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A new method of extracting vortical structures from a turbulent flow is proposed
whereby topological segmentation of an indicator function scalar field is used
to identify the regions of influence of the individual vortices. This addresses a
long-standing challenge in vector field topological analysis: indicator functions
commonly used produce a scalar field based on the local velocity vector field;
reconstructing regions of influence for a particular structure requires selecting
a threshold to define vortex extent. In practice, the same threshold is rarely
meaningful throughout a given flow. By also considering the topology of the
indicator field function, the characteristics of vortex strength and extent can be
separated and the ambiguity in the choice of the threshold reduced. The proposed
approach is able to identify several types of vortices observed in a jet in cross-flow
configuration simultaneously where no single threshold value for a selection of
common indicator functions appears able to identify all of these vortex types.

1. Introduction

Defining and extracting vortices from a turbulent flow is a long standing challenge
with implications for a wide variety of applications including study of turbulent
boundary layers (e.g., del Alamo et al. [7]) and turbulence-chemistry interaction
(e.g., Grout et al. [12]). Several intuitive descriptions of a vortex have been ar-
ticulated. An early description of a vortex was as a coherent volume of material
spinning around a common core [19]. A more recent description is as a coherent
structure of the turbulent flow field; a connected, large-scale fluid mass with phase-
correlated vorticity over its spatial extent [15]. Directly extracting vortices based
on such definitions has proven practically infeasible especially in the complex,
time-dependent flows of greatest interest. Instead, a number of indicator functions
have been proposed such as vorticity magnitude [1; 9], eigenvalues of the velocity
gradient tensor [6], the second invariant of the velocity gradient tensor [14; 18],
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and the A; criterion [16]. Given any of these derived quantities, vortices are defined
using isosurfaces at a particular function threshold. While each indicator function
has particular advantages and disadvantages they share two common problems.
First, selecting a threshold determines both the strength of the vortices one is
interested in as well as their spatial extent. A single threshold is rarely meaningful
throughout the entire flow and a given threshold selection can have undesirable
consequences. For example, when a weak threshold is selected, high strength
vortices can balloon and ultimately merge erroneously. Conversely, when a strong
threshold is selected it can cause lower-strength vortices to be ignored. Second, the
common indicator functions are known to have a large dynamic range in which case
the absolute strength of a vortex may not necessarily be equivalent to its importance.
For example, in our test data involving a flame in a turbulent jet in cross flow
configuration, the jet break-down region contains significantly stronger vortices
in absolute terms than the wake vortices below. However, the wake vortices are
an essential part of the description of the overall flow pattern. Combined, these
two issues lead to the dilemma of choosing a strong threshold that ignores many
important features or a weak one which includes a large number of spurious and/or
potentially severely distorted features (see Figures 3 and 4).

In practice, there typically does not exist an optimal threshold, which leads to
frequent criticism about the influence of the ultimate choice of threshold on the
results of a subsequent analysis [16]. Alamo et al. [7] found this problem particularly
frustrating in their analysis of a turbulent boundary layer. In order to compute the
volume fraction occupied by vortex regions across a boundary layer, they noted
that threshold values of their indicator function suitable for the near wall region
detected few vortices in the outer part of the boundary layer. Furthermore, when
suitable thresholds for the outer part were selected, the near wall region became
cluttered and obfuscated. To mitigate this effect, they scaled the threshold used
based on the standard deviation of their indicator function across planes parallel to
the wall (i.e., their threshold was dependent on the distance from the wall). This
approach was very effective although it depended on leveraging the single direction
of inhomogeneity in their specific configuration.

To avoid ambiguities associated with ad hoc vortex extraction methods this paper
proposes a general, simple, yet highly flexible vortex detection technique based on
the topological analysis of an arbitrary scalar indicator function. A key advantage of
our approach is that it decouples the identification of a vortex from the specification
of its extent. We first find seeds for all potential vortices as local maxima/minima of
the indicator function. Subsequently, we use a topological encoding of the indicator
function to optimize a local threshold for each vortex according to some user defined
criterion such as size or volume constraints, relative thresholds, or deviations from
some assumed model. The resulting vortices can then be explicitly included or
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excluded from any analysis depending on various selection criteria such as size,
strength, location, or shape. Our contributions in detail are:

« a new methodology for defining and extracting vortices using topological
encodings;

« using a simple but effective metric called relevance to define vortices in terms
of a relative threshold that is scaled according to the per-vortex extrema rather
than the global indicator range; and

» a case study using a complex, highly turbulent flow that demonstrates the
effectiveness of the relevance metric in extracting well-formed, nonoverlapping
vortices from many standard indicator functions while requiring no a priori
knowledge of the flow geometry.

The remainder of this paper is organized as follows: we first introduce the
necessary mathematical concepts and show how a broad range of vortex detection
techniques can benefit from topological encodings. We then introduce relevance as
an example of a simple to compute metric designed to improve upon traditional
thresholding. After a brief survey of common indicator functions, we show how
the relevance metric and topological segmentation improve on simple thresholding
for a representative direct numerical simulation (DNS) dataset. We conclude with a
discussion of the generality of the approach and future work.

2. Topological segmentations

This section introduces some basic concepts from scalar topology used throughout
the discussion. We then show how vortices defined through any indicator function
are equivalent to so called sub- or superlevel sets of the indicator and how these can
be efficiently encoded in a merge tree. The advantage of the topological techniques
is that they partition the domain into isolated features independent of feature strength.
Finally, we define a general class of tree transforms that lead to a notion of localized
thresholds and define relevance as a particularly simple yet powerful transform to
define vortex extents.

Merge trees. Given a connected domain M and a smooth function f : M — R
the region Sup r(c) = {peM| f(p) = c} of M with function value greater c is
called the superlevel set of c. We call a connected component of a superlevel set
a supercontour. The merge tree of f encodes the evolution of the supercontours
as ¢ is swept from oo to —oo. Each time ¢ passes a local maxima of f a new
supercontour is created and supercontours merge at selected saddles sometimes
referred to as merge-saddles. Collectively, this structure is typically represented
as a tree with local maxima forming the leaves, merge saddles the internal nodes,
and the global minimum of f the root (see Figure 1(a)). The arcs of this tree
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Figure 1. (a) A merge tree forms a compact encoding of an indicator function. It encodes
the merging of contours as the function is lowered through its range. Each branch represents
a portion of the domain as indicated by the colors. (b) The selection of a threshold is
equivalent to performing a horizontal cut through the tree. Each subtree corresponds to a
vortex. (¢) Rather than use a single global threshold, localized thresholds can be used to
identify the extents of vortices.

represent evolving supercontours that may change their shape but do not touch
other supercontours. Equivalently, the sublevel sets, Subs(c) ={p e M| f(p) <c}
give rise to the split-tree containing local minima as leafs, split-saddles as internal
nodes, and the global maximum as root.

Given an indicator function / (see Section 3) vortices are traditionally defined
using a threshold ¢ as regions with the I > ¢ or I < ¢, or equivalently as the
super-/subcontours of /. The following discussion will assume the former case,
concentrating on superlevel sets but the results for sublevel sets are symmetric.

A merge tree that encodes the indicator function topology forms a highly compact
representation of vortices at all thresholds [2]. Given the duality between vortices
and supercontours it is convenient to think of choosing a threshold as a cut through
the tree. More specifically, consider laying out the tree vertically according to the
function values of the nodes. The selection of a threshold is equivalent to drawing
a horizontal line through the tree cutting it into a forest of subtrees (Figure 1(b)).
Each subtree corresponds to a vortex, and therefore, finding a good threshold is
equivalent to finding an appropriate cut through the tree. The challenge of finding
a global horizontal cut through the tree nicely illustrates the issues that can arise
when choosing a global threshold to define all vortices. Selecting a high cut will
miss all lower branches of the tree, yet moving the cut too low will result in overly
large (or rather high) subtrees that no longer represent meaningful vortices. Instead,
we propose to use the flexibility of merge trees to define local thresholds.

Local thresholds. The main insight from the discussion above is that there is no
need to use a horizontal cut to define vortices. In fact any disjunct set of subtrees
will define a set of vortices, where each vortex is given by the supercontour that
contains the root of its corresponding subtree. Therefore, selecting subtrees is one
convenient way of defining local thresholds. Nevertheless, the problem of finding a
“good” set of local thresholds remains challenging.
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As mentioned in Section 1, traditionally the threshold performs two important
tasks. It defines which regions of the data set are considered “vortex-like” and it
determines the spatial extent of a vortex. For global thresholds these two choices are
inextricably linked resulting in two competing and sometimes mutually exclusive
sets of goals. Local thresholds allow us to ignore the first condition of which regions
to consider. Instead, we initially consider all possible vortices as identified by all
leaves in the merge tree, i.e., all regions with a local maximum of the indicator.
Conceptually, one can consider this a cut that runs just below all leaves of the tree
which corresponds to a (maximal) set of tiny, “seed” vortices. Subsequently, we
can determine the spatial extent of each of these vortices by lowering the local
threshold, which effectively grows and merges vortices. This results in an arbitrary
cut of the tree which intersects the path from each leaf to the root exactly once
(Figure 1(c)). Since in this manner we are guaranteed to not miss a potential vortex
one can use an arbitrary user defined metric to define the “optimal” spatial extent
and the corresponding local threshold. As well be demonstrated later, the results
tend to be insensitive to the choice of the metric.

Metric indicators. Defining a cut as described above provides a highly flexible
means to select vortices. For example, one could use a goodness of fit to an idealized
structure, such as an Oseen vortex to identify well formed structures. However, the
merge tree also allows to go beyond identifying a single set of vortices. In particular,
rather than finding an “optimal” cut point along each path from a leaf to the root
one can evaluate a given metric for all possible subtrees. As long as these values
respect the structure of the merge tree, i.e., each subtree being assigned a higher
metric than its parent, the metric itself effectively defines a new indicator function.
Conceptually, assigning values to all subtrees defines not just a single cut through
the tree but a nested set of cuts according to the metric. One can now “straighten”
these cuts by mapping the original indicator values of all the nodes of the tree to
the metric values. Furthermore, since there exists a one-to-one correspondence of
the merge tree branches to the original domain, the mapping of the tree induces a
mapping of the original indicator field to a new function. The practical advantage of
this approach is that in the new metric indicator traditional isosurfaces correspond
to a potentially highly sophisticated feature definition but can be extracted with any
traditional tool and for various metric values. Note that the metric indicator does
not need to be smooth or even continuous as long as it is monotone. For example,
evaluating an arbitrary metric and then inflating or deflating its values to enforce
monotonicity is a perfectly valid approach.

Relevance. To demonstrate the effectiveness of the general approach we show
how relevance —a metric initially introduced to study extinction regions in a
turbulent flame [17] — can be described in this framework and used to improve
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vortex detection. Relevance computes a local threshold as the relative difference in
the indicator with respect to the local maximum. More formally, for every node
n in the tree its relevance R(n) with respect to an indicator / is defined using the
relative difference in indicator between a node and the local maximum in its subtree

max{/ (x) | x € subtree(n)} — I (n)

R(n)=1- - .
max{/ (x) | x € subtree(n)} — min(/)

Intuitively, relevance describes the relative strength of a vortex compared to its
neighborhood. It is not smooth as the local maximum changes discretely at saddle
points but it is naturally monotone: Assume that m, n are two nodes of the merge
tree part of the same subtree with I(n) < I(m). Let M, and M,, be the local
maxima of n and m respectively. It follows that I (M,) > I(M,,) which leads to
R(n) < R(m):

[(My) —I(m) _ T(Mn) — 1)
I(M,,) —min(I) = I(M,,) —min(])
I (M) —I(n)
— I (M,) —min(])
I (M) —I(n)
— I(M,)) —min(])

1—R(m) =

=1- R(n).

As will be demonstrated below, this identifies a significantly larger number of
well-formed and well-separated vortices than traditional techniques as vortices of all
strengths are identified using the same relevance. In practice, this set would likely
be filtered by volume, strength or other secondary criteria. While relevance has
proven highly useful [17] and simple to compute, other metrics could be substituted.
For example, one could extract vortices of equal volume or compute other integrated
properties to define local thresholds.

Implementation. A reference implementation of the local thresholds including
the relevance transform is publicly available as part of the adaptive thresholds for
feature extraction (ADAPT) package at http://github.com/scalability-1Inl/ADAPT.
The framework uses a variant of [3] which first sorts all vertices according to their
indicator function followed by global union-find to construct the tree. One advantage
of this scheme is that it produces a fully augmented tree, meaning one that contains
not just critical points but all vertices. While this is slightly less efficient (especially
in terms of memory) it allows one to compute the chosen metric, (i.e., relevance)
for all vertices in the original field. For convenience ADAPT directly outputs the
transformed field of the metric indicator which can then be analyzed and processed
with any of the standard visualization or analysis tools without modifications.
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3. Scalar fields for identifying vortices

For convenience and precision, we turn now to a brief specification of the indicator
functions that we extract from the dataset and use to explore the segmentation
technique in the next section. These arise from a decomposition of the velocity
gradient tensor Vii = S + € into a symmetric part (rate-of-strain tensor),

S=2[Vi+ Vi)', (D
and an antisymmetric one (vorticity tensor),
Q@ =3[Vi—(Vi)"]. ()
The “invariants” of Vi [4] are
P=u;, Q=3%@y—ujuy)=—%ujuj, R=det(u;). 3)

Several indicator functions have been proposed; Chakraborty et al. [4] explored
the connections between several of these and showed that they are closely related.
In the following sections, we will consider several of these commonly referred to
as: the Q criterion, the A; criterion, the A criterion, and the vorticity magnitude.
We leave aside others such as the kinematic vorticity number, and the M criterion,
proposed by Haller [13]. The M criterion defines a vortex based on Lagrangian
considerations; while interesting, here we are focused on Eulerian measures.

The Q criterion. The second invariant, indicating the rotational character, is often
used as an indicator of vorticity alone. In compressible flows it is also appropriate to
include a pressure criterion, defining a vortex as a region where Q > 0 and pressure
is less than ambient pressure. As discussed by Haller [13], in two dimensions this
reduces to an elliptic version of the “Okubo—Weiss” criterion.

The )\, criterion. Proposed by Jeong and Hussain [16], the A; criterion defines a
vortex core as a connection region with two negative eigenvalues of the symmetric
tensor (S2 + £2). This is equivalent to saying a vortex exists in regions where
X2 <0, and A, is the intermediate eigenvalue of (S? 4 2). Although this appears
unambiguous, in practice the field is noisy and an alternate threshold is often used.
In proposing the X, criterion, the inadequacy of earlier definitions was discussed.
Some examples are that the that the |w|-definition is inappropriate for wall layer
flows, that the |w|-definition can not simultaneously capture rib vortices following
an elliptic vortex ring and the main structure due to the large variation in vorticity,
and that the A-definition (see below) is unable to properly identify a conically
symmetric vortex. Jeong et al. also considered various DNS data sets (e.g., of a
temporal mixing layer and of a circular jet) to show the improvements made by the
Ay criterion.
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The A criterion. The A criterion, proposed by Chong et al. [6], defines a vortex
as the region of space where the vorticity is sufficiently strong to cause the rate-of-
strain tensor to be dominated by the rotation tensor, i.e., the rate-of-deformation
tensor has complex eigenvalues. This occurs when the discriminant is positive:

A=(30) +(3R) >0 @

Vorticity. The vorticity tensor of the velocity field in our DNS is given by
1 (0u; Ouj
oj=5(5—22), )
2 ij 3)6,'

Q =2a),'ja),~j. (6)

and the enstrophy by

The topology for the enstrophy is matched by the vorticity magnitude which we
operate on in the following section where the vorticity magnitude is defined as

ol = (32)"°.

4. Results

This section will first introduce the test DNS dataset in more detail before comparing
vortices identified through relevance with the traditional global thresholds for
different indicator functions.

4.1. Test dataset: reacting turbulent jet in crossflow. The test dataset we have
chosen is a turbulent reacting jet-in-crossflow configuration described in detail by
Grout et al. [11] and depicted in Figure 2. The dataset was constructed using a
fully resolved direct numerical simulation (DNS) of a turbulent boundary layer
of air with a nitrogen-diluted hydrogen jet introduced into the domain through a
nozzle hole on the wall. The domain size was 25 x 20 x 20 mm and a Cartesian
grid with 1408 x 1080 x 1100 points was used. The simulation was conducted
using S3D [5], a finite-difference code which solves the compressible reacting
Navier—Stokes equations with multispecies transport and chemical reaction. The
turbulent boundary layer inflow conditions for the three spatial components of the
velocity vector were developed by an auxiliary simulation of a periodic flow above
a flat plate driven by a pressure gradient. This solution was sampled on a fixed
wall-normal planar section of the cross flow that was then used to specify the inflow
velocity for the main simulation.

Of note, in addition to the turbulent boundary layer structures, the flow features
the jet-in-cross-flow vortical structures identified by Fric [8]: the horseshoe vortices
upstream of the jet, the wake vortices between the wall and plume downstream of
the jet, the jet shear-layer vortices formed between the jet and the crossflow and the
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Figure 2. Jet in cross flow test DNS data set [11].

counter-rotating vortex pair in the far-field. In addition, the intense turbulence and
vortical structure present in the jet break-down region is interacting with the heat-
release driven expansion (dilatation) from the presence of a flame anchored in the
jet [11]. Partially due to the wide dynamic range and multitude vortices embedded
in vortices (as in practical turbulent flows), this dataset has resisted analysis using
common indicator functions. The approach proposed herein is a formalization of the
analysis presented by Grout et al. [10] where topological segmentation of indicator
function scalar fields was used to identify vortices for qualitative comparison to the
flame position.

4.2. Comparison to previous approaches. Here we compare vortices defined using
relevance to determine local thresholds with vortices defined through different global
thresholds. It is important to point out that, at their core, merge trees simply allow
a convenient abstraction to choose local thresholds. Ultimately, they still depend
on the chosen indicator function and inherit all its advantages or disadvantages.
Obviously, for any vortex that can be defined using a local threshold, there exists the
corresponding global threshold and vice versa. However, what merge trees provide
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Ay = —1000 Ay =—100

Figure 3. Vortices extracted using Q and A; indicator functions at different thresholds.
Vortices are randomly assigned one of 27 colors.

is a means to simultaneously extract all vortices of interest rather than having to
explore a wide range of global thresholds. Here we use relevance as a particularly
simple metric, but, as discussed above, other approaches could be substituted.
Figures 3 and 4 show vortices extracted using different indicators at various
global thresholds. While some are clearly better than others at finding well formed
vortices all indicators exhibit the same general behavior. In order to correctly
identify the strong shear-layer vortices and those in the center of the flame, very
high thresholds are required. However, these exclude all weaker vortices of interest.
Yet, lowering the threshold results in the entire breakdown region being erroneously
identified as a single vortex. Instead, relevance enables one to extract vortices of all
strengths simultaneously as shown in Figure 5. The separation of identification of
a vortex existence and strength from any enlargement due to strength is possible
because the relevance field encodes local information. At any arbitrary location
in the global relevance field, the value indicates the vortex strength relative to the
associated local extrema. This theoretically limits the highest value of relevance
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Vort =5 x 100 Vort = 2 x 100 Vort =1 x 10°

Figure 4. Vortices extracted using the A and Vorticity indicator functions at different
thresholds. Vortices are randomly assigned one of 27 colors.

(largest vortex extent) that can be selected without ambiguity about which vortex is
identified, but in practice we have found that all of the indicator functions drop to
values far from the local maxima/minima between vortices so this does not seem to
pose a problem. This is supported quantitatively by Figure 6, where the number
of vortices identified is reasonably insensitive to the relevance threshold over a
wide range. Figure 6 also shows the number of vortices each indicator identifies
for a range of thresholds for the raw indicator function (i.e., not processed by our
algorithm). For the global indicator function thresholds, the number of vortices
identified varies significantly and nonmonotonically: slight changes in the threshold
cause unpredictable changes in which vortices are considered distinct.

The relevance plots all show the expected behavior of monotonically decreasing
vortex counts as a zero relevance identifies all possible seed vortices and lower
thresholds progressively merge seeds into more realistic structures. This merging
of seeds at low relevance also serves to eliminate numerical noise. The absolute
thresholds on the other hand all show significantly fewer individual vortices for most
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Vorticity criterion at relevance 0.8

Figure 5. Side (left) and zoomed-in front view (right) of the vortices extracted at relevance
0.8 for the Q, X,, A and Vorticity indicator indicator functions. Both the shear-layer and
central flame vortices as well as the low strength vortices on the side and in the back are
well separated. A produces similar results to Q and X, but the vorticity vortices tend to be
distorted and pancake-like rather tube-shaped.
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Figure 6. Sensitivity of number of vortices identified to a single scalar threshold and the
relevance based threshold. In all cases the number of vortices detected varies smoothly
with the relevance parameter (red line, top axis) and is much less sensitive than to the raw
threshold (black line, bottom axis).

parameter ranges. Since for lower parameter values significantly more regions are
considered vortex-like, this means that simultaneously strong vortices are combined
into large superstructures as expected by the images of Figures 3 and 4. To further
quantify the differences Figure 7 shows unnormalized cumulative distribution
functions (CDFs) of the vortex sizes at different thresholds for vortices covering
more than ten voxels to remove artifacts. For all but the A, criterion the relevance
thresholds identify significantly more individual vortices and far fewer large outliers.
Overall, this confirms the impression of the visualizations that relevance is able to
simultaneously detect a much large number of well formed vortices. It is worth
noting that while we see separation of identification of the vortices from the process
of filtering based on vortex intensity as a positive, information about the strength
of the vortex is in some sense lost in this process. It falls to the analyst to use the
input fields to label the vortices based on some opportune criteria to indicate their
strength. For example, we have found it convenient to first identify vortices based
on a relevance criteria and then select vortices based on the strength of the local
maxima contained within the each structure. Figure 8 shows the unnormalized
CDF of the per-vortex maximal vorticity for all indicators at the default Relevance
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old values for four common indicator functions. In all cases, the relevance metric detects
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Figure 8. (a) Unnormalized CDF of maximal per-vortex vorticity for different indicators
for R = 0.8. (b) Rendering of the vortices identified by the Q criterion color by max
vorticity: (red) [105, max]; (green) [3 x 104, 105]; and (blue) [0, 3 x 104].

of 0.8. All indicators show roughly the same behavior even though the A and Q
criteria are able to extract a few noticeably weaker vortices. More important than
this specific example is the fact that using local thresholds other selection criteria
can be specified individually and without the problem of creating massive artificial
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structures in high indicator regions. Clearly, other criteria such as vortex radius,
length, etc, could also be used for subselection. A convenient aspect of encoding
the results of the topological analysis in a relevance field is that the single field
can then be fed into existing downstream analysis and visualization tools for such
analysis.

5. Conclusion

While a single isosurface of many traditional measures of vorticity typically com-
bines features (because the strength of the vortices varies rather than because the
features are part of the same structure), the proposed approach keeps these separate.
By bounding the features by a fraction of the local maximum, we decouple the
identification of the vortex extents from the strength of the vortex. Furthermore,
because the identification of the vortex extents is insensitive to the value chosen,
this ultimately reduces the subjective nature of the analysis. Our approach can be
used with any of the standard indicator functions and preserves all their desirable
features, such as Galilean invariance. However, the proposed method does not
identify “tiered” structures where a large scale rotational motion may contain
smaller vortices where the vorticity has valleys inside of the largest structure. This
is a direct consequence of basing the segmentation on scalar fields designed to
extract regions of consistently dominant rotational motion. When Jeong and Hussain
[16] proposed the A; criterion, two of the primary criticisms of earlier methods were
the treatment of the conical vertex and the inability to simultaneously represent
vortices with a large variation in strength. Our method, when applied to the A,
fields inherits improvements made in both of these areas. As the X, field in practice
tends to be very noisy, it is still limited in the second respect. However, when
segmented through a topological approach, it is easy to “clean up” for unambiguous
identification of structures. In addition, the topological approach also addresses the
difficulty of using the vorticity magnitude to simultaneously represent vortices with
widely varying strengths.
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