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The cubic case of Vinogradov’s mean value theorem

D. R. Heath-Brown

We present a self-contained proof of the cubic case of Vinogradov’s mean value

9q <6

theorem, based on Wooley’s “efficient congruencing” approach.

1. Introduction

In a remarkable series of papers, Wooley [2012; 2013; 2015; 2016; 2017], and
in collaboration with Ford [Ford and Wooley 2014], has made dramatic progress
with Vinogradov’s mean value theorem. This culminated in the full proof of the
main conjecture, by Bourgain, Demeter and Guth [Bourgain et al. 2016], using
rather different methods — but see [Wooley 2019] for a subsequent treatment by the
original approach. Wooley’s survey article [2014] gives an excellent introduction
to his results and their applications.

The mean value theorem concerns the integer Js x(X) defined as the number of
solutions (xi, ..., x25) € N of the simultaneous equations

M ddxl =xl et x (I<j<k) @

with x,...,x; < X. Here X > 1 is an arbitrary real number, and s and k are
positive integers, which one treats as being fixed. The key feature of this system is
that if (xp, ..., xo,) is a solution, so is any translate (x| +c, ..., Xo5s +¢).

The various forms of the Vinogradov mean value theorem give upper bounds
for J; 1 (X). It is not hard to see that

Jok(X) g X0 4 XBHE4D/2
for X > 1, and the central conjecture is that
Jo i (X) Kspe XE(XS 4 X2 7hEAD/2y

for any & > 0. “Classically” this was known for k = 1 and 2, for s < k + 1, and
for s > s (k) with a value so(k) < k?log k. However Wooley [2012] showed that
one may take so(k) = k% + k. Moreover, in [Wooley 2016], he showed that the full
conjecture holds for k = 3.
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The purpose of this paper is to present a much simplified version of Wooley’s
methods, sufficient to handle the case k = 3.

Theorem. We have
Jo3(X) <e XOF¢

for any fixed ¢ > 0.

It is trivial from (2) below that if s and ¢ are any positive integers then we will
have Joy, 1 (X) < X2 J; 1 (X) and Js 1 (X) < Jor 1 (X)/6+D, Thus for k = 3 we
can deduce the general case of the conjecture immediately from the theorem.

It should be stressed that, while the argument of the present paper appears cleaner
and shorter than that presented by Wooley [2016], the underlying principles are the
same.

2. Outline of the proof

Investigations into the mean value theorem depend crucially on an alternative
interpretation of J; ; (X) in terms of exponential sums. If & € R* we write

fele; X) = fl@) =) elarx+---+axb),
x<X
whence

50 = [ f@P da. @
(0,17%
Our version of the efficient congruencing method will also use the exponential sums

foles X, 6,a)= fal@; &)= Y elarx+---+oxb),

x<X
x=¢& (mod p“)

where p is prime and a is a positive integer exponent. The prime p > 5 will be
chosen to be a small power of X. Since it will not change during the argument we
will not include it explicitly among the parameters for f,(e; £). Taking s and & as
fixed we will write

In(X; &, 13 a,b) = / Males | fy(e; P~ da,  (0<m <s5-1),
0.1]
which counts solutions of (1) in which
xi=&E modp?) (I<i<mands+1<i<s+m),

and
xi=nmodp?) (m+1<i<sands+m+1<i<2s).
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We will use this notation even when p“ or p” is larger than X. We observe that
when m = 0 we have

IO(X;S, n,a, b):/ |fb(a; n)|23 da,
(0,11%

which is independent of & and a.
We will also work with I,,,(X; a, b) defined by
Ih(X;a,b)= max Iy(X;§,n;a,D)
1 (mod pb)
and

I,(X;a,b)= max I,(X;&,ma,b) (1<m<=<s—1).
&#n (mod p)

The condition & #n (mod p) is the last remaining vestige of Wooley’s “conditioning”
step. Wooley [2016, page 538] uses functions 1;", (X) and K", (X), both of which
correspond to our function /,,,(X; a, b). We are able to work with a single (simpler)
function because we have a simpler version of the conditioning process.
Although many of our results can be proved for general s and k we shall now
specialize to the case s =6, k =3, and write J (X) = Jg,3(X) for brevity. We proceed
to present a series of estimates relating J(X) and [,,(X; a, b) form =0, 1, 2, with
various values of a and b. Iterating these will ultimately establish our theorem. The
lemmas below will be proved in the next section. For the time being we content
ourselves with stating the results, and showing how they lead to the theorem.
When m = 0 we can relate Io(X; a, b) to J(X) as follows.

Lemma 1. If p® < X we have
Io(X; a,b) < J2X/p").
Our next result shows how to bound J(X) in terms of I,(X; 1, 1).
Lemma 2. If p < X we have
J(X) < pI2X/p)+ pL(X; 1, 1).

One way to compare values of 11 (X; a, b) and I,(X; a, b) is by applying Holder’s
inequality. We give two such estimates.

Lemma 3. We have

L(X:a,b) < L(X;b,a)' P 1,(X; a, b)*’
irrespective of the size of p.
Lemma 4. If p” < X we have

11(X; a,b) < L(X; b,a)/*T2X/p?)>/4.
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Next we show how successively larger values of a and b arise.

Lemma S. For any p we have
L/(X;a,b) < p~“1)(X; 3b, b)
if 1 <a <3b.
Lemma 6. For any prime p we have
L(X;a,b) <2bp**= V[, (X;2b—a, b)
whenever 1 <a <b.

We are now ready to assemble all these results to prove the following recursive
estimate for I,.

Lemma?7. If1 <a §bandpb < X we have
L(X; a, by < 2bp~ 10315 1 (X1 b, 2b —a) P L(X; b, 36)/0 72X/ p*)1/2.

The reader may note that the above inequality is a neat form of the bound in
Lemma 5.2 of [Wooley 2016].
For the proof we successively apply Lemmas 6, 3, 5 and 4, giving

L(X;a,Db)
< 2bp* =V [, (X; 2b — a, b)
<2bp*=I(X: b, 2b—a)' P 1(X; 2b — a, b)*?
<26p* " L(X; b, 2b — ) P p PO L (X; 3b, b)Y
< 2bp4(b_a)+2(a+b)/312(X; b, 2h — a)1/3{12(X; b, 3b)1/4J(2X/pb)3/4}2/3
= 2bp 103 L (X b, 2b — a) P I (X: b, 3b)0 T (2X ) pP) /2
Here we should observe that, in applying Lemma 5 to 1, (X; 2b—a, b), the necessary
condition “a < 3b” is satisfied, since 2b —a < 3b.
Everything is now in place to complete the proof of the theorem. We note the
trivial upper bound J(X) < X 12 and the trivial lower bound J(X) > [X]° > X°©

(coming from the obvious diagonal solutions x; = xg4; for i < 6). Thus we may
define a real number A € [0, 6] by setting

A=inf{§ e R: J(X) < X%* for X > 1}. (3)

It follows that we will have J(X) < X6t2+¢ for any & > 0. Our goal of course is
to show that A =0.
We observe that
h(X;a,b) < J(X) <, XOTAte
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for 1 <a < b, and hence that
IZ(X, Cl, b) <<8 X6+A+8p72a74bp3(3b7a), (4)

since 3(3b —a) > 2a +4b for a < b. We now proceed to use Lemma 7 to prove,
by induction on #, that

IZ(X, a, b) <<g,n,a,b X6+A+sp72a74bp(37nA/6)(3b7a) (5)
for any integer n > 0, provided that

l<a<b (6)
and
Pt <X. )

The base case n = 0 is exactly the bound (4). The reader may be puzzled by the
choice of the exponent for p in (5). We shall discuss this further in the final section.
Given (5) we have

L(X; b,2b— a) Lemab X6+A+sp—2b—4(2b—a)p(3—nA/6)(3(2b—a)—b)

— X6+A+8p4a—IObp(3—nA/6)(5b—3a) )

Note that the conditions corresponding to (6) and (7) are satisfied if
p3n+1h S X

since we will have 1 < b <2b —a whenever 1 <a < b, and

p3”(2b—a) < p3"+1b <X.

In a similar way, (5) implies that

IQ(X; b, 3b) Lo X6+A+sp—2b—12bp(3—nA/6)(9b—b)

—14b _(3—nA/6)(8b)

— X6+A+€p p

the conditions corresponding to (6) and (7) holding whenever b > 1.
Finally we have
J(2X/pb) <<€ X6+A+8p76b7Ab

provided that p® < X. Feeding these estimates into Lemma 7 we deduce that

L(X;a, b) Lemab p—IOa/3+14b/3{X6+A+sp4a—IObp(3—nA/6)(5b—3a)}1/3

X {XO+AFE = 14b  (G=nA/6)8h)1/6( y6+Ate ,

— X6+A+sp—2a—4bp(3—nA/6)(3b—a)p—Ab/Z

—6b—Aby1/2

< X6+A+s —2a—4hp(3—(n+1)A/6)(3h—a)’

p

since b/2 > (3b — a) /6. This provides the required induction step.
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Having established (5) we apply it with a = b =1, and p chosen to lie in the
range
%X1/3" <p<x¥

There will always be a suitable p > 5 if
X > 10%.
We then deduce from Lemma 2 that
T(X) < pJQX/p)+ p2h(X; 1, 1) Ko p(X/p)0Hite 4 x6+8Fe p12-nA/3

If A were strictly positive we could choose n sufficiently large that nA > 39, and
would then conclude that

J(X) <<€,n X6+A+8p71 <<8,rl X6+A737n+€’

contradicting the definition (3). We must therefore have A = 0, as required for the
theorem.

The reader will probably feel that the final stages of the argument, from (5)
onward, are lacking in motivation. The final section of the paper will offer an
explanation for the route chosen.

3. Proof of the lemmas

We begin by examining Lemma 1. We observe that there is an 5 € (0, p®] such that
Iy(X; a, b) counts solutions to (1) in which each x; takes the shape n + pPyi, with
integer variables y;. We will have 0 < y; < X/p?. Thus if we set z; = y; + 1 we
find that 1 <z; <1+ X/p? <2X/p?, in view of our condition p” < X. Moreover
we know that if the x; satisfy (1) then so too will the y; and the z;. It follows that
Io(X; a,b) < J, 1 (2X/p?) as claimed.

To prove Lemma 2 we split solutions of (1) into congruence classes for which
x; =&; (mod p) for 1 <i < 12. The number of solutions in which

Xy =---=x12 (mod p)

18 at most

> I(X:0.m: 1, 1) < plo(X; 1, 1) < pJ (2X/ p),
n (mod p)

by Lemma 1. For the remaining solutions to (1) there is always a pair of variables
that are incongruent modulo p, and it follows that there exist £ # 1 (mod p) such
that

12
100 = pI@X/p)+ (5 ) =1 | 1A &) fites ) f @) de.
0,113
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By Holder’s inequality we have

f(o 1Plfl (o; &) file; ) f (@) dex

1/12 1/12
< {/ |f1<oc;s>|“|f1<a;n>|8doe} {f Ifl(a;§)|8|f1(oe;n)|4doe}
0,173 0,173

5/6
X {/ If(oc)llzdoc} ,
0,173

J(X) < pJ2X/p)+ p*L(X; 1, DV L(X; 1, DY12 7 (X)6.

whence

We deduce that
J(X) < pJ(2X/p)+ pL(X; 1, 1),

as required for the lemma.
Lemma 3 is a trivial application of Holder’s inequality. We have

L(X;&,n;a,b)
=f RACEIMFACE L
0,173

2/3

1/3

s{f |fu(“;§)|8|fb(“§ﬂ)|4d“} {/ |fa(“§~f)|2|fb(a§n)|lod“}
0,173 0,173

< L(X;b,a)'*1/(X; a, b)*?,

and the lemma follows.
For Lemma 4 we note that

I(X;&,n;a,b)
=/ | fa(es £) 171 fi(e; )| ' det
0,113

1/4 3/4
< {/ e )11 (e n>|8da} {f e n)|‘2da}
0,173 0,113

< L(X;b,a)*Io(X; b, b)*/*
< L(X; b, a)*J(2X/p?)*4,

by Holder’s inequality and Lemma 1.
Turning next to Lemma 5 we note that I{(X; &, n; a, b) counts solutions of (1)
in which x; =& 4 p®y; fori =1 and i =7, and x; = 1 + p”y; for the remaining
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indices i. If we set v =& — n we deduce that the variables

v+piy, i=1lor7,
Zi = )
' pbyi otherwise,

also satisfy (1). In particular, the equation of degree j = 3 yields
v+ pz1)* = W+ p?z)’ (mod p*).

Now, crucially, we use the fact that & # n (mod p), whence p{v. It follows that we
must have v + p%z; = v+ p®z7 (mod p?), and hence z; = z7 (mod p3’~%). We
therefore have x| = x7 = £’ (mod p?) for one of p>’~¢ possible values of &', so
that

L(X;§,m;a,b) < p* " 11(X; 3b, b),

which suffices for the lemma.

Finally we must handle Lemma 6. We note that I,(X; &, ; a, b) counts solutions
of (1) in which x; =&+ p“y; fori =1, 2, 7 and 8, and x; = n+ p”y; for the remaining
indices i. As in the proof of Lemma 5 we set v =& —n and z; = x; — 1, so that the
z; also satisfy (1). We will have pb |z; for3<i <6and9 <i <12, whence

W+ p'y) + @+ piy) = @+ piy)! + v+ plys)! (mod p?) (1<) <3)
with v =& —1n % 0 (mod p). We shall use only the congruences for j =2 and 3.
On expanding these we find that

2081 + pS, =0 (mod p*~%) (8)
and

3028, + 3vpt S, + p2“S3 =0 (mod p3b_”),
where . . . .
Si=yi+y—y—yn (=123).
Eliminating S; from these yields
3up®S, +2p**S3=0 (mod p*'~),
whence
308, +2p%S3 =0 (mod p?P—2%).

Moreover (8) trivially implies that

208 4+ p*S> =0 (mod p?~24).

It appears that we have wasted some information here, but the above congruences
are sufficient.

We now call on the following result, which we shall prove at the end of this
section.
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Lemma 8. With the notations above for S;, let N (p; a, c) denote the number of
solutions (y1, y2, y7, y8) modulo p°¢ of the congruences

2v81 + p* S, =3vS, +2p9S3 =0 (mod p©).
Then if a > 1 and ¢ > 0 we will have N (p; a,c) < (c+ l)pzc.

If y; = yio (mod p>®=9) for i = 1,2,7,8 then x; = & (mod p?’~¢), with
& =& + p®yip. The number of solutions to (1) counted by I»(X; &, n; a, b) for
which y; = yio (mod p?®~%) is then given by

Fov—a (@ 1) fop—a(@; £2) fop—a(@; &7) fap—a(@; E8)| fr(et; )| det
[] fo-ale:&)

0,173
< /
3
OIF 1267

1/4
=< l_[ {/(0 ]]3|f2b—a(o[; Si)|4|fb(ot; r])|8da}

i=1,2,6,7

| fo(o; )P dex

< [] e&x:&.m2p—a b
i=1,2,6,7

S IZ(X’ 2b —da, b)v
by Holder’s inequality. It then follows from Lemma 8 that
L(X;a,b) < N(p;a,2(b—a))L(X; 2b—a,b) <2bp* "1, (X;2b —a, b)

as required.

It remains to prove Lemma 8, for which we use induction on c. The base case
¢ =0 is trivial. When ¢ =1 we have p | S; and p | S> and the number of solutions
is 2p% — p, which is also satisfactory. In general we shall say that a solution
(¥1, y2, ¥7, ¥g) is singular if

Y1 =y2=y7 =ys (mod p),
and nonsingular otherwise. For a nonsingular solution the vectors
VQvSi+p*S;) and V(Q@BvS,+2p°Ss)

are not proportional modulo p, since a > 1 and p{6v. It follows that a nonsingular
solution (y1, 2, y7, yg) of the congruences modulo p¢ will lift to exactly p? solu-
tions modulo p°*!. Thus if we write No(p; a, ¢) for the number of nonsingular
solutions modulo p¢ we will have Ny(p; a,c) <2 pz", by induction.

For a singular solution we have

yi=y=y;=ys=p (mod p),
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say. If we write y; = 8 + pu; and
S} :u{+ué—u§ —ué
we find that
2081 + p S, =2(v + BpY) pS; + p TS,
and

308y 4+2p*S3 =68+ Bp*)pS; +3(v +28p*) p*S, 4+ 2p* TS5,
Hence
20/ pSi+ p 28y = 6BV pS| +3(v + Bp®) >S5 +2p* TS5 = 0 (mod p°)
with v/ = v + Bp® # 0 (mod p). Eliminating S} from the second expression yields
31/ p* Sy +2p** S5 =0 (mod p°)
and we deduce that
2V'S] + ptS5 =0 (mod ph) )
and
308 +2p+1s;, =0 (mod p¢2). (10)

Since we are counting values of y; modulo p¢ we have to count values of #; modulo
p~!. However any solution of

20'S) 4 pTIS, =308, +2p TS, =0 (mod p©?)

modulo p“2 lifts to exactly p3 solutions of the two congruences (9) and (10)

c—1

modulo p¢~', since

VQV'S + p*tishy =2v(1,1, -1, —1) £ 0 (mod p).

It follows that (9) and (10) have p3>N(p; a + 1, ¢ —2) solutions for each of the p
possible choices of 8, provided of course that ¢ > 2.
We are therefore able to conclude that

N(p;a,c) < No(p;a,c)+p*N(p;a+1,c—2) <2p* +p*N(p;a+1,c—2)

for ¢ > 2, and the lemma then follows by induction on c.

We conclude this section by remarking that in this final inductive argument, we
have estimates of the same order of magnitude for both the number of singular
solutions and the number of nonsingular solutions. When one tries to generalize the
argument to systems of more congruences the singular solutions can dominate the
count in an unwelcome way. It is for this reason that Wooley’s approach requires a
“conditioning” step in general, in order to remove singular solutions at the outset.
Fortunately we just manage to avoid this in our situation.
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4. Remarks on the conclusion to the proof

This final section is intended to shed some light on the argument that leads from
Lemma 7 to the theorem. In particular the reader may be curious as to how one is
led to formulate the induction hypothesis (5). The issue is that repeated applications
of Lemma 7, starting from I5(X; 1, 1) for example, produce values of I,(X; a, b)
with a large number of different pairs a, b; and one wants an induction hypothesis
that will apply successfully to all of them.

Suppose one assumes that J (X) <, X?*¢ for any & > 0 and that for any positive
integers a < b one has

Iz(X;ll,b) <<8 X9+£p01a+,3b (11)

for some constants « and B, for a suitable range p < X 3(.p) say.
Then Lemma 7 yields

L(X;a,b) <, X0 p?ath?
for a < b, with new constants
«=-R-lp p=Yrleris-to

We can express this by writing

/

(3)=esm(3),

—10/3 0 —1/3
= M = .
¢ (14/3—9/2)’ (1/2 7/6)
Starting with « = 8 = 0, for example, we obtain inductively a succession of
bounds of the shape (11), with

(Z) = (ZZ):c+Mc+---+M”c.

The matrix M has eigenvalues 1 and 1, and can be diagonalized as PDP~! with

-1 =2 10
r=(3 7)) 2=(01):
It then follows that

(Z) —nP ((1) 8) Pletoy="0=" _59)” (_31) +0(1)

as n tends to infinity. For any starting pair a, b we will have 3b —a > 2b > 2. Thus
if 8 > 6 we will eventually have a,a + B,b < —1, say, for suitably large n.

with
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We therefore obtain
L(X;a,b) < X" p~!

for p < X?, for some § = 8, depending on #. This leads to a contradiction, as in
Section 2.

We therefore see that the crucial feature of Lemma 7 is that it leads to a matrix
M having its largest eigenvalue equal to 1. The corresponding eigenvector is
(o, B) = (—1, 3), and the argument of Section 2 has therefore been expressed in
terms of the linear combination 3b — a.
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