1)% (n2)* (n3)*

2 2 2
|gn1| |gn2| |gn3|

ny>ny>>n3>0
5 N4S—4 Z NN3N11 —2s (NZNS)I—ZS rS NI—ZS’
N1,No=~N>N3
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which is again summable in N. We now apply a further decomposition to the expression of Gy 3. We

write
4s—4 Un(ny —ny+n3, ny,ny,n3) +Wn(ny —n3+no,ny,n3, nn) 5
Gn3<2=8N Z )T Ol el
n1>ny>nz>0 (n1)*5(n2)=*(n3)
G _ gNh—4 Z Wy (ny —ny+n3, ni, na, n3) + Wy (ng —n3 +na, ny, n3, ny)
N,3,>2 — 5 > -
(n1)**(n2)**(n3)

ny>ny>n3>0 5 5 )
X (lgn1| |gn2| - 1)|gl’l2| .
By the above, we have that

Gy=Gn3<2+Gpn32+0(1)
as N — o0o. We now show that Gy 3 -7 is a further error term. Recall that
E[(Ign, I*1gnm|* = D(Ign; *1gn,]* = D] =0

whenever n/1 #ny,ny and n/2 # ny, ny. Therefore, from the inequality ab < a? + b* and Lemma 4.3, we
obtain

E[IGn 3,52 o) ]

2
< NB-S Z( Z Wy (ny —ny+n3, ny, ny,n3) + Wy —n3+ny, ny,ns, nz))
ni

2s 2 2s
ny,n3: <n1> A(nl> S<n3> $
O<nz<ny<ng

VYy(ny—ny+n3,ny,no,n3)+V¥yny—nz+ny,ny,n3, n 2
+Ngs_8z< Z nN(ny —na+n3, ny, na, n3) Ny —n3+ny, ny, n3 2))
np

ni,n3: <n1>2S <n2>2S (n3>2S
O<nz<ny<ng
L N8 Z( Z Wy (ny —ny+n3, ny, na, n3) + Wy (ny —n3 +na, ny, n3, nz))
n no,n3: <n1>2S <n2>2S (n3>2s
O<nz<ny<n

y ( Z Wy (ny —ny+n3, np,ny,n3) +WYym —nj3 —|—n2,n1,n3,n2))

ny,n3: <n]>2s <n2>2S <n3>25

O<nz<ni<np

2
< NB-8 Z( Z Wy (ny —ny+n3, ny, na,n3) + Wy —n3 +ny, ny,n3, nz))
ni

2 2 2
() (n2) (n3)
O<nz<ny<ng

NBs—8 Wy (ny —np +n3,n1,n2,n3) + Wy (g —n3 +ny,n1,n3, )\
+ Z Z (n1)% (n2)? (n3)?
ny ni,n3:
O<nz<ny<n
S NSS—S Z (N]1—4SN21—4SN32—4SN2 min(N’ ]\[2)2)(N2 _|_ Nl)
N1>=Ny>Nj3
Ni>N
< N8 Z NISN, ¥ NFH N2 min(N, N,)?

N1=N>>N3
NiZN
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SN®EY NN max(N, Np)* ™ min(N, Np)*
N>
< NSs—8N4—4s+max(3—4s,O) < N4s—4 +N—l

which is again summable in N. This shows that
Gn=Gpy3<2+0(l) as N — oc.

Therefore, in order to conclude (4-9), we just need to show that Gy 3 <2(ug) = 8(4s —3) [, ||u0||i2 +o(1).
For convenience, write
Gn3.<2(0) =8 lio(m)|*Ay (), (4-12)
n>0

ie.,

Yyny—nay+n,ny,ny,n)+¥Wyny—n+ny,ni,n,n
Ay(n) = Z |:N4s_4 Ny —ny 1,12, 1) N(ny 2, 11 2)]'

ni>ny>n <n1>25<n2>2s

Note that Ay (n) is a quantity independent from ug. We first show that, for every n > 0,

Iim Ay(n) = (4s —3)I (4-13)
N—o0
and that /; > 0. We start by proving that, for every 0 < & < go(s) < 1, as N — oo we have
- Yy(ng+ny,n1,0,n)+¥ym, —ny, ng,ny, 0
Ay(n) = N4 Z Ny +ny, ny jjzsnzsN( | —n2, Ny, N2 )+0N(1). (4-14)
17

NWe>n >n,>N1-¢

Indeed, recalling the definition of Wy in (4-6), by the mean value theorem, we have that for N >> (n)

Z Wy +ny,ny,0,n) +Wy(ny —ny, ny, ny, 0)

2s .28
nyn,

N1+£2n1>n22N1*€

N21 >N N(n2)1| >N
< N4S—4 N <n> +N4S—4 212 N4S—4 nig
~ Z n2sn2s Z <n1>2s<n2>2s Z <n1>2s<nz>25

Nlte>n >ny>N1-¢ 1772

ny>N1te ny<N'=¢
ny>nz>n ny>ny>n
< (n)N4s—3N(l—s)(2—4s) + N2 NIH00=29) 4 N25=2 N (1=e)2=29) — (1)
as N — oo, as long as 0 < ¢ < 1. Now, let
h(x) =x2¢(x)>.
Recalling the definition of Wy in (4-6), and by writing Wy in terms of &, by (4-14) we have
Z h(nﬁl"‘%)_%(nﬁl)"‘h(nﬁl_%)
)

2 2
NIte>p >ny>N1-¢ (nﬁl) (nﬁz)

1
Avin) =7 +on(D),

which we can view as an (improper) Riemann sum, and so

Iim Ay(n) = hix+y) —2hx) +hx =) dxdy.
251,28 y
N—o0 >y>0 Xy

X
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Both the existence of the integral and convergence of the Riemann sums can be justified by the fact that &
is smooth and compactly supported and then using the double mean value theorem to get

|h(x +y) —2h(x) + h(x —
x25y2s

I g o e
SR poox 2y 2 Locyrca + hllLox >y 1 2ycy,

which is integrable. Together with the analogous estimates for 4’, one can easily show convergence of the
Riemann sum.

We now manipulate this integral in order to show its relationship with /;, and verify that /; > 0. Using
the fact that 4 is supported away from the origin, by change of variable, we have

lim</ h(x+y)—2§z(x2)+h(x—y) g dy)
£0 X>y>ex X Sy s
= 1%1(/)00 [h(x(14u)) —2h(x) +h(x(1 —u)x' "% u= dx du)
lz;zs

zlim(/ hx(1+u))x! =5y dxa’u—Z/ hO)x"™u™ dx du
£l0 x>0 x>0

1>u>e 1>u>e

+ fx>0 h(x(1—u))x""u=> dx du)

1>u>e

00 1 1 1
=(/ h(x)x14sdx) lim(f u25(1+u)452du—2/ uzfdu+/ uzs(l—u)452du>
0 el0 & & e

00 1
— (/ hx)x!'=% dx> 1i£(/ WA+ 241 —w)¥ du).
0 £ e

We note that the final integral converges since, in a neighbourhood of 0,
M—ZS[(I + u)4s—2 —24(1— u)4s—2] Sj u2—2s’

which is integrable. Moreover, by using the fundamental theorem of calculus twice, we get that

1
/ u—ZS[(l + u)4s—2 _ 2 + (1 _ u)4.¥—2] du
0

1 pl pl
:(4s—3)(4s—2)(f// uH‘(l—u+(o+r)u)4f—4dodrdu>,
0J0 JO

and so (4-13) follows. The fact that I, > 0 follows from the fact that, on the interval [0, 1], we have that
l—u+(o+1t)u>0and k>0 as well.

In order to conclude the proof, we just need to show that we can swap limit and summation in (4-12).
By Lemma 4.3, we have that

N min(N, n2)1, >y

< N4s—4N3—2sN1—2s <1.
(n)*(na)>  ~ ~

A SN Y

ni>np

Therefore, for u-a.e. ug, by dominated convergence,

lim Gy(uo) = lim Gy3<a(ug) =8 lim Y |ip(n)|*An(n) = 8(4s — 3) || O
N—o0 N—o0 N—o0

n>0
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4.3. Paralinear decomposition of the flow. We now need to justify the fact that (for short times) we
can approximate || Py P, (ug) ”12511 by its second order expansion in time. In all of the following we let
1 s—1/2,+

5 <s < 1 and recall our choice of X as X; = B, o/ " with p > max{100, ﬁ} We also let

Bg :={up € Xy : |lugllx, < R}.

The first step to showing the validity of the expansion (4-2) is to linearise (1-1) at high frequency. In
particular, note the following (paraproduct) decomposition:

idu=T(ulu)y= Y TI(PyuPy,uPyu)

Ni,N2, N3
=2 Y T(PyuPnuPyu)+2 Y TI(PyuPy,uPyu)
Ni, N2 KNN3 N1<N3
N>~N3
+ > N(PnuPyuPyu)+ Y T(PyuPnuPyu). (4-15)
N1~N3 Ni,N>~N3

No><N3

This first term will serve as our linearisation around high frequency. For ease of notation, we introduce
the trilinear paraproduct operator describing this low-low-high interaction:

HL,L,H(M, v, w) = Z H(PNIMPNZUPNgw)-
Ni,N2 <K N3

Now, consider the system of equations

i9u = TI(Jul*u),

10, X =21y Lu(u, u, X),
Y=u—X,

(u, X, Y)li=0 = (uo, uo, 0).

(4-16)

Namely, u = X + Y represents the solution to (1-1), while X flows under the linearised low-low-high
interaction. The main advantage of this decomposition is that the term X captures the main nonlinear
object with regularity s — %, while Y will be a smoother remainder. In particular, we have the following.

Proposition 4.6. Let p > max{ 100, ﬁ} For all R > 1 there exists Tg > 0 such that for all ug € Bg,
there exists a unique triple

(u, X, Y) € C2([~Tr. Trl: X, x X, x BX5 1)

that satisfies (4-16) with

5
6 X o gy 2y 2ty iy S €A KD @-17)

for some universal constant C > 0.
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Proof. First, consider the multilinear bound, for N dyadic,

1Py (ML e, v, w)lliee S D 1Py (Pwyu Py v Pygw)ll o

N1, N2 N3

S Y Pl Pyyvlls |l Pyywil o
Ny, N2 N3
N3~N

< ‘ )

S lull gz vl goie Y IPxwllLe,

N3=N
where we just used Holder’s inequality and the embedding B‘,’,;;/ 2 Bgo |- In particular, we obtain that,
foreveryo € R, g > 1,
ML, v, Wl et S lull gsan ol gz lwll g - (4-18)

Moreover, by (4-15), for every g > 25—1_1, we have

| Py (TT (|| *u) — 2000 j(u, 1, 1)) || 2o

:HPN(Z > T(PyuPyuPyu)+ Y T(PyuPyuPyu)+ Y H(PNluPNzuPMu))“

N1 N3 Ni~N3 Ni,N2~N3
No~N3 N N3
< 2 s s
S el E | Pnyuel| oo (N2N3)2 ™" + E | Pn,utl| oo (N1 N3)2
20 N1 <Ns Ni~N3>N
Nz’VNgzN N2 N3

1
+ Y [IPwullLe(NaN3)? “)
Ni~Na~N3ZN

1-2 3
S, N S”u”Bs—l/ZHr?

2q.,00

where we used Holder’s inequality || fghllza < || fllL=llgll L2 |l 20 and the embedding B;;ééz’Jr S 320’1.

We obtain that
I Py (T ) = 20 a1, ) | g S el (4-19)

2q.00

Now, rewrite the equations for X, Y in (4-16) as
10, X =2 Luu,u, X),
i0;Y = T(Jul*u) — 2Mp Lu(u, u, u) + 20 Lu(u, u, Y).

Then, by a standard Banach fixed point argument, from the estimates (4-18) and (4-19), we obtain that
there exists a unique couple (X, Y) € C([—Tkg, Tr], Bf,,_olo/ LRI, B;‘Elo’:), while the existence of u follows
from Proposition 2.4. Further, the fact that (X, Y) € C 2([—Tg, Tr], B;,_OL/ 2t B;S/;’IO’:F) follows from
considerations similar to the ones in Proposition 2.4, together with (4-18) and the analogue of (4-19) for

the difference
OF(TT(|lulu) — 2T 1 (u, u, u)).

The reason of the power R in the right-hand side of (4-17) is the fact that 3?u|,—¢ is a quintic expression
in R. We omit the details. ]
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Recall that, in view of (4-2), Propositions 4.4 and 4.5, our goal is showing that, in an appropriate sense,

t2 d2
| Py @1 @) I = I Pvuoll Gy = 5 5 I Panollzy |+ R(t, uo),

with

IR(t, ug)| < e’ N*™ +o(N*™%)
for ¢t small enough (depending both on ¢ and u). Recalling the definition of Qy in (4-5) and of Fy and
Gy in (4-3) and (4-4), respectively, such a statement reduces to showing that, for every fixed ¢ > 0 and
for every ¢ small enough (depending on ug, €), we have

]N4“_4QN(M(I), u(t), u(t), u(t)) — Fn(up) — tGN(uo)| <et.

In order to see this, one can write u(t) as u(t) = X (¢t) + Y (¢), and expand the terms in the expression for
QO by using quadrilinearity. The next lemma essentially states that the estimate above holds whenever
the expansion of Q contains at least one term in Y that does not appear in the lowest frequency.

Lemma 4.7. Let Ni, N3, N3, N4 be dyadic numbers, and let f1, ..., fi € Li (T). We have that

4
|ON(Py, f1. Py, fa. Pus f3. Py, f)] S N min(N, NO)Y [T If51 . (4-20)
j=1

where we recall that NV > N@ > NO > N& 5 ¢4 reordering of Ny, ..., Ny.

Proof. Recall the formula (4-6) for the multiplier Wy (r) appearing in (4-5),

Wy (n) = nign(n1)* — n3¢n (n2)* +n3¢n (n3)* — njen (na)?,

where we omitted the indicator of nonnegative frequencies due to the assumption f; € Li.
Exploiting the symmetries of Wy, we can assume without loss of generality that N; ~ N, 2 N and
N3, N4 < Nj. Under the condition ny —ny +n3 —n4 =0, and nj ~ N;, we can decompose Wy as

nigy (n1)? —n3dn (n2)?
N(ni —ny)

4
Wy (n) = N(ny— n3)( [[o<nn j)) +n3on (13)° — nign (na)?
j=1

=: N(ng —n3)hy(ni, na, n3, na) +nign (n3)> — nigy (na)*.

It is fairly easy to check that hy(x1, x2, x3, x4) = h(x1/N,x2/N,x3/N, x4/N), and h is a smooth,
compactly supported function of x, y. Therefore, by Proposition 2.2, we obtain

|QN(PN1f]9 PszZa PN3f3’ PN4f4)|

3" Nhy(n,na,n3,na)(na—n3) Py, fi(n) Py, f2(n2) Py, f3(n3) Py, fa(ns)

ny—ny+n3—ng=0

<

+| Y nden®3) Py, fi(n1) Py, fo(n2) Py, f3(n3) Py, fa(ns)

ni—ny+n3—ng=0

+| Y ndon )Py, fi(m) Py, f2(n2) Py, f3(n3) Py, fa(na)

ni—ny+n3—ng=0
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S (N”PM Sill Ll Py, foll o (NP Py £3) 4 Py fall o+ 1 Povs f3 1l 4 (P v Py ) 124
+ 1Py fill o Po, fall o | (Po Prvy f3)" 41l Py fall o
+ 1 Pny fillps | P, fall e IIPN3f3||L4II(PNPN4f4)”|IL4>

:p

I fill2+(N (min(N, N3) +min(N, N4)) + min(N, N3)? + min(N, Ny) )
1

~.
Il

< N min(N, N®) H 1 £l 0
j=1
As we will see in Section 4.4, the previous lemma and Proposition 4.4 leave us with estimating the
difference

|N4s—4QN(X(z), X (1), X(0), u(t)) — Gy (uo)|

under the extra assumption that the terms in u«(¢) in the expression above appear at the lowest frequency.
However, one can check that, for generic f1,..., fa € BS 12+ , one cannot expect an estimate which is
any better than

ONCfLs for for fo) SN

Therefore, in order to conclude, we need to exploit the random oscillations of X (¢) in order to show that
the expression

On(X (1), X(1), X(1), u(r))

has the correct growth in the parameter N (and has the correct dependency in the parameter ¢). In order
to achieve this, we will need some further reductions. As it turns out, it is actually convenient to treat
Y () together with further error terms. In particular, the goal of this subsection is to show the following.

Proposition 4.8. For ug € X and N dyadic, define
won = Y Puuo= Penito.
M<&N

Let un(t) = ®,(uo,n). Then there exists Ty = To(||uollx,) > O such that, for every N dyadic,
Pyu(t) = PNIT(Xn) (1) +on (1),

where .

Xn(t) :exp<—2i/ |P<<NuN|2(r) d‘L’) Poyug 4-21)

0
and u, vy satisfy
lu()llc2 - S+ Jluolk, -
C*([=To, Tol; Xy) Xy s (4-22)

lov Dl 21, 1120 S (1 + ||u0||x )N

We defer the proof of this proposition to the end of this subsection, since we will need a number of
preliminary lemmas.
Firstly, we have the following bound on the difference of solutions u(¢) and u y (¢).
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Lemma 4.9. For every ug € X, there exists Ty = To(||uollx,) > O such that, for every N dyadic,
lu(@) —un @] 04y S N7 luollx, (1 + lluoll,)
C2([~To,To): B, }) ~ Xs/»

where p > max(lOO, ﬁ) is the same parameter that appears in the definition (1-9) of X;.

Proof. Let R =1+ |lugllx,. Note that, by definition,

luo.nlIx, S lluollx, -

Therefore, by Proposition 2.4 we may pick C, fR > 0 such that lu()llc1(—7, Fop:x) = < C|lugllxs R* and
lun Ol cr (=T For:x,) = Clluoll xs R* for all N. We now show a product estimate on Besov spaces (for
functions not necessarily supported on nonnegative frequencies). For every 0 < & < s — % - %, we have

that
I f8hllz, = %j | P (fgh)llLr

<Y > I1Pu(Py, f Pr,g Push)lle

M Ni,N;,N3
< ||g||3gm||h||3&mz( oo+ Y )nPleanN;SN;S
M N1,N2,N3 N1,N2,N3
N1<max(N2 N3) N >>max(N2 N3)
M <max(N,,N3) Ni~M
S gl gyl s 1/2(2M Iflso, +D D ||PN1f||Lp)
M Ni~M

< _ _
Sl N8l gzl gsva.

With this, we see for |f] < TR
t
lu(e) —un @l go | < luo — o.n o, +/ ITL(u*ae(r) = |y Pun (0) o dt
, o .

t
l_ _ S —
Sl N+ [ =)+ i+ 1= g,

< Nluollxs N2~5 + R*t|luollx sup lu () —un ()l

ITl<lt|

and so it follows that picking a Ty = To(R) > 0 small enough we obtain
l|u(r) — MN(t)||C0([ Ty, Tol: BO+) <N2 ”MO”XS-
The analogous C? bound follows by taking derivatives and a similar argument, yielding
1_
1O =y Ollcaq g, 50 S V2 Qitoll, + 18,0, + 157u(0) )

1_
< N2 luollx, (1+ lluols,)- U
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Lemma 4.10 (commutator estimates). For N dyadic, consider the trilinear maps
Cylf g hl= PNn<P<<N(f>mh> — Pan (/) Pan () PN TI(R),
CyLf. g hl= PyII(TILLu(f, & h) — Pan () P<n(g)h).
For j =1, 2, we have the estimate
ICALS. & llleos S NI N goesaligl g Il e,
which holds for all f, g, h not necessarily supported on nonnegative frequencies.

Proof. We compute forn € Z

CNLf. g, hl(n)
= > [y () — 1y, (n3)pw (13)] Pec F (1) Pecn g (n2) h (n3)

nl,nz,n3eZ
ny—nz+n3=n

=1y Y [dn() — n(3) P | (n1) Py 8 (n2) TPy hi(n3)

nl,nz,n3€Z
ny—nz+n3=n
1n, () ng—i—a(nl— ns) _— e
= o) (1 —n2) / do Pan 7 (1) Pan g () TPy h(n3)
ni,na, n3€Z
ny—na+n3=n
A, (n) — —_
=—i=x— > mnGu,n, ) (Pen ) (1) Pang (n2) TPnh(n3)
ni,ny,n3el

nyj—n+n3=n

A,y (1) e
+l—;v E my(ny, na, n3) Py f(n1)(Peng) (n2) T Payh(n3),
nl,nz,n3eZ
ny—nz+n3=n

where m y is the Fourier multiplier given by

1 _ 3
mN($1,§2,§3)=/0 ¢’<&ff&))d0r{( ) ¢M(§j))-

j=1 “\M<100N

We note that the m are smooth and bounded on R (uniformly in N), and are supported on frequencies
|émax| S N. Using the fact ), <1008 PM (X) is supported on (—200N, 200N), we note that for all
multi-indices «,

10%my (&1, &2, £ S N0 <ny SIIEL &2, 89177,

and so the my are Coifman—Meyer multipliers, with norms uniform in N. So by Proposition 2.2, we
have that, uniform in N,

1 /
ICx LS, & hlllzs S ~ UIPn fllee | Pangllier + 1 Pan flle | Pang i) I Pnhll e

1_ _ g
SNNT E NiNT A flgs-12ligl gs-ir2lll gs-12
p.oo p,o0 p,o0
Ni<N
125
SN0 g2 gl gz lihl g
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The estimate for CIZV is simpler, noting that

C(f.g.h) = PNH( > (Pent(f) P (8) Puh) — P<<N(f>P<<N<g>h>
M~N

= PNH( Y (P () Pem(g) — P<<N(f)P<<N(g))PMh>

M~N

= PNH( Z ((Pert (f) = Pen (f) Pem (&) + Pan () (P (8) — P<<N(g)))PMh),
M~N

from which the estimate follows. O

Proof of Proposition 4.8. Let R = 1 + |lug||x,. Recall the decomposition u = X 4 Y, where (4, X, Y)
solve (4-16). By Proposition 4.6 and Lemma 4.9, we may pick a constant C > 0 and 7y = Tp(R) > 0

such that 5
IXOllc2—1x. 141 x,) < CR,

5
”Y(t)ch([—TR,TR];Bijilo’j) = CR s
5 (4-23)
lun O llc2—1p.721:x,) = CR”,
1 s p5
() =un Ol caq—ry 1,505 = N>R
for all N dyadic. We also note that Xy as defined in (4-21) solves the equation

{ia,XN =2|Penun|*Xn,
Xn(0) = Pxnuo,

for which one can easily prove the analogue of Proposition 4.6. Therefore, up to making 7y smaller, we
also have

IXNOllc2q-r.70:x,) < CR’ (4-24)
for all N dyadic. Then we decompose

vy = PyIT(X) — PyIT(Xy) + PnY.
From (4-23), we get
IPNY Ol 2oy 1y S RN,

and so it suffices to bound vy = PyI1(X — X ). We compute

t
oy = —2i f Py Lu(u, u, X))(v) — PNTI(|Penun|*Xn) () dt
0
t t
=—2i / | Penun |0y dt —2i / PyTI(| Payun|*(X — XN)) — | Panun|*PyTI(X — Xy) dT
0 0
t
—Zi/ PNTI(TTL o g (u, u, X) — | Peyuy|?X) dt
0

t
=2 / (IP<nun|*on +Ch(un, un, X — Xn) + PyII(TL L u(u, u, X) — | Penun)*X)) dz.
0
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First note that, by (4-23), for |t| < T,

107 1~
S RUTolION leo -1, 112073 -
Lr/3

t
H/ |Penun|*y dt
0

From the commutator estimate in Lemma 4.10, (4-23), and (4-24), we see that

PyTI(My (s 4, X) — | Panun*X)
= PyII(TL L (u, w, X) — Ty L u(uy, uy, X))+ Py @y, uy, X) — | Panun*X)
= PyII(My L, u, X) = ML a(uy, oy, X)) +Cx (un, wn, X).

Again from Lemma 4.10, (4-23), and (4-24), we have

t
/ Cy(uy. ity, X — Xy)dt
C*([—To,Tol; LP/3)

0

Next we compute

< RlS TONI—ZS
CX([~To,Tol; LP/3)

t
/ Cy(uyn,uy, X)dr
0

By (4-23), and Lemma 4.9, we have that

| PNIT(TIL L (e, u, X) — L L u(un, un, X)llerq—1o. 101 L7

S Y I(Pw, (= un) Py, (un) + Pry (= uy) Py,u) Py Xl 1 oy 1) 10

N1,N2 <K N3
N3~N

1_ —
S R10N2 s“u(f) _uN(t)”Cl([_TOsTO];Bg_l) rg RlONl 23‘

Therefore

< R15T0N1—28
CX([~To, Tol; LP/3)

t
/ Py (u, u, X) — | Payuy|>X) dt
0

Putting all this together we can deduce that, up to making 7y even smaller (but depending only on R),

] Sarl—=2
”UN ||C2([—T0,T()];Lp/3) 5 R°N S,
and so
S5arl—2s
||UN||C2([7T0,T0];LP/3) 5 R°N 5

as well. O

4.4. Estimates for Q. We now verify that the decomposition u () = PyI1(Xy)(#) + vy (¢) given by
Proposition 4.8 allows us to estimate QO (u(t), u(t), u(t), u(t)) appropriately. For ease of notation, let
t
En(t) = exp<—2i / |Penun|*(t) df)
0

and
EN(t) = Pan(En(1)).
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We will also define, for M, M’ dyadic,
X3 = PyTl(Xym) = PuT1(Ey (1) Pxpuo),
Xm,m = En (t) Puuo = Py (Epr (1)) Puuto.
We have the following estimates.
Lemma 4.11. Let M’ < M be dyadic, ug € X5, and let To = To(||uoll x,) be as in Proposition 4.6. Then
15 = X lleqomy e S M2 (M2 7 (1 + lluollx,) ' fuollx, (4-25)
Proof. We write

X3 = Xum = PuT1(En (1) Pamito) — P (Enr (1)) Pagtg

= Py T1((Eu (t) — Epr (1)) Ppruto) D
+ Py T1((Em (1) — P Enr (1)) Parit) (ID)
+ Py (Pt Emr (1) Pxpito) — Pcr Enr (t) Py Py, (I11)

where in the last line we used that [T(P pr&pp (1) Pxptto) = P Enm (t) Pxprug and that Py Py = Py
To estimate (I), from Lemma 4.9, we deduce that

1_
10 (1) — Emr Ol c2— 701,28 S M)A+ Jluollx,)’.
from which by Holder’s inequality
Il 215, 1004 S NEM @) — Emr (Ol c2—1. 701,18 | Prattoll 13

< 1s ni-s 5

SM2 (M) (1 luollx,) ™ lluollx, -
For (II), note that & (¢) solves the equation

i0, (1) = 2| Pyt | Enr (1),

from which we immediately deduce that

6w llc2q=1,101.x,) S 1+ N oy, 11, x0) 1w o1 (=10, 701, %)
<L+ Jluoll¥). (4-26)

Therefore, we obtain that

Emr(t) — Pt Emr (Ol c2(=1y. 107, 18) S Z | PLéwm | c2 (=T 7). L)
L>M

1
N Z L2l c2 =100, X,
L>M

1_
S (M2 (1 A+ luollx) ™.
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Therefore,
IID Nl 21,700, 24 S NEmr () — Pcra Enr (O |l c2 =1, 707, 18) | Pmteoll s
1_ 1_
SMS (M) (14 Juollx,) luollx, -

To estimate (III), consider the multiplier

gy, ) = p ML +”Z Z OO )b (n).

It is easy to check that this is a Coifman—Meyer multiplier with ||m||cpm2 S 1. In particular, we deduce
that, for every f, g : T — C supported on frequencies |n| < M, we have

1Pw(fe) = fPu@ s S M lisligllzs.

Therefore,

—1
1D | c2ry rp9 S Y M 10 PLéallexqomy 11,09 | Pxaatto ] s
L&M'

L
=S Z M”PLéaM’”Cz([—TO,To],Lg)”P%MMOHLg
LM’

Lo 1
S Z MLZ SM2 s“gM’”Cz([—To,To],XS)”I"OHXS
LM’

3_ _1_
SMNYT M (14 Jluollx,) lluoll x,
1_ 1_
SM2S (M2 (14 [luollx,) lluoll x, - O

Lemma 4.12. Let M’ < M be dyadic, uy € X5, and let Ty = To(|luoll x,) be as in Proposition 4.6. Then
2 p2 2 p2 < NE=SogNE—s 10
105 PN (Xpt,m7) — Enr0) 0y Py Prustoll c2 -1, 11,24y S N2 (M2 (1 + luollx,) " lluollx,. — (4-27)

Proof. Recall that
XM,M’ = EM/(t)PMLt() = P<<M/((50M/(t))PMM().

Moreover, as in the previous proof, we have that (see (4-26))

1l 21y, 101, x0) S (1 + ||M0||§£,)-
For f, g smooth, it is easy to check that the bilinear map
03 Py (Pecam )8) — Pecam f - 9 Py (8)
is given by the multiplier

em(ny, n2) = (nign (n1)? — (n1 +n2)on (n1 +n2)*dcan (n2)

ni(pn (n1)* — (1 +n2)?)

— (2ning 4 13) o (11 +12)*Pcam (n2).
Mn,

= Mn; - pcam(n2)



1154 JAMES COE AND LEONARDO TOLOMEO

Via a scaling argument, it is easy to check that, for N ~ M, we have

‘ ni(pn (n1)* — pn (1 +n2)?)

Mn,
Therefore, by Coifman—Meyer’s theorem, we obtain that, for M ~ N,
|83 PR (Pcars )8) = Pecasa f - 93 PR (9] 4
SMIF s glls + 1 Py ((Pecart £IE 4 + | PR (Pecara £V @)l 14
SN Nesllglzs + 1 Nzslig s +11F s liglzs-
We now apply this to f = atkPLé“’M/ (t) for k € {0,1,2} and L « M’, and g = Pypug. Note that when
M % N, the left-hand side of (4-27) is equal to 0. Therefore, we can assume that M ~ N and obtain

102 P X aa = Enrrcy 02 Py Prato| oy gz S D (ML A LI PLEW ()l 2 g7y, 11,1 | Prateoll .+

<1
cM,2

dcam(n2)

LM’
1_ 1_
<D ML-L M2 18w () lle2-7 7015, 140l x,
L&KM’
3_¢ 3_ .
SN2S(M)25 (1 + [luollx,) lluollx, - 0

The previous deterministic estimates allow us to isolate the “diverging” part of Q y for general ug € X.”
For ease of notation we introduce the conjugation relation

z for j even,

C; =
i@ {Z for j odd.

Lemma 4.13 (decoupling of Qy). Let ug € X, and let Ty = To(|luollx,) be as in Proposition 4.6. For
N1, N2, N3 dyadic, define

YNl,NQ,N3 (X)

3
D (mion ()’ —n3¢n (n2)> +n3on (1)) | | v, (e @ (nj))e’ ™40 (4-28)

nl,ng,n3€Z j=l

Then, for all N dyadic, we have

11
2

‘QN(M’M’ u7 u)(t)_4 Z / |EN(3)|2EN(3)(I’ X)PNA,Mmin(N,N(:i))(tvx)YNl,Nz,N:’,(x)
T

Ni,Na,N3>>Ny C2([—To. To)
N(])NN(Z),ZN>>N4
)< _
NN SNYS U + luol$),
where we recall that NV > N® > NGO > N® 54 reordering of Ny, ..., Ny 10

9As we will see soon, this is an improper name, since the “diverging” part of Q will actually be of smaller order as a power
of N. Nevertheless, for general functions u( € Xj, this is not the case, and the “diverging” part can actually be much bigger than
the other terms.

107t i actually possible to improve the power in the right-hand side to (1 + ||u0||§( ). However, this is inessential to the
argument of this paper. ’
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Proof. By symmetry, we make the decomposition

On(u,u,u,u)

=4 E On(Pn,u, Py,u, Py,u, Py,u) + E On(Pnyu, Pyyu, Pyyu, Py,u)
Ni,N2,N3>>Ny N1,N2,N3,N4
N>N, min(N,N®)<N®

2
=4 Z / |Eno " Ene (t, X) PNyiminiv v3) (E X) YNy Ny, N5 (X)
Ni, Ny, N3Ny 2T
NO~ND>N> N,
N(3)5N

+4 E <QN(XN1,N(3)a XNQ,N(3)’ XN3,N(3>s PN4Mmin(N,N(3)))
N1,N2,N3>>Ny
NO~ND>N> Ny
NOLSN

_/|EN(3)|2EN(3)(t9x)PN4umin(N’N(3))(t7x)YNl,Nz,N3(x)) (I)
T

+4 Z (QN(X]—:;I’ X;y XIJ\%, PNy Umin(n . N®))

N1,1]\</2,N]%]>>N4
>N, — ON XNy, NO s XNy NG XNy NG s PNy Umin(v N®))) (D)
+4 Z (QN(PN]M9PN2M9PN3M9PN4M)_QN(X;1’X7\;27X]—’\}35 PN4umin(N,N(3)))) (III)
Ni,Na,N3>>Ny
N>Ny

+ E On(Pn,u, Py,u, Pyyu, Py,u). (IV)
Ni,N,N3,Ny
min(N,N®)<N®

Let 7o = Tp(R) be as in Proposition 4.8. From (4-20) and (4-22), we have that

[|(IV) ||C2([7T0,T0])

4

< - ) 1/2-s 4

s 2 NminW NN Ie@ ey gy e
Ni,N2,N3,Ny j=1

min(N,N®)<N®
N(I)NNQ)RN
SN minN NN N (V) (V)T (4 o1}

Ni,N2,N3, Ny
min(N,N®)<N®
NDO~NO>N

SN Y minV, N9y max(V, NO) "2 NE) IS (VD)3 (1 4 lug 130

NO>N®
min(N,N®)<N®

5(N”S Y iy N Y <N<3>)33S(N<4))5S><1+||uo||’§£)
N(3>~N(4)§N N(3)ZN<4)2N

SINTZ+ NS A+ luollR)

SNYTHA +Hluoll )
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In order to estimate (IID), for j = 1,2, 3, decompose Py,u(t) = X;\;j + vy, (7), as in Proposition 4.8.
Recalling that

||UN,- (t)”CZ([—TO,TOLLP/S) < N2 luoll x,
and that % > 4, by (4-20) and Lemma 4.9 we obtain

. 3_ 1_ 1_ 1_ 1_
Il nm S Y. Nmin(N,N®)2 s (VD)2 (V@)= (N5 (VD)7 (14 uo |R)

Ni,N2,N3>3>Ny
NDO~NO>N>N,

l_ 1_ _ _
S D (NN TNITE (U uelR) S NTH A+ uollR)

~

NO~N@>N

For estimating (II), we proceed similarly, using (4-25) in lieu of the estimate on vy. Using (4-20) once
again, we obtain

IAD 2=, 757 = 4 Z (QN(XIJ\FII» X]J’\;zv XE, P, Umin(N, N®))

Ni,N2,N3>Ny
N>Ny
- QN(P~N1XN1,N<3>» P~N2XN2,N<3)’ P~N3XN3,N<3)’ PN4”min(N,N<3>>)) s
&
1 1 1
S ) NminV, NOYND)2 (V@) (NO) 2 (ND) 2= (1 o |1 §)

Ni,Na,N3>>Ny
NO~NO>N>Ny

SNTH A+ uollE).

Finally, we move to the estimate of (I). Recall the definition of Wy in (4-6), which we now view as
inducing a differential operator in spatial representation. More specifically, we have that

= o~ = 2 - -
> niei ) fitn) falna) f3(n3) falna) = — A (P f1) fa fa Ja,

ny—ny+n3—ng=0

> ke o Fae e Fan == [ 0P

ny—na+n3—ng=0

and similarly for the terms in n3, n4. Then, by definition of X, s and recalling that N4y < N, which
implies Py Py, = 0, we have that

ON(X N, NO > Xny v s Xy N s PNyUiminay, N®))

—/ |Ene [PEne (t, %) Pyytpiny voy (E ) Yy Ny, v, (X) dx
:
. 3
P .
=3 / Py ttmincv vy Y _(=1) (c,-(a,%P,%XN,,No» [T a&ywe)
T j=1 ke(1.2.3)\(/)

—¢;(Eyo (t)a)%P]%IPNjMO) l_[ w(Exo (f)PNku0)> dx

ke{l,2,31\{j}
3

l' .
=3 / P ttminv, vy (=1 @7 PR Xy, vo — Eyo 00; P Prjuo) - [ aXy, v di.
T ; .
j=1 ke{l,2,31\(j}
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By (4-27), we obtain that

H On Xy, vos Xy, NG s Xy N s PNy Umin(v, n®))

2
- / |EN(3)| EN(3) (t’ x)PN4umin(N’N(3))(tv x)YNl,Nz,N3 (x) dx
T C2([~To, To))

2

5 ”PN4umin(N,N<3>)||C2([—T0,To],L4)||EN(3) ||C2([—T0,To],L°°)

3

x Y 07 Pv Xy, o — Exoy T PNPNuo) | oz sy L] I1Paektollps

j=1 ke(1.2.3)\())

353 1_g o a—s 3_ 1_ 25 Ar5—S
S U+ luol NN NI NN S (L ugllFDHNT (N D)2 (N2 72N
Therefore,

3_ 1 DTN -
IOl mmy SAHIuold) > NFFWO)I SO BN < (L uoll )N, O

N1,No,N3>Ny
NDO~ND>N3N,
NN

In view of this estimate, we are left with bounding the expression

2
E / |[Eno |"Ene (2, X)PN4”min(N,N<3>)(ta X)YN|,N2,N3 (x)dx.
Ni,N2,N3>Ny T
NO~NO>N>Ny
NN

In principle, if the various functions in the expression above are general elements of the Besov space

Bf,:,lo/ % the best estimate that one could prove is

2 T3
Z / |Eno|“Ene (t, X) Pnytminiv, n6) (E X) Yy Ny N5 (X) dx SN2,
Ni,Na,N3>>Ny T
NO~NO>N> Ny
N(3)§N
which is not sufficient for our goals. However, exploiting the (random) structure of u(, we can prove the
following.

Lemma 4.14 (random estimate for Q). Fix R > 0, and let Ty(R) be as in Proposition 4.8. For every
0 < |t| < To(R) and for every k € {0, 1, 2}, we have that

d* 2
[E[ IF > |Eno | Ene (t, X) Pnytminiv, v (& X) YNy Ny, N (X) dX ) |1, (1)
NiN2 NNy T
NO~NO>N N,
N<3)§N

5 (1 + R44)N3—3A" (4_29)
where Bg denotes the ball in the topology of X:

Bpr :={uo € X; : |luollxs < R}.
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Proof. Note that, by definition, the function Yy, n, n, does not depend on time. Therefore, when we take
derivatives, we obtain that

dk

W(/ |EN(3)|2EN(3)(I7x)PN4umjn(N’N(3))<t’x)YNl,NQ,N3(x) dx) :/ f1f2f3f4YN1,N2,N3 dx,
T T

where fi, ..., f4 are functions of Py up which satisfy
11
I fillcoq=rp.01,x) ST+ R
as long as || P youollx, S R and have Fourier support in {n : |n| < 2N 3}, In particular, we have that
Af1f2f3f4YN1,N2,N3 dx =/Tf1f2f3f4P<<16N<3>YNI,NZ,Ng dx

and that Yy, n, n, 1s independent from (f1, ..., fa), since Y is a function of Py, uq, Pn,uo, Pn,uto, which
are independent from P ya uo.
For |k| <« 16N®, we now estimate [E|Yy, , v, (k)|?. By (4-28), we have

EIY N, noon, ()7 = E

3 2
D (AN () —napn (n2)” + 3w (1)) [ [ ¢, (nj)e; o (n )
ny—na+n3=k j=1
5 (n3pn (n1)? — 3w (n2)> + n2pn (1)) [T, b, (n))?

(n1)25(n2)% (n3)

S

ni—ny+n3=k
naF#ni,n3

S N2 min(N, N(3))2(N1 N2N3)—2sN(1)N(3)
< N?min(N, N®)2(N®)1 =25 (n(Dy1=4s

Here we used that, under the condition |n; —ny 4+ n3| = |k| < N®, we have the bound
Inien (n1)> = n3¢n (n2)° +n3¢w (n3)*] < N min(N, N9,

which follows from Lemma 4.3, where we put ng = k.!!
Moreover, for kK # h we have that

E[ Y, 308 ) Vv, vy, ()] = 0.

Indeed, it is easy to check that k # h implies that we cannot pair the frequencies uo(n;) and L’t?)(n’j) SO
that

{ni,n3} ={n},n3}, ma=ny and ni—ny+ny=k, nj—ny+ny=n,

and so the expectation must vanish.

1y principle, Lemma 4.3 does not hold when n4 < 0, while it is certainly possible for us to have k < 0. However, one can
check that in the proof of Lemma 4.3, the lowest frequency is allowed to be negative without any modification in the argument.
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Therefore, by Plancherel, recalling that Yy, n, n, is independent from P,yeuo and (f;)j=1,.. 4 are
functions of P ye uo, for a universal constant C > 0, we have

]

S [EH (/ S L2 L3S o s dx) 1pcr(Penouo)
T

[EH (/1r f L3 aY N Ny Ny dx) 1, (uo)

]

—

4 2
S [E[ Z Hfj(k)YN|,N2,N3(k) 1BCR(P<<N(3)M0)i|
k|« 16N® j=1
e
= > E|[]HH 1BCR<P<<N<3>uo)]rE|YN.,N2,N3(k)|2
[k|<16N® = j=1
T,
S Y B[] 1BCR<P<<N<s>uo)]N2 min(N, N&)2(N®)1=2 (v D)1=4s
lkl<I6N® = j=1
4 2
N [E|: l_[ i 1BCR(P<<N(3)MO)i|N2 min(N, N®)2(NCH!== (N D)1=,
=1
Therefore,
dk 9 T
El 7% > |Eno|“Ene (t, X) Pyytminiv, vy (& X) Yy Ny, v (X) dx ) |1, (uo)
N1,N2,N3>Ny T _
NO~ND>N> Ny
NON
N Z [EH’ |E e |2EN(3) PN Umin(v, N®) 1z (Pen3uo)
Ni,N2,N3>>Ny CXH([=To(R), To(R)],L?) 4
N(I)NN(Z)ZN>>N4 1 1
N(3)§N X len(N, N(3))(N(3))7_S(N(l))7_25
1
S(+RY Y N NminV, NOYNO) (WD) <A+ RMNTE. O
N1,N2,N3>>Ny
NO~ND>N3»Ny
NOLN

4.5. Singularity of the evolved measure. We are now ready to prove Propositions 4.2 and 1.6.

Proof of Proposition 4.2. We first show that g(x, y) > 0 implies that g(y, x) < 0. Indeed, by (4-1), we
have

Pyl = Paxly, IPyyII%, — I Pyx]l?
g(y,x) =limin H_l - < limsup H_l i
o (ds—3)N P T s 3N
I Pnxll, = I PayI, 1Pyl — I Pyl
= lim sup — H_l 145 ) = ~limin H_l 4—ds 5
N—o00 (4s —3)N N—oo (4s —3)N

=—g(x,y) <0.
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We now move to showing the existence of t(ug) > 0 for us-a.e. ug € X;. We simply pick
: 2
T(uo) = min(To(lluollx,), S(luollx,, lluoll;2)).

where Ty is as in Proposition 4.6 and § < 1 is to be determined later in the proof. For ease of notation, let

1Py (@2 o)) l13,, — [l Pyuoll?,,

hy () = NA—4s

By Proposition 2.4, we deduce that hy (¢) € C3([—Ty, Ty]). Therefore, by Taylor’s theorem with integral
remainder, we have that

2 t 3
(0 = 0) + 18y O+ S50+ [ ()% do
0
2 t 2 3
=t Fy (o) + 5 G (o) + N~ fO (dd? ON (o), u(0), u(0), u(0))) %-do,  (4-30)

where Fy, Gy and Qy are defined in (4-3), (4-4) and (4-5), respectively. By Lemmas 4.13 and 4.14, we
can write

N4S*4<dd7‘22 On(u(o),u(o), u(o), u(a))) =ai(0)+ax(0),
with
la1 (@) oo (-5, 70 S 1+ lluoll
Elax(0)Lgeney| S N1+ RY).

In particular, since N*~! is summable, we deduce that

To(uo) o3
lim lax(o)|—do =0
N—oo _TO(MO) 6

for us-a.e. ug € Xy, and for every |t| < t(up)

2] 3
/ la1()| % do < £ (1+ lluollx,)*™ < 28(1 + [luollx,)*.

It]

Therefore, we can pick

§ < Jds = 31(1 + lluollx,) " lluol7,
so we can guarantee that

|] 3

[ @)% do <15 =311l
—lt]

where I, is defined in (4-8). Making this choice, we obtain

2 2
< |4s = 3| slluoll 71"

lim sup 7

N—o00

t 3
/ h (o)L do
0 6
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Therefore, from (4-30), Proposition 4.4, and (4-9), for every 0 < |t| < t(up) we have that

.. hn(D)
D =1 f
8(®:(uo), ug) = lim inf --=—=
. Fn(up) . Gy(ug) 12 | Lo o
=1 1 - = 1 f —
MM s =3 T ey 3 T g imint | Aiy(o)7gdo
> 81lluoll7 1> — L uol 721>
= I lluoll71* > 0. O
Proof of Proposition 1.6. This is an immediate corollary of Propositions 4.2 and 4.1. (Il

We now complete the paper by showing that Proposition 1.6 implies Theorem 1.1(ii).

Proof of Theorem 1.1 (ii). Fix § > 0, and define

N i={t € R: (Pp)ups £ Iwps)nwp(—s)ts}-

We first show that .45 is countable for every 6 > 0. If u;(WP(8) N WP(—34)) = 0, then by definition
N5 = &, so without loss of generality, we can assume that ug,(WP(§) NWP(—§)) > 0. For t € 43, pick a
representative for the Radon—-Nykodim derivative d(®;)#u,/d s of (the absolutely continuous part of)
(®y)4ps with respect to g, such that the singular part of (®,)4us with respect to wg is concentrated on
the set

{ d(Dp)uihs _ }

— =00;.
dug

Define the set

d(D)yp
E, :=®_, ({O < $1wp(a>mwp(—a> < OO})
dig

Now fix an interval / C R with |I| < §, and define

1>as;:= sup “S(U E,).
TN, 5
7 countable tes

It is fairly easy to check that the sup in the definition of as ; is a maximum, i.e., there exists a countable

set J5.1 € A5 N1 such that
as,1 =Ms( U Et)-

te%,I

Call E; .= UIE%J E;. From the definition of as ;, we deduce that, for every r € (45N 1)\ 5.1,

d(Q)up
0= us(E;NE) = s (Ef nd_, (io < #1WP(8)HWP(—5) < OO}))
N

d(Pp)s ks
< —_—

= (P)u(LEspts) ({0 i Iwps)nwp(—s) < OO})
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and so for every ¢t € (45N 1)\ J5 1, we have (CIJt)#(lEzIr/LS) L Iwps)nwp(—s) s From the definition of .43,
we deduce that

(MNDN\ Ts 1 S{t €1 (Po)s(Lg py) £ pst= U {t el (Po)s(Le ) £ s} (4-31)

teJs 1

Now let t € 75 ; and T € I. By definition of E;, we have that

®,(E,) € WP(8) "WP(=8) C WP(z — 1)
and
(P)a(LE, py) K .

Therefore, by Proposition 1.6, we deduce that

{t el (P)e(lems) L st ={t €l : (Pr)a((P)u(LE, us)) L s}
={t el : (Pr_)s(Qwpa—n)(P)#(LE, ps)) L 15}
Clrel (Pr—)e(Qwpa—nis) L ws}

is countable. By (4-31), recalling that the set .7 ; is countable, we deduce that .45 N [ is countable as
well. Since / was an arbitrary interval with || < §, taking unions over a countable family of 7, we obtain
that .45 is countable.

Now, define

N i={t € R (Dp)ups L s}

By Proposition 4.6, we have that g = lim,,_, oo 1wp(1/n)nWpP(—1/n)s. Therefore,

A=A

neN

is a countable union of countable sets, so it must be countable as well. O
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