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Complete generalized Fibonacci sequences modulo primes

Mohammad Javaheri and Nikolai A. Krylov

We study generalized Fibonacci sequences F, | = P F,, — Q F,_; with initial values Fy =0 and F; = 1.
Let P, Q be relatively prime nonzero integers such that P? — 4Q is not a perfect square. We show
that if Q = %1 then the sequence {F,}>2 , misses a congruence class modulo every large enough prime.
If Q # %1, we prove under the GRH that the sequence {F,}>2, hits every congruence class modulo
infinitely many primes.

1. Introduction

A generalized Fibonacci sequence with integer parameters (P, Q) is a second-order homogeneous dif-
ference equation generated by
Fn+1=PFn_QFn—1, (1)

n > 1, with initial values Fp =0 and F| = 1; we denote this sequence by F =[P, Q]. In this paper, we are
interested in studying the completeness problem for generalized Fibonacci sequences modulo primes.

Definition 1. A sequence {F},}°°  is said to be complete modulo a prime p if the map ¢:No— 7, =7/pZ
defined by e(n) = F,, + pZ is onto. In other words, the sequence is complete modulo p if and only if

for all k € Z, there exists n > 0 such that F,, =k (mod p).

The completeness problem for the Fibonacci sequence (with parameters P = 1 and Q = —1) was
first studied by Shah [1968], who showed that the Fibonacci sequence is not complete modulo primes
p =1,9 (mod 10). Bruckner [1970] proved that the Fibonacci sequence is not complete modulo every
prime p > 7. Somer [1988] proved that if p{ (P%+4) then [P, —1] is not complete modulo p for every
p > 7 with p # 1,9 (mod 20), and Schinzel [1990] improved Somer’s result for all other congruence
classes; see also [Li 2000].

A primitive root modulo a prime p is any integer that generates the multiplicative group modulo p.
Li [2000, Proposition 4.4] showed that if Q is a primitive root modulo prime p and P2 —4Q is not a
quadratic residue modulo p, then [P, Q] is complete modulo p (we improve Li’s result in Theorem 8).
Artin’s conjecture states that if Q # —1 and Q is not a perfect square, then Q is a primitive root modulo
infinitely many primes. It follows, as Somer [1988, Theorem 3] remarks, that if QO 7= —1 and Q is not a
perfect square, and if Artin’s conjecture is correct, then there exist infinitely many primes p for which
an integer P (depending on p) exists such that [P, Q] is complete modulo p. In our main Theorem 2,
under the GRH (which implies Artin’s conjecture, as shown in [Hooley 1967]), we establish a dichotomy
regarding completeness modulo infinitely many primes.

MSC2010: primary 11B39; secondary 11B50.
Keywords: generalized Fibonacci sequence, complete sequence.
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Theorem 2. Let P, Q be relatively prime nonzero integers and suppose that P> — 4Q is not a perfect
square. Then the following statements hold.

(1) If Q = %1 then [P, Q] is complete modulo only finitely many primes.
(i1) (GRH) If Q # %1, then [P, Q] is complete modulo infinitely many primes.

To prove Theorem 2, we first show that if (a) P> —4Q is a quadratic nonresidue modulo a prime p
and (b) Q is either a primitive root or the square of a primitive root modulo p, then [P, Q] is complete
modulo p (see Theorem §). Condition (a) can be guaranteed by a congruence condition on p. A careful
use of a theorem by Lenstra [1977a, Theorem 5.1] on primitive roots modulo primes in an arithmetic
progression will allow us to find infinitely many primes p for which both conditions (a) and (b) are
satisfied. Lenstra’s theorem (which we will restate for convenience as Theorem 9) is a conditional result,
and so our proof of part (ii) of Theorem 2 is conditional upon the GRH.

In case (ii) of Theorem 2, one can find (under the GRH) a lower bound for the counting function for
primes p such that [P, O] is complete modulo p. Let A(x; P, Q) denote the set of primes p < x such
that [ P, Q] is complete modulo p. If Q # +1 and P?> —4Q is not a perfect square, then for all x large
enough

#A(x; P, Q) > (P, Q)@,

where n(P, Q) > 0 is computable in terms of P and Q. For a more detailed discussion, see the end of
Section 3.

Organization of paper. In Section 2, we briefly discuss the cases when P Q =0 or P> —40 is a perfect
square. As we stated before, Schinzel [1990] proved part (i) of Theorem 2 for the case O = —1. We
prove part (i) for the case Q =1 in Section 3, where we show that [P, 1] is complete modulo a prime
p > 3 if and only if P = +2 (mod p) (Theorem 7).

In Section 3, we prove part (ii) of Theorem 2 (see Lemmas 10, 12, and 13). In addition, we show
that under certain conditions (that conditionally hold for infinitely many primes), the sequence [P, Q] is
somewhat uniformly distributed modulo p in the sense that it contains every nonzero element the same
number of times over the full period (see Theorem 8 for details).

Finally, in Section 4, we consider complete generalized Fibonacci sequences with parameters (P, Q) €
{1,..., p—1)}? for a fixed prime p and derive the following asymptotic result.

Theorem 3. Let A, denote the set of pairs (P, Q) € {1,...,p — 1} such that [P, Q] is complete

modulo p. Then

A
lim sup # = l
p—oo P 2

2. Preliminary results

Let P, Q be integers. By a simple induction, one can show that the solution F = [P, Q] of (1) can be
written as the following analog of Binet’s formula [Elaydi 2005, §2.3]:

n n

F, = g for all n > 0, 2)
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where

a=3P+VA), B=LP-Vh) 3)

are the roots of the characteristic polynomial x> — Px + Q, and A = P2 —4Q # 0 is its discriminant.
One has
«t+p=P, af=0. @)
The difference equation (1) has the following generalization which follows from (2) and (4) by a
straightforward calculation:

Fo=F,Fy11—¢— QF,_1F,—, foralln>1, forallae{l,...,n}. 5

Given a prime p > 2, let Fe {0, ..., p— 1} denote the residue class of an integer F' modulo p. As
we will see later in this section, where we discuss the three cases for the discriminant A, the sequence
{ I?,,};’io modulo p is a periodic sequence unless P = Q =0 (mod p). A period of [P, Q] modulo p is
an integer n such that F,, 1, = F; (mod p) for all k > 0. The Pisano period 7 (p) is the smallest period of
[P, O] modulo p, and it divides every period of [ P, Q]. We call the finite sequence {}/7\,- 1 <i<m(p)}
the full period of [ P, Q] modulo p.

Example 4. Let P =1, Q =4, and p =7. Then n(p) = 24 and
{E:l§i524}:{1,1,4,0,5,5,6,0,4,4,2,0,6,6,3,0,2,2,1,0,3,3,5,0}
is the full period of [P, Q] modulo p =7.

Regarding the discriminant A, there are three cases.

(I) A is a nonzero quadratic residue modulo p. In this case, the characteristic polynomial x> — Px 4+ Q

has two distinct roots modulo p that we again denote by « and 8. Binet’s formula (2) still holds, where

all the operations involved are carried out in the field Z,. By Fermat’s little theorem, we have

an+p—1 _ ﬂn-‘,—p—l ot — ,Bn
oa—p T a— B -

in Z,. It follows that 7 (p) | (p — 1); hence the sequence [P, Q] is not complete modulo p in this case.

Fn+p—l = Fy

(II) A =0 (mod p). In this case, the characteristic polynomial x2 — Px + Q has the repeated root
a=8= %P. A simple induction shows

1p)"™! foralln > 1. (6)

F, = n(2

If P #£0 (mod p), by letting n = (p — 1)k + 1 for an arbitrary integer k and using Fermat’s little theorem
again, we conclude that F,, = —k + 1 (mod p); hence [P, Q] is complete modulo p. If P =0 (mod p),
then Q = 0 (mod p), and the sequence [P, Q] modulo p becomes 0, 1,0, 0, ..., which is complete
modulo p only if p = 2.

(IIT) A is a quadratic nonresidue modulo p. We consider the field extension
Fe={a+bV/A:a,belZ,).

Binet’s formula (2) still holds with all the operations carried out in the field [ .. Given an element
y € F 2, the order of y, denoted by ord,(y) is the smallest positive integer ¢ such that y* = 1. In
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particular, if y e Z,, then ord,(y) | (p — 1). Generally ord, (y) | ( pr—1) smce the rnultlphcatwe group
[F* has order p? — 1. In particular, for «, 8 defined by (3), one has oa” = B? “1—1in F,, and
so F,4 21 = F, (mod p) by Binet’s formula (2). Therefore, 7 (p) | ( p* —1), which is 1mproved in the
following lemma.

Lemma 5. Suppose that P, Q are integers and p is an odd prime such that A = P> —4Q is a quadratic
nonresidue modulo p. Let o, B be the roots of x> — Px + Q =0 in F,> given by (3). Then

(i) aPtt=prtl=QinF
) #=(p)| (p+1) ordp(Q). Moreover, if ord,(Q) is even, then (p + 1) ord,(Q) /7 (p) is an odd integer.
Proof. (i) Let & = u + vy/A, where u = P, v = 1. We note that (vVA)P+! = AP~D/2A = —A by
Euler’s criterion. It follows from the binomial theorem modulo p and Fermat’s little theorem that
P = uP ™ L uP o/ A+ uv? (VAP + P (VAP
=u? + uvvA —uvv/A — %A

=u?>—v*A = 1P2——(P2 40) =0,

where all of the operations are carried out in the field [ ,>. Similarly, P+l = Qin Fp2

(ii) Let# = ord,(Q) such that O’ =1 (mod p). It follows from part (i) that o PTD" = ,8(”“” o' =1,
and so F(pq 1)1+« = Fx (mod p) for all kK > 0, which implies = (p) | (p + 1)z.

If ¢ is even, then oP+D!/2 = gr+D1/2 — 91/2 — _1_ Tt follows again from Binet’s formula (2) that
Fp+1)t/24k = —Fj for all k > 0. In particular, rr(p)fz(p + 1)¢, and therefore, (p + 1)t/ (p) is odd. [J

In the rest of this section, we briefly discuss the cases when P Q =0 or P2 —4( is a perfect square.

(i) P=0. Then Fp, =0and Fry1 = (— Q)* for all k > 0. Therefore, [0, Q] is complete modulo p > 2
if and only if —Q is a primitive root modulo p.

(i) Q =0. Then F,, = P" for all n > 1. Therefore, [P, 0] is complete modulo p > 2 if and only if P is
a primitive root modulo p.

(iii) P2—4Q =0. If P =0 (mod p), the sequence is clearly not complete modulo p > 2. If P #
0 (mod p), then the sequence F' = [P, Q] satisfies (6); hence it is complete modulo p as shown earlier
in case II.

(iv) P2 —4Q is a nonzero perfect square. Then by Binet’s formula (2) and Fermat’s little theorem, the
sequence [P, Q] is not complete modulo p for all primes p greater than the largest prime factor of A, as
shown earlier in case .

Therefore, we have the following corollary of Theorem 2.

Corollary 6. (GRH) Let P, Q be relatively prime integers. Then the sequence [ P, Q] is complete modulo
infinitely many primes if and only if one of the following statements is true:

(i) P #0and P> —4Q =0.
(i) Q =0and P # +£1 and P is not a perfect square.
(iii) Q # %1 and P> —4Q is not a perfect square.
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3. Proof of the main theorem
First, we consider generalized Fibonacci sequences [P, 1].

Theorem 7. Let P be an integer and p > 3 be a prime. Then the sequence | P, 1] is complete modulo p
if and only if P = £2 (mod p).

Proof. If P? — 4 is zero or a nonzero quadratic residue modulo p, the claim follows from our analysis of
the three cases (I)~(III) in Section 2. Thus, suppose that P? — 4 is a quadratic nonresidue modulo p and
F =[P, 1] is complete modulo p, and we derive a contradiction. It follows from part (i) of Lemma 5 that
in this case a?t! = g7+ = 1. Therefore, for r = %(p +1), we have ", B € {1, —1}. SinceaB=Q =1,
one has " 8" = (@B)" = 1; hence o = B" € {1, —1}. If " = " =1, then F,, = F, (mod p) for all
n > 0; hence w(p) | r and so the sequence [P, 1] is not complete modulo p. Therefore, suppose that
o =" =—1. Then for all n > 0,
+n r+n n n
Fr-‘rn = IB = o« ﬂ = _Fn
a—p a—p

in Z,. In particular, by our assumption that [P, 1] is complete, we must have {£F, ..., £F,_} =
{1,..., p—1} modulo p. It follows that

Fi4+ 4+ F> =1+ -+ —1)*>=0 (mod p) (7)

for p > 3. On the other hand,

r—1

r—1
ZFizz (a_llg)z Z(ai_'gi)z
i=1 i=1
1 52
N ﬂ)Q( = ZQ +f )
(223 )
= —(—2-2Y"1)=——
S

which contradicts (7). Il

Part (i) of Theorem 2 follows from Schinzel’s result [1990] for Q = —1 and from Theorem 7 for
Q = 1. Note that Theorem 7 implies that if A = P2 —4 # 0 then [P, 1] is not complete modulo any
p=|P[+3.

The rank of apparition u = u(p) is the smallest positive integer n such that F, = 0 (mod p), or
equlvalently a"=p"inF . If @™ = B™ in [ for an integer m, then w |m. One can arrange the full
period {F I<i<m(p)}ina(w/pm)xu matrlx where the i j-th entry is given by F(, Dutj. 1<i<m/u,
1 < j < p; We call this matrix the period matrix of [P, Q] modulo p. Since F; =0 (mod p) if and only
if p | ¢, the last column of the period matrix is a zero column and all other entries are nonzero modulo p.
It follows that O appears exactly 7/ times in the full period.

In Theorem 8, we show that if Q is a primitive root or the square of a primitive root modulo p, then
every nonzero element appears the same number of times in the full period. As an illustration, consider
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the following two examples. First, let (P, Q) = (12, 5) and p = 19. In this case u(19) =5, ord;9(5) =9,
7(19) =45, and u = > = 103566 + 186014/31 = 16 (mod 19). The period matrix is given by

(1126120 1
162 1 20 16
9 1316 13 0 9
1118 9 180 11
5311 30[=]|5]0126120) (mod19).
410 5 10 0 4
78 480 7
17 14 7 140 17
6 1517150/ \6

The first and the third columns of the period matrix list exactly all of the nonzero quadratic residues mod-
ulo 19, while the second and the fourth columns list exactly all of the quadratic nonresidues modulo 19.
In particular, each nonzero element in the period matrix is repeated exactly two times.

Next, let (P, Q) = (1,4) and p = 13. Then ord;3(4) =6, mw(13) = 84, and ©(13) = 7. The period
matrix in this case is given by

1 1106 5 70 1\
1111 6 1 3 120 11
4 4 1117 20 4
5 511 41290 5
3345 2 80 3
775 3 9100 7
123738 60l=112 (1110657 0) (mod13),
2 2 7121010 2
9 9122 6 110 9
8 82 91 40 8
1010 9 8 11 5 O 10
6 6 8104 3 0 6

where each nonzero entry is repeated six times.

Theorem 8. Let p be an odd prime such that p{ P and P* — 4Q is a quadratic nonresidue modulo p.
Suppose that ord,(Q) = (p — 1)/ k for some k € {1, 2}. Then the generalized Fibonacci sequence [P, Q]
is complete modulo p. More precisely, the following statements hold:

@) If p=1 (mod4), or p=3 (mod4) and (p) is even, then zero appears in the full period {E :
1 <i <nm(p)}exactly p—1 times, while each nonzero element of Z, appears exactly u — 1 times.
(b) If p =3 (mod 4) and the rank of apparition  is odd, then
(1) either zero appears in the full period exactly p — 1 times, while each nonzero element of Z,
appears | — 1 times, or

(i) zero appears in the full period exactly %( p — 1) times, while each nonzero element of Z,, appears
exactly %(u — 1) times.
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Proof. (a) Letu = a" = F, 1 € Z,. We first show that u is a primitive root modulo p. Since F),;| =
(@t — BPt1) /(@ — B) =0 by Lemma 5, we have o | (p+1). Let [ = (p+1)/p, and sou’ = Q in F
If k =1, then Q is a primitive root modulo p; hence u is a primitive root modulo p. Thus, suppose that

k =2; hence Q is a quadratic residue modulo p. It follows from u’ = Q that ord pu)y=p—1or é( p—1).
Since (a?tD/2)2 = Q, and Q is a quadratic residue, we must have P!/ 4 €y C F,>. Similarly
BW+/2 ¢ 7,,. Therefore, either aP+1/2 = P+1/2 or g(+1/2 = _g(r+1)/2, If (P2 BrD/2,

we have F(p+3)/2 =aPtD2P/(a - B) € Z,, which is a contradiction since P # 0 modulo p and
a—B=+A¢ Z,. Therefore, we have aPTD/2 = gr+D/2 and so | 2(p + 1). There are two cases.

Case 1. If p =1 (mod 4), then it follows from pu | E(P + 1) that 1 is odd and / is even. But then,
(uP=D/2)!/2 = Q(P=D/4 = —1, which implies ord, (u) # %(p — 1), and so ord,(u) = p — 1 in this case.

Case 2. If p = 3 (mod4), then p is even by the assumption. If ord,(u) = ;(p 1), then u is a
quadratic residue and so /2, g*/% ¢ Z, since (@*?)? = (B*?)? = u. Tt follows that a*/> = £pH/2,
However, by the definition of j, we cannot have /> = g#*/2. Therefore, a*/> = — /2, which implies
Fupa = a2 P /(a — B), which contradicts @ — B = /A ¢ Z,. It follows that ord,(u) = p — 1 in this
case as well.

We have so far shown that u = «** is a primitive root modulo p. In particular, the numbers Fy, 1 =o',
1 <s < p—1, form a reduced residue system modulo p; i.e., they contain every nonzero congruence
class modulo p. Since foreach 1 <s < p—1and 0 <t < u, we have

asu+t _ IBS;Lth
a—p

and F; # 0 for 1 <t < pu, we conclude that the numbers Fy,1,, 1 <s < p — 1, form a reduced
residue system modulo p for each fixed 0 < ¢ < p. It follows that zero appears exactly p — 1 times
among the numbers ﬁl, e fn(l,), and each k € {1,..., p — 1} appears exactly u — 1 times in the
full period. Moreover, 7w (p) = u(p — 1); i.e., each nonzero element of Z, appears exactly u — 1 =
(m(p)— p+1)/(p —1) times. This completes the proof of part (a).

Fsu—i—t: :asuFt:Fsu—l—lFta

(b) If ord, () = p — 1, then again u is a primitive root modulo p and the claim follows as in the proof
of part (a). Thus, suppose that ord,(Q) = ord, (1) = 2(p —1). Then { surl =u’ 11 <s < %(p — 1)}
contains exactly all quadratic residues modulo p. Since F,, = u’F,, we have

p p
Therefore, the last column of the period matrix is a zero column; moreover, every other column of the
period matrix lists either exactly the set of all nonzero quadratic residues or the set of all quadratic
nonresidues, depending on whether the first entry in the column is a quadratic residue or a quadratic

nonresidue. Equation (5) implies F, Fj,_—1) = QF,—1F,—, (mod p). Since Q is a quadratic residue
modulo p, it follows that

(£> (F“—“) — (F““) (F"‘““”) forallae{2,...,n— 1}
p/\ p p p
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Therefore, (%) (%) is independent of a, and so

GIC)-C)6) -

sinceu =at =F, 1 =PF,— QF,_1 =—QF,_1, which implies
F,_
(%)=
4
We conclude that for each a € {1, ..., u — 1} exactly one of the numbers F, or F,_, is a nonzero

quadratic residue modulo p. So half of the (« — 1) nonzero columns of the period matrix list exactly the
set of all nonzero quadratic residues and the other half list exactly the set of quadratic nonresidues. It
follows that each k € {1, 2, ..., p — 1} appears %(M — 1) times in the full period. (|

As we discussed in the Introduction, the existence of primitive roots modulo primes in a given arith-
metic progression plays an important role in the proof of Theorem 2. In particular, we need the following
theorem from [Lenstra 1977a, Theorem 5.1].

Theorem 9 (Lenstra). Let b, ¢ be positive integers, (b,c) = 1, and let t € Q, t # 0, £1. Let a(t)
denote the discriminant of Q(+/t) over Q. Then the set of prime numbers q in the arithmetic progression
b+kc, ke{0,1,2,...}, for which t is a primitive root is finite if and, modulo the Generalized Riemann
Hypotheses, only if, one of the following conditions is satisfied:

@) I|c, b=1 (modl), t € Q* for some prime number I,
(b) a(t)]c, (“ET”) = 1 (Kronecker symbol),

© a@®) 3¢, 3la@), ((X22) =1, 1 e @,
where Q" = {¢' : g € Q\{0}}.

Lemma 10. (GRH) Let P, Q be integers such that |P> — 4Q| is not a perfect square and Q # —1.
Suppose that either %(P2 —4Q) is not a perfect square or Q is not the twelfth power of an integer. Then
there exist infinitely many primes q such that [ P, Q] is complete modulo q.

Proof. Let r be the largest integer such that Q is the r-th power of an integer. If r is odd, let » = r and
Qo be the unique integer such that Q = Qg. If r is even, we write r = 2¢h, where & is odd and € > 1, and
let Q¢ be the unique negative integer such that Q = Q%h. Also, let A" and Q' be the square-free parts of
A= P?— 4Q and Qy, respectively. Let C, H and 7 denote the sets of prime factors of A’, i, and Q’
respectively.

First, suppose that A’ =3, 3 € H, and 7 = &. It follows that —Qy is a perfect square. If Q is a
perfect square, then by the definition of Qg, we have Q = Q%h. Since 3 | h and — Qy is a perfect square,
it follows that Q is the twelfth power of an integer. Since A’ = 3, we see that %(P2 —40) is a perfect
square. However, the case where Q is the twelfth power of an integer and %( P? —40Q) is a perfect square
is excluded from consideration in the hypotheses of Lemma 10. Thus, suppose that Q is not a perfect
square, and so Q = QS. It follows that Q = —R? for some integer R and P2 —40Q = A =3Y? for some
integer Y. But then P2 + 4R? = 3Y?, which has only the trivial solution P = R = Y = 0 in integers
by the sum of two squares theorem (see, for example, Theorem 2 in Chapter 2 of [Grosswald 1985]), a
contradiction.
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Next, suppose that A’ £ 3, or 3 ¢ H, or T # &. We have two cases:

Case I. Suppose A" #3 or3 ¢ H. If C # {3}, let a # 3 be the smallest prime factor of A’, otherwise (i.e.,
when A" = —3 or A’ =3 but 3 ¢ H) let a = 3. For each odd p € C\{a}, let X, be an integer such that

(ﬁ) — (_1)(17—1)/2'
p

(X—> = —sgn(A) (= 1)@/,
a

where sgn(A) =1 if A > 0 and sgn(A) = —1 if A < 0. Moreover, without loss of generality, we can
choose X, for each p € CNH such that X, # 1 (mod p). Now, consider the system of congruences

x =X, (mod p) forall peC\{2},

x =2 (mod p) for all p € H\C,

x =3 (mod 8) ifa#2or A >0,

x =7 (mod 8) ifa=2and A <O.
Note that by our choice of X, for p € CNH, any solution of the system (8) satisfies ged(x — 1, h) = 1.
By the Chinese remainder theorem and Dirichlet’s theorem, there exists a prime b > 4A#h that satisfies
(8). We choose € {Qo, —Qo} such that (;) = —1. Theorem 9 with our b and ¢ and ¢ = 4° Ah (where the
integer § is large enough so that b < ¢) implies that there exist infinitely many primes ¢ = b (mod 4Ah)
such that ord, (1) = g — 1. Since ged(g — 1, h) = 1, it follows that ord, (") = qg—1.

If Q is not a perfect square, then by our definition of Qg and 7, we have Q = +¢". It follows that
either ord,(Q) =¢q — 1 or ord,(—Q) = g — 1. Hence, ord,(Q) =g — 1 or %(q —1). If Q is a perfect
square, then Q = Q%h, and since Qg or — (g is a primitive root modulo ¢, we have ordq(Q(z)) = %(q —1),
and so ord, (Q) = $(¢ — 1) since Q = (Q3)" and ged(h, g —1) = 1.

If a is odd, then A" is odd and ¢ = b = X, (mod p) for all p € C. Moreover, ¢ =b =3 (mod 4). It
follows from the quadratic reciprocity law that

(2)=(%7), 11 ()

If a is odd, choose X, such that

®)

peC\la}
= sgn(A)(=D“" ”/2( ) [T b “/2( )
peC\{a}
= sgn(A)(— 1)~ ”/2( ) [T b 1>/2( ) ~1. ©)
peC\la}

A similar calculation works for the case a = 2. Therefore, P> —4Q is a quadratic nonresidue modulo ¢
and ord,(Q) =q — 1 or %(q — 1). It then follows from Theorem 8 that [P, Q] is complete modulo ¢,
and the proof of the lemma is completed in case I.
Casell. A’=3and3eH and T # . If 3 € T, leta = 3, otherwise let a € T be arbitrary. For each
odd p € T\{a}, choose X, such that
&)
— =1
p
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)

Moreover, without loss of generality, we can choose X, for each p € C N'H such that X, # 1 (mod p).
Consider the system of congruences

x =X, (mod p) forall peT\{2},
x =2 (mod p) for all p € H\T,
x =1 (mod 8) ifa#2,
x =5 (mod 8) ifa=2.

Also let X, be an integer such that

(10)

As in the proof of case I, we choose b > 4Ah to be a prime satisfying congruences (10). Let t = Qo
and ¢ = 4% Ah, where the integer § is chosen such that b < ¢. By Theorem 9, there exist infinitely many
primes ¢ such that ¢ is a primitive root modulo g. A calculation similar to (9) shows that P2 —4Q is a
quadratic nonresidue modulo ¢g. Therefore, by Theorem 8, the sequence [P, Q] is complete modulo ¢,
and the proof of Lemma 10 is completed. U

Next, we consider the case where %(P2 —40) is a perfect square and Q is the twelfth power of an
integer. First we need a lemma.

Lemma 11. Let P, Q be relatively prime integers and t' be a square-free integer. Then there exists
a constant N (that depends on P, Q, and t') such that for the sequence F = [P, Q] we have F| #
1,6,2t', 3t for all i > N, where F! denotes the square-free part of F;.

Proof. By [Ribenboim and McDaniel 1991, Proposition 1], each square class of [P, Q] is finite. In other
words, given any i > 1, there exist only finitely many j > 1 such that F; F; is a square. Lemma 11 follows
immediately. U

In the proof of the next lemma, we will work with biquadratic residues and nonresidues. Given a
prime p =1 (mod 4), the multiplicative group Z;, is divided into four subsets: the subgroup generated
by the fourth powers (which we call biquadratic residues) and its cosets.

Lemma 12. (GRH) Let P, Q be relatively prime integers such that Q = Z'* and P> —4Q = 3Y? for
some integers Z > 1 and Y # 0. Then [P, Q] is complete modulo infinitely many primes.

Proof. Let h be the largest odd integer such that Z = 1>, where € > 0 and ¢ is not a perfect square. Let
t’ be the square-free part of t. Let F = [P, Q] and F/ be the square-free part of F;, i > 1. Finally, let
Di, H, and T denote the sets of prime factors of Fi’ , h, and ¢’ respectively, i > 1.

We claim that there exists a set Q2 € D; UT that has the following properties:

(1) 2,3¢ (D;UT)\.

>i1) #(D; N Q) and #(7 N 2) are odd.
We first note that gcd(#’, 6) = 1, since otherwise gcd(Z, 6) # 1, and it would follow from P> —4Z'2 =3Y?
that gcd(P, Q) # 1. Therefore, 7N{2, 3} =@. By Lemma 11, there exists i > 1 such that F/ #1, 6, 2¢', 3¢".
There are four cases:

Casel. 2,3€D;. ID;NT £, letac D;NT and L ={2, 3, a}. If D; N'T = &, then since ¢’ # 1 and
F! #1, 6, there exists a € T\D; and a’ € D;\T. We let Q = {2, 3, a,a’}.
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Case 2. 3€D; and 2 ¢ D;. If there exists a € T\D;, let 2 = {3, a}. If T\D; = &, choose a € D; N T.
Moreover, we choose a’ € D;\T. Such an a’ exists, otherwise F/ = 3t’, a contradiction.

Case 3. 2 € D; and 3 ¢ D;. If there exists a € T\D;, let Q = {2, a}. If T\D; = &, choose a € D; N T.
Moreover, we choose a’ € D;\T. Such an a’ exists, otherwise F/ = 2t', a contradiction.

Case 4. 2,3¢D;. Ifthere existsa € D; T, let Q= {a}. If D;NT =&, choose a € D;\T and a’ € T\D;,
and let Q = {a, a’}.

Next, we define integers X, for odd primes p € D; UT as follows. For each odd p € (D; UT)\L,
choose an integer X, such that
X
<_p) - l.
p

For odd p € ©, choose an integer X, such that

)

Moreover, we can choose X, such that X, # 1 (mod p) if p € H. Consider the system of congruences

x =X, (mod p) forall pe (D;UT)\{2},
x =2 (mod p) for all p € H\(D; UT),
x =2 (mod 3),

x =5 (mod 8).

(1D

Let b > 24F/t’' be a prime satisfying the congruence relations (11). In particular, for any prime p =
b (mod 24F;t"), we have gcd(b —1,3h) =1 and

(0-16)-16) 1.6

qe

Lenstra’s theorem, Theorem 9, with ¢ = 3 - 4° F/t" (where the integer § > 2 is large enough such that
b < ¢) and our b and ¢, implies that there exist infinitely many primes p = b (mod ¢) such that ¢ is a

primitive root modulo p. Since Q = ¢'>%", we have

p—1

d =
ordy(Q) = ap—1.12-2)

Recall from the proof of Theorem 8 that Q = u', where u = o* and [ = (p + 1)/p. It follows that
ord,(w) e {p—1,3(p—1), 3(p — D}. If ord,(u) = p — 1, then the numbers Fy,; = u* contain all
nonzero elements modulo p; hence [P, Q] is complete modulo p. If ord, (1) = %( p—1), then the numbers
Fy; 11 =u’ (mod p) contain all quadratic residues modulo p, while the numbers Fs,; = u*F; (mod p)
contain all quadratic nonresidues modulo p since F; is a quadratic nonresidue modulo p by the calculation

()-16)-16).0,0-

q€D; qe
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and so [P, Q] is complete modulo p. Thus, suppose ord, (u) = Alf(p —1). Then the numbers Fy, 11 = u’
consist of all of the biquadratic residues modulo p. Moreover, we have

u=F,W=PF,—QF, 1 =-0F,_ (mod p).

Since p =35 (mod 8), we know that —1 is a quadratic residue but not a biquadratic residue modulo p. It
follows from the fact that Q and u are biquadratic residues modulo p that F,_ is a quadratic residue but
not a biquadratic residue modulo p. Hence the numbers Fy, ;1 =u®F,_1 consist of all of the quadratic
residues that are not biquadratic residues modulo p. Moreover, since F, Fj,_—1) = F4—1F,—, (mod p)
fora e {2,...,u—1}, one has

FuoF ' =Fy_q-1F, ", (mod p) forallae{2,...,pu—1},

which implies F;,_, F, a_l =F, . F 1= F,,—1 (mod p), which is a quadratic residue but not a biquadratic
residue. It then follows that the numbers Fy,,; = u’F; and Fy, ., _; = u’F,,_; together consist of all of
the quadratic nonresidues modulo p, and the proof is completed. U

To complete the proof of Theorem 2, it remains to consider the case where P> —4Q = —X? for a
nonzero integer X.

Lemma 13. (GRH) Suppose that Q # +1 and P?> —4Q = —X? where X is a nonzero integer. Then
[P, Q] is complete modulo infinitely many primes.

Proof. There are two cases:

Case I. Q is not a perfect square. Let t = Q and note that Q > 0, otherwise —X 2=pP2-40>0,a
contradiction. We claim that the obstructions (a), (b), and (c) in Theorem 9 (with b =3 and ¢ =4) do
not hold. Condition (a) fails since / must be odd and b = 3, and so b # 1 (mod /) for any odd prime /.
Condition (b) fails since if «(t) | 4, then a(t) = £1, £2, 4. Since t = Q is not a perfect square and
0 > 0, and a(¢) is a fundamental discriminant, we must have «(¢) = 2, and so

(%)=
3

For condition (c), since a () > 0, if a(¢) | 3c and 3 | «(¢), then a(¢) = 3, 6, 12, and so the power of 3
in the prime factorization of 4Q is odd. But then from P> —4Q = —X? we have 40 = P2+ X% a
contradiction with the sum of two squares theorem (see again [Grosswald 1985, Chapter 2]).

It then follows from Theorem 9 that there exist infinitely many primes p in the arithmetic progression
{4k +3 : k > 0} for which ord,(Q) = ord,(t) = p — 1. On the other hand, since p =3 (mod 4), we have
that P> —4Q = —X? is a quadratic nonresidue modulo p. Therefore, the sequence [P, Q] is complete
modulo each such p > P by Theorem 8.

Case II. Q is a perfect square. Let Q = Z? for some integer Z, and let = —Q. In particular o(¢) =
a(—Z% = —4. We again see that conditions (a), (b), (c) in Theorem 9 fail with b = 3 and ¢ = 4.
Condition (a) fails since » = 3 and [ is odd. Condition (b) fails since

)-6)--
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Condition (c) fails since 3fa(z). It follows that there exist infinitely many primes p in the arithmetic
progression {4k + 3 : k > 0} such that ord,(#) = p — 1; hence ord, Q = %(p — 1), and so the sequence
[P, Q] is complete modulo p by Theorem 8. O

Theorem 2 follows from Theorem 7 and Lemmas 10, 12, and 13.
If we let 7, (x; c, b) denote the set of primes p < x such that p = b (mod c) and ¢ is a primitive root
modulo p, then by a theorem of [Lenstra 1977b] (see also [Moree 1999, Theorem 2]):

log1
7, (x5 ¢, b) = 8(t, ¢, b) —— + O T2 281 )
log x log? x

where 8(¢, ¢, b) > 0 is a constant computable in terms of 7, ¢, b [Moree 1999, Theorem 3]. The cases
where §(¢, c, b) = 0 are exactly given by the three cases (a), (b), (c) of Theorem 9. In the proofs of
Lemmas 10, 12, and 13, we have excluded the possibility of §(z, ¢, b)) = 0 to show that there exist
infinitely many primes in suitable arithmetic progressions with a suitable prescribed primitive root. In
other words, throughout our proofs, we have had é(¢, ¢, b) > 0 in various places where we have defined
t,c, and b in terms of P and Q. Therefore, we have shown under the GRH that if gcd(P, Q) = 1 and
Q # +1 and P? —4Q is not a perfect square, then for all x large enough,

X
#A(x; P, Q) = n(P, Q)l_’
ogx

where n(P, Q) > 0 is a constant that only depends on P and Q.

4. The relative size of complete pairs

In Theorem 2, we fixed the parameters P, Q and considered the primes p such that the generalized
Fibonacci sequence [P, Q] was complete modulo p. In this section, we fix a prime p and consider
parameters P, Q for which the sequence [P, Q] is complete. Let A, denote the set of pairs (P, Q) €
{1,..., p—1}* such that [P, Q] is complete modulo p. We are particularly interested in the relative size
of A, intheset {l,..., p—1}2

In what follows, let A, denote the set of primitive roots modulo p in Z,. Let B, denote the set of
Qe{l,..., p—1}suchthatord,(Q) = (p — 1)/ k, where k € {1, 2}. In particular A, C B,. Finally, for
each Q € {l1,..., p—1}, let Cy denote the set of P € {1, ..., p— 1} such that P> —4Qisa quadratic
nonresidue.

Lemma 14. For every odd prime p, one has |A | > %(p —3)IBpl.

Proof. Let X be the set of x € {1, ..., p— 1} such that x is a quadratic residue and x — 1 is a quadratic
nonresidue, and let ) be the set of y € {1, ..., p — 1} such that y — 1 is a quadratic residue and y is a
quadratic nonresidue modulo p. It follows from [Aladov 1896, Theorem 1] that

XL 1V = 3(p = 3). (12)

If Q is a quadratic residue modulo p, then the map P — P2/(4Q) is a two-to-one map from Cg onto X.
If Q is a quadratic nonresidue modulo p, then the map P +— P?/(4Q) is a two-to-one map from Cop
onto ). In either case, it follows from the inequalities (12) that

ICol = 2(p—3).
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By Theorem 8, if Q € B, and P € Cp, then [P, Q] is complete modulo p. Therefore, we have

1Apl= ) 1Col = 5(p—3)IB,|. O
QeB,

Now, we are ready to prove Theorem 3.

Proof of Theorem 3. By [Heath-Brown 1986, Lemma 1], there exist infinitely many primes p; = 3
(mod 4), i > 1, such that %( pi — 1) is either a prime or a product of two primes g;, r; such that ¢;, r; > pl.1 /4

Therefore 5
o= _1(,__1
2 pi— 1 2 1/4

1
for all i > 1. Since the number of primitive roots modulo p; is given by | A, | = ¢ (¢ (pi)) =P(pi — 1),

it follows that
AR . o(pi—1D 1
lim = lim ——~ ==

— . 13
i—>00  Dj i—00 D —1 2 ( )
Moreover, since X
1B\A,| =#{x € Z}, - ord,(x) = 5(p — 1)}
=#{l<k<p—1:gcdk,p—1)=2}
=p(3(p—D) =¢(p—1) = |4,
we have |B,| = |A,|+ |B,\A,| =2|A,[, and so
B,
im B2 .
i—00  Dj
Therefore, by Lemma 14, we conclude that
A Ay, L(pi —3)1B,,
timsup 22 > fim sup 200 iy 22170l 1 (14)
p—oo P i—00 P; i—00 P; 2

On the other hand, for every odd prime p, one has |A | < %( p% —1). To see this, we note that for each
Pe{l,..., p—1}, the number of Q such that P> —4Q is zero or a quadratic nonresidue is %(p +1). It
follows (recall case (I) of Section 2) that for at most %( p2 — 1) pairs [P, Qle{l,..., p— 1)2, the sequence
[P, Q] is complete modulo p, and so |A | < 5(p* — 1), which implies limsup, , ., |Ap|/p* < 5. This
together with (14) completes the proof of Theorem 3. (|
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Discretized sum-product for large sets

Changhao Chen

Let A C[1,2]be a (8, 0)-set with measure |A| = §'7 in the sense of Katz and Tao. Foro € (1,1) we
show that
|A+ Al +|AA| % §°|A]

forc = (1 —0)(20 — 1)/(60 4+ 4). This improves the bound of Guth, Katz, and Zahl for large o.

1. Introduction

Erd6s and Volkmann [1966] showed that for any o € [0, 1] there exists a subgroup of reals with Hausdorff
dimension o, and they conjectured that this property does not hold for a subring of reals. Precisely
the Erdés—Volkmann ring conjecture claims that there does not exist a subring of reals with Hausdorff
dimension strictly between 0 and 1. Edgar and Miller [2003] first proved this ring conjecture via the
orthogonal projections of fractal sets. Slightly later Bourgain [2003] independently proved the Erd&s—
Volkmann ring conjecture via the discretized ring conjecture (discretized sum-product) of [Katz and Tao
2001].

The discretized sum-product also has many other applications. For instance it is closely related to
Falconer’s distance set problem and the dimension of Furstenburg sets; see [Katz and Tao 2001] for
more details. Bourgain [2010] showed a different approach for the discretized sum-product, and gave
applications in the projections of fractal sets and Fourier analysis. For applications of the discretized
sets to projections of fractal sets see [He 2017a; Orponen 2016]. For applications of the discretized
sum-product to the Fourier decay of measures see [Li 2018].

We note that Bourgain [2003; 2010] does not produce an explicit bound. Recently Guth, Katz, and
Zahl [2018] gave a short proof of the discretized sum-product theorem, and they showed an explicit bound
for it. They used some ideas from [Garaev 2007] and applied some discretized version of arguments from
additive combinatorics.

We begin by introducing some notation of [Katz and Tao 2001]. Let €, § be small and positive param-
eters. We use f S g todenote | /| < Ce8C€|g|, fRgifgS frand f~gif f SgandgZ f. Wesay
that a subset 4 C R is §-discretized if A is the union of intervals of lengths & §. For a positive constant
M we say that a subset A C (—M, M) is a (§, 0)-set if it is §-discretized and one has

o
140 B(x,r)| gs(g)

forall§ <r <1and x € R.

MSC2010: 05B99.
Keywords: (8, 0)-sets, sum set estimates, Fourier transform.
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We note that a (§, 0)-set here may have much smaller measure than §'~°. However we ask that any
(8, 0)-set have positive measure to avoid its being the empty set.

We remark that the (8, 0)-set can be considered as the discrete approximation of a set in R at scale §.
Suppose that F' is a compact subset of R. For each k € Z let

Iis = k8. (k + 1)8]

and Fjy be the union of the interval Iy s which intersects F'; that is,

Fs=  |J I

keZ,FNIj s#o

In many cases, the set Fs is a (§, 0)-set for some 0 < o < 1. Here the parameter ¢ is often related to
the “fractal dimension” of F. For instance if F is the classical Cantor ternary set, then for any 0 < § < 1
the set Fj is a (8,1log2/log 3)-set. Indeed this follows from [Falconer 2003, Chapter 3], which shows
that the box dimension of the Cantor set is log 2/ log 3. We remark that there are various dimensions in
fractal geometry; we refer to [Falconer 2003] for more details.

The above argument shows that the (d, 0)-set in R is also important for understanding the structure
of set in R?. However, in this paper we consider (8, o')-sets on the line R only.

Let A, B C R. The sum set of 4 and B is defined as

A+ B={a+b:ac A,be B},
and similarly the product set of 4 and B is defined as
AB={ab:ac A, b € B}.

Using the above notation, Bourgain’s discretized sum-product theorem claims that for a (§, o)-set
A C[1,2] with 0 < 0 < 1 and measure |A| = §' 7, there exists a constant ¢ = ¢(¢’) > 0 such that

|A+ Al +]AA4| 2 87| A|.

Under the same condition, Guth, Katz, and Zahl [2018] proved that for any ¢ < o (1 —0)/(4(7 + 30))
one has

|A+ Al +]AA4| L 67| A|.

By adapting the arguments of [Garaev 2007; Guth, Katz, and Zahl 2018], and the bilinear bound of
[Bourgain 2010, Theorem 7], we obtain the following.

Theorem 1.1. Let o € (%, 1) and A C [1,2] be a (8, 0)-set with measure |A| = §'7°. Then

1—0)2o—1)

A+ A+ |AA| 38 6ata |4l

Note that for any % < 0 < 1, Theorem 1.1 gives a nontrivial lower bound. Furthermore for o >
%(\/ 226 —10) = 0.5703..., Theorem 1.1 improves the bound of [Guth, Katz, and Zahl 2018].
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2. Preliminaries

We use #S to denote the cardinality of set S. Let X, Y, Z C R be finite sets with Z # &; then the Ruzsa
triangle inequality claims that

#HX + Z2)WZ+7Y)
47 '

See [Tao and Vu 2006, Chapter 2] for a proof and many other useful sum set estimates.

We need the following well-known discretized version of the Ruzsa triangle inequality. Our proof is
based on [Guth, Katz, and Zahl 2018, Proof of Corollary 2.3; Orponen 2016, Remark 4.40]. For many
other discretized versions of sum sets estimates see [He 2017b; Tao 2014].

We show a geometric observation first. Let S C R be the union of disjoint intervals with length 3 §.
Then for all 0 < ¢ < 10 we have

HX +Y)<

IS + B(0,c8)| S IS]. (1)
Here we can change the parameter 10 to any other fixed positive constant.
Lemma 2.1. Let A, B, C C R be §-discretized sets. Then
|A+ C||C + B
C|

Proof. Without loss of generality we may assume that each interval of 4, B and C has length at least §.
In the end we change the estimate < to 5, and this does not change our result.
For any set S C Rlet Ss = (§/3)ZNS. Forany a € A, b € B there exists a’ € Ag, b’ € B such that

|A+ B| 5

la+b—da —b'| <6.
It follows that
A+ B C As+ Bs+ B(0,6) C A+ B + B(0,26). )

Combining with (1) we obtain
|A+ B| < #(As + Bs)d < |4+ B.

Applying the Ruzsa triangle inequality to sets Ag, Bg, Cs and applying (2) to A + C and C + B we
obtain the result. O

Lemma 2.2. Let A C [0, 2] be a §-discretized set, and assume the intervals of A are pairwise disjoint.
Then for any t €[0.5,2.1] and any x € [—38, §] we have

|A+tA| S 1A+ (+x)A| S |A+ 1A
Proof. For any t €[0.5,2], x €[4, 6], and a, b € A we have

[(@a+1tb)— (a+ (t + x)b)| <26,
and hence
A+tAC A+ (t+x)A+ B(0,28) C A+tA+ B(0,46).

Combining with (1) we finish the proof. O
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Let /' : R — R be a function. The Fourier transform of the function f at ¢ € R is defined as
7= [ et=x6) Sy dx,

where throughout the paper we let e(x) = ¢27*. Let j be a measure on R. The Fourier transform of
the measure p at £ € R is defined as

A = / e(—x8) du(x).

For a subset S C R we will also use S to denote the characteristic function of S. Let A, B C R be
two bounded sets. The convolution of 4 and B is defined as

(A B)(x) = /R A(x— ) B(y) dy.

The (additive) energy of A, B is defined as

E(A.B) = /R (A% B)(x)? dx = /R A®)P1B®) de. 3)

The second equality holds by applying the Plancherel identity and the convolution theorem. Clearly we
have

/(A * B)(x)dx = |A||B].
R
By the Cauchy—Schwarz inequality we obtain
(|4|B])* < E(4. B)|A + B. )

We will frequently use the Plancherel identity for a set. Precisely for a bounded subset S C R we
have

/R|§(s)|2ds= 1], 5)

We formulate the following version of [Bourgain 2010, Theorem 7]. Note that the interval [0, 4] is not
essential; in fact Lemma 2.3 holds for any bounded interval.

Lemma 2.3. Let i, v be probability measures on [0, 4] such that, forall § <r <1 and all x € R,
w(B(x,r)) S Kir® and v(B(x,r)) 5 Korb.
Then for 1 <|&| <8~ we have

/R/Re’(—xyé)du(x) dv(») S VK K, g5

We remark that the statement of [Bourgain 2010, Theorem 7] gives a bound for

‘ / / e(—xy€) du(x) dv(y)
R JR

However the proof of [Bourgain 2010, Theorem 7] (see (8.3) of that paper) indeed works for the bound

/R ‘ /R e(=xyE) du(x)

dv(y),
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which is used for bounding (22) below. Moreover the term +/ K K, appears, due to the use of the
Cauchy—Schwarz inequality in the proof of [Bourgain 2010, Theorem 7].
In particular we have the following version for (8, o)-sets, which is easier for our use.

Lemma24. Let0 <o, < 1. Let A C[0,4] and B C[0,4] be a (8, a)-set and a (8, B)-set respectively.
Then for any 1 <& < 8§71 we have

_oa+B—=1 2—a—p8
[ o] ay 175575 T

Proof. For A we define a measure by letting

| X NA|
w(X) = for X CR.
| 4]
By the condition that A is a (§, o)-set we obtain
w(B(x,r)) Sres' A7 fors<r<1. (6)
Similarly for B we define a measure v by letting
XNA
v(X)=| | for X CR,
| 4]
and we have
v(B(x.r) SrBs'BIB|™' fors§<r<1. (7)

Clearly we have

dv(y).

/A‘/Be(‘”@d’“ = |AIIBI/A‘/Be<—xys)du(x>

Then Lemma 2.4 and estimates (6), (7) give the result. O

3. Proof of Theorem 1.1
By adapting the arguments in [Guth, Katz, and Zahl 2018] and especially in [Garaev 2007] we obtain
the following.

Lemma3.1. Let 0 <o < 1. Let A C [1,2] be a (8, 0)-set with measure |A| = §'7. Then there exists a
(8,0)-set T C [0.4,2.1] with measure

A 2
TI% 1
~ |A44]
such that for any t € T we have
|4+ A|*|AA|
A+1A| S ————.
Proof. Let D ={ay,...,ay} be a maximal §-separated subset of A4; i.e., any two distinct elements of D

have distance at least 8, and furthermore for any a € A there exists @; € D such that @ —a;| < §. Note
that
N ~§67°, (8)
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andforall § <r <1 and x € R,

#(D N B(x.r) < (g)a

Let
N
) =) 1g4(x).

i=1
Then we have

N
[ Ferde =3 o) = N1l

i=1

/f(x)zdx: Z la;ANajAl.
R

1=i,j=N

By the Cauchy—Schwarz inequality we arrive at

2
(/ f(x)dx) S/f(x)zdxl{xe[Ri:f(x)>0}|.
R R

Observe that
{xeR: f(x)>0}C AA.

Thus together with (10), (11), and (12), we obtain

N2|A|2

Z laiANa; Al > A4l

1<i,j<N

Thus there exists 1 < jo < N such that

N|A|?
Z laiANaj,A| = |AA|.
1<i<N
Let
P 1<i<N:|lajANaj,A| = |A|2
= tai aij .
== AT = 544
Then

N|A?
2[AA|

Y laiAnaj Al =
ieP

Taking dyadic decomposition for |a; A Naj,A| with i € P, we obtain

N|AJ?
2(4A]

K
> 2 Kupe > Y ClaiAna, Al =
k=1 ieP
where
Pr={ieP: 27" <|g;ANaj A| <27%},

)

(10)

(1D

(12)
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and K is an integer parameter such that

A2
—k-1 <—| | <27k,

214A4| —
Since the product set A A is a subset of [1, 4], we have |4 A| < 1. It follows that

1

Thus there exist t and D; C P such that

K
_ N|A|?
#D. 2 ) 27F#p :
D % ) >
k=1
and for any 7 € D; we have
T <l|aiANaj,A| <2t (13)
Since T < |A| and #D; < N, we obtain
41
2 , 14
N|A|
x 2 15
"X 44| (15)

Now we intend to bound the measure of the set a; A + aj, A for each i € D.. For this purpose we
introduce some notation first.
For each k € Z let Ji s = [k§, (k +1)J). Foreach 1 <i < N let

Ui = U Ji.s-

keZ,a; ANJy s#2
Note that
aiA CU; Ca;A+ B(0,6), (16)

and the intersection U; N Uj is a §-discretized set for 1 <i, j < N. Moreover for each i € D; by (13),

(14) we have

4

|AA|
For any i € D, applying the Ruzsa triangle inequality Lemma 2.1 for the sets a; 4, aj, A and U; N Uj,

we derive

|UiﬂUj0|Z|aiA ﬂaj0A|§ (17)

laiA+ Ui N U} [|Ui NUj, +aj, Al

aiA +ajpA] <
! Jo |U,'ﬂUj0|

(18)

By (16) we have
aiA+UNUj, CaiA+aiA+ B(0,6).

Since 1 < a; <2 and the simper fact (1) we obtain

la;iA+U; NUj,| < |4+ A
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Similarly, we have
laj, A+ Ui NUj| < |4+ Al
Combining with (17) and (18) we arrive at

|A+ A|?|AA|

. 41 <
laiA+aj Al 3 YE

Applying Lemma 2.2 we obtain that for any i € D; and x € (—§, §) we have

; A+ A|?|AA
‘A_f_(a_l_f_x)A‘é#.
djy |Al

aj; )
T = Bl—,-).
.kDJT (ajo 2)

IAS

Let

We ask that § is a small positive parameter, and hence T" C [0.4, 2.1]. Furthermore, the estimates (8),
(15) imply

41
T #D.5 % .

By (9) we obtain that 7" is a (§, 0)-set, which finishes the proof. |
Applying Lemma 2.4 we obtain the following upper bound of the mean value of energies E(4,tA4).

Lemma 3.2. Fix % <o <. LetT C[0.4,2.1] be a (8, 0)-set with the measure |T| > §. Let A C [1, 2]
be a (8, 0)-set with measure |A| = §'7°. Then

20

/ E(A.1A)dt § |AP|T)(| A5 | T "% +8(4|T)7Y).
T

Proof. For each t € R and £ € R we have
1A = tA@8).
Thus by (3) and the condition 7" C [0.4, 2.1] we conclude that
/1HAJA)&<</Q/|A@NHAU@FdNQ. (19)
T T JR

Let 0 < L < 1/6 be a parameter which will be determined later. We decompose R into three parts,
and then bound (19) by three corresponding parts. Precisely,

(19 < Iy + 11 + I, (20)
where

_ n 2, 7 2
Io= /T /|E|5L|A<s)| AGE)2 di d.

I = A®P|A@E)|* dt dE,
=) AR A ar g
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and

_ N 2, 1 2
e[ [ @RGP s

For Iy, we use the trivial bound |/f (&)| < |A|, and we obtain
Io < |A|*T|L. 1)
For Iy, clearly the trivial bound |/I (&) < |A] gives

/ A di < |A|/ Aen) . 22)
T T

Applying Lemma 2.4, and the condition |4| = §!79, we obtain

20—1

/|A(sz>|dr§|A|3|T|%|sr ;
T

Thus we arrive at
20

Sk, 20
) S 14121 T 257 7.

Combining with Fubini’s theorem and the condition o > % we have

20—1

5 1 ~ _
11§|A|2|T|2/ A©) P e 25 at
L<|g|<§—!

§|A|3|T|5L—2"z“/ AE©) de.
L<|g|<§—1

The Plancherel identity (5) implies

/ A@)P de < 4]
L<|g|<é!

Thus we arrive at

20—1

I S|A)3|T 2L~ (23)

Now we optimize the choice of the parameter L to find the smallest upper bound for the parts /o, /;.
Recall that we assumed 0 < L < 1/§. In the end, the parameter L, which makes the right-hand sides
of (21), (23) “comparable”, satisfies our need. Thus we derive

Lo = (|A||T])" 7% (24)

Indeed the conditions |A| = §'~, |T'| > §, and % <o < 1 imply that Loy < §~ 1. Tt follows that

1

Io. Iy SIAI*T|Lo S |AP|T|(|A| 7% | T|"9%). (25)

Now we turn to the estimate for /,. By changing variables and applying the Plancherel identity we
obtain

/RM(zé)sz <Al
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Again by applying the Plancherel identity we have
I, S/ |A@©) 17| Al1E]7" d& <« |A]S.
|§1=6—1

Combining with (20), (21), (24), (25), we obtain the desired bound. O
Now we turn to the proof of Theorem 1.1. Suppose that
max{|A + A|, |AA|} = K|A]|.

By Lemma 3.1 there exists a (6, 0)-set T C [0.4, 2] such that

|A]
T Z —. 26
IT| % X (26)
and for each t € T we have
|A+1tA4| S K3|A|. (27)

Applying Lemma 3.2 to A and 7, we conclude that there exists a o € T such that

20 1

+20 |T|” T+20 +8(|A||T|)_1).

E(A,t0A4) < AP (14]

By (4) and estimates (26), (27), we obtain

20

1
A S (|75 | 7|72 4+ 84l T)™")| 4+ 104|

60

o— +4
< |A|ZTT|A|K 201 + | A7 K2,

It follows that

L (=0)Qo—1) _20-1
K Zmin{é~ ootd 57 4}

Note that for % < o0 < 1 we have
(1-0)20—-1) - 20 — 1
60 +4 - 4 7

and hence
_ (—0)2o—1)

K ; S 60 +4

which gives the result.
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