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Complete generalized Fibonacci sequences modulo primes

Mohammad Javaheri and Nikolai A. Krylov

We study generalized Fibonacci sequences Fn+1 = P Fn − QFn−1 with initial values F0 = 0 and F1 = 1.
Let P, Q be relatively prime nonzero integers such that P2

− 4Q is not a perfect square. We show
that if Q =±1 then the sequence {Fn}

∞

n=0 misses a congruence class modulo every large enough prime.
If Q 6= ±1, we prove under the GRH that the sequence {Fn}

∞

n=0 hits every congruence class modulo
infinitely many primes.

1. Introduction

A generalized Fibonacci sequence with integer parameters (P, Q) is a second-order homogeneous dif-
ference equation generated by

Fn+1 = P Fn − QFn−1, (1)

n≥ 1, with initial values F0= 0 and F1= 1; we denote this sequence by F = [P, Q]. In this paper, we are
interested in studying the completeness problem for generalized Fibonacci sequences modulo primes.

Definition 1. A sequence {Fn}
∞

n=0 is said to be complete modulo a prime p if the map e :N0→Zp=Z/pZ

defined by e(n)= Fn + pZ is onto. In other words, the sequence is complete modulo p if and only if

for all k ∈ Z, there exists n ≥ 0 such that Fn ≡ k (mod p).

The completeness problem for the Fibonacci sequence (with parameters P = 1 and Q = −1) was
first studied by Shah [1968], who showed that the Fibonacci sequence is not complete modulo primes
p ≡ 1, 9 (mod 10). Bruckner [1970] proved that the Fibonacci sequence is not complete modulo every
prime p > 7. Somer [1988] proved that if p -(P2

+ 4) then [P,−1] is not complete modulo p for every
p > 7 with p 6≡ 1, 9 (mod 20), and Schinzel [1990] improved Somer’s result for all other congruence
classes; see also [Li 2000].

A primitive root modulo a prime p is any integer that generates the multiplicative group modulo p.
Li [2000, Proposition 4.4] showed that if Q is a primitive root modulo prime p and P2

− 4Q is not a
quadratic residue modulo p, then [P, Q] is complete modulo p (we improve Li’s result in Theorem 8).
Artin’s conjecture states that if Q 6= −1 and Q is not a perfect square, then Q is a primitive root modulo
infinitely many primes. It follows, as Somer [1988, Theorem 3] remarks, that if Q 6= −1 and Q is not a
perfect square, and if Artin’s conjecture is correct, then there exist infinitely many primes p for which
an integer P (depending on p) exists such that [P, Q] is complete modulo p. In our main Theorem 2,
under the GRH (which implies Artin’s conjecture, as shown in [Hooley 1967]), we establish a dichotomy
regarding completeness modulo infinitely many primes.

MSC2010: primary 11B39; secondary 11B50.
Keywords: generalized Fibonacci sequence, complete sequence.
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Theorem 2. Let P, Q be relatively prime nonzero integers and suppose that P2
− 4Q is not a perfect

square. Then the following statements hold.

(i) If Q =±1 then [P, Q] is complete modulo only finitely many primes.

(ii) (GRH) If Q 6= ±1, then [P, Q] is complete modulo infinitely many primes.

To prove Theorem 2, we first show that if (a) P2
− 4Q is a quadratic nonresidue modulo a prime p

and (b) Q is either a primitive root or the square of a primitive root modulo p, then [P, Q] is complete
modulo p (see Theorem 8). Condition (a) can be guaranteed by a congruence condition on p. A careful
use of a theorem by Lenstra [1977a, Theorem 5.1] on primitive roots modulo primes in an arithmetic
progression will allow us to find infinitely many primes p for which both conditions (a) and (b) are
satisfied. Lenstra’s theorem (which we will restate for convenience as Theorem 9) is a conditional result,
and so our proof of part (ii) of Theorem 2 is conditional upon the GRH.

In case (ii) of Theorem 2, one can find (under the GRH) a lower bound for the counting function for
primes p such that [P, Q] is complete modulo p. Let 3(x; P, Q) denote the set of primes p ≤ x such
that [P, Q] is complete modulo p. If Q 6= ±1 and P2

− 4Q is not a perfect square, then for all x large
enough

#3(x; P, Q)≥ η(P, Q)
x

log x
,

where η(P, Q) > 0 is computable in terms of P and Q. For a more detailed discussion, see the end of
Section 3.

Organization of paper. In Section 2, we briefly discuss the cases when P Q = 0 or P2
− 4Q is a perfect

square. As we stated before, Schinzel [1990] proved part (i) of Theorem 2 for the case Q = −1. We
prove part (i) for the case Q = 1 in Section 3, where we show that [P, 1] is complete modulo a prime
p > 3 if and only if P ≡±2 (mod p) (Theorem 7).

In Section 3, we prove part (ii) of Theorem 2 (see Lemmas 10, 12, and 13). In addition, we show
that under certain conditions (that conditionally hold for infinitely many primes), the sequence [P, Q] is
somewhat uniformly distributed modulo p in the sense that it contains every nonzero element the same
number of times over the full period (see Theorem 8 for details).

Finally, in Section 4, we consider complete generalized Fibonacci sequences with parameters (P, Q) ∈
{1, . . . , p− 1}2 for a fixed prime p and derive the following asymptotic result.

Theorem 3. Let 3p denote the set of pairs (P, Q) ∈ {1, . . . , p − 1}2 such that [P, Q] is complete
modulo p. Then

lim sup
p→∞

|3p|

p2 =
1
2
.

2. Preliminary results

Let P, Q be integers. By a simple induction, one can show that the solution F = [P, Q] of (1) can be
written as the following analog of Binet’s formula [Elaydi 2005, §2.3]:

Fn =
αn
−βn

α−β
for all n ≥ 0, (2)
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where
α = 1

2(P +
√
1), β = 1

2(P −
√
1) (3)

are the roots of the characteristic polynomial x2
− Px + Q, and 1 = P2

− 4Q 6= 0 is its discriminant.
One has

α+β = P, αβ = Q. (4)

The difference equation (1) has the following generalization which follows from (2) and (4) by a
straightforward calculation:

Fn = Fa Fn+1−a − QFa−1 Fn−a for all n ≥ 1, for all a ∈ {1, . . . , n}. (5)

Given a prime p > 2, let F̂ ∈ {0, . . . , p− 1} denote the residue class of an integer F modulo p. As
we will see later in this section, where we discuss the three cases for the discriminant 1, the sequence
{F̂n}

∞

n=0 modulo p is a periodic sequence unless P ≡ Q ≡ 0 (mod p). A period of [P, Q] modulo p is
an integer n such that Fn+k ≡ Fk (mod p) for all k ≥ 0. The Pisano period π(p) is the smallest period of
[P, Q] modulo p, and it divides every period of [P, Q]. We call the finite sequence {F̂i : 1≤ i ≤ π(p)}
the full period of [P, Q] modulo p.

Example 4. Let P = 1, Q = 4, and p = 7. Then π(p)= 24 and

{F̂i : 1≤ i ≤ 24} = {1, 1, 4, 0, 5, 5, 6, 0, 4, 4, 2, 0, 6, 6, 3, 0, 2, 2, 1, 0, 3, 3, 5, 0}

is the full period of [P, Q] modulo p = 7.

Regarding the discriminant 1, there are three cases.

(I) 1 is a nonzero quadratic residue modulo p. In this case, the characteristic polynomial x2
− Px + Q

has two distinct roots modulo p that we again denote by α and β. Binet’s formula (2) still holds, where
all the operations involved are carried out in the field Zp. By Fermat’s little theorem, we have

Fn+p−1 =
αn+p−1

−βn+p−1

α−β
=
αn
−βn

α−β
= Fn

in Zp. It follows that π(p) | (p− 1); hence the sequence [P, Q] is not complete modulo p in this case.

(II) 1 ≡ 0 (mod p). In this case, the characteristic polynomial x2
− Px + Q has the repeated root

α = β = 1
2 P. A simple induction shows

Fn ≡ n
( 1

2 P
)n−1 for all n ≥ 1. (6)

If P 6≡ 0 (mod p), by letting n = (p−1)k+1 for an arbitrary integer k and using Fermat’s little theorem
again, we conclude that Fn ≡−k+ 1 (mod p); hence [P, Q] is complete modulo p. If P ≡ 0 (mod p),
then Q ≡ 0 (mod p), and the sequence [P, Q] modulo p becomes 0, 1, 0, 0, . . . , which is complete
modulo p only if p = 2.

(III) 1 is a quadratic nonresidue modulo p. We consider the field extension

Fp2 = {a+ b
√
1 : a, b ∈ Zp}.

Binet’s formula (2) still holds with all the operations carried out in the field Fp2 . Given an element
γ ∈ Fp2 , the order of γ , denoted by ordp(γ ) is the smallest positive integer t such that γ t

= 1. In
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particular, if γ ∈ Zp, then ordp(γ ) | (p− 1). Generally ordp(γ ) | (p2
− 1) since the multiplicative group

F∗p2 has order p2
− 1. In particular, for α, β defined by (3), one has α p2

−1
= β p2

−1
= 1 in Fp2 , and

so Fn+p2−1 ≡ Fn (mod p) by Binet’s formula (2). Therefore, π(p) | (p2
− 1), which is improved in the

following lemma.

Lemma 5. Suppose that P, Q are integers and p is an odd prime such that 1= P2
− 4Q is a quadratic

nonresidue modulo p. Let α, β be the roots of x2
− Px + Q = 0 in Fp2 given by (3). Then

(i) α p+1
= β p+1

= Q in Fp2 .

(ii) π(p) | (p+ 1) ordp(Q). Moreover, if ordp(Q) is even, then (p+ 1) ordp(Q)/π(p) is an odd integer.

Proof. (i) Let α = u + v
√
1, where u = 1

2 P, v = 1
2 . We note that (

√
1)p+1

=1(p−1)/21=−1 by
Euler’s criterion. It follows from the binomial theorem modulo p and Fermat’s little theorem that

α p+1
= u p+1

+ u pv
√
1+ uv p(

√
1)p
+ v p+1(

√
1)p+1

= u2
+ uv
√
1− uv

√
1− v21

= u2
− v21= 1

4 P2
−

1
4(P

2
− 4Q)= Q,

where all of the operations are carried out in the field Fp2 . Similarly, β p+1
= Q in Fp2 .

(ii) Let t = ordp(Q) such that Qt
≡ 1 (mod p). It follows from part (i) that α(p+1)t

= β(p+1)t
= Qt

= 1,
and so F(p+1)t+k ≡ Fk (mod p) for all k ≥ 0, which implies π(p) | (p+ 1)t .

If t is even, then α(p+1)t/2
= β(p+1)t/2

= Qt/2
= −1. It follows again from Binet’s formula (2) that

F(p+1)t/2+k =−Fk for all k ≥ 0. In particular, π(p)- 1
2(p+ 1)t , and therefore, (p+ 1)t/π(p) is odd. �

In the rest of this section, we briefly discuss the cases when P Q = 0 or P2
− 4Q is a perfect square.

(i) P = 0. Then F2k = 0 and F2k+1 = (−Q)k for all k ≥ 0. Therefore, [0, Q] is complete modulo p > 2
if and only if −Q is a primitive root modulo p.

(ii) Q = 0. Then Fn = Pn for all n ≥ 1. Therefore, [P, 0] is complete modulo p > 2 if and only if P is
a primitive root modulo p.

(iii) P2
− 4Q = 0. If P ≡ 0 (mod p), the sequence is clearly not complete modulo p > 2. If P 6≡

0 (mod p), then the sequence F = [P, Q] satisfies (6); hence it is complete modulo p as shown earlier
in case II.

(iv) P2
− 4Q is a nonzero perfect square. Then by Binet’s formula (2) and Fermat’s little theorem, the

sequence [P, Q] is not complete modulo p for all primes p greater than the largest prime factor of 1, as
shown earlier in case I.

Therefore, we have the following corollary of Theorem 2.

Corollary 6. (GRH) Let P, Q be relatively prime integers. Then the sequence [P, Q] is complete modulo
infinitely many primes if and only if one of the following statements is true:

(i) P 6= 0 and P2
− 4Q = 0.

(ii) Q = 0 and P 6= ±1 and P is not a perfect square.

(iii) Q 6= ±1 and P2
− 4Q is not a perfect square.
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3. Proof of the main theorem

First, we consider generalized Fibonacci sequences [P, 1].

Theorem 7. Let P be an integer and p > 3 be a prime. Then the sequence [P, 1] is complete modulo p
if and only if P ≡±2 (mod p).

Proof. If P2
− 4 is zero or a nonzero quadratic residue modulo p, the claim follows from our analysis of

the three cases (I)–(III) in Section 2. Thus, suppose that P2
− 4 is a quadratic nonresidue modulo p and

F = [P, 1] is complete modulo p, and we derive a contradiction. It follows from part (i) of Lemma 5 that
in this case α p+1

= β p+1
= 1. Therefore, for r = 1

2(p+1), we have αr , βr
∈ {1,−1}. Since αβ = Q = 1,

one has αrβr
= (αβ)r = 1; hence αr

= βr
∈ {1,−1}. If αr

= βr
= 1, then Fr+n ≡ Fn (mod p) for all

n ≥ 0; hence π(p) | r and so the sequence [P, 1] is not complete modulo p. Therefore, suppose that
αr
= βr

=−1. Then for all n ≥ 0,

Fr+n =
αr+n
−βr+n

α−β
=
−αn
+βn

α−β
=−Fn

in Zp. In particular, by our assumption that [P, 1] is complete, we must have {±F1, . . . ,±Fr−1} =

{1, . . . , p− 1} modulo p. It follows that

F2
1 + · · ·+ F2

r−1 ≡ 12
+ · · ·+ (r − 1)2 ≡ 0 (mod p) (7)

for p > 3. On the other hand,
r−1∑
i=1

F2
i =

1
(α−β)2

r−1∑
i=1

(αi
−β i )2

=
1

(α−β)2

(
α2r
−α2

α2− 1
− 2

r−1∑
i=1

Qi
+
β2r
−β2

β2− 1

)

=
1
1

(
−2− 2

r−1∑
i=1

1
)
=−

1
1
,

which contradicts (7). �

Part (i) of Theorem 2 follows from Schinzel’s result [1990] for Q = −1 and from Theorem 7 for
Q = 1. Note that Theorem 7 implies that if 1 = P2

− 4 6= 0 then [P, 1] is not complete modulo any
p ≥ |P| + 3.

The rank of apparition µ = µ(p) is the smallest positive integer n such that Fn ≡ 0 (mod p), or
equivalently αn

= βn in Fp2 . If αm
= βm in Fp2 for an integer m, then µ |m. One can arrange the full

period {F̂i : 1≤ i ≤π(p)} in a (π/µ)×µmatrix, where the i j -th entry is given by F̂(i−1)µ+ j , 1≤ i ≤π/µ,
1≤ j ≤ µ; We call this matrix the period matrix of [P, Q] modulo p. Since Ft ≡ 0 (mod p) if and only
if µ | t , the last column of the period matrix is a zero column and all other entries are nonzero modulo p.
It follows that 0 appears exactly π/µ times in the full period.

In Theorem 8, we show that if Q is a primitive root or the square of a primitive root modulo p, then
every nonzero element appears the same number of times in the full period. As an illustration, consider
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the following two examples. First, let (P, Q)= (12, 5) and p = 19. In this case µ(19)= 5, ord19(5)= 9,
π(19)= 45, and u = α5

= 103566+ 18601
√

31≡ 16 (mod 19). The period matrix is given by

1 12 6 12 0
16 2 1 2 0
9 13 16 13 0
11 18 9 18 0
5 3 11 3 0
4 10 5 10 0
7 8 4 8 0
17 14 7 14 0
6 15 17 15 0


=



1
16
9
11
5
4
7
17
6


(1 12 6 12 0) (mod 19).

The first and the third columns of the period matrix list exactly all of the nonzero quadratic residues mod-
ulo 19, while the second and the fourth columns list exactly all of the quadratic nonresidues modulo 19.
In particular, each nonzero element in the period matrix is repeated exactly two times.

Next, let (P, Q) = (1, 4) and p = 13. Then ord13(4) = 6, π(13) = 84, and µ(13) = 7. The period
matrix in this case is given by

1 1 10 6 5 7 0
11 11 6 1 3 12 0
4 4 1 11 7 2 0
5 5 11 4 12 9 0
3 3 4 5 2 8 0
7 7 5 3 9 10 0
12 12 3 7 8 6 0
2 2 7 12 10 1 0
9 9 12 2 6 11 0
8 8 2 9 1 4 0
10 10 9 8 11 5 0
6 6 8 10 4 3 0



=



1
11
4
5
3
7

12
2
9
8

10
6



(1 1 10 6 5 7 0) (mod 13),

where each nonzero entry is repeated six times.

Theorem 8. Let p be an odd prime such that p -P and P2
− 4Q is a quadratic nonresidue modulo p.

Suppose that ordp(Q)= (p− 1)/k for some k ∈ {1, 2}. Then the generalized Fibonacci sequence [P, Q]
is complete modulo p. More precisely, the following statements hold:

(a) If p ≡ 1 (mod 4), or p ≡ 3 (mod 4) and µ(p) is even, then zero appears in the full period {F̂i :

1≤ i ≤ π(p)} exactly p− 1 times, while each nonzero element of Zp appears exactly µ− 1 times.

(b) If p ≡ 3 (mod 4) and the rank of apparition µ is odd, then

(i) either zero appears in the full period exactly p− 1 times, while each nonzero element of Zp

appears µ− 1 times, or
(ii) zero appears in the full period exactly 1

2(p−1) times, while each nonzero element of Zp appears
exactly 1

2(µ− 1) times.
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Proof. (a) Let u = αµ = Fµ+1 ∈ Zp. We first show that u is a primitive root modulo p. Since Fp+1 =

(α p+1
−β p+1)/(α−β)= 0 by Lemma 5, we have µ | (p+ 1). Let l = (p+ 1)/µ, and so ul

= Q in Fp2 .
If k = 1, then Q is a primitive root modulo p; hence u is a primitive root modulo p. Thus, suppose that
k = 2; hence Q is a quadratic residue modulo p. It follows from ul

= Q that ordp(u)= p−1 or 1
2(p−1).

Since (α(p+1)/2)2 = Q, and Q is a quadratic residue, we must have α(p+1)/2
∈ Zp ⊆ Fp2 . Similarly

β(p+1)/2
∈ Zp. Therefore, either α(p+1)/2

= β(p+1)/2 or α(p+1)/2
=−β(p+1)/2. If α(p+1)/2

=−β(p+1)/2,
we have F(p+3)/2 = α

(p+1)/2 P/(α − β) ∈ Zp, which is a contradiction since P 6≡ 0 modulo p and
α−β =

√
1 /∈ Zp. Therefore, we have α(p+1)/2

= β(p+1)/2, and so µ | 1
2(p+ 1). There are two cases.

Case 1. If p ≡ 1 (mod 4), then it follows from µ | 1
2(p + 1) that µ is odd and l is even. But then,

(u(p−1)/2)l/2 = Q(p−1)/4
=−1, which implies ordp(u) 6= 1

2(p− 1), and so ordp(u)= p− 1 in this case.

Case 2. If p ≡ 3 (mod 4), then µ is even by the assumption. If ordp(u) = 1
2(p − 1), then u is a

quadratic residue and so αµ/2, βµ/2 ∈ Zp since (αµ/2)2 = (βµ/2)2 = u. It follows that αµ/2 = ±βµ/2.
However, by the definition of µ, we cannot have αµ/2 = βµ/2. Therefore, αµ/2 =−βµ/2, which implies
Fµ/2+1 = α

µ/2 P/(α−β), which contradicts α−β =
√
1 /∈ Zp. It follows that ordp(u)= p− 1 in this

case as well.
We have so far shown that u=αµ is a primitive root modulo p. In particular, the numbers Fsµ+1=α

sµ,
1 ≤ s ≤ p− 1, form a reduced residue system modulo p; i.e., they contain every nonzero congruence
class modulo p. Since for each 1≤ s ≤ p− 1 and 0≤ t < µ, we have

Fsµ+t =
αsµ+t

−βsµ+t

α−β
= αsµFt = Fsµ+1 Ft ,

and Ft 6= 0 for 1 ≤ t < µ, we conclude that the numbers Fsµ+t , 1 ≤ s ≤ p − 1, form a reduced
residue system modulo p for each fixed 0 < t < µ. It follows that zero appears exactly p − 1 times
among the numbers F̂1, . . . , F̂π(p), and each k ∈ {1, . . . , p − 1} appears exactly µ − 1 times in the
full period. Moreover, π(p) = µ(p − 1); i.e., each nonzero element of Zp appears exactly µ− 1 =
(π(p)− p+ 1)/(p− 1) times. This completes the proof of part (a).

(b) If ordp(u)= p− 1, then again u is a primitive root modulo p and the claim follows as in the proof
of part (a). Thus, suppose that ordp(Q) = ordp(u) = 1

2(p− 1). Then
{

Fsµ+1 = us
: 1≤ s ≤ 1

2(p− 1)
}

contains exactly all quadratic residues modulo p. Since Fa+sµ = us Fa , we have(
Fa

p

)
=

(
Fa+sµ

p

)
.

Therefore, the last column of the period matrix is a zero column; moreover, every other column of the
period matrix lists either exactly the set of all nonzero quadratic residues or the set of all quadratic
nonresidues, depending on whether the first entry in the column is a quadratic residue or a quadratic
nonresidue. Equation (5) implies Fa Fµ−(a−1) ≡ QFa−1 Fµ−a (mod p). Since Q is a quadratic residue
modulo p, it follows that(

Fa

p

)(
Fµ−a

p

)
=

(
Fa−1

p

)(
Fµ−(a−1)

p

)
for all a ∈ {2, . . . , µ− 1}.
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Therefore,
(Fa

p

)(Fµ−a
p

)
is independent of a, and so(

Fa

p

)(
Fµ−a

p

)
=

(
Fµ−1

p

)(
F1

p

)
=−1

since u = αµ = Fµ+1 = P Fµ− QFµ−1 =−QFµ−1, which implies(
Fµ−1

p

)
=−1.

We conclude that for each a ∈ {1, . . . , µ − 1} exactly one of the numbers Fa or Fµ−a is a nonzero
quadratic residue modulo p. So half of the (µ− 1) nonzero columns of the period matrix list exactly the
set of all nonzero quadratic residues and the other half list exactly the set of quadratic nonresidues. It
follows that each k ∈ {1, 2, . . . , p− 1} appears 1

2(µ− 1) times in the full period. �

As we discussed in the Introduction, the existence of primitive roots modulo primes in a given arith-
metic progression plays an important role in the proof of Theorem 2. In particular, we need the following
theorem from [Lenstra 1977a, Theorem 5.1].

Theorem 9 (Lenstra). Let b, c be positive integers, (b, c) = 1, and let t ∈ Q, t 6= 0,±1. Let α(t)
denote the discriminant of Q(

√
t) over Q. Then the set of prime numbers q in the arithmetic progression

b+ kc, k ∈ {0, 1, 2, . . . }, for which t is a primitive root is finite if and, modulo the Generalized Riemann
Hypotheses, only if , one of the following conditions is satisfied:

(a) l | c, b ≡ 1 (mod l), t ∈Q∗l for some prime number l,

(b) α(t) | c,
(
α(t)

b

)
= 1 (Kronecker symbol),

(c) α(t) | 3c, 3 |α(t),
(
−α(t)/3

b

)
= 1, t ∈Q∗3,

where Q∗l = {ql
: q ∈Q\{0}}.

Lemma 10. (GRH) Let P, Q be integers such that |P2
− 4Q| is not a perfect square and Q 6= −1.

Suppose that either 1
3(P

2
− 4Q) is not a perfect square or Q is not the twelfth power of an integer. Then

there exist infinitely many primes q such that [P, Q] is complete modulo q.

Proof. Let r be the largest integer such that Q is the r -th power of an integer. If r is odd, let h = r and
Q0 be the unique integer such that Q = Qh

0 . If r is even, we write r = 2εh, where h is odd and ε ≥ 1, and
let Q0 be the unique negative integer such that Q = Q2h

0 . Also, let 1′ and Q′ be the square-free parts of
1 = P2

− 4Q and Q0, respectively. Let C,H and T denote the sets of prime factors of 1′, h, and Q′

respectively.
First, suppose that 1′ = 3, 3 ∈ H, and T = ∅. It follows that −Q0 is a perfect square. If Q is a

perfect square, then by the definition of Q0, we have Q = Q2h
0 . Since 3 | h and −Q0 is a perfect square,

it follows that Q is the twelfth power of an integer. Since 1′ = 3, we see that 1
3(P

2
− 4Q) is a perfect

square. However, the case where Q is the twelfth power of an integer and 1
3(P

2
−4Q) is a perfect square

is excluded from consideration in the hypotheses of Lemma 10. Thus, suppose that Q is not a perfect
square, and so Q = Qh

0 . It follows that Q =−R2 for some integer R and P2
− 4Q =1= 3Y 2 for some

integer Y. But then P2
+ 4R2

= 3Y 2, which has only the trivial solution P = R = Y = 0 in integers
by the sum of two squares theorem (see, for example, Theorem 2 in Chapter 2 of [Grosswald 1985]), a
contradiction.
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Next, suppose that 1′ 6= 3, or 3 /∈H, or T 6=∅. We have two cases:

Case I. Suppose 1′ 6= 3 or 3 /∈H. If C 6= {3}, let a 6= 3 be the smallest prime factor of 1′, otherwise (i.e.,
when 1′ =−3 or 1′ = 3 but 3 /∈H) let a = 3. For each odd p ∈ C\{a}, let X p be an integer such that(

X p

p

)
= (−1)(p−1)/2.

If a is odd, choose Xa such that (
Xa

a

)
=− sgn(1)(−1)(a−1)/2,

where sgn(1) = 1 if 1 > 0 and sgn(1) = −1 if 1 < 0. Moreover, without loss of generality, we can
choose X p for each p ∈ C ∩H such that X p 6≡ 1 (mod p). Now, consider the system of congruences

x ≡ X p (mod p) for all p ∈ C\{2},
x ≡ 2 (mod p) for all p ∈H\C,
x ≡ 3 (mod 8) if a 6= 2 or 1> 0,
x ≡ 7 (mod 8) if a = 2 and 1< 0.

(8)

Note that by our choice of X p for p ∈ C ∩H, any solution of the system (8) satisfies gcd(x − 1, h)= 1.
By the Chinese remainder theorem and Dirichlet’s theorem, there exists a prime b > 41h that satisfies
(8). We choose t ∈ {Q0,−Q0} such that

(t
b

)
=−1. Theorem 9 with our b and t and c= 4δ1h (where the

integer δ is large enough so that b < c) implies that there exist infinitely many primes q ≡ b (mod 41h)
such that ordq(t)= q − 1. Since gcd(q − 1, h)= 1, it follows that ordq(th)= q − 1.

If Q is not a perfect square, then by our definition of Q0 and t , we have Q = ±th. It follows that
either ordq(Q) = q − 1 or ordq(−Q) = q − 1. Hence, ordq(Q) = q − 1 or 1

2(q − 1). If Q is a perfect
square, then Q = Q2h

0 , and since Q0 or −Q0 is a primitive root modulo q , we have ordq(Q2
0)=

1
2(q−1),

and so ordq(Q)= 1
2(q − 1) since Q = (Q2

0)
h and gcd(h, q − 1)= 1.

If a is odd, then 1′ is odd and q ≡ b ≡ X p (mod p) for all p ∈ C. Moreover, q ≡ b ≡ 3 (mod 4). It
follows from the quadratic reciprocity law that(

1

q

)
=

(
sgn(1)a

q

) ∏
p∈C\{a}

(
p
q

)
= sgn(1)(−1)(a−1)/2

(
q
a

) ∏
p∈C\{a}

(−1)(p−1)/2
(

q
p

)
= sgn(1)(−1)(a−1)/2

(
Xa

a

) ∏
p∈C\{a}

(−1)(p−1)/2
(

X p

p

)
=−1. (9)

A similar calculation works for the case a = 2. Therefore, P2
− 4Q is a quadratic nonresidue modulo q

and ordq(Q) = q − 1 or 1
2(q − 1). It then follows from Theorem 8 that [P, Q] is complete modulo q,

and the proof of the lemma is completed in case I.

Case II. 1′ = 3 and 3 ∈H and T 6=∅. If 3 ∈ T , let a = 3, otherwise let a ∈ T be arbitrary. For each
odd p ∈ T \{a}, choose X p such that (

X p

p

)
= 1.
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Also let Xa be an integer such that (
Xa

a

)
=−1.

Moreover, without loss of generality, we can choose X p for each p ∈ C ∩H such that X p 6≡ 1 (mod p).
Consider the system of congruences

x ≡ X p (mod p) for all p ∈ T \{2},
x ≡ 2 (mod p) for all p ∈H\T ,
x ≡ 1 (mod 8) if a 6= 2,
x ≡ 5 (mod 8) if a = 2.

(10)

As in the proof of case I, we choose b > 41h to be a prime satisfying congruences (10). Let t = Q0

and c = 4δ1h, where the integer δ is chosen such that b < c. By Theorem 9, there exist infinitely many
primes q such that t is a primitive root modulo q. A calculation similar to (9) shows that P2

− 4Q is a
quadratic nonresidue modulo q. Therefore, by Theorem 8, the sequence [P, Q] is complete modulo q,
and the proof of Lemma 10 is completed. �

Next, we consider the case where 1
3(P

2
− 4Q) is a perfect square and Q is the twelfth power of an

integer. First we need a lemma.

Lemma 11. Let P, Q be relatively prime integers and t ′ be a square-free integer. Then there exists
a constant N (that depends on P, Q, and t ′) such that for the sequence F = [P, Q] we have F ′i 6=
1, 6, 2t ′, 3t ′ for all i > N, where F ′i denotes the square-free part of Fi .

Proof. By [Ribenboim and McDaniel 1991, Proposition 1], each square class of [P, Q] is finite. In other
words, given any i ≥ 1, there exist only finitely many j ≥ 1 such that Fi Fj is a square. Lemma 11 follows
immediately. �

In the proof of the next lemma, we will work with biquadratic residues and nonresidues. Given a
prime p ≡ 1 (mod 4), the multiplicative group Z∗p is divided into four subsets: the subgroup generated
by the fourth powers (which we call biquadratic residues) and its cosets.

Lemma 12. (GRH) Let P, Q be relatively prime integers such that Q = Z12 and P2
− 4Q = 3Y 2 for

some integers Z > 1 and Y 6= 0. Then [P, Q] is complete modulo infinitely many primes.

Proof. Let h be the largest odd integer such that Z = t2εh, where ε ≥ 0 and t is not a perfect square. Let
t ′ be the square-free part of t . Let F = [P, Q] and F ′i be the square-free part of Fi , i ≥ 1. Finally, let
Di ,H, and T denote the sets of prime factors of F ′i , h, and t ′ respectively, i ≥ 1.

We claim that there exists a set �⊆ Di ∪ T that has the following properties:

(i) 2, 3 /∈ (Di ∪ T )\�.

(ii) #(Di ∩�) and #(T ∩�) are odd.

We first note that gcd(t ′, 6)= 1, since otherwise gcd(Z , 6) 6= 1, and it would follow from P2
−4Z12

= 3Y 2

that gcd(P, Q) 6=1. Therefore, T ∩{2, 3}=∅. By Lemma 11, there exists i ≥1 such that F ′i 6=1, 6, 2t ′, 3t ′.
There are four cases:

Case 1. 2, 3 ∈Di . If Di ∩T 6=∅, let a ∈Di ∩T and �= {2, 3, a}. If Di ∩T =∅, then since t ′ 6= 1 and
F ′i 6= 1, 6, there exists a ∈ T \Di and a′ ∈ Di\T . We let �= {2, 3, a, a′}.
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Case 2. 3 ∈ Di and 2 /∈ Di . If there exists a ∈ T \Di , let � = {3, a}. If T \Di = ∅, choose a ∈ Di ∩ T .
Moreover, we choose a′ ∈ Di\T . Such an a′ exists, otherwise F ′i = 3t ′, a contradiction.

Case 3. 2 ∈ Di and 3 /∈ Di . If there exists a ∈ T \Di , let � = {2, a}. If T \Di = ∅, choose a ∈ Di ∩ T .
Moreover, we choose a′ ∈ Di\T . Such an a′ exists, otherwise F ′i = 2t ′, a contradiction.

Case 4. 2, 3 /∈Di . If there exists a ∈Di ∩T , let �= {a}. If Di ∩T =∅, choose a ∈Di\T and a′ ∈ T \Di ,
and let �= {a, a′}.

Next, we define integers X p for odd primes p ∈ Di ∪ T as follows. For each odd p ∈ (Di ∪ T )\�,
choose an integer X p such that (

X p

p

)
= 1.

For odd p ∈�, choose an integer Xa such that(
Xa

a

)
=−1.

Moreover, we can choose X p such that X p 6≡ 1 (mod p) if p ∈H. Consider the system of congruences
x ≡ X p (mod p) for all p ∈ (Di ∪ T )\{2},
x ≡ 2 (mod p) for all p ∈H\(Di ∪ T ),
x ≡ 2 (mod 3),
x ≡ 5 (mod 8).

(11)

Let b > 24F ′i t ′ be a prime satisfying the congruence relations (11). In particular, for any prime p ≡
b (mod 24F ′i t ′), we have gcd(b− 1, 3h)= 1 and(

t ′

p

)
=

∏
q∈T

(
q
p

)
=

∏
q∈�

(
q
p

) ∏
q∈T \�

(
q
p

)
=−1.

Lenstra’s theorem, Theorem 9, with c = 3 · 4δF ′i t ′ (where the integer δ ≥ 2 is large enough such that
b < c) and our b and t , implies that there exist infinitely many primes p ≡ b (mod c) such that t is a
primitive root modulo p. Since Q = t12·2εh, we have

ordp(Q)=
p− 1

gcd(p− 1, 12 · 2εh)
=

1
4(p− 1).

Recall from the proof of Theorem 8 that Q = ul, where u = αµ and l = (p + 1)/µ. It follows that
ordp(u) ∈

{
p− 1, 1

2(p− 1), 1
4(p− 1)

}
. If ordp(u) = p − 1, then the numbers Fsµ+1 = us contain all

nonzero elements modulo p; hence [P, Q] is complete modulo p. If ordp(u)= 1
2(p−1), then the numbers

Fsµ+1 ≡ us (mod p) contain all quadratic residues modulo p, while the numbers Fsµ+i ≡ us Fi (mod p)
contain all quadratic nonresidues modulo p since Fi is a quadratic nonresidue modulo p by the calculation(

Fi

p

)
=

∏
q∈Di

(
q
p

)
=

∏
q∈�

(
q
p

) ∏
q∈Di\�

(
q
p

)
=−1,
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and so [P, Q] is complete modulo p. Thus, suppose ordp(u)= 1
4(p− 1). Then the numbers Fsµ+1 = us

consist of all of the biquadratic residues modulo p. Moreover, we have

u ≡ Fµ+1 ≡ P Fµ− QFµ−1 ≡−QFµ−1 (mod p).

Since p ≡ 5 (mod 8), we know that −1 is a quadratic residue but not a biquadratic residue modulo p. It
follows from the fact that Q and u are biquadratic residues modulo p that Fµ−1 is a quadratic residue but
not a biquadratic residue modulo p. Hence the numbers Fsµ+µ−1 = us Fµ−1 consist of all of the quadratic
residues that are not biquadratic residues modulo p. Moreover, since Fa Fµ−(a−1) ≡ Fa−1 Fµ−a (mod p)
for a ∈ {2, . . . , µ− 1}, one has

Fµ−a F−1
a ≡ Fµ−(a−1)F−1

a−1 (mod p) for all a ∈ {2, . . . , µ− 1},

which implies Fµ−a F−1
a ≡ Fµ−1 F−1

1 ≡ Fµ−1 (mod p), which is a quadratic residue but not a biquadratic
residue. It then follows that the numbers Fsµ+i ≡ us Fi and Fsµ+µ−i ≡ us Fµ−i together consist of all of
the quadratic nonresidues modulo p, and the proof is completed. �

To complete the proof of Theorem 2, it remains to consider the case where P2
− 4Q = −X2 for a

nonzero integer X .

Lemma 13. (GRH) Suppose that Q 6= ±1 and P2
− 4Q = −X2, where X is a nonzero integer. Then

[P, Q] is complete modulo infinitely many primes.

Proof. There are two cases:

Case I. Q is not a perfect square. Let t = Q and note that Q > 0, otherwise −X2
= P2

− 4Q > 0, a
contradiction. We claim that the obstructions (a), (b), and (c) in Theorem 9 (with b = 3 and c = 4) do
not hold. Condition (a) fails since l must be odd and b = 3, and so b 6≡ 1 (mod l) for any odd prime l.
Condition (b) fails since if α(t) | 4, then α(t) = ±1,±2,±4. Since t = Q is not a perfect square and
Q > 0, and α(t) is a fundamental discriminant, we must have α(t)= 2, and so(

α(t)
3

)
=−1.

For condition (c), since α(t) > 0, if α(t) | 3c and 3 |α(t), then α(t) = 3, 6, 12, and so the power of 3
in the prime factorization of 4Q is odd. But then from P2

− 4Q = −X2, we have 4Q = P2
+ X2, a

contradiction with the sum of two squares theorem (see again [Grosswald 1985, Chapter 2]).
It then follows from Theorem 9 that there exist infinitely many primes p in the arithmetic progression
{4k+ 3 : k ≥ 0} for which ordp(Q)= ordp(t)= p− 1. On the other hand, since p ≡ 3 (mod 4), we have
that P2

− 4Q =−X2 is a quadratic nonresidue modulo p. Therefore, the sequence [P, Q] is complete
modulo each such p > P by Theorem 8.

Case II. Q is a perfect square. Let Q = Z2 for some integer Z , and let t = −Q. In particular α(t) =
α(−Z2) = −4. We again see that conditions (a), (b), (c) in Theorem 9 fail with b = 3 and c = 4.
Condition (a) fails since b = 3 and l is odd. Condition (b) fails since(

α(t)
3

)
=

(
−4
3

)
=−1.
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Condition (c) fails since 3 -α(t). It follows that there exist infinitely many primes p in the arithmetic
progression {4k+ 3 : k ≥ 0} such that ordp(t)= p− 1; hence ordp Q = 1

2(p− 1), and so the sequence
[P, Q] is complete modulo p by Theorem 8. �

Theorem 2 follows from Theorem 7 and Lemmas 10, 12, and 13.
If we let πt(x; c, b) denote the set of primes p ≤ x such that p ≡ b (mod c) and t is a primitive root

modulo p, then by a theorem of [Lenstra 1977b] (see also [Moree 1999, Theorem 2]):

πt(x; c, b)= δ(t, c, b)
x

log x
+ O

(
x log log x

log2 x

)
,

where δ(t, c, b) ≥ 0 is a constant computable in terms of t, c, b [Moree 1999, Theorem 3]. The cases
where δ(t, c, b) = 0 are exactly given by the three cases (a), (b), (c) of Theorem 9. In the proofs of
Lemmas 10, 12, and 13, we have excluded the possibility of δ(t, c, b) = 0 to show that there exist
infinitely many primes in suitable arithmetic progressions with a suitable prescribed primitive root. In
other words, throughout our proofs, we have had δ(t, c, b) > 0 in various places where we have defined
t, c, and b in terms of P and Q. Therefore, we have shown under the GRH that if gcd(P, Q) = 1 and
Q 6= ±1 and P2

− 4Q is not a perfect square, then for all x large enough,

#3(x; P, Q)≥ η(P, Q)
x

log x
,

where η(P, Q) > 0 is a constant that only depends on P and Q.

4. The relative size of complete pairs

In Theorem 2, we fixed the parameters P, Q and considered the primes p such that the generalized
Fibonacci sequence [P, Q] was complete modulo p. In this section, we fix a prime p and consider
parameters P, Q for which the sequence [P, Q] is complete. Let 3p denote the set of pairs (P, Q) ∈
{1, . . . , p− 1}2 such that [P, Q] is complete modulo p. We are particularly interested in the relative size
of 3p in the set {1, . . . , p− 1}2.

In what follows, let Ap denote the set of primitive roots modulo p in Zp. Let Bp denote the set of
Q ∈ {1, . . . , p− 1} such that ordp(Q)= (p− 1)/k, where k ∈ {1, 2}. In particular Ap ⊆ Bp. Finally, for
each Q ∈ {1, . . . , p− 1}, let CQ denote the set of P ∈ {1, . . . , p− 1} such that P2

− 4Q is a quadratic
nonresidue.

Lemma 14. For every odd prime p, one has |3p| ≥
1
2(p− 3)|Bp|.

Proof. Let X be the set of x ∈ {1, . . . , p− 1} such that x is a quadratic residue and x − 1 is a quadratic
nonresidue, and let Y be the set of y ∈ {1, . . . , p− 1} such that y− 1 is a quadratic residue and y is a
quadratic nonresidue modulo p. It follows from [Aladov 1896, Theorem 1] that

|X |, |Y| ≥ 1
4(p− 3). (12)

If Q is a quadratic residue modulo p, then the map P 7→ P2/(4Q) is a two-to-one map from CQ onto X .
If Q is a quadratic nonresidue modulo p, then the map P 7→ P2/(4Q) is a two-to-one map from CQ

onto Y. In either case, it follows from the inequalities (12) that

|CQ | ≥
1
2(p− 3).
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By Theorem 8, if Q ∈ Bp and P ∈ CQ , then [P, Q] is complete modulo p. Therefore, we have

|3p| ≥
∑

Q∈Bp

|CQ | ≥
1
2(p− 3)|Bp|. �

Now, we are ready to prove Theorem 3.

Proof of Theorem 3. By [Heath-Brown 1986, Lemma 1], there exist infinitely many primes pi ≡ 3
(mod 4), i ≥ 1, such that 1

2(pi−1) is either a prime or a product of two primes qi , ri such that qi , ri > p1/4
i .

Therefore
1
2
>
φ(pi − 1)

pi − 1
>

1
2

(
1−

1

p1/4
i

)2

for all i ≥ 1. Since the number of primitive roots modulo pi is given by |Api | = φ(φ(pi ))= φ(pi − 1),
it follows that

lim
i→∞

|Api |

pi
= lim

i→∞

φ(pi − 1)
pi − 1

=
1
2
. (13)

Moreover, since
|Bp\Ap| = #

{
x ∈ Z∗p : ordp(x)= 1

2(p− 1)
}

= #{1≤ k ≤ p− 1 : gcd(k, p− 1)= 2}

= φ
( 1

2(p− 1)
)
= φ(p− 1)= |Ap|,

we have |Bp| = |Ap| + |Bp\Ap| = 2|Ap|, and so

lim
i→∞

|Bpi |

pi
= 1.

Therefore, by Lemma 14, we conclude that

lim sup
p→∞

|3p|

p2 ≥ lim sup
i→∞

|3pi |

p2
i
≥ lim

i→∞

1
2(pi − 3)|Bpi |

p2
i

≥
1
2
. (14)

On the other hand, for every odd prime p, one has |3p| ≤
1
2(p

2
− 1). To see this, we note that for each

P ∈ {1, . . . , p− 1}, the number of Q such that P2
− 4Q is zero or a quadratic nonresidue is 1

2(p+ 1). It
follows (recall case (I) of Section 2) that for at most 1

2(p
2
−1) pairs [P, Q] ∈ {1, . . . , p−1}2, the sequence

[P, Q] is complete modulo p, and so |3p| ≤
1
2(p

2
− 1), which implies lim supp→∞ |3p|/p2

≤
1
2 . This

together with (14) completes the proof of Theorem 3. �
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Discretized sum-product for large sets

Changhao Chen

Let A� Œ1; 2� be a .ı; �/-set with measure jAj D ı1�� in the sense of Katz and Tao. For � 2
�

1
2
; 1
�

we
show that

jACAjC jAAj' ı�c
jAj

for c D .1� �/.2� � 1/=.6� C 4/. This improves the bound of Guth, Katz, and Zahl for large � .

1. Introduction

Erdős and Volkmann [1966] showed that for any � 2 Œ0; 1� there exists a subgroup of reals with Hausdorff
dimension � , and they conjectured that this property does not hold for a subring of reals. Precisely
the Erdős–Volkmann ring conjecture claims that there does not exist a subring of reals with Hausdorff
dimension strictly between 0 and 1. Edgar and Miller [2003] first proved this ring conjecture via the
orthogonal projections of fractal sets. Slightly later Bourgain [2003] independently proved the Erdős–
Volkmann ring conjecture via the discretized ring conjecture (discretized sum-product) of [Katz and Tao
2001].

The discretized sum-product also has many other applications. For instance it is closely related to
Falconer’s distance set problem and the dimension of Furstenburg sets; see [Katz and Tao 2001] for
more details. Bourgain [2010] showed a different approach for the discretized sum-product, and gave
applications in the projections of fractal sets and Fourier analysis. For applications of the discretized
sets to projections of fractal sets see [He 2017a; Orponen 2016]. For applications of the discretized
sum-product to the Fourier decay of measures see [Li 2018].

We note that Bourgain [2003; 2010] does not produce an explicit bound. Recently Guth, Katz, and
Zahl [2018] gave a short proof of the discretized sum-product theorem, and they showed an explicit bound
for it. They used some ideas from [Garaev 2007] and applied some discretized version of arguments from
additive combinatorics.

We begin by introducing some notation of [Katz and Tao 2001]. Let �; ı be small and positive param-
eters. We use f / g to denote jf j �C�ı

�C�jgj, f ' g if g/ f , and f � g if f / g and g' f . We say
that a subset A� R is ı-discretized if A is the union of intervals of lengths � ı. For a positive constant
M we say that a subset A� .�M;M / is a .ı; �/-set if it is ı-discretized and one has

jA\B.x; r/j/ ı
�

r

ı

��
for all ı � r < 1 and x 2 R.

MSC2010: 05B99.
Keywords: .ı; �/-sets, sum set estimates, Fourier transform.
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We note that a .ı; �/-set here may have much smaller measure than ı1��. However we ask that any
.ı; �/-set have positive measure to avoid its being the empty set.

We remark that the .ı; �/-set can be considered as the discrete approximation of a set in R at scale ı.
Suppose that F is a compact subset of R. For each k 2 Z let

Ik;ı D Œkı; .kC 1/ı�

and Fı be the union of the interval Ik;ı which intersects F ; that is,

Fı D
[

k2Z;F\Ik;ı¤∅

Ik;ı:

In many cases, the set Fı is a .ı; �/-set for some 0 � � � 1. Here the parameter � is often related to
the “fractal dimension” of F. For instance if F is the classical Cantor ternary set, then for any 0< ı < 1

the set Fı is a .ı; log 2= log 3/-set. Indeed this follows from [Falconer 2003, Chapter 3], which shows
that the box dimension of the Cantor set is log 2= log 3. We remark that there are various dimensions in
fractal geometry; we refer to [Falconer 2003] for more details.

The above argument shows that the .ı; �/-set in Rd is also important for understanding the structure
of set in Rd. However, in this paper we consider .ı; �/-sets on the line R only.

Let A;B � R. The sum set of A and B is defined as

ACB D faC b W a 2A; b 2 Bg;

and similarly the product set of A and B is defined as

AB D fab W a 2A; b 2 Bg:

Using the above notation, Bourgain’s discretized sum-product theorem claims that for a .ı; �/-set
A� Œ1; 2� with 0< � < 1 and measure jAj D ı1��, there exists a constant c D c.�/ > 0 such that

jACAjC jAAj' ı�c
jAj:

Under the same condition, Guth, Katz, and Zahl [2018] proved that for any c < �.1� �/=.4.7C 3�//

one has

jACAjC jAAj' ı�c
jAj:

By adapting the arguments of [Garaev 2007; Guth, Katz, and Zahl 2018], and the bilinear bound of
[Bourgain 2010, Theorem 7], we obtain the following.

Theorem 1.1. Let � 2
�

1
2
; 1
�

and A� Œ1; 2� be a .ı; �/-set with measure jAj D ı1�� . Then

jACAjC jAAj' ı�
.1��/.2��1/

6�C4 jAj:

Note that for any 1
2
< � < 1, Theorem 1.1 gives a nontrivial lower bound. Furthermore for � >

1
9
.
p

226� 10/D 0:5703 : : : , Theorem 1.1 improves the bound of [Guth, Katz, and Zahl 2018].
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2. Preliminaries

We use #S to denote the cardinality of set S . Let X;Y;Z � R be finite sets with Z ¤∅; then the Ruzsa
triangle inequality claims that

#.X CY /�
#.X CZ/#.ZCY /

#Z
:

See [Tao and Vu 2006, Chapter 2] for a proof and many other useful sum set estimates.
We need the following well-known discretized version of the Ruzsa triangle inequality. Our proof is

based on [Guth, Katz, and Zahl 2018, Proof of Corollary 2.3; Orponen 2016, Remark 4.40]. For many
other discretized versions of sum sets estimates see [He 2017b; Tao 2014].

We show a geometric observation first. Let S � R be the union of disjoint intervals with length ' ı.
Then for all 0< c < 10 we have

jS CB.0; cı/j/ jS j: (1)

Here we can change the parameter 10 to any other fixed positive constant.

Lemma 2.1. Let A;B;C � R be ı-discretized sets. Then

jACBj/ jACC jjC CBj

jC j
:

Proof. Without loss of generality we may assume that each interval of A;B and C has length at least ı.
In the end we change the estimate� to /, and this does not change our result.

For any set S � R let Sı D .ı=3/Z\S . For any a 2A, b 2B there exists a0 2Aı , b0 2Bı such that

jaC b� a0� b0j � ı:

It follows that
ACB �AıCBıCB.0; ı/�ACBCB.0; 2ı/: (2)

Combining with (1) we obtain

jACBj � #.AıCBı/ı� jACBj:

Applying the Ruzsa triangle inequality to sets Aı;Bı;Cı and applying (2) to AC C and C CB we
obtain the result. �

Lemma 2.2. Let A � Œ0; 2� be a ı-discretized set, and assume the intervals of A are pairwise disjoint.
Then for any t 2 Œ0:5; 2:1� and any x 2 Œ�ı; ı� we have

jAC tAj/ jAC .t Cx/Aj/ jAC tAj:

Proof. For any t 2 Œ0:5; 2�, x 2 Œ�ı; ı�, and a; b 2A we have

j.aC tb/� .aC .t Cx/b/j � 2ı;

and hence
AC tA�AC .t Cx/ACB.0; 2ı/�AC tACB.0; 4ı/:

Combining with (1) we finish the proof. �
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Let f W R! R be a function. The Fourier transform of the function f at � 2 R is defined as

Of .�/D

Z
R

e.�x�/f .x/ dx;

where throughout the paper we let e.x/D e2� ix. Let � be a measure on R. The Fourier transform of
the measure � at � 2 R is defined as

O�.�/D

Z
e.�x�/ d�.x/:

For a subset S � R we will also use S to denote the characteristic function of S . Let A;B � R be
two bounded sets. The convolution of A and B is defined as

.A�B/.x/D

Z
R

A.x�y/B.y/ dy:

The (additive) energy of A;B is defined as

E.A;B/D

Z
R

.A�B/.x/2 dx D

Z
R

j OA.�/j2 jbB.�/j2 d�: (3)

The second equality holds by applying the Plancherel identity and the convolution theorem. Clearly we
have Z

R

.A�B/.x/ dx D jAjjBj:

By the Cauchy–Schwarz inequality we obtain

.jAjjBj/2 �E.A;B/jACBj: (4)

We will frequently use the Plancherel identity for a set. Precisely for a bounded subset S � R we
have Z

R

jbS.�/j2 d� D jS j: (5)

We formulate the following version of [Bourgain 2010, Theorem 7]. Note that the interval Œ0; 4� is not
essential; in fact Lemma 2.3 holds for any bounded interval.

Lemma 2.3. Let �; � be probability measures on Œ0; 4� such that, for all ı < r � 1 and all x 2 R,

�.B.x; r///K1r˛ and �.B.x; r///K2rˇ:

Then for 1� j�j � ı�1 we haveZ
R

ˇ̌̌̌Z
R

e.�xy�/ d�.x/

ˇ̌̌̌
d�.y//

p
K1K2 j�j

�
˛Cˇ�1

2 :

We remark that the statement of [Bourgain 2010, Theorem 7] gives a bound forˇ̌̌̌Z
R

Z
R

e.�xy�/ d�.x/ d�.y/

ˇ̌̌̌
:

However the proof of [Bourgain 2010, Theorem 7] (see (8.3) of that paper) indeed works for the boundZ
R

ˇ̌̌̌Z
R

e.�xy�/ d�.x/

ˇ̌̌̌
d�.y/;
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which is used for bounding (22) below. Moreover the term
p

K1K2 appears, due to the use of the
Cauchy–Schwarz inequality in the proof of [Bourgain 2010, Theorem 7].

In particular we have the following version for .ı; �/-sets, which is easier for our use.

Lemma 2.4. Let 0< ˛; ˇ < 1. Let A� Œ0; 4� and B � Œ0; 4� be a .ı; ˛/-set and a .ı; ˇ/-set respectively.
Then for any 1� � � ı�1 we haveZ

A

ˇ̌̌̌Z
B

e.�xy�/ dx

ˇ̌̌̌
dy / j�j�

˛Cˇ�1
2 ı

2�˛�ˇ
2

p
jAjjBj:

Proof. For A we define a measure � by letting

�.X /D
jX \Aj

jAj
for X � R:

By the condition that A is a .ı; ˛/-set we obtain

�.B.x; r/// r˛ı1�˛
jAj�1 for ı � r � 1: (6)

Similarly for B we define a measure � by letting

�.X /D
jX \Aj

jAj
for X � R;

and we have
�.B.x; r/// rˇı1�ˇ

jBj�1 for ı � r � 1: (7)

Clearly we have Z
A

ˇ̌̌̌Z
B

e.�xy�/ dx

ˇ̌̌̌
dy D jAjjBj

Z
A

ˇ̌̌̌Z
B

e.�xy�/ d�.x/

ˇ̌̌̌
d�.y/:

Then Lemma 2.4 and estimates (6), (7) give the result. �

3. Proof of Theorem 1.1

By adapting the arguments in [Guth, Katz, and Zahl 2018] and especially in [Garaev 2007] we obtain
the following.

Lemma 3.1. Let 0< � < 1. Let A� Œ1; 2� be a .ı; �/-set with measure jAj D ı1��. Then there exists a
.ı; �/-set T � Œ0:4; 2:1� with measure

jT j' jAj
2

jAAj

such that for any t 2 T we have

jAC tAj/ jACAj2 jAAj

jAj2
:

Proof. Let D D fa1; : : : ; aN g be a maximal ı-separated subset of A; i.e., any two distinct elements of D

have distance at least ı, and furthermore for any a 2A there exists ai 2D such that ja� ai j � ı. Note
that

N � ı�� ; (8)
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and for all ı � r � 1 and x 2 R,

#.D\B.x; r///
�

r

ı

��
: (9)

Let

f .x/D

NX
iD1

1ai A.x/:

Then we have Z
R

f .x/ dx D

NX
iD1

jaiAj �N jAj; (10)Z
R

f .x/2 dx D
X

1�i;j�N

jaiA\ aj Aj: (11)

By the Cauchy–Schwarz inequality we arrive at�Z
R

f .x/ dx

�2

�

Z
R

f .x/2 dxjfx 2 R W f .x/ > 0gj: (12)

Observe that
fx 2 R W f .x/ > 0g �AA:

Thus together with (10), (11), and (12), we obtainX
1�i;j�N

jaiA\ aj Aj �
N 2jAj2

jAAj
:

Thus there exists 1� j0 �N such thatX
1�i�N

jaiA\ aj0
Aj �

N jAj2

jAAj
:

Let

P D

�
1� i �N W jaiA\ aj0

Aj �
jAj2

2jAAj

�
:

Then X
i2P

jaiA\ aj0
Aj �

N jAj2

2jAAj
:

Taking dyadic decomposition for jaiA\ aj0
Aj with i 2 P , we obtain

KX
kD1

2�k#Pk �

X
i2P

jaiA\ aj0
Aj �

N jAj2

2jAAj
;

where
Pk D fi 2 P W 2�k�1 < jaiA\ aj0

Aj � 2�k
g;
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and K is an integer parameter such that

2�K�1 <
jAj2

2jAAj
� 2�K :

Since the product set AA is a subset of Œ1; 4�, we have jAAj � 1. It follows that

K� log
�

1

ı

�
:

Thus there exist � and D� � P such that

�#D� '
KX

kD1

2�k#Pk �
N jAj2

jAAj
;

and for any i 2D� we have
� � jaiA\ aj0

Aj � 2�: (13)

Since � � jAj and #D� �N, we obtain

� ' jAj
2

jAAj
; (14)

#D� '
N jAj

jAAj
: (15)

Now we intend to bound the measure of the set aiAC aj0
A for each i 2 D� . For this purpose we

introduce some notation first.
For each k 2 Z let Jk;ı D Œkı; .kC 1/ı/: For each 1� i �N let

Ui D

[
k2Z;ai A\Jk;ı¤∅

Jk;ı:

Note that
aiA� Ui � aiACB.0; ı/; (16)

and the intersection Ui \Uj is a ı-discretized set for 1� i; j �N. Moreover for each i 2D� by (13),
(14) we have

jUi \Uj0
j � jaiA\ aj0

Aj' jAj
2

jAAj
: (17)

For any i 2D� , applying the Ruzsa triangle inequality Lemma 2.1 for the sets aiA; aj0
A and Ui\Uj0

,
we derive

jaiAC aj0
Aj/ jaiACUi \Uj0

jjUi \Uj0
C aj0

Aj

jUi \Uj0
j

: (18)

By (16) we have
aiACUi \Uj0

� aiAC aiACB.0; ı/:

Since 1� ai � 2 and the simper fact (1) we obtain

jaiACUi \Uj0
j � jACAj:
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Similarly, we have
jaj0

ACUi \Uj0
j � jACAj:

Combining with (17) and (18) we arrive at

jaiAC aj0
Aj/ jACAj2 jAAj

jAj2
:

Applying Lemma 2.2 we obtain that for any i 2D� and x 2 .�ı; ı/ we haveˇ̌̌̌
AC

�
ai

aj0

Cx

�
A

ˇ̌̌̌
/ jACAj2 jAAj

jAj2
:

Let

T D
[

i2D�

B

�
ai

aj0

;
ı

2

�
:

We ask that ı is a small positive parameter, and hence T � Œ0:4; 2:1�. Furthermore, the estimates (8),
(15) imply

jT j � #D�ı '
jAj2

jAAj
:

By (9) we obtain that T is a .ı; �/-set, which finishes the proof. �

Applying Lemma 2.4 we obtain the following upper bound of the mean value of energies E.A; tA/.

Lemma 3.2. Fix 1
2
< � < 1. Let T � Œ0:4; 2:1� be a .ı; �/-set with the measure jT j � ı. Let A� Œ1; 2�

be a .ı; �/-set with measure jAj D ı1��. ThenZ
T

E.A; tA/ dt / jAj3jT j
�
jAj

2�
1C2� jT j�

1
1C2� C ı.jAjjT j/�1

�
:

Proof. For each t 2 R and � 2 R we have ctA.�/D t OA.t�/:

Thus by (3) and the condition T � Œ0:4; 2:1� we conclude thatZ
T

E.A; tA/ dt �

Z
T

Z
R

j OA.�/j2 j OA.t�/j2 dt d�: (19)

Let 0 < L < 1=ı be a parameter which will be determined later. We decompose R into three parts,
and then bound (19) by three corresponding parts. Precisely,

(19)� I0C I1C I2; (20)

where

I0 D

Z
T

Z
j�j�L

j OA.�/j2 j OA.t�/j2 dt d�;

I1 D

Z
T

Z
L�j�j�ı�1

j OA.�/j2 j OA.t�/j2 dt d�;
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and

I2 D

Z
T

Z
j�j�ı�1

j OA.�/j2 j OA.t�/j2 dt d�:

For I0, we use the trivial bound j OA.�/j � jAj, and we obtain

I0 � jAj
4
jT jL: (21)

For I1, clearly the trivial bound j OA.�/j � jAj givesZ
T

j OA.� t/j2 dt � jAj

Z
T

j OA.� t/j dt: (22)

Applying Lemma 2.4, and the condition jAj D ı1��, we obtainZ
T

j OA.� t/j dt / jAj
3
2 jT j

1
2 j�j�

2��1
2 :

Thus we arrive at
(22)/ jAj

5
2 jT j

1
2 j�j�

2��1
2 :

Combining with Fubini’s theorem and the condition � > 1
2

, we have

I1 / jAj
5
2 jT j

1
2

Z
L�j�j�ı�1

j OA.�/j2 j�j�
2��1

2 d�

/ jAj
5
2 jT j

1
2 L�

2��1
2

Z
L�j�j�ı�1

j OA.�/j2 d�:

The Plancherel identity (5) implies Z
L�j�j�ı�1

j OA.�/j2 d� � jAj:

Thus we arrive at
I1 / jAj

7
2 jT j

1
2 L�

2��1
2 : (23)

Now we optimize the choice of the parameter L to find the smallest upper bound for the parts I0; I1.
Recall that we assumed 0<L< 1=ı. In the end, the parameter L0, which makes the right-hand sides
of (21), (23) “comparable”, satisfies our need. Thus we derive

L0 D .jAjjT j/
� 1

1C2� : (24)

Indeed the conditions jAj D ı1��, jT j � ı, and 1
2
< � < 1 imply that L0 � ı

�1. It follows that

I0; I1 / jAj4jT jL0 / jAj3jT j.jAj
2�

1C2� jT j�
1

1C2� /: (25)

Now we turn to the estimate for I2. By changing variables and applying the Plancherel identity we
obtain Z

R

j OA.t�/j2 dt � jAjj�j�1:
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Again by applying the Plancherel identity we have

I2 �

Z
j�j�ı�1

j OA.�/j2 jAjj�j�1 d�� jAj2ı:

Combining with (20), (21), (24), (25), we obtain the desired bound. �

Now we turn to the proof of Theorem 1.1. Suppose that

maxfjACAj; jAAjg DKjAj:

By Lemma 3.1 there exists a .ı; �/-set T � Œ0:4; 2� such that

jT j' jAj
K
; (26)

and for each t 2 T we have

jAC tAj/K3
jAj: (27)

Applying Lemma 3.2 to A and T, we conclude that there exists a t0 2 T such that

E.A; t0A/. jAj3
�
jAj

2�
1C2� jT j�

1
1C2� C ı.jAjjT j/�1

�
:

By (4) and estimates (26), (27), we obtain

jAj/
�
jAj

2�
1C2� jT j�

1
1C2� C ı.jAjjT j/�1

�
jAC t0Aj

/ jAj
2��1
2�C1 jAjK

6�C4
2�C1 CjAj�1ıK4:

It follows that

K 'minfı�
.1��/.2��1/

6�C4 ; ı�
2��1

4 g:

Note that for 1
2
< � < 1 we have

.1� �/.2� � 1/

6� C 4
�

2� � 1

4
;

and hence

K ' ı�
.1��/.2��1/

6�C4 ;

which gives the result.
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