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Algebraic integers close to the unit circle

Arturas Dubickas

We show that for each d > 3 there is a monic integer polynomial P of degree d which is irreducible
over Q and has two complex conjugate roots as close to the unit circle as is allowed by the Liouville-
type inequality.

1. Introduction

For a polynomial
Px)=a(x—ay) - (x—ay) €”Z[x], a#0, (D)

of degree d > 2 let H(P) be its height, i.e., the maximum modulus of its coefficients, and let

d
M(P) :=la| [ [ max{1, |ew}
k=1
be its Mahler measure. A polynomial root separation problem is to find the smallest possible nonzero
distance between the roots of P € Z[x] of fixed degree d in terms of H(P) (or M(P)), when H(P)
(resp. M (P)) tends to infinity. By a result of [Mahler 1964], the smallest possible such distance must be
at least v/3d~4/>~ 1M (P)'~?. The exponent 1 —d for M (P) is the best possible if d = 2 (trivially) and
also if d = 3, as proved in [Evertse 2004; Schonhage 2006]. The question of whether the exponent 1 — d
is the best possible for d > 4 is still open; see [Bugeaud and Dujella 2011; 2014; Bugeaud and Mignotte
2004; 2010; Dujella and Pejkovi¢ 2011; Herman et al. 2018].

Recently, in [Bugeaud et al. 2017] it was shown that the modulus of the sum «; + «;, where «;, o;
are real roots of P, is either O or bounded below by c¢;(d) M (P)'~4, where c;(d) depends on d only, and,
moreover, that the exponent 1 — d is the best possible; that is, there exists a monic irreducible polynomial
P € Z[x] of degree d whose two real roots «;, o satisfy 0 < |o; + | < cr(d)M(P)' 4.

The above-mentioned root separation problem is essentially an estimation of min;; o; /o; — 1]. As
observed in [Dubickas 2013], this quantity has an advantage over the standard root separation sep(P) :=
min; . |a; — o] because it remains the same if we replace P by its reciprocal polynomial P*(x) =
x4pP(1 /x). In this context, it seems natural to consider a kind of symmetric separation min;<; j<g |o; —1/0;]|
or

symsep(P) := min |ojo; — 1].
I<i,j<d
ajaj#l
We claim that
symsep(P) > 2! =@~y (P!~ )

for d > 3.
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We will prove (2) by a Liouville-type argument essentially the same as that in [Feldman 1981, The-
orem 5.3] and [Waldschmidt 2000, Lemma 3.14]. (It seems that those results do not imply (2) directly
when «;, a; are both real.)

Fix a pair of indices (i, j), where 1 <1i, j <d and i # j. Then, for the number y = o;a; # 1 of
degree, say n, we have M (y) < M(P)?~!, where P is defined in (1), since the minimal polynomial of y,
say Q(x)=c ]_[Z:1 (x — y¢) € Z[x], divides the polynomial

a?! l_[ (x —arap) € Z[x].

1<k<l<d

Next, in view of y £ 1 we have 1 < |Q(1)| = |c]| ]_[Z:1 |1—1y¢|. Using the estimates |1 —y,| <2 max{l1, y,}
for every ¢ > 2 we derive that

I<|y—12"""M@y) <|y —112" " 'M(P)*~". 3)

Note that n = deg(o; ;) < d(d — 1)/2, with equality if and only if either d =2 or (when d > 3) P is
irreducible over @ and the Galois group of its splitting field is 2-transitive. In particular, if P is reducible,
d > 3, and o;, «; are the roots of its distinct irreducible factors then

deg(ojaj) < dega; dega; < dega;(d —dega;) <d(d—1)/2.

Therefore, as y = a;«;, for each d > 2 from (3) it follows that

lojaj — 1] > 21 74@=D/2pp(pyl=d 4)
for any pair of indices i # j from the set {1, ..., d} such that o;;o;; # 1.
We next claim that for each d > 2 and eachi € {1, ...,d}
jof = 1] = 2"~ m(P)! (5)

if o; % £1. Indeed, if |ozl.2 — 1| > 1 then (5) holds trivially. Otherwise, one has either |o; — 1| < 1 or
lo; +1| < 1. Without loss of generality we may assume that |o; — 1| < 1. Then, by |o; —1| > 21=dpr(p)!
and

oy + 1| =24a; =122 —|o; — 1| 22—-1=1,

we find that |o} — 1| = |o; — 1]]e; + 1| > 2'79M (P) ™!, which is (5).

Since the right-hand side of (4) does not exceed that of (5) for d > 3, the combination of (4) and
(5) yields (2) for each d > 3. For d = 2 the right-hand side of (5) is smaller than that of (4), so
symsep(P) > 2-'M(P)~.

As in the above-mentioned problem [Bugeaud et al. 2017], we will show that the exponent 1 — d in
(2) is the best possible and give some other properties of the polynomial with two roots very close to the
unit circle.

Theorem 1. For each d > 3 and each sufficiently large positive integer H there is a monic, irreducible
over Q) polynomial P(x) = ]_[?:1 (x—Bj,n) € Z[x]) with M(P) = H(P) = H whose two roots By_1 1, Ba,u
with smallest moduli are complex conjugate and satisfy

symsep(P) = |Ba—1.iBan — 1 = |Banl> =1~ H'™ as H— cc. ©)
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For the resultant of this polynomial P and its reciprocal P*(x) = x? P(1/x) we have
IRes(P, P*)| = [P(1)P(—1)| =3H’ +uqH + vy, (N
where ug, vy € Z, and the roots of P satisfy

[1 1BeuBn—11=1. ®)

1<k<l<d

Note that for d = 2 we can take P(x) = (H — 1)x? — H, where H > 2. Then, M(P) = H(P) = H
and symsep(P) = (H — 1), so (6) holds for d = 2 too, but in this example P is not monic.
In the next section we will present some lemmas. The proof of Theorem 1 is given in Section 3.

2. Lemmas for polynomials of the form f(x) — H x2+x+1)

Consider the sequence of monic integer polynomials g4(x),d =1,2,3, ..., defined by g;(x) :=x +1

and

gate) = E 80O )4 ©)

ford =2,3,4,.... Then, step by step, we find that

g(x) =x"+x+2,

g3(x) = x4+ 2x2 4 2x 42,

ga(x) = x* 4+ 3x> +5x%2 +4x + 3,

g5(x) = x° +4x* +9x3 4+ 12x2 4+9x + 5,

ge(x) = x84 5% + 14x* +25x3 +30x% 4+ 21x + 10,

g7(x) = x7 4+ 6x° 4+ 20x7 + 44x* + 69x3 + 76x% + 51x + 22,

etc.

Although it is defined (and written) in a different way, one can verify that it is the same sequence of
polynomials as that introduced in Sections 4.1 and 4.2 of [Uray 2019]. See the formulas (4.1), (4.2) (and a
table below them) and the actual construction of polynomials in (4.8) of [Uray 2019]. One can formally
check that the recurrence relations (4.1), (4.2) hold for the coefficients of the polynomials xgs_1(x),
where g, is introduced in (9). Our polynomials (9) are monic (not with leading coefficients —1), so in
order to get the polynomials (4.8) as in Section 4.2 of [Uray 2019] with minus sign, we do not add but
subtract from the polynomial xg,_; (x) of degree d the quadratic polynomial Hx? + Hx + H.

The next lemma is Theorem 2.4 of [Uray 2019].

Lemma 2. For each d > 3 and each sufficiently large positive integer H the polynomial
xga—1(x) = H(x* +x+1)
has two complex conjugate roots, say Ba—1.q and Bg u = Ba—1.H, whose moduli satisfy

(Ba—rml = DH ' = (Banl—DH ' ~ 1 as H— cc. (10)
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Note that, by (9), xgs—1(x) is a monic integer polynomial of degree d with zero constant term whose
other coefficients are positive. The proof of Theorem 2.4 in [Uray 2019] is based on some manipulation
with a certain matrix obtained from the coefficients of the polynomial xg,;_;(x) — H (x24+x +1); see
Lemma 4.2 in [Uray 2019]. In particular, one needs to show that this polynomial has all its roots outside
the unit circle for H large enough. We will also prove such a statement but in a different way and
in a more general setting. More precisely, in the next lemma we describe the location of the roots of
polynomials of the form f(x) — H (x> 4 x + 1), where f € Z[x] is a fixed monic polynomial, and in
addition show the irreducibility of such polynomials over Q.

Lemma 3. Let d > 3 and let
fx):= x¢ —{—ad_lxd_l 4+---4ax +ag € Z[x]

be a monic polynomial, not divisible by x> + x + 1. Then, for each sufficiently large positive integer H
the polynomial

P(x):=f(x)—Hx*>+x+1) (11)
is irreducible over Q) and its roots a1 g, . .., a4 can be labeled so that
ot gy — 21D f1/d=D)| d(1+lag—1 —1)) (12)
- d—2
forj=1,...,d —2and
. . dlL
a1 — ) = o — o213 < LU (13)

where L(f) =1+ Y924 la.

Proof. Let & € C be any complex number satisfying P’(§) # 0. We will show that if « is the root of P
nearest to & then

d|P )l
|P'(E)]
The result is trivial if & is a root of P. If not, we have P'(§) P(§) # 0, and so

P'E) s~ 1
PE) = E—ajn

This yields |P'(§)/P(§)| < d/|§ — «|, which implies (14).
We first will apply (14) to £ = ¢>™/3. According to (11), we obtain
d—1
[P ) = (@) <14+ lal = L(f).

k=0

lo —&] <

(14)

Also,
P/(e2ﬂi/3) — f/(e2ﬂi/3) _ H(2€2ﬂi/3 + 1) — f/(ezn'i/3) _ l\/gH,
s0 | P/(e¥/3)| ~ H/3 as H — oo. Consequently, for each sufficiently large H we have

d|P(e¥1/3)] _ 0.9dL(f)
|P/(€27”/3)| - H
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Thus, by (14), for each sufficiently large H the circle with center at e?i/3 and radius 0.94L(f)/H
contains a root of P. This, combined with the same argument for £ = ¢~27/3, implies the existence
of two roots of P satisfying (13). Equality in (13) holds, because the roots y_1 iy and a4 g must be
complex conjugate by (12).

In order to prove (12) we fix j € {1, ..., d —2} and apply (14) to the number &; := ¢27i//(@=D g1/(d=2),
From de 2= H and

P(x) =x2(x97% — H) 4 x(ag—1x72 — H) + (ag_ox?~ H)—l—Zakx

it follows that
d-3
PE) =g = DHY D (a0~ DH + ) i)
k=0

The modulus of the last sum ZZ;S aré ]k is clearly less than H for H large enough. Hence,

|PE)] < (3+lag-1 — 1)) H T/ (15)
for each sufficiently large H. Similarly, from
d-2
P'(x) =x(dx?? =2H) + (d — Dag_1x" > = H+) _kaex* ",
k=1

it follows that |P'(&;)| ~ (d —2)H'*/@=2 as H — co. Combining this with (15), we find that

diPEpl _d(+lag—1— 1]
| P"(€)) d=2

for H large enough. Hence, by (14), we derive the existence of the root of P, say «; p, satisfying (12).
It remains to prove that P is irreducible. For a contradiction, suppose P is reducible, that is, P(x) =
P1(x)Py(x), where P, P> € Z[x] are of degrees say d; > 1 and d, > 1, respectively. Since ay_1  and
oy g are the roots of the same irreducible factor of P, without restriction of generality we may assume
that they both are roots of Pj. Inserting x = ¢>™/3 and x = ¢~>"//3 into P(x), by (11), we find that

f(ezﬂi/3)f(€—2ﬂi/3) — P(eZHi/3)P(e—27Ti/3)

Here, as f(x) is not divisible by x>+ x + 1, the modulus of the left-hand side is a nonzero integer, which
is bounded above by L(f)z. By (12), we get | P (et271/3)| ~ H%/@=2) a5 H —> c0. Hence,

| P) fe?™)] 2L(f)

270 /3\ p (o =271/3\| —
O <[Pi(e™ ) Pie )= | Py (e2713) Py (e—271/3)| ~ H24:/@d=2)

for each sufficiently large H. However, P;(e*™'/3)Pi(e=?"!/3) is a nonzero integer due to the fact that
e?7i/3 ¢=27i/3 are quadratic conjugate algebraic integers. Selecting H so large that 2L( f)> < H?®/(d=2)
we conclude that there is a rational integer greater than 0 and smaller than 1, which is absurd. ]

, e
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Now, we will express the moduli of two smallest roots of the polynomial P described in Lemma 3
in terms the resultant of P and its reciprocal P*, and show that this resultant, as a polynomial in H, has
degree at least 2.

Lemma 4. For any monic polynomial P € Z[x] of degree d satisfying P(0) # 0 and P(x1) # 0 the
resultant Res(P, P*) of P and its reciprocal polynomial P*(x) = de(l/x) is divisible by P(1)P(—1).
In particular, the resultant Res(P, P*) of any polynomial P defined in Lemma 3 and its reciprocal
polynomial P* is divisible by BH — f(1))(H — f(=1)) if H € N\ {f(=1)}. Furthermore, the roots
aq—1.q and og g of this P (as they are defined in Lemma 3) satisfy
[Res(P, P*)|
llaa—1,ul =11 =llegul =1~ ——F=—— as H - . (16)

2V/3H¢
Proof. If P(x) =[] (x — ;) and b = P(0) then

d d
Res(P, P)[=b|" [T 18c—87"1=[] 1B —1I

k=1 k=1
d
=[182-1 [ BB —17=1POP=DI [] 188 —11%
k=1 l<k<i<d l<k<l<d
Since the product [ [, <k<1<a(Befr — 1) 1s a symmetric function in By, ..., B4, it is a rational integer,

which implies that P(1) P(—1) divides Res(P, P*).
The second claim for P defined in (11) follows by P(1) = f(1) —3H and P(—1) = f(—1) — H. Note
that f (1) # 3H, since f(x) =xgys—1(x) and so, by (9), we deduce that

J () =ga—1(1) =3(ga-2(1) — ga—2(0)) + 1,

which implies that £ (1) is not divisible by 3 for each d > 2.
Finally, to prove (16) for P defined in Lemma 3 we first observe that

d d d

d —1 d ——1 —
Res(P, P*)|=H! [] lwn—eyl=H* [ [ lwn—aa "= [ lewn@a—1|
k=1 k=1 k=1

d d—2
2 — 2 2 2 — 2
=[TlownP=1] [lewnda—11=llea—ra =17 [ [ llown =11 [] lewnd@a—11
k=1 k#£l k=1 I1<k<l<d

Hence,

[Res(P, P7)]
lota—1.11* — 1] = ==

. T — (17)
Hk=1(|ak,H| 1) H1§k<l§d |ak,HOll,H |

By (12), we have

d—2
[[dowul? =D'>~H as H— oo. (18)
k=1
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Similarly, by (12), | gz — 1| ~ H>@=2 as H — oo when [ < d — 2. Likewise, by (12) and (13),
lok mor g — 1] ~ HYW@=2 as H > cowhenk <d—2and [ € {d — 1, d}. It is also clear that

— 2
latg—1, @ — 1 =lej_1y — 11 ~3

as H — oo by (13). Therefore, in view of

d-2\ 2 2(d—-2)
=d-—1
(2 )im s
we obtain
[] lewnda—11~H""'V3 as H— oo. (19)
1<k<l<d
On substituting (18) and (19) into (17) we obtain
2 |Res(P, P*)] H
llog—1,m1° — 1 —Ani as H — oo.
This yields (16), since |og—1. gl +1~2as H — oo by (13). O

3. Proof of Theorem 1

Let P be the polynomial xgs_1(x) — H (x> 4+ x + 1) which is defined in the beginning of Section 2.
By (9), the polynomial f(x) = xgs—1(x) modulo x%2+x 4+ 1is x for each d > 3, so it is not divisible by
x2+x + 1. Hence, P is a polynomial of the form as considered in Lemma 3. Thus, by Lemmas 2 and 3,
we see that for H large enough P € Z[x] is a monic irreducible polynomial satisfying

symsep(P) = |By_1.uBan — 1 = ||Ba—rul* — 1| ~2||Ba—ru| — 1| ~ H'™

as H — oco. This proves (6). In particular, by Lemmas 2 and 3, all the roots of P lie outside the unit
circle for each sufficiently large H, and hence M(P) = H(P) = H.

Next, by (10) and (16), we obtain |[Res(P, P*)| ~ 3H? as H — oo. On the other hand, by Lemma 4, for
any positive integer H # f(—1) the resultant Res(P, P*) is divisible by 3H — f(1))(H — f(—1)). Note
that Res(P, P*) is a polynomial in H with integer coefficients, since it can be written as a polynomial
of the Sylvester matrix. This clearly forces

Res(P, P*) =043H — f())(H — f(=1)),

where 6; € {—1, 1} for each d > 3, which proves (7). In particular, a simple calculation shows that
6, = —1, since the resultant of the polynomials

SHU-Hx>+Q-Hx—H and —HX+Q-Hx*+(1—-H)x+1

equals —3H? —2H + 8, and similar calculations imply 63 = 1.
Finally, since

l_[ l’BkH/ng—”Z:M
iskeizd P(DP(—1)]

(which was already proved in Lemma 4), (7) implies (8).
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4. Some examples

By (10), the roots B;_1 y and By g of P are outside the unit circle. In fact, two smallest roots of P can
also be inside the unit circle and close to the unit circle. For example, for d = 3 take f(x) = x> +x2+bx.
(Here, b = 2 corresponds to the case considered in Lemma 2.) Then, the resultant of the polynomial
P(x) =x>+ (1 — H)x>+ (b — H)x — H and its reciprocal P* equals

—3(b—1)*’H*—=2(b—1)>H +b* —3b> +2b.

Selecting b = 0 we find that Res(P, P*) = —3H%2+2H and P(H) = —H < 0. So, the largest root of P,
a1, H, 18 greater than H, and hence the two smallest roots o g, o3 g that are complex conjugate by (13)
and satisfy (16) must be inside the unit circle. Therefore, by Lemma 4,

1—logpl=1—|oz |~ as H — oo.

Y
In particular, as the reciprocal polynomial P* has exactly two roots outside the unit circle, this shows
that the results estimating how close the roots of an integer polynomial can be to the unit circle, e.g.,
[Dimitrov and Habegger 2019, Lemma 4.3] and [Dubickas 1997, Theorem 2], cannot be improved by
much. For example, the upper bound 4d log(2d M (P)) on the quantity »_ i log*(1/]]etj| — 1[), where the
sum taken is over the roots of a degree-d polynomial P € Z[x] with |a;| # 1, (as obtained in [Dimitrov
and Habegger 2019, Lemma 4.3]) cannot be made smaller than (2d — 2) log M (P) + log4 by (6).

For d =4 let us consider f(x) =x*+2x3+2x2+bx. (Again, b =2 corresponds to the case considered
in Lemma 2.) The resultant of the polynomial P(x) = x* 4+ 2x3 4+ (2 — H)x> + (b — H)x — H and its
reciprocal P* is equal to

3(b— 1)*H?* 4+ 2(b° — 8b* +22b> — 28b% + 17b — 4)H — b°® + 15b* — 40b> 4 45b% — 24b + 5.

Selecting b = 0 we find that Res(P, P*) =3H? — 8H + 5. This time, one can verify that two smallest
roots of P(x) = x*+42x%+ (2 — H)x* — Hx — H are outside the unit circle and we have

las gl —1=logp|—1~ 2

as H — oo by (16).

Finally, consider the polynomial P(x) = x> — Hx? + 2x — H (which is of a different type, since
only the coefficients for x* and the constant term are “large™). Due to P(H —1/H) = —1/H3 < 0 and
P(H) = H > 0, there is a root @ g of P in the interval (H — 1/H, H), so a1 g ~ H as H — oo.
Therefore,

20{1,[1 —H 1

H-—oyp=—5—~— asH— oo

RIW: |

Two other roots are complex conjugate numbers o i and a3 g, which tend to i and —i, respectively, as
H — oo. From
H — X1 H 1 1

0[1’[-1 Hal,H H2

2 2
o g|" — 1=zl —l=arpgazyg —1=
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as H — oo we obtain

1
|a2,H|_1:|a3,H|—1’Vm as H — oo.

So, although the polynomial x*> — Hx? 4+ 2x — H is different from that considered in Lemma 2 (i.e.,
xg(x) — Hx>4+x+1) = x>+ (1 — H)x*> + (2 — H)x — H), for its roots (10) holds as well. (Its
irreducibility over @ for each sufficiently large positive integer H can be shown by the same argument
as that in Lemma 3.)
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