
ESSENTIAL
NUMBER THEORY

msp

Subconvexity implies effective quantum unique ergodicity
for Hecke–Maaß cusp forms on SL2(Z)\ SL2(R)

Ankit Bisain, Peter Humphries,
Andrei Mandelshtam, Noah Walsh and Xun Wang

2024

vol. 3 no. 1



msp
Essential Number Theory

Vol. 3, No. 1, 2024

https://doi.org/10.2140/ent.2024.3.101

Subconvexity implies effective quantum unique ergodicity
for Hecke–Maaß cusp forms on SL2(Z)\ SL2(R)

Ankit Bisain, Peter Humphries,
Andrei Mandelshtam, Noah Walsh and Xun Wang

It is a folklore result in arithmetic quantum chaos that quantum unique ergodic-
ity on the modular surface with an effective rate of convergence follows from
subconvex bounds for certain triple product L-functions. The physical space
manifestation of this result, namely the equidistribution of mass of Hecke–Maaß
cusp forms, was proven to follow from subconvexity by Watson, whereas the
phase space manifestation of quantum unique ergodicity has only previously
appeared in the literature for Eisenstein series via work of Jakobson. We detail
the analogous phase space result for Hecke–Maaß cusp forms. The proof relies
on the Watson–Ichino triple product formula together with a careful analysis of
certain archimedean integrals of Whittaker functions.

1. Introduction

Quantum ergodicity, in its most general sense, originates from the study of quantum
chaos. Loosely speaking, quantum ergodicity for a Riemannian manifold is the
notion that almost all eigenfunctions of the Laplace–Beltrami operator equidistribute
in the large eigenvalue limit. The foundational quantum ergodicity theorem due to
Shnirelman [1974] proves quantum ergodicity for a compact Riemannian manifold
with ergodic geodesic flow. In the language of quantum chaos, this can be seen as
going from chaotic classical mechanics of a system to equidistribution of energy
eigenstates of the system.

We begin with a brief introduction to the general case of quantum ergodicity.
We then introduce arithmetic quantum chaos, which will be the focus for the
remainder of this paper. In the setting of arithmetic quantum chaos, notions such as
quantum ergodicity are studied on manifolds with arithmetic structure, giving the
eigenfunctions additional structure that is not present in the generic case. For surveys
of the generic case of quantum ergodicity, see [Anantharaman 2010; De Bièvre 2001;
Dyatlov 2022; Hassell 2011; Nonnenmacher 2013; Zelditch 2006; 2010; 2019],
while for surveys on arithmetic quantum chaos, see [Marklof 2006; Sarnak 2011].
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1A. Quantum ergodicity.

1A1. Classical dynamics. Let (M, g) be a smooth compact oriented n-dimensional
Riemannian manifold. The cotangent bundle T ∗M of the manifold M consists
of points (x, ξ) with x ∈ M and ξ ∈ T ∗

x M , the space of tangent covectors at x .
Associated to each point x ∈ M and tangent vector v ∈ Tx M is a unique geodesic
γ : R → M for which γ (0)= x and γ ′(0)= v, which gives rise to the geodesic flow
G t(x, v) := (γ (t), γ ′(t)) on the tangent bundle TM and the corresponding geodesic
flow G t(x, ξ) on the cotangent bundle T ∗M by identifying tangent covectors with
the corresponding tangent vectors. Equivalently, the geodesic flow G t(x, ξ) =

(x(t), ξ(t)) is the Hamiltonian flow, obtained as solutions to the Hamiltonian
equations

d
dt

x j (t)=
∂

∂ξ j
H(x(t), ξ(t)),

d
dt
ξ j (t)= −

∂

∂ξ j
H(x(t), ξ(t)), j ∈ {1, . . . , n},

of the Hamiltonian

H(x, ξ) :=

n∑
j,k=1

g jk(x)ξ jξk

on T ∗M , where g jk(x) = g
(
∂
∂x j
, ∂
∂xk

)
denotes the Riemannian metric g, while

g jk(x) denotes the entries of the inverse matrix. This geodesic flow preserves the
cosphere bundle S∗M , which consists of points (x, ξ) ∈ T ∗M with ξ of unit length.

One can think of the manifold M as being physical space that encodes the
position of a point particle on M , while the cosphere bundle S∗M is phase space
and encodes both the position and momentum of a point particle. The geodesic
flow on S∗M then encodes the position and momentum of a point particle over time
and describes the classical dynamics on M .

The metric g induces probability measures µ and ω on M and S∗M respectively.
The latter is called the Liouville measure and is invariant under the geodesic flow.
The geodesic flow on S∗M is said to be ergodic if for almost every (x, ξ) ∈ S∗M ,
the geodesic flow G t(x, ξ) equidistributes on S∗M with respect to the Liouville
measure. Ergodic geodesic flow demonstrates that the classical dynamics on M are
chaotic.

1A2. Quantum dynamics. These notions for classical dynamics on M have quan-
tum dynamical counterparts. Point particles are replaced by quantum particles with
wave functions ψ : M ×R → C. In place of S∗M , the space of states is instead wave
functions ψ that are square-integrable with respect to the volume measure µ on M ;
with ψ L2-normalized, the probability density |ψ(x, t)|2 dµ(x) then encodes the
probability that a quantum particle is located in a region at a given time t .
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The classical dynamics G t are replaced by the quantum dynamics given by the
evolution of a wave function over time as governed by Schrödinger’s equation

i
∂ψ

∂t
= −1ψ.

Here

1 := −
1

√
|det g|

n∑
j,k=1

∂

∂x j
g jk(x)

√
|det g|

∂

∂xk

denotes the Laplace–Beltrami operator on M , which we refer to as the Laplacian for
the sake of brevity. This is a second order scalar linear partial differential operator,
defined from the Riemannian metric g, that commutes with isometries of M ;
moreover, it is, up to scalar multiplication, the unique nontrivial such scalar linear
partial differential operator of minimal order. The quantization of the Hamiltonian
H is the Laplacian 1, while the quantization of the geodesic flow G t acting on
S∗M is the quantum flow acting on L2(M) given by the Schrödinger propagator
U t

:= e−i t1.
Stationary states are L2-normalized wave functions ψ(x, t) that are separable,

so that ψ(x, t) = ϕ(x)ν(t) for some functions ϕ : M → C and ν : R → C, and
are such that the probability densities |ψ(x, t)|2 dµ(x) are independent of time, so
that ϕ ∈ L2(M) and ν(t)= e−iλt for some λ ∈ R. The functions ϕ correspond to
solutions of the eigenvalue problem

1ϕ = λϕ;

that is, they are Laplacian eigenfunctions. For each eigenvalue, the corresponding
eigenspace of Laplacian eigenfunctions is finite-dimensional, so that one can choose
an orthonormal basis of each eigenspace. The union of these orthonormal bases
then forms an orthonormal basis of the whole space L2(M), and the corresponding
collection of eigenvalues forms a countable discrete set of nonnegative real numbers.
We denote the set of Laplacian eigenfunctions by (ϕ j ) j≥1 and the corresponding
Laplacian eigenvalues by (λ j ) j≥1.

Associated to each Laplacian eigenfunction ϕ j is its microlocal lift ω j , alter-
natively known as a Wigner distribution. The microlocal lift is a distribution on
S∗M of the measure corresponding to ϕ j on the cosphere bundle S∗M , as defined
in [Dyatlov 2022, (2)]; it should be thought of as measuring the average value in
phase space S∗M of an observable a ∈ C∞(S∗M) for a quantum particle with wave
function ϕ j . When acting on observables a ∈ C∞(S∗M) that descend to functions
on M , so that a(x, ξ) is constant in ξ the microlocal lift is simply the distribution
a(x, ξ)|ϕ j (x)|2 dµ(x) on M .

1A3. Quantum ergodicity. In [Lazutkin 1993, Addendum], Shnirelman proved
that if the geodesic flow on S∗M is ergodic with respect to the Liouville measure ω,
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there exists a subsequence (ϕ jk )k≥1 of the sequence of Laplacian eigenfunctions
(ϕ j ) j≥1 of density 1 (in the sense that #{λ jk ≤ λ}/#{λk ≤ λ} → 1 as λ→ ∞) such
that for all smooth functions a on M ,

lim
k→∞

∫
M

a(x)|ϕ jk (x)|
2 dµ(x)=

∫
M

a(x) dµ(x).

That is, a density 1 subsequence of the eigenfunctions equidistributes in physical
space. Shnirelman in fact proved the stronger statement that a density 1 subsequence
(ω jk )k≥1 of the sequence of microlocal lifts equidistributes in phase space in the
sense that it approaches the Liouville measure on S∗M . That is, for any smooth
function a on S∗M ,

lim
k→∞

∫
S∗ M

a(x, ξ) dω jk (x, ξ)=

∫
S∗ M

a(x, ξ) dω(x, ξ).

This property is known as quantum ergodicity. An outline of a proof of the quantum
ergodicity theorem similar to Shnirelman’s original proof can be found in [Dyatlov
2022, Section 2]. Shnirelman’s proof was first announced in [Shnirelman 1974]
and independent proofs were obtained by Zelditch [1987] and Colin de Verdière
[1985]. Quantum ergodicity demonstrates that the quantum dynamics on M are
chaotic. The fact that quantum ergodicity follows from the assumption that the
geodesic flow on S∗M is ergodic can be viewed as showing that chaotic classical
dynamics imply chaotic quantum dynamics.

Quantum unique ergodicity (QUE) in physical space is the property that (ϕ j ) j≥1

satisfies
lim

j→∞

∫
M

a(x)|ϕ j (x)|2 dµ(x)=

∫
M

a(x) dµ(x)

for all smooth functions a on M . Equivalently, QUE in physical space is the property
that the whole sequence of eigenfunctions equidistributes in physical space M . The
notion of QUE has a natural generalization to phase space S∗M : quantum unique
ergodicity in phase space refers to the property of (ϕ j ) j≥1 satisfying

lim
j→∞

∫
S∗ M

a(x, ξ) dω j (x, ξ)=

∫
S∗ M

a(x, ξ) dω(x, ξ) (1)

for all smooth functions a on S∗M . Henceforth, QUE will refer to quantum unique
ergodicity on phase space unless otherwise noted.

It was established by Hassell [2010, Theorem 1] that there exist compact Riemann-
ian manifolds for which the geodesic flow is ergodic and yet not all eigenfunctions
equidistribute. Namely, Hassell showed that QUE does not hold for a large family
of stadium domains.1 However, in many cases, it is still believed that QUE should

1For manifolds with boundary, the geodesic flow is replaced by the billiard flow, where trajectories
bounce off of the boundary.
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hold. In particular, it was conjectured by Rudnick and Sarnak [1994, Conjecture]
that QUE holds when (M, g) is a compact hyperbolic surface or more generally a
negatively curved compact manifold.

1B. Quantum unique ergodicity for arithmetic surfaces. For most hyperbolic
surfaces, QUE is far from proven. However, this conjecture is better understood in
the case where (M, g) is an arithmetic hyperbolic surface.

Let H := {z = x + iy ∈ C : y ∈ R+} denote the upper half-plane with area measure
dµ(z) :=

dx dy
y2 and Laplacian 1 := −y2

(
∂2

∂x2 +
∂2

∂y2

)
coming from the standard

hyperbolic metric ds2
:=

dx2
+dy2

y2 . Recall that SL2(R) acts transitively on H via
Möbius transformations, namely

g · z :=
az + b
cz + d

for g =

(
a b
c d

)
∈ SL2(R) and z ∈ H.

If 0 ⊂ SL2(R) is an arithmetic subgroup (in the sense of [Katok 1992, Chapter 5]),
such as a congruence subgroup of SL2(Z), the quotient space 0\H is an arithmetic
hyperbolic surface. These surfaces are not necessarily compact, but have finite
area, allowing the necessary notions to be defined. In particular, 0\H has finite
area (with respect to dµ) given by π

3 [SL2(Z) : 0] when 0 is a finite-index subgroup
of the modular group SL2(Z). Note that in general, the area measure dµ(z) is
not a probability measure on 0\H, which differs from the normalization of the
probability measure µ on M in Section 1A.

The study of QUE on arithmetic surfaces is aided via the presence of Hecke
operators (see (11) below). The Hecke operators on a given arithmetic hyperbolic
surface are a sequence T1, T2, . . . of self-adjoint operators on the space of square-
integrable functions on the surface; they are a nonarchimedean analogue of the
Laplace–Beltrami operator. It is known that Hecke operators commute with each
other and with the hyperbolic Laplacian 1. We may therefore simultaneously
diagonalize the space of Maaß cusp forms (nonconstant Laplacian eigenfunctions
occurring in the discrete spectrum of the Laplacian) with respect to the Hecke
operators, obtaining a basis of Hecke–Maaß cusp forms, which are simultaneous
eigenfunctions of both the Laplacian and of all the Hecke operators. Due to the
additional structure given from the Hecke operators, stronger results regarding QUE
are known for such Hecke eigenbases.

Henceforth, we focus on the case where 0 = SL2(Z) and M = SL2(Z)\H is the
modular surface. This surface is not compact, as it has a cusp at i∞. Its cosphere
bundle S∗M may be identified with the quotient space SL2(Z)\ SL2(R), while
the microlocal lift ω j of a Laplacian eigenfunction can be explicitly expressed in
terms of linear combinations of raised and lowered Laplacian eigenfunctions, as we
explicate further in Section 3B. Its Laplacian eigenfunctions can be split into two
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classes. There is a discrete spectrum, which, besides constant functions, arises from
nonconstant Laplacian eigenfunctions ϕ j called Maaß cusp forms corresponding to
a nondecreasing sequence of positive eigenvalues λ j ; the cuspidality condition is
precisely the condition that ∫ 1

0
ϕ j (x + iy) dx = 0

for all y ∈ R+. Because M is noncompact, there is also a continuous spectrum,
with eigenfunctions coming from real-analytic Eisenstein series E

(
z, 1

2 + i t
)

with
eigenvalues 1

4 + t2. We discuss Hecke–Maaß cusp forms and Eisenstein series in
further detail in Section 3B; see [Duke et al. 2002, Section 4]).

It is a seminal result of Lindenstrauss [2006, Theorem 1.4] that on a (possibly
noncompact) arithmetic hyperbolic surface, for a Hecke eigenbasis, any limit (in the
weak-* topology) of a subsequence of the measures ω j is a nonnegative multiple
of the Liouville measure ω. When the surface is compact, this limit must be the
Liouville measure itself, proving QUE for compact arithmetic hyperbolic surfaces;
see [Sarnak 2011, Section 3] for more discussion of the relevant work and progress
in the arithmetic case.

On the (noncompact) modular surface, equidistribution for the continuous spec-
trum was established in physical space by Luo and Sarnak [1995, Theorem 1.1],
and later in phase space by Jakobson [1994, Theorem 1]. Since the modular surface
is noncompact, the work of Lindenstrauss does not establish QUE for this surface,
as there is possibility of mass escaping to the cusp. This possibility was eliminated
by Soundararajan [2010], establishing QUE for Hecke–Maaß cusp forms on the
modular surface. However, this resolution of QUE for Hecke–Maaß cusp forms
leaves unresolved the problem of determining the rate of equidistribution.

Jakobson [1997, Theorem 2] proves that the measures ω j converge to ω in
an averaged sense with an effective rate of averaged equidistribution. Precisely,
Jakobson proves that if a is an element of the space C∞

c,K (S
∗M) consisting of finite

linear combinations of smooth compactly supported functions of even weight (as
described in (9) below), then∑

λ j ≤λ

∣∣∣∣∫
S∗ M

a(z, θ) dω j (z, θ)−
∫

S∗ M
a(z, θ) dω(z, θ)

∣∣∣∣2

≪a,ε λ
1/2+ε. (2)

As Weyl’s law implies that the number of eigenvalues below λ is asymptotic to λ
12

[Risager 2004, Theorem 2], this gives an averaged bound of λ−1/2+ε on each
summand. This bound generalized an earlier result of Luo and Sarnak [1995,
Theorem 1.2], which essentially gave the analogous average bound in physical
space. Luo and Sarnak also remark that the best possible individual bound for
each summand in (2) is of size λ−1/2

j . To see why this is true, we recall that it was
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established by Sarnak and Zhao [2019, Theorem 1.1] that∑
λ j ≤λ

∣∣∣∣∫
S∗ M

a(z, θ) dω j (z, θ)−
∫

S∗ M
a(z, θ) dω(z, θ)

∣∣∣∣2

∼ Q(a, a)λ1/2,

where Q(a, b) is a fixed sesquilinear form on

C∞

c,K (SL2(Z)\ SL2(R))× C∞

c,K (SL2(Z)\ SL2(R)).

It follows that if

max
λ j ≤λ

∣∣∣∣∫
S∗ M

a(z, θ) dω j (z, θ)−
∫

S∗ M
a(z, θ) dω(z, θ)

∣∣∣∣ ≤ C

for some nonnegative constant C , then∑
λ j ≤λ

∣∣∣∣∫
S∗ M

a(z, θ) dω j (z, θ)−
∫

S∗ M
a(z, θ) dω(z, θ)

∣∣∣∣2

≤ C2
(
λ

12
+ o(λ)

)
,

which are contradictory statements unless C ≫ λ−1/4.

1C. Results. Our goal is to prove bounds for the individual terms∫
S∗ M

a(z, θ) dω j (z, θ)−
∫

S∗ M
a(z, θ) dω(z, θ).

These bounds are contingent on bounds for certain L-functions. Watson [2002,
Theorem 3] establishes the following formula for integrals of products of Hecke–
Maaß cusp forms ϕ j , whose precise definitions we give in Section 3B: there exists
a nonnegative absolute constant C such that∣∣∣∣∫

M
ϕ j1(z)ϕ j2(z)ϕ j3(z) dµ(z)

∣∣∣∣2

= C
3

( 1
2 , ϕ j1 ⊗ϕ j2 ⊗ϕ j3

)
3(1, adϕ j1)3(1, adϕ j2)3(1, adϕ j3)

.

Here the terms on the right-hand side are completed L-functions whose definitions
are given in Section 4B. The Lindelöf hypothesis for such L-functions (itself a
consequence of the generalized Riemann hypothesis) would then imply sufficiently
strong upper bounds in order to prove the uniform version of Luo and Sarnak’s
physical space result [1995, Theorem 1.2]. In particular, for any a ∈ C∞

c (M), we
would have that∫

M
a(z)|ϕ j (z)|2 dµ(z)−

∫
M

a(z) dµ(z)≪a,ε λ
−1/4+ε

j

under the assumption of the conjectural bound L
( 1

2 , ϕ j1 ⊗ϕ j1 ⊗ϕ j3
)
≪ϕ j3 ,ε

λεj1 ; see
[Watson 2002, Corollary 1] and [Young 2016, Proposition 1.5]. More generally, any
effective subconvex bound of the form L

( 1
2 , ϕ j1 ⊗ϕ j1 ⊗ϕ j3

)
≪ϕ j3

λ
1/2−2δ
j1 would

provide the above statement with weaker error term of the form Oa(λ
−δ
j log λ j ).
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In this paper, we prove the strengthening of this physical space statement to phase
space.

Theorem 1.1. Suppose that there exist constants δ > 0 and A > 0 such that for any
Hecke–Maaß cusp forms ϕ1, ϕ2 with Laplacian eigenvalues λ1, λ2, any t ∈ R, and
any holomorphic Hecke cusp form F , we have the subconvex bounds

L
( 1

2 , adϕ1 ⊗ϕ2
)
≪ λ

1/2−2δ
1 λA

2 , (3)

L
(1

2 + i t, adϕ1
)
≪ λ

1/4−δ

1 (1 + |t |)A, (4)

L
(1

2 , adϕ1 ⊗ F
)
≪F λ

1/2−2δ
1 . (5)

Then for any a ∈ C∞

c,K (S
∗M), we have that∫

S∗ M
a(z, θ) dω j (z, θ)−

∫
S∗ M

a(z, θ) dω(z, θ)≪a λ
−δ
j log λ j . (6)

In particular, assuming the generalized Lindelöf hypothesis, we have that∫
S∗ M

a(z, θ) dω j (z, θ)−
∫

S∗ M
a(z, θ) dω(z, θ)≪a,ε λ

−1/4+ε

j .

Remark 1.2. The method of proof yields explicit dependence on a in these error
terms in terms of Sobolev norms of a; see (64).

The subconvex bounds (3), (4), and (5) are hypotheses in Theorem 1.1: it is not
yet known that these subconvex bounds hold. While subconvex bounds are known
for certain other families of L-functions (see, for example, [Michel and Venkatesh
2010; Nelson 2023]), unconditional proofs of the desired subconvex bounds (3), (4),
and (5) currently remain elusive. A chief obstacle towards proving these bounds is
the so-called conductor dropping phenomenon, as discussed in [Khan and Young
2023].

Theorem 1.1 is folklore (see, for example, [Sarnak and Zhao 2019, page 1156]),
though no detailed proof exists in the literature. The method of proof is known to
experts; the analogue of QUE for Bianchi manifolds (i.e., arithmetic quotients of
H3

= SL2(C)/SU(2)), for example, has been shown by Marshall to follow from
subconvexity for triple product L-functions [Marshall 2014, Theorem 3], and the
proof that we give for the modular surface is by the same general strategy. To
explicate all the details, one needs the full strength of the Watson–Ichino triple
product formula as in [Watson 2002, Theorem 3] and [Ichino 2008, Theorem 1.1].
Coupling this with a lemma of Michel and Venkatesh [Michel and Venkatesh 2010,
Lemma 3.4.2] (compare [Sarnak and Zhao 2019, Lemma 5]), we show that certain
triple products of automorphic forms on SL2(Z)\ SL2(R) can be expressed in terms
of a product of central values of L-functions and certain archimedean integrals
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of Whittaker functions; the latter can in turn be related to gamma functions and
hypergeometric functions.

Finally, we take this opportunity to observe that Jakobson’s treatment of QUE
for Eisenstein series in [Jakobson 1994] is incomplete; in particular, the case where
the test function is a shifted holomorphic or antiholomorphic Hecke cusp form is
missing. We supply the omitted computations in Section 5.

1D. Friedrichs symmetrization. We end the discussion of our results by explaining
how our results are valid not only for the Wigner distribution ω j , which need not
be a positive distribution, but also for the Friedrichs symmetrization ωF

j defined in
(7) below, which is a positive distribution. The microlocal lifts ω j of Hecke–Maaß
cusp forms on the modular surface that we work with in this paper are the Wigner
distributions given by

dω j (z, θ) := ϕ j (z)u j (z, θ) dω(z, θ), u j (z, θ) :=
3
π

∞∑
k=−∞

ϕ j,k(z)e2kiθ ,

as defined in [Zelditch 1991, (1.18)]. Here the convergence is in distribution and dω
is the (unnormalized) Liouville measure, given by dx dy dθ

2πy2 on SL2(Z)\ SL2(R) =

S∗M , where we identify g ∈ SL2(R) with (x, y, θ) ∈ R × R+ × [0, 2π) via the
Iwasawa decomposition (see (8) below). The functions ϕ j,k are the L2-normalized
shifted Hecke–Maaß forms of weight 2k obtained from ϕ j by raising or lowering
operators, as defined in Section 3B; for their Fourier expansions, see Section 4A.

We recall that a positive distribution T on a normed space V over C is a bounded
linear functional T : V → C such that T (v)≥ 0 for all v ∈ V . In general, the Wigner
distribution dω j need not be a positive distribution on C∞

c (SL2(Z)\ SL2(R)). To
convert dω j into a positive distribution, we define for a ∈ C∞

c (SL2(Z)\ SL2(R))

the pairing

⟨a, dω j ⟩ =

∫
S∗ M

a(z, θ) dω j (z, θ)

:= lim
K→∞

∫
SL2(Z)\ SL2(R)

a(z, θ)ϕ j (z)
K∑

k=−K

ϕ j,k(z)e2kiθ dω(z, θ).

We now define a new distribution dωF
j , the Friedrichs symmetrization of dω j , via

⟨a, dωF
j ⟩ := ⟨aF , dω j ⟩, (7)

where the function aF
∈ C∞

c (SL2(Z)\ SL2(R)) is the Friedrichs symmetrization of
a; for its explicit construction, see [Zelditch 1987, Proposition 2.3]. In particular, it
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was established in [loc. cit., Proposition 2.3] that dωF
j is a positive distribution,2

while it was established in [Zelditch 1991, Proposition 3.8] that

⟨a, dωF
j ⟩ − ⟨a, dω j ⟩ ≪a,ε λ

−1/2+ε

j .

Combined with Theorem 1.1, we see that in specific scenarios where one needs to
deal with positive distributions, it suffices to work with the Wigner distribution dω j .

2. Proof outline

On a broad scale, our proof strategy follows the proof of equidistribution of Eisen-
stein series in phase space from [Jakobson 1994], which we now outline. We will
also make reference to a few objects that we have not yet defined; namely, we
use (x, y, θ) coordinates on S∗M given by (8), L-functions that we explain in
Section 4B, and various types of functions on M all defined in Section 3B.

In our paper, we extend the probability measure |ϕ j |
2 dµ to its microlocal lift dω j

on S∗M for a Hecke–Maaß cusp form ϕ j with Laplacian eigenvalue λ j . The work
of Jakobson [1994] solves a similar problem: Jakobson proves the analogous result
for the extension of the Radon measure

∣∣E(
· , 1

2 + i t
)∣∣2 dµ to its microlocal lift dµt .

Jakobson’s method for bounding integrals of the form
∫

a dµt is to consider only
functions a appearing in an orthonormal basis of L2(S∗M). Namely, Jakobson com-
putes the integral for constant functions, shifted Hecke–Maaß cusp forms, shifted
holomorphic or antiholomorphic Hecke cusp forms,3 and weighted Eisenstein series.
He then bounds

∫
a dµt for general smooth, compactly supported a on S∗M by

approximating them using this basis.
To bound

∫
a dµt , Jakobson uses the coordinates (x, y, θ) on S∗M and proceeds

to integrate over θ , which reduces the problem to computing integrals over M . These
integrals can readily be evaluated using the key fact that they involve Eisenstein
series. An Eisenstein series can be written by a sum over 0∞\ SL2(Z), where
0∞ ⊂ SL2(Z) is the stabilizer of the cusp i∞, in such a way that the integral
can be unfolded to one over the fundamental domain {x + iy ∈ H : x ∈ [0, 1]} for
0∞\H. Jakobson then inserts the Fourier–Whittaker expansion of each function
in the integrand and subsequently directly evaluates the integral over x ∈ [0, 1].
One is left with an expression involving central values of L-functions related to the

2Lindenstrauss [Lindenstrauss 2001, Corollary 3.2] constructs an alternate positive distribution
that has a similar effect: for each N ∈ N, Lindenstrauss defines the positive distribution dωN

j (z, θ) :=

3
π

1
2N+1

∣∣∑N
k=−N ϕ j,k(z)e2kiθ ∣∣2 dω(z, θ). For N ∼ λ

1/4
j , this satisfies ⟨a, dωN

j ⟩ − ⟨a, dω j ⟩ ≪a,ε

λ
−1/4+ε
j .

3As mentioned previously, Jakobson only treats unshifted holomorphic Hecke cusp forms and
neglects to deal with the more general case of shifted holomorphic or antiholomorphic Hecke cusp
forms. We complete Jakobson’s proof by dealing with this untreated general case in Section 5.
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test functions and an integral over y ∈ R+ of Whittaker functions. This remaining
integral can be expressed in terms of hypergeometric functions and subsequently
bounded using Stirling’s formula.

Our paper follows a similar reduction of integrals, using the same orthonormal
basis. In particular, we must show that the constant term contributes the main term
in Theorem 1.1, while the contribution from integrating against shifted Hecke–Maaß
cusp forms, shifted holomorphic or antiholomorphic Hecke cusp forms, and shifted
Eisenstein series are O(λ−δ

j log λ j ) as j → ∞. We now outline how we evaluate
each type of integral:

• The constant case is trivial, and contributes to the main term in Theorem 1.1.

• The weighted Eisenstein series case can be computed with an unfolding tech-
nique analogous to the previously discussed computations in [Jakobson 1994].
Computing this integral gives a product of a central value of an L-function
and an expression involving gamma functions and hypergeometric functions.

• For the remaining two cases, namely shifted Hecke–Maaß cusp forms and
shifted holomorphic or antiholomorphic Hecke cusp forms, the unfolding trick
does not apply to the integrals of interest since they do not involve an Eisenstein
series. Instead, we use the Watson–Ichino triple product formula [Ichino 2008;
Watson 2002]. This formula allows us to write the square of the absolute
value of the integral as a product of a central value of an L-function and the
square of the absolute value of an integral of Whittaker functions. The latter
integral can again be explicitly computed to obtain an expression in terms of
hypergeometric functions.

We then bound all hypergeometric functions using Stirling’s formula, while we
invoke our assumption of subconvexity to bound central values of L-functions,
which yields Theorem 1.1.

3. Preliminaries

3A. Differential operators on SL2(Z)\ SL2(R) and SL2(Z)\H. We begin by de-
scribing differential operators acting on SL2(Z)\ SL2(R) and SL2(Z)\ SL2(R). Use-
ful references for these include [Bump 1997, Chapter 2; Iwaniec 2002, Chapter 1;
Lang 1985; Roelcke 1966].

In coordinates z = x + iy ∈ H, the Laplacian on SL2(Z)\H is given by 1 :=

−y2
(
∂2

∂x2 +
∂2

∂y2

)
, and the area measure is given by dµ(z) := dx dy

y2 , giving this space
volume π

3 . The unnormalized Liouville measure on the unit cotangent bundle
S∗M = SL2(Z)\ SL2(R) is given by dω(z, θ) :=

dµ(z) dθ
2π , which also gives this

space volume π
3 . Here we identify points on S∗M with points on SL2(Z)\ SL2(R)
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using the Iwasawa decomposition

g =

(
1 x
0 1

) (
y1/2 0

0 y−1/2

) (
cos θ sin θ

− sin θ cos θ

)
(8)

for elements g ∈ SL2(R), where x ∈ R, y ∈ R+, and θ ∈ [0, 2π).
A function 8 : SL2(Z)\ SL2(R)→ C is of weight 2k for some k ∈ Z if it satisfies

8(z, θ + θ ′)= e2kiθ ′

8(z, θ) (9)

for all z ∈ H and θ, θ ′
∈ R. We have an inner product on SL2(Z)\ SL2(R) defined

by

⟨81,82⟩ :=

∫
SL2(Z)\ SL2(R)

81(z, θ)82(z, θ) dω(z, θ)

for 81,82 ∈ L2(SL2(Z)\ SL2(R)).
Similarly, a function f : H → C satisfying the automorphy condition

f
(

az + b
cz + d

)
=

(
cz + d
|cz + d|

)2k

f (z) (10)

for all
(a

c
b
d

)
∈ SL2(Z) is said to be of weight 2k. A weight 2k function f : H → C

lifts to a weight 2k function 8 : SL2(Z)\ SL2(R)→ C via the map f 7→8 given
by 8(z, θ) := f (z)e2kiθ . Equivalently, we define for g =

(a
c

b
d

)
∈ SL2(R) and z ∈ H

the j-factor

jg(z) :=
cz + d
|cz + d|

,

so that for g ∈ SL2(R) given by (8), we have that 8(z, θ) := jg(i)−k f (g · i). We
have an inner product on weight 2k functions f1, f2 : H → C defined by

⟨ f1, f2⟩ :=

∫
SL2(Z)\H

f1(z) f2(z) dµ(z).

The SL2(R)-invariant extension of1 from functions on H to functions on SL2(R)

is given by the Casimir operator

� := −y2
(
∂2

∂x2 +
∂2

∂y2

)
+ y

∂2

∂x∂θ
.

We also have raising and lowering operators

R := e2iθ iy
(
∂

∂x
− i

∂

∂y

)
− e2iθ i

2
∂

∂θ
, L := −e−2iθ iy

(
∂

∂x
+ i

∂

∂y

)
+ e−2iθ i

2
∂

∂θ
.

The operators �, R, L are initially defined on the space C∞(SL2(Z)\ SL2(R)) of
smooth functions. The raising and lowering operators R and L map weight 2k
eigenfunctions of � to weight 2k + 2 and 2k − 2 eigenfunctions of � respectively.
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On the space C∞(SL2(Z)\ SL2(R)) ∩ L2(SL2(Z)\ SL2(R)), these operators are
such that −L is adjoint to R, while � is self-adjoint, so that for all smooth square-
integrable functions 81,82 : SL2(Z)\ SL2(R)→ C,

⟨R81,82⟩ = −⟨81, L82⟩, ⟨�81,82⟩ = ⟨81, �82⟩.

The Casimir operator � admits a canonical self-adjoint extension, the Friedrichs
extension, to L2(SL2(Z)\ SL2(R)); see [Iwaniec 2002, Theorem A.3].

These operators descend to SL2(Z)\H. Considering the action of � on weight
2k functions on H, we have the corresponding weight 2k Laplacian on H given by

12k :=1+ 2kiy
∂

∂x
,

which preserves the weight of a weight 2k function on H. Similarly, R and L
become the raising and lowering operators

R2k := iy
(
∂

∂x
− i

∂

∂y

)
+ k, L2k := −iy

(
∂

∂x
+ i

∂

∂y

)
− k.

The raising operator R2k maps weight 2k functions to weight 2k + 2 functions,
whereas the lowering operator L2k maps weight 2k functions to weight 2k − 2
functions. In particular, the raising and lowering operators map eigenfunctions
of 12k to eigenfunctions of 12k+2 and 12k−2 respectively. The inner product on
weight 2k functions on H is such that −L2k+2 is adjoint to R2k , so that

⟨R2k f1, f2⟩ = −⟨ f1, L2k+2 f2⟩

for all weight 2k square-integrable functions f1 : H → C and weight 2k + 2 square-
integrable functions f2 : H → C.

3B. Eigenfunctions of the Laplacian. Next, we describe the eigenfunctions of
12k on SL2(Z)\H. Useful references for these include [Bump 1997, Chapter 2;
Duke et al. 2002, Section 4; Roelcke 1966].

For any k ∈ Z, there are up to four classes of eigenfunctions of 12k of weight
2k. Each of these is an eigenfunction of the n-th Hecke operator Tn for each n ∈ N,
where Tn acts on functions f : H → C via

(Tn f )(z) :=
1

√
n

∑
ad=n

d∑
b=1

f
(

az + b
d

)
. (11)

Each of these eigenfunctions of 12k also lifts to a function on SL2(Z)\ SL2(R) that
is an eigenfunction of �:
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• When k = 0, we have constant functions.

• When k ≥ 0, we have shifted Maaß cusp forms of weight 2k given by R2k−2 · · ·

R0ϕ j , where ϕ j is a Hecke–Maaß cusp form of weight 0 with j-th Laplacian
eigenvalue λ j (ordered by size). Similarly, when k ≤ 0 we have forms of weight 2k
given by L2k+2L2k+4 · · · L0ϕ j . Any weight 0 form ϕ j can be written as a sum of
an even part and an odd part with the same Laplacian and Hecke eigenvalues, so
we may additionally assume that ϕ j is either even, so that ϕ j (−z̄)= ϕ j (z), or odd,
so that ϕ j (−z̄)= −ϕ j (z). We let κ j ∈ {0, 1} be such that κ j is 0 if ϕ j is even and
κ j is 1 if ϕ j is odd; the parity of ϕ j is then defined to be ϵ j = (−1)κ j , so that

ϕ j (−z̄)= (−1)κ jϕ j (z)= ϵ jϕ j (z). (12)

The spectral parameter r j ∈ [0,∞) ∪ i(0, 1
2) satisfies λ j =

1
4 + r2

j ; since the
Selberg eigenvalue conjecture is known for SL2(Z)\H, r j must be real and positive
(with the smallest spectral parameter being r1 ≈ 9.534). Once L2-normalized with
respect to the measure dµ on SL2(Z)\H, the eigenfunctions ϕ j yield probability
measures dµ j = |ϕ j |

2 dµ on SL2(Z)\H. The corresponding L2-normalized shifted
Hecke–Maaß cusp forms of weight 2k are given by

ϕ j,k :=


0
(

1
2 +ir j

)
0
(

1
2 +k+ir j

) R2k−2 · · · R2 R0ϕ j for k ≥ 0,

0
(

1
2 +ir j

)
0
(

1
2 −k+ir j

) L2k+2 · · · L−2L0ϕ j for k ≤ 0,

where the L2-normalization of each ϕ j,k follows from the fact that −L2k+2 is adjoint
to R2k ; see [Duke et al. 2002, Corollary 4.4]. The associated lift to SL2(Z)\ SL2(R)

is the function 8 j,k(z, θ) := ϕ j,k(z)e2kiθ , which is an eigenfunction of the Casimir
operator � with eigenvalue λ j .

• When ℓ ≥ 1, let F be a holomorphic Hecke cusp form of weight 2ℓ; there are
finitely many such cusp forms, and we denote the set of such holomorphic Hecke
cusp forms by Hℓ. We define a corresponding weight 2ℓ function f (z)= yℓF(z),
which is automorphic of weight 2ℓ, so that it satisfies the automorphy condition (10)
with k = ℓ. When k ≥ ℓ, we have shifted holomorphic Hecke cusp forms of weight
2k given by R2k−2 R2k−4 · · · R2ℓ f . Similarly, when k ≤ −ℓ we have the shifted
antiholomorphic Hecke cusp form of weight 2k given by L2k+2L2k+4 · · · L−2ℓ f̄ .
Note that L2ℓ f = R−2ℓ f̄ = 0, so that there are no nonzero shifted cusp forms of
weight 2k with −ℓ < k < ℓ. If f is L2-normalized with respect to the measure
dµ on SL2(Z)\H, then the corresponding L2-normalized shifted holomorphic or
antiholomorphic Hecke cusp forms of weight 2k are given by

fk :=

{√
0(2ℓ)

0(k+ℓ)0(k−ℓ+1) R2k−2 · · · R2ℓ f for k ≥ ℓ,√
0(2ℓ)

0(−k+ℓ)0(−k−ℓ+1)L2k+2 · · · L−2ℓ f for k ≤ −ℓ.
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Once more, the L2-normalization of each fk follows from the fact that −L2k+2

is adjoint to R2k ; see [Duke et al. 2002, Corollary 4.4]. The associated lift to
SL2(Z)\ SL2(R) is the function 9F,k(z, θ) := fk(z)e2kiθ , which is an eigenfunction
of the Casimir operator � with eigenvalue ℓ(1 − ℓ).

• We have the Eisenstein series of weight 2k, which is defined by

E2k(z, s) :=

∑
γ∈0∞\ SL2(Z)

jγ (z)−2k
ℑ(γ z)s, (13)

where

jγ (z) :=
cz + d
|cz + d|

for γ =

(
a b
c d

)
.

This series converges absolutely when ℜ(s) > 1, and can be holomorphically
extended to the line ℜ(s)= 1

2 . For s =
1
2 + i t , E2k

(
z, 1

2 + i t
)

is an eigenfunction of
12k with eigenvalue 1

4 + t2. Letting E(z, s)= E0(z, s), we note that

E2k
(
z, 1

2 + i t
)
=


0
(

1
2 +i t

)
0
(

1
2 +k+i t

) R2k−2 · · · R2 R0 E
(
z, 1

2 + i t
)

for k ≥ 0,

0
(

1
2 +i t

)
0
(

1
2 −k+i t

) L2k+2 · · · L−2L0 E
(
z, 1

2 + i t
)

for k ≤ 0.

The associated lift to SL2(Z)\ SL2(R) is

Ẽ2k
(
z, θ, 1

2 + i t
)
:= E2k

(
z, 1

2 + i t
)
e2kiθ ,

which is an eigenfunction of the Casimir operator � with eigenvalue 1
4 + t2.

These Laplacian eigenfunctions satisfy orthonormality relations: we have that

⟨8 j,k, 1⟩ = ⟨9F,k, 1⟩ = 0,〈
8 j,k1, Ẽ2k2

(
· , · , 1

2 + i t
)〉

=
〈
9F,k1, Ẽ2k2

(
· , · , 1

2 + i t
)〉

= 0,

⟨8 j,k1, 9F,k2⟩ = 0,

⟨8 j1,k1,8 j2,k2⟩ =

{
1 if j1 = j2 and k1 = k2,

0 otherwise,

⟨9F1,k1, 9F2,k2⟩ =

{
1 if F1 = F2 and k1 = k2,

0 otherwise.

The Fourier–Whittaker expansions of ϕ j,k , fk , and E2k are given in Section 4A.

3C. Spectral decomposition. The spectral decomposition of L2(SL2(Z)\ SL2(R))

is stated below, which follows by combining [Bump 1997, Corollary to Theo-
rem 2.3.4] with [Duke et al. 2002, Propositions 4.1, 4.2, and 4.3]; for a gen-
eral reference in the adèlic setting, see [Wu 2017, Theorem 1.3]. Given a ∈



116 A. BISAIN, P. HUMPHRIES, A. MANDELSHTAM, N. WALSH AND X. WANG

L2(SL2(Z)\ SL2(R)), we have the spectral decomposition

a(z, θ)

=
3
π

⟨a, 1⟩ +

∞∑
ℓ=1

∞∑
k=−∞

⟨a,8ℓ,k⟩8ℓ,k(z, θ)+
∞∑
ℓ=1

∑
F∈Hℓ

∞∑
k=−∞
|k|≥ℓ

⟨a, 9F,k⟩9F,k(z, θ)

+
1

4π

∞∑
k=−∞

∫
∞

−∞

〈
a, Ẽ2k

(
· , · , 1

2 + i t
)〉

Ẽ2k
(
z, θ, 1

2 + i t
)

dt.

This converges in the L2-sense. If moreover a is smooth and compactly supported,
then this converges absolutely and uniformly on compact sets.

We additionally have Parseval’s identity: for a1, a2 ∈ L2(SL2(Z)\ SL2(R)), we
have the absolutely convergent spectral expansion

⟨a1,a2⟩ =
3
π

⟨a1,1⟩⟨1,a2⟩+

∞∑
ℓ=1

∞∑
k=−∞

⟨a1,8ℓ,k⟩⟨8ℓ,k,a2⟩

+

∞∑
ℓ=1

∑
F∈Hℓ

∞∑
k=−∞
|k|≥ℓ

⟨a1,9F,k⟩⟨9F,k,a2⟩

+
1

4π

∞∑
k=−∞

∫
∞

−∞

〈
a1, Ẽ2k

(
· , · , 1

2+i t
)〉〈

Ẽ2k
(
· , · , 1

2+i t
)
,a2

〉
dt. (14)

3D. QUE on the modular surface. There is a significantly simpler formula for the
microlocal lift ω j of ϕ j to a measure on SL2(Z)\ SL2(R). We again recall from
[Zelditch 1991, (1.18)] that

dω j (z, θ) := ϕ j (z)u j (z, θ) dω(z, θ), u j (z, θ) :=
3
π

∞∑
k=−∞

ϕ j,k(z)e2kiθ ,

where convergence of the sum defining u j is in distribution (i.e., ϕ j u j dω is the
limit of measures of the partial sums defining u j ).4 In particular, we have that∫

SL2(Z)\ SL2(R)

8ℓ,k(z, θ) dω j (z, θ)=
3
π

∫
SL2(Z)\H

ϕ j (z)ϕ j,k(z)ϕℓ,k(z) dµ(z), (15)∫
SL2(Z)\ SL2(R)

9F,k(z, θ) dω j (z, θ)=
3
π

∫
SL2(Z)\H

ϕ j (z)ϕ j,k(z) fk(z) dµ(z), (16)

4More precisely, the measure is defined by
∫

a dω j = limK→∞
3
π

∫
aϕ j

∑K
k=−K ϕ j,ke2kiθ dω.
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and∫
SL2(Z)\ SL2(R)

Ẽ2k
(
z, θ, 1

2 + i t
)

dω j (z, θ)

=
3
π

∫
SL2(Z)\H

ϕ j (z)ϕ j,k(z)E2k
(
z, 1

2 + i t
)

dµ(z). (17)

Using the spectral decomposition for L2(SL2(Z)\ SL2(R)) and (15), (16), and
(17), for any a ∈ C∞

c,K (SL2(Z)\ SL2(R)), we may therefore write∫
SL2(Z)\ SL2(R)

a(z, θ) dω j (z, θ)

=

∫
SL2(Z)\ SL2(R)

a(z, θ) dω(z, θ)

+
3
π

∞∑
ℓ=1

∞∑
k=−∞

⟨a,8ℓ,k⟩
∫

SL2(Z)\H

ϕ j (z)ϕ j,k(z)ϕℓ,k(z) dµ(z)

+
3
π

∞∑
ℓ=1

∑
F∈Hℓ

∞∑
k=−∞
|k|≥ℓ

⟨a, 9F,k⟩

∫
SL2(Z)\H

ϕ j (z)ϕ j,k(z) fk(z) dµ(z)

+
3

4π2

∞∑
k=−∞

∫
∞

−∞

〈
a, Ẽ2k

(
· , · , 1

2 + i t
)〉

×

∫
SL2(Z)\H

ϕ j (z)ϕ j,k(z)E2k
(
z, 1

2 + i t
)

dµ(z) dt. (18)

To establish Theorem 1.1, it therefore suffices to bound each of the three integrals
(15), (16), and (17). The next few sections will be dedicated to resolving each
individual case.

4. Relevant tools for computation

4A. Fourier–Whittaker expansions. We explicitly write out the Fourier–Whittaker
expansion for shifted Hecke–Maaß cusp forms, shifted holomorphic or antiholomor-
phic Hecke cusp forms, and weighted Eisenstein series. These involve Whittaker
functions Wα,β(y), which are certain special functions on R+ associated to a pair
of parameters α, β ∈ C that decay exponentially as y tends to infinity in the sense
that limy→∞ y−αey/2Wα,β(y)= 1 (see [Whittaker and Watson 1996, Chapter 16]
and [Gradshteyn and Ryzhik 2015, Sections 9.22–9.23]); they satisfy the second
order linear ordinary differential equation

W ′′

α,β(y)+
(

−
1
4

+
α

y
+

1
4 −β2

y2

)
Wα,β(y)= 0.
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In particular cases, these Whittaker functions are simpler: for α ∈ C, we have that
Wα,α−1/2(y)= yαe−y/2, while for β ∈ C, we have that W0,β(y)=

√
y/πKβ(y/2),

where Kβ(y) denotes the modified Bessel function of the second kind:

• For Hecke–Maaß cusp forms of weight 0, we have by [Goldfeld and Hundley
2011, Theorem 3.11.8] the Fourier expansion

ϕ j (z)=

∞∑
n=−∞

n ̸=0

sgn(n)κ jρ j (1)
λ j (|n|)
√

|n|
W0,ir j (4π |n|y)e(nx). (19)

Here λ j (n) is the n-th Hecke eigenvalue of ϕ j , κ j ∈ {0, 1} is as in (12), and the first
Fourier coefficient ρ j (1) ∈ R+ satisfies

ρ j (1)2 =
coshπr j

2L(1, adϕ j )
=

π

20
( 1

2 + ir j
)
0

( 1
2 − ir j

)
L(1, adϕ j )

. (20)

By the Rankin–Selberg method (see [Duke et al. 2002, Section 19]), this ensures
that ϕ j is L2-normalized. The positive constant L(1, adϕ j ) is the value at s = 1 of
the adjoint L-function L(s, adϕ j ) defined in (28) below. One can use the recurrence
relations for Whittaker functions [Gradshteyn and Ryzhik 2015, (9.234)] to establish
that for shifted Maaß cusp forms of weight 2k,

ϕ j,k(z)=

∞∑
n=−∞

n ̸=0

Dsgn(n)
k,r j

sgn(n)κ jρ j (1)
λ j (|n|)
√

|n|
Wsgn(n)k,ir j (4π |n|y)e(nx), (21)

where we define the constants

D±

k,r :=
(−1)k0

( 1
2 + ir

)
0

( 1
2 ± k + ir

) (22)

for r ∈ C and k ∈ Z. One sees from [Duke et al. 2002, Corollary 4.4] that ϕ j,k is
also L2-normalized.

• For shifted holomorphic Hecke cusp forms of positive weight 2k, we may write
the unshifted form as f = yℓF for some holomorphic Hecke cusp form F of weight
2ℓ. Once more by [Goldfeld and Hundley 2011, Theorem 3.11.8], this has the
Fourier expansion

f (z)=

∞∑
n=1

ρF (1)
λF (n)
√

n
(4πny)ℓe(nz)=

∞∑
n=1

ρF (1)
λF (n)
√

n
Wℓ,ℓ−1/2(4πny)e(nx),

where again λF (n) is the n-th Hecke eigenvalue of F and the first Fourier coefficient
ρF (1) ∈ R+ satisfies

ρF (1)2 =
π

20(2ℓ)L(1, ad F)
, (23)
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which ensures that f is L2-normalized by the Rankin–Selberg method. Once more,
the positive constant L(1, ad F) is the value at s = 1 of the adjoint L-function
L(s, ad F) defined in (28) below. Applying raising operators, we have that

(R2k−2 · · · R2ℓ+2 R2ℓ f )(z)= (−1)k−ℓ

∞∑
n=1

ρF (1)
λF (n)
√

n
Wk,ℓ−1/2(4πny)e(nx).

Finally, we see from [Duke et al. 2002, Corollary 4.4 and (4.60)] that in order to
L2-normalize such a form, we have the final Fourier expansion

fk(z)=

∞∑
n=1

Ck,ℓρF (1)
λF (n)
√

n
Wk,ℓ− 1

2
(4πny)e(nx) (24)

with

Ck,ℓ := (−1)k−ℓ

√
0(2ℓ)

0(k + ℓ)0(k − ℓ+ 1)
. (25)

Similarly, for shifted antiholomorphic Hecke cusp forms of negative weight −2k,
we may write the unshifted Hecke cusp form as f̄ = yℓF . One has

f (z)=

∞∑
n=1

ρF (1)
λF (n)
√

n
Wℓ,ℓ−1/2(4πny)e(−nx),

so that

f−k(z)=

∞∑
n=1

Ck,ℓρF (1)
λF (n)
√

n
Wk,ℓ−1/2(4πny)e(−nx). (26)

• Finally we recall the Fourier expansion of Eisenstein series. Define

λ(n, t) :=

∑
ab=n

ai t b−i t .

For weight 0 Eisenstein series, we have from [Jakobson 1994, (1.3)] that

E
(
z, 1

2+i t
)

= y1/2+i t
+
ξ(1−2i t)
ξ(1+2i t)

y1/2−i t
+

∞∑
n=−∞

n ̸=0

1
ξ(1+2i t)

λ(|n|, t)
√

|n|
W0,i t(4π |n|y)e(nx), (27)
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where ξ(s) := π−s/20
( s

2

)
ζ(s) is the completed Riemann zeta function. For weight

2k Eisenstein series, we then have that

E2k
(
z, 1

2 + i t
)
= y1/2+i t

+
(−1)k0

( 1
2 + i t

)2

0
( 1

2 − k + i t
)
0

( 1
2 + k + i t

) ξ(1 − 2i t)
ξ(1 + 2i t)

y1/2−i t

+

∞∑
n=−∞

n ̸=0

Dsgn(n)
k,t

ξ(1 + 2i t)
λ(|n|, t)
√

|n|
Wsgn(n)k,i t(4π |n|y)e(nx).

4B. L-Functions. We give a quick overview of all the necessary theory surround-
ing L-functions. A general discussion of the theory of L-functions and their bounds
can be found in [Iwaniec and Kowalski 2004, Chapter 5].

Let φ be either a Hecke–Maaß cusp form or a holomorphic Hecke cusp form.
Such a Hecke cusp form φ has an associated L-function L(s, φ). Since the Hecke
operators Tn satisfy the multiplicativity relation

Tm Tn =

∑
d | (m,n)

Tmn/d2,

the Hecke eigenvalues λφ(n) must satisfy the corresponding Hecke relations

λφ(m)λφ(n)=

∑
d | (m,n)

λφ

(
mn
d2

)
.

We may therefore define for ℜ(s) > 1 the degree 2 L-function

L(s, φ) :=

∞∑
n=1

λφ(n)
ns =

∏
p

1
1 − λφ(p)p−s + p−2s .

This can be analytically continued to a holomorphic function on C. We may write
the Euler product as

L(s, φ)=

∏
p

1
(1 −αφ,1(p)p−s)−1(1 −αφ,2(p)p−s)

,

where the Satake parameters αφ,1(p), αφ,2(p) satisfy

αφ,1(p)+αφ,2(p)= λφ(p), αφ,1(p)αφ,2(p)= 1.

We also define relevant higher degree L-functions: for m ≤ 3, we define the
degree 2m L-function

L(s, φ1 ⊗ · · · ⊗φm) :=

∏
p

∏
(b j )∈{1,2}m

1
1 −αφ1,b1(p) · · ·αφm ,bm (p)p−s .
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We additionally define the degree 3 and degree 6 L-functions

L(s, adφ) :=
L(s, φ⊗φ)

ζ(s)
, (28)

L(s, adφ1 ⊗φ2) :=
L(s, φ1 ⊗φ1 ⊗φ2)

L(s, φ2)
, (29)

Each of these L-functions has a meromorphic continuation to C. For later use, we
will also recall the identities

∞∑
n=1

λφ(n)2

ns =
ζ(s)L(s, adφ)

ζ(2s)
, (30)

∞∑
n=1

λφ(n)λ(n, t)
ns =

L(s + i t, φ)L(s − i t, φ)
ζ(2s)

, (31)

which are both valid for ℜ(s) > 1.
For any such L-function L(s,5) of degree d , where 5 is a placeholder for one

of the automorphic objects listed above, we have a corresponding gamma factor of
the form

L∞(s,5)=

d∏
i=1

0R(s +µi )

for some Langlands parameters µi ∈ C, where 0R(s) :=π−s/20
( s

2

)
. The completed

L-function 3(s,5) := L(s,5)L∞(s,5) has a meromorphic continuation to C and
satisfies a functional equation of the form 3(1 − s,5)= ϵ53(s, 5̃), where the ep-
silon factor ϵ5 is a complex number of absolute value 1, while 3(s, 5̃)=3(s̄,5).

4C. Bounds for L-Functions. Various L-functions will appear in the integrals
computed later in the paper. As such, the study of the sizes of our integrals is
connected to the study of the sizes of such L-functions. In particular, estimating
relevant integrals can be reduced to estimating L(1,5) and L

( 1
2 +i t,5

)
for various

values of t and 5. We discuss the specific relevant bounds.
For φ a Hecke–Maaß cusp form with spectral parameter r , combining the work

of [Goldfeld et al. 1994, main theorem] and [Li 2010, Corollary 1] with (20), we
have that

1
log r

≪ L(1, adφ)≪ exp(C(log r)1/4(log log r)1/2) (32)

for some absolute constant C > 0. Similarly, for φ a holomorphic Hecke cusp form
of weight ℓ, we have that

1
log ℓ

≪ L(1, adφ)≪ (log ℓ)3, (33)



122 A. BISAIN, P. HUMPHRIES, A. MANDELSHTAM, N. WALSH AND X. WANG

where the lower bound again follows from [Goldfeld et al. 1994, main theorem],
while the upper bound follows from [Lau and Wu 2006, Proposition 3.2(i)]. Finally,
for t ∈ R, we have the classical bounds [Iwaniec and Kowalski 2004, (8.24),
Theorem 8.29]

1
(log(3 + |t |))2/3(log log(9 + |t |))1/3

≪ |ζ(1 + i t)| ≪
log(3 + |t |)

log log(9 + |t |)
. (34)

We shall only make use of the lower bounds in (32), (33), and (34). In particular,
the lower bound in (32) is precisely the cause of the presence of the term log λ j on
the right-hand side of (6).

To discuss values of an L-function L(s,5) on the line ℜ(s)=
1
2 , we define the

analytic conductor

C(s,5) :=

d∏
i=1

(1 + |s +µi |).

The analytic conductor can be thought of as measuring the complexity of the L-
function L(s,5). The convexity bound bound for such an L-function on the line
ℜ(s)=

1
2 is

L(s,5)≪ε C(s,5)1/4+ε.

Such a bound is known for all of the L-functions that we study below; it is a
consequence of the Phragmén–Lindelöf convexity principle, the functional equations
for these L-functions, and upper bounds for these L-functions at the edge of the
critical strip [Li 2010, Theorem 2]. A subconvex bound is a bound of the form

L(s,5)≪ C(s,5)1/4−δ

for some fixed δ > 0; in contrast, for some of the L-functions that we study
below, such a bound is not yet known. The generalized Lindelöf hypothesis is
the conjecture that such a subconvex bound holds with δ =

1
4 − ε for any fixed

ε > 0. The generalized Lindelöf hypothesis would follow as a consequence from
the generalized Riemann hypothesis, which is the conjecture that the only zeroes of
L(s,5) in the critical strip 0< ℜ(s) < 1 lie on the critical line ℜ(s)=

1
2 .

We make this explicit for various L-functions of interest to us by recalling the
values of the Langlands parameters µi in these cases. An elementary example is
the Riemann zeta function, which is of degree 1: the Langlands parameter is simply
µ1 = 0, so that the convexity bound is

ζ
( 1

2 + i t
)
≪ε (1 + |t |)1/4+ε. (35)
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Next, from [Iwaniec and Kowalski 2004, Sections 5.11 and 5.12], when ϕ and
ϕ̃ are Maaß cusp forms with spectral parameters r and r̃ and parities ϵ and ϵ̃, we
have that

L∞(s, ϕ)= 0R

(
s +

1−ϵ

2
+ ir

)
0R

(
s +

1−ϵ

2
− ir

)
,

L∞(s, adϕ)= 0R(s + 2ir)0R(s)0R(s − 2ir)

L∞(s, adϕ⊗ ϕ̃)=

∏
±

0R

(
s +

1−ϵ̃

2
+ 2ir ± i r̃

)
0R

(
s +

1−ϵ̃

2
± i r̃

)
×0R

(
s +

1−ϵ̃

2
− 2ir ± i r̃

)
.

In particular, we have the convexity bounds

L
( 1

2 , ϕ
)
≪ε r1/2+ε, (36)

L
( 1

2 + i t, adϕ
)
≪ε ((1 + |t |)(1 + |r + t |)(1 + |r − t |))1/4+ε, (37)

L
(1

2 , adϕ⊗ ϕ̃
)
≪ε (r̃(r + r̃)(1 + |r − r̃ |))1/2+ε. (38)

For our applications regarding QUE, we need to assume hypothetical improve-
ments upon (37) and (38) that imply subconvexity in the r-aspect but allow for
polynomial growth in the t-aspect or r̃ -aspect, namely bounds of the form

L
( 1

2 + i t, adϕ
)
≪ r1/2−2δ(1 + |t |)A,

L
(1

2 , adϕ⊗ ϕ̃
)
≪ r1−4δr̃2A

for some δ > 0 and A > 0 (see Theorems 6.2 and 8.2).
Finally, when ϕ is again a Maaß cusp form with spectral parameter r and F is a

holomorphic Hecke cusp form of weight 2ℓ > 0, we have that

L∞(s, F)= 0R

(
s + ℓ+

1
2

)
0R

(
s + ℓ−

1
2

)
L∞(s, adϕ⊗ F)=

∏
±

0R

(
s + 2ir + ℓ±

1
2

)
0R

(
s + ℓ±

1
2

)
0R

(
s − 2ir + ℓ±

1
2

)
.

In particular, we have the convexity bounds

L
( 1

2 + i t, F
)
≪ε (ℓ+ |t |)1/2+ε, (39)

L
( 1

2 , adϕ⊗ F
)
≪ε (ℓ(r + ℓ)2)1/2+ε. (40)

Good [1982, Corollary] has proven an improvement upon (39) that implies subcon-
vexity in the t-aspect, namely the subconvex bound

L
( 1

2 + i t, F
)
≪ℓ,ε |t |1/3+ε. (41)

For our applications regarding QUE, we also need to assume a hypothetical im-
provement upon (40) that implies subconvexity in the r -aspect, namely a bound of
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the form
L
(1

2 , adϕ⊗ F
)
≪ℓ r1−4δ

for some δ > 0 (see Theorem 9.2).

5. Completing the proof of continuous spectrum QUE

We now supply the necessary computation missing from Jakobson’s proof of QUE
for Eisenstein series given in [Jakobson 1994]. This setting shares many similarities
with that of QUE for Hecke–Maaß cusp forms; the chief alteration is that the
microlocal lift

ω j (z, θ) :=
3
π
ϕ j (z)

∞∑
k=−∞

ϕ j,k(z)e2kiθ

of a Hecke–Maaß cusp form ϕ j is replaced by the microlocal lift

µt(z, θ) :=
3
π

E
(
z, 1

2 + i t
) ∞∑

k=−∞

E2k
(
z, 1

2 + i t
)
e2kiθ

of an Eisenstein series E
(
z, 1

2 + i t
)
. Similar to the discussion in Section 3D,

Jakobson’s proof of QUE for Eisenstein series requires one to bound both of the
integrals ∫

SL2(Z)\H

E
(
z, 1

2 + i t
)
E−2k

(
z, 1

2 − i t
)
ϕℓ,k(z) dµ(z), (42)

where ϕℓ,k is a shifted Hecke–Maaß cusp form of weight 2k ≥ 0 arising from a
Hecke–Maaß cusp form ϕℓ of weight 0 and spectral parameter rℓ, and∫

SL2(Z)\H

E
(
z, 1

2 + i t
)
E−2k

(
z, 1

2 − i t
)

fk(z) dµ(z), (43)

where fk is a shifted holomorphic Hecke cusp form of weight 2k > 0 obtained by
raising a holomorphic Hecke cusp form F of weight 2ℓ > 0 with ℓ < k. One must
similarly also bound an integral involving three Eisenstein series, of which two are
shifted; this requires some minor alterations involving incomplete Eisenstein series
(see [Jakobson 1994, Section 3]), since otherwise this integral would diverge.

Jakobson treats this altered Eisenstein integral in [loc. cit., Proposition 3.1],
while he treats the shifted Hecke–Maaß cusp form integral (42) in [loc. cit., Propo-
sition 2.2]. For the shifted holomorphic Hecke cusp form integral (43), Jakobson
only treats the unshifted case in [loc. cit., Proposition 2.1].

To treat the shifted case, we first relate an integral of two Eisenstein series and a
shifted holomorphic Hecke cusp form to the product of a ratio of L-functions and
an integral involving Whittaker functions.
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Lemma 5.1. For any shifted holomorphic Hecke cusp form fk of weight 2k > 0
obtained by raising a holomorphic Hecke cusp form F of weight 2ℓ > 0 with ℓ < k,
we have that∫

SL2(Z)\H

E
(
z, 1

2 + i t
)
E−2k

(
z, 1

2 − i t
)

fk(z) dµ(z)

= (−1)k−ℓ
√
π

2
(2π)1+2i t L

( 1
2 , F

)
L
( 1

2 − 2i t, F
)

ζ(1 − 2i t)ζ(1 + 2i t)
√

L(1, ad F)

×

∫
∞

0

W0,i t(u)

0
( 1

2 + i t
) Wk,ℓ−1/2(u)
√
0(k + ℓ)0(k − ℓ+ 1)

u−1/2−i t du
u
. (44)

Proof. We begin by studying the integral

I1(s) :=

∫
SL2(Z)\H

E
(
z, 1

2 + i t
)
E−2k(z, s) fk(z) dµ(z)

when ℜ(s) > 1, which allows use to make use of the absolutely convergent expres-
sion (13) for E−2k(z, s); we later analytically continue I1(s) to s =

1
2 − i t . We

first apply the unfolding trick, inserting the identity (13) for E−2k(z, s) and turning
the integral over SL2(Z)\H into one over 0∞\H; see [Jakobson 1994, Proof of
Proposition 2.1]. Using the fact that fk has weight 2k, we have that

I1(s)=

∫
0∞\H

E
(
z, 1

2 + i t
)

fk(z)ℑ(z)s dµ(z).

We evaluate this integral by taking a fundamental domain of 0∞\H to be [0, 1]×R+.
We now insert the Fourier–Whittaker expansions (27) of E

(
z, 1

2 + i t
)

and (24) of
fk(z), interchange the order of summation and integration, evaluate the integral
over x ∈ [0, 1], and make the substitution u = 4π |n|y. This leads us to the identity

I1(s)=
(4π)1−sCk,ℓρF (1)

ξ(1 + 2i t)

∞∑
n=1

λF (n)λ(n, t)
ns

∫
∞

0
W0,i t(u)Wk,ℓ−1/2(u)us−1 du

u
.

At this point, we analytically continue this expression to s =
1
2 − i t , as the Dirichlet

series extends holomorphically to the closed half-plane ℜ(s)≥ 1
2 from (31) (recalling

that ζ(2s) ̸= 0 for ℜ(s) ≥
1
2 ), while the integral extends holomorphically to the

open half-plane ℜ(s) > 1
2 − ℓ by [Gradshteyn and Ryzhik 2015, (7.621.11) and

(9.237.3)], since these identities allow us to write the integral as a finite sum of
quotients of gamma functions that have no poles for ℜ(s) > 1

2 − ℓ. Recalling the
identities (25) for Ck,ℓ, (23) for ρF (1)2, and (31) for the Dirichlet series, we obtain
the desired identity. □
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Theorem 5.2. For any shifted holomorphic or antiholomorphic Hecke cusp form
fk of weight 2k obtained by raising or lowering a holomorphic Hecke cusp form F
of weight 2ℓ > 0 with ℓ < |k|, we have that∫

SL2(Z)\H

E
(
z, 1

2 + i t
)
E−2k

(
z, 1

2 − i t
)

fk(z) dµ(z)≪k,ℓ,ε |t |−1/6+ε.

Proof. We consider only the positive weight case; the analogous bounds for the neg-
ative weight case follow by conjugational symmetry. We bound the expression (44).
Via (34) and the subconvex bound (41), the ratio of L-functions is Oℓ,ε(|t |1/3+ε).
It remains to deal with the integral of Whittaker functions. In Corollary A.7, we
show that this integral is Ok,ℓ(|t |−1/2). This yields the desired estimate. □

Remark 5.3. Theorem 5.2 is unconditional due to the fact that the subconvex bound
(41) for L

( 1
2 + i t, F

)
is known unconditionally. A similar such subconvex bound

is known for L
( 1

2 + i t, ϕ
)
, where ϕ is a fixed Hecke–Maaß cusp form [Meurman

1990]; finally, an analogous subconvex bound is known for ζ
(1

2 + i t
)
. These known

subconvex bounds are the key inputs for Jakobson’s unconditional proof of QUE for
Eisenstein series [Jakobson 1994, Theorem 1]. In contrast, the subconvex bounds
(3), (4), and (5) remain hypothetical, which is the reason that Theorem 1.1 is a
conditional result.

6. Eisenstein series computation

We now move on to the proof of our main theorem, first proving the desired bound
for Eisenstein series. We begin by relating an integral of a Hecke–Maaß cusp form,
a shifted Hecke–Maaß cusp form, and a shifted Eisenstein series to the product of a
ratio of L-functions and an integral involving Whittaker functions.

Lemma 6.1. For k ∈ Z and t ∈ R, we have that∫
SL2(Z)\H

ϕ j (z)ϕ j,k(z)E2k
(
z, 1

2+i t
)

dµ(z)

=
π

2
(−1)k+κ j (4π)1/2−i t ζ

( 1
2+i t

)
L
( 1

2+i t,adϕ j
)

ζ(1+2i t)L(1,adϕ j )

×

∫
∞

0

W0,ir j (u)

0
( 1

2+ir j
)(

Wk,−ir j (u)

0
(1

2+k−ir j
)+

W−k,−ir j (u)

0
( 1

2−k−ir j
))

u−1/2+i t du
u
. (45)

Proof. We follow the same method as in Lemma 5.1, first evaluating the integral

I2(s) :=

∫
SL2(Z)\H

ϕ j (z)ϕ j,k(z)E2k(z, s) dµ(z)
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for ℜ(s) > 1, and then analytically continuing this expression to s =
1
2 + i t . We

again apply the unfolding trick by inserting the identity (13) for E2k(z, s), giving

I2(s)=

∫
0∞\H

ϕ j (z)ϕ j,k(z)ℑ(z)s dµ(z).

Inserting the Fourier–Whittaker expansions (19) for ϕ j and (21) for ϕ j,k and inte-
grating over the fundamental domain [0, 1] × R+ of 0∞\H, we find that I2(s) is
equal to

(−1)κ j (4π)1−sρ j (1)2

×

∞∑
n=1

λ j (n)2

ns

∫
∞

0
W0,ir j (u)(D

+

k,−r j
Wk,−ir j (u)+ D−

k,−r j
W−k,−ir j (u))u

s−1 du
u
.

We then analytically continue this to s =
1
2 + i t , as the Dirichlet series extends

meromorphically to the closed half-plane ℜ(s) ≥
1
2 with only a simple pole at

s = 1 from (30) (recalling that ζ(2s) ̸= 0 for ℜ(s)≥
1
2 ), while the integral extends

holomorphically to the open half-plane ℜ(s) > 0 by [Gradshteyn and Ryzhik 2015,
(7.611.7)]. Recalling the identities (22) for D±

k,−r j
(and noting that 0(z)= 0(z̄)),

(20) for ρ j (1)2, and (30) for the Dirichlet series, we obtain the desired identity. □

Theorem 6.2. For any δ > 0 and A > 0, given a subconvex bound of the form

L
( 1

2 + i t, adφ
)
≪ r1/2−2δ(1 + |t |)A, (46)

where φ is an arbitrary Hecke–Maaß cusp form with spectral parameter r , we have
that∫

SL2(Z)\H

ϕ j (z)ϕ j,k(z)E2k
(
z, 1

2 + i t
)

dµ(z)

≪k,ε r1/2−2δ
j log r j (1 + |t |)A−1/4+ε(2r j + |t |)−1/4(1 +

∣∣2r j − |t |
∣∣)−1/4

.

Proof. We consider only the positive weight case; the analogous bounds for
the negative weight case follow by conjugational symmetry. We bound the ex-
pression (45). Via the assumption of the subconvex bound (46), the bounds
(32) and (34), and the convexity bound (35), the ratio of L-functions in (45) is
Oε(r

1/2−2δ
j (log r j )(1 + |t |)A+1/4+ε). It remains to deal with the integral of Whit-

taker functions. In Corollary A.7, we show that this integral is Ok((1 + |t |)−1/2

(2r j + |t |)−1/4(1 + |2r j − |t ||)−1/4). This yields the desired estimate. □

7. The Watson–Ichino triple product formula

The remaining integrals we wish to compute are of the form∫
SL2(Z)\H

φ1(z)φ2(z)φ3(z) dµ(z)



128 A. BISAIN, P. HUMPHRIES, A. MANDELSHTAM, N. WALSH AND X. WANG

where φi are (shifted Maaß, holomorphic, or antiholomorphic) Hecke cusp forms of
weight 2ki for which k1 +k2 +k3 = 0. We will compute these via the Watson–Ichino
triple product formula, which allows us to express these in terms of products of
L-functions and integrals of Whittaker functions.

The formula given by Ichino [2008, Theorem 1] is extremely general and simpli-
fies greatly when applied to the special case of cusp forms on the modular surface.
We follow the simplification of the general formula done in [Sarnak and Zhao 2019,
Appendix].

Let φ̃i denote the adèlic lift of φi to a function on Z(AQ)GL2(Q)\ GL2(AQ), as
described in [Humphries and Nordentoft 2022, Section 4.3]; see also [Goldfeld and
Hundley 2011, Section 4.12]. We have that

∫
SL2(Z)\H

φ1(z)φ2(z)φ3(z) dµ(z)

=

∫
SL2(Z)\ SL2(R)

φ1(z)e2k1iθφ2(z)e2k2iθφ3(z)e2k3iθ dω(z, θ)

=
π

6

∫
Z(AQ)GL2(Q)\ GL2(AQ)

φ̃1(g)φ̃2(g)φ̃3(g) dg. (47)

Here dg denotes the Tamagawa measure on Z(AQ)GL2(Q)\ GL2(AQ), which is
normalized such that this quotient space has volume 2. The factor π

6 occurs on
the right-hand side of (47) to ensure that the relevant measures are normalized
consistently, which can be checked by replacing the integrands with the constant
function 1.

The Watson–Ichino triple product formula relates the integral (47) to L-functions
and to an integral of matrix coefficients of the local representations of GL2(R)

associated to φ̃1, φ̃2, φ̃3. So long as one of φ1, φ2, φ3 is a shifted Hecke–Maaß cusp
form, this integral of matrix coefficients can in turned be expressed as in terms of
an integral of local Whittaker functions and an element of the induced model, which
we describe below. The reduction to an integral of this form is a local analogue
of the unfolding method used in Lemmas 5.1 and 6.1 and leads to integrals of
Whittaker functions of the same form as those appearing in (44) and (45).

7A. The Whittaker model. Associated to a shifted Maaß, holomorphic, or antiholo-
morphic Hecke cusp form φ of weight 2k is a weight 2k local Whittaker function
Wφ : GL2(R)→ C. This function satisfies

Wφ

((
1 x
0 1

) (
y 0
0 1

) (
z 0
0 z

) (
cos θ sin θ

− sin θ cos θ

))
= e(x)e2kiθWφ

(
y 0
0 1

)
(48)
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for all x ∈ R, y, z ∈ R×, and θ ∈ R; additionally, letting λφ(n) denote the n-th
Hecke eigenvalue of φ, we have that for x ∈ R and y ∈ R+,

φ(x + iy)=

∞∑
n=−∞

n ̸=0

λφ(|n|)
√

|n|
Wφ

(
ny 0
0 1

)
e(nx); (49)

see [Humphries and Nordentoft 2022, Section 4.3.3]. By (21), (24), and (26), this
means that Wφ

( y
0

0
1

)
can be expressed in terms of a constant multiple of a classical

Whittaker function Wα,β .
This local Whittaker function Wφ is an element of the Whittaker model W(π∞)

associated to φ. As explained in [Goldfeld and Hundley 2011, Section 4.8], as-
sociated to φ is an adèlic automorphic form φ̃ : GL2(AQ)→ C. In turn, such an
adèlic automorphic form is associated to a cuspidal automorphic representation π
of GL2(AQ), as discussed in [loc. cit., Section 5.4]. From [loc. cit., Section 10.4],
this automorphic representation is isomorphic to a restricted tensor product of
local representations: we have that π ∼= π∞ ⊗

⊗
′

p πp, where π∞ is an irreducible
representation of GL2(R), while πp is an irreducible representation of GL2(Qp)

for each prime p.
The irreducible representation π∞ of GL2(R) is completed determined by φ as

follows:

• If φ is a shifted Hecke–Maaß cusp form ϕ j,k , then π∞ is a principal series
representation. A model for this representation is the Whittaker model W(π∞),
which consists of certain local Whittaker functions W : GL2(R) → C, with the
irreducible representation π∞ given via the action (π∞(h) · W )(g) := W (gh) of
h ∈ GL2(R). Letting r j ∈ R denote the spectral parameter of φ and ϵ j = (−1)κ j

denote the parity of φ, where κ j ∈ {0, 1}, the Whittaker model W(π∞) is the vector
space of local Whittaker functions W : GL2(R)→ C of the form

W (g) := sgn(det g)κ j |det g|
1/2+ir j

∫
R×

|a|
−2ir j

∫
R

8((a−1, x)g)e(−ax)dx d×a (50)

with8 :R2
→C a Schwartz function [Jacquet and Langlands 1970, Lemma 2.5.13.1].

By taking the Schwartz function to be

8(x1, x2) := π |k|
0

( 1
2 + ir j

)
0

( 1
2 + |k| + ir j

)ρ j (1)(x2 − sgn(k)i x1)
2|k|e−π(x2

1+x2
2 ), (51)

the resulting local Whittaker function given by (50) is Wφ; it satisfies (48) and is
such that

Wφ

(
y 0
0 1

)
= Dsgn(y)

k,r j
sgn(y)κ jρ j (1)Wsgn(y)k,ir j (4π |y|). (52)
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This can be seen directly by taking g =
( y

0
0
1

)
in (50) and making the change of

variables x 7→ a−1xy and a 7→ π1/2
|a|

−1/2(x2
+ 1)1/2|y|, which shows that

Wφ

(
y 0
0 1

)
=π−1/2−ir j

(−1)k0
( 1

2+ir j
)

0
( 1

2+|k|+ir j
) sgn(y)κ jρ j (1)|y|

1/2−ir j

∫
∞

0
a1/2+|k|+ir j e−a da

a

×

∫
R

(1+i x)−1/2+k−ir j (1−i x)−1/2−k−ir j e(−xy)dx .

The integral over R+ ∋ a is 0
( 1

2 + |k| + ir j
)
, while from [Gradshteyn and Ryzhik

2015, 3.384.9],∫
R

(1 + i x)−1/2+k−ir j (1 − i x)−1/2−k−ir j e(−xy) dx

=
π1/2+ir j |y|

−1/2+ir j

0
(1

2 + sgn(y)k + ir j
)Wsgn(y)k,ir j (4π |y|).

By the definition (22) of D±

k,r , this yields (52).

• If φ is a shifted holomorphic or antiholomorphic Hecke cusp form fk , then π∞ is a
discrete series representation. A model for this representation is the Whittaker model
W(π∞), which consists of certain local Whittaker functions W : GL2(R)→ C, with
the irreducible representation π∞ given via the action (π∞(h) · W )(g) := W (gh)
of h ∈ GL2(R). Letting 2ℓ ∈ 2N denote the weight of the underlying holomorphic
Hecke cusp form F , the Whittaker model W(π∞) of π∞ is the vector space of
local Whittaker functions W : GL2(R)→ C of the form

W (g) := |det g|
ℓ

∫
R×

|y|
1−2ℓ

∫
R

8((y−1, x)g)e(−xy) dx d×y (53)

with 8 : R2
→ C a Schwartz function satisfying∫
R

xm
1

(
∂2ℓ−m−2

∂x2ℓ−m−2
2

∣∣∣
x2=0

∫
R

8(x1, ξ2)e(−x2ξ2) dξ2

)
dx1 = 0

for all m ∈ {0, . . . , 2ℓ− 2} [Jacquet and Langlands 1970, Corollary 2.5.14].
By taking

8(x1, x2) := π |k|(−1)kC|k|,ℓρF (1)(x2 − sgn(k)i x1)
2|k|e−π(x2

1+x2
2 ),

the resulting local Whittaker function given by (53) is Wφ; it satisfies (48) and is
such that

Wφ

(
y 0
0 1

)
=

{
C|k|,ℓρF (1)W|k|,ℓ− 1

2
(4π |y|) if sgn(y)= sgn(k),

0 if sgn(y)= − sgn(k).
(54)
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This can again be seen directly by taking g =
( y

0
0
1

)
in (53) and making the change

of variables x 7→ a−1xy and a 7→ π1/2
|a|

−1/2(x2
+ 1)1/2|y|, which shows that

Wφ

(
y 0
0 1

)
= π−ℓC|k|,ℓρF (1)|y|

1−ℓ

∫
∞

0
a|k|+ℓe−a da

a

∫
R

(1+ i x)−ℓ+k(1− i x)−ℓ−ke(−xy) dx .

The integral over R+ ∋ a is 0(|k| + ℓ), while from [Gradshteyn and Ryzhik 2015,
3.384.9],∫

R

(1 + i x)−ℓ+k(1 − i x)−ℓ−ke(−xy) dx

=

{ πℓ|y|
ℓ−1

0(|k|+ℓ)
W|k|,ℓ−1/2(4π |y|) if sgn(y)= sgn(k),

0 if sgn(y)= − sgn(k).

This yields (54).

7B. The induced model. When φ is a shifted Hecke–Maaß cusp form ϕ j,k , so
that the associated irreducible representation π∞ of GL2(R) is a principal series
representation, there is another natural model for π∞ other than the Whittaker model
W(π∞). This is the induced model of π∞, which consists of smooth functions
f : GL2(R)→ C that satisfy

f
((

1 x
0 1

) (
y 0
0 1

) (
z 0
0 z

)
g
)

= sgn(y)κ j |y|
1/2+ir j f (g)

for all x ∈ R, y, z ∈ R×, and g ∈ GL2(R). Equivalently, the induced model consists
of functions of the form

f (g)= sgn(det g)κ j |det g|
1/2+ir j

∫
R×

8((0, a)g)|a|
1+2ir j d×a (55)

with 8 : R2
→ C a Schwartz function. There is a bijection between the induced

model and the Whittaker model via the map f 7→ W given by

W (g)= lim
N→∞

∫ N

−N
f
((

0 −1
1 0

) (
1 x
0 1

)
g
)

e(−x) dx

[Jacquet and Langlands 1970, Lemma 2.5.13.1].
Taking 8 as in (51), we see that the element of the induced model fφ associated

to φ is such that

fφ

((
1 x
0 1

) (
y 0
0 1

) (
z 0
0 z

) (
cos θ sin θ

− sin θ cos θ

))
= sgn(y)κ j |y|

1/2+ir j e2kiθ fφ

(
1 0
0 1

)
(56)
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for all x ∈ R, y, z ∈ R×, and θ ∈ R. From (55) together with the change of variables
a 7→ π−1/2

|a|
1/2, we have that

fφ

(
1 0
0 1

)
= π−1/2−ir j0

( 1
2 + ir j

)
ρ j (1). (57)

7C. The Watson–Ichino triple product formula. We now state an explicit form of
the Watson–Ichino triple product formula, which relates the integral (47) to a triple
product L-function and the square of the absolute value of certain local Whittaker
functions and elements of the induced model.

Lemma 7.1 (Watson–Ichino triple product formula). Let φi be Hecke cusp forms of
weight 2ki for which k1 + k2 + k3 = 0 and such that φ3 is a shifted Hecke–Maaß
cusp form. Let W1 and W2 denote the local Whittaker functions associated to φ1

and φ2 respectively, as in (52) and (54), and let f3 denote the element of the induced
model associated to φ3, as in (56). We have that∣∣∣∣∫

Z(AQ)GL2(Q)\GL2(AQ)

φ̃1(g)φ̃2(g)φ̃3(g)dg
∣∣∣∣2

=
36
π2

L
( 1

2 ,φ1⊗φ2⊗φ3
)∣∣∣∣∫

R×

W1

(
y 0
0 1

)
W2

(
y 0
0 1

)
f3

(
y 0
0 1

)
|y|

−1 d×y
∣∣∣∣2

. (58)

Proof. This follows by combining the Watson–Ichino triple product formula in the
form given in [Ichino 2008, Theorem 1.1] (compare [Watson 2002, Theorem 3])
together with the identities [Sarnak and Zhao 2019, Lemma 5] (compare [Michel
and Venkatesh 2010, Lemma 3.4.2]) and [Waldspurger 1985, Proposition 6]. □

Remark 7.2. In place of the square of the absolute value of the integral on the
right-hand side of (58), the Watson–Ichino triple product formula given in [Ichino
2008, Theorem 1.1] instead involves an integral of matrix coefficients. The utility
of the induced model is that this integral of matrix coefficients may be expressed in
terms of the simpler expression given in (58) [Sarnak and Zhao 2019, Lemma 5]. In
turn, we shall shortly show that for our applications, this simpler expression can be
explicitly evaluated in exactly the same way as in the Eisenstein setting in Lemmata
5.1 and 6.1. Thus utilizing the induced model allows us to express this integral in a
way that is an exact analogue of the Eisenstein integrals in (44) and (45).

8. Maaß cusp form computation

We use the Watson–Ichino triple product formula to complete the next step of our
main theorem, namely proving the desired bound for Hecke–Maaß cusp forms. The
Watson–Ichino triple product formula allows us to relate an integral of a Hecke–
Maaß cusp form and two shifted Hecke–Maaß cusp forms to the product of a ratio
of L-functions and an integral involving Whittaker functions.
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Lemma 8.1. For any shifted Hecke–Maaß cusp form ϕℓ,k of weight 2k ≥ 0 arising
from a Hecke–Maaß cusp form ϕℓ of weight 0 and spectral parameter rℓ, we have
that∣∣∣∣∫

SL2(Z)\H

ϕ j (z)ϕ j,k(z)ϕℓ,k(z)dµ(z)
∣∣∣∣2

=
π3

2
L
( 1

2 ,ϕℓ
)
L
( 1

2 ,adϕ j⊗ϕℓ
)

L(1,adϕℓ)L(1,adϕ j )2

×

∣∣∣∣∫ ∞

0

W0,ir j (u)

0
( 1

2+ir j
)(

Wk,−ir j (u)

0
( 1

2+k−ir j
)+

W−k,−ir j (u)

0
( 1

2−k−ir j
))

u−1/2+irℓ du
u

∣∣∣∣2

. (59)

Proof. We apply the Watson–Ichino triple product formula (58), in conjunction
with the classical-to-adèlic correspondence (47), in the case where the integrand is
ϕ jϕ j,kϕℓ,k . Thus we set

φ1 = ϕ j , φ2 = ϕ j,k and φ3 = ϕℓ,k,

and we analyze the right-hand side of (58). We may factor the triple product
L-function in (58) as

L
( 1

2 , ϕℓ
)
L
( 1

2 , adϕ j ⊗ϕℓ
)

via [Gelbart and Jacquet 1978, (9.3) Theorem]. Note that both central L-values
vanish unless ϕℓ is even, which we assume without loss of generality is the case.
We consider the remaining integral in (58). Recall that W1 and W2 are the local
Whittaker functions associated to ϕ j and ϕ j,k , while f3 is the element of the induced
model corresponding to the local Whittaker function W3 for ϕℓ,k . From (52), we
have that

W1

(
y 0
0 1

)
= sgn(y)κ jρ j (1)W0,ir j (4π |y|) (60)

while comparing (21) and (49), we have that

W2

(
y 0
0 1

)
= Dsgn(y)

k,−r j
sgn(y)κ jρ j (1)Wsgn(y)k,−ir j (4π |y|),

Finally, we have from (56) and (57) that

f3

(
y 0
0 1

)
= π−1/2−irℓ0

( 1
2 + irℓ

)
ρℓ(1)|y|

1/2+irℓ,



134 A. BISAIN, P. HUMPHRIES, A. MANDELSHTAM, N. WALSH AND X. WANG

where the assumption that ϕℓ is even means that we may omit sgn(y)κℓ . Inserting
these formulæ and making the substitution u = 4π |y|, we deduce that∫

R×

W1

(
y 0
0 1

)
W2

(
y 0
0 1

)
f3

(
y 0
0 1

)
|y|

−1 d×y

= 2(2π)−2irℓ0
( 1

2 + irℓ
)
ρℓ(1)ρ j (1)2

×

∫
∞

0
W0,ir j (u)(D

+

k,−r j
Wk,−ir j (u)+ D−

k,−r j
W−k,−ir j (u))u

−1/2+irℓ du
u
.

The desired identity now follows from the identities (22) for D±

k,−r j
(and noting

that 0(z)= 0(z̄)) and (20) for ρℓ(1) and ρ j (1)2. □

Theorem 8.2. For any δ > 0 and A > 0, given a subconvex bound of the form

L
( 1

2 , adϕ1 ⊗ϕ2
)
≪ r1−4δ

1 r2A
2 , (61)

where ϕ1, ϕ2 are arbitrary Hecke–Maaß cusp forms with spectral parameters r1, r2,
we have that∫

SL2(Z)\H

ϕ j (z)ϕ j,k(z)ϕℓ,k(z) dµ(z)

≪k,ε r1/2−2δ
j log r j r A−1/4+ε

ℓ (2r j + rℓ)−1/4(1 + |2r j − rℓ|)−1/4

for any shifted Hecke–Maaß cusp form ϕℓ,k of weight 2k and spectral parameter rℓ.

Proof. We consider only the positive weight case; the analogous bounds for the
negative weight case follow by conjugational symmetry. We bound the expression
(59). Via the assumption of the subconvex bound (61), the bound (32), and the con-
vexity bound (36), the ratio of L-functions in (59) is Oε(r1−4δ

j (log r j )
2r2A+1/2+ε

ℓ ).
It remains to deal with the integral of Whittaker functions. In Corollary A.4, we
show that this integral is Ok(r

−1/2
ℓ (2r j + rℓ)−1/4(1 + |2r j − rℓ|)−1/4). This yields

the desired estimate. □

9. Holomorphic cusp form computation

We once more use the Watson–Ichino triple product formula in order to complete the
final step of our main theorem, namely proving the desired bound for holomorphic
or antiholomorphic Hecke cusp forms. The Watson–Ichino triple product formula
allows us to relate an integral of a Hecke–Maaß cusp form, a shifted Hecke–Maaß
cusp form, and a shifted holomorphic or antiholomorphic Hecke cusp form to the
product of a ratio of L-functions and an integral involving Whittaker functions.
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Lemma 9.1. For any shifted holomorphic Hecke cusp form fk of weight 2k > 0
arising from a holomorphic Hecke cusp form F of weight 2ℓ > 0, we have that∣∣∣∣∫

SL2(Z)\H

ϕ j (z)ϕ j,k(z) fk(z) dµ(z)
∣∣∣∣2

=
π3

2
L
( 1

2 , F
)
L
( 1

2 , adϕ j ⊗ F
)

L(1, ad F)L(1, adϕ j )2

×

∣∣∣∣∫ ∞

0

W0,ir j (u)

0
( 1

2 + ir j
) Wk,ℓ−1/2(u)
√
0(k + ℓ)0(k − ℓ+ 1)

u−1/2−ir j
du
u

∣∣∣∣2

. (62)

Proof. We apply the Watson–Ichino triple product formula (58), in conjunction
with the classical-to-adèlic correspondence (47), in the case where the integrand is
ϕ jϕ j,k fk . Thus we set

φ1 = ϕ j , φ2 = fk and φ3 = ϕ j,k .

We may again factor the triple product L-function in (58) as

L
( 1

2 , F
)
L
( 1

2 , adϕ j ⊗ F
)

via [Gelbart and Jacquet 1978, (9.3) Theorem]. Both central L-values vanish unless
ℓ is even, which we assume without loss of generality is the case. We consider the
remaining integral in (58). Here W1 is once more as in (60). Next, W2 is the local
Whittaker function associated to fk , so that from (54),

W2

(
y 0
0 1

)
=

{
Ck,ℓρF (1)Wk,ℓ− 1

2
(4π |y|) if y > 0,

0 if y < 0,

noting that k is assumed to be positive. From (56) and (57), the element of the
induced model associated to ϕ j,k satisfies

f3

(
y 0
0 1

)
= π−1/2+ir j0

( 1
2 − ir j

)
sgn(y)κ jρ j (1)|y|

1/2−ir j .

Inserting these formulæ and making the substitution u = 4π |y|, we deduce that∫
R×

W1

(
y 0
0 1

)
W2

(
y 0
0 1

)
f3

(
y 0
0 1

)
|y|

−1 d×y

= 2(2π)2ir j0
( 1

2 − ir j
)
Ck,ℓρF (1)ρ j (1)2

∫
∞

0
W0,ir j (u)Wk,ℓ−1/2(u)u−1/2−ir j

du
u
.

The desired identity now follows from the identities (25) for Ck,ℓ, (23) for ρF (1),
and (20) for ρ j (1)2. □
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Theorem 9.2. For any δ > 0, given a subconvex bound of the form

L
( 1

2 , adφ⊗ F
)
≪ℓ r1−4δ, (63)

where φ is an arbitrary Hecke–Maaß cusp form with spectral parameters r and F
is a holomorphic Hecke cusp form of weight 2ℓ > 0, we have that∫

SL2(Z)\H

ϕ j (z)ϕ j,k(z) fk(z) dµ(z)≪k,ℓ r−2δ
j log r j

for any shifted holomorphic or antiholomorphic Hecke cusp form fk of weight 2k
arising from a holomorphic Hecke cusp form F of weight 2ℓ > 0 for which ℓ≤ |k|.

Proof. We consider only the positive weight case; the analogous bounds for the
negative weight case follow by conjugational symmetry. We bound the expression
(62). Via the assumption of the subconvex bound (63) and the bound (32), the ratio
of L-functions in (62) is Oℓ,ε(r1−4δ

j (log r j )
2). It remains to deal with the integral

of Whittaker functions. In Corollary A.7, we show that this integral is Ok,ℓ(r
−1/2
j ).

This yields the desired estimate. □

10. Putting everything together

In this section, we prove Theorem 1.1.

Proof of Theorem 1.1. Let a ∈ C∞

c,K (SL2(Z)\ SL2(R)). We recall from (18) that∫
SL2(Z)\ SL2(R)

a(z, θ) dω j (z, θ)

=

∫
SL2(Z)\ SL2(R)

a(z, θ) dω(z, θ)

+
3
π

∞∑
ℓ=1

∞∑
k=−∞

⟨a,8ℓ,k⟩
∫

SL2(Z)\H

ϕ j (z)ϕ j,k(z)ϕℓ,k(z) dµ(z)

+
3
π

∞∑
ℓ=1

∑
F∈Hℓ

∞∑
k=−∞
|k|≥ℓ

⟨a, 9F,k⟩

∫
SL2(Z)\H

ϕ j (z)ϕ j,k(z) fk(z) dµ(z)

+
3

4π2

∞∑
k=−∞

∫
∞

−∞

〈
a, Ẽ2k

(
· , · , 1

2 + i t
)
⟩

×

∫
SL2(Z)\H

ϕ j (z)ϕ j,k(z)E2k
(
z, 1

2 + i t
)

dµ(z) dt.
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Since 8ℓ,k , 9F,k , and Ẽ2k
(
· , · , 1

2 + i t
)

are eigenfunctions of the Casimir operator
�, we have that for any nonnegative integer A,

�A8ℓ,k =
( 1

4 + r2
ℓ

)A
8ℓ,k,

�A9F,k = (ℓ(1 − ℓ))A9F,k,

�A Ẽ2k
(
· , · , 1

2 + i t
)
=

( 1
4 + t2)A Ẽ2k

(
· , · , 1

2 + i t
)
.

By the linearity of the inner product together with the fact that the Casimir operator
is self-adjoint with respect to the inner product, we deduce that

⟨a,8ℓ,k⟩ =
( 1

4 + r2
ℓ

)−A
⟨�Aa,8ℓ,k⟩,

⟨a, 9F,k⟩ = (ℓ(1 − ℓ))−A
⟨�Aa, 9F,k⟩,〈

a, Ẽ2k
(
· , · , 1

2 + i t
)〉

=
(1

4 + t2)−A〈
�Aa, Ẽ2k

(
· , · , 1

2 + i t
)〉
.

Moreover, since a is K -finite, there exists a nonnegative integer M for which

⟨a,8ℓ,k⟩ = ⟨a, 9F,k⟩ =
〈
a, Ẽ2k

(
· , · , 1

2 + i t
)〉

= 0

whenever |k|> M . From Theorems 6.2, 8.2, and 9.2, we deduce that∫
SL2(Z)\ SL2(R)

a(z, θ) dω j (z, θ)−
∫

SL2(Z)\ SL2(R)

a(z, θ) dω(z, θ)

≪M,ε r1/2−2δ
j log r j

∞∑
ℓ=1

M∑
k=−M

∣∣〈�⌈(A+1)/2⌉a,8ℓ,k
〉∣∣r−5/4+ε

ℓ

× (2r j + rℓ)−1/4(1 + |2r j − rℓ|)−1/4

+ r−2δ
j log r j

M∑
ℓ=1

∑
F∈Hℓ

M∑
k=−M
|k|≥ℓ

|⟨�⌈(A+1)/2⌉a, 9F,k⟩|ℓ
−A−1

+ r1/2−2δ
j log r j

M∑
k=−M

∫
∞

−∞

∣∣〈�⌈(A+1)/2⌉a, Ẽ2k
(
· , · , 1

2 + i t
)〉∣∣

× (1 + |t |)−5/4+ε(2r j + |t |)−1/4(1 + |2r j − |t ||)−1/4 dt.

Weyl’s law [Risager 2004, Theorem 2] implies that #{ℓ∈N : T −1< rℓ≤ T }≪ T for
T ≥ 1. Thus by subdividing the sum over ℓ∈ N into sums for which rℓ ∈ (T −1, T ]

for each T ∈ N, we find that
∞∑
ℓ=1

r−5/2+ε

ℓ (2r j + rℓ)−1/2(1 + |2r j − rℓ|)−1/2
≪

1
r j
.

Similarly,∫
∞

−∞

(1 + |t |)−5/2+ε(2r j + |t |)−1/2(1 + |2r j − |t ||)−1/2 dt ≪
1
r j
.
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Thus by the Cauchy–Schwarz inequality and Bessel’s inequality (bearing in mind
Parseval’s identity (14)), we deduce that∫

SL2(Z)\ SL2(R)

a(z, θ) dω j (z, θ)−
∫

SL2(Z)\ SL2(R)

a(z, θ) dω(z, θ)

≪M ∥�⌈(A+1)/2⌉a∥L2(SL2(Z)\ SL2(R))r
−2δ
j log r j , (64)

which completes the proof. □

Remark 10.1. Theorem 1.1 is proven for functions a : SL2(Z)\ SL2(R)→ C that
are finite linear combinations of even weight smooth compactly supported functions.
In order to remove the condition that a be a finite linear combination of even weight
functions, we would require bounds for the integral (15) that are uniform not only in
r j and rℓ but additionally uniform in k; we would also similarly require such uniform
bounds for the integrals (16) and (17). To prove such uniform bounds would require
stronger bounds for certain hypergeometric functions than the weaker bounds we
derive in Lemma A.3 and Corollary A.7 below, as we discuss in Remark A.8.

Appendix: Whittaker integral computations

AA. Special functions. We compute integrals of Whittaker functions by expressing
them in terms of generalized hypergeometric functions, as defined in [Slater 1966,
Chapter 2]. A generalized hypergeometric function is defined, wherever it converges,
as a series

p Fq

(
a1, . . . , ap

b1, . . . , bq
; z

)
:=

∞∑
m=0

(a1)m · · · (ap)m

(b1)m · · · (bq)m

zm

m!
. (1)

Here (b)m := b(b + 1) · · · (b + m − 1) and (b)0 := 1 for all b ∈ C, so that

(b)m =


0(b+m)
0(b) if b is not a nonpositive integer,
(−1)m 0(1−b)

0(1−b−m) if b is a nonpositive integer and m ≤ −b,
0 if b is a nonpositive integer and m >−b.

(2)

To bound hypergeometric functions, we must therefore bound gamma functions.
We do this via Stirling’s formula, which states that for s ∈ C with ℜ(s) > δ with
δ > 0,

0(s)=
√

2πss−1/2e−s
(

1 + Oδ

(
1
|s|

))
.

We use this in the following form: for s = σ + iτ with σ > 0,

|0(σ + iτ)| ≍σ (1 + |τ |)σ−1/2e−(π/2)|τ |. (3)
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AB. Nonholomorphic case. We seek to provide an upper bound for an integral of
the form

Ik(α, β, γ )=

∫
∞

0

W0,iα(y)

0
( 1

2 + iα
)(

Wk,iβ(y)

0
( 1

2 + k + iβ
) +

W−k,iβ(y)

0
( 1

2 − k + iβ
))

y−1/2+iγ dy
y
,

where k ∈ Z and α, β, γ ∈ R. This can be expressed in terms of gamma functions
and a terminating hypergeometric function.

Lemma A.1 [Jakobson 1997, (27)]. For k ∈ Z and α, β, γ ∈ R, we have that

Ik(α, β, γ )=
(−1)k4iγ

2π

∏
ϵ1,ϵ2∈{±1}

0
( 1

4 +
i
2(ϵ1α+ ϵ2β + γ )

)
0

( 1
2 + iα

)
0

( 1
2 + iβ

)
0

( 1
2 + iγ

)
× 4 F3

(
−k, k, 1

4 +
i
2(−α+β + γ ), 1

4 +
i
2(α+β + γ )

1
2 ,

1
2 + iβ, 1

2 + iγ
; 1

)
. (4)

To obtain uniform bounds for the expression (4), we first deal with the ratio of
gamma functions.

Lemma A.2. For r, t ∈ R, we have that

0
( 1

4 +
i(2r+t)

2

)
0

(1
4 +

i t
2

)2
0

( 1
4 +

i(−2r+t)
2

)
0

( 1
2 + ir

)
0

( 1
2 − ir

)
0

( 1
2 + i t

)
≪

{
(1 + |t |)−1/2(1 + |2r + t |)−1/4(1 + |2r − t |)−1/4 if |t | ≤ 2|r |,

(1 + |t |)−1/2(1 + |2r + t |)−1/4(1 + |2r − t |)−1/4e−(π/2)(|t |−2|r |) if |t | ≥ 2|r |.

Proof. This follows from Stirling’s formula (3). □

Next, we bound the hypergeometric function in (4).

Lemma A.3. For k ∈ Z and r, t ∈ R, we have that

4 F3

(
−k, k, 1

4 +
i(−2r+t)

2 , 1
4 +

i t
2

1
2 ,

1
2 − ir, 1

2 + i t
; 1

)
≪k 1 +

(
1 + |2r − t |

1 + |r |

)|k|

.

Proof. By (1) and (2), the left-hand side is
|k|∑

m=0

√
π |k|(−1)m(|k| + m − 1)!

(|k| − m)!0
( 1

2 + m
)
m!

×
0

(
m +

1
4 +

i(−2r+t)
2

)
0

(
m +

1
4 +

i t
2

)
0

( 1
2 − ir

)
0

( 1
2 + i t

)
0

( 1
4 +

i(−2r+t)
2

)
0

( 1
4 +

i t
2

)
0

( 1
2 + m − ir

)
0

( 1
2 + m + i t

) .
By Stirling’s formula (3), each summand is

≪k

(
1 + |2r − t |

1 + |r |

)m

.

This yields the desired bounds. □
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Combining Lemmata A.2 and A.3, we deduce the following bounds; these bounds
are not sharp but are more than sufficient for our purposes.

Corollary A.4. For k ∈ Z and r, t ∈ R,

Ik(r,−r, t)≪k (1 + |t |)−1/2(1 + |2r + t |)−1/4(1 + |2r − t |)−1/4.

AC. Holomorphic case. Here we instead seek to provide an upper bound for an
integral of the form

Ik,ℓ(r) :=

∫
∞

0

W0,ir (u)

0
( 1

2 + ir
) Wk,ℓ−1/2(u)
√
0(k + ℓ)0(k − ℓ+ 1)

u−1/2−ir du
u
,

where k, ℓ ∈ N are positive integers for which k ≥ ℓ and r ∈ R.

Lemma A.5. For k, ℓ ∈ N for which k ≥ ℓ and for r ∈ R, we have that

Ik,ℓ(r)= (−1)k−ℓ

√
π

2

√
0(k + ℓ)0(k − ℓ+ 1)

0
( 1

2 + ir
)

×

k−ℓ∑
m=0

(−1)m(ℓ+ m − 1)!0(ℓ+ m − 2ir)

(k − ℓ− m)!(2ℓ+ m − 1)!0
( 1

2 + ℓ+ m − ir
)
m!
. (5)

Proof. We use the fact that

Wk,ℓ−1/2(u)

= (−1)k−ℓ(k−ℓ)!e−u/2uℓL(2ℓ−1)
k−ℓ (u)

= (−1)k−ℓ(k−ℓ)!(k+ℓ−1)!
k−ℓ∑
m=0

(−1)m/(k−ℓ−m)!(2ℓ+m−1)!m!uℓ+me−u/2

from [Gradshteyn and Ryzhik 2015, (8.970.1) and (9.237.3)], where L(α)n denotes
the associated Laguerre polynomial, together with the identity∫

∞

0
W0,ir (u)e−u/2uℓ+m−1/2−ir du

u
=
(ℓ+ m − 1)!0(ℓ+ m − 2ir)

0
( 1

2 + ℓ+ m − ir
)

from [Gradshteyn and Ryzhik 2015, (7.621.11)], in order to obtain the desired
identity. □

Remark A.6. Via (1) and (2), we may write Ik,ℓ(r) in the form

(−1)k−ℓ

√
π

2

√
0(k+ℓ)0(ℓ)0(ℓ−2ir)

√
0(k−ℓ+1)0(2ℓ)0

( 1
2+ir

)
0

(1
2+ℓ−ir

) 3 F2

(
ℓ−k,ℓ,ℓ−2ir
2ℓ, 1

2+ℓ−ir
;1

)
.
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One can show that this can alternatively be written as

(−1)k−ℓ

√
π

2
0(ℓ)

√
0(k + ℓ)0(k − ℓ+ 1)

0
( 1

2 + k + ir
)
0(ℓ− 2ir)

0
( 1

2 + ir
)
0

( 1
2 + ℓ+ ir

)
0

(1
2 + ℓ− ir

)
×3 F2

(
ℓ− k, 1

2 + ir, 1
2 − ir

1
2 + ℓ+ ir, 1

2 + ℓ− ir
; 1

)
.

However, we do not make use of these identities.

We now bound Ik,ℓ(r).

Corollary A.7. For k, ℓ ∈ N for which k ≥ ℓ and r ∈ R, we have that

Ik,ℓ(r)≪k,ℓ (1 + |r |)−1/2.

Proof. We simply bound each summand in (5) via Stirling’s formula (3). □

Remark A.8. As highlighted in Remark 10.1, it would be desirable to prove bounds
for Ik(r,−r, t) that are uniform not only with respect to r and t but also with respect
to k. Similarly, it would be desirable to prove bounds for Ik,ℓ(r) that are uniform
not only with respect to r but also with respect to k and ℓ. A closer examination of
the method of proofs of Corollaries A.4 and A.7 shows that these methods can be
used to give bounds that grow exponentially with k, which is insufficient for our
needs. Were we to fix every variable except k, then the methods in [Fields 1965]
can be used to obtain polynomial bounds for both of Ik(r,−r, t) and Ik,ℓ(r) solely
in the k-aspect; unfortunately, however, this is also insufficient for our needs.
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