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Let r, m be positive integers. Let 0 < x < 1 be a rational number. We denote by ®; (x, z) the s-th Lerch

function

o0 k+1

Y

— k+x+1)°
with s = 1,2,...,7. When x = 0, this is the polylogarithmic function. Let «y, ..., ®, be pairwise
distinct algebraic numbers with 0 < |oj| <1 (1 < j < m). We state a linear independence criterion over
algebraic number fields of all the rm 4 1 numbers: ®;(x, 1), Po(x, 1), ..., P, (x, 1), Pi1(x, a2),
Dr(x,000)y onvy Pr(x,2), ..., D1(x, ), Oo(x, @), ..., D.(x,0,) and 1. We obtain an explicit
sufficient condition for the linear independence of values of the r Lerch functions ®;(x, z), ..., ®,(x, 2)

at m distinct points in an algebraic number field of arbitrary finite degree without any assumptions on r
and m. When x = 0, our result implies the linear independence of polylogarithms of distinct algebraic
numbers of arbitrary degree, subject to a metric condition. We give an outline of our proof together with
concrete examples of linearly independent polylogarithms.

1. Introduction

Let s be a nonnegative integer and 0 < x < 1 be a rational number. We study the linear independence of
values of the s-th Lerch function defined by

o k+1

4
D,(x,2) = _ C, 1.
(x,2) g T z€C, |z] <

The s-th Lerch function &, (x, z) satisfies the inhomogeneous differential equation

iq)‘v(x,Z):lq)s—1(x,2)—£<bs(x,Z), s> 1. (1
dz z z

Then the s-th Lerch function is a G-function in the sense of Siegel [1929]; see also [Feldman and
Nesterenko 1998].

Note that in the case of x = 0, we have ®;(0, z) = Li;(z), where

i et
Li(z)=) —, z€C, |z] <],
o k+1)

is the s-th polylogarithmic function.
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Let r, m be positive integers and K be an algebraic number field. Consider «1, . .., o, € K \ {0} with
o, #aj, for1 <ij <ip <mand 0 <x € Q.
We define the vector of formal power series ® by

@ :="(1, D1 (x, 212), ..., Pr(x, 012), ..., P1(x, D), ..., Pr(x, a2)) € K],

the vector of rational functions A(ai) ="o;/(1 —;2),0,...,0) € K(z)" and an r x r matrix A(x) by
_x/z 0 oo 0

Ax) == 1:/1 _,)f/z ? ifr>2, A(x)=<—§) ifr=1.

0 oo 1)z —x/z
Then, taking the differential equation (1) into account, the vector ® satisfies the following system of
differential equations in y:

0 0 -~ 0
=i RS H @
Z . . . .

Al@y) O - A(x)

We see that (2) is indeed a system of homogenous differential equations in y.

We consider r Lerch functions ®;(x, z), 1 <s <r. The linear independence of Li(c) at one rational
number «, with 1 < s < r, was studied by E. M. Nikishin [1979a]. It was generalized to the Lerch
function by Kawashima [2014] and to algebraic cases by M. Hirose, M. Kawashima and N. Sato [Hirose
et al. 2017]. See also [Hirata-Kohno et al. 2017] for examples. M. Hata [1990] adapted generalized
Legendre polynomials modifying Padé-type constructions of G. V. Chudnovsky [1979; 1982; 1983],
see also [Chudnovsky and Chudnovsky 1985], to obtain the linear independence of Lis(«) (indeed of
the Lerch transcendent function) for different s but at one rational number «. His result implies the
irrationality of Li(1/g) with g integer, g > 12, whereas it was announced in [Chudnovsky 1979] the
irrationality of Liy(1/q) with ¢ > 14. Later, Hata [1993] gave the irrationality of the value of Liy(1/q)
with ¢ integer, ¢ > 7 or g < —5.

Rhin and C. Viola [2005] adapted their permutation group method, established in [Rhin and Viola
1996], to get the irrationality of Li,(«) for certain o € Q, involving the irrationality Liy(1/g), with g > 6,
g € Z, in qualitative and quantitative forms. More recently, Viola and W. Zudilin [2018] extended the per-
mutation group method with constructions to establish the linear independence of 1, Li;(1/¢q), Li2o(1/g),
Li;(1/(1 — g)) over @ with an integer ¢ > 9 or ¢ < —8 and more generally, that of 1, Lij(«), Liy (),
Liz(o/ (o — 1)) for certain o € Q. See also important related works [Fischler et al. 2019; Marcovecchio
2006; Miladi 2001; Rivoal 2003; Zudilin 1996].

With respect to logarithms, G. Rhin and P. Toffin [1986] created a system of Padé approximants to show
the linear independence of the natural logarithms of distinct «y, . . ., a,,, either rational or quadratic imag-
inary numbers, under a metric condition requiring the points «y, . .., &, to be very close to the origin 0.
This method provides a refinement of previous lower bounds for linear forms in logarithms, especially
for effective bounds obtained by A. Baker [1975] and an essential improvement due to N. I. Feldman
[1968], valid under the above-stated metric condition. This proof in [Rhin and Toffin 1986] opened a
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new path, albeit unexplored systematically, during the next decades to show the linear independence of
logarithms over Q at distinct @ € Q, relying only on Padé approximations.

Since Lij (z) coincides with the usual natural logarithm, the Rhin—Toffin method suggests how to adapt
Padé approximations to deal with the linear independence of polylogarithms at distinct points «y, . . ., &,.

We give a new criterion to show the linear independence of all the rm + 1 numbers: ®;(x, o),
Dr(x, 1), ..., Pr(x, 1), P1(x,002), Pol(x,2), ..., Pr(x,00), ..., D1(x,0n), Palx,0tpy), ...,
®, (x, apy) and 1, over an algebraic number field K, supposing «, . . ., o, pairwise distinct in K, assumed
to be sufficiently close to the origin, which we will make precise later. We also give an outline of our
proof with basic ideas.

Our linear independence criterion for the values of the Lerch functions, including the case of polyloga-
rithmic functions, at distinct points in an algebraic number field of arbitrary finite degree, is not covered
by the previous criterion in [Galochkin 1974; 1975], as is explained below in Remarks 1.1, 1.3 and 1.4
and Example 6.3.

Remark 1.1. Let us describe here previous linear independence results concerning with values of the
Lerch functions, at distinct rational or imaginary quadratic points, due to A. I. Galochkin [1974; 1975],
Y. Z. Flicker [1977] K. Viidnanen [1980], together with a result by K. Vddndnen and G. Xu [Vidninen and
Xu 1988]. First, we introduce the result of Galochkin [1974, Theorem 1]. All notation and conventions
are those of the above-mentioned article, pages 385-388; see also [Nurmagomedov 1971].

Theorem 1.2 [Galochkin 1974, Theorem 1]. Let I be Q) or an imaginary quadratic field and K be a finite
extension of I with [K : 1=k < oo. For 1 <s € Z, consider f1(2), ..., fs(z) € K[zl which belong to
the subclass G(K, Cy, Q, A) with CoQ > 2, C =max(1, Cy) (see [Galochkin 1974, Definitions 1, 2]).
Assume that the functions are not connected by any nonzero polynomial in s variables, of degree not
exceeding N, with coefficients in C(z). Let 1 <d € Z and

- (N:—S) +K<N—scl+s) _K<N;|-S)’

with N > d.
Suppose now
u=>0. (3)
Then there exists an explicit constant ¢y > 0 which depends on N, d and f1(z), ..., fs(2), satisfying the
following property: for any integer with |q| > co and a nonzero polynomial P(xy, ..., xs) € Z[x1, ..., Xs]

of degree d < N, we have
P(fi(l/q), ..., fs(1/q)) #0.

In particular, when d = 1, we have su = (N_]JH){N + s(1 — «)}. Thus, under the condition that
N > s(k — 1) together with the assumption of the algebraic independence of the functions f1(z), ..., fs(2)
over C(z), the linear independence of values of these s functions over K at the point 1/q follows.

It is worth noting that Flicker [1977] proved a p-adic analogue of Galochkin’s theorem. Building on
both Galochkin’s and Flicker’s work, Véidnédnen [1980] refined the above-mentioned results and gener-
alized to a system of differential equations, both in the complex and the p-adic cases and also proved a
Baker-type lower bound for linear combinations of classical logarithms and polylogarithms, also subject
to a metric condition as above.
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For these results to work, one needs that the G-functions belong to the subclass G(K, Co, Q, A)
with CoQ > 2, that is, roughly speaking, a set of particular G-functions satisfying a system of linear
differential equations, under a hypothesis called the Galochkin condition or (G, C)-condition, given in
Definition 2 of [Galochkin 1974] (this is the same as (G, C)-function condition in [Chudnovsky 1984]
and the (G, C)-assumption in [Chudnovsky and Chudnovsky 1985]).

More significant progress was made by Chudnovsky [1984], who proved that, for G-functions satis-
fying a differential equation system as in (2), Galochkin’s condition automatically holds.

Summing up, thanks to the above-mentioned results, as soon as we can show that the considered G-
functions satisfy a linear system of differential equations as in (2), as well as that the functions are linearly
independent over C(z), we get the linear independence of the special values provided condition (3) is
satisfied. Condition (3) comes from the use of Siegel’s lemma to construct Padé approximants (whereas
we avoid using Siegel’s lemma in the present article).

We are now in a position to compare our results with the above-mentioned series of results. Restraining
ourselves to the functions 1, @ (x, o;z), with 1 <i <m, 1 <s <r, one can check they are linearly
independent over C(z), in a similar way to [Vaanidnen 1980, pp. 292, 293]; see [David et al. > 2020a]
(it may be worth noting that Galochkin’s condition can be checked by hand in this special case, and thus
one can also proceed without using Chudnovsky’s observation). Hence, we are in the case N = 1; thus
necessarily d = 1.

However, for N =d = 1, condition (3) reads u = s(1 —«x)+ 1 < —s+1 < 0 if « > 2; hence the
assumption # > 0 of Galochkin’s theorem never holds when N = 1 as soon as the base field considered
is not contained in an imaginary quadratic field.

On the contrary, our criterion covers also such a case, since the base field can be an arbitrary number
field. Namely our result gives the linear independence of values of the Lerch functions, when N =1,
applying our explicit construction of Padé approximations of 1, ®,(x, «; /z) that is done around infinity,
not around the origin (this is one of the reasons why our corresponding assumption is much weaker than
that of Galochkin’s theorem). Nevertheless, as we see in Example 6.3 below, our linear independence
result for the values of Lerch functions is valid for algebraic points in K of arbitrary degree, to which
neither Galochkin’s [1974; 1975] nor Viédnédnen’s [1980] results apply.

Remark 1.3. It is also worth noting that our result (see [David et al. > 2020a] for details) is quantitative,
with totally explicit constants, which is not the case of previous results.

Remark 1.4. A result of [Viddnidnen and Xu 1988] actually deals with general base fields as in our case.
However, this is not applicable in our situation, because of the degenerate nature of the system (2).

The new ingredient in the article relies on a few points. First and foremost, we introduce a systematic
construction of Padé approximants, which heavily relies on the computations made by past authors. Our
modifications and generalizations of the method Nikishin [1979a; 1979b] developed, as well as of the
Rhin—Toffin method [1986], supply a formally regulated construction of Padé approximants. Secondly
an irrationality criterion, combined with the metric property provided for by Padé approximation, leads
to the irrationality for the values of the Lerch functions at points sufficiently close to the origin (the
precise sufficient condition, which we explain later, comes from the coupling of the criteria with Padé
approximation). This strategy works only if one can ensure the injectivity of evaluation maps defined by
systems of Padé approximation, which can be now interpreted as a nonvanishing property of a Hermite-
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type determinant, which we succeed in proving. Our criterion also gives much more relaxed assumptions
than the previous results in [Galochkin 1974; 1975], since we rely on our new formal construction of
explicit Padé approximants, by avoiding the use of Siegel’s lemma.

2. Notation and main results

We fix an algebraic closure of @ and denote it by Q. For a finite subset S C @, we define the denominator
of S by
den(S) :=min{0 < n € Z | nx is an algebraic integer for any « € S}.

Let N be the set of strictly positive integers. Let m, r € N and K be an algebraic number field of finite
degree over ). We denote the ring of integers of K by Ok and the completion of K with respect to the
fixed embedding (o : K <> C by K. Then [K : R] =1 if Koo CR, and [K : R] = 2 otherwise.

Let x e @QNJO, 1). Put
w(x) :=den(x) 1—[ g/,

g:prime, g| den(x)

Consider o := (aq, ..., ) € (K\{OD™, witho; #a; forall 1 <i < j<m.Forl<g<[K:0Q], we
denote by a(® the g-th conjugate of « € K over Q.

Let 8 € K \ {0} with max;<;<,(|o;|) < |B]. We put

D(x, B) :=den(ay, ..., a, B).
We also define

Ale, B, x) :=log|B| — (rm + 1) log max(|;|)
— {rm(log D(e, B) +r[den(x) +log 3]) +r(log3 +log u(x))},
A® (a, B, x) :=rm(log D(e, B) + log max(l, 1rnin(|ozl.(g)|)_1 A1B8®]) + r[den(x) —log 2])

+r(1og w(x) + Zlog(2’|a,~| +3" max(|a®], |ﬂ<g>|))) +log3 forl<g<I[K:Q],
i=1

g=1
[Kso : R]

[K:Q] ,(g)
A8 (a, B,
Ve B.x) = A, B. x) + AD (o, B, x) — 2 (@ p.x)

We then obtain the following statement.

Theorem 2.1. Assume V (o, B, x) > 0. Then the rm + 1 numbers

L®y(x,a1/B), ..., Or(x,a1/B), ..., P1(x, am/B), ..., Or(x, am/B)

are linearly independent over K.

In the special case where K equals (D or an imaginary quadratic field, Corollary 6 in [Véédndnen 1980]
gives an analogous quantitative result for polylogarithms, but the needed condition there is not so explicit
as ours, V(a, B, 0) > 0. For a general number field K, Theorem 2.1 is the first result to give the linear
independence of the values of the Lerch function, even in the case of polylogarithms, at distinct algebraic
numbers.
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3. Construction of Padé approximants

We now explain how we construct Padé approximants of the Lerch functions. Since the full proof is long,
it will be provided, with all relevant details, in the forthcoming articles [David et al. > 2020a; > 2020b],
with a p-adic analogue as well as quantitative measures of linear independence.

First we recall the definition of Padé approximants of formal Laurent series. In the rest of this section,
we denote by L a unique factorization domain of characteristic 0. We define the order function ord at
z=o00 by

ordo : LIzI[1/2] = ZU{oo}, > ax- zik > min{k € Z | ay # 0}.
k

Lemma 3.1. Let r be a positive integer, f1(z), ..., fr(2) € 1/z-L[1/z] and n := (ny,...,n,) € N".
Put N :=Y'_, n;. Let M be a positive integer with M > N. Then there exists a family of polynomials
(Py(2), Pi(2), ..., P(2) € LIz]"t'\ {0} satisfying the following conditions:
(1) deg Po(z) < M.

(i1) ords Po(2) fj(z) — Pi(z) =nj+1for1 < j <r.
Definition 3.2. Using the notation of Lemma 3.1, we call a family of polynomials (Py(z),P1(2), ..., P-(2))€
L[z]"*! satisfying the properties (i) and (ii) Padé-type approximants of (fi, ..., f,) of weight n and of
degree M.

For the Padé-type approximants (Py(z), P1(z), ..., Pr(2)), of (f1, ..., fr) of weight rn, we call the

family of formal Laurent series (Py(2) fj(z)—P;(2))1<<r Padé-type approximation systems of (fi, ..., f),
of weight n and of degree M.

In the sequel, we take x € L \ Z_.( and assume x + k are invertible in L for any k € N.

We now introduce notation for formal primitive, derivation, and evaluation maps. Let I be a finite
set; we assume that L contains K[X;, 1/X;]x,er, where K is a number field. In the sequel, it will be
convenient to work formally and thus to treat as many quantities as variables as is useful, and we shall
freely extend the set / as need arises.

Notation 3.3. (i) For o € L, we denote by Eval, the linear evaluation map L[T] — L, P — P(x).
(ii) For P € L[T], we denote by [ P] the multiplication by P (Q +— P Q).
(iii) We also denote by Prim, (formal primitive) the linear operator L[T] — L[T], defined by
1 T
X
(iv) We denote by Deri, the derivative map
d
P T — (T P(T)),
> T ( (1))

and by S, , for n > 1 the map taking

. (k—{—x'—{— 1), Tk
n!

Tk

’
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where (k+x+ 1), :=(k+x+1)---(k+x+n), that is, the divided derivative mapping

1 d" 1/d xY\"
P> —T"—((T"™P)=——=+=) T™(P),

T ) n!<dT+T) (P)
so that Deriy, = S 4.

(v) If ¢ is an L-automorphism of an L-module M and k an integer, we define

k times
po---0¢ if k > 0,
o™ = Lidy, ifk=0,
¢ loiop™! ifk <.
—\/_/
—k times

For a given [ € Z, we define the linear map ¢, «; as follows.
Notation 3.4. Qa.x.1 = [a] oEvaly o Prim)(f).

For any nonnegative integers k, note that ¢ s(T*) is a formal analogue of

1 @ 1
/ T~ log*~! —dT.
s—D!Jo T

For convenience, we collect below the following elementary facts.

Facts 3.5. (i) The map Prim, is an isomorphism and its inverse is Deri, for x € L \ Z.o. Hence ¢y x g
is well-defined for s < —1.

(ii) For any integers ny >0, n, >0 and x € L \ Z_y with x 4+ k invertible in L for any k € N, the divided
derivatives S, x and S, y commute; namely Sy, x © Sp,. x = Snyx © Sny x-

(iii) For any integer s € Z and any o € L, we have @y , s o Deriy = @y x.s—1.
(iv) By continuity, all the above-mentioned maps extend to L[7']] with respect to the natural valuation.
(v) The kernel of the map ¢y « o is the ideal (T — «) for any x € L\ Z .

Using Facts 3.5(iv), the classical Lerch function is indeed expressed as a natural image by ¢y s, With

s>1, by
1 o
Pax,s\ — = =dilx, — ). (4)
z—=T Z

Consider a := (a1, ..., ay) € (L \ {0})™ with o; # «; for i # j. We study Padé approximants of
type II of the functions (®,(x, @i /2))1<i<m, 1<s<r-

Let / be a nonnegative integer with 0 </ < rm. For a positive integer n, we define the family of
polynomials

m

Py (e, x | z) :=Eval oS") (T’ [ - ai)’"), (5)
i=1
P, (o, x — P (o, x| T .
Pois(e, x|2) ::(pa,-,x,s< mi(e, x| 2) T"’l( | )> forl<i<m, 1<s<r (6)
—
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Under the notation above, we obtain the following theorem.

Theorem 3.6. For each 0 <l <rm, the family of polynomials (P, ;(ot, X | 2), Pn.1.i.s(®, X | 2))1<i<m, 1<s<r
Jorms a Padé-type approximants system of (O (x, i /7)) 1<i<m, 1<s<r Of weight (n, ..., n) € N and of
degree rmn +1.

Proof. By the definition of P, (e, x | z), we have
deg P, (o, x |z) =rmn+1.

Hence the condition on the degree is verified. We only need to check the condition on the valuation.
Put

Rn,l,i,s(as X | 7) = Pn,l(as X |Z)q)s(X, Oli/Z) - Pn,l,i,s(a»x |Z)

Then, by the definition of R, ;; ;(e, x | z) with property (4), we obtain

1
Rn,l,i,s(“’ X | 2) = Pn,l(a» X | Z)¢a,-,x,s<ZT) - Pn,l,i,s(aa X IZ)

T
(Pn,z(ot,x | T)
=Qajx s\ — 7

0o
1
e ) = Z(pai,x,s(TkPn,l(a’ x| T))F 7

k=0

Note that in Endg (K[T']) we have the identities

1
Snx = —'51,x o--ro(Siy+n—1) forneN,
n.
[T¥10 81 = (S1c—k)o[T] for k € 7.

By the definition of P, ;(e, x | T) and the identities above, for each 1 <s <r, 0 <k <n — 1, there exists
a polynomial Us x(X) € Q[X] of deg U x = nr — s, satisfying

m
TXPyi(et, x| T) = S{*) 0 Uy 4(S1.x) (T"“ [ - ai)’").
i=1

By the Leibniz rule, we obtain that U x (1) (T*" [T/L,(T — ;)" belongs to the ideal (T — ;) for
each 1 <i <m. Hence we get

m

(pa,-,x,s(TkPn,l(“v x|T)) = Da;,x,0 © Us,k(Sl,x) (Tk+l H(T - O‘i)m) =0
i=1

forl<i<m, 1<s<randO<k<n-1.
Consequently, by the expansion above of R, ;; s(e, x | z), we obtain

orde Ry gis(a,x|z)>n+1 forl<i<m,1<s<r.

Then Theorem 3.6 follows. |
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4. Metric approximations and linear independence criteria

We now give a few of the estimates associated with the Padé approximation we just constructed. They
do not need involved arguments to be proven; however, due to the technical nature of the construction,
computations are somewhat heavy and we skip them to keep in line with the spirit of this article.

The estimates in Lemma 4.1 can be combined with an appropriate linear independence criterion to
provide for a measure.

Lemma 4.1. Let n be a positive integer, x a rational number with 0 < x < 1 and 8 € K \ {0}. Then for
any 1 < g <[K : Q], we have

® ) 3\
Pg < &) yyrm [ =
Ogllg} |P,7 s (e, x | B)] < max(le;”|) (2) (
1<i<m
1<s<r

m rn
= ]‘[ 20| +3" max<|a§g)|)]>

(min<|a§g>|>—1|ﬂ<g>|)”"<"+”
X1 min(e 1B — 1
rm(n+1) if min(jo;*' )71 BW| < 1

if min(ja®'))"1B®| > 1,

forl <i<m.

For the error term, we have

<i<m 1’ ; rm+1 3 r2m+r ) rmAl N B 5 .
max (R is(en x| )] < o=z A0 (_) (M) <3<_) )
0=l= |B] —max;(je;)  \2 1] 2

We give here an outline of the proof. By (5) and (6), we have

Pi(a,x|z)= Z[ Z (l_[ <:’l) (_al,)rn—k,)] (Mi;—:c—i_l)r’) Zk"‘l’

k=0"=1<i<m ‘i=1
0<k;<rn

¥ ki=k
rmn—+I—1 |:rmn+l

o\ (A Fk+0, Y e 7,
Puis@xl =" ) Z( 2 H<rn)( “r) k)( : )(k—ms}z'

n!
u=max(/,1)—1

k=u+1 I<i'<m i'=1
0<k;,<rn

S ky=k—1

By the above equalities together with the triangle inequality, we obtain the upper bounds for |Pn(1’; )l S, x| B)]
and | Py (e, x | B)I.

For the term R, ;; s(o¢, x | B)|, we use (7).

We then state a general linear independence criterion:

Proposition 4.2. Let K be an algebraic number field of finite degree over Q. We denote the completion
of K with respect to the fixed embedding 1~ by K. Let m e Nand 0y := 1,6y, ...,0, € C\ {0}.
Suppose that there exists a set of matrices

{(An.1,)o<t,j<mtneN C Miu11(Ok) N GLy 41 (K).
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Assume further that there exist positive real numbers
(A} <g<ix:0)

and a positive real number A satisfying the conditions

max |A%) | <A for 1< g <[K: Q] (n— 00), (8)
0<l,j<m 2
max |Ani0-6) = Anij| < e A (n - o0). ©)
<[<
1<j<m
We put .
Z : A®
Vi=A4AD =2
[Koo : R]
If V > 0, then the numbers 6y, . . ., 6, are linearly independent over K.

Proof. Assume that there exists a vector f:= (B, ..., Bm) € Ok \ {0} satisfying A(B, 0):=) L, i6; =0.
For n € N, as we have det(A,;, j)o</, j<m # 0, there exists 0 </, < m satisfying

=Y Any, B #0. (10)
j=0

Put R, ; ;= An;,00; — Apny,jfor 1 < j <m and 0 </ < m. Then by the definitions of A(B,8), B;,, and
Ry, j, we obtain

0=An1,0AB.0) =B, + Y Ruy, B
j=1
Using the product formula for B;, € Ok \ {0}, it follows that

[Ko:R]
! Koo:R /
1< 1‘[ 1B*| x |By,|! ]=1'[ 1B*)]

(1)

m
Z Ry ,.iB;

Here /' in ]_[ means that g satisfies 2 < g < [K : @] if Ko=Rand3 <g <[K :Q]if Ko = C. Firstly,
we look for an upper bound of |B(g)| for g #1if Koo =R and g # 1,2 if Ko = C. Using inequality
(8), we have

|Bl(,,g)| < eA(g)n—t-o(n) (n — 00). (12)
Secondly, we give an upper bound for |Z'}’:1 Ry, ,Bj|. By (9), we get

ninjBi| < €M (n— o00). (13)

Substituting the inequalities (12) and (13) into inequality (11), taking the 1/[K o : R]-th power of the
inequality, we obtain

1<e VoM (5 5 00).

Since V > 0, we arrive at a contradiction for this inequality for all sufficiently large n € N. ]

Theorem 3.6 gives us the sequence of matrices. The growth control of the size of the matrices to carry
out the approximations is provided for in Lemma 4.1. However, the matrices do not always have algebraic



CAN POLYLOGARITHMS AT ALGEBRAIC POINTS BE LINEARLY INDEPENDENT? 399

integer entries. This is not a big deal. The defect of integrality comes from our operators Prim,, Deri,
and it is corrected by multiplying by a suitable power of the least common multiple d,, :=lem(l, ..., n),
which is standard in the theory.

Plugging in these estimates in Proposition 4.2 leads us to the proof of the main theorem. The metric
condition requiring the numbers to be sufficiently close to the origin is translated to the condition V > 0
in the linear independence criterion Proposition 4.2.

However, there is still a significant step to be performed. Now we need to prove that the matrices
coming from the Padé approximation are indeed invertible. We describe this main step in the next section.

5. Nonvanishing of a determinant and the final step of the proof

In this section, we use the following notation. Let m, r be positive integers and K be a field with
characteristic 0. We assume that «y, ..., a,, z, T all belong to the set of variables I, so our ring L
contains K|w;,z, T, 1/a;, 1/2,1/T]. Pute := (cy, ..., ).

For a positive integer / with 0 </ < rm, and for x € K, we put

Pn,l(Z) = Pn,l(aax |2),
Pn,l,i,s(z) = Pn,l,i,s(a,x |Z) forl<i<m,1<s<r

The polynomials in the right-hand sides above have been already defined in (5) and (6) respectively.
We define a column vector ﬁn,,(z) c K[Z]rm+1 by

ﬁn,l(Z) = I(Pn,l(z)a Pn,l,l,l(z)» EIR) P}’l,l,l,r(Z)9 EI) Pn,l,m,l(z)’ e Pn,l,m,r(z))-

Proposition 5.1. We use the same notation as above. For any positive integer n, we have

An(z) := det(ﬁn,O(Z) ce ﬁn,rm (2)) € K(ay, 02, ..., 0,)\ {0}.

To prove this, we firstly prove that the determinant A, = A, (z) is a constant, i.e., is independent of z.
Secondly, we regard A, as an element of K («y, ..., o) viewing «y, . .., &, as indeterminates, and fac-
tor it up to a constant depending only on n, m, r. We finally show that this absolute constant A,, is nonzero.
For this last step, we identify this determinant with a certain real integral to show that it does not vanish.

We shall prove

An(2) € K(ay,...,a,) forallneN.

For this, denote P, ;(2)®s(x, i /2)— Py.1.i.s(2) by Ry1.i5(2) asabove (0</<rm, 1 <i<m, 1 <s <r).
In the matrix giving the determinant A, (z), we add, the first row multiplied by the ®;(x, ¢;/z), to the
(i—Dr+s+1)-throw (1 <i <m, 1 <s <r), to obtain

Pn,O(Z) cee Pn,rm(z)
Ru01,1(@) ... Ryrm1,1(2)
A (Z) _ (_l)rm det Rn,O,l,r(Z) cee Rn,rm,l,r(z)
n = . . .

Rn,O,m,l(Z) cee Rn,rm,m,l(z)

KRn,O,m,r(Z) ce Rn,rm,m,r(Z)
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We denote by A, ;;(z2), the (s, t)-th cofactor of the matrix in the right-hand side of the identity above.
Then we have, developing along the first row

An(z) = (=)™ (Z Pn,z(zmn,l,M(z)). (14)
1=0
Since we have

orde Ry 1is(z) =n+1 forO0</<rm,1<i<mandl1<s <r,
we get
ordee Ay 1.141(2) = (n 4 1)rm.

Combining the fact deg P, ;(z) = rmn 4 [ with the lower bound of ords, A, 1+1(z) above, we obtain

Py (@) An11+1(2) € 1/z-K[[1/z]] forO<I<rm—1,
Pn,r;n(Z)An,l,rm+l(Z) € KIII/Z]]

Note that in the relation above, the constant term of Py, 1 (2) A 1.rm+1(2) 18
(coefficient of 7" Vof P, ,.,u(2)) x (coefficient of 1/ Vof Ay 1 rm41(2)).

Thus by (14), the determinant A, (z) is a polynomial in z with nonpositive valuation with respect to
ord.,; consequently it turns to be a constant. Moreover, the terms of strictly negative valuation should
be canceled out. Hence we have

Ap=A7,@) =(=D)" (Z Pn,l(Z)An,1,1+1(Z)>

1=0
= (—1)" (constant term of P, ., (2) Au.1.rm+1(2)) € K. (15)
We now need to rewrite A,, as a rational function of «y, ..., o, in a workable way. We further extend

the set of variables and assume that the set / contains the rm variables ¢; 5, 1 <i <m, 1 <s <r, so that
L contains

K[alv ... ,am’ Zv T! 1/a17 sy 1/“}117 1/Z9 l/T][tl,S]

For each variable #; ; and any integer /, we have a well-defined map for « € L,

Otk+l

. k
Pa.tiyxd  Lltishi<iemi<s<r = Llty s1Grsh#G.5),  Lig > Grxt D)
since L[t ;]1<i<m.1<s<r can be regarded as a polynomial ring in one variable L'[f; ] over L' =

LIt 17,5y % s)-
Now for a positive integer n and an integer [ with 0 </ < rm, we put

m
A (T :=T'T(T =)™
i=1

By the definition of A, ;(T), we have P, ;(z) = Eval, oS,(:x (A (T)).
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Let us define a column vector 7, ; € L™ by

;:n,l = t((p()ll,thl,x,l(til’]An,[(tl,l))v ceey (/)al,tlar,x,r(tﬁrAn,l(tl,r))7 e ey
‘pam,t,w,x,l (t,:z’lAn,l(tm,l))» ceey (pa,,,,tm,r,x,r(tZ,rAn,l(tm,r)))-

Lemma 5.2. Under the notation above, we obtain the identity

s [ (L +Hrmn+rm+x),
=(=D (

’
! ) det(?n,O""—;n,rm—l)-

Proof. Using (15), we calculate constant term of Py 1, (2) Ay 1,rm+1(2) € K[1/2]l.

We need to deal with the noncommutativity of the multiplication by [7'] and the morphisms S,gk; The
defect of the commutativity is given by the following identity: there exists a set of rational numbers
{enx}o<k<rn C Q with €n0 = (=1)" and

[T"]oS!) = Z en. ks(“ o [T"].

Then we obtain
rn

Qares (T" Puy(T)) =D en kPayxs 0 St 0 [T" (A (T))
k=0
s—1

=Y enkPuioy © [T" (A (T)) + Z en ke x.00 515 o [T" (A (T))
k=0 k=s
s—1

= Z n. kP, sk (TnAn,l(T))

k=0

for 1 <i <mand 1 <s <r; the conclusion follows, interpreting the above relations as linear manipulations
of lines and columns leaving the determinant unchanged. ([

Now, for nonnegative integers u, n, we put
m r m
Pu,"(ti,s) = l_[ 1_[|:tibfs H(Ii,s - O{j)mi| 1_[ (tiz,sz - ti1,s1)v
i=1s=1 j=1 (i1,81)<(i2,52)

where the order (i1, s1) < (i2, s2) follows lexicographically.
By O, we denote the composite of morphisms. When no confusion is deemed to occur, we omit the
subscripts o = (aq, ..., &) and write

1:[/ = wg = ;‘n:l O;:l wai,li,x,X,S'

Note that, by definition of det(,. - - - F.rm—1), We have

det(?n,O cet Fn,rm—l) = 1p(Pnn)

Let u be a nonnegative integer. We are going to study the value

Cn,u,m = 1ﬁ(Pu,n)
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By induction, we obtain the following proposition.
Proposition 5.3. There exists a nonzero constant ¢, , m € K satisfying

m
r(u+1)+r2n+(;) 2n+1)r?
Cn,u,m = Cn,u,m l_[ o; 1_[ (0{,‘2 - ail)( ) s

i=1 1<ii<ir<m

with () =0 ifr = 1.

We write the details of the proof of the proposition in the forthcoming articles [David et al. > 2020a;
> 2020b]; however, we describe here our basic idea. Indeed, we prove the proposition by reducing to
the case m = 2 and showing:

(i) Cp,u2 is homogeneous of degree 2r (u + 1) 4+ 2r*n +2(}) + (2n + Dr?.
(i) (aya2) @D+ n+(G) divides Cp yn.
(iii) (o1 — )@+ divides Cy 2.
Here, we explain how the constant ¢, , ,, in Proposition 5.3 becomes nonzero. Whenever it is shown,

then the determinant does not vanish.
We use the same notation as in Proposition 5.3. Define

Cn u,m 2
. U, 2n+1)r
D = =c X | | o, — o) .
n,u,m n r(u+1)+r2n+(£) n,u,m ( in l|)

Hi:l o; 1<ii<ir<m

A straightforward calculation of an integral gives us

m r
Dn,u,m:O?}Zlog/:l(ﬁl,ti/_sr,x,s’(l_[l_[|:tjlfs'(ti,s_l)m' l_[ (aiti,s_af)m]

i=1s=1 ii
l<i<m
m
Xl_[< l_[ (ti,sz_ti,S|)> l_[ 1_[ (aiztiz,sz_ai]til,ﬁ ))
i=1 “s1<$2 i1<ip 1<s1,82<r
We substitute o, =0 in Dy, ;, ,,,; then we have
m—1
Dn,u,m |ozm:0 =Cn,u,m 1_[ (_ai)(Zn—H)rZ l_[ (aiz —Qj )(2n+1)r2
i=1 1<iy<ir<m—1
m—1 ) r
==+ [[ e Ohsi01y s (]"[[z:;l,s-(zm,s—l)”]x [T Cms—tms ))
i=1 s=1 1<s;<sr<r

m—1 r

-1 u+rn+1
<O Ot ons (TTTT[ =0 [T Getiama”|
i

i=1s=1

m—1 l<i<m—1
X ( 1_[ (ti,sz_ti,s1)> X 1_[ 1_[ (aiztiz,sz _ailtil,s1)>

i=1 M<s|<s,<r 1<ij<i<m—1 1<s1,52<r

m—1 r
2n+1)r?
=t [T Oty e <1_[[t,’flys.(tm,s—1)rn]x I (tm,sz_tm,sl))
i s=1

i=1

1<s;<sr<r

XCn,u+rn+1),m—1 1_[ (aiz —;

1<ij<ip<m-—1

2n+1)r?
1)(ﬂ )r.
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Thus we obtain

r

Cnu,m = + O;’:] wl,tm,x/,x,s’<1_[[trl;“g : (tm,s - l)m] X 1_[ (tm,sz - tm,sl)>cn,u+r(n+l),m—l

s=1 1<si<s;<r

r

m
— 4 H(Oﬁlefﬂl,zsf,x,s/ < [Tt e — 1y x [, — tﬂ)))'
i=1

s=1 1<s;<s2<r

We are then in a position to conclude. Indeed, using the definition of the operators ¢ ;, s, the compo-
sition of these operators is nothing but an integral over [0, 1]". More precisely,

r

Og/zlwl,ts/,x,s’ ( l_[[tg <ty — l)m] : 1_[ (t52 — I, ))

s=1 1<si<sp<r

r 1 1 1 r 9 ,
:E(S/_l)!/() /0 g[tsu+x(ts_1)rn]0gs IE] 1_[ (t-"z_tﬂ)l_[l dty;

1<si<s<r s=

then a direct computation enables us to show this last integral does not vanish, which yields Proposition 5.1.
The statement of Theorem 2.1 now follows from Proposition 4.2, since the determinant is a nonvan-
ishing algebraic constant.
6. Examples

We show here three examples of linearly independent polylogarithms, which are shown by our criterion.

Example 6.1. Put 7 =m = 10 and x = 0. Take & := (1, 5, ..., 1) and B = b with |b] > €*"'°. Then we

have D(a, b) = d1g = 2520. Since we have the inequalities

log2520 < 7.84, log3 < 1.10, log% < 0.92,

we have
log |b| > 100(10 +1log 2520 + 10 log 3) + 10 log 3.

Then the 10 4+ 1 numbers
1, Liy(1/b), ..., Lijo(1/b), ..., Liy(1/(10b)), ..., Lijp(1/(10b))
are linearly independent over Q.

Example 6.2. Let k > 2 be an integer, set r =m = 10, x = 0. Take & := (J)1<j<iot and B =b € Z with
|b| > exp(2 - 10%*). Since k > 2, we can easily verify

log |b| > (rm +1)log 10* + (r*m (1 +log 3) + r log 3)
=k(10%* + 1) log 10+ (10* (1 +1og 3) + 10 log 3).

Then the 10%* + 1 numbers

1, Lit(1/b), ..., Lijge(1/b), ..., Liy(10¥/b), ..., Li;ox (105 /b)
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are linearly independent over Q. For instance, we take r = m = 10* and b = 3210 then the 108 + 1
numbers

1, Liy (1/3%19%) . Ligee(1/3%19%), .. Liy(10%/3219%) ... Lijge (10473210,
are all linearly independent over Q.

Example 6.3. Let M > 5 be a natural number. Define the polynomial

o 1\y2 2
F(X) = (2+M)X 2X + o
Then X = (M £+ M? —4M —2)/(2M + 1) are roots of f;(X).
Put
g 2M +1
T M-—VM2—4M -2
K :=Q(p) and 8 := ¢”% We take r =m =10, ¢ := (1, 3, ..., 15) and

282 — 5+ 1+4+/46%4+453—-3582—-65+5
45 — 4 '

M >

Then we have
V(a, B,0) =Aa, B,0) — A% (a, B, 0) > log |8] — 7908 > 0.

Thus by Theorem 2.1, the 10> + 1 numbers

1, Liy(1/B), ..., Lij(1/B), ..., Li;(1/10B), ..., Li e (1/108),

are linearly independent over K. For example,we take M > ¢'3817  the 10% 4 1 numbers

1, Liy(1/B), ..., Lijx(1/B), ..., Li1(1/10B), ..., Li e (1/108),

are linearly independent over K.

Acknowledgement

We sincerely thank the referee for comments and precise references which helped us a lot in our compar-
ison with previous results. This work is partly supported by JSPS KAKENHI grant no. 18K03225 and
also by the Research Institute for Mathematical Sciences, an International Joint Usage/Research Center
located in Kyoto University.

References

[Baker 1975] A. Baker, Transcendental number theory, Cambridge University Press, 1975. MR Zbl

[Chudnovsky 1979] G. V. Chudnovsky, “Padé approximations to the generalized hypergeometric functions, I”’, J. Math. Pures
Appl. (9) 58:4 (1979), 445-476. MR Zbl

[Chudnovsky 1982] G. V. Chudnovsky, “Measures of irrationality, transcendence and algebraic independence: recent progress”,
pp. 11-82 in Number theory days, 1980 (Exeter, 1980), London Math. Soc. Lecture Note Ser. 56, Cambridge Univ. Press, 1982.
MR Zbl

[Chudnovsky 1983] G. V. Chudnovsky, “On the method of Thue-Siegel”, Ann. of Math. (2) 117:2 (1983), 325-382. MR Zbl


http://msp.org/idx/mr/0422171
http://msp.org/idx/zbl/0297.10013
http://msp.org/idx/mr/566655
http://msp.org/idx/zbl/0434.10023
http://msp.org/idx/mr/697257
http://msp.org/idx/zbl/0489.10027
http://dx.doi.org/10.2307/2007080
http://msp.org/idx/mr/690849
http://msp.org/idx/zbl/0518.10038

CAN POLYLOGARITHMS AT ALGEBRAIC POINTS BE LINEARLY INDEPENDENT? 405

[Chudnovsky 1984] G. V. Chudnovsky, “On applications of Diophantine approximations”, Proc. Nat. Acad. Sci. U.S.A. 81:22
(1984), 7261-7265. MR Zbl

[Chudnovsky and Chudnovsky 1985] D. V. Chudnovsky and G. V. Chudnovsky, “Applications of Padé approximations to Dio-
phantine inequalities in values of G-functions”, pp. 9-51 in Number theory (New York, 1983-84), edited by D. V. Chudnovsky
et al., Lecture Notes in Math. 1135, Springer, 1985. MR Zbl

[David et al. > 2020a] S. David, N. Hirata-Kohno, and M. Kawashima, “Linear forms in polylogarithms”, preprint.

[David et al. > 2020b] S. David, N. Hirata-Kohno, and M. Kawashima, “Linear independence criterion of the Lerch functions
with different shifts at distinct algebraic points”, preprint.

[Feldman 1968] N. I. Feldman, “Improved estimate for a linear form of logarithms of algebraic numbers”, Mat. Sb. (N.S.) 77:3
(1968), 423-436. In Russian; translated in Math. USSR Sb. 6:3 (1968), 393—406.

[Feldman and Nesterenko 1998] N. I. Feldman and Y. V. Nesterenko, Number theory, IV: Transcendental numbers, edited by
A. N. Parshin and I. R. Shafarevich, Encyclopaedia of Mathematical Sciences 44, Springer, 1998. MR Zbl

[Fischler et al. 2019] S. Fischler, J. Sprang, and W. Zudilin, “Many odd zeta values are irrational”, Compos. Math. 155:5 (2019),
938-952. MR Zbl

[Flicker 1977] Y. Z. Flicker, “On p-adic G-functions”, J. London Math. Soc. (2) 15:3 (1977), 395-402. MR Zbl

[Galochkin 1974] A. 1. Galochkin, “Lower bounds of polynomials in the values of a certain class of analytic functions”, Mat.
Sb. (N.S.) 95(137) (1974), 396-417. In Russian; translated in Math. USSR Sb. 24:3 (1974), 385-407. MR

[Galochkin 1975] A. I. Galochkin, “Lower bounds of linear forms of the values of certain G-functions”, Mat. Zametki 18:4
(1975), 541-552. In Russian; translated in Math. Notes 18:4 (1975),911-917. MR

[Hata 1990] M. Hata, “On the linear independence of the values of polylogarithmic functions”, J. Math. Pures Appl. (9) 69:2
(1990), 133-173. MR Zbl

[Hata 1993] M. Hata, “Rational approximations to the dilogarithm”, Trans. Amer. Math. Soc. 336:1 (1993), 363-387. MR Zbl

[Hirata-Kohno et al. 2017] N. Hirata-Kohno, M. Ito, and Y. Washio, “A criterion for the linear independence of polylogarithms
over a number field”, pp. 3—18 in Algebraic number theory and related topics 2014, edited by T. Tsuji et al., RIMS Koky@iroku
Bessatsu B64, Res. Inst. Math. Sci. (RIMS), Kyoto, 2017. MR Zbl

[Hirose et al. 2017] M. Hirose, M. Kawashima, and N. Sato, “A lower bound of the dimension of the vector space spanned by
the special values of certain functions”, Tokyo J. Math. 40:2 (2017), 439-479. MR Zbl

[Kawashima 2014] M. Kawashima, “Evaluation of the dimension of the Q-vector space spanned by the special values of the
Lerch function”, Tsukuba J. Math. 38:2 (2014), 171-188. MR

[Marcovecchio 2006] R. Marcovecchio, “Linear independence of linear forms in polylogarithms”, Ann. Sc. Norm. Super. Pisa
Cl. Sci. (5) 5:1 (2006), 1-11. MR Zbl

[Miladi 2001] M.-A. Miladi, Récurrences linéaires et approximations simultanées de type Padé: applications a I’arithmétique,
Ph.D. thesis, Université des S. et T. de Lille, 2001.

[Nikishin 1979a] E. M. Nikishin, “On irrationality of the values of the functions F(x, s)”, Mat. Sb. (N.S.) 109:3 (1979), 410—
417. In Russian; translated in Math. USSR Sb. 37:3 (1980), 381-388. Zbl

[Nikishin 1979b] E. M. Nikishin, “On logarithms of natural numbers”, Izv. Akad. Nauk SSSR Ser. Mat. 43:6 (1979), 1319-1327.
In Russian; translated in Math. USSR Izv. 15:3 (1980), 523-530. Zbl

[Nurmagomedov 1971] M. S. Nurmagomedov, “The arithmetical properties of the values of G-functions”, Vestnik Moskov.
Univ. Ser. I Mat. Meh. 26:6 (1971), 79-86. In Russian. MR Zbl

[Rhin and Toffin 1986] G. Rhin and P. Toffin, “Approximants de Padé simultanés de logarithmes”, J. Number Theory 24:3
(1986), 284-297. MR Zbl

[Rhin and Viola 1996] G. Rhin and C. Viola, “On a permutation group related to ¢ (2)”, Acta Arith. 77:1 (1996), 23-56. MR
Zbl

[Rhin and Viola 2005] G. Rhin and C. Viola, “The permutation group method for the dilogarithm”, Ann. Sc. Norm. Super. Pisa
Cl. Sci. (5) 4:3 (2005), 389-437. MR Zbl

[Rivoal 2003] T. Rivoal, “Indépendance linéaire des valeurs des polylogarithmes”, J. Théor. Nombres Bordeaux 15:2 (2003),
551-559. MR Zbl


http://dx.doi.org/10.1073/pnas.81.22.7261
http://msp.org/idx/mr/768160
http://msp.org/idx/zbl/0566.10029
http://dx.doi.org/10.1007/BFb0074600
http://dx.doi.org/10.1007/BFb0074600
http://msp.org/idx/mr/803349
http://msp.org/idx/zbl/0561.10016
https://doi.org/10.1070/SM1968v006n03ABEH001067
https://doi.org/10.1070/SM1968v006n03ABEH001067
http://dx.doi.org/10.1007/978-3-662-03644-0
http://msp.org/idx/mr/1603604
http://msp.org/idx/zbl/0885.11004
http://dx.doi.org/10.1112/s0010437x1900722x
http://msp.org/idx/mr/3943258
http://msp.org/idx/zbl/1430.11097
http://dx.doi.org/10.1112/jlms/s2-15.3.395
http://msp.org/idx/mr/491542
http://msp.org/idx/zbl/0358.10015
http://msp.org/idx/mr/0357338
http://msp.org/idx/mr/414499
http://msp.org/idx/mr/1067449
http://msp.org/idx/zbl/0712.11040
http://dx.doi.org/10.2307/2154351
http://msp.org/idx/mr/1147401
http://msp.org/idx/zbl/0768.11022
http://msp.org/idx/mr/3728809
http://msp.org/idx/zbl/1430.11098
http://dx.doi.org/10.3836/tjm/1502179237
http://dx.doi.org/10.3836/tjm/1502179237
http://msp.org/idx/mr/3743728
http://msp.org/idx/zbl/1430.11121
http://dx.doi.org/10.21099/tkbjm/1429103719
http://dx.doi.org/10.21099/tkbjm/1429103719
http://msp.org/idx/mr/3336266
http://msp.org/idx/mr/2240162
http://msp.org/idx/zbl/1114.11063
http://mi.mathnet.ru/eng/msb/v151/i3/p410
https://doi.org/10.1070/SM1980v037n03ABEH001961
http://msp.org/idx/zbl/0414.10032
http://mi.mathnet.ru/eng/izv/v43/i6/p1319
https://doi.org/10.1070/IM1980v015n03ABEH001267
http://msp.org/idx/zbl/0422.10024
http://msp.org/idx/mr/0294263
http://msp.org/idx/zbl/0225.10037
http://dx.doi.org/10.1016/0022-314X(86)90036-3
http://msp.org/idx/mr/866974
http://msp.org/idx/zbl/0596.10033
http://dx.doi.org/10.4064/aa-77-1-23-56
http://msp.org/idx/mr/1404975
http://msp.org/idx/zbl/0864.11037
http://msp.org/idx/mr/2185863
http://msp.org/idx/zbl/1170.11316
http://dx.doi.org/10.5802/jtnb.413
http://msp.org/idx/mr/2140867
http://msp.org/idx/zbl/1079.11038

406 SINNOU DAVID, NORIKO HIRATA-KOHNO AND MAKOTO KAWASHIMA

[Siegel 1929] C. L. Siegel, “Uber einige Anwendungen diophantischer Approximationen”, Abh. Preufs. Akad. Wiss., Phys.-

Math. KI. 1929:1 (1929), 1-41. JEM

[Véddnznen 1980] K. Viinidnen, “On linear forms of a certain class of G-functions and p-adic G-functions”, Acta Arith. 36:3

(1980), 273-295. MR Zbl

[Véédndnen and Xu 1988] K. Viinidnen and G. Xu, “On linear forms of G-functions”, Acta Arith. 50:3 (1988), 251-263. MR

Zbl

[Viola and Zudilin 2018] C. Viola and W. Zudilin, “Linear independence of dilogarithmic values”, J. Reine Angew. Math. 736

(2018), 193-223. MR Zbl

[Zudilin 1996] V. V. Zudilin, “On a measure of irrationality for values of G-functions”, Izv. Ross. Akad. Nauk Ser. Mat. 60:1

(1996), 87-114. In Russian; translated in Izv. Math 60:1 (1996), 91-118. MR Zbl

Received 10 Dec 2019. Revised 1 May 2020.

SINNOU DAVID:

sinnou.david @imj-prg.fr
Institut de Mathématiques de Jussieu-Paris Rive Gauche, CNRS UMR 7586, Sorbonne Université, Paris, France

and

CNRS UMI 2000 Relax, Chennai Mathematical Institute, Kelambakkam, India

NORIKO HIRATA-KOHNO:

hirata@math.cst.nihon-u.ac.jp

Department of Mathematics, College of Science and Technology, Nihon University, Tokyo, Japan
MAKOTO KAWASHIMA:

kawashima.makoto@nihon-u.ac.jp
Department of Liberal Arts and Basic Sciences, College of Industrial Engineering, Nihon University, Chiba, Japan

MJCNT — published in partnership with the
Moscow Institute of Physics and Technology

:'msp


http://dx.doi.org/10.1007/978-88-7642-520-2_2
http://msp.org/idx/jfm/56.0180.05
http://dx.doi.org/10.4064/aa-36-3-273-295
http://msp.org/idx/mr/581376
http://msp.org/idx/zbl/0369.10021
http://dx.doi.org/10.4064/aa-50-3-251-263
http://msp.org/idx/mr/960553
http://msp.org/idx/zbl/0654.10034
http://dx.doi.org/10.1515/crelle-2015-0030
http://msp.org/idx/mr/3769989
http://msp.org/idx/zbl/06847721
http://dx.doi.org/10.1070/IM1996v060n01ABEH000063
https://doi.org/10.1070/IM1996v060n01ABEH000063
http://msp.org/idx/mr/1391119
http://msp.org/idx/zbl/0931.11025
mailto:sinnou.david@imj-prg.fr
mailto:hirata@math.cst.nihon-u.ac.jp
mailto:kawashima.makoto@nihon-u.ac.jp
https://mipt.ru/english/
http://msp.org

Moscow Journal of Combinatorics
and Number Theory

EDITORS-IN-CHIEF
Yann Bugeaud

Nikolay Moshchevitin
Andrei Raigorodskii
Ilya D. Shkredov

EDITORIAL BOARD

Iskander Aliev
Vladimir Dolnikov
Nikolay Dolbilin

Oleg German

Michael Hoffman
Grigory Kabatiansky
Roman Karasev

Gyula O. H. Katona
Alex V. Kontorovich
Maxim Korolev
Christian Krattenthaler
Antanas LaurinCikas
Vsevolod Lev

Janos Pach

Rom Pinchasi
Alexander Razborov
Joél Rivat

Tanguy Rivoal
Damien Roy

Vladislav Salikhov
Tom Sanders
Alexander A. Sapozhenko
J6zsef Solymosi
Andreas Strombergsson
Benjamin Sudakov
Jorg Thuswaldner
Kai-Man Tsang
Maryna Viazovska
Barak Weiss

PRODUCTION
Silvio Levy

Cover design: Blake Knoll, Alex Scorpan and Silvio Levy

msp.org/moscow

Université de Strasbourg (France)

bugeaud @math.unistra.fr

Lomonosov Moscow State University (Russia)
moshchevitin@gmail.com

Moscow Institute of Physics and Technology (Russia)
mraigor@yandex.ru

Steklov Mathematical Institute (Russia)
ilya.shkredov @ gmail.com

Cardiff University (United Kingdom)

Moscow Institute of Physics and Technology (Russia)
Steklov Mathematical Institute (Russia)

Moscow Lomonosov State University (Russia)
United States Naval Academy

Russian Academy of Sciences (Russia)

Moscow Institute of Physics and Technology (Russia)
Hungarian Academy of Sciences (Hungary)

Rutgers University (United States)

Steklov Mathematical Institute (Russia)

Universitit Wien (Austria)

Vilnius University (Lithuania)

University of Haifa at Oranim (Israel)

EPFL Lausanne(Switzerland) and Rényi Institute (Hungary)
Israel Institute of Technology — Technion (Israel)
Institut de Mathématiques de Luminy (France)
Université d’ Aix-Marseille (France)

Institut Fourier, CNRS (France)

University of Ottawa (Canada)

Bryansk State Technical University (Russia)
University of Oxford (United Kingdom)

Lomonosov Moscow State University (Russia)
University of British Columbia (Canada)

Uppsala University (Sweden)

University of California, Los Angeles (United States)
University of Leoben (Austria)

Hong Kong University (China)

EPFL Lausanne (Switzerland)

Tel Aviv University (Israel)

(Scientific Editor)
production@msp.org

See inside back cover or msp.org/moscow for submission instructions.

The subscription price for 2020 is US $310/year for the electronic version, and $365/year (+$20, if shipping outside the US) for print
and electronic. Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP.

Moscow Journal of Combinatorics and Number Theory (ISSN 2640-7361 electronic, 2220-5438 printed) at Mathematical Sciences
Publishers, 798 Evans Hall #3840, c/o University of California, Berkeley, CA 94720-3840 is published continuously online. Periodical

rate postage paid at Berkeley, CA 94704, and additional mailing offices.

MICNT peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY
mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2020 Mathematical Sciences Publishers


http://msp.org/moscow/
bugeaud@math.unistra.fr
moshchevitin@gmail.com
mraigor@yandex.ru
ilya.shkredov@gmail.com
production@msp.org
http://dx.doi.org/10.2140/moscow
http://msp.org/
http://msp.org/

Moscow Journal of Combinatorics and Number Theory

vol.9 no.4 2020

In memoriam

N. I. Feldman

Naum Ilyitch Feldman
NIKOLAY MOSHCHEVITIN
Effective simultaneous rational approximation to pairs of real quadratic numbers
YANN BUGEAUD
Algebraic integers close to the unit circle
ARTURAS DUBICKAS
On transcendental entire functions with infinitely many derivatives taking integer
values at several points
MICHEL WALDSCHMIDT
Can polylogarithms at algebraic points be linearly independent?
SINNOU DAVID, NORIKO HIRATA-KOHNO and MAKOTO KAWASHIMA
The irrationality measure of 7 is at most 7.103205334137 . ..
DORON ZEILBERGER and WADIM ZUDILIN
Approximating 7 by numbers in the field Q(+/3)
MIKHAIL YU. LUCHIN and VLADISLAV KH. SALIKHOV
On approximations of solutions of the equation P(z, Inz) = 0 by algebraic numbers
ALEXANDER GALOCHKIN and ANASTASIA GODUNOVA
Two integral transformations related to £ (2)
RAFFAELE MARCOVECCHIO

351

353

361

371

389

407

421

435

441


http://dx.doi.org/10.2140/moscow.2020.9.351
http://dx.doi.org/10.2140/moscow.2020.9.353
http://dx.doi.org/10.2140/moscow.2020.9.361
http://dx.doi.org/10.2140/moscow.2020.9.371
http://dx.doi.org/10.2140/moscow.2020.9.371
http://dx.doi.org/10.2140/moscow.2020.9.389
http://dx.doi.org/10.2140/moscow.2020.9.407
http://dx.doi.org/10.2140/moscow.2020.9.421
http://dx.doi.org/10.2140/moscow.2020.9.435
http://dx.doi.org/10.2140/moscow.2020.9.441

	1. Introduction
	2. Notation and main results
	3. Construction of Padé approximants
	4. Metric approximations and linear independence criteria
	5. Nonvanishing of a determinant and the final step of the proof
	6. Examples
	Acknowledgement
	References
	
	

