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On gamma factors for representations
of finite general linear groups

David Soudry and Elad Zelingher

We use the Langlands—Shahidi method in order to define the Shahidi gamma
factor for a pair of irreducible generic representations of GL, (F,) and GL,, (F,).
We prove that the Shahidi gamma factor is multiplicative and show that it is
related to the Jacquet—Piatetski-Shapiro—Shalika gamma factor. As an application,
we prove a converse theorem based on the absolute value of the Shahidi gamma
factor, and improve the converse theorem of Nien. As another application, we
give explicit formulas for special values of the Bessel function of an irreducible
generic representation of GL,, (F,).

1. Introduction

In the representation theory of p-adic groups, one method of studying irreducible
representations is by attaching local factors to the representations. These local
factors are complex valued functions of a complex variable. They encode various
properties of the representations in question. These local factors usually arise from
global integrals representing L-functions attached to automorphic representations.
Studying these local factors is crucial for understanding the global situation. This
has been done successfully in many cases, including the pioneering works of Jacquet,
Piatetski-Shapiro and Shalika [Jacquet et al. 1983] and Shahidi [1984; 1990].

Let F be a finite field with cardinality g. A local theory of local factors often
has a finite field analog. It allows one to attach “local constants” to irreducible
representations of the F-points version of the group in consideration. One famous
example is the book by Piatetski-Shapiro [1983], in which he developed the theory
of gamma factors for the tensor product representation of GL, x GL; over finite
fields. We also mention the works [Roditty-Gershon 2010; Nien 2014; Ye and
Zelingher 2020; Liu and Zhang 2022a; 2022b] as examples. These local constants
usually encode properties analogous to their local factors counterparts. Moreover,
these local constant theories often allow one to consider “toy models” for analogous
local problems. For instance, shortly after Nien’s proof [2014] of the analog of
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Jacquet’s conjecture for finite fields, Chai [2019] proved the conjecture for the
p-adic group case where in his proof he used tools analogous to the ones used by
Nien.

In her master’s thesis Roditty-Gershon [2010] defined a finite field analog of the
gamma factor of Jacquet, Piatetski-Shapiro and Shalika [1983]. This gamma factor
represents the tensor product representation, attached to two irreducible generic
representations 7 and o of GL,(F) and GL,,(F), respectively, and is denoted
y(w x o, ). Later, Rongqing Ye [2019] showed that y (r x o, V) is related to
its local field counterpart through level zero supercuspidal representations. Using
this relation and the local Langlands correspondence, Rongqing Ye and the second
author were able to express y(w X o, ) as a product of Gauss sums [Ye and
Zelingher 2021].

The theory of the finite field version of the gamma factor associated to the tensor
product, as it currently appears in the literature, is in some sense not complete. The
first problem is that the gamma factor y (m x o, ¥) is currently not defined for all
irreducible generic representations 7w and o. It is only defined when n > m, and
under the assumption that 7 is cuspidal (and if n = m, o is also required to be
cuspidal). One can tweak the proofs so they will work for all irreducible generic
representations 7 and o, such that 7 and o have disjoint cuspidal support, but
that is not enough in order to define y (7 x o, ¥) for all pairs = and o. One can try
to define y (7w x o, ¥) naively using the expression involving the Bessel functions
of  and o (see Section 2B1 for the definition of the Bessel function), but this leads
to the second problem. The second problem is that the current theory lacks the
multiplicativity property of the gamma factor. If one naively extends the definition
y (m x o, ¥) using the approach suggested above, it is not clear that the gamma
factor would be multiplicative. Both of these difficulties need to be resolved for
applications as in [Zelingher 2023].

The Langlands—Shahidi method provides an alternative approach that solves
both of these problems. In this paper, we use this method to define a finite field
version of the Shahidi gamma factor. We briefly describe the construction now. Let
7 and o be representations of Whittaker type of GL,, (F) and GL,, (F), respectively.
In Section 3A, we consider an intertwining operator Us  : 0 om — 7 o0 0, wWhere
o denotes parabolic induction. In Section 3B, given Whittaker vectors v, y €
and v,y € o, we define Whittaker vectors vy oy € m oo and v 7y € 0 0.
By uniqueness of the Whittaker vectors, we have that there exists a constant
I'(m x o,Y) € C, such that

UsnVony =T(T X0,¥)  Vroy.

We call I'(w x o, ) the Shahidi gamma factor associated to w and o. This is a
finite analog of Shahidi’s local coefficient [1984].
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We prove properties of I' (7 x o, ), the most important one is that it is multi-
plicative (Theorem 3.9).

Theorem 1.1. Let w, o1 and oy be representations of Whittaker type of GL,(F),
GL,,, (F) and GL,,,(F), respectively. Then

I'm x(o1007),Y)=T( xo1,¥) -I'(m x o2, ¥).

We also express ['(r x o, ¥) in terms of the Bessel functions associated with
and o when both representations are irreducible. We show that if n > m, then up to
some simple factors, ['(7r x o, ¥) is given by the naive extension of y (7 x oV, )
discussed above (Theorem 3.14). We deduce a relation between the Shahidi gamma
factor and the Jacquet—Piatetski-Shapiro—Shalika gamma factor (Corollary 3.15).

Theorem 1.2. Let w and o be irreducible generic representations of GL,,(F) and
GL,, (F), respectively. Suppose that wt is cuspidal and n > m. If n = m, suppose
that o is also cuspidal. Then

T(w xo,¢) =g " D20, (~)y(m x o, ¥).

The relation between both gamma factors allows us to give a representation
theoretic interpretation for the absolute value of the Shahidi gamma factor. We
show that, in some sense, the absolute value of the Shahidi gamma factor serves as
a good substitute for the order of the pole of the local L-factor associated with the
tensor product representation. Let us stress that the relation to the Jacquet—Piatetski-
Shapiro—Shalika gamma factor is crucial for these results. The following theorem
can be seen as an analog of [Jacquet et al. 1983, Section 8.1].

Theorem 1.3. Let  be an irreducible generic representation of GL,(F) and let o
be an irreducible cuspidal representation of GL,,(F). Then
g™ T (@ x 0, )| = g~ = "2,

where d; (o) is the number of times o appears in the cuspidal support of 7.

This allows us to deduce a converse theorem based on the absolute value of the
normalized Shahidi gamma factor. Similar theorems in the local setting were given
by Gan and his collaborators in many works (see [Gan and Savin 2012, Lemma 12.3],
[Gan and Ichino 2016, Lemma A.6] and [Atobe and Gan 2017, Lemma A.6]), but
our proof is done on the “group side” rather than on the “Galois side”.

Theorem 1.4. Let 7y and my be two irreducible generic representations of GL,, (F)
and GL,, (F), respectively. Assume that for every m and every irreducible cuspidal
representation o of GL,,(F) we have

lg™"" 2Ty x o, )| = g ™" T (2 x 0, ).

Then ny =ny and 7w = my.
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Our results combined with Nien’s converse theorem [2014] allow us to deduce a
converse theorem that holds under weaker assumptions. This is similar to [Jiang
et al. 2015, Section 2.4].

Theorem 1.5. Let | and 1 be irreducible generic representations of GL,,(F) with
the same central character. Suppose that for any 1 < m < 5 and any irreducible
cuspidal representation o of GL,(F) we have

(i xo,¢) =T x0,¥).
Then 71 = 5.

As another application of our results, we find explicit formulas for special values
of the Bessel function of an irreducible generic representation 7. The first formula
(Theorem 4.10) expresses Jr. y (C Tn-1 ) as an exotic Kloosterman sum [Katz 1993,
Page 152]. This formula is already known in the literature by the work of Curtis
and Shinoda [2004], but our proof is based on multiplicativity of the Shahidi
gamma factor, rather than on Deligne—Lusztig theory. The second formula we find
(Theorem 4.14) expresses

as a twisted convolution of values of the form 7y y ( 1"*') and T,y ( . C/). Such
a formula was given by Chang [1976] for n = 3 and then generalized by Shinoda
and Tulunay [2005] for n = 4. Chang’s method is based on the Gelfand—Graev
algebra, while our method is based on formulas we found for the Shahidi gamma
factor.

This paper is based on a unpublished note by the first author [Soudry 1979].

2. Preliminaries

2A. Parabolic induction. Given a sequence of positive integers ny, ..., n,, we
denote by P, n, the parabolic subgroup of GL,, +...4n, (F) corresponding to the
composition (ny, ..., n,). Thatis,
Pn1 ..... ny —Dn1 ..... ny D(an ..... nyo
where
Dn1 ..... nr:{diag(gl,...,gr)l‘v’l§j§r,gjeGLnj([F)},
I, = * %
L, * =«
an ..... n, —
*



GAMMA FACTORS FOR REPRESENTATIONS OF GL, 49

Given representations my, ..., w, of GL, (F), ..., GL,, (F), respectively, we
denote by 71® . . . ®, the inflation of 71 ®- - -®m, to Py, . Thatis, m|®. .. @7,
is a representation of P,, _ , , acting on the space of 7; ® - - - ® 7, and its action
on pure tensors is given by

(M®...0m)(dwv ®- - v, =m(g)V1 ® - - - ® 7, (8,) vy,
where d = diag(gy, ..., g-) € Dy,
vVj €ET;.

The parabolic induction 7j o. ..o 7w, is defined as the following representation
of GLy, 4.4, (F):

n,andu €N, _,.,andforevery 1 <j<r,

.....

GL;11+~~~+nr (IF)

ML O...0T, = IndPn1 . TIR...Qm,.

A representation 7w of GL,(F) is called cuspidal if for every composition
(ny,...,n;) # (n) of n, there does not exist 0 £ v € 7w such that v is invariant
under Ny, . n,,1.e., if v € 7w is such that w(u)v = v for every u € Ny, .,

v = 0. If & is irreducible, 7 is cuspidal if and only if it is not a subrepresentation
of myo...om, for some 7y, ..., as above, where r > 1.

By [Gel’fand 1970, Theorem 2.4], if 7 is an irreducible representation of GL,, ([),
then there exist ny,...,n, > 0 with n; 4 --- 4+ n, = n and irreducible cuspidal
representations i, ..., 7., of GL,,(F), ..., GL,, (F), such that 7 is isomorphic
to a subrepresentation of the parabolic induction 7j o...om,. Such 7y, ..., w,
are unique up to ordering. We define the cuspidal support of w to be the multiset
{1, ..., }.

..........

2B. Generic representations. Let ¢ : F — C* be a nontrivial additive character.
Let Z,, < GL, (F) be the upper triangular unipotent subgroup. We define a character
Y : Z, — C* by the formula

1 ap * *
l a2 “ e k n—1
1 an—_1 k=1

1

Let 7 be a finite dimensional representation of GL,, (F). & is said to be generic if
Homyz, (Resz, m, ) #0.

This condition does not depend on the choice of yr. See Section 3B1. We call a
nonzero element in Homz, (Resz, 7, ¥) a y-Whittaker functional. The representa-
tion 7 is generic if and only if there exists 0 # v € &, such that 7w (u)v = ¥ (u)v
for every u € Z,. We call such vector a Whittaker vector with respect to ¥, or a
-Whittaker vector. The dimension of the subspace spanned by the -Whittaker
vectors of 7 is dimHomgz, (Resz, w, ¥/).
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Definition 2.1. We say that & is of Whittaker type if m is generic and the subspace
spanned by its {r-Whittaker vectors is one-dimensional.

By a well known result of Gelfand and Graev, we have that if 7 is generic and
irreducible, then it is of Whittaker type [Gel’fand 1970, Theorem 0.5; Silberger and
Zink 2000, Corollary 5.6]. It is well known that irreducible cuspidal representations
of GL,,(F) are generic [Silberger and Zink 2000, Lemma 5.2]. The following result
is also well known [loc. cit., Theorem 5.5].

Theorem 2.2. Let my, ..., m, be representations of Whittaker type of GL,, (F), ...,
GL,, (F), respectively. Then the parabolic induction 7w o . ..o, is a representation
of Whittaker type.

2B1. Whittaker models and Bessel functions. Let m be an irreducible generic
representation of GL, (F). Since 7 is of Whittaker type, Frobenius reciprocity
implies that

dim Homgg, (F) (77, Indcz}i‘”([F) v)=1.

We denote by W(rr, ¥) the unique subspace of Indg“"([F) Y that is isomorphic to 7.
This is the Whittaker model of & with respect to .

Recall that for an irreducible representation = of GL,(F), we have that its
contragredient 7tV is isomorphic to 7‘, where 7" is the representation acting on the
space of w by 7'(g) = m(g"), where for g € GL,(F),

g="(gh.
(This follows from the fact that for g € GL, (F), the trace characters of & and
7V are related by trrrV(g) =tr(g~"), and from the fact that g~! and ’(g~!) are
conjugate.)
Using the isomorphism 7V = 7', we get an isomorphism of vector spaces
W(r, ) - WY, ¥ 1), given by W — W, where
W(g) = W(wag"),
and where w, € GL, (F) is the long Weyl element
1
wn = .
| .
Under the realization of v by its Whittaker model W (s, 1), the one-dimensional
subspace spanned by the ¥/ -Whittaker vectors of 7 is realized as the one-dimensional
subspace of W(m, ¥) consisting of functions W € W(m, ¥), such that W(gu) =
Y (u)W(g), for every u € Z, and every g € GL, (F). By [Gel’fand 1970, Proposi-

tion 4.5], there exists a (unique) element W in this one-dimensional subspace such
that W([I,) = 1. We call this W the normalized Bessel function of w with respect
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to ¥, and denote it by J; 4. To summarize, the Bessel function J y is the unique
element in W(m, ¥), such that:

(1) jn,v,&(ln) =1
(2) Tr,y(gu) = ¥ () Tz, (g), for every g € GL,(F) and u € Z,,.

The Bessel function enjoys the following identities that relate it to its complex
conjugate and to its contragredient [Nien 2014, Propositions 2.15 and 3.5].

Proposition 2.3. For any irreducible generic representation w of GL,,(F) and any
g € GL,(F), we have the following identities:

(D) Trp (@) = Tay(9).
2) Ty (€)= Tpv y-1(8).

Remark 2.4. Let v, 4 be a nonzero y-Whittaker vector. If we choose an inner
product (-, -), on & which is invariant under the GL, (F)-action, we have that
the assignment ¢, y: m — C given by vy + (vr, Vr y)r defines a Whittaker
functional. The Whittaker model of 7 can be described using Frobenius reciprocity
as W(m,¢) = {W,, | vy € }, where for g € GL,(F) and v; € &, we define
Wy, (8) = ((g)vx, vz y ). The Bessel function is given by

(T[(g)vn,l//, Ur[,w)rr
(vn,Wa vn,w)n

jn,w(g) =

All of the properties of the Bessel function listed above now follow immediately
from the fact that (-, - ), is an inner product, and that vy y is a y¥-Whittaker vector.
Moreover, the projection operator to the one-dimensional subspace spanned by the
¥ -Whittaker vectors pr,, , can be described in two ways. The first way is by using
the inner product, in which case for v, € m,

(vn’ vn,lﬁ)n v v

Prey, , (V) = .
Comy 5 (Ur[,w, Urm//)n "

The second way is by averaging, in which case

1 .
| > v @yvn.

Prey, , (Vr) = Z

uez,

By completing vy y to an orthogonal basis of 7 and using the fact that the subspace
spanned by the {-Whittaker vectors is one dimensional, we see that

tr(prey, , 07 (8)) = Ty (8)-
This is [Gel’fand 1970, Proposition 4.5].
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2C. Jacquet-Piatetski-Shapiro—Shalika gamma factors. Let m and o be irre-
ducible generic representations of GL, (F) and GL,,(F), respectively. For most
and o, one can define a constant attached to 7w and o called the Jacquet—Piatetski-
Shapiro-Shalika gamma factor of w and o . It is also known as the Rankin—Selberg
gamma factor of m and o. This is a finite field analog of the definition given
by Jacquet, Piatetski-Shapiro and Shalika [1983] for p-adic groups. These were
explained in Piatetski-Shapiro’s lectures in 1976 and studied in an unpublished note
from 1979 by the first author [Soudry 1979]. The case n > m was also studied in
Roddity-Gershon’s master’s thesis under the supervision of the first author.

2C1. The case n > m. In her master’s thesis Edva Roditty-Gershon [2010] defined
the Jacquet—Piatetski-Shapiro—Shalika gamma factor y (7w X o, ), under the as-
sumption that 7t is cuspidal and that n > m. Roddity-Gershon’s thesis is unpublished,
but her main results are presented by Nien [2014]. We briefly review these results
now.

The first result is a functional equation that defines the Jacquet—Piatetski-Shapiro—
Shalika gamma factor. Suppose that n > m and that 7 is cuspidal. For any
W e W(r, ¢) and W € W(o, w_l), and any 0 < j <n—m — 1, we define

h
Ziw.wiyy= ) Y WX hewej W'(h).

hEZm\GLm(ﬂ:) xeM(nfmfjfl)Xm(u:) I]-‘rl
We are now ready to state the functional equation.

Theorem 2.5 [Nien 2014, Theorem 2.10]. There exists a nonzero constant
y(m x o, ) € C, such that for every0 < j <n—m — 1, every W € W(x, ) and
every W e W(o, ¥~ 1), we have

. I -~
gy x o, W Zj(W, W) = z,,_m_,-_l(nv < " ) W, W', w—1>,
n—m

where wy,_,, € GL,,_,,,(F) is the long Weyl element.

The second result expresses the gamma factor y (7 X g, ¥) in terms of the Bessel
functions of 7 and o.

Proposition 2.6 [Nien 2014, Proposition 2.16]. Under the assumptions above, we
have

Lim
)/(77,' X0, lj’) = Z jﬂ,'(// (h ) jg,,/,—l (h)

he€Zy\ GLyy (F)

It follows from Propositions 2.6 and 2.3 that

y@xo,y)=y@’ xao¥, ¥y ).
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Moreover, applying Theorem 2.5 twice, we get the following corollary regarding
the absolute value of y (7 x o, ¥).

Corollary 2.7. We have that

y( xo, )y’ xoV, g =g mermm=h,

and therefore

ly(r x o, )| =g~ """

2C2. The case n =m. The case n = m was discussed in Piatetski-Shapiro’s lecture
and is explained briefly in Rongqing Ye’s work [2019].

Let S(F") be the space of functions ¢: F* — C. For a function ¢ € S(F"), we
define its Fourier transform 7y ¢: F" — C by the formula

Fpo () =Y ¢@y((x. y)).
xel"

where if x = (x1,...,x,) €F*and y = (y1, ..., yn) € F", then (x, y) is the standard

pairing
n
(X, )= xivi.
i=1

Let = and o be irreducible cuspidal representations of GL,,(F). We define for
any W e W(r, ¥), W € W(o, ¥~!) and any ¢ € S(F")

ZW. W i)=Y WEQW(Qp(eng).

8€Zy\ GL, (F)

where e, = (0, ..., 0, 1) e . We are now ready to introduce the functional equation
that defines y (& x o, V).

Theorem 2.8 [Ye 2019, Theorem 2.3]. There exists a nonzero constant y (w X o, V),
such that for any W e W(r, ¥), W e W(o, ¥~ ), and any ¢ € S(F*) with ¢ (0) =0,
we have

Z(W, W, Fyps v )=y x o, y)Z(W, W', ¢; ¥).

Similarly to the case n > m, we have an expression of y (7 X o, ¥) in terms of
the Bessel functions of 77 and o.

Proposition 2.9 [Ye 2019, Equation (4.4)]. Let @ and o be irreducible cuspidal
representations of GL,,(F). Then
yaxo )= > Try(@Tey-1(@V(eng™" e1)),
8€Z,\ GL, (F)

where ey = (1,0, ...,0) e .
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It follows from Propositions 2.9 and 2.3 that

y@V xoV, y =y xao,¥).

We now move to discuss the absolute value of y( x o, ¥). In order to do
that, we first explain how to extend the functional equation in Theorem 2.8 to all
functions in S([F"*) for most cases. To begin, we notice that for the indicator function
of 0 € ", which we denote 8y, we have that Z(W, W', §y; ¥) = 0. We also notice
that if 7 is not isomorphic to ¥, then Z(W, W', 1; ¢) = 0, where 1 represents the
constant function. This is because

ZW. W, Ly = Y W(E@W()
8€Zy\ GL, (F)

defines a GL,, (F)-invariant pairing W(rr, ¥) @ W(o, ¥~ ) — C, but such nontrivial
pairing exists only when 7 is isomorphic to o“. These two observations imply the
following extension of the functional equation, in the special case where 7 is not
isomorphic to oV.

Proposition 2.10. Suppose that w 2 V. Then for any ¢ € S(F") we have
ZW W, Fypiy™ )=y @ x o )ZW, W, g5 9).

Proof. Write ¢ = ¢pg + ¢1, where ¢g = ¢ — ¢(0) and ¢; = ¢(0). Then ¢o(0) =0
and Fy¢1 = q"¢(0)dy. Since Z is linear in ¢, we have from the discussion above
that
ZW, W, ¢;9)=Z(W, W', ¢o; ¥)
and that
ZW, W, Fyps ™) =Z(W, W', Fydos ).

The statement now follows from Theorem 2.8. ([

As a result, we get the following corollary regarding the absolute value of
y(r x o, ).

Corollary 2.11. Let w and o be irreducible cuspidal representations of GL,,(F)
such that 1 2 0". Then

y(xo, )y’ xo” ) =4",
and therefore

ly(r x o, )| = q"*.

Proof. This follows by applying Proposition 2.10 twice, and from the fact that the
Fourier transform satisfies

FyFydp=q"¢,
for any ¢ € S(F"). [l
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~

We are left to deal with the case w = ¢". In this case, the gamma factor
y(r x ¥, ¥) can be computed explicitly and it equals —1; see the Appendix.
We summarize all cases in the following proposition.

Proposition 2.12. Let w and o be irreducible cuspidal representations of GL,,(F):

o Ifm 20V then |y (m x o, ¥)| = q"/2.
o Ift =0V then|y(m xo,¥)| =1.

3. Shahidi gamma factors (local coefficients)

In this section, we use the Langlands—Shahidi method in order to define a gamma
factor for two representations of Whittaker type of finite general linear groups. This
is the finite field analog of Shahidi’s local coefficient, which uses an intertwining
operator. The treatment in Sections 3A-3C is a finite field analog of Shahidi’s work
on local coefficients over local fields [Shahidi 1984]. Unlike the Jacquet—Piatetski-
Shapiro—Shalika gamma factors discussed in Section 2C, the Shahidi gamma factor
can be defined uniformly for all irreducible generic representations of GL,, (F) and
GL,,(F), regardless of n > m or whether the representations are cuspidal. We
prove properties of the Shahidi gamma factor, where the most important one is
the multiplicativity property, which explains how this gamma factor behaves under
parabolic induction. We end this section by expressing the Shahidi gamma factor
in terms of the Bessel functions associated with the representations, and showing
its relation to the Jacquet—Piatetski-Shapiro—Shalika gamma factor.

3A. The intertwining operator. Let n and m be positive integers and let 7 and o
be representations of GL, (F) and GL,, (F), respectively. We define a linear map
0 ® T — m @ o acting on pure tensors by component swap:

SWo, 7 (Vo ® Vr) =V @ Vg .

For a function f: GL,4,(F) — o ® 7, we denote by f: GLy,4m(F) = 7 Qo the

function f(g) = swo.x (f(£))-
We consider the following intertwining operator 7y ,: 0 om — 7 oo, defined

for f € 0 o and g € GL,,4,,(F) by the formula

Toxf(@= ) @&®)(p~")f(ympg),

pEPiLm

where W, ,, is the following Weyl element

A~ _ Im
Wn,m = In .
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Using the decomposition P, ,, = Dy, » X Ny, We may write every p € P, ,, ina
unique way p =du, where u € N, ,, and d =diag(g1, g2) € Dy, with g; € GL,,(F)
and gy € GL,,,(F). It follows from the identity

diag(gL gl)ﬁ)n,m = wn,m diag(glv 82),

and from the left D,, ,-equivariance property of f that

To,ﬂf(g) = |Dy,m| - Uo,nf(g)7
where

Ua,ﬂf(g) = Z f(wnmug)

MENn.m

By construction, we have that 7, , and U, , are nonzero elements of the space
HomGLHm(F) (O' oJ,JT O O’).

3B. The Shahidi gamma factor. Suppose now that 7 and o are representations
of Whittaker type of GL,(F) and GL,, (F), respectively. By Theorem 2.2 we have
that the parabolically induced representations o o and m o o are also of Whittaker
type. Let v,y € 0 and v,y € m be nonzero y-Whittaker vectors for o and 7,
respectively. We may define a nonzero ¥ -Whittaker vector fy, , v, , for o om by
the formula

w(u)(m?—z)”)(]?)vo,m// QuUry &= pﬁjn,mus JZAS Pm,n’ ue€Zyim,
0 otherwise.

fvgyw,v”,w (g) = {

Similarly, we may define f, , +,, €T 00.

Since Uy, is an intertwining operator, we have that Us 7 fu, ,.v,, 1S @ Y-
Whittaker vector of 7 o o. Since fy,_ ., 18 the unique nonzero y-Whittaker
vector of o o up to scalar, we must have that

Uo,rr fvg_v,,vmv, =Y fvm/,,va,w»

where y € C. It is easy to check that this number y does not depend on the choice
of y-Whittaker vectors v, y and vy y .

In order to ease the notation, we denote vy 7 y = fy, PRI where we suppress
Vo,y and vy y from the notation. Similarly, we denote vy oy = fo, PRI

Definition 3.1. The Shahidi gamma factor of w and o with respect to i is the
unique number ['(;r X o, ¥) € C, such that

UsaVony =T xX0,¥) Vroy.

Remark 3.2. If = o o is irreducible, then so is o o 7, and since U,  is a nonzero
intertwining operator, it is an isomorphism and I'(w X o, ¥) must be nonzero.
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However, in the general case it is not obvious at this point that I'(w x o, ¥) is
nonzero. We will show this later.

Remark 3.3. Asin Remark 2.4, we may choose invariant inner products (-, - ), and
(+,-)s on  and o, respectively. We then have a natural inner product (-, - )sgr
on o ® m, which defines an inner product on ¢ o by the formula

(fi Poer = Y., (fi(@), fr(&)oer-

8€ P\ GLym (F)

Using this inner product, the Whittaker functional o,y (f) = (f, Vo, 7,y )oon
is related to the Whittaker functionals £, y (Vo) = (Vo , Vo,y)o and £y y (vy) =
(U, Vz,y )z by the formula

loomy(£) =Y Loy ® Ly (f Dy mu))¥ ™" ().

UEN, m

Similarly, by exchanging the roles of w and o, we have that Whittaker functional
{700,y 18 given by a similar formula. Using the definitions of the inner products,
and the fact that elements in 7 o ¢ are left invariant under N, ,, we see that Uy , is
the adjoint of U, -, with respect to our choice of inner products. Using the relation
between v, 5 y and vy  y, we obtain the following relation

Z(TO?T,I/I o Un,a =I'(mw xo0,v)- E?TOO',IP'
This is how the Shahidi gamma factor is usually defined in the literature.

3B1. Dependence on . For any a € F*, let ¢, : F — C* be the additive character

Ya(x) =¥ (ax).

It is well known that all nontrivial additive characters of F are of the form 1,
for some a € F*. In this section, we give a relation between I'(w x o, ) and
I'(w xo,Y,).

Let a € F*. Suppose that t is a generic representation of GL(F) with a nonzero
Y -Whittaker vector v, . Let

dy = diag(1,a,da?,...,a" ).
Then we have that 7(di)v,,y is a nonzero ¥,-Whittaker vector of . The map
v > T(dy)v is a linear isomorphism from the subspace spanned by the y-Whittaker
vectors of 7 to the subspace spanned by the ,-Whittaker vectors of 7. In particular,
if v, y is the unique (up to scalar multiplication) y-Whittaker vector of 7, then
T(dk)vz,y 1s the unique (up to scalar multiplication) v/,-Whittaker vector of 7.
Let 7 and o be representations of Whittaker type of GL,(F) and GL,,(F), re-
spectively. Let v, y € 7 and v, y € o be nonzero y-Whittaker vectors. Assume
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that 7 and o have central characters, and denote them by w, and w,, respectively.
Let

Vo100 = Jo(dn)vo.y .7 (dn)vs.y -

Similarly, we define vy 4y, .
We first express Vg, z,y, in terms of vy - . We will use this relation later to show
a relation between the gamma factors I'(w x o, ¥,) and I'(w X o, ¥).

Proposition 3.4. We have
Vo, 7,9, = Wo (a)—np (dn+m)va,n,1// ,
where p(d,+.,) denotes right translation by dy, .

Proof. Let f = ws(a)™" p(dntm)Vs,z,y € 0 om. By the discussion above, f is a
¥ ,-Whittaker vector of o o 7.
We have that

f(ﬁ)n,m) = Wq (a)_nvcr,n,w(ﬁ)n,mdn—i-m)-

Writing d,4,, = diag(d,, a"dy,), we have W, ,d,+n = diag(a"d,,, d,)Wy m, and
hence

f(ﬁ)n,m) = (0 (dm) X n(dn))va,n,W(ﬁ)n,m) = O'(dm)va,w X n(dn)vﬂ,w-

This shows that f = v,z y,, as both are v/,-Whittaker vectors in o o 7, and both
agree at the point w;, . O

Theorem 3.5. We have

[ x0,Y,) =wz(@)" - 05 (@)™ -T(w x0,9).
Proof. By definition, we have that

(7 X 0, Ya)Vr,6,y, = Uo iz Vo,7,y,-
By Proposition 3.4,
L x 0, Ya)wr (@)~ p(dnsm)Vr.0,y = 06 (@) ™" Us,z p(dntm) Vo, -
Therefore, we get that

(7 x 0, Ya)ws (@) 0z (@) "V 6.y = Us Vo, m.yr5

which implies that
[ x 0, Ya)ws (@) 0z (@)™ =T (7 x 0, ¥),

as required. U
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3B2. Relation between I'(m x o, ¥) and T'(6” x 7V, ¥~ 1). In this section, we
analyze the relation between I'(r x o, ¢) and ['(c¥ x V¥, ).

Recall that for a finite dimensional representation 7 of GL,(F), we have that
¥ = t'. See Section 2B1. If v, y is a nonzero y-Whittaker vector for 7, then
T(Wk) e,y 1S @ nonzero ¥~ !-Whittaker vector for 7'.

We have that

rloo!

~

(o om)
by the isomorphism S, ,: (0 o) =7 oo that sends f € (o om)* to the function

(Son (&) = f(Wnmgh).
Let

— L L
vﬂl,ULJ//_l - fﬂ(wn)vn,waa(wm)va,w €M o0

Then vy ¢ -1 is @ nonzero ¥~ -Whittaker vector of ‘o o*. On the other hand,
by the discussion above, a nonzero v ~!-Whittaker vector of (o o )" is given by
P (Wptn) Vo x> Where p(wy,4,) represents right translation by wy,,. Therefore
So,7 P (Wm4n) Vo 7,y 1S another nonzero w_l—Whittaker vector of 7 oot.

Proposition 3.6. We have

Ut gt y—1 = So,np(wm-i-n)vcr,n,d/- (3-1)
Proof. We have that

Sa,np(wm-i-n)va,n,zp(ibm,n) = SWo.,nr UJ,JI,W(wm-i-n) = n(wn)vﬂ,lﬂ & U(wm)va,lﬂ,

where in the last step we used the fact that diag(wy,, w,) Wy.m = Wytm-

Since Sg 7 0 (Win+n)Vo,z,y and Uz 50 -1 are both ¥~ !-Whittaker vectors for the
representation of Whittaker type 7* o o', and they both agree at the point Wy, ,, they
are equal. (|

Similarly, let

— L L
UO'LJTL,'Qb7] - fa(wm)vo,wvﬂ(wn)vn,w €o om.

Using Proposition 3.6 with roles of the representations 7 and o exchanged, we
have

Ut gt y=1 = Sﬂ,op(wm-i-n)vﬂ,(r,w- (3-2)

Theorem 3.7. Let m and o be representations of Whittaker type of GL,(F) and
GL,, (F), respectively. Then

Fxxo,¥)=C@" xa¥, ¢ .
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Proof. By definition,
Ui o gyt = D0 X T ™) Vgt iy (3-3)
Substituting (3-1) and (3-2) in (3-3), we get
Un',0+Soin (Wi n)Vo,my = T (0" X ' YY) - S0 0 (Wi Vi1
A simple computation shows that
Urioi0Sex=S8roc0Usr.
Hence, we get that

S.0 P Wintn) Vo Vo = L (@ X T Y1) - S0 (Winn) U,
which implies that
UsaVony =0 X790 V0 y.
Therefore, we must have
Mo xa, vy H=T(r xo,¥),
and the statement in the theorem follows, since o' = ¢ and 7' = V. O

Combining Theorem 3.7 with Theorem 3.5, we get the following corollary.

Corollary 3.8. Let w and o be representations of Whittaker type of GL,(F) and
GL,,(F), respectively. Assume that both w and o have central characters, and
denote them by w, and wy, respectively. Then

D xo,¥)=T0" x1", %) o (—1)"ws (—1)".

3C. Multiplicativity of Gamma factors. In this section, we show that I'( x o, )
is multiplicative.

Let = be a representation of Whittaker type of GL,(F). Let m = m + my,
and let o1 and o, be representations of Whittaker type of GL,,, (F) and GL,,, (F),
respectively. By Theorem 2.2, the parabolic induction o oo, is also a representation
of Whittaker type. Hence, the gamma factor I'(;r x (07 0 07), V) is well defined.
We will show the following theorem.

Theorem 3.9. ['(mr x (o1002), ) =T(m; xo1,¥)-T'(my x 02, ¥).
The proof of this theorem will occupy the remaining subsections of this section.

Remark 3.10. Let 0 C 01 0 03 be the unique irreducible generic subrepresentation
of o1 0 0. We have that {-Whittaker vectors of ¢ are the same as -Whittaker
vectors of o o 0. Hence, Theorem 3.9 implies that

F'wxo,¢¥)=T(( xo1,¥)-T'(w x o2, ¥).
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Before proving the theorem, we mention two other multiplicative properties that
follow immediately from the theorem.

The first property is that the gamma factor is also multiplicative in the first
variable. This follows from Theorem 3.9 combined with Theorem 3.7.

Corollary 3.11. Let 7y and my be representations of Whittaker type of GL,,, (F) and
GL,, (F), respectively, and let o be a representation of Whittaker type of GL,, (F).
Then

[((myom) xo,¥) =T (m xo,¥) -T'(ma x0,9).

The second corollary allows us to express the gamma factor of two parabolically
induced representations as the product of the gamma factors of the components
of the parabolic induction. It follows by repeatedly using multiplicativity in both
variables.

Corollary 3.12. Let wy, ..., 7w, and 0y, ..., o; be irreducible generic representa-
tions of GL,,,(F), ..., GL,, (F) and GL,,,(F), ..., GL,,, (F), respectively. Then:
(1) We have

M((mio...om) x (a10...00), ) =] [[[ T x 0}, ¥).

i=1j=1

(2) If w is the unique irreducible generic subrepresentation of my o...om, and o
is the unique irreducible generic subrepresentation of o1 o . ..o oy, then

r t
't xo,¢)= 1_[1_[ L'(m xoj,¥).

i=1j=1
In the next subsections we make preparations for the proof of Theorem 3.9.

3C1. Transitivity of parabolic induction. Let Ty, 7o and 13 be finite dimensional
representations of GL,, (F), GL,, (F) and GL,, (F), respectively.

We realize elements in (71 o 72) ® 73 as functions GL,, 1, (F) > 11 @ 2 ® 13
in the obvious way. Similarly, we realize elements in 7] ® (12 o t3) as functions
GL,, 41, — 71 ® T2 ® 73 in the obvious way.

Consider the space (t;01;)ot3. We will regard elements of this space as functions

f: GLn1+n2+n3([F) X GLn1+n2(u:) — 11 ® T2 ® 73,

where f(g; h) means evaluating f at g € GL,,44,+n;(F) and then evaluating the re-
sulting function at & € GL,,, 5, (F). We will similarly regard elements of t; o (72073)
as functions

f: GLn1+n2+n3 ([F) X Gan+n3 (l]:) — 17 ® T2 &® 73.
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We have an isomorphism of representations
Ly 10 (TI0T2) 013 > 7] 0 T2 0 T3,
given by mapping a function f € (t;01) 013 tO

L) vy f(8) = f(&: Lnjny),

where g € GL,, 11,405 (F).
Similarly, we have an isomorphism of representations

LTI;Tz,T3 . T10 (‘L’z o T3) —> T1 0720713,
given by mapping a function f € 7; 0 (12 0 73) to

Lejioy0 (&) = f(& Tnytns),

where again g € GL,, 1,4, (F).

Assume now that 7y, 7 and 73 have nonzero ¥-Whittaker vectors, vy, y, Ve, y
and vy, y, respectively, and assume that up to scalar multiplication, these Whittaker
vectors are unique. We denote, as before, the following nonzero yr-Whittaker vectors
Ve oy = qu,w,vrz.w €tiot and vy, 4y = fvrz’w,%_w € 7y o 73. We also define the
following nonzero y-Whittaker vectors Ve, ryor;,y = fvrl, Uy €TI0 (tp013) and
Vijons, 13,9 = fvrlyrz_w,vw € (11 o ;») o 13. Finally, we define

Uty 10,73,9 = Lyt 13 V71, 1a0t3, 9 = Lty 1313 V00,13, € T1 O T2 0 T3.

Then vy, 4, 4,y 1s the ¥ -Whittaker vector in 71 o 75 o 73 supported on the double

coset Py ny.nsWns ng.ny Zny+ny+nzs With Vzy 2) 10y (Wis nyny) = Vry .y @ Vey y @ Vg s
where

I,

0 I
Wns,npny = ny

I,

3C2. Intertwining operators. We return to the notations of the beginning of this
section. Let 7 be a representation of Whittaker type of GL, (F). Let m = m + m>,
and let o1 and o, be representations of Whittaker type of GL,,, (F) and GL,,, (F),
respectively.
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Using the isomorphisms from the previous section, we obtain maps such that the
following diagrams are commutative:

idy; ®Uoy 2
o1 0(0'207'[) — 0] O(7T 00’2)
l l (3-4)
Uoz,n
01000 ——————— 0| 0T 00,
Us) 7 ®ido
(cjom)ooy ——————— (woop)oon
le iy lewz (3-5)
oy
0lO0T00) ——————> T 00| 007
Ualoaz.rr
(cjoom)omr ——————— mwo(0]007)
lLal.az:n J/Ln;al.az (3_6)
Uo|oaz,7r

01000 ————————— T 00| 002

Let us explain these diagrams. We begin with explaining (3-4). The map
idy, ®Uqy, 71 01 Q@ (020m) — 01 ® (7 0 02) is a homomorphism of representations.
It defines a homomorphism o o (0 07) — 07 0 (7 007), which we keep denoting by
idys, ® Uy, ». By unwrapping the definitions, we see that the map ng,,, 1 0100207 —>
0101 0079 is given by the formula

L

~ ! L,

Uy ()@= Y. SWoprf In, ( . )g NE)
I n,my

un,mz eZvn,mz n

The commutative diagram (3-5) is similar. We get by unwrapping the definitions
that the map Uy, »: 01 0 00y — 7 00 007 is given by
~ Iml u
Unx(H)@= Y swoaf||h ( - ) g|. 3-8
I "

Un,my eNn.ml my

Finally, in the diagram (3-6), we have that UUIOUZ,H 1010007 — T OO 007 18
given by
Unoorn (/)@= > f Iy | tnmg |- (3-9)

Un,m EAl}’t.m In

where for g € GL,,,,(F), we mean f(g) = SWq, 7 SWo,.zr f(8).
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Proposition 3.13. We have

U(f]o(rz,ﬂ = Ual,n o U(rz,n-

Proof. Let f € 0100y 07 and g € GL,4,, (F). Then by (3-7) and (3-8),

~ ~ ~ Iml Iml
U 70U )@= > . I, I Y
XEMnxml(”:)YEMnxmz(u:) In Im2
Ly, I, X
x| I Im1 8
L, L,
A simple computation shows that
L, I, L, I, X
Im2 In Y In Iml
Iy I, I, I,
L, I, X Y
= Imz Im1
I, I,
Hence, we get
I, I, X Y
o, x0Un,n =Y Yoo 7 I, L, g
XEMysm, (F) Y €My (F) I, L,
and the last sum is Uy, og, » (f)(g) by (3-9). O

3C3. Proof of Theorem 3.9. Let vy y, Vg, y and vy, 4 be nonzero y-Whittaker
vectors of m, o1 and oy, respectively. We keep the notations from the previous
section. We are now ready to prove Theorem 3.9.

Proof. By definition, we have
(idal ®U02,ﬂ)(vcrl,ozoﬂ,1//) =I'(r x 02, W)Ual,noaz,i//-

Since Loy;0y,7 Voy,020m. ¢ = Vor,00.m,y AN Loy:7,0yVoy ooy, = Voy,m,00. 9> WE get from
the commutative diagram (3-4) that

Uoy, 7 Voy,00,7,y = T (70 X 02, Y) Vo), 7,05,y

Similarly, we have that

(Ual,n ® idoz)(volon,oz,l/f) =TI'(7 x o1, w)vnoal,oz,xp,
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and we get from the commutative diagram (3-5) that

UO']JTUU],JT,O'LW = F(T[ X O'la lp‘)vﬂ,dl,az,lﬂ'

Finally, we have

Ucr]oaz,n Voo, 7,0 = F(T[ x (0] 002), w)vn,aloaz,z//-

Since Loy.oy:1 Voyooy. . = Vor.op. 1.9 A Li:61.0, V010029 = V01,02, > W get from
the commutative diagram (3-6)

Ualoaz,rr Voi,00,m,%0 = I'(w x (01 007), w)vﬂ,al,az,w~

Since Ug, o6y, 7 = Ugy 7 © Us,,z, We get that

['(r x (01002), Y)Vr 01,00,y =@ X 01, Y)[ (T X 02, V)V 6,00, 95

and the theorem follows. O

3D. Expression in terms of Bessel functions. In this section, we express the
Shahidi gamma factor of two irreducible generic representations in terms of their
Bessel functions.

Let 7 and o be irreducible generic representations of GL,(F) and GL,, (F),
respectively. We assume that 7 and o are realized by their Whittaker models
W(r, ) and W(o, ), respectively. We choose the Whittaker vectors of 7w and
o to be their corresponding Bessel functions, i.e., we choose vy y = Jr y and
Vo,y = To.y- We denote Jony = Vory = f7,,.7., and similarly Ty ;4 =

Ur,o¢ = fJn,¢,Ja,w~
Assume that n > m. By definition, we have that for any g € GL,, 4, (F),

(Ua,ﬂjd,ﬂ,lll)(g) =I'(r xo, w)jﬂ,o,l/f(g)'

Substituting g = W,y ,, we get

I'(m x o, W)jﬂ,o,W(ﬁ)m,n) = Z SWo,n ja,n,w(ﬁ)n,muﬁ)m,n)»

UEN, m
and therefore
I
Pt x0Ty @Toy = Y. WorxTomy (A ; ) : (3-10)
A€M,y (F) "

In order for Ja,mw(l/’;’ In) not to vanish, we must have (I’A" 1,1) € PunWnmZntms

so there must exist (7! ;2) € Py and (" uyz) € Zpim,wWhere u; € Z, and u; € Z,,,
such that

(") )= (7))
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(p1 +xA x ) B ( uz)
PA P uy y )
Therefore, we have p; +xA =0 and x = (O x (1—m), U2)-

In order to proceed, we will separate two cases, the case where n > m and the
case where n = m.

1.€.,

3D1. The case n > m. In this case, we write A = (2\;), where A1 € Mu—m)yxm(F)
and As € My, (F) and x = (0, (n—m), #2). Then p;j+xA =01implies p1+urAr =
0, and therefore A, is invertible.

Write
I
I = Am I
A Im - 1 fn—m
Ay Iy
In ~ AN\ (In Ay
=14 ) f— Li_m _AlAgl
Aj I,
A" I L As!
= Ay Im uA)n,m ) f— _AlAz_l
Aj I,

Therefore, we have

I
j{r,n,l// (An In>

Li—w —A1AS! _ Ay Ly
:w( Il 2 )o(—A21)®n(A; )jmb@jm,,. (3-11)

Substituting (3-11) back in (3-10), we get
L xo, V) Tn,y @Ts,y
Licw —A1AS! Ay Li_m _
= ) w( - )n( 1 )®0(—A21)Jn,w®Ja,w- (3-12)

I Aj
AIGM(nfm)Xm(n:) "
AreGL,, (F)

We evaluate both sides of (3-12) at (1, I,;,) to get

_ -1
Faxo )= ) w(’""" A )Jn,w (Al ’”‘”’) Toy (A1),

I Ar
AIGM(n—m)xm(lF) "
AZEGLm (ﬂ:)
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At Limw\ _ (Tn-m A1AS! Ii—m
Aj Iy Aj ’

Ay I, Licm A1AS! I
jy‘r,lﬂ (A; n m) =w ( n 1Im2 )jn,w (A2 n m)’

and therefore

Writing

we get

I, _
' xo,¢¥)= Z T (A2 m) jm*//(_AZI).
AIEM(n—m)xm([F)
A,eGL,, (F)

The summand is independent of A;. Using the equivariance properties of the Bessel
function, we get that the summand is invariant under Z,, left translations of A»,.
Finally, using the properties of the Bessel function discussed in Section 2B1, we get

I,
L xo, ) =¢">"""Pw,(=1) Y Ty ( n m) T =1 (%),
xezm\GLm([F) o
where g™ =02 = | M, _nysm (F)| - | Zon ).

3D2. The case n=m. Inthis case, we have —p; =x A, and therefore A is invertible.
We write

1, (L, =AY (I, AT _[(-A71 U, o (T A
AlL) \A I, | A nn I, |
Therefore, we have

I, I, A~ _
Jo,w v (A 1,,) =y ( I, )a(—A NYOT(A Toy @ Ty (3-13)

Substituting (3-13) in (3-10), we get
F(T[ X g, W)jﬂ,l// ® «70,10

I, A°! .
= Z w( Iﬂ)nM)@a(—A YTy @ Toy. (3-14)

AeGL, (F)

Evaluating both sides of (3-14) at (1,,, I,), we get

w A7l _
(7 xo,¥) = Z ) (I I ) Ty (D) Ty (A7),

AeGL,(F)
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The summand is invariant under Z,, left translations. Using the properties of the
Bessel function discussed in Section 2B1, we get

I, x7!
xI >jﬂ’w(x)jav’¢_1(x).

n

Pt xo,9)=q4""""w,(-1) Y ¢ (

x€Z,\ GL, (F)

3D3. Summary of cases. We conclude this section by writing down formulas for
the Shahidi gamma factor for a pair of irreducible generic representations, in terms
of their Bessel functions for all cases. In order to do that, we use Theorem 3.7 and
the formulas from Sections 3D1 and 3D2.

Theorem 3.14. Let w and o be irreducible generic representations of GL,(F) and
GL,, (F), respectively:

(1) If n > m, then

—_m— In—m
F(?T X U, w) — qm(Zn ])/20)0_(—1) Z jﬂaw (x ) ‘70\/,1//7] (.x)

x€Zy\ GLy (F)
2) If n = m, then
1

M xo,9)=¢""" o, (1) ) w(’” /

x€Zy\ GL, (F)

) Tz (X) Ty y-1(X).
3) If n < m, then
F(T[ X o, w) :ql’l(2m—n—1)/2wﬂ(—l) Z jﬂ,l/'(x)jav,z//*l (x Im—n) .

xeZ,\ GL,(F)

Theorem 3.14 allows us to give a relation between the Jacquet—Piatetski-Shapiro—
Shalika gamma factors defined in Section 2C and the Shahidi gamma factor. By
Propositions 2.6 and 2.9, we get the following corollary.

Corollary 3.15. Let  be an irreducible cuspidal representation of GL,(F) and let
o be an irreducible generic representation of GL,,,(F). Then we have the equality

L xo,¢)=q"* " 2w (~Dy( x 0", ¢)
in either of the following cases:

(1) n>m.

(2) n =m and o is cuspidal.
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4. Applications

4A. Quantitative interpretation of gamma factors. In this section, we give a
representation theoretic interpretation of the absolute value of the Shahidi gamma
factor. Our results relate the absolute value of a normalized version of the Shahidi
gamma factor with the cuspidal support of the representations.

For irreducible generic representations 7 and o of GL, (F) and GL,, (F), respec-
tively, we define the normalized Shahidi gamma factor by

I(r x o, %) =q "' x 0, V).

It follows from Corollary 3.12 that under this normalization, the gamma factor
is still multiplicative, i.e., the following proposition holds.

Proposition 4.1. Let wy, ..., and oy, ..., o; be irreducible generic representa-
tions of GL,, (F), ..., GL,, (F) and GL,,, (F), ..., GL,,, (F). Suppose that 7 is the
unique irreducible generic subrepresentation of wy o. ..om, and that o is the unique
irreducible generic subrepresentation of 01 o . ..o 0. Then

M xo. )= [[[T* 0 x o). ¥).

i=1j=I

By Corollaries 3.15 and 2.7 and Proposition 2.12, we have the following propo-
sition, which allows us to express the size of the absolute value of I'(w x o, V)
where 7 and o are cuspidal.

Proposition 4.2. Let m and o be irreducible cuspidal representations of GL,,(F)
and GL,, (F), respectively. Then

g n=mandnw =o,

1 otherwise.

IT*(r x 0, )| = {

Proposition 4.2 tells us that the size of the normalized Shahidi gamma factor
serves as a “Kronecker delta function” for cuspidal representations. It could be
thought of an analog of [Jacquet et al. 1983, Section 8.1]. Combining this with the
multiplicativity property, we get the following theorem, that allows us to recover
the cuspidal support of an irreducible generic representation 7 by computing
|T*(w x o, ¥)| for any irreducible cuspidal o.

Theorem 4.3. Let w be an irreducible generic representation of GL,,(F) and let o
be an irreducible cuspidal representation of GL,,(F). Then

|F*(7'[ X U, lp)| frd q_dn((f)m/z,

where d; (o) is the number of times that o appears in the cuspidal support of 7.
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Proof. Suppose that the cuspidal support of m is {my,...,m}. Then 7 is the
unique irreducible generic subrepresentation of m; o...om,. The result now follows
immediately from Propositions 4.1 and 4.2. (]

As a corollary, we get the following converse theorem, which allows us to
determine whether generic representations of GL, (F) and GL,, (F) are isomorphic
based on the absolute value of their normalized gamma factors. It is an analog of
[Atobe and Gan 2017, Lemma A.6], but our proof is on the “group side” rather
than on the “Galois side”.

Theorem 4.4. Let 7ty and 1 be irreducible generic representations of GL,, (F) and
GL,, (F), respectively. Suppose that for every m > 0 and every irreducible cuspidal
representation o of GL,,(F) we have

IT*(my x o, Y)| = |T*(m2 x 0, ¥).
Then ny =n, and 7w = my.

Proof. By Theorem 4.3, 7 and 7> have the same cuspidal support. By Theorem 2.2,
there exists a unique irreducible generic representation with a given cuspidal support.
O

As another corollary, we explain that the functional equations in Theorem 2.5
and Proposition 2.10 fail for 7 and o, whenever the cuspidal support of 7 has a
nonempty intersection with the cuspidal support of o .

Corollary 4.5. Suppose that m and o are irreducible generic representations of
GL, (F) and GL,,, (F), respectively, and that n > m (respectively, n = m). Suppose
that the cuspidal support of T has a nonempty intersection with the cuspidal support
of aV. Then the functional equation in Theorem 2.5 (respectively, Theorem 2.8)
does not hold for m and o.

Proof. If the functional equation holds for 7 and o, then it also holds for 7"
and 0. This can be seen by applying complex conjugation to the functional
equation, which sends the y-Whittaker functions to v ~!-Whittaker functions of
the contragredient. As in Corollary 2.7 (respectively, Corollary 2.11), we get that
ly(m x o, ¥)| =g """ =D/2_ Whenever y ( x o, ¥) is defined, it is given by
the formula in Proposition 2.6 (respectively, Proposition 2.9), and therefore the
formula in Corollary 3.15 holds. This implies that |[T*(7 x oV, ¥)| = 1.

On the other hand, because 7 and o have common elements in their cuspidal
support, we have that | (7 x o, ¥)| < 1. O

Remark 4.6. In his unpublished manuscript [Soudry 1979], the first author showed
that whenever the cuspidal support of 7 does not intersect the cuspidal support of
oV, the relevant functional equation holds. Due to length considerations, we do not
include the proofs here.
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4B. Consequences for the converse theorem. Our results from Section 4A allow
us to improve Nien’s results regarding the converse theorem for irreducible generic
representations of finite general linear groups.

Nien [2014] showed the following theorem.

Theorem 4.7. Let | and 7, be two irreducible cuspidal representations of GL,,(F)
with the same central character. Suppose that for every 1 < m < 2, and every
irreducible generic representation o of GL,,(F) we have

y(m xo,¢) =y xo, ). (4-1)
Then 1 = 5.

Using our results and Theorem 4.7, we are able to deduce the following converse
theorem, where m; and 7, can be arbitrary generic representations (rather than
just cuspidal representations), and (4-1) needs to be verified only for cuspidal
representations o (rather than for all generic representations). This is similar to
[Jiang et al. 2015, Section 2.4].

Theorem 4.8. Let | and 1y be two irreducible generic representations of GL,,(F)
with the same central character. Suppose that for every 1 < m < 2, and every
irreducible cuspidal representation o of GL,,(F) we have

I(m x o, 9) =T"(m2 x 0, ¥). 4-2)
Then ;1 = my.

Proof. Our proof is by induction on the cardinality of the cuspidal support of 7;.
We first notice that by Proposition 4.1, we have that for any 1 <m < 5 and any
irreducible generic representation o of GL,, ([F),

My x o, ¢¥) =" () x 0, ¥).

Suppose that | is cuspidal, then its cuspidal support is of cardinality 1. If my
is not cuspidal, then its cuspidal support contains an irreducible cuspidal repre-
sentation T of GL;(F), where k < % Since k < n, we have by Theorem 4.3 that
|IT*(mry x 0, ¥)| = 1. We also have by Theorem 4.3 that |I'* (7, x 0, ¢¥)| < 1,
which is a contraction. Therefore, 7, is also cuspidal, and by Corollary 3.15 and
Theorem 4.7, we have that 7y and 7, are isomorphic.

Suppose now that 7r; is not cuspidal. Let {7, ..., 7.} the cuspidal support of
1 and let {tl’, R rr’,} be the cuspidal support of ,. Without loss of generality,
we have that 7 is an irreducible cuspidal representation of GL,,, (F), where n; < %
Then by Theorem 4.3 we have that |['*(7; x 71, ¥)| < 1. Since n; < %, we have
that I'*(my x 71, ¥) = '™ (12 x 11, ¥), and therefore | (m; X 71, ¥)| < 1. By
Theorem 4.3, this implies that 7; is in the cuspidal support of m,. Without loss of
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generality, we may assume that t{ = 7. By Proposition 4.1, we deduce that for any
irreducible generic representation o of GL,,(F) where m < %,

[[r*@ xo. ) =]} xo. ¥). (4-3)

j=2 j=2

Let 77{ be the unique irreducible generic representation of GL,,_,, (F) with cuspidal
support {1, ..., 7.}, and let 7} be the unique irreducible generic representation of
GL,—,, (F) with cuspidal support {ré, R rr’,}. For i =1, 2, the central characters
of 7; and 7/ are related by w,, = @y - @r,. Therefore, we have that 7y and 75 also
have the same central character. By Proposition 4.1, we have that (4-3) implies that
for every m < 5 and every irreducible generic representation o of GL,, (F),

(7] x o, ) =T*() x o, ¥).

By induction 7| = n}, and therefore {5, ..., 7.} = {7}, ..., 7,,}. Hence, m| = m,
as required. U

4C. Special values of the Bessel function. In this section, we use our results
regarding multiplicativity of the Shahidi gamma factor, and its relation to the
Jacquet—Piatetski-Shapiro—Shalika gamma factor in order to find an explicit formula
for special values of the Bessel function of irreducible generic representations of
GL, (F). For two blocks, such a formula was given by Curtis and Shinoda [2004,
Lemma 3.5]. However, their proof uses Deligne—Lusztig theory, while our proof
only uses Green’s character values for irreducible cuspidal representation of GL,, (F);
see [Gel’fand 1970, Section 6] and [Nien 2017, Section 3.1]. We also provide a
formula for a simple value consisting of three blocks. This generalizes a formula
of Chang [1976] for irreducible generic representations of GL3 ().

4C1. Special value formula for two blocks. Fix an algebraic closure F of F. For
every positive integer n, let F, be the unique extension of degree n in F. Let
Ng,/¢: F; — F* and Trg, 5 : |, — [F be the norm and the trace maps, respectively.
Let [ﬁ\; be the character group consisting of all multiplicative characters o : F; — C*.

It is known that irreducible cuspidal representations of GL, (F) are in a bijection
with Frobenius orbits of size n of [fz, that is, every irreducible cuspidal representation
7 of GL, (F) corresponds to a set of size n of the form {«, a9, ..., ad"”! }, where
el

We first recall Nien’s result regarding the computation of the Jacquet—Piatetski-
Shapiro—Shalika gamma factor y (r x x, ¥) where = is an irreducible cuspidal
representation of GL,,(F) and y is a representation of GL(F), that is, x : F* — C*
is a multiplicative character. Nien’s result expresses y (r X x, ¥) as a Gauss sum.
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Proposition 4.9 [Nien 2014, Theorem 1.1]. Let w be an irreducible cuspidal
n—1

representation of GL,, (F) associated with the Frobenius orbit {a, a?, ..., a% '},
where a € F%. Let x : F* — C* be a multiplicative character. Then

y(m x x,) = (=" (=1 g Y o ) )T (Ng, e ()Y (i, /5 (6)).

&l

Nien’s proof only uses Green’s character formula for irreducible cuspidal repre-
sentations, and does not use Deligne—Lusztig theory.

We are ready to state our result regarding special two blocks values of the Bessel
function.

Theorem 4.10. Let n > 1, and let w be an irreducible generic representation of
GL, (F) with cuspidal support {my, ..., .}, where for every 1 < j <r,m; is an
irreducible cuspidal representation of GL,; (F) corresponding to the Frobenius orbit

q q’

{ozj,ozj,...,oz

c € [F*,

H }, where o € [sz is a multiplicative character. Then for any

r

Ty (C ’"‘1) =(=1)"*g ™! > [1(e; ' Epv T, 2G)).

g€k . EeF,  j=1
[Tj=i Ney e E)=(=1)""1e™!

Proof. By Theorem 3.14, we have that
P s =" ey (1) x5,
b |F > x
xel*

Multiplying by x (—c) and averaging over all x € F*, and using the fact that a sum
of a nontrivial character on a group is zero, we get

1 —_
oy 2o DOt X (=0 =¢" Ty (C I 1) . (4-4)

x €F*
By Corollary 3.12, we have that
P x x,¥) =[] T x x. ¥).
j=1

By Corollary 3.15 and Proposition 4.9, we have that

ey 16 ¥) = (D" (=D Y o @) x Nk, (@)Y (T, 5 (6).

*
S;‘e[F,Lj
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Therefore, we get that I'(;r x x, ¥) is given by

r r
GO (]_[ o; ! (€)Y (Trg,, /[F(sj)))x ((—1)" [N, /F@p).
gl Nj=1 j=1

(4-5)
Substituting the expression (4-5) for I'(;r x x, ¥) in (4-4), and using the fact that a
sum of a nontrivial of character over a group is zero, we get the desired result. []

Remark 4.11. The expression for I'(7r x x, ¥) in (4-5) is originally due to Kondo
[1963]. He computed it for the Godement—Jacquet gamma factor. One can show
directly that the Godement—Jacquet gamma factor coincides with the Shahidi gamma
factor for representations for which both factors are defined. Our proof, which is
based on Nien’s result and on multiplicativity of gamma factors, is different than
the one given by Kondo. See also another proof in [Macdonald 1998, Chapter IV,
Section 6, Example 4].

Remark 4.12. In [Zelingher 2023], a vast generalization of the method in the proof
of Theorem 4.10 is used in order to find formulas for

 f—
\771,¢ <Clm " ) .

However, [Zelingher 2023] relies on the results of [Ye and Zelingher 2021], which
in turn rely on the local Langlands correspondence. The proof given here does not
rely on such results.

4C2. Special value formula for three blocks. In this subsection, we use our results
to prove a formula for special values of the Bessel function, for a simple value
consisting of three blocks. This generalizes a formula given by Chang [1976] for
GL3(F), generalized later by Shinoda and Tulunay [2005] to GL4(F). Our proof is
different from Chang’s proof, which is based on the Gelfand—Graev algebra.

We start with the following proposition.

Proposition 4.13. Let w be an irreducible generic representation of GL,,(F). Then
for any ¢ € V¥, and any g € GL,,(F), we have

I,
jn,l//(g)jn,w (C 1)

I, e
=g~ Z lﬁ(—xn—l)jmw(g( 1 ){) (C 1)>

fx=(x1,...,x,_1)€F!
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Proof. Let m =1 and let 0 = x : F* — C* be a multiplicative character. By (3-12),
we have

_ 1
e SR L] G E M E S

Ixefr—!
aclF*

We multiply by x(—c) and average over x € F*. Using the fact that a sum of a
nontrivial character over a group is zero, and using (4-4), we get

e I,_ _ x I,_
q" Tny (c 1) Ty = > Y(—c ) ( 1) T g

C
Ix=(x1,...,%p_1)€F1~1

Using the decomposition

()=

and changing the summation variable x to ¢ - x, we get the desired result. ]

Theorem 4.14. Suppose n > 3. Then for any irreducible generic representation
of GL,(F) and any c, ¢’ € F*, we have

In_ ! (Scc’,
=" Tuy (slc 1) Ty <1n_1 SC) W) = D+ =2,

n—2
selF* q

where

s 1 cc’ =1,
ceh 1= 0 otherwise.

Proof. We substitute g = ( I C/) in Proposition 4.13 to get

I, ¢
) )

_ D _ cc’
=q Z W( xn—l)jn,w (cx In_1> .

Tx=(x1,.... Xxp—1)EF1

If x,_1 = 0, then ("‘J ) lies in the mirabolic subgroup. By [Nien 2014,

cx I,
Lemma 2.14], we have that the Bessel function is zero for elements in the mirabolic

subgroup that do not lie in the upper unipotent subgroup Z,,. Therefore, we get that
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if x,_1 =0, then x =0 and

w(xn—l)jn,w (CC ) == Scc’,l-

cx I,

Suppose now that x,_; =t # 0. Denote

X' = (x1,...,%p_0) € "2
Then we have
cc! 1 0 1 —t~ 1 1 0 (to)!
(cx I ) - Iy 17 In—2 Ly —t7
nl 1 tc 1

Since we have q"‘2 elements in F*~! with x,_; = ¢, we get that

I,_ c Sec! _
Trp (c ' 1)j”"”(l | >=qu_’;+q DS ACHN Y A

telF* tc

We proceed as in [Chang 1976, Page 379; Shinoda and Tulunay 2005, Lemma 4.2].
We replace ¢ with s~!c and ¢’ with sc¢’, where s € F*, to get

1,1 sc’
o )

t*lcl
Sccrn |
=it ) V(s Ty L2 . (4-6)
g telF* tc
Summing (4-6) over s € ¥, we get
Iy sc’
fonw<—1 " 1)Jn,w( )
§ Iy
sel*
qg—1 e
- qn——l‘scc’al - q_] Z VAR I . @47
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Multiplying (4-6) by v (s) and summing over s € F*, we get

I,_ !
Z jn,w (S_lc 1) jﬂ,w (Inl SC) W(S)

self*

Bee' 1 —1

—_ nc_] + q—jf[71/f In—2
q q c
—t 1
- q_l Z jﬂ,lﬂ In—2 . (4'8)
1#telF* tc

Subtracting (4-7) from (4-8), we get the desired result. U

Remark 4.15. Using the formulas in Theorem 4.10 and its proof, one can show
that if the cuspidal support of 7w does not contain any irreducible representation of
GL(F), then we have a simpler formula:

I /
Te | Ina =Y Tr (S_1C 1) N (In1 SC) Y(s). (4-9)

C sel*

However, if the cuspidal support of 7 contains irreducible representations of GL1 (F),
this simpler formula does not hold.

Remark 4.16. Using the expression in Theorem 4.10, we have that the expres-
sion on the right hand side of (4-9) is an exponential sum that generalizes the
Friedlander—Iwaniec character sum; see [Kowalski 2015, Theorem 7.3, formula (27)
and Remark 7.4]. The Friedlander—Iwaniec character sum played a role in Zhang’s
work on the twin prime conjecture [2014].

Appendix: Computation of y (x x =V, ¥) when = is cuspidal

In this appendix, we compute the Jacquet—Piatetski-Shapiro—Shalika gamma factor
y ( X o, ) in the special case where 7 and o are irreducible cuspidal representa-
tions of GL,(F) and 7 = oV. We will prove the following theorem.

Theorem A.1. Let w be an irreducible cuspidal representation of GL,, (F). Then

v xa¥, ) =—1.

This was done in [Ye 2019, Corollary 4.3]. We provide another proof, since the
proof in [loc. cit.] relies on results of representations of p-adic groups.

For future purposes, we will prove the following general lemma. We will show
that Theorem A.1 follows from it.

We denote by P, < GL,(F) the mirabolic subgroup.
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Lemma A.2. Let G be a finite group and let H < G be a subgroup. Suppose that
H is a semidirect product of the form H = N x GL,(F). Let V: H — C* be a
character which is trivial on GL, (F). Let T be an irreducible representation of G,
such that:

(1) dimHompgy (Resy 7, ¥) = 1.
(2) dimHomy p, (Resyxp, T, Resyup, W) = 1.
(3) There exists a functional £ € Homz, (Resz, t, C) and a vector vy € t, such that

>0 D txmpv) ¥ () =1.

peZ,\P, neN

Then
Yo D o)V )Y (leng. e1)) = —1.

g€Z,\GL,(F) neN

Remark A.3. If F* < H lies in the center of G, then (1) implies that the restriction
of the central character of t to F* < H is trivial.

Proof. Notice that we have a containment
Hompy (Resy 7, W) C Hompywp, (Resyxp, T, Resywp, V).

Since both spaces are one dimensional, we have that they are equal. Denote for
VET,
Lw)y= > > Lxmp)v)¥' ().
peZ,\P, neN
Then L € Hompy p, (Resyxp, T, Resyxp, W) and L # 0 because L(vp) = 1. There-
fore, L € Homg (Resy t, V), which implies that L(t(g)v) = L(v) for any v € 1,
and any g € GL, ().

Denote
S= Y Y trmu)¥ T Y ((eng, e1)).
g€Z,\GL,(F) neN
We have
S= ) Le@wy(eg.ea)= Y  v(eg e
8€P,\GL, () g€P,\ GL, (F)

We decompose this sum through the center of GL,,(F)

S= Y, Y Vleag. e,

ge(*-P,)\ GL,(F) acF*
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We have that for r € [,

—1 t #0,
Sva={1 17
aclF* q -
Therefore, we get

s=q-n Y - >
ge(F*-Py)\ GL,(F) ge(F*-P,)\ GL, (F)
(eng,e1)=0 (eng.e1)#0

which we rewrite as

1
§= Z - |F*| Z L.
g€P,\ GL, () g€ P\ GL,(F)
(eng.e1)=0 (eng,e1)#0

Consider the right action of GL, (F) on F” \ {0}. This action is transitive. The

stabilizer of e, is the mirabolic subgroup P,. Therefore, for x = (x1,...,x,) €
F*\ {0}, we have that

Se= Y 1=L

g€ P\ GL,(F)
€,8=X

This implies that

1 n—1 n—1

S= 3 Simq 2 Si=@T=D-g =l
xeF"\{0} xeF"\{0}
x1=0 x1#£0

as required. ([

We move to prove Theorem A.1.

Proof. We will use Lemma A.2 in the following setup. Let G = GL, (F) x GL,(F),
and let H = GL, (F) embedded diagonally. Let N = {I,,} and ¥ = 1.

Let m be an irreducible cuspidal representation of GL, (F), then by Schur’s
lemma, the space

Homg, ;) (7 @ 7, C)

is one-dimensional. Since 7 is cuspidal, By [Gel’fand 1970, Theorem 2.2], the
restriction of 77 to the mirabolic subgroup P, is irreducible. Therefore, by Schur’s
lemma the space

Homp, (Resp, m @ Resp, 7", C)

is also one-dimensional.
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We take T = W(r, ¥) @ W(x Y, v~ 1), and £: W(r, v) @ WY, v ~1) — Cto
be the functional defined on pure tensors by

LW W) =W(ly) W(l).

We have that £ € Homgz, (Resz, 7, 1). Let vo = Jr.y @ Tpv y-1-
Consider

D0 D t@mpv) YT = > Ty (p)Tpv g1 ().
peZ,\P, neN PEZn\Py

By [Nien 2014, Lemma 2.14], we have that if 7, y(p) # 0 for p € P,, then p € Z,,.
Therefore,

Y Tri DTy (D)= Y Ty (P)Trv y1(p) = 1.

PEZy\Py PEZ\Zy

Thus, we showed that the required properties for Lemma A.2 are satisfied.
Using Proposition 2.9, we have

y@ExaV, = Y Tay(@Twv -1 @V (eag ™" e1)).

8€Zn\ GL, (F)

Replacing g with g~

y@ExaV, = Y Tay(@Twvy-1 @V ({eng, er),

8€Zy\ GL, (F)

and using Proposition 2.3, we have

and therefore by Lemma A.2

yxal )= Y Y LrmuV Y eng e) =1,

2€Z,\ GL, (F) neN

as required. ([
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