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To the reader

Dear Reader:

The Moscow Journal of Combinatorics and Number Theory was founded in 2010 by the Moscow
Institute of Physics and Technology, and in 2018 it started being published by MSP (Mathematical
Sciences Publishers), a nonprofit scientific publisher based in Berkeley, California.

Our journal publishes original, high-quality research articles from a broad range of interests within
combinatorics, number theory and allied areas. Since 2011 we have published over 100 papers. Among
our authors are such mathematicians as Noga Alon, Antal Balog, Jean-Pierre Demailly, Dominic Foata,
Peter Frankl, Aleksandar Ivi¢, Sergei Konyagin, Yuri Nesterenko, Janos Pach, Yakov Sinai, Andrzej
Schinzel, Wolfgang Schmidt, Carlo Viola, Michel Waldschmidt, and many others.

This issue 1 of volume 8 is the first issue to appear under MSP’s aegis. It contains selected papers
presented by the participants of the Vilnius Conference in Combinatorics and Number Theory, which was
organized with support from our journal and took place at the Department of Mathematics and Informatics
of the University of Vilnius, Lithuania, 16-22 July 2017.

Previous conferences connected to our journal were held in Russia (Diophantine analysis, Astrakhan,
30 July to 3 August 2012), Lithuania (Palanga Conference in Combinatorics and Number Theory,
1-7 September 2013), again Russia (Moscow Workshop in Combinatorics and Number Theory, January
27 to 2 February 2014), and Denmark (Diophantine Approximation and Related Topics, Aarhus, 13—17
July 2015).

A collection of papers from the Astrakhan conference appeared in issue 3—4 of volume 3 (2013), and
papers related to the Aarhus conference in issue 2-3 of volume 6 (2016).

We hope that you will enjoy this issue and support the journal both with your submissions and by
recommending a subscription to your institutional library!
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Sets of inhomogeneous linear forms
can be not isotropically winning

Natalia Dyakova

We give an example of irrational vector @ € R? such that the set
Bady := {(n1, n2) : inf x'/> max||x6; — n;|| > 0}
xeN i=1,2

is not absolutely winning with respect to McMullen’s game.

1. Introduction

We consider a problem related to inhomogeneous Diophantine approximation. Given 6 = (81, 6,) € R?
we study the set of pairs (11, 72) € R? such that the system of two linear forms

lx01 —n1ll,  [Ix62 —n2|l,

where ||-|| stands for the distance to the nearest integer, is badly approximable. We prove a statement
complementary to our recent result from [Bengoechea et al. 2017]. We construct @ such that the set

. . 1/2
Bady := {(n1. ) : inf x> max|xt; — ;]| > 0}
is not isotropically winning.

Our paper is organized as follows. In Section 2 we discuss different games appearing in Diophantine
problems. In Section 3 we give a brief survey on inhomogeneous badly approximable systems of linear
forms and formulate our main result, Theorem 3.1. Sections 4 and 5 are devoted to some auxiliary
observations. In Sections 6, 7, and 8 we give a proof for Theorem 3.1.

2. Schmidt’s game and its generalizations

The following game was introduced by Schmidt [1966; 1969; 1980]. Let O < «, 8 < 1. Suppose that
two players A and B choose in turn a nested sequence of closed balls:

BiDAIDBy,DAD -
with the property that the diameters |A;|, | B;| of the balls A;, B; satisfy
|Ail =a|Bil, |Bi+1] = BlAil foralli=1,2,3,...,

The author is supported by RFBR Grant No. 18-01-00886a.
MSC2010: 11J13.
Keywords: inhomogeneous diophantine approximation, winning sets.

3


http://msp.org
http://msp.org/moscow
http://dx.doi.org/10.2140/moscow.2019.8-1
http://dx.doi.org/10.2140/moscow.2019.8.3

4 NATALIA DYAKOVA

for fixed 0 <, B < 1. A set E C R" is called (o, B)-winning if player A has a strategy which guarantees
that intersection [ A; meets E regardless of the way B chooses to play. A set E D R” is called an
a-winning set if it is (o, B)-winning for all 0 < 8 < 1.

There are different modifications of Schmidt’s game: the strong game and absolute game introduced in
[McMullen 2010], the hyperplane absolute game introduced in [Kleinbock and Weiss 2010], the potential
game considered in [Fishman et al. 2013], and some others. In [Bengoechea et al. 2017], we introduced
isotropically winning sets. Let us describe here some of these generalizations in more detail.

The definition of an absolutely winning set was given in [McMullen 2010]. Consider the following
game. Suppose A and B choose in turn a sequence of balls A; and B; such that the sets

Bi D (Bi\A1) DBy D (B2\A2) DB3D -+~
are nested. For fixed 0 < 8 < % we suppose
|Bit11 = BIBil.  |Ail < BIBil.

We say E is an absolute winning set if for all g € (O, %), player A has a strategy which guarantees
that NB; meets E regardless of how B chooses to play. Mcmullen proved that an absolute winning set
is a-winning for all o < % Several examples of absolute winning sets were exhibited by McMullen
[2010]. In particular, a set of badly approximable numbers in R is absolutely winning. However the set
of simultaneously badly approximable vectors in R"” for n > 1 is not absolutely winning.

In [Bengoechea et al. 2017] another strong variant of the winning property was given. We say that a
set E C R" is isotropically winning if for each d < n and for each d-dimensional affine subspace 4 C R"
the intersection £ N A is %—Winning for Schmidt’s game considered as a game in .A. It is clear that an
absolute winning set is isotropically winning for each o < %

3. Inhomogeneous approximations

The first important result on inhomogeneous approximations in the one-dimensional case is due to Khin-
chine [1926]. He proved that there exists an absolute constant y such that for every 6 € R there exists
n € R such that

inf gllgf —nl > y.
qeZ

Later (see [Khinchin 1937; 1948]) he proved that for given positive numbers n, m € Z there exists a
positive constant ¥, such that for any m x n real matrix @ there exists a vector § € R” such that

inf Ox — 2)H|x || >
L0 0 =) N > i

(here ||-||z» stands for the distance to the nearest integral point in sup-norm). These results are presented
in a wonderful book by Cassels [1957].

Jarnik [1941], proved a generalization of this statement. Suppose ¥ (¢) is a function decreasing to zero
as t — +o00. Let p(¢) be the function inverse to the function ¢ +— 1/v(¢). Suppose that for all £ > 1 one
has g (#) < ¥ (¢). Then there exists a vector n € R" such that
in{{o}(lwx =lz2) - p@Bm - |x])) >y

xeZm
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with appropriate y = y (n, m).
Denote by
Badg = {a €0, 1): qu g6 —a| > 0}.

It happens that the winning property of this inhomogeneous Diophantine set was considered quite recently.
Tseng [2009] showed that Bady is winning for all real numbers 6 in classical Schmidt’s sense. For the
corresponding multidimensional sets

Bad(n, m) = {0 € Mat, ., (R) : inf max (|g|"™/"16;(@)|) > 0}.
qeLy 1<i<n

the winning property is shown, for example, in [Einsiedler and Tseng 2011; Moshchevitin 2011]. In
[Broderick et al. 2013] it was shown that the set Bad(n, m) is hyperplane absolutely winning. The
methods used in [Broderick et al. 2013] come from [Broderick et al. 2011].

Further generalizations deal with the twisted sets

Bad(i, /) = {(61.62) € R : inf max(q"ll¢61. ¢’ llg621)) > O}.

where i, j are real positive numbers satisfying i 4+ j = 1, introduced by Schmidt. In [An 2016] it was
proved that Bad(i, j) is winning for the standard Schmidt game. In higher dimension, we fix an n-tuple
k = (ky, ..., k,) of real numbers satisfying

ki.....ky>0 and » k=1, (1)
i=1
and define
Bad(k. n,m) = {6 € Matyu(®) : inf max (g™ 118:(q)1) > O}.

m

Here, | - | denotes the supremum norm, 6 = (6;;), and 6;(g) is the product of the i-th line of § with the

vector ¢, i.e.,
m
0i(q) = ZCIjaij-
j=1

In the twisted setting, much less is known. In particular up to now the winning property of the set
Bad(k, n, m) in dimension greater that two is not proved.
Given § € Mat,, ., (R), we define

Badg(k,n,m)={x €R": inf max (|q|’"’< 16:(¢) — x:1l) > 0}.
Harrap and Moshchevitin [2017] showed that' thf% set is winning provided that @ € Bad(k, n, m). In
[Bengoechea et al. 2017] it was proved that if we suppose that § € Bad(k, n, m), the set Badg (k, n, m)
is isotropically winning.!
We should note that even in the case n = 2, m = 1 it is not known if the set Bady (k, 2, 1) is ¢-winning
for some positive o without the condition 6 € Bad(k, 2, 1).

n fact, the approach from [Bengoechea et al. 2017] gives a little bit more. Instead of property that for any subspace A the
intersection £ N A is %-winning in A, one can see that it is ¢-winning for all « € (0, %] It is not completely clear for the author
if these two properties are equivalent. (For a closely related problem, see [Dremov 2002].)
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In this article we show that the condition @ be from Bad(k, n, m) is essential for the isotropically
winning property, and prove the following theorem.
Theorem 3.1. There exists a vector § = (61, 0») such that:

(1) 1, 64, 6, are linearly independent over Z.

(2) Badg := {(n1, n2) : infren x /2 max;=12 ||x6; —n;ll > 0} is not isotropically winning.

4. Some more remarks

In the sequel, x = (xg, x1, x2) is a vector in RS, | - | stands for the Euclidean norm of the vector, and by
(w, t) we denote the inner product of vectors w and ¢.

The proof of Theorem 3.1 we will give in Section 6. There we will construct a special # and a one-
dimensional affine subspace P such that § € P and for the segment D = P N {|z — §| < 1} one has
DN Badg = . Moreover, given an arbitrary positive function w(¢) monotonically (slowly) increasing
to infinity we can ensure that for all » = (1, n72) € D there exist infinitely many x € Z such that

w (X
max [x6; — ]| < .
i=I,

To explain the construction of the proof it is useful to consider the case when 0y, 8,, 1 are linearly
dependent. This case we will discuss in Section 5.

Remark 4.1. From the result of the paper [Bengoechea et al. 2017] it follows that the vector @ constructed
in Theorem 3.1 does not belong to the set

Bad = {(61,0) | inf x'/? max(||fyx]]. |6>x]) > O}.
xXe

Remark 4.2. Let 0 = (a1 /q, ax/q) be rational. Let n = (11, n2) ¢ é - Z%; then for any x € Z,

—_—

max
i=1,2

ai . 2
x;—n,- Zdlst(ﬂ, 5-Z ) > 0.

2

contains R? \ 1 - 72 and is trivially winning. It is clear that for any one-dimensional affine subspace £ we
have BN £ D (R?\ Zﬁ -Z*) N L. So obviously BN ¢ is also winning in £.

So the set

B = {n: inf max
xeZi=1,2

ai
X— =N
q

5. Linearly dependent case

Let 1, 01, 0, be linearly dependent and at least one of 6; is irrational. This means that there exists
Z=1(20,21,22) € 73 such that (z,0) =0. Let us consider the two-dimensional rational subspace

r={xeR:(x,2)=0)},

sof em.
Let us define the one-dimensional subspace P = {(x1, x2) : (1, x1,x2) e 7} C R2
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We will prove that there exists a constant ¢ such that for any n = (1, n2) € P the inequality

max [|6;x — ;|| < £
i=1,2 X

has infinitely many solutions in x € N. (This statement is similar to Chebyshev’s theorem [Khinchin
1964, Theorem 24, Chapter 2].)

Denote by A = 7w N Z3 the integer lattice with the determinant d := det A = |z|. Denote by {g, =
(qv, a1y, a2p)}v=123.... C A the sequence of the best approximations of @ by the lattice A and the corre-
sponding parallelograms

I, = {x = (x0, x1,x2) € 7 : 0 < x0 < gy, dist(x, [(#)) < dist(gv—1,1(0))},

which contains a fundamental domain of the two-dimensional A. Obviously, vol IT,, < 4d. So,

dist(g,_1,1(0)) < qi, ()

with an absolute constant in the sign <. It is clear that for any point € 7, the shift  + I1, contains a
point of A.

For any 5 = (11, n2) € P and for any positive integer v the planar domain 5 4 IT,, 7 = (1, —n1, —n2)
contains an integer point y = (x, y1, y2) € A.

It is clear that

l<x=<l+gq (3)
and
irg«'f;H@ix —ni |l K dist(y, 1(0) + 1) L dist([(#), gv—1),

and by (2), p
max||6;x — n; || € —. “4)
i=12 q

v

From (3), (4) it follows that the inequality
d
max|[|6;x —n; || K =
i=1,2 X
has infinitely many solutions and everything is proved.

6. Inductive construction of integer points

Let w(¢) be arbitrary positive function monotonically (slowly) increasing to infinity. Here we describe

the inductive construction of integer points z,, = (¢, Z1v, z2v). The base of the induction process is trivial.

One can take an arbitrary primitive pair of integer vectors that can be completed to a basis of Z>
Suppose that we have two primitive integer vectors

3 3
Zv—1 = (Gv—1, 2Z1v=1, 22v=1) € Z°, 2, =(qv, 21v. 22v) EZL".

Now we explain how to construct the next integer vector Z,1.
We consider the two-dimensional subspace

Ty = {Zv—1, Zv)R-
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The pair of vectors z,—; and z, is primitive, so the lattice spanned by them is
3
A=z, )z=m, N2

By d, = det A, we denote the two-dimensional fundamental volume of the lattice A,. Now we define
the vector n, = (ngy, 11y, n2y) € R> from the conditions

m,={x € R3: (x,n,) =0}, |n,|=1.

Put
oy =dist(zy—1,1(zy)). )
Obviously, |z,| < ¢, and
d,
oy =< —. (6)
qv

We define a vector e, from the conditions
e, eEmy, le,| =1, (ey, Zy) =0, @)

S0 e, is parallel to m, and orthogonal to z,.
Define the rectangle

l'[v={x=(xo,x1,x2):x=tzv+rev, 0<t=lzul, Ir| Sav}-

It is clear that rectangle I1, C , contains a fundamental domain of the lattice A,. We need two axillary
vectors z¢ and z% defined as

=z, +ave, z=z"+byn,,

where positive a, is chosen in such a way that

2
ayd? < v_la)(Z—é : Z) )
and
. d,
b, = a, mm(l, —) ©)
qv

From the construction, it follows that
1251 = |27] < 20| = gv- (10)
The integer lattice Z> splits into levels with respect to the two-dimensional sublattice A, in such a way that
7= |_| Ay,
iez

where A, j =A,+jz’, j € Z and integer vector z’ completes the couple z,_1, z,, to the basis in 73. We con-
sider the affine subspace n]} =, 42z D A, 1, which is parallel to . It is clear that dist(s,, JTJ) =1/d,.

We need to determine the next integer point z,1. Denote by ‘B the central projection with center 0
onto the affine subspace 7!. We consider the triangle A with vertices z,, z%, z and its image BA under
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Figure 1. The central projection ‘3.

the projection B3 (Figure 1).

Define
Z =Pzt (11)
One can see that q
Z| =< ——. 12
|Z] ab, (12)

Define rays
Ri={z=Z+1tz,:t>0} and Ro={z=Z+1z:1>0}.

It is clear that R "Ry, = {Z} and Ry, Ry, C Jrvl. Moreover, the whole convex angle bounded by rays
R1, R, form the image of the triangle A under the projection ‘:

PBA =conv(R; URy).
! contains the affine lattice A} = A, + z’ which is congruent to the lattice A,.
, the shift TT,, + ¢ contains an integer point from Al

The affine subspace &

Thus, for any ¢ € 7!

Put

2
- O'vlzv|‘ (13)

ay

Consider the point
&=Z+12,+0.e €m,,
and the rectangle
n =r1,+¢ cnl.

It is clear that
n! cpa

(here Z was defined in (11), e, was defined in (7), and the parameters o, T, come from (5) and (13)).
Now we take the integer point

1 1
Zot1 = (Qu1, T v415 22v+1) € A NTIL



10 NATALIA DYAKOVA

From the construction it follows that

Gor =zl =<zl rlzl +lzl = g1+ ——+ 2 ) gy (14 ) 4 2o 2 2
dyb, a, d,b, a, dyb,
(Here we use (6), (9), (10), (12), and (13).) From (9) we see that
2
q 1
Gu+1>> <—”) —. (14)
d,/) a,

Now we are able to define the next two-dimensional lattice

A1 =(2v, Zv11)2-

Let d, 4+ be its fundamental volume. We will estimate the value of d,; taking into account (9) as
2
. a
dyi1 < gy - dist@or1, 1@) < T2 (1) « g2, (15)
d, b, d,
From (14) and (15), we deduce that
dv—',—l < avdECIv—H-
By the choice of a, (by formula (8)) we have
dyi1 < @ (16)

7. The vector 6

Now we define
ajv
qv

We consider the angles between the successive vectors n, and 1,4 :

01} = (911)a 921))’ eju =

o, = angle(n,, n,41) < tanangle(n,, n,41).

Since z,4+1 € PA (see Figure 2), we have

%
tan angle(n,, n,,1) < P
1%

0 Zv+1

Figure 2. The vector z,; intersects the interior of the triangle A = zvz]“)zﬁ.
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and so

b
o, L —. (17)

v

As z,+1 €PA, we have

a’?+b:  a
Yv o oV (18)
qv qv

|0v - 0v+1| <

by the same argument. There exist limits

lim 6, =0 =(0;,6,) and lim n,=n,
V—>00 V—> 00

and from (17) and (18) we deduce that

ay

0<10—-0, K (19)

v

and

b,
angle(n, n,) < —. (20)
a

%
It is clear that & ¢ @>. A slight modification? of the procedure of choosing vectors z, ensures the
condition that 1, 6, 6, are linearly independent over Z. Define 7 = {x € R3:(x,n)=0}). Then@ e 7
by continuity and we can assume that n ¢ Q°,
8. Winning property
Consider the one-dimensional affine subspaces
Py = {(x1,x2) € R : (1, x1, x2) € 1} C R?

and
P ={(x1,x2) € R?: (1, x1,x2) e w} C R?,

where m was defined at the end of the previous section. Let

B1(0) = {& € R? : dist(&, 0) < 1}.
We will show that for any 5§ = (11, n2) € P N B1(0) there exists infinitely many solutions of the inequality
ma |0, — | < 25

in integers x. Denote by 5, = (1,, 12,,) the orthogonal projection of 5 onto P,. From (20) we see that

by
I —ml < ~ (21)

v

2 A similar procedure was explained in [Moshchevitin 2012]. There, the author provides the linear independence of coordi-
nates of the limit vector by “going away from all rational subspaces” (the beginning of the proof of Theorem 1 in the case k = 1,
p. 132 and the beginning of §5, p. 146).
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For any 9, = (914, n2,) € P, the planar domain 3, + I1,, 5, = (1, —n1,, —n2,) contains an integer
point y, = (xy, Y1v, Y2v) € A,. It is clear that

x| < g (22)
and

d
max 1Bivxy — Niv — Yiv| K —. (23)
i=1,2 v

By (19), (21), (22), and (23) we have

d
v v v
max ||0;x, — n; || < |x,| max |6; —6;,| + max|[0;,x, — n;p || + max [n; —n;| Kay+ —+— K —.
i=1,2 i=1,2 i=1,2 i=1,2 v ay qv

In the last inequality we use (9). By (16) we have

w(qy)
max [|0; x, — ;|| < -
i=12 qv

for large v. As § € r and y, € m,, max;=1 2

|6;x, — n; || # O infinitely often (in fact for all large v).
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Some remarks on the asymmetric sum-product phenomenon

Ilya D. Shkredov

Using some new observations connected to higher energies, we obtain quantitative lower bounds on
max{|AB|,|A+ C|} and max{|AB|, |(A + «)C|}, where @ # 0, in the regime when the sizes of the finite
subsets A, B, C of a field differ significantly.

1. Introduction

Let p be a prime number and A, B C F, = Z/pZ be finite sets. Define the sum set, the difference set,
the product set, and the quotient set of A and B as

A+B:={a+b:acA,beB}, A—B:={a—b:acA,be B},
AB:={ab:a € A,b € B}, A/B:={a/b:a€ A,be B,b #0}.

One of the central problems in arithmetic combinatorics [Tao and Vu 2006] is the sum-product problem,
which asks for estimates of the form

max{|A + A|, |AA|} > |41 T¢ (1)

for some positive c¢. This question was originally posed by Erds and Szemerédi [1983] for finite sets of
integers; they conjectured that (1) holds for all ¢ < 1. The sum-product problem has since been studied
over a variety of fields and rings; see, e.g., [Bourgain 2003; 2005b; 2007, Bush and Croot 2014; Bourgain
et al. 2004; Erd6s and Szemerédi 1983; Tao and Vu 2006]. We focus on the case of [, (and sometimes
consider R), where the first estimate of the form (1) was proved by Bourgain, Katz, and Tao [Bourgain
et al. 2004]. At the moment the best results in this direction are contained in [Roche-Newton et al. 2016;
Konyagin and Shkredov 2016].

In this article we study an asymmetric variant of the sum-product question, in the spirit of the funda-
mental paper [Bourgain 2005¢]: namely, sum-product theorems in [, for sets of distinct sizes. We recall
two results from that paper:

Theorem 1. Given 0 < ¢ < %, there is § > 0 such that the following holds. Let A C Fj, be such that
p¢ < |A| < p'¢. Then either
|AB| > p’|A| forall B CF, with |B| > p®
or
A+ C| > pb|A| forall C CF, with |C|> p°.

MSC2010: 11B30, 11P70.
Keywords: sum-product, expanders, exponential sums.
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Theorem 2. Given 0 < ¢ < %, there is § > 0 such that the following holds. Let A C F, be such that

pE < |A| < p'7¢. Then for any x # 0 either
|AB| > p®|A| forall B CF, with |B|> p*
or
(A+x)C| > p’|A| forall C CF, with |C|> p°.

Theorems 1 and 2 were derived in [Bourgain 2005¢] from the following result from [Bourgain 2005a].
Given a set A C [F,, denote by T;(A) ={(a1,...,a.a},....a;) € A%k g o tay =a)+---+a .
We write ET(A4) for T (A).

Theorem 3. For a positive integer Q, there are a positive integer k and a real T > 0 such that if H C [F;
and |HH| < |H|'*7, then

Ty (H) < |HPE(p71 V€ + o | HI79),
where co > 0 depends on Q only.

The aim of this paper is to obtain explicit bounds in the theorems above. Our arguments are different
and more elementary than those of [Bourgain 2005¢c; Bourgain et al. 2006; Garaev 2010]. In the proof
we almost do not use the Fourier approach and that is why we do not need lower bounds for sizes of
A, B, C in terms of the characteristic p, but, of course, these sets must be comparable somehow. Another
difference between this article and [Bourgain 2005c] is that our arguments work in R as well.

We now formulate our variants of Theorems 1 and 2 (see also Corollary 33). One can show that

Theorem 4 implies Theorems 1 and 2 if |A| < p!/27¢; see Remark 36.

k+1 —
Theorem 4. Let A, B, C C F), be arbitrary sets, and k > 1 be such that | A| |B|1+2(k+4)2 y < pand

|BIS 2@ = |4]. D 10gk (41 B)), )
where Cy > 0 is an absolute constant. Then
max{|AB|,|A + C|} = 273|4|-min{|C|, | B|7&F92 "}, 3)
and for any o # 0
max{|AB|. |(A +&)C} > 273|4|-min{|C|. | B|7"F2 "}, o)

Actually, we prove that the lower bounds for |4 + C|, |(A + «)C| in (3), (4) could be replaced by
similar upper bounds for the energies E™ (A4, C), EX(A + «, C); see the second part of Corollary 33.
We call Theorem 4 an asymmetric sum-product result because A can be much larger than B and C
(say, |A| > (|B||C])'°) in contrast with the usual quadratic restrictions which follow from the classical
Szemerédi-Trotter theorem; see [Szemerédi and Trotter 1983; Tao and Vu 2006] for the real setting and
see [Bourgain et al. 2004; Garaev 2010; Rudnev 2017b] for prime fields. On the other hand, the roles
of B, C are not symmetric as well. The thing is that the method of the proof intensively uses the fact
that if |A B| is small comparable to |A|, then, roughly speaking, for any integer k, the size of (kA)B is
small comparable to kA, roughly speaking (rigorous formulation can be found in Section 5). Of course
this observation is not true in any sense if we replace x to + and vice versa.
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Also, we obtain a “quantitative” version of Theorem 3.

Theorem 5. Let A, B C [, be sets, M > 1 be a real number and |AB| < M |A|. For any k > 2 such that
216]‘M2k+1C*2 log® |A| < |B|, one has

TS (A4) <

4k+6 4 2
2 Cylog™ |A|-

M2k|A| k2 g g2kt Ak—1q  4(k—1 2k+1_4 k=1
T+16 M CE T og** D 141141 THBIT 2 ET(4). (5)

Here, Cy > 0 is an absolute constant.

As a by-product, we obtain the best constants in the problem of estimating the exponential sums over
multiplicative subgroups [Bourgain 2005a; Garaev 2010] (see Corollary 16 below) and relatively good
bounds in the question of basis properties of multiplicative subgroups [Glibichuk and Konyagin 2007].
Also, we find a wide series of “superquadratic expanders in R” [Balog et al. 2017] with four variables;
see Corollary 35.

In contrast to [Bourgain 2005¢], we prove Theorem 4 and Theorem 5 independently. We realize that
Theorem 4 is equivalent to estimating energies of another sort, namely,

EI':(A):: |{(a1,...,ak,a'1,...,a;€)EAZk:al—a’l :---:ak—a}c}’

(see the definitions in Section 2). Thus, a new feature of this paper is an upper bound for EZ (A) for
sets A with |[AB| <« |A| for some large B; see Theorem 27 below. Such an upper bound can be of
independent interest. Let us formulate our result about E,‘c" (A4).

Theorem 6. Let A, B C ), be two sets, k > 0 be an integer, and put M := |AB**1|/|A|. Then for any

k > 0 such that
|B|k/8+1/2 > |A|-M2k+123k+1C>,Ek+4)/4 logk |ABk|,

where Cy > 0 is an absolute constant, we have

|2k+l

Ef i (4) <2/AB* (6)

Our approach develops the ideas from [Bourgain 2005c; Shkredov 2014] (see especially Section 4
there) and uses several sum-product observations of course. We avoid repeating Bourgain’s combinatorial
arguments (although we use a similar inductive proof strategy) but the method relies on recent geometrical
sum-product bounds from [Rudnev 2017b] and further papers such as [Yazici et al. 2017; Murphy et al.
2017; Roche-Newton et al. 2016; Shkredov 2017]. In some sense we introduce a new approach of
estimating moments My (f) (e.g., Tl': (H) in Theorem 3 or E,': (A) in Theorem 6) of some specific
functions f: instead of calculating My ( f) in terms of suitable norms of f, we compare My ( f) and
Mg /2(f). If Mg (f) is much less than My /»( f), then we use induction, and if not, then thanks some
special nature of the function f, we derive from this fact that the additive energy E™ of a level set of
f is huge and it gives a contradiction. Clearly, this process can be applied at most O (log k) number of
times and that is why we usually have logarithmic savings (compare the index in T;C (A) and the gain
| B|~%=1)/2 ip estimate (5), say).

The paper is organized as follows. Section 2 contains all required definitions. In Section 3 we give
a list of the results, which will be further used in the text. In Section 4, we consider a particular case
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of multiplicative subgroups I'" and obtain an upper estimate for T,j (I"). This technique is developed in
Section 5 although we avoid using the Fourier approach as was done in [Bourgain 2005¢] and in the
previous Section 4. Section 5 contains all main Theorems 4-6.

2. Notation

In this paper p is an odd prime number, Fp = Z/pZ, and [, = [} \ {0}. We denote the Fourier transform
of a function f : F, — C by f,
fE& =" f(x)e(-§-x). (7

x€lp

where e(x) = e271*/P_We rely on the following basic identities. The first one is called the Plancherel
formula and its particular case f = g is called the Parseval identity:

> fg =+ Y f©7E). ®)
x€F, P Eelp
A particular case of (8) is
2
MUY fogr-0| =1 S If@PEEP ©)
yeF, ' x€ky p SE[FP
and the formula . A
f@ = > f®eE-x) (10)

gelp

is called the inversion formula. Further let f, g : F, — C be two functions. Put

(f*2)x):=)_ fMelx—y) and (fog)x):= Y f(1ey+x). (11)
Y€k Y€k
Then - R - _
f*xg=fg and fog=fg. (12)

Put E* (A, B) for the common additive energy of two sets A, B C F, (see, e.g., [Tao and Vu 2006]); that s,
E+(A, B) = ‘{(dl,az,bl,bz) €eAXxAXxBxB:ay+bi=as +b2}‘.

If A= B we simply write ET(A) instead of ET (A4, A) and E™(A) is called the additive energy in this
case. Clearly,

EF(4.B)=) (A*B)(x)> =) (Ao B)(x)> =) (Ao A)(x)(Bo B)(x)
and by (9), i i i
E(4.B) = S 1A@PIBE)P. (13)
£

Also, notice that
EY(4, B) <min{|A]?|B|, |B|?|Al,|4]*/?|B|*/?}. (14)
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Sometimes we write EY( f1, f. f3. f4) for the additive energy of four real functions, namely,

EY (AL fo o f) =D i) f2(0) f3(x +2) faly + 2).

X,z

It can be shown using the Holder inequality (see, e.g., [Tao and Vu 2006]) that
EY(fi. fo. f3. fa) < EFCROET (OET DET (iM*. (15)

In the same way define the common multiplicative energy of two sets A, B C [:
E*(A4, B) :|{(a1,a2, b1,bp) e AXAXBXB:ajby = azbz}‘.

Certainly, the multiplicative energy E* (A, B) can be expressed in terms of multiplicative convolutions
similar to (11).

Sometimes we use representation function notations like r4 g (x) or r44 g (x), which counts the number
of ways x € [, can be expressed as a product ab or a sum a + b with a € A, b € B, respectively. For
example, [A| = r4—4(0) and EY(A) = ra4+4-4-4(0) = Y, rj+A(x) =Y, ri_4(x). In this paper,
we use the same letter to denote a set A C [, and its characteristic function 4 : F, — {0, 1}. Thus,
ra+B(x) = (A * B)(x), say.

Now consider two families of higher energies. Firstly, let

1 A
TH(A) = [{(a1,....ax.a}.....a}) € A* ay + - +ag =d} +---+d}}| = ;Z|A(g)|2k. (16)
£
It is useful to note that

T;k(A) = ‘{(al,...,azk,all,...,a’zk) e A% (a1 +---+ag)+ @gy1 +--+azg)
=]+ +ap) + @+ Fay)l
= Y rea@rea)reatx + 2)realy + 2). (17
XY,z

SO one can rewrite T;Lk (A) via the additive energy of the function ry 4(x). Secondly, for k > 2, we put

EF(A) =) (Ao ()" = D" rk 4(x) =E¥(Ar(4). 45), (18)

x€f, x€F,
where
Ar(A):={(a.a,...,a) € A%},

Thus, E;'(A) = T;'(A) = E*T(A). Also, notice that we always have |A[¥ < E,‘:(A) < |A¥*1 and
moreover
Ef (A) <|A[F'EF(4) forall I <k. (19)

Finally, let us remark that by definition (18) one has Ei" (A) = |AJ?. Some results about the properties
of the energies EZ can be found in [Schoen and Shkredov 2013]. Sometimes we use T]': (f) and EZ( )
for an arbitrary function f and the first formula from (18) allows us to define E]': (A) for any positive k.
It was proved in [Shkredov 2017, Proposition 16] that (E,'cF (f))Y/2k is a norm for even k and a real
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function f. The fact that (T,j (f))Y/2k is a norm is contained in [Tao and Vu 2006] and follows from a
generalization of inequality (15).
Let A be a set. Put

R[A] := {al —4 ta,a1,a2 € A, ar ;éa}
ar —dad
and
alp —dan
Q[A]Z:{ :al,az,a3,a4eA,a37éa4}.
a3z —dady

All logarithms are base 2. The signs < and > are the usual Vinogradov symbols. When the constants
in the signs depend on some parameter M, we write <37 and >>ps. For a positive integer n, we set

[n] ={1,...,n}.
3. Preliminaries

We begin with a variation on the famous Pliinnecke—Ruzsa inequality; see [Ruzsa 2009, Chapter 1].

Lemma 7. Let G be a commutative group. Also, let A, By,...,B, € G, |A+ Bj| = «a;|Al|, j € [h].
Then there is a nonempty set X C A such that

I X+Bi+-+ Byl <ay...05|X|. (20)
Further for any 0 < § < 1 there is X C A such that | X | > (1—6)|A| and
|X 4+ By +--+ Bp| <8Py .. ap| X|. 21)

We need a result from [Rudnev 2017b] or see [Murphy et al. 2017, Theorem 8]. By the number of
point-plane incidences Z(P, IT) between a set of points P C [F13, and a collection of planes IT in [F; we
mean

P, 0) = |{(p,71) ePxIl:pe n}|.

Theorem 8. Let p be an odd prime, P C IFg be a set of points and Il be a collection of planes in I]:;;.
Suppose that |P| = |T1| and that k is the maximum number of collinear points in P. Then the number of
point-plane incidences satisfies
|P|? 3/2
P, 1) K 7 +|PI”/ = + k|P|. (22)

Notice that in R we do not need in the first term in estimate (22).
Let us derive a consequence of Theorem 8.
Lemma9. Let A, Q C [F) be two sets, A, Q # {0}, M > 1 be a real number, and |QA| < M|Q|. Then
Mot M9

ET(Q) < C« (23)

where Cy > 1 is an absolute constant.
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Proof. Put A = A\ {0}. We have

ET(Q)={g1 +92=¢3+q4:91.92,93,94 € O}
<|A«|*l{q1 +Ga/a=q3+Ga/d’ 1q1.q93 € Q, G2,Ga € QA, a,a’ € Ay}l

The number of the solutions to the last equation can be interpreted as the number of incidences between
the set of points P = Q x QA x A; ! and planes IT with |P| = |I1| = |A«||Q||QA|. Here k = |QA|
because A4, Q # {0}. Using Theorem 8 and a trivial inequality |QA| < |Q||A|, we obtain

M3/2|Q|3
|A|1/2 ’

A2 2 A2 M2 4
E+(Q) <<|A|_2(%_|_|Q|3/2|QA|3/2|A|3/2) < |Q| 4

as required. O

Finally, we need a purely combinatorial Lemma 10. It is a new (for k > 2) and simple tool which
allows us to estimate the restricted higher energy > .. p rif_ 4(x) via some energies of A and P; see
(25), for example.

Lemma 10. Let G be a finite abelian group and A, P subsets of G. For any k > 1 one has

2
( > rf—A(X)) <|A[F Y rk_4(rp—p(x). (24)
xeP X
In particular,
4
(Z rff_A(x)) < |AP*ES (DET(P). (25)
xeP

Proof. Clearly, inequality (25) follows from (24) by the Cauchy—Schwarz inequality. To prove estimate
(24), we observe that

2 2
(Zrﬁ_m):( 3 |Pm(A—x1>m---m(A—xk>|)

xX€EP X1,..., Xk €A
<l4F Y Pn@A-xpn-nA-x)P =14 re_p)rk_4(x),
X1sees Xk X
as required. O

Combining Theorem 8 and Lemma 10, we obtain a corollary.

Corollary 11. Let ACFp,and B, P C [FI”; be sets. Then for any k > 1 one has

¢ PI*  |PP
(X ) =caarteran(Cs+15) 26)

1/2
XEP |B| /

Proof. By Lemma 10, we have

2
( > rf—A(X)) <|AlF Zrﬁ_A(x)rP—P(X)-

xeP
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Further, clearly for any b € B we have

ra—A(X) <raB—aB(xb).
Hence

(X A(x)) S haaptebrre (o = 10 ZrAB 45 (5P (0).

xeP X beB

Using the Cauchy—Schwarz inequality, we obtain

(ZrA A(x>) <

xX€eP

| |2k
|B|2 zk(AB)ZrB(P P)(x)

To estimate the sum ) . rfz,, (P—P) (x), we use Theorem 8 similar to the proof of Lemma 9 (see [Yazici et al.

2017]). Indeed, taking P = (p1,b’ p2,b’), I1 = (b, p, bp2), where (b,b', p1, p2, P}, py) € B2 x P4,
we have

Y rBp—py ) =B, pr. pa. pi. ph) € BZ x P*:b(p1 — p2) = b (p) — ph)}|
i =[{(x,y.2) € P, (b, py.bp2) € 1 :bx +y — pyz = bpa}| =I(P, )

B 2 P 4
§C*(%+IB|3/2|P|3).

Thus,

k ¢ okt |PI* PP
Dk 4(x)) < CulAP¥ES(AB) 7+|B|1/2 . O

xeP

4. Multiplicative subgroups

In this section we obtain the best upper bounds for T,': (), E,'c" (I") and for the exponential sums over
multiplicative subgroups I'. We begin with the quantity T:(F).

Theorem 12. Let I C [} be a multiplicative subgroup. Then for any k > 2, 264k C2 <|T'| one has

| |2k+l

THIT) < 2%+6C, log* 1| o 16V iog* &V 1| r P =S EY (), @)

where Cy is the absolute constant from Lemma 9.

Proof. Fix any s > 2. Our intermediate aim is to prove
+ 4, 4 T[4 25—1/24+
T,,(I') <32Cxs" log™ [T - T + || T,(I) ). (28)

By (17), we have

T3, (D)= Y rr()rse (0)rse(x 4+ 2)rsr (v + 2).
X,Y,Z



SOME REMARKS ON THE ASYMMETRIC SUM-PRODUCT PHENOMENON 23
Put p = T,(T')/(16]T'|3). Since
Z rs0 (X)rsr (V)rsr(x + 2)rsr (v + 2) < p|T ) = T (I)/16
x,y,z:rsr(x)<p

it follows that
+ A MY
THI) =3 Keyzrsr (e (0)rse (8 + 2)rsr (v +2) + €

where the sum Y is taken over nonzero variables x, y, z with rsp (x), s (), 757 (X +2), 150 (y +2) > p
and

£ <4r0(0) Y rsr(Wrsr (@)rer (v +2) < 4rp (O TPTHE) <4 0PI THD). (29)
¥,z

Put P; = {x: 2/ 71 < rp(x) < p27) C F5. If (28) does not hold, then, in particular, T;s(F) >
25|25~ 1/2TH(T") > 25|T'13~1/2 and hence the possible number of sets P; does not exceed L :=
slog |T|. Indeed, for any x one has rsr(x) < |T'|*~! and hence p2/~! = 2j_5T;S(F)|F|_3S must be
less than |['|S~! otherwise the correspondent set P; is empty. In other words,

2773 < T TYTH(M) < TPV 28 <12
as required. By the Dirichlet principle there is A = p2/0, and a set P = Pj, such that
TH (@) < 2L*QA)'ET(P)+E=Th(I) + €.

Indeed, putting f; (x) = P;(x)rsr(x), and using (15), we get

/ L
> rr@rsrrr+2rr(y+2) < Y Y i) [0 fe(x+2) /iy +2)
X,z i,7,k,l=1X,Y,Z

L
< > ETHETUHETET (i)

i,j,k,l=1
L 4 L
= (Z(E+(ﬁ))“4) < L3 EY(f) < L*maxET ().
i=1 i=1 '
Moreover we always have | P|A? < T (T") and | P|A < |T'|5. Using Lemma 9, we obtain

4 3
+ | P| | P|
E (P)fC*(—p +|F|1/2 .

Hence,

, 4 aaaf1P1t PP 4 L IT1% [PPA*
The(T) < 3(16C4)L*A (7+|F|1/2 <216Cy)L ) + e (30)

Let us consider the second term in (30). Then in view of |P|A2 < T}H(T") and |P|A < |T'|%, we have

|PPA* = (PA?PA* < [T]*THT).
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In other words, by (29), we get

r 4s
T = 604 (0 P27 ) ) 4P )

r 4s
<32C,s*1og* |T|- (L + |r|2s—1/2Tj(r))
V4

and inequality (28) is proved.
Now applying formula (28) successively k—1 times, we obtain

|F|2k+1

T (T) <2%46C, logh |T|- ———— + 16%” k1 1og*®=V || T P+ +4- 55 £+ (D)

|F|2k+l

k+1_k+7
E24k-|-6(:* 10g4|1"|— 2

+ 168 kT 1og*®=D 1| TP =S EN (D). 31)

To get the first term in the last formula we have used our condition 264¥C# < |T'| to ensure that |T'|/2 >
24k+1C, log* |T|. |

Remark 13. The condition 264% C2} < |I'| can be dropped, but in that case we will have the factor
165” (Cy log |T)*~! in the first term of (27).

Splitting any I'-invariant set onto cosets over I and applying the norm property of T;", we obtain:
Corollary 14. Let T' C [Fl;,fF be a multiplicative subgroup, and Q C [F; be a set with QT" = Q. Then for
any k > 2, 264ka < |T'| one has

2k+1
_ _ _k+7 k
Tjk(Q)sz4k+6c*log4|rl-%+l6k205 Hog*®=Dr.rI= 2 Y0, (32)

Let I" be a subgroup of size less than ,/p. Considering the particular case k = 2 of the formula in
Theorem 12 and using ET(I") <« |I'|>/27¢, where ¢ > 0 is an absolute constant (see [Shkredov 2013]),
one has:

Corollary 15. Let I' be a multiplicative subgroup, |I'| < ./p. Then

IT[* log* ||

TS < +IC[°7.

In particular, |4T| > |T|2T¢.

Previous results on T]j (I'), IT'| = \/p with small k had the form T,j (I') <« |T|2k=2+¢k with some
cx > 0; see, e.g., [Konyagin and Shparlinski 1999]. The best upper bound for T;r (T") can be found in
[Shteinikov 2015].

Now we prove a corollary about exponential sums over subgroups, which is parallel to results from
[Bourgain and Garaev 2009; Bourgain et al. 2006; Garaev 2010]. The difference between the previous
estimates and Corollary 16 is just a slightly better constant C in (34).
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Corollary 16. Let T be a multiplicative subgroup, |T'| > p®, 8 > 0. Then for all sufficiently large p one

has .
R _§/pT+26~
max |['(£)] < |T|- p~3/2 : (33)
§#£0
Further we have a nontrivial upper bound o(|T"|) for the maximum in (33) if
log |T"| > m (34)

~ loglog p’
where C > 2 is any constant.

Proof. We can assume that |I'| < ,/p, say, because otherwise the estimate (33) is known; see [Konyagin
and Shparlinski 1999]. By p denote the maximum in (33). Then by Theorem 12, a trivial bound E*(I") <
IT'|3 and (16), we obtain

ID1p? " < pToe () < 2%F6C, dog? [T TP 4165 CE Hog &= 0| r 2T =402 35)
provided 264"C;1 <|T|. Putk = [2log p/log|I"| +4] <2/§ + 5. Also, notice that

4(k—1)
plog IN

because k > 21log p/log |I'| + 4 and p is a sufficiently large number depending on § (the choice of k is
slightly larger than 2log p/log |T'| to “kill” p by division by |I'|¥/2 as well as logarithms log4(k - [T)).
Also, since |T'| > p?, it follows that 2644 C2# < |I'| for sufficiently large p. Taking a power 1/25%1 from
both parts of (35), we see in view of (36) that

2k+2 2k+2

___ &
p < T2 o7 V27) « r V272 ) p T

To prove the second part of our corollary just notice that the same choice of k gives something nontrivial
if 252 < glog|T'| for any & > 0. In other words, it is enough to have

21
k+2<=28P L7 loglog|T|—log(1/e).
log |T'|
It means that the inequality log || > C log p/(loglog p) for any C > 2 is enough. |

Remark 17. One can improve some constants in the proof (but not the constant C in (34)), probably,
but we did not make such calculations.

Now we estimate a “dual” quantity E; (Q) for I'-invariant set Q (about duality of T,:r/z(A) and E]': (A);
see [Schoen and Shkredov 2013] and (40)-(43)). We give even two bounds and both of them use the
Fourier approach. Our first estimate (37) relatively quickly follows from Corollary 14 and the price for
it is the appearance p in the bounds. The second estimate (39) is more delicate but requires more work.
Theorem 18. Let I C [ be a multiplicative subgroup, and Q C F be a set with QT = Q and | Q 12T <
p?. Then for 0 <k, 264kC;1 < |I'| one has

Ef 11 (Q)

k+2 k+1 k+1 2 _ _k+1
<22 B og |0 T Q1T (2% TOChlogt |0 + 16K CE T og*® T 0] 172 p). 37)
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Further let k > 1 be such that
r|* 272 = 0] 10g* | Q). (38)
Then
Eh (0) < @3CoF 0P |2, (39)

Proof. We begin with (37) and we prove this inequality by induction. For k = 0 the result is trivial in
view of our condition |Q|?|T'| < p2. Put s = 2%, k > 1. By the Parseval identity and (12), we have

1 A ~
EL(Q)=W D 10D 10 (x29)? (40)
X1++x25=0
25| O|2ES 1 . .
CBIOMEl@ 1 S 160 10k P @41)
p p xX1++x24=0
x; 70 for all j
2+
- zlel E;H(Q) +E5,(0), (42)

Put L =log|Q|. By the Parseval identity

1 o) 2 A 2
—— 2. 0GP ... 10(x2s)
p X1+-+x25=0

x; #0 forall j

A 1
2
< .
= max |0 (x)| P

> 10G0P 10t < max |00

x1+-+x25=0
x; 70 forall j

Hence, as in the proof of Theorem 12, consider p? = E;‘ $(Q)/(4s] Q|?*71) and the sets
Pi={x:p? 7' <|Q(0)| < p2’} CF;.
Using the Dirichlet principle, we find A = p2/0 > pand P = Pj, such that

4L%5(2A)%
B55(Q) < %T:(P). (43)

Here we bound the number of sets P; by the number L because of

2272 <10/ p? < 45| Q1 /ES(Q) < 10I/4

and the last inequality follows if (37) does not hold. Clearly, PI" = P (and this is the crucial point of
the proof, actually). Applying Corollary 14, we get

Ehs(Q) <

45+2 7 25 A 4s 2s
245421 25 A 1P|

P _ _ _k+7
P (24k+6C*10g4|F|-T+16k2Cf Hog*®=D 1| 1|2 E+(F)|P|2s). (44)

By the Parseval identity, we see that
A*|P|<|Qlp. (45)
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Hence
Epy(Q) < 2% 2125 QS - %60, L4 4 164 CE LA ®- D r T EFD)p). @)
Using a trivial bound ET(I") < |T'|3, we get
E,,(0) < 24s+2LZS|Q|2s ) (24k+6C*L4 n 16k2Cf_1L4(k_1) ) |F|_ksz). 47)
Applying a crude bound (19), namely, E;rs_l(Q) < QI 'E}(Q), the condition |Q|?|T'| < p?, and

induction assumption, we get
25|01°E5,1(Q) _ 25|01°T'EF(Q)
P B P
s+1
< B9

LEQP 22320, Lt 16KV 2 LA /2 )

<2422 HFOC, L4 4 168 CH LAKD | ),

Hence combining the last estimate with (47), we derive

|2k+1

Bl (0) < 22 3L | gtk e, L4y 168 Ch 1 LA o )

and thus we have obtained (37).
To get (39), put [ = 2¥~1 k > 1 and consider Ej{l(Q). Further define g(x) = rlQ_Q(x) and notice
that g(§) >0, g(0) = EIJ“(Q). Moreover, taking the Fourier transform as in (40) and using the Dirichlet
principle, we get
E*(2)
3

ERQ) =) Qo)) =) g*) = = % D 80E(NE(x +2)8(y +2)

x’y’Z

42(0 1
< BOS @i+~ Y BWEMEK+ DA +2)
p Y,z x#0,y#0,z#£0
+ +
< 4E; (Q;Esl(Q) n 4L4(§a))4 E+(G). “8)

where G ={§:w < g(§) <2w} CF},and w > 2_3EZFI(Q)|Q|_3I := px because the sum over g(§) < px
by (10) does not exceed

4ps o A
;3 S Y B(ME(x+2)E(y +2) = 4p«g>(0) = 4p.| Q.

X,z

Further in view of the Parseval identity, we see that

®?|G| <Y g(6)* < pES(0). (49)
EeG
and by (10),
w|G| <Y g#) = pg(0) = plol. (50)

£eG
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Clearly, G is a I'-invariant set (again, this is the crucial point of the proof). Further returning to (48) and

applying Lemma 9, we see that

E(QE;(Q) | 2L 45/ (Q)E;(Q) 2GC*L4w4(|G|4 |G|3)
p

+ +
E4I(Q)— P p3 ET(G) = p3 p |F|1/2

4E+(Q)E 1(Q)
p

+E};(0).

Applying (49) and (50), we get

26C, L*(0|G|)%0?|G]|
(1723

E,;(Q) <2°C,L*| 0" + <28C, L4 Q| +2°C. L4 QP ES (0)|T|71/2.

It follows that
4E(Q)ES(Q)

! Tl 1
EL(Q)§++26C*L4|Q|2 EZ+Z(Q)(E2+Z(Q)Jr |F|1/2)' (51)

Further estimating the first term of (51) very roughly as

ES (Q)ESL(Q) IQIZ’”E;L,(Q) - |01 T1ES(0)
p p - p ’

we get in view of our condition |Q|?|T"| < p? that this term is less than L*|Q |21E (O™ 1/2 Hence

+(0) <2 Curt 0P e (o) 122 4 (52)
" 22NES(0) T ITpr2)

Notice that the term | Q| /EX, (Q) +1/|T|V/2 < 2-max{| Q[ /E},(Q). 1/|T'|'/?} < 2. Applying bound
(52) exactly 0 < s < k times, where s is the maximal number (1f it exists) such that the second term
1/|T'|*/2 in (52) dominates, we obtain

|2k—s+1

0 )
£ Q) IT72)

Now by the definition of s, we see that the first term in (53) dominates. Hence, using (51), (52) one more
time (if s < k), we get

E% 11 (0) < (25C.)° L4|T| /2 g2 ++2 g, 3+1<Q)( (53)

_2k—.§‘+1 |2k—S+l

_ k41 _ k+1
Ef 1 (Q) <2(28C) LY |T|7/2| 0] 10 =208CO) L¥|T 21017 . (54)

From the assumption |I'|¥12/2 > |0|log** ||, it follows that |T'| > |Q|*/*+2) og8k/(k+2) ||,
Hence bound (54) is much better than (39) if s < k. If s = k, then by the same calculations, we
derive
_ k+1_
Efert (Q) = QPCHML¥ T TF2ES ()10 2.

Since |Q|?|T'| < p% by Lemma 9, it follows that ET(Q) < 2C«|Q|?/|T'|'/? and hence

k+1
Efs 1 (Q) < QBCHFFILA ||~k D219 27 4T
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Further by the choice of k, namely, |T'|*2/2 > |0|log** |Q| we see that the last bound is bet-
ter than (39). Finally, if s = 0, then by definition E;Lk(Q) < |Q|2k|F|1/2 and hence E;LH] (Q) <

10122, m

Remark 19. From the second part of the arguments above one can derive explicit bounds for the energies
EF(Q) for small s. For example,

|0 I*E3(Q)
)4

E4(Q) < + (log ITN*|Q|* + (log [T *| Q [PE(Q)|T| /2.

Now we obtain a uniform upper bound for the size of the intersection of an additive shift of any I"-
invariant set. Our bound (56) is especially effective if the sizes of Q1,0, are comparable with the size
of I', namely, |Q1],]| Q2| < |T'|€, where C is an absolute constant (which can be large). In this case the
number k below is a constant as well.

Corollary 20. Let ' C [y, be a multiplicative subgroup, |T'| > p%.8>0,and 01,0, C [} be two sets

with Q1T = Q1, Q2T = 02, |011?|T| = p?, |Q2[?|T| < p?. Put Q = max{|Q1l.|Q2l}. Then for any

x # 0, one has

_§/27+287!

101N (02 +x)| K< VI[01][Q2|log Q- p (35)

Further choose k > 1 such that |T'|*+2/2 > 0 10g4k Q. Then, for an arbitrary x # 0,

101N (02 +x)| < V1011102 - |IT|7V/427, (56)

Proof. From the conditions |Q1|2|T| < p2, |Q2|?|T'| < p2, it follows that || < p2/3. Put L =log Q.
On the one hand, applying the Cauchy—Schwarz inequality, we obtain

12 00 = €Sy (Q0)V2(ED e (020) /2.

y
On the other hand, by formula (37) of Theorem 18 and I'-invariance of Q1, Q», we have
2k+1

IF[01N Q2+ <> r2 0, )
y

k+1

k+2 k+1 k 2 _ _ —
<222 (104102 @ FOLA 416K R AR L p T p,

provided 264¥C# < |T'|. As in Corollary 16 choosing k = [21og p/log|T'| + 4] <2/8 + 5 and applying
an analogue of (36) which holds for large p, namely,

pLA&=D)
|F|—k/2 <1
we obtain
—1/2k+2 —1/2k+2
101N (Q2+x)| < LV|01|102]- (T + [T )

1 /k+2 _e/n74+25—1
< LV]0:1]10:2||IT 727 < Ly]01]]02]p 787> :

and it easy to ensure that inequality 264k C2 < |I'| takes place for sufficiently large p.
To derive (56), we just use the second formula (39) of Theorem 18 and the previous calculations. [
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Remark 21. It is known (see, e.g., [Konyagin and Shparlinski 1999]) that if I C [F;; is a multiplicative
subgroup with |T'| < p3/4, then for any x # 0 one has [T N (I 4 x)| < |T'|?/ and this bound is tight in
some regimes. One can extend this to larger I"-invariant sets and obtain a lower bound of a comparable
quality. It gives a lower estimate in (55).

Indeed, let I' C [ be a multiplicative subgroup with |I'| < p'/2. Consider R = R[T'] and Q = Q[I'].
It was proved in [Shkredov 2016b] that |R| > |T'|?/ log |I"| and one can check that R = 1 — R; see, e.g.,
[Murphy et al. 2017]. Finally, the set Q is I'-invariant and it is easy to check [Shkredov 2016a] that
|Q| < |T'|3. Hence

It 1oP”
— >
[ON(1—-0)|>|R| > log T > log |0’

Also, notice that if [T'| < p'/2 and |Q[T']|2|T| < p2, then |Q[T]| > |T'|>1¢ for some ¢ > 0; see the

first part of Corollary 35 from the next section.

Corollary 20 gives a nontrivial upper bound for the common additive energy of an arbitrary invariant
set and any subset of [,.

Corollary 22. Let I' C [ be a multiplicative subgroup, |I'| > p%.8>0,and Q C [, be a set with
OT = Q, |Q?|T'| < p?. Then for any set A C [y, one has

E*(4, 0) < 1011412 p~*/2""*  log 0] +14] 10|, (57)
Further, for an arbitrary o # 0,
EX(4, 0 +a) < [O]1412- p~527  1og| 0] + 141101, (58)
In particular,
|4+ 01> Q] -min{| ], p#3 log™1 O]}, (59)
and )
A(Q + )| > |0 - min{|], p27+25" log™" |Q]}. (60)

)
If k > 1is chosen as |T|*+2/2 > | Q| 10g4k |Q|, then one can replace the quantity p27+2~" log™! | Q|
above by |F|_1/4'2_k.
Proof. Inequalities (59), (60) follow from (57), (58) via the Cauchy—Schwarz inequality, so it is enough

to obtain the required upper bound for the additive energy of A and Q and for the multiplicative energy
of A and Q + «. By Corollary 20, we have

ET(A,.0) =Y ra—a(®)rg—o(x) = 41101+ D ra—a(x)ro—o(x)
x x#0
log | Q]

_ +25—1
< |A[1Q|+1Q||A2- p~8/2"

as required. Similarly

_s/p7+281
EX(4, Q + o) <A[1Q1+ Y raa(@)rotay/o+ay(®) K A[|Q]+ Q|4 p~0/2 log |0,
x#0,1
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because in view of Corollary 20 one has

_5/27-4-25—1

rQ+a)/(0+a)(X) =10 N(x0 +a(x—-1)| K |Q]-p log [Q].

8
So, we have obtained bounds (57)—(60) with p27+25=" log™! |Q|, and to replace it by |T'|~!/ 427 one
should use the second part of Corollary 20. O
From (59) one can obtain that for any multiplicative subgroup I' C [F; there is N such that NI = [,
and N < 8§71457" The results of comparable quality were obtained in [Glibichuk and Konyagin 2007].

5. The proof of the main result

In this section we obtain an upper bound for T,j (A) (see Theorem 23) and an upper bound for E,JCr (A)
(see Theorem 27) in the case when the size of the product set AB is small comparable to A, where B is a
sufficiently large set. From the last result we derive our quantitative asymmetric sum-product Theorem 5
from the introduction. Let us begin with an upper bound for T,j (A).

Theorem 23. Let A, B C [, be sets, M > 1 be a real number, and |AB| < M |A|, |A| > 1. Then for any
k > 2,216k pr2""1 21068 | 4| < | B|, one has

2/( |A|2k+1

T (4) <24+6C, log* A 1168 CF M2 T 10g*=D |41 42T 4 BT T ET (A).

(61)

Proof. We have B # {0} by the condition 219k p C21log®|A| < |B|, for instance. We apply the
arguments and the notation of the proof of Theorem 12. Fix any s > 2 and put L := slog|A|. Our
intermediate aim is to prove

2k+l

L4ﬁs L4Ps

BN

TS(4) < Cs*M> log* | 4] - ( Tj(A)), (62)

where C = 2°C. As in the proof of Theorem 12, we get

T3(4) = FLEQA)EF(P) + &,
where
£ <4JAPTITHA. (63)

Further, A > T;S(A)/(16|A|3S) is a real number and P = {x : A <rz4(x) <2A} C [F}. Moreover, we
always have | P|A2 < T (A). Notice also
IPIA <Y roa(x) £ realx) < AP
xX€P X
To proceed as in the proof of Theorem 12, we need to estimate | PB|. Observe that for any x € PB

one has rg4p(x) > A. Thus, we have

|PBIA < Y reap(x) < |AB|* < M°|Af. (64)
xePB
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Hence using Lemma 9, we obtain

M2slA|ZS|P|2 M3s/2|A|3s/2|P|3/2)

+
E (P)fc*( A2p A3/2|B|1/2
Hence in view of estimate (63), combining with |P|A < |A[® and | P|A% < T} (A), we get

M2S|A|2s|P|2 M3s/2|A|3s/2|P|3/2

TH(4) < §(16C*)L4A4( ) +4|APTIT(4)

Azp A3/2|B|1/2

M2slA|25|P|2A2 M3s/2|A|3s/2|P|3/2A5/2

_ 4 4 25—11+

= 2(16C4)L ( VIRE )+4|A| Ty (4D
M2S|A|4S M3s/2|A|3s/2(|P|A2)(|P|A)l/2

4 4 25—11+
M2S|Al4s M3s/2 AI2STH(A

p |B|'/2

and inequality (62) is proved. Here, we have used a trivial inequality | B|'/2 < | A| which follows from
|B| < |AB| < M|A| <|B|"/2|A| because M2 < 216k p2* ' C210g8 | 4| < |B).

Now applying formula (62) successively k—1 times, we obtain
Tax(4)

2k|A|2k+1

< 2%+6C, logh| 4| + 165 M2 CE og*® DAL 4P 4 BT E (1), (69)

where the exponent 2k+1 _ 4 comes from the sum 2K +--- +4; to get the first term on the right-hand
side of (65), we used 21k 2™ C2 < |B| to ensure that |B|1/2 > 24kT1C, M 2" log* |A|. O

Remark 24. It is easy to see that instead of the assumption |AB| < |A| we can assume a weaker
condition |4 - Ag(B)] < |A|5, 1 <5 < 2K71; see (64).

The same arguments work in the case of real numbers. In this situation we have no characteristic p
and hence we have no any restrictions on the parameter k.

Theorem 25. Let A, B C R be finite sets, M > 1 be a real number, and |AB| < M|A|. Then for any
k > 2, one has

T () = 168 CET1 M3 CF D 10g 6D 41 |42 21 g 7502, (66)

Corollary 26. Let A C R be a finite set, M > 1 be a real number, and |AA| < M|A| or |A/A| < M|A|.
Then for any k > 2, one has

|2kA| > |A|1+k/2M—3/2(2k—1) -log_4(k_1) 4] (67)

Bounds of such a sort were obtained in [Konyagin 2014] by another method. The best results con-
cerning lower bounds for multiple sum sets kA4, k — oo of sets A with a small product/quotient set can
be found in [Bush and Croot 2014].
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To obtain an analogue of Theorem 18 for sets with |4 A| < |A|, we cannot use the same arguments as
in Section 4 because the spectrum is not an invariant set in this case. Moreover, in R there is an additional
difficulty with using Fourier transform: the dual group of R does not coincide with R of course. That is
why we suggest another method which works in “physical space” but not in the dual group.

To formulate our main result about E:(Q) for sets Q with small product QT for some relatively large
set I' we need some notation. Let us write Q%) = |QT*~1| for k > 1 and Q®) = |Q| for k = —

Theorem 27. Let I', Q C [, be two sets, and k > 0 be an integer. Suppose that |oTk+1 10T ||| < p?;
further Q®|T| < p, and M = |QT*t1|/|Q|. Then either

k k+4)/4 k+1 —k/8—
E;_k-i-l(Q)E (M? +123k+1Ci +4)/ logk Q(k))~|Q|2 +p| k/8—1/2 (68)
or
k+1
By (2) 201>
In particular, if we choose k such that |T'|K/811/2 > | 0| -M2k+123k+1Cj,EkJr‘”/4 logk 0% then
k+1
ESii(2) =2(0)* . (69)
Proof. Without loss of generality one can assume that 0 ¢ I". Fix an integer / > 1 and prove that either
1/4
ES2(0) <8CH *log|0]-10|"2ES (QT) T [!/8 (70)
or
ES () <2(0P'2. (71)
Put g(x) = rlQ Q(x) L =1log|Q]|, and E. 1/2(Q) sl/z(Q) — 1017/ > 0. We will assume below that
EL, /2(Q) IE_:I /2(Q) because otherwise we obtain (71) immediately. Using the Dirichlet principle,

we find a set P and a positive number A such that P = {x: A < g(x) <2A} C [F; and

E5 (@<L ry 751/2 (x).

xX€eP

Applying Corollary 11, we obtain

4 1/4
' 3/2 ! /47 A3/2, 0 (1/2(p+ 1/a( 1Pl |P|
£4p(0) < LA 3 o) <3110/ o) (—p T

A6|P|4 A6|P|3 1/4
|F|1/2

We have A|P| < E;F(Q), A?|P| < EJr (Q) and hence AS|P|* < (E (Q))Z(EJF(Q))2 It follows that

(= (Q))Z(E+(Q))2+(E (Q))3)1/4
p |T[1/2

<3¢ L1012 (ES (QT) /4

£2(0) = 3C L0 Ef or) 4 (Z2
To prove that the first term (E 1(9)) (E+(Q))2/p is less than (E (Q))3/|I‘|1/2 we need to check that

(EF (0)*IT|V2 <Ef(0)p.
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But using the Holder inequality, we see that the required estimate follows from

(€ (Q)2IT[V/2 < (E},(0)) 31 | |57 T2 < €4,(0) p

or, in other words, from

|Q|4l|r|(21_1)/2SE;}(Q)[?ZZ_I. )
Finally, we can suppose that for any s > 2 one has, say,
E;_(Q) > |Q|S+I|I‘|—1/810gs—1/2’

because otherwise estimate (68) follows easily. Our assumption Q®)|T'| < p implies that |Q||T| < p

and whence
1
|Q|2I—I|F|§10g21+l <p21—1|r|1+1/810g21—l <p2l—1’

and thus (72) takes place for / > 2. For [ = 1, see the calculations below. Hence under this assumption

and the inequality E/SI/Z(Q) lEng/Z(Q), we have

ES2(0) <8C. * log|Q|-|Q|'2E5, (@)1 ~1/®

and we have proved (70). Trivially, it implies that

1/4
E;(Q) <8C:"* log|0] |01, (QD)|T|~1/*
and subsequently using this bound, we obtain
k/4 k.. —
Ejer () = @¥C/ logh |QTF)) - M2 g U 2B (QIky T R/
= @¥*M> 2 logh QrF ) - |0 P 2ET (ORI TR,
At the last step, we need to check |QT'¥~1||T"| < p, and it is guaranteed by our assumption Q®|T"| < p
(for k = —1 we just need |Q||T'| < p). Now recalling the assumption |QT¥*1||QT¥||T'| < p? and
applying Lemma 9, we get
k k+4)/4 - k+1 —k/8—
Efean(Q) = (M 122K 1D 100k | okt [ o P4 R /812,
In particular, this final step covers the remaining case / = 1 above. O

Remark 28. Let I' be a multiplicative subgroup and QI' = Q. Then by Theorem 27 if |Q||I'| < p and
a number k is chosen as |[|¥1/8+1/2 > | 0| log®! | O], then E2k1+1 (0) €k, 101", Let us compare
this with Theorem 18. By the second part of this result (see condition (38)), choosing k, such that

ko+1 .
|F|(kz+2)/2 10 10g4k2 |O], we get E2k2+1 (0) <k 102" |I‘|1/2. After that applying the second
part of Corollary 20 n := 2k2+1 times, we obtain

Exoiy 12(Q) i, 10 By (O)(1Q] T TH42 72y

ko+1 _
<, |10 +101727 01210 T 1/2<<|Q

Thus, Theorem 18 gives a slightly better bound (in the case of multiplicative subgroups), but of the same
form.

|22k2+2

|22k2+2 |22k2+2
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Remark 29. From formula (40), it follows that for any / one has E;F(Q) > |0|* /p!~1. Hence the
upper bound (69) has a place just for small sets Q. For example, taking the smallest possible / = 2 and
comparing |Q|? with |Q|*/p we see that the condition | Q| < /P is enough. If Q0 = OI', where " is a
multiplicative subgroup, then it is possible to refine this condition because in the proof of Theorem 18
another method (the Fourier approach) was used. We did not make such calculations.

Now we can obtain analogues of Corollaries 20 and 22.

Corollary 30. Let I', Q1, Q2 C [, be sets. Take k > 0 such that for j = 1,2, one has

10,4210, T* 1|1 < p2,  |Q;TX|IT| < p, |0;T|<Mi|Q;], |0;T* 2| < M|0y],

and
k
|I‘|k/8+1/2 > |Q]| M*M2 +123k+1C>£k+4)/4 logk |Q]Fk| (73)
Then, for any x # 0,
_ —k
1010 (Q2+x)| <2MM/]0:1]]Qo] - |T|7H/2C™), (74)

Proof. Denote by p the quantity |Q1 N (Q2 + x)|. On the one hand, applying the Cauchy—Schwarz
inequality and the second part of Theorem 27 for sets I'Q; and I'Q», we obtain

k+1
> 0, e, () = (B (PO 2 (ES . (FQ2)) /2
5 X k k k+1 k
< 2P MTH(0iT102T )Y <22 MP M (104110217

On the other hand, it is easy to see that for any y € I'x one has rrg,—rg,(y) > p. Thus,

k+1 k k+1 k
2T < 23R 2 M2 (10411027

and hence
_ —k
p < 2M M \/]01]1Qa| - |17/
Here we have used the inequality k > 5, which easily follows from |I'| < |Q;'| < M |Q;| and (73). O

In the next two corollaries we show how to replace the condition |QT¥| « | Q| with a condition with
a single multiplication, namely, |QT'| < |Q].

Corollary 31. Let T, Q be subsets of F,, M > 1 be a real number, |QT'| < M|Q|. Suppose that for
k > 1 one has @M)**1|Q||T'| < p, and

k ~(k
ID[F/841/2 > o] (2m)®+32° ¢ k+9/4 100k (2 )| 0)). (75)
Then, for any A C [,

|4+ Q] = 27%|Q]-min{| 4], 2~ ¢+ pp =+ p 3275 (76)
and for any o # 0,

|A(Q + )] = 273 Q] -min{| 4], 2GR pg—+3) 13275y (77)
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Proof. Using Lemma 7, find aset X € Q, | X| > |Q]/2 such that, for any /,
XTI < @M)'1X]. (78)

Also, notice that |XT'| < |QT'| < 2M|X|. We apply Corollary 30 with M replacing by (2M)*+2,
My = 2M and see that, for any x # 0,

— —k
101N (Q2+ )| <2 M*H3 1011 Qa] - [T 71/2 7D

Here, 01 = X and Q0 = X or Q» = aX. We will check the condition |Q,; T**2||Q,; T**1||T| < p?
of Corollary 30 later and notice that the assumptions |Q; T*||T| < p, |Q;T| < M«|Q;|, |Q,; T**2| <
M| Q| easily follow from (78) and our condition (2M Ye+110|IT| < p. Now using the arguments from
Corollary 22, we estimate the energies Et (A4, X), EX(A, X +a). In particular, we obtain lower bounds for
the sum set from (76) and the product set from (77). It remains to check condition (2M)2**+3|Q2|T'| <
p2. But it follows from (2M)*+1|Q||T| < p if M < |T'|/2. The last inequality is a simple consequence
of (75). O

Now we prove an analogue of Corollary 30 where we require that |Q;I'|, j = 1, 2 are small comparable
to |Q;|. For simplicity, we formulate the next corollary in the situation |Q’| = |Q|, but of course the
general bound takes place as well.

Corollary 32. Let T, Q, Q' be subsets of Fp, |Q’| =|Q|, M > 1 be a real number, |QT'|,|Q'T| < M|Q|.
Suppose that for k > 1 one has 2M)*+1Q||T'| < p, and

Tt > 0] ME+IZ CEHD/4 k(a2 o))

Then for any x # 0 one has

0N (Q'+x)| < 4M|Q|-|T| 7w F0 >, (79)
Proof. Let Q = Q N(Q'+x). Then |QT| <|QT| < M|Q| = M|Q|/|Q]-|Q| := M|Q|. Similarly,
(O —x)T| <|Q'T| < M|Q|. Applying the second part of Corollary 31 witha =x, Q = Q, A=T,
and M = M, we get

M|Q| = (0 —x)T| 2 27740 Q| p ~kFD T 327" = o= T4k yy = (k4 G 4 o =t 3 p 327

provided
|F|k/8+1/2 > |Q| . (2M)(k+3)2k C;,Ek+4)/4 Ing((zM)k|Q|)
> 0| M) *FI2 cETV 106k (201)¥| 0)).

This gives us

1 2—k

|0 <4M|Q|-|T|"2&FD (80)

Now if the last inequality does not hold, then

1

M|Q|/M =|Q| = 4M|Q|- || 7®F52"
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~ 1 —k
and thus M < |T'|2®+52 " /4. Hence the condition

|F|%+ﬁ > |Q| ,M(k+3)2k C£k+4)/4 logk(|1"|2(klii-4)2_k|Q|)

is enough. O

Now we are ready to prove the main asymmetric sum-product result of this section.

k+1 -
Corollary 33. Let A, B, C C [, be arbitrary sets, and k > 1 be such that | A| |B|1+2(k+4)2 g < p and

|BIF 05 > (4] ¢ F TP 4106k (|41 BY). (81)
Then N
max{|4B|,|A + C|} = 27%|A|-min{|C|, |B|7&F0* "}, (82)
and for any a # 0,
max{|AB|,|(A+a)C|}z2_3|A|-min{|C|,|B|2<kl+4>2_k}. (83)
Moreover,
lAPIC12 _ . Lok
4BI+ 1 gy 22 141 min{|C], | BT&F5 T, (84)
and, for any o # 0, we have
|A1?|C]? —4 . Lok
AB|+ ————— > 27" |A]|- C|, |B|4&+5 , 85
ABI+ iy o g 22 Al min(CL. 1B } 55)

provided
k 1
|B|s V4 awr > 4] c 5T * 10gk (14| B).

Proof. We will prove just (82) because the same arguments hold for (83). Put |[AB| = M|A|, M > 1,
and apply Corollary 31 with Q = A, I' = B, A = C. Supposing that

|B|k/8+1/2 > |A| '2(k+3)2kM(k+3)2k C£k+4)/4 Ing((ZM)k|A|), (86)
we obtain -
|A+C|=273|A|-min{|C|, 2~ k+D py~k+3) 2277 (87)

Put My = 2_2|B|2(k1+4) 2% and consider two cases: M > Mo and M < My. If M > My, then there is
nothing to prove. If not, then we apply (87) and obtain the same. In other words,

1

max{|AB|,|A+ C|} > 273| A -min{|C|, |B|7®Fn 2 "},

To check (86), we use M < My and see that the inequality

k k
|B|k/8+1/2 > |A| .2(k+3)2 Mék+3)2 C,‘Sk+4)/4 Ing((2M0)k|A|)

follows from our condition (81). The condition (2M)K+1|A||B| < p gives us |A||B|1+%2_k <p.
To prove (84), (85), we use Corollary 32 instead of Corollary 31 and apply the arguments of the proof

of Corollary 22. We obtain E* (4, C), EX(A + &, C) < 2|A||C| +4|A||C|?- M - | B|"2&+52 " After

that it remains to compare M with the optimal value My = 27| B| Wz_k. O
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Notice that one cannot obtain any nontrivial bounds for min{E* (4, B), ET(A4, C)}. Just take B equals
a geometric progression, C equals an arithmetic progression, |B| = |C|,and A = BUC.

Remark 34. The results of this section take place in R. In this case we do not need in any conditions
containing the characteristic p.

Corollary 33 gives us a series of examples of “superquadratic expanders” [Balog et al. 2017] with four
variables, i.e., functions f(x1, ..., x,) such that for any finite A C R one has

oo Xn)  (x1a o x) € AT > |4PF,

where ¢ > 0 is an absolute constant. The first example of such an expander with four variables was given
in [Rudnev 2017a], namely the cross-ratio function

(y=—x)(w—z)

(z—x)(w—y)

(see also [Rudnev 2017b]). It would be is interesting to find an example of a rational superquadratic
expander with three variables.

f(x’yvz7w):

Corollary 35. Let ¢ : R — R be an injective function. Then for any k < %2_16 and an arbitrary finite
set A C R, one has |R[Alp(A)| > |A|>TX. In particular,

R[A]Az{%:x,y,znuéA,x;éz}

is a superquadratic expander with four variables.
Moreover, for any finite sets A, B, C, D of equal sizes one has

){_(y—x)w :xe€A,yeB,zeC,weD, x# Z} > AP (88)

Zz—X

Proof. By a result from [Jones 2013; Roche-Newton 2015], we have |R[A]| > |A|?/log |A|. Further
R[A] = 1 — R[A] and R™1[A] = R[A]; see Remark 21. Hence applying estimate (83) of Corollary 33
with A = R[A], B=C = ¢(A), and @« = —1, we obtain

1 2—/{

|R[Alp(A)] > |R[A]| - |A|7&F®
provided

1

|A[F T2 > |R[A]]- 22K CE T logk 4] = [R[A]l- T 1ogk |R[Alp(A). (89)

Put |R[A]| = C|A|*>T¢/log|A|, ¢ >0, and C > 0 is an absolute constant. Then taking k = 16 + 8c, say,
we satisfy (89) for large A. It follows that

1

IR[AJp(A)] > |4 zmmo? " jog™! 4.

One can check that the optimal choice of ¢ is ¢ = 0. Finally, to prove (88) just notice that from the
method of [Jones 2013; Roche-Newton 2015] it follows that

H_b—a ca€A,beB,ceC, c;éa” > |A[*/ log |A|

for any sets A, B, C of equal cardinality. After that, repeat the arguments above. O
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Remark 36. Let us show quickly how Corollary 33 implies both Theorems 1, 2 for sets A with |[A| <
pl/ 2=¢ (the appearance /P bound was discussed in Remark 29).

Let B, C be sets of sizes greater than p? such that max{|AB|,|A + C|} < p%|A| or max{|(4 + «)B|,
|A+ C|} < p%|A| for some o # 0. We can find sufficiently large k = k(¢) such that condition (81) takes
place for B because |A| < p/27¢ < p and |B| > p®. Applying Corollary 33 for 4, B, C, we arrive to
a contradiction. Finally, to ensure that | A| |B|1+%zik < p just use the assumption |A| < p1/27¢,
inequality |B| < |AB| < p%|A|, and take sufficiently small § = §(¢) and sufficiently large k = k(¢).

Let A C R be a finite set. We consider a characteristic of 4 (see, e.g., [Shkredov 2016a]) that gener-
alizes the notion of small multiplicative doubling of A. Namely, put

A) + BJ?
d*t(A4) := inf min M,
f B#o  |A||B|

where the infimum is taken over convex/concave functions f.

Problem. Suppose that d t(A4) < |A|® and & > 0 is a small number. Is it true that there is k = k(e) such
that E; (4) < |A[F?

Notice that one cannot obtain a similar bound for T,j (A). Indeed, let A = {12,22,... n?}. Then
one can show that for such A, the quantity d*(A4) is O(1) (see, e.g., [Shkredov 2016a]) but, clearly,
|kA| <k |A|?>. This means that it is not possible to obtain any upper bound for le (A) of the form
T]j (A) < |A|?*727¢ ¢ > 0, and hence any analogues of Theorems 23, 25 for sets A with small d(4).
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Convex sequences may have thin additive bases

Imre Z. Ruzsa and Dmitrii Zhelezov

For a fixed ¢ > 0 we construct an arbitrarily large set B of size n such that its sum set B 4+ B contains a

convex sequence of size cn?, answering a question of Hegarty.

Notation

The following notation is used throughout the paper. The expressions X > Y, ¥ < X, Y = O(X),
X = Q(Y) all have the same meaning in that there is an absolute constant ¢ such that |Y| < c|X].

If X is a set then | X| denotes its cardinality.

For sets of numbers A and B the sumset A + B is the set of all pairwise sums

{a+b:acA,be B}.

1. Introduction

Let A={a;},i=1,...,n,be a set of real numbers ordered in a way that a; <ap <--- <a,. (We also
refer to A a sequence, if we wish to emphasize the ordering.) Recall that A is called convex if the gaps
between consecutive elements of A are strictly increasing, that is

) —ar<az—ay<---<dy—Aan—1.

Studies of convex sets were initiated by Erd8s, who conjectured that any convex set must grow with
respect to addition, so that the size of the set of sums A + A := {a; + a2 : a1, ay € A} is significantly
larger than the size of A.

The first nontrivial bound confirming the conjecture of Erdés was obtained by Hegyvari [1986]. The
state of the art bound for the size of A + A of a convex sequence A is due to Shkredov [2015]:

|A +A| > |A|58/37 log—20/37 |A|

The best bound for the size of the difference set A — A is due to Schoen and Shkredov [2011], who
proved that
|A—Al>> AP log 7 | Al

if A is arbitrary convex sequence. It is conjectured that in fact
|A+Al = Ce)|APe
holds for any € > 0 and some C > 0 which depends only on €.

MSC2010: 11B13.
Keywords: convex sequences, sumset, additive basis.
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In general, it is believed that convex sets cannot be additively structured. In particular, Hegarty [2012]
asked whether there is a constant ¢ > 0 with the property that there is a set B of arbitrarily large size n
such that B + B contains a convex set of size cn?.

Recall that B is a basis (of order two) for a set A if A C B + B. In other words, Hegarty asked if a
convex set of size n can have a thin additive basis (of order two) of size as small as O (n'/?), which is
clearly the smallest possible size up to a constant.

Perhaps contrary to the intuition that convex sets lack additive structure, we present a construction
which answers Hegarty’s question in the affirmative. Our main result is as follows.

Theorem 1. There is ¢ > 0 such that for any m there is a set B of size n > m such that B + B contains

a convex set of size cn’.

2. Construction

Assume n is fixed and large. We will construct a set B of size O (n) such that B 4+ B contains a convex
set of size Q(n?). Theorem 1 will clearly follow.
The following constants (we assume » is fixed) will be used throughout the proof:

1 1

= — = =0.1.
* Y= T000m3 €

Define
xi=i+ @+t yj=j—aj’

Next, we define
By ={xi+y;:i+j=k}

where i and j are allowed to be negative.
Let k € [0.999n, n] so that ak? € [0.99, 1]. For such an integer k writing j = k — i we have that the
i-th element of By is given by

b =k + (@+y)i® —atk—i)? = (k —ak®) + yi® + 2ika. (1)
Now assume that i ranges in [—n, 2n]. The consecutive differences bl.(l_?l — bl.(k) are then given by
) . :
A7 =y 2+ 1) + 2ka.

Observe that Afk) are positive and increasing, thus the block By := {bfk)}z_"n is convex. Further, by (1)
for sufficiently large n we have

b =k —ak®+yn® —2nka €[k —2.9, k —3], )
b\ =k —ak® +y (2n)? + 4nka € [k +2.9, k +3.1], 3)

so By Clk—3,k+3]4+[—¢, €]

Now we are going to build a large convex sequence out of blocks By with 4 | k. Since each By is
already convex, it remains to show how to glue together By and B4 so that the resulting set is again
convex. We proceed with the following simple lemma.
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Lemma 2. Let X = {xi}lN: pandY ={y j}flzo be two convex sequences and there are indices u and v such
that
[xus Xug1] C [yvs Yot
Then
Z =i Uyt
is a convex sequence.

Proof. Since [x,, x,+1] C [Yv, Yv+1] we have that

Xy = Xu—1 < Xy+1 — Xy < Yy+1 — Xy.-
On the other hand,

Yo+l — Xy < Yo+1 — Yo < Yu+2 = Yu+1- 0

By Lemma 2, in order to merge By and By 4 it suffices to find two consecutive elements bl.(k), bl.(l_?] € By

b§k+4) b(k+4)

in between two consecutive elements € Byy4. Define

’ J+1
;= max Al(.k), A := min A§k+4).
i€[—n,2n] i€[—n,2n]
We have

2.1

8<4ny+2koz<7, 4)
6

A—8>8a—10ny>ﬁ. (&)

Let bl(,k) be the least element in By greater than bﬁ‘j 4

(such an element exists by (2) and (3)). We claim
that with m := [n/2] + 1 holds bgc,f f,)n > bf,’jgm which in turn by the pigeonhole principle guarantees the
arrangement of elements required by Lemma 2.

Indeed, by our choice of v,

0<d:=b0 —p*H <5 (6)
But by (4) and (5),
b(_",jffn—b,ﬁ’iﬁm>—d+m(A—3)>%—6>0, (7)

so the claim follows.
It remains to note that by (3),

2n%a
2

p®

v+m

<bg<,f4)+mA<(k—|—l+6)+ +4ynm <k+2.2,

and thus v +m < 2n again by (3). This verifies that bl(,k), = B;.

v+m
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3. Putting everything together

Applying the procedure described in the previous section, we can glue together consecutive blocks By,
with 4/ := k € [0.999n, n]. Let A be the resulting convex sequence. First, observe there are €2 (n) blocks
being merged. Moreover, each interval [4/ —14-€, 4/ 4+ 1 — €] is covered only by the block By; and by (2),
(3), and (4) it contains Q(n) elements from By, so |A| = Q(n?). On the other hand, by our construction,
A is contained in the sumset B + B of B := {)c,~}2_”2’1 U {y{,-}z_"zn of size O (n).

Remark 3. It follows from our construction that there are arbitrarily large convex sets A such that the
equation
a—a=x:ay,ap €A

has Q(]A|'/?) solutions (ay, a») for at least 2(|A|'/?) values of x.
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Admissible endpoints of gaps in the Lagrange spectrum
Dmitry Gayfulin

For any irrational number « define the Lagrange constant (o) by
W' (@) = liminf |g(ge — p).
peZ,qeN

The set of all values taken by () as « varies is called the Lagrange spectrum L. An irrational « is

called attainable if the inequality X
p
‘a q s m(w)g?

holds for infinitely many integers p and g. We call a real number A € L admissible if there exists
an irrational attainable o such that w(o) = A. In a previous paper we constructed an example of a
nonadmissible element in the Lagrange spectrum. In the present paper we give a necessary and sufficient
condition for admissibility of a Lagrange spectrum element. We also give an example of an infinite
sequence of left endpoints of gaps in L which are not admissible.

1. Introduction

The Lagrange spectrum L is usually defined as the set of all values of the Lagrange constants
. -1
=(1 f -
n(a) (pé%,lféw lg(qge — p))

as « runs through the set of irrational numbers. Consider the continued fraction expansion of o

o =lap;ai,az,...,a,,...].
For any positive integer i define
Ari(a) =[a;; aiq1, aiv2, .. 1+ [0 ai-1,ai—2, ..., a1].
It is well-known fact that
lim sup A; (o) = pu(a). (D)
i—00

The equation (1) provides an equivalent definition of the Lagrange constant w (o).

The following properties of L are well known. The Lagrange spectrum is a closed set [Cusick 1975]
with minimal point +/5. All the numbers of L which are less than 3 form a discrete set. The Lagrange
spectrum contains all elements greater than +/21; see [Freiman 1973; Schecker 1977]. The complement

Research supported by RNF grant No. 14-11-00433. The author is a Young Russian Mathematics award winner and would like
to thank its sponsors and jury.
MSC2010: 11J06.
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of L is a countable union of maximal gaps of the spectrum. The maximal gaps are open intervals (a, b)
such that (a, b)) "L = &, but a and b both lie in the Lagrange spectrum. There are infinitely many gaps
in the nondiscrete part of the Lagrange spectrum [Gbur 1976].

Let « be an arbitrary irrational number. If the inequality

pf 1
gl  nlg?

has infinitely many solutions for integer p and ¢, we call « attainable. This definition was first given in
[Malyshev 1977]. One can easily see [Gayfulin 2017] that « is attainable if and only if X; () > p(x)
for infinitely many indices i. We also call a real number A € L admissible if there exists an irrational

attainable number « such that wu(x) = A.
Let B denote a doubly infinite sequence of positive integers

B=(..,b_p,....b_1,b0,b1,...,by,...).

‘ p

For an arbitrary integer i define
Ai(B) =[bi; bi—1, ... 1+ [0; biy1, bita, .. .].

We will call a doubly infinite sequence B purely periodic if there exists a finite sequence P such that
B = (P). A doubly infinite sequence B is called eventually periodic if there exist three finite sequences
P, R, P, such that B = (P;, R, P,). One can also consider an equivalent definition of the Lagrange
spectrum using the doubly infinite sequences. We use the notation from [Cusick and Flahive 1989]:
L(B) =limsupA;(B), M(B)=supX;(B).
11— 00

The Lagrange spectrum L is exactly the set of values taken by L(B) as B runs through the set of doubly
infinite sequences of positive integers. The set of values taken by M (B) is called the Markoff spectrum.
We will denote this set by M.

We will call a doubly infinite sequence B weakly associated with an irrational number o = [ap; ay, . . .,
ap, .. .] if the following condition holds:

(1) For any natural i the pattern (b—_;, b_j41, ..., bo, ..., b;) occurs in the sequence ay, az, ..., a,, ...
infinitely many times.

We will call B strongly associated with « if, additionally,
(2) pla) =2ro(B) = M(B).

One can easily see that if B is weakly associated with « then wu(x) > M(B). As we will show in
Lemma 4.1, if o has bounded partial quotients, it has at least one strongly associated sequence.

2. Results of [Gayfulin 2017]
Theorem 1. The quadratic irrationality Ao =[3; 3,3, 2, 1, TZ] +1[0; 2,1, 1,_2] belongs to I, but if « is
such that p(a) = Ay then o is not attainable.

Theorem I1. If A € L is not a left endpoint of some maximal gap in the Lagrange spectrum then there
exists an attainable o such that (o) = A.
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One can easily formulate these theorems using the concept of admissible numbers, introduced above.

Theorem I'. The quadratic irrationality Ao = [3; 3,3, 2, 1, 1,2]14+1[0;2,1,1, 2] belongs to L, but is not
admissible.

Theorem II'. If A € L is not a left endpoint of some maximal gap in the Lagrange spectrum then A\ is an
admissible number.

3. Main results

Our first theorem is a small generalization of Theorem 3 in [Gayfulin 2017]. The proof will be quite
similar and use some lemmas from that paper.

Theorem 1. Let a be a left endpoint of a gap (a, b) in the Lagrange spectrum and o be an irrational
number such that u(«a) = a. Consider a doubly infinite sequence B strongly associated with o.. Then B
is an eventually periodic sequence.

It follows from Theorems I and II that there exist nonadmissible elements in the Lagrange spectrum
but all such numbers are left endpoints of some maximal gaps in L. The following theorem gives a
necessary and sufficient condition of admissibility of a Lagrange spectrum element.

Theorem 2. A left endpoint of a gap in the Lagrange spectrum a is admissible if and only if there exists
a quadratic irrationality « such that p(o) = a.

Of course, every quadratic irrationality is strongly associated with the unique sequence, which is
purely periodic. Therefore Theorem 2 is equivalent to the following statement.

Corollary 3.1. A left endpoint of a gap in the Lagrange spectrum a is not admissible if and only if there
does not exist a purely periodic sequence B such that Lo(B) = M (B) = a.

Theorem 2 provides an instrument to verify nonadmissible points in L. Define

af =24100;1,...,1,2,2,1,2]1+[0; 1,...,1,2,1,...,1,2,2, 1, 2],
~——— ——— N
2n—2 2n—1 2n—2
Bn=2+2[0;1,...,1,2].
~——

2n

The fact that (c;, B,) is the maximal gap in the Markoff spectrum was proved in [Gbur 1976]. It is easy
to show that o) and B, belong to L; we will do this in Section 6. Hence, as L C M [Cusick 1975], the
interval (o, B,) is the maximal gap in L too.

Theorem 3. For any integer n > 2 the irrational number o, is not admissible.

One can easily see that ] =2+1[0;2,2,1,2]+[0; 1,2,2,2, 1, 2] = u([0; 2,2, 1,2]) =M (2,2, 1, 2).
Thus, o is an admissible number by Theorem 2.
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4. Proof of Theorem 1
The following statement is well known. See the proof in [Cusick and Flahive 1989, Chapter 1, Lemma 6].

Lemma4.1. Let A=...,a_y,ao, aiy, ... be any doubly infinite sequence. If M(A) is finite, then there
exists a doubly infinite sequence B such that M(A) = M (B) = Lo(B).

Using the same argument for the sequence A = (ay, as, .. ., @y, - ..), one can easily show:

Lemma 4.2. Let o =1[0; ay, ..., a,, ...] be an arbitrary irrational number and a; < c for alli € N, for
some positive real number c. Then there exists a doubly infinite sequence B which is strongly associated
with o.

As o < /21, all elements of B are bounded by 4. For any natural n define ¢, = 2= 5 = 5720+2)
We need the following lemmas from [Gayfulin 2017].

Lemma 4.3. Suppose o = lag; ay, ..., a,,by,...] and B = lao; ai, ..., ay, c1, ...}, wheren >0, ag is
an integer, and ay, . .., a,, b1, by, ..., c1, ca, ... are positive integers bounded by 4 with by # cy. Then
forn odd, o > B if and only if by > cy; for n even, a > B if and only if by < c;. Also,

O < |la—B| < &y.

Lemmad4.4. Lety =[0;c1,¢2,...,cn,...Jand y' =[0; ¢}, ¢, ..., ¢y, ...] be two irrational numbers
with partial quotients not exceeding 4. Suppose that every sequence of partial quotients of length 2n + 1
which occurs in the sequence (c/l, c’z, R C;v, ...) infinitely many times also occurs in the sequence
(c1,¢2,...,CN, ...) infinitely many times. Then u(y') < u(y) + 2e¢,.

The following technical lemma was formulated in [Gayfulin 2017] for N = 2n + 1)(4*"*1 4+ 1) and
the proof was incorrect. However, this is not crucial for the results of that paper, as we just need N to be
bounded from above by some growing function of n. In this paper, we give a new version of the lemma
with correct proof.

Lemma 4.5. Let n be an arbitrary positive integer. Define N = N(n) = 2n + 2)(4*"*2 +1). If
b1, by, ..., by is an arbitrary integer sequence of length N such that 1 < b; < 4 forall 1 <i < N,
then there exist two integers ny, ny such that by, +; = by,; forall0 <i <2n+1andn; = ny (mod 2).

Proof. There exist only 4"*2 distinct sequences of length 2n + 2 with elements 1, 2, 3, 4. Consider
42+2 4] sequences: (b1, ..., by+42), (b2n+3, ..., banta), ..., (b(2n+2)42n+2+1 sy b(2n+2)42n+2+2n+2).
Dirichlet’s principle implies that there exist two coinciding sequences among them. Denote these se-
quences by (by,, ..., by,42n+1) and (by,, ..., by,424+1). Note that the index of the first element of each
sequence is odd; hence n1 =n, =1 (mod 2), which finishes the proof. O

If ny = ny (mod 2) then the sequence (by,, by, +1, - - ., by,—1) has even length. This fact will be useful
in our argument.

Lemma 4.6. Let B be an arbitrary integer sequence of even length. Let A be an arbitrary finite integer
sequence and C an arbitrary nonperiodic infinite sequence. Then

min([0; A, B, B, C], [0; A, C]) < [0; A, B, C] <max([0; A, B, B, C],[0; A, C]). 2)
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Proof. As the sequence C is nonperiodic, the continued fractions in (2) are not equal. Without loss of
generality, one can say that the sequence A is empty. Suppose that

[0; B,C] > [0; B, B, C].
As the length of B is even, one can see that [0; C] > [0; B, C], which is exactly the right-hand side of (2).
The case when [0; B, C] < [0; B, B, C] is treated in exactly the same way. Il

Lemma4.7. Let y =[0; by, by, ..., by, ...] be an arbitrary irrational number, not a quadratic irrational-
ity. Consider the sequence By = (b1, by, ..., by) and define two numbers ny and n, from Lemma 4.5.
Define two new sequences of positive integers
1
BN = (bla bZa ] bn]—]vbn27bn2+]a MR bN)’
2
BN = (blv b27 LR bn1—17 bnl’ LA ] bl’lz—l’ bnlv LI | bnz—l: bl’l27 bl’l2+1v LI | bN)

Let us also define two new irrational numbers:

Vl - [07 b17b27 ~--vbn1—l’bn2’bn2+lv ""bN’bN-‘rlv ] - [07 B[l\/vbN-‘rl’ ]a
)/2 = [07 b15b25 ---abnl—l’bnp "'9bn2—labn15 -~~’bn2—17bn29bﬂ2+17 “~’bN9 ] = [Oa B]Z\lvbN-‘rl’ ]

Then max(y', y?) > y.

Proof. We apply Lemma4.6 for A= (b1,b2,...,by,-1), B=(bpn,, by 41, -..,buy—1), C=(bn,, bpy41,...).
Here y = [0; A, B, C], yl =[0; A, C], and )/2 =[0; A, B, B, C]. Note that as y is not a quadratic
irrationality, the sequence C is not periodic. U

Now we are ready to prove Theorem 1.

Proof. Suppose that B is not periodic on the right side. Consider an increasing sequence of indices k()
such that for any natural j the sequence (ak(j)—j, - - -, ak(j) - - - » Ak(j)+;) coincides with the sequence
(b—j,...,bo,...,bj). Of course,

Jlgglo k() (@) = Ao(B) = ().

Without loss of generality, one can say that k(j + 1) — k(j) — oo as j — oco. Consider an even n
such that ¢, < %(b —a) and N = N(n) as defined in Lemma 4.5. Define n; < n, from Lemma 4.5 for
the sequence (b1, ..., by). As B is not periodic to the right, define a minimal positive integer r such
that b, + # b,,+». Consider the sequences BL, B]Z\, and the continued fractions y;, ¥, from Lemma 4.7
applied to the continued fraction [0; by, ..., b, ...]=y. If y» > y, define g = 2; otherwise we put g = 1.
Consider the doubly infinite sequence B’ = (..., b_,, by, Blg\,, byn+1,...). Note that

a=x(B) < (B)<a+e, <b.

Consider the corresponding continued fraction o’ which is obtained from the continued fraction « by
replacing every segment (), - - -, Gx(j)+n) = (ax(j),» Bn) by the segment (axj), Bf’(,) forevery j > ny+r.
One can easily see that o’ and « satisfy the condition of Lemma 4.4 and hence p(a’) < u(a) + 2¢,. But
as u(a) +2e, < b and (a, b) is the gap in L, we have

n(@) < pla) =a. 3)
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On the other hand, one can easily see that the sequence B’ is weakly associated with . This means that
(@) = M(B) = ho(B') > Ao(B) =a.

We obtain a contradiction with (3). The case when B is not periodic on the left side is considered in
exactly the same way. 0

5. Proof of Theorem 2

The following lemma from [Gayfulin 2017] immediately implies the “<” part of the statement of
Theorem 2.

Lemma 5.1. Consider an arbitrary point a in the Lagrange spectrum. If there exists a quadratic irra-
tionality y such that ;1(y) = a, then a is admissible.

Now it is sufficient to prove that if a is an admissible left endpoint of a gap in the Lagrange spectrum,
then there exists a quadratic irrationality « such that u(«) = a.

Proof. Let a be an admissible left endpoint of some gap in the Lagrange spectrum. Let o = [ap; ay, . . .,
an, ...] be an irrational number such that u(«) = a. Suppose that « is attainable, but not a quadratic
irrationality. Let k(j) be a growing sequence of indices such that

Ay (@) = p(er). 4)
Of course,
jlggo Ay (@) = p(a).
Consider a sequence B=(...,b_,,...,b_1,by, by, ..., by, ...) strongly associated with o having the
following property: the sequence (b, ..., by, ..., b;) coincides with the sequence (ak(jy—i, .., Ak(j)»---»

ag(j)+i) for infinitely many j’s. Theorem 1 implies that B is eventually periodic. That is, there exist a
positive integer m and two finite sequences L and R such that

B=(L,b_p,....bo,...,bm, R).

It follows from (4) that one of the inequalities

[ak(jys arj+1)s - - -1 = [bo; br, ... by, R,
[0; ak(j—1ys - a1l =05 b1, ..., b_p, L]
holds for infinitely many j’s. Note that [a(j); ak(j+1), - - -] # [bo; b1, ..., by, R], as o is not a quadratic
irrationality and, of course, [0; ag(j—1), ..., a1l #[0; b1, ..., b_, L]. Suppose that
la(jys akj+1ys - - 1> [bo3 b1, - . by, R )

for infinitely many j’s. Denote by p the length of period R. Denote by r(j) the minimal positive number
such that ay(jy4+,(j) # br(j). Without loss of generality, one can say that:

(1) k(j+1)—k(j)—r(j) > ocoas j— oo.
(2) [ak(j);ak(j+1), ] > [bo;bl, ...,bm,k] for everyje N.

Q) lak)s ak(j+1ys - - - » Qr(j)+m] = [bo; b1, . . ., by ] for every j € N.
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(4) The sequence (ai(jy—j, - - Ak(j)» - - - » Ak(j)+;) coincides with the sequence (b_;, ..., by, ..., b})
for every j € N.

(5) Period length p is even.

Denote by () the number of periods P in the sequence (b41, ..., by(j)). Of course,
, r(j)—m
=[]
p

and 7 () tends to infinity as j — co. Lemma 4.3 implies that since (5) holds, we have

lak(jy: ak+1)s - - k(ytms By ooy Ry Qi) 4r(j)s - - Jd>1[bo; by, ..., bu, R].
t(j) times
Denote by ¢, a continued fraction obtained from the continued fraction o = [ag; a1, ..., ay,...] as

follows: for any j € N if #(j) > n, then every pattern

Ak(j)> Ah(jt1)s - =+ > Ahtms By -y Ryoos ak(jy4r(j)
t(j) times
is replaced by the pattern
ak(]’), ak(jH), ey ak(j)+m, R, ey R, ey ak(j)+r(j).
n times

As the length of the period R is even, by Lemma 4.3 one has

[ak(jys @k -0 k(ytms By oo Ry @iiyar(ys - 1= [003 brs ooy b Rl > 8msminyp.  (6)
n times
On the other hand, as the sequence (ay(j)—;, ..., ax(j)) coincides with the sequence (b_j, ..., by) for all

j €N, by Lemma 4.3 one has
105 ak(jy—1s - - o ak(y—js - - s ar] =05 b1, ..., by, L]| <& (7

For any positive integers n, m, p there exists J such that for all j > J one has ¢; < %8m+(n+1) »- Now,
from (6) and (7) we have for j > J

([0; Ak (=15 + - Ak(j)—js - - -» a1]
k(s @k+1ys -0 QkGytms By ooy Ry @iy 4r(jys - 1)
n times _ _ 1
- ([09 b—]9 L] b—m’ L] + [bO, bla AR | bma R]) > §8m+(n+l)p- (8)

Considering the limit in (8) as j — oo, we can easily see that u(a,) > u(a) + %8m+<n+1)p.
Note that

Jim p(an) = p(e) =a. ©)

Indeed, every pattern of length np which occurs in the sequence of partial quotients of « infinitely many
times occurs in the sequence of partial quotients of ¢, infinitely many times. Similarly, every pattern of
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length np which occurs in the sequence of partial quotients of ¢, infinitely many times, occurs in the
sequence of partial quotients of « infinitely many times too. Then, by Lemma 4.4,

@) — pan)| < 26, =27""2 -0

as n — o0o. We obtain a contradiction with the fact that a is the left endpoint of the gap (a, b) in the
Lagrange spectrum. Indeed, (8) implies that p(«,) > p(o) for all n € N. In addition, (9) implies that
there exists a positive integer N such that for any n > N one has a = u(a) < u(o,) < b.

If (5) does not hold infinitely many times, then the inequality

[0; @k(j—1ys---»a1] > [0;b_1, ..., by, L]

holds infinitely many times. As « is not a quadratic irrationality, for any positive integer s there exists an
integer N (s) > s such that for all n > N (s) the continued fraction [0; a,, a,—1, . . ., as] is not convergent
to the continued fraction [0; b_1, ..., b_,,, L]. Without loss of generality, one can say that k(1) > N (1),
k(j+1) > N(2k(j)). Denote by r(j) the minimal positive number such that ay(jy—r(j) # b—r¢j. Itis
easy to see that the number r(j) is well-defined and

r(j+ 1D <k(j+1)—=N@k()) <k(G+1)—2k()).
Therefore k(j + 1) —r(j + 1) —k(j) — oo as j — oco. Now one can easily complete the proof using

exactly the same argument as we used in the first case. 0

6. Proof of Theorem 3
First of all, let us show that (o}, B,) is the maximal gap in L. As
ﬂ}’l =2+2[0’ 15 ceey 152] :/’L([O’ 15 MR 192])7
~—— ——
2n 2n
we have B, € L. The proof of the fact that ) € L when n > 2 is a little more complicated. Recall that
or=2+[0;1,...,1,2,2,1,2]+[0; I,...,1,2,1,...,1,2,2,1,2].
——— —— ——
2n—2 2n—1 2n—2
Denote by C, (k) the finite sequence of integers
C,lky=(2,1,2,2,1,...,1,2,1,...,1,2,1,...,1,2,2,1,2).
— ) — — —— —— — —
k 2n—2 2n—1 2n—2 k

A little calculation shows that

L(Cy(k))=24+1[0;1,...,1,2,2,1,2,...]4+1[0;1,...,1,2,1,...,1,2,2,1,2,...].
—_——— —— — —— —_——— —— —
2n-2 k 2n—1 2n—2 k

Therefore limg_, oo L(C,(k)) = ;. As L is closed set, we obtain that o € L.
By [Gbur 1976, Lemma 4], «; is a growing sequence. One can easily see that

lim o =2+42[0; 1] =+/5+ 1 ~3.236.

n—o0
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Thus, we have
@ <af <1++/5, wheren >2.

The following lemma is a compilation of Lemmas 3 and 4 from [Gbur 1976].

Lemma 6.1. Consider a doubly infinite sequence B=1(...,b_,,...,b_1,by, by, ..., by, ...)such that
M(B) < ~/5+ 1. Then all elements of B are bounded by 2 and B does not contain patterns of the form
(2,1,2, ) and (1,2, 1, 2).

By Lemma 4.1, without loss of generality one can say that M (B) = Aq(B). Denote the continued
fractions [0; by, ..., by, ... Jand [0; b_1,...,b_,,...] by x and y respectively. Then

M(B)=by+x +y.

Without loss of generality one can say that x < y. Now we need the following lemma from [Gbur 1976,
Theorem 4(i)].

Lemma 6.2. Let B be a doubly infinite sequence such that M (B) = Ao(B). Then for all n > 1 we have

ﬁ,,éM(B):Z—I—x—I—ygaZH — x=[0;1,...,1,2,...] and y=1[0;1,...,1,...].
—— ——
2n 2n
It also follows from [Gbur 1976, Theorem 4(ii)] that

2400:1,...,1,..]4[0:1,...,1,2,..] <~/5+1.
——— ——

2n+1 2n+1
Define
wo = [0;2,1,2,2],
xo=[0;1,...,1,2,2,1,2]=[0; 1, ..., 1,24+ wol,
—— ——
2n 2n
y=1[0;1,...,1,2,1,...,1,2,2,1,2]=[0; 1,...,1,2,1,..., 1,24+ wp].
—— —— —— ——
2n+1 2n 2n+1 2n
Lemma 6.3. Let w = [0; a1, az, ..., an, ...] be a continued fraction with elements equal to 1 or 2.
Suppose that the sequence (ay, az, . .., ay, ...) does not contain the pattern (2, 1,2, 1). Then w = wy.
Proof. Denote the elements of the continued fraction wg = [0; 2, 1, 2, 2] by [0; aﬁ, R a,/n, ...]. Denote

by r the minimal index such that a, # a/.. Suppose that w < wy. Then either r is odd, a, =2, a. =1
or r is even, a, = 1, a, =2. However a, = 2 for any odd r; thus the first case leads to a contradiction.
Consider the second case. Of course, r > 4. Thena,_;=a,3=2,a _,=a,2=1,a _,=a_1=2.
This means that (a,_3, a,—2, a,—1, a,) = (2, 1,2, 1) and we obtain a contradiction. O

Now we prove Theorem 3.

Proof. Suppose that o, is admissible for some n > 2. Consider an attainable number « such that
w)=a,. Let B=(...,b_p,...,b_1,bo, b1, ..., b,,...) be any sequence strongly associated with «.
Denote by f the increasing function

f@=I[01,...,1,2+1].
——
2n+1
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By Lemma 6.2, there exist 0 < v, w < 1 such that

x=[0;1,...,1,24+v] and y=1[0;1,...,1,14+w].
~——— ———
2n 2n—1

Note that x < xo. Indeed,

x=[0;1,...,1,24+v]<[0;1,...,1,24+wp]l=x9p < v=wyp.
[ — [ —
2n 2n

The last equality follows from Lemmas 6.3 and 6.1. Therefore

y=1[0;1,....,1, 1+ w] = yo = f(x0).
h\/—/
2n—1
In particular, b_p,_; = 1, b_p,—» = 2 and there exists 0 < v < xg such that y = f(v) > f(xp). Hence
v > xg. On the other hand,

24 v+ f(x) =A_gp2(B) <K M(B)=1(B)=2+x+ f(v).

As |f(y)— f(@)| < |y—z| forany O < y, z < 1, one can easily see that v < x. Thus, v =x = xg and
y = yp. Hence the sequence B satisfies

B=2,1,2,2,1,...,1,2,1,...,1,2,1,...,1,2,2,1,2)
~——— ——— ~———
2n 2n+1 2n

and is not purely periodic. We obtain a contradiction with Corollary 3.1, as we supposed B to be an
arbitrary sequence strongly associated with . U
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Transcendence of numbers related with Cahen’s constant

Daniel Duverney, Takeshi Kurosawa and Iekata Shiokawa

Cahen’s constant is defined by the alternating sum of reciprocals of terms of Sylvester’s sequence minus 1.
Davison and Shallit proved the transcendence of the constant and Becker improved it. In this paper, we
study rationality of functions satisfying certain functional equations and generalize the result of Becker
by a variant of Mahler’s method.

1. Introduction
Sylvester’s sequence {S,},>0 is defined by the recurrence

So=2, S =8-S,+1 (n=0).

It is well known that

Zsizl. (1)

n=0 "
Cahen [1891] showed that the number
(0]
(=n"
C = , 2
g S )

which is now called Cahen’s constant, is irrational. Davison and Shallit [1991] established the transcen-
dence of Cahen’s constant. They constructed a class of alternating series each of which can be expanded
in an explicit simple continued fraction having irrationality exponent greater than 2.5 and showed that
the series (2) belongs to this class. Here, for an irrational number «, the irrationality exponent («) is
defined by the least upper bound of the set of numbers p for which the inequality

has infinitely many irreducible rational solutions p/q. Thus, the transcendence of Cahen’s constant C
follows from Roth’s theorem. Becker [1992, Corollary 3] improved the result by a variant of Mahler’s
method. Indeed, he proved the following: Let p(z) be a polynomial with algebraic coefficients and
deg p(z) > 2 and ¢(z) = z — y with an algebraic number y. Let x be an algebraic number such that

MSC2010: 11J81.
Keywords: Cahen’s constant, transcendence, Mahler’s method, Sylvester’s sequence.
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lim,,_, o0 p" (x) = 00 and ¢ (p"(x)) # O for all n > 0, where p°(z) =z, p"(2) = p(p" " '(2)) (n = 1).

Then, the number
o0

Z (=D"
g (p"(x))
is transcendental except when ¢(p(z)) = A~ !¢ (2)? + ¢ (z) — A for some constant A # 0, in which case

o]

Z (=D" _ 1
g(p"(@) q@)+1r

n=0
For example, if p(z) =z —z+ 1 and « = S, then the number

(=1
>

n=0 -v

g

is transcendental for any algebraic y with S, #~ y for all n > 0.
In this paper, we consider the function

e.¢] n

a
f(Z)=Zm, 3)

n=0

where a # 0 is a complex number, p(z) € C[z] with deg p(z) > 2, and ¢(z) € C[z] with degq(z) > 1.
We note that the right-hand side of (3) is convergent at any z € C for which lim,_,» p"(z) = co and
q(p"(z)) # 0 for all n > 0. Furthermore, there exists a constant Cy > 1 such that f(z) is analytic in
Dy ={zeC||z| > Cr} and f(Dy) C Dy.

The function f(z) satisfies the functional equation

1
af(p(2) = f(2) — —, 4)
q(z)
and more generally
" 1 -t a’
f(p" (@) = a—,,(f(z)—;m) (n>1). (5)

We now state our results.

Theorem 1.1. Let f(z) be the function defined by

o0 an
Q=2 sy

where a € C*, p(z) € Clz] with deg p(z) > 2 and q(z) € Clz] is monic with degq(z) > 1. Then, the
function f(z) is algebraic over the field C(z) of rational functions if and only if deg p(z) =2 and p(2)
and q(2) satisfy the relation

blq(p(2) —a=0b'q@)D'q() —a), (6)
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where b is the leading coefficient of p(z) and | = degq(z), and if so

B!
blg(z)—a’
Theorem 1.2. With the same notation as in Theorem 1.1, assume that a and the coefficients of p(z) and
q(2) are algebraic. Then the number

f@)= (7

o an
1= 2 4(p"(x)

is transcendental for any algebraic x with lim,_, o p"(x) = oo and q(p"(x)) # 0 for all n > 0, except
when d =2 and p(z) and q(z) satisfy the relation (6), in which case f(z) is the rational function given
by (7).

Theorem 1.3. Let f(z) be the function defined by

n

> a
f(Z)=Zm, 8)

n=0

where p(z) € Clz] with deg p(z) > 2 and [ is a positive integer. Assume that a # 0, y, and the coeffi-
cients of p(z) are algebraic numbers. Then the value f(x) is transcendental for any algebraic x with
lim,_, o p"(x) = 00 and p"(x) # y for all n > 0, except in the following two cases:

Q) I=1, p(y)—y+b~'p'(y) =0and a = —p'(y), in which case
b
f)y=—"—". ©)
X

() =2, p(y)—y ==2b"", p'(y) =0and a =4, in which case
2

= Fo s (10)

Remark 1.4. The case (ii) can be obtained as a special case of (i). Indeed, if a = 4 in case (ii), we have
by Taylor’s formula p(z) = b(x —y)> —4(x —y) +y +4b~", and therefore p(z) —y =b(x —y —2b~")2.
Hence

1 > 4n 1 |~ 4n
fx)=—+ = +4b~ .

x—y ; PPt —y  x—y ; (p"(x) —y —2b71)>
Replacing f(x) by using (9) and y +2b~! by y yields

b b = 4r
= FATIY
bx—y)=2 blx—y)+2 ; (p*(x) —y)?

which is exactly (10).

We give some examples of Theorem 1.3.
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Example 1.5. Let {S,},>0 be Sylvester’s sequence defined by
Spe1=S; =S, +1 (n>0)

with arbitrary So € Z\ {0, 1}. Here p(z) =z>—z+1, p'(z) =2z —1and b = 1. Let us study first case (i)
in Theorem 1.3. The equation p(y) —y +b~!p/(y) = 0 is equivalent to > = 0. Therefore y = 0 and
a = —p'(y) = 1. Case (ii) cannot occur. Hence for any algebraic numbers a # 0 and y with S, # y for
all n > 0 and a positive integer /, the number

Y]
= (Si—7)

is transcendental except when/ =a =1 and y =0, and if so

Example 1.6. Let {7,},>0 be the recurrence
ToeZ, |Tol>2, To1=T> =2 (n>0).

Here p(z) = z> —2, p'(z) =2z and b = 1. By Theorem 1.3, we see that, for any algebraic numbers
a #0 and y with T,, # y for all n > 0 and a positive integer /, the number

n

a
Y]
= T—v)
is transcendental except in the following three cases:
(i) I=1,y =1, and a = —2, in which case
o.¢]
-2)" 1
> (2" _ : (11)
T,—1 To+1
n=0
(i) [ =1,y = -2, and a =4, in which case
= 4 1
= : (12)
T, + 2 To — 2
n=0
(iii) =2,y =0, and a = 4, in which case
o 47 1
T2 (Ty-2)(To+2)

As mentioned in Remark 1.4, (iii) is intrinsically the same as (ii).

Example 1.7. Fermat numbers F, = 22" 4 1 satisfy the recurrence relation

Fpp1=F}—2F,+2 (n>0)
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with Fy = 3. By Theorem 1.3, for any algebraic numbers a # 0 and y with F,, # y for alln > 0 and a
positive integer /, the number

o a’
> = a3
I
= Fa—y)
is transcendental except when / =1, a =2, and y =0, and if so

>, 2" 1
Z = =1. (14)
F, Fy—2

n=0

Remark 1.8. Formulas (11), (12), and (14) are known; see formulas (2.22), (2.25), and (2.26) in [Du-
verney 2001]. In fact, let @ and 8 with |«| > |B| be roots of the equations x%2 — Tox — 1 = 0. Then the
Lucas-type sequence

Tn — a2n + ﬂzn
satisfies 7,11 = T —2 (n = 1). Therefore the series (11) and (12), as well as (14), can also be seen
as examples of exceptional cases related to the classical Mahler’s method; see [Duverney et al. 2002,
Theorem 1.3; Kanoko et al. 2009, Example 1].
2. Proof of Theorems 1.1 and 1.3
To prove the theorems, we study rational solutions of a functional equation which generalizes (4).
Lemma 2.1. Leta, c € C*, p(z) € Clz] withd = deg p(z) > 2 and leading coefficient b, and q(z) € C|z]

be monic with | = deg q(z) > 1. Assume that a rational function g(z) satisfies the functional equation

)
ag(p(z)) = g(2) — @ (15)

Then d =2, and p(z) and q(z) satisfy the relation
b'q(p(z)) —a=b'q(2)(b'q(z) —a), (16)
in which case:

(1) If a # 1, then (15) has one and only one rational solution, which is

)= —. 17
0= (17)
(i1) If a = 1, then (15) has infinitely many rational solutions given by
)=a+——— (xel). 18
g =t @e0 (18)
Proof. Let R(z) and S(z) be two coprime monic polynomials and & € C* be such that
R(z)
8() =a——.

S(2)
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As g(z) satisfies (15), we have for ¢ = o'

Rp@) R ¢
S(pz)  S@ 4q@)
Put for brevity r = deg R(z) and s = deg S(z). If s = 0, then there is no solution satisfying (19) since
g(@) —ag(p)) =c/(q(2)) € Clz]. Hence, s > 1. The functional equation (19) can be written as

aR(p(2))$(2)q(z) = R(2)S(p(2))q(z) —cS(2)S(p(2)). (20)
Since (R(p(2)), S(p(2))) =1, we have

(19)

S(p() [5(2)q(2). 1)

Hence, ds < s +[. Therefore, we obtain
l
Comparing the degrees of both sides of (20), we get r <.
If r < s, the degree of the first term of the right-hand side in (20) is greater than that of the left-hand
side. Therefore, the degree of the first term of the right-hand side is equal to that of the second term of
the right-hand side. Then, we have using (22)

O=r+ds+l—(s+ds)>r—s+d—1Ds=r+(d—2)s >0.
Therefore, we deduce d = 2 and r = 0. This together with (20) leads to

a§(z)q(z) = S(p(2))q(z) —cS(z)S(p(2)). (23)

The degree of the left-hand side is less than that of the first term of the right-hand side. Hence, the
degrees of the two terms in the right-hand side are equal, and so s = /. This and (21) with d = 2 imply

S(p(2) =b'q(2)S(). (24)

Substituting (24) in (23), we geta = b (¢(2) — cS(z)). Comparing the leading coefficients of both sides,
we find c =1 and

S(z) =q(z) —ab™". (25)
Substituting into (24) yields (16). In this case, as R(z) is monic and deg R(z) =0, we have R(z) =1 and
R
—(Z) =c!s —1 ,
S(z) q(z) —ab™!
which proves that (17) holds (also for a = 1).

Now, let r =s. Then we get a = 1 by comparing the leading coefficients of both sides in (20). Put
T (z) = R(z) — S(2). Then, by (20),

T(p(2))S$(2)q(z) =T (2)S(p(2))q(z) —cS(2)S(p(2)). (26)

Noting that deg T'(z) < s and (S(z), T (z)) = 1, we apply the above discussion for S(z) and T'(z), and
thus we obtain d =2, T (z) is a constant, and (24). Let T (z) = k # 0. Substituting (24) into (26), we get

g)=a

1=0'(q(z) — ck~'8(2)).
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Comparing the leading coefficients of both sides, we find & = ¢, and we see that (25) holds again.
Therefore (16) holds. In this case R(z) — S(z) = ¢, whence

R(2) —at ac
S@ q@-b"

which proves (18). O

g)=«a

Now we prove Theorem 1.1 by using Lemma 2.1.

Proof of Theorem 1.1. Assume that the function (3) is algebraic over the field C(z) of rational functions.
Then we have

(f@)’+8@(f@) '+ =0, (27)

where the degree § is chosen to be minimal and g(z) is a rational function with complex coefficients.
Replacing z by p(z) in (27) yields

1 1 8 1 1 5—1
(_(f(Z)——>> +8(P(Z))(—(f(z)——)) +...=0
a q(2) a q(2)

by using (4). This can be written as

)
f@°+ (ag(p(z)) - %>f(z)5‘l +--=0. (28)

As § is minimal, comparison with (27) and (28) yields
8
ag(p(2) =g+ —.
q(z)
Since g(z) satisfies the functional equation (15), we can apply Lemma 2.1 and obtain (6). Replacing z
by p"(z) in (6) yields
ab! B a b 1

ba(p @) —a  q(pr@)blq(pr@) —a) blg(p"@)—a q(p*)’

After multiplying by a”, the function f(z) appears as a telescoping series and we have

(>—b’i( A )— b 0
@)= = blg(p(z)) —a blg(p"t'(2))—a) bqz)—a’

Lemma 2.2. Make the same assumptions as in Lemma 2.1. Let g(z) = (z — y), where | > 1. Then | = 1
or?2:

() If l=1,thenb(p(y) —y)+p'(y) =0anda = —p'(y).
(i) If I =2, then p'(y) =0, p(y)—y =—2b"', and a = 4.

Proof. By Lemma 2.1, (16) holds and we get

(p@)—y) —ab™ =tz —y) —az—y)". (29)
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Differentiating both sides of (29), we get

P —y) =2 —p)  —az—y). (30)

If I = 1, then taking z = y yields p(z) —y —ab~' =0 and p/(y) = —a. Replacing « in the first
equality gives b(p(y) —y) + p'(y) =0, as claimed.
Let [/ > 2. By (29), we have

(p(y) —y) =ab™ #0. (31)
Since p(y) # y by (31), (z — y)'~! divides p’(z). Hence I = 2, and so (30) is reduced to
p@) —y =bz—y)*—zab~". (32)

Substituting z = y in (32) and using (31), we find a =4 and p(y) —y = -2, Substituting z = y in
(30) and using (31), we obtain p’(y) = 0. O

Finally, we prove Theorem 1.3 by using Lemma 2.2 and Theorem 1.2, which will be shown indepen-
dently in the next section using Theorem 1.1.

Proof of Theorem 1.3. If the function f(z) defined in Theorem 1.3 is not a rational function, then the
value f(x) is transcendental by Theorem 1.2. Assume to the contrary that f(z) is a rational function.
Then Lemma 2.2 with (7) yields the exceptional cases. O

3. Proof of Theorem 1.2

Becker’s result mentioned in Section 1 is a special case of the main theorem in [Becker 1992], which es-
tablishes algebraic independence of the values of power series f1(z), ..., fm(z) satisfying the functional
equations

fi@)=a;) fi(T2) +bi(z) (G=1,...,m),

where a;(z), b; (z) are rational functions with algebraic coefficients and Tz = p(z~!)~! for a polynomial
p(z) with algebraic coefficients and deg p(z) > 2. The proof of this theorem is based on a deep result due
to Philippon [1986] on a criterion for algebraic independence of complex numbers and is rather involved.
Although Theorem 1.2 can also be deduced from [Becker 1992, Theorem], we give here a self-contained
proof for completeness.

We prove Theorem 1.2 by a variant of Mahler’s method. In the proof we will have to estimate the
denominators and houses of algebraic numbers. We will use the following lemmas.

Lemma 3.1. Let K be any algebraic field of degree k, and let h € K[z]. Let § = deg h. Then there exists
= wu(h) > 1 such that, for every 0 € K*,

(i) denh(6) < u(dend)?,
(i) [7(6)] < pw(max(l, [0]))°.
Proof. Put h(z) = Z?zoaizi, with as # 0. Then clearly

den h(0) < D(den0)’,
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where D = LCM(dena;, denas, ..., denas). Moreover, denote by o; = 1d, o>, ..., or the monomor-
phisms of K. Then for every j =1, 2, ..., k, we have
8 8 8
> 0@ @ @) <Y loja|(o]’ < (Doj (ai>|)<max(1, D), 0
i=0 i=0 i=0

Lemma 3.2. Let K be any algebraic field of degree k, and let h € K[z]. Let 6 = degh. Then for every
0 € IK* such that h(0) # 0, there exist v =v(h) > 1 such that

1
max|den| —— ),
( (h(9)>
Proof. First we have

< 1 ) ( den h(0) ) (denh(e) [ iz 0i(denh(0) x h(e)))
den{ —— | =den{ —————— ) =den ,
h(6) denh(0) x h(0) N(denh(0) x h(8))

where N () is the norm of @ € KK over Q0. The numerator of the fraction is an integer of K, and therefore

LD < v(den 6 x max(1, [0]))*.
h@)|) =

den(%) < |N(denh(9) x h(0))| < (den h(H))* x [h(O)[F,

which proves the first part of Lemma 3.2 by using Lemma 3.1().
For the second part, for every i =1, 2, ..., k, we have
denh(0) | |(enh@®)F x [, 0;(h®))

1
‘“"(Wm)‘  [denh(0) x;(h(©)| | N(denh(8) x h())
Now |N(denh(0) x h(0))| > 1 since (den h(6) x h(#)) is a nonzero integer of K. Consequently

()
Oj| ——
h(6)

which proves Lemma 3.2 by using again Lemma 3.1. U

< (denh(0)* x RO (1 <i<k),

Now we prove Theorem 1.2. For every z € C satisfying |z| > 1/Cy and every n > 0, put
ldil

G @)=Y iz, e =b @D £,
i=0
Then

a® _ anzld" (33)
q(p"(1/2) Y a, izl

so that the function

oo n

1 a
F=fl-)= e s— 34
@=1(3) 2 7o) Gy

isanalyticin £y ={z € C| |z| < 1/Cr}.

If f is algebraic over C(z), we have the exceptional case by Theorem 1.1. From now on let f be not
algebraic over C(z), and the coefficients of p(z) and ¢(z) be algebraic numbers, as well as x, a, and
f(x). We may assume without loss of generality that x € Dy, since otherwise we can choose ng such
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that p"(x) € Dy for all n > ng and consider the value f(x’) with x’ = p"°(x). To prove the theorem, we
assume that the value f(x) is algebraic and deduce a contradiction.

Let K C C be the number field generated by all these numbers, let A be the ring of integers of K, and
let k = deg K. It is clear from (33) and (34) that the power series expansions of F'(z) and all its powers,
namely

(F@) =Y yjnd", (35)

n=0

satisfy y; , € K for all nonnegative integers j and n. Now let r be a fixed positive integer. We claim that
there exist polynomials Py, Py, ..., P, € A[z] of degrees at most r, not all zero, such that

Po@) + PiR)F Q)+ Pr@)(F@) +- -+ P.Q(FR) =2 1L, (2), (36)

where 0 =0 (r) >0, L,(z) € K[z]] with L,(0) # 0. Indeed, the left-hand side is not identically O since F
is not algebraic. To realize (36) we have to solve a system of 72 homogeneous equations (the coefficients
of the successive powers z' of the left-hand side must be equal to O for i from 0 to r2 —1) with (r + 1)?
unknowns (the coefficients of the P;’s). Since (F(z))" € K[[z] for every nonnegative integer 4, we know
from an elementary result of linear algebra that the system has a nontrivial solution in KT+’ and hence
in AC+D? if we multiply by a common denominator, which proves our claim.

Replacing z by 1/p"(x) yields

r

1 . 1\t 1
ern = P I n J = Lr . 37
=2 J(pﬂ(x))(f (@) (pﬂ(x)) (p"(x)) GD

j=0

Under our hypotheses, the left-hand side of (37), which we call 6, ,, belongs to IX. As usual, we will
obtain a contradiction by letting » tend to infinity for a suitable value of r and applying the size inequality
to 6, ,. In what follows, we denote by Cy, C3, ... real numbers greater than 1 which do not depend on n
or r (they may depend on x, p(x) or f(x)).

Lemma 3.3. There exists Cy such that

max(den( ! )‘ ! Dgc;’”. (38)
q(p"(x)) /) |g(p"(x))

Proof. An easy induction using Lemma 3.1(i) shows that, for every n > 1,

den(p"(x)) < w(p) "~V D(denx)” < Y. (39)
Furthermore, we have by Lemma 3.1(ii)
PP (O] < w(p) @ ~P/=Dmax(1, x])* < . (40)

For n > 2, we see by Lemma 3.2 that

max (den( : ) ,
p"(x)

kd
pr(x) )"

) < v(p)(den p" ' (x) x max(1, |p"~1(x)|)
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Therefore by (39) and (40)

1 1 n
max(den( n )),‘ ) )§C4 . 41)
px p X

By Lemma 3.2, this implies (38). O

Lemma 3.4. There exist Cs, Cg, and C7 such that
den(d,.,) < C5*", (42)
670l < -+ 1 x 5", (43)
16rn] < 2L, (0)C;", (44)

where x is the greatest house of all the coefficients of all the polynomials P;, which depends on r.

Proof. First we prove the inequality (42). By using (5), we have

) 1 n—1 aj
den(f(p"(x))) = den(a—n (f(X) - Z m»

j=0
< <den<l))n x den( f(x)) x (dena)" ' x ﬁ den(—%).
B a =0 q(p/(x))
By using (41), we obtain
n—1
den(f(p" () = Cg x [ cf =i (45)
j=0

The polynomials P; defined in (36) have integer coefficients and their degrees are at most r. Hence for
everyi =0,1,...,r, we have by (41)

LCM (den<P,-( ! ))) < (den< ! )) <ci. (46)
p"(x) p"(x)

Now we can give an upper bound for the denominator of (6, ,):

den(6,.,) = den(Z Pj(

j=0

o (x))(f(p"(x»)f) < x oy < it

Next, we prove the inequality (43). For every i =0, 1, ..., r, we have by (41)

BRSEE—
P; <
(p"u))lq;

P (x)

< (r4+1)xCid. (47)

For every n > 0, we have by (5) and (38) above

Tl N \
a—n‘(lf(x)l + <Z |a|f>Cf ) < Cfo.- (48)
j=0

|f(p" ()] =
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By using (47) and (48), we can give an upper bound for the house of 6, ,:

(7o)
P;
p(x)

SG+Dx Y CHx il < r+ 1P xC".
i=0

r

Ol <Y

i=0

X Lf (p" DT

Finally, we show the inequality (44). By (37), we have

1 r’+o 1
Ol = (m) L’(pﬂ(x))" @
Since |p"(x)| > C?, we see that
tim |2, ()| = 101 20 (50)
which proves that 6, ,, # 0 for every large n. Moreover, by (49) we have (44). (|

We come now to the conclusion. Define § = deg(6,.,). As 6,, # 0 for every large n, it satisfies the
size inequality:

16,0 > (den(6,.,)) % x [6,.,] . (51)
Using (42), (43) and (44) yields
2\86—1 C§ o
2 +1 “L,0)>| —"— . 52
(y(r+1)?) ) (chcg> (52)

If we choose r such that C7 > Cg X Cg and fix it, we obtain a contradiction when » tends to infinity,
which proves Theorem 1.2.
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Algebraic results for the values #3(mt) and #3(n7)
of the Jacobi theta-constant

Carsten Elsner, Florian Luca and Yohei Tachiya

Let 95(v) =14+2) 2, ¢™V’7 denote the classical Jacobi theta-constant. We prove that the two values
U3 (mt) and ¥3(nt) are algebraically independent over Q for any t in the upper half-plane such that
g = €™'" is an algebraic number, where m, n > 2 are distinct integers.

1. Introduction and statement of the results

Throughout this paper, let T be a complex variable in the upper half-plane H := {r € C | J(t) > 0}. The
three classical theta functions

0.¢] o o
D=2 " mm)=1+2) ¢". wm=1+2) (-1)’¢"
v=0 v=1 v=1

are known as theta-constants or Thetanullwerte, where ¢ := ™. These theta-constants are holomorphic
in H and never vanish for any 7 € H. In particular, the function ¥3(7) is called a Jacobi theta-constant
or Thetanullwert of the Jacobi theta function #(z | 1) =) oo € iv’T+27iv2  For an extensive discus-
sion of the Jacobi theta function and theta-constants we refer the reader to [Stein and Shakarchi 2003,
Chapter 10]. Y. V. Nesterenko [2006] has improved upon a result from [Grinspan 2001] and obtained

some identities for the theta-constants.

Theorem A [Nesterenko 2006, Theorem 1]. For any odd integer n > 3 there exists an integer polynomial
P, (X, Y) withdegy P,(X,Y) =y (n) such that

p <n2 034(;”)’ 1619;‘@))
9f(r) T 93(T)

holds for any t € H, where

W(n) :=n ]_[(1 + %)

pln
For example, the first polynomials Pz and Ps are given in [Nesterenko 2006] by
Py=9—(28—16Y +YH)X +30X* — 12X° + X*,
Ps =25— (126 — 832Y +308Y? — 32Y° + YH X + (255 + 1920Y — 120Y?) x>
+ (=260 +320Y —20Y*) X> + 135X* — 30X° + X°©

MSC2010: primary 11J85; secondary 11J91, 11F27.
Keywords: algebraic independence, Jacobi theta-constants, modular functions.
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and the polynomials P;, Py, and Pp; are listed in the appendix of [Elsner 2015]. Recently one of us
(Elsner) constructed similar integer polynomials in two variables X and Y, which vanish identically at
certain rational functions of theta-constants including the function 93(nt) for n = 2™. He applied this
result and Theorem A to settle the algebraic independence problem of the two values ¥3(t) and ¥3(nt)
for integers n > 2, and obtained the following Theorem B.

Theorem B [Elsner 2015, Theorem 1.1]. Let t € H such that e™'" is an algebraic number. Then the two
values ¥3(t) and 93(2™t) are algebraically independent over Q for each integer m > 1. Furthermore,
the same holds for the two values ¥3(t) and ¥3(nt) if n=3,5,6,7,9, 10, 11, 12.

The proof of Theorem B is based on an algebraic independence criterion, see [Elsner et al. 2011,
Lemma 3.1], which requires a nonvanishing of a Jacobian determinant. In particular, to prove the latter
assertion in Theorem B, he needed the explicit forms of the polynomials Ps, Ps, P;, Py and P;; stated
above. In [Elsner and Tachiya 2017], two of us obtained the following Theorem C by studying the
specific properties of the polynomials P,,.

Theorem C [Elsner and Tachiya 2017, Theorem 1.2]. Let n > 2 be an integer and j € {2, 3, 4}. Then for
any t € H at least three of the numbers €™, 93(7), 93(nt), and Dv () are algebraically independent
over Q, where D := (mi)~'d/dt denotes a differential operator

An application of Theorem C gives an improvement of Theorem B as follows:

Theorem D. Let t € H be such that €™'7 is an algebraic number. Then the two numbers 13(t) and
¥3(nt) are algebraically independent over Q for each integer n > 2.

On the other hand, the algebraic dependence result is also obtained in [Elsner and Tachiya 2017]
through the properties of the polynomials P,.

Theorem E [Elsner and Tachiya 2017, Theorem 1.4]. Let £, m,n > 1 be integers and T € H be any
complex number. Then the three values 93(£1), ¥3(mt), and ¥3(nt) are algebraically dependent over Q.

In this paper, we fill the gap between Theorems D and E. Our main result is the following.

Theorem 1. Let m, n > 1 be distinct integers and v € H. Then at least two of the numbers e™'%, 93(mT),
and 93(nt) are algebraically independent over Q. In particular, the two numbers 93(mt) and 93(nt)
TiT

are algebraically independent over Q) for any t € H such that ¢™'* is an algebraic number.

Of course the two numbers ¥3(mt) and ¥3(nt) can be algebraically dependent over @ without an
algebraic condition on ¢™'*. Indeed, for =i € H the two numbers 93(i) and ©3(2i) are algebraically
dependent over Q, since the nontrivial relation

493 (2i) — (V2 +2)933) =0 (1)

exists; see [Berndt 1998, p. 325]. Note that the number ¢ = i~% was shown to be transcendental for
the first time by A. O. Gelfond (1929) and, a few years later, this property of e* was corroborated by
the Gelfond—Schneider theorem (1934). Conversely, the above identity (1) and Theorem 1 imply the
transcendence of e* as well.
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2. Some properties of P,(X,Y)

We now discuss some properties of P, (X, Y) given in Theorem A. We start with a short description of
the construction of P, (X, Y); for details, see [Nesterenko 2006]. Let I'(2) be the principal congruence
subgroup of level 2 in SL(2, Z); that is,

] fa b aby (10
re) ._{(c d)eSL(Z,Z)‘<C d)Z(O 1) (modZ)}.

Then for each odd integer n > 3 the set of matrices

ab 10
(c d>:<0 1) (mod?2), (a,b,c,d)=1, ad —bc=n,

is a union of ¥ (n) equivalence classes with respect to the left—multiplication on the elements of I'(2),
and the class representatives are given by

aU:=(u ZU)’ (u,v,w)=1, uw=n, 0<v <w. )
0 w
For these ¥ (n) matrices ay, ..., oy ) in (2), we define the polynomial

¥ (n)
[TX=x@) = X" +ai )XV 4ot ay -1 (DX + ay (1),
v=1

where .

, U5 ((ut +2v) /w)

93 (7)

x,(T) :=u

with (” 2”) —a,, v=1,...,00). 3)
0w

Then, using the modular method as well as Galois considerations, one finds that there exist polynomials
R;(Y)eZ[Y], j=1,...,¥(n), such that

0@ = Ry(16A@), (@) = 20, (4)
93(7)
Thus, the integer polynomial
Pu(X,Y) = X"+ RiHXV D o+ Ry 1 (VX + Ry (Y) (5)

vanishes identically at X = nzz?g‘(nf)/ﬁg‘(f) and Y = 16A(7).

Lemma 2. For each odd integer n > 3, the polynomial P,(X, 16A(t)) is irreducible over the field
C(A(1)).

Proof. The group I'(2) fixes the function A(7) = z?g' (v)/ z?? (1), since the functions 193‘,‘ (tr) and 192(1) are
modular forms of weight 2 with respect of the subgroup I'(2). Moreover, we have the transformation

formula b
at +
x”(cr+d> =xu(7) (6)

for a proper matrix 8 := (f z) € I'(2) and subscripts v, u such that a proper matrix y € I'(2) satisfies ), =
yo,; see formulae (6) and (7) in [Nesterenko 2006]. This may be regarded as an equivalence relation over
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the matrices o, @y, . . ., 0ty (n) from (2). One can show that any two matrices o, and «,, 1 <v, u < ¥ (n),
are equivalent. Together with (6) it turns out that the group I'(2) permutes the i (n) distinct functions
x1(T), ..., Xy (1) transitively. This implies that P,(X, 16A(t)) is a minimal polynomial of x;(t) over
the field C(A(1)). O

Remark 3. There is no complex number « such that P, («, Y) is identically zero. If such an « existed,
the polynomial P, (X, Y) would be divisible by (X — «), which is impossible by Lemma 2. This fact
can also be checked directly from the definition of x,(7); see [Elsner and Tachiya 2017, Lemma 2.1]. In
particular, P, (X, Y) has positive degree in Y.

Lemma 4. We have
Pu(X,0)= ] (x—u?yrter/o,

uln, u>1

w(a, b) = Z 1.

(a,b,k)=1
0<k<b

where

Proof. This follows immediately from the relation

¥ (n)
Py(X,161(x)) = [ [ (X —x,(2))

v=1
as T — i0o, since we have A(tr) — 0 and x,(t) — u® foreach v =1, ..., ¥ (n) in (3), respectively. [

Example 5. For the polynomial P3 given in Section 1, we have
Py(X,0)=9—28X +30X%—12X> + X* = (X — 1)} (X —3?).
Here, ¥ (3) = 4 and the four triples (u, v, w) in (2) are given by
(3,0,1), (1,0,3), (1,1,3), (1,2,3).

More generally, P,(X,0) = (X — D)P(X — p?) for any odd prime p > 3.

3. Lemmas

Let T € H. We prove in Lemmas 7 and 8 below that the number #3(7) is algebraic over the field
Q¥3(ut), 93(vt)) for certain positive integers u and v. To see this, we need the following Lemma 6.
Note that P,(0, Y) is a nonzero integer for the polynomial P,(X, Y) in Theorem A; see [Elsner and
Tachiya 2017, Lemma 2.3].

Lemma 6 [Elsner and Tachiya 2017, Lemma 2.5]. Let n = 2%m be an integer with o > 1 and odd integer
m > 3. Then there exists a polynomial Q,(X,Y) € Z[X, Y] such that

o4 oy
Qn( 34('”), im>=0
vy(t) U5(7)
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for any T € H. Furthermore, the polynomial Q,, (X, Y) is of the form
229 (m)—1
0u(X,Y)=c"Y*V™m 4+ N R, (XY, (7
j=0
with
0,(0,7) = Fy*Vom,
where c is equal to the nonzero integer P, (0, Y).

First we consider the case where u and v have different parity.

Lemma 7. Let u > 1 be an odd integer and v > 2 be an even integer which is not a power of 2. Then for
any t € H the number ¥3(t) is algebraic over the field Q(93(ut), ¥3(v1)).

Proof. The assertion is clear if u = 1. Let u > 3 be an odd integer and P,(X, Y) be as in Theorem A.

Then
4 4
P, (uz 1934(’“)’ 16193(7))
9d(r) T 9d(r)

=0 ®)

for any v € H. Noting that P, (X, Y) has positive degree in Y and P, (0, Y) is a nonzero integer, we have
the form

du
Pu(X,Y) =S, ;(X)Y7,  Su4,(X) 0,
j=0
with
cu = Su0(0) =P, (0,00 €Z\{0} and S, ;(0)=0 (1<j<d,). €))

On the other hand, since v is not a power of 2, Lemma 6 shows that there exists a nonzero polynomial

0,(X,Y) e Z[X, Y] such that
9§ (vt) 19;@))
v £ = 0 10

¢ ( GG (10)

for any t € H, where Q,(X, Y) is of the form (7) with
0,0,Y):=c, Y%, ¢, eZ\{0}. (11)

Let T € H be a fixed complex number. Then, by (8) and (10), the polynomials P, (u219§t (ut)/ ﬂg' (1), 16Y)
and Qv(ﬁ§(vr)/ﬁ§(r), Y) have the same common root Yy = ﬁg(r)/ﬁg‘(r). Hence, the resultant

Ri(X, Z) :=Resy(P,(X, 16Y), 0,(Z,Y))

is given by the determinant Dy of the square (d, + d,) Sylvester matrix depending on the coeffi-
cients of P,(X,16Y) and Q,(Z, Y) with respect to Y. Then, R;(X, Z) (and thus Dy) vanishes at
X = uzﬁg‘(ut)/z‘};‘(t) and Z := ﬁ;‘(vr)/ﬁ?(r), so that the polynomial

Ry(W) := Ry (u*95 (ur)W, 05 (vT) W)
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has a root Wy = 95 4(r) over the field K := Q(93(ut), ¥3(vr)). Note that Ry (W) is not identically zero,
since by (9) and (11) the determinant Dy takes the form

¢, 00
_—
R2(O) = Rl (0, 0) == det c Cu — icgucgu # O
v
0o .
0 0 ¢
Therefore the number 9¥3(7) is algebraic over K and the proof of Lemma 7 is completed. O

Next we treat the case where both u and v are odd.

Lemma 8. Let u, v > 1 be distinct odd integers. Then for any T € H the number ¥3(t) is algebraic over
the field Q(V3(ut), ¥3(v1)).

Proof. We may assume u, v > 3. Similarly to the proof of Lemma 7, we consider the resultant
Ri(X,Z) :=Resy(Py(X,Y), P,(Z,Y)), (12)

and the polynomial
Ry (W) := Ry (u* 93 (ur) W, v* 05 (vr) W), (13)

which has a root Wy = 1, 4(1). Suppose to the contrary that the above polynomial R,(W) is identically
zero for some 1y € H. Then, putting « := uzﬁg‘(uto) and g := vzﬂg‘(vto), we have by (12) and (13)

Resy (P (aW,Y), Py(BW,Y)) = Ri(aW, W) = R,(W) =0,

and so there exists a common factor H(W, Y) € C[W, Y] with positive degree in ¥ of the two polynomials
P,(aW,Y) and P,(BW,Y). Let

P,(aW,Y)=HW,Y)G(W,Y).
Substituting the function A(t) defined by (4) into Y in the above, we have
P,(aW,16)1(t)) = H(W, 16A(T)) G(W, 16A(T)). (14)

In what follows, we denote by deg H(W, Y), deg G(W, Y), and deg P,(a W, Y) the total degrees of the
polynomials H(W, Y), G(W,Y), and P,(a«W, Y) with respect to W and Y, respectively. Then
degy H(W,16A(t)) <deg H(W,Y), degy G(W,16A(r)) <degG(W,Y),

so that
degy P, (aW, 16A(1)) =degy H (W, 16A(1)) +degy G(W, 16A(7))

<degHW,Y)+degG(W,Y)
=deg P,(aW,Y).
On the other hand, it is clear that

degy Py (aW, 16A(7)) =deg P,(aW,Y),
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since by [Nesterenko 2006, Corollary 4] the inequalities

degy Re(V) <k-"L 1<k <y,

hold in (5). Thus, we get
degy H(W, 16A(t)) =deg H(W,Y) >degy H(W,Y) > 1. (15)
Hence by Lemma 2 together with (14) and (15), we obtain
P,(aW,16)\(t)) =c1 H(W, 16A(1))
for some nonzero complex numbers c;. Similarly there exists a nonzero complex number ¢, such that
P,(BW, 16)1(7)) = co H(W, 16A(1)),

and hence
P,(aW,16A(7)) =cP,(BW, 16A(T)), c:=c1/ca.

Taking T — ioo in the above equality, we have by Lemma 4
l_[ ((XW _dZ)w(d,Ll/d) =c 1_[ (,BW _dZ)w(d,U/d)'
dlu, d>1 dl|v, d>1

Assume, without loss of generality, that # > v. Then, comparing the multiplicity of the zeros of these
polynomials at 1/«, we obtain

u=w(l,u) < m[?xw(d, v/d) <w,

which is a contradiction. Hence, the polynomial R,(W) is not identically zero for any t € H, and the
proof of Lemma 8 is completed by Rx (%5 4(r)) =0. O

4. Proof of Theorem 1

Proof of Theorem 1. Let m and n be distinct positive integers. Define m; := m/d and n; := n/d,
where d := gcd(m, n). Without loss of generality, we may assume that m, is odd. In what follows, we
distinguish two cases based on the parity of n. We first suppose that n; is even. Let ¢ € H. Then, by
Lemma 7 with u :=3m| >3, v:=3n; #2% (o > 0), and 79 := d1/3 € H, the number 93(7p) is algebraic
over the field Q(¥3(utp), ¥3(v1y)). Hence, we obtain

trans. degg Q(e™7, ¥3(mT), ¥3(nT)) = trans. degg Q™ 93(utp), 93(vTp))
= trans. degg Q(¢™'™, ¥3(10), V3 (o), ¥3(vT0))
> trans. degg Q™™ ¥3(t0), ¥3(uto))
>2,
where for the last inequality we used the fact that # > 2 and that at least two of the numbers e” 70, 93(10)
and 93 (utp) are algebraically independent over Q; see [Elsner and Tachiya 2017, Theorem 1.2]. In the

case where n is odd, we can deduce the same inequality as above by applying Lemma 8 with the same
quantities u, v, Tp as above.
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Therefore, at least two of the numbers e™'%, ¥3(mt), and ©¥3(nt) are algebraically independent over Q,
and the proof of Theorem 1 is complete. O

In the case where m > n with two odd integers m, n, we obtain a stronger result based on [Elsner and
Tachiya 2017, Theorem 1.2] and on Lemma 8.

Theorem 9. Let m > n > 1 be odd integers, j € {2, 3,4} and t € H. Then we have
trans. degg, Q(e'™", ¥3(m), ¥3(nt), DY;(7)) > 3.

Proof. We apply Lemma 8 with u = m and v = n. Therefore, we know that ©3(7) is algebraic over the
field Q(¥3(mt), ¥3(nt)). Hence we obtain with Theorem C,

trans. deggy Q(e™™", ¥3(mt), ¥3(nt), DY; (7)) = trans. degg Q(e™'", ¥3(7), ¥3(mT), ¥3(nT), DY, (7))
> trans. degg Q(e'™7, ¥3(1), ¥3(m7), Dv (1))

>3,

as desired. This proves the theorem. U
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Linear independence of 1, Li; and Li,

Georges Rhin and Carlo Viola

We improve and extend the irrationality results proved by the authors (Ann. Sc. Norm. Super. Pisa CI.
Sci. (5) 4:3 (2005), 389-437) for dilogarithms of positive rational numbers to results of linear indepen-
dence over Q of 1, Li; (x) and Li, (x) for suitable x € @, both for x > 0 and for x < 0.

1. Introduction

The polylogarithm of order k, arising in Euler’s work, is defined by

Lic) =)= (el < D).
n=1

Qualitative and quantitative irrationality results for dilogarithms Lij (%) withzeZ, ze(—o0,—5]U[7,400),
were proved in [Hata 1993]. Hata’s results were subsequently improved and extended in [Rhin and Viola
2005], and more recently in [Viola and Zudilin 2018] and in [Marcovecchio 2016]. We showed in [Rhin
and Viola 2005], henceforth abbreviated [RV05], that Liz(f) ¢ Q for all integers r, s with » > 1 and
s > s1(r) > r, where s;(r) can be explicitly computed, and gave new irrationality measures of such
Liy(%). In particular we proved that Li>(#) ¢ @, with an explicit irrationality measure, thus extending
Hata’s range [7, +00) mentioned above to [6, +00).

Viola and Zudilin [2018] proved qualitative and quantitative results of linear independence over Q of

the four numbers

1, Lil(l> - —1og(1 _ l) - —Lil(L>, Li2<l> and Liz(L)
Z F4 -z b4 -z
for all z = 7 with integers r and s satisfying
r>1 and s> s(r)>r, (1-1)

where again s (r) is explicit. Specifically, they proved that, for any z = - satisfying (1-1) and for any
& > 0, there exist an effective constant C (¢, z) > 0, and an explicit linear independence measure u(z) > 0
over Q such that

jao +arLi (%) + agLi2<%> + a3Li2<ﬁ> > Cle, a0 (1-2)
for all (ag, a1, a», a3) € Z*\ {(0, 0, 0, 0)}, where A = max{|ao|, |a1], |az], |a3]}. In particular, in [Viola
and Zudilin 2018] the authors proved inequalities (1-2) with z = 7 forr =1 and s > 9, for » =2 and
s > 143, forr =3 and s > 742, for r =4 and s > 2355.

MSC2010: primary 11J72; secondary 11J82, 33B30.
Keywords: polylogarithms, linear independence measures, permutation group method, saddle-point method in c2.
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In the present paper we prove lower bounds of type (1-2) for

‘ao +a1L11<1> +a2L12<i)

without considering Li»(1/(1 — z)), for all (ag, a1, a») € 7>\ {(0, 0, 0)} and for z = % with integers
r, s satisfying r > 1 and either s > s (r) > r, or s < s_(r) < 0, with explicit s4 (r) and s_(r). We
combine some technical results employed in [RVO05] and [Viola and Zudilin 2018]. In particular we
use the permutation-group method, introduced by the authors in [Rhin and Viola 1996] and later used
in a series of papers including [RV05] and [Viola and Zudilin 2018], and the saddle-point method in
C? in the form used in [Viola and Zudilin 2018]. The latter tool allows us to improve and extend the
irrationality measures of le(z) for z = > 1 obtained in [RVO05] to linear independence measures over Q
of 1 L11( ) and L12( ), both forz =2 > 1 and for z=2% < 0. Moreover, our method yields improvements
upon the linear independence measures of 1, L11( ) and L12( ) for z < 0 given in [Marcovecchio 2016,
Table p. 231], and a new proof of the linear independence measures for z > 1 given therein.

We point out that, in contrast to (1-2), the lower bounds for (1-3) obtained in the present paper do not
simultaneously involve values of Li, at positive and at negative rational numbers. Treating separately
the cases z > 1 and z < O in (1-3), as we do in this paper, yields linear independence results for 1,
Li; (%) and Liz(%) stronger than those obtained through the construction in [Viola and Zudilin 2018]
under the constraint a; = 0 or a3 = 0 in (1-2). This is not surprising, because the algebraic structure of
the group (@, A) in (2-21) below generated by the permutations A and ¢ in (2-18)—(2-19), used in the
present paper as well as in [RV05] to get the arithmetical correction | o d¥(x) + f o d¥(x) in (4-2), is
richer than that of the corresponding group (¢, v) required in [Viola and Zudilin 2018] to deal with the
full linear form on the left-hand side of (1-2). This is a consequence of the relation v = @v satisfied
by the permutations v and ¢ in [Viola and Zudilin 2018, (3.5)], which implies that (¢, v) is isomorphic
to Klein’s Vierergruppe of order 4, while the group (@, L), with Lg # @A, is larger, being isomorphic to
the group G, x &3 of order 2! - 3! = 12.

(1-3)

2. Simultaneous approximations to Li; and Li,

Let z € R\ [0, 1], and let A, j, k, [, m be nonnegative integers such that [+m—j, m+h—k, h+j—I[ and
Jj+k—m are also nonnegative. If z > 1, as in [RV05, Section 2] we define the following double integrals
10, jk,l,m) v=0,1,2):

_ T =x)"y a1 -y
IO, jk,1,m) = ’// * dxd 21
(B, ).k dm) =2 o (x(1—y) + yg)ith—m+t (2-1
J 1— hk 1— !
IO, jk 1m) =77 m/ —f A=A gy (2-2)
2mi y—x/(x—2)|=0 (x(l —y)+yZ)f+k*m+1
I 1 J(1=x)ryk(1—y)!
1, jok, 1m) = — ?§ (—% Az d o) dy) v (23)
2mi [x—z|=0 2mi y—x/(x—2)|=0 (x(1—=y)+yz)/ m

for any o, o > 0. We also define the linear combination of (2-1) and (2-2) given by
L(h, jok,d,m) =1, j,k,1,m)— (logz) IV (h, j, k, 1, m), (2-4)

where log z is the real value of the logarithm for z > 1.
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Clearly the definitions (2-2) and (2-3) make sense also for z < 0, whereas the definition (2-1) of
IZ(O) (h, j, k,1, m) does not apply if z < 0, since in this case the denominator x(1 — y) + yz vanishes
for (x, y) along a segment of hyperbola inside the unit square (0, 1) x (0, 1) C R?. In order to define
IZ(O) (h, j, k, 1, m) for z < 0 we use a method introduced in [Viola and Zudilin 2018, Section 2.2]. We
apply to IZ(O) (h, j, k, 1, m) the change of variables

n
x =§, yZE- (2-5)
For z > 1, (2-5) changes the integration path [0, 1) for y to [0, —o0) for 5. Thus
) ke e [ h - n*
; _ +hA+m ,—j—
IZ (h’.]7k?l7m)_(_1)1 Z / /(; EJ(I_S) dg/(; (S—n)j+k_m+1(7)—Z)l+m_j+l d’?

Let ¢ be any complex number such that || =1, ¢ # 1, and let arg ¢ denote the argument satisfying
0 < arg¢ < 2m. For ¢ > 0 let u, be the arc {|n| =0 : argn from arg¢ to w}. For any &, z with
0<& <1<z asp0— +00 we get

nk

o & — n)j+k—;n+1(n _ Z)l-i-m—j—H

Qk

—I—1
= Q= )it (g = gylemiH] 210 < 071 0. (2-6)

!

Therefore, by Cauchy’s theorem, for any z > 1 and for any ¢ € C such that |{| =1, ¢ # 1, we obtain

nk

. ) L goo
1Okt = P [ea—gfde [ o e an, @)

where the integration path for 7 is the half-line [0, {00) from O to oo through ¢. Note that, since z > 1
and ¢ # 1, we have (§ —n)(n —z) #0in (2-7).

As in [Viola and Zudilin 2018, Section 2.2], it is easy to prove that the double integral on the right-
hand side of (2-7) converges absolutely and uniformly when z varies in any compact region of C not
intersecting the half-line [0, { 00), and in particular the integrations in & and 5 can be interchanged. Thus

too s/ pl i1 _ £\hok
’9@J%Jwﬂ=&0”ﬂm”ﬁ%/ (f R @>M, (2-8)
0 0

(g _ n)j+k—m+l (77 _ Z)l+m—j+1

and IZ(O) (h, j, k,1, m), viewed as a function of the complex variable z, is holomorphic in the cut plane
C\ [0, ¢00).

Therefore, if in (2-7) or (2-8) we choose ¢ € C with |{| =1, ¢ # %1, by analytic continuation we can
move z from the half-line z > 1 to the half-line z < 0 along a path contained in the lower half-plane
Imz <0if Im¢ > 0, or in the upper half-plane Im z > 0 if Im ¢ < 0, because such a path does not cross
the cut [0, {00).

Since, from (2-7),

nk

- 1 Coo
0) : (1N tkH+m - —j—k J(1 _ s\h
IZ (hajakvl’m)_( 1) < ‘/0 S (1 5) dg/(; (é_n)j+kim+l(n_z)l+mij+l dn’

for any z < 0 we get two values of IZ(O) (h, j, k,l, m), conjugate to each other, one defined by (2-7) or
(2-8) for Im ¢ > 0, and the other for Im ¢ < 0. Accordingly, for z < 0 we define I, (h, j, k, [, m) by (2-4),
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where

logz =

{loglzl —wi ifIm¢ >0in 1%, j, k, 1, m), 2:9)

loglz|+mi ifIm¢ <0in IO, j, k,1, m).

By applying the change of variables (2-5) to the double integrals (2-2) and (2-3) we easily get, similarly
to [Viola and Zudilin 2018, (2.11) and (2.12)],

—i—k 1 i (1 _ &=\h,k
Ié”(fz,j,k,z,m):(—1>f+'<+l+miyﬁ (/0 il D d€>dn, (2-10)
I,

2mi (& — )i Hh=—m+1(y — 7)l+m—j+1

where [ ; denotes any closed contour for 1 enclosing the interval (0, 1) but not enclosing z, and, for
any 01,02 > 0,

IP(h, j, k,1,m)
—j—k i1 eNhok
:(_l)j-i-k-O-l-i-m-i-lZ / : % (L% §/(1—8)"n ds> dn. (2-11)
In—zl=01 |

i 2mi Jig—yi=g, (6 — /T (n — ftm=it
We showed in [RV05, (2.5) and (2.6)] that the involution A = A, , : y <> ¥ defined by
x(1—y)
x(1—y)+yz’

used as a change of variable for y in the double integrals (2-1), (2-2) and (2-3), transforms the quantities
(2-1), (2-2), (2-3), and hence (2-4), according to the permutation A of the exponents defined by

y= (2-12)

A=(j m)k D), (2-13)

which acts identically on /4. Thus (2-2) and (2-3), and hence (2-10) and (2-11), are invariant under the
action of A both for z > 1 and for z < 0, and the same holds for (2-1) if z > 1.

It is easy to see that IZ(O) (h, j, k,1, m) is invariant under the action of the permutation A also in the
case z < 0, where (2-1) is replaced by the definition (2-7) or (2-8) for |¢| = 1, { # %1. Indeed, the
change of variables (2-5) transforms the involution (2-12) into the involution <> 7 given by

=z % (2-14)

If in (2-7) we use the change of variable (2-14) for n, we get
(] ;
17 (h, j. kL, m) | ) s ;i
— (_1)]+k+l+m Z—l—m / E.m(l _ %.)h d¢ / (g dij. (2-15)
0 0

— ﬁ)l—i-m—j—i-l(ﬁ _ Z)j+k—m+1

Since Im(—¢ ) = Im ¢, by the same argument as in (2-6) we see that the right-hand side of (2-15) equals
=]

_ 1 oo
(—1yJ ettt /O £"(1-6)" dg /0 7 di.

(S _ ﬁ)H—m—j-i—l(ﬁ — Z)j—i—k—m—i—l

By (2-7), this is IZ(O)(h, m, L, k, j). Hence for z < 0 we get
0 . 0 .
1O, jk,1,m) =1 (h, m, 1k, j)

both for Im ¢ > 0 and for Im ¢ < 0, as claimed.
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Throughout this paper, for any integer n > 1 we denote by d,, the least common multiple of 1, ..., n,
and we set dy = 1. Also, as in [RV03, (2.9)], we define

H=max{l+m—j m+h—k, h+j—I, j+k—m},
K=max{{4+m—j, minlm+h—k, h+j—1}, j+k—m},
o=max{j+k, k+1, | +m}, (2-16)
B =max{0, k+1—h},
S=a+B+h—k—I
(note that the integer
d=max{h, m+h—k, h+j—1, j+k, k+1, | +m}

defined in [RVOS, (2.9)] equals « 4 B 4+ h — k — [ by virtue of Lemma 2.8 of the same paper). Clearly
the integers (2-16) are nonnegative and invariant under the action of the permutation A in (2-13).
We prove the following:

Theorem 2.1. For any z € R\ [0, 1], define (2-2), (2-3), (2-7) with |¢| =1, ¢ # *£1, (2-9), (2-4) and
(2-16). Then

dydi 2z = VP I (h, j k. 1m) = P@) = 0@ Lia ).
didi =z = DI (h, j ko Lm) = RE) = Q@) Lir (7).

dydgz*(z—DPIP (h, j k1, m) = Q(2),
where
P(2), Q(2), R(z) € Z[z], max{deg P(z),deg Q(z),deg R(z)} <3.

Proof. If z > 1, the theorem is [RVO0S5, Theorem 2.1]. If z < 0, the theorem follows from the case z > 1
by analytic continuation, moving z from the half-line z > 1 to the half-line z < 0 along a path contained
in the lower half-plane Im z < 0 if Im ¢ > 0, or in the upper half-plane Imz > 0 if Im¢ < 0. g

Let
S=i{h, j,k,l,m,l+m—j, m+h—k, h+j—1I, j+k—m}. 2-17)

The action on the set S of the permutation A defined in (2-13) is
A=G m)k Dd+m—j j+k—m)(m+h—k h+j—1). (2-18)
As in [RV05], we also consider the permutation ¢ whose action on § is
o=0h m+h—-k)(j j+k—m)k m). (2-19)
We proved in [RV035, Section 3] that for any z > 1 the quotients

10, j k1, L(h, j kI,
e B kbm) 610 e 2K Lm) (2-20)
R ! ” I !
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are invariant under the action of ¢. Hence, by analytic continuation, the same holds in the case z < 0,
where I;O)(h, J.k,1, m) and log z are given by (2-7) and (2-9) with ¢ € C such that || =1, ¢ # *1.
Thus the quotients (2-20) are invariant under the action of the whole permutation group

® =(p,1) (2-21)

generated by A and ¢, both for z > 1 and for z < 0. As we proved in [RV0S, Section 3], @ is isomorphic
to the product &, x &3 of the symmetric groups of orders 2! and 3!, whence

1@ =21.31=12.

Therefore, the transformation formulae in [RV05, p. 416] hold for IZ(”)(h, Jjik,l,m) (v=0,1,2) and for
I, (h, j,k,I,m), in both cases z > 1 and z < 0.

The integers «, 8 and é in (2-16) are also invariant under the action of the permutation ¢ in (2-19),
and hence are invariant under the action of the whole permutation group (2-21), while H and K in (2-16)
are not invariant under the action of ¢. Therefore, in place of H and K, we require the integers M and N
defined in [RVO05, (4.1) and (4.2)], namely

M =max S
and
N =max{max'(h, m+h—k, h+j—10), j, k, I, m, | +m—j, j+k—m},

where max’ denotes the second maximum in a finite sequence of real numbers. Clearly M and N are
invariant under the action of the permutation group @ in (2-21). Also H < M and K < N, whence
Theorem 2.1 holds with M in place of H and N in place of K. Moreover, as in [RVO0S5, p. 417], for any
permutation x € @, Theorem 2.1 holds with 4, j, k, [, m respectively replaced by x (h), x (j), x k), x (D),
X (m), with polynomials P, (z), Qy(z), Ry(z) € Z[z] depending on the left coset x A, where A = (X) is
the subgroup of @ of order 2 generated by (2-18), and with M, N, «, §, § all independent of .

For h, j, k,I, m fixedandn =1, 2,3, ..., we replace the tuple (A, j, k, [, m) by (hn, jn, kn,In, mn).
Then Theorem 2.1 yields

dyndnnz®" (2 — DP'L(hn, jn, kn, In, mn) = P,(z) — Qn(z)Lp(%),
dyndynz® (2= 1P I (hn, i, K, In, mn) = Ry(2) — Qu(@)Lir (£, (2-22)
Z

dyndnnz®™ (z — DPIP (hn, jn, kn, In, mn) = Q,(2),

with polynomials P,(z), Q,(z), R, (2) € Z[z] of degrees not exceeding én. Similarly, for any permutation
X €9,

Aptndynz =D O, X (o, xR, XD X (1)) = Py (@)= Q@)L (3 ).
Aatndynz =D IO Gy, X (P, xR, X, XGm) = Ry @)= Qn@Lir (1), 223)

dyndyn " =D I (x (W)n, x GHn, xFn, xDn, x (m)n) = Oy x(2),

with polynomials Py ,(z), Qy.n(2), Ry »(z) € Z[z] of degrees not exceeding én.
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By the invariance of the quotients (2-20) under the action of the group @, from (2-22) and (2-23) we
obtain the identity

(x (! (x GHm)! (x m)! (x (D)t (x (m)n)! On(z) = (hn)! (jn)! (kn)! (In)! (mn)! Oy 4 (2), (2-24)
whence

(x (W)t (x (Hm)t (x K)m)! (x D)l (x (m)n)! Py (2) = (hn)! (jm)! (kn)! (In)! (mn)! Py, (2),  (2-25)
(x (Wm)t (x (Hm)! (x K)n)! (x D)t (x (m)n)! Ry (2) = (hm)! (jn)! (km)! (In)! (mn)! Ry, (2).  (2-26)

Let £2 and £2’ be the sets of real numbers w € [0, 1) defined in [RV03, p. 420], and let

A= ] po 4= [ P @=1.2.3...0),

p>~Mn p>~Mn
{n/p}es2 {n/p)es2’

where p denotes a prime number. By applying to the coefficients of the polynomials in (2-24), (2-25)
and (2-26) the discussion in [RVO0S5, p. 418-420], we see that A, A/, divides all the coefficients of P,(z),
0,(z) and R,(z). Therefore

Pr(2) := (A, A7 P.(2) € Z[z],

0%(2) :=(A,A)) 7' 0,(2) € Zlz],

R (2) = (AnA;)_lR,,(z) eZ[z].

Let
Dn _ dMndNn )
A,4,

Dividing the identities (2-22) by A, A] we get
D,z (z — DP"I.(hn, jn, kn,In, mn) = Pr(z) — Q:(Z)Liz(%),
Duz®"(z = VP 1D (hn, jn, kn. In, mn) = R*(2) — Q% (2)Li; (%) (2-27)

D, 7" (z — l)ﬂnlz(z)(hn, jn,kn,ln,mn) = Q) (2),
with
Py (2), 0,(2), R, (z) € Z[z], max{deg P, (z), deg 0, (z), deg R, ()} < dn. (2-28)

By [RVO05, (4.13)],
lim L logD, =M+ N — (/ dy (x) +f dl//(x)), (2-29)
n—oo n Q Q'

where 1 (x) = I''(x) /" (x) is the logarithmic derivative of the Euler gamma-function.

3. The saddle-point method

We shall employ asymptotic formulae, as n — oo, for the linear forms involving Li; (%) and Liz(%)
and for their common coefficients arising from (2-27). Such asymptotic formulae can be obtained by
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applying to the integrals in (2-27) the saddle-point method for double complex integrals [Hata 2000,
Section 1], in the form used in [Viola and Zudilin 2018].
We henceforth assume the integers belonging to the set S in (2-17) to be all strictly positive. Moreover,
we assume
j<h and k<m. (3-1)
Let, as in [RVO05, (5.1)],
(1 =x)"y (1 =y

X, = : ’
L= Gy yin
and let .
_ E(1—&)yt
The substitution (2-5) yields
—l—m Ui _ —j—k
(—2) Jz E’;I:TE =(-2) F.(§,n), (3-3)
whence
., OF 0
(-2 5 = (—z) 7" 8i ,
§ X lx=¢, y=n/(n—2) (3-4)
ik OF, (=)t af
(- =T .
an (n—2) dy x=£, y=n/(n—2)
Owing to (2-8), (2-10) and (2-11), the double integrals occurring in (2-27) can be written as
) oo 1 d d
10 . oo ) = 70 [ ( | Fenr —5) " (3-5)
' 0 0 E§—n/n—z
—(j+k)n 1 d d
1D . i o ) = 5 ( | For —§> " (3-6)
2ri - Jr, \Jo E§—n)n—-z
~(Hom 1 e\ d
19 (hn, jn, kn, In, mn) =+ ~—— 7§ (— ?g F.(€ 1) —5) T 3
2mi In—zl=01 \ 271 Jig—p=0, E§—n/n—-z
Since
1 0F, d J h jt+k—m
— —=—logF,==— — ,
F, 9§ 9§ § 1-§ §—n
1 OF, 0 k j+k— l —j
ks Z=—10gFZ=—+]+ ml+m ]’
F. 9n  dn n §—n n—z

the saddle-points of F,(&, n), i.e., the stationary points of F,(&, n) satisfying F, (£, n) # 0, are the solu-

tions of the system
j h j+k—m

E 1-¢&  &E—n
I+m—j k j+k—m
n—z n E—n

(3-8)
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As in [Viola and Zudilin 2018, (4.3)], the first equation (3-8) yields

m+h—-ké+k—m
n=H(E):=§ . —. (3-9)
(h+ ))& —J
Subtracting the equations (3-8) and then substituting (3-9), we get the same cubic equation in & as in
[RVOS, (5.4)], namely

UE)=&((m+h—k§+k—m)((h+j—DE+1—j)—z2((h+j)§ — ))((h+m)§ —m)=0. (3-10)

Thus, denoting by (§,, n,) (v =0, 1, 2) the saddle-points of F,(&, n), we see that &y, &, & are the roots
of (3-10), and

(m+h—k)$v+k—m
v:H v) =Sy X X :0,1,2. 3-11
m=HE) =6 o O ) (3-11)

Also, by (3-4),
Ny

v—

(v=0,1,2), (3-12)

==&, n=

where (x,, y,) are the saddle-points of f(x, y).
We refer to the detailed discussion in [Viola and Zudilin 2018, Section 4] for the application of the
saddle-point method in C? to the double integrals (3-5), (3-6), (3-7). Let

b, I NHOER=DGFE=m

Tt (h+ jYm +h—k)

be the solutions of dH /dé =0, and let
_h(j+k—m)+jm+h—k)£2Jhjm+h—k)(j+k—m)
(h+ j)? '

N+

The function (3-9) satisfies
n+ =H(EL), n-=H(E-),

and maps both the upper and the lower half-circumference of diameter [£_, £, ] in the plane of the
complex variable & onto the real interval [_, n4]. Thus, if we denote by C and D the upper and lower
half-planes of the complex variable 7,

C={Imn >0}, D={Imn<0},
and in the plane of the complex variable £ we define the regions
Ci={Im& >0, |§—j/(h+j)|> R},
Dy={Im§ <0, |§—j/(h+j)| > R},
C={Im§ <0, |§ —j/(h+ )| <R},

Dy ={Im& >0, |§—j/(h+))| <R},
where

_ Nhjm+h—k)(j+k—m)
(h+jYm+h—k)
we see that (3-9) is a one-to-one mapping of both C; and C, onto C, and of both D; and D, onto D.

’
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In Sections 3.1 and 3.2 we shall treat the cases z > 1 and z < 0, respectively.

3.1. The case z > 1. As is shown in [RV05, (5.6)] the roots of (3-10) are real, and & < & < & using
the notation therein. By (3-1) we get

m—k j
0<é_< Co< —<éi<l<z<é.
J

— <
m+h—k h+
Hence, by (3-12) and [RVO05, (5.15)],

N <0<n_<nr<l<z<n<é.

Let £ = & (n) be a local inverse of (3-9), holomorphic in an open region A contained in the plane of
the complex variable n. We use the notation in [Viola and Zudilin 2018, Sections 4.1 and 4.2], where
(&«, n+) denotes the relevant saddle-point for the double integral considered. Here we apply the saddle-
point method to the double contour integral (3-7). We choose

A=CUDU®4, +0), E:A—CUDIU(E, +00), (5, nx) = (&2, m2).

We change the integration path |n — z| = o1 in (3-7) to a closed contour I" C A of steepest descent for
|F. (& (n), n)| enclosing z and passing through 1 and 17,, whence

max |F,(& (1), n)| = |F.(§, n2)l,
nel’

with the maximum attained only at = 1,. Such a contour I" exists because Z (1) = 1, whence, by (3-1)
and (3-2), F,(2(n),n) — 0as n — 1, and F,(Z(n), n) — oo as n — z or n — oo. Furthermore, for any
fixed n € I', the function F, (&, ) vanishes at £ = 1 and tends to infinity as £ — 5 or & — 00. Hence
we can change the integration path |§ — 5| = g, to a closed contour §, of steepest descent for |F,(§, n)|,
enclosing n and passing through 1 and through the saddle-point & = & (5). Thus

max |F;(§, n)| = [F.(& (), n)l,
&edy
with the maximum attained only at £ = & (). Therefore, by Hata’s theorem [2000, Section 1],

lim % log |[I® (hn, jn, kn, In, mn)| = —(j +k) log z + log | F;(£&2, m)|. (3-13)

n—oo

For the integrals (3-5) and (3-6) we can dispense with the saddle-point method, and apply instead the
asymptotic formulae [RV05, (5.16) and (5.19)]; i.e., by (3-3) and (3-12),

lim l1og 1O (hn, jn, kn,In,mn) = —(1 +m)log z +log f.(xo, o)

n—>oo n
= —(j + k) logz +1log | F; (&, n0)| (3-14)

and
lim sup rlz log |IZ(1)(hn, jn,kn,ln,mn)| < —(+m)logz+log|f(x1, y1)l
n—oo
= —(j +k)logz+log|F.(51, m)l. (3-15)
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3.2. The case z < 0. Since the polynomial U (£) in (3-10) has the leading coefficient
m+h—k)h+j—-0)>0

and takes the value —jmz > 0 at £ = 0, the cubic equation (3-10) has a negative root, which we now
denote by

%’2 < 0.
Taking into account that
( j ) h2jl(j +k—m)
U R == . > )
h+j (h+ )3

we choose the integers #, j, k, [, m such that the remaining roots &y and &; of U(£) are distinct, and
either real with

J J
Pa— O — , 3-16
h+j<§o<§1<m+h_k<§+ (3-16)
or complex conjugate, B
&1 =8 with& €Cy, & €D;. (3-17)

We first apply the saddle-point method to the integral (3-7). From &, < 0 and (3-11) we get & < 1y < 0.
Again with notation as in [Viola and Zudilin 2018, Sections 4.1 and 4.2], we choose

A=CUDU(-00,n-), E:A—=>CUDU(=00,8), (&, 1) =(52,m).

For n € A, n = 00, we have & (n) — oco. Thus from (3-2) and (3-9) we see that F,(Z (1), n) — 0 as
n— 0, and F,(&E(n),n) - oo as n — z or n — oo. Since dF,(E (), n)/dn =0 at n = n,, we obtain

§2<n2<z<0.

Thus there exists a closed contour I" C A of steepest descent for | F, (& (1), n)| enclosing z and passing
through 0 and 7,. Therefore

max |F; (& (n), n)| = [Fz(§2, m2),
nel’

with the maximum attained only at n = 1,. For any fixed n € I" we have F,(0, n) =0 and F,(§, n) — oo
as & — n or & — oo. Hence we change the path |§ — | = g, for £ to a closed contour 3,’7 of steepest
descent for | F, (£, n)|, enclosing n and passing through 0 and & (7). Thus with the same discussion as
in Section 3.1 we get the analogue of (3-13); i.e.,

Tim Llog |19 Ghn, jn, kn, in, mn)] = —(j +K) log|a| +log| F-(&, no)]. (3-18)
For the application of the saddle-point method to the integrals (3-5) and (3-6) we choose
A=C\[n-,nq], E:A—=CUDUESE,

and we distinguish two cases, according to whether (3-16) or (3-17) holds.

First case: &, & € R satisfy (3-16). By (3-11) and (3-16) we get

ny <1 <np <np.
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For n € A we now have, by (3-9), E(n) — j/(h+j)asn— oo,and E(n) > (m—k)/(m+h—k) as
n — 0. Hence, by (3-2), F,(&(n),n) - coas n — z, and F,(E (n),n) — 0 as n — 0 or n — oco. Since
no and n; are, respectively, a local maximum and a local minimum of |F,(& (1), n)| for n € R along the
half-line (14, +00), the steepest descent direction for | F,(Z (n), n)| is the direction of the real line at 7,
and the direction orthogonal to the real line at ;. Hence, by steepest descent, there exists a path y from
0 to 1 in the half-plane Im n < 0, with tangent at n; orthogonal to the real line, such that the maximum
of |F;,(Z(n), n)| on y is attained only at n = n;. Thus for the integral (3-6) we may take [ =y Uy,
whence

max |F, (& (), M| = [F;(51, m)]
nelp,

with the maximum attained only at n = n; accordingly we choose (§,, n.) = (&1, n1). For any fixed
nely1,n#0,by (3-2) we have F;(0,n) = F;(1,n)=0and F,(§,n) - oo as § — nor§ — oo. Since
Im#n and Im & (n) have opposite signs, keeping the endpoints £ = 0 and & = 1 fixed we can continuously
deform the integration interval [0, 1] for £, without encountering 7, to an integration path 6,/7/ of steepest
descent for |F,(&, n)|, equivalent to [0, 1] by Cauchy’s theorem and passing through the saddle-point
& = Z(n). Hence

max |F7(§, n)| = [F(& (), )] (3-19)
seag
with the maximum attained only at £ = &' (). By Hata’s theorem,
Tim Liog 10un, jn, kn, in, mn)] = —(j +K) logla| +log | F-(&1, n)l. (3-20)

For the integral (3-5) we choose Im ¢ < 0. Again by the argument in (2-6), the integration half-line
(0, ¢o0) for n can be transformed to y U [n(, +00), where y is defined as above, without changing the
value of (3-5). Clearly

max  |F(E(n), n)| = |F;(o, no)l
n € yUln,+00)

with the maximum attained only at n = 5. Thus we take here (&, n.) = (o, n0). For any fixed n €
y U[n1, +00) we have & () € D, U (§_, £4). Hence, as above, the integration interval [0, 1] for £ in
(3-5) can be deformed to a path 8{7/ from O to 1 passing through = (), equivalent to [0, 1] by Cauchy’s
theorem and satisfying (3-19). Therefore

Tim Liog|19Ghn, jn, kn, In, mn)] = —(j +K) log|z| +log| Fx(&o, no)l. (3-21)

Second case: & € Cy, &g =& € D>. Now 1y € C, no =11 € D. Since F.(E (), n) = 0as n — 0 or n — o0,
there exists a path y’ C D from 0 to a sufficiently large ' > 0, passing through the saddle-point g, such
that

max [F-(Z (), n)| = |Fz(§0, 10)|
ney

with the maximum attained only at no. For the integral (3-6) we take I =y’ Uy’, whence

max |F2(& (), W] = |Fz(§0, no)| = | Fz(§1, n)I.
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Thus we must apply the saddle-point method separately for 5 € ¥’ and 1 € y’. We have

1 d d
55 (/ Fz@,n)"—g) "
Io 0 E—n/)n—z
1 d d 1 d d
f(/ Fz(s,m"—S) 0 +/(f Fz@,n)"—g)—"‘. (3-22)
» \Jo E§—n/n—z 7 \Jo §—mn)n—z

For any fixedn € ¥’ or n € )7’, n # 0, we have F,(0,n) = F,(1,n) =0and F,(§,n) > ccas & —n
or £ — oco. As above, there exists an integration path 8,’7’ for & from O to 1 passing through Z'(n),
equivalent to [0, 1] by Cauchy’s theorem and satisfying (3-19). By Hata’s theorem [2000, (1.9)], the
quotient of the absolute values of the integrals over y’ and y’ in (3-22) tends to a constant as n — 00,
since | F;(&o, no)| = | F; (€1, n1)|. It follows that

=

limsuprlllog [I (hn, jn, kn, In,mn)| < =(j + k) log |z| +log | F; (€1, ni). (3-23)

n—oo

In (3-5) we choose Im ¢ < 0, and we change the integration half-line (0, {oo) for 7 to a suitable path
y” C D from 0 to oo, passing through the saddle-point 7, so that

max | F (& (n), n)| = [F;(§o. no)|
ney

with the maximum attained only at n9. Again, for any n € y” there exists a path 8,’7’ for & from O to 1
passing through = (), equivalent to [0, 1] by Cauchy’s theorem and satisfying (3-19). Therefore

Tim Llog|10hn, jn, kn, In, mn)] = —(j +K) log|z| +log| Fx(&o, no)l. (3-24)

4. Linear independence measures

In (2-27) we set z = 7, with integers r > 1 and s satisfying either s > r or s < 0, and we multiply by ron,
We obtain the following extension of [RV05, (4.12)]:

D,s®" (s — )P r®= =PI (hn, jn. kn,In, mn) = p, — ani2(£>,

D, s (s —r)ﬂ”r(‘s_"’_ﬂ)”ls(/lz(hn, jn,kn,ln,mn) = p, —ani1(£>, 4-1)
Dnsan(s _ r)ﬂnr(ﬁ—ct—ﬁ)nls(/zz(hn’ jn’ kn’ ln, mn) ={n,
with
s N 8 s s s
=B (2) =i (3). p=rRi()
By (2_28)’

Pns P qn € Z.
Let, by (3-3) and (3-12),

: Is|
Cy = _10g|fs/r(xw wl={G+k—=1—m) logT —log |Fs/r($w m) (v=0,1),

. Is|
cr =log| fs/r(x2, y2)| = +m — j—k)log - +log | Fy/r (62, m2)I,
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and
C3=M+N—(/ d¢(x)+/ dW(x))—i—(oz—l—m)loglsl+(m+h—k)logr+ﬁlog|s—r|. (4-2)
2 2

Since, by (2-16), § —a — 8 = h — k — [, applying (2-29), (3-13) and (3-18) in the last equation of (4-1)
we obtain .

lim —log|g,| =c2+c3. 4-3)

n—-oo n
Similarly, defining

rzil) = P,/1 — ¢l (g)» rr(12) =DPn— QnLiZ(g),

and using (2-29), (3-14), (3-15), (3-20), (3-21), (3-23) and (3-24) in the first two equations of (4-1), we
get

lim sup 1 log|r{V| <¢3—cy (4-4)
n—oo n
and, by (2-4),
lim sup 1 log |r,£2)| < ¢3 —min{cg, ¢1}. 4-5)
n—oo n
Moreover, if ¢y < ¢,
lim *log [r®] = e5 — co, (4-6)
n—oo n

by virtue of (3-14), (3-21) and (3-24). Thus, for a given z = %, if we choose the integers &, j, k, [, m such
that c3 < ¢o < c1, applying [Viola and Zudilin 2018, Lemma 5.1] with S =2, y; =Li; (f), V)= Liz(g) and
T = ¢g — c3, from (4-4) and (4-6) we deduce the linear independence over @ of 1, Li; (%) and Lig(f).
Once the linear independence is established, in order to improve the QQ-linear independence measure of 1,
Lij (%) and Liz(%) that can be obtained through the above choice of &, j, k, [, m, we can make a new
choice of h, j, k, [, m, possibly different from the previous one, with ¢ § ¢y and ¢3 < min{cg, c1}. Then,
by Hata’s lemma for S = 2 generalized by Marcovecchio for any S, i.e., by [Viola and Zudilin 2018,
Lemma 5.2] with § =2, y; = Lil(ﬁ), V) = Liz(g), d=0, 0 =cp+c3and T = min{cg, ¢} — c3, from

(4-3), (4-4) and (4-5) we get for 1, Li; (%) and Liz(’ ) the Q-linear independence measure

s

c+c3

with ¢ = min{cy, c1}; 4-7)
c—c3

i.e., for any ¢ > 0 and any (ag, a1, a2) € 73 \ {(0, 0, 0)},
‘ao +a)Lij (E) + azLi2<§) ‘ > C(e) A-(aten/e=ey—e,
where A = max{|ag|, |a1|, |a2|} and where the constant C(¢) > 0 is independent of (ag, a1, az).

We separately treat the positive and the negative cases, z > 1 and z < 0. From [RV05, Theorem 5.2]
where ¢3 < ¢ < ¢ is assumed, and from the subsequent discussion in Section 6 of that paper, we obtain
the Q-linear independence of 1, Li; (?) and Liz(ﬁ) for all integers r, s withr > 1 and s > s4(r) > r,
where s (r) is explicit. In [RV05] we found the values s (1) =6, s (2) =51, s4+(3) =173, s (4) =423.
Concerning Q-linear independence measures, applying [Viola and Zudilin 2018, Lemma 5.2] we get a

£ > 1 given in [Mar-

new proof of the linear independence measures of 1, Li; (%) and Liz(%) forz =+
covecchio 2016, Table p. 231], by choosing h =y, j=o1, k=1 +ay — a1, | = o+ a1 —an,
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z h | j| k|1l |m](ctes3)/(c—c3)

=5 10| 8| 7| 6|10| 61.68698...
—6| 10| 8| 7| 6|10| 43.51295...
=7 6432|3727 |43 | 32.76353...
64 3237|2743 | 25.05713...

-9 6432|3727 |43| 20.87789...
—10| 64|32 |37|27 |43 18.24158. ..
—11] 64|32|37|27 |43 16.41900. ..
—12| 64|32 |37|27 |43 15.08001...
130 | 65 | 76 | 54 | 86 14.04958. ..
—14 1130 | 65|76 | 54 | 86 13.22908. ..
—15]130| 65|76 |54 | 86 12.58420...
—16| 130 | 65 | 76 | 54 | 86 12.05561...
—17 130 | 65|76 | 54 | 86 11.61188...
—18| 130 | 65|76 | 54 | 86 11.23276. ..
—19|130| 65|76 | 54 | 86 10.90426. ..
—20| 130 | 65|76 | 54 | 86 10.61629. ..

¥ ¥ X ¥ ¥ ¥ ¥
|
o0

*
|
—
w

Table 1

m = «ay for each z, where oy, 81, oz, B2, ¥ are the integers in Marcovecchio’s table. Note, however,
that in Marcovecchio’s notation the quantity p appearing in the last column of his table equals our linear
independence measure (4-7) plus 1; i.e.,

ctc c+ec
M=2+3+1= +C

c—c3 c—c3

In the negative case, our method yields new Q-linear independence measures of 1, Li; (f) and Liz(g)
for integers r > 1 and s < s_(r) < 0 with explicit s_(r), improving both the results in [Hata 1993, Table 2
p- 386] and in [Marcovecchio 2016, Table p. 231]. For brevity we give numerical results only for r =1,
and for —20 < z =s < s_(1) = —5. For such values of z it is easy to prove the Q-linear independence
of 1, Li; (1) and Liy(1), e.g., with the choice & =20, j =10, k =13, [ =8, m = 16, which yields
c3 < ¢p < ¢ for all z € Z satisfying —20 < z < —5, and hence allows one to apply [Viola and Zudilin
2018, Lemma 5.1]. Then for each z we apply Lemma 5.2 of the same paper with the corresponding
values of &, j, k, [, m in Table 1, thus obtaining for 1, Lil(%) and Liz(%) the Q-linear independence
measure (c; + ¢3)/(c — c3) in the last column of the table.

The values of z in Table 1 marked with an asterisk are associated with £, j, k, [, m for which (3-17)
holds, i.e., such that the polynomial U (§) in (3-10) has complex conjugate roots &y, &1, whence ¢ =cg =c;.
For the remaining values of z, the corresponding £, j, k, [, m yield (3-16) with ¢ = ¢y < c;.

As an example we give below all the numerical values for z = —5, with h =10, j =8, k=7, [ =6,
m = 10. We get

I+m—j=8, m+h—k=13, h+j—1=12, j+k—m=35,
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fdzﬁ(x)z7.87642..., Q' =02,
2

C3=M+N—/ dyr (x) + Blog 6 = 22.49885 . . . .
2

The saddle-points of F_5(&, n) are
(&0, no) = (0.45905...4i0.04354 ..., 0.96082...—1i1.38422...),

&1 m) = (o, ),
(&2, m2) = (—12.05913 ..., —8.56053...).
Therefore
c=cyo=c; =23.60655..., ¢, =45.83193...,
whence we obtain the Q-linear independence measure of 1, Lij (—1), Lio(— 1) given by

c+c3
C—C3

=61.68698....
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