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The Lind-Lehmer Constant for Z; X Zj

Michael J. Mossinghoff, Vincent Pigno and Christopher Pinner

For a finite abelian group the Lind—Lehmer constant is the minimum positive logarithmic Lind—Mahler
measure for that group. Finding this is equivalent to determining the minimal nontrivial group determi-
nant when the matrix entries are integers.

For a group of the form G = 7% x Z3 with |G| > 4 we show that this minimum is always |G| — 1,
a case of sharpness in the trivial bound. For G = Z; X Zn with n > 3 the minimum is 9, and for
G = Z3 x Z3n the minimum is 8. Previously the minimum was only known for 2- and 3-groups of the
form G = Z’; or Z k. We also show that a congruence satisfied by the group determinant when G =1,
generalizes to other abelian p-groups.

1. Introduction

Recall that for a polynomial F(xy,...,Xg) in Z[xy,...,Xx], one defines the traditional logarithmic
Mahler measure by

1 1
m(F):/O /0 log |F(e?™™1, ... e XK) | dxy - - dxy.

Lind [2005] viewed [0, 1]* as the group (R/ Z)k and generalized the Mahler measure to arbitrary compact
abelian groups. In particular, for the finite abelian group

G=12p, XXy, (D

and F € Z[xy, ..., x|, we define the logarithmic Lind—Mahler measure by

- K : .
mg(F) = Gl Z Z log | F(e2mixi/m  p2mixi/niy|
x1=1 xp=1
Writing

Wy = ean/n’

we plainly have

1
mg(F) = m10g|MG(F)|,
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where
ni

Mg(F) := ]_[ [T Fwlt....owiky ez

J1=1  jr=1

The close connection of the Lind—Mahler measure to the group determinant was explored by Vipismakul
[2013]. Recall that for a finite group G = {g;, ..., gn} one assigns a variable x, for each g in G and
defines the group determinant, Y (xg,, ..., Xgy ), to be the determinant of the N x N matrix whose
ij-th entry is x gigrld homogeneous polynomial of degree N in the xg. From Dedekind’s factorization
of the group determinant of an abelian group in terms of the group characters [Dedekind 1968, pp. 420-
421] (see also [Lang 1978, p. 89], or the historical survey [Conrad 1998]), it is readily seen that for a
group of the form (1) we have

D6(ag,, ... agy) = Mg(F), F(x1,...,x5):= Z ag x| X (2)
g=(my,....,my)€CG

Analogous to the classical Lehmer problem [1933], we can ask for the minimal positive m g (£'), and
to this end we define the Lind—Lehmer constant for G by

AMG) :=min{|Mg(F)| > 1: F e Z[xy,...,xil}.

We use | Mg (F)| rather than mg(F) or |Mg(F)|'/!¢! so that we are dealing with integers; of course
the minimal positive logarithmic measure will be (1/|G|)log A(G). As Lind observed, for |G| > 3 we
always have the trivial bound

AMG) = |G-, 3)

achieved, for example, by

xi"—1
F(xq,... xk)——l—i-l_[ —
-

i=1
Lind also showed that for prime powers p* with o > 1 we have

3 ifp=2,

4
2 if p >3, @

MZpa) = {

achieved with x> + x 4+ 1 if p =2 and x + 1 if p > 3. Lind’s results for cyclic groups were extended
by Kaiblinger [2010] and Pigno and Pinner [2014] so that A(Z,,) is now known if 892 371480} m. The
value for the p-group Z]; was recently established by De Silva and Pinner [2014], but little is known for
direct products involving at least one term Z,e with o > 2.

Here we are principally interested in the case of 2-groups

G:Zzalx"'X22ak. (5)
It was shown in [DeSilva and Pinner 2014] that for all £k > 2

AZEy =2k 1, (6)
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a case of equality in (3). We establish two main results regarding the Lind—Lehmer constant for groups
of the form (5). First, we prove that equality occurs in (3) whenever G is a 2-group whose factors are all
ZyorZy.

Theorem 1.1. If G = Z; or Zi or Zg X Zi, then
A(G) = max{3, |G| —1}.
Second, we show that this is not true for all 2-groups: if we allow «; > 3 in (5) then (3) need not be
sharp.
Theorem 1.2. Forn >3
)\.(Zz X Zzn) = 9,
achieved with F(x,y) = y* +y + 1.

Crucial to our proofs of these statements will be a congruence satisfied by Mg (F) when G is an
abelian p-group. This generalizes a result [DeSilva and Pinner 2014, Lemma 2.1] for groups of the form
G = lej ; see also [Vipismakul 2013, Theorem 2.1.2].

Lemma 1.3. If p is a prime and
G =Zpoy X+ X 2y, @)
then
Mg(F) = F(,..., )% mod p*.

By the correspondence (2) this gives us a congruence satisfied by the group determinant, when the
variables are integers and G is of the form (7),

N
PDelag,,....dgy) = (Z ag) mod pk.

geCG

Notice that for the p-group (7) we have

o (0773
Mg(F) =[] [T Neryooi (F),
t1=0 t =0
where
pal pak
Nyt (F) = 1_[ 1_[ F(w}{é,l,...,w;é;k)ez
J1=1 Jrk=1

(1,p%)=p"t  (ji,p*k)=p'k
Ntl’“.’tk (F) — F(l’ L l)w(poll_tl)...(p(pak_l/\') mOd p. (8)

In particular if p | F(1,...,1) we have p | Ny,,... 4, (F) for all #; and |G| p¥ | Mg (F). So, in view of (3),
we can assume for the p-group (7) that p t F(1,...,1) for any F achieving A(G).
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Thus, in the case of 2-groups we can assume an F' with minimal measure has F(1,...,1) odd, and
by Lemma 1.3 we see that
Mg (F) =1 mod 2*. )

Note this immediately produces (6).
Similarly for 3-groups we can assume that an F with minimal measure has 3} F(1,...,1) and
Mg (F) = +1 mod 3¥. This produces another case of equality in (3):

AZEy =3k -1,

as observed in [DeSilva and Pinner 2014]. For G = Z3 X Z3n, we have Mg (F) = £1 mod 9 and so we
immediately obtain the minimal measure for an additional family of 3-groups.
Theorem 1.4. Forn > 1
)\(Zg, X Z3n) =8,
achieved with F(x,y) =y + 1.

Section 2 of this article is devoted to the proof of Lemma 1.3, Section 3 establishes Theorem 1.1, and
Section 4 proves Theorem 1.2.

2. Proof of Lemma 1.3

We proceed by induction on oj + -+ + ag. If G = Z), then, as in (8), we can just use that [w, — 1|, =
p~1/P=1 < 1; since Mg(F) € Z and Mg (F) = F(1)? mod (1 — wp) we see that Mg (F) = F(1)?

mod p.
Set
pYk
)
g(x1,....xp) = 1_[ HF(x v X
=1 lr=1
and let 7 be the ideal in Z[xy, ..., x,] generated by xf’al —1,..., x,fak — 1. Expanding, we have
g(x1,....x5) = Z Z a(ﬁl,...,ﬁk)xfl ---xi" mod 1.
0=<{;<p*1 0=<{<p%k
We set
p¥l1 pYk
S::Z Zg(w al,...,w:‘ik
1=l jr=1
= Z Z ally, ... L) Z Z wllfl - kak
0={1<p®l  0={y<p%k j1=1  jk
=a(0,..., 0)p°‘1+'"+°"".
If (ji, p*) =+ = (Jg, p¥) = 1, then for these @(p*!) --- @(p**) values we have

g(w al,...,w;]ék) = Mg (F).
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Suppose that (j, p®') = p't, ..., (jk, p*) = p'* with at least one #; # 0, and with z; = «; for exactly
L > 0 of the #;. Suppose without loss of generality that z; = o; forany i =1,..., L and #; < «; for any
i=L+1,... k. Forthese p(p*L+171L+1) ... o(p* ') values, applying the induction hypothesis to
G = Zjar 1=t 41 X+ X Lpay—1, We have

;o 14+t
g(w “1""’wljyl‘§‘k) =Mg(FQ,...,1,xp41,....,x))°
(@f 41 —tp )t —t) L pf1 g
—(F(1,...,1)P L4170 41 ke —|—hpk L)pl k
= F(l, o 1)|G| mod pk—L-i-O!]+"'+OlL+lL+1+"'+tk'

Hence these (p — 1)KL p@r+1=t+1=D+~+@—%=1) terms contribute

Q(pLH1TIATy L o(p Ty F(1, ..., 1)|C mod por e
to S. Thus

0=@(p™) - p(p* MG (F) + (p1T7 T —p(p®1) -+ o(p*)) F(1,...,1)IC!
= (p— Dk pat-tau—kpre(F)— F(1,...,1)¢) mod por+-+ox
and the statement follows. O
3. Proof of Theorem 1.1

To prove Theorem 1.1, we require the following lemma.

Lemma 3.1. Suppose that F € Z[xy, ..., Xy), and let I denote the ideal of Z[xy, ..., x| generated by

"1 —-1,.. K —1. Then F(wnl,.. w,ﬁ‘) =0 foralll < ji <njifandonly if F € I.
Proof. Plamly any F in I will have F (wn e wﬁ’lf) = 0 for all 0 < j; < n;. Conversely, suppose that
F (w,,l . ) =0forall 0 < j; <n;. Clearly any F can be reduced mod [ to a polynomial of degree

less than n; in each Xi:

ni—1 ni—1

F(xy,....xx) = Z Z a(tl,...,tk)xil-nxlt("' mod 1.

t1=0 t=0

Since Z"‘ (t’ i — ¢ if ti # T; mod n; (and n; otherwise) we have
ni—1 ni—1
a(Tl,...,Tk)— Z Z F(w,{i,...,w,ﬁz)w;lml---w,;fkjk.
11—0 Jk=0
Soa(Ty,...,T) =0forall 0 <T; <n;and F =0 mod /. O

We now proceed to the proof of our first principal result.

Proof of Theorem 1.1. Suppose that G = Za; X -+ X Zyey, with 2% =4 for | <i <s and 2% = 2 for
s+1=<i<k.Wewrite r =k —s. In view of (4) and (6) we may assume that X > 2 and s > 1. Suppose
that F(xq,...,Xxx) has

1< |Mg(F)|<|G|—1=2k+s_1,



156 MICHAEL J. MOSSINGHOFF, VINCENT PIGNO AND CHRISTOPHER PINNER

where
Me(F)= ] = Flu.....up). (10)
Ulse.ns ug==+1,%i
Ugt1seU==E1
Suppose that one of the nonunits F(uy, ..., u,) in the product (10) has at least one of its u; complex,

say uq = =i, and set G’ = Zyas X - -+ X Z5a . Plainly we may write
Mg(F)= AB,
with
A:=Mzp,xg'(F), B:=Mg(F(@i,xa,....,x¢)F(—=i,x2,...,Xxk)).
From (9) we know that Mg (F) and A, and hence B, are all congruent to 1 mod 2k, Also B will be

of the form |a + ib|? and hence cannot be negative. Since it contains a nonunit we have B > 1; hence
B>2K41.If A#1then|A|>2%—1and |[Mg(F)| > (2K -1)(2k +1) =4%¥—1> |G| -1, so we must

have A =1. Thus if F(uy,uz,...,ux) is anonunit with u; = £i, we may assume that the F'(uy, ..., ug)
with uj = £1 are units. We have two possibilities for the F(u;, ..., uy) in the product (10):

(a) There is at least one nonunit F(uy,...,ux) with some u; = *£i.

(b) F(uy,...,ug) is a unit whenever any of the u; = +£i.

With I denoting the ideal generated by the szaj — 1, and splitting the x;-dependence into even and
odd exponents p(x;) = a(xlz) + xlﬂ(xf), we can write

F(xq,...,x;) = Z a(gl,ez,...,sk)(xf)xf‘xgz---x,‘i" mod 1.
0=<¢e3,...,64=<3,
0=<€1,85415-» er=<1
Since F(1,...,1)=> a(ey,&z,...,e)(1) is odd, we know that at least one of the a(eq, €3, ..., x)(1)
is odd. Replacing F' by x(lsl --~x§,”F with 0 <81,6854+1,...,8, <land 0 <4,,...,8s <3, and reducing
mod 7, to reshuffle the a(eq, ..., sk)(xf), and replacing F by —F as necessary, we can assume that
F1,...,1)=1mod4, a(0,...,0)(1)is odd. (11

Case (a): Suppose we have nonunits in the product (10) with complex ;. Reordering and taking x; —
E£x1xj for2 < j <sand x; — xxj fors < j < k as necessary, we assume that the first of these
is y1 = F(i,1,...,1). If (after the transformations) there are other nonunits with complex entries in
positions other than the first, by reordering and substituting x; with x;x, as necessary for j > 3, we
may assume that y, = F(&£i,i, £1,..., £1). If there are still nonunits with u; = +i, j > 3, then, after
reordering and substitutions, we have a nonunit y3 = F(&%i, £i,i, +1,..., £1). We repeat this, / times
say, until there are no new nonunits with a complex u;, j > h. That is, for some 1 </ < s, we have
h nonunits y; = F(ajy,....aj,) withajj =i, ajy =i for 1 <{ < jandaj, = £1forh <{ <k, and
F(uy,...,uz) is aunit whenever uy, = +i with h < £ < s if h <s. Adjusting as above we can assume
that (11) holds.
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Since the F(£1,u,,...,uy) are all units, with F(1,...,1) =1, and

a(O,...,O)(1)=% > F(uy, ... up)
Uz,...,us==+i,+1
UL Usg41,.. U ==F1
is odd, plainly the F(%£1,us,...,u;) must all be 1. Applying Lemma 3.1, we may therefore assume
that
F(x1,...,x,) =1+ (xf—1) Z a(el,ez,...,ek)x'f‘xzz---xz".
0=<ep,...,64=<3,
0=<€1,85415---» e =<1
Notice that the F(%i,u;,...,u;) € Z[i] will all have odd real part and even imaginary part. More-
over, writing 7 = (1 — i), where 72 |2, we have u; = 1 mod  for any u; = &1 or +i, and the
F(%i,us,...,ux) must all be congruent mod 73 in Z[i]. Since |7|, = 27!/2, plainly two units
+1,4i in Z[i] cannot be congruent mod 73 unless they are equal. If 4 > 2 then we know that the
F(%i,+1,us,...,u;) will all be units and so must be all 1 or all —1. Replacing F by xle we can
assume that they are all 1. Applying Lemma 3.1 we get

F(xy,...,xp) =1+ (x] = D(x3—1) Z a(ey, ez, ..., ep) X7 X532 Xk

0=<e3,...,64=<3,
0=<61,62,E5415eee & =1

Likewise, if # > 3 we have that F(+£i, i, £1,uq4,...,us) are all units and congruent to 1 mod 4, so
these must all equal 1. Applying the lemma and repeating up to F(=%i,...,£i, =1, up1q,...,ug), we
deduce that
h
F(xl,...,xk)=1+l—[(xj2—1) Z a(sl,ez,...,sk)xflxgz---x,i".
j=1 0=<ep41,..-,65=3,

0=<€1,.cs8n,854150-:6k =1

If s > h, we further have that the F(=%i,...,%i,upys,...,ux) are all units. If 4 > 2 they will all be
congruent to 1 mod 4 and so must all equal 1. If 7 = 1 then they are all 1 or all —1 and, by replacing F
by x%F if necessary, we may assume they are all 1. Writing

h
Fxroooooxp) = 1+ [TGF = D(f Ghgae o X0) + Xn18 (g - - x30) mod (7, + 1),
j=1

separating into real and imaginary parts and applying Lemma 3.1 to f and g, we get that f, g =0 mod /.
Repeating for each variable, we find that

h s
F(xl,...,xk)=1+l_[(xj2—l) l—[ (sz—i—l) Z a(er. ez, ..., e5) x;' X537 - X"
j=1 j=h+1 0=<eq,....ex <1
Suppose that there are > 1 conjugate pairs of nonunits F(aj,...,a;r) = y;. Then plainly

yj =aj +ibj, aj =1mod?2’, b;=0mod?2’ (12)
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Trivially we have |yj|> > 5, and if 7 > r + s then

|Mg(F)| >5">5".5>2".45—1,
SO we can assume that
t<r+s—1. (13)

If + <r then, using x; = —x; as necessary for 1, and for the subsequent y; reordering and using the
transformation x — xyx; if u; = —1 to remove any uy = —1 with £ > j, we can assume that the r-tuples

(Us+1, ..., ug) achieving the y; take the form
t—1

—_—
(1,1, (£L,1,...,1), (£, +1,1,....0, ..., (£l %0,1,....1)

(here we are focusing on the u; with j > s, which recall are taking the values £1). In particular,
F(uy,...,ug) willbe aunitif u; = —1forany s +¢ < j < k. (If s > 2, the units will all be 1;if s =1
we may need to take x%F to make the value when ug4+; = —1 and hence the rest equal 1.) Successively
applying the lemma again, we find

h s k
F(xl,...,xk)zl—l—l_[(xj?—l) 1_[ (7 +1) 1_[ (xj + DR

j=1 j=h+1 j=s+t
with

— €1 .82 Es+r—1
R = E a(e1,€2, . Es4r—1) X| X7 X 2T
0=<ep,...,e541—1=1

Hence we obtain
yj =aj +ibj, aj =1mod 25T 17 b =0 mod 25T 177,
From (13) and (12) this is plainly also valid if # > r. Thus, we have

|MG(F)| — |V1| . |Vt| > (2r+s+1—t _ 1)21‘ > 22t(r+s+1/2—t) > 22(r+s—1/2) > 2r+2s
forr > 1. If r =0 and ¢ > 2 then we have s > 2, and from (12) we obtain
|MG(F)| > (2S _ 1)2t > 22[(S—1/2) > 243—2 = 45

Finally if t = 1 and r = 0 then, since F(i, 1,...1) and its conjugate are the only nonunits, we know that
F(%i,—1,us,...,uy) are all units and so equal 1. Hence we can add an extra factor (x, + 1) to get

|Mg(F)| > 25t —1)% > 2%5,

Case (b): Since ¢(0, ..., 0)(1) is odd, we know that a(0, ..., 0)(—1) is odd. Since the F(%i, u,, ..., ux)
are all units and
1
a@©,...,0)(-1)=—— F(uy,...,up)
|G1/2 2

Ui =i
us,...,us==xi,=1
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is odd, plainly the F(=%i,u,,...,u;) must all be 1 or all be —1. Replacing F by fo we assume
F(%i,uy,...,ux) = 1. Applying Lemma 3.1 to the real and imaginary parts we can assume that

F(xp,...,xp) =1+ (I +1) Z aey, ez, ... 6) X7 x52 - Xk

0=<ej,...,65=<3,
0=€1,8541,.-,8k =1

Notice that all the F(%1,us, ..., uy) satisfy F(£1,us,...,ux) = F(1,...,1) = 1 mod 3. Hence if
s > 1, the units F(%1, i, us3,...,u) are all 1. Applying the lemma and repeating we obtain

N
F(xl,...,xk)=1—|—l_[(xf—|—l) Z a(sl,sz,...,ek)x‘flxgz---xz".

Jj=1 0<eq,...,.6x <1
Hence we have
Mg (F) = My (f),
where
SErx) =142 > A(er.....e) Xk

0=<e1,....,6x =1

Suppose that there are ¢ elements f(=£1,...,+1) that are not +1. If ¢ > k + s — 1 then plainly
|Mg(F)| > 3¢ > 3k+s=1 5 2k+s gince k + 5 > 3, so we assume that < k + s — 2. Sending

Xj > —x; we assume that one of them is f(1,...,1) = y;. If # > 1 then, reordering and mapping
x¢ to xgx; if we have £ > j with uy = u; = —1, we can assume that the remaining values are
Y2 = f(—l,l,...,l), Y3 = f(a31,a32,1,...,1), e, Yt = f(a,l,...a,(t_l),1,...,1). Ifr <k
then we will have f(uy,...,u;) =1 whenever u; = —1 for some ¢t < j < k, and applying the lemma
we find

k
SEnox) =142 +D Y. Aler...oe) X xp
Jj=t 0<eq,...,6r—1=<1
Thus
yi =1 mod ps+k—t+1

(with this trivially holding if £ <7 —1), and

|MG(F)| > (2S+k+l—t _ l)t
For ¢t =1 this gives
|Mg(F)| = 2% —1 =G| - 1.

and fort > 2
| Mg (F)| > 2/6+k+1/2=0) 5 22542k=3 5 ys+k -
4. Proof of Theorem 1.2

Using ®; (x) to denote the j-th cyclotomic polynomial and recalling, see [Apostol 1970; Lehmer 1930],
that for j > k the resultant satisfies [Res(®;, @y )| = q?®) if j = kg for some prime ¢ and 1 otherwise,
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we see that

n 2
M@Mwa+y+yﬁzﬂﬁw@ﬁwf=(fhmmwyéyﬁ =9.
j=0
Let G = 7, x Z»n. Reducing mod x2 — 1, we can write our F(x, y) in Z[x, y] in the form
F(x,y) = Ao(r?) +xA1(y%) + yA2(»?) + xyA43(»?).

Plainly,
Mg (F(x.y)) = Mz, (F(1, y)) Mz,, (F(=1. y)),

where each of these measures is a product of n + 1 integers,

Mz () = [ Ni(F), Ni(f) :==Res(f. @,)),

=0
that is,
No(f)=f(), Ni(f)=Sf(=1), No(f) = f@)f(=D) =1/,
and, writing w; := ez”i/zj, for any j = 3,...,n, we have
2 2/-1
Ni(H =TT r@p =TT rehHsewh) =R (N1
K sd K oda
where yint
Ri(f)=T] swhHrfwpezil. 3<j=<n
k=1
k=1 mod 4

Note N;(f) and R;(f) represent the norms of f (wjl.‘) from Q(w;) to @ and Q(i) respectively, and
since they are algebraic integers they will be in Z and Z[i], respectively. ‘

Since [1 —wj|, = 2-1/e@) forall j =3,...,n we have N;j(F(£1,y)) = F(1, 1)21_1 mod 2, and
if Mg(F) <22"%2 we can assume F(1, 1) and all the Nj(F(%1, y)) are odd. Note that for all the j > 2
we have

N;j(F(%£1,p)) = la+ib|* =a*+b* =1 mod 4.

If |Mg(F)| <9 then |Mz,, (F(1,y))| or |[Mz,,(F(—1, y))| must be 1. Replacing x with —x as
necessary we assume that

1<|MZZH(F(1’y))|<9’ |M12n(F(_1’y))|:1
Since

F(1,1) = Ao(1) + A1 (1) + A>(1) + A3(1)

is odd, we can assume that at least one of the A4;(1) is odd. Replacing F by xF or yF or xyF and
reducing by x2 — I as necessary, we may assume that A (1) is odd. Replacing y by —y and F by —F
as necessary, we may further assume that | F(1,1)| > |F(1,—1)| and F(1,1) > 0.
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Since
F(1,=1) = Aop(1) + A1 (1) — 42(1) — 43(1),
F(=1,1) = Ag(1) — A1 (1) + A2(1) — A3(1),
F(=1,-1) = Ag(1) — A1 (1) — A2(1) + 43(1),

we have

Ao(l)=3(F(1. 1)+ F(1,-1) + F(-1,1) + F(-1,-1)),
A1) =3(F(L. 1)+ F(1,-1) = F(-1,1) = F(—1,-1)),
Ay (1) =3(F(1.1)— F(1,-1) + F(-1,1) = F(—1,-1)),
A3(1) = 3(F(1,1) = F(1,—1) = F(-1,1) + F(-1,-1)).
Observe that
F(Lwf)F(1L,—wf) = (Ao }*) + 41 @]9)” —w* (42 wf*) + 43 (w}*)?

and
2 2
F(—1, wj]-‘)F(—l, —wjl-‘) = (Ao(wjzk) — A, (w]zk)) — w]?k(Az(w]gk) _ A3(w}k))
differ by
4(Ao(w7*) Ay () — wik Ay (W) A3 (W) € 4Z[w; ],

Hence R;(F(1,y)) and Rj(F(—1, y)) differ by an element of 4Z[w;_;] and, since both are in Z[i], we
conclude that

Rj(F(1,y)) = Rj(F(=1,y)) € 4Zi].
Since Nj(F(—1,y)) =1, we have R;(F(—1,y)) = £1 or i, and either R; (F(1, y)) = R; (F(-1,y))
and N;(F(1,y)) =1,0or N;(F(1,y)) > (4—1)2=0.
Thus if |Mg(F)| <9 then we must have N;(F(1,y)) = N;(F(-=1,y)) =1for j =3,...,n and
Mg (F) = Mz,x7,(F). By Theorem 1.1 and Lemma 1.3, we have |Mz,xz,(F)| =7 and Mz,x7,(F) =
1 mod 4, and so
Mg(F) = Mz,xz,(F) = —T.

Since N;j(f) =1 mod 4 for j > 2 we must have |F(1,1)F(1,—1)| =7 and No(F(1,y)) =1 and

F(1,)=7, F{,-1), F(-1,x1)==+1, F(£l,+i)==x1o0r %1,
with Rj(F(1,y)) = Rj(F(=1,y))=%lor%i for j =3,...,n.
We have
Ao()=3(F(L)+ FA,-1)+ F(-1, 1)+ F(-1,—-1)) =27 1x1x1)
and, since Ag(1) is odd, we must have F(1,—1) = F(—1,%+1) = —1 and Ag(l) = 1 and 4,(1) =
A>(1) = A3(1) = 2. Hence
F(x,y) = 142x+2y +2xy + (v = D(Bo(v®) + xB1(»?) + yB2(y*) + xyB3(»%)).

Thus
F(1,i) =3+4i —2(Bo(—1) + Bi(=1) + iBy(—1) + i B3(-1)),

F(—1,i) =—1—=2(Bo(—=1) — By (1) +iBy(-1) —iB3(-1)),
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and since F(+£1,7) are units with odd real part and difference in 47[i] they must both be 1 or —1. By
replacing F by y2F as necessary, we may assume F(%1,i) = —1. Solving, we obtain By(—1) =
Bl(—l) = Bz(—l) = B3(—1) =1and

F(x,y)==14+1+x)1+ )0+ 33+ p* = D(Co(y?) +xC1(3?) + yC2(»*) + xyC3(y?)).
Therefore

F(1,w3)F(1,—w3) = (1 4+2i —=2Co(i) —2C1(1))> —4i (1 +i — Co(i) — C3(i))?
and
F(—=1,w3) F(=1,—w3) = (=1 —=2Cy (i) + 2C1 (i))* — 4i (Ca2(i) — C3(i))*.

Since both are units and are members of 1 4+ 47[i], these must both equal 1. However, their difference
40 —2Co(M) (A +i=2C1 (i) —i(1+i —2C30)(1 +i —2C5(i))) € 4(1 +i + 2Z[i])

18 not zero. O
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