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INVESTIGATION OF FINITE-VOLUME METHODS
TO CAPTURE SHOCKS AND TURBULENCE SPECTRA
IN COMPRESSIBLE FLOWS

EMMANUEL MOTHEAU AND JOHN WAKEFIELD

The aim of the present paper is to provide a comparison between several finite-
volume methods of different numerical accuracy: the second-order Godunov
method with PPM interpolation and the high-order finite-volume WENO method.
The results show that while on a smooth problem the high-order method performs
better than the second-order one, when the solution contains a shock all the
methods collapse to first-order accuracy. In the context of the decay of com-
pressible homogeneous isotropic turbulence with shocklets, the actual overall
order of accuracy of the methods reduces to second-order, despite the use of
fifth-order reconstruction schemes at cell interfaces. Most important, results
in terms of turbulent spectra are similar regardless of the numerical methods
employed, except that the PPM method fails to provide an accurate represen-
tation in the high-frequency range of the spectra. It is found that this specific
issue comes from the slope-limiting procedure and a novel hybrid PPM/WENO
method is developed that has the ability to capture the turbulent spectra with the
accuracy of a high-order method, but at the cost of the second-order Godunov
method. Overall, it is shown that virtually the same physical solution can be
obtained much faster by refining a simulation with the second-order method and
carefully chosen numerical procedures, rather than running a coarse high-order
simulation. Our results demonstrate the importance of evaluating the accuracy
of a numerical method in terms of its actual spectral dissipation and dispersion
properties on mixed smooth/shock cases, rather than by the theoretical formal
order of convergence rate.

1. Introduction

The utility of high-order accurate numerical methods has been a subject of discussion
within the computational fluid dynamics (CFD) community for several decades.
As suggested in the review paper [29], one of the myths in the debate over low-
versus high-order numerical methods is the ability to get an accurate solution at a

MSC2010: 35L67, 65N08, 76F05, 76F50, 76F65.
Keywords: homogeneous isotropic turbulence, high-order numerical methods, WENO, PPM,
Godunov, computational fluid dynamics, compressible turbulent flows.
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reduced computational cost. High-order methods are more costly on a per point
basis but can potentially obtain a solution of the desired accuracy on a coarse mesh.
Low-order methods are easier to implement, less costly per point, but require a
finer mesh to obtain accuracy equivalent to a high-order method.

The theoretical order of accuracy k of a numerical method describes the order
of the truncation error made when approximating the derivative of a function via
a numerical discretization. In practice, the order of accuracy can be quantified by
the asymptotic rate of convergence of the solution error & with respect to the mesh
size h, namely & oc h*. This type of theoretical asymptotic estimate argues for the
utility of high-order methods ([29] defines high-order as k > 3). However, realizing
this type of convergence depends on the smoothness of the solution.

In most CFD applications, particularly those involving turbulent flow, the solution
is adequately resolved well before reaching the asymptotic regime of the numerical
method (see the discussion in [1]). This issue is exacerbated for compressible flow.
The solution can include shock waves that require local dissipation to prevent the
appearance of spurious nonphysical oscillations in the solution, reducing the order
of accuracy of the numerical method employed.

A more realistic way to assess a numerical method is to determine the cost needed
to obtain a desired accuracy. In the context of viscous compressible turbulent flow,
we can frame the question in terms of the resolution required to resolve the spectrum
of the turbulent flow. Indeed, it is emphasized that the performance of a numerical
method should not be defined only by the order of the convergence of the error
for smooth solutions. A better measure for the actual accuracy is the ability of the
numerical method to adequately resolve both the inertial range and the dissipative
range of the turbulent energy spectrum.

Unfortunately the literature on the development of numerical methods often
provides tests and comparisons based on canonical cases, which consist of the
propagation of smooth solutions or very specific cases with discontinuities. As
an alternative we propose investigating the performance of numerical schemes for
resolving the spectrum of a complex turbulent flow, especially in a context where
both shocks and a wide range of turbulent scales interact in the flow field. To the
authors’ knowledge, only a few papers [4; 14] deal with such a complete study.
However, [4] only investigates incompressible flow, while in [14] the impact of the
mesh resolution is not investigated and simulations are only performed on a coarse
mesh. As will be shown in the present paper, refinement of the mesh allows spurious
small structures to develop and may lead to inaccurate spectra in the high-frequency
range. We advocate that one of the most important features of a numerical method
should be its robustness to any discretization size.

Many different numerical methods exist to solve partial differential equations,
and each of them present pros and cons depending on the problem investigated.
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For example compact finite difference schemes [16] are very efficient to accurately
capture turbulent energy spectra, but their performance quickly degrades when
applied to geometries more complicated than a triply periodic cubic box, and/or
if the solution is not smooth enough. In the context of the simulation of flows in
engineering applications, complex geometries are often involved and multiphysics
phenomena can occur. See for example [22] where simulations of flames are
performed in a realistic gas turbine combustion chamber. For such complicated
applications, finite-volume methods are often preferred because they are intrinsically
conservative, robust, and flexible enough to handle both unstructured and structured
meshes. Moreover, finite-volume methods fit naturally within the paradigm of
adaptive mesh refinement (AMR) using the concept of refluxing across multigrids
to achieve conservation properties.

The goal of the present paper is to compare and investigate the performance of
several popular finite-volume methods for the compressible Navier—Stokes equations.
Let’s recall that a finite-volume method seeks to reconstruct data at the interface
between cells, and then to solve a Riemann problem so as to evaluate the fluxes
that cross the cells. As explained above, a flow may contain shocks. In typical
compressible Navier—Stokes the associated shock profiles are so thin that they
cannot for all practical purposes be represented by the points of a numerical mesh.
Because from one cell to another there is a strong difference in the states of the flow,
a specialized treatment is given to reconstruct fluxes that capture the discontinuities
without introducing spurious oscillations. Several techniques have been proposed
in the literature, but a complete review is beyond the scope of the present paper and
can be found in reference textbooks [17; 26].

In the present paper, two techniques are considered. First, in the asymptotic
second-order Godunov method, the classical PPM interpolation procedure [8; 20]
considers several limiters to enforce the monotonicity, for example starting with
the van Leer method [28]. Second, the present paper also investigates the high-
order finite-volume method developed by [25], which is based on the weighted
essentially nonoscillatory (WENO) schemes. There is an extensive literature on
different variants of WENO schemes and a complete description is beyond the
scope of the present paper; a review can be found in [24]. The basic idea of
WENO schemes is to provide a high-order nonlinear reconstruction method, which
effectively captures discontinuities but can also be dissipative on smooth solutions.
Note that several different WENO variants were tested during the present study
and it has been found that, overall, they provide similar results despite exhibiting
some robustness discrepancies. Thus, for clarity purposes, only one WENO variant
is employed in this paper, but we provide in Appendix C more comprehensive
results to highlight the performance and robustness issues that we encountered
while testing the different WENO variants.
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Three test cases of increasing complexity are investigated in the present paper.
First, the convection of a smooth vortex is considered, followed by the simulation
of a classical shock-driven Shu—Osher problem. It is emphasized that these test
cases are chosen here because they are commonly employed in the literature to
assess performance of numerical schemes. Here the results show that while on a
smooth problem the high-order method performs better than the second-order one,
when the solution contains a shock all the methods collapse to first-order accuracy.
Finally, the decay of compressible homogeneous isotropic turbulence (HIT) with
shocklets is investigated. Comparisons reveal that a second-order Godunov method
with the classical PPM interpolation provides essentially the same results as a
fourth-order finite-volume WENO scheme but at a significantly lower cost. It is
emphasized that virtually the same physical solution can be obtained much faster
by refining a simulation with the second-order method, rather than running a coarse
high-order simulation. However, the results also show that the refinement of the
mesh presents some limits when using the second-order Godunov procedure with
the classical PPM interpolation. Indeed, it is found that when the mesh is fine
enough, a nonphysical pile-up of energy appears in the high-frequency range of
the turbulent spectra. After an intensive trial and error process, it has been found
that the limiting procedures employed by the PPM to ensure monotonicity are
responsible for this pile-up of energy in the high-frequency range of the spectra.

One of the most significant innovations of the present paper is to propose replacing
the interpolation and limiting procedures at cell interfaces in the classical PPM
algorithm by a WENO interpolation. It is shown that the novel proposed hybrid
PPM/WENO method has the ability to capture the turbulent spectra with the accuracy
of a high-order method, but at the cost of the second-order Godunov method.

This study makes use of CFD software developed at the Center for Computational
Sciences and Engineering (CCSE) group' at the Lawrence Berkeley National
Laboratory in the USA. The codes are implemented in the AMReX framework,’
which facilitates the development of a generic postprocessing chain as well as the
assessment of computing costs via embedded profiling functionality. Note that
while the AMReX library supports AMR applications, only single-level grids are
employed in the present paper. Two codes are being compared:

« PeleC, which is based on a second-order Godunov procedure. Interpolation
to evaluate data at cell faces is performed either with the original unsplit
PPM [20] method, or with the hybrid PPM/WENO developed in the present
paper. The diffusion operators are evaluated with a second-order finite-volume
discretization.

1https://ccse.lbl.gov
2https://amrex-codes. github.io/amrex/
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¢ RNS, which is based on a fourth-order finite-volume WENO method [25]
in space. Note that RNS was originally built for the development of the
adaptive multilevel spectral deferred correction (AMLSDC) method, which
is a fourth-order time-integration method [9], but in the present paper the
classical Runge—Kutta algorithm is employed instead. Note that the diffusion
terms are discretized with a fourth-order conservative finite-volume technique.
First, the cell-averaged conserved variables are used to compute fourth-order
approximations to point values at cell centers using the procedure outlined
by McCorquodale and Colella [19] and then explicit formulae are used to
compute derivatives needed to compute the diffusive fluxes at Gauss points on
the cell faces directly.

The remainder of the present paper is organized as follows. In Section 2, the
set of equations solved by the codes is presented. In Section 3 the RNS code is
presented, as well as a short description of the high-order finite-volume WENO
scheme that is employed for the spatial discretization. Next, in Section 4 the
PeleC code together with the original PPM algorithm are presented, followed in
Section 4.3 by the novel hybrid PPM/WENO method developed in the present paper
that captures the turbulent spectra with the accuracy of a high-order method at the
cost of a second-order Godunov method. Results are then presented in Section 5.
The convection of a smooth vortex and the Shu—Osher problem are investigated in
Sections 5.1 and 5.2, respectively, while the decay of compressible homogeneous
isotropic turbulence with shocklets is investigated in Section 5.3.

2. Governing equations

The software employed in the present study was initially developed for the simulation
of combustion problems, and the codes solve the multicomponent reacting Navier—
Stokes equations. However, only nonreacting problems with no specific mixture
are investigated in the present study. Consequently, the set of equations solved are
significantly simplified and are given by

9 L9 (pouy=0 (1)
0 TV (e =0,
opu
IpE
W—FV-[(pE#—p)u]=V-(kVT)+V-(t-u), 3)

where p is the density, u is the velocity, p is the pressure, E = e +u -u/2 is the
total energy, T is the temperature, and A is the thermal conductivity. The viscous
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stress tensor is given by
T=n(Vu+ V)" + (s = i) (V-w)], @)

where 1 and ¢ are the shear and bulk viscosities.
The system is closed by an equation of state (EOS) that specifies p as a function
of p and T. An ideal gas mixture for the EOS is assumed:

p=pTR, 5)

where fR is the specific gas constant. Here we set C,, and C,, the heat capacities at
constant pressure and volume, respectively, to follow an ideal gas law proportional
to the ratio of the specific heats y so that (5) is equivalent to the relation

e=p/(y —Dp (6)

where e is the specific internal energy and y is setto y = 1.4.
Note that for simplicity, the system presented in (1), (2), and (3) is recast in the

form of
oU
W—FV-F:S, 7

where U is the vector of conservative variables, while F represents the convective
flux vector and S contains the diffusive terms.

3. RNS: a high-order WENO-based finite-volume solver

The RNS code implements high-order temporal and spatial AMR integration meth-
ods for combustion applications. The major innovative feature of this code is the
development of the adaptive multilevel spectral deferred correction (AMLSDC)
method, which is fourth-order in time [9]. The Runge—Kutta method for AMR
applications as presented in [19] is also implemented. In the present paper, the
second-order explicit midpoint Runge—Kutta method is used. Note that although not
shown in the present paper, the results were compared to the fourth-order Runge—
Kutta and AMLSDC approaches, and results were virtually the same without
impacting the spatial solutions, which is attributed to the fact that the time steps
involved are small, and the spatial errors introduced at shocks dominate the solution.

The diffusion terms are discretized using standard finite-volume techniques.
First, the cell-averaged conserved variables are used to compute fourth-order
approximations to point values at cell centers using the procedure outlined by
McCorquodale and Colella [19]. These point values of conserved quantities are
then used to compute primitive variables, and explicit formulae are then used to
compute derivatives needed to evaluate the diffusive fluxes at Gauss points on the
cell faces directly. Similarly, diffusion coefficients are computed at cell centers
using point values and are then interpolated to Gauss points.
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The spatial discretization of the advection terms in the algorithm uses the con-
servative finite-volume WENO reconstruction presented in [25]. The following
approach is repeated for each stage of the Runge—Kutta integration scheme:

(1) For each cell, the conservative equation (7) is rewritten in terms of primitive
variables.

(2) The primitive variables are reconstructed at the cell interfaces with a fifth-order
WENO scheme in order to provide a left and a right state for each face. For
2D and 3D cases, the variables are first reconstructed to Gauss quadrature
nodes to evaluate their average value in the direction normal to the faces.
This procedure is obviously computationally expensive, but as shown by [30],
a midpoint rule for integrating fluxes is not sufficiently accurate to obtain
fourth-order convergence. Note that although the solution is reconstructed
at cell interfaces with fifth-order WENO procedures, the method is formally
fourth-order accurate because a fourth-order quadrature rule is employed to
integrate the flux over faces.

(3) The HLLC algorithm [27] is employed to reconstruct the fluxes through the
faces.

In the present study, several different WENO schemes were investigated and
results show that the so-called WENO-Z variant [5] performs the best. Some
elements of the comparison results are presented in Appendix C. As the conservative
finite-volume WENO method presented by [25] is based on the so-called WENO-JS
scheme generalized by Jiang and Shu [13], we first review the basic principles,
followed by a short description of the WENO-Z variant.

3.1. The WENQO-JS method. For a given cell i, the principle of a WENO method
is to provide a high-order approximation of the variable ¢ interpolated on the left and
the right sides of a face, denoted éiLH P and c}iR_ 12 In the remainder of this section,
the procedures to evaluate c}ﬁr 1 are provided; CZ-R, 12 is evaluated analogously.

In the WENO-JS method proposed by [13], a fifth-order polynomial approxi-
mation of c}iLH 2 is constructed through a convex combination of the values élk Y12
interpolated with a third degree polynomial on a three-point stencil &, such that

2
S ~k
f1p = Z Widiy1/2 ®)
k=0
with
i1 = ¢Cqi2—Tqi1+ 1), Q)
i1 = £(—qi-1 +5¢; +2gi+1), (10)

712 = (241 +5qi11 — qiv2)- (1)
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Here, wy are nonlinear weights balancing the contribution of each stencil, and the
challenge is to find the best values to capture shocks the most accurately while
preserving the resolution of the spectrum of a solution.

The weights wy are defined as

o dy
= 2 b ak = b
Zl:O o Bk +e)?

where dj, are the so-called optimal weights because they reconstruct the fifth-order
upstream central scheme for the five-point stencil, B; are the smoothness indicators,
oy are referred to as the unnormalized weights, and € is a parameter set to avoid a
division by zero. The parameter p controls the adaptation rate. According to [3],
a large value of p leads to unnecessarily high dissipation in smooth regions of
the flow. In the present study, the parameter is set to p = 1 for all the test cases.
Moreover, as suggested by [3], € is set to € = 10740,
The smoothness indicators g are given by

Wk

(12)

Bo=B(@i->—2qi-1+q))* + 1(@i—> — 4qi—1 +3q))*, (13)
Bi =B (@Gi-1 —2qi + qir1)* + 1(@i—1 — gi+1)’, (14)
Br = B(gi —2qi+1+ qi+2)* + 13qi —4qit1 +qit2)*. (15)

One of the features of the conservative finite-volume WENO method is that the
optimal weights as well as the formulae for the reconstructed values differ if the
interpolation is performed in the normal direction at faces or at the Gauss integration

points & = & + AE/(24/3) [25].

« For the normal direction through a face, the optimal weights are

do = 15, di =5, dy = 3, (16)

—|

and qAﬁrl /2 is given by

4l = $002qi—2 —Tgi1 +11¢q;)
+ to1(=gi-1 +5¢i +2gi+1) + t02(2q; + 5¢i11 — qiv2). (17)

« For the first Gaussian integration point & = & + A& /(2+/3), the optimal weights

are

_ 210—/3 1 _ 210443
dyp = T d d + (18)

1= 13 2 1080 °

and g (&; + A£/(2+/3)) is given by
q(& + 55 08) = wolqi — (=3q; +4gi-1 — gi-2)%2]

+wi[gi — (gi—1 — 61i+1)‘l/—2§] + w2[qi — (Bqi — 4qi 41 +615+2)]/—2§]- (19)
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Recall here that a simple mirror-symmetric change to the coefficients and the
formulae will provide n}iR_ 12 and ¢ (& — AE/(2V/3)).

3.2. The WENO-Z method. A well known issue with the original WENO-JS
method is that the smoothness indicators f; employed to compute the weights wy, fail
to recover the maximum order of the scheme at critical points when the derivatives of
the flux function vanish. Borges et al. [5] propose a different approach to overcome
the issues of the WENO-JS method by acting directly on the smoothness indicator
Br with a very simple formulation. The so-called WENO-Z method is given by

w? = L S with !? = dy (1 + i )P (20)
‘ Ziz:o Ol,-(Z)’ ¢ Pite)’

where

75 = [Bo — B2l 21

Similarly to the WENO-JS method, the parameter p controls the detection of the
smoothness of the solution. In the present study, the parameter is set to p = 1 to
reduce as much as possible the dissipation of the numerical scheme. Note that the
WENO-Z method simply provides a new way to compute the nonlinear weights wy
and can be directly implemented in the conservative finite-volume WENO method,
regardless if the interpolation is performed in the normal direction at faces or at the
Gauss integration points.

4. PeleC: the second-order Godunov-based finite-volume solver

The PeleC code is a second-order AMR finite-volume solver for reacting and
nonreacting fluid simulations with complex geometry and support for Lagrangian
spray particles. The simulations performed in the present paper only use a fraction
of the capability of the software, namely the Godunov-based integration procedure
on a single-level mesh grid. Note also that PeleC is part of the Pele Suite of codes,
which are publicly available and may be freely downloaded,’ and that all the test
cases investigated in the present paper are available from the PeleC distribution and
can be reproduced.

The solution is advanced from time # to time n+1 with the second-order Godunov
method

U*=U"—AtV-F'"V2 LA S (22)
U =U* + 1A1(S* — 8™, (23)

where Ar = t"*1 —¢" is the time step. The second step at (23) is a correction of the
solution to ensure second-order accuracy by effectively time-centering the diffusion

3 https://amrex-combustion.github.io/
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source terms. The conserved state vector U is stored at cell centers, and the flux
vectors are computed on cell edges.

The convective flux vector F that appears in (22) is constructed from time-
centered edge states computed with a conservative, shock-capturing, unsplit Go-
dunov method, which makes use of the piecewise parabolic method (PPM) [8],
characteristic tracing, and full corner coupling [2; 20]. As the present paper proposes
a modification of the PPM method, for ease of exposition the whole algorithm will
be detailed in 1D for the Euler equations. It is emphasized that the algorithm can
be extended to multidimensional problems and multicomponent flows. Moreover,
since the publication of the original paper [8] presenting the PPM method, several
modifications have been proposed in the literature [20; 7; 6]. Consequently, the
algorithm implemented in the code PeleC incorporates some of the variants, but it
is emphasized that these changes only differ slightly from the original PPM method.
Many variants have been tested through this study, and while not reported in the
present paper, none fundamentally change the results.

4.1. System of primitive variables. The conservative equation (7) is rewritten in
terms of primitive variables, such that
a 0
00 | 402

9¢ _¢ 24
ar ax 2 24

Here Q is the primitive state vector, A = dF /9 Q, and S is the viscous source
terms reformulated in terms of the primitive variables.
In one dimension, this becomes

Jo u p 0 0 Jo
u 0 u 1/p O u |
» + 0 p u 0 =Sg. (25)

pe/, 0 pe+p 0 u pe/

Note that here, the system of primitive variables has been extended to include an
additional equation for the internal energy, denoted e. This avoids several calls to
the equation of state, especially in the Riemann solver step.

The eigenvalues of the matrix A, are given by

AA)={u—c,u,u,u+c}. (26)

The right column eigenvectors are

1 10 1
_|—<¢/p 00c/p
=L 2 00 2| @D

h 01 h
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The left row eigenvectors, normalized so that I, - r, = I, are

0 —p/Qc) 1/(2¢*) 0O
1 0 —1/c% 0
0 0 —h/c? 0
0 p/(Q2c) 1/(2¢*) 0

I, = (28)

Note that here, ¢ and / are the sound speed and the enthalpy, respectively.

4.2. Edge state prediction. As discussed at the beginning of Section 4, the fluxes
are reconstructed from time-centered edge state values. Thus, the primitive variables
are first interpolated in space with the PPM method; then a characteristic tracing
operation is performed to extrapolate in time their values at n + %

4.2.1. Interpolation and slope limiting. Basically the goal of the algorithm is to
compute a left and a right state of the primitive variables at each edge in order to
provide inputs for the Riemann problem to solve.

First, the average cross-cell difference is computed for each primitive variable
with a quadratic interpolation as

8qi = 2(qit1 — qi1). (29)

In order to enforce monotonicity, §¢; is limited with the van Leer [28] method

8q; = min(|8q;|, 21gi+1 — qil, 21qi — gi—11) sgn(8g;), (30)

and the interpolation of the primitive values to the cell face g; 41,2 is estimated with
Qi+1/2:qi+%(qi+l —Qi)—é((scl,-*ﬂ —8q;). 31

In order to enforce that g; /> lies between the adjacent cell averages, the fol-
lowing constraint is imposed:

min(g;, gi+1) < qi+1/2 < Max(q;, gi+1)- (32)

The next step is to set the values of g ;1,2 and g1 ; 11,2, which are the right
and left states at the edges bounding a computational cell. Here, a quartic limiter is
employed in order to enforce that the interpolated parabolic profile is monotone.
The procedure proposed by [20] is adopted, which differs slightly from the original
one proposed in [8]. In [20], this specific procedure is followed by the imposition
of another limiter based on a flattening parameter to prevent artificial extrema in the
reconstructed values. In the present paper, the order of imposition of the different
limiting procedures is reversed.



12 EMMANUEL MOTHEAU AND JOHN WAKEFIELD
First, the edge state values are defined as

qr.i+1/2 =qi+1)2, (33)
qR.i—1/2 =qi—1/2- (34)

Then the flattening limiter is imposed as

qr.i+1/2 < Xiqr,i+12 + (1 + xi)qi, (35)
qRr.i—172 < Xiqr.i-12 + (1 + xi)qi, (36)
where x; is a flattening coefficient computed from the local pressure, and its

evaluation is presented in Appendix A.
Finally, the monotonization is performed with the procedure

qL.i+1/2 =qR,i—1/2 =i it (qr.i+172 —qi)(qi —qRr.i-12) > 0, 37
qr.i+12 =3qi —2qr.i-12 it lqr.i+12 —qil =2 2|qRr.i-12 — qil, (38)
qri-12=3qi —2qr.iv12 it lqr.i—12 —qil 2 2lqriv12 — qil. (39)

4.2.2. Piecewise parabolic reconstruction. Once the limited values gg ;1,2 and
qL,i+1,2 are known, the limited piecewise parabolic reconstruction in each cell is
done by computing the average value swept out by a parabolic profile across a face,
assuming that it moves at the speed of a characteristic wave A;. The average is
defined by the integrals

' 1 (i+1/2)Ax
3P = —— / gl (x) dx, (40)
ok AX J((i+1/2)—0) Ax
L 1 ((i—1/2)+0r) Ax
39 (g = / gl (x) dx, (41)
ok AX Ji—1/2)Ax

with o = |Ar|At/Ax, where Ay = {u — ¢, u, u, u + c}, while At and Ax are the
discretization steps in time and space, respectively, with the assumption that Ax is
constant in the computational domain.

The parabolic profile is defined by

4 (%) = qri—12+E®IqLiv12 —qri-12+ i6(1 —EX)]  (42)

with
qi.6 =6qi —3(qRr.i-1/2+9qL.i+1/2) (43)

and

—Xi—1/2

X
§(x) = Ay NI <x < Xjg1)2 (44)
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Substituting (43) into (40) and (41) leads to the explicit formulations

k
@) = qr.iv12 — Sorlar.ivie —arivp — (1— 201)di6]: (45)

k
39 ) = qri-12+ rorlar.ivie —ariviz + (1= 30k)gi)- (46)
4.2.3. Characteristic tracing and flux reconstruction. The next step is to extrapolate
in time the integrals 91‘ ) to get the left and right edge states at time n + % This
procedure is complex, especially in multidimensions where transverse terms are

taken into account; the complete detailed procedure can be found in [20]. In 1D,
the left and right edge states are computed as

1/2 k=u k=u-+c k
gy, =98 N Bl 987 9O+ Larsy, @)

ki =0
Gty =90 = 3" B 19870 — W+ Jarsy 48)
k<0
where 1
5 if A =0
={2 T 49
Pr {1 otherwise, (49)

and [; and r; are the left row and right column of the matrices defined in (27)
and (28) for each eigenvalue k. Note that here, S represents any source terms at
time n to include in the characteristic tracing operation.

Finally, the time-centered fluxes are computed using an approximate Riemann
problem solver. Here the HLLC algorithm [27] is employed. At the end of this
procedure the primitive variables are centered in time at n + %, and in space at the
edges of a cell. This is the so-called Godunov state and the convective fluxes can
be computed to advance (22).

4.3. The hybrid PPM/WENQO method. As will be shown in the results in Section 5,
the PPM method presented above gives good results for a small computational
time compared to the fourth-order finite-volume WENO strategy, which is costly.
However, for fine meshes, the PPM method exhibits a significant pile-up of energy
in the high-frequency range of the spectra, which is undesirable and limits mesh
refinement. It has been found that the pile-up of energy at the high frequencies
was sensitive to the slope-limiting procedure presented in Section 4.2.1. As many
variants can be found in the literature, an attempt to tweak this procedure was made,
for example by playing with the numerical parameters (see Appendix A) or by
removing the slope-limiting operation completely. Also, the procedure given in [7]
was tested. For all cases, the results were very similar and the impact on the pile-up
of energy was modest and not satisfying.

After an intensive trial and error process, it became apparent that the interpolation
and slope-limiting procedure described in Section 4.2.1 was not robust, leading to
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poor results in the high-frequency range. Here we consider replacing this whole
procedure by a WENO interpolation.

Basically, the purpose of the hybrid PPM/WENO method is only to replace the
procedure in Section 4.2.1, and qiLJrl P and qiR_ 1/ are instead given by (17). Then
the PPM algorithm continues exactly the same as in Section 4.2.2.

As shown in Appendix C, as WENO-Z [5] appears to be the most robust and
gives satisfying results for a small computational cost compared to other WENO
methods, only the WENO-Z method is employed below, but it is emphasized that
any other WENO reconstruction methods can be employed. For ease of exposition,
the hybrid method will be called PPM/WENO in the remainder of the paper, but one
has to keep in mind that the WENO-Z method has been used for the reconstruction
at faces.

5. Results

The numerical methods presented in the previous section are tested and compared
on three very different test cases. The first one is the convection of a smooth
compressible vortex. This test case is chosen because it highlights the theoretical
order of accuracy of the numerical methods. The second test case is the Shu—Osher
problem, which represents the extreme opposite of the smooth vortex test case. The
Shu—Osher problem is very difficult to solve numerically, because a shock wave
is propagating in an oscillating entropy field, and the challenge is to capture the
shock while resolving the phase and amplitude of the fluctuating entropy. As will be
shown, all the methods perform correctly, but for all of them the rate of convergence
collapses to first-order. The last test case is the decay of compressible homogeneous
isotropic turbulence in the presence of eddy shocklets. This test case can be viewed
as a combination of the two previous test cases, because it contains both shocks and
discontinuities, as well as smooth turbulence structures that lie in a large-bandwidth
turbulent spectrum. More specifically, this test case is representative of flows that
are encountered in practical CFD applications (see [22] for an example). Note that
in the remainder of this section, the initial solution comes from either an analytical
solution or a synthetic manufactured solution. It is important to note that there is
an averaging process over the volume to provide a consistent initial solution. For
the fourth-order method, the procedure is slightly different to preserve a high order
of accuracy: the solution is first expressed at the Gauss points, and the integration
over the volume is performed via the quadrature rule.

5.1. 2D convection of a smooth compressible vortex. The following test case con-
sists of the convection of a 2D compressible vortex. This test case has been used
frequently in the literature to assess the performance of outflow characteristic
boundary conditions [21; 23]. The interest for this test case is that the solution is
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smooth and presents weak compressibility effects. Here, the vortex is convected
in a periodic domain so as to accumulate numerical errors from the discretization
schemes. For each numerical method, the same test case is simulated with increasing
mesh resolution. The time step is computed based on the mesh resolution via a
constraint on the CFL number, set to 0.7. At the end of a simulation, convergence
is measured using the $'-norm of the difference of the x-velocity between the final
computed solution and the analytical solution:

3o litsol — ther]
&y = OCB; (Ssol - Sref) = w, (50)
N
where subscripts sol and ref identify the numerical solution and the initial solution,
and N is the number of computational cells.

The configuration is a single vortex superimposed on a uniform flow field along

the x-direction. The stream function ¥ of the initial vortex is given by

r2
LIJ:F‘CXP _W y (51)
v

where r = \/ (x — xy)% + (¥ — yy)? is the radial distance from the center of the vortex
located at [x,, y,], while I" and R, are the vortex strength and radius, respectively.
The velocity field is then defined as

o owv
u=——+uop, v=——. (52)
dy ax

The initial pressure field is expressed as

y( I 2 r2
p(r)=prefexp(_E(CR ) eXP<—F>>, (53)

and the corresponding density field is given by

p(r)
%Tref ’

p(r)= (54)
where Ti.r is assumed constant. Note that here, y is the ratio of specific heats and
issettoy =1.4.

The computational domain is a square of dimension L = 0.01 m. The reference
temperature Tr.r and pressure prr are set to 300 K and 101320 Pa, respectively. The
vortex is located at [x,, y,] = [0, O], and its parameters are set to I' = 0.11 m? /s
and R, = 0.1L. The initial flow velocity is ug = 100 m/s. In the present test case,
only the Euler equations are solved. Thus, the transport coefficients 7, ¢, and A
in (1), (2), and (3) are set to zero.
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Figure 1. Convection of a vortex: evolution of the £ -norm of the error of the x-velocity
for different mesh size Ny.

The simulations are performed over a physical time of 5 ms, corresponding to
five flow through times (FTT), in order to accumulate enough numerical errors from
the spatial discretization schemes.

Results are shown in Figure 1. The solid and dotted gray lines represent second-
and fourth-order slopes, respectively. As expected, because the solution is smooth,
all the numerical methods exhibit a convergence rate that follows their theoretical
order of accuracy. The PeleC code (see Section 4) using a second-order Godunov
method with either the PPM or the hybrid PPM/WENO method for interpolation
presents an almost constant second-order convergence rate. The finite-volume
WENO method of the RNS code exhibits fourth-order convergence. From the
results depicted in Figure 1, it is clear that a high-order method is superior to a
second-order numerical method, because for the same mesh resolution the numerical
error of the solutions is significantly lower. However, this superiority is possible
because the solution is smooth, and as will be shown below, this observation no
longer holds when the solution features shocks and high gradients in the flow.

5.2. Shock-driven test case: the Shu—Osher problem. The so-called Shu—Osher
test case simulates the one-dimensional propagation of a normal shock wave in-
teracting with a fluctuating entropy wave, generating a flow field containing both
small-scale structures as well as discontinuities. The initial conditions are given by

(3.857143, 2.629369, 10.3333) ifx <1,

Ju, p)= i ] 55
(o u. p) {(1—|—0.2$1n(5x),0, 1) otherwise. (59

The length of the computational domain is x € [0, 10], and the solution is
advanced in time to t = 1.2. For all numerical methods investigated, the mesh is
progressively refined from N, = 256 to N, = 2048. The convergence is measured
using the & I_norm (see (50)) of the difference in density between the final computed
solution and a reference solution defined to be the solution computed with the
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Figure 2. Shu—Osher test case: profile of density for N, = 256. Left: full domain. Right: zoom.
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Figure 3. Shu—Osher test case: profile of density for Ny = 512. Left: full domain. Right: zoom.

second-order Godunov method with PPM interpolation and with a very fine mesh
N, =32768. In all simulations the CFL number is set to 0.5.

The density fields at t = 1.2 computed with N, = 256, 512, 1024, and 2048 are
shown in Figures 2, 3, 4, and 5, respectively. In these figures, the blue square, red
circle, and purple cross represent the fourth-order finite-volume WENO method with
the WENO-Z variant, the original PPM method with slope limiting, and the hybrid
PPM/WENO method developed in the present paper, respectively (see legend in
Figure 2, right). Note that the left and right panels in Figures 2, 3, and 4 present the
full domain and a zoom in the domain, respectively, while Figure 5 is only a zoom in
the domain. Note also that there is no relation between the symbols and the number
of grid points. Several symbols have been removed from the figures for clarity.

For a coarse mesh (N, = 256), a close look at Figure 2, right, reveals that the
fourth-order finite-volume WENO method is able to capture the correct phase of
the waves, despite a damping of the amplitude. The second-order Godunov method
with the original PPM interpolation and the slope-limiting procedure does not
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Figure 4. Shu—Osher test case: profile of density for Ny = 1024. Left: full domain. Right: zoom.

X-axis

Figure 5. Shu—Osher test case: profile of density for Ny = 2048.

accurately capture the correct profile of density. However, the hybrid PPM/WENO
method presents a profile very similar to the one captured by the fourth-order
finite-volume method. It turns out that changing the slope-limiting procedure in the
PPM method to the WENO interpolation makes the second-order Godunov method
recover the correct profile of density. This can be explained by the fact that the
shock is better resolved by the WENO interpolation and that the slope-limiting
procedure introduces spurious wiggles in the density waves.

As seen in Figure 3, right, a mesh refinement by a factor of 2 makes all the
methods accurately capture the phase of the density waves. However, the original
PPM method with slope limiting (red circle symbols) shows a damping of the
amplitude, while the hybrid PPM/WENO solution correctly captures both the phase
and the amplitude, and is very close to the solution computed with the fourth-order
finite-volume WENO method.

As the mesh is further refined, all the methods tend to collapse to the same solution.
However, as can be seen in Figure 5 for a fine mesh (N, = 2048), the fourth-order
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Figure 6. Shu—Osher test case: $!-norm of the error of the density.

method O(ep)

PPM with slope-limiting  0.92
fourth-order WENO-Z  0.89
hybrid PPM/WENO 0.96

Table 1. Shu—Osher test case: convergence rate of the £ !_norm of the error on the density.

finite-volume WENO method shows a slight damping of the amplitude of the
density wave, whereas the second-order Godunov method with PPM interpolation
and slope limiting exhibits some smooth high-frequency oscillations. The best
solutions are the ones computed with the second-order Godunov method and the
hybrid PPM/WENO method. The shape and amplitude of the density are closer to
the reference solution.

Overall, it turns out that for this specific test case, the use of high-order methods
is questionable. This is highlighted by the study of the convergence rate of the £!-
norm of the error of the density profile. The error ¢, is reported in Figure 6, and the
convergence rate computed with a best-fitting curve method is reported in Table 1. It
is obvious that all the numerical methods, either theoretically second- or fourth-order
accurate, collapse to less than first-order accuracy because of the presence of the dis-
continuity. Overall, the present study suggests that reaching a correct approximation
of a flow solution can be achieved by a second-order method and sufficient mesh
resolution. In the following section, a more realistic three-dimensional compressible
turbulent flow is simulated to investigate the capabilities of the second- and fourth-
order numerical methods, as well as their effective cost in terms of mesh resolution,
when both shocks and small turbulence structures interact in the same domain.

5.3. Three-dimensional isotropic compressible turbulence decay. The present test
case consists of the simulation of the decay of a compressible isotropic turbulent
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field with the presence of eddy shocklets. Originally a physical study of turbulence
in the work of Lee et al. [15], these simulations have become a framework to study
the properties of numerical schemes to capture turbulence spectra and the decay of
physical quantities. Here, the numerical setup described in [14] is reproduced.
The initial condition is built by generating a solenoidal velocity field u( that

satisfies

2

rms,0 (uO 'u0> .

3 o0
E (k) ~ k* exp(—2(k/ ko)), u2 =— _/O E (k) dk. (56)

Here, kg is the most energetic wavenumber and is set to ko = 4. The simulation is
controlled by two nondimensional parameters: the turbulent Mach number

Mt,O — M (57)

o
where cg is the sound speed in the initial solution, and the Taylor-scale Reynolds

number defined as

Rew,o _ Polﬁourms,o (58)

o

where
(uo - uo) 2
—3 Yo = ko’ (59)

In the present simulation, M; o = 0.6 and Rey, o = 100. These values are set such
that weak shock waves can develop spontaneously from the turbulent motions [14],
and allow numerical convergence for relatively coarse mesh grids to keep the
computational cost reasonable. Once M; o and Rey, o are set, umms,0 can be deduced
from (57) with the known sound speed, and the viscosity no can be deduced
from (58). Unlike the simulations presented in [14], in the present study the
viscosity is held constant throughout the simulation. Moreover, a constant thermal

conductivity is set according to

Urms,0 =

o = n0Cp (60)
Pr

where C, is the specific heat capacity, set to C, = 1.173 kJ/kg-K and the Prandtl
number Pr is set to Pr = 0.71. Moreover, the initial temperature and pressure in the
flow are set to Ty = 1200K and po = 1 atm.

All the simulations are performed over a nondimensional time set to /Tt = 4
where T = ¥ /ums.0. Several mesh resolutions are investigated: N, =64, N, =128,
N, =256, and N, = 512, and the CFL number is kept constant at 0.5. Note that
the practical procedure to generate the velocity fields ug is detailed in [14]. It is
also important to note that the initial turbulent velocity fields are first generated
on a grid of N, = 512 and then integrated over each cell in the mesh. Moreover,
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Figure 7. Time series of selected physical quantities for simulations performed with
different mesh resolution and numerical methods. Legend is recalled in the text and in
Figure 9. Top left: kinetic energy. Top right: enstrophy. Bottom left: temperature. Bottom
right: dilatation, 6 = 9 juj.

the initial solution is exactly the same for all simulations, regardless of the codes,
numerical methods, or mesh grids employed.

In order to assess the performance of the second-order Godunov methods and the
fourth-order finite-volume WENO method, a reference solution is generated with
the very high-order code SMC [10] that employs eighth-order accurate centered
finite-difference schemes for the spatial discretization, and a fourth-order Runge—
Kutta algorithm for the time advancement. A convergence study for the reference
solution is presented in Appendix B. This reference solution will be depicted with
a black solid line in the remainder of the paper.

Figure 7, top left, top right, bottom left, and bottom right, presents the temporal
evolution of the kinetic energy, the enstrophy, the variance of temperature, and
the dilatation from ¢ = 0 to ¢/t = 4. It can be seen that strong compressibility
effects are generated quickly after the beginning of the simulation, suggesting
the generation of eddy shocklets in the domain until ¢/t & 0.5. After t/7 ~ 1,
compressible shocks are no longer generated and they start to decay in a monotone
way. Figure 8, top left, top right, bottom left, and bottom right, presents the spectra
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Figure 8. Spectra of selected physical quantities for simulations performed with different
mesh resolution and numerical methods. Legend is recalled in the text and in Figure 9.
Top left: kinetic energy. Top right: vorticity. Bottom left: dilatation. Bottom right: density.
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Figure 9. Symbols and color legend for Figures 7, 8, and 10.

taken at # /T =4 for the kinetic energy, the vorticity, the dilatation, and the density. In
these figures, the circle, cross, and square symbols represent second-order Godunov
with PPM interpolation and slope limiting, the second-order Godunov method
with the hybrid PPM/WENO procedure, and the fourth-order finite-volume WENO
strategy, respectively. The red, blue, purple, and orange colors represent simulations
performed with N, = 64, N, = 128, N, =256, and N, = 512, respectively. It is
emphasized that these figures contain a significant number of curves. For clarity,
the legend is recalled in Figure 9 and a zoom on the high-end of the spectra for
the kinetic energy is shown in Figure 10 for each mesh resolution. Note that the
behavior of the numerical methods highlighted in Figure 10 is virtually the same
for the spectra of other physical quantities.
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Figure 10. Zoom of the spectra of kinetic energy in Figure 8 for results computed with
different mesh resolutions. Top left: Ny = 643. Top right: Ny = 1283. Bottom left:
Ny =256, Bottom right: Ny = 5123.

From the temporal evolution of physical quantities presented in Figure 7, it is clear
that the second-order Godunov method, with either the PPM interpolation method
with slope limiting or the hybrid PPM/WENO method, gives virtually the same
results, with the exception of the very coarse mesh where some slight differences
exist. In any case, for the same mesh resolution, the fourth-order finite-volume
WENO method provides a better solution.

However, the spectra depicted in Figure 8 do not follow the same behavior as
for the temporal series. Indeed, given a mesh resolution all the numerical methods
give virtually the same spectra, but as the refinement of the mesh allows small
turbulent structures to be resolved, it turns out that the different numerical methods
do not perform equally in the high frequencies of the spectrum. As can be seen in
Figure 10, whereas all methods present a pile-up of energy in the high-frequency
range, the fourth-order finite-volume WENO method resolves the spectra with
a monotonically decreasing energy, which is not the case for the second-order
Godunov method with PPM interpolation and slope limiting. Most interesting, the
second-order Godunov method with the hybrid PPM/WENO reconstruction method
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Figure 11. HIT test case: &£ !_norm of the error of the x-velocity.

method O(ey)

PPM with slope-limiting  2.15
fourth-order WENO-Z  2.22
hybrid PPM/WENO 2.08

Table 2. HIT test case: convergence rate of the £ L_norm of the error of the x-velocity.

is able to reproduce virtually the same spectra as the fourth-order finite-volume
WENO method, meaning that replacing the slope-limiting procedure by the WENO
reconstruction method recovers a monotone spectrum close to the reference solution.

Among these general trends, what emerges from all the figures is that for a
given mesh resolution, the solutions are very close to each other regardless of the
numerical method employed, with the exception of the high-end frequencies at fine
mesh resolution. Such observations make sense, because as the turbulent Mach
number is 0.6, the present 3D HIT test case can be seen as a mix between the
Shu—Osher test case (see Section 5.2) where all the methods collapse to first-order,
and the smooth solution test case presented in Section 5.1 where each numerical
method follows its own theoretical order of convergence. This is highlighted by
the study of the convergence rate with the £!-norm of the error on the x-velocity
profile. The error ¢, is reported in Figure 11 and the convergence rate computed
with a best-fitting curve method is reported in Table 2. Overall, all the numerical
methods present a second-order convergence rate. It is emphasized that this finding
is the opposite of the conclusion in [1], where the fourth-order method always
gives better results than the second-order one. This again makes sense, because the
decay of turbulence investigated in [1] is simulated in an incompressible regime,
leading to a solution that is always smooth. In that case, the findings of the study
in [1] are consistent with the behavior shown in our study in Section 5.1, where
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method nondimensional CPU time [s]
PPM with slope-limiting 5.06 x 1073
fourth-order WENO-Z 1.1149
hybrid PPM/WENO 5.03x 1073

Table 3. HIT computational time.

a smooth vortex is simulated and where all the numerical methods follow their
theoretical order of convergence. Our study highlights that in the presence of strong
compressibility effects, the theoretical expectations of a numerical method no longer
hold because of the interaction with shocks.

All the results presented so far are investigations of the accuracy of the solutions,
but another important parameter to take into account is the computational cost of
each numerical method. As the PeleC and RNS codes are based on the AMReX
framework, the profiling functionality of the library has been used to extract the
actual computational cost to evaluate the hyperbolic terms in the set of governing
equations. In practice, a timer has been put around the main routine called to
compute the terms. Table 3 presents the average of the computational time for the
evaluation of the routines involved in the computation of the hyperbolic convection
term, divided by the number of calls during the whole simulation. This non-
dimensionalization is adopted here because the second-order Godunov procedure
requires only one evaluation of the convection term, whereas the finite-volume
WENO method is implemented with a Runge—Kutta time-integration procedure
that requires many calls per time iteration. Also, the simulations are performed
with the same mesh resolution of N, = 256 and with the same parallelization over
512 MPI processes. It turns out that the fourth-order finite-volume WENO method
is about 200 times more computationally expensive than the second-order Godunov
method. For the Godunov method, the new hybrid PPM/WENO method proposed
in the present paper has roughly the same computational cost as the original PPM
method with slope limiting.

This significant difference can be explained by the number of interpolation pro-
cedures required for each cell and per time step. If we consider only one component
in the system of equations, the PPM method requires only six interpolations in
total (one per face), whereas for the high-order finite-volume method, the required
number of interpolations is estimated with

2D2P —1)x2 (61)

where D is the number of dimensions in the computational domain and the factor
of 2 on the right-hand side stems from the number of Runge—Kutta stages. In
three dimensions, achieving fourth-order accuracy requires fourteen times more
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interpolation procedures per cell than with the PPM algorithm, because data have to
be evaluated through Gauss integration points. It is emphasized that this computa-
tional burden does not only depend on the interpolation procedures via the WENO
schemes; to this count must be added the number of calls to the Riemann solver
and all the conversions between conservative and primitive variables.

Overall, from the results presented in this section, it becomes apparent that an
accurate representation of a compressible turbulent flow can be achieved faster with a
second-order accurate Godunov method, together with the new hybrid PPM/WENO
strategy for the reconstruction of physical values at faces that can achieve the same
spectral resolution as a more complex and costly high-order method. Because the
computational cost of the second-order Godunov method with PPM interpolation
is significantly lower than that of the high-order finite-volume WENO method, it
turns out that refining a simulation with the second-order method is still less costly
than running a coarse high-order simulation. In this test case, it appears that the
use of a fourth-order finite-volume WENO method is unnecessary in practice. The
major finding of this study is that for finite-volume methods, the accuracy of the
reconstruction of fluxes at cells interface has significantly more impact than the
formal order of the method.

6. Conclusions

A comparison between low-order and high-order finite-volume methods has been
performed on a series of test cases: the convection of a smooth 2D vortex, the
Shu—Osher problem, and the decay of 3D homogeneous isotropic turbulence. The
choice to assess the performance of finite-volume methods is justified by the fact
that they are more robust and flexible to use in the context of simulations of
industrial applications. The study focuses on the second-order Godunov method,
as well as the fourth-order finite-volume WENO method. Results show that while
on a smooth problem the high-order method performs better than the second-
order one, when the solution contains a shock all the methods collapse to first-
order accuracy. The study of the decay of compressible homogeneous isotropic
turbulence with shocklets shows that the actual overall order of accuracy of the
methods reduces to near second-order, despite the use of fifth-order reconstruction
schemes. Most important, results in terms of turbulent spectra are similar regardless
of the numerical methods employed, except for the higher end of the frequencies.
Because our results show that the original PPM method with slope limiting fails
to provide an accurate representation in the high-frequency range of the spectra,
a novel hybrid PPM/WENO method is proposed. It is demonstrated that such a
hybrid PPM/WENO method has the ability to capture the turbulent spectra with
the accuracy of a formally high-order method, but at the cost of the second-order
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Godunov method. Moreover, this study highlights that for finite-volume methods,
the accuracy of the reconstruction of fluxes at cell interfaces has significantly more
impact than the formal order of the method. Overall, the present study demonstrates
the importance of evaluating the accuracy of a numerical method in terms of its
actual spectral dissipation and dispersion properties on mixed smooth/shock cases,
rather than by the theoretical formal order of the convergence rate.

Appendix A: Slope-flattening procedure

In Section 4.2.1 a flattening limiter is imposed in (35) and (36) through a flattening
coefficient y;. The coefficient x; € [0, 1], where x; = 1 indicates that no additional
limiting take place, whereas x; = 0 means that the Godunov method is dropped to
first-order accuracy. The computation of y; is performed as follows:

(1) First, a dimensionless measure of the shock resolution is computed with

= Pi+1 — Pi—1 62)
max(Psmall» | Pi+2 — Pi—2l)

where p is the pressure and pgmay is a very small value to avoid a division by

Zero.
(2) Then the parameter x; is defined as
Xi = min{1, max[0, a(s; — D)1} (63)

where a = 10 and b = 0.75 are parameters set by the user. In order to confine
Xi in the range [0, 1], x; = O if either u; 11 —u;—; <0 or

Pi+1 — Pi—1

——————— < (64)
min(p;41, pi—1)
with ¢ a parameter set by the user, which takes the value of ¢ = % here.
(3) Finally yx; is computed as
1— Xis Xi— if pi+1— pi—1 >0,
i = maX()EL i )i Pit1 = Pi-1 > 65)
1 —max(y;, xi+1) otherwise.

Appendix B: Reference solution with the very high-order SMC code for the
decay of homogeneous isotropic turbulence

In order to generate a reference solution, simulations are performed with the very
high-order code SMC [10], which employs eighth-order accurate centered finite-
difference schemes for the spatial discretization, and a fourth-order Runge—Kutta
algorithm for the time advancement. Figure 12, top left, top right, bottom left, and
bottom right, presents the temporal evolution of the kinetic energy, the enstrophy,
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Figure 12. Temporal evolution of selected physical quantities for SMC simulations with
different mesh resolution. The red dotted line, the blue dashed line, the green dashed-dotted
line, and the black line represent the solutions computed on a mesh grid discretized with
Ny = 64, Ny = 128, Ny = 256, and Ny = 512. Top left: kinetic energy. Top right:
enstrophy. Bottom left: temperature. Bottom right: dilatation, 6 = du .

the variance of temperature, and the dilatation from t =0 to # /T = 4. Figure 13, top
left, top right, bottom left, and bottom right, presents the spectra taken at ¢/t =4
for the kinetic energy, the vorticity, the dilatation, and the density. In these figures,
the red dotted line, the blue dashed line, the green dashed-dotted line, and the
solid black line represent the solutions computed on a mesh grid discretized with
Ny =64, N, = 128, N, = 256, and N, = 512, respectively. As can be seen in
Figure 12, the simulation computed with N, = 64 is unable to complete and crashes
at approximately 7/t = 1, because the mesh is too coarse to resolve the diffusion up
to the Kolmogorov scale. The solution computed with N, = 512 (solid black line)
differs slightly from the one computed with N, =256, and is considered converged
and will be used at the reference solution.

Appendix C: WENO comparisons

As recalled in Section 3.2, a significant amount of schemes for the reconstruction of
data at interfaces are based on the WENO paradigm. Indeed, the classical WENO-JS



CAPTURING SHOCKS AND TURBULENCE SPECTRA IN COMPRESSIBLE FLOWS 29

10°t 10°F
6| N
10 il
10%f
10°F
[-L]= 100 mz
10°F
1073
sl
107} 10
107° - . . - - - 107¢ - . . - - -
1 8 . 32 64 128 256 1 8 . 32 64 128 256
10° 107°
) 1072}
10°F
10715p
«F 10° ol
10—18_
of
10 100
10*3 N N N N N 10—24 N N N N N N
1 8 y 32 64 128 256 1 8 . 32 64 128 256

Figure 13. Spectra of selected physical quantities for SMC simulations with different
mesh resolution. The red dotted line, the blue dashed line, the green dashed-dotted line, and
the black line represent the solutions computed on a mesh grid discretized with Ny = 64,
Nx =128, Ny =256, and Ny = 512. Top left: kinetic energy. Top right: vorticity. Bottom
left: dilatation. Bottom right: density.

scheme is not optimal and is often considered too dissipative in smooth regions.
Many variants have been developed to overcome such an issue. Among all of these
variants, we have chosen to focus on the most popular ones to assess their robustness
and performance on the test cases investigated in the present paper. A complete
description of the variations introduced by these schemes is beyond the scope of
the paper. So far, the WENO variants tested in this study are WENO-JS [13],
WENO-M [12], WENO-Z [5], WENO-MDCD [18], and TENO [11].

C.1. Shu—Osher test case. The density at t = 1.2 computed with N, = 256, 512,
1024, and 2048 is shown in Figures 14, 15, 16, and 17, respectively. In these
figures, the blue diamond, green cross, purple square, orange plus, and maroon
star symbols represent the WENO-JS, WENO-M, WENO-Z, WENO-MDCD, and
TENO methods, respectively (see the legend in Figure 14, right). Note also that the
left and right panels in Figures 14, 15, and 16 present the full domain and a zoom
in the domain, respectively, while Figure 17 is only a zoom in the domain.
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Figure 14. Shu—Osher test case: profile of density with PPM and WENO methods for
Ny =256. Left: full domain. Right: zoom.
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Figure 15. Shu—Osher test case: profile of density with PPM and WENO methods for
Ny =512. Left: full domain. Right: zoom.

For the coarse mesh, a close look at Figure 14 reveals that all the WENO variants
reproduce the correct phase of the oscillation. The WENO-M, WENO-Z, and TENO
methods give virtually similar results in terms of estimation of the amplitudes of
the waves, while the WENO-JS and WENO-MDCD methods are equivalently the
least accurate of the WENO variants. As shown in Figure 15, an increase of the
mesh resolution by a factor of 2 leads all the WENO variants to virtually collapse
to the same curve.

As shown in Figure 16, with another increase of the mesh resolution by a factor
of 2, all the numerical methods investigated in the present study are virtually
equivalent and very close to the reference solution computed on a very fine mesh.
However, as can be seen at x ~ 5.25 after another increase of the mesh resolution
by a factor of 2 in Figure 16, right, the TENO method provides an incorrect
representation of the discontinuity. As shown in Figure 17, this trend becomes
worse when the mesh is refined again by a factor of 2. As can be seen in the detailed
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Figure 16. Shu—Osher test case: profile of density with PPM and WENO methods for
Ny = 1024. Left: full domain. Right: zoom.
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Figure 17. Shu—Osher test case: profile of density with PPM and WENO methods for
Ny =2048.

zoom, the solution computed with the TENO scheme shows large oscillations in
the smooth regions. All other WENO variants are, however, robust.

This present study shows that when the mesh is small enough, it allows high-
frequency waves to be resolved but small oscillations around discontinuities can
appear and propagate, because the mesh is no longer coarse enough to filter them
out. The most surprising result is the fact that the TENO variant, which appears to
be a good choice on a coarse mesh, becomes the worst on a fine mesh. This can
be attributed to the fact that the method fails to properly avoid the application of
the central linear scheme in the region of large gradients. Furthermore, consistent
with the convergence rate analysis performed at Section 5.2, it should be noted that
all the WENO variants provide the same rate of convergence of the error, which is
approximately 0(0.9) here for this test case.

C.2. Decay of compressible isotropic turbulence. The decay of compressible iso-
tropic turbulence is now simulated. Figure 18, top left, top right, bottom left, and
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Figure 18. Time series of selected physical quantities for simulations performed with
different WENO reconstruction schemes and with different mesh resolution. The diamond,
cross, square, plus, and star symbols represent the WENO-JS, WENO-M, WENO-Z,
WENO-MDCD, and TENO methods, respectively. The red, blue, purple and orange colors
represent simulations performed with Ny = 64, Ny = 128, Ny = 256, and N, = 512,
respectively. Top left: kinetic energy. Top right: enstrophy. Bottom left: temperature.
Bottom right: dilatation, 6 = 9;u ;.

bottom right, presents the temporal evolution of the kinetic energy, the enstrophy,
the variance of temperature, and the dilatation from # = 0 to ¢/t = 4. Figure 19,
top left, top right, bottom left, and bottom right, presents the spectra taken at
t/t = 4 for the kinetic energy, the vorticity, the dilatation, and the density. In these
figures, the diamond, cross, square, plus, and star symbols represent the WENO-JS,
WENO-M, WENO-Z, WENO-MDCD, and TENO methods, respectively. The red,
blue, purple, and orange colors represent simulations performed with N, = 64,
Ny =128, N, =256, and N, =512, respectively. It is emphasized that these figures
contain a significant number of curves. For clarity, a zoom on the high-end of the
spectra of kinetic energy is shown in Figure 20 for each mesh resolution.

Overall, two general trends can be seen in Figures 18 and 19. For the temporal
evolution of physical quantities, the different WENO variants investigated present
significant differences when the mesh is coarse. However, when the mesh is refined,
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Figure 19. Spectra of selected physical quantities for simulations performed with different
WENO reconstruction schemes and with different mesh resolutions. The diamond, cross,
square, plus, and star symbols represent the WENO-JS, WENO-M, WENO-Z, WENO-
MDCD, and TENO methods, respectively. The red, blue, purple, and orange colors
represent simulations performed with Ny = 64, Ny = 128, Ny = 256, and N, = 512,
respectively. Top left: kinetic energy. Top right: vorticity. Bottom left: dilatation. Bottom
right: density.

they quickly collapse to give similar results. However, as shown in Figure 19, all
the different WENO variants give virtually the same spectra, at the exception of the
very high frequencies of the spectrum when the mesh in refined enough to allow
small turbulent structures to be resolved (see Figure 20). Similarly to the previous
section, a convergence rate analysis has been performed and all the different WENO
variants exhibit a second-order convergence rate. Furthermore, Figure 21 presents
the computational time of each WENO variant. Recall here that the normalized
CPU time is defined as the averaged wall clock time spent in the routines required
for the computation of the hyperbolic terms, divided by the number of iterations
performed during the simulation and the number of CPUs employed. It can be seen
that the computational cost of the WENO-M variant is higher, followed by TENO,
whereas WENO-JS, WENO-Z, and WENO-MDCD are virtually the same.

Based on these results, the present comparison study reveals that TENO is not
robust enough to avoid instabilities near strong shocks (see Appendix C.1). Other
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Figure 21. CPU time for only the convection term with different methods.

WENO variants are found to be robust, but WENO-M is more costly. Among the
remaining variants, the WENO-Z scheme presents slightly better results, and is thus
adopted as the best WENO reconstruction scheme for the whole study presented in
this paper.
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A STOCHASTIC VERSION OF STEIN VARIATIONAL
GRADIENT DESCENT FOR EFFICIENT SAMPLING

LEI L1, YINGZHOU LI, JIAN-GUO L1U, ZIBU LIU AND JIANFENG LU

We propose in this work RBM-SVGD, a stochastic version of the Stein variational
gradient descent (SVGD) method for efficiently sampling from a given probability
measure, which is thus useful for Bayesian inference. The method is to apply
the random batch method (RBM) for interacting particle systems proposed by
Jin et al. to the interacting particle systems in SVGD. While keeping the behaviors
of SVGD, it reduces the computational cost, especially when the interacting
kernel has long range. We prove that the one marginal distribution of the particles
generated by this method converges to the one marginal of the interacting particle
systems under Wasserstein-2 distance on fixed time interval [0, 7']. Numerical
examples verify the efficiency of this new version of SVGD.

1. Introduction

The empirical measure with samples from some probability measure (which might
be known up to a multiplicative factor) has many applications in Bayesian infer-
ence [5; 3] and data assimilation [17]. A class of widely used sampling methods
is the Markov chain Monte Carlo (MCMC) methods, where the trajectory of a
particle is given by some constructed Markov chain with the desired distribution
invariant. The trajectory of the particle is clearly stochastic, and the Monte Carlo
methods take effect slowly for small number of samples. Unlike MCMC, the Stein
variational gradient method (proposed by Liu and Wang in [20]) belongs to particle-
based variational inference sampling methods (see also [22; 9]). These methods
update particles by solving optimization problems, and each iteration is expected
to make progress. As a nonparametric variational inference method, SVGD gives
a deterministic way to generate points that approximate the desired probability
distribution by solving an ODE system. Suppose that we are interested in some
target probability distribution with density 7 (x) xexp(—V (x)) (x € R%). In SVGD,
one sets V = —log m, chooses some symmetric positive definite kernel H(x, y),

MSC2010: 62D05, 65C35.
Keywords: random batch method, RBM-SVGD, nonparametric variational inference, KL divergence,
reproducing kernel Hilbert space, MCMC.
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and solves the following ODE system for given initial points {X; (O)}lN: 1 [20; 191

N N
o1 1 :
Xi= ]2—1: VX X)) = ?_1:57{(&, X)VV(X;), i=1,....,N, (I-1)

6.9

where N is the number of particles for the sampling purpose. The subindex “y” in
V, means that the gradient is taken with respect to the second variable in J( -, -);
Le., VyJ(Xi, X;) :=VyK(x, Y)lx.y)=x;.x,;)- Whent is large enough, the empirical
measure constructed using {X; (t)}lN: | 1s expected to be close to 7, i.e.,

N

1

5 Y s - X)) ~rx)dx, 3> 1.
i=1

Below, in Section 2, we will explain why this is expected to be true. Theoretic
understanding of (1-1) is limited. For example, the convergence of the particle
system (1-1) is still open. Recently, there have been a few attempts at understanding
the limiting mean field PDE [19; 21]. In particular, Lu et al. [21] showed the
convergence of the mean field PDE to the desired measure 7.

In practice, SVGD seems to perform quite well, better compared with some
typical Monte Carlo methods in some examples [19; 10]. It provides consistent
estimation for generic distributions as Monte Carlo methods do, but with fewer
samples. SVGD seems to be more efficient than some Monte Carlo methods in the
particle level for approximating the desired measure, when the number of particles
is small. Interestingly, it reduces to the maximum a posterior (MAP) method when
N =1 [20].

Though (1-1) behaves well when the particle number N is not very big, one
sometimes still needs an efficient algorithm to simulate (1-1). For example, when
the dimension of the problem is not very high, in a typical MCMC method, the
number of particles is several millions, or N &~ 106, while in SVGD, one may have
N ~ 103, Simulating (1-1) needs O (N 2) work to compute the interactions for each
iteration, especially for interaction kernels that are not superlocalized or particles
that are not sparse. In fact, for such situations, to compute the interaction force
for one particle, one must consider all the other N — 1 particles to have enough
accuracy. There are N particles, so one must consider O (N?) interactions, which
yields the O (N?) complexity for one iteration. Though N &~ 10°~10° is not large,
the O(N?) complexity makes the cost of SVGD for these cases comparable with
MCMC with larger number of particles. Hence, it is highly motivated to develop a
cheap version of SVGD.

In this work, we propose RBM-SVGD, a stochastic version of SVGD for sampling
from a given probability measure. The idea is very natural: we apply the random
batch method in [16] to the interacting particle system (1-1). Note that in the random
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batch method, the “batch” refers to the set for computing the interaction forces, not
to be confused with the “batch” of samples for computing gradient as in stochastic
gradient descent (SGD). Of course, if V is the loss function corresponding to many
samples, or the probability density in Bayesian inference corresponding to many
observed data, the data-mini-batch idea can be used to compute VV in SVGD as
well [20]. With the random batch idea for computing interaction, the complexity
for each iteration now is only O (N). Moreover, it inherits the advantages of SVGD
(i.e., efficient for sampling when the number of particles is not large) since the
random batch method is designed to approximate the particle system directly. In
fact, we will prove that the one marginal of the random batch method converges to
the one marginal of the interacting particle systems under Wasserstein-2 distance on
a fixed time interval [0, 7T']. Note that the behavior of randomness in RBM-SVGD
is different from that in MCMC. In MCMC, the randomness is required to ensure
that the desired probability is invariant under the transition. The randomness in
RBM-SVGD is simply due to the batch for computing the interaction forces, which
is mainly for speeding up the computation. Though this randomness is not essential
for sampling from the invariant measure, it may have other benefits. For example,
it may lead to better ergodic properties for the particle system.

2. Mathematical background of SVGD

We now give a brief introduction to the SVGD proposed in [20] and provide some
discussions. The derivation here is a continuous counterpart of that in [20].

Assume that random variable X € R? has density po(x). Consider some mapping
J :R?Y — RY, and we denote the distribution of J(X) by p := Tpo, which is
called the push-forward of pg under 7. The goal is to make Jpg closer to 7 (x) in
some sense. The way to measure the closeness of measures in [20] is taken to be
the Kullback-Leibler (KL) divergence, which is also known as the relative entropy,
defined by

du
KL(u | v) =Ey~p log(E(Y)), -1

where fl—“f is the well known Radon—Nikodym derivative. In [20, Theorem 3.1], it is
shown that the Gateaux differential of 7 — G (9) := KL(p || 7) is given by

<g ¢> = —Fy~pS.p(Y) forall ¢ € C®(RY; R?) (2-2)

where S, associated with a probability density g is called the Stein operator given by

Sq¢p(x) = V(logq(x)) - ¢(x) + V- (x). (2-3)
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In fact, using the formula

d d
d—(9+€¢ oT)apole=o = — U +€P)aple—o = =V - (pd) = —pS,¢, (2-4)
€ de

and BKLB(;HN) =log p + 1 —log m, one finds
<<SG ¢>_<8 KL(p || 7)

37 sy -V (P¢)> = - fRd pSp¢dx. (2-5)

The quantity <%, qb) can be understood as the directional derivative of G(-) in the
direction given by ¢. The paring in the second term above is in L?(R?) sense.

Based on this calculation, we now consider a continuously varying family of
mappings J; with T > 0 and

ng :(]5-[ Ogv-[.

Here, “o” means composition, i.e., for any given x, %9}_7 (x) = ¢ (T (x)). In this
sense x — X (t; x) := J,(x) is the trajectory of x under this mapping; x can be
viewed as the so-called Lagrangian coordinate as in fluid mechanics while ¢, is the

flow field. We denote
pr = (T )#po. (2-6)

The idea is then to choose ¢, such that the functional 7 +— G(J ;) decays as fast
as possible. Note that to optimize the direction, we must require the field to have
bounded magnitude ||¢. ||z < 1, where H is some subspace of the functions defined
on R?. The optimized curve T — J; is a constant-speed curve (in some manifold).
Hence, the problem is reduced to the optimization problem

sup{Ey~pSz¢(Y) | l¢llm < 1}. (2-7)

It is observed in [20] that this optimization problem can be solved by a convenient
closed formula if H is the so-called (vector) reproducing kernel Hilbert space
(RKHS) [1; 2]. A (scalar) RKHS is a Hilbert space, denoted by #, consisting of
functions defined on some space €2 (in our case 2 = R4) such that the evaluation
function f +— E,(f) := f(x) is continuous for all x € . There thus exists k, €
such that E,(f) = (f, kx)s%. Then the kernel H(x, y) := (ky, ky)5 is symmetric
and positive definite, meaning that 37, 3°"_; H(x;, x;)c;c; > 0 for any x; € Q
and ¢; € R. Reversely, given any positive definite kernel, one can construct a RKHS
consisting of functions f(x) of the form f(x) = f%f(x, VY (y) du(y) where
is some suitably given measure on 2. For example, if u is the counting measure,
choosing ¥ (y) = Ziil aj lxj (y) (a; € R) canrecover the form of RKHS in [20]. All
such constructions yield isomorphic RKHS as guaranteed by the Moore—Aronszajn
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theorem [1]. Now, consider a given u and H = %< to be the vector RKHS:
H = {f=/d?/f(-,y)1/f(y)du(y) ' ¥R > R,
R

ffR A ) Y (0 dx) dua(y) < oo}.

The inner product is defined as

<f(1)’ f(z))H = //[Rd ” f]{(x’ y)w(l)(x) . w(Z)(y) d,LL(x) d#(y)
d
- Z//Rd » K, DY @Y () du) dpy).  (2-8)
j=1 x

This inner product therefore induces a norm || f'|| g = +/{f, f)u. Clearly, H consists
of functions with || - || g to be finite. The optimization problem (2-7) can be solved
by the Lagrange multiplier method

g = /Rd(Sn(lb)pr(Y)dy—)n/‘/Rd » Hx, Y (x) - v () dux)du(y),

where dy means Lebesgue measure and ¢ (x) = fRd H(x, y)¥(y)du(y). Using
‘;;;f =0, we find

20 = / S PI0)dy = T (), (2-9)
R
where S is given by

Sz(f)=fMVogm) =V () ==fOMVV() = Vf(y). (2-10)

The ODE flow
d

1
— T, =—V oT
dz " ) (pz) T
gives the constant-speed optimal curve, so that the velocity is the unit vector in H
along the gradient of G. Reparametrizing the curve ¢ = #(t) so that Z—; =2X and

denoting p; := p+(1), then

d
—T:=V(pr)0T:. (2-11)
dt
Clearly, the curve of J; is not changed by this reparametrization. Using (2-4), one
finds that p satisfies the equation

ap==V-(V(p)p) =V (pH*(pVV +Vp)). (2-12)



42 LEI LI, YINGZHOU LI, JIAN-GUO LIU, ZIBU LIU AND JIANFENG LU

Here, i x f(x) := ff]f(x, y)f(y)dy. It is easy to see that exp(—V) is invariant
under this PDE. According to the explanation here, the right-hand side gives the
optimal decreasing direction of KL divergence if the transport flow is measured by
RKHS. Hence, one expects it to be the negation of gradient of KL divergence in
the manifold of probability densities with metric defined through RKHS. Indeed,
Liu made the first attempt to justify this in [19, §3.4].

The above theory has a little trouble for empirical measures because the KL
divergence is simply infinity. For empirical measure, V p must be in the distributional
sense. The good thing for RKHS is that we can move the gradient from V p onto the
kernel K (x, y) so that the flow (2-11) becomes (1-1), which makes perfect sense.
In fact, if (1-1) holds, the empirical measure is a measure solution to (2-12) (by
testing on smooth function ¢) [21, Proposition 2.5]. Hence, the ODE system is
justified in this level, and one expects that (1-1) will give an approximation for the
desired density. The numerical tests in [20] indeed justify this expectation. In this
sense, the ODE system is formally a gradient flow of KL divergence, though the
KL divergence functional is infinity for empirical measures.

Typical examples of K (x, y) include H(x, y) = (ax - y 4+ 1), Gaussian kernel
H(x,y) = e~/ for R4, and H(x, y) = (sina(x — y))/(x(x — y)) for 1D
space R. By Bochner’s theorem [25], if a function K has a positive Fourier transform,
then

Hx,y)=Kx—y) (2-13)
is a positive definite kernel. With this kernel, (1-1) becomes

N N

: 1 1

X,-=—N§ :VK(X,-—XJ-)—NE K(X; — X;)VV (X)), (2-14)
j=1 j=1

as used in [21]. Both Gaussians and 1/|x|* with « € (0, d) have positive Fourier
transforms. The difference is that the Gaussian has a short range of interaction
while the latter has a long range of interaction. One can smoothen 1/|x|% out by
mollifying with Gaussian kernels, resulting in positive definite smooth kernels but
with long-range interaction. Choosing localized kernels like Gaussians may have
some issues in very high-dimensional spaces [12; 10]. Due to its simplicity, when
the dimension is not very high, we choose Gaussian kernels in Section 4.

As a further comment, one may consider other metrics to gauge the closeness
of probability measures, such as Wasserstein distances. Also, one can consider
other norms for ¢ and get gradient flows in different spaces. These variants have
been explored by some authors already [18; 8]. In general, computing the Frechét
derivatives in closed form for these variants seems not that easy.
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Remark. If we optimize (2-7) for ¢ in L*(R?; RY) spaces, the flow is then given by

ig:(S;;,o)oﬂ‘. (2-15)
dt

The corresponding PDE is d;p =V - (p(pVV +Vp)) =V (p*V log(p/m)). This
is in fact the case when we choose H(x, y) = 6 (x — y). This PDE, however, will
not make sense for empirical measures since pVp is hard to justify (clearly, the
equivalent ODE system has the same trouble). By using RKHS, the derivative
on Vp can be moved onto the kernel and then the ODE system makes sense.

3. The new sampling algorithm: RBM-SVGD

In this section, we introduce the “random batch” or “mini-batch” idea, which has
already appeared in many places, and recall the random batch method for simulating
interacting particle systems in [16]. By applying the random batch method to (1-1),
we obtain a new algorithm, called RBM-SVGD. The proof that RBM-SVGD is
close to SVGD on finite time interval is given in Section 3.2.

3.1. The algorithms. Before we present the random batch method and RBM-
SVGD, let us briefly explain what the “random mini-batch” idea is. Let us consider
a typical optimization problem in machine learning:

. g
min L(w) := min M ]Z:%Z(g(zj'; ), y;j), (3-1

where (z;, y j)g/[: | are some given data set, g(-; w) is a model that takes z; as an
input and gives some prediction to y;, and £( -, -) is some function to gauge the
discrepancy between g(z;; w) and y;. Hence, the problem is to find w such that the
discrepancy is small enough. Often £( -, -) is a neural network so that computing
the gradient is not easy. Hence, if one aims to find the minimizer using gradient
descent, the computation cost is high. The idea of “mini-batch” or “random batch”
is to choose a small random subset & of {1, 2, ..., N}, and consider the unbiased
random estimate

Le() = % D_ g @). ),
Jjeé
with B = |&|, the size of §. Using this unbiased estimation L; to replace the
original true gradient VLg ~ VL, one can form the so-called stochastic gradient
descent (SGD) [4; 6]. Using a similar idea for Langevin dynamics, Welling and
Teh obtained a Markov chain Monte Carlo method, called the stochastic gradient
Langevin dynamics (SGLD), useful for Bayesian inference [29].
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forminl: Ny do
Divide {1, 2, ..., pn} into n batches randomly.
for each batch ¢, do
Update X; (i € €,) by solving the equation for ¢ € [t,,_1, #,):

X’—IF(X X)H)+|(1 : 1 Z F(X;, X)) (3-4)
Z_N I8} l N p—l » 1y J/7°
JECy, jFi

end for
end for

Algorithm 1. Random batch method without replacement.

Consider in general the interacting particle system of the form

N
X; = % Y F(Xi X)) = %F(XI-, X)) +% Y OFXi.Xp). (32
j=1 Jiii
Here, F(x, y) does not have to be symmetric, and also F'(x, x) is not necessarily
zero. It is desirable to develop some cheap random approximation to the interacting
forces so that the one-step O (N?) complexity can be reduced. One idea is to use
the “random batch” idea, but how to develop the concrete “random batch” algorithm
depends on the concrete applications. Regarding the interacting particle systems,
Jin et al. proposed some random grouping approach to achieve this goal in [16].
Here, we adopt the random batch method in [16] to (3-2) and then obtain a
stochastic version method for the SVGD ODE system (1-1). For this reason, we
explain the random batch method a little bit. Choose a time step . We define time
grid points
ty = m. (3-3)

At t,,, one divides the particles into groups randomly, and each group is called a
“batch”, and then turns on interactions inside batches only. As indicated in [16], the
random division of the particles into n batches takes O (N) operations (one can for
example use random permutation). Depending on whether one does batches without
or with replacement, one can have different versions (see Algorithms 1 and 2). For
the ODE:s in the algorithms, one can apply any suitable ODE solver. For example,
one can use the forward Euler discretization if F is smooth like Gaussian kernels.
If K is singular, one may take p =2 and apply the splitting strategy in [16].
For the SVGD ODE system (1-1), the kernel F takes the form

F(x,y)=V,J(x,y)=J(x, y)VV(y). (3-6)

Applying the random batch method to this special kernel and using any suitable ODE
solvers, we get a class of sampling algorithms, which we will call RBM-SVGD. In
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forminl: Ny (N/p) do
Pick a set € of size p randomly.
Update X' (i € 6) by solving the following with pseudotime s € [s,,_1, 5,,):

)'(—IF(X X+ (1 ! ! Z F(X:, X;) (3-5)
l—N 1 1 N p—l . 1 J/ -
JEE, j#i

end for

Algorithm 2. Random batch method with replacement.

forkin0: N7 —1do

Divide {1, 2, ..., pn} into n batches randomly.
for each batch ¢, do
Foralli € €,,

1
x®D o x® oy N(V,ﬂf(X,@, X —owx®, xO)yvvxXE ) + dp ik,

where
N-—1 k) &) k) 3 (&) (k)
Q)k’i:m' Z ‘(V},%(Xi ,XJ. ) —H(X; ,Xj )VV(Xj ). (3-7)
j€bq, jF#i
end for
end for

Algorithm 3. RBM-SVGD.

this work, we will focus on the ones without replacement. The one with forward
Euler discretization (with possible variant step size) is shown in Algorithm 3.
Clearly, the complexity is O(pN) for each iteration.

Here, N7 is the number of iterations and {n;} is the sequence of time steps,
which play the same role as learning rate in SGD [4; 6]. For some applications,
one may simply set n; = 1 < 1 to be a constant and get relatively good results.
However, in many high-dimensional problems, choosing 7 to be constant may
yield divergent sequences [23]. One may decrease n; to obtain convergent data
sequences. For example, one may simply choose n; = 1/k as in SGD. Another
frequently used strategy is the AdaGrad approach [11; 28].

3.2. Theoretic results. We now give convergence analysis regarding the time-
continuous version of RBM-SVGD on torus T¢ (i.e., choosing the particular force
(3-6) for Algorithm 1 and X; € T9). The analysis in this section justifies the
expectation that RBM-SVGD should give similar performance as the original
SVGD, as confirmed by the numerical experiments in Section 4.
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By “torus”, we mean the domain is equipped with periodic boundary conditions.
The derivation of SVGD clearly stays unchanged for the torus. The reason we
consider a torus is that (1-1) is challenging to analyze in R? because of the nonlocal
effect of the external force. On the torus, all functions are smooth and bounded.
Moreover, using bounded domains with periodic boundary condition can always
approximate the problem in R? in practice.

Consider the random force for z = (x1, ..., xy) € TV defined by
1 1
fi2) = (1 - N)ﬁ 2 Pl x)). (3-8)
jijE6

where 6 is the random batch that contains i in the random batch method. Corre-
spondingly, the exact force is given by

1
F@== ) Fixp.

Ji#
Define the “noise” by
1
x@ = D Flix) = fi(2). (3-9)
JiJ
We have the following consistency result regarding the random batch.

Lemma 1. For given z = (x1,...,Xn) € TN (or RNY), it holds that

Exi(z) =0. (3-10)

Moreover, the second moment is given by

5 1/ 1 1
Elxi (2)] :(1__> (———)Ai(z), (3-11)

N p—1 N-1
where
Ao = —— Py = 3P| (3-12)
i\Z _N—2 L. Xiy Xj N_—1 ' Xis Xk)| -
JijFEi k:k#i

The proof is similar to that in [16], but we also attach it in Appendix A for
convenience.
We recall that the Wasserstein-2 distance is given by [26]

1/2
sz,v):( inf / |x—y|2dy> : (3-13)
yell(u,v) J1d «d

where IT(u, v) is called the transport plan, consisting of all the joint distributions
whose marginal distributions are © and v, respectively: i.e., for any Borel set

ECT!, w(E) = [[cp e v (dx.dy) and v(E) = [, pu v (dx. dy).
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We now state the convergence result for the time-continuous version of RBM-
SVGD, where we recall that F (x, y) given by (3-6). We use X to denote the process
generated by the random algorithm while X is the process by (1-1). The particles
are exchangeable if the initial values are sampled i.i.d. from the same distribution.
Hence, the distributions of X; are the same, and we call this one-particle distribution
the one marginal distribution, which is a probability measure in T¢ or R¢. We denote
it by ,ug\}) for convenience. Similarly, we introduce the one marginal distribution
for the particles generated by the random algorithm, denoted by [,L(l)

Theorem 2. Assume V and K are smooth on torus T¢. The initial data X? are
drawn independently from the same initial distribution. Given T > 0, there exists
C(T) > 0, such that

supE|X: (1) — X; (1) < C(T)—1
t<T

Consequently, the one marginals /L ) and ,u are close under Wasserstein-2

sup Wa(uly (1), 1) (1)) < C(T) /

Proof. In the proof below, the constant C will represent a general constant indepen-
dent of N and p, but its concrete meaning can change for every occurrence.
Consider the corresponding two processes and ¢ € [t;,—1, t,]:

distance:

d ~ 1 ~ ~ ~ ~ ~
—X; = N(Vﬁf(xi, X)) —H(X;, X)VV(X;))

dt
i Z (Vy %(X,,X ) — f]f(X,,X )VV(X ) (3-14)
p—1 jij€e
and
d

1
—X; = —(VyH(X;, X)) —H(X;, X)) VV(X;
7 & (Vi ) —J( IVV(Xi))

1
+ Z;.(Vy‘?/f(xi,Xj)—f?f(xi,xj)vx/(x,-)). (3-15)
Jij#i

Taking the difference and dotting with X ; — X;, one has

~ d ~ C ~ ~
(Xi —Xi)- E(Xi(t) —X;(@) < N|Xi(t) —XiOP+ X () = X)) - (I + 1)



48 LEI LI, YINGZHOU LI, JIAN-GUO LIU, ZIBU LIU AND JIANFENG LU

where
I = ﬂ(x (Vy (X, X)) — %X, X)VV(X)))
jijee
— > (VKX X ) — H (X, Xj)VV(xj))),
jijee

1-1/N
Lh=— 1" Z (V%5 (Xi, X )—%(XI,X )WV (X))

-1

Jij€6

— N Z (VyH(X;, X)) —H(X;, X;))VV(X))).
Jij#i
Hence, introducing
u(t) =E1X; (1) — X (0 = EI1X1 (1) — X1 (D%,
we have

d C ~ ~
T < Nu(t)+[E(X,~ - X)) - +EX;, — X)) L.

Due to the smoothness of K and V on the torus, we easily find

1 ~ ~
hl=C—— > (Xi=Xil+IX; = X;])

e =X =Kl +Co— 31X =Xl
JE®, j#i
where C is independent of N. Note that ‘6 is not independent of X ;(¢) for t > 1,1,
so to continue we must consider conditional expectation. Let %,,_; be the o-
algebra generated by X;(7), X i(t) for T < t,,—; (including the initial data drawn
independently) and the random division of the batches at #,,_1. Then (3-14) directly
implies almost surely that

E(X; (D) —Xjtm-DFn-) <Cn,  E(X;(0)=Xj (ty—1)| | Fm-1) <Cn. (3-16)
Thus, defining the error process
Yi(1) = Xi (1) — Xi (1), (3-17)
we have E(|Y;(¢) — Yi(t,,—1)|) < Cn, yielding
INu(t) = utm-1)| < Cn. (3-18)
Note that

_ 1 _ 1 ~ 5 1/2
[E<|X,-—X,-|F > |X,~—Xj|>§«/ﬁ< TE > _IXj—Xj|> :

JEG, jF#I




A STOCHASTIC VERSION OF STEIN VARIATIONAL GRADIENT DESCENT 49

The inside of the parentheses can be estimated as

1 ~ 1 ~
——F D X=X = F ) X)) = X
P=7 ez P=1 e jzi

1 ~ ~
o EEX = K5 = X 0) = K -0 | T,

The first term on the right-hand side then becomes u(#,,—1) by Lemma 1. By (3-16),
it is clear that

EQX;— X2 = 1Xj(tm-1) = Xj (tm—D)*) | Frn_1)
<2|Xj(tm—1) — X (tn_1)|Cn + Cn*.

Hence,
E(X; — Xi) - 11 < Cu(t) + Cutlty—1) + Cy/ultm—1)n + Cn?,
where C is independent of N. Since u(t,—1) < Cu(t) + Cn? by (3-18), then
E(X; — X;) - I; < Cu(r) +Cn>.
Letting Z = (X1, ..., Xy), one sees easily that I, = x; (Z(¢)). Then, we find
Yi(1) - (1) = (Yi (1) = Yi(tm—1)) - Xi (Z()) + Yi(tm—1) - i (Z(1)) =: 1 + Ja.

In J5, Y;(t,,—1) is independent of the random batch division at #,,;. Then, Lemma 1
tells us that

EJ, =0.

Using (3-14), we have

t t -
Yi(t) = Yi(tm—1) = —/ xi(Z(s)) ds +/ Ji(Z(s)) — fi(Z(s))ds. (3-19)
tm—1 tm—1

Since x; is bounded,

U

‘[E/ Xi(Z(s)) - xi(Z(1))ds| < ”Ai”oonSz”F”ooﬁ’ (3-20)

Im—1

where C is related to the infinity norm of the variance of y;(¢). This is the main
term in the local truncation error. Just as we did for I,

~ 1 ~ ~
| fi(Z(s)) — fi(Z(s))] < C—— Z (X = Xi|+1X; — X
P=1

~ C ~
=C|X,-—Xl~|+ﬁ | Z 1% = Xjl.
JEB, j#I
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Since
1 . 1 g
B 2 X =XlsE g 30 X = X
JEG, j#i jE€6, j#i
—1 X % a
FE(o =7 X EIG6) = F56) = K = Kt Fn) ).

JE, j#I
this is controlled by C\/u(t,,—1) + Cn. Hence,
Ui
By < 20 Flloo =7 + C/ultn-0n + Cn’.
Using the fact that u(#,,—1) < u(t) + Cn, one eventually has that

4 < Cut 2 Fllo—— +Cr.

dt — p—1
Applying Gronwall’s inequality, we find

supu(r) < C(T)—'—.
t<T p—1

The last claim for W, distance follows from the definition of W5. O

Note that the one marginal ME\P(I) is the distribution of X;(¢) for any i, which
is deterministic. This should be distinguished from the empirical measure uy =
(1/N) ) ; 8(x — X;(¢)) which is random. As can be seen from the proof, the main
contribution in the local truncation error comes from the variance of the noise ;.

As can be seen, the error bound is given by the square root of variance of the
random force times /7 = /T /Nt with N7 being the number of steps. Hence,
the result is a type of law of large number convergence result (see [16] for more
details). The bigness of the variance on one hand depends on the batch size as
1/(p —1) —1/(N — 1), while on the other hand depends on the bigness of the
interaction. As long as the variance is bounded, the convergence of random batch
method is ensured.

One crucial part is that the bigness of the variance depends on the bigness of
the interaction, instead of the range of the interaction. This means that the random
batch version of the algorithm is particularly useful when the interaction has long
range or when the particles are not sparse. In fact, if the interaction has short
range and the particles are sparse, one can use some data structure like cell-list [13,
Appendix F] to reduce the computation of the interactions from O (N 2) to O(N).
However, when the interaction has long range or is not sparse (like the case in
the example in Section 4.2), those data structures cannot be used any more, and
RBM-SVGD becomes useful: it can still reduce the cost from O (N?) to O(N).
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As another observation, according to (3-11) and (3-12), the bigness of the
variance depends on the bigness of the interaction kernel. As long as the variance
stays controlled, the convergence of RBM-SVGD to SVGD is guaranteed. In this
sense, the range of the interaction kernel is not sensitive to RBM-SVGD, so it can
intrinsically be used for kernels that have long range. The choice of kernels clearly
affects the performance of SVGD, but it seems not so significant for RBM-SVGD to
approximate SVGD. In other words, we expect RBM-SVGD to work well when the
kernel is chosen such that SVGD behaves well. In fact, our experience in Section 4
confirmed this.

Remark. We believe the error bound in Theorem 2 can be made independent
of T due to the intrinsic structure of SVGD discussed above in Section 2. Then
RBM-SVGD can be used as the efficient sampling algorithm from the desired
distribution . Such long time estimates are often established by some contracting
properties of the ODE flows, so one may want to find the intrinsic converging
structure of (1-1). However, rigorously establishing such results seems nontrivial
due to the nonlocal effects of the external forces (VV terms).

4. Numerical experiments

We consider some test examples in [19] to validate RBM-SVGD algorithm and
compare with the original SVGD algorithm. In particular, in a toy example for
1D Gaussian mixture, RBM-SVGD is proved to be effective in the sense that the
particle system converges to the expected distribution with less running time than
the original SVGD method. A more practical example, namely Bayesian logistic
regression, is also considered to verify the effectiveness of RBM-SVGD on large
data sets in high dimension. Competitive prediction accuracy is presented by RBM-
SVGD, and less time is needed. Hence, RBM-SVGD seems to be a more efficient
method.

All numerical results in this section are implemented with Matlab R2018a and
performed on a machine with Intel Xeon CPU E5-1650v2 at 3.50 GHz with 64 GB
memory.

4.1. 1D Gaussian mixture. As a first example, we use the Gaussian mixture prob-
ability in [20] for RBM-SVGD. The initial distribution is N'(—10, 1), Gaussian with
mean —10 and variance 1. The target density is given by the Gaussian mixture

() = = - e—<x+2)2/2+%_ 1 e—(x—2)2/2. (4-1)

3 V2 3 V2x

The kernel for the RKHS is the Gaussian kernel

1 2
K(x)= —¢ /2/1’ 4.2
) V2rh )
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RBM-SVGD(20) RBM-SVGD(10) RBM-SVGD(5) RBM-SVGD(2) SVGD h=1.

Figure 1. Comparison between SVGD and RBM-SVGD with different batch sizes using
N =100 particles. The first row reproduces results in [20]; the second row uses a fixed
bandwidth 4 = 2 with other settings being the same as in the first row; the third to fifth
rows apply RBM-SVGD with batch sizes 2, 5, and 20, respectively, and other settings are
the same as in the second row. In all figures, red dashed curves indicate target density
functions whereas blue curves are empirical density estimators (estimated using the kernel
density estimator).

where £ is the bandwidth parameter. For a fair comparison with the numerical
results in [20], we first reproduce their results using N = 100 particles and dynamic
bandwidth parameter 7 = med? /(2 log N), where med is the median of the pairwise
distance between the current points. Since dynamic bandwidth is infeasible for
RBM-SVGD, we produce the results with fixed bandwidth 4 =2 for the comparison
between SVGD and RBM-SVGD. The RBM-SVGD uses Algorithm 3 with initial
step size 0.2 and the following step sizes generated from AdaGrad. Different batch
sizes are tested to demonstrate the efficiency of RBM-SVGD. Numerical results are
illustrated in Figure 1 with the same initial random positions of particles following
an N'(—10, 1) distribution.
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As stated in [20], the difficulty lies in the strong disagreement between the
initial density function and the target density m(x). According to the first and
second rows in Figure 1, SVGD with and without the fixed bandwidth parameter
capture the target density efficiently and the corresponding convergence behaviors
are similar to each other. Reading from the last column of Figure 1, we observe
that RBM-SVGD inherits the advantage of SVGD in the sense that it can conquer
the challenge and also show compelling result with SVGD. When the batch size is
small, e.g., p =2 or p =5, the estimated densities differ from that of SVGD, and
according to our experience, the estimated densities are not very stable across several
executions while, in theory, RBM-SVGD runs N/ p times faster than SVGD. Hence,
RBM-SVGD with p =5 at the 500-th iteration costs the same as 50 iterations of
SVGD. According to Figure 1, RBM-SVGD(2) at the 500-th iteration significantly
outperforms the 50-th iteration of SVGD. As we increase the batch size, as in the
last two rows of Figure 1, more stable and similar behavior to SVGD is observed.

Provided the good performance of RBM-SVGD, we also check the sampling
power and its computational cost. We conduct the following simulations with
N = 256 particles for 500 iterations with the Gaussian kernel (4-2). For RBM-
SVGD, we use fixed bandwidth & = 2 whereas SVGD uses the aforementioned
dynamic bandwidth strategy. When we apply SVGD or RBM-SVGD with different
batch sizes, the same initial random positions of particles is used. For a given test
function h(x), we compute the estimated expectation h=(1 /N) ZIN: (X (T))
and the sampling accuracy is measured via the minimum square error (MSE) over
100 random initializations following the same distribution as before:

100
1 _
MSE = — hi—Exzh(X))?,
S IOO;:I(J x~xh(X))

where Ex~,n(X) denotes the underlying truth. Three test functions are explored,
hi(x) = x, ha(x) = x2, and h3(x) = cos 2x, with their corresponding true expecta-
tions being %, 5, and (cos 4)/e?. The reported run time is also averaged over 100
random initializations.

Figure 2 shows the MSE against different batch sizes for i1 (x), h2(x), and h3(x),
respectively. The results of RBM-SVGD with different batch sizes are connected
by lines, whereas the results of SVGD are the isolated points with batch size
p = 256. In general, the estimations of /(x) and h,(x) are better than that of
h3(x), which agrees with the difficulty of the problems. Table 1 shows the averaged
run time of RBM-SVGD and SVGD for different batch sizes under two different
implementations in Matlab. RBM-SVGD is faster than SVGD for all choices of
batch size. With respect to the two implementations in Matlab, for the first block
row, within each batch, a matrix operation is adopted in computing the kernel matrix
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h(z) == hy(z) = x? hs(x) = cos(2x)
0 0 0
r
0 -1 -1 N
=3
e-2 2 e 2
[@2]
< 3 4 3 3
100 102 10° 102 10° 102
Batch size Batch size Batch size
Figure 2. MSEs of (left) &1 (x) = x, (center) hp(x) = x2, and (right) h3(x) = cos2x,
against different batch sizes.
RBM-SVGD SVGD
Matlab batch size 2 4 8 16 32 64 128 256

matrix op. run time (s) | 0.055 0.095 0.178 0.341 0.270 0.238 0.314 0.733
speedup (x) | 13.3 7.7 4.1 2.1 2.7 3.1 23

TOW Op. run time (s) | 0.055 0.095 0.175 0.332 0.646 1.274 2.527 4.968
speedup (x) | 91.0 525 284 150 77 39 20

Table 1. Averaged run time for different batch sizes.

whereas for the second block row, the kernel matrix is computed row by row. Matlab
naturally is more favorable in the first implementation, which hence achieves fastest
run time for all different batch sizes. For other programming languages, e.g., C++,
Fortran, etc., the speedup of the second block row is excepted, which is close to
ideal case as we predicted earlier.

4.2. Double banana. In this section, we will compare RBM-SVGD with MCMC,
specifically Metropolis—Hastings (MH) [15]. The algorithmic detail of Metropolis—
Hastings is available in Appendix B. The performance of RBM-SVGD and MH on
a Bayesian inference task is compared to illustrate the advantage of RBM-SVGD.
When the number of particles is not very large and desired accuracy is not high,
RBM-SVGD can be more efficient.

We run MH and RBM-SVGD on a Bayesian inference task which is exactly the
experiment in [10]. In this inference problem, our unknown parameter x is in R2.
The observational data y is a real number which is determined by the forward map
% (x) and the observational noise, i.e., y = %(x) + &, where the forward map is a
scalar logarithmic Rosenbrock function [24] %(x) =log((1 —x1)%+100(x; — xlz)z)
for x = (x1, x2) and the Gaussian noise £ satisfies & ~ N'(0, 62) for o = 0.3. The
relationship between parameter x and observation y implies that the likelihood
function is p(y | x) = N(F(x), o?). Finally, we set the prior distribution for x to
be Gaussian, i.e., mo(x) = N (0, t21,), where I, is the identity matrix and t will be
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specified later. Thus, the unnormalized posterior density is given by

(4-3)

N = 512 particles are sampled in RBM-SVGD, and the maximum iteration
number is 800. Different batch sizes are tested for performance, and the bandwidth
parameter is fixed to be £ =0.1. To make MH comparable with RBM-SVGD regard-
ing the number of sampling points, we viewed MH as a method with batch size 1, so
the total number of iterations we performed for MH was N - 200. We apply burn-in
technique by only considering the second-half iterations. To reduce correlation, only
1 sample is drawn from every 100 iterations. Therefore, a total number of N samples
are selected from MH, which agrees with the number of particles we employ in RBM-
SVGD. According to the performance test in Appendix B, we compare RBM-SVGD
with MH by choosing 7 = 5- 1073, which is tested to be convergent and presents
the best visual performance among different choices of t. For both RBM-SVGD
and MH, the initial points are sampled from a Gaussian distribution N (0, 0.42). The
target distribution is double banana with centers near (0, 0.5) and (0, —0.5). Hence,
we adopt two test functions as A (xy, xp) = exp(—(xf + (xp — 0.5)2)/(2 -0.5%)) and
ha(x1, x2) = exp(—(x7 + (x2 +0.5)%) /(2 - 0.5%)).

In Figure 3, we plotted the position of each particle after RBM-SVGD iteration
or MH together with the contour map of the target distribution. From the picture
we can tell that both MH and RBM-SVGD can recover the shape of the target
density and produce persuasive samplings. Although RBM-SVGD slightly harmed
the aggregation of particles around the true distribution (which also paid off with a
much shorter running time) compared to the original SVGD (RBM-SVGD with
batch size = 512), it can still provide a convincing sampling by almost recovering
the shape of the target density. In Table 2, we give further quantitative comparison.
All numbers in the table are averaged over 100 different initializations. The run
time for any RBM-SVGD with different batch sizes is faster than that of MH, and
RBM-SVGD with batch size 2 is more than 20x faster while, regarding the MSE
for both 4 and Ay, RBM-SVGD is much better than MH for /; and better than
MH for h;. Hence, we conclude, for this example, SVGD outperforms MH both in
run time and accuracy. RBM-SVGD further significantly reduces the run time of
regular SVGD without loss of accuracy.

4.3. Bayesian logistic regression. In this experiment, we apply RBM-SVGD to
conduct Bayesian logistic regression for binary classification for the Covertype
data set with 581012 data points and 54 features [14]. Under the same setting
as Gershman [14; 20], the regression weights w of dimension 54 are assigned
with a Gaussian prior po(w | @) = N(w, o~ 1), and the variance satisfies po(a) =
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RBM-SVGD, batchsize=2 3 RBM-SVGD, batchsize=8 3 RBM-SVGD, batchsize=32

Figure 3. Comparison between RBM-SVGD and Metropolis—Hastings.

RBM-SVGD MH
batch size 2 8 32 128 512

run time (s) 0.1321 0.3960 0.8268 0.9732 1.6086 2.9459
hy MSE x10° | 0.0942 0.1862 0.2270 0.2910 0.3850 6.0689
hy MSE x10° | 0.9559 2.2466 2.0151 1.0617 0.5634 3.5240

Table 2. Run time and MSE of 1 and h for RBM-SVGD and Metropolis—Hastings.

['(a, 1,0.01), where I" represents the density of Gamma distribution. The inference
is applied on posterior p(x | D) with x = [w, log «] of dimension 55. The kernel
K () is taken again to be the same Gaussian kernel as (4-2).

Since the problem is in high dimension, we adopt N = 512 particles in this
experiment, which also create more space for the selection of batch sizes. The
training is done on 80% of the data set, and the other 20% is used as the test
data set. For particle system (1-1), the computation of —VV = Vlog p(x) is
expensive. Hence, we use the same strategy as mentioned in [20, §3.2], i.e., using
data-mini-batch! of the data to form a stochastic approximation of p(x) with the
data-mini-batch size being 100. Since V log p depends only on x as in Algorithm 3,

ITo avoid confusion with our batch of particles, we call it data-mini-batch instead.
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Figure 4. Test accuracy under different batch sizes of RBM-SVGD.

RBM-SVGD SVGD
batch size 2 4 8 16 32 128 512

run time (s) 859 11.24 16.28 26.15 21.66 1942 47.01
speedup (x) 5.5 4.2 29 1.8 2.2 24

Table 3. Average run time of 6000 iterations.

at each time step, we call this function only once and compute V log p for all
particles, which means the same data-mini-batches are used for Vlog p of all
particles. In this experiment, we use fixed bandwidth /2 = 256 for RBM-SVGD and
dynamic bandwidth strategy for SVGD. The RBM-SVGD uses Algorithm 3 with
initial step size being 0.05, and the following step sizes are generated from AdaGrad.
Large # is used here for the reason of high dimensionality. Different batch sizes are
tested to demonstrate the efficiency of RBM-SVGD. Each configuration is executed
on 50 random initializations. The averaged test accuracies for different batch sizes
are illustrated in Figure 4.

As shown in Figure 4, RBM-SVGD is almost as efficient as SVGD even for
small batch sizes. When p = 2, the test accuracy converges to a value slightly
off that of SVGD. RBM-SVGD with p = 4 converges to the same accuracy as
SVGD but at a slower convergent rate. For RBM-SVGD with batch size greater
than 4, we observe similar convergence behavior as that of SVGD. The run time
of RBM-SVGD, as shown in Table 3, is lower than that of SVGD, where the run
time of 6000 iterations is reported. Comparing to the similar run time table for the
1D Gaussian mixture example (Table 1), the acceleration of RBM-SVGD is not as
significant as before. This is due to the linear but expensive evaluation of V log p,
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iteration 1000 2000 3000 4000 5000 6000

RBM-SVGD  mean 0.7090 0.7349 0.7409 0.7446 0.7457 0.7471

p=2 std 0.0045 0.0040 0.0040 0.0034 0.0034 0.0038
RBM-SVGD  mean 0.7342 0.7470 0.7508 0.7518 0.7527 0.7534
p=2_8 std 0.0073 0.0056 0.0041 0.0045 0.0039 0.0033
SVGD mean 0.7347 0.7530 0.7523 0.7529 0.7504 0.7511

std 0.0068 0.0048 0.0071 0.0048 0.0061 0.0062

Table 4. Statistics of RBM-SVGD and SVGD.

where RBM-SVGD and SVGD spend the same amount of time in the evaluation
each iteration. Although the evaluation of V log p is expensive, it is linear in N. As
N increases, the advantage of RBM-SVGD would be more significant. In Table 4,
we list the mean and standard deviation of RBM-SVGD with p =2 and p = 8§ and
SVGD of different iterations. Based on the statistics, we conclude that RBM-SVGD
and SVGD are of similar prediction power and RBM-SVGD is efficient also in
high-dimensional particle systems as well.

5. Conclusion

We have applied the random batch method for interacting particle systems to SVGD,
resulting in RBM-SVGD, which turns out to be a cheap sampling algorithm and
inherits the efficiency of the original SVGD algorithm. Theory and numerical
experiments have validated the algorithm, and hence, it can potentially have many
applications, like Bayesian inference. Moreover, as a hybrid strategy, one may
increase the batch size as time goes on to increase the accuracy, or apply some
variance reduction approach.

Appendix A: Proof of Lemma 1

Proof of Lemma 1. The proof is pretty much like the one in [16]. We use the random
variable I (i, j) to indicate whether i and j are in a common batch. In particular,
I1(i, j)=1if i and j are in a common batch while 7 (i, j) = O otherwise. Then it
is not hard to compute [16]

_pr-1
[Ell(i,j)=1—N_1, o
B = P D= (A1)
DR =N TN =y
We note
1 N-—-1__ .
60 =~ Z(l—ﬁl(l,n)ﬂxhxj). (A-2)

Ju#
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The first equation in (A-1) clearly implies that Ex; (x) = 0. Using (A-1), we can
compute directly that

1 N-—-1
Elxi (x)|* = m(Z (F — 1)|F(xi,xj)|2

Ji#E
(N-D(p-2)
+ Z (m—l F(x,-,xk)-F(x,-,xj) .
Jokej s Kt p
Rearranging this, we get the claimed expression. U

Appendix B: Metropolis—Hastings method and performance

Metropolis—Hastings (MH) is a method of MCMC which produces a reversible
Markov chain where the unnormalized target distribution 7 is invariant. This
reversibility is realized by its “accept or reject” machinery. Roughly speaking, MH
first generates a candidate according to a proposal distribution (which is always
chosen as a normal distribution) and then determines whether to accept or reject
the candidate according to the unnormalized target distribution 7 [15]. In detail,
the algorithm has four steps:

(1) initialization. Draw X according to a given prior distribution 7.
(2) generate a candidate. Given X, draw candidate X’ through a normal distribu-
tion with mean X,, and covariance C, i.e.,
X' =X, +NO,OC).

(3) calculate the acceptance rate. Acceptance rate « is set as

n(X/)}

o= min{l, —_—
7 (X)

(4) accept or reject. Then we accept X' with probability « and reject it with
probability 1 — «, i.e., X,,11 = X' with probability « and X, = X,, with
probability 1 — «.

The Markov chain constructed in this algorithm has transition kernel 2 (x, y) which
can be written as

W1y —
h(x,y)ZeXp(—(x y)C; o y))‘min{l,%}.

Direct calculation indicates that h(x, y)m(x) = h(y, x)(y). Thus, this Markov
chain satisfies the detailed balance condition and hence has invariant measure 7.
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7=05 7=0.05

Figure 5. Samples from MH with different 7.

Given the prior and target distribution as in (4-3), we first test the performance
of MH among different values of parameter 7, which represents the variance of the
proposal distribution.

Figure 5 illustrates the samples together with the contour map of target distribution
fort=5-10"1,5.1072,5-1073,5- 1074, Clearly, the best performance was
attained when v = 5- 1073, For ¢ greater than 5- 1073, samples are still wandering
around the true distribution without accumulating due to a high variance, whereas
for smaller 7, samples are merely aggregating around the “lower” banana rather
than the “upper” banana. This phenomenon can be explained by the small variance
of proposal distribution, which confines the particles around upper banana.

Moreover, a convergence diagnosis for MCMC was also conducted by computing
the auto-correlation [7]. A lower auto-correlation always implies better convergence
because a higher auto-correlation indicates that effective sampling size is smaller
and more iteration is necessary [27]. Figure 6 plots the auto-correlation of the
first coordinate of samples at different time lag k. For t = 5-107!,5- 1072,
auto-correlation at k < 5- 103 (2.5% of the number of samples) is plotted, while
for t =5-1073,5-10*, auto-correlation at k < 5- 10* (25% of the number of
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Figure 6. Auto-correlation curve of samples from MH with different .

samples) is plotted. This figure shows that auto-correlation decays rapidly for
7=5-10"1,5-1072 and oscillates around 0 with small magnitude. For r =5-1073,
although it decays quickly, its oscillation has a greater magnitude. For t = 5- 1074,
it does not converge to O at all. In conclusion, the convergence of MH with
7=5-1001,5-1072,5-10"%is acceptable. Hence, in this paper, we use MH with
T =5-1073 as a reference.
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A THIRD-ORDER MULTIRATE RUNGE-KUTTA SCHEME
FOR FINITE VOLUME SOLUTION
OF 3D TIME-DEPENDENT MAXWELL’S EQUATIONS

MARINA KOTOVSHCHIKOVA, DMITRY K. FIRSOV AND SHIU HONG LUI

A third-order multirate time-stepping based on an SSP Runge—Kutta method
is applied to solve the three-dimensional Maxwell’s equations on unstructured
tetrahedral meshes. This allows for an evolution of the solution on fine and coarse
meshes with time steps satisfying a local stability condition to improve the compu-
tational efficiency of numerical simulations. Two multirate strategies with flexible
time-step ratios are compared for accuracy and efficiency. Numerical experiments
with a third-order finite volume discretization are presented to validate the theory.
Our results of electromagnetic simulations demonstrate that 1D analysis is also
valid for linear conservation laws in 3D. In one of the methods, significant speedup
in 3D simulations is achieved without sacrificing third-order accuracy.

1. Introduction

Many real life simulations require complicated geometries and highly nonuniform
meshes. When explicit methods are used, the maximum allowed time step is defined
by the smallest elements in the mesh. When a fine mesh is required only in a small
region of a computational domain, it is not a desirable expense. In addition, when
a small time step is used on a coarse grid, it often generates dissipation in the
solution. To overcome the need for a restrictive time step, local time-stepping (LTS)
or multirate methods are very useful. In this case local stability conditions (CFL)
are imposed on subdomains of the computational domain in place of a global more
restrictive stability condition.

The earliest works on multirate methods include multirate Runge—Kutta schemes
by Rice [32] and Andrus [2; 3], multirate linear multistep by Gear and Wells [16],
and local time-stepping with forward Euler by Osher and Sanders [30]. Over the
last three decades multirate versions of many traditional temporal schemes, such
as explicit Runge—Kutta [10; 11; 20; 27; 38], Adams—Bashforth [33], as well as
implicit-explicit IMEX) methods [34] were designed.

MSC2010: 65L06, 65M08, 78M12.
Keywords: multirate Runge—Kutta schemes, Maxwell’s equations, three-dimensional unstructured
meshes, finite volume.
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In the computational electromagnetics literature one can find LTS versions of leap-
frog schemes [9; 29; 18; 4], multistage (Runge—Kutta, predictor-corrector) [4; 15]
and multistep (Adams—Bashforth) explicit methods [17; 19], Cauchy—Kovalevskaja
procedures [39], and locally implicit time integration [12]. In [8] a method based
on Yee’s scheme with special discrete transmission conditions for unknown values
at the interface between LTS subdomains was developed, and applied to the 3D
Maxwell’s equations in [9]. A space-time mesh refinement method is implemented
with a discontinuous Galerkin (DG) space discretization for first-order hyperbolic
systems in [14]. The advantage of the space-time mesh refinement method is that it
guarantees the stability of the scheme by enforcing conservation of discrete energy.
But it requires solution of a linear system at the interface between two grids at
each time step. This becomes more and more computationally expensive as we
increase the number of multirate domains in 3D space. An LTS method based
on the symplectic Stormer—Verlet scheme was proposed by Piperno in [31]. The
scheme with two levels of refinement was proven to conserve discrete energy. In [29]
Montseny et al. followed the same idea to develop a leap-frog-based LTS scheme. In
both cases time increments proportional to 2 are used and the latest available solution
is used for coupling at the interface between domains with different time steps.
In [13] Diaz and Grote derived an arbitrary (even) high-order LTS method for the
second-order wave equation. Their method is based on an extension of the second-
order leap-frog scheme by a modified equation approach [36]. The method was
proven to conserve discrete energy under some CFL condition. Its implementation
for the 2D Maxwell’s equations can be found in [18]. An LTS method based on
Adams—Bashforth multistep schemes was developed by the same authors in [19],
and another implementation can be found in [17]. In [39] an LTS technique based
on the arbitrary high-order derivatives (ADER) DG method was proposed. Unlike
methods based on multistage time integration, there is no consistency challenge
between solutions at different time increments in the ADER approach. This allows
for a more flexible distribution of local time steps with optimal performance. A
causal-path LTS technique utilizing multistage time schemes has been proposed by
Angulo et al. in [4]. It was applied to Maxwell’s equations using fourth-order RK
and second-order leap-frog as base time integration schemes. Their LTS approach
requires a computation of the stage value of neighbors in order to advance the
solution on a given subdomain. Therefore, the idea is similar to the one proposed
by Tang and Warnecke in [38].

In this work we analyze and implement two LTS approaches based on third-order
strong stability preserving (SSP) Runge—Kutta to improve efficiency of third-order-
accurate 3D electromagnetic simulations. One is a third-order extension of the idea
proposed by Tang and Warnecke [38]. It is based on a projection of the solution
to provide consistent coupling at LTS interfaces. Another one uses interpolation
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of stage values for the same purpose [27]. Both schemes allow arbitrary time-step
ratios and are relatively inexpensive to implement with any 3D finite volume scheme
on tetrahedral meshes. The flexible time-step ratio gives more optimal simulation
speedup on nonuniform meshes with large differences in cell size without loss of
accuracy. A linear version of order conditions is used to analyze the accuracy of both
schemes. Our analysis shows that a third-order extension of the scheme from [38]
leads to only a first-order coupling, while the scheme proposed in [27] maintains
third-order accuracy. Both schemes are implemented for the 3D time-domain
Maxwell’s equations with a third-order finite volume spatial approximation. Two
strategies to define local time-step distribution are compared. One is a traditional
power of 2 base partition, and another one is based on a more flexible time-step ratios
and optimization algorithm. Numerical results in 1D and 3D with both schemes
confirm our theoretical results. Moreover, both proposed time-step distribution
strategies lead to the same accuracy in our simulations confirming flexibility of
considered schemes. Significant speedup is observed in both schemes for problems
with large linear cell-size ratio.

The paper is organized as follows. Section 2 describes Maxwell’s equations in
the time domain and their finite volume discretization. Section 3 discusses multirate
Runge—Kutta schemes in 1D and their accuracy analysis for linear problems. In
Section 4 a 3D implementation of algorithms using arbitrary time-step distribution
is presented. Finally, Section 5 shows numerical validation of third-order LTS
schemes on 3D electromagnetic problems.

2. Finite volume scheme for Maxwell’s equations

Consider the propagation of electromagnetic waves in a three-dimensional hetero-
geneous linear isotropic medium with space-varying electric permittivity € = €(X)
and magnetic permeability & = 1(x). Given a bounded region  C R?, the electric
field E(x, t) and the magnetic field H(x, t) are governed by the system of Maxwell’s
equations

e%—VxH:JE in [0, T] x Q,

w4+ V xE=]Jy, in [0, T] x , (D)

anxE+bnx(@xH)=0 on[0,T]x 9L,

where Jg and J g are the sources consisting of imposed currents and terms introduced
by scattered field formulation, and 7 is the outward unit normal of the boundary 9€2.
Parameters a and b define different boundary conditions:

« perfect electric conductor (PEC), a =1 and b =0,
« perfect magnetic conductor (PMC), a =0 and b =1, and
« Silver-Miiller absorbing boundary condition, a =1 and b = /i /€.
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Consider the normalized quantities

x =1"x, t =col ™', 2)

where [ is a reference length and cg = (jo€9) ~'/? is a dimensional speed of light in

vacuum with €g ~ 8.854 - 10_12 As = and po =4 - 10_7 V S The fields E and H
can be normalized to a typical electrlc field intensity E by
g=2  m=2w =2y gl 3)
- E ’ - E b - E, H — E H>
where Zy = 4/1to/€p is the dimensional free-space intrinsic impedance. Then the
system (1) can be written in nondimensional form as

e, —VxH=Jg in[0,col"'T] x R,
M, H 4 VXE=lJy in [0, col~'T] x Q, “4)
aix E4+bax@x H)=0 onl0,col 'T]x 3%,

where €, =€/€g, u= /o, ar =a, and b, =b/Zy. For a finite volume discretization,
the first two equations of (4) are written in conservative form as

aUu

U= [H] FWU)=[FU), KL,U), FWU)]", F = [

Gnl o=l

0 wr ’ Jul
Consider a partition of the bounded domain  C R? into a tetrahedral mesh
Qr = UlN: 1 T;. It is assumed that material properties are constant in each cell 7;.
Integrating (4) over each tetrahedron 7; and defining the cell-averaged values of a

given function u as u; = (1/|7T;|) f . udV, the following semidiscrete finite volume
scheme for Maxwell’s equations is derived:

au; 1 .
"ot +|Tl|/2;TIn |T|Z| ijln - |S,j Ji ®))

where 7 is the outward unit normal of the tetrahedron boundary 9 7; consisting of four
triangular surfaces S;;, j =1, ..., 4. Fluxes are computed using physical properties
on elements 7; and T;. Physical properties are the same inside a homogeneous
medium and different on boundaries between dielectrics. To approximate the flux
on each triangular surface S;;, an upwind scheme based on the Steger—Warming

—e,-xH
el‘XE
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flux vector splitting [37] is used. Then a third-order linear scheme [40; 26] is used
to approximate the field components.

3. Multirate Runge—Kutta methods in 1D
Consider the semidiscrete problem defined by the ODE
Uur = Lu (6)

on some bounded region  C R with a given initial value u(0) = u°. Here the
operator L represents the spatial approximation of the linear operator in the conser-
vation law with some given order p. The computational domain is partitioned into
two nonoverlapping subdomains 2 = Dy U Dy U T, where D has a fine mesh
with size h/2 and D; has a coarse mesh with size i, and "1 = d D N d D, is the
boundary between D; and D,. Assuming that the local time step satisfying the
CFL condition on D; is At, then the local time step on Dj is Az/2. Denote by L
and L, two projections of the operator L onto domains D; and D,, respectively;
then we can split the right-hand side of (6) as

u; = Liju—+ Lou. (7

For the analysis of multirate Runge—Kutta schemes it is convenient to consider
their partitioned form (MPRK) [10; 23; 34]. The s-stage multirate Runge—Kutta
method for (7) with two levels of refinement (local time steps) can be written as

u® =y" —f—AIZZa()Lku i=1,...,s, )

k=12 j=I

N
T=u+ A Y > b L., ©9)
k=1,2 i=1
It should be noted that the time-step factor is taken into account in the coefficients
(1) and a(z) and s is the number of MPRK stages. The scheme (8)—(9) is internally
con51stent 1f [23]

1 2 k k ;
cg)ch), () Zaf]), =1,...,s. (10)

This condition ensures that the stage values on adjacent subdomains are consistent
approximations to u(¢" +c; At). Failure to satisfy the internal consistency condition
may lead to lower accuracy at interface points.

The accuracy of the MPRK schemes in the sense of a truncation error can be
determined using the classic order conditions [21; 24; 1]. A few multirate schemes
based on second-order Runge—Kutta methods satisfying second-order conditions
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exist in literature [10; 38]. But generalizations of these schemes by using third-order
base methods do not automatically generate a third-order MPRK method. The
number of conditions quickly increases with order, and it becomes challenging to
satisfy all of them. For linear problems, however, this number is reduced. For the
third-order scheme the order conditions are given by the following lemma.

Lemma. The multirate partitioned Runge—Kutta method (8)—(9), where L and L,
are linear constant-coefficient operators, is third-order accurate if the following
order conditions are satisfied:

(first order) (b*NHT1 =1, ki,kn=1,2, (11)
(second order) BT = 1 ki ko =1,2, (12)
(third order)  (B*)T A% ™) =1 Ky ky k3 = 1,2. (13)

Proof. The proof is based on the estimate of the local truncation error T"+! =
w1 —v(t"*1) after the time step At, where v is defined by

v,=Lv, v(")=u".

Using Taylor series expansion for p("*1) and substituting (8) into (9), the following
expression for the truncation error is derived:

Tt = At|: doa- (b(kl))Tl)Lk,]v"

k1=1,2

+At2[ > (%—(b(kl))Tc(kZ))Llek2:|v"

ky,ky=1,2

+ar] > (b- (b(k'))TA(kz)c(k“)LklLkszs]v” Lo,
ki,k2,k3=1,2

The truncation error is O (Az*) if the first three terms are zero. U

Now we consider two multirate schemes with a third-order SSP Runge—Kutta
method as a base. The first scheme is an extension of the second-order scheme
developed in [38] by Tang and Warnecke (MRK-TW). A generalization of their
scheme for two time increments Ar and At¢/2 with an arbitrary base method
(A, b, ¢) is given in Table 1, where

A =[Aé, Z; 5], Ay=A—Aj, (14)
by =bé;, b,=b—b,, é =[1,0,...,0]", (15)
\—f—./

N

and Z; ;_ is the s x (s — 1) zero matrix.
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1
c(l) A“) 1 zcl 1 %A 1
Dy: o sltie| 307 ®1 34
14T 1T
b
1 1
D A® I 7A
Dy: - = letc| T @e+A A
b(2)T

Table 1. MPRK-TW scheme for arbitrary base method (A, b, ¢) and time-step ratio 2.

Theorem. The partitioned Runge—Kutta scheme defined by the Butcher tableau in
Table 1 is internally consistent if

c=1-2¢ (16)

and is second-order accurate if the base method (A, b, ¢) is at least second-order
accurate and satisfies
1
by = 5. 17

Moreover, it has at most second-order accurate coupling regardless of the base
method.

Proof. The proof of internal consistency is a straightforward application of the
condition (10). Assuming that the base method (A, b, ¢) satisfies the second-order
conditions, the coupling conditions ((12), k; # k») applied to the scheme in Table 1
give us

b(l) (2) 1bT( c—|—2e1+c) 4(b)Tc+ W=z = h =%,
bPe “> = e e+ b —biep" (14 Le)
=" -1b+1®)c=1 = b=1

Hence, the method is second-order accurate provided that b; = % Assume that the
base method (A, b, ¢) is second-order accurate and also satisfies the third-order
conditions for linear problems ((13), k; = k» = k3). One of the linear coupling
conditions in (13) with k; = 1 and k = k3 =2 gives
(BMNHTAP P = %bT%A%c + %bT(%bT ®e+ A ) 5€ + bTAz(% c)
=gb" Ac+ &by + 10" Ac = X + Lby.

Therefore, the second- and third-order conditions cannot hold together. (]

It follows from the theorem that the partitioned Runge—Kutta scheme defined by

the Butcher tableau in Table 1 is only first-order accurate with any third-order base
method.
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To get internal consistency for schemes of order r > 2, solutions on both sides
of the interface I'1; need to be adjusted. One strategy that provides higher-order
coupling for linear problems was proposed in [27]. It is third-order accurate for
third-order SSP Runge—Kutta base methods for linear problems (MRK-LLH).

For linear problems the Runge—Kutta method can be written as

u=CT\Lu", (18)
W =u"+b" Lu, (19)
where
u=[u u?, . u®", u' =", ..., u"",
——
S
Ly =diag{l, L, L? ..., L*71}, L =diag{L,L,..., L},
\_\/—/
S
[1 0 0 0 T
1 any 0 0
1 Y a3; amaxy --- 0
c=]|. : . (20)
: : : . 0
1 Y ay Y agjajk -+ ags—1---an |
and

Ty, = diag{1, At, ..., A7) (21)

Since for the linear case we have
d'u

—_— , 22
| (22)

Liu|,:tn =

therefore the RK stage values u can be written in terms of time derivatives of u”.

Now consider the partition 2 = Dy U D, UT'|> defined by the local time steps

At; = At/2, and At, = At. First the solution is advanced on both subdomains

from ¢ = t" with their local time steps Af; and Afy. The stage values at the time
level " inside of each subdomain are computed by

up = CTy,du", k=1,2, (23)
where
du d? d~'u]”
du":[u,—u,—;t,...,%] . (24)
dt  dt dt P

To calculate the fluxes on the interface I'j, the stage values #; and #, are needed
for time advancing from ¢ = " on D, and D, respectively. Using (23) the stages



MRK3 FOR MAXWELL’S EQUATIONS 73

1 !
¢ AW 1 Ec1 1 zTA 10
Dy: e alt3e| ;b ®1 34
e
1 i
D] A® ¢ 24 0
. _ 0
Dy: - q [
576D 0

Table 2. MPRK-LLH scheme for arbitrary base method (A, b, ¢) and time-step ratio 2.

1) and @, are obtained using the coupling [27]
[#1];n = CTapdu" = CTa, Tx, € 'uy = GVuy, (25)
@] = CTpndu" = CTp, Ty C ™ 'uy = GPus. (26)

Matrices GV and G® are lower triangular and have the properties

GVG?® =@M = I, (27)
S N
(1 2
Y G)=Y G =1, (28)
j=1 j=1
GV, =u,, G0 =u,. (29)

At the second step the solution is advanced on the fine mesh only using coupling
stage values u, at the time level t = ¢ + At; computed by [27]

[@2]n  an, = CTay Han T €~ 'uy =: Kuy, (30)
where
(1 At At?/2 - A7/ — D!
01 At - AP72/(s—=2)!
Hy, =10 0 I AP35 =3)! ] (31)
00 0 ... 1 |

The MRK-LLH method described above can be written in the Butcher tableau
form shown in Table 2, where

Q=KAGY, (32)

and g =[q1, ..., qs]", with

s—1 K

s k—1
gi=Y_ Qij= Z( > Kikale;;))- (33)
j=1

j=1 k=j+1 I=j
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Consistency and accuracy analysis for the MPRK-LLH scheme can be summa-
rized by the following theorem.

Theorem. The partitioned Runge—Kutta scheme defined by the Butcher tableau in
Table 2 is internally consistent and third-order accurate with three-stage SSP RK3
schemes for linear problems.

Proof. The scheme is internally consistent by design. It can be shown by verifying
the condition
qg=11+1c (34)

It also follows from the application of the order conditions (11)—(13) that the scheme
MPRK-LLH is third-order accurate for three-stage RK3 base methods for linear
problems. O

The extension of the scheme to any arbitrary time-step ratio is straightforward [27].
To update stage values the following general coupling expressions replace (25)—(26)
and (30):

- (1) H
(@1 ]k, = KAtkz.kl [w2]nta, KAthvkl

=CTspHpy,, T5 C™' (35)
(@) = K (il K5y = CTayHay,, T CT' (36)

Atyey k Aty iy

In the next section we present the steps to implement both schemes on 3D meshes
with arbitrary time-step ratios.

4. MRK scheme in 3D
Consider a semidiscrete system of Maxwell’s equations (5) written as
U =LU, (37)

and defined on a computational domain with mesh Q7 = U,N= lii' This domain
is partitioned into K multirate groups of elements Q7 = Ule D®) using a local
stability criterion. Let {Ar,-}lN: | be a set of characteristic stable time steps obtained
by [7]

_n
Ci ) jeg,ISil
for each cell 7; with volume |7;|, where $; is the set of indexes of neighboring
elements, and |S;;| is the area of the face shared by element 7; and its j-th neighbor.
Let Atmin = min; {A7;} and Afyax = max; {At;}. Each time step Af;, can be defined
as a product of Atpnin and some rational number 0 < py < Afmax/Afmin. Then K
multirate groups can be defined as

T e, At e[An, Atnay)), k=K.

At < (38)

(39)
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Each multirate group consists of elements of bulk group Déﬁik and inner buffer

group D®(0). Bulk group Dgﬁk includes all elements of D™ that are sufficiently
far from the boundary I'y =3 D® N (UIK: 1, Ik 8D(1)); therefore, time integration on
these elements does not depend on values from neighboring multirate groups. The
size of the inner buffer D (0) depends on the order of finite volume approximation
and consists of elements of D®) nearest to I'; for which time integration involves
values from adjacent multirate groups. In addition to bulk and inner buffer groups
we need to define outer buffer groups, where the values of adjacent multirate groups
are updated to ensure proper coupling. Let At be the global time step, at which the
solution in all multirate groups is synchronized, and the final time is achieved after
N’ global time integrations, i.e., T = N’ At¢. Assuming that each global time step
from ¢" to t"*! consists of m local multirate stages, we associate to each multirate
group D® the local time t e {1, ..., m}, at the [-th multirate stage. The global
time " is defined by local times 1 ! and its definition depends on the multirate
scheme.
The most common definition of local time steps [15; 29; 31; 35] is given by

min

At
(A2 = 2 Atin) 2, K= Llogg A“‘*‘"J +1.

Another set of factors {p;} le that we found to give better distribution of local
time steps is given by
{Pk}f:1 = {K/kAtmin}f:()’

Atmax
K={ 4 J (40)

This partition is then optimized by varying the parameters Atyi, and k and removing
unnecessary groups. We will refer to this partition as optimized partition (OP). The
outline of the optimization procedure is the following:

where

(1) Using the values of Aty and K defined by (40) we introduce two parameters
for the new multirate partition

Atrin = 0 Atin, @ €[0.8, 1], (41)

K*=BK, B €10.8,1.2]. (42)
It should be noted that broader ranges of values for the parameters « and j

introduced too many local minima (and repeating time-step distributions) for
the optimization procedure to be efficient.

(2) For a randomly chosen pair (At*

»in» K*) using a certain search procedure,

(a) construct a multirate partition;
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(b) remove unnecessary multirate groups: if a subdomain with A#; consists
of a few isolated elements, add it to the subdomain with A#,_; and
(c) estimate theoretical speedup from the resulting partition.

(3) Go to step 2 if the convergence criterion is not satisfied. If converged, take the
best estimated partition as the final choice.

In the present work an improved controlled random search algorithm by [28] was
used as a searching procedure. It was run once before the simulation with a limit of
200 iterations, and usually took around 30 iterations to converge. The final partition
is defined by the optimal pair (A7, , K*) and after merging of unnecessary MRK
groups has the total number of multirate groups < K*. The convergence criterion
is based on the theoretical speedup formula given by

-1
g At sN 43)
ZZ:I Atk_ISND(k) '

where N is the total number of mesh elements, s is the number of Runge—Kutta
stages, and Ny is the number of elements in the D*) multirate group. During the
initialization, the local time-step partition is computed and subdomains are deter-
mined. Multirate partitions are defined so that all local times 7, ! are synchronized
at some global time step Af. As a result the computational process can be divided
into N blocks with global time step A¢. In this work only static meshes were used
in simulations. The same idea for multirate partitioning can be applied to dynamic
mesh refinement. In this case, multirate groups have to be defined for each mesh
refinement at minimum computational cost.

4.1. Tang—Warnecke scheme. The coupling in the MR-TW scheme is done by
projecting the solution using the Runge—Kautta step in the adjacent multirate group.
Therefore, with three-stage RK3 base scheme the outer buffer consists of three-stage
coupling groups DX (¢), ¢ =1, ..., 3.

Consider the partition into K multirate groups with time steps Af; defined by
any partition method. Let m be the number of local time updates from " = ¢ to
"1 =" 4+ At = "™ at which all multirate groups are synchronized. Local times
f T 1<l<m,are updated at the beginning of the time cycle by

tn,l _

! Ay i =

gt if g S gl
Then the global time corresponding to the /-th multirate stage is obtained by

= min g (45)



MRK3 FOR MAXWELL’S EQUATIONS 71

At the beginning of each multirate stage / the initial stage values are given by
JI=1 k
W(l) _ {U]:l . on D(K), 4 )
n, K
U; on Uiy ;4 (DY N (Ui P ).

Here [* <[ — 1 is the last multirate stage with #; - t]'.”l*. The g-th stage value of
the Runge—Kutta scheme on multirate groups D™ is then computed by

(40)

g—1
Uk(q) = 1?’1_1 + Az ZakaW(r), q=2,...,5, (47)

r=1
and coupling values denoted by Vj(q) are computed in the outer buffer of D® by

g—1
(q) JI*
VIO=UM + ALY ag LW, (48)
r=1

where Ag j =1 — 17!

i and

Uk(Q) on D®,
@) K i s+1— k
V" on Uiz jm (DY N (UL DO M),

4.2. Liu-Li—Hu linear scheme. The coupling in the MRK-LLH is done by mod-
ifying the latest stage values in cells closest to the multirate interface. The outer
buffer includes only one coupling group D¥(1).

Consider a partition into K multirate groups with time steps Af; and m local time
updates from " =" to "1 =" 4 At =" Local times t,?’l, lelo,...,m—1},
associated with each multirate group D® are updated at the end of the -th stage by

W(q):{ q:2,...,s.

n,l+1 t,’:’l + At if t]:”l + Aty = L
tk = n,l cp o n,l nlal (49)
l if 7" + Ay > ™
where
i = Hgn(tg’l + Ar). (50)

At each multirate stage [ for every D® with ' L= ¢! the coupling RK stage
values V; are computed in the outer buffer Ule, i #k(D(j )N DP(1)) by

q —1p-1 (r) e nl _ nl
yo [ZVZI[CTN].TMC 1,:U; if £ =1, 1)

—1p—1 ry - N J
S a[CTag Hyi T, €1, U it 3 <,

where At,?”]l. =1 4 t;’l, U;r) are the RK stage values on D) at t;”l, and matrices
C, Ta;, and Hp, are defined by (20), (21), and (31), respectively. Then the time
integration is performed on D®). There are no additional RK steps in the outer
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buffer, since the coupling values are defined by (51). Therefore, in this algorithm
we avoid additional costly computations of fluxes in the outer buffer.

5. Numerical experiments

All numerical experiments were completed with double precision on a computer
with a four-core Intel 17-4790K CPU. The computational code of the finite volume
engine was written in C++ with OpenMP and compiled using GCC. Tetrahedral
meshes for all 3D problems considered in this work were generated using the open
source software Gmsh version 2.7.1. As was mentioned in Section 4, the MRK3-TW
scheme requires more flux computations while MRK3-LLH uses more coupling
steps. To assess schemes’ efficiency, in our numerical experiments we compared
both CPU time and the total number of flux computations for single-rate RK3
and multirate schemes. Flux computation is the most computationally expensive
operation and for large meshes it takes over 90% of CPU time (94% in the example
on page 83). At the same time, on small meshes with large time-step ratio this
percentage is lower and the speedup of MRK3-LLH compared to the RK3-TW
scheme is diminished with too many coupling steps. Therefore, in some examples
RK3-TW slightly outperforms MRK3-LLH in terms of CPU time.

Example (1D linear advection equation). Consider the linear advection problem

u;+u, =0, xeQ=(-1,1), (52)
u(x,0) =sin(mwx), (53)

with periodic boundary conditions. The computational domain consists of two
subdomains D; = (—1, 0) with grid size #/2, and D, = (0, 1) with grid size &. For
the space approximation a finite volume scheme based on a third-order WENO
reconstruction [25] is employed. Convergence results for MRK3-TW and MRK3-
LLH are compared to the ones by the non-MRK SSP RK3 scheme on a uniform
grid (see Table 3).

Example (PEC sphere). Consider the classical scattering problem of a plane wave
at a PEC sphere for which the analytic series solution is known [22; 5]. The
computational domain is represented by a sphere of radius 3 m with a sphere (PEC)
of radius 0.5 m cut out at the origin. The x component of the electric field of the
incident plane wave E! is given by the derivative of the Gaussian pulse:

X

El = _zt;_;er—(t—tosz’ (54)

where A =1.7489 x 107 Y5 b= 1.5 x 10, and 7o = 6 x 10~ s.
The average linear cell size near the PEC surface is 0.0225 m, and on the outer
boundary of the domain it is 0.15 m. The resulting nonuniform mesh has linear
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RK3 MRK3-TW MRK3-LLH
h=' | L) ra(u) | I(u) ra(u) | I(u) ra(u)

100 | 9.006 x 1076 3.895 x 1073 1.086 x 1073

200 | 1.126 x 107%  3.00 | 1.963 x 102 0.99 | 1.357 x 10®  3.00

400 | 1.407 x 107 3.00 | 9.863 x 10™* 0.99 | 1.695x 1077  3.00

800 | 1.759 x 1078 3.00 | 4.945x 107* 1.00 | 2.118 x 1078 3.00
1600 [ 2.198 x 1072 3.00 | 2.477 x 10™* 1.00 | 2.647 x 10™°  3.00
3200 | 2.751 x 1071% 3,00 | 1.240 x 10™* 1.00 | 3.310 x 107!* 3.00
6400 | 3.507 x 107! 2,97 | 6.203x 107> 1.00 | 4.170 x 107! 2.99

Table 3. Convergence of RK3 and MRK3 schemes for the linear advection equation with
initial data u(x, 0) = sin(rx) at T = 1. Here r5 () = logy (o (ul1) / 1, (u["/21y).

P2 partition OP partition
Multirate domains: Multirate domains with
At =0.8At,:
At 1199
20t : 111412 A 1
4nt,, : 28267 41/3208¢ 2 7
84t 30531 41/24A¢  : 227

164t : 261002 41/16A¢,: 90428
41/8 AC,,: 42913
41/4 A€, : 17932

4172 AF: 279903

Figure 1. Scattering from PEC sphere: multirate domain partition for the mesh with linear
cells size ratio 1 : 6.667.

cell-size ratio 1 : 6.667, and consists of 431411 tetrahedra with 14 374 of them
containing a PEC face. Two types of partitions used in our experiments with the
MRK3-TW and MRK3-LLH schemes are shown of Figure 1. The time-domain
solutions for the electric field at a side-scatter observation point by two MRK3
schemes and single-rate RK3 are shown in Figure 2. The maximum errors at four
observation points are shown in Table 4. The error plots in Figure 2 show that the
same accuracy is obtained with the MRK3-LLH-OP scheme as with the single-rate
RK3 method. At the same time, the error of the solution obtained by the MRK3-
TW-OP scheme is much larger. This demonstrates only first-order accuracy of the
MRK3-TW scheme as in 1D analysis. The same conclusions can be drawn from the
errors presented in Table 4. A comparison of numerical efficiency for both multirate
schemes against the single-rate RK3 is shown in Table 5. While both schemes have
faster CPU time than a single-rate scheme, in this example, CPU performance of
the MRK3-LLH scheme is higher due to fewer interface flux computations required.
It should be noted that P2 partition uses the largest time step as At,, and in OP
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0.15 A — - Analytic
/ 3 - - _RK3 0.002
0.1 \ - MRK3-TW-OP
/ \ —*- - MRK3-LLH-OP 'g 0.001
0.05 S . »
€ / \ T '§_ 0 powonel NS \k‘ ‘,lﬁ\rm*
ZX 0 -c--«--c-e‘/ \ / E \\“/ -
"'-' \ / Fu > -0.001
-0.05 \ // U'_lx
o \\ / -0.002 —
s \J -0.003 - MAKsLLHOP
. 0.005 0.01 0.015 0.005 0.01 0.015
time [us] time [us]
Figure 2. Scattering from PEC sphere: time-domain solution at side-scatter observation
point (—1.15, 0, 0) using RK3 and MRK3 schemes.
side-scatter side-scatter ~ forward-scatter  back-scatter
scheme (1.15,0,0) (—1.15,0,0) 0,0, 1.15) 0,0, —1.15)
RK3 1.1842x 1073 1.1788x 1073  8.2511x 1073 3.1686x 1073
MRK3-TW-P2 2.3026x 1073 32627 x 1073 1.3442x 1072  5.4663 x 1073
MRK3-TW-OP | 2.2546x 1073 2.8729x 1073 1.3193x 1072 5.5634x 1073
MRK3-LLH-P2 | 1.1519x 1073 9.3847x10™* 8.0727x 1073 3.1817x 1073
MRK3-LLH-OP | 1.2615x 1073 1.2559x 1073 7.8927x 1073 3.1663 x 1073

Analytic

Table 4. PEC sphere: max,|E, (t") — E (#™)] at observation points for RK3 and MRK3.

scheme #of At,  n(LU)  "CURG CPU[ms] SHRS
RK3 7245 9376718085 |1 6498449 1
MRK3-TW-P2 453 2325701094 4.03 1893579 3.43
MRK3-TW-OP 221 2182108032 4.3 1986033 3.27
MRK3-LLH-P2 453 2062756791 4.55 1587369  4.09
MRK3-LLH-OP 230 1944214380 4.82 1586064 4.1

Table 5. PEC sphere: performance of MRK3 schemes compared to single-rate RK3 for
domain partitions shown on Figure 1, here n(LU) is the number of flux operations which
is the most computationally expensive operation.

partition Az, (time step to synchronize solutions across multirate domains) is twice
as large as the largest time step (see Figure 1). Therefore, the number of Az, steps
in Table 5 is equivalent to the number of synchronization steps, not the number of
largest time steps.

Example (parallel-plate waveguide). A parallel-plate waveguide is represented by
a cubic domain with two faces parallel to the xy-plane being PEC plates, and two
faces parallel to the zx-plane being PMC plates. A plane-wave excited on the port
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Incoming
plane-wave
> R
Sy
£ ~/PE

Figure 3. Parallel-plate waveguide: geometry and mesh.

RK3 MRK3-TW MRK3-LLH
# of cells L? error order L? error order L? error order
8040 | 6.824139x 1073 1.929949 x 102 6.890073 x 1073

64076 | 9.177931 x 10~*  2.89 [8.110855x 1073 1.25 | 9.246888 x 10~* 2.9
554668 | 1.107034 x 10~*  3.05 | 4.385090x 10~* 0.89 | 1.112703 x 10~* 3.05

Table 6. Parallel-plate waveguide: LZerrorsat T =1 o 1 (I = 2m) using RK3 and MRK3 schemes.

x = —1 and propagating in the x-direction is given by
ET = f(1), H;": —fte/l, E;“zE;“zH;“:Hgnzo, (55)
where f(¢) is defined by the Gaussian pulse
(t—10)2 /b2 _ _
f@)=e T p=1.2%x 107 [s], to=cy ' [s]. (56)

Experiments are performed on three meshes with fine mesh linear size Ax equal
to 0.025, 0.05, and 0.1 m, and coarse mesh size 2Ax. An example of problem
geometry and mesh is shown in Figure 3. Convergence results are presented in
Table 6. On each mesh we compute the L? error at time T = 2¢y ! by

—j — 1/2
(SN ITI Y0 S ereo(ED? + wepo(HDH]
172 :
[eo X0, 1Ti1]
In another experiment, an inhomogeneous mesh with linear cell-size ratio 1 : 160

was generated similar to the example from [15]. The plane wave (55) uses the pulse
given as one wavelength of a cosine function

LWU(T)) =

(57)

f(@0) =51 +cosQmeo(t —10)))0(t — 1)0(t, — 1), (58)

where fo = 0.54c; ! [s], t, = 1.04c, ' [s], £, = 2.04c; ' [s], and 6 () is the Heaviside
function. A schematic representation of the geometry and resulting mesh are shown
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R,%1/1000
R,=1/5

Figure 4. Parallel-plate waveguide: inhomogeneous mesh with linear cell-size ratio 1 : 160.

scheme # of Aty n(LU) % CPU [ms] % L? error

RK3 51978 13180477284 1 9130297 1 5.7813x 1073
MRK3-TW-P2 204 232562448 56.68 296687 30.77 1.3733x1072
MRK3-TW-0OP 136 189863344 69.42 271379 33.64 1.2976x1072
MRK3-LLH-P2 204 231063048 57.04 378350 24.13 5.6292x1073
MRK3-LLH-OP 136 173453040 75.99 366928 24.88 5.7684x1073

Table 7. Parallel-plate waveguide with mesh-size ratio 1 : 160: performance of MRK3
schemes compared to single-rate RK3.

in Figure 4. The region defined by a sphere with radius R; has the smallest elements
with linear size R;/1.6. Area between spheres with radii Ry and R; provide gradual
transition to the coarsest mesh with average linear cell size 0.1. The resulting mesh
has linear cell-size ratio 1 : 160 and contains 84 526 tetrahedra with fewer than 200
of elements of the smallest size. Using the P2 partition, the computational domain
is divided into 9 multirate groups with the maximum time-step ratio 1 : 256. In
this partition 0.12% of elements belong to multirate group with the smallest time
step Afmin and 86% to the group with time step 128 Atnin. OP partition divides the
computational domain into 10 multirate groups with time step ratio 1: 192 and global
synchronization time step 384 At . In this partition 0.14% of elementsbelong to the
multirate group with the smallest time step Az, and 95.6% to the group with time
step 192At. . Numerical speedup achieved by the MRK3-TW and MRK3-LLH
schemes is presented in Table 7. The results demonstrate greater speedup than in
[15] even with the third-order scheme where coupling is more expensive due to the
flexibility in time-step ratio. Speedup achieved by MRK3-TW is noticeably higher
in this example. It can be explained by the fact that this test case uses a small mesh
and the weight of additional flux computations needed for coupling in MRK3-TW
turns out to be less costly than higher-order coupling used in MRK3-LLH.
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R=12.5 mm
b=6.5 mm
r,=0.63 mm

r/=2.25 mm
IP=6.5 mm

Figure 5. DRA: geometry and mesh.

Example (probe-fed hemispherical DRA). To evaluate the robustness of multirate
schemes on a practical EM problem, we use an example of the coaxial probe-fed
hemispherical DRA experiment from [6]. That work contained a comparison of
a second-order finite volume time domain scheme against a simulation using the
commercial software HFSS for a large dielectric hemisphere antenna withsmall
feed coaxial cable. The DRA including all required geometrical parameters is
presented in Figure 5. The outer boundary of the computational domain is an
ellipsoid with absorbing boundary conditions from (1). Computational results are
compared with the ones presented in [6] for the same set of parameters. As in
[6] an S; parameter of the antenna is computed. Baumann [6] used the entire
port section for the original way of reflection coefficient computations. Because
of the third-order accuracy we are able to compute the return loss from a single
observation point. To do that as in [6] we impose an analytic field onto the coaxial
cable entrance port with wide-enough Gaussian (56) to cover the desirable fre-
quency domain. Then we register the field Egomt(t) at one observation point with
coordinates (0.00144, 0.0065, —0.00475), and compute the analytic field E5°*(¢)
in the coaxial cable in the same point. Then the reflected coefficient is computed at
several frequency points using

| fES™(F) — fEF™(F)|

S11(F) =201logy, | fE<w(F)|
Z

[dB], (59)

where fE,(F) = fOT E (t)exp(—2mi Ft) dt is computed for a set of frequencies
3GHz < F < 6 GHz. Our third-order single point result is closer to the curve
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Figure 6. Return loss DRA S| coefficient.
scheme #of At n(LU) 2LURK:  Cpy [s] YRk 15118112
g n(LU) CPU ||SF]K3H2
RK3 170847 97792310259 1 65301 1 0
MRK3-TW-P2 2670 26009562030 3.76 18965 3.44 1.48x1072
MRK3-TW-OP 1810 24000306780 4.07 18551 3.52 2.01x 1072
MRK3-LLH-P2 2670 24471455130 4.00 17150 3.8 1.29%x 1073
MRK3-LLH-OP 2171 21515239590 4.55 16834 3.88 1.97x107>

Table 8. DRA: performance of MRK3 schemes compared to single-rate RK3, where
n(LU) is the number of flux operations. The last column shows the relative difference of
SFIIQ computed with Runge—Kutta to S7; obtained from MRK3 schemes.

obtained with HFSS (Figure 6). Higher-order schemes conduct more high-frequency
oscillations, which is visible for higher than 5 GHz reflections. Performance evalua-
tion of our implementation is shown in Table 8. The simulation speedup achieved
in our experiments using a third-order scheme is similar to the one reported in [15]
for the same problem but using a different mesh and second-order scheme.

6. Summary

In this paper two multirate schemes with SSP RK3 base method are tested in
application to Maxwell’s equations on unstructured tetrahedral meshes. The order
conditions for MPRK schemes on linear problems show that the third-order exten-
sion of the scheme proposed in [38] has only first-order accurate coupling, while the
scheme developed in [27] is third-order accurate for linear problems with three-stage
third-order Runge—Kutta methods. For 3D simulations, both schemes are flexible in
terms of local time-step partition allowing higher speedup than previously reported
in the literature even for more expensive third-order approximation. Solution error
comparisons confirm that the analysis based on order conditions is valid in 3D
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simulations. Moreover, our numerical results show that arbitrary time-step ratio does
not compromise the accuracy of simulations. Future work may include extending
the implementation of multirate schemes to higher order for 3D simulations.
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FAST OPTICAL ABSORPTION SPECTRA CALCULATIONS
FOR PERIODIC SOLID STATE SYSTEMS

FEL1X HENNEKE, LIN LIN, CHRISTIAN VORWERK,
CLAUDIA DRAXL, RUPERT KLEIN AND CHAO YANG

We present a method to construct an efficient approximation to the bare exchange
and screened direct interaction kernels of the Bethe—Salpeter Hamiltonian for
periodic solid state systems via the interpolative separable density fitting tech-
nique. We show that the cost of constructing the approximate Bethe—Salpeter
Hamiltonian can be reduced to nearly optimal as O(N;) with respect to the
number of samples in the Brillouin zone N; for the first time. In addition, we
show that the cost for applying the Bethe—Salpeter Hamiltonian to a vector
scales as O(Ny log Ny). Therefore, the optical absorption spectrum, as well as
selected excitation energies, can be efficiently computed via iterative methods
such as the Lanczos method. This is a significant reduction from the @(Nkz)
and @(N,f) scaling associated with a brute force approach for constructing the
Hamiltonian and diagonalizing the Hamiltonian, respectively. We demonstrate
the efficiency and accuracy of this approach with both one-dimensional model
problems and three-dimensional real materials (graphene and diamond). For the
diamond system with N, = 2197, it takes 6 hours to assemble the Bethe—Salpeter
Hamiltonian and 4 hours to fully diagonalize the Hamiltonian using 169 cores
when the brute force approach is used. The new method takes less than 3 minutes
to set up the Hamiltonian and 24 minutes to compute the absorption spectrum on
a single core.

1. Introduction

The Bethe—Salpeter equation (BSE), derived from the many-body perturbation
theory (MBPT), is a widely used method for describing the optical absorption
process in molecules and solids [32; 33; 36; 24; 1; 25; 7]. It models the behavior
of an electron—hole pair, which is an excitation process with two quasiparticles.
Solving the BSE requires constructing and diagonalizing a structured matrix, called
the Bethe—Salpeter Hamiltonian (BSH). In the context of optical absorption, the
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Keywords: Bethe—Salpeter equation, interpolative separable density fitting, optical absorption
function.
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eigenvalues of the BSH are the exciton energies and the corresponding eigenfunc-
tions yield the exciton wavefunctions. The BSH consists of the so-called bare
exchange and screened direct interaction kernels that depend on single particle
orbitals obtained from a quasiparticle (usually at the GW level) or mean-field
calculation. For isolated systems such as molecules, the construction of these
kernels requires at least O(N e5) operations in a conventional approach, where N, is
the number of electrons in the system. This is very costly for large systems that
contain hundreds or more atoms. Recent efforts have actively explored methods for
efficient representation of the BSH, in order to reduce the high computational cost
of BSE calculations [4; 3; 16; 21; 30; 27; 28; 31; 23].

In a recent work [13], two of the authors have presented an efficient way to
construct the BSH for molecular systems, and to efficiently solve the BSE eigen-
value problem using an iterative scheme. This approach is based on the recently
developed interpolative separable density fitting (ISDF) decomposition [19; 20].
The ISDF decomposition has been applied to accelerate a number of applications
in computational chemistry and materials science, including the computation of
two-electron integrals [19], correlation energy in the random phase approximation
[18], density functional perturbation theory [15], and hybrid density functional
calculations [12; 8]. In this scheme, a matrix consisting of products of single particle
orbital pairs is efficiently approximated as a low-rank matrix product of a matrix
built with a small number of auxiliary basis vectors and an expansion coefficient
matrix. This decomposition allows us to construct efficient representations of the
bare exchange and screened direct kernels. For isolated molecular systems, the
construction of the ISDF-compressed BSH matrix only requires O(N?>) operations
when the rank of the numerical auxiliary basis is kept at O(N,). This results in
considerable reduction of the cost compared to the O(N?) complexity required
in a conventional approach. By keeping the interaction kernels in a decomposed
form, the matrix—vector multiplications required in the iterative diagonalization
procedures of the Hamiltonian Hgsg can be performed efficiently. We can further
use these efficient matrix—vector multiplications in a structure-preserving Lanczos
algorithm [34] to obtain an approximate absorption spectrum without an explicit
diagonalization of the approximate Hpsg.

This paper generalizes the work in [13] to periodic solid state systems. According
to the Bloch decomposition, each single particle orbital in a periodic system can
be characterized by an orbital index i and a Brillouin zone index k. Compared
to isolated systems, the total number of electrons N, is equal to the number of
electrons per unit cell multiplied by the number of k-points denoted by N;. It
has been observed that for many extended systems, the number of orbitals (both
occupied and virtual orbitals) required for one particular k index can be relatively
small, and is independent of N,. Hence, the difficulty of optical absorption spectra
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calculations for periodic systems mainly arise from the large number of k-points.
This is particularly the case when the excitons are delocalized in the real space, or
when the Fermi-surface is not smooth (such as graphene, and other metallic systems).
In such case, N can often be rather large (from hundreds to hundreds of thousands;
see, e.g., [29], where a 120 x 120 x 1 k-grid is used for the quasi-two-dimensional
MoS; system) in order to properly discretize and sample the Brillouin zone. The
cost for constructing the bare exchange and screened direct kernels scales as @(N,f),
while the cost for diagonalizing the corresponding BSH scales as @(N,?). This is
prohibitively expensive when a dense discretization of the Brillouin zone is needed.

With the help of ISDF for periodic systems [20], we reduce the computational cost
for producing optical absorption spectra to a scaling almost linear in Nj. First, the
complexity of the bare exchange and screened direct kernel construction for extended
systems is reduced to the optimal complexity of O(Ny). A sufficiently reduced
representation of the pair product orbitals is possible, thanks to the smoothness of
the single particle orbitals with respect to the k index, and the fact that the Brillouin
zone is a compact domain. Second, the separable structure of the decomposition
makes it possible to exploit a convolutional structure in the screened direct kernel.
The complexity of applying the approximated kernels to a vector with respect
to Ny is thus only O(Ng log Ny). Instead of diagonalizing the BSH directly, we use
iterative methods such as the Lanczos method to evaluate the optical absorption
spectrum. The same strategy can be applied to evaluate selected excitation energies.

Despite the increasingly wide adoption of the BSE theory in condensed matter
physics and quantum chemistry for analyzing optical properties of materials, we
could not find a precise mathematical description of how the BSH is constructed
for periodic systems in the literature. Therefore, after concise review of the single
particle theory and the Bethe—Salpeter equation for periodic systems in Section 2.1,
we provide a relatively self-contained derivation of the BSE for periodic systems in
Section 2.2 from a numerical linear algebra perspective. We hope our presentation
(especially using a discretized Brillouin zone so that all matrices are of finite
dimension) is useful to readers not familiar with the matter.

Then the rest of the paper is organized as follows. The interpolative separable
density fitting for periodic systems is introduced in Section 3, and the application
of the approximate BSH in the ISDF format to a vector in Section 4. The numerical
results are presented in Section 5, followed by a conclusion in Section 6.

2. Preliminaries

2.1. Single particle theory for periodic systems. To facilitate further discussion
we briefly review Bloch—Floquet theory for periodic systems. Without loss of
generality we consider a three-dimensional crystal. The Bravais lattice with lattice
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vectors a,, a», a3 € R? is defined as
L={R|R=nia; +na,+nsas, nj,ny,n3 €7}. (2-1)

In single particle theories such as the Kohn—Sham density functional theory, the
self-consistent effective potential V¢ is real-valued and L-periodic, i.e.,

Vett(r + R) = Vege(r) forall r e R3>and R € L.
The unit cell is defined as
Q={r=cia1+cray+csaz |0<cy,cr,c3 <1}. (2-2)

The Bravais lattice induces a reciprocal lattice L*, with its lattice vectors by, b, b3
satisfying a - bg = 2 8up, o, B € {1, 2, 3}. The unit cell of the reciprocal lattice is
called the (first) Brillouin zone and denoted by 2*, defined as

Q* = {k:k1b1 + koby + k3b3 | —% <ki, ky, k3 < %}

The Brillouin zone has a number of special points related to the symmetry of
the crystal. The common special point is the I'-point, which corresponds to k =
[0,0,0]".

According to the Bloch—Floquet theory, the spectrum of the Hamiltonian ¢ =
—%Vrz + Vee(r) can be relabeled using two indices (i, k), where i € N is called the
band index and k € Q* is the Brillouin zone index. Each generalized eigenfunction
Yk (r) is known as a Bloch orbital and satisfies #v;x (r) = €;x¥ix (r) with Bloch
boundary conditions x(r + R) = ek R Yik(r) for any R € L. Furthermore, ;%
can be decomposed using the Bloch decomposition

Vir(r) = e*Tug (r), (2-3)

where u; (r) is the periodic part of ;% (r) satisfying the periodic boundary condition
on the unit cell
uip(r+R) =u;r(r) forall R €l. (2-4)

It can be directly obtained by solving the eigenvalue problem
H(E)uik = eixuix(r), re, keQ, (2-5)

where # (k) = —%(V, +ik)? 4 Vegz(r). For each k € Q*, the eigenvalues €;; are
ordered nondecreasingly. For a fixed i, {€;x} as a function of k is called a Bloch
band. The collection of all eigenvalues forms the band structure of the crystal,
which characterizes the spectrum of the operator #.

In the discussion below, we denote by N, the number of valence bands (i.e.,
occupied orbitals per unit cell in the ground state) and N, the number of conduction
bands (i.e., unoccupied orbitals per unit cell in the ground state). We also define
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N = N, + N.. We assume the systems to be insulating, in the sense that the
following band isolation conditions between the valence and conduction bands are
satisfied:

inflejx — €| =€, >0, k,k'eQ*, 1<i<N,, Ny+1<i'’<N. (2-6)
Denote by |2] the volume of the unit cell, and by

(2n)°
|€2]

Q2% =

the volume of the Brillouin zone. The Bloch orbitals {1z} satisfy the orthonormality
condition in the distributional sense:

/w Vi OV k() dr = 1Q78i ;8 (K — k). 2-7)

Here §;/; is the Kronecker § symbol for a discrete set, while §(k" — k) is the
Dirac delta distribution. Equation (2-7) implies the normalization condition when
integrated over the Brillouin zone:

1
|€2%|

/ f Ui Yik(r) dr dk = 5y ;. (2-8)
o Jr?
From the Bloch orbitals, the ground state electron density can be constructed as

ol N,
1 v 1 )
|Q*|/§2 Zh//lk(rnzdk: |Q*|L E |u1k(r)|2dk (2_9)
i=l i=1

In order to practically perform calculations for periodic systems, the integration
with respect to the Brillouin zone Q* needs to be discretized using a quadrature.
The most commonly used scheme is based on the Monkhorst—Pack grid [22]

p(r)=

3 ¢ 4
My — S N, N
67{f={§: “NZ b, Mmg=——F+1,., 25 0=se <1, a=l,2,3}. (2-10)
o

a=1

It is clear that %% C Q* and that it corresponds to a uniform discretization of
the Brillouin zone. When the shift vector s = 0, we denote K¢ := 37{3, and the
calculation of periodic systems can be equivalently performed using a supercell
consisting of N f X Nf X Nf unit cells. The supercell is denoted by Qf, and is
further equipped with a periodic boundary condition called the Born—von Karman
boundary condition [2]. The calculation of a periodic crystal can thus be recovered
by taking the limit N§ — oco. We denote by Ny = N*:= N f N2Z Nf the total number
of unit cells, or equivalently the total number of Monkhorst—Pack grid points in the
Brillouin zone.
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Assuming the Brillouin zone is discretized using %, the orthogonality condition
(2-7) becomes

/1 Vi OWWik(r)dr = 8 i ke, kK’ e Jt. (2-11)
Q.

We also modify the Bloch decomposition as

Vik(r) = *Tugr), ket (2-12)

1
/N?
Here the normalization factor 1/+/N* is introduced so that the orthogonality condi-
tion for the periodic part implies

/ o (Nuix(rydr =256, ke A’ (2-13)
Q

To facilitate the bookkeeping effort of various relevant constants in practical
calculations, in the discussion below we will always assume that the Brillouin
zone is discretized into ¢ with a corresponding supercell Q¢. The volume of
the supercell is | = NYQ| = Ni|2|. The unit cell is further discretized into
a uniform grid {r; f\’;"l. Practical BSE calculations often truncate the number of
conduction bands aggressively, in the sense that Ny > N, + N, =: N. Numerical
results indicate that in many cases, the low-lying excitation spectrum is relatively
insensitive to N., and one can often choose N. =~ N,. Unless otherwise clarified,
we may not distinguish a continuous vector u(r) and the corresponding discretized
vector {u(r;)}. Similarly, when the context is clear, we do not distinguish the kernel
of an operator A(r, r’) and its discretized matrix {A(r;, r;)}.

2.2. Bethe-Salpeter equation for periodic systems. The Bethe—Salpeter equation
is an eigenvalue problem of the form

HpseX = EX, (2-14)

where Hgsg is the Bethe—Salpeter Hamiltonian (BSH), X is the exciton wavefunc-
tion, and E is the corresponding exciton energy. For periodic systems, the BSH has
the block structure

|:D+2VA—WA 2Vp — Wpg j|
Hpsg = ,

= — = — 2-1
—2Vp+Wp —D-=2V,s+Wy @-15)

where D(iyick, j,jck') = (€;.x — €i,k)8i,,j,0i.. .0k k is an (NyN.Ni) x (NyNeNy)
diagonal matrix. The quasiparticle energies €; i, €; x are typically obtained from
a GW calculation [32]. The V4 and Vp matrices represent the bare exchange
interaction of electron—hole pairs, and the W4 and Wy matrices are referred to as
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the screened direct interaction of electron—hole pairs. These matrices are defined as

Valivick, jyjok') = ) Z‘Zick(")‘/fivk(r) V.m0 () drdr,
QExQ
Ve (ivick, jujck’) =/ ik Vi OV (@ rY e P Y00 (r) drdr’,
QxQt
(2-16)
Walivick, jujck')= ) ZWick(")chk’(")W("’r,)‘ﬂjvk’("/)l/fivk("/)d"d"/,
QExQ
Wg(ivick, jujck')= ) Z@ick(r)wjuk/(r)W(r,r’)@jckf(r')lﬁil,k(r’)drdr'-
QExQ

Here v; x and y; x are the valence and conduction single particle orbitals typically
obtained from a Kohn—Sham density functional theory (KSDFT) calculation, respec-
tively, and V (r, r’) and W (r, r’) are the bare and screened Coulomb interactions.
Both V4 and W, are Hermitian, whereas Vp and Wp are complex symmetric.
Within the so-called Tamm-—Dancoff approximation (TDA) [25], both Vg and Wp
are neglected in (2-15). In this case, the Hgsg becomes Hermitian and we can focus
on computing the upper left block of Hgsg. Both the KSDFT and GW calculations
can be challenging in their own right. In this work, however, we consider their
output as given and the starting point of our BSE calculation.

In the following discussion, when a single index i is used, it refers to either i,
or i.. Using the Bloch decomposition (2-12), the matrix elements of the BSH can
be written using the periodic part of the orbitals as

L 1 _ =
VA(lUle’ jUJCk/) = _2 / uick(r)uivk(r)v(rv r )th:k/(r/)ujck/(r/) dr dr,y
N Jatxat

. 1 _ -
Vi (ivick, jyjck') = N2 /Z ) i (M) ik (X)V (1, 1)l joge (r"uj o (r') dr dr’,
k JRIxQ
C 1 ) (r—1") = }
Wa(ivick, Jchk/) = W /e , eTik=k-Cr r)Mick(")ujck/(r) (2-17)
Q=@
g ) x W(r, r'Yijp(ru (r')drdr’,

o 1 L
Wg(ivick, jyjck') = W/ﬂ ké’ ik—k)-(r ')uick(r)ujvk/(r)
QX Q
‘ x W(r, "/)b_ljck’(i‘/)uivk(r/) drdr’.

Note that V4, Vp in (2-17) do not involve the phase factors, since the factor ek r
cancels exactly due to the complex conjugate operation. The phase factor only
appears in the W4, Wp terms.

Equation (2-17) requires the evaluation of integrals of the form

1
V(f, g):= Fk e fVr,rg@)drdr, (2-18)
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and
1 . .
We(f, 8) = / e = FYW (e, g (r') drdr'. (2-19)
Ni Jarxqe

Using such notation,
N e :
Valivick, jujck) :FOV(MivkuiCk, UjUjk),
k

C 1. _ _
Vi (ivick, jyjck') :FOV(Mivkuick» Wj kU k')
1" (2-20)
Wa(ivick, jyjck') =kak—k’(ﬁjck’uick» Ujktisk),

. 1 _ i}
Wa(ivick, jyjck') =ﬁkowk—k/(ujvk’uicks Wj ko Uik)-

In (2-18) and (2-19), f, g are periodic functions in the unit cell, and can be
represented using their Fourier representations. For instance,

f =Y (G, (2-21)

Gel*

and its Fourier coefficients can be computed as

7G) = —— / ei67 £(r) dr. (2-22)
1€2] Jo
Hence, Parseval’s identity reads
/ frgr)dr=1Q| Z f(G)E(G). (2-23)
Gel*

Both of the kernels V, W satisfy the translation symmetry
Voe+R,r+R)=V(r,r), Wr+R,r+R)=W(r,r') forall Rel. (2-24)
Equation (2-24) also defines the values of V, W for r, r’ beyond the supercell Q°.
The Fourier representation of V takes the form
Vi) = ‘I 2{; GXC; dHTOTVG, GHe R (2-25)

and the Fourier coefficients can be computed as

A~ 1 . . ’ i
Vi(G,G) = o dr dr’ e kO Ty (p pylkFGD T (2-26)
Qlx QL

Similarly, the Fourier representation for W can be defined.
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It should be noted that the Coulomb kernel V only depends on the distance
between r and r’, i.e., it has the further translational symmetry property that

Vir+r"r'+r)y=V(r,r) forallr’ e Q" (2-27)
As a result, its Fourier transform Vi (G, G') can be simplified into a diagonal matrix

4

Vi(G,G)=———8¢.¢.
k( ) Kkt G SC

(2-28)
In fact, the Coulomb kernel periodized with respect to the supercell Q¢ is defined

to be the inverse Fourier transform of (2-28).
Using such notation, we have

/ V(r,rg(r"dr
Qt

|Q€| /S;[ Z Zel(k-i-G)rv (G G/)e l(k-i-G)rg(r)

kedtt G,G’
- o8 2/ Z 3 HHOTT(G, G IR 4 R
Rel ext G,G’
|QZ / Z Z —ik-R Z 1(k+G)rV (G G )6 1(k+G)rg(r) (2 29)
keXt Rel G,G’

Here we have used e '¢"® = | and the fact that g is periodic with respect to the

unit cell €2, as well as the identity

/ £y dr’ —Zf [ +R)dr. (2-30)

Rel
Furthermore, from (2-22) and the identity

Ze—lknR — Nksk’()
Rel

we have

/ Vi rg(r)dr = f ar' Y TG, G)e O g ()
Ql

1€ G.G
=Y 496, 6)E(G). (2-31)
G.G

Compared to (2-28), the definition of \70 should be modified to

~ 47 /1G 1M, G#0
0, G=0.
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Another way to understand (2-32) is that it can only be applied to a mean-zero
function g(r), such that g(0) = 0. In other words, g should be in the range of the
Laplacian operator with the periodic boundary condition. This is indeed correct
for BSE calculations, due to the orthogonality condition between the valence and
conduction bands

f i (Pt () dr = 0.
Q

This implies

1 - L
V9= /Q F0) Y TG 6)3(6)

G,G'

= /Q fr) Y e9TV(G, G2(G)

G.G’'

—121 Y F(6)(G. GHE(G)
G,G’

5 A SN
=121 ap! (GO, (2-33)
G#£0

Similarly for the W part,

/ e—iq.(r—r’)W(r’ r/)g(r/) dr/
Q¢

1 : / . A~ . / /

=g [, @ Y0 ) TG, G D ()
@ kedit G.G’

1 1 ik—q)-(r—r") —i(k—q)-R

— o | are > Y
keXt Rel G Gy
x Y éCTWL(G, Ge VT (). (2-34)
G,G’

In order to obtain a nonvanishing quantity in the equation above, note that the
quantity Y pop e ik—0-R — N, if k — g e L*, and is otherwise 0. Therefore, the
summation with respect to k should be restricted to those satisfying

k—q=G"', G'el"

Since k is restricted to the first Brillouin zone, there is a unique G” (and therefore k)
for each given ¢ satisfying this relation. Also note that k — g may exceed the first
Brillouin zone. In other words, it is indeed possible to have G” # 0. Then for a
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given ¢,
. /
[ W g ar
Qt

|Q| / Z e(GFEn rWG//+ (G, G)e C+C)T o (p1y

G.G'

— Z el(G+G /)-r WG”J,_q(G, G/)g(G/_i_ G//)
G.G

— Z eiG~r WG”+q (G — G//, G — G//)g’(G/)
GG

=Y €9TW,(G. G)E(G). (2-35)
G.G

In the last equality, we have used the definition of the Fourier coefficients in (2-26).
We then readily have

Welf.8) =121 Y F(G)Wy(G.GZ(G). (2-36)

G.G'
Therefore, despite that W, ( f, g) is significantly more complex to define, the re-
sulting formula in the Fourier representation is remarkably similar to the form

of V'(f, ).

3. Interpolative separable density fitting for periodic systems

In order to reduce the computational complexity, we seek to minimize the number
of integrals in (2-16). We will use the interpolative separable density fitting decom-
position (ISDF) [19; 20]. For periodic systems, we first consider the general form
of decomposition

Ny

Zik, ji (1) = uix(r)ujp (r) ~ Z () uik (F )it j (). (3-D

u=1

When the unit cell is discretized into a uniform grid {rn}n |» Z can be viewed as
a matrix with its row index being r, and the column index being a multi-index
(ik, jk'). The matrix size is thus Ng x Nsz2 (recall that N = N,+N,). Foragivenr,
uix(r)ijp (r) can be viewed as a row vector of size N N k2 The ISDF decomposition
then states that all such matrix rows can be approximately expanded using a linear
combmatlon of matrix rows with respect to a selected set of interpolation points
{F.} M“ L C it N The coefﬁ01ents of such a linear combination, or interpolating
vectors, are denoted by {¢u (r)} . Here N, can be interpreted as the numerical
rank of the ISDF decomposmon
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The compression of the pair products u;x (r)i j’(r) can be understood from the
following two limits. First, if only the I'-point is used to sample the Brillouin zone,
we find that there are N,N, ~ N? pairs of functions. However, the number of
grid points N, only scales linearly with respect to N. Hence, the numerical rank
of the pair products must scale asymptotically as O(N). In fact, when all orbitals
are smooth functions, we can expect the numerical rank N, to be much lower
than N,. This statement has been confirmed by recent analysis [17]. Second, if
a large number of k-points are used to discretize the Brillouin zone, N,, N, are
often relatively small, and the number of grid points in the unit cell N, does not
increase with respect to Nix. Hence, as Nj increases, we may also expect that the
numerical rank N, will be determined by smoothness of u with respect to r, k,
and is asymptotically independent of N. This is indeed what has been observed
numerically [20]. Throughout the discussion below, we will focus on the second
scenario, i.e., we will explicitly write down the scaling with respect to N, N,
and N, but we will primarily focus on the scaling with respect to Ny.

Assuming the interpolation points {’A'u}ili | are already chosen, the interpolation
vectors can be efficiently evaluated using a least squares method as follows [12].
Using a linear algebra notation, (3-1) can be written as

Z~0C. (3-2)
Here ® = [{1, &2, - - ., ¢n, ] contains the interpolating vectors. Each column of C
indexed by (ik, jk') is given by
[wik PO (F1), - wik )it je (F), - wik (P, )i Py, )

Equation (3-2) is an over-determined linear system with respect to the interpolation
vectors ®. The least squares approximation to the solution is given by

®=2zcrccH. (3-3)

Due to the tensor product structure of Z and C, the matrix—matrix multipli-
cations ZC* and CC* can be carried out efficiently [12], with computational
cost O(NgN, N Ny) and @(NiN Ni), respectively. The cost of inverting the ma-
trix CC* is @(Ni), and the overall cost of evaluating ® is thus bounded by
O(NgN,NN; + N 3 + NgNi). Hence, the cost scales cubically with respect to
the number of electrons in the unit cell, and linearly with respect to the number of
k-points.

Equation (3-1) is the general form of ISDF. In the BSE calculations, we may
further distinguish whether i, j should take valence or conduction band indices only,
as well as whether k, k' can be set to be the same. For instance, (2-17) suggests
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that in order to compress V4, Vp, we only need the ISDF decomposition

14
N,

2} o) =i (i () ~ oY (O (P, i (F). (3-4)
n=1

Note that the number of columns of the matrix ZV is only NyN.Ng, and the number
of fitting functions N ;Y can be chosen to be less than N,. The computation of
W4, Wp requires the general ISDF format (3-1).

The interpolation points {fu}gi | can be chosen in different ways. In this work
we employ a randomized variant of QR with column pivoting (QRCP) [19; 20; 9].
Another recently developed method is based on the centroidal Voronoi decompo-
sition (CVT) [8]. We observed that in our examples it is even possible to work
with coarse uniform grids as interpolation points, reducing the computational effort
for finding the points to essentially zero while only slightly increasing the error.
Since the computation of interpolation points is not the bottleneck in our problem,
however, we stick to the previously developed techniques.

4. Fast algorithm for applying the BSH to a vector
Once the ISDF decomposition is obtained, we may compute the matrix elements
Vaw =@ ¢)) Ve =Y¢.¢)). wov=1..N/, (@I

and similarly

Wq,uv :OWq(C;u &), u,v=1,..., N,. (4-2)

The expressions in (2-17) can then be approximated in the ISDF format as

1 i ~
ValGuick, o)~ <= D7 ik Bt ) Ve ot e (7).
k w,v=1
1 M ~
Vilivick. jojck') ~ o Y ik F)ui k(P Vi oot jote (R j i (),
=1 (4-3)
| -
Wativik, jojek) = <= D tiok Pt ) Wi ot s (Pt i (),
w,v=1

Ny

AU 1 A N - R

Wg(iyick, Jv]ck/) = N § uifk(ru)ujvk’ (ru)Wk—k’,;wujck’ (rv)uivk(rv)-
k

w,v=1
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In order to use the Fourier representation (2-33) and (2-36), we first need to per-
form Fourier transforms for {QY } and {¢,.}. Using the fast Fourier transform (FFT),
and assuming that the number of Fourier coefficients G is also N, the computational
cost for the Fourier transform scales as @(N/YNg log Ng) and O(N, Nglog Ng),
respectively. The Fourier coefficients Vi can be obtained analytically, and we
assume the coefficients Wk are already provided from, e.g., a GW calculation. The
cost for computmg VA, VB using (2-33) is then @((Nv)zN ). Similarly the cost
for computing all W matrices is @(N ZN ¢Ni). In partlcular the total cost for the
initial setup stage scales as O(Vy) Wlth respect to the number of k-points.

After this initial setup stage, each entry of the BSH can be computed with
O((N X )2 + Nﬁ) operations. If the entire BSH matrix is to be constructed, the cost
will be O(N;NZNIN?).

Below we demonstrate that if we only aim to apply the Hamiltonian Hggsg to an
arbitrary vector without ever assembling the full Hamiltonian, the computational
cost can be greatly reduced.

For simplicity, let us focus on the case when the Tamm-Dancoff approximation
(TDA) is used. Applying the Hamiltonian Hgsg = D + 2V4 — Wp to a vector
X € CNoNeNk amounts to evaluating the three terms

[DX](lvlck) = (Givk - Giuk’)X(ivick)v

[VaX1Gvick) = ) Valivick, jujck)X (jujck)),

Jurderk! (4-4)
[(WaX1Gvick) = Y Walivick, jujck") X (jujck').

JusJe K

Computing the first term for all (iyi k) clearly costs O(N,N.Ny) operations. We
now show that the second and third terms can also be computed efficiently.
Using (4-3), the second term in (4-4) can be regrouped as

1 - A A ~
Fk XM: wi g (Fr)ui e (ry) {XV: Vauw
K jc ju

This means one can first perform contractions over j,, j., and k' to obtain a quantity
that only depends on 7,,. The computational complexity is O(N ;Y (NyN:Ni+N:Ny)).
The two remaining sums can be computed with O((N IY 24+ N X NyN:Ny) operations.
The total complexity of computing V4 X is bounded by O((N /Y 2+ N X NyN:Ny).
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For the third term in (4-4) we obtain
1 " A
N XV: uik(ry) { XM: uik(Fp)
x (Z Wit o (Z ok W(Z ik (fv)xuvjck’)))) } (4-6)
K Jo

Je

Here, we exploited the separable structure of the decomposition to reorder the
products in such a way that all terms depending on k and k" are to the left and
right, respectively, of Wk_k/, wv- The two innermost contractions over j, and j.
result in a quantity that only depends on k, 7, and 7,. The cost for these two
steps is O(N, N NyN. + NZNkNC). The sum over k’ then has the structure of a
discrete convolution, for each fixed pv pair. Therefore, it can be computed for all k
simultaneously in @(NiNk log Ny) operations by fast convolution algorithms, e.g.,
by using the FFT with zero-padded vectors. The remaining summation operations
over p and v are then obtained with @(NﬁNcNk + N, Ny N.Ny) operations. In total
the computation of W4 X amounts to O(N, N, NNy + N,chNk + NﬁN;< log Ny)
operations.

Combining the results for the three parts of the Hamiltonian, we see that the
computational complexity is given by

O((Ny+ N )N,N:Ni+ (N)))* + N N.Ni. + N; Ny log Ny).

In particular, the cost with respect to the number of k-points only scales as
O(Ny log Ni). This allows us to perform BSE calculations for complex materials
which require a very large number of k-points.

By avoiding the explicit construction of Hgsg, the new algorithm also drastically
reduces the storage cost. The storage cost for Hgsg alone is O((N,N.N)?). In the
new algorithm, the storage cost of VT/q becomes the dominant component and scales
only linearly with respect to Ng.

As an example, the matrix-free application of Hgsg can be used to compute the
optical absorption spectrum, which requires the evaluation of the quantity

&2 (w) = Im[%df((w —inl — HBSE)_ldl]- 4-7)
Here d, and d; are called the right and left optical transition vectors, and 7 is a
broadening factor used to account for the exciton lifetime. We also compute the
smallest eigenvalues of Hgsg, which are of interest in their own right, as they
represent the transition energies of bound excitons in many semiconducting solid
state materials.
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To observe the absorption spectrum and identify its main peaks, it is possible
to use a structure-preserving iterative method instead of explicitly computing all
eigenpairs of Hgsg. We refer readers to [6; 34] for details of the structure-preserving
Lanczos algorithm, which has been implemented in the BSEPACK [35] library.1
When TDA is used, the structure-preserving Lanczos reduces to a standard Lanczos
algorithm. For the computation of the first eigenvalue we use standard ARPACK
[14] routines for Hermitian matrices.

5. Numerical examples

To illustrate the efficiency of ISDF for BSE calculations in crystals, we apply
the method to compute the excitation modes and absorption spectra of a one-
dimensional model problem as well as two real material systems, diamond (3D bulk)
and graphene (quasi-2D). For both systems, we determine the optical absorption
spectra on k-grids close to those employed in previously published calculations to
demonstrate that our method is suitable for state-of-the-art calculations, both for 3D
and quasi-2D materials. We furthermore provide a numerical scaling analysis and a
more detailed analysis of the error in the ISDF in the case of the one-dimensional
model and diamond. We show that a good approximation of the spectrum can be
obtained with a small number of interpolation vectors.

The method was implemented in the programming language Julia [S] and the
source code is available.” As the input to our method for the actual materials, we
employ the KSDFT single particle orbitals, quasiparticle energies, and screened
Coulomb potential computed by exciting [10; 37], an all-electron full-potential
code with implementations of density functional theory and many-body perturbation
theory. The Tamm—Dancoff approximation is used in all calculations.

All calculation for the proposed method were carried out on a single core of an
Intel Core 15-8250U CPU at 1.60 GHz.

5.1. One-dimensional problems. For the one-dimensional problem, we take the
single particle orbitals ¥z (r) in (2-16) to be eigenfunctions of a single particle
Hamiltonian (k) in which the effective potential is defined as

Vege(r) =20cos(4nr/L) +0.2sin(2wr /L),

where the unit cell size is || = L = 1.5.
The bare Coulomb potential used in (2-16) is chosen to be

1
V@ —=r)2+0.01

1https://sites. google.com/a/lbl.gov/bsepack/
2https:// github.com/thenneke/BSE_k_ISDF.,jl/

V(r,r')= 5-1)


https://sites.google.com/a/lbl.gov/bsepack/
https://github.com/fhenneke/BSE_k_ISDF.jl/
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Figure 1. Left: the potentials V (r, 0) and W (r, 0). Right: band structure with coefficients
of the lowest eigenfunction for Ny = 128. The areas of the circles on the valence and
conduction bands at position k are proportional to Zic | X (iyick) |2 and Ziv | X (iyick) |2.

and the screened interaction is chosen as

(3 +sin(2wr/L))(3 + cos(4mr’'/L))
= T e
Compared to the smoothed-out Coulomb potential V, the chosen screened interac-
tion W decays exponentially and also contains lattice periodic contributions. The
potentials are shown in Figure 1. Both potentials are periodically extended N; — 1
times outside of the unit cell. The particular structure of the potentials has an
influence on the band structure and spectrum of the BSH, but was observed to not
significantly impact the convergence behavior or the run time scaling of the ISDF
method.

The Bloch functions u;; are sampled on N, = 128 uniformly distributed grid
points within the unit cell, and the number of k-points N ranges from 16 to 4096
in our experiments.

For each k-point, the first four eigenstates are treated as the valence states in
this model, while the remaining eigenstates are considered as the conduction states,
separated by an energy gap from the former. We use all N, = 4 valence bands
and N, = 5 conduction bands to construct the approximate Hgsg. The number of
k-points was chosen to be N; =256 in the error analysis of the ISDF approximation,

W, r') Sy (). (522)

and varies from 16 to 4096 in the run time analysis and the analysis of the error in the
absorption spectrum. The largest resulting Hamiltonian is of size 81 920 x 81 920.

Figure 2 shows how the ISDF approximation error varies with respect to the
truncation parameter N,/ and how the accuracy of the approximate spectrum of Hgsg
changes with respect to the ISDF approximation error.

In the left subfigure, we plot the relative error ||@*C* — Z%P| /| Z%||F,
o, B € {v, ¢}, where | - || r is the Frobenius norm, for different choices of truncation
levels N, (or number of interpolation points). As expected, when N, is too small,
ISDF results in relatively large error. As N, becomes slightly larger, the ISDF
approximation error decays exponentially with respect to N, up to N, =20 ~ 30.
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Figure 2. Left: ISDF approximation error || Z —®CI|| /|| Z| F for different choices of Ny,.
Right: resulting errors in the spectrum of Hggg for different ISDF error tolerances.
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Figure 3. Run times for the initial setup and individual matrix-free matrix-vector products.

At this truncation level, the error is on the order of 10~8, which is sufficiently small
for obtaining a highly accurate approximation of the spectrum of Hgsg as shown in
the right subfigure. In this subfigure, we plot the relative error in the first eigenvalue
and in the overall optical absorption spectrum against the ISDF error tolerance Zy.
For each Z,1, we choose the smallest truncation parameters N, with the resulting
error in Z%P being less than or equal to Z, for «, 8 € {v, c}.

In Figure 3, we plot the timing measurements for both the construction of 1%
and W and the multiplication of the approximate Hgsg with a vector with respect
to Ny. In these calculations, the ISDF truncation parameters N, are chosen so that
the relative error in Z*f is below Z,,) = 107>. This error tolerance resulted in the
choices of N)," =17, N;* =23, and N, =21. 5

As we can see in Figure 3, the scaling of the run time for the construction of V
and W is nearly linear with respect to Ng, which is in excellent agreement with
the theoretical computational complexity presented in the preceding section. The
scaling of the run time for the multiplication of the approximate Hgsg with a vector
also looks linear in Ng. In fact, a more detailed investigation showed that the
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Figure 4. Optical absorption spectrum for diamond (left) and graphene (right).

parameters diamond graphene
N, 4 4
N, 10 5
Ny I3x13x13 42x42x1
N, 20x20x20 15x15x%x50
N," 70 50
Ny© 220 180
N, 100 60
Niter 150 100

Table 1. Parameters used in the computation of spectra and the benchmarks.

convolutions in k in the application of W dominate the cost of the matrix-vector
multiplications, in good agreement with the theoretical O(Ny log Ny) complexity
shown earlier.

For comparison, without the use of ISDF, the construction of Hgsg is estimated
to take about 460 000 seconds for N, = 4096. With our method it took less than 10
seconds.

5.2. Three-dimensional problems. We now compare optical absorption spectra for
diamond and graphene computed from the approximate Hgsg constructed via ISDF
with corresponding reference spectra. The reference spectra are obtained from the
exact Hgsg from the exciting code [10; 37]. The comparison is shown in Figure 4.
The reference spectrum for diamond is constructed on a 13 x 13 x 13 k-grid using
all 4 valence and 10 conduction states. Fourier components VT/q(G, G') in (2-35)
are calculated up to a cutoff |G +¢q| <2.5a, ! where a is the Bohr radius. The
screened Coulomb interaction is calculated within the random-phase approximation
(RPA) including 100 conduction states. For graphene, the reference spectrum is
obtained on a 42 x 42 x 1 k-grid using all 4 valence and 5 conduction states. Fourier
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Optical Absorption of Diamond Error in ISDF
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Figure 5. Left: optical absorption spectrum for diamond with differently accurate ISDF
approximations. Right: estimated errors in ISDF approximation with different numbers of
interpolation points.

error in
Zw  absorption function first eigenvalue
0.5 0.199 0.0038 (20.7meV)
0.1 0.056 0.0011  (6.2meV)
0.05 0.040 0.0006  (3.3meV)

Table 2. Relative (and absolute) errors in the spectrum of Hggg for different ISDF error tolerances.

components Wq (G, G') in (2-35) are calculated up to a cutoff |G +¢q| <2.0a, !
and 80 conduction states are included in the RPA calculations for the screened
Coulomb potential. The numerical parameters of the reference and approximate
calculations are shown in Table 1. The number of interpolation vectors was chosen
such that the relative ISDF error was around 0.1.

We can clearly see that for both diamond and graphene, the approximate optical
absorption spectrum matches well with the reference spectrum. In particular, the
positions and heights of all major peaks are in good agreement. We should note that,
in the case of diamond, the absorption spectrum produced by a 13 x 13 x 13 k-grid
is in good agreement with measurements [26] and previous BSE calculations [11].
In the case of graphene, however, larger k-grids have been reported for BSE
calculations [38] to produce an optical absorption spectrum in good agreement with
the experimental result.

Figure 5 shows that the ISDF approximation error can be systematically reduced
as we increase the number interpolating vectors N,,. However, Figure 4 shows that
the approximate absorption spectrum is already in good agreement with the reference
spectrum, when the relative ISDF approximation error is at 0.1. Thus, it seems
unnecessary to use a larger number of interpolation vectors in these cases. This
observation is corroborated by the relative difference between the first eigenvalue
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Figure 6. Run times for the initial setup and individual matrix-free matrix-vector products.

of the approximate Hpsg computed using ARPACK and that of reference Hpsg
constructed in exciting shown in Table 2. With a relative ISDF approximation
error of Zi,; = 0.1, the error in the first BSE eigenvalue is below 10 meV in both
examples shown here.

To illustrate the run time scaling of the method in the 3D examples, we measure
the time it takes to construct the approximate Hgsg via ISDF as well as the time
it takes to multiply the resulting Hgsg with vectors for the diamond example. We
use k-grids of sizes Ny = ny x ny x ny forn, €{2,3,4,5,7,9, 13}. The resulting
timing measurements are plotted in Figure 6. It can be seen that the run time for
constructing the approximate Hgsg scales linearly with the number of k-points.
The multiplication of Hgsg with vectors scales as O(Ny log Ny) for sufficiently
large Ni. As in the model problem, the convolutions in k in the application of W
dominate the cost of the matrix—vector multiplications. For comparison, computing
the ISDF decomposition of the Hamiltonian for the case N; = 133 took 147 seconds,
whereas the full assembly of the Hamiltonian took about 6 hours in exciting on
13 compute nodes with 13 cores each. The optical absorption function was obtained
by running about 150 Lanczos steps, which amounts to about 24 minutes for each
fixed direction (x, y, and z), compared to almost 4 hours required in the exciting
code for the full diagonalization on 13 compute nodes.

6. Conclusion

In this paper, we examined the possibility of using the ISDF technique to reduce
the computational complexity of BSH construction and the subsequent iterative
approximation of the optical absorption spectrum and excitation energies of electron-
hole (exciton) pairs for solids. For periodic systems, a fine k-point sampling in the
Brillouin zone is often required to produce accurate results, whereas the number
of bands per k-point required to construct the bare exchange and screened direct
kernels of the BSH is relatively small. We showed that the complexity of the ISDF
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procedure scales linearly with respect to the number of k-points (N;) when the
ranks of the approximate bare exchange and screened direct kernels produced by the
ISDF procedure are chosen to be independent of Ny. By keeping the bare exchange
and screened direct kernels in the low-rank decomposed form produced by the ISDF
procedure, an iterative method used to obtain the optical absorption spectrum and
selected excitation energies (eigenvalues of the BSH) can be implemented with cost
scaling as O(Ng log Ni). Our numerical experiments, which were performed on a
1D model as well as two different types of actual materials (diamond and graphene),
confirm our complexity analysis. They demonstrate that the ISDF technique can
indeed significantly reduce the cost of BSE calculation for solids while maintaining
the same accuracy provided by a standard BSE calculation implemented in the
software exciting. Our current implementation of the ISDF technique is done
using the Julia programming language for a single node. A distributed parallel
implementation is needed to accommodate a much finer k-point sampling which is
required in the case of the graphene example to produce a computed absorption
spectrum that matches with experimental results.
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