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Admissible endpoints of gaps in the Lagrange spectrum
Dmitry Gayfulin

For any irrational number « define the Lagrange constant (o) by
p (@) = liminf |g(ga — p)|.
peZ,qeN

The set of all values taken by p(«) as « varies is called the Lagrange spectrum L. An irrational « is

called attainable if the inequality .
p
‘a q S n(eg?

holds for infinitely many integers p and g. We call a real number A € L admissible if there exists
an irrational attainable o such that u(«) = A. In a previous paper we constructed an example of a
nonadmissible element in the Lagrange spectrum. In the present paper we give a necessary and sufficient
condition for admissibility of a Lagrange spectrum element. We also give an example of an infinite
sequence of left endpoints of gaps in L which are not admissible.

1. Introduction

The Lagrange spectrum L is usually defined as the set of all values of the Lagrange constants
. -1
ey (pérzr};réN lg(ga — p)I)

as « runs through the set of irrational numbers. Consider the continued fraction expansion of o

o =lap;ai,az,...,a,,...].
For any positive integer i define
Ai(a) = [a;; aiq1, ai42, .. ]+ [0 ai-1,ai—2, ..., a1].
It is well-known fact that
limsup A (@) = pu(a). (1
i—00

The equation (1) provides an equivalent definition of the Lagrange constant (o).

The following properties of L are well known. The Lagrange spectrum is a closed set [Cusick 1975]
with minimal point +/5. All the numbers of L which are less than 3 form a discrete set. The Lagrange
spectrum contains all elements greater than +/21; see [Freiman 1973; Schecker 1977]. The complement
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of L is a countable union of maximal gaps of the spectrum. The maximal gaps are open intervals (a, b)
such that (a, b) NL = &, but a and b both lie in the Lagrange spectrum. There are infinitely many gaps
in the nondiscrete part of the Lagrange spectrum [Gbur 1976].

Let « be an arbitrary irrational number. If the inequality

=2l <
q|  wlg?
has infinitely many solutions for integer p and g, we call « attainable. This definition was first given in
[Malyshev 1977]. One can easily see [Gayfulin 2017] that « is attainable if and only if A; () > u(x)
for infinitely many indices i. We also call a real number A € L admissible if there exists an irrational
attainable number « such that w(a) = A.
Let B denote a doubly infinite sequence of positive integers

B=(..,b_p,....b_1,b0,b1,....,b,,...).

For an arbitrary integer i define
Li(B) = [bi; bi—1, ...1+10; biy1, biya, .. ]

We will call a doubly infinite sequence B purely periodic if there exists a finite sequence P such that
B = (P). A doubly infinite sequence B is called eventually periodic if there exist three finite sequences
P, R, P, such that B = (P;, R, P,). One can also consider an equivalent definition of the Lagrange
spectrum using the doubly infinite sequences. We use the notation from [Cusick and Flahive 1989]:
L(B) =limsupA;(B), M(B)=supk;(B).
11— 00

The Lagrange spectrum L is exactly the set of values taken by L(B) as B runs through the set of doubly
infinite sequences of positive integers. The set of values taken by M (B) is called the Markoff spectrum.
We will denote this set by M.

We will call a doubly infinite sequence B weakly associated with an irrational number « = [ag; ay, . . .,
ap, .. .] if the following condition holds:

(1) For any natural i the pattern (b_;, b_;+1, ..., by, ..., b;) occurs in the sequence ay, az, ..., a,, ...
infinitely many times.

We will call B strongly associated with « if, additionally,
(2) u(a) =ro(B) = M(B).

One can easily see that if B is weakly associated with « then w(o) > M(B). As we will show in
Lemma 4.1, if o has bounded partial quotients, it has at least one strongly associated sequence.

2. Results of [Gayfulin 2017]
Theorem 1. The quadratic irrationality Ay = [3; 3, 3,2, 1, 1,21 +[0; 2, 1, 1, 2] belongs to L, but if « is
such that p(a) = Ao then o is not attainable.

Theorem I1. If A € L is not a left endpoint of some maximal gap in the Lagrange spectrum then there
exists an attainable a such that (o) = A.
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One can easily formulate these theorems using the concept of admissible numbers, introduced above.

Theorem I'. The quadratic irrationality Ao = [3; 3,3, 2, 1, 1,2141[0:2,1,1, 2] belongs to L, but is not
admissible.

Theorem II'. If A € L is not a left endpoint of some maximal gap in the Lagrange spectrum then A is an
admissible number.
3. Main results

Our first theorem is a small generalization of Theorem 3 in [Gayfulin 2017]. The proof will be quite
similar and use some lemmas from that paper.

Theorem 1. Let a be a left endpoint of a gap (a, b) in the Lagrange spectrum and a be an irrational
number such that («) = a. Consider a doubly infinite sequence B strongly associated with «. Then B
is an eventually periodic sequence.

It follows from Theorems I and II that there exist nonadmissible elements in the Lagrange spectrum
but all such numbers are left endpoints of some maximal gaps in L. The following theorem gives a
necessary and sufficient condition of admissibility of a Lagrange spectrum element.

Theorem 2. A left endpoint of a gap in the Lagrange spectrum a is admissible if and only if there exists
a quadratic irrationality o such that p(o) = a.

Of course, every quadratic irrationality is strongly associated with the unique sequence, which is
purely periodic. Therefore Theorem 2 is equivalent to the following statement.

Corollary 3.1. A left endpoint of a gap in the Lagrange spectrum a is not admissible if and only if there
does not exist a purely periodic sequence B such that Lo(B) = M (B) = a.

Theorem 2 provides an instrument to verify nonadmissible points in L. Define

o, =2+[0;1,...,1,2,2,1,2]+[0; 1,...,1,2,1,...,1,2,2,1,2],
—_—— —_—— —

——
2n—2 2n—1 2n—2
B, =24+2[0;1,...,1,2].
h\f_/
2n

The fact that (o, B,) is the maximal gap in the Markoff spectrum was proved in [Gbur 1976]. It is easy
to show that «r and B, belong to L; we will do this in Section 6. Hence, as L C M [Cusick 1975], the
interval (7, B,) is the maximal gap in L too.

Theorem 3. For any integer n > 2 the irrational number o, is not admissible.

One can easily see that o] =2+10;2,2,1,2]+[0;1,2,2,2, 1, 2] = n([0; 2,2,1,2]) = M (2,2, 1, 2).
Thus, «f is an admissible number by Theorem 2.
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4. Proof of Theorem 1
The following statement is well known. See the proof in [Cusick and Flahive 1989, Chapter 1, Lemma 6].

Lemma4.1. Let A=...,a_1,agp, ai, ... be any doubly infinite sequence. If M(A) is finite, then there
exists a doubly infinite sequence B such that M(A) = M (B) = Ao(B).

Using the same argument for the sequence A = (a1, az, ..., ay, ...), one can easily show:

Lemma4.2. Leta =1[0;ay,...,ay,...] bean arbitrary irrational number and a; < c for alli € N, for
some positive real number c. Then there exists a doubly infinite sequence B which is strongly associated
with .

As a < +/21, all elements of B are bounded by 4. For any natural n define ¢, = 2= s, =57201+2),
We need the following lemmas from [Gayfulin 2017].

Lemma 4.3. Suppose o = lag; ai, ..., a,, b1, ...] and B = lao; ay, ..., ay, c1,...], wheren >0, ag is
an integer, and ay, ..., a,, by, by, ..., c1, ca, ... are positive integers bounded by 4 with by # cy. Then
forn odd, o > B if and only if by > cy; for n even, a > B if and only if by < c;. Also,

Sn < oo — Bl < €.

Lemmad4.d4. Lety =[0;c1,¢2,...,cn,...Jand y' =[0; ¢}, ¢}, ..., cy, ...] be two irrational numbers
with partial quotients not exceeding 4. Suppose that every sequence of partial quotients of length 2n + 1
which occurs in the sequence (c|,c), ..., cy,...) infinitely many times also occurs in the sequence
(c1,¢2,...,¢CN, ...) infinitely many times. Then u(y') < u(y) + 2&,.

The following technical lemma was formulated in [Gayfulin 2017] for N = (2n 4+ 1)(4*"T! 4+ 1) and
the proof was incorrect. However, this is not crucial for the results of that paper, as we just need N to be
bounded from above by some growing function of . In this paper, we give a new version of the lemma
with correct proof.

Lemma 4.5. Let n be an arbitrary positive integer. Define N = N(n) = 2n + 2)(4*"*+> +1). If
b1, by, ..., by is an arbitrary integer sequence of length N such that 1 < b; < 4 forall 1 <i < N,
then there exist two integers ny, ny such that b, +; = by,+; forall0 <i <2n+1 and n1 =ny (mod 2).

Proof. There exist only 4°"*2 distinct sequences of length 21 + 2 with elements 1, 2, 3, 4. Consider
472 4 sequences: (b1, ..., by42), (bops3, ..., bapta), ..., (b(2n+2)42n+2+1, cees b(2n+2)42n+2+2n+2).
Dirichlet’s principle implies that there exist two coinciding sequences among them. Denote these se-
quences by (by,, ..., by, +2n+1) and (by,, ..., bp,+2n+1). Note that the index of the first element of each
sequence is odd; hence n; =ny =1 (mod 2), which finishes the proof. O

If ny = ny (mod 2) then the sequence (by,, by, +1, - - ., by,—1) has even length. This fact will be useful
in our argument.

Lemma 4.6. Let B be an arbitrary integer sequence of even length. Let A be an arbitrary finite integer
sequence and C an arbitrary nonperiodic infinite sequence. Then

min([0; A, B, B, C],[0; A,C]) <[0; A, B, C] <max([0; A, B, B, C], [0; A, C)). )
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Proof. As the sequence C is nonperiodic, the continued fractions in (2) are not equal. Without loss of
generality, one can say that the sequence A is empty. Suppose that

[0; B,C]>[0; B, B, C].

As the length of B is even, one can see that [0; C] > [0; B, C], which is exactly the right-hand side of (2).

The case when [0; B, C] < [0; B, B, C] is treated in exactly the same way. O
Lemmad4.7. Let y =[0; by, by, ..., by, ...] be an arbitrary irrational number, not a quadratic irrational-
ity. Consider the sequence By = (b1, by, ..., by) and define two numbers ny and n, from Lemma 4.5.
Define two new sequences of positive integers

By = (b1,b2, ..., bp—1,bnys byt ..., by),

B]ZV = (blv b27 AR ] bnlfl’ bnlv MR bnzflv bnl’ AR ] bl’lg*ls bnzs bn2+17 AR ] bN)

Let us also define two new irrational numbers:

Vl = [07 blvbzv "'7bn1—lvbn27bn2+lv "’7bN7bN+l9 ] = [09 le\lsbN-‘rl? ]7
)/2 = [07 bl’bZ’ "'7bn1—1abn15 ""bnz—l’bnp "'9bﬂ2—15bl’127bn2+17 "'9bN7 "'] = [05 sz\/"bN—Fla ']

Then max(y', y2) > y.

Proof. We apply Lemma4.6 for A= (b1, b2, ...,by,—1), B=bn,,bu,+1, -+, bny—1), C=(bpn,, byy+1,-..).
Here y = [0; A, B, C], yl = [0; A, C], and y2 = [0; A, B, B, C]. Note that as y is not a quadratic
irrationality, the sequence C is not periodic. ]

Now we are ready to prove Theorem 1.

Proof. Suppose that B is not periodic on the right side. Consider an increasing sequence of indices k()
such that for any natural j the sequence (ax(j)—j, -, ak(j), - - - » Gk(j)+;) coincides with the sequence
(b—j,...,bo,...,bj). Of course,

jlggo () (@) = Ao(B) = ().

Without loss of generality, one can say that k(j + 1) — k(j) — oo as j — oo. Consider an even n
such that ¢, < %(b —a) and N = N(n) as defined in Lemma 4.5. Define n| < n, from Lemma 4.5 for
the sequence (b1, ..., by). As B is not periodic to the right, define a minimal positive integer r such
that b, 4+, # by,+r. Consider the sequences BL, sz\, and the continued fractions y;, ¥, from Lemma 4.7
applied to the continued fraction [0; by, ..., b, ...] =y. If y» > y, define g = 2; otherwise we put g = 1.
Consider the doubly infinite sequence B’ = (..., b_,, by, Bf,, bn+1,...). Note that

a=xrp(B) <Xi(B)<a+e, <b.

Consider the corresponding continued fraction &’ which is obtained from the continued fraction « by
replacing every segment (a(jy, - - - , ax(j)+nN) = (ar(j), Bn) by the segment (ay;), B;‘\',) forevery j = no+r.
One can easily see that o’ and « satisfy the condition of Lemma 4.4 and hence u(a’) < u(a) + 2¢,. But
as u(a) +2e, < b and (a, b) is the gap in L, we have

p(@) < pla) =a. 3)
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On the other hand, one can easily see that the sequence B’ is weakly associated with . This means that
p(@) = M(B) = ro(B') > ho(B) =a.

We obtain a contradiction with (3). The case when B is not periodic on the left side is considered in
exactly the same way. (Il

5. Proof of Theorem 2

The following lemma from [Gayfulin 2017] immediately implies the “<” part of the statement of
Theorem 2.

Lemma 5.1. Consider an arbitrary point a in the Lagrange spectrum. If there exists a quadratic irra-
tionality y such that u(y) = a, then a is admissible.

Now it is sufficient to prove that if a is an admissible left endpoint of a gap in the Lagrange spectrum,
then there exists a quadratic irrationality « such that yu(«) = a.

Proof. Let a be an admissible left endpoint of some gap in the Lagrange spectrum. Let o = [ag; ay, . . .,
an, . ..] be an irrational number such that p(x) = a. Suppose that « is attainable, but not a quadratic
irrationality. Let k() be a growing sequence of indices such that

Ay (@) = p(e). 4)
Of course,
Jlgglo () (@) = p(a).
Consider a sequence B=(...,b_,,...,b_1,bo, by, ..., D,,...) strongly associated with o having the
following property: the sequence (b_;, ..., by, ..., b;) coincides with the sequence (ax(jy—i, - .., k(s - - -»

ax(j)+i) for infinitely many j’s. Theorem 1 implies that B is eventually periodic. That is, there exist a
positive integer m and two finite sequences L and R such that

B:(l_ub—m,~--’b0"'-7bmak)'

It follows from (4) that one of the inequalities

[ak(j); ak(j+1ys - - -1 = [bo; b1, - .., b, R,
[07 ak(j*l)v AR al] > [07 b717 ceey bfm, L_]
holds for infinitely many j’s. Note that [axj); arj+1), - - -1 # [bo; b1, ..., by, R), as a is not a quadratic
irrationality and, of course, [0; axj—1),...,a1] #[0;b_1, ..., b_p, L. Suppose that
[akj); ar(j+1)s - - -1 > [bo; bi, ... by, R] )

for infinitely many j’s. Denote by p the length of period R. Denote by r(j) the minimal positive number
such that ay(jy4r(j) # br(j). Without loss of generality, one can say that:

(D) k(G+1)—k(j)—r(j) > oc0as j — oo.
(2) largjy; ak+1) - -1 > [bo; by, ..., by, E] for every j € N.

Q) largjy: aki+1)s - - - » r(jy+ml = [bo; b1, . . ., by ] for every j € N.
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(4) The sequence (ak(jy—j, - - Ak(j)» - - - » Ak(j)+;) coincides with the sequence (b_;, ..., by, ..., b))
for every j e N.

(5) Period length p is even.

Denote by 7(j) the number of periods P in the sequence (b 41, ..., by(j)). Of course,
. r(j)—m
=[]
p
and 7(j) tends to infinity as j — oo. Lemma 4.3 implies that since (5) holds, we have
[@k(j); Qr(j+1)s - - > Ak (ytms Ry oo Ry ooy @k(y4r(ys - - -1 > [bo3 b1y - .. by, R
t(j) times
Denote by o, a continued fraction obtained from the continued fraction o = [ap; ay, ..., a,,...] as

follows: for any j € N if #(j) > n, then every pattern

ak(j), ak(j+1), ey ak(me, R, ey R, ey ak(j)+r(j)
t(j) times
is replaced by the pattern

ak(j),ak(j+1), e ,ak(j)+m, R, ey IS, e ,ak(j)+r(j).

n times

As the length of the period R is even, by Lemma 4.3 one has

[Qk(j); Qk(j+1)s - - > Ak Gytms Ry oo Ry ooy @k(yr(ys - - -1 = D03 b1y -y by R1> Spsuatyp- (6)
n times
On the other hand, as the sequence (ay(j)—;, - .., ax(j)) coincides with the sequence (b_;, ..., by) for all

j €N, by Lemma 4.3 one has
105 ak(jy—t1s - - s k(g - - - a1l = (05 b1, ... by, L]| < ;. @)

For any positive integers n, m, p there exists J such that for all j > J one has ¢; < %Ber(nH) »- Now,
from (6) and (7) we have for j > J

([0; A (j)—1s - s Ak(j)—js - > A1]

+Lak()s k1) -5 QkGyms By ooy Ry @iy 4r(j)s - -])

n times

—([0; b1, ..., b, L1+ [bo: b1, ... b, R]) > 38msinenyp (8)

Considering the limit in (8) as j — oo, we can easily see that u(«,) > u(a) + %am_l,_(n_i_l)p.
Note that
lim u(an) =p(@) =a. )
n—oo

Indeed, every pattern of length np which occurs in the sequence of partial quotients of « infinitely many
times occurs in the sequence of partial quotients of ¢, infinitely many times. Similarly, every pattern of
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length np which occurs in the sequence of partial quotients of ¢, infinitely many times, occurs in the
sequence of partial quotients of ¢« infinitely many times too. Then, by Lemma 4.4,

(@) = plan)] < 265, =277 -0

as n — o0o. We obtain a contradiction with the fact that a is the left endpoint of the gap (a, b) in the
Lagrange spectrum. Indeed, (8) implies that u(o,) > p(w) for all n € N. In addition, (9) implies that
there exists a positive integer N such that for any n > N one has a = pu(a) < u(a,) < b.

If (5) does not hold infinitely many times, then the inequality

[0; Ak(j—1)5 -« - - ,al] > [0; b_l, Ce ,b_m, L_]

holds infinitely many times. As « is not a quadratic irrationality, for any positive integer s there exists an
integer N (s) > s such that for all n > N (s) the continued fraction [0; a,, a,—1, ..., ds] is not convergent
to the continued fraction [0; b_1, ..., b_,,, L]. Without loss of generality, one can say that k(1) > N (1),
k(j+1) > N(2k(j)). Denote by r(j) the minimal positive number such that ax(j)—(j) # b—,(j). Itis
easy to see that the number r(j) is well-defined and

r(j+ D <k(j+1) —NQCk(j)) <k(G+1)—2k()).
Therefore k(j + 1) —r(j + 1) —k(j) — oo as j — oo. Now one can easily complete the proof using

exactly the same argument as we used in the first case. (I

6. Proof of Theorem 3
First of all, let us show that («}, B,) is the maximal gap in L. As
Bn=2+2[0;1,..., 1, 2] =pu(0; 1,...,1,2]),
— e’ N——
2n 2n
we have B, € L. The proof of the fact that o, € L when n > 2 is a little more complicated. Recall that
oy =24+[0;1,...,1,2,2,1,2]+[0; 1,..., 1,2, 1,...,1,2,2,1,2].
—— —— ——
2n—2 2n—1 2n—2
Denote by C, (k) the finite sequence of integers
C,(ky=(,1,2,2,1,...,1,2,1,...,1,2,1,...,1,2,2,1,2).
—_— ———— [ — —_— —
k 2n—2 2n—1 2n—2 k

A little calculation shows that

LCy() =2+410:1,...,1,2,2, 1,2, .. ]+[0: 1, ..., 1,2, 1,...,1,2,2,1,2,...].
2n—2 k 2n—1 2n—2 k

Therefore limy_, o, L(C,(k)) = c;. As L is closed set, we obtain that o, € L.
By [Gbur 1976, Lemma 4], «; is a growing sequence. One can easily see that

lim o =24 2[0; 1] = /54 1 ~ 3.236.

n—oo
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Thus, we have
@ <af <1+4+/5, wheren >2.
The following lemma is a compilation of Lemmas 3 and 4 from [Gbur 1976].

Lemma 6.1. Consider a doubly infinite sequence B=(...,b_p,...,b_1,bg, b1, ..., by, ...) such that
M (B) < «/5+ 1. Then all elements of B are bounded by 2 and B does not contain patterns of the form
2,1,2,1)and (1,2, 1, 2).

By Lemma 4.1, without loss of generality one can say that M (B) = Aq(B). Denote the continued
fractions [0; by, ..., by, ... Jand [0; b_1, ..., b_,,...] by x and y respectively. Then

M(B)=by+x+y.

Without loss of generality one can say that x < y. Now we need the following lemma from [Gbur 1976,
Theorem 4(1)].

Lemma 6.2. Let B be a doubly infinite sequence such that M (B) = Ao(B). Then for all n > 1 we have

Ba<M(B)=2+x+y<at,, << x=[0;1,....,1,2,..] and y=1[0;1,...,1,...].
—— ——

2n 2n
It also follows from [Gbur 1976, Theorem 4(ii)] that

2400: 1, ..., 1, .. ][0 1,..., 1,2, .. ] <~/5+1.
——— ——

2n+1 2n+1
Define
wo =[0;2, 1, 2, 2],
xo=1[0;1,...,1,2,2, 1,2] =[0; 1, ..., 1,2+ wol,
—— ——
2n 2n
y=1[0;1,...,1,2,1,...,1,2,2,1,2]=[0; 1,...,1,2,1,..., 1,24+ wp].
—— —— —— ——
2n+1 2n 2n+1 2n
Lemma 6.3. Let w = [0; a1, ay, ..., ay,...] be a continued fraction with elements equal to 1 or 2.
Suppose that the sequence (ay, az, ..., ay, . ..) does not contain the pattern (2, 1,2, 1). Then w = wy.
Proof. Denote the elements of the continued fraction wg = [0; 2, 1, 2, 2] by [0; a;, ...,a,,...]. Denote

by r the minimal index such that a, # a,. Suppose that w < wg. Then either r is odd, a, =2, a, =1
or r is even, a, = 1, a, = 2. However a, = 2 for any odd r; thus the first case leads to a contradiction.
Consider the second case. Of course, r > 4. Thena,_;=a,3=2,a _,=a,2=1,a,_,=a,_1=2.
This means that (a,_3, a,_2, a,—_1, a,) = (2, 1,2, 1) and we obtain a contradiction. |

Now we prove Theorem 3.

Proof. Suppose that o is admissible for some n > 2. Consider an attainable number o« such that
uw(e)=a;. Let B=(...,b_p,...,b_1,by, b1, ..., b,,...)be any sequence strongly associated with «.
Denote by f the increasing function

FO=10;1,...,1,241],
——
2n+1
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By Lemma 6.2, there exist 0 < v, w < 1 such that

x=1[0;1,...,1,24+v] and y=[0;1,...,1,14+w].
(N [ —
2n 2n—1
Note that x < x. Indeed,

x=[0;1,...,1,24+v]<[0;1,...,1,24+wo]l=xy <= v=wp.
—— ——
2n 2n

The last equality follows from Lemmas 6.3 and 6.1. Therefore

y=[0:1,...,1, 1+ w] > yo = f(x0).
~——
2n—1
In particular, b_,—1 =1, b_p,_» = 2 and there exists 0 < v < xg such that y = f(v) > f(xg). Hence
v > xo. On the other hand,

24 v+ f(x) =Agp2(B)<M(B)=x(B)=24+x+ f(v).

As |f(y)— f(@)| <|y—z| forany O < y, z < 1, one can easily see that v < x. Thus, v = x = x¢ and
y = yo. Hence the sequence B satisfies

B=(2,1,2,2,1,...,1,2,1,...,1,2,1,...,1,2,2,1,2)
—— —_——— —_———
2n 2n+1 2n

and is not purely periodic. We obtain a contradiction with Corollary 3.1, as we supposed B to be an
arbitrary sequence strongly associated with «. ]
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