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Matiyasevich-type identities for hypergeometric Bernoulli polynomials
and poly-Bernoulli polynomials

Ken Kamano

We give a Matiyasevich-type identity for hypergeometric Bernoulli polynomials and their generaliza-
tions. By using this identity, we also give an identity for poly-Bernoulli polynomials.

1. Introduction and main theorem

The Bernoulli polynomials B, (x) are defined by the generating function

0
te! B, (x) "

r__ = ]
e 1 n!
n=0

)]

When x = 0, the numbers B, (0) = B,, are called Bernoulli numbers.
A well-known convolution identity for Bernoulli numbers is the following Euler’s formula:

n
> (7 )BiBui=-nBuy = =DB, n=z1).
i=0
There are many generalizations of this identity. For example, Dilcher [1996] gave an identity for sums
of m products of Bernoulli polynomials (m =2, 3, ...).
On the other hand, by a p-adic method, Miki [1978] proved the following interesting identity which
relates two types of convolutions of Bernoulli numbers:

n—2 n—2
> Bibui— (1) BB =2HuBr (0= 4, @
i=2 i=2

where B, := B,,/m and H,, := Y i~ 1/i. Many alternative proofs and generalizations of this identity
have been discovered by several authors; see, e.g., [Crabb 2005; Dilcher and Vignat 2016; Gessel 2005].
Matiyasevich [1997, Identity #0202] discovered the following identity, which also relates two types of
convolutions of Bernoulli numbers:

n—2 n—2
(Y BB 23 (") BB, =ntn+ 1B, ()
i=2 i=2

for any n > 4. We note that the identity (3) becomes trivial for odd n > 4. It is known that Miki’s and
Matiyasevich’s identities can be proved by using a difference operator [Pan and Sun 2006; Artamkin
2007]; see also [Sun and Pan 2006].
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Let N be a positive integer and Q(t) € t"VR[¢]. We introduce polynomials Ina(x; Q) € Rlx]
(n=0,1,2,...) by the generating function

Q(1) v v Q)
o Vi =2 t

When Q(t) =tV /N!, the polynomials fy ,(x; Q) are nothing but the hypergeometric Bernoulli poly-
nomials By ,(x), which were first introduced by Howard [1967a; 1967b]. We note that B; ,(x) is the
ordinary n-th Bernoulli polynomial B, (x) defined by (1). We denote fx ,(x; Q) by f,(x; Q) if there is
no fear of confusion.

By definition, we have

fet+y: =Y (1) A 0x" =0, )
i=0
L @ =nf106.0) (n=1). )

The purpose of this paper is to give a Matiyasevich-type identity for fy , by using the difference
operator. The following is the main theorem of this paper.

Theorem 1.1. Let N, m and n be integers with N,m > 1 and n > 0. For Q,(t) € t"R[t] (1 < u < m),
we have

(nJrN]J\frm_]) > ﬁfN,il.(Xeru;Qu)

[1500es in>0 u=l
i1+ +ip=n

n+N+m—1
= Z O( P,+m—1 )BN,n—Pm-i-N(x)

x (( [5G+ 1 Qu)> - > ]_[(]l )fN it O Ql)) 6)

u=1 Jseees Jm=0
0<j1+-+jm<N-1

where P,, means p1+-- -+ pnm.

In Section 2, we give a proof of Theorem 1.1. In Section 3, we see that the identity (6) is a general-
ization of Matiyasevich’s identity (3). Moreover, as an example of identity (6), we give an identity for
poly-Bernoulli polynomials.

2. Proof of Theorem 1.1

For an integer N > 1, let us define a kind of difference operator Ay as

@)
/ () (f (x) € RIxDD), (7

ANfx) = flx+1)— Z

where £ is the i-th derivative of f. Itis clear that A is the ordinary difference operator.
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Since
o)
et =Nty
we have
B = (" ) =0, ®)

By definition, we have

hY ('fl)x”’_" form > N,

l

ANXm=
0 forO<m<N-—1.

Hence {Ayx™, AyxNt1, ..} provides a basis of the vector space R[x] over R. Therefore Ay f(x) =0
implies that f(x) is a polynomial of degree N — 1 and we obtain the following lemma.

Lemma 2.1. Ler f(x), g(x) e R[x]. If Ay f(x)=Ang(x), then f(x) and g(x) agree in their coefficients
of xJ for j > N.

By the identity

we have

o . o . Fep,
D N ) e e
p] pm (1 — x)pl+"'+17m+m
i1=l im=0

for m > 1. By comparing the coefficients of both sides, we obtain the following lemma.

Lemma 2.2. Forintegersm > 1, n>0and py, ..., pm >0, we have
Y )G = i)
At Pm pit++pmtm—1J
i14+ip=n

Now we prove our main theorem.

Proof of Theorem 1.1. For integers iy, ..., i, > 0, we have by (7)

Ay < [ ]/ G4 Qu))
u=1

m N—
=<1_[fiu(x+l+)7u;Qu)> Z%;—H fin G4y Qu)
u=1 =

=1

mo i G 0D £ ety O
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looog |
u=1pu=0 oo nZ0 S Jm

0<ji+-+jn<N—1

where we have used the general Leibniz rule. For any i, j > 0 we have, by (4) and (5),

Ailac i =(4) fimsxby: Q)—(i.)ii(’;j)fp(y; Q)x"—f—Pzi(;)(f)fp—j(y; Q).
. _
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where an empty sum is taken to be zero. Hence
3 04y 00 - I+ Yt Om)

- 2 T ()0 hesosoosn)

Jlseens ijO u=l “p,=ju
0 ittt jm<N-1

J'1,.~~ajr_n20
0<ji++jm<N—1

Therefore, by Lemma 2.2, we have
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By the relation

P _ ANBN n—p,+N(X)

o —PutNy
"5
which comes from (8), we have, for n > 0,
m
AN Z l_[fiu(x+yu; Qu)
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Applying Lemma 2.1 to this last identity, with

1 n+m—11y\ (n;mifnm:ll)
(”_PmJFN) (Pm—|—m—1> - (n+N+m—l)’
N N

we see that (6) holds up to a polynomial in x of degree N — 1. Finally, for any n > 0, by replacing n by
n+ N in (6) and differentiating with respect to x both sides N times, we obtain (6) for n. [l
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3. Identities for poly-Bernoulli polynomials

In this section, we give some identities derived from Theorem 1.1. Firstly, we give identities for the
ordinary Bernoulli polynomials.

Corollary 3.1. The following identities hold:

i1+ir=n

0+ Y BB =("37) B2 (5 15) BB ) (1= 1), (10)
p>0

n—+2
(1+2) Y BaG0BaD= Y (4 pog1)Bopiome
ij+ia=n p1,p2=0

X (Bp, (y1+1) By, (y2+1)— By, (y1) By, (y2))  (n=0). (11)
Proof. We apply N =1, m =2, Q(t) = Q»(t) =t and y; = y» =0 in Theorem 1.1. Since fj ,(x;t) =

B,(x), we have

2
142 Y By@Ba@ = 3 (4 ) Bt OBy (DB () = By By). (12)
i1+iz=n p1,p220

It is well known that B, (1) = B, + 81, (p > 0), where §;; is Kronecker’s delta function. Therefore the
right-hand side of (12) equals

(n—3|—2)3n_1(x) + 22(;;"_3)3”_[)()6)31%
p=>0

and this proves (10). Equation (11) can be also proved by applying x =0 in Theorem 1.1. ]

Remark 3.2. (i) Matiyasevich’s identity (3) can be obtained by setting x = 0 in (10).

(i) Agoh and Dilcher [2014, Theorem 1] gave an identity which includes (10). Pan and Sun [2006, Theo-
rem 2.1] gave an identity for D B;, (y1) Bi,(y2) with y; # y», but our identity (11) is different from theirs.

For any integer k, poly-Bernoulli polynomials C ,(lk) (x) are defined by the generating function

Lit(1—e) ., < CPw)
el —1 ¢ ZZ s

see, e.g., [Imatomi 2014, Chapter 6]. Here Lik (z) is the k-th polylogarithm defined by Lix(z) =) oo, 2"/ nk.
The numbers C,gk)(l) and C,(,k) (0) are poly-Bernoulli numbers B,(lk) and C,(lk) introduced by Kaneko [1997]
and Arakawa and Kaneko [1999], respectively. When k = 1, it can be checked that C,(,l)(x) = B, (x)
where B, (x) are the ordinary Bernoulli polynomials defined by (1). When N =1 and Q(r) =Liy(1—e7"),
we have f,(x; Q) = C,(,k)(x). Hence the following corollary is obtained from Theorem 1.1.

Corollary 3.3. For integers k1, ko and n with n > 0, we have

n+2
n+2) Y cPwcPm= Y (pl+p2+1)B,,_,,l_ml(x)(B;’jl)B},’;z)—C§,’j|>c§,’§2>).

i1+ir=n p1,p2=
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It is known that B,Sk) = C,(,k) + C}gk__ll) for n > 0. Here, when n = 0, we set C(_kl_l) = ( for any k. Hence
the identity above can be rewritten in the form using only C ,(lk):

Corollary 3.4. For integers k1, ko and n with n > 0, we have
(n+2) Z Ci(lkl)(x)Ci(fZ)(x)
i1+ia=n

n+2 () Ga—=1) | () nki=1) | ki —1) (ko —1)
= 2 <p1+p2+1)B"—m—mﬂ(x)(cm' Cpt FC0 Copt T 6 Cppt )
p1,02>0

Acknowledgement

This work was supported by Grant-in-Aid for Young Scientists (B) from JSPS KAKENHI (16K17583).

References

[Agoh and Dilcher 2014] T. Agoh and K. Dilcher, “Higher-order convolutions for Bernoulli and Euler polynomials”, J. Math.
Anal. Appl. 419:2 (2014), 1235-1247. MR Zbl

[Arakawa and Kaneko 1999] T. Arakawa and M. Kaneko, “On poly-Bernoulli numbers”, Comment. Math. Univ. St. Paul. 48:2
(1999), 159-167. MR Zbl

[Artamkin 2007] I. V. Artamkin, “An elementary proof of the Miki—Zagier—Gessel identity”, Uspekhi Mat. Nauk 62:6 (2007),
165-166. In Russian; translated in Russian Math. Surveys 62:6 (2007), 1194-1196. MR Zbl

[Crabb 2005] M. C. Crabb, “The Miki—Gessel Bernoulli number identity”, Glasg. Math. J. 47:2 (2005), 327-328. MR Zbl
[Dilcher 1996] K. Dilcher, “Sums of products of Bernoulli numbers”, J. Number Theory 60:1 (1996), 23-41. MR Zbl

[Dilcher and Vignat 2016] K. Dilcher and C. Vignat, “General convolution identities for Bernoulli and Euler polynomials”,
J. Math. Anal. Appl. 435:2 (2016), 1478-1498. MR Zbl

[Gessel 2005] 1. M. Gessel, “On Miki’s identity for Bernoulli numbers”, J. Number Theory 110:1 (2005), 75-82. MR Zbl

[Howard 1967a] F. T. Howard, “A sequence of numbers related to the exponential function”, Duke Math. J. 34 (1967), 599-615.
MR Zbl

[Howard 1967b] F. T. Howard, “Some sequences of rational numbers related to the exponential function”, Duke Math. J. 34
(1967), 701-716. MR Zbl

[Imatomi 2014] K. Imatomi, Multiple zeta values and multi-poly-Bernoulli numbers, Ph.D. thesis, Kyushu University, 2014,
available at https://catalog.lib.kyushu-u.ac.jp/opac_download_md/1441041/math162.pdf.

[Kaneko 1997] M. Kaneko, “Poly-Bernoulli numbers”, J. Théor. Nombres Bordeaux 9:1 (1997), 221-228. MR Zbl

[Matiyasevich 1997] Y. Matiyasevich, “Identities with Bernoulli numbers”, web page, 1997, available at http://logic.pdmi.ras.ru/
~yumat/Journal/Bernoulli/bernulli.htm.

[Miki 1978] H. Miki, “A relation between Bernoulli numbers”, J. Number Theory 10:3 (1978), 297-302. MR Zbl

[Pan and Sun 2006] H. Pan and Z.-W. Sun, “New identities involving Bernoulli and Euler polynomials”, J. Combin. Theory
Ser. A 113:1 (2006), 156-175. MR Zbl

[Sun and Pan 2006] Z.-W. Sun and H. Pan, “Identities concerning Bernoulli and Euler polynomials”, Acta Arith. 125:1 (2006),
21-39. MR Zbl

Received 18 Apr 2018. Revised 19 Aug 2018.

KEN KAMANO:

ken.kamano @oit.ac.jp
Department of Robotics, Osaka Institute of Technology, Osaka, Japan

MJCNT — published in partnership with the :.
Moscow Institute of Physics and Technology msp


http://dx.doi.org/10.1016/j.jmaa.2014.05.050
http://msp.org/idx/mr/3225431
http://msp.org/idx/zbl/1293.11032
http://msp.org/idx/mr/1713681
http://msp.org/idx/zbl/0994.11009
http://www.mathnet.ru/links/dc6a0bfe858b06a0b225c094d16f92de/rm8548.pdf
https://doi.org/10.1070/RM2007v062n06ABEH004482
http://msp.org/idx/mr/2382480
http://msp.org/idx/zbl/1141.11305
http://dx.doi.org/10.1017/S0017089505002545
http://msp.org/idx/mr/2203500
http://msp.org/idx/zbl/1160.11312
http://dx.doi.org/10.1006/jnth.1996.0110
http://msp.org/idx/mr/1405723
http://msp.org/idx/zbl/0863.11011
http://dx.doi.org/10.1016/j.jmaa.2015.11.006
http://msp.org/idx/mr/3429654
http://msp.org/idx/zbl/06522725
http://dx.doi.org/10.1016/j.jnt.2003.08.010
http://msp.org/idx/mr/2114674
http://msp.org/idx/zbl/1073.11013
http://dx.doi.org/10.1215/S0012-7094-67-03465-5
http://msp.org/idx/mr/0217035
http://msp.org/idx/zbl/0189.04204
http://dx.doi.org/10.1215/S0012-7094-67-03473-4
http://msp.org/idx/mr/0217036
http://msp.org/idx/zbl/0189.04205
https://catalog.lib.kyushu-u.ac.jp/opac_download_md/1441041/math162.pdf
http://dx.doi.org/10.5802/jtnb.197
http://msp.org/idx/mr/1469669
http://msp.org/idx/zbl/0887.11011
http://logic.pdmi.ras.ru/~yumat/Journal/Bernoulli/bernulli.htm
http://dx.doi.org/10.1016/0022-314X(78)90026-4
http://msp.org/idx/mr/506640
http://msp.org/idx/zbl/0379.10007
http://dx.doi.org/10.1016/j.jcta.2005.07.008
http://msp.org/idx/mr/2192774
http://msp.org/idx/zbl/1153.11012
http://dx.doi.org/10.4064/aa125-1-3
http://msp.org/idx/mr/2275215
http://msp.org/idx/zbl/1153.11012
mailto:ken.kamano@oit.ac.jp
https://mipt.ru/english/
http://msp.org

Moscow Journal of Combinatorics
and Number Theory

EDITORS-IN-CHIEF
Yann Bugeaud

Nikolay Moshchevitin
Andrei Raigorodskii
Ilya D. Shkredov

EDITORIAL BOARD

Iskander Aliev
Vladimir Dolnikov
Nikolay Dolbilin

Oleg German

Michael Hoffman
Grigory Kabatiansky
Roman Karasev

Gyula O. H. Katona
Alex V. Kontorovich
Maxim Korolev
Christian Krattenthaler
Antanas LaurinCikas
Vsevolod Lev

Janos Pach

Rom Pinchasi
Alexander Razborov
Joél Rivat

Tanguy Rivoal
Damien Roy

Vladislav Salikhov
Tom Sanders
Alexander A. Sapozhenko
J6zsef Solymosi
Andreas Strombergsson
Benjamin Sudakov
Jorg Thuswaldner
Kai-Man Tsang
Maryna Viazovska
Barak Weiss

PRODUCTION
Silvio Levy

Cover design: Blake Knoll, Alex Scorpan and Silvio Levy

msp.org/moscow

Université de Strasbourg (France)

bugeaud @math.unistra.fr

Lomonosov Moscow State University (Russia)
moshchevitin@gmail.com

Moscow Institute of Physics and Technology (Russia)
mraigor@yandex.ru

Steklov Mathematical Institute (Russia)
ilya.shkredov @ gmail.com

Cardiff University (United Kingdom)

Moscow Institute of Physics and Technology (Russia)
Steklov Mathematical Institute (Russia)

Moscow Lomonosov State University (Russia)
United States Naval Academy

Russian Academy of Sciences (Russia)

Moscow Institute of Physics and Technology (Russia)
Hungarian Academy of Sciences (Hungary)

Rutgers University (United States)

Steklov Mathematical Institute (Russia)

Universitit Wien (Austria)

Vilnius University (Lithuania)

University of Haifa at Oranim (Israel)

EPFL Lausanne(Switzerland) and Rényi Institute (Hungary)
Israel Institute of Technology — Technion (Israel)
Institut de Mathématiques de Luminy (France)
Université d’ Aix-Marseille (France)

Institut Fourier, CNRS (France)

University of Ottawa (Canada)

Bryansk State Technical University (Russia)
University of Oxford (United Kingdom)

Lomonosov Moscow State University (Russia)
University of British Columbia (Canada)

Uppsala University (Sweden)

University of California, Los Angeles (United States)
University of Leoben (Austria)

Hong Kong University (China)

EPFL Lausanne (Switzerland)

Tel Aviv University (Israel)

(Scientific Editor)
production@msp.org

See inside back cover or msp.org/moscow for submission instructions.

The subscription price for 2019 is US $310/year for the electronic version, and $365/year (+$20, if shipping outside the US) for print
and electronic. Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP.

Moscow Journal of Combinatorics and Number Theory (ISSN 2640-7361 electronic, 2220-5438 printed) at Mathematical Sciences
Publishers, 798 Evans Hall #3840, c/o University of California, Berkeley, CA 94720-3840 is published continuously online. Periodical

rate postage paid at Berkeley, CA 94704, and additional mailing offices.

MICNT peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY
mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2019 Mathematical Sciences Publishers


http://msp.org/moscow/
bugeaud@math.unistra.fr
moshchevitin@gmail.com
mraigor@yandex.ru
ilya.shkredov@gmail.com
production@msp.org
http://dx.doi.org/10.2140/moscow
http://msp.org/
http://msp.org/

Moscow Journal of Combinatorics and Number Theory
vol.8 no.2 2019

A simple proof of the Hilton—Milner theorem 97
PETER FRANKL

On the quotient set of the distance set 103
ALEX I0SEVICH, DOOWON KOH and HANS PARSHALL

Embeddings of weighted graphs in Erdds-type settings 117
DAVID M. SOUKUP

Identity involving symmetric sums of regularized multiple zeta-star values 125
TOMOYA MACHIDE

Matiyasevich-type identities for hypergeometric Bernoulli polynomials and 137

poly-Bernoulli polynomials
KEN KAMANO

A family of four-variable expanders with quadratic growth 143
MEHDI MAKHUL

The Lind—Lehmer Constant for 77, x Z; 151
MICHAEL J. MOSSINGHOFF, VINCENT PIGNO and CHRISTOPHER PINNER

Lattices with exponentially large kissing numbers 163
SERGE VLADUT

A note on the set A(A+ A) 179
PIERRE-Y VES BIENVENU, FRANCOIS HENNECART and ILYA SHKREDOV

On a theorem of Hildebrand 189

CARSTEN DIETZEL


http://dx.doi.org/10.2140/moscow.2019.8.97
http://dx.doi.org/10.2140/moscow.2019.8.103
http://dx.doi.org/10.2140/moscow.2019.8.117
http://dx.doi.org/10.2140/moscow.2019.8.125
http://dx.doi.org/10.2140/moscow.2019.8.137
http://dx.doi.org/10.2140/moscow.2019.8.137
http://dx.doi.org/10.2140/moscow.2019.8.143
http://dx.doi.org/10.2140/moscow.2019.8.151
http://dx.doi.org/10.2140/moscow.2019.8.163
http://dx.doi.org/10.2140/moscow.2019.8.179
http://dx.doi.org/10.2140/moscow.2019.8.189

	1. Introduction and main theorem
	2. Proof of Theorem 1.1
	3. Identities for poly-Bernoulli polynomials
	Acknowledgement
	References
	
	

