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The cubic case of Vinogradov’s mean value theorem

D. R. Heath-Brown

We present a self-contained proof of the cubic case of Vinogradov’s mean value

9o ¢

theorem, based on Wooley’s “efficient congruencing” approach.

1. Introduction

In a remarkable series of papers, Wooley [2012; 2013; 2015; 2016; 2017], and
in collaboration with Ford [Ford and Wooley 2014], has made dramatic progress
with Vinogradov’s mean value theorem. This culminated in the full proof of the
main conjecture, by Bourgain, Demeter and Guth [Bourgain et al. 2016], using
rather different methods — but see [Wooley 2019] for a subsequent treatment by the
original approach. Wooley’s survey article [2014] gives an excellent introduction
to his results and their applications.

The mean value theorem concerns the integer J; ; (X) defined as the number of
solutions (xi, ..., x25) € N of the simultaneous equations

with x1, ..., x; < X. Here X > 1 is an arbitrary real number, and s and k are
positive integers, which one treats as being fixed. The key feature of this system is
that if (xq, ..., xpy) is a solution, so is any translate (x| +c, ..., Xo5s +¢).

The various forms of the Vinogradov mean value theorem give upper bounds
for J; x(X). It is not hard to see that

Js i (X) >4 XS 4 XFBkEED/2]
for X > 1, and the central conjecture is that
Jo i (X) Kspe XE(XS 4 X257kE+D/2y

for any ¢ > 0. “Classically” this was known for k = 1 and 2, for s < k + 1, and
for s > s (k) with a value so(k) < k*log k. However Wooley [2012] showed that
one may take so(k) = k% + k. Moreover, in [Wooley 2016], he showed that the full
conjecture holds for k = 3.

MSC2020: primary 11L15; secondary 11D45, 11L07.
Keywords: exponential sum, mean value, cubic, Vinogradov.
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2 D. R. HEATH-BROWN

The purpose of this paper is to present a much simplified version of Wooley’s
methods, sufficient to handle the case k = 3.

Theorem. We have
Jo3(X) <, XOF¢

for any fixed ¢ > 0.

It is trivial from (2) below that if s and ¢ are any positive integers then we will
have Js1x(X) < X Js 1 (X) and Jy x(X) < Jyp 4 (X)*/6F0. Thus for k =3 we
can deduce the general case of the conjecture immediately from the theorem.

It should be stressed that, while the argument of the present paper appears cleaner
and shorter than that presented by Wooley [2016], the underlying principles are the
same.

2. Outline of the proof

Investigations into the mean value theorem depend crucially on an alternative
interpretation of Js x(X) in terms of exponential sums. If o € R¥ we write

file; X) = fla) =Y elarx + - +axxb),
x<X
whence

Js k(X) 2/ | f()|* de. 2)
(0, 17F
Our version of the efficient congruencing method will also use the exponential sums

files X, §,0) = fu@; §) = Y elarx+---+apxb),

x<X
x=£ (mod p*)

where p is prime and a is a positive integer exponent. The prime p > 5 will be
chosen to be a small power of X. Since it will not change during the argument we
will not include it explicitly among the parameters for f,(a; &). Taking s and k as
fixed we will write

1m<x;s,n;a,b>=/0 Ve P e PO de, O <m <5 1),
(0,11%

which counts solutions of (1) in which

xi=& modp?) (I<i<mands+1<i<s+m),
and
xi=n@modp?) (m+1l<i<sands+m+1<i<2s).
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We will use this notation even when p“ or p” is larger than X. We observe that
when m = 0 we have

Io(X;E,n;a,b)zf | fo (s )|* det,

(0,11

which is independent of £ and a.
We will also work with I,,,(X; a, b) defined by
Ihy(X;a,b)= max Iy(X;&,n;a,b)
1 (mod p*)
and

I,(X;a,b)= max [,(X;&§,n,a,b) (1<m=<s—1).
&#n (mod p)

B

The condition £ #17 (mod p) is the last remaining vestige of Wooley’s “conditioning’
step. Wooley [2016, page 538] uses functions / a”fb(X ) and K L’l’fb (X), both of which
correspond to our function 7,,(X; a, b). We are able to work with a single (simpler)
function because we have a simpler version of the conditioning process.
Although many of our results can be proved for general s and k we shall now
specialize to the case s = 6, k =3, and write J (X) = Js 3(X) for brevity. We proceed
to present a series of estimates relating J (X) and [,,,(X; a, b) for m =0, 1, 2, with
various values of a and b. Iterating these will ultimately establish our theorem. The
lemmas below will be proved in the next section. For the time being we content
ourselves with stating the results, and showing how they lead to the theorem.
When m = 0 we can relate Io(X; a, b) to J(X) as follows.

Lemma 1. If pb < X we have
Io(X; a,b) < J(2X/p").
Our next result shows how to bound J(X) in terms of I,(X; 1, 1).
Lemma 2. If p < X we have
J(X) < pJ2X/p)+pL(X; 1 D).

One way to compare values of 11 (X; a, b) and I,(X; a, b) is by applying Holder’s
inequality. We give two such estimates.

Lemma 3. We have

L(X:a,b) < L(X; b, a)' P 1/(X; a, b)*
irrespective of the size of p.
Lemma 4. If p” < X we have

11(X;a,b) < L(X; b,a)'* 72X/ p?)*/*.
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Next we show how successively larger values of a and b arise.

Lemma 5. For any p we have
I1(X;a,b) < p*~*11(X: 3b, b)
ifl <a <3b.
Lemma 6. For any prime p we have
L(X;a,b) <2bp**=V[,(X;2b—a, b)
whenever 1 < a <b.

We are now ready to assemble all these results to prove the following recursive
estimate for /5.

Lemma?7. If1 <a §bandpb < X we have
L(X; a,b) < 2bp~ 0315 1 (X b, 2b —a) P L(X; b, 36)/0 T (2X ) p”)'/2.

The reader may note that the above inequality is a neat form of the bound in
Lemma 5.2 of [Wooley 2016].
For the proof we successively apply Lemmas 6, 3, 5 and 4, giving

(X;a,b)
<2bp*=9[,(X: 2b—a, b)
<2bp*P=I (X b, 2b—a)'P1,(X; 2b —a, b)*?
< 2p** "V (X b,2b —a)' P{pP TN (X 30, b))
< 2bp*m DB (X b, 20— a)' P (X b, 36) T 2X )/ )V
= 2bp~ 104+ (X b, 2b —a) P (X b, 3b)/ T (2X / p?)1/2.
Here we should observe that, in applying Lemma 5 to 1 (X; 2b—a, b), the necessary
condition “a < 3b” is satisfied, since 2b —a < 3b.
Everything is now in place to complete the proof of the theorem. We note the
trivial upper bound J(X) < X 12 and the trivial lower bound J(X) > [X]® > X°

(coming from the obvious diagonal solutions x; = xg4; for i < 6). Thus we may
define a real number A € [0, 6] by setting

A=inf{§ e R: J(X) < X for X > 1}. 3)

It follows that we will have J(X) <, X¢t2+¢ for any & > 0. Our goal of course is
to show that A = 0.
We observe that

L(X;a,b) < J(X) <, X074+
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for 1 < a < b, and hence that
L(X: a.b) <s X6+A+sp—2a—4bp3(3b—a)’ (4)

since 3(3b —a) > 2a +4b for a < b. We now proceed to use Lemma 7 to prove,
by induction on n, that

Bh(X; a,b) Kopap XOHAFE p=2a=4b ,(3=nA/6)3b-a) (5)
for any integer n > 0, provided that

1<a<b (6)
and
Pt <X (7

The base case n = 0 is exactly the bound (4). The reader may be puzzled by the
choice of the exponent for p in (5). We shall discuss this further in the final section.
Given (5) we have

IQ(X; b,2b— a) Lemab X6+A+£p72b74(2b7a)p(3an/6)(3(2b7a)fb)

— X6+A+sp4a—10bp(3—nA/6)(5b—3a) )

Note that the conditions corresponding to (6) and (7) are satisfied if
p3n+1b <X
since we will have 1 < b <2b —a whenever 1 <a < b, and
pS”(Zb—a) < p3"+1b <X.
In a similar way, (5) implies that
L(X; b, 3b) Kenp XO+A+e ,=20=12b ), 3=nA/6)(9=b)

—14b  (3—nA/6)(8b
p p(n/)()

the conditions corresponding to (6) and (7) holding whenever b > 1.
Finally we have

J(2X/ph) <<8 X6+A+£p—6h—Ab

provided that p” < X. Feeding these estimates into Lemma 7 we deduce that

Iz(X; a, b) Lemab pflOa/3+l4b/3{X6+A+sp4a710bp(37nA/6)(5b73a)}1/3
% {X6+A+8p—14bp(3—nA/6)(8b)}1/6{X6+A+8p—6b—Ah}1/2

— x6+A+e j—2a—4b  (3-nA/[6)(3b—a) ,—Ab/2

p p p

< X6+A+5p—2a—4bp(3—(n+l)A/6)(3b—a)’

since b/2 > (3b — a) /6. This provides the required induction step.
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Having established (5) we apply it with a = b = 1, and p chosen to lie in the
range
%X1/3” <p<xV?

There will always be a suitable p > 5 if
X >10%.
We then deduce from Lemma 2 that
J(X) < pJQ@X/p)+ ph(X; 1, 1) Ko p(X/p)THATE 4 XOTATE pI2mnaf3

If A were strictly positive we could choose n sufficiently large that n A > 39, and
would then conclude that

J(X) <<e,n X6+A+£p—l <<s,n X6+A—37"+8,

contradicting the definition (3). We must therefore have A = 0, as required for the
theorem.

The reader will probably feel that the final stages of the argument, from (5)
onward, are lacking in motivation. The final section of the paper will offer an
explanation for the route chosen.

3. Proof of the lemmas

We begin by examining Lemma 1. We observe that there is an 5 € (0, p”] such that
Io(X; a, b) counts solutions to (1) in which each x; takes the shape n + pb vi, with
integer variables y;. We will have 0 < y; < X/p®. Thus if we set z; = y; + 1 we
find that 1 <z; <1+ X/p? <2X/p?, in view of our condition p” < X. Moreover
we know that if the x; satisfy (1) then so too will the y; and the z;. It follows that
Io(X; a,b) < J; 1 (2X/p") as claimed.

To prove Lemma 2 we split solutions of (1) into congruence classes for which
x; =& (mod p) for 1 <i < 12. The number of solutions in which

x; =---=x12 (mod p)
is at most
Yo B(X;0,m51,1) < plp(X; 1, 1) < pJ 2X/ p),
1 (mod p)

by Lemma 1. For the remaining solutions to (1) there is always a pair of variables
that are incongruent modulo p, and it follows that there exist £ £ 1 (mod p) such
that

12
100 21X/ +(5)ptp =1 [ 1@ 6 e s @
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By Holder’s inequality we have

/(0 1Plﬁ(oz; £) fi(e; n) f (@) da

1/12

1/12
< {/ | f1(e; )14 f1 (as n>|8da} {/ | f1(e; )13 £1 (a; n>|4da}
0,173 0,173

5/6
x {/ |f<a>|”da} ,
0,173

J(X) < pJ2X/p)+ p*L(X: 1, DV (x: 1, DY) (X)3/6.

whence

We deduce that
J(X) < pJ(2X/p)+ pL(X; 1, 1),

as required for the lemma.
Lemma 3 is a trivial application of Holder’s inequality. We have

L(X;&,n;a,b)
=/ | fulas £)1*1 fi(e; )P dex
0,173

2/3

1/3

5{/ |fa(a;s>|8|fb<a;n>|“da} {/ |fa(0l§‘§)|2|fb(05§77)|10d“}
0,173 0,173

< hL(X;b,a)'*1(X; a, b)*?,

and the lemma follows.
For Lemma 4 we note that

L(X;&,n;a,b)
=f | as )21 fi (s )" dee
0,13

1/4 3/4
< {/ o )1 fo (e n)|8doe} {/ o n)|”doe}
0,113 0,173

< L(X;b,a)*Iy(X; b, b)*/*
< L(X; b, )" 72X/ p?)**,

by Hélder’s inequality and Lemma 1.
Turning next to Lemma 5 we note that I;(X; &, n; a, b) counts solutions of (1)
in which x; =& 4 p%y; fori =1 and i =7, and x; = n + p”y; for the remaining
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indices i. If we set v = & — n we deduce that the variables
_Jv+pyi i=Tor7,
Tty otherwise,

also satisfy (1). In particular, the equation of degree j = 3 yields
W+ pz)’ = W+ pz7)* (mod p¥).

Now, crucially, we use the fact that & # 1 (mod p), whence p{v. It follows that we
must have v + p%z; = v + p“z7 (mod p3b), and hence z; = z7 (mod p3b*"). We
therefore have x| = x7 = £ (mod p3) for one of p3’~¢ possible values of &', so
that

L(X: & n;a,b) < p* " 11(X; 3b, b),

which suffices for the lemma.

Finally we must handle Lemma 6. We note that I,(X; &, n; a, b) counts solutions
of (1) in which x; =&+ p“y; fori =1, 2, 7 and 8, and x; = n+ p”y; for the remaining
indices i. As in the proof of Lemma 5 we set v =& —n and z; = x; — 7, so that the
z; also satisfy (1). We will have pb |z; for3<i <6and 9 <i <12, whence

W+ p iy + W+ phy2) = W+ py)) + v+ piyg)’ (mod p¥) (1<) <3)
with v =& —n % 0 (mod p). We shall use only the congruences for j =2 and 3.
On expanding these we find that

208) + p®S, =0 (mod p?*~9) (8)
and

3028 +3vp“ S, + p* S5 =0 (mod p**~),
where . ‘ . .
Si=yi+y—yi—y» (G=123).
Eliminating S from these yields
3up“Sy +2p**S3 =0 (mod p**~%),
whence
308, 4+2p*S3 =0 (mod p?b—2%).

Moreover (8) trivially implies that

208 + p*S, =0 (mod p?=24).

It appears that we have wasted some information here, but the above congruences
are sufficient.

We now call on the following result, which we shall prove at the end of this
section.
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Lemma 8. With the notations above for S;, let N(p; a, c) denote the number of
solutions (y1, Y2, y7, yg) modulo p° of the congruences

2081+ p S =3vS, +2p%S; =0 (mod p°).
Thenifa > 1 and ¢ = 0 we will have N(p; a,c) < (c+ l)pz".

If y; = yip (mod p>®=9) for i = 1,2,7,8 then x; = & (mod p?*~%), with
& = & + p“yio. The number of solutions to (1) counted by I»,(X; &, n; a, b) for
which y; = y;o (mod p*®~) is then given by

Foo—a (0 &1) fap—a(@; ) Fro—a (0 &7) fap—a(@; Es)| fi(e; )|* dew

0,113
<,
0,113

1/4
< T1 {/ |fzba<a;s,->|4|fb<a;n>|8da}
i=1,2,6,7 Y O1F

[T foo-ale: &)1 foe; m)® de

i=1,2,6,7

< [ p&X:& m26—a,b)'
i=1,2,6,7

<Dh(X;2b—a,b),
by Holder’s inequality. It then follows from Lemma 8 that
L(X:a,b) < N(p;a,2(b — ) L(X; 2b —a, b) < 2bp** " I (X; 2b —a, b)

as required.

It remains to prove Lemma 8, for which we use induction on c. The base case
¢ =0 is trivial. When ¢ =1 we have p | S; and p | S> and the number of solutions
is 2p% — p, which is also satisfactory. In general we shall say that a solution
(¥1, y2, ¥7, ¥g) is singular if

y1=Yy2=y7=ys (mod p),
and nonsingular otherwise. For a nonsingular solution the vectors
VQvSi+ p?S;) and V@BvS, +2p°S3)

are not proportional modulo p, since a > 1 and p{6v. It follows that a nonsingular
solution (yy, 2, y7, yg) of the congruences modulo p¢ will lift to exactly p? solu-
tions modulo p°*!. Thus if we write No(p; a, ¢) for the number of nonsingular
solutions modulo p¢ we will have Ny(p; a, ¢) < 2p>, by induction.

For a singular solution we have

yi=y=y;=yg=p (mod p),
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say. If we write y; = 8 + pu; and
S} =u{+ué—u§ —ué
we find that
208) + p®Sy =2+ BpY) pS; + pT2S)
and

308y +2p°S3 = 68(v + Bp*) pS; +3(v +2Bp*) p? S5 +2p“ T3 S5,
Hence
2V pS; 4 p T8, = 68V pS; +3(V + Bp) p*Sy +2p° TS, =0 (mod p©)
with v’ =v + Bp® # 0 (mod p). Eliminating S} from the second expression yields
30 p2Sh +2p*TaS, =0 (mod p°©)
and we deduce that
20'S) + ptlS, =0 (mod p ) 9)
and
3085 +2p*t1S, =0 (mod p<). (10)

Since we are counting values of y; modulo p¢ we have to count values of #; modulo
p°~!. However any solution of

20'S] + p*t!S, =308, +2p**' ;= 0 (mod p©?)

modulo p¢2 lifts to exactly p> solutions of the two congruences (9) and (10)

modulo p¢~!, since

VUS| + p*tiS)y =20/(1,1, -1, —1) £0 (mod p).

It follows that (9) and (10) have p>N(p; a + 1, ¢ — 2) solutions for each of the p
possible choices of 8, provided of course that ¢ > 2.
We are therefore able to conclude that

N(p;a,c) < No(p;a,c)+p*N(p;a+1,c=2) <2p* 4+ p*N(p;a+1,¢c—2)

for ¢ > 2, and the lemma then follows by induction on c.

We conclude this section by remarking that in this final inductive argument, we
have estimates of the same order of magnitude for both the number of singular
solutions and the number of nonsingular solutions. When one tries to generalize the
argument to systems of more congruences the singular solutions can dominate the
count in an unwelcome way. It is for this reason that Wooley’s approach requires a
“conditioning” step in general, in order to remove singular solutions at the outset.
Fortunately we just manage to avoid this in our situation.
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4. Remarks on the conclusion to the proof

This final section is intended to shed some light on the argument that leads from
Lemma 7 to the theorem. In particular the reader may be curious as to how one is
led to formulate the induction hypothesis (5). The issue is that repeated applications
of Lemma 7, starting from I5(X; 1, 1) for example, produce values of I,(X; a, b)
with a large number of different pairs a, b; and one wants an induction hypothesis
that will apply successfully to all of them.

Suppose one assumes that J (X) <, X?*¢ for any & > 0 and that for any positive
integers a < b one has

IQ(X, a,b) <<8 X€+8p0la+,3b (11)

for some constants « and B, for a suitable range p < Xd@p) say.
Then Lemma 7 yields

L(X;a,b) <p X/ p*eth?
for a < b, with new constants
W=—B-lp F=frlerls-to

We can express this by writing

/

(3)=esm(3).
€= (147?}0—/03/2>’ M= (1(/)2 _71//63> '

Starting with « = B = 0, for example, we obtain inductively a succession of
bounds of the shape (11), with

with

(Z):(%:):HMH...JFM%

The matrix M has eigenvalues 1 and é, and can be diagonalized as PDP~! with

-1 =2 10
P - < ) ’ D - < 1) ‘
3 1 0 ¢
It then follows that

(‘;Z) —nP ((1) 8) Ple+o()= @(;” +0()

as n tends to infinity. For any starting pair a, b we will have 3b —a > 2b > 2. Thus
if 8 > 6 we will eventually have «,a + B,b < —1, say, for suitably large n.



12 D. R. HEATH-BROWN

We therefore obtain
h(X;a,b) <. Xt p~!

for p < X?, for some § = 8, depending on #. This leads to a contradiction, as in
Section 2.

We therefore see that the crucial feature of Lemma 7 is that it leads to a matrix
M having its largest eigenvalue equal to 1. The corresponding eigenvector is
(o, B) = (—1, 3), and the argument of Section 2 has therefore been expressed in
terms of the linear combination 3b — a.
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Exceptional zeros, sieve parity, Goldbach

John B. Friedlander and Henryk Iwaniec

We survey connections between the possible existence of exceptional real zeros of
Dirichlet L-functions and the sieve parity barrier and then show how recent work
tying them to the Goldbach problem can be viewed in a considerably generalized
framework.

1. Introduction

A fundamental problem in analytic number theory is that of establishing excellent
upper and lower bounds in general sieve methods, most especially in the linear sieve.
Following a great deal of progress, stretching now over a century, one gradually
became aware of a general “parity barrier” which governs the limitations of what
one can hope to accomplish, at least in general.

A fundamental problem in analytic number theory is that of establishing zero-free
regions for Dirichlet L-functions. In case the corresponding character y (mod gq)
is complex or, alternatively, for all complex zeros p = B + iy with y # 0, one has
long known how to produce zero-free regions of the type

ozl—=c/logq(lt]+1) (1-1)

where s = o + it with a positive constant c¢. In the remaining situation, where
both x and s are real, much less is known, nothing more recent than a famous
“ineffective” estimate of Siegel for the L-function at s = 1 which enables a bound
like (1-1) but only with the replacement of log g by ¢® with arbitrary ¢ > 0 and a
numerically uncomputable ¢ depending on ¢. This exponentially weaker result has
been a serious impediment to progress in many basic questions.

It is not unfair to claim that much progress in mathematics proceeds by analogy.
The two problems above, in many aspects, ring familiar to each other. The first
purpose of this paper is to illustrate ways in which this has been found to be true.
Our second purpose is to, in the case of one close recently discovered connection,
carry forward this investigation to a new, deeper and more general setting.

Friedlander was supported in part by NSERC grant A5123.
MSC2020: 11M20, 11NO5, 11N35, 11P32.

Keywords: primes, sieves, exceptional zeros, Goldbach conjecture.
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We recall, that an “exceptional” zero is a real zero 8 that does lie in the region (1-1)
for a constant c. If however there were only a finite number of these we could
(since the L-functions do not vanish at s = 1) adjust the constant ¢ to exclude them
all from the region. Thus the name is really not a very good one for an individual
zero since the concept requires an infinite sequence of these. Nevertheless, it is
ingrained in the literature; when we use it we are thinking of such a sequence. It is
known, essentially due to Landau, that such a sequence of moduli, should one exist,
must be very lacunary; the zeros would all be simple, at most one per modulus and
indeed with the exceptional moduli ¢; satisfying

log gi+1
—— > 0
log gi

Failing a proof of their nonexistence, it is the lack of any examples of exceptional
zeros that leads to the ineffectivity in results such as that of Siegel. Specific real (or
nearly real) zeros can and do lead to computationally effective results, even when,
as first realized in [Friedlander 1976], they are all the way over at s = % a location
where the GRH does not prohibit their appearance.

In the absence of a solution to the problem of whether there exist exceptional
zeros, there have naturally been attempts to relate the question to other very difficult
problems. One class of results of this type deals with showing that the assumption
of the existence of exceptional zeros leads to consequences for prime number
distribution that are beyond current reach, but are nevertheless expected to be true.
There have been in recent years quite a number of such results, several by the
current authors; see [Heath-Brown 1983; Friedlander and Iwaniec 2003; 2004;
2005; Merikoski 2021].

These statements, although conditional, can be quite deep and spectacular. For
example, in the case of [Friedlander and Iwaniec 2003], we derived asymptotics for
the counting of primes p < x in arithmetic progressions of modulus ¢ < x!/?%%, so
beyond the reach of the generalized Riemann hypothesis. An essential ingredient for
this was our asymptotic formula for the divisor function t3(n), n < x in progressions
to modulus g < x /248 which we deduced [Friedlander and Iwaniec 1985] from
the expected estimates for exponential sums over relevant varieties, proofs of which
were provided for us by Birch and Bombieri, using in turn the Riemann hypothesis
for varieties, proved by Deligne. The type of applications of Deligne’s work,
pioneered in [Friedlander and Iwaniec 1985], has since been extensively developed,
for example by Y. Zhang [2014] and, especially, in a whole series of papers by
E. Fouvry, E. Kowalski and P. Michel.

Results of this type are not however the primary concern in this paper. On the
contrary, we are here highlighting an admittedly smaller class of examples, wherein
the assumption of exceptional zeros leads to consequences that are beyond current
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reach, but are nevertheless expected to be false. If one does not believe in the
existence of exceptional zeros, then one can dream that this is more promising.

One early example of this class we here consider, by now folklore, shows that
the nonexistence of such zeros would follow from improvements, seductively small,
in the Brun—Titchmarsh theorem which gives uniform upper bounds for the number
of primes in an arithmetic progression. We shall recall this situation in more detail
in Section 3.

In more recent years, results have been obtained showing how relatively good
bounds for exceptional zeros would follow from assumptions about the less obvi-
ously related Goldbach conjecture. The latter famous statement predicts that every
even integer exceeding two can be written as the sum of two primes. Hardy and
Littlewood [1923] put forth a conjectured asymptotic formula for the number of
representations of n as the sum of two primes. Following the normal practice in
the subject, we find it simpler to consider a weighted sum over the representations
involving the von Mangoldt function, one which leads to an entirely equivalent
conjecture. Let

Gmy= ) Alm)A(my). (1-2)
mi+my=n
2tmymy

The Hardy-Littlewood conjecture predicts that, for n even, we have G (n) ~ G(n)n
where G(n) is a certain positive product over the primes, to be defined in (4-2), and
easily large enough to imply Goldbach for all sufficiently large even n.

In Section 4 we recall how even a much weakened form of this conjectured
asymptotic completely eliminates the possible existence of any exceptional zeros.
Then, in the subsequent sections, we are going to generalize considerably the results
of Section 4, for the purpose of showing clearly that the questions are linked to the
parity barrier of sieve theory.

But first, in the next section, we give a review of that barrier.

2. Parity problem and the asymptotic sieve

We are interested in counting prime numbers. Beginning from the very earliest
works, but especially over the past century, a significant component of this exercise
has been the development of sieve methods.

Already from Brun’s early successes, a striking achievement was the attain-
ment of upper bounds of the correct order for the number of primes in interesting
subsequences of the positive integers.

The attainment of a positive lower bound however seemed always a bit beyond
reach. What one could succeed in getting was a lower bound for the number of
integers having no more than k prime factors for some value of k, fairly small
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but invariably greater than one. These results created an interest in the so-called
“almost primes”.

Gradually, around the middle of the last century, it began to be noticed that the
constant factor in the upper bound was never better than twice the expected, though,
in the most favorable situations, it could come very close to that.

Analogously, although the lower bound the machinery spewed out for the number
of primes was never positive, here too, in the most favorable situations, it could
come very close to being so. This has in places been attributed to the incapability of
the sieve to distinguish between integers with an odd number of prime factors and
those having an even number. The apparent inevitability of this situation has led to
the name “parity phenomenon”, a name which will seem more clearly appropriate
in what follows.

In the same way that, for reasons which are both elementary (think Chebyshev)
and analytic (think Riemann), it turns out to be both convenient and elegant to study
the primes using the von Mangoldt function, the study of almost primes of order
k is facilitated with the introduction of its generalization, given by the Dirichlet
convolution

Akzu*logk, -1

which, as its progenitor (k = 1), is supported on integers having at most k distinct
prime factors, satisfies (by induction) the recurrence

Aky1 = Ag-log+Ap x A, (2-2)

obeys the bounds
0 < Ar(n) < (logn)* (2-3)

and yields the asymptotic formula

> Ax(n) ~ kx(logx)F . (2-4)

n<x

In case k =1 this last result is of course the prime number theorem and from that
and (2-2) one can easily obtain the others. However, it turns out, due to Selberg,
that for k = 2 and hence for larger k, the formula admits an elementary proof.

In retrospect, we can see that this difference in the levels of difficulty between
k =1 and larger k is mirrored in the analytic behavior of their generating functions.
The Dirichlet series for Ay, namely

(k)
> Acmn™ = (—1)"2(—;;), (2-5)

n>1
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has a pole of order k at s = 1. As soon as k > 2 this pole has multiple order and its
effect cannot be canceled out by a simple real zero. Still, it does seem strange that
zeta in particular feels the need to worry that she might have an exceptional zero.

It is interesting to note that, although for k =1 the contribution to the sum in (2-4)
comes entirely from the integers with an odd number of distinct prime factors, on
the contrary, for each k > 2 the contribution comes half from odd and half from
even.

The original motivation for Selberg’s discovery was that it could then be combined
with other arguments (which he implemented, as did Erdos) leading to elementary
proofs for the prime number theorem itself. But that is not the issue here (although
perhaps some day it could be).

We are concerned with the counting of primes in more general sequences and,
with rare exceptions, we are still far from this goal. It was Bombieri [1976] (see
also [Friedlander and Iwaniec 1978; 1996; 2010]) who made breakthroughs in
enormously generalizing the elementary results for k£ > 2 with his asymptotic sieve.
To avoid using excessive space and notation we shall give only the flavor of these
results.

We consider a sequence (a,) of nonnegative reals which satisfies certain basic
axioms of linear sieve type. Without the possibility of providing an exhaustive list
(see [Friedlander and Iwaniec 2010]) we mention the most essential ones.

We consider, for given d > 1, the congruence sum

Ag(x) = Z an (2-6)

n=0 (mod d)

and assume it satisfies the approximation
Aa(x) = A1(x)g(d) +ra(x) 27

where the function g(d) in the “main term” is multiplicative and satisfies the linear
sieve condition

Y " s(p)log p=1logy +cg+ Oa((logy) ™) (2-8)
P=y

for arbitrary A and all y < x.
For the same A and y the “remainder terms” r;(y) are assumed to satisfy, for
every ¢ >0, D = x17¢ the bound

> lra()] < Ay (x)(log D)™, (2-9)
d<D

We remark that, of these conditions, that for the main term, i.e., (2-8), is known to
hold for many interesting sequences. On the other hand, the latter assumption (2-9),
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although expected to hold for many of those natural sequences that are not very
sparse (in that they satisfy A;(x) > x(log x)~2 for some B), is in most cases quite
difficult to prove.

By weakening the assumption (2-9), requiring it to hold only for some smaller
value of D (the“level of distribution”), one can verify it for many sequences and still
can get useful results (see [Friedlander and Iwaniec 1978]), but then the connection
to the parity principle rapidly falls off.

We now loosely describe the main thrusts of Bombieri’s results [1976].

By heuristic arguments, one is led to the conjecture that for a nice sequence (a;,)
satisfying (2-8) one might expect, in place of (2-4), the asymptotic formula

> an i) ~kH Y ay(logn)*~" ~ kHA; (x)(log x)* ", (2-10)

n<x n<x

where H is given by the product
1\—1
H=[Ta-go(1-) @11)
p

Bombieri shows in particular that, given a sequence (a,) satisfying (2-8), (2-9)
and some quite mild additional conditions, for each k > 2 the asymptotic for-
mula (2-10) holds. In fact, one gets more precise information which describes,
apart from one glaring loophole, a rather precise picture of the contribution to these
sums coming from the integers having a specified number of prime factors.

Given our sequence (a,) having these properties, there exists a function §(x),
defined up to o(1), such that the following happens. For each integer r > 1 let >_"
denote a sum restricted to positive integers with precisely r distinct prime factors.
We fix some k£ > 2 and some r with 1 <r < k. Then we have

> anhin) ~SKH Y an(logn) . (2-12)

n<x n<x

Moreover, the same formula holds with the same value of §(x) for every other
r < k having the same parity and with the value 2 — §(x) for every r < k having
the opposite parity.

In particular, we see that 0 < §(x) < 2. As it happens, for each such real number,
one can give examples of sequences satisfying the axioms which give rise to that
particular value. We noted earlier that, for each k > 2, the contribution to the sum
in (2-4) comes half from those integers with an odd number of distinct prime factors
and half from those with an even number. We can now say that this happens for the
more general sequence (a,) provided that §(x) = 1.

Bombieri goes on to show that results of the same type apply to sums over a,
weighted by functions far more general, supported on almost primes. To do this he
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first studies convolutions of the various A and finite linear combinations of these.
He then shows, using the Weierstrass approximation theorem, that quite general
normalized smooth functions f, defined at squarefree n = p; - -- p, by

log p; log p
f,<n>=Fr(1g g—) (2-13)
ogn logn
with F,(uy, ..., u,) continuous and symmetric, one for each value of r, can be

closely approximated by these linear combinations. This allows him to deduce
statements for the sums

r lo lo r
3 anFr( gl 08P ) (2-14)
e logn logn
similar to that for the special case (2-12). One needs some growth conditions on

the weight function (2-14) which imply that the small prime factors of n do not
make an essential contribution. For example, F,(uy, ..., u,;) < uy---u, is fine.

3. Primes in arithmetic progressions

That there are relations between the parity barrier and the existence of exceptional
zeros becomes particularly evident in connection with the study of the distribution
of primes in an arithmetic progression.

Analytic methods have so far succeeded to prove, for example,

p
g = Y A(n):(p(iq)—ZEZ;%JFO(xexp(—c,/logx)). 3-1)

n<x
n=a (mod q)
Here the second term is to be deleted if there is no exceptional zero 8. When
combined with Siegel’s bound, this gives the asymptotic formula, but only with a
uniformity in g bounded by an arbitrary fixed power of log x.

For numerous applications it is desirable to have a much wider uniformity so
it is of great utility that one has at least an upper bound with that feature, the
Brun-Titchmarsh theorem, which is provided by sieve methods.

That upper bound, after years of successive improvement by a constant factor, is

2+e)x
1q,a)= I<— . 3.2
Tea= 2 = G2
p=a (mod q)

The Selberg sieve and the beta sieve (see [Friedlander and Iwaniec 2010]) both give
this constant 2 and fail to do significantly better. This failure seems inevitable when
one considers that the replacement of 2 by 2 — 5 with a fixed positive 7 in a range
x > g™, would lead to the banishment of exceptional zeros. The proof of this
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result (in somewhat weaker form) is found in [Siebert 1983] with a deeper, more
precise, statement in [Granville 2020]. The basic idea is to combine (3-1) and (3-2),
the latter having been adjusted to a bound for ¥ (x; g, a).

Moreover, using more sophisticated ideas, Siebert and then, in definitive form,
Granville show this result to be a special case of the following more general
statement.

The linear sieve produces specific upper and lower bound functions F(s) and
f (s) respectively, first discovered by Jurkat and Richert [1965], (see Section 12.1
of [Friedlander and Iwaniec 2010]), which apply when we are dealing with a
sequence (a,), n < x satisfying the linear sieve axiom (2-8) and we are sieving
by a set of primes p < D'/*. It is known that these functions F, f are optimal in
general, although the specific sequences which provide a counterexample do not
resemble arithmetic progressions. Siebert, respectively Granville, show that a fixed
improvement of the value of either F(s), f(s) for any value of s, again in the case
of arithmetic progressions and with x larger than a sufficiently large power of ¢,
implies that exceptional zeros do not exist.

We should mention as well that Granville considers also, and in considerable
detail, the corresponding problem in which one sieves by small primes, the integers
in a short interval.

Before we leave the topic of arithmetic progressions, we draw attention to
an interesting feature of Bombieri’s sieve in this case. Naturally enough, the
results of the last section are applicable in particular to this most basic sequence
{n < x;n =a (modgq)}. Moreover, for this particular sequence, the level of
distribution axiom (2-9) holds uniformly in the modulus g in a much wider range
than ¢ < (log x)*, which was our limit for k = 1. Hence, we have the following
result.

For each integer k > 2 and (a, g) = 1 there holds the asymptotic formula

> Awtn) ~k——(logx)* ", (3-3)
= ¢(q)
n=a (mod q)

now valid for ¢ in the much larger range
logg = o(log x).

The proof of this is to be found in [Friedlander 1981] for k = 2 and extends
easily to larger k. As was the situation with ¢ (s), for k > 2 the principal L-function
has a pole of multiple order, whereas any potential exceptional zero must be simple.
This fact offers an analytic explanation for the resulting extra level of uniformity as
compared to that for k = 1.
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4. The Goldbach problem

In relation to this problem Hardy and Littlewood [1923] conjectured the following
asymptotic formula for the sum (1-2).

G(n) = Z A(my)A(ma) ~ S(n)n, (4-1)

mi+moy=n
2tmymy

for n even, where

6(11)—21_[( _1)2) ]‘[(1+$>. (4-2)

p>2

A rather weakened (though still seemingly far from reach) form of the Hardy—
Littlewood conjecture which features in our work is as follows.

Weak Hardy-Littlewood—Goldbach conjecture. For all sufficiently large even n,
we have

6(mn<Gn) < 2-66(n)n, 4-3)
for some fixed 0 < § < 1.

In [Friedlander and Iwaniec 2021; Friedlander et al. 2022] the following result
is proved.

Theorem. Assume that the Weak Hardy—-Littlewood—Goldbach conjecture holds for
all sufficiently large even n. Then, there are no zeros of any Dirichlet L-function in
the region (1-1) with a positive constant ¢ which is now allowed to depend on é.

Earlier results in this direction had been given in [Fei 2016; Bhowmik et al. 2019;
Bhowmik and Halupczok 2021; Jia 2022; Goldston and Suriajaya 2021]. Those
works had narrowed the escape window for the exceptional zeros but did not close
it tightly.

In the following sections we are going to consider the arguments that lead to this
theorem but in considerably more general form.

S. A generalized Goldbach problem

We let a(£), b(m) be given sequences of real numbers having some interesting
arithmetical structure and, for every n > 2 we consider

Fmy= Y_ a(®b(m). (5-1)
{+m=n

For example, if a(£) = A(€), b(m) = A(m) for 2¢¢m then F (n) reduces to the sum
G (n) in (1-2). We shall, in any case, be interested in the representations £ +m =n
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with €, m being almost primes, hence having a number of prime factors bounded
by a fixed quantity, say r > 1. From now on, some of the constants implied in our
estimates may depend on r.

In the appendix we employ heuristic arguments to predict an asymptotic formula

F(n) ~ &m)®n), (5-2)

as n — 0o, n even and where @ (n) will be defined in (12-2). Then, in Section 14,
we mention somewhat weaker estimates

36(n)P(n) < F(n) < (2—-986)6(n)®(n), (5-3)

with a fixed 0 < § < 1 for all even n sufficiently large. The punchline of this
heuristic thinking, as it was in [Friedlander et al. 2022], is the following.

Conclusion. The region s = o + it with
o>1—c/logg(Jt|+1) (5-4)

is free of zeros of L (s, x) for all characters x (mod ¢) and all ¢ > 3, where ¢ = c(6)
is a positive constant computable in terms of §.

Remarks. Although our results are more general than those in [Friedlander et al.
2022] we shall appeal to some of the statements there without change. In particular,
the Bombieri version of zero density estimates is a key input to both works; see
(4.3) in [Friedlander et al. 2022].

Our generalization from G (n) to F(n) lets us see the parity issue of sieve methods
in a more transparent, picturesque context. The arguments we provide are amenable
to still further generalization than we have given in this work. However, this would
have made the paper more complicated and the extra results would have drifted the
topic away from this very connection.

Incidentally, one should not lose hope of proving the original Goldbach conjecture
before killing off the exceptional characters because, to this end, when one is
not worried about quantitative bounds, one can skip counting many inconvenient
representations. Ironically, the existence of exceptional characters might conceivably
help to solve the original Goldbach problem, as it does for the twin prime problem
and for other questions about prime numbers. In this connection, see as we have
mentioned earlier, [Heath-Brown 1983; Friedlander and Iwaniec 2003; 2004; 2005;
Merikoski 2021].
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6. A series of F(n)

Let N > g > 3. We are going to consider the series

SIN.¢)= Y  Fme™" (6-1)

n=0 (mod q)

by means of L-functions, similarly to [Goldston and Suriajaya 2021; Friedlander
and Iwaniec 2021; Friedlander et al. 2022]. First, we detect the congruence n =
£+ m =0 (mod g) by characters x (mod g), getting

1
S(N,q)=—— Z x(=1DA(N, x)B(N, x)+ E(N, q) (6-2)
<p(q)x(m0dq)

where

AN, )= x@a@e "N, BWN,x)=Y)_ xmbme "N  (6-3)
l m

and E(N, q) is the contribution from the terms £, m with (¢m, q) # 1, that is

E(N,q) = § § a(®)b(m)e~EHmMIN, (6-4)
£+m=0 (mod q)
(tm.q)#1

Remark. Naturally, one may think that the main part of (6-2) comes from the
principal character xg, but the exceptional character x; cannot be dismissed. All the
other characters will be shown to yield a negligible contribution. The last term (6-4)
will also turn out to be negligible due to the properties of a(£).

7. Properties of a(¢)

We assume throughout that a(£) is supported on squarefree almost primes and that
a(?) is quite small if £ has a small prime factor. We express this latter property in
the following fashion:

a(l) Llogp, forall p|t. (7-1)
We assume that a(1) <« 1. As for £ > 1, the examples
a(®) = A, a(®) =47, O)og0)'™"
and the r-fold convolution

a(€) = (Ax---x A)()(log &) ™",
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all satisfy (7-1); see (2-3). Our assumption means that a(¢) is majorized by

cy= > logp., ifo@=r=1, (7-2)

prpr={
P1<-<pr

where w(£) as usual denotes the number of distinct prime factors of €. For £ =1
we set C(1) = 1. Note that the subsequence a(d¥) also satisfies (7-1).

Remark. We do not assume that a(£) is positive nor that it is equidistributed over
reduced residue classes except for the heuristic arguments in the Appendix. The
arguments in that section are loose and lacking in mathematical rigor. They serve
in this presentation as a motivation to expect the asymptotic formula (12-1), (12-2)
(a generalization of the Hardy—Littlewood formula for G(n)), which we use in
Section 13 to build a reliable model R(N, g) for S(N, ¢) and then to compare the
two in the discussions of Section 14.

Lemma 7.1. For x > 2 we have
> lale! < logx. (7-3)
<x

Proof. For the sum over £ prime we have the bound

1
e < logx. (7-4)

p=x

For the sum over £ having r > 2 prime factors we use the bound

Y (pre-p)log pr K logx, (7-5)
Pipr<x
p1<-<p;
which follows by repeated application of (7-4). ([

Actually, we can derive from (7-1) the following bound.

Lemma 7.2. We have
> la@le! <logg. (7-6)

x<l<gx
Proof. If x < q" the result follows from (7-3). If £ is prime the result follows from

1
Y 2E togg+ o).

x<l<gx

Now, let £ = pt/, x < £ < gx where ¢ has all of its r — 1 prime factors smaller
than p. Then, for x > ¢g” we have ¢’ < (gx)' =" <x!'=1/ r* Hence, the contribution
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to the sum (7-6) is bounded by

) 1 logg C)
— 1 :
Z Y Z p < log x Z Y <logg

<x1-1/r? x/U<p=qx/¥ U<x
see (7-3) for the function(7-2) . U
Lemma 7.3. For x > 2 we have
PIGIRES (7-7)
{<x

Proof. For the sum over ¢ prime we have the bound O(x). For the sum over £
having r > 2 prime factors, \/x < £ < x, we estimate as follows:

lo rx
Z log p1 K Z =P oax <X
VX<prpr=x pie-pr1<x'71/G0 procepro1708
p1<<pr P1<-<pr-i
The contribution of £ < /x is negligible. O
By similar arguments one shows that (use the Brun—Titchmarsh theorem) that
X . r+1
Y. la®l <« —~ if (@ ¢)=Tlandx=q""". (7-8)
= ¢(q)
f=a (mod q)

Lemma 7.4. For x > 2 and p prime, we have

Y el < % (7-9)

pFL=x
£=0 (mod p)

Proof. The contribution of those £ having all prime factors > p is bounded by
(apply the sieve over the range P (p): the product of all primes less than p)

lo X

Z logp<<—1 sL_Z

p<tex/p plogp p
(£, P(p)=1

If p is not the smallest prime divisor of £ then a(£p) with 1 < £ < x/p satisfies (7-1)
s0, as in the proof of (7-7), we get a contribution < x/p. (Il

Lemma 7.5. Letr > 1. For x > 2 and p prime we have

—1
x lo logx\\"
S ja@)] < =22 (og( 14 2% , (7-10)
p logx log p
<x
£=0 (mod p)
w(O)=r+1

where, we recall that w (£) denotes the number of distinct prime factors of L.
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Proof. If p > /x, then (7-10) follows from (7-9). If p < ./x, and r = 1 then (7-10)
is obvious. If p < ./x, and r > 2, then, using (7-5), we see that the sum is bounded
by

. X min(log p, lo )
E min(log p, log p1) < 1 E gp gPi
P pr<x/p plogx PL<+<Pr_i<x D1 Pr—1
P1<-<pr

« Ylogp Z( 3 i)]

plOgX 0<j<r “p<p'<x
x lo logx\"™!

< L8P (150 08 .
p logx log p

Corollary 7.6. Suppose a () is supported on squarefree numbers having at most r
prime factors and that (7-1) holds. Then, for x > 2 and 7 > 2 we have

1 1 r—1
Y Y @i« ng(log(l—i-ogx)) . (7-11)
log x

1
P=z <x 0gz
=0 (mod p)

O

Actually, for r > 2 we can take the stronger exponent r — 2 rather than r — 1.

Lemma 7.7. For x > 2 and g > 2 we have

X
Z la(l)| « o (loglogZx)rflloglong. (7-12)
<x gx

€, q)#1

Here, r > 1 is the bound for the number of prime divisors of L.

Proof. This follows from (7-10) and the easy bound

1
ogp < loglog2gq.
rlaq
U
Lemma 7.8. Letd = («, q) # 1. For x > ¢* 2 we have
x log p(d logx \ !
Y e « 22 )(log £ ) , (7-13)
—~ ¢(q)logx log p(d)
f=a (mod q)

where p(d) denotes the smallest prime divisor of d and the implied constant depends
onlyonr.
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Proof. The contribution of £ < ¢ is negligible by (7-7). Let ¢* < £ < x. We
write £ = p¢ with £’ having at most » — 1 prime divisors, each of them smaller
than p. Therefore p > ¢2, ¢/ < x'~V/" and a(£) < C(¢'), d | £, where we recall the
definition (7-2). Since d # 1, r > 2. The contribution of these terms to (7-13) is
estimated as follows:

, x ()
Yooy Y lk—»r7— Z;{ v

lo
O <x!-Ur g<p=x/t v(q/d)logx <
¢'=0 (mod d) pt/=a (mod q) ¢'=0 (mod d)

by the Brun-Titchmarsh theorem for primes p = B8 (mod g/d) where 8 = «
(mod g). Note that (8, ¢q/d) = 1 because p{q. The above sum of C(¢')/¢’ is
estimated using the arrangements as in the proof of (7-10). Let p(d) denote the
least prime divisor of d. Then, the sum of C(¢')/¢ over £’ =0 (mod d), ¢’ < x is
estimated by

1 cde) 1 log p1 1\ 2
X P (0 ey,
<x 0<s<r—2 “p<--<py<p(d) 57 N pdy<p=x
w(t)<r—2
log p(d 1 r—2
< og p(d) log _108% '
d log p(d)
Here, if s = 0 the sum over p; < --- < p; is taken to have the value 1.
This completes the proof of (7-13), using do(g/d) > ¢(q). (I

8. Properties of b(m)

We could work with b(m) as with a(£) but for simplicity (in order to apply (3.3) of
[Friedlander et al. 2022] without modification) we shall assume that

bm) =Y Ah)A(K), (8-1)
hk=m
where A(h) is supported on squarefree almost primes and
A(h) <logp forall p|h. (8-2)
We take A(1) = 1. If h > 1, for example, A(h) = A,(h)(log ' s good. Note
that A(h) satisfies (7-3)—(7-13). Moreover, we have

> Ib(m)| < xlogx (8-3)
m=<x
for every x > 2, because

Y oI < logx, 8-4)

h<x
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by (7-3) for the lambda function. Actually, we have the stronger result

> T «logg, (8-5)

x<h<gx
for every x > 2; see (7-6) for the lambda function.

Remark. Many interesting functions supported on almost primes can be well-
approximated by sums of functions like A * A. For example, we can take

1 1
b(m) = Fr( ngl,...,ﬂ)(logm)2
logm logm

if m = py--- p,, where we recall F, in (2-13) is as in Bombieri’s asymptotic sieve;
see Chapters 3 and 16 of [Friedlander and Iwaniec 2010].

In the case b(m) = A(m) we have A(h) = 0 except for A(1) = 1. Therefore,
in this special case some of our estimates can be improved by a log factor from
those displayed. In particular, in (8-3) the factor log x can be removed and in (8-4)
the “sum” is bounded. In the arguments of the following sections, this special
case is therefore much easier, yet the need for these slightly stronger bounds
would complicate the exposition. Since the results for this particular example are
anyway just those already given in [Friedlander et al. 2022], we omit them from
this presentation.

9. Evaluation of S(N, ¢), first steps

Let x; (mod g) be a real primitive character of modulus ¢ such that L(s, x;) has a
simple real zero B close to s = 1. We single out the contributions of yg and y;
to (6-2) and estimate the remaining parts as follows:

O(N,q) = Z x(=1DA(N, x)B(N,x)=S(H,N,q)+T(H,N,q), (9-1)
XFX0, X1

say, where S(H, N, g) is the partial sum restricted to h < H and T (H, N, q) is the
complementary partial sum. The first one is bounded by

(Da(enew) OIS

h<H XFX0, X1

. (9-2)

> xR Akye "N

k

The sum over ¢ in (9-2) is bounded by O(N); see (7-7). The sum over k is (3.3)
from [Friedlander et al. 2022], so it satisfies

> Do xAadke N

N
< Z(l — B logg, 9-3)
X#xo.x1' k
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provided that Nh~! > ¢” for a suitably large b; see (5.1) and (3.5) of [Friedlander
et al. 2022]. This condition is satisfied for N > Hg”. Hence, we get

S(H, N, q) < N*(1—B1)(log q)(log H). (9-4)

Recall that (9-3) exploits the Bombieri zero density theorem with the repulsion
effect of the exceptional zero §;. We do not apply this effect, nor do we need it, for
the estimation of T (H, N, q). We write

T(H,N,q)= Z X(—D(Za(ﬁ)x(ﬁ)e‘gﬂ\’) Z Z)_((hk))»(h)j\(k)e_hk/l\f

XFX0,X1 14 h>H k

Hence, inserting the corresponding sum for the missing two characters and using
orthogonality, we find that

T(H,N,q)
=¢@) ), ) ) arhAde TN 10 (NZ > |A(h)|h-1e"”2N),
£+hk=0 (mod q) h>H
(t.q)=1,h>H

on using the trivial bound for the contribution of the two additional characters.
Using (7-8), we see that the above main term is also bounded by the above error
term. Moreover, this error term is <« N2 log(N/H), as seen by applying (8-5) for
x=H,qH,q*H, .... Choosing H= Ng~” we conclude that

T(H,N,q) < N*loggq. 9-5)

On adding these estimates (9-4) and(9-5), we see that the sum in (9-1) satisfies
Q(N,q) <&(N,q)N*log N where
(N, q) < (1 —ﬁl)logq+11°ﬂ. (9-6)
og N
We still need to estimate E(N, g) in (6-2) which is given by (6-4). This term
is negligible and is actually smaller than the main term by a saving factor log N.
Nevertheless, we give simpler arguments producing an estimate somewhat weaker,
yet still sufficient for our applications; see (9-7) and (9-8). Recall that a(€), A(h)
are supported on squarefree numbers having at most r prime divisors. By (7-13)
we obtain

ENpl=Y LY labmie 0

d|gq ¢+m=0 (mod q)
d#1 (m,q)=d

N (loglog N) !
(@)  logN

> (og p(d)W(N. d)
dlq
d#1
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where
WWN.d)= > bmle™N <> YN aAdye N
m=0 (mod d) uv=d h=0 (mod u)
k=0 (mod v)

Since k is prime we have v = 1 or v = k. The sum with v = 1 contributes

Wi (N, d) = Z A(h) Z A(k)e "IN

h=0 (mod d) k
<< Z |}\’(h)|hflefh/2N
h=0 (mod d)

logd
< %N(log log N)’_l,

by the trivial bound A(h) < logd. Then we need, here and later, the easy bound

Z(logd)zd_1 < (log 10gq)3.
dlq
Next, the sum with v = k contributes
WaoN,d)= Y " Aw) Y [a()le"/".
uv=d h=0 (mod u)

The partial sum of W (N, d) withu =1 is

Ald
Wa1 (N, d) = A(d) ;lk(hﬂe“”’/” < ; )N;

see (7-7) for the A function. The remaining part of W> (N, d) is

Wn(N,d)=Y A@) Y [Ole™N.

uv=d h=0 (mod u)
u#l

Hence,

Y (og pA)NWar(N,d) < Y A*(w) Y [ah)le ™™V

dlq uv|q ulh
(h.q)#1

LY N Y Ol
vlg (h.q)#1

because 7(h) <, 1. Applying (7-12), we find this is bounded by

A? N N
(Z (v)) (loglog N)" « (loglog N)"+3.
P log N log N




EXCEPTIONAL ZEROS, SIEVE PARITY, GOLDBACH 31

Gathering the above estimates, we obtain

N? (loglog N)>+2

E(N,q) < : -7
¢(q)  logN
This is stronger than we needed, namely
lo
E(N,q) < N*—24, 9-8)
@(q)

Now, (6-2) becomes

0(q)S(N, q)
= A(N, x0)B(N, x0) + x1(=DA(N, x1)B(N, x1) + (¢(N,g)N*log N). (9-9)

The coprimality of £, m with ¢ in the main term A(N, xo) B(V, xo) can be dropped
within the existing error term, specifically

( (loglog N)’)
A(N, x0) =AN, )+ O\ N———— (9-10)
log N
and
B(N, x0) = B(N, 1)+ O(N(loglog N)"), 9-11)

by direct applications of (7-12) for a(£) and b(m)/log N respectively. Note that
(loglog N)" <« (log(log N/logg))" loggq.

10. Evaluation of A(N, x1) and B(N, x1)

The exceptional character pretends to be the Mobius function on squarefree numbers,
so we are able to replace

AN, x) =Y xi®a(0)e "N (10-1)
L
by

AN, ) =) n@a(@e ™. (10-2)
14

In this section we use the Linnik zero repulsion phenomenon (see [Bombieri 1987])
to estimate the error caused in making this replacement. For £ squarefree we have

@) = @] <) 1+ x1(p)). (10-3)
ple
Hence
AN, x) — AN, I <Y (+x(p) Y, la@le™Y.  (10-4)

p £=0 (mod p)
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The contribution of ¢ = p is bounded by W(N), where

W(y) =Y (1+ xi1(p)(log pe~?". (10-5)
p

Fory>z= qh we have (apply (5.3) of [Friedlander et al. 2022]):
W(y) < (1—pB1)ylogy+ylogy) . (10-6)

For p > zand N > z we write

¢ UN < =t2N =p/2N _ 6, ~E/2N (,=p/2N _ ,=p/7y.

Hence, the terms ¢, p with £ # p > z contribute to (10-4) at most

r—1
(log(l | gl )) S+ () EL PN _ iy (10-7)
log z > p

log N

by (7-10). The sum over all p above is equal to

2N
_ log2N
/ W(y)y dy < (1—Bi)(log N)? +1og( lg )
z 0gz
by (10-6). Hence (10-7) is bounded by
log N\\" 1
N|log(14+— (1—pBp)logN+——). (10-8)
logz log N
For p <z we use (7-11) obtaining a contribution to (10-4) at most
1 log N\\"
N-2BZ (1og( 1428 . (10-9)
log N logz

Combining estimates (10-6), (10-7), (10-9), we conclude that, if N > qb , then

[ACN, x1) — AN, p)| K n(N, q)N (10-10)
where
log g log N\"
n(N,q) < | (1—p1)logN+—— || log ) (10-11)
log N log g

Similarly, we can replace B(N, x1) by B(NV, ). Since the function b(m)/log N
satisfies, for m < N292!_ the same conditions as a(?), hence the same arguments as
those between (10-3) and (10-11) yield

|B(N, x1) — B(N, )| K n(N,g)N log N, (10-12)

where n(N, g) satisfies (10-11), the contribution of m > N 2021 being microscopic.
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11. Evaluation of S(V, ¢q), conclusion
Collecting the results of the last two sections we formulate our basic result:

Proposition 11.1. Let a(£) and b(m) be supported on squarefree numbers having
at most r prime factors. Suppose (7-1), (8-1), (8-2) hold. Then, for N > q” with a
suitable constant b, we have

@(@)S(N,q) = AN, )B(N, 1) + x1 (=1 A(N, n) B(N, 1) + n(N, g)N* log N
(11-1)

logg log N\"
n(N,q) < | (1—p)logN + log , (11-2)
log N logg

with

the implied constant depending on r and where y; (mod q) is the exceptional
character and B, is the zero of L(s, x1) in the segment

1—clogg) ' <pBr <1 (11-3)
with ¢ a small positive constant.

Proof. In (9-9) use (9-10), (9-11) to replace xo by 1, use (10-10) and (10-12) to
replace x; by u. O

In case b(m) = A(m) we have A(h) =0 except for A(1) =1 and, as mentioned in
Section 8, in this special, much easier case some of our estimates can be improved
by a log factor from those displayed. As an upshot, our final formula (11-1) holds
with the error term n (N, q)Nz.

For N = ¢4 with A a large exponent we have

n(N,q) < (A(1 —B1)logg + A~ (log A)". (11-4)

Given § > 0 we can make
In(N,q)| <4é (11-5)

if the exceptional zero satisfies (11-3) with ¢ sufficiently small:

1 1

A= g(log 5) , c<A2 (11-6)

We can write (11-1) in the form

P@)SIN, )= > (+x1(=Dptm))a(®)bmye” /N 49 (N, q)N*log N,
l m

(11-7)
where 1 (N, q) satisfies (11-2).
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Remarks. Our conditions on a(£) and A(h) imply that A(N, 1) < N and B(N, 1) K
N log N. However, the formula (11-1) is meaningful if

A(N,1)=< N, B(N,1)x<NlogN, forN >g". (11-8)

As we have already mentioned, the factor log NV in the error term of (11-1) can be
deleted if b(m) = A(m). This is the case of A(h) = Ay (h), which function vanishes
except for A(1) = Ap(1) = 1.

12. Asymptotic formula for F(n): prediction

Recall that F'(n) is given by (5-1) with a(£) satisfying (7-1) and b(m) given by (8-1)
with A(h) satisfying (8-2). As such, F(n) is a generalization of the Goldbach sum
so it is too much to be expected to evaluate it unconditionally. Nevertheless, in the
Appendix we show heuristic arguments which permit us to predict the following
generalization of the Hardy—Littlewood conjecture (4-1).

Corollary. Under the above-mentioned (in Sections 7 and 8) conditions on the
sequences a(€), b(m) = (A x A)(m), we have

F(n)= Z a(@)b(m) ~ S(n)P(n) (12-1)

{+m=n

as n — 0o, n even, where G(n) is given by (4-2) and

®(n) = Zza(m(h)h—l. (12-2)

l+h<n

Examples. If b(m) = A(m), we have A(1) =1, A(h) =0 for & > 1. Hence

o)=Y  a(0).
l<n—1
Moreover, if a(£) = A(£) then we have ®(n) ~ n and
Fim)y=Gm) = Y_ AWA@m)~Smnn, (12-3)
{+m=n
recovering (4-1). More generally, keeping b(m) = A(m) but choosing a(f) =
Ax(0)/(logn)*~!, we have

F(n) = Z a(®)A(m) ~ k&S (n)n. (12-4)

l+m=n
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13. Evaluation of R(N, q)

Injecting the asymptotic formula (12-1) into the series (6-1) we obtain the following
model for S(N, g):

RIN.¢)= Y. &mome "N

n=0 (mod q)

:ZZa(m(z)h*I Z S(n)e N, (13-1)
l h

n=0 (mod q)
{+h<n,n even

Using (6.5) of [Friedlander et al. 2022] one can derive the asymptotic formula

X
Sn) ~ )
Z " v(q)

n=0 (mod q)
n<x,neven

Hence, the last sum over n in (13-1) is asymptotic to

U % o gy = N —ermyw

~— e

0(@) Join 0@
and

¢(@RN, q) ~ N(Za(l)e—‘f“v) (Z )»(h)h‘le‘h/N). (13-2)
¢ h
On the other hand, we have

B(N,1) = Zb(m)e_m/N = Z,\(h) Z A(k)e "IN ~ N Zk(h)h_le_h/N.
m h k h

Hence, (13-2) becomes
9(@)R(N,q) ~ AN, 1)B(N, 1). (13-3)

This should be compared with (11-1) subject to the conditions (11-8).

14. Exceptional zero effects

It is instructive to observe what happens if we compare the legitimate formula (11-1)
with the heuristic (13-3) in the range N = g*. Take A sufficiently large and assume,
as we may, that the exceptional constant ¢ < A~2 so that (N, g) is negligible. It
follows that A(N, w)B(N, ) is significantly smaller than A(N, 1) B(N, 1). This
observation is attractive if the coefficients a(¢), b(m) are each supported on almost
primes having a fixed parity in the number of their prime divisors, because the
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Mobius function is then constant and

AN, ) =uaA(N,1) where ug = +1,
B(N,u)=upB(N,1) where up = =+1.
Hence
AN, W)B(N, )| =|A(N, B(N, 1)]
and

@(q)S(N, q) = vA(N, D)B(N, 1)+ o(N*log N)

with v =0 or 2. This inconsistency with (13-3) implies that the exceptional character
does not exist! Indeed, it means that one may, a fortiori, kill the exceptional
character by assuming the weaker conjecture (5-3) with any 0 < § < 1, under
suitable conditions on the coefficients a(¢), b(m), as has been done in [Friedlander
and Iwaniec 2021] and [Friedlander et al. 2022] for a(£) = A(€), b(m) = A(m).
If, on the other hand, we choose instead a(£) = A,(£)(log €)'~ and A(h) =
Ap(h)(log h)' b with numbers a + b > 2, that is not both 1, then the effect on the
exceptional zero no longer shows itself in our arguments. The point is that the series

_ £(s)@
A, = (=1 >——
§€ ) (=1 )

has a pole at s = 1 of order a, while the series

Y a0 =) 3 B qogmy 1_[(1 E i)
14 n

n )
pln p

has only a simple pole at s = 1 forany a > 1. Hence A(N, w) is smaller than A(N, 1)
by a factor (log N)*~!, so it yields a negligible contribution if @ > 2. Similarly
for B(N, ) if b > 2. This is the same feature which, in the case of arithmetic
progressions, led to the wider range of uniformity in Selberg’s formula (2-4) and,
more generally, in (3-3).

In view of the above, our formula (11-1) is relevant to the issue of exceptional
characters only if its coefficients a(£), b(m), can be approximated, via the Weier-
strass theorem, by linear combinations of scaled down A, (£), Ap(m), in which
a = b = 1 appears (cannot be canceled out). The components with a + b > 2 can
be dismissed in (the highest order term of) A(N, w)B(N, u).

We encourage the reader to learn the Bombieri approximations by the von Man-
goldt functions from the original paper [Bombieri 1976] and to look at Chapters 3
and 16 of [Friedlander and Iwaniec 2010]; see also [Friedlander and Iwaniec 1985],
especially Section 20.
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Appendix: Heuristic arguments

Again we recall that F(n) is given by (5-1) with a(£) satisfying (7-1) and b(m)
given by (8-1) with A (£) satisfying (8-2). The coefficients a(£), b(m) are small if ¢,
m have small prime divisors so we can assume that ¢, m are odd and thatn = £ +m
is even. We write

A(k)=—>"p(d)logd

dlk

and replace b = A *x A by
— > M) logd,

dh|m

d<y
where y is neither too small nor too large. Next, we interpret the equation £ +m =n
by the congruence £ =n (mod dh) with (£, n) =1, £ <n and (dh, n) = 1. Arguing
by the randomness of u(n), we replace F(n) by

— > u(dylogd Y i(h) > a@.

d<y h<n/d t<n—dh, (£,n)=1
(d,n)=1 (h,n)=1 ¢=n (mod dh)
Next, assuming the equidistribution of a(€) over reduced residue classes, we replace

the sum over £ by

1
_ 0).
oy 2 4O

t<n—dh,

(e,n)=1
We may think of ¢ < n as being not very close to n because otherwise m =n — ¢
would be very small, hence so would b(m). Similarly, # < n — £ should not be
close to n — £ because otherwise k = (n — £)/ h would be very small. Therefore,
the sum over d,

d
_ Z &d) logd,
d<y,dh<n—¢ (,0( )
(d,n)=1

is not short, so it is reasonable to replace it by the infinite series

- > wd) logd = &(n);
@y #@

see for example Lemma 19.3 of [Iwaniec and Kowalski 2004]. Now, we can drop
the restriction (¢, n) = 1 because a(£), A(h) are supported on almost primes and
are relatively small if £, & have any small prime divisors. For the same reason, we
have already replaced ¢(dh) by ¢(d)h.
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The above lines show how we are led to the conjecture (12-1). The arguments of
Hardy and Littlewood are rather different. They approach the issue by way of the
circle method rather than using the randomness of the M&bius function.
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A note on Tate’s conjectures for abelian varieties

Chao Li and Wei Zhang

In this mostly expository note, we explain a proof of Tate’s two conjectures for
algebraic cycles of arbitrary codimension on certain products of elliptic curves
and abelian surfaces over number fields.

1. Statement

Let X be a smooth projective variety over a finitely generated field F. Let Ch” (X) be
the Chow group of codimension r algebraic cycles of X defined over F modulo ratio-
nal equivalence. Let F be a separable algebraic closure of F and 'y := Gal(F/F).
Tate [1965, Conjecture 1] made the following far-reaching conjecture (often known
as the Tate conjecture), relating algebraic cycles and I"p-invariants of the ¢-adic
cohomology of X.

Conjecture 1.1 (Tate I). For any 1 <r < dim X and for any prime £ # char(F),
the €-adic cycle class map

Ch'(X) ® Q¢ — HY (X7, Qe(r)""
is surjective.

Let Ch{__(X) be the quotient group of Ch"(X) modulo ¢-adic homological

hom
equivalence. It is further conjectured (and known when char(F) = 0) that Chy (X)
is independent of ¢, and the £-adic cycle class map is injective on Chy . (X) @ Qy;

see [Tate 1965, page 97]. In particular, when char(F) = 0, Tate I implies an
isomorphism Chy (X) ® Qp >~ H> (X7, Q¢(r))''" and thus

rank Chf, (X) = dimHY (X7, Q¢ (r))"* (1.1.1)

-
hom

for any prime £.

Tate [1965, Conjecture 2] further made a conjecture relating algebraic cycles
to poles of zeta functions (often known as the strong Tate conjecture). When
F is a number field, we denote by LH?” (X)(r), s) the (incomplete) L-function
associated to the compatible system (H” (X P Q (r))} of I p-representations, which

MSC2020: primary 11G40, 14G10; secondary 11G10, 14C25.
Keywords: Tate conjecture, abelian varieties, algebraic cycles, poles of zeta functions, potential
automorphy.
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converges absolutely for %i(s) > 1. Then Conjecture 2 of [Tate 1965] specializes to
the following.

Conjecture 1.2 (Tate I1). Assume that F is a number field. Then for any 1 <r <
dim X,

rank Chfy, (X) = — ords—; L(H (X)(r), 5).

Tate I for divisors (r = 1) is known for various X, including abelian varieties
over any finitely generated fields [Faltings 1983; Zarhin 1975; Tate 1966]. Much
less is known when r > 1. We refer to the surveys [Totaro 2017; Milne 2007; Tate
1994; Ramakrishnan 1989] for a nice summary of known results. The goal of this
short note is to present some examples of abelian varieties X over number fields
for which Tate’s conjectures hold for algebraic cycles in arbitrary codimension r.

Theorem 1.3 (Tate I). Assume that F is finitely generated with char(F) = 0. Then
Tate I holds for any abelian variety X over F with simple factors all having dimen-
sion < 2.

Theorem 1.4 (Tate II). Assume that F is a number field. Let E\, E;, E3, E4 be
elliptic curves over F. Let A be an abelian surface over F. Then Tate Il holds for
the following cases:

() F is totally real or imaginary CM and X = E{' x E5* for any ny > 1,n5 > 0.

(ii) F is totally real or imaginary CM and X = E|' x E5* x E3 for any ny > 1
and 1 <np, <2.

(iii) F is totally real or imaginary CM and X = E}' x E3* x E3 x E4 for any
1<np,ny, <2

(iv) F is totally real and X = A, X = A2,

Remark 1.5. It is worth mentioning that the special case when X = E” is a power
of an elliptic curve was considered by Tate himself [Tate 1965, page 106], and
played an important role in his formulation of the Sato—Tate conjecture.

Theorem 1.3 (Tate I) can be deduced from recent theorems on the Hodge con-
jecture and the Mumford-Tate conjecture [Ramén Mari 2008; Lombardo 2016],
as mentioned, e.g., in [Moonen 2017, page 284]. Theorem 1.4 (Tate II) can be
deduced from more recent potential automorphy theorems [Allen et al. 2018; Boxer
et al. 2021] and known cases of Langlands functionality, and should also be known
to the experts. All these ingredients are available in more generality, but to illustrate
the ideas we do not aim for maximal generality in the statement of the theorems.
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2. Proof of Theorem 1.3 (Tate I)

Choose an embedding F < C and view F as a subfield of C. Since all simple
factors of X have dimension < 2, the Hodge conjecture for X¢ holds (in any
codimension ) by [Ramén Mari 2008, Theorem 3.15]. In fact in this case all Hodge
classes on X¢ are generated by products of divisor classes. Also by [Lombardo
2016, Corollary 1.2], the Mumford-Tate conjecture for X holds.

Now the desired result follows due to the well-known general fact (see, e.g.,
[Farfan 2016, Section 6]) that the Mumford—Tate conjecture for the abelian variety
X over F together with the Hodge conjecture for X¢ (in codimension ) implies
Tate I (Conjecture 1.1) for X (in codimension r). In particular all Tate classes on X
are also generated by products of divisor classes.

Remark 2.1. We refer to [Ramoén Mari 2008; Lombardo 2016] for discussions
about related previous works on the Hodge and Mumford—Tate conjectures. When
X is a product of elliptic curves, the Hodge conjecture was proved in [Murty 1990]
(see also [Gordon 1999, Appendix B, Section 3]) and the same method should also
apply to prove Tate 1.

3. Potential automorphy

Let F be a number field. Let V = {V,} and W = {W,} be compatible systems
of semisimple £-adic I p-representations (e.g., in the sense of strictly compatible
systems of ¢-adic representations of I'r defined over Q@ of [Boxer et al. 2021,
Section 2.8]). Recall that V is potentially automorphic if there exists a finite Galois
extension L/F such that the restriction V|r, is automorphic (e.g., in the sense
of [Boxer et al. 2021, Definition 9.1.1]). We introduce the following variants of
potential automorphy.

Definition 3.1. Let S be a nonempty set of rational primes. Let L/F be a finite
Galois extension.

We say that V is S-strongly automorphic over L, if for any subextension L'/ F
of L/F with L/L’ solvable, the following conditions are satisfied:

(i) V|, is automorphic.

(i) Let = be an isobaric automorphic representation on GL, (A;+) associated to
Vir,, (n=dimV and Ay is the ring of adeles of L"). Write m = Eﬂf.‘zln,- as
an isobaric direct sum of cuspidal automorphic representations on GL,, (A7)
(n = Zf;l n[). Write Vr,, = EBf: 1 Vi as the corresponding direct sum de-
composition into compatible systems of I'; -representations. Then the £-adic
I'pr-representation V; o (i =1, ..., k) is irreducible for any ¢ € S. (Notice that
the irreducibility of V; , is conjectured but not known in general).
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We say that V is S-strongly potentially automorphic, if V is S-strongly auto-
morphic over L for some finite Galois extension L/F. We say that V is strongly
potentially automorphic, if V is S-strongly potentially automorphic for some Dirich-
let density one set S.

We say that V and W are jointly S-strongly potentially automorphic, if V and
W are both S-strongly automorphic over L for some finite Galois extension L/ F.
We say that V and W are jointly strongly potentially automorphic, if V and W are
jointly S-strongly potentially automorphic for some Dirichlet density one set S.

Lemma 3.2. Let V = {Vy} and W = {W,} be compatible systems of semisimple
L-adic T p-representations. Let S be a nonempty set of rational primes:

(1) Assume that V is S-strongly potentially automorphic. Then L(V, s) has mero-
morphic continuation to all of C, and for any £ € S,

dim V¥ = —ord,—; L(V, 5).

(ii) Assume that V and W are jointly S-strongly potentially automorphic. Then
L(V ® W, s) has meromorphic continuation to all of C, and for any £ € S,

dim(V, @ Wy)'F = —ord,_; L(VQW, ).

(i) Assume that V has a finite direct sum decomposition V =~ 695.‘21 Vi ® W; into
tensor products of compatible systems of I p-representations. Assume that V;
and W; are jointly S-strongly potentially automorphic for eachi. Then L(V, s)
has meromorphic continuation to all of C, and for any € € S,

dim V" = —ord,—; L(V, 5).

Remark 3.3. Lemma 3.2 should be known to the experts and the proof idea, using
Brauer’s induction theorem and known properties of automorphic L-functions, is
an old one; see, e.g., [Taylor 2002; Harris et al. 2010; Harris 2009]. Notice that (i)
also follows as a special case of (iii). We keep (i) to illustrate the ideas.

Proof. (i) Let L/ F be a finite Galois extension such that V is S-strongly automorphic
over L. By Brauer’s induction theorem, we may find a virtual decomposition

k
z : r
11‘[, = Cj Indrz wi,
J
j=1

where c; € Z, F C L; € L with L/L; solvable, and v; is a 1-dimensional repre-
sentation of Gal(L/L;) (j =1, ...,k). Since V is §-strongly automorphic over L,
we know that for each j there exists an isobaric direct sum of cuspidal automorphic
representations L, = EE;.":"lnLj,,- of GL, (ALJ.) and a direct sum decomposition
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m; . .
V|rL/_ =@, :’ VL, .i into I'f-representations such that
L(VIr,,,s)=L(s, 7)) L(Vii,s)=L(s,7L;.0),

and each £-adic representation Vit is irreducible for any £ € S. Here L (s, JTLj)
is the (incomplete) standard L-function as in [Godement and Jacquet 1972] and
has meromorphic continuation to all of C. Hence

m; m;
LV@Indr . 5)=L(VIr, @V, )= [L(VL, i@y, ) =] [LGs. 7L,.®x)).

i=l i=l

where x; is the automorphic character on GL; (A ;) associated to ;. It follows
that

k mj

L(V,s)=L(V®Ir,,s)=[[[[LG 7L ®x))"
j=li=1

and thus L(V, s) has meromorphic continuation to all of C.

Since 7z, ; ® x; 1s cuspidal, by [Jacquet and Shalika 1976] we know that
L(s, L0 ® X;j) has no zero or pole at s = 1, unless L0 ® Xj is the trivial
representation in which case it has a simple pole at s = 1. Hence — ord,—; L(V, s)
equals the number of trivial representations among 771, ; ® x; weighted by c¢;, and
so we obtain

k mj

—ords—y L(V,$) =) Y cjdimHomr, (Ir, , Vi,ie® V0,
j=1i=1

for any £ € § by the irreducibility of Vi This evaluates to

k

Z ¢jdimHomr, (Ir, , Velr, ®¥.0),
=1

which by the Frobenius reciprocity equals
dim Homr, (1r,, V¢) = dim V, *.

(i1) Let L/F be a finite Galois extension such that both V and W are S-strongly
automorphic over L. By the same notation and argument in the proof of (i), we know
that for each j there exists an isobaric direct sum of cuspidal representations 7,; =

i ml’ . . ., .
EB;"ZJ 7Ly (resp. T, =8, 2 T, i), together with a correspondmg, decomposition
into Iy ;-representations leL/_ ~ GBZ.":’]VL/.,,' (resp. W|FL/ ~P, ., WLN”) such
that each ¢-adic representation Vi, (resp. Wi, o) is irreducible for any £ € S.
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It follows that
k komjom
LveW.)=[[Lvewelr,.s)=] ][] L6 mw.0x ML @x)9,
j=1 j=li=1i=1
where L(s, 7rr; i X (IlL; i ® x;)) is the (incomplete) Rankin-Selberg L-function
as in [Jacquet et al. 1983], and thus L(V ® W, s) has meromorphic continuation to
all of C.

Since L and [, ®x; are cuspidal, we know that L (s, i X (L, i ® X))
has no zero at s = 1 by [Shahidi 1980]; see also [Moreno 1985, Lemma 3.1; Sarnak
2004, page 721]. Also by [Jacquet and Shalika 1981, (4.6) and (4.11)] (see also
[Mceglin and Waldspurger 1989, Appendice; Cogdell and Piatetski-Shapiro 2004,
Theorem 2.4]), it has no pole at s = 1, unless L0~ (I'ILJ.,,-/ ® x;)" in which case it
has a simple pole at s = 1. The latter happens if and only if Vy, ; >~ (W, » ® ¥;)".
Hence

koomj o m
—ordsmy L(V,$) =) > cjdimHomp, (Ir,, Vi,ie @ Wi e @)
j=1i=1i'=1

for any £ € S by the irreducibility of Vi, ; , and Wy, ;s ,. This evaluates to

k

Y _cjdimHomr, (Ir, . (Ve ® Wolr,, ® ¥j,0),
Jj=l1

which by the Frobenius reciprocity equals
dim Homr, (Ir,, V, ® W) = dim(V, ® W)"”.

(iii) It follows directly from (ii) and the factorization L(V, s) = ]—[i“:1 L(V;@W;,s).
O

Lemma 3.4. Assume that F is a number field. Let E|, E», E3, E4 be elliptic curves
over F. Let A be an abelian surface over F:
() If F is totally real or imaginary CM, then {Symkl H! (E| F Qy)} and

{Symk2 H! (Ey 7 Q¢)} are jointly strongly potentially automorphic for any
ki, ko > 0.

() If F is totally real or imaginary CM, then {Symk1 HI(EL,;, Qy)} and
{Sym*2 H! (E, 5 Qo) ® Sym® H! (E5 F» Qo)} are jointly strongly potentially
automorphic for any k; > 0,0 <ky, <2, and 0 < k3 <1.

(iii) If F is totally real or imaginary CM, then

{Sym" H'(E, 7, Q¢) ® Sym“ H'(E; 7, Q)
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and
{Sym* H'(E, 7, Q@) ® Sym" H'(E, 7. Q)

are jointly strongly potentially automorphic for any 0 < ki, k, < 2 and
0<ks ks=<1.

(iv) If F is totally real, then (Hk (Ag, Qy)} and {H* (Ag, Qo)) are jointly strongly
potentially automorphic for any 0 < k1, ko < 4.

Proof. (i) If one of E| or E; has CM, say E| has CM, then {Sym*' H'(E| 7, @)}
is automorphic, as an isobaric direct sum of automorphic characters on GL;(Af),
and possibly automorphic inductions of automorphic characters on GL;(Ag) for a
quadratic extension K /F. In particular, we know that {Sym*' H'(E \LF> Q)}Ir . 1s
S-strongly automorphic over any finite Galois extension L/F and any nonempty
set S of primes. The result follows if E, also has CM. If E, has no CM, then
(H' (Ey F, @g)} is strongly irreducible in the sense defined before [Allen et al. 2018,
Lemma7.1.1] (i.e., for any finite extension F’/ F, the representation Hl(Ez’ 7 Q|- -
is irreducible for ¢ in a Dirichlet density one set of primes), and we can apply
[loc. cit., Corollary 7.1.11] to {Symk2 HI(EZ’ 7 @g)} together with [loc. cit., Propo-
sition 6.5.13] to obtain the desired joint S-strong potential automorphy for a Dirichlet
density one set S of primes. If neither of £ and E, has CM, then the desired result
follows from the more general [loc. cit., Theorem 7.1.10] together with [loc. cit.,
Proposition 6.5.13]. (In the case F' = ), we may also directly apply [Newton and
Thorne 2021, Theorem A (non-CM case) and Theorem A.1 (CM case)]).

(ii) By the same argument in (i), there are a finite Galois extension L/F and a
Dirichlet density one set S of primes such that {Sym* Hl(El-’ 7> Qy)} is S-strongly
automorphic over L for any 1 < i < 3. Hence by the functorial products for
GL(2) x GL(2) — GL(4) [Ramakrishnan 2000, Theorem M] and GL(2) x GL(3) —
GL(6) [Kim and Shahidi 2002, Theorem A], we know that {Sym" H'(E, z, Q) ®
Sym® H! (E;5 7, Q;))} is also S-strongly automorphic over L for any 0 < k, < 2 and
0 < k3 < 1. The result then follows.

(iii)) By the same argument in (ii), there are a finite Galois extension L/F
and a Dirichlet density one set S of primes such that {Sym® Hl(El-’ 7 Q) ®
Sym*/ H! (E; F Qy)} is S-strongly automorphic over L for any 0 < k; < 2 and
0 < k; <1, which gives the result.

(iv) The result follows from [Boxer et al. 2021, Theorem 9.3.1] and its proof. [J

Remark 3.5. For each item of Lemma 3.4, the proof supplies a Dirichlet density
one set S of primes such that the joint S-strong potential automorphy holds. Since
compatible systems in Lemma 3.4 come from elliptic curves and abelian surfaces,
one should also be able to prove directly that the irreducible conditions required
in Definition 3.1(ii) hold for all primes ¢, and hence the joint S-strong potential



48 CHAO LI AND WEI ZHANG

automorphy holds for the set S of all primes. For the purpose of the proof of
Theorem 1.4 (Tate II) below, any nonempty S suffices.

4. Proof of Theorem 1.4 (Tate II)

Let 1 <r <dim X. Let V = {H (X7, Q@((r))}. By Theorem 1.3 (Tate I), we know
from (1.1.1) that rank Ch{ __(X) = dim VZFF for any prime £. Thus it remains to

hom
show that dim V{F = —ordg—; L(V, s) for some prime £:

(i) By the Kiinneth formula and the decomposition of H' (E; s Q)% into sym-
metric powers of H! (E; 7, Q¢) (i =1,2), we have an isomorphism of semisimple
" p-representations

HY (X7, Qe(r))
~ P mi s Sym" H(E, 7. Q) ® Sym™ H'(E, 5. Q) (ki +k2),

0<k; <n;
i=1,2

where my, r, > 0 are certain multiplicities (nonzero only if k; + k, < 2r is even).
The result then follows from Lemma 3.2 (ii1) and Lemma 3.4 (i).

(i) Similarly, if we set n3 = 1 then we have an isomorphism of semisimple
" p-representations

HY (X5, Qu(r) >~ @D My sk (@123 Sym™ H'(E; £, Qo)) 3 (ki + Kk +k3),

0<k; <n;
1<i<3

where my, k,.k; > 0 are certain multiplicities (nonzero only if k1 + ky + k3 < 2r is
even). The result then follows from Lemma 3.2(iii) and Lemma 3.4(ii).

(iii) Similarly, the result follows from Lemma 3.2(iii) and Lemma 3.4(iii).

(iv) For X = A, the result follows from Lemma 3.2(i) and Lemma 3.4(iv). For
X = A?, by the Kiinneth formula, we have an isomorphism of semisimple I'z-
representations

H” (X5, Q) ~ @ HY (AR, Q) @ HR (AR, Qo) ().
ky+ko=2r
0<ky,ky<4

The result then follows from Lemma 3.2(iii) and Lemma 3.4(iv).

Remark 4.1. When X is an abelian surface of the type Resx,r E, where F is
totally real, K /F is a quadratic CM extension and E is an elliptic curve over K,
Tate II was proved in [Virdol 2015] using a similar argument. We also refer to
[Johansson 2017; Taylor 2020] for more detailed analysis for L-functions of abelian
surfaces.
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A Diophantine problem about Kummer surfaces

William Duke

Upper and lower bounds are given for the number of rational points of bounded
height on a double cover of projective space ramified over a Kummer surface.

1. Introduction
Let F(x) = F(xp, ..., x,) with n > 2 be an integral form with deg F > 2 and set

Np(T)=#{x eZ""| F(x) =2z for some z€Z, ged(xo, ..., x,)=1 and ||x|| <T},
(1-1)
where ||x|| =max(|x;|). The behavior of Ny (T') for large T is of basic Diophantine
interest. When deg F' is even, Nz (T') counts rational points of bounded height on a
double cover of PP, ramified over the hypersurface given by F(x) = 0.
Assume that deg F' is even and that 72 — F(x) is irreducible over C. It follows
from Theorem 3 on page 178 of [Serre 1989] that for any € > 0

Np(T) < T/t (1-2)
As discussed after Theorem 3 in [Serre 1989], it is reasonable to expect that
Np(T) < T"*. (1-3)

Broberg [2003] improved % to ?T in (1-2) when n = 2. For n > 3, various im-
provements and generalizations of (1-2) are given in [Munshi 2009; Heath-Brown
and Pierce 2012; Bonolis 2021], assuming that F(x) = O is nonsingular. Certain
nonhomogeneous F are treated in [Heath-Brown and Pierce 2012].

In this note I will consider the problem of estimating Nz (7) from above and
below when n = 3 for a special class of quartic F', namely those for which F(x) =0
define certain Kummer surfaces. These surfaces have singularities (nodes).

For our purpose we will define a Kummer surface in terms of an integral sextic
polynomial P(¢). For fixed a, b, c,d, e, f, g € Z witha # 0 let

P(t) =at® +bt° +ct* +di* + e’ + fr+g.

Research supported by NSF grant DMS 1701638 and Simons Foundation Award Number 554649.
MSC2020: 11Dxx, 11E76.
Keywords: Diophantine equations, Kummer surfaces, rational points.
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Suppose that the discriminant of P is not zero. Define the symmetric matrices

a?00
b d
5 ¢ 5 0
So=104a . 1 (1-4)
05;%
and
0000 00 0 3 0 0-30
00 0—1 00 —30 0100
— 2 — 2 — _
“=loo 1 o] 2 lo-L o of %10 o o "
0-10 0 10 00 0000

For x = (xg, x1, x2, x3) define the matrix
Sy =x080 +x151 + x28 + x353.

For a row vector v let S(v) = vSv’ denote the quadratic form associated to a
symmetric matrix S. It is easy to check that for any x we have the identity

xoP(t) = S (2, 17,1, 1).
Define the associated quartic form F by
F(x):=16detS,. (1-6)

Over C the surface given by F(x) =0 is a Kummer surface, a special determinantal
quartic surface that is singular with sixteen nodes, including the points (3, 12, ¢, 1)
where ¢ is a root of P(t) = 0. The Jacobian variety of the genus two hyperelliptic
curve y> = P(¢) is a double cover of the Kummer surface ramified over these
nodes. For details on the geometry of Kummer surfaces; see, e.g., [Hudson 1990;
Dolgachev 2012]. Some arithmetic aspects of Kummer surfaces are considered
in [Cassels and Flynn 1996]. The construction of a Kummer surface using the §;
from (1-4) and (1-5) occurs in a slightly different form in [Baker 1907, page 69];
see also [Cassels and Flynn 1996, page 42].
Our main result is the following.

Theorem 1. Suppose that P(t) = at® + bt + ct* + dt> + et? — 2t with integral
a,b,c,d, e has nonzero discriminant and a # 0. Let F be defined in (1-6) and
Ng(T) in (1-1). Then for any € > 0

T? < Np(T) < T, (1-7)

where the first implied constant depends only on P and the second depends only on
P ande.
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Our approach to these estimates relies on the special form of the Kummer surfaces
we consider. In particular, for the upper bound we use that in P we assume that
g = 0. For the lower bound we use that g = 0 and f = —2. The upper bound
coincides with that given in (1-3). An example of an equation to which Theorem 1
applies, when P (1) =15 —2t, is

2= x32(x12 + 8xpx2) +X3(—16x8 — 2x1x22) — 4xox13 - 8x§x1xz —l—xg.

Numerical calculations in this case show that we seem to have Np(T) > T3¢, It
would be of interest to find the correct order of magnitude of Ng(T') for some P.

Remark. Most research on Ng(T) in (1-1) has concentrated on giving upper
bounds for Ng(T) for quite general F, where F(x) = 0 is usually assumed to be
nonsingular. The proofs often make use of intricate estimates of character and
exponential sums; for example, see [Heath-Brown and Pierce 2012]. In contrast, the
proof of the upper bound of (1-7) is rather straightforward. Although it is likely not
sharp, the lower bound of (1-7) is probably more interesting and certainly deeper.
Its proof uses a remarkable and not well-known identity of Schottky to explicitly
produce solutions to F(x) = z>. Along somewhat similar lines, invariant theory was
recently applied to asymptotically count integer points on quadratic twists of certain
elliptic curves and give a class number formula for binary quartic forms [Duke
2021]. It is reasonable to hope that some other classical identities of algebraic
geometry and syzygies of invariant theory, some of which are beautifully presented
in [Dolgachev 2012], could have still undiscovered applications to the problem of
finding lower bounds for counting functions like Ng(T').

2. Proof of the theorem

Upper bound. The mechanism behind the proof of the upper bound in (1-7) is that a

quadratic Diophantine equation in two variables has “few” solutions. The argument

relies on the fact that for P(¢) of the assumed form (so that in particular g = 0),

the associated F has the property that it is quadratic in one of its variables. It will

become clear that similar arguments can be applied to other F with this property.
For a general P(t) we have the explicit formula

F(x) = xg(16aceg — dacf? — dad’g — 4b%eg + b* f?)
— 2x3(—8ach1 +2adf x| — 4adgx) — 8aegxz +2af’x3 + 2b*gx,
+bdfx;+2bdgxs)
+ xé(—4aexl2 +4afxix;+ 16agx;x3 — 4agx§ —4bex1xy —2bf x1x3
+2bf x% +4bgxyxz — 4cex22 —4cfxyxs — 4ch§ + dzxzz)
—2x0 (2axf+2bx12x2+2(:x1x%+dx1x2x3 +dx§+2ex%x3 +2fx2x32+2gx§)

+ (%3 — x1x3)°.
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For P(t) = at® + bt + ct* + dt® + et? — 2t we have that F has an expansion that
is quadratic in x3:

F(x) = x3(x7 + 8x2x0)
+ x3(— 16ax8 + 4bx§x1 + 8cx§xz — 2dxox1xy — 4ex0x§ — 2x1x22)

+4b*xg — 16acxy + 8adxjxi — 4aexixi — 4axox; + 4bdxjx;

— 8axdx|xy — 4bex}xixy — Abxoxixy — 4bxix3 +d*x3x3

— 4cex§x22 — 4cxox x5 — 2dx0x§’ +x5. 2-1

Thus given a solution x of z2 = F(x), upon completing the square we will get a
solution (y, z) of

v = (xf +8x2x0)2° = k(x0, x1, x2) (2-2)
where

k(xo, x1, X2) = 8x0x5 — 64a’x] + - - -

is a homogeneous integral form of degree 6 that is not identically zero, and where
y= (x]2 +8x2x0)x3+ (8ax8 — 2bx§x1 — 4cx§x2 +dxoxixo+ Zexoxg +x1x§). (2-3)
The number of xg, x1, x, with |xg|, |x1], |x2] < T where either
k(xg, x1,x) =0 or xlz + 8x2x90 =0

is <« T?. For such xg, x, x2, by (2-2) and (2-3) the total number of solutions of
F(x) =z? with |x3] < T is < T?.
For any other xg, x1, x5 with |xg], |x1], |x2| < T we can apply the well-known
estimate
d(k) < k*

for the divisor function and [Hooley 1986, Lemma 1], which follows from [Hooley
1967, Lemma 5], to conclude that the total number of solutions of F(x) = z? with
lx1l, lxal, ], ol < T is <« T3¢,

Lower bound. The tool used to obtain the lower bound of (1-7) is an explicit
parametrization of solutions given by an identity of Schottky. This identity has a
form that is similar to many of those coming from syzygies connecting covariants
and invariants of forms. However, Schottky’s identity has a different origin and
does not appear to come from invariant theory.

The Jacobian of Sy, S1, Sz, S3 as given in (1-4) and (1-5) is

0150 0250 9380 0450
0151 0281 0351 045
0152 0252 0382 045>
0153 0253 0353 0453

J(x) = Js,.5,.5,.5,(x) = det = ngg’xo — 2ax3x8 +---



A DIOPHANTINE PROBLEM ABOUT KUMMER SURFACES 55

In case f = —2 and g = 0 this is given in full by
J(x) = 2(—ax3x8 + 3ax§x]x2 — 2ax0x13 — bx3x§x1 + bxgxzz + bxoxlzxz—bxf
— cx3x0x12 + 2cxox1x22 — cxfxz — dx3x13 + dxoxg + eX3xox§
— 2ex3x12x2 + exlxg — 2x32xoxz + 2x§x12 + 2)C3x1x22 — 2x§). 2-4)

The surface defined by J(x) = 0 is a Weddle surface. A variant of the following
identity connecting the Weddle and Kummer surfaces, which can be checked
directly, is apparently due to Schottky [1889, page 241]. He obtained it via theta
functions and used it to show that the Kummer and Weddle surfaces are birationally
equivalent over C. It is stated (in a somewhat different form) in [Baker 1907,
page 152, Example 8].

Proposition 2. For F in (1-6) (and in (2-1)) when P(t) = at® + bt> + ct* + dt> +
et? —2t, we have identically

F(=S3(x), —25,(x), 251 (x), So(x)) = J*(x), (2-5)
where J(x) is given in (2-4).

Note the order of the parametrizing quadrics S;. It is not obvious (to me) how to
modify (2-5) so that it holds for a general P(¢) or even if that is possible without
changing its basic form.

Proof of Theorem 1. Let S be the set of six points «; € IP% represented by
(t?, tjz, tj, 1), where P(t;) =0for j =1, ..., 6. Recall from the discussion around
(1-6) that S;(a;) = O for each i, j. In order to apply Proposition 2 to prove the

lower bound of (1-7), we must first examine the map
a > (=83(@), —282(a), 281 (@), So(@)) (2-6)

from [FD% \' S to IP%. Let V be the space spanned by {So, S, S2, S3}, which is
clearly four dimensional. We need to control the degree of the map (2-6). Suppose
that g1, B2, B3 € [P’g’: \ § are distinct and all have the same image in [P’% under the
map (2-6). Then three independent S, S’, S” € V will vanish at the nine distinct
points {«1, ..., as, B1, B2, B3}. This is impossible by Bezout’s theorem and shows
that there are at most two points in IP’% \ § with the same image in IP’% under the
map (2-6).
Therefore by Proposition 2, the lower bound of (1-7) will follow from

#x € 7% ged(xy, X0, X3, x4) = 1, |S;(0) | < T, j =1,2,3,4) > T2,

This estimate is easily established since there is a ball in R* centered at the origin
of positive radius, all of whose points x satisfy |S;(x)| <1 for j =1, 2, 3, 4. Thus
a standard lattice point count gives the result. U



56 WILLIAM DUKE

References

[Baker 1907] H. F. Baker, An introduction to the theory of multiply periodic functions, Cambridge
University Press, 1907. Zbl

[Bonolis 2021] D. Bonolis, “A polynomial sieve and sums of Deligne type”, Int. Math. Res. Not.
2021:2 (2021), 1096-1137. MR Zbl

[Broberg 2003] N. Broberg, “Rational points on finite covers of P! and P2, J. Number Theory 101:1
(2003), 195-207. MR Zbl

[Cassels and Flynn 1996] J. W. S. Cassels and E. V. Flynn, Prolegomena to a Middlebrow Arithmetic
of Curves of Genus 2, Cambridge University Press, 1996. Zbl

[Dolgachev 2012] 1. V. Dolgachev, Classical algebraic geometry, Cambridge University Press, 2012.
MR Zbl

[Duke 2021] W. Duke, “On elliptic curves and binary quartic forms”, International Mathematics
Research Notices (2021).

[Heath-Brown and Pierce 2012] D. R. Heath-Brown and L. B. Pierce, “Counting rational points on
smooth cyclic covers”, J. Number Theory 132:8 (2012), 1741-1757. MR Zbl

[Hooley 1967] C. Hooley, “On binary cubic forms”, J. Reine Angew. Math. 226 (1967), 30-87. MR
Zbl

[Hooley 1986] C. Hooley, “On binary quartic forms”, J. Reine Angew. Math. 366 (1986), 32-52. MR
Zbl

[Hudson 1990] R. W. H. T. Hudson, Kummer’s quartic surface, Cambridge University Press, 1990.
MR Zbl

[Munshi 2009] R. Munshi, “Density of rational points on cyclic covers of P"”, J. Théor. Nombres
Bordeaux 21:2 (2009), 335-341. MR Zbl

[Schottky 1889] F. Schottky, “Ueber die Beziehungen zwischen den sechzehn Thetafunctionen von
zwei Variabeln”, J. Reine Angew. Math. 105 (1889), 233-249. MR Zbl

[Serre 1989] J.-P. Serre, Lectures on the Mordell-Weil theorem, Aspects Math. E15, Vieweg & Sohn,
Braunschweig, Germany, 1989. MR Zbl

Received 21 Sep 2021. Revised 9 Dec 2021.

WILLIAM DUKE:

wdduke @ucla.edu
Mathematics Department, UCLA, Los Angeles, CA, United States

:'msp


http://msp.org/idx/zbl/2644284
http://dx.doi.org/10.1093/imrn/rnz245
http://msp.org/idx/mr/4201962
http://msp.org/idx/zbl/1475.11168
http://dx.doi.org/10.1016/S0022-314X(03)00043-X
http://msp.org/idx/mr/1979659
http://msp.org/idx/zbl/1054.14024
http://dx.doi.org/10.1017/CBO9780511526084
http://dx.doi.org/10.1017/CBO9780511526084
http://msp.org/idx/zbl/0857.14018
http://dx.doi.org/10.1017/CBO9781139084437
http://msp.org/idx/mr/2964027
http://msp.org/idx/zbl/1252.14001
http://dx.doi.org/10.1093/imrn/rnab249
http://dx.doi.org/10.1016/j.jnt.2012.02.010
http://dx.doi.org/10.1016/j.jnt.2012.02.010
http://msp.org/idx/mr/2922342
http://msp.org/idx/zbl/1248.14027
http://dx.doi.org/10.1515/crll.1967.226.30
http://msp.org/idx/mr/213299
http://msp.org/idx/zbl/0163.04605
http://dx.doi.org/10.1515/crll.1986.366.32
http://msp.org/idx/mr/833012
http://msp.org/idx/zbl/0577.10022
http://msp.org/idx/mr/1097176
http://msp.org/idx/zbl/0716.14025
http://dx.doi.org/10.5802/jtnb.674
http://msp.org/idx/mr/2541429
http://msp.org/idx/zbl/1187.14026
http://dx.doi.org/10.1515/crll.1889.105.233
http://dx.doi.org/10.1515/crll.1889.105.233
http://msp.org/idx/mr/1580201
http://msp.org/idx/zbl/21.0500.01
http://dx.doi.org/10.1007/978-3-663-14060-3
http://msp.org/idx/mr/1002324
http://msp.org/idx/zbl/0676.14005
mailto:wdduke@ucla.edu
http://msp.org

Essential Number Theory
Vol. 1, No. 1, 2022

https://doi.org/10.2140/ent.2022.1.57

Quartic index form equations and monogenizations of
quartic orders

Shabnam Akhtari

Some upper bounds for the number of monogenizations of quartic orders are
established by considering certain classical Diophantine equations, namely index
form equations in quartic number fields, and cubic and quartic Thue equations.

1. Introduction

Let K be an algebraic number field and Ok its ring of integers. Let O be an order
in K (a subring of Ok with quotient field K). We call the ring O monogenic if
it is generated by one element as a Z-algebra, i.e., O = Z[«] for some @ € O;
the element « is called a monogenizer of O. If « is a monogenizer of O, than
s0 is =« + ¢ for any ¢ € Z. We call two monogenizers « and o’ of O equivalent
if @ = o + ¢ for some ¢ € Z. Then by a monogenization of O, we mean an
equivalence class of monogenizers of O. By fundamental work of Gy6ry [1976],
we know that any order in an algebraic number field can have at most finitely many
monogenizations and that effectively computable upper bounds on the number of
these monogenizations can be determined. It is a difficult computational problem
to find or even count the monogenizations of a given order (many computational
examples, interesting special cases and efficient algorithms in low degree number
fields may be found in [Gadl 2019]).

We are interested in counting the number of monogenizations of a given order.
An overview of various results on estimates for the number of monogenizations of
orders in number fields is given in [Evertse 2011]. There are further extensions and
generalizations of such results in [Evertse and Gy&ry 2017] (in particular, see the
relevant results in Section 9.1).

Monogenicity of algebraic number rings has a long history. It is an interesting
problem to decide whether a given number field K is monogenic, that is, whether
its ring of integers Ok, which is the maximal order in K, is monogenic. It is well
known that quadratic number fields are monogenic. Dedekind [1878] gave the
first example of a nonmonogenic cubic field. It is an open conjecture that most of

MSC2020: 11D25, 11D45, 11R04, 11R16.
Keywords: monogenizations of a quartic order, index form equations, Thue equations.
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number fields of degree greater than 2 are not monogenic. For recent progress in
this direction in the cases of cubic and quartic number fields, we refer the reader to
the work of Alpoge, Bhargava, and Shnidman [Alpoge et al. 2021a; 2021b].

In this article we focus on the problem of counting the number of monogenizations
of a quartic order. Evertse and Gy&ry [1985] proved explicit upper bounds for the
number of monogenizations of an order in a number field K. These bounds depend
only on the degree of K. The best known result for n > 4 is due to Evertse [2011],
who proved in that an order O in a number field K of degree n can have at most
24(1+5)(1=2) monogenizations. In the case n =4, Evertse’s result shows that an order
in a quartic field can have at most 27> monogenizations. Recently, Bhargava [2022]
gave an improved bound in, showing that an order in a quartic number field can
have at most 2760 monogenizations (and even fewer when the discriminant of the
order is large enough). We give another proof for Theorem 1.1 of [Bhargava 2022].

Theorem 1.1. Let O be an order in a quartic number field. The number of monog-
enizations of O is at most 2760. If the absolute value of the discriminant of O is
sufficiently large, the number of monogenizations of O is at most 182. Moreover,
if the discriminant of O is negative and has sufficiently large absolute value, the
number of monogenizations of O is at most 70.

In the above theorem the assumptions about the size of the discriminant are
the result of such assumptions to overcome certain technical difficulties in some
approximation methods used to prove Propositions 2.3, 2.5, and 2.6. These restric-
tions can be expressed explicitly. For instance, assuming the absolute value of the
discriminant is at least 10°%° will suffice; see [Akhtari 2009; 2012], where such
explicit values are established but no effort has been made to optimize them. It is
known that there are only finitely many quartic number fields with the absolute
value of their discriminants bounded by a constant; see [Birch and Merriman 1972;
Evertse and Gy6ry 1991]. By the identity in (2), which relates the discriminant of
an order to that of the underlying number field, Theorem 1.1 implies that with at
most finitely many exceptions, a quartic order with positive discriminant can have
at most 182 monogenizations and a quartic order with negative discriminant can
have at most 70 monogenizations.

Our approach involves refining and modifying an algorithmic method developed
by Gaal, Pethé and Pohst [Gadl et al. 1996] to solve an index form equation
I(X,Y,Z)==1 in a quartic number field. Using this method, we will be able to
associate explicit polynomials and binary and ternary forms to a monogenic order
and a fixed monogenizer of that, and eventually reduce our problem to the resolution
of a number of Thue equations of degree 3 and 4. The proof in [Bhargava 2022]
uses a more abstract viewpoint by utilizing two ways of parametrizing quartic rings,
one established by Bhargava [2004] and another one established by Wood [2012].
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2. Preliminaries: discriminants, Thue equations, discriminant and
index form equations

2A. Discriminants. We recall the definitions of discriminants of orders, polynomi-
als, algebraic numbers, and binary forms which will be frequently used throughout
this manuscript. We will also refer to the discriminant of number fields. The
discriminant of a number field K is the discriminant of its maximal order, the ring
of integers Ok . For K = Q(«), the discriminant of K can be expressed in terms of
the discriminant of the algebraic number « and its index in @(«). The index of an
algebraic integer and the discriminant of orders are defined in Section 2B.

Let P(T) € Z[T] be a polynomial of degree n and leading coefficient a € Z. The
discriminant Disc(P) of P(T) is

Disc(P) =a™ [ [tri —v)?,
i<j

where yi, ..., ¥, € C are the roots of P(T).

The discriminant of an algebraic number is defined as the discriminant of its

minimal polynomial.
Let F(U, V) e Z[U, V] be a binary form of degree n that factors over C as

[ it = giv).

i=1
The discriminant D(F) of F is given by
D(F) = [JiB; —a;B)*. (1
i<j
We note that the discriminant of the polynomial F (U, 1) € Z[U] is equal to the
discriminant of the binary form F(U, V) € Z[U, V1.

2B. Discriminant and index form equations. Let K be an algebraic number field

of degree n. Let «y, ..., o, a linearly independent set of n elements of K. Let
o1,...,0, : K — C be all the embeddings of K into C. The discriminant of
(o1, ..., ap) is defined as the square of the determinant of an n x n matrix:
Dija(ar, ..., o) := (det(o; (@)’

where i, j € {1, ..., n}.

If {B1, ..., Bn} forms a basis for Ok, then the discriminant of K is

DK = DK/@(ﬂlv L] ﬁl’l)'
Let y1, 2, ..., v, be an integral basis for an order O in a number field K of

degree n (we note that by definition an order is a full-rank Z-module in Og). The
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discriminant of O is defined as Dk, (1, - .., ¥») and is independent of the choice
of the integral basis y1, 2, ..., ¥»; see [Koch 1997], or any introductory text in
algebraic number theory.

The following basic well-known lemmas are due to Hensel [1908].

Lemma 2.1. Let ay, ..., a, € Ok be linearly independent over Q and set
O =7Za,...,a,].

then
Dgja(ay, ..., a,) = J*Dg, 2)

where OIJg and O are the additive groups of the modules Ok and O, respectively,
and J = (O} : OY) is the module index.

For every y € K, we denote the algebraic conjugates of y by y@ (1 <i <n).
Let {1, wo, ..., w,} be an integral basis of K. Let

X=(X17"'7X}’l)’
and
LX)=X1+wmXs+ - +w,X,, 3)

with algebraic conjugates
LYX) =X+ 0V Xy + -+ 0" X,,
(1 <i <n). Kronecker and Hensel called the form L(X) the Fundamentalform and
Dio(L(X) =[] @?X)-LPX))? (4)
l<i<j<n
the Fundamentaldiskriminante.

Lemma 2.2. We have
Dio(L(X)) = (I(X1, ..., X»))* Dk,

where Dy is the discriminant of the field K, the linear form L(X) and its discrimi-
nant are defined in (3) and (4), and I (X1, ..., X,) is a homogeneous form inn — 1
variables of degree n(n — 1) /2 with integer coefficients.

The form 1 (X1, ..., X;) in the statement of Lemma 2.2 is called the index form
corresponding to the integral basis {1, wy, ..., ®w,}. An important property of the
index form is that for any algebraic integer

o =X]+ X202+ + Xy,



QUARTIC INDEX FORM EQUATIONS AND MONOGENIZATIONS OF QUARTIC ORDERS 61

with K = Q(«), by Lemma 2.2 we have
I(a) = |I(x2s ceey xn)|,

where I (o) is the index of the module Z[«] in Ok . The index form is independent
of the variable X, for if 8 =« 4+ a, where a € Z, then I () = I (8).

We remark that in a cubic number field an index form equation is in fact a cubic
Thue equation (see Section 2C for the definition)

(X2, X3) ==£m,

where m € Z. In [Akhtari 2020] we have discussed some results about cubic Thue
equations and their consequences in resolving index form equations and counting
the number of monogenizations of a cubic ring.

2C. Upper bounds on the number of solutions of cubic and quartic Thue equa-
tions. Let F(U, V) e Z[U, V] be a binary form of degree at least 3. If F (U, V) is
irreducible over @, for any integer m, it is shown in [Thue 1909] that the equation

FWU,V)=m

has at most finitely many solutions in integers U, V. These equations are called
Thue equations. We will summarize some useful results on the number of integer
solutions of binary cubic and quartic Thue equations. In Propositions 2.3-2.6, two
pairs of solutions (u, v), (—u, —v) € 72 are considered as one solution.

The following is the combination of main results due to Bennett [2001] and
Okazaki [2002]; see also [Akhtari 2009].

Proposition 2.3. A cubic Thue equation F(U, V) = x1 has at most 10 integer
solutions. If the absolute value of the discriminant of F (U, V) is sufficiently large
then F (U, V) = %1 has at most 1 integer solutions.

The following result was established independently by Delone [1930] and Nagell
[1928].

Proposition 2.4. Let F(U, V) € Z[U, V] be a cubic binary form with negative
discriminant. The Thue equation F (U, V) = £1 has at most 5 integers solutions.

The following is Theorem A.1 of [Bhargava 2022], where results from [Akhtari
2015; 2012; Bennet and Rechnitzer > 2022] are combined to obtain upper bounds
for the number of integral solutions to quartic Thue equations.

Proposition 2.5. A quartic Thue equation F (U, V) = 1 has at most 276 integer
solutions. If the absolute value of the discriminant of F(U, V) is sufficiently large
then the quartic Thue equation F(U, V) = £1 has at most 26 integer solutions.

The following is part of the main theorem in [Akhtari 2012].
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Proposition 2.6. Let F (U, V) € Z[U, V] be a quartic binary form with negative
discriminant. If the absolute value of the discriminant of F (U, V) is sufficiently
large, the Thue equation F (U, V) = %1 has at most 14 integer solutions.

2D. Matrix actions on binary forms. We summarize some trivial facts about
matrix actions on binary forms that are well known to those in the field. Let
F(U,V)eZ[U,V]and A= (¢ Z) be a 2 x 2 matrix with integer entries. We define
the binary form

FqaU,V)eZ[U, V]

by
FA(U,V)=F(aU+bV,cU +dV).

Via the definition (1), we observe that for any 2 x 2 matrix A with integer entries

D(F,) = (det A)""~VD(F). (5)

We say that two integral binary forms F' and G are equivalent if G = +F4
for some A € GL,(Z). This is in fact an equivalence relationship. Moreover, the
discriminants of two equivalent forms are equal.

For A = (‘Z 2) € GLy(Z), and any (u, v) € 7%, we clearly have

alog( 47
—C a

Fa(du —bv, —cu 4 av) = £ F (u, v).

and

Therefore, there is a one-to-one correspondence between the possible solutions of
the Thue equation F(U, V) = %1 and those of the Thue equation F4 (U, V) = %1.
3. Index form equations in quartic number fields

Let & be a quartic algebraic integer with the minimal polynomial
P(T)=T*+aiT* + ;T + a3T +ay € Z[T). 6)

Let K = Q(&). Suppose that w; = 1, w;, w3 and w4 form an integral basis for the
quartic number field K. We write o1, 02, 03 and oy for the distinct embeddings of
K into C. Fori =1, 2, 3, 4, we define the linear forms

L(X,Y,2) = X0y + Yo + Zo)”,

where wy) =o0i(w)).



QUARTIC INDEX FORM EQUATIONS AND MONOGENIZATIONS OF QUARTIC ORDERS 63

The discriminant form corresponding to the integral basis {1, wo, w3, w4} is
defined by

Dijg(Xon+Yas+Zos)= [] G(X,Y,2)—1;(X, Y, 2)".
I<i<j<4
We have
Dijo(Xwy + Yoy + Zwyg) = (I(X, Y, 2))* D, (7)

where D is the discriminant of the number field K and I (X, Y, Z) e Z[X, Y, Z]
is the index form corresponding to the fixed integral basis {1, w;, w3, ws}. The
integral ternary form I(X, Y, Z) has degree 6. For any algebraic integer o =
a+xwy+ yws + zws, with a, x, y, z € Z, the index I («) is equal to |1 (x, y, z)|,
where I () is the module index of Z[«] in Ok, the ring of integers of K. In this
section we consider the index form equation

I(X,Y,Z)=2%m (8)

where m € Z.

We follow a simple and efficient algorithm given by Gadl, Peth and Pohst [1996],
where they reduce the problem of solving an index form equation in a quartic number
field to the problem of finding all solutions (u;, v;) € Z* of a cubic Thue equation
F (U, V)==h, with h € Z, and the resolution of corresponding systems of quadratic
equations Q1(X, Y, Z) = u;, Q2(X, Y, Z) = v;, where F(U,V) € Z[U, V] is a
cubic form, and Q(X, Y, Z) and Q,(X, Y, Z) are integral ternary quadratic forms.
We state this reduction more precisely in Proposition 3.1.

We denote by [j the index of the algebraic integer £. Then

Iy =1(&) = |I(x0, Y0, z0)I

where & = ag + xow) + yows + zows, and ag, xo, yo, 2o € Z. Once again we remark
that the algebraic integers & and & — ag have the same index in Og. Since Iy is the
index of Z[£] in Ok, for every algebraic integer « € Ok, we have

Iya € Z[&].
Assume that (x;, yi, z1) € Z° satisfies (8). Let

a=x1wy+ y1w3 + 2104, ©)
and
o = loa =al, +x|€+yE2 + 7,83 € 7[¢). (10)
We have
(@) =T(xXE +YE2+78) = £Im. (11)
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We denote by £ and o’ the algebraic conjugates of & and o, fori =1, 2, 3, 4.
Dividing both sides of the (11) by 7 (£) = Iy, we obtain

l_[ (a/(i) — a/(j)) (a/(k) — o,/(l)) :I:Igm e 12)
O _eW) ®_eD |~ =+fom.
cin\ EQ—8Y £ —& I

where the above product is taken for (i, j, k, 1) =(1,2,3,4), (1, 3,2,4), (1,4, 2, 3).
For each (i, j, k, 1), via (10), we have

oD — oD\ [ _ oD
( )( ) 01 Y ) — s 026 L 2, (13)

£ _e0 )\ g0 g0
where

g ikl = S(i)s(j) +§_—(k)$(l)’
0:1(X,Y,Z2)=

X2 —a1 XY +ay Y +(a} —2a0) X Z+(a3—a1a)Y Z+(—ajaz+a3+as) Z*,  (14)
and

0,(X,Y,2)=Y>—XZ—-a\YZ+arZ°. (15)

The coefficients of the quadratic forms Q(X, Y, Z) and Q»(X, Y, Z) are expressed
in terms of the coefficients of P(7"), the minimal polynomial of & given in (6). For
each (i, j, k,1)=(1,2,3,4),(1,3,2,4), (1, 4, 2, 3), we define the linear form

PG, j,k,D)=Pu, j k,DWU,V)=U—&234V.

Taking U = Q1(X, Y, Z) and V = Q»(X, Y, Z), by (12) and (13), we obtain
1_[ PG, j ok, 1)=(U—&1234V)U —&1324V)U —&1423V)=xIgm, (16)
)k, 1)

where the product is taken over (i, j, k,[) = (1,2, 3,4),(1,3,2,4), (1,4,2,3).

The left-hand side of (16) is a cubic binary form in U and V whose coefficients
are symmetric polynomials of £, £® g3 £® Simple and routine calculations
show that this integral cubic binary form is

[[ PG j. kD@ v
Y JUR )
= U’ — UV + (a1a3 — 4a)UV? + (4aray — a3 — ajay) V3. (17)
The cubic polynomial

F(T, 1) =T —ayT? + (a1a3 — 4as) T + (dazay — a3 — ajay)
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is called the cubic resolvent polynomial of P(T), the minimal polynomial of £.
The discriminant of P(T) € Z[T] is equal to the discriminant of F(T, 1) € Z[T]
and therefore to the discriminant of F (U, V) € Z[U, V. Since the discriminant of
the minimal polynomial P (T') is not zero, we conclude that F (U, V) will factor
into three pairwise nonproportional linear factors over C. This, together with (16),
implies that the three cubic algebraic integers &1 2.3 4, §1,3.2.4, and &1 4 2 3 are distinct
algebraic conjugates over Q. The above argument can be found in [Gaal 2019] and
[Gadl et al. 1996], and implies the following.

Proposition 3.1. Let & be a quartic algebraic integer and

Io=1(§).

Assume that 1(X,Y,Z) € Z|X, Y, Z] is an index form in the quartic number field
Q(E). The triple (x, y, z) € Z° is a solution of the index form equation

I1(X,Y, Z)==%m,

with m € Z, if and only if there exists a solution (u,v) € Z* of the cubic Thue
equation
F(U,V)==%Im (18)

such that (x, y, z) satisfies the system of quadratic ternary equations
0.X,Y,Z)y=u, OQ)X,Y,Z)=w, (19)

where F (U, V) is an integral cubic binary form and Q (X, Y, Z) and Q,(X,Y, Z)
are integral quadratic ternary forms, respectively defined in (17), (14) and (15) with
coefficients expressed in terms of the coefficients of the minimal polynomial of the
fixed generator &.

Proposition 3.1 provides a general algorithm to find algebraic integers with index
m in the quartic number field K by fixing any algebraic integer £ that generates K.
So in general the quantities /o and m need not to be related. Using an argument of
Mordell [1969], in [Gaal et al. 1996] it is shown that all solutions of an index form
equation in a quartic number field can be found through solving finitely many cubic
and quartic Thue equations; see Theorems 1 and 2, as well as equations (8), (9)
and (10) of [loc. cit.]. In Section 4 we will modify the argument in [loc. cit.] and
apply our modification to an index form equation of the shape I (X, Y, Z) = £1
connected to the quartic ring generated by an algebraic integer &. This will enable
us to count these Thue equations more efficiently. Moreover, it turns out that in this
case the right-hand sides of our Thue equations are 1, and therefore we may apply
absolute upper bounds for the number of integer solutions recorded in Section 2C.
This way we can provide an absolute upper bound for the number of solutions of
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the index form equation that we study. These solutions will correspond to different
monogenizations of the quartic order Z[£].

We end this section by recording another important relation between the ternary
quadratic forms @ and @, defined in (14) and (15), and the integer values
represented by the cubic form F (U, V). For (ug, vg) € 77, we define

Q(X, Y, Z):u()Qz(X, Y, Z)—U()Q](X, Y, Z). (20)

Let Mg be the 3 x 3 symmetric Gram matrix of the quadratic form Q(X, Y, Z).
We have

4[Det(Mg)| = | F(uo, vo)l, 1)

where F (U, V) is defined in (17). The identity (21) can be verified easily and
is established as an implication of Lemma 1 of [Gadl et al. 1996]. Its proof can
also be found in Lemma 6.1.1 of [Gadl 2019]. The identity (21) is not used in our
proofs, but it is crucial in confirming that the ternary quadratic forms @ and Q>
form a pair that parametrizes a quartic ring in the sense of Bhargava [2004]. Such
a parametrization is used in Bhargava’s proof of Theorem 1.1 [Bhargava 2022].
Another ingredient in [Bhargava 2022] is a beautiful parametrization due to Wood
[2012] for quartic rings. We do not use any of these two parametrizations. However,
in light of identities (20) and (21), one could view our discussion in the following
section as an explicit way of expressing polynomials and binary forms that are
appearing (implicitly) in Bhargava’s and Wood’s methods of parametrization.

4. Proof of Theorem 1.1

When treating a general index form equation in a quartic number field, one needs
to consider the identity (10) in order to have integer values for x, y| and z].
In Theorem 1.1 we are interested in finding other possible monogenizers for a
monogenized ring Z[&]. Therefore, we are looking for algebraic integers o € Z[£]
that satisfy the index form (8). In this case, under the assumption « € Z[£], we may
express (10) as

o =ay +xE +yE2 + 287, (22)

with x, y, z € Z. This will simplify some of the equations introduced in Section 3.
Another simple observation is that if Z[§] = Z[«], then the algebraic integers o
and £ have the same index in the ring of integers of the underlying number field
Q(a) = Q(&), and therefore in the index form (11) and (12), we may take Iy = m.

Let K be a quartic number field and & an algebraic integer in K of index Iy = m.
We are interested in finding other monogenizers of Z[£]. After replacing (10) by
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(22), for o € Z[£] the identity (12) becomes

a® — g\ fa® —gO
I1 (g(i)_g(j))(g(k)_g(l))=Z|Z1. (23)

(G, J. k1)

Therefore, in Proposition 3.1, we may consider the cubic Thue equation
FU,V)=4=l1. (24)
In fact, we obtain the following modification of Proposition 3.1.

Lemma 4.1. The algebraic integer x& +y&>4-2&3, with x, v, z € Z is a monogenizer
of Z[£] if and only if there is a solution (u, v) € Z* of the cubic Thue equation

FU,V)y==1 (25)
such that (x, y, 7) satisfies the system of quadratic ternary equations
01X, Y, Z2)y=u, OQ)X,Y,Z)=w. (26)

4A. The trivial solution of F (U, V) = 1. First we notice that F (U, V) is monic
and therefore (u, v) = (1, 0) satisfies the equation F' (U, V) = %1. This corresponds
to the system of equations

01(X,Y,2)=1

27
0,(X,Y,Z)=0, &7

where the ternary quadratic forms @ and @, are defined in (14) and (15).

A special solution to the system of equations (27) is (x, y, z) = (1,0, 0) as & is
trivially a monogenizer of Z[£]; see (10).

Assume x, y, z € Z satisfy (27). Then

Qz(X,y,z)=y2—xz—a1yz+a2z2=0. (28)

If z=0then y =0. Since x, y, z also satisfy Q(X, Y, Z) = 1, we conclude that
x=1.

Now assume that z # 0. From (28), we conclude that z | y2. Let q = gcd(z, y),
y =gqy’ and z = g7/, with ged(y’, ) = 1. We may rewrite (28) as

0:(x,y,2) =y?¢*> —x7q—a1y'7¢* + a:7%¢*> =0

to conclude that ¢ |xz’ and 7’ |g. Since (x, y, z) satisfies the system (27), in
particular Q1(x, y,z) = 1, we have gcd(g, x) = 1 and therefore ¢ |z/. So we
have 7/ = +¢ and ¢*> = +z. Since (x,y,z) and (—x, —y, —z) give the same
monogenization, we may assume z > 0 and ¢ = z. Now we can express x, y and
z in terms of two integers ¢ and p as follows:

x=p’—aipgt+aq®, y=pq, z=q> (29)
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The parametrization (29) can be done for any (x, y, z) # (1,0, 0) that satisfies
(28). Substituting the parametrized values for variables X, Y and Z in (14), we
may express the ternary quadratic form Q(X, Y, Z) as a quartic binary form in
variables P, Q, where

X(P,Q)=P*—aiPQ+a Q% Y(P,0)=PQ, Z(P,Q)=0Q> (30)

We note that each X (P, Q), Y(P, Q) and Z(P, Q) is a binary quadratic form in
variables P and Q. The parametrization (29) was considered for z # 0, however
the trivial (and special) solution (x, y, z) = (1, 0, 0) also corresponds to a solution
of the quartic Thue equation

Q:1(X(P,0),Y(P,Q),Z(P, Q) =1,

namely (p, q) = (1, 0).
Let us define the quartic binary form

Qun(P, Q) =Q(P, Q)= Q1(X(P, Q),Y(P, Q), Z(P, Q)). €1y

We have shown that the number of solutions (X, Y, Z) € Z3 of the system of ternary
equations (27) is equal to the number of integer solutions (p, ¢) of the quartic Thue
equation

QP, Q) =1

Via (27), we may substitute the parameter X by Y?>—a1YZ+ agZz)/Z2 in
0((X,Y, Z) to get
Q\(X.Y,2)=Z"P(§ —a),

where P (T) is the minimal polynomial of & defined in (6). In other words,
4p(P
Q(P. Q)= 0*P(5 —a).

Since a; € Z, we conclude that the discriminant of the quartic form Q(P, Q) is
equal to the discriminant of £, and therefore, to the discriminant of the cubic form
FU,V).

We also note that Q(P, Q) is a monic binary form, i.e., the coefficient of the
term P* equals 1. This confirms the existence of the trivial solution (p, ¢) = (1, 0)
of the Thue equation Q(P, Q) = 1.

We conclude that the trivial solution (1, 0) of the cubic Thue equation F(U,V)=1
corresponds to a quartic Thue equation, namely Q(,0)(P, Q) = 1, defined in (31).
Moreover, by (29), each pair of solution (p, ¢) € Z? corresponds to the monogenizer

X(p, Q)& +Y(p, Q&>+ Z(p, q)&>

of the order Z[£]. Clearly, the monogenizer § is produced by the solution (p, g) =
(1, 0) of the quartic Thue equation.
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4B. Nontrivial solutions of F (U, V) = 1. For nontrivial solutions of the Thue
equation (24), in [Gadl et al. 1996] the system of ternary quadratic equations (32)
is reduced to a quartic Thue equation with a parametrization similar to (30); see
equations (8) and (10) of [Gadl et al. 1996]. We simplify such a parametrization with
help of a GL;(Z) matrix that maps any given primitive solution of a Thue equation
to the trivial solution (1, 0) of an equivalent Thue equation. More precisely, assume
that (ug, vo) € Z%, with (ug, vo) # (1, 0), satisfies (24). We have ged(ug, vg) =1
and therefore we may choose fixed s, f € Z so that

sug+tvy=1.

Consequently, if (x, y, z) € Z? satisfies the system of equations in (19) with (u, v) =
(1o, vo), then (x, y, z) will satisfy

Q (X, Y, 2)=s01(X,Y,Z)+1t0x(X,Y, Z)=1
Q/Z(X7 Y’ Z) - UOQI _MOQZ =0.

The next step is to express this system as an equation of a quartic binary form to 1,
via the parametrization (30).
Let A= (_ ) e€GLy(2). Clearly we have

—vo Uo
up\ (1
4(2) = (o)

The matrix A~! € GL,(Z) acts on the binary cubic form F (U, V) to produce
the equivalent binary form F4-1(U, V). The solution (ug, vg) of F(U,V) =1
corresponds to the solution (1, 0) of the cubic equation F4-1 (U, V) = 1.

Since (1, 0) satisfies the equation F,-1(U, V) = 1, the cubic binary form
F,-1(U, V) is monic. Similar to (31), and via parametrization (30), we obtain
the binary quartic form

(32)

Quup,) (P, Q) = Q1 (X (P, Q), Y (P, Q), Z(P, Q)), (33)

with Q'; defined in (32). Therefore, in order to solve the system of ternary equa-
tions (32) one can solve the quartic Thue equation

Qug,vp) (P, Q) =1 (34)

in integers P, Q.

4C. Conclusion. Let & be an algebraic integer of degree 4 with the minimal poly-
nomial given in (6). In order to count the number of monogenizations of Z[£], we
defined the integral cubic form F(u, v) in (17), and the integral quadratic forms
0.1(X,Y,Z)and 0,(X,Y, Z) in (14) and (15), respectively. The coefficients of
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these forms are all expressed in terms of the coefficients of the minimal polynomial
of £. We showed that the following three numbers are equal:

(1) The number of solutions to the cubic Thue equation F (U, V) = %1 in (24).
(2) The number of systems of ternary quadratic equations (32).
(3) The number of quartic Thue equations (34).

We have also shown that for any fixed solution (u, v) € 72 of the cubic Thue
equation F (U, V) = =1 in (24), each solution (p, g) of the corresponding quartic
Thue equation (34) provides a monogenizer X (p, 9)& + Y (p, )&%+ Z(p, q)&°,
with the integral binary quadratic forms X (P, Q), Y (P, Q) and Z(P, Q) defined
in (30).

Therefore, the number of monogenizations of Z[£] is bounded by an upper bound
for the number of integer solutions to cubic Thue equations multiplied by an upper
bound for the number of integer solutions to quartic Thue equations. Proposition 2.3
provides upper bounds for the number of solutions of cubic Thue equations and
Proposition 2.5 provides upper bounds for the number of solutions of quartic Thue
equations.
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1. Introduction

The main aim of these notes is to explain modularity/automorphy lifting theorems
for two-dimensional p-adic representations, using wherever possible arguments that
go over to the (essentially conjugate self-dual) n-dimensional case. In particular, we
use improvements on the original Taylor—Wiles method due to Diamond, Fujiwara
and Kisin, and we explain (in the case n = 2) Taylor’s arguments [2008] that avoid
the use of Thara’s lemma. For the most part I ignore the issues which are local at p,
focusing on representations which satisfy the Fontaine—Laffaille condition.

1.1. Notation. Much of this notation will also be introduced in the text, but I have
tried to collect together various definitions here, for ease of reading. Throughout
these notes, p > 2 is a prime greater than two. In the earlier stages of the notes, we
discuss n-dimensional p-adic and mod p representations, before specialising to the
case n = 2. When we do so, we assume that p{n. (Of course, in the case n = 2,
this follows from our assumption that p > 2.)

If M is a field, we let Gy, denote its absolute Galois group Gal(M /M), where
M is some choice of separable closure of M. We write & p (or just &) for the p-adic
cyclotomic character. We fix an algebraic closure @ of @, and regard all algebraic
extensions of @ as subfields of @. For each prime p we fix an algebraic closure Q@ »

MSC2020: 11S37.
Keywords: automorphic forms, modularity lifting, Langlands program.
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of Q,, and we fix an embedding Q—Q p- In this way, if v is a finite place of a
number field F', we have a homomorphism G, <> Gr. We also fix an embedding
Q— C. IfL/Q p 1s algebraic, then we write O for the ring of integers of L,
and k(L) for its residue field.

We normalize the definition of Hodge—Tate weights so that all the Hodge—Tate
weights of the p-adic cyclotomic character ¢, are —1.

If R is a local ring, we write mg for the maximal ideal of R.

We let ¢, be a primitive p-th root of unity.

We use the terms “modularity lifting theorem” and “automorphy lifting theorem’
more or less interchangeably.

’

2. Galois representations

Modularity lifting theorems prove that certain Galois representations are modular,
in the sense that they come from modular forms. We begin in this first chapter by
introducing Galois representations, and explaining some of their basic properties.

2.1. Basics of Galois representations (and structure of Galois groups). Let K'/K
be a (not necessarily finite) normal and separable extension of fields. Then the
Galois group Gal(K’/K) is the group

{0 e Aut(K') : o|g =idg]}.

This has a natural topology, making it a compact Hausdorff totally disconnected
topological group; equivalently, it is a profinite group. This can be expressed by
the topological isomorphism

Gal(K'/K)=  lim  Gal(K"/K),

K /K finite normal
K"CK'
where the finite groups Gal(K”/K) have the discrete topology. Then Galois theory
gives a bijective correspondence between intermediate fields K’ D K” D K and
closed subgroups H C Gal(K'/K), with K" corresponding to Gal(K'/K") and H
corresponding to K 7; see, e.g., Section 1.6 of [Gruenberg 1967].

Fix a separable closure K of K, and write Gg := Gal(K /K). Let L be a
topological field; then a Galois representation is a continuous homomorphism
p: Gg — GL, (L) for some n. The nature of these representations depends on the
topology on L. For example, if L has the discrete topology, then the image of p is
finite, and p factors through a finite Galois group Gal(K"/K).

Exercise 2.2. If L = C with the usual topology, then p(Gg) is finite, and p is
conjugate to a representation valued in GL, (Q).
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On the other hand, if L/Q), is a finite extension with the p-adic topology, then
there can be examples with infinite image. The rest of these notes will be concerned
with these p-adic representations. For example, if p # char K, we have the p-
adic cyclotomic character ¢, : Gx — _Z; which is uniquely determined by the
requirement that if o € Gg and ¢ € K with ¢?" =1 for some n, then o (¢) =
(@ mod P™) More interesting examples arise from geometry, as we explain in
Section 2.21 below.

Fact 2.3. If L/Q),, is an algebraic extension, and p : Gg — GL, (L) is a continuous
representation, then p(Gg) € GL, (M) for some L D M D Q,, with M/Q),, finite.

Proof. This follows from the Baire category theorem; see, e.g., the proof of
Corollary 5 of [Dickinson 2001b] for the details. ]

Exercise 2.4. If L/Q),, is an algebraic extension, and p : Gk — GL,(L) is a
continuous representation, then p is conjugate to a representation in GL,(Op).

Any finite-dimensional Galois representation has a Jordan—-Holder sequence, and
thus a well-defined semisimplification.

Fact 2.5. Two Galois representations p, o’ : Gx — GL,(L) have isomorphic
semisimplifications if and only if p(g), 0’(g) have the same characteristic poly-
nomials for each g € Gg. If char L = O (or indeed if char L > n), then this is
equivalent to tr p(g) =tr p’(g) for all g € Gg.

Proof. This is a consequence of the Brauer—Nesbitt theorem, [Curtis and Reiner
1962, 30.16] ]

As a corollary of the previous exercise and fact, we see that p-adic representations
have well-defined semisimplified reductions modulo p. Indeed, given p : Gy —
GL, (L) with L/Q),, algebraic, we may conjugate p to be valued in GL, (Oy), reduce
modulo the maximal ideal and semisimplify to get a semisimple representation
p:Gg — GL, (k(L)), whose characteristic polynomials are determined by those
of p.

Remark 2.6. We really do have to semisimplify here; to see why, think about the
reductions modulo p of the matrices ((1) i) and ((1) ‘1’ )

2.7. Local representations with p # l: the monodromy theorem. In this section
we will let K /Q; be a finite extension, for some prime / # p. In order to study the
representations of G g, we firstly recall something of the structure of G itself; see,
e.g., [Serre 1979] for further details. Let g be a uniformizer of Ok, let k = k(K)
denote the residue field of K, and let valg : K™ — Z be the wk-adic valuation. Let
||k := (#k)~ V4% () be the corresponding norm. The action of Gg on K preserves
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valg, and thus induces an action on k, so that we have a homomorphism G ¢ — Gy,
and in fact a short exact sequence

0—>Ix—>Gg—>Gr—0

defining the inertia subgroup /x. We let Frobg = Frob, € G be the geometric
Frobenius element, a topological generator of Gy = Z.
Then we define the Weil group Wg via the commutative diagram

0 1 K G K G k 0
0 Ix Wk Frob? 0

so that W is the subgroup of G g consisting of elements which map to an integral
power of the Frobenius in G. The group Wk is a topological group, but its topology
is not the subspace topology of G g ; rather, the topology is determined by decreeing
that Ik is open, and has its usual topology.

Let K" = K¢ be the maximal unramified extension of K, and let K@M —
U(m’ n=1 K “r(wll(/ ™) be the @aximal tamely ramified extension. Then the wild
inertia subgroup Pk := Gal(K /K"™¢) is the unique Sylow pro-/ subgroup of /.
Let ¢ = (&) (m,1)=1 be a compatible system of primitive roots of unity (i.e., {7, = ).
Then we have a character

to: Ik /Px = [ ] 2,
p#
defined by

__ . (tz(0) (mod m))
I/m = >m :

Exercise 2.8. Any other compatible system of roots of unity is of the form ¢* for
some u €[], Z, and we have e = u™1;.

If o € Wk, then 1, (cto™hH = e(o)t;(t), where ¢ is the cyclotomic character.
We let #; , be the composite of #; and the projection to Z,,.

Local class field theory is summarized in the following statement. (See, for
example, [Tate 1979] for this and the other facts about class field theory recalled
below.)

Theorem 2.9. Let W;‘(b denote the group Wi [[Wg, Wk . Then there are unique
isomorphisms Artg : K* => W;}b such that
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(1) if K'/K is a finite extension, then Artgr = Artg oNk//k,and
(2) we have a commutative square

Art ;
KX —5% Wi

|

7 — Frob%

where the bottom arrow is the isomorphism sending a — Frob%.

The continuous irreducible representations of the group W,‘}b are just the contin-
uous characters of Wg, and local class field theory gives a simple description of
them, as representations of K> = GL;(K). The local Langlands correspondence
for GL,, (see Section 4.1) is a kind of n-dimensional generalization of this, giving
a description of certain representations of GL, (K) in terms of the n-dimensional
representations of W.

Definition 2.10. Let L be a field of characteristic 0. A representation of W over
L is a representation (on a finite-dimensional L-vector space) which is continuous
if L has the discrete topology (i.e., a representation with open kernel).

A Weil-Deligne representation of Wg on a finite-dimensional L-vector space V is
a pair (r, N) consisting of a representation r : Wx — GL(V), and an endomorphism
N € End(V) such that for all 0 € Wk,

r(o)Nr(o)™" = (#) ¥ N,

where vk : Wx — Z is determined by o |guw = Frob* ©)

Remark 2.11. (1) Since I is compact and open in Wk, if r is a representation
of Wk then r(Ig) is finite.

(2) N is necessarily nilpotent.

Exercise 2.12. (1) Show that if (r, V) is a representation of Wg and m > 1 then
the following defines a Weil-Deligne representation Sp,, () with underlying
vector space V™: we let Wi act via

rlArt m o r|Ar T e - @,

and let N induce an isomorphism from rlArt;1 ’k_l to r|Art;1 |i1< for each
i <m—1,and be 0 on r|Artg1 %_1.

(2) Show that every Weil-Deligne representation (r, V') for which r is semisimple
is isomorphic to a direct sum of representations Sp,, (7;)-

(3) Show that if (r, V, N) is a Weil-Deligne representation of Wg, and K'/K is a
finite extension, then (r|w,,, V, N) is a Weil-Deligne representation of Wg:.
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(4) Suppose that r is a representation of Wg. Show that if o € Wg then for some
positive integer n, r(c™) is in the center of r(Wg).

(5) Assume further that o ¢ Ix. Show that for any T € Wk there exists n € Z and
m > 0 such that r(c") =r(t™).

(6) Show that for a representation r of Wk, the following conditions are equivalent:
(a) r is semisimple.
(b) (o) is semisimple for all o € Wk.
(c) r(o) is semisimple for some o ¢ Ik.

(7) Let (r, N) be a Weil-Deligne representation of Wg. Set 7(o) = r(0)*, the
semisimplification of r (o). Prove that (7, N) is also a Weil-Deligne represen-
tation of Wg.

Definition 2.13. We say that a Weil-Deligne representation (r, N) is Frobenius
semisimple if r is semisimple. With notation as in Exercise 2.12(7), we say that
(7, N) is the Frobenius semisimplification of (r, N).

Definition 2.14. If L is an algebraic extension of @, then we say that an element
A € GL, (L) is bounded if it has determinant in O}, and characteristic polynomial
in O [X].

Exercise 2.15. A is bounded if and only if it stabilizes an Oy -lattice in L".

Definition 2.16. Let L be an algebraic extension of Q,. Then we say that r is
bounded if r(o) is bounded for all 0 € Wk.

Exercise 2.17. Show r is bounded if and only if (o) is bounded for some o ¢ Ig.

The reason for all of these definitions is the following theorem, which in practice
gives us a rather concrete classification of the p-adic representations of G.

Proposition 2.18 (Grothendieck’s monodromy theorem). Suppose that | # p,
that K /Qy is finite, and that V is a finite-dimensional L-vector space, with L
an algebraic extension of Q,. Fix ¢ € Wk a lift of Frobg and a compatible
system ($m) (m,1)=1 of primitive roots of unity. If p : Gx — GL(V) is a continuous
representation then there is a finite extension K'/K and a uniquely determined
nilpotent N € End(V) such that for all o € I,

p(0) =exp(Nt; ,(0)).

Forall 6 € W, we have p(c)Np(o)™' = #k~ '@ N. In fact, we have an equiva-
lence of categories WD = WDy , from the category of continuous representations of
G g on finite-dimensional L-vector spaces to the category of bounded Weil-Deligne
representations on finite-dimensional L-vector spaces, taking

p> (V.r,N), r(t):=p(r)exp(—i p(¢ " DT)N).

The functors WD¢+ o and WD; , are naturally isomorphic.



MODULARITY LIFTING THEOREMS 79

Remark 2.19. Note that since N is nilpotent, the exponential here is just a polyno-
mial — there are no convergence issues!

The proof is contained in the following exercise.

Exercise 2.20. (1) By Exercise 2.4 there is a G g-stable Oy -lattice A C V. Show
that if G- is the kernel of the induced map Gg — Aut(A/pA), then K'/K
is a finite extension, and p(Gg) is pro-p. Show that p|;,, factors through
Irp: Iy — Zp.

(2) Choose o € Ik such that #; , (o) topologically generates ; ,(/x’). By consid-
ering the action of conjugation by ¢, show that the eigenvalues of p(o) are
all p-power roots of unity. Hence show that one may make a further finite
extension K”/K’ such that the elements of p(Ig~) are all unipotent.

(3) Deduce the existence of a unique nilpotent N € End(V) such that for all
o € Igr, p(0) =exp(Nt; p(0)). [Hint: use the logarithm map (why are there
no convergence issues?).]

(4) Complete the proof of the proposition, by showing that (r, N) is a Weil-Deligne
representation. Where does the condition that » is bounded come in?

One significant advantage of Weil-Deligne representations over Galois rep-
resentations is that there are no subtle topological issues: the topology on the
Weil-Deligne representation is the discrete topology. This allows one to describe
representations in a way that is “independent of L”, and is necessary to make
sense of the notion of a compatible system of Galois representations (or at least
to make sense of it at places at which the Galois representation is ramified); see
Definition 2.32 below.

2.21. Local representations with p = l: p-adic Hodge theory. The case [ = p
is far more complicated than the case [ # p, largely because wild inertia can act
in a highly nontrivial fashion, so there is no simple analogue of Grothendieck’s
monodromy theorem. (There is still an analogue, though, it’s just much harder
to state and prove, and doesn’t apply to all p-adic Galois representations.) The
study of representations Gg — GLn(@p) with K/Q),, finite is part of what is
called p-adic Hodge theory, a subject initially developed by Fontaine in the 1980s.
For an introduction to the part of p-adic Hodge theory concerned with Galois
representations, the reader could consult [Berger 2004]. There is a lot more to
p-adic Hodge theory than the study of Galois representations, and an excellent
overview of some recent developments in the more geometric part of the theory
can be found in [Bhatt 2021]. We will content ourselves with some terminology,
some definitions, and some remarks intended to give intuition and motivation.
Fix K/Q, finite. In some sense, “most” p-adic Galois representations G g —
GL,(Q ») will not be relevant for us, because they do not arise in geometry, or in
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the Galois representations associated to automorphic representations. Instead, there
is a hierarchy of classes of representations

{crystalline} C {semistable} C {de Rham} C {Hodge-Tate}.

For any of these classes X, we say that p is potentially X if there is a finite extension
K'/K such that p|g,, is X. A representation is potentially de Rham if and only
if it is de Rham, and potentially Hodge—Tate if and only if it is Hodge—Tate; the
corresponding statements for crystalline and semistable representations are false,
as we will see concretely in the case n = 1 later on. The p-adic analogue of
Grothendieck’s monodromy theorem is the following deep theorem of Berger.

Theorem 2.22 (the p-adic monodromy theorem). A representation is de Rham if
and only if it is potentially semistable.

The notion of a de Rham representation is designed to capture the representations
arising in geometry; it does so by the following result of Tsuji (building on the
work of many people).

Theorem 2.23. If X/K is a smooth projective variety, then each Hét(X xx K,Q »)
is a de Rham representation.

Similarly, the definitions of crystalline and semistable are designed to capture
the notions of good and semistable reduction, and one has (again as a consequence
of Tsuji’s work); see Section 2.5 of [Berger 2004].

Theorem 2.24. If X/K is a smooth projective variety with good (respectively,
semistable) reduction, then each Héit(X xg K, Qp) is a crystalline (respectively,
semistable) representation.

Thus the p-adic monodromy theorem can be thought of as a Galois-theoretic
incarnation of Grothendieck’s semistable reduction theorem.

The case that n = 1 is particularly simple, as we now explain. In this case,
every semistable character is crystalline, and the de Rham characters are exactly the
Hodge-Tate characters. In the case K =, these are precisely the characters whose
restrictions to inertia are of the form ¢} where ¥ has finite order and m € Z, while
the crystalline characters are those for which 1 is trivial. A similar description exists
for general K, with &) replaced by a product of so-called Lubin-Tate characters.

Fact 2.25. A character x : Ggx — @; is de Rham if and only if there is an open
subgroup U of K * and an integer n, for each 7 : K < @, such that (x oArtg)(a) =
[1; (@)~ for each @ € U, and it is crystalline if and only if we can take U = Og.
See Exercise 6.4.3 of [Brinon and Conrad 2009].

As soon as n > 1, there are noncrystalline semistable representations, and non-
de Rham Hodge—-Tate representations. A useful heuristic when comparing to the / #
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p case is that crystalline representations correspond to unramified representations,
semistable representations correspond to representations for which inertia acts
unipotently, and de Rham representations correspond to all representations.

Suppose that p : Gx — GL,(Q ») 1s a Hodge—Tate representation. Then for
each7: K — Q p there is a multiset of t-labeled Hodge—Tate weights (defined for
example in the notation section of [Barnet-Lamb et al. 2014], where they are called
“Hodge-Tate numbers”) HT; (p) associated to p; this is a multiset of integers, and
in the case of a de Rham character x as above, HT;(x) = n;. In particular, the
p-adic cyclotomic character ¢, has all Hodge-Tate weights equal to —1. If K'/K
is a finite extension, and ' : K’ < @, extends 7 : K < Q,, then

HTr’(,O|G,</) =HT:(p).

If furthermore p is potentially semistable (equivalently, de Rham) then a con-
struction of Fontaine associates a Weil-Deligne representation WD(p) = (r, N) of
Wk to p. If K'/K is a finite extension, then WD(plG,) = (rlw,,, N). It is known
that p is semistable if and only if r is unramified, and that p is crystalline if and
only if r is unramified and N = 0. Thus p is potentially crystalline if and only
N=0.

2.26. Number fields. We now consider the case that K is a number field (that is, a
finite extension of @). If v is a finite place of K, we let K, denote the completion of
K atv. If K'/K is a finite Galois extension, then Gal(K’/K) transitively permutes
the places of K’ above v; if we choose one such place w, then we define the
decomposition group

Gal(K'/K)y := {0 € Gal(K'/K) | wo = w}.

Then we have a natural isomorphism Gal(K'/K),, => Gal(K,/K,), and since
Gal(K'/K)w, =0~ Gal(K'/K),,0, we see that the definition extends to general
algebraic extensions, and in particular we have an embedding G g, < Gk which is
well-defined up to conjugacy (alternatively, up to a choice of embedding K < K,).
(Note that you need to be slightly careful with taking completions in the case that
K'/K is infinite, as then the extension K, /K, need not be algebraic; we can for
example define Gal(K,,/K,) to be the group of continuous automorphisms of K,
which fix K, pointwise.)

If K'/K is Galois and unramified at v, and w is a place of K’ lying over v, then
we define

Frob,, := Frobg, € Gal(K, /K,) => Gal(K'/K),, — Gal(K'/K).

We have Frob,,, = o ~! Frob,, o, and thus a well-defined conjugacy class [Frob,] =
{Froby}y|» in Gal(K'/K).
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Fact 2.27 (Chebotarev density theorem). If K’/K is a Galois extension which is
unramified outside of a finite set S of places of K, then the union of the conjugacy
classes [Frob,], v ¢ S is dense in Gal(K'/K).

We briefly recall a statement of global class field theory. Let Ag denote the adeles
of K, and write Ko, = Hvloo K,. Let K® = K[Gx.Gxl pe the maximal abelian
extension of K. Then there is a homomorphism Artg : AIX( J(KX)° — Gal(K ab /K),
defined in the following way: for each finite place v of K, the restriction of Artg
to K agrees with the local Artin maps Artg , and similarly at the infinite places,
it agrees with the obvious isomorphisms Artg, : K /(K))° = Gal(K, /Ky). (In
both cases, the symbol ° refers to the connected component of the identity.) Then
global class field theory states that Artx induces an isomorphism

Artg 1 A% /KX(KE)° <> Gal(K™/K).

The global Galois representations that we will care about are those that Fontaine
and Mazur call geometric. Let L /Q, be an algebraic extension.

Definition 2.28. If K is a number field, then a continuous representation p : Gx —
GL, (L) is geometric if it is unramified outside of a finite set of places of K, and if
for each place v | p, plGy, is de Rham.

Remark 2.29. It is known that both conditions are necessary; that is, there are
examples of representations which are unramified outside of a finite set of places of
K but not de Rham at places lying over p, and examples of representations which
are de Rham at all places lying over p, but are ramified at infinitely many places.
(As we will see in Theorem 2.43, these examples require n > 1.)

In practice (and conjecturally always), geometric Galois representations arise
as part of a compatible system of Galois representations. There are a number
of different definitions of a compatible system in the literature, all of which are
conjecturally equivalent (although proving the equivalence of the definitions is
probably very hard). The following definition, taken from [Barnet-Lamb et al.
2014], is simultaneously a strong enough set of assumptions under which one can
hope to employ automorphy lifting theorems to study a compatible system, and is
weak enough that the conditions can be verified in interesting examples.

Definition 2.30. Suppose that K and M are number fields, that S is a finite set
of places of K and that n is a positive integer. By a weakly compatible system of
n-dimensional p-adic representations (for varying p) of G defined over M and
unramified outside S we mean a family of continuous semisimple representations

r.: Gk — GL, (M),

where A runs over the finite places of M, with the following properties:
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 If v ¢ Sisafinite place of K, then for all A not dividing the residue characteristic
of v, the representation r,,_is unramified at v and the characteristic polynomial
of r) (Frob,) lies in M[X] and is independent of A.

» Each representation r, is de Rham at all places above the residue characteristic
of A, and in fact crystalline at any place v ¢ S which divides the residue
characteristic of A.

« For each embedding 7 : K < M the t-labeled Hodge-Tate weights of r;, are
independent of A.

Remark 2.31. By the Chebotarev density theorem and the Brauer—Nesbitt theorem,
each r, is determined by the characteristic polynomials of the r, (Frob,) for v ¢ S,
and in particular the compatible system is determined by a single ;. Note that for
a general element o € G, there will be no relationship between the characteristic
polynomials of the r, (o) as A varies (and they won’t even lie in M[X], so there
will be no way of comparing them).

There are various other properties one could demand; for example, we have the
following definition (again following [Barnet-Lamb et al. 2014], although we have
slightly strengthened the definition made there by allowing A to divide the residue
characteristic of v).

Definition 2.32. We say that a weakly compatible system is strictly compatible if
for each finite place v of K there is a Weil-Deligne representation WD,, of Wk,
over M such that for each finite place A of M and every M-linear embedding
¢ : M — M, we have ¢ WD, EWD(r,ﬂGKU)F'SS.

Conjecturally, every weakly compatible system is strictly compatible, and even
satisfies further properties, such as purity; see, e.g., Section 5 of [Barnet-Lamb et al.
2014]. We also have the following consequence of the Fontaine—Mazur conjecture
(Conjecture 2.38 below) and standard conjectures on the étale cohomology of
algebraic varieties over number fields.

Conjecture 2.33. Any semisimple geometric representation G ¢ — GL, (L) is part
of a strictly compatible system of Galois representations.

In practice, most progress on understanding these conjectures has been made by
using automorphy lifting theorems to prove special cases of the following conjecture.

Conjecture 2.34. Any weakly compatible system of Galois representations is strictly
compatible, and is in addition automorphic, in the sense that there is an algebraic
automorphic representation (in the sense of [Clozel 1990]) & of GL, (Ag) with
the property that WD,, = recg, (m, |det|'=™/2) for each finite place v of K, where
rec, is the local Langlands correspondence as in Section 4.1 below.
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2.35. Sources of Galois representations. The main source (and conjecturally the
only source) of compatible systems of Galois representations is the étale cohomology
of algebraic varieties. We have the following result, a consequence of Theorem 2.23
and “independence of [” results in étale cohomology [Katz and Messing 1974].

Theorem 2.36. Let K be a number field, and let X/K be a smooth projective
variety. Then for any i, j, the Hét(X xx K, Q,)*(j) (the (j) denoting a Tate twist)
form a weakly compatible system (defined over Q) as p varies.

Remark 2.37. Conjecturally, it is a strictly compatible system, and there is no need
to semisimplify the representations. Both of these properties are known if X is an
abelian variety; see Section 2.4 of [Fontaine 1994].

Conjecture 2.38 (the Fontaine-Mazur conjecture [Fontaine and Mazur 1995]).
Any irreducible geometric representation p : Gg — GL,(Q)) is (the extension of

scalars to Q,, of ) a subquotient of a representation arising from étale cohomology
as in Theorem 2.36.

Remark 2.39. The Fontaine—Mazur—Langlands conjecture is a somewhat ill-defined
conjecture, which is essentially the union of Conjectures 2.33 and 2.34, expressing
the expectation that an irreducible geometric Galois representation is automorphic.

When n =1, all of these conjectures are essentially known, as we will now explain.
For n > 1, we know very little (although the situation when K = Q and n =2 is pretty
good), and the main results that are known are as a consequence of automorphy
lifting theorems (as discussed in these notes) and of potential automorphy theorems
(which are not discussed in these notes, but should be accessible given the material
we develop here; for a nice introduction, see [Buzzard 2012]).

Definition 2.40. A Grissencharacter is a continuous character x : Ag/K* — C*.
We say that y is algebraic (or “type Aq”) if for each 7 : K — C there is an integer n,,
such that for each a € (K%)°, we have x (a) =[], (z(a))™"".

Definition 2.41. Let L be a field of characteristic zero such that for each embedding
7:K <> L, we have 7(K) € L. Then an algebraic character xo: Ay — L*isa
character with open kernel such that for each 7 : K < L there is an integer n, with
the property that for all « € K*, we have xo(e) =[], (t(a))"".

Exercise 2.42. Show that if g is an algebraic character, then y( takes values in some
number field. [Hint: show that AIX( /(K * ker xo) is finite, and that xo(K* ker o) is
contained in a number field.]

Theorem 2.43. Let E be a number field containing the normal closure of K. Fix
embeddings 1, : E — C, Ip: E — Qp. Then the following are in natural bijection:

(1) Algebraic characters xo: Ag — E*.
(2) Algebraic Grossencharacters x : Ag /K* — C*.
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(3) Continuous representations p : Gx — @; which are de Rham at all v | p.
(4) Geometric representations p : Gx — @;

Exercise 2.44. Prove Theorem 2.43 as follows; see, e.g., Section 1 of [Fargues
2011] for more details. Firstly, use Fact 2.25, together with global class field theory,
to show that (3) and (4) are equivalent. For the correspondence between (1) and
(2), show that we can pair up xo and x by

x(@) =1 (Xo(a) 1_[ r(aoo)_"'oolr),

T:K—C

For the correspondence between (1) and (3), show that we can pair up xo and p by

(poArtK)(ot):lp<X0(a) 1_[ T(ap)nlplr)

:K—>Q P
3. Galois deformations

The “lifting” in “modularity lifting theorems” refers to deducing the modularity
of a p-adic Galois representation from the modularity of its reduction modulo p;
so we “lift” the modularity property from characteristic p to characteristic zero.
In this section we consider the Galois-theoretic aspects of this lifting, which are
usually known as “Galois deformation theory”.

There are a number of good introductions to the material in this section, and
for the most part we will simply give basic definitions and motivation, and refer
elsewhere for proofs. In particular, [Mazur 1997] is a very nice introduction to
Galois deformations (although slightly out of date, as it does not treat liftings/framed
deformations), and [Bockle 2013] is a thorough modern treatment.

3.1. Generalities. Take L/Q, finite with ring of integers O = O and maximal
ideal A, and write F = O/A. Let G be a profinite group which satisfies the fol-
lowing condition (Mazur’s condition ®,): for each open subgroup A of G, then
A/{[A, A], AP) is finite. Equivalently (see, e.g., Exercise 1.8.1 of [Bockle 2013]),
for each A the maximal pro-p quotient of A is topologically finitely generated. If
G is topologically finitely generated, then @, holds, but we will need to use the
condition for some G (the global Galois groups G s defined below) which are not
known to be topologically finitely generated.

In particular, using class field theory or Kummer theory, it can be checked that
@, holds if G =Gk = Gal(K /K) for some prime [ (possibly equal to p) and some
finite extension K/, or if G = Gk s = Gal(Ks/K) where K is a number field, S
is a finite set of finite places of K, and Ks/K is the maximal extension unramified
outside of S and the infinite places; see, e.g., the proof of Theorem 2.41 of [Darmon
et al. 1997].
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Fix a continuous representation p : G — GL,(F). Let Co be the category of
complete local Noetherian O-algebras with residue field [, and consider the functor
Co — Sets which sends A to the set of continuous representations p : G — GL,,(A)
such that p mod m4 = p (that is, to the set of [ifts of p to A).

Lemma 3.2. This functor is represented by a representation p : G — GLn(RE).

Proof. This is straightforward; see Proposition 1.3.1(a) of [Bockle 2013] for a
closely related result (showing the prorepresentability of the functor restricted to
Artinian algebras), or to [Dickinson 2001a] for a complete proof of a more general
result. (]

Definition 3.3. We say that RﬁD is the universal lifting ring (or in Kisin’s terminology,
the universal framed deformation ring). We say that p= is the universal lifting of p.

If Endgg) p = F we will say that p is Schur. By Schur’s lemma, if p is absolutely
irreducible, then p is Schur. In this case, there is a very useful (and historically
earlier) variant on the above construction.

Definition 3.4. Suppose that p is Schur. Then a deformation of p to A € obCp is
an equivalence class of liftings, where p ~ p’ if and only if p’ = apa~ for some
a € ker(GL,,(A) — GL,(F)) (or equivalently, for some a € GL,,(A)).

Lemma 3.5. If p is Schur, then the functor Co — Sets sending A to the set of
deformations of p to A is representable by some p*™ : G — GL, (R;™).

Proof. See Proposition 1.3.1(b) of [Bockle 2013], or Theorem 2.36 of [Darmon
et al. 1997] for a more hands-on approach. ([

Definition 3.6. We say that p"™" (or more properly, its equivalence class) is the
universal deformation of p, and R%“‘V is the universal deformation ring.

Deformations are representations considered up to conjugation, so it is reasonable
to hope that deformations can be studied by considering their traces. In the case
that p is absolutely irreducible, universal deformations are determined by traces in
the following rather strong sense. This result is essentially due to Carayol [1994].

Lemma 3.7. Suppose that p is absolutely irreducible. Let R be an object of Co,
and p : G — GL,(R) a lifting of p:
(1) Ifa € GL,(R) and apa™" = p then a € R*.
(2) If p’ : G — GL,(R) is another continuous lifting of p and tr p = tr p’, then
there is some a € ker(GL,(R) — GL,,(F)) such that p' = apa™".
3) If S C R is a closed subring with S € obCp and mg=mgNS, and iftr p(G) C S,
then there is some a € ker(GL, (R) — GL, (F)) such that apa™" : G — GL,(S).

Proof. See Lemmas 2.1.8 and 2.1.10 of [Clozel et al. 2008], or Theorem 2.2.1 of
[Bockle 2013]. U
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Exercise 3.8. Deduce from Lemma 3.7 that if p is absolutely irreducible, then
R;™ is topologically generated over O by the values tr "V (g) as g runs over any
dense subset of G.

Exercise 3.9. Show that if p is absolutely irreducible, then RﬁD is isomorphic to
a power series ring in (n> — 1) variables over RZ™. Hint: let p"™ be a choice of
universal deformation, and consider the homomorphism

DG > GL,(RY™IX; i j=1..n/(X1.1))
given by p” = (1, + (X; ;)" (1, + (X, ;))~". Show that this is the universal lifting.
3.10. Tangent spaces. The tangent spaces of universal lifting and deformation

rings have a natural interpretation in terms of liftings and deformations to the ring
of dual numbers, Fle]/ (€2).

Exercise 3.11. Show that we have natural bijections between:

(1) Hom[p(mRﬁu/(mig, 1), F).

(2) Homo (RS, Flel/(e%).
(3) The set of liftings of p to Flel/ ().
(4) The set of cocycles Z!(G, ad p).

Show that if p is absolutely irreducible, then we also have a bijection between
Hom[p(mRumv/(mRumv, 1), F) and H'(G, ad p).

Hint: given f eHom[p(m &Y /(m? posl 1), F), define an element of Home(RY, Fle]/(£2))
by sending a +x toa+ f (x)e Whenever aceOandxe mD- Given a cocycle ¢ €
Z'(G, ad p), define a lifting p : G — GL,, (F[¢] /(82)) by ,o(g) =1+¢(g)e)p(g).
Corollary 3.12. We have

dimy m .0 /(miD, 1) = dimg H'(G, ad p) + n* — dimg H%(G, ad p).
p p
Proof. This follows from the exact sequence
0— (adp)’ > adp — Z'(G,adp) > H' (G, ad p) — 0. O

In particular, if d := dimg Z (G, ad p), then we can choose a surjection ¢ :
Ollxy, ..., xq] = RE. Similarly, if p is absolutely irreducible, we can choose a
surjection ¢’ : Of[x1, ..., xg ] — R%““’, where d’ := dimy H'(G, ad p).

Lemma 3.13. If J =ker¢ or J =Kker¢’, then there is an injection
Homg(J/mJ, F) < H*(G, ad p),

where m denotes the maximal ideal of Olxy, ..., xq4]l or Olxy, ..., xqa] respec-
tively.
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Proof. See the proof of Proposition 2 of [Mazur 1989]. U

Corollary 3.14. If H*(G, ad p) = 0, then RE is formally smooth of relative dimen-
sion dimg Z'(G, ad p) over O.
In any case, the Krull dimension of R/3D is at least

1 4+ n? —dimy H%(G, ad p) + dimy H'(G, ad p) — dimy H%(G, ad p).
If p is absolutely irreducible, then the Krull dimension of Rg“iv is at least
1 4+ dimg H'(G, ad p) — dimy H*(G, ad p).

3.15. Deformation conditions. In practice, we frequently want to impose additional
conditions on the liftings and deformations we consider. For example, if we are
trying to prove the Fontaine-Mazur conjecture, we would like to be able to restrict
to global deformations which are geometric. There are various ways in which
to impose extra conditions; we will use the formalism of deformation problems
introduced in [Clozel et al. 2008].

Definition 3.16. By a deformation problem D we mean a collection of liftings
(R, p) of (F, p) (with R an object of Cp), satisfying the following properties:

o (F,p)eD.
o If f: R— §isamorphism in Cp and (R, p) € D, then (S, fop) € D.

o If f: R < S is an injective morphism in Cp then (R, p) € D if and only if
(S, fop)eD.

» Suppose that R|, Ry e obCp and Iy, I, are closed ideals of R, R, respectively
such that there is an isomorphism f : R;/I; = R»/I. Suppose also that
(R1, p1), (Ry, p2) € D, and that f(p; mod I;) = p, mod I,. Then ({(a, b) €
Ri®Ry: f(a mod I}) =b mod I}, p1 ® p2) € D.

o If (R, p) is a lifting of (F, p) and I} D I, D --- is a sequence of ideals of R
with N;1; =0, and (R/I;, p mod I;) € D for all j, then (R, p) € D.

« If (R, p) € D and a € ker(GL, (R) — GL,(F)), then (R, apa™"') € D.

In practice, when we want to impose a condition on our deformations, it will be
easy to see that it satisfies these requirements. (An exception is that these properties
are hard to check for certain conditions arising in p-adic Hodge theory, but we
won’t need those conditions in these notes.)

The relationship of this definition to the universal lifting ring is as follows. Note
that each element a € ker(GLn(RﬁD) — GL,(F)) acts on RE, via the universal property
and by sending p" to a~!pPa. [Warning: this isn’t a group action, though!]
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Lemma 3.17. (1) If D is a deformation problem then there is a ker(GL, (RE) —
GL, (F))-invariant ideal I (D) of RE such that (R, p) € D if and only if the map
RE — R induced by p factors through the quotient RﬁD/ 1 (D).

(2) Let L(D) € Z'(G,ad p) = Hom(mRE/(A, miE), F) denote the annihilator of the
image of I (D) in m RﬁD/ (A, miﬁm). Then L(D) is the preimage of some subspace
L(D) € HY(G, ad p).
B) Iflisa ker(GLn(RE) — GL, (F))-invariant ideal of RﬁD with/I =1 and I #m RD
then

D) :={(R, p): RE — R factors through RE/I}

is a deformation problem. Furthermore, we have I (D(1)) = I and D(I (D)) =D.

Proof. See Lemma 2.2.3 of [Clozel et al. 2008] and Lemma 3.2 of [Barnet-Lamb
et al. 2011] (and for (2), use that I (D) is ker(GL,,(RE) — GL,(F))-invariant). [

3.18. Fixing determinants. For technical reasons, we will want to fix the determi-
nants of our Galois representations; see Remark 5.12 of [Calegari and Geraghty
2018]. To this end, let x : G — O be a continuous homomorphism such that
x mod A = det p. Then it makes sense to ask that a lifting has determinant y, and
we can define a universal lifting ring REX for lifts with determinant x, and when p
is Schur, a universal fixed determinant deformation ring Rg{l)l(v.

Exercise 3.19. Check that the material developed in the previous section goes over
unchanged, except that ad p needs to be replaced with ad’ p := {x e ad p : trx = 0.

Note that since we are assuming throughout that p{n, ad’ p is a direct summand
of ad p (as a G-representation).

3.20. Global deformations with local conditions. Now fix a finite set S, and
for each v € §, a profinite group G, satisfying ®,, together with a continuous
homomorphism G, — G, and a deformation problem D, for p|g,. [In applications,
G will be a global Galois group, and the G, will be decomposition groups at finite
places.]

Also fix x : G — O, a continuous homomorphism such that y mod A = det p.
Assume that p is absolutely irreducible, and fix some subset 7 C S.

Definition 3.21. Fix A € obCp. A T-framed deformation of p of type S :=
(S, {Dy}ves, x) to A is an equivalence class of tuples (p, {oy}ver), where p : G —
GL, (A) is a lift of p such that det p = x and p|g, € D, forall v € §, and «, is an
element of ker(GL,(A) — GL, (F)).

The equivalence relation is defined by decreeing that for each g € ker(GL,(A) —

GL,(F)), we have (o, {ay}ver) ~ (BoB", {Bay}ver).
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The point of considering 7-framed deformations is that it allows us to study
absolutely irreducible representations o for which some of the p|g, are reducible,
because if (p, {oty}ver) is a T-framed deformation of type S, then oc;l,o|GUocv is
a well-defined element of D, (independent of the choice of representative of the
equivalence class). The following lemma should be unsurprising.

Lemma 3.22. The functor Co — Sets sending A to the set of T -framed deforma-
tions of p of type S is represented by a universal object pP7 : G — GLn(RET).

Proof. See Proposition 2.2.9 of [Clozel et al. 2008]. O
If T = @ then we will write Rgni" for RET
3.23. Presenting global deformation rings over local lifting rings. Continue to

use the notation of the previous subsection. Since ;! o7 |G, a, is a well-defined
element of D,,, we have a tautological homomorphism R%’G L/ (Dy) —~> RET. Define

RS :=®uer (RS, /1(Dy)).

Then we have a natural map RS — Ry

We now generalize Corollary 3.14 by considering presentations of RY S| over Rl"C
In order to compute how many variables are needed to present RS S| over R};’CT, we
must compute dimg m Rr /(m? e M gioe A). Unsurprisingly, in order to compute

this, we will compute a certam H !

We define a complex as follows. As usual, given a group G and an F[G]-
module M, we let C'(G, M) be the space of functions G' — M, and we let
d:C'(G, M) — C'*1(G, M) be the usual coboundary map. We define a complex
CfS,T,loc(G’ ado '5) by

Cg,T,loc(G’ ado 15) = GBUGTCO(GU’ ad /3) ® GBUES\TO?
CL 710¢(G. ad” §) = Byer C1(Gy, ad” ) @ Byes\C 1 (Gy, ad” 5)/L(Dy),
and fori > 2,
Ci.7.10c(G- ad” p) = ByesC' (G, ad’ ).

Let C(G, ad’ p) := C%(G, ad p), and set C}(G, ad® p) = C' (G, ad’ p) fori > 0.

Then we let H é,T(G’ ad’ p) denote the cohomology of the complex
C5.7(G,ad’ p) := C\(G,ad’ p) ® C§ 7 1. (G, ad” p)

where the coboundary map is given by

(@, (V) = (3, (@lg, — ).

Then we have an exact sequence of complexes

0= C57100(G. ad’ p) = C5 (G, ad’ p) — C}{(G, ad’ p) — 0,
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and the corresponding long exact sequence in cohomology is

0~ HY(G,ad’p) ~ H’(G,adp)

H} (G.ad’p) > H'(G,ad’p) » ®uer H'(G,,ad’ p)®yes\7 H'(Gy,adp)/L(D,)

@UETHO(Gvaad/_))

T H2,(G,ad°p) » H*(G,ad’p)

3~ 00—
Hg,T(G,adOp) _— .

@UGSHZ(GvaadO/_))

Taking Euler characteristics, we see that if we define the negative Euler characteris-
tic x by x(G,ad’p) = Y_,(=1)'~" dimg H'(G, ad’ p), we have

xs.7(G,ad’ p) = =1+ x(G,ad’ p) = Y~ x(G,,ad’ p)

ves
+ Z(dim[F H%(G,, ad p) — dim; H°(G,, ad’ p))
veT
+ ) (dimg L(D,) — dime H%(Gy, ad’ ).
veS\T

From now on for the rest of the notes, we specialize to the case that F' is a number
field, S is a finite set of finite places of F including all the places lying over p,
and we set G = Gfr.s, G, = Gf, for v € S. (Since G = GF, g, note in particular
that all deformations we are considering are unramified outside of S.) We then
employ standard results on Galois cohomology that can be found in [Milne 2006].
In particular, we have Hi (GF,,adp) =0if i > 3, and

H (Gr.5,ad’ 5) = @y et H (G F,, ad’ 5) =0

if i > 3 (the vanishing of the local cohomology groups follows as p > 2, so GF,
has order coprime to that of ad’ p). Consequently, H é‘,T(G rs,ad’ p) =0ifi > 3.

We now employ the local and global Euler characteristic formulas. For simplicity,
assume from now on that 7' contains all the places of S lying over p. The global
formula gives

X(Grs,ad’ p) ==Y dimg H*(G,, ad’ p) +[F : Ql(n* — 1),

v|oo

and the local formula gives

Y x(Gr,ad’p) =Y (> = DIF,: Q,] = (x> = D[F : Q],

ves v|p
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so that

xs.7(GF,s,ad’ p)
=—1-+#T—) dims H*(G,.ad’ p)+  _ (dimg L(D,)—dimg H*(G . ad’ p)).
v|oo veS\T
Assume now that p is absolutely irreducible; then H %G rs,adp) = F, so
H‘(S)’T(GF,S, ad® p) = F. To say something sensible about H;T(GF,S, ad® p) we
still need to control the H ;T and H g’T. Firstly, the above long exact sequence
gives us in particular the exact sequence

H'(GF 5.ad°p) » ®yerH (G, ,ad’5)®ycs\7 H' (GF,.ad’p)/L(Dy)

—— 2

H3 1(GF 5,ad’p) » H*(GF 5,ad"p)

ByesH*(GF,.ad"p)

HZ 1(GF,s.ad°p) 0.

On the other hand, from the Poitou-Tate exact sequence [Milne 2006, Proposi-
tion 4.10, Chapter 1] we have an exact sequence

H'(Grs,ad’ p) — ®yesH (G, ad’ p) — H'(Gp s, (ad” p)¥ (1))

— 5~ _ _ _
H*(Gps,ad’ p) — DyesH*(GF,, ad" p) — H’(Gr s, (ad’ p)¥ (1)) — 0.

Note that ad® 5 is self-dual under the trace pairing, so we can and do identify
(ad’ )V (1) and (ad® p)(1). If we let L(D,)* € H'(GF,, (ad’ p)(1)) denote the
annihilator of L(D,) under the pairing coming from Tate local duality, and we
define

Hi 1(Gr.s. (ad® p)(1))
:=ker(H'(Grs, (ad’ p)(1)) = @yes\r (H'(GF,, (ad’ p)(1))/L(D,)*)),

then we deduce that we have an exact sequence

HY(GF 5.ad°0)> ®yc7H (G F,,ad’ p)Byes\TH' (G F,.ad’5)/L(Dy)

H} 1(Gp s.ad%5(1)"> H*(GF,5.adp)

BvesH*(GF,.ad’p)

HY%GF 5,ad5(1))Y

0,

and comparing with the diagram above shows that

H3 1(Gr.s.ad’ p) = H(Gr.s,ad’ p(1))",
H3 1 (Grs.ad’ p) = HS 7(Grs,ad’ p(1))".
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Combining all of this, we see that

dimg H} 1(Gr.5,ad’ p) =#T — Y~ dimg H*(GF,. ad” p)

v| oo

+ ) (dimg L(D,) — dimg H'(GF,, ad’ p))
veS\T

+dims Hg 7(Gr.s, ad’ p(1))
— dimg H(G s, ad’ p(1)).

Now, similar arguments to those we used above give us the following result; see
Section 2.2 of [Clozel et al. 2008].

Proposition 3.24. (1) There is a canonical isomorphism

2 ~ gyl 0~
Hom(mRET/(mRET’ ng),CT’ )")7 H:) - HS’T(GF,Sv ad ,0)

2) RS is the quotient of a power series ring in dimy HL (G s, ad® p) variables
S q p 8 S.T \ P
over RL?CT.

(3) The Krull dimension of Rg“iv is at least

14+ (Krull dim(R5|  /1(D,)) —n?)

PG,
ves

— Z dimg H(Gf,, ad’ p) — dimg H*(Gr.s, ad® 5(1)).

v| oo

3.25. Finiteness of maps between global deformation rings. Suppose that F'/F
is a finite extension of number fields, and that S’ is the set of places of F’ lying
over S. Assume that p|g,, , is absolutely irreducible. Then restricting the universal
deformation p"™ of p to G/ ¢ gives a ring homomorphism R%‘llé‘;/ g R%m". The
following very useful fact is due to Khare and Wintenberger. '

Proposition 3.26. The ring R%"iv is a finitely generated R%’l‘év -module.
F'.s

Proof. See, e.g., Lemma 1.2.3 of [Barnet-Lamb et al. 2014]. (Il

3.27. Local deformation rings with | = p. For proving modularity lifting theorems,
we typically need to consider local deformation rings when [ = p which capture
certain properties in p-adic Hodge theory (for example being crystalline with fixed
Hodge-Tate weights). These deformation rings are one of the most difficult and
interesting parts of the subject; for example, a detailed computation of deformation
rings with / = p = 3 was at the heart of the eventual proof of the Taniyama—Shimura—
Weil conjecture.

For the most part, the relevant deformation rings when [ = p are still not well
understood; we don’t have a concrete description of the rings in most cases, or even
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basic information such as the number of irreducible components of the generic
fiber. In these notes, we will ignore all of these difficulties, and work only with the
“Fontaine—Laffaille” case, where the deformation rings are formally smooth. This
is already enough to have important applications.

Assume that K /Q, is a finite unramified extension, and assume that L is chosen
large enough to contain the images of all embeddings K < @ p- Foreacho : K — L,
let H, be a set of n distinct integers, such that the difference between the maximal
and minimal elements of H, is less than or equal to p — 2.

Tlmleorf:m 3.28. There is a uniq.ue reduced, p-tors.ion frequuot_ient R%! ventio) O
R/E L With th.e property tf.zat a cogtl.nuous hon.wmorphlsm ViR — Q, factors through
RS cimyy U and only if ¥ o p- is crystalline, and for each o : K < L, we have
HT, (¥ 0 p7) = H.

Furthermore it has Krull dimension given by

dim RY

pox.cr{He) = n*+[K: @p]%n(n —1),

. D . . o, . . .
and in fact R, ..y , is formally smooth over O, i.e., it is isomorphic to a power se-

ries ring inn* — 14K : @p]%n(n — 1) variables over O.

In fact, if we remove the assertion of formal smoothness, Theorem 3.28 still
holds without the assumption that K /Q),, is unramified, and without any assumption
on the difference between the maximal and minimal elements of the H,, but in
this case it is a much harder theorem of Kisin [2008]. In any case, the formal
smoothness will be important for us.

Theorem 3.28 is essentially a consequence of Fontaine—Laffaille theory [Fontaine
and Laffaille 1982], which is a form of integral p-adic Hodge theory; it classifies
the Galois-stable lattices in crystalline representations, under the assumptions we’ve
made above. The first proof of Theorem 3.28 was essentially in Ramakrishna’s thesis
[1993], and the general result is the content of Section 2.4 of [Clozel et al. 2008].

3.29. Local deformation rings with p 1. In contrast to the situation when [ = p,
we will need to consider several deformation problems when [ # p. We will restrict
ourselves to the two-dimensional case. Let K /Q; be a finite extension, with [ # p,
and fix n = 2. As we saw in Section 2.7, there is essentially an incompatibility
between the wild inertia subgroup of Gk and the p-adic topology on GL,(0O),
which makes it possible to explicitly describe the p-adic representations of G,
and consequently the corresponding universal deformation rings. This was done
in varying degrees of generality over a long period of time; in particular, in the
general n-dimensional case we highlight Section 2.4.4 of [Clozel et al. 2008] and
[Choi 2009], and in the 2-dimensional setting [Pilloni 2008] and [Shotton 2016].
In fact [Shotton 2016] gives a complete description of the deformation rings for a
fixed inertial type.
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We will content ourselves with recalling some of the basic structural results,
and with giving a sketch of how the results are proved in one particular case; see
Exercise 3.34 below.

3.30. Deformations of fixed type. Recall from Proposition 2.18 that given a rep-
resentation p : Gg — GL,(Q p) there is a Weil-Deligne representation WD(p)
associated to p. If WD = (r, N) is a Weil-Deligne representation, then we write
WD |;, for (r|r,, N), and call it an inertial WD-type.

Fix p : Gg — GLy(F). Then (assuming as usual that L is sufficiently large) we
have the following general result on REX; see, e.g., Theorem 3.3.1 of [Bockle 2013].

Theorem 3.31. REX is equidimensional of Krull dimension 4, and the generic fiber
REX[I/p] has Krull dimension 3. Furthermore:

(a) The function which takes a Q p-pOINt x : RE 1/pl— Q, to (the isomorphism
class of ) WD(x o p)|;, (forgetting N) is constant on the irreducible compo-
nents of REX [1/pl.

(b) The irreducible components of REX[I /pl are all regular, and there are only
finitely many of them.

In light of Theorem 3.31, we make the following definition. Let T be an inertial
WD-type. Then there is a unique reduced, p-torsion free quotient RED_XYT of REX
with the property that a continuous homomorphism v : RE P Q, factors through
RE .. if and only if ¥ o o5 has inertial Weil-Deligne type t. (Of course, for all
but finitely many t, we will just have REM =0.) By Theorem 3.31 we see that if

REX’T is nonzero then it has Krull dimension 4.

3.32. Taylor-Wiles deformations. As the name suggests, the deformations that we
consider in this subsection will be of crucial importance for the Taylor—Wiles—Kisin
method. Assume that p is unramified, that p(Frobg) has distinct eigenvalues, and
that #k = 1 (mod p). Suppose also that x is unramified.

~

Lemma 3.33. Suppose that (#k — 1) is exactly divisible by p™. Then RE X =
Olix, vy, B, ull/((1 +u)?" — 1). Furthermore, if ¢ € G is a lift of Frobg, then
o5 (@) is conjugate to a diagonal matrix.

Exercise 3.34. Prove this lemma as follows. Note firstly that p=(Px) = {1}, because
p(Pg) = {1}, so pY(Px) is a pro-I-subgroup of the pro- p-group ker(GLz(RE
GL(F)).

Let ¢ be a fixed lift of Frobg to G/ Pk, and o a topological generator of /¢ / Pk,
which as in Section 2.7 we can choose so that ¢~ lo ¢ = o™, Write p(¢) = (g %),
and fix lifts o, 8 € O of @, B.

e
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Then we will show that we can take

o, )_(1 y)l <a+B 0 )(1 y)
PI=x 1 0 x@/e@+B)\x 1)

-1
o, . (1 1+u 0 1y
p (0)_<x 1) ( 0 (1+u)_1> (x 1)'

(1) Let p: Gk — GL»(A) be a lift of p. By Hensel’s lemma, there are a, b € my
such that p (@) has characteristic polynomial (X — («¢+a))(X —(8+b)). Show
that there are x, y € my4 such that

1 1
p(w)(x)=<a+a>(x) and  p(p) ({)z(ﬂm ({)

(2) Since p is unramified, p(o) = 1, so we may write

—1
1y Ly (l4+u v
<x l) p() <x 1)_< w 1+Z>

with u, v, w, z € my. Use the commutation relation between p(¢) and p (o)
to show that v =w = 0.

(3) Use the fact that x is unramified to show that 1 +z = (1 +u)~".
(4) Show that (1 + )™ = 1+ u, and deduce that (1 +u)*™~1 =1.
(5) Deduce that (1 +u)?" = 1.

(6) Complete the proof of the lemma.

3.35. Taylor’s “lhara avoidance” deformations. The following deformation rings
are crucial to Taylor’s arguments [2008] which avoid the use of Thara’s lemma in
proving automorphy lifting theorems. When n = 2 these arguments are not logically
necessary, but they are crucial to all applications of automorphy lifting theorems
when n > 2. They are used in order to compare Galois representations with differing
ramification at places not dividing p.

Continue to let K/Q; be a finite extension, and assume that p is the trivial
2-dimensional representation, that #¢ = 1 (mod p), that x is unramified, and that
X is trivial. Again, we see that p"(Px) is trivial, so that p" is determined by the
two matrices pY (o) and p7(¢), as in Exercise 3.34. A similar analysis then yields
the following facts. (For the proof of the analogous results in the n-dimensional
case, see Section 3 of [Taylor 2008].)

Definition 3.36. (1) Let P, be the minimal ideal of RS, modulo which p= (o) = 1.

(2) For any root of unity ¢ which is trivial modulo A, we let P, be the minimal ideal
of RY) modulo which p™(c) has characteristic polynomial (X —¢)(X —¢ ™).
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(3) Let Py, be the minimal ideal of RS, modulo which p™ (o) has characteristic
polynomial (X — 1)2, and #k(tr p=(9))* = (1 + #k)2 det pZ ().

[The motivation for the definition of Py, is that we are attempting to describe the
unipotent liftings, and if you assume that p= (o) = ((1) }), this is the relation forced
on p(g).]

Proposition 3.37. The minimal primes of REX are precisely /Pur, n/ Pm, and the
VP for & # 1. We have /P1 = 5/Pur N/ Pm.

e RO O O O : : O
Write R, 1, R;, .+ R5, u R, for the corresponding quotients of R .

Theorem 3.38. We have R;I’)j,x,l/)‘ = RE“/A. Furthermore:

(1) If ¢ # 1 then REX’ 1/ plis geometrically irreducible of dimension 3.

2 Rﬁquyur is formally smooth over O (and thus geometrically irreducible) of

relative dimension 3.

D . . . . . .
(3) R5., mll/plis geometrically irreducible of dimension 3.
(4) Both
| | 0
Spec Rﬁ,x,l = Spec R@Xqur U Spec Rﬁ%m
and

O O O
Spec Rﬁ,x,l/)" = Spec Rﬁyx,ur/)\. U Spec Rﬁ,x’m/k

are unions of two irreducible components, and have relative dimension 3.

Proof. See Proposition 3.1 of [Taylor 2008] for an n-dimensional version of this
result. In the 2-dimensional case it can be proved by explicitly computing equations
for the lifting rings; see [Shotton 2016]. ]

4. Modular and automorphic forms, and the Langlands correspondence

We now turn to the automorphic side of the Langlands correspondence, and define
the spaces of modular forms to which our modularity lifting theorems pertain.

4.1. The local Langlands correspondence (and the Jacquet—Langlands corre-
spondence). Weil-Deligne representations are the objects on the “Galois” side
of the local Langlands correspondence. We now describe the objects on the “au-
tomorphic” side. These will be representations (i, V) of GL,(K) on (usually
infinite-dimensional) C-vector spaces, where as above K /() is a finite extension
for some prime /.

Definition 4.2. We say that (7, V) is smooth if for any vector v € V, the stabilizer
of v in GL, (K) is open. We say that (;r, V) is admissible if it is smooth, and for
any compact open subgroup U C GL,,(K), VY is finite-dimensional.
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For example, a smooth one-dimensional representation of K * is the same thing
as a continuous character (for the discrete topology on C).

Fact 4.3. (1) If 7 is smooth and irreducible then it is admissible.

(2) Schur’s lemma holds for admissible smooth representations, and in particular
if 7w is smooth, admissible and irreducible then it has a central character
Xz K* — C*.

In general these representations are classified in terms of the (super)cuspidal
representations. We won’t need the details of this classification, and accordingly we
won’t define the cuspidal representations; see, for example, Chapter IV of [Bushnell
and Henniart 2006].

Let B be the subgroup of GL,(K) consisting of upper-triangular matrices. Define

8:B— K* by
a kx . -1

Given two continuous characters xi, x2 : K* — C*, we may view x| ® x» as a
representation of B by

*

XI® X2 (f’) d) — x1(@) x2(d).

Then we define a representation x; x x2 of GLo(K) by normalized induction:

GL
X1 X x2 =n-Ind, XK (1 ® x2)

= {¢ : GLy(K) — C | 9(hg) = (1 @ x2) (W80, *0(g)
forallh € B, g € GL2(K)}

where GL,(K) acts by (g¢)(g") = ¢(g’'g), and we only allow smooth ¢, i.e.,
functions for which there is an open subgroup U of GL;(K) such that ¢ (gu) = ¢(g)
for all g € GLy(K), u € U.

The representation y; X x2 has length at most 2, but is not always irreducible. It
is always the case that y; x x2 and x» x x; have the same Jordan-Hélder factors.
If x1 x xo is irreducible then we say that it is a principal series representation.

Fact4.4. (1) x1 x xo is irreducible unless x1/x2 = |-|f1.

(2) x x x|-lx has a one-dimensional irreducible subrepresentation, and the corre-
sponding quotient is irreducible. We denote this quotient by Sp, ().

We will let x; B x» denote x; X x2 unless x1/x2 = |-|,j§1, and we let

1/2
XBxllk = xl-lxk Bx = (x|-1{) odet.
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(While this notation may seem excessive, we remark that a similar construction is
possible for n-dimensional representations, which is where the notation comes from.)
These representations, and the Sp, (), are all the noncuspidal irreducible admissible
representations of GL,(K'). We say that an irreducible smooth representation 7 of
GL2(K) is discrete series if it is of the form Sp,(x) or is cuspidal.

The local Langlands correspondence provides a unique family of bijections
recg from the set of isomorphism classes of irreducible smooth representations of
GL, (K) to the set of isomorphism classes of n-dimensional Frobenius semisimple
Weil-Deligne representations of Wx over C, satisfying a list of properties. In order
to be uniquely determined, one needs to formulate the correspondence for all n at
once, and the properties are expressed in terms of L- and e-factors, neither of which
we have defined. Accordingly, we will not make a complete statement of the local
Langlands correspondence, but will rather state the properties of the correspondence
that we will need to use. (Again, the reader could look at the book [Bushnell and
Henniart 2006] for these properties, and many others.) It is also possible to define
the correspondence in global terms, as we will see later, and indeed at present the
only proof of the correspondence is global.

Fact 4.5. We now list some properties of recx forn =1, 2:

() Ifn=1thenrecg(wr)=m oArt}l.
(2) If x is a smooth character, reckg (7 ® (x odet)) =recg () @ reck (x)-

(3) recx (Sp,(x)) = Sp,(reck (x)); see Exercise 2.12 for this notation.
(4) reck (x1 8 x2) =reck (x1) ®reck (x2)-

(5) If n =2, then recg (;r) is unramified (i.e., N = 0 and the restriction to /g is
trivial) if and only if w = x| B x» with x;, x2 both unramified characters (i.e.,
trivial on O ). These conditions are equivalent to mL2(O%) £ 0, in which case
it is one-dimensional.

(6) m is discrete series if and only if recg (;r) is indecomposable, and cuspidal if
and only if recg () is irreducible.

4.6. Hecke operators. Consider the set of compactly supported C-valued functions
on GL,(Og)\ GL2(K)/ GLy(Ok). Concretely, these are functions which vanish
outside of a finite number of double cosets GL,(Og)g GL2(Ok). The set of such
functions is in fact a ring, with the multiplication being given by convolution.
To be precise, we fix u the (left and right) Haar measure on GL;(K) such that
1 (GL2(Ok)) =1, and we define

(1% ¢2)(x) 2/ 91(2)¢2(g " x) dpug.
GLy(K)
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Of course, this integral is really just a finite sum. One can check without too much
difficulty that the ring A of these Hecke operators is just C[7, S*!], where T is the
characteristic function of

ZZ)'KO

GLz(OK)< 0 1

) GL»(Ok)

and S is the characteristic function of

WK 0

GL2(OK)< 0 wx

> GL2(Ok).

The algebra H acts on an irreducible admissible GL, (K )-representation 7. Given
@ € H, we obtain a linear map 7 (¢) : 1 — 72K by

"Ow=[ e,
GL2 (K)

In particular, if 7 is unramified then 7 (¢) acts via a scalar on the one-dimensional
C-vector space 7 92(©x) We will now compute this scalar explicitly.

Exercise 4.7. (1) Show that we have decompositions

WK 0

GLa(Ok) (Ugf UE’K) GLa(Ok) = ( X wK) GLa(Ox),

and

612 (7 1) GLa(n)

_ ( I (WOK ‘i‘) GLz(OK)> 1] <(1) a_?}{) GL,(Ox).

anK (mod wg)

(2) Suppose that m = (x |-|/2) o det with x unramified. Show that 7 2(©Ox) = 7,
and that S acts via x (g )>(#k)~!, and that T acts via (#k'/> +#k~1/2) x (wk).

(3) Suppose that x;, x> are unramified characters and that y; # X2|'|§1- Let
m = x1 B x». Using the Iwasawa decomposition GL,(K) = B(K) GL,(Ok),
check that 7912(©%) is one-dimensional, and is spanned by a function ¢
with goo((gz)) = x1(a)x2(d)|a/d|"?. Show that § acts on 72Ok via
(x1x2)(@k), and that T acts via #k'/2(x1 (@) + x2(@k)).

4.8. Modular forms and automorphic forms on quaternion algebras. Let F be a
totally real field, and let D/ F be a quaternion algebra with center F, i.e., a central
simple F-algebra of dimension 4. Letting S(D) be the set of places v of F' at which
D is ramified, i.e., for which D ® ¢ F), is a division algebra (equivalently, is not
isomorphic to M (Fy,)), it is known that S(D) classifies D up to isomorphism, and
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that S(D) can be any finite set of places of F' of even cardinality (so for example
S(D) is empty if and only if D = M,(F)). We will now define some spaces of
automorphic forms on D*.

For each v | oo fix k, > 2 and n, € Z such that k, 4+ 2n, — 1 = w is independent
of v. These will be the weights of our modular forms. Let Gp be the algebraic
group over Q such that for any Q-algebra R, Gp(R) = (D ®qg R)*. For each
place v | co of F, we define a subgroup U, of (D ®F F,)* as follows: if v € S(D)
we let Uy = (D ®F Fy)* = H* (where H denotes the Hamilton quaternions),
and if v ¢ S(D), so that (D ®F Fy)* = GLy(R), we take U, = R* SO(2). If
y=(¢ Z) € GL>(R) and z € C — R, we let j(y, z) = cz +d. One checks easily
that j(y$8,z) = j(y,82)j (8, 2).

We now define a representation (t,, W,) of U, over C for each v | co. If v e S(D),
we have U, < GL,(F,) = GL,(C) which acts on CZ, and we let (z,, W,) be the
representation

(Sym" =2 C%) @ (A2C?)™.
If v ¢ S(D), then we have U, = R* SO(2), and we take W, = C, with

T(y) = j(y, ) (dety)™ .

We write Uy, = l_[v\ooUU’ Woo = ®ujooWys Too = Qu|ooTv. Let A = Ag be
the adeles of Q, and let A* be the finite adeles. We then define Sp i , (Where
k, n reflect the dependence on the integers k,, 1,) to be the space of functions
¢ : Gp(@\Gp(A) - Wy which satisfy:

(1) ¢(gltoo) = Too(ioo) "' ¢(g) for all ueo € Uso and g € Gp(A).

(2) There is a nonempty open subset U C G p(A*) such that ¢ (gu) = ¢(g) for
allu e U, g e Gp(A).

(3) Let Soo denote the infinite places of F. If g € G p(A®) then the function
(C—R)*5P) 5 W,
defined by

is holomorphic. [Note that this function is well-defined by the first condition,
as Uy 1is the stabilizer of (i, ...,17).]

(4) If S(D) = @ then for all g € Gp(A) = GLy(AF), we have

fmF ‘”(((1) )f) g) dx =0.
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If in addition we have F = @, then we furthermore demand that for all
g € Gp(A™®), ho € GLo(R)T the function ¢(gheo)|Im(heoi)|*/? is bounded
on C—R.

There is a natural action of G p(A*) on Sp i, by right-translation, i.e., (g¢)(x) :=
@(xg).

Exercise 4.9. While this definition may at first sight appear rather mysterious, it is
just a generalization of the familiar spaces of cuspidal modular forms. For example,
take F = Q, S(D) = &, koo =k, and 1o, = 0. Define

Ui(N) = {g € GLy(2) ‘ g= ((’; ’;) (mod N)}.

(1) Let GLo(@)™ be the subgroup of GL,(Q) consisting of matrices with posi-
tive determinant. Show that the intersection of GL,(Q)" and U;(N) inside
GL,(A%) is I'{(N), the matrices in SL,(Z) congruent to ((1) 1) (mod N). [Hint:
what is Z* N Q*7]

(2) Use the facts that GL,(A) = GL,(Q)U;(N) GL,(R)™ [which follows from
strong approximation for SL, and the fact that det U;(N) = Z*] and that
AX = Q*Z*RZ,, to show that ng ,E{\(’)) can naturally be identified with a space
of functions

¢ :T1(N)\GL(R)" — C
satisfying

9 (guoo) = j (oo, 1) 0 (g)
for all g € GLa(R)™, use € RX, SO(2).

(3) Show that the stabilizer of i in GL(R)™" is Rio SO(2). Hence deduce a
natural isomorphism between ng,g\(])) and S (I'1(N)), which takes a function

¢ as above to the function (gi — j(g,)*@(g)), g € GLy(R)*.

The case that S, C S(D) is particularly simple; then if U C G p(A*) is an open
subgroup, then Sg,z,o is just the set of C-valued functions on

Gp(@M\Gp(A)/Gp(R)U,

which is a finite set. When proving modularity lifting theorems, we will be able to
reduce to the case that Soo C S(D); when this condition holds, we say that D is a
definite quaternion algebra.

We will now examine the action of Hecke operators on these spaces. Choose an
Op-order Op C D (that is, an Op-subalgebra of D which is finitely generated as a
Z-module and for which Op ®p, F = D). For example, if D = M, (F), one may
take Op = M>(OF).
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For all but finite many finite places v of F we can choose an isomorphism
D, = M (F),) such that this isomorphism induces an isomorphism Op ®o, O, =
M>(OF,). Then G p(A®) is the subset of elements g = (g,) € ]_[MOO G p(Fy) such
that g, € GL,(OF,) for almost all v.

We now wish to describe certain irreducible representations of G p(A*) in
terms of irreducible representations of the G L,(F,). More generally, we have the
following construction. Let I be an indexing set and for each i € I, let V; be a
C-vector space. Suppose that we are given 0 # ¢; € V; for almost all i (that is, all
but finitely many i). Then we define the restricted tensor product

®£ei}Vi = h_f)n Qics Vi,
JCI
where the colimit is over the finite subsets J € [ containing all the places for
which e; is not defined, and where the transition maps for the colimit are given by
“tensoring with the e;”. It can be checked that ®ie[} VvV, = ®’{ £ V; if for almost all i,
e; and f; span the same line.

Definition 4.10. We call a representation (i, V) of Gp(A*) admissible if

(1) for any x € V, the stabilizer of x is open, and
(2) for any U C G p(A™) an open subgroup, dim¢ VY < oo.

Fact 4.11 [Flath 1979]. If &, is an irreducible smooth (so admissible) representation
of (D ®p F,)* with 7o -2 # 0 for almost all v, then ®'7, :=®' 1,0, 7o I8
an irreducible admissible smooth representation of G p(A*), and aﬁ;”y irreducible

admissible smooth representation of G p(A°°) arises in this way for unique 7.

We have a global Hecke algebra, which decomposes as a restricted tensor product
of the local Hecke algebras in the following way. For each finite place v of F we
choose U, C (D ®F F,)* a compact open subgroup, such that U, = GL2(OF,)
for almost all v. Let i, be a Haar measure on (D ®r F,)*, chosen such that for
almost all v we have wu,(GL,(OF,)) = 1. Then there is a unique Haar measure u
on G p(A*) such that for any U, as above, if we set U =[], U, C Gp(A*), then
w(U) =11, nv(Uy). Then there is a decomposition

Co(UNG p(A®)/ )t Z &)y, 0 CeUND ®p Fo)* /Uy,

and the actions of these Hecke algebras are compatible with the decomposition
7 = ®'m,. For the following fact, see Lemma 1.3 of [Taylor 2006].

Fact 4.12. Sp , is a semisimple admissible representation of G p(A*°).

Definition 4.13. The irreducible constituents of Sp , are called the cuspidal
automorphic representations of G p(A*) of weight (k, n).
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Remark 4.14. Note that these automorphic representations do not include Maass
forms or weight one modular forms; they are the class of regular algebraic or
cohomological cuspidal automorphic representations.

For the following facts, the reader could consult [Gelbart 1975].

Fact 4.15 (strong multiplicity one (and multiplicity one) for GL,). Suppose that
S(D) = &. Then every irreducible constituent of Sp . , has multiplicity one. In fact
if r (respectively 7’) is a cuspidal automorphic representation of weight (k, n) (re-
spectively (k’, n)) such that 7, = 7} for almost all v then k =k’, n=n', and w =n".

Fact 4.16 (the theory of newforms). Suppose that S(D) = &. If nis an ideal of Op,
write

Uy (n) = {g € GLy(O) ( g= <§ T) (modn)}.

If 7 is a cuspidal automorphic representation of G p(A™) then there is a unique
ideal n such that V1™ is one-dimensional, and 7 V1(™ =£ 0 if and only if n | m. We
call n the conductor (or sometimes the level) of .

Analogous to the theory of admissible representations of GL,(K), K/Q),, finite
that we sketched above, there is a theory of admissible representations of M >, M
a nonsplit quaternion algebra over K. Since M* /K * is compact, any irreducible
smooth representation of M * is finite-dimensional. There is a bijection JL, the local
Jacquet—Langlands correspondence, from the irreducible smooth representations
of M* to the discrete series representations of GL, (K ), determined by a character
identity.

Fact 4.17 (the global Jacquet-Langlands correspondence). We have the following
facts about G p(A™):

(1) The only finite-dimensional cuspidal automorphic representations of G p(A*)
are 1-dimensional representations which factor through the reduced norm;
these only exist if D # M, (F).

(2) There is a bijection JL from the infinite-dimensional cuspidal automorphic
representations of G p(A°°) of weight (k, ) to the cuspidal automorphic
representations of GL,(A%) of weight (k, n) which are discrete series for all
finite places v € S(D). Furthermore if v ¢ S(D) then JL(7), = m,, and if
v € S(D) then JL(7), = JL(my).

Remark 4.18. We will use the global Jacquet-Langlands correspondence together
with base change (see below) to reduce ourselves to considering the case that
S(D) = Seo when proving automorphy lifting theorems.
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4.19. Galois representations associated to automorphic representations.

Fact 4.20 (the existence of Galois representations associated to regular algebraic
cuspidal automorphic representations). Let 7 be a regular algebraic cuspidal auto-
morphic representation of GL, (A7) of weight (k, n). Then there is a CM field L
which contains the eigenvalues of 7, and S, on n,? L2Or) for each finite place v
at which 7, is unramified. Furthermore, for each finite place A of L, there is a

continuous irreducible Galois representation

ra(m): Gp — GLyo(Ly )
such that:

(1) If m, is unramified and v does not divide the residue characteristic of A,
then ;. () |G, is unramified, and the characteristic polynomial of Frob, is
X? — t,X + (#k(v))s,, where t, and s, are the eigenvalues of 7, and S,
respectively on m? L2(Or, ”), and k(v) is the residue field of F,. [Note that
by the Chebotarev density theorem, this already characterizes r, (;r) up to
isomorphism.]

(2) More generally, for all finite places v not dividing the residue characteristic
of A, WD(r;.(m) |G, )T ™ Z recr, (7, ® |det| 71/2).

(3) If v divides the residue characteristic of A then r;(7)|c,, is de Rham with
t-Hodge-Tate weights 1., n, +k; —1, where 7 : F — L,cCisan embedding
lying over v. If 7, is unramified then r; (7)|G,, is crystalline.

(4) If ¢, is a complex conjugation, then detr, (r)(c,) = —1.

Remark 4.21. The representations r; (;7) in fact form a strictly compatible system;
see Section 5 of [Barnet-Lamb et al. 2014] for a discussion of this in a more general
context.

Remark 4.22. Using the Jacquet—Langlands correspondence, we get Galois rep-
resentations for the infinite-dimensional cuspidal automorphic representations of
Gp(A™) for any D. In fact, the proof actually uses the Jacquet—Langlands cor-
respondence; in most cases, you can transfer to a D for which S(D) contains all
but one infinite place, and the Galois representations are then realized in the étale
cohomology of the associated Shimura curve. The remaining Galois representations
are constructed from these ones via congruences.

Fact 4.23 (cyclic base change). Let E/ F be a cyclic extension of totally real fields of
prime degree. Let Gal(E/F) = (o) and let Gal(E /F)" = (8g,F) (here Gal(E/F)"
is the dual abelian group of Gal(E/F)). Let m be a cuspidal automorphic rep-
resentation of GL,(A%’) of weight (k, n). Then there is a cuspidal automorphic
representation BCg () of GL2(A%’) of weight (BCg,r(k), BCg/r(n)) such that:
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(1) For all finite places v of E, recg,(BCg/p(m)y) = (recr, () lw,, . In
particular, r, (BCg/r()) = ry () |G-

(2) BCg/r(k)y = kyj» BCE/F () = 0y
(3) BCg/r(m) =BCg/p(n’) if and only if 7 = n’®(5iE/FoArtF o det) for some i.

(4) A cuspidal automorphic representation w of GL,(AY’) is in the image of
BCg/rifandonlyif r oo = 7.

Definition 4.24. We say thatr : Gp — GL,(Q p) is modular (of weight (k, n)) if it
is isomorphic to ry (;r) for some cuspidal automorphic representation 7 (of weight
(k, n)) and some place A of L, lying over p.

Proposition 4.25. Suppose that r : G p — GL,(Q p) IS a continuous representation,
and that E / F is a finite solvable Galois extension of totally real fields. Thenr|g,
is modular if and only if r is modular.

Exercise 4.26. Prove the above proposition as follows:
(1) Use induction to reduce to the case that E/F is cyclic of prime degree.

(2) Suppose that r|g, is modular, say r|g, = r; (7). Use strong multiplicity one
to show that 7 oo = 7. Deduce that there is an automorphic representation 7’
such that BCg/r(n') = 7.

(3) Use Schur’s lemma to deduce that there is a character x of G such that
r = ry (') ® x. Conclude that r is modular.

We can make use of this result to make considerable simplifications in our proofs
of modularity lifting theorems. It is frequently employed in conjunction with the
following fact from class field theory.

Fact 4.27 [Taylor 2003, Lemma 2.2]. Let K be a number field, and let S be a finite
set of places of K. For each v € §, let L, be a finite Galois extension of K,. Then
there is a finite solvable Galois extension M /K such that for each place w of M
above a place v € § there is an isomorphism L, = M,, of K,-algebras.

Note that we are allowed to have infinite places in S, so that if K is totally real
we may choose to make L totally real by an appropriate choice of the L,.

5. The Taylor—Wiles—Kisin method

In this section we prove our modularity lifting theorem, using the Taylor—Wiles—
Kisin patching method. Very roughly, the idea of this method is to patch together
spaces of modular forms of varying levels, allowing more and more ramification at
places away from p, in such a way as to “smooth out” the singularities of global
deformation rings, reducing the problem to one about local deformation rings. This
patching procedure is (at least on first acquaintance) somewhat strange, as it involves
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making many noncanonical choices to identify spaces of modular forms with level
structures at different primes.

5.1. Our aim now is to prove the following theorem. Let p > 3 be a prime, and let
L/Q, be a finite extension with ring of integers O, maximal ideal A, and residue
field F = O/X. Let F be a totally real number field, and assume that L is sufficiently
large that L contains the images of all embeddings F < L.

Theorem 5.2. Let p, py : Gr — GL2(O) be two continuous representations, such
that p = p (mod A) = pg (mod A). Assume that pgy is modular, that p is geometric,
and that p > 3. Assume further that the following properties hold:

(1) Forallo : F — L,HT,(p) = HT,(pg), and contains two distinct elements.

(2) e Forallv|p, plc,, and polG,, are crystalline.
e p is unramified in F.
e Forall o : F < L, the elements of HT, (p) differ by at most p — 2.

(3) Im p 2 SL(Fp).

Then p is modular.

5.3. The integral theory of automorphic forms. In order to prove Theorem 5.2,
we will need to study congruences between automorphic forms. This is easier to do
if we work with automorphic forms on G p (A*), where S(D) = Sy. In order to do
this, assume that [ F' : @] is even. (We will reduce to this case by base change.) Then
such a D exists, and we have G p(A®) = GL,(A%), and (D ®q R)*/(F ®q R)*
is compact.

Fix an isomorphism  : L = C, and some k € Zggm(F’C), n € ZHomF.0) with
w = k; +2n; — 1 independent of t. Let U = ]_[U U:, C GL,(A%’) be a compact
open subgroup, and let S be a finite set of finite places of F, not containing any of
the places lying over p, with the property that if v ¢ S, then U, = GL2(OF,).

Let Ug := HveS U,, write U = UsUS3, let ¥ Usg — O be a continuous
homomorphism (which implies that it has open kernel), and let xo : Az /F* — C*
be an algebraic Grossencharacter with the properties that

e xo is unramified outside S,

w

« for each place v | 00, Xol(prye (x) = x!=% and

* 20l g m)ws = oyl

As in Theorem 2.43, this gives us a character

Xo4 P AR/ FX(FG)° — L*,

w—1
xl—)( 1_[ t(xp)l_w>l_l( 1_[ r(xoo)> x0(x).

T:F—L T:F—C
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Our spaces of (p-adic) algebraic automorphic forms will be defined in a similar
way to the more classical spaces defined in Section 4.8, but with the role of the
infinite places being played by the places lying over p. Accordingly, we define
coefficient systems in the following way. Assume that L is sufficiently large that it
contains the image of o ,.

Let A = Agy, = ®r.rec Sym ™ 2(0%) @ (A20%)®7, and let GL,(OF ) =
]_[v‘p GL,(OF,) act on A via 1~ 't on the t-factor. In particular, A ®p, C =
Rr:FesC Symkf*Z(Cz) ® (A2C?)®r which has an obvious action of GL; (Fa), and
the two actions of GL,(OF () (via its embeddings into GL>(OF, ;) and GL(F))
are compatible.

Let A be a finite O-module. Since D is fixed, we drop it from the notation from
now on. We define S(U, A) = Sk ...y, 4, (U, A) to be the space of functions

¢ : D*\GLy(AY) > A®p A
such that for all g € GL2(A%), u € U, z € (AF)*, we have

¢ (guz) = x0. @Y (us)'u, ' d(g).

Since D>\ GL,(A%)/U(A%)™ is finite, we see in particular that S(U, O) is a
finite free O-module. It has a Hecke action in the obvious way: let T:= O[Ty, S, :
vip,v ¢S], let @, be a uniformizer of F,, and let T, S, act via the usual double
coset operators corresponding to (U(’)” ?), (wo” ng). Let Ty be the image of Tin
Endp (S(U, O)), so that Ty is a commutative O-algebra which acts faithfully on
S(U, O), and is finite free as an @-module.

As in [Taylor 2006, Lemma 1.3], to which we refer for more details, there is an

isomorphism
~ -1 US, xo0
SU, 0)®0, C = Homy, (C(¥ ), S '),

with the map being
¢ (8> 85 1(8pd(8%))),

where g, acts on A ®p,, C via the obvious extension of the action of GL(OF ()
defined above, and the target of the isomorphism is the elements ¢' € Si , with
29" = x0(2)¢' forall z € (AP)*, ug' = Y (us)~'¢’ for all u € U. This isomorphism
is compatible with the actions of T on each side. The target is isomorphic to

_ GL, (O
®- Homy, (C(y ™), w5) @ @, gy~ ",

where the sum is over the cuspidal automorphic representations 7 of G p(A*) of
weight (k, n), which have central character xo and are unramified outside of § (so

. . GLy(OF,) . . .
that in particular, for v ¢ S, m, 2(Or) 5 a one-dimensional C-vector space).
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By strong multiplicity one, this means that we have an isomorphism

Ty ®O,l c= l—[ C
7 as above, with Homyg (C(y~1),7m5)#0

sending 75, S, to their eigenvalues on JTUG L2(Or), (Note in particular that this shows

that Ty is reduced.) This shows that there is a bijection between i-linear ring
homomorphisms 6 : Ty — C and the set of 7 as above, where 7 corresponds to
the character taking T, S, to their corresponding eigenvalues.

Each 7 has a corresponding Galois representation. Taking the product of these
representations, we obtain a representation

p™: G — [ ] GLa(D) = GLa(Ty ®0 L),
T

which is characterized by the properties that it is unramified outside of S U {v | p},
and for any v ¢ S, v{p, we have tr p™4(Frob,) = T,, det p™4(Frob,) = #k(v)S,.

Let m be a maximal ideal of Ty. Then if p C m is a minimal prime, then there is an
injection 6 : Tyy /p < L, which corresponds to some 7 as above. (This follows from
the going-up and going-down theorems, and the fact that Ty is finitely generated
and free over O.) The semisimple mod p Galois representation corresponding to
7 can be conjugated to give a representation py : Gr — GLy(Ty/m) (because
the trace and determinant are valued in Ty /m, which is a finite field, and thus
has trivial Brauer group, so the Schur index is trivial). This is well defined (up to
isomorphism) independently of the choice of p and 6 (by the Chebotarev density
theorem).

Since Ty is finite over the complete local ring O, it is semilocal, and we can
write Ty = [],, Ty,m. Suppose now that pp, is absolutely irreducible. Then we
have the representation

ot Gr — GLy(Tym ®0 L) = [ [ GLa(D),
b

where the product is over the 7w as above with p,, = pn. Each representation
to GL,(L) can be conjugated to lie in GL,(Oy), and after further conjugation
(so that the residual representations are equal to pp,, rather than just conjugate to
it), the image of pﬁ"d lies in the subring of [ ], GL,(O}) consisting of elements
whose image modulo the maximal ideal of O lie in Ty /m. We can then apply
Lemma 3.7 to see that ,og"d can be conjugated to lie in GL2(Ty ). We will write
p{n“"d : Gr — GL(Ty m) for the resulting representation from now on.

We will sometimes want to consider Hecke operators at places in S. To this
end, let T C § satisfy |y, = 1, and choose g, € GL(F,) for each v € T. Set
W, =[U,g,U,], and define Ty C TT/U C Endp(S(U, O)) by adjoining the W, for
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v € T. This is again commutative, and finite and flat over O. However, it need not
be reduced; indeed, we have

TT’U ®0., C= @y Qyer { subalgebra of Endc (”5]”) generated by W,},

so that there is a bijection between -linear homomorphisms T;, — C and tuples
(r, {ay }ver), where «,, is an eigenvalue of W, on 7.[5%_ (Note that we will not
explicitly use the notation T}, again for a Hecke algebra, but that for example the
Hecke algebras Ty, used in the patching argument below, which incorporate Hecke
operators at the places in Q, are an example of this construction.)
We can write
GLy(AY) = | [ D*aiU(AF)*
iel

for some finite indexing set /, and so we have an injection S(U, A) — @;c;(AR0A),
by sending ¢ — (¢(g;)). To determine the image, we need to consider when we can
have g; = dg;juz for § € D, z € (AY)*, u € U (because then ¢ (g;) = ¢ (8giuz) =
X0.1 (z)xlf(ug)*luI*,l(p(gi)). We see in this way that we obtain an isomorphism

S(U, A) = @1 (A ®A)(U(A%O)Xﬂg;1ngi)/FX‘
We need to have some control on these finite groups
Gi == (UAY)* Ng'D*g)/F*.

(Note that they are finite, because D* is discrete in G p(A°°).) Since we have
assumed that p > 3 and p is unramified in F, we see that [F({,) : F'] > 2. Then
we claim that G; has order prime to p. To see this, note that if g;” 18g; is in this
group, with § € D*, then 82/ dets € D* N giUgl._l(det U), the intersection of a
discrete set and a compact set, so 82/ det§ has finite order, i.e., is a root of unity.
However any element of D generates an extension of F' of degree at most 2, so by
the assumption that [F({,) : F] > 2, it must be a root of unity of degree prime to
p, and there is some ptN with §2Y € F*, so that 8 1(Sg,- has order prime to p, as
required.

Proposition 5.4. (1) We have S(U, O) ®» A = S(U, A).
(2) IfV is an open normal subgroup of U with#(U/ V) a power of p, then S(V, O)
is a free O[U/ V(U N (AF)*)]-module.
Proof. (1) This is immediate from the isomorphism S(U, A) => @®;c;(A ® A)Y,
because the fact that the G; have order prime to p means that (A®A)Y =(A)Y RA.

(2) Write U = ]_[je] ui VU N AF)*). We claim that we have GLy(A7) =
]_[l.e[,jej D*giu;V(AY)*, from which the result is immediate. To see this, we
need to show that if gju; = §gyujvz theni =i"and j = j'.
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That i = i’ is immediate from the definition of I, so we have u j/vu Iz =
g i gi. As above, there is some positive integer N coprime to p such that
8N € F*, thus (u; pou; N e (A®)*. Since V is normal in U, we can write
(uj/vu )N (uJ/u )N for some v’ € V, so that (uj/u hN ¢ V(U N AF)™).
Since #(U/ V') is a power of p, we see that in fact u]/u le V(U N(AF)*), so that
J = j’ by the definition of J. |

5.5. Base change. We begin the proof of Theorem 5.2 by using base change to
reduce to a special case. By Facts 4.23 and 4.27, we can replace F by a solvable
totally real extension which is unramified at all primes above p, and assume that:

e [F:(Q]is even.

e p is unramified outside p.

For all places v{p, both p(IF,) and po(IF,) are unipotent (possibly trivial).

o If p or py are ramified at some place v{p, then p|¢ 5, 18 trivial, and #k(v) =
1 (mod p).

» det p =det pg. [To see that we can assume this, note that the assumption that
P, po are crystalline with the same Hodge—Tate weights for all places dividing
p implies that det p/ det pg is unramified at all places dividing p. Since we
have already assumed that p(Ir,) and po(If,) are unipotent for all places v1 p,
we see that the character det p/ det pg is unramified at all places, and thus has
finite order. Since it is residually trivial, it has p-power order, and is thus trivial
on all complex conjugations; so the extension cut out by its kernel is a finite,
abelian, totally real extension which is unramified at all places dividing p.]

We will assume from now on that all of these conditions hold. Write x for det p =
det po; then we have x&, = xo,, for some algebraic Grossencharacter xj.

From now on, we will assume without further comment that the coefficient field
L is sufficiently large, in the sense that L contains a primitive p-th root of unity,
and for all g € Gp, [ contains the eigenvalues of p(g).

5.6. Patching. Having used base change to impose the additional conditions of the
previous section, we are now in a position to begin the main patching argument.

We let D/F be a quaternion algebra ramified at exactly the infinite places
(which exists by our assumption that [ F : Q] is even). By the Jacquet-Langlands
correspondence, we can and will work with automorphic representations of G p (A*°)
from now on.

Let T), be the set of places of F' lying over p, let 7, be the set of places not lying
over p at which p or p is ramified, and let T =T, [17,. If v € T,, write o, for a
choice of topological generator of I,/ Pr,. By our assumptions above, if v € 7,
then p|g,, is trivial, |1, , pol1, are unipotent, and #k(v) =1 (mod p).
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The patching argument will involve the consideration of various finite sets Q of
auxiliary finite places. We will always assume that if v € Q, then

evéT,
o #k(v) =1 (mod p), and
» p(Frob,) has distinct eigenvalues, which we denote &, and Bo.

For each set Q of places satisfying these conditions, we define deformation
problems Sgp = (T U Q, {D,}, x) and S, = (T U Q,{D,}, x) as follows. (The
reason for considering both problems is that the objects without a prime are the ones
that we ultimately wish to study, but the objects with a prime have the advantage that
the ring (R'°®")™®d defined below is irreducible. We will exploit this irreducibility,
and the fact that the two deformation problems agree modulo p.) Let ¢ be a fixed
primitive p-th root of unity in L:

—D i O _ gD
o If v € T, then D, =D, is chosen so that RmGFU’X/I(Dv) = RmGFU,X’Cr’{HTG(p)}.

e If v € Q, then D, = D;, consists of all lifts of p|g,, with determinant .

o If v € T, then D, consists of all lifts of p|g,, with char,,)(X) = (X — 1)?,
while D, consists of all lifts with char,,)(X) = (X — ¢)(X — 7 h.

(In particular, the difference between Sp and Sy is that we have allowed our
deformations to ramify at places in Q.) We write

R =@uer.oRjj, /1Dy, R™ =8ueroRy,  /1(D)).
Then R'¢/% = R /1, because ¢ = 1 (mod A). In addition, we see from Theo-
rems 3.28 and 3.38 that

o (R'°¢yred i jrreducible, O-flat, and has Krull dimension 1 + 3#7 + [F : Q],

o (R'%)rd j5 O-flat, equidimensional of Krull dimension 1+ 3#7T +[F : @], and
reduction modulo A gives a bijection between the irreducible components of

Spec R'°® and those of Spec R!°°/A.
iv._ i univ,” | i O. O o/ .
We have the global analogues R‘é“” = Rgf‘g’g, RQ = R;I’lgb’ Ry = Rﬁ’gg, RQ =
R?g, , and we have R;™ /A= R,"™ /A, RG /1= RS’// . There are obvious natural
’ Q ,
maps R — RS, R — RS’ , and these maps agree after reduction mod A.
We can and do fix representatives ,o‘é“iv, ,olémv’ for the universal deformations
of p over R‘é“iv, Ry respectively, which are compatible with the choices of

puniv, PV “and so that the induced surjections

!

. . .y .
univ univ univ, univ,
Ro™ = Rz, Ry — Ry

are identified modulo .
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Fix a place vo € T, and set J := O[[Xy,i jllver.i, j= 12/(Xv0 1.1). Let a be the
ideal of J generated by the X, ; ;. Then our choice of ,0““1V gives an identifi-
cation RD ~ R““‘V®oj corresponding to the universal T- framed deformation
(o™, (1% Kus Do),

Now by Exercise 3.34, for each place v € Q we have an isomorphism ,o““‘V|G =
Xa @ xp, wWhere xq, xg : G, = (R“m")X where (x, mod mRumv)(FrOb ) = ay,
(xp mod mRumv)(FrOb ) = Bo.

Let A, be the maximal p-power quotient of k(v)* (which we sometimes regard
as a subgroup of k(v)*). Then x|, factors through the composite

IFU —» IFU/PFU —»k(l))>< —» Av,

and if we write Ag =[], Av, (IMxa) : Ao — (Rg‘iv)x, then we see that
(RHH]V)AQ — RUHIV

The isomorphism RD = R“mv®@j and the homomorphism Ay — (R“““’)X
together give a homomorphlsm JTlAgl — RD In the same way, we have a homo—
morphism J[Ag] — RY o » and again these agree modulo A. If we write ag =
(a,8—1)sea, AT[Ag], then we see that RG /ag = RE™, and that RQ /aQ Runlv
and again these agree modulo A.

We now examine the spaces of modular forms that we will patch. We have our
fixed isomorphism i : L => C, and an algebraic Grossencharacter x such that
X&p = Xo0,.- Define k, n by HT; (00) = {n,¢, m:¢ +k,- —1}. We define compact open
subgroups Up = [[Ug,y, Where

e Up.,=GLy(Op,) ifv¢ QUT,,
e Ugy=Uo(w)={(3%) (modv)}ifveT,, and
« Ug={(“2) eUp(v) | a/d (modv) € k(v)* > 1€ A, }ifve Q.

Welety:[], eour, Ug,» — O be the trivial character. Similarly, we set Up »,=Uo,
and we define ¢’ : HveQUT Ug,v — O™ in the following way For each v e T,, we
have a homomorphism Ug , — k(v)* given by sending (“%) to a/d (mod v), and
we compose these characters with the characters k(v)* — O* sending the image of
oy to ¢, where oy, is a generator of I, /Pr,. We let ' be trivial at the places in Q.

We obtain spaces of modular forms S(Ug, O), S(U,, O) and corresponding
Hecke algebras Ty, T%, generated by the Hecke operators T,, S, with v ¢
T U Q, together with Hecke operators U, for v € Q (depending on a chosen
uniformizer @) defined by

Note that ¢ = ¢' (mod 1), so we have S(Ug, O)/A = S(UJ, O)/1. We let mg <
Ty, be the ideal generated by A and the tr p(Frob,) — T, det p(Frob,) — #k(v)S,,
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v ¢ T. This is a maximal ideal of Ty, because it is the kernel of the homomorphism
Ty, — O — [, where the map Ty, — O is the one coming from the automorphicity
of po, sending T, > tr po(Frob,), S, — #k(v)~! det po(Frob,)).

Write Ty := Ty, .m,. We have a lifting p™4: G — GLy(Ty) of type Sg, SO
by the universal property of Rugni", we have a surjection R%“iv — Ty (it is surjective
because local-global compatibility shows that the Hecke operators generating T &
are in the image). Similarly, we have a surjection R — Ty =Ty, m,- Set
Sy :=SUg, O)my» Sy :=S(UL, O)m,,. Then the identification RYMY /) = R}’;iv’//)\
is compatible with Sg /A = S, /.

Lemma 5.7. If Supp guiv (Sg) = Spec RYY . then p is modular.

Proof. Suppose that Supp Runiv (Sy) = Spec RYMY, Since Sy is a faithful Ty-module
by definition, we see that ker(RY"™Y — Ty) is nilpotent, so that (RY")rd =5 T,
Then p corresponds to some homomorphism RY"™ — O, and thus to a homo-
morphism Ty — O, and the composite of this homomorphism with: : O — C
corresponds to a cuspidal automorphic representation 7w of G p(A*) of weight
(k, n), which by construction has the property that p = p, ,, as required. (]

To show that Supp Rgliv(S@) = Spec RUMY, we will study the above constructions
as Q varies. Letmg < Ty, be the maximal ideal generated by A, the tr p(Frob,) —T,
and det p (Frob, ) — #k(v)S, for v ¢ T U Q, and the U, — @, forv € Q.

Write Sp = Sy, :=S(Ug, O)m, and Tg :=(Ty,)m,. We have a homomorphism
Ao — End(Sp), given by sending § € A, to (g?) € Up(v). We also have another
homomorphism Ay — End(Sp), given by the composite

Ag — RE™ — Ty — End(Sp).

Let Ug,o := [],¢0 Uo.w [lyeg Uo(v). Then Ug is a normal subgroup of Ug,o,
and UQ’()/UQ = AQ.
We now examine the consequences of local-global compatibility at the places
in Q.
Proposition 5.8. (1) The two homomorphisms Ag — End(So) (the other one
coming via R‘é“iv) are equal.
(2) Sg is finite free over O[Ap].

Proof. A homomorphism 6 : Tg — L = C corresponds to a cuspidal automorphic
representation 7, and for each v € Q the image «, of U, is such that «, is an
eigenvalue of U, on aler,

It can be checked that since JTzf] @v £, m, is necessarily a subquotient of x; x x2
for some tamely ramified characters x1, x2 : F, — C*. Then one checks explicitly
that

O x x2)Ver = Coy @ Coy,
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where w = ((1)(1)), ¢1(1) = ¢y (w) = 1, and Supp ¢ = B(F,)Ug, v, Supp ¢y, =
B(Fy)wUg .
Further explicit calculation shows that

Up, 1 = #k(0)'/?x1(2,) 1 + X puy

for some X, which is 0 if x; /x> is ramified, and

Up,w = #k(0)"? x2 () .-

By local-global compatibility (#k(v)' /% x| (7)) and 1~ (#k (V)2 x2 () are
the eigenvalues of p, , (Frob, ), so one of them is a lift of &,, and one is a lift of 5 v
As a consequence, we see that x/x> # |-|*! (as if this equality held, we would
have &U/Bv = #k(v)*! =1 (mod 1), contradicting our assumption that &, # ,B_v).
Consequently we have 7, = x1 X x2 = x2 X x1, so that without loss of generality
we have x (@) = Ev’ X2(y) = ay.

It is also easily checked that

s 0 s 0
(0 1) d1 = x1(8)¢1, (0 1) dw = x2(8) Py

We see that Sp ®0, C = &7 ®yco Xy, Where X, is the 1-dimensional space
where Uy, acts via a lift of &,,. Since this space is spanned by ¢,,, we see that A,
acts on Sp via x2 = xq o Art. This completes the proof of the first part.

Finally, the second part is immediate from Proposition 5.4(2). ]

Fix a place v € Q. Since @, # B,, by Hensel’s lemma we may write
char pT°d(Frob,) = (X — A,)(X — B,)
for some A,, B, € Ty with A, =&, By, = Ev (mod my).

Proposition 5.9. We have an isomorphism HDEQ (Up,—By): Sz = SWUg.0, O)m,
(with the morphism being defined by viewing the source and target as submodules
OfS(UQ,()? O)mz)

Proof. We claim that it is enough to prove that the map is an isomorphism after
tensoring with L, and an injection after tensoring with [F. To see this, write X := Sg,
Y :=8(Ug.0, O)m,y, and write Q for the cokernel of the map X — Y. Then X, Y
are finite free O-modules, and if the map X ® L — Y ® L is injective, then so is
the map X — Y, so that we have a short exact sequence 0 > X - Y — Q0 — 0.
Tensoring with L, we have Q ® L = 0. Tensoring with F, we obtain an exact
sequence 0 — Q[A] > XQF - Y QF — Q®F — 0, so we have Q[A] = 0. Thus
Q =0, as required.

In order to check that we have an isomorphism after tensoring with L, it is enough
to check that the induced map HUEQ (Uw,—By): 8580, C— S(Ug,0, O)m, 0., C
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is an isomorphism. This is easily checked: Sz ®C = @y ®ye (X1.0 X X2.0)L2O),
and (x1., X x2.,)2(Or) = Cgy, where ¢y is as in Exercise 4.7(3). Similarly,
S(WU0.0, Dy ®0.,:C=®x Quep My, Where M, is the subspace of (x1,, X x2,4) 0"
on which Uy, acts via a lift of &,, which is spanned by ¢,,. Since the natural
map (x1,5 X x2,0) 2% — (x1,5 X x2,0)"°® sends ¢ > @1 + ¢y (as go(1) =
¢o(w) = 1), the result follows.

It remains to check injectivity after tensoring with [F. The kernel of the map, if
nonzero, would be a nonzero finite module for the Artinian local ring T4 /A, and
would thus have nonzero mg-torsion, so it suffices to prove that the induced map

[[We, — B : (S ®@P)mg] > SUg,0. O)my ®F
veQ

is an injection. By induction on #(, it suffices to prove this in the case that O = {v}.
Suppose for the sake of contradiction that there is a nonzero x € (Sgz ® F)[mg] with
Ug, — ,B_U)x =0. Since x € Sz ® [, we also have T,x = (@, + ,gv)x, and we will
show that these two equations together lead to a contradiction.

Now, x is just a function D>\ GL>(A%’) — A ® [, on which GL,(A%’) acts by
right translation. If we make the action of the Hecke operators explicit, we find that
there are g; such that

U, = ]_[ 8i UQ,v

l
and

T, = (]_[ . GLz«oFU)) 1 (1 0 ) GL>(Or,),

0 @,

so that we have ((l)l_g )x = Tyx — Ug,x =&yx. Then (?’(7)” ?)x = w((l) lgv)wx =0a,x,

and Uwv)ﬁ = Zaek(v)(_wov Lll)x = Zaek(v)((l)lll)(z%v (l))x = #k(v)&”x = ayx. But
Ug,x = Byx, so &, = B, a contradiction. O
Set SS = SQ®RLévaS. Then we have SS/aQ =S8(Ug.0, O)m, = Sg, compatibly
with the isomorphism RS Jag => RY™. Also, S5 is finite free over J[Ag].
We now return to the Galois side. By Proposition 3.24, we can and do choose a
presentation
R[xy, ..., xp, 1 = Ry,

where hg =#T +#Q — 1 —[F : Q] +dimg H)(G .7, (ad’ p)(1)), and
H)(Grr, (ad’ p)(1) =ker(H' (G F.r, (ad” p)(1)) > Bueg H' (Grw), (ad’ p)(1))).

The following result will provide us with the sets Q that we will use.

Proposition 5.10. Let r = max(dim H' (G ., (ad® p)(1)), 1 +[F : Q] —#T). For
each N > 1, there exists a set Q n of places of F such that:
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e ONNT =2.

If v € Qn, then p(Frob,) has distinct eigenvalues o, # Bo.
Ifv e Qu, then #k(v) = 1 (mod p™).

e #0y =T.

. R?N (respectively RS;\;) is topologically generated over R'° (respectively
Rloc) by #T — 1 — [F : Q] + r elements.

Proof. The last condition may be replaced by
« H)), (Grr, (ad’ p)(1)) =0.

Therefore, it is enough to show that for each 0 # [¢p] € H (G F.Ts (ad0 0)(1)), there
are infinitely many v ¢ T such that:

e #k(v) =1 (mod pM).
» p(Frob,) has distinct eigenvalues &, ,B_U.
¢ Res[@] € Hl(Gk(v), (ad0 0)(1)) is nonzero.

This then gives us some set of places Q with the given properties, except that #Q
may be too large; but then we can pass to a subset of cardinality r, while maintaining
the injectivity of the map H'(G .z, (ad’ 5)(1)) = ®veoH' (Gia, (ad® p)(1)).

We will use the Chebotarev density theorem to do this; note that the condition
that #k(v) = 1 (mod p") is equivalent to v splitting completely in F (¢ pv), and
the condition that p(Frob,) has distinct eigenvalues is equivalent to asking that
ad p(Frob,) has an eigenvalue not equal to 1.

Set E = F*rad? (¢ ). We claim that we have H'(Gal(E/F), (ad” p)(1)) = 0.
In order to see this, we claim firstly that ¢, ¢ F¥erad? - This follows from the
classification of finite subgroups of PGLz([_Fp): we have assumed that Imp D
SL,(F,), and this implies that Imad p = PGL,([F,s) or PSLy(F,s) for some s,
and in particular (Imad ) is trivial or cyclic of order 2. Since p > 5 and p is
unramified in F, we have [F(¢,) : F1> 4,50 ¢, ¢ F*27 a5 claimed.

The extension E/F¥"2d7 js abelian, and we let E( be the intermediate field
such that Gal(E/Ey) has order prime to p, while Gal(Eq/F*'247) has p-power
order. Write I'y = Gal(Ey/F), I'y = Gal(E/Ey). Then the inflation-restriction
exact sequence is in part

0— H'(Ty, (ad’ p)(1)"*) — H' (Gal(E/ F), (ad’ p)(1)) — H'(I'2, (ad® p) (1)),

so in order to show that H'(Gal(E /F), (ado p)(1)) = 0, it suffices to prove that
H'(T'y, (ad” p)(D™) = H'('2, (ad’ p)(1))" =0.

In fact, we claim that (ado p)(DT2 and HY(T, (ad0 0)(1)) both vanish. For the
first of these, note that I"; acts trivially on ad® p (since Eq contains FXr247) byt
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that ¢, ¢ Eo (as [Ep : Fkeradp] g g power of p). For the second term, note that I',
has prime-to-p order.

Suppose that #k(v) = 1 (mod p), and that p(Frob,) = (56” /%). Then ad’ p
has the basis (0 2): (55)s (°0) of eigenvectors for Frob,, with eigenvalues 1,
oy/ By, Buv/a, respectively. Consequently, we see that there is an isomorphism
H l(Gk(v), (ad® 0)(1)) = F (since in general for a (pro)cyclic group, the first co-
homology is given by passage to coinvariants), which we can write explicitly as
[¢] — 7, 0 ¢ (Frob,) oi,, where i, is the injection of [ into the &,-eigenspace of
Frob,, and m, is the Frob,-equivariant projection onto that subspace.

Let op be an element of Gal(E/F) such that:

° 00(§pN) = é‘pN‘

« p(0p) has distinct eigenvalues &, .

(To see that such a o exists, note that Gal(F*"?/ F (£ ,» )N F*"?) contains PSL; (F ),
and so we can choose oy so that its image in this group is an element whose adjoint
has an eigenvalue other than 1.) Let E/E be the extension cut out by all the
(¢l € HY(G F.T (ad® 0)(1)). In order to complete the proof, it suffices to show that
we can choose some o € Gal(E /F) with o |g = 09, and such that in the notation
above, we have 75,0¢ (0)oig, 7 0, because we can then choose v to have Frob, =o
by the Chebotarev density theorem.

To this end, choose any 6y € Gal(E / F) with 69| g = 09. If ¢ does not work, then
we have 74, 0 ¢ (6¢) 0 iy, = 0. In this case, take o = 010 for some o} € Gal(E/E).
Then ¢ (o) = ¢(0160) = ¢ (01) + 019 (00) = ¢ (01) + $(00), S0 gy 0 P(0) 0 lgy =
To, © ¢(o1)o Lo

Note that qb(Gal(E /E)) is a Gal(E/F)-invariant subset of ad” P, which is an
irreducible Gal(E/F)-module, since the image of p contains SLy([F,). Thus the
[F-span of ¢ (Gal(E /E)) is all of ad® (1), from which it is immediate that we can
choose o7 so that 75, 0 ¢ (01) 0 iy, # 0. O

We are now surprisingly close to proving the main theorem! Write h :=#T —
1 —[F:Q]+r,and Ry := R"°[[xy, ..., x,]. For each set Qx as above, choose
a surjection Ry, —» RSN. Let Jx := Jly1, ..., 1. Choose a surjection Joo —>
J[Agyl, given by writing Qn = {v1, ..., v,} and mapping y; to (y; — 1), where y;
is a generator of A,,. Choose a homomorphism J, — R so0 that the composites
Joo—> Rog — REN and J,, — j[AQ_N] — RSN agree, and write too 1= (a, Y1, ..., ¥r).
Then S3, /asx = Sz, Rp, /6o = RS

Write by :=ker(Js — J[Agy]), so that SSN is finite free over J,/by. Since
all the elements of Q are congruent to 1 modulo p", we see that

by S ((A+y)?" —1,....A+y)"" —1).
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We can and do choose the same data for R, in such a way that the two sets
of data are compatible modulo A.
Now choose open ideals ¢y <1 Joo such that:

e cyNO=(N).
o cy 2 by.
® (N 2 CN4]-
e Nycy =0.
(For example, we could take ¢y = ((1 + XU,,-,J-)PN -1, +y,-)1’N —1,M).) Note

that since ¢y D by, SSN /cw 1s finite free over Joo/cy. Also choose open ideals
Oy <O RZ™ such that:

o Oy Cker(RYY — End(Sy/AN)).
e Oy 20N+1-
e Nyoy =0.

If M >N, write Sy y= SSM/cN, so that Sy, y is finite free over Jo /¢y of rank equal
to the O-rank of Sg; indeed Sy n/0cc = Su /AN . Then we have a commutative
diagram

Too > Roo » ROV /oy

!

Sun —» Sz/0N

where Sy .y, Sz/0y and R%“iV/DN all have finite cardinality. Because of this
finiteness, we see that there is an infinite subsequence of pairs (M;, N;) such that
M;4+1 > M;, Niy1 > N;, and the induced diagram

joo > Roo > R%HIV/DNI-

o 8

SMi+1yNi+1/cN[ E— S@/DN:‘

is isomorphic to the diagram for (M;, N;).
Then we can take the projective limit over this subsequence, to obtain a commu-

tative diagram _
Joo —— Rog ——» R

(L QL

SOO—»SQ

where S is finite free over Jo. Furthermore, we can simultaneously carry out the
same construction in the ’ world, compatibly with this picture modulo A.
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This is the key picture, and the theorem will now follow from it by purely
commutative algebra arguments. We have (ultimately by the calculations of the
dimensions of the local deformation rings in Theorems 3.28 and 3.31)

dim Ro = dim R, = dim Joo = 4#T + 7,

and since S, S, are finite free over the power series ring 7, (from Proposition 5.8),
we have

depth; (Seo) =depth; (S,)) =4#T +r.
(This is the “numerical coincidence” on which the Taylor—Wiles method depends;
see [Calegari and Geraghty 2018] for a further discussion of this point, and of a

more general “numerical coincidence”.) Since the action of J,, on S factors
through R, we see that

depthg (Seo) > 4#T +r,
and similarly
depthp, (SL,) > 4#T +r.

Now, if P <1 R is a minimal prime in the support of S/, then we see that
44T +r =dim R, > dimR._/P > depthp, S. > 4#T +r,

so equality holds throughout, and P is a minimal prime of R, . But R, has a
unique minimal prime, so in fact

Suppp,_(S5) = Spec Ry..

By the same argument, we see that Suppg_ (Seo) is a union of irreducible com-
ponents of Spec Ry,. We will show that it is all of Spec R by reducing modulo A
and comparing with the situation for S/

To this end, note that since Suppg, (S..) = Spec R, we certainly have

SuppRéo/,\(Séo/k) = Spec R._/A.

This implies that Suppg_ /, (Sec/2A) = Spec R /2, by the compatibility between the
two pictures. Thus Suppg_(Seo) is a union of irreducible components of Spec Roo,
which contains the entirety of Spec Ry /A. Since (by Theorem 3.38) the irreducible
components of Spec R,,/A are in bijection with the irreducible components of
Spec R, this implies that Suppg_ (Sec) = Spec Roo. Then

Suppr, ja., (Soo/f00) = Roo /oo,

i.e., Supp Runiv Sz = RYMY, which is what we wanted to prove.
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6. Relaxing the hypotheses

The hypotheses in our main theorem are not optimal. We will now briefly indicate
the “easy” relaxations of the assumptions that could be made, and discuss the
generalizations that are possible with (a lot) more work.

Firstly, it is possible to relax the assumption that p > 5, and that Im p 2 SL, ([ ).
These assumptions cannot be completely removed, but they can be considerably
relaxed. The case p = 2 is harder in several ways, but important theorems have
been proved in this case, for example the results of Kisin [2009b] which completed
the proof of Serre’s conjecture.

On the other hand, the case p = 3 presents no real difficulties. The main
place that we assumed that p > 3 was in the proof that the finite groups G; in
Section 5.3 have order prime to p; this argument could also break down for cases
when p > 3 if we allowed p to ramify in F, which in general we would like to
do. Fortunately, there is a simple solution to this problem, which is to introduce
an auxiliary prime v to the level. This prime is chosen in such a way that all
deformations of p|g,, are automatically unramified, so none of the global Galois
deformation rings that we work with are changed when we relax the conditions at v.
The existence of an appropriate v follows from the Chebotarev density theorem and
some elementary group theory; see Lemma 4.11 of [Darmon et al. 1997] and the
discussion immediately preceding it.

We now consider the possibility of relaxing the assumption that Im p 2 SL, ([ ).
We should certainly assume that p is absolutely irreducible, because otherwise
many of our constructions don’t even make sense; we always had to assume this
in constructing universal deformation rings, in constructing the universal modular
deformation, and so on. (Similar theorems have been proved in the case that p
is reducible, in particular by Skinner and Wiles [1999], but the arguments are
considerably more involved, and at present involve a number of serious additional
hypotheses, in particular ordinarity — although see [Pan 2022] for a theorem without
an ordinarity hypothesis.) Examining the arguments made above, we see that the
main use of the assumption that Im p 2 SL,([F,) is in the proof of Proposition 5.10.
Looking more closely at the proof, the key assumption is really that plg, 18
absolutely irreducible; this is known as the “Taylor—Wiles assumption”. (Note that
by elementary group theory, this is equivalent to the absolute irreducibility of p|g, .
where K/ F is the unique quadratic subextension of F'(¢,)/F’; in particular, over Q
Fhe condition is faguiv.alent to tbe abSOh.ltjC irreducibility of ,5|GQ( N which
is how the condition is stated in the original papers.)

Unfortunately this condition isn’t quite enough in complete generality, but it
comes very close; the only exception is certain cases when p = 5, F contains
@(\/5), and the projective image of p is PGL,(Fs). See [Kisin 2009c, (3.2.3)] for
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the definitive statement (and see the work of Khare and Thorne [2017] for some
improvements in this exceptional case). If p is absolutely irreducible, but p|g Feep) is
(absolutely) reducible, it is sometimes possible to prove modularity lifting theorems,
but considerably more work is needed (and there is no general approach in higher
dimension); see [Skinner and Wiles 2001] in the ordinary case, which uses similar
arguments to those of [Skinner and Wiles 1999], and also [Thorne 2016; Pan 2022].

The other conditions that we could hope to relax are the assumptions on p|g,,
and po|G,, atplaces v | p. We’ve hardly discussed where some of these assumptions
come from, as we swept most issues with p-adic Hodge theory under the carpet.
There are essentially two problems here. First, we have assumed that p is unramified
in F, that the Galois representations are crystalline, and that the gaps between the
Hodge-Tate weights are “small”; this is the Fontaine—Laffaille condition. There is
also the assumption that p, pg have the same Hodge—Tate weights. Both conditions
can be considerably (although by no means completely) relaxed (of course subject to
the necessary condition that p is geometric). As already alluded to above, very gen-
eral results are available in the ordinary case (even in arbitrary dimension), in partic-
ular those of Geraghty [2019]. In the case that F;, = Q, there are again very general
results, using the p-adic local Langlands correspondence for GL,(Q),); see in partic-
ular [Emerton 2011; Kisin 2009a; Pan 2022]. However, beyond this case, the situa-
tion is considerably murkier, and at present there are no generally applicable results.

6.1. Further generalizations. Other than the results discussed in the previous
subsection, there are a number of obvious generalizations that one could hope to
prove. One obvious step, already alluded to above, is to replace 2-dimensional
representations with n-dimensional representations; we could also hope to allow F to
be a more general number field. At present it seems to be necessary to assume that F
is a CM field, as otherwise we do not know how to attach Galois representations
to automorphic representations; but if F is CM, then automorphy lifting theorems
analogous to our main theorem are now known (for arbitrary n), and we refer to
[Calegari 2021] for both the history of such results and the state of the art.
Another natural condition to relax would be the condition that the Hodge—Tate
weights are distinct; for example, one could ask that they all be equal, and hope
to prove Artin’s conjecture, or that some are equal, to prove modularity results for
abelian varieties. The general situation where some Hodge—Tate weight occurs with
multiplicity greater than 2 seems to be completely out of reach (because there is
no known way to relate the automorphic representations expected to correspond to
such Galois representations to the automorphic representations which contribute
to the cohomology of Shimura varieties, which is the only technique we have for
constructing the maps R — T), but there has been considerable progress for small
dimensional cases, for which we again refer the reader to [Calegari 2021].
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Finally, we would of course like to be able to dispose of the hypothesis that p is
modular (that is, to dispose of pg). This is the problem of Serre’s conjecture and its
generalizations, and has only been settled in the case that F = Q and n = 2. The
proof in that case (by Khare and Wintenberger [2009a; 2009b] and Kisin [2009b])
makes essential use of modularity lifting theorems. The proof inductively reduces to
the case that p <5 and p has very little ramification, when direct arguments using
discriminant bounds can be made. The more general modularity lifting theorems
mentioned above make it plausible that the inductive steps could be generalized, but
the base case of the induction seems specific to the case of GL, /Q, and proving the
modularity of p in greater generality is one of the biggest open problems in the field.
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