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EDITORIAL: A NEW BEGINNING

THOMAS KAHLE AND SONJA PETROVIĆ

Algebraic statistics and Algebraic Statistics

The creation of a field that bridges two disparate areas takes both ingenuity and the ability to generate
excitement about new interdisciplinary ideas. For that field to continuously evolve over two decades,
expanding to include virtually every aspect of the ground fields, as well as a growing number of neighboring
research areas, takes a continued and dedicated community effort. Algebraic Statistics (AStat) is being
established as a journal to be run by and devoted to such a community, representing interdisciplinary
researchers in the field coming from all backgrounds.

While algebra has always played a prominent role in statistics, the publication of a couple of seminal
works in the late 1990s defined the new direction by connecting modern computational algebraic geometry
and commutative algebra to two critical problems in statistics: sampling from discrete conditional
distributions [3] and experimental design [7]. With the onset of the 2000s, the use of these techniques
in statistics really took off, generating a large body of research papers and several textbooks [1; 2; 4; 5;
6; 8; 9]. In the last decade, the field has seen a massive influx of new people bringing new ideas and
perspectives to problems at the intersection of nonlinear algebra, interpreted in broadest possible sense,
and statistics.

The term “algebraic statistics” has thus evolved in meaning to include an ever-expanding list of topics.
We understand it as an umbrella term for using algebra (multilinear algebra, commutative algebra, and
computational algebra), geometry and combinatorics to obtain insights in mathematical statistics as well
as for diverse applications of these tools to data science.

The community of algebraic statisticians is quite an active one, organizing many conferences, symposia,
seminars, and special sessions at regional and international meetings, and striving for involvement and
representation within both nonlinear algebra and statistics. The predecessor community-run journal,
which existed for a decade and published ten volumes, has now been discontinued due to a dispute in
ownership with a third party interested in a profit oriented future for the journal. The core of the algebraic
statistics community strongly supports the establishment of this new journal. It is a leap forward, a fresh
start that takes into account historical lessons learned and seeks to grow and expand the research scope.
For this endeavor, we are happy to team up with MSP as a publishing partner that is committed to support
academic scholarship and to ensuring the long-term success of our research community.

MSC2020: 62R01.
Keywords: algebraic statistics.
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The first volume

The first volume, in two issues, contains eleven papers with a mix that represents algebraic statistics well.
Mathematical themes include Gröbner bases, both the standard and non-commutative versions, toric and
tropical varieties, numerical nonlinear algebra, holonomic gradient descent, and algebraic combinatorics.
On the side of statistics, there are models for diverse types of data, parameter estimation under the
likelihood principle, covariance estimation, and time series. Applications covered include computational
neuroscience, clustering analysis, engineering, material science, and geology.

(1) The paper “Maximum likelihood estimation of toric Fano varieties” showcases likelihood geometry.
Its main result explains how properties of likelihood estimation depend on algebraic and geometric
features of the underlying toric models.

(2) Linear covariance models are models for Gaussian random variables with linear constraints on the
covariance matrix. The paper “Estimating linear covariance models with numerical nonlinear algebra” ad-
dresses the problem of maximum likelihood estimation in these models, the related complexity challenges,
and introduces an accompanying Julia package.

(3) “Expected value of the one-dimensional earth mover’s distance” gives explicit formulas for the
expected value of a distance between a pairs of one-dimensional discrete probability distributions using
algebraic combinatorics, and discusses applications of it in clustering analysis.

(4) In “Inferring properties of probability kernels from the pairs of variables they involve” the authors
discuss how inference about inherently continuous and uncountable probability kernels can be encoded in
discrete structures such as lattices.

(5) In computational neuroscience, neural codes model patterns of neuronal response to stimuli. The
field provides many open problems for mathematics and statistics. “Minimal embedding dimensions of
connected neural codes” address a problem from receptive field coding: the embedding of neural codes in
low dimension.

(6) The holonomic gradient method in Holonomic gradient method for two way contingency tables is a
numerical procedure to approximate otherwise inaccessible likelihood integrals. It is here applied in a
discrete situation of contingency tables.

(7) Algebraic analysis of rotation data studies a well-known model for rotation data using the tools from
non-commutative algebra and the holonomic gradient descent method. It also discusses applications to
several areas of science and engineering.

(8) Maximum likelihood degree of the two-dimensional linear Gaussian covariance model provides
explicit formulas for the number of solutions of likelihood equations in special cases of the same problem
as in paper (2).

(9) Tropical gaussians: a brief survey takes a tour through the analogues of Gaussian distributions over
the tropical semiring. This has applications in, for example, economics and phylogenetics.
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(10) The norm and saturation of a binomial ideal, and applications to Markov bases connects back to the
beginnings of algebraic statistics: Markov bases. Here the focus is on the complexity of Markov bases.

(11) Finally, Compatibility of distributions in probabilistic models: An algebraic frame and some charac-
terizations studies the problem when and how two distributions for two sets of variables can be put together
to a distribution for the union of the variables and exhibits discrete and algebraic structures in this problem.

Call for submissions

We see AStat as a primary forum serving the broad community in a focused way. As an interdisciplinary
endeavor, by definition, a concerted effort will be made for AStat to serve various constituents interested
in and interacting with algebraic statistics. Specifically, in our definition, AStat is devoted to algebraic
aspects of statistical theory, methodology and applications, seeking to publish a wide range of research
and review papers that address one of the following:

• algebraic, geometric and combinatorial insights into statistical models or the behavior of statistical
procedures;

• development of new statistical models and methods with interesting algebraic or geometric properties;

• novel applications of algebraic and geometric methods in statistics.

We invite the community to send their best work in algebraic statistics to be considered for publication
here. This includes contributions which connect statistical theory, methodology, or application to the
world of algebra, geometry, and combinatorics in ways that may not be labeled as traditional.
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MAXIMUM LIKELIHOOD ESTIMATION OF TORIC FANO VARIETIES

CARLOS AMÉNDOLA, DIMITRA KOSTA AND KAIE KUBJAS

We study the maximum likelihood estimation problem for several classes of toric Fano models. We start
by exploring the maximum likelihood degree for all 2-dimensional Gorenstein toric Fano varieties. We
show that the ML degree is equal to the degree of the surface in every case except for the quintic del
Pezzo surface with two ordinary double points and provide explicit expressions that allow one to compute
the maximum likelihood estimate in closed form whenever the ML degree is less than 5. We then explore
the reasons for the ML degree drop using A-discriminants and intersection theory. Finally, we show
that toric Fano varieties associated to 3-valent phylogenetic trees have ML degree one and provide a
formula for the maximum likelihood estimate. We prove it as a corollary to a more general result about
the multiplicativity of ML degrees of codimension zero toric fiber products, and it also follows from a
connection to a recent result about staged trees.

1. Introduction

Maximum likelihood estimation (MLE) is a standard approach to parameter estimation, and a fundamental
computational task in statistics. Given observed data and a model of interest, the maximum likelihood
estimate is the set of parameters that is most likely to have produced the data. Algebraic techniques have
been developed for the computation of maximum likelihood estimates for algebraic statistical models [1;
2; 24; 26; 27].

The maximum likelihood degree (ML degree) of an algebraic statistical model is the number of complex
critical points of the likelihood function over the Zariski closure of the model [9]. It measures the
complexity of the maximum likelihood estimation problem on a model. In [27], an algebraic algorithm
is presented for computing all critical points of the likelihood function, with the aim of identifying the
local maxima in the probability simplex. In the same article, an explicit formula for the ML degree of a
projective variety which is a generic complete intersection is derived and this formula serves as an upper
bound for the ML degree of special complete intersections. Moreover, a geometric characterization of the
ML degree of a smooth variety in the case when the divisor corresponding to the rational function is a
normal crossings divisor is given in [9]. In the same paper an explicit combinatorial formula for the ML
degree of a toric variety is derived by relaxing the restrictive smoothness assumption and allowing some
mild singularities. For an introduction to the geometry behind the MLE for algebraic statistical models
for discrete data the interested reader is referred to [29], which includes most of the current results on the
MLE problem from the perspective of algebraic geometry as well as statistical motivation.

MSC2020: primary 62F10; secondary 13P25, 14M25, 14Q15 .
Keywords: algebraic statistics, maximum likelihood estimation, maximum likelihood degree, Fano varieties, toric varieties, toric

fiber product.
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This article is concerned with the problem of MLE on toric Fano varieties. Toric varieties correspond
to log-linear models in statistics. Since the seminal papers by L. A. Goodman in the 1970s [21; 22],
log-linear models have been widely used in statistics and areas like natural language processing when
analyzing cross-classified data in multidimensional contingency tables [6]. The ML degree of a toric
variety is bounded above by its degree. Toric Fano varieties provide several interesting classes of toric
varieties for investigating the ML degree drop. We focus on studying the maximum likelihood estimation
for 2-dimensional Gorenstein toric Fano varieties, the Veronese (2, 2) with different scalings and toric
Fano varieties associated to 3-valent phylogenetic trees.

Two-dimensional Gorenstein toric Fano varieties correspond to reflexive polygons and by the classifica-
tion results there are exactly 16 isomorphism classes of such polygons, see for example [33]. Out of these
16 isomorphism classes five correspond to smooth del Pezzo surfaces and 11 correspond to del Pezzo
surfaces with singularities. Our first main result Theorem 3.1 states that the ML degree is equal to the
degree of the surface in all cases except for the quintic del Pezzo surface with two ordinary double points.
Furthermore, in Table 2, we provide explicit expressions that allow the maximum likelihood estimate to
be computed in closed form whenever the ML degree is less than five.

We also explore reasons and bounds for the ML degree drop of a toric variety building on the work of
Améndola et al [3]. The critical points of the likelihood function on a toric variety lie in the intersection
of the toric variety with a linear space of complementary dimension. By Bézout’s theorem, the sum
of degrees of irreducible components of this intersection is bounded above by the degree of the toric
variety, and hence the ML degree of a toric variety is bounded by its degree. However, not all the points
in the intersection contribute towards the ML degree, i.e. the points with a zero coordinate or the sum of
coordinates equal to zero are not counted towards the ML degree. In the case of the quintic del Pezzo
surface with two ordinary double points, the ML degree drops by two because there are two points in the
intersection of the toric variety and the linear space whose coordinates sum to zero, see Example 4.4.
These two points do not depend on the observed data by Lemma 4.6. Although we do not see this
phenomenon with two-dimensional Gorenstein toric Fano varieties, the ML degree of a toric variety
can drop also because the toric variety and the hyperplane intersect nontransversally, and we will see in
Sections 4 and 5 that this is often the case.

Buczyńska and Wiśniewski proved that certain varieties associated to 3-valent phylogenetic trees are
toric Fano varieties [7]. In phylogenetics, these varieties correspond to the CFN model in the Fourier
coordinates. These varieties are examples of codimension zero toric fiber products as defined by Sullivant
in [35]. Our second main result is Theorem 5.5 that states that the MLE, ML degree as well as critical
points of the likelihood function behave multiplicatively in the case of codimension zero toric fiber
product of toric ideals. As a corollary, we obtain that the ML degree of the Buczyńska–Wiśniewski
phylogenetic variety associated to a 3-valent tree is one and we get a closed form for the MLE. This result
holds for the CFN model only in the Fourier coordinates, as the ML degree of the actual model in the
probability coordinates can be much higher. We observe that the result about the CFN model in the Fourier
coordinates can be alternatively deduced from the recent work of Duarte, Marigliano and Sturmfels [13],
since Buczyńska–Wiśniewski phylogenetic varieties give staged tree models. It follows from the work of
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Huh [28] and Duarte, Marigliano and Sturmfels [13] that the ML estimator of a variety of ML degree one
is given by a Horn map, i.e. an alternating product of linear forms of specific form, and such models allow
a special characterization using discriminantal triples. We discuss the Horn map and the discriminantal
triple for Buczyńska–Wiśniewski phylogenetic varieties on 3-valent trees in Example 5.16.

The outline of this paper is the following. In Section 2, we recall preliminaries on maximum likelihood
estimation, log-linear models and toric Fano varieties. In Section 3, we study the maximum likelihood
estimation for two-dimensional Gorenstein toric Fano varieties. In Section 4, we explore the ML degree
drop using A-discriminants and the intersection theory. Finally, Section 5 is dedicated to phylogenetic
models and codimension zero toric fiber products.

2. Preliminaries

2.1. Maximum likelihood estimation. Consider the complex projective space Pn−1 with coordinates
(p1, . . . , pn). Let X be a discrete random variable taking values on the state space [n]. The coordinate pi

represents the probability of the i-th event pi = P(X = i) where i = 1, . . . , n. Therefore p1+ . . .+ pn = 1.
The set of points in Pn−1 with positive real coordinates is identified with the probability simplex

1n−1 = {(p1, . . . , pn) ∈ Rn
: p1, . . . , pn ≥ 0 and p1+ . . .+ pn = 1} .

An algebraic statistical model M is the intersection of a Zariski closed subset V ⊆ Pn−1 with the
probability simplex 1n−1. The data is given by a nonnegative integer vector (u1, . . . , un) ∈Nn , where ui

is the number of times the i-th event is observed.
The maximum likelihood estimation problem aims to find a model point p ∈M which maximizes the

likelihood of observing the data u. This amounts to maximizing the corresponding likelihood function

Lu(p1, . . . , pn)=
pu1

1 · · · p
un
n

(p1+ . . .+ pn)(u1+...+un)

over the model M. Statistical computations are usually implemented in the affine n-plane p1+. . .+ pn=1.
However, including the denominator makes the likelihood function a well-defined rational function on the
projective space Pn−1, enabling one to use projective algebraic geometry to study its restriction to the
variety V .

he likelihood function might not be concave; it can have many local maxima, making the problem of
finding or certifying a global maximum difficult. In algebraic statistics, one tries to find all critical points
of the likelihood function, with the aim of identifying all local maxima [9; 26; 27]. This corresponds
to solving a system of polynomial equations called likelihood equations. These equations characterize
the critical points of the likelihood function Lu . We recall that the number of complex solutions to the
likelihood equations, which equals the number of complex critical points of the likelihood function Lu

over the variety V , is called the maximum likelihood degree (ML degree) of the variety V .

2.2. Log-linear models. In this article we are studying maximum likelihood estimation of log-linear
models. From the algebraic perspective, a log-linear model is a toric variety intersected with a probability
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simplex, hence log-linear models are sometimes called toric models. The likelihood function over a log-
linear model is concave, although it can have more than one complex critical point over the corresponding
toric variety intersected with the plane p1+ . . .+ pn = 1 (there is exactly one critical point in the positive
orthant). This means that in practice, algorithms like iterative proportional fitting (IPF) are used to find
the MLE over a log-linear model. The closed form of the solution is in general not rational and to find its
algebraic degree one needs to compute the ML degree. It is an open problem whether there is a connection
between the convergence rate of IPF and the ML degree of a log-linear model [12, Section 7.3]. The
study of the ML degree paired with homotopy continuation methods may speed up the MLE computation
with respect to IPF in certain instances, as explored in [3, Section 8].

Definition 2.1. Let A = (ai j ) ∈ Z(d−1)×n be an integer matrix. The log-linear model associated to A is

MA = {p ∈1n−1 : log p ∈ rowspan(A)} .

Alternatively, a log-linear model can be defined as the intersection of a toric variety and the probability
simplex. Recall that θa j := θ

a1, j
1 θ

a2, j
2 · · · θ

ad−1, j
d for j = 1, . . . , n.

Definition 2.2. Let A = (ai j ) ∈ Z(d−1)×n be an integer matrix. The toric variety VA ⊆ Rn is the Zariski
closure of the image of the parametrization map

ψ : (C∗)d → (C∗)n, (s, θ1, . . . , θd−1) 7→
(
sθa1, . . . , sθan

)
.

The ideal of VA is denoted by IA and called the toric ideal associated to A.

Often the columns of A are lattice points of a lattice polytope Q ⊆Rd−1. In this case we say that VA is
the toric variety corresponding to Q. The log-linear model MA is the intersection of the toric variety VA

with the probability simplex 1n−1. We omit A from the notation whenever it is clear from the context.
We conclude this subsection with a characterization of the MLE for log-linear models.

Proposition 2.3 (Corollary 7.3.9 in [36]). Let A be a (d − 1)× n nonnegative integer matrix and let
u ∈Nn be a data vector of size u+ = u1+· · ·+un . The maximum likelihood estimate over the model MA

for the data u is the unique solution p̂, if it exists, to

p̂1+ . . .+ p̂n = 1, A p̂ =
1

u+
Au and p̂ ∈MA.

Proposition 2.3 is also known as Birch’s Theorem. Often we consider VA as a projective variety in Pn−1.
The projective version of Proposition 2.3 is given in Section 4. We usually use the affine version when
we want to compute the ML degree or find critical points of the likelihood function and the projective
version when studying the ML degree drop.

2.3. Toric Fano varieties. In this section we will provide a brief introduction to toric Fano varieties, the
main objects of study in this article. Fano varieties are a class of varieties with a special positive divisor
class giving an embedding of each variety into projective space. They were introduced by Giro Fano [16]
and have been extensively studied in birational geometry in the context of the minimal model program
(see [31], [30]).
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Definition 2.4. A complex projective algebraic variety X with ample anticanonical divisor class −K X is
called a Fano variety.

Two-dimensional Fano varieties are also known as del Pezzo surfaces named after the Italian mathe-
matician Pasquale del Pezzo, who encountered this class of varieties when studying surfaces of degree d
embedded in Pd . Throughout this paper we will use the terminology del Pezzo surface to refer to a
two-dimensional Fano variety. We note that we do not use the terminology Fano surface, as a Fano surface
usually refers to a surface of general type whose points index the lines on a nonsingular cubic threefold,
which is not a Fano variety [15].

We will consider Fano varieties that are also toric varieties as defined in Definition 2.2. We first focus
on the characterization of two-dimensional Gorenstein toric Fano varieties, i.e. normal toric Fano varieties
whose anticanonical divisor K X is not only an ample divisor but also a Cartier divisor. Isomorphism
classes of Gorenstein toric Fano varieties are in bijection with isomorphism classes of reflexive polytopes,
which were introduced in [5].

Definition 2.5. A lattice polytope is reflexive if it contains the origin in its interior and its dual polytope
is also a lattice polytope.

In particular, toric del Pezzo surfaces are in bijection with two-dimensional reflexive polytopes. The
classification of two-dimensional reflexive polytopes can be found for example in [33].

Proposition 2.6 (Section 4 in [33]). There are exactly 16 isomorphism classes of two-dimensional reflexive
polytopes, those depicted in Figure 1.

In Figure 1, the reflexive polytopes are labeled by the number of lattice points on the boundary. On the
other hand, the self-intersection number K 2

S of the canonical class of a del Pezzo surface is the degree of
the del Pezzo surface, which we denote by d. Here we adopt the approach of [10, Chapter 8.3], where
the reflexive polytope is the one corresponding to the anticanonical embedding of the del Pezzo surface.
According to [10, Chapter 8.3, Ex. 8.3.8], for each of the 16 reflexive polytopes we obtain exactly the
corresponding toric del Pezzo surface. Furthermore, in [11, Chapter 8] the degree of each of these surfaces
is given and coincides with the number of lattice points on the boundary. In this way, the projective

3

6c

4a 4b 4c 5a 5b 6a 6b

6d
7a

7b
8a

8b
8c

9

Figure 1. Isomorphism classes of two-dimensional reflexive polytopes.
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varieties corresponding to the polytopes labeled by 6a, 7a, 8a, 8b and 9 are smooth and the projective
varieties corresponding to the rest of the polytopes in Figure 1 have singularities. The dual of the polytope
labeled by number x and letter y is in the isomorphism class of the polytope labeled by number 12− x
and letter y. This is related to the so-called “12 theorem” for reflexive polytopes of dimension 2 [20].

Remark 2.7. As explained above, in the manner that toric varieties were defined in Definition 2.2, the
degree of the toric variety corresponding to a polytope Q and the number of lattice points on the boundary
of Q coincide. However, sometimes in the literature (see for instance [8, Example, p. 123]) the dual
polytope is used to characterize the isomorphism class of a toric del Pezzo surface. In our setting, the
corresponding polytope for P2 is the polytope 9 in Figure 1 which gives the anticanonical embedding, i.e.
the degree 3 Veronese embedding into P9 using the linear system of cubics.

3. MLE of two-dimensional Gorenstein toric Fanos

In this section we determine the ML degree of two-dimensional Gorenstein toric Fano varieties. When
the ML degree is less than or equal to three, we reduce the likelihood equations to relatively simple
expressions that can be used to compute a closed form for the maximum likelihood estimates. We use the
cubic del Pezzo surface as an example to illustrate the MLE derivation. To avoid statistical difficulties,
in all of this section we have translated reflexive polygons by a positive vector such that the resulting
polygons lie minimally in the positive orthant.

Theorem 3.1. Let Sd be a two-dimensional Gorenstein toric Fano variety. In Table 1 we determine the
ML degree of Sd and show that it is equal to the degree d of the surface in all cases except for the quintic
surface S5a. Table 2 provides explicit expressions for computing the maximum likelihood estimate of the
algebraic statistical models corresponding to the cubic S3, the quartics S4a, S4b, S4c and the quintic S5a

toric two-dimensional Fano variety.

Table 1 is constructed using Proposition 2.3 and Macaulay2 [23]. The results described in Table 1 are
in accordance with [29, Theorem 3.2], which states that the ML degree of a projective toric variety is
bounded above by its degree. We see in Table 1 that the ML degree drops to three in the case of a quintic
del Pezzo surface S5a corresponding to the reflexive polytope 5a in Figure 1. The next section provides
an explanation of the ML degree drop in the case of the quintic S5a using the notion of A-discriminant.

Example 3.2 (singular cubic del Pezzo surface). Consider the reflexive polytope

The corresponding projective toric variety is a cubic surface S3 in P3 with three singular points. Its ideal
is generated by IS3 = 〈p

3
4 − p1 p2 p3〉.
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Ideal of degree-d del Pezzo Sd mldeg

S3: p1 p2 p3− p3
4 3

S4a: p2 p4− p1 p5, p2
3 − p1 p5 4

S4b: p2 p4− p2
3, p2 p3− p1 p5 4

S4c: p2 p4− p2
3, p2

2 − p1 p5 4

S5a: p3 p5− p4 p6, p2 p5− p2
6, p2 p4− p3 p6, p1 p4− p2

6, p1 p3− p2 p6 3

S5b: p3 p5− p4 p6, p2 p5− p2
6, p2 p4− p3 p6, p1 p4− p2 p6, p2

2 − p1 p3 5

S6a: p4 p6− p5 p7, p3 p6− p2
7, p2 p6− p1 p7, p3 p5− p4 p7, p2 p5− p2

7
p1 p5− p6 p7, p2 p4− p3 p7, p1 p4− p2

7, p1 p3− p2 p7 6

S6b: p5 p6− p1 p7, p4 p6− p2 p7, p3 p5− p4 p7, p2 p5− p2
7, p2 p4− p3 p7

p1 p4− p2
7, p1 p3− p2 p7, p2

2 − p3 p6, p1 p2− p6 p7 6

S6c: p2
6 − p5 p7, p4 p6− p3 p7, p3 p6− p2 p7, p4 p5− p2 p7, p3 p5− p2 p6

p2 p4− p1 p7, p2
3 − p1 p7, p2 p3− p1 p6, p2

2 − p1 p5 6

S6d: p2
6 − p5 p7, p5 p6− p4 p7, p3 p6− p2 p7, p2

5 − p4 p6, p3 p5− p2 p6

p3 p4− p2 p5, p2
3 − p1 p6, p2 p3− p1 p5, p2

2 − p1 p4 6

S7a: p5 p7− p4 p8, p4 p7− p3 p8, p2 p7− p1 p8, p5 p6− p3 p8, p4 p6− p3 p7

p2 p6− p1 p7, p4 p5− p2 p8, p3 p5− p1 p8, p2
4 − p1 p8, p3 p4− p1 p7

p2 p4− p1 p5, p2
3 − p1 p6, p2

7 − p6 p8, p2 p3− p1 p4 7

S7b: p2
7 − p6 p8, p6 p7− p5 p8, p4 p7− p3 p8, p3 p7− p2 p8, p2

6 − p5 p7

p4 p6− p2 p8, p3 p6− p2 p7, p4 p5− p2 p7, p3 p5− p2 p6, p3 p4− p1 p8

p2 p4− p1 p7, p2
3 − p1 p7, p2 p3− p1 p6, p2

2 − p1 p5 7

S8a: p2
8 − p7 p9, p6 p8− p5 p9, p5 p8− p4 p9, p3 p8− p2 p9, p2 p8− p1 p9

p6 p7− p− 4p9, p5 p7− p4 p8, p3 p7− p1 p9, p2 p7− p1 p8, p2
6 − p3 p9

p5 p6− p2 p9, p4 p6− p1 p9, p2
5 − p1 p9, p4 p5− p1 p8, p3 p5− p2 p6

p2 p5− p1 p6, p2
4 − p1 p7, p3 p4− p1 p6, p2 p4− p1 p5, p2

2 − p1 p3 8

S8b: p2
8 − p7 p9, p7 p8− p6 p9, p5 p8− p4 p9, p4 p8− p3 p9, p2 p8− p1 p9

p2
7 − p6 p8, p5 p7− p3 p9, p4 p7− p3 p8, p2 p7− p1 p8, p5 p6− p3 p8

p4 p6− p3 p7, p2 p6− p1 p7, p2
5 − p2 p9, p4 p5− p1 p9, p3 p5− p1 p8

p2
4 − p1 p8, p3 p4− p1 p7, p2 p4− p1 p5, p2

3 − p1 p6, p2 p3− p1 p4 8

S8c: p2
8 − p7 p9, p7 p8− p6 p9, p6 p8− p5 p9, p4 p8− p3 p9, p3 p8− p2 p9

p2
7 − p5 p9, p6 p7− p5 p8, p4 p7− p2 p9, p3 p7− p2 p8, p2

6 − p5 p7

p4 p6− p2 p8, p3 p6− p2 p7, p4 p5− p2 p7, p3 p5− p2 p6, p2
4 − p1 p9

p3 p4− p1 p8, p2 p4− p1 p7, p2
3 − p1 p7, p2 p3− p1 p6, p2

2 − p1 p5 8

S9: p2
9 − p8 p10, p8 p9− p7 p10, p6 p9− p5 p10, p5 p9− p4 p10, p3 p9− p2 p10

p2
8 − p7 p9, p6 p8− p4 p10, p5 p8− p4 p9, p3 p8− p2 p9, p6 p7− p4 p9

p5 p7− p4 p8, p3 p7− p2 p8, p2
6 − p3 p10, p5 p6− p2 p10, p4 p6− p2 p9

p3 p6− p1 p10, p2 p6− p1 p9, p2
5 − p2 p9, p4 p5− p2 p8, p3 p5− p1 p9

p2 p5− p1 p8, p2
4 − p2 p7, p3 p4− p1 p8, p2 p4− p1 p7, p2

3 − p1 p6

p2 p3− p1 p5, p2
2 − p1 p4 9

Table 1. ML degrees of 2-dimensional Gorenstein toric Fanos.
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MLE: ŝ =
(−3x + c)3

(x + a)(x + b)
, θ̂1 =

x + a
−3x + c

, θ̂2 =
x + b
−3x + c

Eq: 28x3
+ [a+ b− 27c]x2

+ [ab+ 9c2
]x − c3

= 0,

where a =
u1− u3

u+
, b =

u2− u3

u+
, c =

3u3+ u4

u+

MLE: ŝ =
(−x2

+8x+8−(3b2
−4a2

+4))3

16(x−1)2(x+b)(−7x2+(8a+8)x+(3b2−4a2−4−8a))
,

θ̂1 =
−7x2

+(8a+8)x+(3b2
−4a2

−4−8a)
2(−x2+8x−(3b2−4a2+4))

, θ̂2 =
4(x+b)(x−1)

−x2+8x−(3b2−4a2+4)

Eq: 15x4
−16x3

+(8a2
−22b2

−56)x2
+(16(4−4a2

+5b2))x+8(4a2
−5b2

−2)−(4a2
−3b2)2 = 0

where a =
u1−u4

u+
, b =

u2−u3

u+
, c =

2u3+2u4+u5

u+
.

MLE: ŝ =
(4x2
+2(c−1)x+ab)3

(1− x)(x2+(c+1)x+ab+c)(−2x2−(2c+a)x+a−ab)
,

θ̂1 =
−2x2

−(a+2c)x+(a−ab)
4x2+2(c−1)x+ab

, θ̂2 =
x2
+(c+1)x+(ab+c)

4x2+2(c−1)x+ab

Eq: 17x4
+(17c−16)x3

+(3+9ab−8c+4c2)x2
+(4abc−5ab−c)x+a2b2

= 0

where a =
u1+2u4+u5

u+
, b =

u3+2u4+u5

u+
, c =

u2−3u4−u5

u+

MLE: ŝ =
4x2(b−x)

−3x2−(2a+2)x+(4a+c)b
, θ̂1 =

−3x2
−(2a+2)x+(4a+c)b

8x2 , θ̂2 =
2x

b−x

Eq: −55x4
+12x3

+(c(4a+c)+b(5b−8))x2
−(4b(ab+ac+c))x+(4a+c)b2c = 0

where a =
u2−u4

u+
, b =

2u1+u5

u+
, c =

2u3+4u4+u5

u+

5a

MLE: ŝ =
(−x2

+cx)(x2
+(a+b)x)

2x2−(b+2c)x+bc
,

θ̂1 =
2x2
−(b+2c)x+bc
x2+(a+b)x

, θ̂2 =
2x2
−(b+2c)x+bc
−x2+cx

Eq: −5x3
+(3−5a)x2

+(−a−b(b+5c))x+b2c = 0

where a =
u2−u3−3u4−2u6

u+
, b =

u3+u5+2(u4+u6)

u+
, c =

u1+u3+u6+2u4

u+

Table 2. Explicit forms for the MLE for 2-dimensional Gorenstein toric Fanos, with
corresponding polytopes Qd . “Eq” stands for the polynomial equation of degree d =mldeg.
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We are interested in the algebraic statistical model given by the matrix

A =
[

2 1 0 1
1 2 0 1

]
.

This nonnegative integer matrix A gives the parametrization map

f : C3
→ C3 , (s, θ1, θ2) 7→ (sθ2

1 θ2, sθ1θ
2
2 , s, sθ1θ2).

After applying Birch’s theorem, we can write the unique maximum likelihood estimate ŝ, θ̂ for the
data u as (ŝ, θ̂1, θ̂2)= ( p̂3

4/( p̂1 p̂2), p̂1/ p̂4, p̂2/ p̂4), where

p̂1 = x + a, p̂2 = x + b, p̂4 =−3x + c,

with a = u1−u3
u+

, b = u2−u3
u+

, c = 3u3+u4
u+

and x is given by

28x3
+ [(a+ b)− 27c]x2

+ [ab+ 9c2
]x − c3

= 0.

Remark 3.3. When the ML degree of the del Pezzo surface is greater than or equal to five, the maximum
likelihood estimate p̂i , i = 1, . . . , n satisfies an equation of degree five or higher. By the Abel–Ruffini
theorem there is no algebraic solution for a general polynomial equation of degree five or higher, therefore
one would expect that it is not possible to obtain a closed form solution for the maximum likelihood
estimate in these cases. However, one can then turn to numerical algebraic geometry methods to compute
the MLE (see e.g. [26]).

4. ML degree drop

In order to understand why the ML degree is lower than the degree for the quintic del Pezzo surface 5a,
it is useful to think of different embeddings of a toric variety via scalings and how these affect the ML
degree. For a full analysis see [3].

Let Q ⊆ Rd−1 be a lattice polytope with n lattice points a j ∈ Zd−1. Define A to be the (d − 1)× n
matrix with the columns a1, . . . , an . A scaling c ∈ (C∗)n can be used to define the parametrization
ψc
: (C∗)d → (C∗)n as

ψc(s, θ1, . . . , θd−1) = (c1sθa1, . . . , cnsθan ).

We denote by V c the Zariski closure of the image of the monomial map ψc. The usual parametrization of
the toric variety is when c = (1, . . . , 1). We then denote the corresponding toric variety by V = V (1,...,1).

Definition 4.1. The ML degree drop of a scaled toric variety V c is the difference deg(V )−mldeg(V c).

Define fc =
∑n

i=1 ciθ
ai where c = (c1, . . . , cn) ∈ (C

∗)n .

Definition 4.2. To any matrix A as above, one can associate the variety

∇A =

{
c ∈ (C∗)n | ∃θ ∈ (C∗)d−1 such that fc (θ)=

∂ fc

∂θi
(θ)= 0 for all i

}
.
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This is the Zariski closure of the set of scalings c ∈ (C∗)n such that the hypersurface { fc = 0} has a
singular point in (C∗)d−1. If

{∑
λ j a j : λ j ∈Z,

∑
λ j = 1

}
=Zd−1 — that is, if the affine lattice generated

by A is the full integer lattice — then the variety ∇A is a hypersurface. In this case, it is defined by an
irreducible polynomial denoted 1A, called the A-discriminant [19, Chapter 8].

The main object that determines whether the ML degree drops is the polynomial:

E A(c) =
∏

0 face of Q

10∩A(c) (4-1)

where the product is taken over all nonempty faces 0 ⊂ Q including Q itself and 0 ∩ A is the matrix
whose columns correspond to the lattice points contained in 0. Under certain conditions this is precisely
the principal A-determinant [19, Chapter 10].

Theorem 4.3 (Theorem 2 in [3]). Let V c
⊂ Pn−1 be the scaled toric variety defined by the monomial

parametrization with scaling c ∈ (C∗)n fixed. Then mldeg(V c) < deg(V ) if and only if E A(c)= 0.

Example 4.4. We will explain why for c = (1, 1, . . . , 1), the ML degree of the quintic del Pezzo 5b is 5
(and thus equal to its degree), while the ML degree of the quintic del Pezzo 5a is strictly less than 5.

Let us consider first the case of the quintic del Pezzo 5b (see figure on the right).

5b

We can label its lattice points and arrange them in the matrix

A =
[

0 0 1 1 1 2
1 2 0 1 2 2

]
We have to check that for c = (1, . . . , 1), E A(c) 6= 0. By (4-1), the polynomial
E A(c) is a product of 0∩ A-discriminants. Vertices ai have 1ai = 1. Analogously, edges of lattice length
one cannot have nontrivial discriminant (the lattice length of an edge is the number of lattice points
contained in the edge minus one). The only potential edge e that may be relevant here is the one of lattice
length 2. The corresponding fc,e = c02 y2

+ c12xy2
+ c22x2 y2 has a nontrivial singularity if and only if

c02+ c12x + c22x2 does, thus 1e(c)= c2
12− 4c02c22. Note it is nonzero for c = (1, . . . , 1).

It only remains to check that (1, . . . , 1) /∈ ∇A. The following M2 computation verifies that for c =
(1, . . . , 1), fc = y+ y2

+ x + xy2
+ x2 y2

+ xy has no singularities:

R = QQ[x,y]
J = ideal(y+y^2+x+x*y^2+x^2*y^2+x*y, 1+y^2+2*x*y^2+y,
1+2*y+2*x*y+2*x^2*y+x)
gens gb J

The last command returns that the Gröbner basis for J is {1}. Now, for the quintic

5a

del Pezzo 5a, we identify the matrix

A =
[

0 0 1 1 1 2
1 2 0 1 2 1

]
.

All edges are of lattice length one, so we again focus on ∇A. However, now c = (1, . . . , 1) ∈ ∇A, as the
following code verifies.
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I = ideal(y+y^2+x+x*y^2+x^2*y+x*y, 1+y^2+2*x*y+y, 1+2*y+2*x*y+x^2+x)
gens gb I

In this case we get 2 points, the solutions of x + y = 0, y2
− y − 1 = 0, as singularities for fc =

y+ y2
+ x + xy2

+ x2 y+ xy. The corresponding points of the variety are

(1/2(1+
√

5), 1/2(3+
√

5),−1/2(1+
√

5),−1/2(3+
√

5),−2−
√

5, 2+
√

5),

(1/2(1−
√

5), 1/2(3−
√

5),−1/2(1−
√

5),−1/2(3−
√

5),−2+
√

5, 2−
√

5).
(4-2)

According to Theorem 4.3, the ML degree must drop for 5a.

Remark 4.5. The singular locus of the quintic del Pezzo S5a consists of the two points (0, 0, 1, 0, 0, 0)
and (0, 0, 0, 0, 0, 1) which are both rational double points. These points are different from the two
points (4-2) that cause the ML degree drop.

Theorem 4.3 characterizes scaling factors c such that the ML degree of V c is less than the degree of V .
All critical points of the likelihood function of V c lie in the intersection of V with a linear space. In the
rest of this section, we will investigate the ML degree drop for a given toric variety V c by studying this
intersection.

Let Lc(p) =
∑n

i=1 ci pi and Lc,i (p) =
∑n

j=1 Ai j c j p j for i = 1, . . . , d − 1. These polynomials are
implicit versions of the polynomials fc and θi

∂ fc
∂θi

for i = 1, . . . , d − 1. By [3, Proposition 7] the ML
degree of V c is the number of points p in V \V(p1 · · · pn(c1 p1+ . . .+ cn pn)) satisfying

(Au)i Lc(p)= u+Lc,i (p) for i = 1, . . . , d − 1 (4-3)

for generic vectors u. Define L′c,u to be the intersection of V with the solution set of (4-3) and Lc,u to be
the intersection of V \V(p1 · · · pn(c1 p1+ . . .+ cn pn)) with the solution set of (4-3). By [18, Example
12.3.1], the sum of degrees of the irreducible components of L′c,u is at most deg V .

The obvious reason for the ML degree drop comes from removing these irreducible components of
L′c,u that belong to V(p1 · · · pn(c1 p1 + . . .+ cn pn)). We will see in Lemma 4.6 that the irreducible
components of L′c,u that are removed do not depend on u but only on c and the variety V . In the case
of the toric del Pezzo surface 5a, the ML degree drop is completely explained by this reason. The
degree of this del Pezzo surface is five. The variety L′c,u consists of two zero-dimensional components
of degrees three and two. The degree two component consists of two points (4-2) that lie in the variety
V(p1 · · · pn(c1 p1+ . . .+ cn pn)) and hence is removed.

Lemma 4.6. The points in L′c,u\Lc,u are independent of u. They are exactly the points p ∈ V that satisfy
Lc(p)= Lc,1(p)= . . .= Lc,d−1(p)= 0.

Proof. Any p ∈ V satisfying Lc(p)= Lc,1(p)= . . .= Lc,d−1(p)= 0 is in L′c,u\Lc,u for any u. Conversely,
by the proof of [3, Theorem 13], if p ∈ L′c,u\Lc,u , then Lc(p)= 0. It follows from equations (4-3) that
then also Lc,i (p)= 0 for i = 1, . . . , d − 1. But then p satisfies (4-3) for any u. �

The more complicated reason for the ML degree drop can be the nontransversal intersection of V
and the linear subspace defined by (4-3). We recall that two projective varieties A, B ⊆ Pn intersect
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a1 a2 a3

a4

a5

a6

Figure 2. Polytope Q corresponding to the smooth Fano variety P2.

transversally at p ∈ A∩ B if p is a smooth point of A, B and

Tp A+ Tp B = TpPn.

The intersection of A and B is generically transverse if it is transverse at a general point of every
component of A∩ B. If the intersection of V and the linear subspace defined by (4-3) is not generically
transverse, the sum of degrees of the irreducible components of L′c,u can be less than deg(V ), in which
case also the ML degree of the toric variety V c is less than the degree of the toric variety V . One could
think that the intersection of V and the linear subspace defined by (4-3) is generically transverse for
generic vectors u, but since the linear subspace defined by (4-3) depends on the variety V , then the
intersection is not necessarily generically transverse. We will see several such examples later in this
section and in Section 5. We note that the sum of degrees of the irreducible components can be less that
deg V even if the degrees are counted with multiplicity as in [18, Example 12.3.1].

Corollary 4.7. The ML degree drop deg(V )−mldeg(V c) is bounded below by the sum of degrees of the
irreducible components of the intersection of V and the linear subspace defined by Lc(p)= Lc,1(p)=
. . . = Lc,d−1(p) = 0. If the intersection of V and the linear subspace defined by (4-3) is generically
transverse, then this bound is exact.

In Corollary 4.7, we consider only irreducible components whose ideals are different from 〈p1, . . . , pn〉

as we work over the projective space.

Proof. The sum of degrees of the irreducible components of L′c,u is at most deg(V ) by [18, Example
12.3.1] and the number of elements of Lc,u is mldeg(V c). By Lemma 4.6, we obtain Lc,u from L′c,u by
removing all the irreducible components that satisfy Lc(p)= Lc,1(p)= . . .= Lc,d−1(p)= 0. Hence the
difference of the sum of degrees of the irreducible components of L′c,u and the number of elements of
Lc,u is the sum of degrees of the irreducible components of the intersection of V and the linear subspace
defined by Lc(p) = Lc,1(p) = . . . = Lc,d−1(p) = 0. If V and the linear subspace defined by (4-3)
intersect generically transversely, then the sum of degrees of the irreducible components of L′c,u is equal
to deg V . �

To understand the above observations, we analyze the different ML degree drops corresponding to the
quadratic Veronese embedding of P2 given by the Fano polytope in Figure 2.

In [3, Example 26], it was shown that different scalings c ∈ R6 produce ML degrees ranging from 1 to
4, under several combinations of the vector c lying on each of the discriminants making up the principal
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A-determinant, defined by

E A(c)=1A(c) ·1[a1 a2 a3](c) ·1[a3 a5 a6](c) ·1[a1 a4 a5](c)

= det(C) det
[

2c00 c10

c10 2c20

]
det

[
2c20 c11

c11 2c02

]
det

[
2c00 c01

c01 2c02

]
, where C =

2c00 c10 c01

c10 2c20 c11

c01 c11 2c02

.

(4-4)

The different combinations are presented in [3, Table 2], which we reproduce here in Table 3 (while
fixing some typos). In each line, we go further than identifying a possible drop and actually explain the
exact drops observed.

Naively, each appearance of a 0 in a row of Table 3 makes the ML degree drop by 1. But this cannot be,
since the last row has all four zeros and the ML degree cannot drop to 0. We will see in the explanation
of the last two rows that it is in general impossible to predict the exact drop just from knowing in what
discriminants the vector c lies.

C 1A 1[a1 a2 a3] 1[a3 a5 a6] 1[a1 a4 a5] mldeg2 1 1
1 2 1
1 1 2

 6= 0 6= 0 6= 0 6= 0 4

2 2 1
2 2 3
1 3 2

 6= 0 0 6= 0 6= 0 3

2 2 1
2 2 2
1 2 2

 6= 0 0 0 6= 0 2

-2 2 2
2 -2 2
2 2 -2

 6= 0 0 0 0 1

17 22 27
22 29 36
27 36 45

 0 6= 0 6= 0 6= 0 3

2 3 3
3 5 5
3 5 5

 0 6= 0 0 6= 0 2

2 2 2
2 2 2
2 2 2

 0 0 0 0 1

Table 3. ML degrees for different scalings ci j in the matrix C .
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• Row 1 This corresponds to the generic case. The intersection L′c,u is transverse and zero-dimensional
with 4 points, corresponding to the ML degree. There are no points in L′c,u\Lc,u and there is no drop.

• Row 2 When computing the points in VA ∩{Lc(p)= Lc,1(p)= . . .= Lc,d−1(p)= 0} we obtain the
unique projective point [1 : −1 : 1 : 0 : 0 : 0], which makes the A-discriminant of the edge [a1, a2, a3]

of Q vanish. Removing this point gives the ML degree of 3= 4− 1.

• Row 3 Now we have one more point in the removal set: apart from the one in the above row, there is
also [0 : 0 : 1 : 0 : 1 : −1] on the zero locus of the A-discriminant of the edge [a3, a5, a6]. The drop
is accounted for exactly these two points and we have ML degree 2= 4− 2.

• Row 4 There are three points in L′c,u\Lc,u that lie on the zero loci of edge A-discriminants: [1 : 1 :
1 : 0 : 0 : 0] for the edge [a1, a2, a3], [0 : 0 : 1 : 0 : 1 : 1] for the edge [a3, a5, a6] and [1 : 0 : 0 : 1 : 1 : 0]
for the edge [a1, a4, a5]. They explain the drop in ML degree 1= 4− 3.

• Row 5 The only removal point is [1 : −2 : 4 : 1 : 1 : −2], which does not lie on zero loci of any of
the A-discriminants of the edges of Q, but only on the zero locus of the A-discriminant of the whole
of Q. Removing this point gives the ML degree of 3= 4− 1.

• Row 6 This is the first time that the removal ideal IA+
〈
Lc(p), Lc,1(p), . . . , Lc,d−1(p)

〉
is not radical.

While there is only one point, [0 : 0 : 1 : 0 : 1 : −1], its multiplicity is 2. We used the Macaulay2
package SegreClasses [25] to compute the multiplicity. The intersection L′c,u is zero-dimensional
but consists of two components of degree 2. The first component is prime and corresponds to the
two points in the ML degree 2. The toric variety and the linear space defined by (4-3) intersect
transversely at both points of the first component. The second component is primary, but not prime.
Its radical 〈p6+ p5, p4, p3+ p5, p2, p1〉 is a zero-dimensional ideal of degree 1, corresponding to
the above point that lies on the zero locus of the A-discriminant of the edge [a3, a5, a6].

Although the intersection of the toric variety and the linear space defined by (4-3) is dimensionally
transverse, it is not transverse at the point defined by the second component. We also observe that
while 1A(c) = 0, there is no singular point of fc, which means c lies strictly in the closure in
Definition 4.2 (see Remark 4.8 below).

• Row 7 Now the removal ideal is 1-dimensional of degree 2. It is given by〈
p2

2 + p2 p3+ p3 p4 , p1+ p2+ p4 , p2+ p5− p2− p3 , p2+ p3+ p6
〉
.

Its variety intersects V0∩A in one point for each edge 0 of Q. In other words, the reason why
all discriminants 1[a1 a2 a3],1[a3 a5 a6],1[a1 a4 a5] vanish is that the removal set intersects the planes
p1 = p2 = p4 = 0 , p2 = p3 = p6 = 0 and p4 = p5 = p6 = 0 respectively, and one can find in each
a point with complementary support. Furthermore, it intersects the open set where none of the pi

are zero, which explains why 1A = 0 too. Unfortunately, this alone does not explain why the ML
degree is 1.

By looking at the intersection ideal of the toric variety VA with the equations (4-3), we realize
that the intersection is not transverse (not even dimensionally transverse). Indeed, there are two



MAXIMUM LIKELIHOOD ESTIMATION OF TORIC FANO VARIETIES 19

components: a zero-dimensional component of degree 1 (corresponding to the MLE) and a one-
dimensional component of degree 2 (so the sum of the degrees is 1+2= 3< 4). This last component
matches the removal ideal above. At the 0-dimensional component the toric variety intersects the
linear space defined by (4-3) transversely. At a generic point of the 1-dimensional component the
intersection is not transverse. Both components have multiplicity one and hence also the sum of
degrees counted with multiplicity is less than four.

Remark 4.8. If for some scaling c, the A-discriminant of at least one edge is zero and the A-discriminant
of at least one edge is nonzero, then there is no singular point θ ∈ (C∗)2 of fc. Indeed, such a point
θ = (θ1, θ2) ∈ (C

∗)2 would need to satisfy2c00 c10 c01

c10 2c20 c11

c01 c11 2c02

 1
θ1

θ2

=
0

0
0

 . (4-5)

Say 1[a3 a5 a6] = det
[ 2c20

c11

c11
2c02

]
= 0 . In order for the system (4-5) to be consistent,

[ c10
c01

2c20
c11

c11
2c02

]
should have rank 1. In particular, det

[ c10
2c20

c01
c11

]
= 0 and det

[ c10
c11

c01
2c02

]
= 0, which in turn means that both[2c00

c10

c10
2c20

c01
c11

]
and

[ 2c00
c01

c10
c11

c01
2c02

]
have rank 1. We conclude that C itself must have rank 1, so that c must

lie in the discriminants of all the edges (as in Row 7), contradicting that one of them was nonzero. This
means that if we are in the case of Row 6, even though 1A(c) = 0, the scaling c ∈ ∇A is added in the
closure that appears in Definition 4.2.

Conjecture 4.9. The intersection of V and the linear space given by (4-3) is generically transverse at the
irreducible component of L′c,u that gives the MLE.

This conjecture holds for all the examples considered in this section. At other irreducible components
the intersection may or may not be transverse.

Remark 4.10. For toric models,

mldeg(V )= χtop(V \H)= χtop(V )−χtop(V ∩ H) (4-6)

where H = {p | p1 · · · pn(p1+ · · · + pn)= 0} and χtop is the topological Euler characteristic. The first
equality was proved by Huh and Sturmfels [29, Theorem 3.2], and the second equality is the excision
formula. The Euler characteristic of toric del Pezzo surfaces can be computed by χtop(V )= 2+ rkPic(V ).
The rank of the Picard group rkPic(V ) can be computed taking into account that the minimal resolution
of every del Pezzo surface is a product of two projective lines P1

×P1 (polytope 8a in Figure 1), the
quadric cone P(1, 1, 2) ⊂ P3 (polytope 8c in Figure 1), or the blow-up of a projective plane in 9− d
points in almost general position; namely at most three of which are collinear, at most six of which lie on
a conic, and at most eight of them on a cubic having a node at one of the points. We refer the reader to
[11] for a more detailed study of this classical subject of algebraic geometry. It would be interesting to
explore the ML degree drop further from this perspective.
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5. Toric fiber products and phylogenetic models

In [7], Buczyńska–Wiśniewski study an infinite family of toric Fano varieties that correspond to 3-
valent phylogenetic trees. These Fano varieties are of index 4 with Gorenstein terminal singularities. In
phylogenetics, these varieties correspond to the CFN model in the Fourier coordinates. We define them
through the corresponding polytopes.

Definition 5.1. Let T be a 3-valent tree, i.e. every vertex of T has degree 1 or 3. Consider all labelings
of the edges of T with 0’s and 1’s such that at every inner vertex the sum of labels on the incident edges
is even. Define PT ⊆ RE to be the convex hull of such labelings. Let IT be the homogeneous ideal and
VT be the projective toric variety corresponding to PT .

Example 5.2. If T is tripod, then PT = conv((0, 0, 0), (1, 1, 0), (1, 0, 1), (0, 1, 1)) is a simplex and
VT = P3 is the 3-dimensional projective space.

Example 5.3. If T is the unique 3-valent four leaf tree, then

PT = conv((0, 0, 0, 0, 0), (1, 1, 0, 0, 0), (0, 0, 0, 1, 1), (1, 1, 0, 1, 1),

(1, 0, 1, 1, 0), (1, 0, 1, 0, 1), (0, 1, 1, 1, 0), (0, 1, 1, 0, 1)).

The ideal IT is generated by the two quadratic polynomials x00000x11011− x11000x00011 and x10110x01101−

x01110x10101.

The aim of the rest of the section is to show that if T is a 3-valent tree then the ML degree of the
variety VT is one. We will also give a closed form for its maximum likelihood estimate. This result will
be a special case of a more general result about ML degrees of codimension-0 toric fiber products of
toric ideals. A toric fiber product can be defined for any two ideals that are homogenous by the same
multigrading [35], however, we use the definition specific to toric ideals [14, Section 2.3]. Besides
phylogenetic models considered in this section, codimension-0 toric fiber products appear in general
group-based models in the Fourier coordinates and reducible hierarchical models (see [35, Section 3] for
details on applications).

Let r ∈ N and si , ti ∈ N for 1≤ i ≤ r . We consider toric ideals corresponding to vector configurations
B = {bi

j : i ∈ [r ], j ∈ [si ]} ⊆ Zd1 and C = {ci
k : i ∈ [r ], k ∈ [ti ]} ⊆ Zd2 . These toric ideals are denoted by

IB and IC , they live in the polynomial rings R[x i
j : i ∈ [r ], j ∈ [si ]] and R[yi

k : i ∈ [r ], k ∈ [ti ]], and they
are required to be homogeneous with respect to the multigrading by A= {ai

: i ∈ [r ]} ⊆ Zd . We assume
that there exists ω ∈Qd such that ωai

= 1 for all i , so that IB and IC are homogeneous also with respect
to the standard grading. Toric ideals IB and IC being homogeneous with respect to the multigrading
by A implies that there exist linear maps π1 : Z

d1 → Zd and π2 : Z
d2 → Zd such that π1(bi

j ) = ai and
π2(ci

k)= ai . We define the vector configuration

B×A C = {(bi
j , ci

k) : i ∈ [r ], j ∈ [si ], k ∈ [ti ]}.

The toric fiber product of IB and IC with respect to the multigrading by A is defined as

IB×A IC := IB×AC,
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and it lives in the polynomial ring R[zi
jk : i ∈ [r ], j ∈ [si ], k ∈ [ti ]].

Example 5.4. Let T be a 3-valent tree with n ≥ 4 leaves. Write T as a union of two trees T1 and T2

that share an interior edge e. Take r = 2. Let b1
j be the vertices of PT1 that have label 0 on edge e

and let b2
j be the vertices of PT1 that have label 1 on edge e. Define similarly c1

k and c2
k for PT2 . Let

A = {(0, 1), (1, 0)}, so that π1 maps b1
j to (0, 1) and b2

j to (1, 0). Then IT is the toric fiber product of
IT1 and IT2 with respect to multigrading by A. In [35, Section 3.4] the toric fiber product construction is
explained in full generality for group-based phylogenetic models in the Fourier coordinates.

Given a vector u indexed by the elements of B ×A C, we denote its entries by ui
jk for i ∈ [r ], j ∈

[si ], k ∈ [ti ]. We define ui
++
=
∑

j∈[si ],k∈[ti ] u
i
jk , ui

j+ =
∑

k∈[ti ] u
i
jk and ui

+k =
∑

j∈[si ]
ui

jk . We denote
the corresponding vectors by uA, uB and uC since they are indexed by the elements of A,B and C. These
vectors uA= (ui

++
)i∈[r ], uB= (ui

j+)i∈[r ], j∈[si ] and uC = (ui
+k)i∈[r ],k∈[ti ] are marginal sums. We also define

u+++ =
∑

i∈[r ], j∈[si ],k∈[ti ] u
i
jk , (uB)

+

+ =
∑

i∈[r ]
∑

j∈[si ]
(ui

j+) and (uC)
+

+ =
∑

i∈[r ]
∑

k∈[ti ](u
i
+k). Similarly,

if pi
jk is a joint probability distribution indexed by the elements of B×A C, the sum of the joint probability

distribution over A (resp. B, C) is a marginal probability distribution and we denote it by pA = (pi
++
)i∈[r ]

(resp. pB = (pi
j+)i∈[r ], j∈[si ], pC = (pi

+k)i∈[r ],k∈[ti ]).

Theorem 5.5. Let A consist of linearly independent vectors. Then the ML degree of IB ×A IC is equal
to the product of the ML degrees of IB and IC . For a data vector u, every critical point of the likelihood
function has the form

pi
jk :=

(pB)
i
j (pC )

i
k

(pA)i
, (5-1)

where pA, pB and pC are critical points of the likelihood function for the models IA, IB and IC and data
vectors uA, uB and uC , respectively. Since the elements of A are linearly independent, pA is in fact the
normalized uA. Moreover, we obtain the maximum likelihood estimate of IB×A IC by taking pA, pB and
pC to be the maximum likelihood estimates of the models IA, IB and IC .

Theorem 5.5 generalizes known results about reducible hierarchical [34, Proposition 4.14] and discrete
graphical models. In particular, one recovers the rational formula for the MLE in the case of decomposable
graphical models (indeed, they have ML degree one) [34, Proposition 4.18] and general discrete graphical
models [17, Theorem 1]. The latter result is for mixed graphical interaction models that allow both discrete
and continuous random variables. Theorem 5.5 generalizes the case when all variables are discrete.

To prove Theorem 5.5, we first have to recall how to obtain a generating set for IB ×A IC from the
generating sets for IB and IC . Let

f = x i1

j1
1
x i2

j1
2
· · · x id

j1
d
− x i1

j2
1
x i2

j2
2
· · · x id

j2
d
∈ R[x i

j ].

For k = (k1, k2, . . . , kd) ∈ [ti1]× [ti2]× · · · × [tid ] define

fk = zi1

j1
1 k1

zi2

j1
2 k2
· · · zid

j1
d kd
− zi1

j2
1 k1

zi2

j2
2 k2
· · · zid

j2
d kd
∈ R[zi

jk].
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Let T f =
∏d

l=1[til ]. For a set of binomials F , we define

Lift(F)= { fk : f ∈ F, k ∈ T f }.

We also define

Quad= {zi
j1k1

zi
j2k2
− zi

j1k2
zi

j2k1
: i ∈ [r ], j1, j2 ∈ [si ], k1, k2 ∈ [ti ]}.

Proposition 5.6 ([35], Corollary 14). Let A consist of linearly independent vectors. Let F be a generating
set of IB and let G be a generating set of IC . Then IB×A IC is generated by

Lift(F)∪Lift(G)∪Quad.

Example 5.7. The 3-valent four leaf tree T4 is the union of two tripods T3 that share an interior edge e. By
Proposition 5.6, a generating set for IT4 is given by the lifts of generating sets for IT3 and by quadrics with
respect to the edge e. Since IT3 = 〈0〉, its lift is {0}. The set Quad consists of x00000x11011− x11000x00011

and x10110x01101− x10101x01110 that are generators of IT4 .

Example 5.8. The 3-valent five leaf tree T5 is the union of the 3-valent four leaf tree T4 and tripod T3 that
share an interior edge e. The fifth index of a variable xe1e2e3e4e5 in the coordinate ring of T4 and the first
index of a variable xe5e6e7 in the coordinate ring of T3 correspond to the edge e. Recall that a generating set
of IT4 is F={x00000x11011−x11000x00011, x10110x01101−x01110x10101} and a generating set of IT3 is G={0}.
Both elements of F have four lifts corresponding to k = (000, 110), k = (000, 101), k = (011, 110) and
k = (011, 101). Hence Lift(F) consists of

x0000000x1101110− x1100000x0001110, x0000000x1101101− x1100000x0001101,

x0000011x1101110− x1100011x0001110, x0000011x1101101− x1100011x0001101,

x1011000x0110110− x0111000x1010110, x1011000x0110101− x0111000x1010101,

x1011011x0110110− x0111011x1010110, x1011011x0110101− x0111011x1010101,

and Lift(G)= {0}. The set Quad consists of 12 polynomials.

To prove Theorem 5.5, we also need the following lemmas.

Lemma 5.9. For any u ∈ RB×AC , we have (B×A C)u = (BuB, CuC).

Proof. Assume that the r -th row comes from the B part of the matrix B×A C. Then the r -th row of B×A C
multiplied with u gives∑

i∈[r ], j∈[si ],k∈[ti ]

(bi
j , ci

k)r ui
jk =

∑
i∈[r ], j∈[si ],k∈[ti ]

(bi
j )r ui

jk =
∑

i∈[r ], j∈[si ]

(bi
j )r ui

j+.

This is the r -th row of B multiplied with uB. �

Lemma 5.10. The following equations hold:

pB = pB and pC = pC .

In particular, the entries of p sum to one i.e. p+
++
=
∑

i∈[r ]
∑

j∈[si ]

∑
k∈[ti ] pi

jk = 1 .
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Proof. By the definition of p, we have

(pB)
i
j =

∑
k∈[ti ]

(pB)
i
j (pC )

i
k

(pA)i
=
(pB)

i
j (pC )

i
+

(pA)i
.

Hence we need to show that (pC )
i
+
= (pA)

i . By Birch’s theorem for IC , we have C pC = C uC
(uC)

+

+

and

hence π2(C)pC = π2(C) uC
(uC)

+

+

where π2 is applied to C columnwise. The second equation is equivalent

to
∑

i∈[r ] ti a
i (pC )

i
+
=
∑

i∈[r ] ti a
i (uC)

i
+

(uC)
+

+

. Since ai are linearly independent, this implies (pC )
i
+
=

(uC)
i
+

(uC)
+

+

=

ui
++

u+++
= (pA)

i for all i ∈ [r ]. �

Proof of Theorem 5.5. We start by showing that every vector of the form (5-1) satisfies the conditions of
Birch’s theorem, i.e. p+

++
= 1, (B×A C)p = (B×A C) u

u+++
and p ∈ V (IB×A IC), and hence is a critical

point of the likelihood function of IB×A IC . The entries of p sum to one by Lemma 5.10. Secondly, we
have

(B×A C)p = (BpB, C pC)= (BpB, C pC )= (B
uB

(uB)
+

+

, C
uC

(uC)
+

+

)= (B
uB

u+++
, C

uC

u+++
)= (B×A C)

u
u+++

.

The first and last equalities hold by Lemma 5.9. The second equality holds by Lemma 5.10 while the
third equality follows from Birch’s theorem for IB and IC . Thirdly, we have to show u ∈ IB×A IC . For
fk ∈ Lift(F), we have

fk(p)=
(pB)

i1

j1
1
(pC )

i1
k1

(pA)i1

(pB)
i2

j1
2
(pC )

i2
k2

(pA)i2
· · ·

(pB)
id

j1
d
(pC )

id
kd

(pA)id
−

(pB)
i1

j2
1
(pC )

i1
k1

(pA)i1

(pB)
i2

j2
2
(pC )

i2
k2

(pA)i2
· · ·

(pB)
id

j2
d
(pC )

id
kd

(pA)id

=

(
(pB)

i1

j1
1
(pB)

i2

j1
2
· · · (pB)

id

j1
d
− (pB)

i1

j2
1
(pB)

i2

j2
2
· · · (pB)

id

j2
d

) (pC )
i1
k1

(pA)i1

(pC )
i2
k2

(pA)i2
· · ·

(pC )
id
kd

(pA)id

= f (pB) ·
(pC )

i1
k1

(pA)i1

(pC )
i2
k2

(pA)i2
· · ·

(pC )
id
kd

(pA)id
= 0.

An element of Quad gives

(zi
j1k1

zi
j2k2
− zi

j1k2
zi

j2k1
)(p)=

(pB)
i
j1(pC )

i
k1

(pA)i

(pB)
i
j2(pC )

i
k2

(pA)i
−
(pB)

i
j1(pC )

i
k2

(pA)i

(pB)
i
j2(pC )

i
k1

(pA)i
= 0.

Hence p is a critical point of the likelihood function of IB×A IC .
Conversely, let p be any critical point of the likelihood function of IB×A IC . Then the entries of pB

and pC sum to one. Also

(B
uB

(uB)
+

+

, C
uC

(uC)
+

+

)= (B
uB

u+++
, C

uC

u+++
)= (B×A C)

u
u+++
= (B×A C)p = (BpB, C pC).

For every f in a generating set for IB

f (pB)=
∑
k∈T f

ck fk(p)= 0,
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where ck are integer coefficients. By Birch’s theorem, pB is a critical point of the likelihood function
of IB and similarly pC is a critical point of the likelihood function of IC . It is left to show that p is the
only element in IB ×A IC with marginals pB and pC . Indeed, for fixed i ∈ [r ], the matrix of pi

jk for
j ∈ [si ], k ∈ [ti ] has rank 1, because Quad contains all 2× 2-minors for this matrix. Hence the marginals
pi

j+ and pi
+k completely determine this matrix.

Finally, we get the maximum likelihood estimate of IB×A IC by taking pB and pC to be the maximum
likelihood estimates of the models IB and IC . By Lemma 5.10, the margins p̂B and p̂C of the maximum
likelihood estimate of the model IB×A IC are equal to pB and pC , in particular pB and pC are nonnegative.
By Proposition 2.3, for each toric model there is a unique nonnegative critical point of the likelihood
function and it is the maximum likelihood estimate. Hence pB and pC have to be the maximum likelihood
estimates for the models IB and IC . �

Let T be an n-leaf 3-valent tree. We denote the coordinates of a vector u ∈ R2n−1
by ul where l

corresponds to a labeling of the edges of T . Let T ′ be a subtree of T and denote the restriction of
the labeling l to T ′ by l|T ′ . We denote by uT ′ the marginal sum of u with the edges of T not in T ′

marginalized out, i.e. the vector uT ′ is indexed by the labelings of T ′ and if l ′ is a labeling of T ′ then
(uT ′)l ′ =

∑
l|T ′=l ′ ul . If the subtree is an edge e, then the marginal sum is defined in the same way and

denoted by ue. As before, we denote the sum of entries of u by u+.

Corollary 5.11. For any 3-valent tree T , the ML degree of VT is one. If T is tripod and u is a data vector,
then the maximum likelihood estimate is

p̂ =
u

u+
.

It T has more than three leaves, let T1, T2, . . . , Tn−2 be the tripods contained in T and let e1, e2, . . . , en−3

be the inner edges of T . For data vector u, the maximum likelihood estimate is

p̂l =

∏
j=1,...,n−2( p̂T j )l|T j∏
j=1,...,n−3( p̂e j )l|e j

, (5-2)

where p̂e j is the normalized ue j , and p̂T j is the maximum likelihood estimate for the tree T j and the data
vector uT j .

The ML degree of a group-based phylogenetic model in probability coordinates is not known to be
related to the ML degree in the Fourier coordinates. In particular, the ML degree can be much larger
in the probability coordinates than the one in the Fourier coordinates [27, Section 6]. In probability
coordinates, numerical methods are needed already in the smallest cases to determine the maximum
likelihood estimate and the critical points of the likelihood function [32].

Example 5.12. Let T be the 3-valent four leaf tree, let T1 and T2 be the tripods contained in T , and let e
be the inner edge of T . We consider the data vector

u = (u00000, u11000, u00011, u11011, u10110, u10101, u01110, u01101)= (17, 5, 27, 5, 16, 5, 19, 6)
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with a total of 100 observations. Then

uT1 = (u000++, u110++, u101++, u011++)= (44, 10, 21, 25),

uT2 = (u++000, u++110, u++101, u++011)= (22, 35, 11, 32),

ue = (u++0++, u++1++)= (54, 46).

Since the VT1 = VT2 = P3, we have

p̂T1 = (
44
100

,
10
100

,
21

100
,

25
100

), p̂T2 = (
22
100

,
35

100
,

11
100

,
32
100

) and p̂e = (
54
100

,
46

100
).

Then by (5-2)

p̂00000 =
( p̂T1)000( p̂T2)000

( p̂e )0
=

44 · 22 · 100
1002 · 54

=
121
675

.

Similarly, we can find other coordinates of the maximum likelihood estimate. This gives

p̂ =
(

121
675

,
11
270

,
176
675

,
8

135
,

147
920

,
231
4600

,
35
184

,
11
184

)
.

We obtain the same result when using Birch’s theorem.

Recent work on rational maximum likelihood estimators establishes that a class of tree models known
as staged trees have ML degree 1 [13, Proposition 12]. In light of Corollary 5.11, it is natural to ask if
there is any relation between staged tree models and 3-valent phylogenetic tree models. We find that this
is the case in the proposition below. In fact, we believe that any codimension zero toric fiber product can
be viewed as a generalized staged tree and this is left as a future research direction. Conversely, Ananiadi
and Duarte study when staged trees are codimension-0 toric fiber products in the recent paper [4].

Consider a rooted tree T with at least two edges emanating from every non-leaf vertex of T . Consider
a labeling of the edges of T by the elements of a set S. The floret associated with a vertex v is the multiset
of labels of edges emanating from v. The tree T is called a staged tree if any two florets are equal or
disjoint. The set of florets is denoted by F .

Definition 5.13 (Definition 10 in [13]). Let J denote the set of all paths from root to leaf in T . For a
path j ∈ J and a label s ∈ S, let µs j denote the number of times an edge labeled by s appears on the path
j . A staged tree model is the image of the parameter space

2=

(θs)s∈S ∈ (0, 1)S
:

∑
s∈ f

θs = 1 for all f ∈ F


under the map p j =

∏
θ
µs j
s .

Proposition 5.14. All 3-valent phylogenetic tree models as defined in Definition 5.1 are staged tree
models.

Proof. The staged tree begins with a tripod that can be chosen arbitrarily. The first stage has 4 edges
corresponding to the four labelings of this tripod. The tripod corresponding to any subsequent stage must
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Figure 3. Staged tree for the tripod (left) and the 4-leaf tree (right).

share an edge with a tripod corresponding to a previous stage. The florets are binary and correspond to the
two possible labelings of the common edge. The parameters θs for a given stage are marginal probabilities
for the tripod divided by the marginal probabilities for the edge shared with a tripod corresponding to a
previous stage. In this way, the staged tree corresponding to a phylogenetic model on a 3-valent n-leaf
tree has one stage of edges for every tripod in the n-leaf tree. �

Example 5.15. The staged trees corresponding to the phylogenetic models on the tripod and the 3-valent
4-leaf tree are depicted in Figures 3 and 3. The vertices filled with the same color have the same florets.
Unfilled vertices have all different florets. In Figure 3, the parameters θi are equal to

θ1 = p000++, θ2 = p110++, θ3 = p101++, θ4 = p011++,

θ5 =
p++000

p++0++
, θ6 =

p++011

p++0++
, θ7 =

p++110

p++1++
, θ8 =

p++101

p++1++
.

Next, we study the ML degree drop for small phylogenetic models. One can see from Table 4 that
if T is a 3-valent tree with at least four leaves then the degree of the phylogenetic variety is strictly
larger than the sum of degrees of the components of the intersection L′c,u of the phylogenetic variety with
the affine space defined in (4-3). This implies that this intersection is not generically transverse. Since
c = (1, 1, . . . , 1) in this example, we drop the subscript from Lc and Lc,i .

In the case of the 4-leaf tree, the intersection of VT and the linear subspace defined by L(p)= L1(p)=
. . .= L5(p)= 0 has one component of dimension 1 and degree 1. It is the same component as in Table 4
that does not contribute to the ML degree. Since the intersection is not generically transverse, the degree
1 of this component gives only a lower bound to the difference deg VT −mldegVT = 3.

In the case of the 5-leaf tree, the intersection of VT and the linear subspace defined by L(p)= L1(p)=
. . .= L7(p)= 0 has three components each of dimension 3 and degrees 1, 3, 3. These components are
the three components in Table 4 that do not contribute to the ML degree of VT . Since the intersection is
not generically transverse, the sum 1+ 3+ 3= 7 of degrees of the components gives only a lower bound
to the difference deg VT −mldegVT = 33.

In both cases, the intersection is transverse only at the zero-dimensional component of degree 1 that
gives the MLE.
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tree dim deg dim int. deg int. # comp. (dim, deg) comp.
∑

deg comp.

tripod 3 1 0 1 1 (0,1) 1
4-leaf 5 4 1 1 2 (0,1),(1,1) 2
5-leaf 7 34 3 7 4 (0,1),(3,1),(3,3),(3,3) 8

Table 4. Properties of phylogenetic ideals on 3-valent trees. The data presented in this
table are: the dimension of the variety VT ; the degree of the variety VT ; the dimension
of the intersection of VT and the linear subspace defined by L(p) = L1(p) = . . . =
Ld−1(p) = 0; the degree of the intersection of VT and the linear subspace defined by
L(p) = L1(p) = . . . = Ld−1(p) = 0; the number of irreducible components of this
intersection; the dimension and the degree of each such irreducible component in the
form (dim, deg); the sum of the degrees of the irreducible components.

Huh [28] proved that if the MLE of a statistical model is a rational function of the data, then it has to
be an alternating product of linear forms of specific form. In particular, the MLE is given by

p̂ j = λ j

m∏
i=1

(n+1∑
k=1

hikuk

)hi j
,

where λ= (λ0, λ1, . . . , λn) and H is an m× (n+ 1) integer matrix whose columns sum to zero. Such
a map is called Horn uniformization and the matrix H is called a Horn matrix. Duarte, Marigliano
and Sturmfels [13, Theorem 1] proved that then there exists a determinantal triple (A,1,m) such that
the statistical model is the image under the monomial map φ1,m of an orthant of the dual of the toric
variety YA.

Example 5.16. Let T be the 3-valent 4-leaf tree. Then λ= (1, 1, . . . , 1) and

H =



p00000 p00011 p11000 p11011 p10110 p10101 p01110 p01101

000++ 1 1 0 0 0 0 0 0
110++ 0 0 1 1 0 0 0 0
101++ 0 0 0 0 1 1 0 0
011++ 0 0 0 0 0 0 1 1
+++++ –1 –1 –1 –1 –1 –1 –1 –1
++000 1 0 1 0 0 0 0 0
++011 0 1 0 1 0 0 0 0
++110 0 0 0 0 1 0 1 0
++101 0 0 0 0 0 1 0 1
++0++ –1 –1 –1 –1 0 0 0 0
++1++ 0 0 0 0 –1 –1 –1 –1



.

If T is a 3-valent n-leaf tree, then H has 6(n− 2)− 1 rows and 2n−1 columns. Each column contains
n− 2 ones and the same number of minus ones, all other entries are zeros. The vector λ has all its entries
equal to (−1)n−2.
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The rows of the matrix

A =


1 1 1 1 1 0 0 0 0 0 0
0 0 0 0 0 1 1 0 0 1 0
0 0 0 0 0 0 0 1 1 0 1
2 2 1 1 1 0 0 1 1 1 1
1 1 2 2 1 1 1 0 0 1 1


give a basis of the left kernel of the Horn matrix H . The discriminant

1A =−x5x10x11+ x1x6x11+ x1x7x11+ x2x6x11+ x2x7x11+ x3x8x10+ x3x9x10+ x4x8x10+ x4x9x10

vanishes on the dual of the toric variety

YA =
{(

t1t2
4 t5 : t1t2

4 t5 : t1t4t2
5 : t1t4t2

5 : t1t4t5 : t2t5 : t2t5 : t3t4 : t3t4 : t2t4t5 : t3t4t5
)
∈ RP3 : t1, t2, t3, t4, t5 ∈ R∗

}
.

The toric variety YA is of dimension 4 and degree 4. Let m=−x5x10x11. Then

1
m
1A = 1−

x1x6

x5x10
−

x1x7

x5x10
−

x2x6

x5x10
−

x2x7

x5x10
−

x3x8

x5x11
−

x3x9

x5x11
−

x4x8

x5x11
−

x4x9

x5x11
.

This gives the monomial map

φ(1A,m) =

(
x1x6

x5x10
,

x1x7

x5x10
,

x2x6

x5x10
,

x2x7

x5x10
,

x3x8

x5x11
,

x3x9

x5x11
,

x4x8

x5x11
,

x4x9

x5x11

)
.

The model M is the image of

Y ∗A,σ =
{

x ∈ Y ∗A : x1, x2, x3, x4, x6, x7, x8, x9 > 0, x5, x10, x11 < 0
}

under the map φ(1A,m). The maximum likelihood estimator is given by φ(1A,m) ◦ H :17→M.

If the “3-valent” hypothesis is dropped, the ML degree does not need to be one. We conclude with an
example of a toric fiber product where the ML degree is greater than one.

Example 5.17. Consider the tree T with five leaves that has two inner nodes of degrees three and four.
Then T is the union of a tripod T1 and a four-leaf claw tree T2 with two edges identified. The ideal IT
is a toric fiber product of IT1 and IT2 . The ML degree of IT1 is 1 by Corollary 5.11. The ideal of IT2 is
generated by

x1001x0110− x0000x1111, x0101x1010− x0000x1111, x1100x0011− x0000x1111.

It is an ideal of codimension 3 and degree 8. Its maximum likelihood degree is 5. Hence also the ML
degree of IT is 5 by Theorem 5.5.

Similarly, if T is the six-leaf tree with two inner nodes of degree four then the ML degree of IT is 25.
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ESTIMATING LINEAR COVARIANCE MODELS
WITH NUMERICAL NONLINEAR ALGEBRA

BERND STURMFELS, SASCHA TIMME AND PIOTR ZWIERNIK

Numerical nonlinear algebra is applied to maximum likelihood estimation for Gaussian models defined
by linear constraints on the covariance matrix. We examine the generic case as well as special models
(e.g., Toeplitz, sparse, trees) that are of interest in statistics. We study the maximum likelihood degree and
its dual analogue, and we introduce a new software package LinearCovarianceModels.jl for solving
the score equations. All local maxima can thus be computed reliably. In addition we identify several
scenarios for which the estimator is a rational function.

1. Introduction

In many statistical applications, the covariance matrix 6 has a special structure. A natural setting is that
one imposes linear constraints on 6 or its inverse 6−1. Here we study models for Gaussians whose
covariance matrix 6 lies in a given linear space. Such linear Gaussian covariance models were introduced
by 1]. He was motivated by the Toeplitz structure of 6 in time series analysis. Recent applications of
such models include repeated time series, longitudinal data, and a range of engineering problems [26].
Other occurrences are Brownian motion tree models [29], as well as pairwise independence models,
where some entries of 6 are set to zero.

The literature on estimating a covariance matrix is extremely rich. Its development has been particularly
dynamic in high-dimensional statistics under a sparsity assumption on 6 or its inverse; see [12] for an
overview. Although the sample covariance matrix is known to have poor statistical properties, for many
Gaussian models the maximum likelihood estimator (MLE) remains an important reference point.

Maximum likelihood estimation for linear covariance models is a nonlinear algebraic optimization
problem over a spectrahedral cone, namely the convex cone of positive definite matrices 6 that satisfy the
linear constraints of interest. The objective function is not convex and can have multiple local maxima.
Yet, if the sample size is large relative to the dimension, then the problem is essentially convex. This
was shown in [32]. In general, however, the MLE problem is poorly understood, and there is a need for
accurate methods that reliably identify all local maxima.

Nonlinear algebra furnishes such a method, namely solving the score equations [30, §7.1] using
numerical homotopy continuation [27]. This is guaranteed to find all critical points of the likelihood
function and hence all local maxima. A key step is the knowledge of the maximum likelihood degree
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Keywords: linear covariance model, maximum likelihood, dual maximum likelihood, numerical nonlinear algebra.
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(ML degree). This is the number of complex critical points. The ML degree of a linear covariance model
is an invariant of a linear space of symmetric matrices which is of interest in its own right.

Our presentation is organized as follows. In Section 2 we introduce various models to be studied,
ranging from generic linear equations to colored graph models. In Section 3 we discuss the maximum
likelihood estimator as well as the dual maximum likelihood estimator. Starting from [30, Proposition
7.1.10], we derive a convenient form of the score equations. The natural point of entry for an algebraic
geometer is the study of generic linear constraints. This is our topic in Section 4. We compute a range of
ML degrees, and we compare them to the dual degrees in [28, §2.2].

In Section 5 we present our software LinearCovarianceModels.jl [31]. This is written in Julia
and is easy to use. It computes the ML degree and the dual ML degree for a given subspace L, and it
determines all complex critical points for a given sample covariance matrix S. Among these, it identifies
the real and positive definite solutions, and it then selects those that are local maxima. The package rests
on the software HomotopyContinuation.jl of 2].

Section 6 discusses instances where the likelihood function has multiple local maxima. This is meant
to underscore the strength of our approach. We then turn to models where the maximum is unique and
the MLE is a rational function. In Section 7 we examine Brownian motion tree models. Here the linear
constraints are determined by a rooted phylogenetic tree. We study the ML degree and dual ML degree.
We show that the latter equals one for binary trees, and we derive the explicit rational formula for their
MLE. A census of these degrees is found in Table 5.

2. Models

Let Sn be the
(n+1

2

)
-dimensional real vector space of n×n symmetric matrices 6 = (σi j ). The subset Sn

+

of positive definite matrices is a full-dimensional open convex cone. Consider any linear subspace L of Sn

whose intersection with Sn
+

is nonempty. Then Sn
+
∩L is a relatively open convex cone. In optimization,

where one uses the closure, this is known as a spectrahedral cone. In statistics, the intersection Sn
+
∩L

is a linear covariance model. These are the models we study in this paper. In what follows we discuss
various families of linear spaces L that are of interest to us.

Generic linear constraints. Fix a positive integer m ≤
(n+1

2

)
, and suppose that L is a generic linear

subspace of Sn . Here “generic” is meant in the sense of algebraic geometry; i.e., L is a point in the
Grassmannian that lies outside a certain algebraic hypersurface. This hypersurface has measure zero,
so a random subspace will be generic with probability one. For a geometer, it is natural to begin with
the generic case, since its complexity controls the complexity of any special family of linear spaces. In
particular, the ML degree for a generic L depends only on m and n, and this furnishes an upper bound
for the ML degree of the special families below.

Diagonal covariance matrices. Here we take m ≤ n, and we assume that L is a linear space that consists
of diagonal matrices. Restricting to covariance matrices that are diagonal is natural when modeling
independent Gaussians. We use the term generic diagonal model when L is a generic point in the
(n−m)m-dimensional Grassmannian of m-dimensional subspaces inside the diagonal n× n matrices.
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Brownian motion tree models. A tree is a connected graph with no cycles. A rooted tree is obtained
by fixing a vertex, called the root, and directing all edges away from the root. Fix a rooted tree T with
n leaves. Every vertex v of T defines a clade, namely the set of leaves that are descendants of v. For
the Brownian motion tree model on T , the space L is spanned by the rank-one matrices eAeT

A , where
eA ∈ {0, 1}n is the indicator vector of A. Hence, if C is the set of all clades of T , then

6 =
∑
A∈C

θAeAeT
A, where θA are model parameters. (1)

The linear equations for the subspace L are σi j = σkl whenever the least common ancestors lca(i, j) and
lca(k, l) agree in the tree T . Assuming θA ≥ 0, the union of the models for all trees T is characterized by
the ultrametric condition σi j ≥min{σik, σ jk} ≥ 0. Matrices of this form also play an important role in
hierarchical clustering [15, §14.3.12], phylogenetics [13], and random walks on graphs [9].

Maximum likelihood estimation for this class of models is generally complicated, but recently there
has been progress [16; 29] on exploiting the nice structure of the matrices 6 above. In Section 7 we study
computational aspects of the MLE and, more importantly, provide a significant advance by considering
the dual MLE.

Covariance graph models. We consider models L that arise from imposing zero restrictions on entries
of 6. This was studied in [5; 10]. This is similar to Gaussian graphical models where zero restrictions
are placed on the inverse 6−1. We encode the sparsity structure with a graph whose edges correspond
to nonzero off-diagonal entries of 6. Zero entries in 6 correspond to pairwise marginal independences.
These arise in statistical modeling in the context of causal inference [8]. Models with zero restrictions on
the covariance matrix are known as covariance graph models. Maximum likelihood in these Gaussian
models can be carried out using iterative conditional fitting [5; 10], which is implemented in the ggm
package in R [22].

Toeplitz matrices. Suppose X = (X1, . . . , Xn) follows the autoregressive model of order 1, that is,
X t = ρX t−1+εt , where ρ ∈R and εt ∼ N (0, σ ) for some σ . Assume that the εt are mutually uncorrelated.
Then cov(X t , X t−k)= ρ

k , and hence 6 is a Toeplitz matrix. More generally, covariance matrices from
stationary time series are Toeplitz. Multichannel and multidimensional processes have covariance matrices
of block Toeplitz form [3; 24]. Similarly, if X follows the moving average process of order q, then
cov(X t , X t−k) = γk if k ≤ q and is zero otherwise; see, for example, [14, §3.3]. Thus, in time series
analysis, we encounter matrices like

γ0 γ1 γ2 γ3 γ4

γ1 γ0 γ1 γ2 γ3

γ2 γ1 γ0 γ1 γ2

γ3 γ2 γ1 γ0 γ1

γ4 γ3 γ2 γ1 γ0

 or


γ0 γ1 0 0 0
γ1 γ0 γ1 0 0
0 γ1 γ0 γ1 0
0 0 γ1 γ0 γ1

0 0 0 γ1 γ0

 . (2)

We found that the ML degree for such models is surprisingly low. This means that nonlinear algebra can
reliably estimate Toeplitz matrices that are fairly large.
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Figure 1. A covariance graph model with edge symmetries and the rooted tree for the
corresponding Brownian motion tree model.

Colored covariance graph models. A generalization of covariance graph models is obtained by following
[17], which introduces graphical models with vertex and edge symmetries. Models of this type also
generalize the Toeplitz matrices and the Brownian motion tree models. Following the standard convention,
we use the same colors for edges or vertices when the corresponding entries of 6 are equal. The black
color is considered neutral and encodes no restrictions.

The Brownian motion tree model corresponds to a colored model over the complete graph, where edge
symmetries are encoded by the tree; see Figure 1. Also, both matrices in (2) represent covariance graph
models with edge and vertex symmetries.

3. Maximum likelihood estimator and its dual

Now that we have seen motivating examples, we formally define the MLE problem for a linear covariance
model L. Suppose we observe a random sample X (1), . . . , X (N ) in Rn from Nn(0, 6). The sample
covariance matrix is S = (1/N )

∑N
i=1 X (i)X (i)T . The matrix S is positive semidefinite. Our aim is to

maximize the function

`(6)= log det6−1
− tr(S6−1) subject to 6 ∈ L. (3)

Following [30, Proposition 7.1.10], this equals the log-likelihood function times N/2.
We fix the standard inner product 〈A, B〉 = tr(AB) on the space Sn of symmetric matrices. The

orthogonal complement L⊥ to a subspace L⊂ Sn is defined as usual.

Proposition 3.1. Finding all the critical points of the log-likelihood function `(6) amounts to solving the
following system of linear and quadratic equations in 2 ·

(n+1
2

)
unknowns:

6 ∈ L, K6 = In, K SK − K ∈ L⊥. (4)

Proof. The matrix 6 is a critical point ` if and only if, for every U ∈ L, the derivative of ` at 6 in the
direction U vanishes. This directional derivative equals

− tr(6−1U )+ tr(S6−1U6−1).
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This formula follows by multivariate calculus from two facts: (i) the derivative of the matrix mapping
6 7→6−1 is the linear transformation U 7→6−1U6−1; (ii) the derivative of the function 6 7→ log det6
is the linear functional U 7→ tr(6−1U ).

Using the identity K =6−1, vanishing of the directional derivative is equivalent to

−〈K ,U 〉+ 〈K SK ,U 〉 = 0.

The condition 〈K SK − K ,U 〉 = 0 for all U ∈ L is equivalent to K SK − K ∈ L⊥. �

Example 3.2 (3× 3 Toeplitz matrices). Let L be the space of Toeplitz matrices

6 =

γ0 γ1 γ2

γ1 γ0 γ1

γ2 γ1 γ0

 .
This space has dimension 3 in S3

' R6. Fix a sample covariance matrix S = (si j ) with real entries. We
need to solve the system (4). This consists of 3+ 9+ 3= 15 equations in 6+ 6= 12 unknowns, namely
the entries of the covariance matrix 6 = (σi j ) and its inverse K = (ki j ). The condition 6 ∈L gives three
linear polynomials

σ11− σ33, σ12− σ23, σ22− σ33.

The condition K6 = I3 translates into nine bilinear polynomials

σ11k11+ σ12k12+ σ13k13− 1, σ12k11+ σ22k12+ σ23k13, σ13k11+ σ23k12+ σ33k13,

σ11k12+ σ12k22+ σ13k23, σ12k12+ σ22k22+ σ23k23− 1, σ13k12+ σ23k22+ σ33k23,

σ11k13+ σ12k23+ σ13k33, σ12k13+ σ22k23+ σ23k33, σ13k13+ σ23k23+ σ33k33− 1.

Finally, the condition K SK − K ∈ L⊥ translates into three quadratic polynomials

k2
11s11+ k2

12s11+ k2
13s11+ 2k11k12s12+ 2k12k22s12+ 2k13k23s12+ 2k11k13s13

+ 2k12k23s13+ 2k13k33s13+ k2
12s22+ k2

22s22+ k2
23s22+ 2k12k13s23+ 2k22k23s23

+ 2k23k33s23+ k2
13s33+ k2

23s33+ k2
33s33− k11− k22− k33,

k23s13+ k12k33s13+ k12k22s22+ k22k23s22+ k13k22s23+ k12k23s23

+ k2
23s23+ k22k33s23+ k13k23s33+ k23k33s33− k12− k23,

k11k13s11+k12k13s12+k11k23s12+k2
13s13+k11k33s13+k12k23s22+k13k23s23+k12k33s23+k13k33s33−k13.

The zero set of these 15 polynomials in 12 unknowns consists of three points (6̂, K̂ ). We present a
concrete instance with multiple local solutions:

S =

 4/5 −9/5 −1/25
−9/5 79/16 25/24
−1/25 25/24 17/16

≈
 0.8000 −1.8000 −0.0400
−1.8000 4.9375 1.0417
−0.0400 1.0417 1.0625

 . (5)
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For this sample covariance matrix all three critical points are real and positive definite. The three Toeplitz
matrices that solve the score equations for this S are:

γ̂0 γ̂1 γ̂2 log-likelihood value

2.52783 −0.215929 −1.45229 −5.35 global maximum
2.39038 −0.286009 0.949965 −5.41 local maximum
2.28596 −0.256394 0.422321 −5.42 saddle point

So, even in this tiny example, our optimization problem has multiple local maxima in the cone S3
+

. A
numerical study of this phenomenon will be presented in Section 6.

In this paper we also consider the dual maximum likelihood estimator as a more computationally
efficient alternative. Dual estimation is based on the maximization of a dual likelihood function. In the
Gaussian case this is motivated by interchanging the role of the parameter matrix 6 and the empirical
covariance matrix S. The Kullback–Leibler divergence of two Gaussian distributions N (0, 60) and
N (0, 61) on Rn is equal to

KL(60, 61)=
1
2

(
tr(6−1

1 60)− n+ log
det61

det60

)
.

Computing the MLE is equivalent to minimizing KL(60, 61) with respect to 61 with 60 = S. On
the other hand, the dual MLE is obtained by minimizing KL(60, 61) with respect to 60 with 61 = S.
Equivalently, we set W = S−1 and maximize

`∨(6)= log det6− tr(W6).

The idea of utilizing the “wrong” Kullback–Leibler distance is ubiquitous in variational inference and
is central for mean field approximation and related methods. The idea of using this estimation method for
Gaussian linear covariance models is very natural. It results in a unique maximum, since 6 7→ `∨(6) is
a convex function on the positive definite cone Sn

+
. See [6] and also [5, §3.2; 18, §4].

The following algebraic formulation is the analogue to Proposition 3.1.

Proposition 3.3. Finding all the critical points of the dual log-likelihood function `∨ amounts to solving
the following system of equations in 2 ·

(n+1
2

)
unknowns:

6 ∈ L, K6 = In, K −W ∈ L⊥. (6)

Proof. After switching the roles of K and 6, and of W and S, our problem becomes MLE for linear
concentration models. Equation (6) is found in [28, (10)]. �

The next result lists properties of the dual MLE that are important for statistics.

Proposition 3.4. The dual maximum likelihood estimator of a Gaussian linear covariance model is
consistent, asymptotically normal, and first-order efficient.

Proof. See Theorems 3.1 and 3.2 in [6]. �
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First-order efficiency means that the asymptotic variance of the properly normalized dual MLE is
optimal, that is, it equals the asymptotic variance of the MLE.

In this paper, we focus on algebraic structures, and we note the following important distinction between
our two estimators. The MLE requires the quadratic equations K SK − K ∈ L⊥ in (4), whereas the dual
MLE requires the linear equations K −W ∈L⊥ in (6). The latter are easier to solve than the former, and
they give far fewer solutions. This is quantified by the tables for the ML degrees in the next sections.

We are particularly interested in models whose dual ML estimator (q6, qK ) can be written as an explicit
expression in the sample covariance matrix S. We identify such scenarios in Sections 6 and 7. Here is a
first example to illustrate this point.

Example 3.5. We revisit the Toeplitz model in Example 3.2. For the dual MLE, the three quadratic
polynomials in K are now replaced by three linear polynomials

k11+ k22+ k33−w11−w22−w33, k12+ k23−w12−w23, k13−w13.

The wi j are the entries of the inverse sample covariance matrix W = S−1. The new system has two
solutions, and we can write the σ̌i j and ǩi j in terms of the wi j (or the si j ) using the familiar formula for
solving quadratic equations in one variable. Specifically, for the covariance matrix S in (5) we find that
the dual MLE is given by

[γ̌0, γ̌1, γ̌2] = [0.203557267562,−0.189349961613, 0.1963649733282]

=
[ 1284368265268038839512

12363704694314904961417 +
52
√

561647777654592987689702150027364667081
12363704694314904961417 ,

−
5817390611804320873051

61818523471574524807085 −
655679934637

√
561647777654592987689702150027364667081

163146905524715599705244729886305 ,

1990451408446510673691859
22254668449766828930550600 +

264990063915733
√

561647777654592987689702150027364667081
58732885988897615893888102759069800

]
.

Needless to say, nonlinear algebra goes much beyond the quadratic formula. In what follows we shall
employ state-of-the-art methods for solving polynomial equations.

4. General linear constraints

The maximum likelihood degree of a linear covariance model L is, by definition, the number of complex
solutions to the likelihood equations (4) for generic data S. This is abbreviated ML degree [30, §7.1]. To
compute the ML degree, take S to be a random symmetric n× n matrix and count all complex critical
points of the likelihood function `(6) for 6 ∈ L. Equivalently, the ML degree of the model L is the
number of complex solutions (6, K ) to the polynomial equations in (4).

We also consider the complex critical points of the dual likelihood function `∨(6). Their number, for
a generic matrix S ∈ Sn , is the dual ML degree of L. It coincides with the number of complex solutions
(6, K ) to the polynomial equations in (6).

Our ML degrees can be computed symbolically in a computer algebra system that rests on Gröbner
bases. However, this approach is limited to small instances. To get further, we use the methods from
numerical nonlinear algebra described in Section 5.
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m n
2 3 4 5 6

2 1 3 5 7 9
3 1 7 19 37 61
4 7 45 135 299
5 3 71 361 1121
6 1 81 753 3395
7 63 1245 8513
8 29 1625 17867
9 7 1661 31601

10 1 1323 47343
11 801 60177
12 347 64731
13 97 58561
14 15 44131
15 1 27329
16 13627
17 5341
18 1511
19 289
20 31
21 1

m n
2 3 4 5 6

2 1 2 3 4 5
3 1 4 9 16 25
4 4 17 44 90
5 2 21 86 240
6 1 21 137 528
7 17 188 1016
8 9 212 1696
9 3 188 2396

10 1 137 2886
11 86 3054
12 44 2886
13 16 2396
14 4 1696
15 1 1016
16 528
17 240
18 90
19 25
20 5
21 1

Table 1. ML degrees and dual ML degrees for generic models.

Here we focus on a generic m-dimensional linear subspace L of Sn . In practice this means that a basis
for L is chosen by sampling m matrices at random from Sn .

Proposition 4.1. The ML degree and the dual ML degree of a generic subspace L of dimension m in Sn

depends only on m and n. It is independent of the particular choice of L. For small parameter values,
these ML degrees are listed in Table 1.

Proof. The independence rests on general results in algebraic geometry [27, Corollary A.14.2], to the
effect that the system (4) (resp. (6)) can be considered as a system parametrized by the coordinates of
L and S (resp. W ). The ML degree will be the same for all specializations to R that remain outside a
certain discriminant hypersurface. Table 1 and further values are computed rapidly using the software
described in Section 5. �

The dual ML degree was already studied by 28, §2]. Our table on the right is in fact found in their
paper. The symmetry along its columns is proved in [28, Theorem 2.3]. It states that the dual ML degree
for dimension m coincides with the dual ML degree for codimension m − 1. This is derived from the
equations (6) by an appropriate homogenization. Namely, the middle equation is clearly symmetric under
switching the roles of K and 6, and the linear equations on the left and on the right in (6) can also be
interchanged under this switch.
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It was conjectured in [28, §2] that, for fixed m, the dual ML degree is a polynomial of degree m− 1 in
the matrix size n. This is easy to see for m ≤ 3. The polynomials for m = 4 and m = 5 were also derived
in [28, §2].

The situation is similar but more complicated for the ML degree. First of all, the symmetry along
columns no longer holds as seen on the left in Table 1. This is explained by the fact that the linear equation
K −W ∈ L⊥ is now replaced by the quadratic equation K SK − K ∈ L⊥. However, the polynomiality
along the rows of Table 1 seems to persist. For m = 2 the ML degree equals 2n− 3, as shown recently by
Coons, Marigliano, and Ruddy [7]. For m ≥ 3 we propose the following conjecture.

Conjecture 4.2. The ML degree of a linear covariance model of dimension m is a polynomial of degree
m − 1 in the ambient dimension n. For m = 3 this ML degree equals 3n2

− 9n + 7, and for m = 4 it
equals 11

3 n3
− 18n2

+
85
3 n− 15.

We now come to diagonal linear covariance models. For these models, L is a linear subspace of
dimension m inside the space Rn of diagonal n× n matrices. We wish to determine the ML degree and
dual ML degree when L is generic in Rn .

In the diagonal case, the score equations simplify as follows. Both the covariance matrix and the
concentration matrix are diagonal. We eliminate the entries of 6 by setting K = diag(k1, . . . , kn) and
6 = diag(k−1

1 , . . . , k−1
n ). We also write s1, . . . , sn for the diagonal entries of the sample covariance

matrix S and wi = s−1
i for their reciprocals. Finally, let L−1 denote the reciprocal linear space of L, i.e.,

the variety obtained as the closure of the set of coordinatewise reciprocals of vectors in L∩ (R∗)n .

Proposition 4.3. Let L ⊂ Rn be a linear space, viewed as a Gaussian covariance model of diagonal
matrices. The score equations for the likelihood in (4) and the dual likelihood in (6) can be written as
systems of n equations in n unknowns:

(k1, . . . , kn) ∈ L−1 and (s1k2
1 − k1, s2k2

2 − k2, . . . , snk2
n − kn) ∈ L⊥, (4′)

(k1, . . . , kn) ∈ L−1 and (k1−w1, k2−w2, . . . , kn −wn) ∈ L⊥. (6′)

The number of complex solutions to (6′) for generic L of dimension m equals
(n−1

m−1

)
.

Proof. The translation of (4) and (6) to (4′) and (6′) is straightforward. The equations (6′) represent a
general linear section of the reciprocal linear space L−1. Proudfoot and Speyer showed that the degree
of L−1 equals the Möbius invariant of the underlying matroid. We refer to [19] for a recent study. This
Möbius invariant equals

(n−1
m−1

)
in the generic case, when the matroid is uniform. �

It would be desirable to express the number of complex solutions to (4′) as a matroid invariant, and
thereby explain the entries on the left side of Table 2. As before, the m-th row gives the values of a
polynomial of degree m − 1. For instance, for m = 3 we find 2n2

− 8n + 7, and for m = 4 we find
4
3 n3
− 10n2

+
68
3 n− 15.
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m n
3 4 5 6 7

2 3 5 7 9 11
3 1 7 17 31 49
4 1 15 49 111
5 1 31 129
6 1 63
7 1

m n
3 4 5 6 7

2 2 3 4 5 6
3 1 3 6 10 15
4 1 4 10 21
5 1 5 21
6 1 15
7 1

Table 2. ML degrees and dual ML degrees for generic diagonal models.

5. Numerical nonlinear algebra

Linear algebra is the foundation of scientific computing and applied mathematics. Nonlinear algebra
[23] is a generalization where linear systems are replaced by nonlinear equations and inequalities. At the
heart of this lies algebraic geometry, but there are links to many other branches, such as combinatorics,
algebraic topology, commutative algebra, convex and discrete geometry, tensors and multilinear algebra,
number theory, and representation theory. Nonlinear algebra is not simply a rebranding of algebraic
geometry. It highlights that the focus is on computation and applications, and the theoretical needs that
this requires results in a new perspective.

We refer to numerical nonlinear algebra as the branch of nonlinear algebra which is concerned with
the efficient numerical solution of polynomial equations and inequalities. In the existing literature, this
is referred to as numerical algebraic geometry. In the following we discuss the numerical solution of
polynomial equations, and we describe the techniques used for deriving the computational results in this
paper.

One of our main contributions is the Julia package LinearCovarianceModels.jl for estimating
linear covariance models [31]. Given L, our package computes the ML degree and the dual ML degree.
For any S, it finds all critical points and selects those that are local maxima. The following example
explains how this is done.

Example 5.1. We use the package to verify Example 3.2:

julia> using LinearCovarianceModels
julia> 6 = toeplitz(3)
3-dimensional LCModel:
θ1 θ2 θ3

θ2 θ1 θ2

θ3 θ2 θ1

We compute the ML degree of the family 6 by computing all solutions for a generic instance. The pair
of solutions and generic instance is called an ML degree witness:

julia> W = ml_degree_witness(6)
MLDegreeWitness:
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◦ ML degree → 3
◦ model dimension → 3
◦ dual → false

By default, the computation of the ML degree witness relies on a heuristic stopping criterion. We can
numerically verify the correctness by using a trace test [21]:

julia> verify(W)
Compute additional witnesses for completeness...
Found 10 additional witnesses
Compute trace...
Norm of trace: 2.6521474798326718e-12
true

We now input the specific sample covariance matrix in (5), and we compute all critical points of this
MLE problem using the ML degree witness from the previous step:

julia> S = [4/5 -9/5 -1/25; -9/5 79/16 25/24; -1/25 25/24 17/16];
julia> critical_points(W, S)
3-element Array{Tuple{Array{Float64,1},Float64,Symbol},1}:

([2.39038, -0.286009, 0.949965], -5.421751313919751, :local_maximum)
([2.52783, -0.215929, -1.45229], -5.346601549034418, :global_maximum)
([2.28596, -0.256394, 0.422321], -5.424161999175718, :saddle_point)

If only the global maximum is of interest then this can also be computed directly:

julia> mle(W, S)
3-element Array{Float64,1}:

2.527832268219689
-0.21592947057775033
-1.4522862659134732

By default only positive definite solutions are reported. To list all critical points we run the command
with an additional option:

julia> critical_points(W, S, only_positive_definite=false)

In this case, since the ML degree is 3, we are not getting more solutions.

In the rest of this section we explain the mathematics behind our software, and how it applies to our
MLE problems. A textbook introduction to the numerical solution of polynomial systems by homotopy
continuation methods is [27].

Suppose we are given m polynomials f1, . . . , fm in n unknowns x1, . . . , xn with complex coefficients,
where m ≥ n. We are interested in computing all isolated complex solutions of the system f1(x) =
· · · = fm(x)= 0. These solutions comprise the zero-dimensional components of the variety V (F) where
F = ( f1, . . . , fm).
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The general idea of homotopy continuation is as follows. Assume we have another system G =
(g1, . . . , gm) of polynomials for which we know some or all of its solutions. Suppose there is a homotopy
H(x, t) with H(x, 0) = G(x) and H(x, 1) = F(x) with the property that, for every x∗ ∈ V (G), there
exists a smooth path x : [0, 1)→ Cn with x(0)= x∗ and H(x(t), t)= 0 for all t ∈ [0, 1). Then we can
track each point in V (G) to a point in V (F). This is done by solving the Davidenko differential equation

∂H
∂x
(x(t), t) · ẋ(t)+

∂H
∂t
(x(t), t)= 0

with initial condition x(0)= x∗. Using a predictor-corrector scheme for numerical path tracking, both
the local and global error can be controlled. Methods called endgames are used to handle divergent paths
and singular solutions [27, Chapter 10].

Here is a general framework for start systems and homotopies. Embed F in a family of polynomial
systems FQ , continuously parametrized by a convex open set Q ⊂ Ck . We have F = Fq ∈FQ for some
q ∈ Q. Outside a Zariski closed set 1⊂ Q, every system in FQ has the same number of solutions. If
p ∈ Q \1, then Fp is such a generic instance of the family FQ , and the following is a suitable homotopy
[25]:

H(x, t)= F(1−t)p+tq(x). (7)

Now, to compute V (Fq), it suffices to find all solutions of a generic instance Fp and then track these
along the homotopy (7). Obtaining all solutions of a generic instance can be a challenge, but this has to
be done only once! That is the offline phase. Tracking from a generic to a specific instance of interest is
the online phase.

A key point in applying this method is the choice of the family FQ . For MLE problems in statistics, it
is natural to choose Q as the space of data or instances. In our scenario, Q is Sn , or a complex version
thereof. We shall discuss this below.

First, we explain the monodromy method for an arbitrary family FQ . Suppose the general instance
has d solutions, and that we are given one start pair (x0, p0). This means that x0 is a solution to the
instance Fp0 . Consider the incidence variety

Y := {(x, p) ∈ Cn
× Q | Fp(x)= 0}.

Let π be the projection from Cn
× Q onto the second factor. For q ∈ Q \1, the fiber π−1(q) has exactly

d points. A loop in Q \1 based at q has d lifts to Y . Associating a point in the fiber to the endpoint of
the corresponding lift gives a permutation in Sd . This defines an action of the fundamental group of Q \1
on the fiber π−1(q). The monodromy group of our family is the image of the fundamental group in Sd .

The monodromy method fills the fiber π−1(p0) by exploiting the monodromy group. For this, the start
solution x0 is numerically tracked along a loop in Q \1, yielding a solution x1 at the end. If x1 6= x0,
then x1 is also tracked along the same loop, possibly again yielding a new solution. This is done until no
more solutions are found. Then, all solutions are tracked along a new loop, where the process is repeated.
This process is stopped by use of a trace test. For a detailed description of the monodromy method and
the trace test, see [4; 21]. To get this off the ground, one needs a start pair (x0, p0). This can often be
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found by inverting the problem. Instead of finding a solution x0 to a given p0, we start with x0 and look
for p0 such that Fp0(x0)= 0.

We now explain how this works for the score equations (4) of our MLE problem. First pick a random
matrix 60 in the subspace L. We next compute K0 by inverting 60. Finally we need to find a symmetric
matrix S0 such that K0S0K0− K0 ∈ L⊥. Note that this is a linear system of equations and hence directly
solvable. In this manner, we easily find a start pair (x0, p0) by setting p0 = S0 and x0 = (60, K0).

The number d of solutions to a generic instance is the ML degree of our model. A priori knowledge
of d is useful because it serves as a stopping criterion in the monodromy method. This is one reason for
focusing on the ML degree in this paper.

6. Local maxima versus rational MLE

The theme of this paper is maximum likelihood inference for linear covariance models. We developed
some numerical nonlinear algebra for this problem, and we offer a software package [31]. From the
applications perspective, this is motivated by the fact that the likelihood function is nonconvex. It can
have multiple local maxima. A concrete instance for 3× 3 Toeplitz matrices was shown in Example 3.2.

In this section we undertake a more systematic experimental study of local maxima. Our aim is to
answer the following question: there is the theoretical possibility that `(6) has many local maxima, but
can we also observe this in practice?

To address this question, we explored a range of linear covariance models L. For each model, we
conducted the following experiment. We repeatedly generated sample covariance matrices S ∈ Sn

+
. This

was done as follows. We first sample a matrix X ∈ Rn×n by picking each entry independently from a
normal distribution with mean zero and variance one. And then we set S := X X T /n. This is equivalent
to sampling nS ∈ Sn

+
from the standard Wishart distribution with n degrees of freedom.

For each of the generated sample covariance matrices S, we computed the real solutions of the likelihood
equations (4). From these, we identified the set of all local maxima in Sn , and we extracted its subset of
local maxima in the positive definite cone Sn

+
. We recorded the numbers of these local maxima. Moreover,

we kept track of the fraction of instances S for which there were multiple (positive define) local maxima.
In Table 3 we present our results for n = 5 and generic linear subspaces L.

m
2 3 4 5 6 7 8 9 10 11 12 13 14

ML degree 7 37 135 361 753 1245 1625 1661 1323 801 347 97 15
max 2 3 3 5 5 5 5 6 7 5 4 2 1
max pd 1 2 3 3 4 4 4 4 5 5 4 2 1
multiple 0.4% 5.8 13.8 31.2 37.2 39.0 40.6 37.4 32.0 20.4 13.8 3.0 0.0
multiple pd 0.0% 4.6 11.2 22.4 25.2 31.6 33.0 34.8 29.6 19.4 13.0 3.0 0.0

Table 3. Experiments for generic m-dimensional linear subspaces of S5.
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tree number
1 2 3 4 5 6 7 8 9 10 11

ML degree 37 37 81 31 27 31 31 27 13 17 17
max 3 3 4 3 3 3 4 3 3 3 3
max pd 3 2 3 3 3 3 2 2 3 3 3
multiple 21.2% 22.8 24.2 15.6 23.0 21.2 21.2 15.4 13.8 16.2 12.4
multiple pd 8.2% 9.4 14.0 10.0 15.8 13.0 12.2 8.8 13.8 16.2 12.4

Table 4. Experiments for eleven Brownian motion tree models with 5 leaves.

For each m between 2 and 14, we selected five generic linear subspaces L in the 15-dimensional
space S5. Each linear subspace L was constructed by choosing a basis of positive definite matrices. The
basis elements were constructed with the same sampling method as the sample covariance matrices. The
ML degree of this linear covariance model is the corresponding entry in the n = 5 column on the left in
Table 1. These degrees are repeated in the row named ML degree in Table 3.

For each model L, we generated 100 sample covariance matrices S, and we solved the likelihood
equations (4) using our software LinearCovarianceModels.jl. The row max denotes the largest
number of local maxima that was observed in these 100 experiments. The row multiple gives the fraction
of instances which resulted in two or more local maxima. These two numbers pertain to local maxima
in S5. The rows max pd and multiple pd are the analogues restricted to the positive definite cone S5

+
.

For an illustration, let us discuss the models of dimension m=7. These equations (4) have 1245 complex
solutions, but the number of real solutions is much smaller. Nevertheless, in two fifths of the instances
(39.0%) there were two or more local maxima in S5. In one third of the instances (31.6%) the same
happened S5

+
. The latter is the case of interest in statistics. One instance had four local maxima in S5

+
.

The second experiment we report concerns a combinatorially defined class of linear covariance models,
namely the Brownian motion tree models in (1). We consider eleven combinatorial types of trees with
5 leaves. For each model we perform the experiment described above, but we now used 500 sample
covariance matrices per model. Our results are presented in Table 4, in the same format as in Table 3.

The eleven trees are numbered by the order in which they appear in Table 5. For instance, tree 1 gives
the 7-dimensional model in S5

+
whose covariance matrices are

6 =


γ1 γ6 γ6 γ6 γ7

γ6 γ2 γ6 γ6 γ7

γ6 γ6 γ3 γ6 γ7

γ6 γ6 γ6 γ4 γ7

γ7 γ7 γ7 γ7 γ5

 .
This model has ML degree 37. Around eight percent of the instances led to multiple maxima among
positive definite matrices. Up to three such maxima were observed.

The results reported in Tables 3 and 4 show that the maximal number of local maxima increases with the
ML degree. But they do not increase as fast as one would expect from the growth of the ML degree. On the
other hand, the frequency of observing multiple local maxima seems to be roughly related to the ML degree.
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n clades ML degree dual ML degree

5 {1, 2, 3, 4} 37 11
5 {1, 2} 37 11
5 {1, 2, 3} 81 16
5 {1, 2}, {3, 4, 5} 31 4
5 {1, 2}, {3, 4} 27 4
5 {1, 2, 3}, {1, 2, 3, 4} 31 4
5 {1, 2}, {1, 2, 3} 31 4
5 {1, 2}, {1, 2, 3, 4} 27 4
5 {1, 2}, {3, 4}, {1, 2, 3, 4} 13 1
5 {1, 2}, {3, 4}, {1, 2, 5} 17 1
5 {1, 2}, {1, 2, 3}, {1, 2, 3, 4} 17 1

6 {1, 2, 3, 4, 5} 95 26
6 {1, 2} 95 26
6 {1, 2, 3, 4} 259 44
6 {1, 2, 3} 259 44
6 {1, 2, 3}, {4, 5, 6} 221 16
6 {1, 2}, {3, 4, 5, 6} 101 11
6 {1, 2, 3, 4}, {1, 2, 3, 4, 5} 101 11
6 {1, 2}, {3, 4} 81 11
6 {1, 2}, {1, 2, 3} 101 11
6 {1, 2}, {3, 4, 5} 181 16
6 {1, 2}, {1, 2, 3, 4, 5} 81 11
6 {1, 2, 3}, {1, 2, 3, 4} 221 16
6 {1, 2, 3}, {1, 2, 3, 4, 5} 181 16
6 {1, 2}, {1, 2, 3, 4} 181 16
6 {1, 2}, {3, 4}, {5, 6} 63 4
6 {1, 2}, {3, 4}, {1, 2, 3, 4} 99 4
6 {1, 2}, {1, 2, 3}, {4, 5, 6} 115 4
6 {1, 2}, {3, 4, 5}, {3, 4, 5, 6} 115 4
6 {1, 2}, {3, 4, 5}, {1, 2, 3, 4, 5} 99 4
6 {1, 2}, {3, 4}, {1, 2, 5, 6} 83 4
6 {1, 2}, {3, 4}, {1, 2, 3, 4, 5} 63 4
6 {1, 2, 3}, {1, 2, 3, 4}, {1, 2, 3, 4, 5} 115 4
6 {1, 2}, {3, 4}, {1, 2, 5} 83 4
6 {1, 2}, {1, 2, 3}, {1, 2, 3, 4} 115 4
6 {1, 2}, {1, 2, 3}, {1, 2, 3, 4, 5} 83 4
6 {1, 2}, {1, 2, 3, 4}, {1, 2, 3, 4, 5} 83 4
6 {1, 2}, {3, 4}, {5, 6}, {1, 2, 3, 4} 53 1
6 {1, 2}, {3, 4}, {1, 2, 5}, {3, 4, 6} 61 1
6 {1, 2}, {3, 4}, {1, 2, 3, 4}, {1, 2, 3, 4, 5} 53 1
6 {1, 2}, {3, 4}, {1, 2, 5}, {1, 2, 5, 6} 61 1
6 {1, 2}, {3, 4}, {1, 2, 5}, {1, 2, 3, 4, 5} 53 1
6 {1, 2}, {1, 2, 3}, {1, 2, 3, 4}, {1, 2, 3, 4, 5} 61 1

Table 5. ML degrees and dual ML degrees for Brownian motion tree models with five
and six leaves. Binary trees are in bold.
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Here is an interesting observation to be made in Table 4. The last three trees, labeled 9, 10, and 11, are
the binary trees. These have the maximum dimension 2n− 2. For these models, every local maximum
in Sn is also in the positive definite cone Sn

+
. We also verified this for all binary trees with n = 6 leaves.

This is interesting since the positive-definiteness constraint is the hardest to respect in an optimization
routine. It is tempting to conjecture that this persists for all binary trees with n ≥ 7.

There is another striking observation in Table 5. The dual ML degree for binary trees is always equal
to one. We shall prove in Theorem 7.3 that this holds for any n. This means that the dual MLE can be
expressed as a rational function in the data S. Hence there is only one local maximum, which is therefore
the global maximum.

We close this section with a few remarks on the important special case when the ML degree or the
dual ML degree is equal to one. This holds if and only if each entry of the estimated matrix 6̂ or q6 is a
rational function in the

(n+1
2

)
quantities si j .

Rationality of the MLE has received a lot of attention in the case of discrete random variables. See
[30, §7.1] for a textbook reference. If the MLE of a discrete model is rational, then its coordinates are
alternating products of linear forms in the data [30, Theorem 7.3.4]. This result due to Huh was refined in
[11, Theorem 1]. At present we have no idea what the analogue in the Gaussian case might look like.

Problem 6.1. Characterize all Gaussian models whose MLE is a rational function.

In addition to the binary trees in Theorem 7.3, statisticians are familiar with a number of situations
when the dual MLE is rational. The dual MLE is the MLE of a linear concentration model with the
sample covariance matrix S replaced by its inverse W . This is studied in [28] and in many other sources
on Gaussian graphical models and exponential families. The following result paraphrases [28, Theorem
4.3].

Proposition 6.2. If a linear covariance model L is given by zero restrictions on 6, then the dual ML
degree is equal to one if and only if the associated graph is chordal.

It would be interesting to extend this result to other combinatorial families, such as colored covariance
graph models [17], including structured Toeplitz matrices.

The following example illustrates Problem 6.1 and raises some further questions.

Example 6.3. We present a linear covariance model such that both the MLE and the dual MLE are
rational functions. Fix n ≥ 2 and let L be the hyperplane with equation σ12 = 0. By Proposition 6.2, the
dual ML degree of L is one. The model is dual to the decomposable undirected graphical model with
missing edge {1, 2}.

Following [20; 28], we obtain the rational formula for its dual MLE:

ǩ12 =W1,RW−1
R,RWR,2 and ǩi j = wi j for (i, j) 6= (1, 2). (8)

Here R = {3, . . . , n} and W· , · is our notation for submatrices of W = (wi j )= S−1.
The ML degree of the model L is also one. To see this, we note that L is the DAG model with edges

i→ j whenever i < j unless (i, j)= (1, 2). By [20, §5.4.1], the MLE of any Gaussian DAG model is
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rational. In our case, we find K̂ =W + A, where A is the n×n matrix which is zero apart from the upper
left 2× 2 block

A12,12 =

[
s−1

11 0
0 s−1

22

]
−

1
s11s22− s2

12

[
s22 −s12

−s12 s11

]
.

The entries in q6 = ( qK )−1 and 6̂ = (K̂ )−1 are rational functions in the data si j . But, unlike in the
discrete case of [11], here the rational functions are not products of linear forms. Problem 6.1 asks for an
understanding of its irreducible factors.

Example 6.3 raises many questions. First of all, can we characterize all linear spaces L with rational
formulas for their MLE, or their dual MLE, or both of them? Second, it would be interesting to study
arbitrary models L that are hyperplanes. Consider the entries for m =

(n+1
2

)
− 1 in Tables 1 and 3. We

know from [28, §2.2] that the dual ML degree equals n− 1. The ML degree seems to be 2n−1
− 1. In

all cases there seems to be only one local (and hence global) maximum. How could one prove these
observations? Finally, it is worthwhile to study the MLE when L⊥ is a generic symmetric matrix of rank
r . What is the ML degree in terms of r and n?

7. Brownian motion tree models

We now study the linear space LT associated with a rooted tree T with n leaves. The equations of LT are
σi j = σkl whenever lca(i, j)= lca(k, l). In the literature [13; 29] one assumes that the parameters θA in
(1) are nonnegative. Here, we relax this hypothesis: we allow all covariance matrices in the spectrahedron
LT ∩Sn

+
.

The ML degree and its dual do not depend on how the leaves of a tree are labeled but only on the
tree topology. For fixed n each tree topology is uniquely identified by the set of clades. Since the root
clade {1, . . . , n} and the leaf-clades {1}, . . . , {n} are part of every tree, they are omitted in our notation.
For example, if n = 5, then the tree {{1, 2}, {3, 4}, {3, 4, 5}} is the binary tree with four inner vertices
corresponding to the three nontrivial clades mentioned explicitly. This tree is depicted in Figure 1.

We computed the ML degree and the dual ML degree of LT for many trees T . In Table 5 we report
results for five and six leaves. We notice that the dual ML degree is exactly one for all binary trees. This
suggests that the dual MLE is a rational function. Our main result in this section (Theorem 7.3) says that
this is indeed true.

The equations (6) for the dual ML degree can be written as eT
A(K −W )eA = 0 for all clades A. Here

W = (wi j ) is given and K−1
∈ LT is unknown. We abbreviate

wA,B =
∑
i∈A

∑
j∈B

wi j = eT
AW eB . (9)

The same notation is used for general matrices. We present two examples with n = 4.

Example 7.1. Consider the tree with clades {1, 2}, {3, 4}, shown in [29, Figure 1]. The dual MLE qK
satisfies ǩi i = wi i for i = 1, 2, 3, 4, and ǩ12 = w12, ǩ34 = w34, and

ǩi j = w12,34
wi,12w j,34

w12,12w34,34
for i ∈ {1, 2} and j ∈ {3, 4}.
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Example 7.2. The tree with clades {1, 2}, {1, 2, 3} has ǩi i = wi i , ǩ12 = w12, and

ǩ13 = w12,3
w1,12

w12,12
, ǩ14 = w123,4

w1,12w12,123

w12,12w123,123
, ǩ23 = w12,3

w2,12

w12,12
,

ǩ24 = w123,4
w2,12w12,123

w12,12w123,123
, ǩ34 = w123,4

w123,3

w123,123
.

Both examples were computed in Mathematica using the description of the Brownian motion tree
model in terms of the inverse covariance matrix given in [29].

Recall that for v ∈ V we write de(v) for the set of leaves of T that are descendants of v. The following
theorem generalizes formulas in the above two examples. It is our main result in Section 7.

Theorem 7.3. Consider the model LT given by a rooted binary tree T with n leaves. The dual MLE
qK = (ǩi j ) satisfies ǩi i = wi,i for all i , and its off-diagonal entries are

ǩi j = wA,B

∏
u→v

wde(v),de(u)

wde(u),de(u)
for 1≤ i < j ≤ n. (10)

Here A, B are the clades of the two children of lca(i, j). The product is over all edges u→ v of T , except
for the two edges with u = lca(i, j), on the path from i to j in T .

Proof. Define pi j =−ki j for 1≤ i < j ≤ n and p0i =
∑n

j=1 ki j for 1≤ i ≤ n. By [29, Theorem 1.2], in the
new coordinates LT is a toric variety with a monomial parametrization p0i = 1/ti and pi j = tlca(i, j)/(ti t j ).
The condition 6 ∈ LT , K6 = In in (6) is therefore equivalent to requiring that the coordinates pi j , p0i

admit such a monomial parametrization.
The last condition, K −W ∈LT

⊥, in (6) means that kA,A =wA,A for every clade A of T . This can be
rewritten in the new coordinates as

(i)
∑

j 6=i pi j = wi,i for all 1≤ i ≤ n, and

(ii) pA,B =−wA,B for all inner vertices u of T , where A | B is the partition of clade(u)= A∪ B given
by the two children of u.

Now fix u with clade partition A | B as above, so u= lca(i, j) for all i ∈ A and j ∈ B. The parametrization
p0i = 1/ti and pi j = tlca(i, j)/(ti t j ) yields

pA,B = tu ·
∑
i∈A

1
ti
·

∑
j∈B

1
t j
= tu · p0,A · p0,B .

Using the equations in (ii), we obtain

tu =−
wA,B

p0,A p0,B
and hence pi j =−wA,B

p0i

p0,A

p0 j

p0,B
. (11)

We claim that the following identity holds for any clade A ⊆ [n]:

p0,A = w[n],[n]
∏
u→v

wde(v),de(u)

wde(u),de(u)
, (12)



ESTIMATING LINEAR COVARIANCE MODELS WITH NUMERICAL NONLINEAR ALGEBRA 49

where the product is over all edges u→ v of T in the path from the root to the node with clade A. Note
that (11) and (12) imply (10) and so the theorem.

We now prove (12). Since p0,[n] = w[n],[n], the claim holds for A = [n]. Fix a clade A ⊂ [n] and
assume (12) for all clades A1 ⊂ · · · ⊂ Ak ⊂ Ak+1 = [n] strictly containing A0 = A. For each i = 0, . . . , k
denote

αi := wAk+1,Ak+1

wAk ,Ak+1

wAk+1,Ak+1

· · ·
wAi ,Ai+1

wAi+1,Ai+1

.

By the induction hypothesis p0,Ai = αi for all i = 1, . . . , k. Our goal is to prove that p0,A = α0. The
clades A1 \ A, . . . , Ak+1 \ Ak form a partition of A = [n] \ A. We have

p0,A = wA,A+ kA,A = wAA− pA,A1\A− pA,A2\A1 − · · ·− pA,Ak+1\Ak

= wA,A+wA,A1\A+

k∑
i=1

wAi ,Ai+1\Ai

p0A

p0,Ai

. (13)

Here the last equality follows because for every i ∈ A and every j ∈ Al+1 \ Al the vertex u = lca(i, j)
is the same. The clades of the children of u are Al and Al+1 \ Al . Therefore, using (11), we get
pA,Al+1\Al = wAl ,Al+1\Al p0,A/p0,Al . We rewrite (13) as

wA,A1 = p0,A

(
1−

k∑
i=1

wAi ,Ai+1 −wAi ,Ai

αi

)
. (14)

To simplify the bracketed expression, note that wAi ,Ai+1/αi = wAi+1,Ai+1/αi+1, and so

1−
k∑

i=1

wAi ,Ai+1 −wAi ,Ai

αi
= 1+

wA1,A1

α1
−
wAk ,Ak+1

αk
=
wA1,A1

α1
.

Plugging this back into (14) gives

p0,A = α1
wA,A1

wA1,A1

= α0.

This proves the correctness of (12).
We have shown that (6) implies the rational formula (10) for qK in terms of W . To argue that this is the

MLE, we need that W ∈ Sn
+

implies qK ∈ Sn
+

. For this, we use an analytic argument. Since W is positive
definite, the dual likelihood function has a unique maximum K =W over the whole cone Sn

+
. The model

LT ∩Sn
+

is a relatively closed subset of Sn
+

and so the dual likelihood restricted to this set attains its
maximum. The ML degree is equal to one and so there is at most one optimum in LT . We conclude there
is exactly one optimum in LT ∩Sn

+
and it is equal to qK . �

In our concluding example we compare the MLE and its dual in a special case.

Example 7.4. Fix the five-leaf tree in Figure 1, with clades {1, 2}, {3, 4}, {3, 4, 5}. For simplicity assume
that the data-generating distribution has all parameters θA in (1) equal to one. For each sample size
n = 50, 200, 500, 5000, we run 1000 iterations to obtain a simple Monte Carlo estimator of the mean
squared errors as measured by E‖6̂−6∗‖2 and E‖q6−6∗‖2, where 6∗ is the true covariance matrix and
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‖ · ‖ is a given matrix norm. To have a direct comparison between both estimators we also approximate
E‖6̂− q6‖2. We obtain the following numbers for the operator norm:

50 200 500 5000

approx. E‖6̂−6∗‖2 5.44 1.30 0.55 0.05
approx. E‖q6−6∗‖2 5.28 1.31 0.55 0.05
approx. E‖6̂− q6‖2 0.38 0.02 0.00 0.00

We see that the two estimators have essentially the same statistical performance. On average, they lie
very close to each other. The dual MLE, which is available in closed form, thus offers a very attractive
alternative to the MLE. Similar results were obtained for the Frobenius norm and the `∞-norm but they
are not reported here.

The estimates in the previous example were computed by evaluating the function in Theorem 7.3. We
stress that nonlinear algebra and our software [31] played an essential role in getting to this point. Namely,
with computations as described in Section 5, we created Table 5. After seeing that table, we conjectured
that the dual MLE for binary trees is one. This led us to find the rational formula. The expression (10) is
an alternating product of linear forms, reminiscent of [11, Theorem 1]. However, this structure does not
generalize, by Example 6.3, thus underscoring Problem 6.1.
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EXPECTED VALUE OF THE ONE-DIMENSIONAL EARTH MOVER’S DISTANCE

REBECCA BOURN AND JEB F. WILLENBRING

From a combinatorial point of view, we consider the earth mover’s distance (EMD) associated with a
metric measure space. The specific case considered is deceptively simple: Let the finite set of integers
[n] = {1, . . . , n} be regarded as a metric space by restricting the usual Euclidean distance on the real
numbers. The EMD is defined on ordered pairs of probability distributions on [n]. We provide an easy
method to compute a generating function encoding the values of EMD in its coefficients, which is related
to the Segre embedding from projective algebraic geometry. As an application we use the generating
function to compute the expected value of EMD in this one-dimensional case. The EMD is then used in
clustering analysis for a specific data set.

1. Introduction

Fix a positive integer n. We will denote the finite set of integers {1, . . . , n} by [n]. By a probability
measure on [n] we mean, as usual, a nonnegative real-valued function f on the set [n] such that
f (1)+ · · ·+ f (n)= 1. By the probability simplex on [n] we mean the set of all probability measures on
[n], denoted Pn . We view Pn as embedded in Rn . Given µ, ν ∈ Pn define the set of joint distribution

Jµν =
{

J ∈ Rn×n
:

J is a nonnegative real number n by n matrix such that∑n
i=1 Ji j = µ j for all j and

∑n
j=1 Ji j = νi for all i

}
.

For results concerning the geometry of Jµν see [3] and [14] where they are referred to as transportation
polytopes and discrete copulas respectively.

The earth mover’s distance is defined as

EMD(µ, ν)= inf
J∈Jµν

n∑
i, j=1

|i − j |Ji j .

We remark that the set Pn ×Pn is a compact subset of R2n and so by continuity the infinum is actually
a minimum value. Also, the EMD is sometimes referred to by other names, for example, in a two-
dimensional setting it is called the image distance. More generally it is called the Wasserstein metric
(see [11]).

We recall that the set of all finite distributions, Pn , embeds as a compact polyhedron on a hyperplane
in Rn and inherits Lebesgue measure and has finite volume. We normalize this measure so that the total
mass of Pn is one. We then obtain a probability measure on Pn , which is uniform. Similarly, Pn ×Pn

may be embedded in Rn
×Rn and can be given the (uniform) product probability measure.

2010: primary 05E40; secondary 62H30.
Keywords: earth mover’s distance, generating function, Segre embedding, spectral graph theory, clustering.
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From its definition, the function EMD is a metric on Pn . The subject of this paper concerns the expected
value of EMD with respect to the uniform probability measure. In this light, we define a function M on
ordered pairs of nonnegative integers, (p, q), as

Mp,q =
(p− 1)Mp−1,q + (q − 1)Mp,q−1+ |p− q|

p+ q − 1
(1-1)

with Mp,q = 0 if either p or q is not positive. Let Mn =Mn,n for any nonnegative integer n.
We will prove the following theorem in Section 5.

Theorem 1. Fix a positive integer n. Let Pn ×Pn be given the uniform probability measure defined by
Lebesgue measure from the embedding into R2n . The expected value of EMD on Pn ×Pn is Mn .

From a theoretical point of view, this paper concerns the expected value of EMD. Additionally, we
consider a discrete version of the EMD and compute the mean. In turn, we discuss the relationship to
cluster analysis. Then, we end with a comparison of the theoretical results to grade distributions where
we have noticed persistent clustering.

The above theorem is obtained as a limit of a discrete version of EMD (denoted by EMDs , for nonneg-
ative integer s) which is described using a generating function. The generating function is a deformation
of the Hilbert series of the Segre embedding. Some standard tools from algebraic combinatorics show up
in a new way in the proofs.

From a practical point of view, we will also consider a “real world” data set with a finite number of
joint probability measures derived from letter grade distributions. Specifically, we consider a network of
grade distributions from the University of Wisconsin - Milwaukee campus, where two nodes are joined
when the EMDs between them falls below a prespecified distance threshold. Determining this threshold
so that data features are revealed is a subject of research. The expected value of the EMD in the uniformly
random situation helps guide this choice.

The family of networks obtained by varying the distance threshold will be used for metric hierarchical
clustering. When the threshold is set so that the network is connected, the spectrum of the corresponding
Laplacian matrix (see [1]) will be computed, as it also relates to clustering. Our use of the EMD in this
context should be viewed as an attempt at exploratory data analysis to identify the “communities” in this
network rather than rigorous hypothesis testing.

2. Nontechnical preliminaries

In this section we consider some specific examples of finite distributions. A motivating situation comes
from grade distributions, which in the United States are often considered with five outcomes: A, B, C, D,
and F. The standard grade point average (GPA) assigns 4.0 to A, 3.0 to B, 2.0 to C, 1.0 to D, and 0.0 to F.
The relative distances between these five grades is computed by the absolute value of the difference of
point values. That is, a B grade is three units away from an F, while one unit away from an A.

Suppose we are given three distributions in the five grade setting for classes with s = 30 students, e.g.,
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A B C D F

X 0 19 8 2 1
Y 12 2 5 11 0
Z 2 20 2 3 3

To compare distribution X to distribution Y, one notices that if the 12 A grades in Y were moved down
to B, 5 C grades moved up to B, 8 D grades moved up to C, and one D grade moved down to F, then the
distributions would be identical. The matrix

0 0 0 0 0
12 2 5 0 0
0 0 0 8 0
0 0 0 2 0
0 0 0 1 0


encodes the “conversion”. That is, if the rows and columns correspond to the grades (A,B,C,D,F) then
the entry in row i and column j records how many grades to move from position i in Y to position j
in X. The entries on the diagonal reflect no “earth” movement, while the entries in the first sub- and
super-diagonals reflect one unit of movement. The row sums return the X distribution, while the column
sums return the Y distribution. In total, the value of EMDs is 26.

The Y and Z distributions compare as follows: move 10 B’s up one unit to a grade of A, to reflect the
fact that Y had 12 grades of A. We move 5 grades down from B to C, and 3 grades from B to D. This
latter change is noted as a jump across two positions which will “cost” 2 units in EMD, and since there
are 3 grades to move, this makes an overall contribution of 6. Finally, 2 C grades are moved down to D,
and the 3 F grades in the Z distribution would be moved to D in the distribution Y.

The joint distribution matrix for Y and Z is
2 10 0 0 0
0 2 0 0 0
0 5 0 0 0
0 3 2 3 3
0 0 0 0 0

 .

Interestingly, the total EMD is again 26.
Finally, the X and Z distributions are compared. The joint matrix is

0 0 0 0 0
2 17 0 0 0
0 3 2 3 0
0 0 0 0 2
0 0 0 0 1

 .

The total EMD is 10.
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The three distributions above have the same GPA of 2.5. We note that this is a feature, which we point
out to give indication that the EMD will clearly distinguish between distributions even if the GPA is
constant.

To help the reader gain some intuitive feel for the EMD we augment the three distributions by:

A B C D F

U 13 13 0 0 4
V 9 1 13 2 5
W 9 7 8 6 0

As an exercise, one can compute the 36 pairwise distances between each of the six provided distributions.
We computed them with Mathematica as shown below:

EMD U V W X Y Z

U 0 24 20 24 24 18
V 24 0 12 26 16 22
W 20 12 0 16 10 16
X 24 26 16 0 26 10
Y 24 16 10 26 0 26
Z 18 22 16 10 26 0

One can sample distributions of five grades with 30 students in many distinct ways. For each sampling
method one can ask how the EMD is distributed. The sampling method could be chosen to accurately
simulate synthetic data to match previously observed samples from a particular subject at a particular
institution. Or, a prior distribution on grade distributions could be assumed, such as a discretization of the
multivariate normal distribution.

Upon exploration of observed data one notices clear clustering of the distributions relative to the EMD.
Indeed, if some distributions are encountered more frequently than others in a particular model then
clustering should be expected. With this fact in mind one is led to question of sampling distributions at
flat random. That is, sampling independently with each distribution being equally likely. The theoretical
behavior of the uniform model can then be compared to observed data. Clustering in the uniform model
can be considered “random”, while additional observed clustering in a specific data set is likely related to
a causal feature. Statistics describing clustering should be understood for the uniform distribution as it
has maximal entropy.

For any given distribution, one seeks a theoretical understanding of any given descriptive statistic. The
present article restricts the focus to the mean of EMD. Other statistics will be considered in future work.
Moreover, we focus on the uniform distribution only over the space of finite probability distributions.

Finally, we note that the results of this article imply that the mean discrete EMD on 30 student, five
grade distributions is slightly larger than 26. The maximum EMD is 120 reflecting the fact that the
distance between all 30 students with A grades is 120 units away from the distribution with all 30 students
with F grade. Such large values of EMD are unlikely. The distribution of actual grade data, as we expect,
is skewed to the right (i.e., the mean is larger than the median).
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3. Technical preliminaries

We now recall basic notation from combinatorics and linear algebra that is used throughout the paper.

3.1. Notation from linear algebra. Let Mn,m be the vector space of real matrices with n rows and m
columns. Throughout, we assume that the field of scalars is the real numbers, R. For i and j with
1 ≤ i ≤ n, 1 ≤ j ≤ m we let ei, j denote the n by m matrix with 1 in the i-th row, j-th column, and 0
elsewhere. A matrix, M ∈Mn,m is written as M = (Mi, j ) where Mi, j is the entry in the i-th row and j -th
column. So, M =

∑
Mi, j ei, j . We assume standard notation for the algebra of matrices. For example,

the standard inner product of X, Y ∈Mn,m is

〈X, Y 〉 = Trace(X T Y ).

In the case that m = 1 we write ei = ei,1 for 1 ≤ i ≤ n. As usual, Let Rn denote the n-dimensional
real vector space consisting of column vectors of length n. The set {e1, . . . , en} is a basis for Rn . For our
purposes a very useful alternative basis is given by

ω j =

j∑
i=1

ei

where 1≤ j ≤ n. We call the set of ω j the fundamental basis for Rn . The terminology here comes from
the the root system of type A in Lie theory (see [7]).

Let the orthogonal complement, ω⊥n , to ωn be denoted by

Rn
0 =

{
v ∈ Rn

| 〈v, ωn〉 = 0
}
.

Column vectors in Rn
0 have coordinates that sum to zero. We let

π0 : R
n
→ Rn

0, π0(v)= v−
〈v, ωn〉

n
ωn,

denote the orthogonal projection from Rn onto Rn
0 . The image of π0 is Rn

0 , and the kernel contains ωn .
For 1≤ j ≤ n− 1, let ω̃ j = π0(ω j ). Observe that ω̃1, · · · , ω̃n−1 span Rn

0 , and by considering dimension,
form a basis for Rn

0 . We will call this the fundamental basis for Rn
0 .

The subspace Rn
0 has another basis that is of importance to us:

5= {α1, . . . , αn−1},

where α j = e j − e j+1. We refer to 5 as the simple basis for Rn
0 . An essential point is that 5 is dual to

the fundamental basis. That is, 〈αi , ω̃ j 〉 vanishes if i 6= j and equals 1 if i = j .
Let E : Rn

→ R be defined as

E(v)= |v1| + |v1+ v2| + |v1+ v2+ v3| + · · · + |v1+ · · ·+ vn| if v =
n∑

j=1
v j e j ∈ Rn.

The restriction of E to Rn
0 ⊂ Rn , denoted by the same symbol, satisfies

E(v)=
n−1∑
i=1
|ci | if v =

n−1∑
i=1

ciαi ∈ Rn
0.
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This is easily seen since the fundamental basis is dual to the simple basis relative to the standard inner
product, and

〈v, ω j 〉 = v1+ · · ·+ v j

for 1≤ j ≤ n.
In Section 5 we will prove this equality:

Theorem 2. For all µ, ν ∈ Pn ,

EMD(µ, ν)= E(µ− ν).

This allows for a much more explicit combinatorial analysis of EMD. For situations in which the metric
space is not a subset of the real line, the analysis is more difficult. Indeed, EMD is often computed as an
optimization problem that minimizes the cost under the constraints imposed by the marginal distribution.
Consequently, the computational complexity is the same as for linear programming.

3.2. Compositions and related combinatorics. Let N be the set of nonnegative integers. Given s ∈ N,
and a positive integer n, define

C(s, n)= {(a1, a2, . . . , an) ∈ Nn
: a1+ · · ·+ an = s}.

An element of the set C(s, n) will be referred to as a composition of s into n parts. (We note that in some
places of the literature these are referred to as weak compositions, since we allow zero. However, the
distinction is not needed for us.)

It is an elementary fact that there are
(s+n−1

n−1

)
compositions, and therefore for fixed n, the number of

compositions of s grows as a polynomial function of s with degree n− 1. An essential fact for this paper
is the asymptotic approximation (

s+ n− 1
n− 1

)
∼

sn−1

(n− 1)!
.

As in the introduction, given compositions µ and ν of s we let Jµν denote the set of n by n matrices
with row sums µ and column sums ν. There is a slight difference here in that we are not requiring µ and
ν to be normalized to sum to one. In the same light, EMD can be extended as a metric on C(s, n).

We fix an n by n matrix C with i-th row and j-th column entry to be |i − j |. That is,

C =


0 1 2 · · · n− 1
1 0 1 · · · n− 2
2 1 0 · · · n− 3
...

...
...

. . .
...

n− 1 n− 2 n− 3 · · · 0

 .

So, for µ, ν ∈ C(s, n) and regarding the set Jµν as nonnegative integer matrices with prescribed row and
column sums, we arrive at

EMDs(µ, ν)= min
J∈Jµν
〈J,C〉,
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which is a discrete version of EMD. When we take s →∞ we recover the value referred to in the
introduction.

The function EMD may be further generalized to the case where C has p rows and q columns, with
i, j entry |i − j |. In this case µ has p components and ν has q components (each a composition of s).
This generalization will be needed in an induction argument in Section 5. However, applications need
only consider the p = q case.

A further generalization beyond the scope of this paper is to consider more general cost matrices than
C . This is equivalent to a variation of the metric.

4. Generating functions

In algebraic combinatorics it is often useful to record discrete data in a formal (multivariate) power series
– sometimes called a generating function. By “formal” we mean that the variables are indeterminates
rather than numbers. In fact, from this point of view one can consider formal power series that only
converge at zero, yet encode combinatorial data in their coefficients. Consequently, convergence is not an
issue. Nonetheless, our series are all geometric series expansions of rational functions, and so will be
convergent if, say, all complex variables have modulus less than 1.

Starting from the viewpoint of algebraic combinatorics we define

Hn(z, t) :=
∞∑

s=0

( ∑
(µ,ν)∈C(s,n)×C(s,n)

zEMDs(µ,ν)

)
t s,

where t and z are indeterminates. We see that the coefficient of t s in Hn(z, t) is a polynomial in z whose
coefficients record the distribution of the values of EMDs .

It is useful to see the first few values of H , which we compute using Mathematica and Theorem 3:

H1(z, t)=
1

1−t
, H2(z, t)=

t z+1
(1−t)2(1−t z)

, H3(z, t)=
−t3z4

−t2(2z+1)z2
+t (z+2)z+1

(1−t)3(1−t z)2(1−t z2)
.

As before, when considering p by q matrices we can analogously define Hp,q(z, t). We also extend
the definition so that Hp,q = 0 if either of p or q is not positive. We obtain a similar series, namely

Hp,q(z, t) :=
∞∑

s=0

( ∑
µ∈C(s,p)
ν∈C(s,q)

zEMDs(µ,ν)

)
t s .

The function EMDs is defined since for p < q we can regard p-tuples as q-tuples, by appending zeros.

Theorem 3. For positive integers p and q,

Hp,q(z, t)=
Hp−1,q(z, t)+ Hp,q−1(z, t)− Hp−1,q−1(z, t)

1− z|p−q|t

if (p, q) 6= (1, 1) and H1,1 = 1/(1− t).

This proof will also be given in Section 5, after we have developed some of the consequences in the
remainder of this section.
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4.1. The partially ordered set [ p] × [q] . Recall that a partially ordered set is a set S together with a
relation, �, which is required to be reflexive, antisymmetric and transitive. In particular, given positive
integers p and q, we define S = [p]× [q], and

(i, j)� (i ′, j ′)⇐⇒ i ′− i ∈ N and j ′− j ∈ N

for 1≤ i, i ′ ≤ p and 1≤ j, j ′ ≤ q , which is a partially ordered set.
It is important to note that not all elements are comparable with respect to this order. For example, if

p = q = 2, clearly (1, 2) 6� (2, 1) and (2, 1) 6� (1, 2). We say that (1, 2) and (2, 1) are incomparable. A
subset of S in which all pairs are comparable is called a chain.

Given a p by q matrix, J , we define the support as

support(J ) := {(i, j) : Ji j > 0}.

Proposition 4. Let p and q be positive integers, and s ∈ N. For µ ∈ C(s, p), ν ∈ C(s, q) and J ∈ Jµν ,
there exists a J ′ ∈ Jµν such that the support of J ′ is a chain in [p]× [q], and 〈J ′,C〉 ≤ 〈J,C〉.

Proof. Suppose there exist incomparable elements (i, j), (i ′, j ′) such that Ji j , Ji ′ j ′ > 0. Without loss of
generality assume i ′ < i , j < j ′, and 0< Ji j ≤ Ji ′ j ′ . We construct J ′ as follows:

Ji ′ j ′

Ji j


For (k, l) 6∈ {(i, j), (i ′, j ′), (i ′, j), (i, j ′)} let J ′kl = Jkl . Next, let J ′i j = 0 and

J ′i ′ j ′ = Ji ′ j ′ − Ji j ,

which is nonnegative. Next,

J ′i ′ j = Ji ′ j + Ji j and J ′i j ′ = Ji j ′ + Ji j .

The result follows. �

The point here is that we will only need to consider matrices J with support on a chain.

4.2. A special case of the Robinson-Schensted-Knuth correspondence. In this subsection we recall, in
detail, a special case of the Robinson–Schensted–Knuth correspondence (RSK), see [6]. For those familiar
with RSK, we consider the case where the Young diagrams have only one row; however, the exposition
here does not require any knowledge of RSK.

Given µ ∈ C(s, n) with µ = (µ1, . . . , µn) we define the word of µ to be a finite weakly increasing
sequence of positive integers, w=w(µ)=w1w2w3 · · · where the number of times k occurs in w is equal
to µk . For example, for µ= (3, 0, 2, 1, 0) we have w = 111334.

Note that the length of the word is equal to s =
∑
µi , and all components of w are at most n.
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Next, for s ∈ N and positive integers p and q , we define

R(p, q; s) :=
{

J ∈Mp,q : (∀i, j), Ji j ∈ N,
∑
i, j

Ji j = s and support(J ) is a chain
}
.

Proposition 5. For a given s ∈ N and positive integers p and q, we have a bijection, 8, between
C(s, p)× C(s, q) and R(p, q; s).

Proof. Given (µ, ν) ∈ C(s, p)× C(s, q), let the words of µ and ν be, respectively,

u = u1u2u3 · · · us with 1≤ ui ≤ p,

v = v1v2v3 · · · vs with 1≤ v j ≤ q.

Define a p by q matrix by
Ji j = |{k : (uk, vk)= (i, j)}|

for 1≤ i ≤ p and 1≤ j ≤ q . Note that the support of J is a chain. We define 8(µ, ν)= J . Given J , we
can recover µ and ν as the row and column sums of J . �

4.3. Rank one matrices and the Segre embedding. We let D≤k(p, q) denote the set of p by q matrices
with rank at most k, which is a closed affine algebraic set, called a determinantal variety. For a relatively
recent expository article about the role these varieties play in algebraic geometry and representation
theory see [4].

In this section we consider the k = 1 case, in our context. Define P : Rp
×Rq

→Mp,q by

P(v,w)= vwT

for v ∈ Rp and w ∈ Rq . Note that if P(v,w) 6= 0 then the rank is 1. In fact, the image of P consists of
those matrices with rank at most 1. So if p, q > 1 then P is not surjective.

Injectivity of P fails as well since for nonzero c ∈ R, v, w we have P(v,w)= P(cv, 1
cw). However,

if we pass to projective space we recover an injective map.
In this light, let RPn be an n-dimensional real projective space, that is:

RPn
= {Rv : 0 6= v ∈ Rn+1

}

where Rv denotes the 1-dimensional subspace spanned by nonzero v. We will also write RPn
:=P(Rn+1).

The Segre embedding,
P(Rp)×P(Rq)→ P(Rpq)

is defined as follows: first, we note that we can identify Rpq with the p by q matrices by choosing bases.
Next, given an ordered pair of projective points (i.e., one-dimensional subspaces) we can choose nonzero
vectors v and w respectively. The value of the Segre embedding is the one-dimensional subspace in Mp,q

spanned by the matrix P(v,w). It is easily checked that this map is well-defined and injective.
The image of the Segre embedding gives rise to a projective variety structure on the set-cartesian

product of the two projective varieties. The projective coordinate algebra of the Segre embedding is
intimately related to Hp,q(z, t), which we will see next.
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Let mi j be a choice of (algebraically independent) indeterminates. We consider the polynomial algebra

Ap,q = R[mi j : 1≤ i ≤ p, 1≤ j ≤ q].

Then for 1≤ i < i ′ ≤ p, and 1≤ j < j ′ ≤ q define

1(i, i ′; j, j ′)=
∣∣∣∣ mi j mi j ′

mi ′ j mi ′ j ′

∣∣∣∣ .
The ideal, I, generated by the 1(i, i ′; j, j ′) vanishes exactly on the matrices of rank 1. Conversely, any
polynomial function that vanishes on the rank at most 1 matrices is in I. The algebra of coordinate
functions on the rank at most 1 matrices is then isomorphic to the quotient of Ap,q by I. Define
R(p, q) :=Ap,q/I.

The point here is that monomials involving variables which have indices that are not comparable with
respect to � may be replaced (modulo I) with comparable indices. That is, mi j mi ′ j ′ can be replaced with
mi ′ j mi j ′ . This process may be thought of as “straightening” and is related to the nonnegative integer
matrices J with support in a chain. The matrix J may be thought of as the exponents in a monomial.

More generally, the situation may be put into the context of Gröbner bases. The cost matrix C used
here assigns a number to each pair of indices. This number can be used to scale the degree of mi j . Using
this new notion of degree, we can set up a partial order of the monomials, which can then be extended
(say, lexicographically) to a well ordering of the monomials that is compatible with multiplication. That
is, we can create a term order (see [2]). The minors generating the ideal I are indeed a Gröbner basis.
The complement of the ideal of leading terms is then a vector space basis for the quotient by I.

For s ∈ N, let As
p,q denote the subspace of homogeneous degree s polynomials, and set Rs

p,q =

As
p,q/(As

p,q ∩ I). Since I is generated by homogeneous polynomials, we have

Rp,q =

∞⊕
s=0

Rs
p,q .

That is, we have an algebra gradation by polynomial degree.
The polynomial functions on Rp (resp. Rq ) will be denoted Ap (resp. Aq ). Given vectors v ∈ Rp and

w ∈ Rq an element of the tensor product Ap⊗Aq defines a function on Rp
×Rq with value f (v)g(w).

Given an element (v,w) ∈ Rp
×Rq , and f ⊗ g ∈ Ap ⊗Aq , the value of f ⊗ g on (v,w) is given by

f (v)g(w). Extending by linearity we obtain an algebra isomorphism from the polynomials on Rp
×Rq

to the tensor product algebra Ap⊗Aq .
The quadratic map P , defined above, gives rise to an algebra homomorphism,

P∗ :Rp,q →Ap⊗Aq ,

defined such that P∗(F) is a function on Rp
×Rq from a function F on D≤1

p,q . This is done via the usual
adjoint map given by [P∗(F)](v,w)= F(P(v,w)).
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The image of P∗ is given as the “diagonal” subalgebra:
∞⊕

s=0

As
p⊗As

q .

From our point of view, the significance of this structure is as follows:

• The dimension is

dim(As
p⊗As

q)=

(
s+ p− 1

p− 1

)(
s+ q − 1

q − 1

)
,

which is equal to the cardinality of C(s, p)× C(s, q). That is, a basis may be parameterized by a
pair of compositions.

• The (finite dimensional) vector space Rs
p,q will have a dimension also equal to the above since P∗ is

an isomorphism.

• The bijection 8 from Proposition 5 establishes that the above dimension is given by the cardinality
of R(p, q; s).

• A basis for Rs
p,q may be given by the monomials of the form

∏
m Pi j

i j where P ∈ R(p, q; s).

• These monomials correspond to the monomials in As
p⊗As

q with exponents (µ, ν)∈ C(s, p)×C(s, q).

4.4. The specialization and a derivative. From the definition it is relatively easy to see that

Hp,q(0, t)=
1

(1− t)min(p,q) .

We next turn to the specialization Hp,q(1, t), which turns out to be the Hilbert series of the rank at
most 1 matrices. That is to say

Hp,q(1, t)=
∞∑

s=0
(dimRs

p,q)t
s .

In [5, Equation (6.4)] this series was computed as

Hp,q(1, t)=

min(p−1,q−1)∑
i=0

(p−1
i

)(q−1
i

)
t i

(1− t)p+q−1 .

In this sense, H(z, t) interpolates between the generating function for compositions and the Hilbert series
of the determinantal varieties (at least in the rank one case). Moreover, for generic z we have a relationship
to the EMD.

Our goal is to compute the expected value of EMDs . Therefore, it is natural to compute the partial
derivative of Hp,q(z, t) with respect to z, and then set z = 1. From the definition of Hp,q ,

∂Hp,q(z, t)
∂z

∣∣∣∣
z=1
=

∞∑
s=0

( ∑
µ∈C(s,p)
ν∈C(s,q)

EMDs(µ, ν)

)
t s .
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To expand this we start with

Hp,q(z, t)=
Hp−1,q + Hp,q−1− Hp−1,q−1

1− z|p−q|t
,

the recursive relationship from Theorem 3. Then let the partial derivative of Hp,q with respect to z be
denoted H ′p,q . We find the derivative using the “quotient rule”

H ′p,q(z, t)=
∂

∂z
Hp,q(z, t)=

(H ′p−1,q+H ′p,q−1−H ′p−1,q−1)(1−z|p−q|t)+|p−q|z|p−q|−1t (Hp−1,q+Hp,q−1−Hp−1,q−1)

(1−z|p−q|t)2
. (4-1)

When z = 1 this becomes

H ′p,q(1, t)=
1

(1− t)2
(
(H ′p−1,q(1, t)+ H ′p,q−1(1, t)− H ′p−1,q−1(1, t))(1− t)

+ |p− q|t (Hp−1,q(1, t)+ Hp,q−1(1, t)− Hp−1,q−1(1, t))
)
. (4-2)

Before proceeding it is useful to see some initial values:

H ′1,1 = 0, H ′1,2 =
t

(1− t)3
, H ′1,3 =

3t
(1− t)4

,

H ′2,1 =
t

(1− t)3
, H ′2,2 =

2t
(1− t)4

, H ′2,3 =
t (3t + 5)
(1− t)5

,

H ′3,1 =
3t

(1− t)4
, H ′3,2 =

t (3t + 5)
(1− t)5

, H ′3,3 =
8t (t + 1)
(1− t)6

.

Both Hp,q(1, t) and H ′p,q(1, t) are rational functions. We anticipate that their numerators are

Wp,q(t) := (1− t)p+q−1 Hp,q(1, t) and Np,q(t) := (1− t)p+q H ′p,q(1, t).

Thus, multiplying by (1− t)p+q on both sides of (4-2) gives

Np,q =
1

(1− t)2
((
(1− t)(Np−1,q + Np,q−1)− (1− t)2 Np−1,q−1

)
(1− t)

+ |p− q|t
(
(1− t)2(Wp−1,q +Wp,q−1)− (1− t)3Wp−1,q−1

))
or

Np,q = Np−1,q + Np,q−1− (1− t)Np−1,q−1+ |p− q| t (Wp−1,q +Wp,q−1− (1− t)Wp−1,q−1)

If we also note that
Wp,q =Wp−1,q +Wp,q−1− (1− t)Wp−1,q−1,

we ultimately obtain

Np,q = Np−1,q + Np,q−1− (1− t)Np−1,q−1+ |p− q| t Wp,q . (4-3)

An easy induction shows that both Wp,q(t) and Np,q(t) are polynomials in t .
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Before proceeding it is instructive to recall our goal of finding the expected value of EMDs . In this
light, define

N (p, q; s) :=
∑

(µ,ν)∈C(s,p)×C(s,q)

EMDs(µ, ν)

for s ∈ N and positive integers p and q. The expected value of EMDs will be then obtained from

lim
s→∞

1
s

N (p, q; s)(s+p−1
p−1

)(s+q−1
q−1

) ,

which we will show in the proof of Theorem 1 to be Mp,q . In the next subsection we will use Proposition 6
to find the asymptotic value as s→∞ for fixed values of p and q . First we need more information about
N (p, q; s).

Proposition 6. Given positive integers p and q,

Np,q(t)
(1− t)p+q =

∞∑
s=0

N (p, q; s)t s

Proof. We have seen that

∂H
∂z

∣∣∣∣
z=1
=

Np,q(t)
(1− t)p+q .

Differentiating the definition Hp,q(z, t) term by term and then setting z = 1 gives the result. �

Using (4-3) and the formula for Wp,q(t) one can efficiently compute Np,q(t) for specific values of
p and q. Following the method for generating functions, we multiply Np,q(t) and the series expansion
of 1

(1−t)p+q . Because the series expansion involves only binomial coefficients we are led to an efficient
method for finding the expected value of EMDs on C(s, p)× C(s, q) for any given values of p, q and s.
Consequently we determine the values of N (p, q; s).
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Some initial data for Nn,n(t) for n = 1, . . . , 12 are:

0

2t

8t (t + 1)

4t (5t2
+ 14t + 5)

8t (5t3
+ 27t2

+ 27t + 5)

2t (35t4
+ 308t3

+ 594t2
+ 308t + 35)

16t (7t5
+ 91t4

+ 286t3
+ 286t2

+ 91t + 7)

8t (21t6
+ 378t5

+ 1755t4
+ 2860t3

+ 1755t2
+ 378t + 21)

16t (15t7
+ 357t6

+ 2295t5
+ 5525t4

+ 5525t3
+ 2295t2

+ 357t + 15)

2t (165t8
+ 5016t7

+ 42636t6
+ 142120t5

+ 209950t4
+ 142120t3

+ 42636t2
+ 5016t + 165)

8t (55t9
+ 2079t8

+ 22572t7
+ 99484t6

+ 203490t5
+ 203490t4

+ 99484t3
+ 22572t2

+ 2079t + 55)

4t (143t10
+ 6578t9

+ 88803t8
+ 499928t7

+ 1352078t6
+ 1872108t5

+ 1352078t4
+ 499928t3

+ 88803t2
+ 6578t + 143)

The coefficients of the above are nonnegative integers, which we prove inductively. Furthermore, they
apparently are palindromic – that is the coefficient of t i matches the coefficient of td−i where d is the
polynomial degree. Lastly we note that the coefficients rise in value until the middle and then decrease –
that is to say they are unimodal. Polynomials with these properties are often of interest.

Conjecture 1. The coefficients of the polynomials Nn,n(t) are unimodal and palindromic.

In Theorem 1, the EMD has been normalized so that µ and ν are probability distributions. In terms of
pairs of compositions of s, this amounts to multiplying by 1

s . Note that since the order of the pole at t = 1
in Hp,q(1, t) is one less than the order of the pole at t = 1 in H ′(1, t) we see that the (normalized) EMD
is approaching a constant as s→∞. Alternatively, we could choose not to normalize and then obtain a
linear growth of s Mp,q .

The following is a table with approximate values of Mp,q for 1≤ p, q,≤ 5,

p q = 1 2 3 4 5

1 0.000 0.500 1.000 1.500 2.000
2 0.500 0.333 0.667 1.100 1.567
3 1.000 0.667 0.533 0.800 1.190
4 1.500 1.100 0.800 0.686 0.914
5 2.000 1.567 1.190 0.914 0.813

We plot Mp,q for 1≤ p, q ≤ 12 in Figure 1.
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Figure 1. Plot of Mp,q for 1≤ p, q ≤ 12.

5. Further calculations and proofs of the theorems

This section includes the main technical points of the paper, including the proofs of the main theorems. It
is more convenient to prove Theorem 1 after Theorems 2 and 3.

First, however, we make explicit two useful scaled versions of the EMD.

5.1. Unit normalized earth mover’s distance. Averaging E(µ − ν)/s over (µ, ν) ∈ C(s, n) × C(s, n)
gives rise to the expected value of the discrete EMD. Taking the limit as s→∞ gives the expected value
of the normalized EMD on Pn . Observe that the maximum value of the normalized EMD on Pn is n− 1.
The unit normalized EMD will be defined as the normalized EMD scaled by 1

n−1 . This scaling makes Pn

into a metric space with diameter 1. When working with real data in the last section of this paper, we will
always use the unit normalized earth mover’s distance.

As an example, we consider the discrete case where Pn is replaced by C(s, n). In particular, choose
s = 30 and n = 5 and calculate the exact histogram for the unit normalized distance. The mean of the
distribution is obtained by expanding

8t
(
5t3
+ 27t2

+ 27t + 5
)

(1− t)10

as a series around t = 0, then taking the coefficient of t30 and dividing by
(30+5−1

5−1

)2
(the number of

ordered pairs of distributions). The approximate value is 26.2938.
For the unit normalized distance we divide by s(n− 1)= 30(5− 1)= 120. That is, we divide by s to

obtain a probability distribution, and then divide by n− 1 to scale the diameter to 1. The unit normalized
mean is approximately 0.219115 as shown in Figure 2.

In the limiting case as s→∞, the mean decreases slightly from the s = 30 case. Again, the scaling
sets the diameter of the metric space Pn to 1. Thus, the expected value of the unit normalized EMD is

M̃n :=
Mn

n− 1
.

Recall the notation that Mn =Mn,n , for positive integer n.
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Figure 2. Histogram of the unit normalized EMD for s = 30, n = 5.

It should be noted that all values of M̃n are rational numbers. We present the following approximate
values of M̃n for n = 2, . . . , 12,

n 2 3 4 5 6 7 8 9 10 11 12

M̃n 0.3333 0.2667 0.2286 0.2032 0.1847 0.1705 0.1591 0.1498 0.1419 0.1351 0.1293

which are the limiting values as s→∞. For finite choices of s and n we can compute the exact mean of
the unit normalized EMD by expanding

Np,q(t)
(1− t)p+q

in the case when p = q = n, and then dividing by s(n− 1)
(s+n−1

n−1

)2
. We show the approximate values in

Table 1.

5.2. Proof of Theorem 2. By continuity it will suffice to show that this is true on a dense subset of Pn .
Specifically, we will consider the special case that if µ (resp. ν) is of the form

µ=
(a1

s
, . . . ,

an

s

)
for some positive integer s and (a1, . . . , an) ∈ C(s, n). As s→∞, such points are dense in Pn

For p ≤ n (resp. q ≤ n) we can regard C(s, p) (resp. C(s, q)) as being embedded in C(s, n) by
appending zeros onto the right.

By induction on p+ q we will show that for any nonnegative integer s,

EMDs(µ, ν)= E(µ− ν)

for µ ∈ C(s, p) and ν ∈ C(s, q).
If p = q = 1 the result is trivial since there is only one composition of s. Consider p+q ≥ 2. Without

loss of generality assume p ≤ q.
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p n = 2 3 4 5 12

1 0.5000 0.4444 0.4167 0.4000 0.3611
2 0.4444 0.3889 0.3600 0.3422 0.2991
3 0.4167 0.3600 0.3300 0.3113 0.2649
4 0.4000 0.3422 0.3113 0.2918 0.2428
5 0.3889 0.3302 0.2985 0.2784 0.2272

10 0.3636 0.3020 0.2681 0.2462 0.1881
15 0.3542 0.2912 0.2561 0.2333 0.1716
20 0.3492 0.2854 0.2497 0.2264 0.1624
30 0.3441 0.2794 0.2430 0.2191 0.1524
60 0.3388 0.2732 0.2360 0.2114 0.1415

120 0.3361 0.2700 0.2323 0.2073 0.1355
180 0.3352 0.2689 0.2311 0.2060 0.1335
360 0.3343 0.2678 0.2298 0.2046 0.1314
500 0.3340 0.2675 0.2295 0.2042 0.1308
750 0.3338 0.2672 0.2292 0.2039 0.1303

1000 0.3337 0.2671 0.2290 0.2037 0.1300
1250 0.3336 0.2670 0.2289 0.2036 0.1299
1500 0.3336 0.2669 0.2289 0.2035 0.1298
2000 0.3335 0.2669 0.2288 0.2034 0.1296

10000 0.3334 0.2667 0.2286 0.2032 0.1293

Table 1. Mean of the unit normalized EMD.

We proceed by induction on s (inside the induction on p+ q). If s = 0 the statement is vacuous, and
so the base case is clear.

For positive integer s let J be a p-by-q nonnegative integer matrix such that J has row and column
sums µ and ν respectively and 〈J,C〉 is minimal. We shall show that 〈J,C〉 = E(µ− ν).

If the first row (resp. column) of J is zero we can delete it and reduce to the inductive hypothesis on
p+ q . Therefore, we assume that there is a positive entry in the first row (resp. column) of J . If J11 > 0
then we can subtract J11 from s and reduce to the inductive hypothesis on s.

We are therefore left with J11 = 0 and the existence of i > 1, j > 1 with J1 j > 0 and Ji1 > 0. However,
(1, j) and (i, 1) are incomparable in the poset [p]× [q]. However, by Proposition 4 we can assume that
the support of J is a chain.

The cost for the joint distribution, J , is minimized when the support is a chain. Upon inspection, one
sees that the value of E agrees with the cost in the case that the support of J is on a chain. The value of
Ji, j is multiply counted |i− j | times – once for each of the contributing terms of E . In the noncontributing
terms there is a telescoping inside the absolute value.

Theorem 2 follows for chains, to which we have inductively reduced the problem. �

5.3. Proof of Theorem 3. The vector space of degree s homogeneous polynomial functions on the rank
at most one p-by-q matrices is denoted Rs

p,q . By Proposition 4, we obtain a basis for this space by
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considering the monomials
p∏

i=1

q∏
j=1

x Ji j
i j

where J is a nonnegative integer matrix with support on a chain. The row and column sums of J are
a pair of compositions of s with p and q parts respectively. We denote these by µ and ν. Note that by
Proposition 5, µ and ν determine J.

If we assign each of these monomials the formal expression zEMDs(µ,ν)t s and sum them as formal
series, we obtain the Hilbert series of Rp,q ,

∞∑
s=0

 ∑
(u,v)∈C(s,p)×C(s,q)

zEMDs(u,v)

 t s

which we then recognize as the definition of Hp,q(z, t).
Each monomial has a nonnegative integer matrix J as its exponents, with support on a chain. This

chain terminates at or before x Jp,q
p,q N . From Theorem 2 the variable x p,q is multiplied by z|p−q| t , and

contributes
∞∑

Jp,q=0

(
z|p−q|t

)Jp,q

to all monomials. The geometric series sums to
1

1− z|p−q| t
.

The preceding variables in the monomial may contain x p, j for some 1 ≤ j ≤ q, or xi,q for some
1 ≤ i ≤ p, but not both – since the exponent matrix has support in a chain. In the former case these
monomials are in the sum Hp,q−1, while in the latter are counted in Hp,q−1.

The sum Hp−1,q + Hp,q−1 over counts monomials. That is to say, if a monomial has an exponent
with support involving variables xi, j with i < p and j < q then it is counted once in Hp−1,q and once in
Hp,q−1. It also appears once in Hp−1,q−1. We therefore observe that such monomials are counted exactly
once in the expression

Hp−1,q + Hp,q−1− Hp−1,q−1.

Finally, we see that all such monomials are counted exactly once in the product

Hp−1,q + Hp,q−1− Hp−1,q−1

1− z|p−q|t

if (p, q) 6= (1, 1) and H1,1 =
1

1−t . �

5.4. Proof of Theorem 1. Fix positive integers p and q . The coefficient of t s in 1
(1−t)p+q is(

s+ p+ q − 1
p+ q − 1

)
=

s p+q−1

(p+ q − 1)!
+ lower order terms in s.

And, we have
Np,q(t)= c0+ c1t + c2t2

+ · · ·+ ck tk
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for some nonnegative integers c0, . . . , ck . Thus the coefficient of t s in

Np,q(t)
(1− t)p+q

is therefore asymptotic to

Np,q(1)
s p+q−1

(p+ q − 1)!

We will next find an inhomogeneous three term recursive formula for Np,q(1) from (4-3).
First we observe that Wp,q(1)=

(p+q−2
p−1

)
. Therefore, we have

Np,q(1)= Np−1,q + Np,q−1+ |p− q|
(

p+ q − 2
p− 1

)
.

Then we divide by (p+ q − 1)! to obtain the asymptotic. However, our goal is to obtain the expected
value of EMDs . So, in light of Proposition 6, we will need to divide by(

s+ p− 1
p− 1

)(
s+ q − 1

q − 1

)
∼

s p+q−2

(p− 1)!(q − 1)!
.

Thus, we find that the expected value is

Mp,q =
(p− 1)!(q − 1)!
(p+ q − 1)!

Np,q(1),

which we can rewrite as

Mp,q =
(p− 1)Mp−1,q + (q − 1)Mp,q−1+ |p− q|

p+ q − 1
. �

6. Relation to spectral graph theory

We next turn our attention to some results from spectral graph theory and describe a connection with the
expected value of the EMD.

The concept of a graph (or network) is likely familiar to the reader. We recall the terminology briefly.
By a graph we mean an ordered pair, (V, E), where V is a finite set whose elements are called vertices
and E is a finite set whose elements are called edges, together with an injective mapping from E to
unordered pairs of distinct vertices. The elements of E are said to join the corresponding pair of vertices.
The number of vertices joined to a given vertex, v ∈ V , is called the degree of v, denoted deg(v).

A sequence of distinct vertices, v1, v2, . . . , vt with vi joined to vi+1 for each i is called a path. If a
path exists between all pairs of vertices then we say that the graph is connected.

Given vertices v and w in a connected graph, the distance between vertex v and vertex w is the length
of the shortest path starting with v and ending with w, and will be denoted ρ(v,w). The function ρ is a
metric on V . For an integer r , the ball of radius r centered at v ∈ V will be defined as

Br (v) := {w ∈ V : ρ(v,w)≤ r}.
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Furthermore, let nr (v)= |Br (v)| − |Br−1(v)|, and set

S(v) :=
∑
r≥0

rnr (v),

which is a finite sum giving the expected distance a vertex is from v.
As we shall see, this metric is related to the topic of this article. Specifically, the mean distance in a

graph is defined to be:

ρ(G) :=
1

m(m− 1)

∑
v∈V

S(v).

where m = |V |.
The above notation is from [12], Section 3. Observe that the definition is equivalent to averaging the

distance between all two-element subsets of V . We also point out that if we consider all ordered pairs of
vertices we have: (

1−
1
m

)
ρ(G)=

1
m2

∑
(v,w)∈V×V

ρ(v,w).

From our point of view, we consider the graph to be on the vertex set C(s, n) where two compositions
are joined when the (unnormalized) earth mover’s distance is exactly 1. We call this graph the earth
mover’s graph, denoted G(s, n). In this case the length of the shortest path between two vertices is the
earth mover’s distance.

The average distance between ordered pairs of vertices in G(s, n) is the subject of this article. More
generally, one can consider a graph G whose vertices are a subset of C(s, n) and two vertices v and
w are joined when EMDs(v,w) ≤ t for some fixed constant t ≥ 0. We will call t the threshold. In
practice, determining values of the threshold that uncover features in the data is an important research
topic. Understanding the expected EMD in the uniform case is only one line of research.

The connected components of G are of interest in cluster analysis. For example, the connected
components of G may be interpreted as clusters. If t = 0 there are no edges in G, thus no connected
components. For sufficiently large t , every pair of vertices is joined and there is only one component. As
t decreases the graph disconnects. Hierarchical connection of components defined by t gives rise to many
different types of clustering. An example of this type of analysis will be given in the next section.

There are several “off the shelf” methods for clustering analysis. See [10] Chapter 20 for some
commentary, especially about the popular “k-means” algorithm. Here we present only metric hierarchical
clustering and spectral clustering as they relate to Theorem 1. However, the data that we consider in
this article can and should be looked at from several points of view. In particular, unsupervised machine
learning techniques are merited. See [8] as a general reference.

The average distance of a graph is also related to other invariants; we recommend the survey [13].
First we recall some additional terminology. Given a graph G with vertices {v1, . . . , vm} and k edges,
one can form the Laplacian matrix LG = DG − AG where DG is the diagonal matrix with the degree of
vertex vi in the i-th row and i-th column, while A(G) is the adjacency matrix in which the entry in row i
and column j is a one if vi and v j are joined by an edge, and zero otherwise.
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The spectrum of LG is of interest. To begin, LG is a positive semidefinite matrix. The multiplicity of
the 0-eigenspace is equal to the number of connected components of G. If the spectrum of LG is denoted
by 0= λ1 ≤ λ2 ≤ · · · ≤ λm , the algebraic connectivity is given by λ2. Intuitively, we expect “clustering”
when λ2 is small relative to the rest of the spectrum.

Related to the algebraic connectivity are inequalities proved in [12]. We recall them here because they
partially describe the structure of the graph based on λ2. In fact we can use λ2 to calculate bounds on the
average distance between vertices in a graph and another invariant to be defined next.

The discrete Cheeger inequality asserts that the isoperimetric number, i(G), is closely related to the
spectrum of a graph. This number is defined as

i(G) :=min
{
|δX |
|X |
: X ⊆ V (G)s.t.0< |X |<

1
2
|V (G)|

}
where δ(X) is defined to be the boundary of a set of vertices X (that is v ∈ X iff v is in X but is joined to
a vertex not in X ). One result from [12] is

λ2

2
≤ i(G)≤

√
λ2(2dmax − λ2) (6-1)

where dmax is the maximum degree of a vertex in G. These results have their underpinnings in geometry
and topology, see [11], for example. Intuitively, the point here is that if G has two large subgraphs that
are joined only by a small set of edges then i(G) is small. Unfortunately, computing i(G) exactly is
difficult. However, the spectrum of G can be computed more easily, providing the stated bounds for i(G).

A third invariant for G is ρ(G), the mean distance. This value can also be bounded. The inequality
presented in [12] is

1
m− 1

(
2
λ2
+

m− 2
2

)
≤ ρ(G)≤

m
m− 1

[
dmax − λ2

4λ2
ln(m− 1)

]
(6-2)

where m is the number of vertices in G.

7. Real world data

In this section we consider a real world data set coming from the Section Attrition and Grade Report
published by the Office of Assessment and Institutional Research at the University of Wisconsin -
Milwaukee for Fall semesters of academic years 2013-2017. We selected data for courses with enrollments
greater than 1,000. Analysis is done for the 12 grades A through F (with plus/minus grading). “W" grades
were not reported by the University for the entire period and are not included.

Most universities collect and analyze similar types of retention and attrition data. Analysis of grade
distribution data may be an as-yet untapped portal for self-examination that reveals patterns in large,
multi-section courses, or allows for insight into cross-divisional course boundaries. Cluster analysis
provides a visual reinforcement of the calculated EMD.

The data for 2013–2017, shown in Table 2, comprise a total of twenty-one courses. In Fall 2013 there
are five courses: English 101 and 102, Math 095 and 105, and Psychology 101. Math 095 was redesigned
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d division course year enrollment id division course year enrollment

1 English 101 2013 1800 11 Math 095 2013 1166
2 English 102 2013 1224 12 Math 105 2013 1555
3 English 101 2014 1762 13 Math 105 2014 1701
4 English 102 2014 1299 14 Math 105 2015 1466
5 English 101 2015 1742 15 Math 105 2016 1604
6 English 102 2015 1525 16 Math 105 2017 1732
7 English 101 2016 1693 17 Psychology 101 2013 1507
8 English 102 2016 1410 18 Psychology 101 2014 1443
9 English 101 2017 1569 19 Psychology 101 2015 1337

10 English 102 2017 1142 20 Psychology 101 2016 1192
21 Psychology 101 2017 1333

Table 2. UWM grade data.
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Figure 3. Histogram of EMD for UWM grade data.

after Fall 2013 and enrollment dropped below 1,000; the other four courses were offered every year. Input
data are sorted by division and year.

7.1. Histogram of EMD sample. We form the earth mover’s graph by computing the unit normalized
EMD for each pair of the 21 courses. A histogram of the results is presented in Figure 3. The rough
structure reflects some aspects of the distribution of the theoretical case for 30 students and 5 grades
depicted in Figure 2. For example, it is almost unimodal and skewed to the right. It is also interesting to
note that the histogram in Figure 3 shows maximal EMD between courses at around 0.25. Additionally,
for each course one can compute the average EMD to all others. This course pairwise average has a
minimum EMD of 0.067, mean 0.086, and maximum 0.129.

To better understand the relative sizes of these numbers, we can compare them with the mean in the
uniform model with n = 12, which is approximately 0.1300 when s = 1000 and then drops to 0.1293
when s→∞. For actual grade distribution data, not all grade distributions are equally likely. Nonetheless,
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for this data set the maximum mean EMD corresponds to Psychology 101, Fall 2014 and is surprisingly
close to the theoretical value. No doubt this is an anomaly, but we were surprised by how large the unit
normalized EMD was between courses when compared to uniform sampling.

7.2. Hierarchical Clustering. Using the unit normalized EMD, we next determine a threshold, t , such
that two courses are joined by an edge when the EMD falls below t . Thus, we obtain a family of graphs
parameterized by t . We consider the connected component structure for each value of t . In practice, one
sees a single giant component when the threshold is “large”. As a heuristic, we consider large to mean
greater than the expected distance in the uniform model.

In Figure 4 we step through various distance threshold values t and count the number of connected
components. When t is very small, the graph has 21 components. As t increases, the components of
the graph continue to connect, with the largest range of persistence for t ∈ [0.0319, 0.0477] with two
components. It is useful to compare these values to the expected EMD in the uniform model. The
endpoints of this interval are 25% and 37% of the uniform mean, respectively.

Set t = 0.0478. We form a graph on the vertex set of these 21 courses. Two courses are joined by an
edge when the unit normalized distance between them falls below t . Since t is larger than 0.0477, there is
only one connected component as depicted in Figure 5.

7.3. Spectral Analysis. A key component of spectral clustering analysis is the construction of the Lapla-
cian Matrix LG as defined in Section 6. The second smallest eigenvalue of LG gives the algebraic
connectivity. Figure 6 presents a plot of the full spectrum for t = 0.0478.

For the 21 vertex graph in Figure 5, the algebraic connectivity is λ2 ∼= 0.1213, and the maximum
degree is dmax = 8. It appears as if elements 2 and 16 create a tenuous bridge between two “clusters”.
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Figure 7. Partitioned components.

The theoretical bounds on the isoperimetric number from (6-1) are

0.1213
2
≤ i(G)≤

√
0.1213(2× 8− 0.1213)

0.06065≤ i(G)≤ 1.3878

with a computed value of i(G) ∼= 0.1 for this data set. The relatively small isoperimetric number is
consistent with the single edge of connection between elements 2 and 16 in Figure 5.

The theoretical bounds on the mean distance ρ(G) from (6-2) are

1
21− 1

(
2

0.1213
+

21− 2
2

)
≤ ρ(G)≤

21
21− 1

[
8− 0.1213
4× 0.1213

ln(21− 1)
]

1.2995≤ ρ(G)≤ 51.08

and one can compute ρ(G)∼= 2.910 for this data set.
The most curious part of this analysis appears in the plot of the components. At threshold t = 0.0477

the algebraic connectivity λ2 goes to zero, and the EMD separates all of the English courses from the
cluster of Math and Psychology courses. More specifically, EMD splits English (Course ID’s 1 through
10) off from Math (ID’s 11 - 16) and Psychology (ID’s 17-21). Or equivalently, grade distributions in
English courses are most similar to grade distributions in other English courses, and least similar to grade
distributions in both Math and Psychology courses.
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Although we see this clear partition of the data in Figure 7, one needs to be cautious about clustering
algorithms. For example, clustering identified in one algorithm may not be the same as another. See the
paper [9] for a careful treatment of this topic in general. In our more specific setting the clustering is
determined by the threshold t . Thus, the question of where to set this value is delicate: too small and we
see too many components, while too large we see very little clustering at all. Furthermore, our intention
is only for exploratory data analysis and not to suggest policy regarding instructional assessment.
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INFERRING PROPERTIES OF PROBABILITY KERNELS
FROM THE PAIRS OF VARIABLES THEY INVOLVE

LUIGI BURIGANA AND MICHELE VICOVARO

A probabilistic model may involve families of probability functions such that the functions in a family act
on a definite (possibly multiple) variable and are indexed by the values of some other (possibly multiple)
variable. “Probability kernel” is the term here adopted for referring to any one such family. This study
highlights general properties of probability kernels that may be inferred from set-theoretic characteristics
of the pairs of variables on which the kernels are defined. In particular, it is shown that any complete set
of such pairs of variables has the algebraic form of a lattice, which is then inherited by any complete
set of compatible kernels defined on those pairs; that on pairs of variables a criterion may be applied for
testing whether corresponding probability kernels are compatible with one another and may thus be the
building blocks of a consistent probabilistic model; and that the order between pairs of variables within
their lattice provides a general diagnostic about deducibility relations between probability kernels. These
results especially relate to models that involve a number of random variables and several interrelated
conditional distributions acting on them; for example, hierarchical Bayesian models and graphical models
in statistics, Bayesian networks and Markov fields, and Bayesian models in the experimental sciences.

1. Introduction

A general way of expressing the (possible) probabilistic dependence of a random variable Y on another
random variable X is in terms of a family of probability distributions for Y that are conditional on
the distinct possible values of X . If we denote by X◦ and Y ◦ the spaces of the two variables — or,
more concretely, the sets of their possible values — then such a family may formally be indicated as
(p(Y |x) : x ∈ X◦), where p(Y |x) (for any x ∈ X◦) is the probability function on the domain Y ◦ that
would rule the variable Y under the condition X = x . If there are differences within the family — that is, if
p(Y |x) 6= p(Y |x ′) for some x 6= x ′ belonging to X◦— then there is some form of stochastic dependence
of Y on X . Otherwise, the two variables are stochastically independent of each other. In this article, we
refer to such a family of conditional probability functions by the name probability kernel and by the
symbol p(Y |X)— so that p(Y |X) is the same as (p(Y |x) : x ∈ X◦) by definition. The terms X and Y
may be multiple variables and are here conceived as disjoint subsets of a full variable T , this being the
collection of all elementary random variables involved in a probabilistic model. Typically, the probability
functions constituting one kernel p(Y |X) are of the same measure-theoretic type; for example, they may

Burigana is the corresponding author.
Keywords: probability kernel, conditional probability, compatibility, lattice, Bayesian model.
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be either all mass functions (p(Y |X) would be a kernel of discrete type) or all density functions (p(Y |X)
would be a kernel of continuous type)1.

A probabilistic model with a suitably large set T of elementary variables may involve several such
probability kernels p(Y |X), p(V |U ), p(Z |W ), . . . that concern (elementary or multiple) variables
included in T . The two variables in any single kernel are assumed disjoint, but variables involved in
different kernels may have non-empty intersections, which themselves count as variables included in T .
The importance of any single kernel may be due either to its being a postulate in a given model, that is, a
basic assumption characterizing the probabilistic dependence between relevant variables (or specifying
the kind of distributions of those variables), or to its being a logical consequence of the postulates, which
may be crucial for the interpretation of the model and its fitting to empirical data. Models involving
several interrelated kernels may be generally referred to as conditionally specified probabilistic structures,
for marking the central role played by assumptions of conditional distributions in the definition of such
models (Arnold, Castillo, & Sarabia, 1999). Examples can be found in various areas of applied probability,
such as graphical models in statistics (Koller & Friedman, 2009), hierarchical Bayesian modeling (Gelman
et al., 2014, chapter 5), Bayesian networks in artificial intelligence (Darwiche, 2009), applications of
Markov random fields (Blake, Kohli, & Rother, 2011), and Bayesian modeling in experimental sciences
(Kersten, Mamassian, & Yuille, 2004; Rouder, Morey, & Pratte, 2017).

Any probability kernel p(Y |X) has a definite variable pair (Y |X) as its field of action, that is, an
ordered pair formed of a conditioned variable Y (on the left of the bar) and a conditioning variable X
(on the right of the bar) which are, in general, disjoint sub-variables of a full variable T . Variable pairs
underlying distinct probability kernels may be subjected to comparisons, combinations, or transformations
in mere set-theoretic terms, that is, as pairs of sets of elementary variables, irrespectively of the individual
properties of the elementary variables they collect. Such set-theoretic manipulations may imply algebraic
regularities worthy of note, and one may conjecture that these regularities concerning the variable pairs
have meaningful consequences regarding the probability kernels acting on the variable pairs themselves.
The aim of this article is precisely that of highlighting some general properties of probability kernels that
may be inferred from the set-theoretic configuration of the variable pairs on which the kernels are defined.

In order to illustrate the association between actions on probability kernels and actions on the underlying
variable pairs, let us refer to Figure 1, which represents a basic case in the theory of conditional probabilities.
For simplicity, we suppose that X , W , and Z are elementary variables of discrete type, but the example
is easily generalizable to multiple and/or continuous variables. Three basic operations on kernels are
illustrated by the figure.

The first is projection. For example, one may pass from p(W, Z |X) to p(Z |X) by setting p(z|x)=∑
w∈W ◦ p(w, z|x) for all (x, z) ∈ (X, Z)◦ (this means: x ∈ X◦ and z ∈ Z◦).

1Our use of the word “kernel” is consistent with the meaning taken by this word in the theories of Markov processes and other
probabilistic structures extensively involving conditional probability distributions (Meyn & Tweedie, 1993, p. 65; Lauritzen,
1996, p. 46). Indeed, the concept of a probability kernel, in such theories, generalizes the concept of a transition matrix in
finite-state Markov chains, which amounts to an indexed set of conditional mass functions.
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p(W, Z |X)

p(Z |X) p(W |X)

p(W |Z , X) p(Z |W, X)

Figure 1. Probability kernels derivable from a top kernel p(W, Z |X) through projection
or conditioning.

The second is conditioning. For example, one may pass from p(W, Z |X) to p(W |Z , X) by setting
p(w|z, x)= p(w, z|x)/p(z|x) for all (x, w, z) ∈ (X,W, Z)◦, on presuming p(z|x) > 0 for all (x, z) in
(X, Z)◦.

The third operation is promotion. For example, one may return from p(W |Z , X) and p(Z |X) to
p(W, Z |X) by setting p(w, z|x)= p(w|z, x) · p(z|x) for all (x, w, z) ∈ (X,W, Z)◦.

In this paper, the letters J , C , and M are used to denote proJection, Conditioning, and proMotion,
respectively, so that the three moves just described may be symbolized as follows:

p(Z |X)= J [p(W, Z |X),W ] (1)

p(W |Z , X)= C[p(W, Z |X), Z ]
p(W, Z |X)= M[p(W |Z , X), p(Z |X)].

Of this example, what mostly matters for the aims of our study are the effects of the three operations
on the variable pairs involved: projection J implies canceling a targeted component W from the left field
(to the left of the bar), conditioning C implies moving a component Z from the left to the right field, and
promotion M implies moving a component Z from the right to the left field of p(W |Z , X) with the aid
of a “promoter” p(Z |X). We shall see that, based on these simple moves affecting the assignment of the
variables to the left or the right fields in the probability kernels, algebraic constructs can be elaborated
that have meaningful implications for the kernels at hand.

Our paper is formed of three main sections. Section 2 focuses on variable pairs and set-theoretic
operations on them, and defines a binary relation that organizes any complete collection of such pairs as
a lattice. In Section 3 the results obtained for variable pairs are transferred to probability kernels, and
conditions are discussed that make it possible to ascend from kernels of low rank to kernels of higher
rank in a lattice, which is a typical move in the construction of probabilistic models. In Section 4 the
key binary relation between variable pairs will be shown to possess a general diagnostic ability about the
deducibility relation between probability kernels.
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2. Lattice of variable pairs

Let T = {T1, . . . , Tn} be the complete set of elementary random quantities (observables, parameters,
hyper-parameters, etc.) involved in a probabilistic model. By a variable we mean any subset of T . Thus,
T itself is a variable, referred to as the full variable in the assumed model. Each singleton {Ti } in T is an
elementary variable. The symbol ∅ denotes the empty variable, which is the empty subset of T . Because
variables are here understood as sets, statements such as “X is a sub-variable of Y ” and “X and Y are
disjoint variables”, and formulas such as X ⊆ Y and X ∩ Y =∅, are legitimate and meaningful in the
language adopted in this paper.

A variable pair is any ordered pair (Y |X) such that X ∪ Y ⊆ T , X ∩ Y = ∅, and Y 6= ∅, and the
symbol O(T ) here denotes the complete collection of such pairs. Thus, if n is the cardinality of T , then
3n − 2n is the cardinality of O(T ). Besides, the symbol ⊥ and the name null variable pair are here used
for referring to any pair (∅|X) with X ⊆ T , and the symbol Õ(T ) is a substitute for O(T )∪ {⊥}.

Drawing on equations (1), we define projection J , conditioning C , and promotion M on variable pairs
by setting, for all (Y |X) ∈ O(T ):

J [(Y |X),W ] = (Y \W |X) for all W ⊂ Y (2)

C[(Y |X),W ] = (Y \W |W ∪ X) for all W ⊂ Y (3)

M[(Y |X), (V |U )] = (Y ∪ V |U ) for all (V |U ) ∈ O(T ) such that V ∪U = X. (4)

These definitions are designed so that reference to the null term ⊥ is avoided. This limitation, however,
can consistently be overcome by setting

J [(Y |X), Y ] = ⊥, C[(Y |X), Y ] = ⊥,
M[⊥, (V |U )] = (V |U ), M[(Y |X),⊥] = (Y |X). (5)

Note, in particular, that the two additional equations concerning the M operation turn out to be consistent
with rule (4) if ⊥ becomes replaced by (∅|V ∪U ) in the one equation and by (∅|X) in the other.

The equations in the next composite statement are self-evident:

for all (Y |X) ∈ O(T ) and all W, Z ⊆ Y such that W ∩ Z =∅,

J [J [(Y |X),W ], Z ] = (Y \ (W ∪ Z)|X)= J [J [(Y |X), Z ],W ] (6)

C[C[(Y |X),W ], Z ] = (Y \ (W ∪ Z)|W ∪ Z ∪ X)= C[C[(Y |X), Z ],W ] (7)

J [C[(Y |X),W ], Z ] = (Y \ (W ∪ Z)|W ∪ X)= C[J [(Y |X), Z ],W ]. (8)

They express invariance to change in order (commutativity) for combined J and C operations. In
describing the result of the M operation, the rule is followed of writing the “to be promoted” variable
pair (Y |X) on the left, and its chosen “promoter” (V |U ) on the right, so that X = V ∪U . Therefore,
if M[(Y |X), (V |U )] is a syntactically correct formula, then M[(V |U ), (Y |X)] cannot be syntactically
correct, because U 6= Y ∪ X . For this simple reason, the M operation is not commutative. It is, however,
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associative, because

for all (Y |X), (V |U ), (Z |W ) ∈ O(T ) (9)

if X = V ∪U and U = Z ∪W,

then M[M[(Y |X), (V |U )], (Z |W )] = (Y ∪ V ∪ Z |W )= M[(Y |X),M[(V |U ), (Z |W )]].

Furthermore, the following equations are easily proved:

C[M[(Y |X), (V |U )], V ] = (Y |X) (10)

J [M[(Y |X), (V |U )], Y ] = (V |U ). (11)

These show how the operands of the M operation may be recovered from its result by suitably applying
the C and J operations.

By combining the J and C operations, a binary relation between variable pairs is now defined, which
is a key component of the theory in this study.

Definition 1. Let (V |U ) and (Y |X) be variable pairs in O(T ). The former is JC-derivable from the latter
(notation (V |U )� (Y |X)) if (V |U )= J [C[(Y |X),W ], Z ] for some W and Z disjoint sub-variables of
Y . Furthermore, ⊥� (Y |X) for all (Y |X) in O(T ).

In other words, a variable pair is said to be JC-derivable from another variable pair if the former may be
obtained from the latter through a conditioning followed by a projection — or equivalently, on account of
(8), through a projection followed by a conditioning. Note that if (V |U )� (Y |X), then the variables W
and Z satisfying the equation in Definition 1 are uniquely determined by

W =U \ X and Z = Y \ (V ∪U ).

Also note this bi-conditional

(V |U )� (Y |X) if and only if V ∪U ⊆ Y ∪ X and U ⊇ X (12)

which is readily proved and offers a useful characterization of the relation just defined. A still simpler
characterization is expressed by the following formula, which makes use of the set-theoretic labels in
Figure 2, with V = B ∪ F ∪G, U = D ∪ E ∪ H , Y = A∪ E ∪ F , and X = C ∪G ∪ H :

(V |U )� (Y |X) if and only if B ∪C ∪ D ∪G =∅. (13)

The relation introduced with Definition 1 endows its domain with a regular algebraic organization.

Proposition 1. The relation � is a partial order over the set Õ(T )= O(T )∪{⊥}. It organizes this set as
a lattice, whose supremum and infimum are the pair (T |∅) and the term ⊥, respectively, and whose join
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Figure 2. Quatrefoil representing a crossing between two generic variable pairs (V |U )
and (Y |X). Some of the eight parts could be empty.

and meet operations are determined by the following equations, for all (V |U ) and (Y |X) in O(T ):

(V |U )∨ (Y |X)= (V ∪ Y ∪ (U + X)|U ∩ X) (14)

with U + X = (U \ X)∪ (X \U );
(V |U )∧ (Y |X)= (V ∩ Y |U ∪ X) or =⊥ depending on whether (15)

the conditions V ∩ Y 6=∅, U ⊆ Y ∪ X, and X ⊆ V ∪U are or are not jointly true.

Proof. In the light of characterization (12), it directly appears that reflexivity, transitivity, and antisymmetry
of the relation� follow from the homonymous properties of the set-theoretic inclusion⊆. Thus, (Õ(T ),�)
is a poset (partially ordered set) having (T |∅) as its supremum and⊥ as its infimum (concluding statement
in Definition 1). Let us consider any two members (V |U ) and (Y |X) of the set O(T ). We develop our
argument concerning their join and meet in three stages. First we note that (V ∪ Y ∪ (U + X)|U ∩ X) is
itself a member of O(T ) (the intersection between left variable and right variable in the pair is empty)
and both (V |U ) and (Y |X) are JC-derivable from it (according to (12)). Furthermore, if (Z |W ) is any
member of O(T ) such that (V |U ) � (Z |W ) and (Y |X) � (Z |W ), then (V ∪U ⊆ Z ∪W and U ⊇ W )
and (Y ∪ X ⊆ Z ∪W and X ⊇ W ) (again because of (12)), so that (V ∪ Y ∪ (U + X) ⊆ Z ∪W and
U ∩ X ⊇W ), which implies (Y ∪V ∪ (U + X)|U ∩ X)� (Z |W ). Thus, (V ∪Y ∪ (U + X)|U ∩ X) is the
least upper bound of (V |U ) and (Y |X) in the poset, which proves the equation concerning the join. At a
second stage, let us suppose that (V |U ) and (Y |X) satisfy the three conditions

V ∩ Y 6=∅, U ⊆ Y ∪ X, X ⊆ V ∪U (16)
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and consider the variable pair (V ∩ Y |U ∪ X). It is seen that this pair is a member of O(T ) (in
particular, V ∩Y 6=∅ is the first hypothesis in (16)), and is JC-derivable both from (V |U ) (in particular,
(V ∩Y )∪U ∪ X ⊆ V ∪U is ensured by the third hypothesis in (16)) and from (Y |X) (for similar reasons).
Furthermore, if (Z |W ) is any member of O(T ) such that (Z |W ) � (V |U ) and (Z |W ) � (Y |X), then
(Z ∪W ⊆ V ∪U and W ⊇U ) and (Z ∪W ⊆ Y ∪ X and W ⊇ X ), so that Z ∪W ⊆ (V ∪U )∩ (Y ∪ X) and
W ⊇U ∪ X . But the second and third hypotheses in (16) imply (V ∪U )∩ (Y ∪ X)= (V ∩Y )∪ (U ∩Y )∪
(V ∩ X)∪ (U ∩ X)= (V ∩ Y )∪U ∪ X . Therefore, Z ∪W ⊆ (V ∩ Y )∪U ∪ X and W ⊇U ∪ X , which
means (Z |W ) � (V ∩ Y |U ∪ X). Because of the genericity of (Z |W ), this proves that (V ∩ Y |U ∪ X)
is the greatest lower bound of (V |U ) and (Y |X) in the poset, and confirms the stated formula for the
meet. At a third stage, we refer to any two members (V |U ) and (Y |X) of O(T ) that falsify some of
the conditions in (16) and prove that there cannot exist any member (Z |W ) of O(T ) such that both
(Z |W )� (V |U ) and (Z |W )� (Y |X), so that ⊥ is the only common lower bound of (V |U ) and (Y |X) in
the poset, which means (V |U )∧(Y |X)=⊥. Suppose the first condition in (16) is false, that is V ∩Y =∅
is true. Should a pair (Z |W ) exist in O(T ) such that (Z |W ) � (V |U ) and (Z |W ) � (Y |X), then (12)
combined with V ∩U = ∅ = Y ∩ X would imply V ∩ Y ⊇ Z , so that Z = ∅, which contradicts the
assumption (Z |W )∈ O(T ). Next, suppose the second condition in (16) is false, that is U \(Y ∪X) 6=∅ is
true, so that there is some non-empty variable S ⊆U \ (Y ∪ X). Should a pair (Z |W ) exist in O(T ) such
that (Z |W )� (V |U ) and (Z |W )� (Y |X), then we would have S ⊆W (because W ⊇U ) and not(S ⊆W )
(because W ⊆ Y ∪ X ), which of course is contradictory. The same argument may be applied when the
third condition in (16) is false. �

Using the labels in Figure 2, the equations that specify joins and meets in the lattice Õ(T ) can be
written as

(V |U )∨ (Y |X)= (A∪ B ∪C ∪ D ∪ E ∪ F ∪G|H) (17)

(V |U )∧ (Y |X)= (F |E ∪G ∪ H) if F 6=∅ and C ∪ D =∅.

The atoms in the lattice are the pairs (V |U ) such that |V | = 1, that is, the left-hand component is an
elementary variable. Thus, if n = |T |, then there are n2n−1 atoms. It is readily proved that any member
of O(T ) is expressible as the join of suitably chosen atoms and that the lattice is rankable, the rank of
any pair (V |U ) being the cardinality |V | of its left-hand component. Figure 3 illustrates the concept by
showing three-dimensional Hasse diagrams of three lattices of variable pairs. In these diagrams, each
backward (resp., downward) line represents a projection operation J [(Y |X),W ] (resp., a conditioning
operation C[(Y |X),W ]) with |W | = 1.

The relation �, which organizes the set Õ(T ) as a lattice, has been defined in terms of projection
J and conditioning C as specified by (2) and (3). Some additional comments are in order concerning
promotion M as specified by (4). First, if (V |U ) is a promoter of (Y |X) (i.e., V ∪U = X ), then the two
variable pairs are �-incomparable (because Y ∩ V = ∅) and the result of their promotion equals their
join, that is

M[(Y |X), (V |U )] = (Y ∪ V |U )= (Y |X)∨ (V |U ).
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Figure 3. Three-dimensional Hasse diagrams of the lattices Õ(T ) for |T | = 2 (top right),
|T | = 3 (top left), and (bottom) |T | = 4.

Thus, promotion M within a lattice Õ(T ) is tantamount to a part of the join operation. Second, if
(V |U )≺ (Y |X), then one or two promotions are enough for ascending from (V |U ) to (Y |X) within the
lattice. Specifically, in a writing justified by (9) (associativity of M), the following equation holds true:

(Y |X)= (Y \ (V ∪U )|V ∪U ) M (V |U ) M (Y ∩U |X). (18)

Indeed, if (V |U )� (Y |X) but not (Y |X)� (V |U ) (which is the meaning of the hypothesis (V |U )≺ (Y |X)),
then using the labels in Figure 2 we obtain B ∪C ∪ D ∪G = ∅ but A ∪ E 6= ∅ (because of (13) and
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its rewrite characterizing (Y |X) � (V |U )), so that V = F , U = E ∪ H , Y = A ∪ E ∪ F , and X = H ,
and (18) may be rewritten as (A ∪ E ∪ F |H)=(A|E ∪ F ∪ H) M (F |E ∪ H) M (E |H), which is true
according to the definition of the M operation. Note that if either A =∅ or E =∅, then either the first
or the third operand in the right hand side of (18) would be the infimum ⊥ in the lattice and could be
ignored (consistently with (5)), so that one single application of M would be enough for ascending from
(V |U ) to (Y |X). Third, as a special case of (18) we note the following equation:

(V |U )∨ (Y |X)= ((Y ∪ X) \ (V ∪U )|V ∪U ) M (V |U ) M (U \ X |U ∩ X).

It can be directly proved by noting that the indicated double promotion gives the result ((Y ∪X)\(V ∪U )∪
V ∪ (U \ X)|U ∩ X), that is (A∪ B∪C ∪D∪ E ∪ F ∪G|H) by the labeling in Figure 2, and this variable
pair is precisely the join (V |U )∨ (Y |X) according to (17). The equation thus proved supplements the
first comment in this paragraph, by showing that single and double promotions are enough to simulate
the whole of the join operation within any lattice of variable pairs.

3. Lattice of probability kernels

In this section we return to probability kernels mentioned in the Introduction, in order to show how the
results obtained in discussing variable pairs in the preceding section may conveniently be applied to them.

In the first step, we present the following formulas, which define projection J , conditioning C , and
promotion M as operations on probability kernels:

J [p(W ∪ Z |X),W ] = p(Z |X) (19)

in which p(z|x)=
∑
w∈W ◦

p(w, z|x) for all (x, z) ∈ (X, Z)◦

C[p(W ∪ Z |X), Z ] = p(W |Z ∪ X) (20)

in which p(w|z, x)= p(w, z|x)∑
w′∈W ◦ p(w′, z|x) for all (x, w, z) ∈ (X,W, Z)◦

M[p(Y |V ∪U ), p(V |U )] = p(Y ∪ V |U ) (21)

in which p(y, v|u)= p(y|v, u) · p(v|u) for all (u, v, y) ∈ (U, V, Y )◦.

These formulas generalize the rules mentioned in the Introduction and correspond to operations ordinarily
performed on conditional probabilities in Bayesian computations (Bernardo & Smith, 2000, pp. 127–130;
Koski & Noble, 2009, pp. 53–57). Here we assume that X , W , and Z — as well as U , V , and Y — are
(possibly multiple) variables that are disjoint from one another, and that p(W ∪ Z |X), p(Y |V ∪U ), and
p(V |U ) are probability kernels acting on them. Formulas (19) and (20), in the given writing, apply
when the kernel p(W ∪ Z |X) is of discrete type; similar formulas, with 6 replaced by

∫
, are suitable

for kernels of continuous type. Of course, the specification of the term p(w|z, x) in formula (20) is
acceptable only for any point (x, w, z) such that the denominator in the fraction is non-null, that is, the
value p(z|x) resulting from projection is positive. Furthermore, the kernels p(Y |V ∪U ) and p(V |U )
in formula (21) are here assumed to be of the same measure-theoretic type, that is, either both of them
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are families of mass functions (on domains Y ◦ and V ◦, respectively), or both are families of density
functions2. Lastly, it is readily seen that there is correspondence between the stated operations on kernels
and the operations on variable pairs defined by (2)–(4). For example, if p(Z |X)= J [p(Y |X),W ] then
(Z |X)= (Y \W |X)= J [(Y |X),W ], and similarly for the conditioning and promotion operations. Also
it is easily proved that the (6)–(11) still hold true when they are rewritten in terms of probability kernels
and operations on these.

The second step in this section is about the relation � specified by Definition 1, which may be recast
in terms of probability kernels as follows:

p(V |U ) is JC-derivable from p(Y |X) (notation p(V |U )� p(Y |X)) (22)

if p(V |U )= J [C[p(Y |X),W ], Z ] for some W, Z ⊆ Y such that W ∩ Z =∅.

Just as with the relation � between variable pairs, this relation between kernels is a partial order. Indeed,
it is reflexive, as W and Z in (22) could be the empty variable. It is transitive, by virtue of properties
(6)–(8) as referred to the J and C operations on kernels. It is antisymmetric, because if p(V |U )� p(Y |X)
and p(Y |X) � p(V |U ), then also (V |U ) � (Y |X) and (Y |X) � (V |U ), so that (V |U )= (Y |X), which
combined with p(V |U )� p(Y |X) implies p(V |U )= p(Y |X). Note that, in comparing any two kernels
p(V |U ) and p(V |W ∪U ), it could turn out that

p(v|u)= p(v|w, u) for all (u, v, w) ∈ (U, V,W )◦ (23)

which would mean that V and W are “conditionally independent” given U (Dawid, 1979, p. 3). In that
event, p(V |W ∪U ) would amount to a replica of p(V |U ), and we would accept p(V |U )� p(V |W ∪U )
as a true sentence, for a reason similar to accepting p(V |U )� p(V |U ) as a true sentence.

In order to relate Proposition 1 to probability kernels, we need to refer to a complete collection of
mutually consistent kernels. Let a full kernel p(T ) = p(T |∅) be given, that is, one single probability
function over the range T ◦ of the assumed full variable T . Then, in correspondence to any variable pair
(Y |X)∈ O(T ), we may JC-derive a kernel p(Y |X) from p(T |∅) by applying the conditioning operation
(20) relative to the variable X (i.e., variable X is transferred from the left to the right side of the bar) and
then applying the projection operation (19) relative to the variable T \ (Y ∪ X) (i.e., variable T \ (Y ∪ X)
is canceled from T \ X , so that precisely Y is what remains on the left side of the bar). By doing so for
each of the variable pairs in O(T ), a complete collection of kernels is obtained, here denoted by P(T )
and thus formally defined:

P(T )= {p(Y |X) : p(Y |X)= J [C[p(T |∅), X ], T \ (Y ∪ X)] for (Y |X) ∈ O(T )
}
.

2This is a limitation of the M operation as understood in this paper, which may be overcome by setting the concept of
probability kernel in measure-theoretic terms. Kernels p(Y |V ∪U )= (p(Y |v, u) : v ∈ V ◦, u ∈U◦) and p(V |U )= (p(V |u) : u ∈
U◦) may generally be families of Radon-Nikodym derivatives (of probability distributions) with respect to reference measures
(possibly of different kinds) µ and ν on the spaces Y ◦ and V ◦, respectively (Billingsley, 1995, pp. 439–440; Pollard, 2002,
pp. 84, 119). Hence, for each u ∈ U◦ the product function p(Y ∪ V |u) = (p(y|v, u) · p(v|u) : y ∈ Y ◦, v ∈ V ◦) in turn is a
Radon-Nikodym derivative (of a probability distribution) with respect to the product measure µ×ν on the product space Y ◦×V ◦,
and the promoted kernel p(Y ∪ V |U )= (p(Y ∪ V |u) : u ∈U◦) is the whole collection of these derivatives.
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The kernels in the collection P(T ) are mutually consistent as they originate from the same “parent”
p(T )— indeed, P(T ) is the collection of all kernels that are �-dominated by the assumed full distribution
p(T ). In addition, let P̃(T ) stand for P(T )∪ {]}, where the term ]— here called the null kernel — is
assumed to be lower in the order � than all members of P(T ) and represents “fictitious kernels” p(∅|X)
for X ⊆ T 3. The one-to-one correspondence between variable pairs in O(T ) and kernels in P(T )— and
between the terms ⊥ and ]— is an isomorphism between the ordered sets (Õ(T ),�) and (P̃(T ),�).
Proposition 1 shows that the former set is a lattice, so that also the latter is a lattice. The assumed full
kernel p(T ) and the null kernel ] are the supremum and the infimum in the lattice P̃(T ). The kernels
p(Y |X) in which |Y | = 1 are the atoms. The join and meet operations are defined by formulas that
duplicate (14) and (15) in terms of probability kernels.

The preceding argument has been cast in a top-down perspective, as a full kernel p(T ) has been
assumed available, from which a complete collection P(T ) of mutually consistent kernels may be derived.
But, in the construction of probabilistic models, a perspective somewhat opposite to this is actually taken.
Indeed, in constructing a model, kernels of low rank are first specified — that is, kernels p(Y |X) in which
Y is a variable of small cardinality, possibly an elementary variable, for simplicity. These are the building
blocks of the model, from which other kernels of higher rank are obtained — by combining the building
blocks through promotion or multiplication under suitable assumptions of stochastic independence — and
then other lower rank kernels can be JC-derived for the necessities of the modeling (Koller & Friedman,
2009, pp. 4–5).

Illustrations of this circumstance are offered by hierarchical Bayesian models in statistics. Let us
consider, for example, the following assignment formulas, in which D is an observable random variable
(it could be the mean of a sample of data), whose distribution is assumed to involve a location parameter
µ and a precision parameter λ, which themselves are conceived of as random variables with distributions
depending on hyper-parameters ν, ξ , α, and β, these being provided with definite hyper-prior distributions
(a model compatible with Bernardo & Smith, 2000, p. 440):

D ∼ Normal(µ, λ), µ∼ Normal(ν, ξ), λ∼ Gamma(α, β), (24)

ν ∼ Uniform(0, 50), ξ ∼ Uniform(0, 1), α ∼ Uniform(0, 1), β ∼ Uniform(0, 1).

In the terms we are using in this paper, these formulas specify seven primitive kernels p(D|µ, λ),
p(µ|ν, ξ), p(λ|α, β), p(ν|∅), p(ξ |∅), p(α|∅), and p(β|∅), which express postulates in the model (their
variable pairs are atoms in a lattice, as the conditioned variables are one-dimensional). For purposes
of statistical inference, the modeler may be interested in determining the kernel p(µ|D) that is implied
by the assumed postulates, that is, the family of posterior distributions of the parameter µ given the
observable quantity D. But for determining such low rank kernel (itself an atom) one must first ascend
from the given primitive kernels to the top kernel p(D, µ, λ, ν, ξ, α, β|∅) and then descend from this
to p(µ|D) through suitable conditioning and projections. Of course, such a procedure is only plausible
if a kernel p(D, µ, λ, ν, ξ, α, β|∅) that �-dominates all seven primitive kernels really exists (and is

3In numerical operations, the null kernel ] acts as the number 1, which is the neutral term of multiplication (cf. Studený,
2005, p. 20).
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reachable from these by ascending operations, possibly supported by suitable independence assumptions).
In general, however, if the primitive kernels in a model are specified separately from one another, there is
no a priori guarantee that there is a “consensus kernel” covering all of them, so that the stated problem
might fail to have a solution.

In addressing this topic, use must be made of the concept of “compatibility” as understood in the
discussions concerning conditional specified distributions and, more generally, conditionally specified
statistical models (Arnold, Castillo, & Sarabia, 1999, 2001). The concept can consistently be framed
within the theory developed so far in this paper.

Definition 2. Given kernels p(Y1|X1), . . . , p(Ym |Xm) are compatible with one another if there is a kernel
p(Z |W ) from which all of them are JC-derivable, that is, p(Yi |X i )� p(Z |W ) for all i = 1, . . . ,m.

Note that if p(Z |W ) is a kernel that satisfies this condition, then (Yi |X i )� (Z |W ) for all i = 1, . . . ,m,
so that (Y1|X1)∨ · · · ∨ (Ym |Xm) � (Z |W ). Thus, for verifying whether m given kernels are mutually
compatible, the standard approach would be to verify whether on the join of their variable pairs a kernel
may be constructed from which all of them can be JC-derived. Also note that this compatibility relation
fails to be universally transitive. For example, if X and Y are disjoint discrete variables, then any kernel
p(X |∅) is compatible both with any kernel p(Y |X) and with any kernel p(Y |∅), but these two could be
incompatible with each other — certainly they are compatible if p(Y |∅)= J [M[p(Y |X), p(X |∅)], X ].

For applications, one wants to have conditions that are easily testable and sufficient to ensure compati-
bility. The next proposition provides such a condition, which is rather general, as it only concerns the
variable pairs on which the kernels are acting. No mention is made of the specific form of the probability
functions in the kernels.

Proposition 2. Let (p(Y1|X1), . . . , p(Ym |Xm)) be a list of m≥ 2 probability kernels of the same type (i.e.,
either all of discrete type, or all of continuous type) such that their variable pairs satisfy this condition:

Yi ∩ (Yi−1 ∪ X i−1 ∪ · · · ∪ Y1 ∪ X1)=∅, for all i = 2, . . . ,m. (25)

Then the m kernels are compatible.

Proof. The proof is by induction on the number m ≥ 2 of kernels. First step: For m = 2, let any two
variable pairs (Y1|X1) = (Y |X) and (Y2|X2) = (V |U ) be given such that V ∩ (Y ∪ X) = ∅, that is
F ∪G =∅ in the terms of Figure 2, so that (Y |X)∨ (V |U )= (A∪ B ∪C ∪ D∪ E |H) according to (17).
Let p(Y |X)= p(A∪E |C∪H) and p(V |U )= p(B|D∪E∪H) be arbitrary kernels of the same measure-
theoretic type on the indicated variable pairs. We may extend these kernels into p(A∪ E ∪ D|C ∪ H)
and p(B|A∪C ∪ D ∪ E ∪ H) by setting

p(a, e, d|c, h)= p(a, e|c, h) · p(d), for all (a, e, d, c, h) ∈ (A, E, D,C, H)◦

p(b|a, c, d, e, h)= p(b|d, e, h), for all (b, a, c, d, e, h) ∈ (B, A,C, D, E, H)◦

where p(D) is a freely chosen kernel of the same type as the two given kernels. Then we may combine
the extended kernels by promotion to obtain the following kernel on the join (Y |X)∨ (V |U ):

p(A∪ B ∪C ∪ D ∪ E |H)= p(B|A∪C ∪ D ∪ E ∪ H) M p(A∪ E ∪ D|C ∪ H) M p(C |H)
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where p(C |H) is itself a freely chosen kernel. Note that the double promotion in this equation is
syntactically regular, as the third kernel is a promoter of the second, and in turn this is a promoter of
the first. Kernel p(A ∪ E |C ∪ H) is derivable from p(A ∪ E ∪ D|C ∪ H) by projection, and this is
derivable from p(A∪ B ∪C ∪ D ∪ E |H) because of (10) and (11). Furthermore, the remark associated
to (23) ensures that p(B|D ∪ E ∪ H) is derivable from p(B|A∪C ∪ D ∪ E ∪ H), and this is derivable
from p(A∪ B ∪C ∪ D ∪ E |H) because of (10). Therefore, p(Y |X)= p(A∪ E |C ∪ H) and p(V |U )=
p(B|D∪E∪H) are compatible kernels, as there exists a kernel from which both of them are derivable. Note
that p(A∪B∪C∪D∪E |H) does not involve any variable besides those involved in p(A∪E |C∪H) or in
p(B|D∪E∪H). Inductive step: Let us now consider any list (p(Y1|X1), . . . , p(Ym−1|Xm−1), p(Ym |Xm))

of m > 2 kernels whose variable pairs comply with condition (25), and suppose (as inductive hypothesis)
that the first m− 1 members in the list are compatible with one another, so that there is a kernel p(Z |W )

from which all of them are derivable. Based on the remark that concludes the first step of the current
proof, we may presume Z ∪W ⊆ Ym−1 ∪ Xm−1 ∪ · · · ∪ Y1 ∪ X1, so that Ym ∩ (Z ∪W )=∅ because of
hypothesis (25). Thus, the conditions are satisfied that make it possible to apply the argument in the first
step of the current proof to the kernels p(Z |W ) and p(Ym |Xm). The argument ensures the existence of
a kernel from which both p(Z |W ) (hence p(Y1|X1), . . . , p(Ym−1|Xm−1)) and p(Ym |Xm) are derivable.
Therefore, the m kernels are all compatible with one another. �

The proposition thus proved directly shows the internal consistency of the Bayesian model specified in
(24). Indeed, if the primitive kernels in the model are listed in the order

(p(β|∅), p(α|∅), p(ξ |∅), p(ν|∅), p(λ|α, β), p(µ|ν, ξ), p(D|µ, λ)),
then it appears that the conditioned variable in each kernel falls out of the collection of the variables involved
in the kernels preceding that kernel in the list, so that condition (25) for mutual compatibility of the kernels
is satisfied. More generally, suppose that (Tr(1), . . . , Tr(n)) is an ordering of the elementary variables
that form the full variable T = {T1, . . . , Tn} of a probabilistic model, and that (Tr(1)|X1), . . . , (Tr(n)|Xn)

are variable pairs — specifically, atoms in the lattice Õ(T )— such that X i ⊆ Tr(1) ∪ . . . ∪ Tr(i−1), for
each i = 1, . . . , n (in particular, X1 = ∅). Then Proposition 2 implies, as a corollary, that any kernels
p(Tr(1)|X1), . . . , p(Tr(n)|Xn) of the same measure-theoretic type (e.g., all discrete or all continuous ker-
nels) on those variable pairs are compatible with one another, and such kernels uniquely determine (through
multiple promotion, possibly supported by assumptions of stochastic independence) a distribution p(T ) on
the full variable of the model. Thus, possible kernels on the atom variable pairs (Tr(1)|X1), . . . , (Tr(n)|Xn)

form a system of independent and minimum-rank generators of possible full distributions for the model.
The corollary now highlighted corresponds to a key result in the theory of Bayesian networks. Indeed,

if the elementary variables in a collection T = {T1, . . . , Tn} are represented as nodes of an acyclic directed
graph (DAG), then a list ((Tr(1)|X1), . . . , (Tr(n)|Xn)) of variable pairs with the stated characteristics can
be formed, in which (Tr(1), . . . , Tr(n)) is a suitable permutation of T and X i (for i = 1, . . . , n) is the
set of “parents” of the variable Tr(i) in the graph. Therefore, if p(Tr(1)|X1), . . . , p(Tr(n)|Xn) are the
elementary probability kernels postulated in the Bayesian network, then by virtue of the stated corollary
a joint “consensus” distribution p(T ) does exist and this may be uniquely inferred (also thanks to the
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T1 T2

T3 T4

T5

Figure 4. The DAG of a Bayesian network on five elementary variables (from Kjærulff
& Madsen, 2008, p. 13).

conditional independences represented in the DAG) through the “chain rule”, which corresponds to
multiple promotion in our terms (Pearl, 1988, pp. 119–120; Darwiche, 2009, pp. 57–58). The DAG in
Figure 4 offers the basis for an illustration of the stated property. By associating to each elementary
variable the set of its parents in the graph — that is, the variables emitting an arrow towards that variable —
the following list of variable pairs is obtained:

(T1|∅), (T2|∅), (T3|T1), (T4|T1, T2), (T5|T3, T4).

It is seen that, in this ordering, the variable pairs do comply with condition (25) (a circumstance ultimately
due to the acyclic character of the graph), so that Proposition 2 ensures mutual compatibility among the
probability kernels that a modeler may specify in defining a Bayesian network on the DAG:

p(T1|∅), p(T2|∅), p(T3|T1), p(T4|T1, T2), p(T5|T3, T4). (26)

Furthermore, the DAG represents a system of conditional stochastic independences, which are assumed
true by the modeler. For example, it implies that the variable T5 is assumed to be conditionally independent
of the variable {T1, T2} given the variable {T3, T4}, this being the set of parents of T5. Because of such
independences encoded in the hypothesized graph, the specification (by the modeler) of the kernels (26)
directly entails (on account of (23)) the specification of these kernels:

p(T5|T1, T2, T3, T4), p(T4|T1, T2, T3), p(T3|T1, T2), p(T2|T1), p(T1|∅).

It is seen that, in this ordering (which for convenience is the opposite of that in (26)), each kernel is
a regular promoter of its immediate predecessor in the list. Thus, multiple promotion can be applied,
whose result will be the full distribution p(T1, T2, T3, T4, T5) the existence of which is ensured by the
configuration of the variable pairs owing to Proposition 2. Such multiple promotion amounts to an
ascension from five atoms in a lattice of kernels to their join (which, in this special case, equals the
supremum of the lattice itself).
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4. Order of variable pairs and compatibility of kernels

In this section, we present a result that illustrates the diagnostic power of the order � between variable
pairs as concerns a special aspect of compatibility between probability kernels. More precisely, we will
show that, for all variable pairs (V |U ) and (Y |X), one has (V |U ) � (Y |X) if and only if each kernel
p(Y |X) on the latter pair uniquely determines a kernel p(V |U ) on the former. In other words, if p(Y |X)
is given and (V |U )� (Y |X), then there exists one single kernel on (V |U ) compatible with it, whereas
if not (V |U ) � (Y |X), then there exist different kernels on (V |U ) compatible with the same p(Y |X).
As in the preceding section, implicit in the following arguments is the assumption that the kernels to be
combined or compared are of the same measure-theoretic type (either discrete or continuous).

In proving the indicated result, use will be made of one further operation on kernels, called multiplication,
which is defined as follows (cf. Koski & Noble, 2009, pp. 55–56):

for all p(Y |X) and p(Z |W ) such that Y ∩ (Z ∪W )=∅= Z ∩ (Y ∪ X) (27)

p(Y |X)× p(Z |W )= p(Y ∪ Z |X ∪W )

in which p(y, z|t, u, v)= p(y|t, u) · p(z|u, v)
for all (y, z) ∈ (Y, Z)◦ and (t, u, v) ∈ (X \W, X ∩W,W \ X)◦.

This formula is applicable also to cases in which W = ∅ (so that p(Z |W ) = p(Z |∅) is one single
probability function on the range Z◦) or Z =∅ (so that p(Z |W )= p(∅|W ) stands for the null kernel ];
see footnote 3). In these special cases, the definition becomes

p(Y |X)× p(Z |∅)= p(Y ∪ Z |X)
in which p(y, z|x)= p(y|x) · p(z) for all (y, z, x) ∈ (Y, Z , X)◦

p(Y |X)× p(∅|W )= p(Y |X ∪W )

in which p(y|x, w)= p(y|x) for all (y, x, w) ∈ (Y, X,W )◦.

It is easily shown that the product p(Y |X)× p(Z |W ) defined by (27) is itself a probability kernel; more
specifically, it is a family (indexed by (X ∪W )◦) of probability functions on (Y, Z)◦. Equally it can be
shown that multiplication is an associative and commutative operation, and for every variable S ⊆ Y it
satisfies these equations:

J [p(Y |X)× p(Z |W ), S] = (J [p(Y |X), S])× p(Z |W ) (28)

C[p(Y |X)× p(Z |W ), S] = (C[p(Y |X), S])× p(Z |W ). (29)

In other words, a kind of commutativity holds between multiplication × on the one hand and projection J
and conditioning C on the other hand.

Now we state and prove the main result in this section.

Proposition 3. Let (V |U ) and (Y |X) be any two non-null members of a lattice Õ(T ) of variable pairs.
Then (V |U )� (Y |X) if and only if for all kernels p(V |U ), p(Y |X), q(V |U ), and q(Y |X) such that the
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first two are compatible, and also the other two are compatible, the equality p(Y |X)= q(Y |X) implies
the equality p(V |U )= q(V |U ).
Proof. The “only if” part of this proposition is easily shown, on considering that if (V |U )� (Y |X), then
the stated compatibility hypotheses imply p(V |U )� p(Y |X) and q(V |U )� q(Y |X), that is

p(V |U )= J [C[p(Y |X),U \ X ], Y \ (V ∪U )] and q(V |U )= J [C[q(Y |X),U \ X ], Y \ (V ∪U )]
so that the equality p(Y |X)= q(Y |X) obviously implies the equality p(V |U )= q(V |U ). To prove the
“if” part is tantamount to proving that

if not (V |U )� (Y |X) (30)

then there are kernels p(V |U ), p(Y |X), q(V |U ), and q(Y |X) such that

p(V |U ) and p(Y |X) are compatible, q(V |U ) and q(Y |X) are compatible, and

p(Y |X)= q(Y |X) but p(V |U ) 6= q(V |U ).
In the terms of Figure 2 and on account of (13), the antecedent “not (V |U )� (Y |X)” in this implication
means that the condition B ∪C ∪ D ∪ G 6= ∅ holds true. Hereafter we separately discuss (using the
labels in Figure 2) three cases that exhaustively cover this condition. Case B ∪G 6=∅. Choose any two
probability functions p(B∪G) and q(B∪G) that are different from each other — such functions do exist,
simply because B ∪G 6=∅. Then consider any probability function r(A∪C ∪ D∪ E ∪ F ∪ H), combine
it with p(B ∪G) and q(B ∪G) by multiplication, thus obtaining

p(W )= p(A∪ B ∪C ∪ D ∪ E ∪ F ∪G ∪ H)= p(B ∪G)× r(A∪C ∪ D ∪ E ∪ F ∪ H)

q(W )= q(A∪ B ∪C ∪ D ∪ E ∪ F ∪G ∪ H)= q(B ∪G)× r(A∪C ∪ D ∪ E ∪ F ∪ H)

JC-derive the following kernels from p(W )

p(Y |X)= p(A∪ E ∪ F |C ∪G ∪ H)= J [C[p(W ),C ∪G ∪ H ], B ∪ D]
p(V |U )= p(B ∪ F ∪G|D ∪ E ∪ H)= J [C[p(W ), D ∪ E ∪ H ], A∪C]

and similarly the kernels q(Y |X) and q(V |U ) from q(W ). Kernels p(Y |X) and p(V |U ) are compatible,
because they are JC-derived from the same p(W ), and for a similar reason also q(Y |X) and q(V |U ) are
compatible. Furthermore, on account of (28) and (29),

p(Y |X)=
J [C[p(B ∪G)× r(A∪C ∪ D ∪ E ∪ F ∪ H),C ∪G ∪ H ], B ∪ D] =
J [C[p(B ∪G),G]×C[r(A∪C ∪ D ∪ E ∪ F ∪ H),C ∪ H ], B ∪ D] =
J [p(B|G)× r(A∪ D ∪ E ∪ F |C ∪ H), B ∪ D] =
J [p(B|G), B]× J [r(A∪ D ∪ E ∪ F |C ∪ H), D] =
p(∅|G)× r(A∪ E ∪ F |C ∪ H)
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and

p(V |U )=
J [C[p(B ∪G)× r(A∪C ∪ D ∪ E ∪ F ∪ H), D ∪ E ∪ H ], A∪C] =
J [p(B ∪G)×C[r(A∪C ∪ D ∪ E ∪ F ∪ H), D ∪ E ∪ H ], A∪C] =
J [p(B ∪G)× r(A∪C ∪ F |D ∪ E ∪ H), A∪C] =
p(B ∪G)× J [r(A∪C ∪ F |D ∪ E ∪ H), A∪C] =
p(B ∪G)× r(F |D ∪ E ∪ H).

Similar procedures show that q(Y |X) = q(∅|G)× r(A ∪ E ∪ F |C ∪ H) and q(V |U ) = q(B ∪ G)×
r(F |D∪E∪H). Therefore, p(Y |X)= q(Y |X) (because p(∅|G)= ]= q(∅|G)), but p(V |U ) 6= q(V |U )
(because p(B ∪ G) 6= q(B ∪ G) by the initial choice), so that the four kernels do comply with the
requirements in the consequent of implication (30). Case B ∪G =∅ and D 6=∅. As (V |U ) is presumed
different from ⊥ (the null variable pair), the hypothesis B ∪ G = ∅ implies that F 6= ∅. It is well
known that, for any two (non-empty) disjoint variables F and D, probability functions p(F ∪ D) and
q(F ∪ D) can be constructed such that p(F)= J [p(F ∪ D), D] and q(F)= J [q(F ∪ D), D] are equal,
but p(F |D)= C[p(F ∪ D), D] and q(F |D)= C[q(F ∪ D), D] are different. Given such functions, by
multiplication let us construct the following:

p(W )= p(A∪C ∪ D ∪ E ∪ F ∪ H)= p(F ∪ D)× r(A∪C ∪ E ∪ H)

q(W )= q(A∪C ∪ D ∪ E ∪ F ∪ H)= q(F ∪ D)× r(A∪C ∪ E ∪ H)

where r(A ∪C ∪ E ∪ H) is a freely chosen probability function. By applying the same method used
above, the following results are obtained:

p(Y |X)= p(A∪ E ∪ F |C ∪ H)= J [C[p(W ),C ∪ H ], D] = p(F)× r(A∪ E |C ∪ H)

p(V |U )= p(F |D ∪ E ∪ H)= J [C[p(W ), D ∪ E ∪ H ], A∪C] = p(F |D)× r(∅|E ∪ H)

and similarly q(Y |X)= q(F)×r(A∪E |C∪H) and q(V |U )= q(F |D)×r(∅|E∪H). Thus, the equality
p(F) = q(F) implies p(Y |X) = q(Y |X), and the inequality p(F |D) 6= q(F |D) implies p(V |U ) 6=
q(V |U ), so that the four kernels satisfy what the implication (30) requires. Case B ∪ D ∪ G = ∅
and C 6= ∅. A well-known fact, symmetric to that mentioned above, is that for any two (non-empty)
disjoint variables F and C , probability functions p(F ∪C) and q(F ∪C) can be constructed such that
p(F)= J [p(F ∪C),C] and q(F)= J [q(F ∪C),C] are different, whereas p(F |C)= C[p(F ∪C),C]
and q(F |C) = C[q(F ∪C),C] are equal. Drawing on this property, the third case in question can be
solved by the same method used for the previous ones, on taking account that (Y |X)= (A∪E∪F |C∪H)
and (V |U )= (F |E ∪ H) in the presumed situation. �

The proposition thus proved shows that the order relation � between variable pairs constitutes a general
criterion for deducibility between probability kernels. For illustrating the meaning of this statement, let
us assume T = {T1, T2, T3} as the full variable of a model and consider the following three variable pairs
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in the lattice Õ(T ) (see Figure 3 on page 86, top left):

(T1, T2|T3), (T1|T2, T3), (T3|T1, T2).

In principle, on each of these variable pairs various (infinitely many) alternative probability kernels may
be defined, but suppose that compatibility between kernels is required (cf. Definition 2). We may then
ask: given the compatibility requirement, does a deterministic constraint exist between how a kernel
on (T1, T2|T3) is chosen and how kernels on (T1|T2, T3) and (T3|T1, T2) may be chosen? Proposition 3
allows us to give the following answers. For any possible kernel p(T1, T2|T3) there is one single kernel
p(T1|T2, T3) compatible with it (and derivable from it by a C operation), because the relation (T1|T2, T3)�
(T1, T2|T3) between their variable pairs is true. On the contrary, for any possible kernel p(T1, T2|T3)

there are several kernels p(T3|T1, T2) compatible with it, because the relation (T3|T1, T2)� (T1, T2|T3)

between their variable pairs is false. It is remarkable that both answers can be given only considering the
candidate variable pairs, irrespectively of the specific kernel chosen for the pair (T1, T2|T3). In general,
for any fixed variable pair (Y |X) in a lattice Õ(T ), we may ask: which are the variable pairs (V |U ) such
that, for any kernel p(Y |X) there exists exactly one kernel p(V |U ) compatible with it? Proposition 3
answers that such variable pairs (V |U ) are precisely those such that (V |U )� (Y |X), that is, the members
of the ideal generated by the member (Y |X) within the lattice Õ(T ).

5. Concluding remarks

The motivations for this study arose from the examination of probabilistic models that involve several
variables and assign a prominent role to conditional probability distributions on them. Examples are
provided by Bayesian networks, probabilistic graphical models, hierarchical Bayesian models in statistics,
and Bayesian and Markov models in experimental sciences, which we mentioned in the Introduction along
with few selected references to the corresponding literature. In models of these kinds, distinct levels of
conditional probabilities are generally involved, in which the role played by any one variable in the system
may vary. An elementary illustration of such duplicity or reversibility of roles is provided by the Bayes
rule itself, as it intervenes in basic statistical models. Within the equation p(θ |D)= p(θ) · p(D|θ)/p(D)
that expresses the rule, the parameter quantity θ is a conditioning variable (placed on the right of the bar)
in the likelihood term p(D|θ), and becomes a conditioned variable (placed on the left of the bar) in the
posterior term p(θ |D). The opposite is true of the variable D representing the data.

With this study, we contribute ideas for a general framework in which the key components of such
probabilistic models may be represented and interrelated for analysis. For representing the key components
of a model, the comprehensive concept of “probability kernel” has been adopted, characterized as a family
of probability functions on one (possible multiple) variable that are indexed by some other (possible
multiple) variable. The analysis has been focused on such pairs of multiple variables and on the set-
theoretic relations and operations applicable to them. This analysis is bent toward generality, as it is
independent of the peculiar characteristics of the probability functions collected in a kernel. Working in
this perspective, significant implications of algebraic character have been found, especially relating to the
concept of a lattice.
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Although focused on the variables, our analysis has meaningful consequences concerning the probability
kernels acting on the given variables. Proposition 1 reveals a kind of algebraic structure into which the
kernels in a complex probabilistic model may be mapped and interrelated through operations, in a way
suggested by the Hasse diagrams in Figure 3. Proposition 2 provides a general criterion of compatibility
between kernels, that makes it possible to test whether given low rank kernels may be the building blocks
of a consistent probabilistic model. Proposition 3 provides a criterion for finding which kernels are
uniquely determined by a given kernel and may thus be unambiguously deduced from it. The criterion
is quite general and becomes strengthened when assumptions are introduced that specify the kind of
probability functions forming the kernels in a model — for example, deducibility between kernels of
Gaussian form.
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MINIMAL EMBEDDING DIMENSIONS OF CONNECTED NEURAL CODES

RAFFAELLA MULAS AND NGOC M. TRAN

A receptive field code is a recently proposed deterministic model of neural activity patterns in response to
stimuli. The main question is to characterize the set of realizable codes, and their minimal embedding
dimensions with respect to a given family of receptive fields. Here we answer both of these questions
when the receptive fields are connected. In particular, we show that all connected codes are realizable in
dimension at most three. To our knowledge, this is the first family of receptive field codes for which both
the exact characterization and minimal embedding dimension are known.

1. Introduction

A receptive field code is a deterministic model of neural activity patterns in response to stimuli defined by
Curto, Itskov, Veliz-Cuba and Youngs [5]. It consists of n ∈N neurons, each neuron i ∈ [n]= {1, 2, . . . , n}
has a receptive field Ui ⊆ Rd . Given a stimulus x ∈ Rd , the neurons generate a codeword σ(x) ∈ 2[n] via

i ∈ σ(x)⇐⇒ x ∈Ui . (1)

A receptive field code C(U)⊆ 2[n] is the set of all possible codewords generated from the collection of
receptive fields U = (U1, . . . ,Un). Without loss of generality, we can assume that every receptive field
code includes the empty set (∅ ∈ C), which is equivalent to assuming that

⋃
i∈[n]Ui ( Rd .

The minimal embedding problem is the following: given a code C ⊆ 2[n] and a family F = (Fd , d ≥ 1),
where Fd is a collection of sets in Rd , find the smallest d such that C = C(U) for some U ⊆ Fd . Call
this smallest d the minimal embedding dimension of the code C with respect to the family F , denoted
d∗(C,F).

This paper focuses on connected codes. These are codes realizable by connected sets in Rd , for some
d ∈N, which are either all closed or all open, following the convention of [5]. Our main results completely
characterize realizability and minimal embedding dimensions of connected codes. In particular, it is easy
to check if a code is connected, and if it is, then the minimal embedding dimension is at most three. We
state our main results below. Characterization of the minimal embedding dimension for the case d∗ = 2
is given in terms of the graph of a family of connected sets U (cf. Definition 9).

Proposition 1 (Realizability of connected codes). A code C is connected if and only if for each σ, τ ∈ C
and for each i ∈ σ ∩ τ , there exists a sequence of distinct codewords ν1, . . . , νm ∈ C such that:

• σ = ν1; • ν j ⊆ ν j+1 or ν j+1 ⊆ ν j , for every j ∈ [m− 1]; • νm = τ ; • i ∈ ν j for each j ∈ [m].

MSC2010: 92B20, 05C65, 05C10.
Keywords: none, receptive field code, minimal embedding, realizability.
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U1
U3

U4

U2

Figure 1. Four receptive fields generating the connected code C(U)= {∅, 1, 2, 3, 4, 12, 13, 23, 24, 123}.

Theorem 2 (minimal embedding of connected codes). Suppose C is a connected code. Let d∗(C) denote
its minimal embedding dimension with respect to the family of connected sets.

• d∗(C)= 1 if and only if the sensor graph of C is bipartite [22].

• Else, d∗(C)= 2 if and only if there exists a realization C(U)= C by connected sets U in dimension 3
such that the graph of U is planar.

• Else, d∗(C)= 3.

1.1. Related literature. The minimal embedding dimension d∗(·,F) and the family F of receptive fields
form a trade-off in measuring the complexity of the signal encoded by the neurons, and is thus of particular
interest in receptive field coding. In the extreme case where Fd is the collection of all sets in Rd , then
any code is realizable in dimension one [5].

Lemma 3. Let C be a code on n neurons. For any d ≥ 1, C = C(U) for some sequence of sets U in Rd .

There has been a number of work on criteria for realizability and bounds for d∗(·,F) when the set F
consists of (open or closed) convex sets [3; 6; 4; 5; 10; 11; 12; 13; 15; 16; 17; 22; 18]. However, complete
characterization and the exact minimal embedding dimension of convex codes remain a problem. Giusti
and Itskov [12] found necessary conditions for a code to be realizable with open convex sets, and proved
lower bounds on the embedding dimensions of such codes. In [3], Cruz, Giusti, Itskov and Kronholm
proved that there exists a family of codes, called max-intersection-complete codes, that are both open
convex and closed convex, and they gave an upper bound for their embedding dimension. To the best
of our knowledge, connected codes form the first family of receptive field codes for which an intrinsic
characterization and the exact embedding dimension is known. Furthermore, our proof gives explicit
constructions for the code realization in each dimension.

There are biologically observed receptive fields which are connected but not convex. A prominent
example are the center-surround fields in the ganglion cells on the retina [7; 1], which approximately have
the shape of a torus in dimension two. In some other cases, such as the grid cells in entorhinal cortex,
the receptive field of a single cell is neither convex nor connected [14]. Even amongst place cells of the
hippocampus, which generally have a single convex receptive field, it is shown that certain cells have
disconnected receptive fields [20]. Such a code with disconnected receptive fields may be realized as the
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projection of a connected code in higher dimensions. In comparison, these codes cannot be realized as
projections of convex codes in any dimension, because such projections preserve convexity. This gives us
motivations for studying connected codes.

In dimension 1, connected codes equal convex codes. This was completely characterized by Rosen
and Zhang [22] via the sensor graph and it is included in Theorem 2 for completeness. We do not define
the sensor graph of a code here, but note that it is an intrinsic property of the code, independent of any
realization U .

Jeffs [16, Theorem 4.1] gave an alternative characterization of connected codes, which is distinct from
our approach as it is formulated in terms of the links in the code, that we do not define here.

Receptive field codes are closely related to Euler diagrams, which found applications in information
systems, statistics and logic [8; 21]. Since their main applications are in visualization, the literature on
Euler diagrams focus exclusively on 2 and 3 dimensions. Translated to our setup, an Euler diagram in
R3 is a collection U = (U1, . . . ,Un) of closed, orientable surfaces embedded in R3. An Euler diagram
in R2 is a similar collection of closed curves embedded in R2. A diagram description is a code C such
that ∅ ∈ C. The description of an Euler diagram U is the code C(U◦), where U◦ := (U ◦1 , . . . ,U

◦
n ) consists

of the relative interior of the sets Ui ’s. The main problem in this literature is realizability: given a code
C, is there an Euler diagram U such that C = C(U◦)? Every code C can be realized by an Euler diagram
in dimension 2 [21], and by an Euler diagram in dimension 3 with connected sets Ui ’s [9]. Note the
crucial difference to receptive field codes: in an Euler diagram, codewords are generated by intersection
of the relative interior of the Ui ’s. In particular, all codes C which fail the condition of Proposition 1
satisfy C = C(U◦) for some tuple of closed connected sets U in R3, but C 6= C(U) for any tuple of closed
connected sets in any dimension.

2. Proof of the main results

We shall first give one definition and state a lemma that can be found in [5] and that will be useful for the
proof of our main results.

Definition 4. Let C be a code on n neurons. We say that C is realizable by an atom sequence A= (Aσ ⊆
Rd , σ ⊆ [n]) if Aσ 6=∅⇐⇒ σ ∈ C. In this case, write C = C(A).

Lemma 5. Let C be a code on n neurons. Then C = C(A) if and only if C = C(U), where

Ui =
⋃
i∈σ

Aσ , (2)

or equivalently,

Aσ =
( ⋂

i∈σ
Ui

)∖ ⋃
j /∈σ

U j , (3)

with the convention that A∅ = Rd
\
⋃

i∈[n]Ui .
In other words, A and U determine each other.
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Lemma 6. A code is realizable with closed connected sets in Rd if and only if it is realizable with open
connected sets in Rd .

Proof. Given C = C(U) where U = (U1, . . . ,Un) is a family of closed connected sets in Rd , we can
always construct a family of open connected sets in Rd , Û = (Û1, . . . , Ûn), such that Ui ⊂ Ûi for each
i ∈ [n]. The fact that the Ui ’s are contained in the Ûi ’s implies that the old intersections are preserved
and, furthermore, we can take the Ûi ’s small enough to avoid the formation of new atoms. In this way we
get a family of open connected sets in Rd with C(U)= C(Û).

Vice versa, if C = C(U) where U = (U1, . . . ,Un) is given by open connected sets, we can let Ũ =
(Ũ1, . . . , Ũn) be a family of closed connected sets in Rd such that Ũi ⊂Ui for each i ∈ [n]. The fact that
the Ũi ’s are contained in the Ui ’s implies that no new intersections are created, and we can take the Ũi ’s
big enough to preserve the old atoms. In this way we get a family of closed connected sets in Rd such
that C(U)= C(Ũ). �

Example 7. As an example of how Lemma 6 works, let U consists of three closed line segments in the
plane meeting at a “T”, so that C(U)= {∅, 1, 2, 3, 123}. Since we are in R2, open sets Ûi ’s containing
the line segments Ui ’s must be full-dimensional. Therefore we can take open rectangles Ûi ’s containing
the old Ui ’s, such that they intersect all together but not pairwise. In this way we have that C(U)= C(Û).

Definition 8. We say that two sets A, B ⊂ Rd are adjacent if A ∩ B = ∅ and either A ∩ B 6= ∅ or
A∩ B 6=∅, where A denotes the closure of A in the Euclidean topology.

Definition 9 (graph of a realization). Let C = C(U) be a connected code with realization U . Let A be the
atoms defined via U in (3). The graph of U , denoted G(U), is a graph with one vertex for every connected
component of each atom Aσ with σ 6=∅, and an edge for every pair of connected components of atoms
that are adjacent.

Lemma 10. Let C = C(U) be a connected code with realization U in dimension d. If G(U) can be
embedded in Rd ′ , then C can also be realized by connected sets in dimension d ′.

Proof. Take an embedding of G(U) in Rd ′ . Let A be the atoms defined via U in (3). Let vσ j ∈ Rd ′ be the
realization of the vertex of G(U) indexed by the j-th component of the atom Aσ . For each pair of nodes
vσ j and vτk , let eσ j,τk ⊂Rd ′ be the realization of the edge between these nodes. If they are not connected,
define eσ j,τk =∅. Now define atoms A′ in Rd ′ via

A′σ :=
⋃

j

(
vσ j ∪

⋃
τk:σ⊂τ

eσ j,τk

)
⊂ Rd ′,

for σ ∈ C\{∅}, and

A′∅ := Rd ′
\

⋃
σ∈C\{∅}

A′σ .

It is easy to check that C = C(A′), so C is realizable in dimension d ′, as needed. �
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2.1. Proof of Proposition 1. Let C be a code on n neurons. By Lemma 3, C = C(U) = C(A) for some
Ui , Aσ ⊆ Rd , i ∈ [n], σ ⊆ [n]. For each i ∈ [n], Ui is connected if and only if for every σ, τ ⊆ [n] such
that i ∈ σ ∩ τ , from each connected component Cσ of Aσ to each connected component Cτ of Aτ there is
a path Cσ =Cν1→Cν2 . . .→Cνm−1→Cνm =Cτ in G(C(U)), where Cν j ⊆ Aν j is a connected component
of Aν j , such that Aν j ⊆ Ui for each j ∈ [m]. Note that, in order to have the receptive fields either all
open or all closed, two connected components Cσ ⊆ Aσ , Cτ ⊆ Aτ are allowed to be adjacent if and only
if either σ ⊆ τ or τ ⊆ σ . Hence Ui is allowed to be connected if and only if for every σ, τ such that
i ∈ σ ∩ τ , there exists a sequence of distinct codewords ν1, . . . , νm ∈ C such that:

• σ = ν1,

• either ν j ⊆ ν j+1 or ν j+1 ⊆ ν j , for every j ∈ [m− 1],

• νm = τ and

• i ∈ ν j for each j ∈ [m].

This proves the proposition. �

2.2. Proof of Theorem 2. We split the statement of Theorem 2 into two parts, and prove them separately.
The first part, Proposition 11 states that the minimal embedding dimension for a connected code is at
most 3. The second part, Proposition 13 gives a characterization for connected codes with d∗ = 2. For
the case d∗ = 1, see [22, Proposition 1.9 and Theorem 3.4].

Proposition 11. Let C be a connected code on n neurons. Then C is realizable by connected sets in
dimension 3.

Proof. For all σ ∈ C\{∅}, choose disjoint balls Bσ ⊂R3 and for all σ, τ ∈ C such that σ ⊂ τ , let Tσ,τ ⊂R3

be a tube that connects Bσ and Bτ . Since we are in R3, the tubes can always be arranged so that they do
not intersect with each other and this can be proved by induction the number of tubes. Given m disjoint
tubes between |C\{∅}| balls, suppose we need to construct a tube Tσ,τ joining the balls Bσ and Bτ . Since
the number m of existing tubes is finite, we can pick a point s ∈ Bσ and a point t ∈ Bτ such that their
projections in the (0, 0, 1) direction is larger than that of any other point on the m existing tubes. Now
join s and t by a tube Tσ,τ such that its projection onto the (0, 0, 1) direction is larger than that of all
other tubes. Thus, Tσ,τ is disjoint from the first m tubes, completing the induction argument. Now, let

Aσ := Bσ ∪
⋃
σ⊂τ

Tσ,τ

for σ ∈ C\{∅} and let
A∅ := R3

\
⋃

σ∈C\{∅}
Aσ .

Then C = C(A). Define U from A via (2). By Lemma 5, C = C(U). By construction of A and since we
are assuming that C satisfies Proposition 1, the Ui ’s are connected. This completes the proof. �

Remark 12. The proof of Proposition 11 uses a classical technique that has been used for example also
in [3, Lemma 2.2], [16, Lemma 4.4] and [9, Lemma 4.1].
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Bτ

Bσ

Bτ

Bσ

Tσ,τ

Figure 2. Illustration of the construction in Proposition 11. Given m disjoint tubes
between |C\{∅}| balls (picture on the left), construct Tσ,τ such that its projection onto
the (0, 0, 1) direction is larger than that of all other tubes (right).

Proposition 13. Let C be a connected code on n neurons. Then d∗(C)= 2 if and only if there exists a
realization C = C(U) by connected sets in R3 such that G(U) is planar.

Proof. Suppose d∗(C) = 2. Then there exists a realization C = C(U) with U a collection of connected
sets U in R2. The graph of U , G(U), is by construction also embedded in R2. One can trivially embed a
realization in R2 into R3 without changing the graph G(U), so we are done. Conversely, suppose that
C = C(U) for some U in R3 such that G(U) is planar. By Lemma 10, C is realizable in dimension 2. �

We conclude our paper with two examples.

Example 14 (connected code with d∗ = 3). Consider the following code

C = {∅, 1, 2, 3, 4, 5, 12, 13, 14, 15, 23, 24, 25, 34, 35, 45}. (4)

This satisfies Proposition 1, so C is a connected code. It’s easy to see that every graph G(U) associated to
this code must be a subdivision of the graph in Figure 3; i.e., if C = C(U), then G(U) must be either the
graph in in Figure 3 or it can be obtained from it by subdividing some of its edges into two new edges,
which must be connected to a new vertex. This is due to the fact that C is the code that contains exactly
every i ∈ [5] and every pair i j of distinct i, j ∈ [5]. This implies, by Kuratowski’s theorem [2], that every
graph associated to C is not planar. By Theorem 2, C has minimal embedding dimension 3.

12

1

2

23
24

15
25

13 3

14
5 45 4

35 34

Figure 3. The graph of a connected realization of a code C with d∗(C)= 3 in Example 14.
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v{1}1 v{12}1 v{123}1

v{3}2

v{3}1

v{12}2 v{2}112312 121 2

3

3

Figure 4. The realization of a connected code C with d∗(C)= 2 in Example 15 and its graph.

Example 15 (connected code with d∗ = 2). Let C = {∅, 1, 2, 3, 12, 123} be a code on 3 neurons. By
Proposition 1, this code is connected. Figure 4 shows its realization by connected sets in R2, and the
corresponding graph. We claim that the minimal embedding dimension of this code is 2. One could verify
by computing the sensor graph of C. Alternatively, note that for the code to be realizable by connected
sets, we must have U1 ∩U2 ∩U3 6=∅ and Ui can not be contained in U j for every i, j ∈ [3], i 6= j . This
is clearly not possible in dimension 1.

3. Open directions

In practice, neural firing is stochastic. One could incorporate noise to the receptive field code by replacing
the deterministic equation (1) with some parametrization of the firing probability P(i ∈ σ(x)|x ∈Ui ). To
be well-defined, this model needs further specifications, such as the distribution of the signal on Rd . In
this formulation, the minimal embedding dimension is a difficult and poorly formed statistical problem.
Furthermore, it is clear that the minimal embedding dimension depends heavily on such details. However,
underlying such models the assumption that there is a set of true receptive fields U . Knowing the minimal
embedding dimension for the deterministic model ensures that the neuroscientists do not have excessively
many parameters, which can lead to ill-defined estimation problems. From this view, Theorem 2 states that
if the true receptive fields are only required to be connected, one can assume that they are in dimension 3.

Apart from connected and convex sets, there are many biologically relevant models for receptive fields.
Finding the minimal embedding dimension of receptive field codes realizable by any given family is an
interesting and challenging problem. To be concrete, we propose another simple family motivated by
observations from neuroscience. In experiments, one often encounter a group of neurons which all have
the same receptive field up to translation, such as the retinal ganglion cells, head direction cells [7], place
cells and grid cells [19; 14]. This corresponds to the case where Fd consists of all possible translations of
some set S ⊂ Rd . We call this the shift code. Thus, a concrete open problem is: which shift codes can be
realized, and what would be their minimal embedding dimensions?
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