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The local Gromov—Witten invariants of
configurations of rational curves

DAGAN KARP
CHIU-CHU MELISSA L1Uu
MARCOS MARINO

We compute the local Gromov—Witten invariants of certain configurations of rational
curves in a Calabi—Yau threefold. These configurations are connected subcurves of
the “minimal trivalent configuration”, which is a particular tree of P! ’s with specified
formal neighborhood. We show that these local invariants are equal to certain global
or ordinary Gromov—Witten invariants of a blowup of P? at points, and we compute
these ordinary invariants using the geometry of the Cremona transform. We also
realize the configurations in question as formal toric schemes and compute their
formal Gromov—Witten invariants using the mathematical and physical theories of
the topological vertex. In particular, we provide further evidence equating the vertex
amplitudes derived from physical and mathematical theories of the topological vertex.

14N35; 53D45

1 Introduction

Let Z be a closed subvariety of a smooth projective threefold X such that X is a
local Calabi—Yau threefold near Z. In some cases, the contribution to the Gromov—
Witten invariants of X by maps to Z can be isolated and defines local Gromov—Witten
invariants of Z in X . Information obtained from the study of local Gromov—Witten
theory can be used to gain insight into Gromov—Witten theory in general. This has led
to a great amount of interest in the subject.

The study of the local invariants of curves in a Calabi—Yau threefold has a particularly
rich history. Their study goes back to the famous Aspinwall-Morrison formula for
the local invariants of a single P! smoothly embedded in a Calabi—Yau threefold with
normal bundle O(—1) & O(—1); this result is studied by Aspinwall and Morrison
[3], Cox and Katz [9], Faber and Pandharipande [10], Kontsevich [18], Lian, Liu
and Yau [23], Manin [27], Pandharipande [31], and Voisin [32]. The local invariants
of nonsingular curves of any genus have been completely determined by Bryan and
Pandharipande [7; 8; 6]. In [5], Bryan, Katz and Leung computed local invariants of
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116 Karp, Liu and Mariiio

certain rational curves with nodal singularities, and in particular, contractible A DE
configurations of rational curves. The local invariants of the closed topological vertex,
which is a configuration of three P!’s meeting in a single triple point, were computed
by Bryan and the first author [4].

In this paper, we will compute local invariants of certain configurations of rational
curves. The configurations considered in this paper are all connected subtrees of
the minimal trivalent configuration, which is a configuration of three chains of P!’s
meeting in a triple point (see Figure 1 below). A precise description of the formal
neighborhood will be given in Section 3.

C> B,
Cy

Figure 1: The minimal trivalent configuration YN = U1N=1 A; U B; UC;.
The normal bundles of Ay, By, C; are isomorphic to O(—1) & O(—1); the
normal bundle of any other irreducible component is isomorphic to O @

0(-2).

1.1 Local Gromov—Witten invariants

Let Z C X be a closed subvariety of a smooth projective Calabi—Yau threefold. Let
M ¢ (X, d) denote the stack of genus g stable maps to X representing d € H,(X, Z).
It is a Deligne-Mumford stack with a perfect obstruction theory of virtual dimension
zero which defines a virtual fundamental zero-cycle [Mg (X, d)]'".

Whenever the substack M ¢(Z) consisting of stable maps whose image lies in Z is a
union of path connected components of M ¢(X,d), it inherits a degree-zero virtual
class. The genus-g local Gromov—Witten invariant of Z in X is defined to be the
degree of this virtual class, and is denoted by ng (Z C X). We write N(f (Z) when
the formal neighborhood is understood.

We will consider genus g, degree d local Gromov—Witten invariants Nf (YN), where

N
d = (di ;[A4]]+ do ;[Bj] + d3 Cj)) € Hy(YV: 7).
j=1
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Gromov-Witten invariants of configurations of curves 117

For simplicity, we write d = (d;, d2,d3) where d; = (d; 1, ....,d; n). In this paper,
we always assume d is effective in the sense that d; ; > 0. We will show that the local
invariants N(f (YN) are well defined in the following cases:

(i) (The minimal trivalent configuration) dy 1 =ds, 1 =d3,;1 = 1.

(ii) (A chain of rational curves) dy 1 >0, dy j =d3;j=0for 1 <j<N.

We will see in Section 3 that the formal neighborhood of ¥ has a cyclic symmetry,
so one can cyclically permute d;, d;, d3 in Case (ii). We show that in the above cases
the local invariants N(f (YN) are equal to certain global or ordinary Gromov—Witten
invariants of a blowup of P? at points (Section 4), and we compute these ordinary
invariants using the geometry of the Cremona transform (Section 2). To state our results,
define constants Cg by

2 /2 \ & B 2g— 1) ,
M ch ‘= (sm<r/2>) =2 g

g=0

Theorem 1 (The minimal trivalent configuration) Suppose that
dig=dy=d3; =1

Then
Ceg ifl=djy>--->diy>0fori=1,2,3,

g Ny _
Na ™) = { 0 otherwise.

Theorem 2 (A chain of rational curves) Suppose that
dy =(dy,...,dn), dy=d3=(0,...,0),
where d; > 0. Then

ng(YN)z £ dys1=dkyry=--=dy=0forsomel <k <N
0 otherwise.

Our results are new and add to the list of configurations of rational curves for which
the local Gromov—Witten invariants are known.

The configuration in Theorem 2 is an A curve. It is interesting to compare Theorem
2 with the result for a generic contractible Ay curve £ = E; U---U Epx from
Bryan—Katz—Leung [5, Proposition 2.10]:

Geometry & Topology, Volume 10 (2006)



118 Karp, Liu and Mariiio

Fact 1 (A generic contractible An curve [5]) Assume d; >0 fori =1,...,N. Let

Ng(dy,...,dy) denote genus g local Gromov—Witten invariants of E in the class
N

> j=14d;[Ej]. Then

Cod?*$ 3 dy=---=dy=d>0,
Ng(dla---adN):{Og : :

otherwise.

Note that Y'! is the closed topological vertex. By the results in Faber—Pandharipande
[10] and Bryan—Karp [4], N 51 doods (Yl) is defined in the following cases:

(iii) (Super-rigid P1) d; > 0, d> = d3 = 0 (and its cyclic permutation).
(iv) (The closed topological vertex) dq, d,,ds > 0.

Fact 2 (Super-rigid P! [10]) Suppose that d > 0. Then
Nio O(Yl) = Noa O(Yl) = Nog d(Yl) = Cod®* 73,

Fact 3 (The closed topological vertex [4]) Suppose that dy, d,,d; > 0. Then

Cod? % dy=dy=dy=d >0
g 1\ g 1 2 3 ’
Nayds.a; (V) = { 0 otherwise.

1.2 Formal Gromov—Witten invariants

The minimal trivalent configuration Y together with its formal neighborhood is a
nonsingular formal toric Calabi—Yau (FTCY) scheme YN . The formal Gromov—Witten
invariants ]V(f ()A’N ) of YN are defined for all nonzero effective classes (see Section
5.1 and Bryan—Pandharipande [6, Section 2.1]). Moreover,

NE(YN)y=NE(T)
in all the above cases (i)—(iv). Introduce formal variables A,#; ; and define

Zn(ht) = exp(Z Z )\zg_zﬁg,d()’;N)e_d't)

g>0 d

where d runs over all nonzero effective classes, and

3 N
t=(t;.t.t3), t=@1.....0n), dt=) Y dijlij.
i=1j=1

We call Zy (A; t) the partition function of formal Gromov—Witten invariants of YN,
It is the generating function of disconnected formal Gromov—Witten invariants of ¥V .

Geometry & Topology, Volume 10 (2006)



Gromov-Witten invariants of configurations of curves 119

In Section 5, we will compute Zn(A:t) by the mathematical theory of the topological
vertex (see Li—Liu—Liu—Zhou [22]) and get the following expression (Proposition 17):

Q) Zy(t) = exp(z ? Z Z —n(li.k1+-~-+tf.k2))

i=12<k, <k <N

Zw (q)]‘[( DIl ltrg ol (g, ).

i=1

where ji = (u!, u2, 1 ) is a triple of partitions, ¢ = er)‘ [n]=¢"*—¢~/2. The
precise definitions of W (q) and s,y (u'(g,t;)) will be given in Sectlon 1.3. In
particular, we will show that

3) Zl()x t) = ZW (9) l_[( 1)|M | ,—lu! |l‘zw( z)t(q) = exp (Z Qn(t))

i=1 ]

where t = (71,12, 13), Wu(q) is defined by (9) in Section 1.3, and

(4) Ou()) =

e—ntl + e—l’ll‘z + e—nt3 _e—n(tl +15) _e—n(t2+t3) _e—l’l(l‘3+t1) + e—n(t1+f2+t3)'

In Section 6, we will compute ZN (A; t) by the physical theory of the topological vertex
(see Aganagic—Klemm—Marifio—Vafa [2]) and get the following expression (Proposition
20):

1

© Zwtin=ep( 2 HWZ X i)

n=1 i=12<k;<k,<N

Zw (q)]‘[( L R A R )

i=1

where W;;(¢) is defined by (8) in Section 1.3. In particular, we will show that (Propo-
sition 19):

(6) Zl()‘ t) - ZW (q) l_[( 1)'“ | _“L |th( ,)t(q) = exp (Z Qn(t))

i=1
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120 Karp, Liu and Mariiio

The equivalence of the physical and mathematical theories of the topological vertex
boils down to the following combinatorial identity:

7 Wit 2 53(@) = WMI,MZ,M3(Q)'

It is known that (7) holds when one of the three partitions is empty (see the work of Li,
C-C M Liu, K Liu and Zhou [24; 22]). When none of the partitions is empty, Klemm
has checked all the cases where |;?| < 6 by computer. Up to now, a mathematical
proof of (7) in full generality is not available. Equations (3) and (6) imply the following
result.

Theorem 3

& i i ~ & i i
> W@ [ [0 e W ind @)= Walg) [ TD™ e W iy (@).
m

i=1 i i=1

Theorem 3 provides further evidence of (7) equating the vertex amplitudes derived
from physical and mathematical theories of the topological vertex.

1.3 The topological vertex

In [2], Aganagic, Klemm, Marifio, and Vafa proposed that Gromov—Witten invariants of
any toric Calabi—Yau threefold can be expressed in terms of certain relative invariants
of its C? charts, called the topological vertex. They suggested that these local relative
invariants should count holomorphic maps from bordered Riemann surfaces to C3 where
the boundary circles are mapped to three explicitly specified Lagrangian submanifolds
L1, L,, Ls. The topological vertex depends on three partitions ji = (w1, (L2, [43),
where ! corresponds to the winding numbers (the homology classes of boundary
circles) in L;. There is a symmetry on C? cyclically permuting L, L,, L3, so one
expects the topological vertex to be symmetric under a cyclic permutation of the three

partitions 41, iy, 3.

In [2] the topological vertex was computed by using the conjectural relation between
open Gromov—Witten invariants on toric Calabi—Yau threefolds and Chern—Simons
invariants of knots and links. It has the following form:

w3y Wy ot (@OWe2p3(q)

R _ kK 2/2+K 3/2
®)  Walg) =g Zg"ppl%w W2 (q)
PP P~
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Gromov-Witten invariants of configurations of curves 121

In (8), ! denotes the partition transposed to (. The expression (8) involves various
quantities that we now define. «,, is given by

kw =Y (i —2i +1).
i

The coefficients cﬂv are Littlewood—Richardson coefficients. They can be defined in
terms of Schur functions as follows

— P
SuSy = E CuvSp-
0

Here, Schur functions are regarded as a basis for the ring A of symmetric polynomials
in an infinite number of variables. The quantity W, (¢) can be also defined in terms of
Schur functions as follows:

_ixl

©) Waulq) = su(xi =q7'2).

One can show that

(10) Wit (@) = ¢4 Wi (@).

We also define, in analogy to skew Schur functions,

(11) Wun(@) =) chi Wa(@).
A

Finally, Wy, (q) is defined by

(12) Wun(@) = /> T/23 “Woe 3 (@)Wt 3.().
A

This expression for Wy, (q) is different from the one used originally in [2]. The fact
that both agree follows from cyclicity of the vertex, and it has been proved in detail
by Zhou [33]. The expression for the vertex in terms of Schur functions is given in
Okounkov-Reshetikhin—Vafa [30] where the cyclicity of the vertex is also proved.

In Li-Liu—Liu—Zhou [22] the topological vertex was interpreted and defined as local
relative invariants of a configuration C; UC,UCj of three P! ’s meeting at a point pg in
a relative Calabi—Yau threefold (Z, Dy, D5, D3), where Kz 4+ D1+ Dy + D3 = O,
C; intersects D; at a point p; # po, and C; N D; is empty for i # j. The partition wl
corresponds to the ramification pattern over p;. It is shown in [22] that Gromov—Witten
invariants of any toric Calabi—Yau threefold (or more generally, formal Gromov—Witten
invariants of formal toric Calabi—Yau threefolds) can be expressed in terms of local
relative invariants as described above, and the gluing rules coincide with those stated
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122 Karp, Liu and Mariiio

in Aganagic—Klemm-Marifio—Vafa [2]. The following expression of the vertex was
derived in [22]:

~ — — _1 + 1 3
(13) Wi@) =4q (K1 =26,2 734,32 Z Cz)vl)tuzczll)tvlc,l;_%(v_%)t

vl v3 gl gyl

ST 1
q( 2Ku+ 2 )/zwv+v3(q)zZ—XUI(O')XHS(zo').
o o

Here 20 = (201 = 20, > --+) if 0 = (01 = 0 = ---). Recall that

Zg = l_[l'm" -m;!

i>1

where m; = m; (o) is the number of parts of the partition o equal to i (see Macdonald
[26, p.17]).

It is expected that the two different enumerative interpretations in [2] and in [22] of
the vertex give rise to equivalent counting problems, in the spirit of the following
simple example: counting ramified covers of a disc by bordered Riemann surfaces with
prescribed winding numbers is equivalent to counting ramified covers of a sphere by
closed Riemann surfaces with prescribed ramification pattern over co.

Finally, we introduce some notation which will arise in computations in Section 6. For
any positive integer n, define

N

. 1
i N — —n(ti o4+t k)
(14) u,(q.t) = ] (1 + kE_ze 2 k )

Given a partition u = (1 = Uy = -+ > g > 0), define

L
(15) ul(q.t) = [ | uly, (¢, 1)
j=1
and
(16) gy = 3 20 ),
wi=lul 7"

In particular, when N = 1, we have

. 1 .
i _ - _ —i+1/2
Un = [1] o Zq

i>0
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So
(17) sul (¢.4)) = su(xi = g7+ 2) = Wa(g).
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2 Cremona

In this section we prove Theorems 1 and 2 using the geometry of the Cremona transform.
We assume that the formal neighborhood Y~ C X is as constructed in Section 3. We
also assume that the local invariants of YV are equal to certain ordinary invariants of
X, which we prove in Section 4.

2.1 The blowup of CP3 at points

We briefly review the properties of the blowup of P* at points used here for complete-
ness and to set notation. This material can be found in much greater detail in, for
instance, Griffiths—Harris [13].

Let X — P3 be the blowup of P3 along M distinct points {py,..., par}. We describe
the homology of X. All (co)homology is taken with integer coefficients. Note that
we may identify homology and cohomology as rings via Poincaré duality, where cup
product is dual to intersection product.

Let H be the total transform of a hyperplane in P3, and let E; be the exceptional
divisor over p;. Then Hy(X, Z) has a basis

Hy(X)=(H,E;,...,Ep).

Furthermore, let 1 € Hy(X) be the class of a line in H, and let ¢; be the class of a
line in £;. The collection of all such classes form a basis of H,(X).

Hz(X): (h,el,...,eM)

The intersection ring structure is given as follows. Let pt € Hy(X) denote the class of
a point. Two general hyperplanes meet in a line, so H - H = /. A general hyperplane
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124 Karp, Liu and Mariiio

and line intersect in a point, so H -h = pt. Also, a general hyperplane is far from the
center of a blowup, so all other products involving H or /& vanish. The restriction of
Ox (E;) to E; = P? is the dual of the bundle Op2(1), so E; - E; is represented by
minus a hyperplane in F;,i.e. E;-E; = —e;, and Ef = (=1)3"1pt = pt (see Fulton
[11]). Furthermore, the centers of the blowups are far away from each other, so all
other intersections vanish. In summary, the following are the only non-zero intersection
products.

H-H=h H-h=pt
Ei - Ei=—e; FE;j-ej=—pt

Also, we point out the that the canonical bundle Ky is easy to describe in this basis:

M
Ky =—4H+2) E;

i=1

Finally, we introduce a notational convenience for the Gromov—Witten invariants of
3 blown up at points in a Calabi—Yau class. Any curve class is of the form

M
B=dh-Y aie

i=1

for some integers d,a; where d is non-negative. Thus Ky - 8 = 0 if and only if
2d = Zf‘il a; . In that case, the virtual dimension of M ¢(X, B) is zero, and

0¥ = | !
P Nt e
is determined by the discrete data {d, a;,...,aps}. Then, we may use the shorthand
notation
(Vag=(diar.....an)y -
For example,
X . X
{ >g,5h—e1—e2—2e3—3e5—3e6 =(51,1,2,0.3, 3>g :

Furthermore, the Gromov—Witten invariants of X do not depend on ordering of the
points p;, and thus for any permutation o of M points,

X
(d;al,-'-,aM)g:<d§aa(1),---’ao(M))g :
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2.2 Properties of the invariants of the blowup of 3 at points

First, we use the fact, shown in Bryan—Karp [4], that the Gromov—Witten invariants of
the blowup of P3 along points have a symmetry which arises from the geometry of the
Cremona transformation.

Theorem 4 (Bryan—Karp [4]) Let B = dh — Zz]‘i1 ajej with 2d = Zf\il a; and
assume that a; # 0 for some i > 4. Then we have the following equality of Gromov—
Witten invariants:

Ogp=gp
where ' =d'h— Y M| aje; has coefficients given by

d =3d—2(a,+ar+az+ay)
a; = d— (ay+az+as)
a,= d— (a+az+as)
ay= d— (ay+ay+as)
ay= d— (a1 +az+as)

ads = ds
[

We also use the following vanishing lemma, and a few of its corollaries.

Lemma 5 Let X be the blowup of P3 at M distinct generic points {x1,...,Xp},
and B = dh— le\il a;e; with 2d = Zl]\il a;, and assume that d > 0 and a; < 0 for
some i. Then

Mg (X.B) = 2.

Corollary 6 For any M points {x1,...,Xxp} and X and B as above the correspond-
ing invariant vanishes;

()ag=0.

This follows immediately from the deformation invariance of Gromov—Witten invariants
and Lemma 5.
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Proof In genus zero, Lemma 5 follows from a vanishing theorem of Gathmann [12,
Section 3]. In order to prove Lemma 5, for arbitrary genus, it suffices to show that
the result holds for a specific choice of points, as if the moduli space is empty for a
specific choice, then it is empty for the generic choice. By choosing some of the points
to be coplanar, and the rest to also be coplanar on a second plane, the result follows.
For further details, see Karp [17]. O

Corollary 7 Let X be the blowup of P3 along M points and define B = dh —
Zi]‘il a;e; where 2d = sz‘il a; and d > 0. Also define
x5x
to be the blowup of X at a generic point p, so that X’ is deformation equivalent to the
blowup of P* at M + 1 distinct points. Let {h', ¢’ ..., €yr41) beabasis of Hy(X'),
andlet B’ = dh’ — le\il a;je;. Then
(diar....ap. 00y =(diar.....am)g

Proof This result follows from the more general results of Hu [14]. An independent
proof using Lemma 5 can be found in Karp [17]. |

2.3 Proof of Theorem 1

Let the blowup space X V! and the minimal trivalent configuration YV be as con-
structed in Section 3 on page 128. By Proposition 8 on page 132 we have

gy Ny _ /\XNHL
Neg(¥Y7)={()za
Assume that the invariant is non-zero:
XN+1 .
()g,d :<3’1’l_d1,27“‘7d1,N_1_dl,Nidl,N5
15 1 _d2,2""’d2,N—1 _dZ,Nvdz,Na
XN+1
1LL1—d3,,....d3 N_i —d3,N,d3,N>g

£0

Then, by Corollary 6 , the coefficient of each e;, f;, g; is non-negative. Thus, for
i=1,2,3,

(18) 12di2>"'zdi,N20-
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Therefore we compute

()g:ﬂ =(3;1,0,...,0,1,
1707---70,1,
XN+1
1L0,....0. 1)

=31, 1LL1L1L, 15
where the last equality follows from Corollary 7. So when (18) holds, we have
Ny =NE (¥ =C,.

The last equality follows from Fact 3 (see Bryan—Karp [4]). O

2.4 Proof of Theorem 2

Let the blowup space XN+1 and the chain of rational curves Y AN be as constructed in
Section 3 on page 130. By Proposition 10 on page 137 we have

X;N-‘rl

NFMy=N; (V) =()pa

where
di=(di,....dy), dy=d3=1(0,...,0).
Assume that the invariant is non-zero:
Yy N+1 v N+1
(fa =ldididi—dy.....dy-y—dy.dy)E " #0.
By Corollary 6 the multiplicities are decreasing:
di>dy>-->dy>0
Therefore, as d; > 0, there exists some 1 < j < N such that

dlz"'zdj>0, d]+1="'=dN=O

Then, using Corollary 7, we compute

XN+1
g
Xi+1

g

ng(YN) =<d1;d1,d1 —dz,...,dj_l —dj,O,...O)

:<d1;d1,d1 —dz,...,dj_l —dj,dj)
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Note that for any 1 <i < j + 1 we may reorder

1\7j+1
(disdv.di—ds.....dj—1 —dj.dj), =

(dl’dl’dl’dl_dl+1?0’o’dl _d2’
Fi+t
codiy—di1,diq1—diga, ... dj_ —dj,dj)g
Applying Cremona invariance (Theorem 4) we compute

Y N+1
Ofa =di—2(di —dit1)idy — (di — di41).0, dip1 — di, dipr —d,
XJi+3
di—dy,....dj_ —dj,dj>g
Then, by Corollary 6, d;+1 > d;. Since this inequality holds for every 1 <i < j we
have d; <--- < d;. Therefore

diy=---=dj=d
Thus we have
Y N+1 =41
OXy " =(d:d.0,....0.d)Y

(] X2

- (dv da d)g

—_ nE 1

- Nd,o,o(Y )

= Cyd?#7?
The last equality follows from Faber—Pandharipande [10]. O

3 Construction

We construct these configurations as subvarieties of a locally Calabi—Yau space XV +1,
which is obtained via a sequence of toric blowups of P3:

TN+1 .4 4 T
YN 2T N TN LS x2S x0 = pd

In fact, X'*1 will be the blowup of X along three points. Our rational curves will
be labeled by A;, B;, C;, where 1 <i < N, reflecting the nature of the configuration.
Curves in intermediary spaces will have super-scripts, and their corresponding proper
transforms in X will not.

The standard torus T = (C*)? action on P3 is given by

(1,12, 13) - (X0: X1: X2: X3) > (Xo: 11X 12 X2: 13X3).
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There are four T—fixed points in X%: = P3; we label them py = (1:0:0:0), go =
(0:1:0:0), o = (0:0:1:0) and 59 = (0:0:0:1). Let A%, B® and C° denote the
(unique, T —invariant) line in X © through the two points { po. o}, {0, So} and {rg, 5o},
respectively.

Define

x' 5 xo
to be the blowup of X© at the three points {pg,qo. "o}, and let 4!, B!, C! c X!
be the proper transforms of 4%, B® and C°. The exceptional divisor in X! over pg

intersects A! in a unique fixed point; call it p; € X'!. Similarly, the exceptional divisor
in X! also intersects each of B! and C! in unique fixed points; call them ¢; and r;.

Figure 2: The T—invariant curves in X2

Now define
x2 2 x!

to be the blowup of X! at the three points {p,q;, 7}, and let A2, Blz, Cl2 C X2 be
the proper transforms of A', B!, C!. The exceptional divisor over p; contains two
T—fixed points disjoint from A%. Choose one of them, and call it p; this choice is
arbitrary. Similarly, there are two fixed points in the exceptional divisors above ¢q1, r{
disjoint from B?,C 12 Choose one in each pair identical to the choice of p, and call
them ¢, and r, (identical makes sense here as the configuration of curves in Figure
2 is rotationally symmetric). This choice is indicated in Figure 2. Let A% denote the
(unique, T—invariant) line intersecting A% and p,. Define B2, C22 analogously.
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Clearly X? is deformation equivalent to a blowup of P* at six distinct points. The
T—invariant curves in X2 are depicted in Figure 2, where each edge corresponds to a
T—invariant curve in X2, and each vertex corresponds to a fixed point.

Figure 3: The T—invariant curves in X*

We now define a sequence of blowups beginning with X2. Fix an integer N > 2. For
each 1 <i < N, define

yit+! Tit1 i
to be the blowup of X' along the three points p;, q;, ;. Let A;'.H C X'+ denote the

proper transform of Aj. for each 1 < j <i. The exceptional divisor in X' *! above p;
contains two T —fixed points, choose one of them and call it p;4 . Similarly choose
qi+1,ti+1, and define Aiii C X'+ to be the line intersecting Af“ and p;y1, with
BH—] C~i+1

i11> G4, defined similarly. The T-invariant curves in X 3 are shown in Figure 3.

Finally, we define the minimal trivalent configuration YN ¢ XN+1 by
YN = U AjUBjUCj,
1Sj=N
where

N+1 N+1 N+1
Aj=ANT1 B =BNt! =Nt

The configuration YV is shown in Figure 4, along with all other T—invariant curves in
XN+1_ 1t contains a chain of rational curves:

YN =4,U---UAy.
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h— f1—gi

g1~ 82 Si— = IN+1

s et [\ v

[BNl= SN~ fN+1 | SNHT

83— 84 SN — fN+1
g2 ’
g5~ &6 [Bal= fa— f5
gl - N
' [B3]l= f3— fa fa fe— fo
[B2]= f2— f3
BN —EN+1 [Ci]=h f3—fa
[Ca] L1782
[C5] =g [Bil=h—f1— f2 =N
gNn+1 _.--77 (G =g3 -—g3
EN+1 _ —g4
=84 [Ai]l=h—e1—e> fi—f
[CN] —8s
— EN+1
81 =8N
Ax] =ex—e3
—&N+1 —&N+1
Azl =e3—eq
Asl =es—es
h—el—g €2 . h=er=n
es ‘\
ey *
AN]=en —en+1
eN+1 EN+1
€2 —e3 €3 —éyq es—es €N —E€N+1 EN+1
ey —en el—"'_eN+1

Figure 4: The T—invariant curves in XV +!

3.1 Homology

We now compute Hyx(XV*+1!, 7) and identify the class of the configuration [Y V] €
Hy(XN*1, 7). All (co)homology will be taken with integer coefficients. We denote
divisors by upper case letters, and curve classes with the lower case. In addition, we
decorate homology classes in intermediary spaces with a tilde, and their total transforms
in XV are undecorated.

Let E 1 F 1 61 € Hy(X') denote the exceptional divisors in X I X0 over the points
Po.qo and rg, and let Ey, Fy, Gy € H4(X) denote their total transforms. Continuing,
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foreach 1 <i <N +1, let E,-, ﬁ,-, é,- € Hy(X i ) denote the exceptional divisors over
the points p;—1,qi—1,ri—1 andlet E;, F;, G; € Hy(X) denote their total transforms.
Finally, let H denote the total transform of the hyperplane in X° = P3. The collection
of all such classes {H, E;, F;, G;}, where 1 <i < N + 1, spans H4(XN‘H).

Slmllarly, foreach 1 <i < N +1, let ¢;, f, , & € Hy(X'T1) denote the class of a line
in E,, F,, G, and let e;, fi, gi € Hy(X) denote their total transforms. In addition, let
h e Hy(XN*+1) denote the class of a line in H. Then H, (XN *1) has a basis given

by {h,ei, fi, gi}.

The intersection product ring structure is given as follows. Note that X ¥+ is defor-
mation equivalent to the blowup of P* at 3N distinct points. Therefore, these

H-H=h H-h=pt
Ei-Ej=—e; Ej-e;=—pt
Fi-Fi=—fi Fi-fi=-
Gi-Gi=-gi Gi-gi=—pt

are all of the nonzero intersection products in H, (X N+,

In this basis, the classes of the components of YV are given as follows.

h—el—ey ifi=1
[Al]={ e1—ey 111

€ —ejt1 otherwise

h— f1— if i =1
Bi] = SHi—fa ifi .
fi— fi+1 otherwise
h—gi— if i =1
[c,-]z{ gi-g ifi=1
gi—gi+1 otherwise

To see this, recall that A is the proper transform of a line through two points which
are centers of a blowup, and that A4;, for i > 1, is the proper transform of a line in an
exceptional divisor containing a center of a blowup. B; and C; are similar.

4 Local to global

In this section, we will show that the local invariants ng (Y) are equal to the ordinary
XN +1
g.d

chain of rational curves YAN defined in Section 3.

invariants () in case Y is either the minimal trivalent configuration YV or the
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4.1 The minimal trivalent configuration

Proposition 8 Let f: X — XN*+! represent a point in Mg (XN T, d), where
l=diy>--->din=>0.

Then the image of f is contained in the minimal trivalent configuration

YN= | 4,uUBuUC;.
1<j=<N
Proof We use the toric nature of the construction. Assume that there exists a stable
map
[f: = - xV*He M (XNt )
such that Im(f) ¢ Y. Then there exists a point p € Im(f) such that p ¢ YV,

Recall that T—invariant subvarieties of a toric variety are given precisely by orbit
closures of one-parameter subgroups of T. So in particular the limit of p under the
action of a one-parameter subgroup is a T—fixed point. Moreover, since p & YV there
exists a one-parameter subgroup ¥: C* — T such that

lim y(1)-p =4
t—0
where ¢ is T—fixed and ¢ ¢ YV.

The limit of ¥ acting on [ /] is a stable map f” such that ¢ € Im(f”). It follows that
¢ is in the image of all stable maps in the orbit closure of [ /’]. Thus, there must exist a
stable map [f”: B — XN F11e Mg(XN*+1 d) such that Im(f”') is T—invariant and
Im(f") YN,

We show that this leads to a contradiction. Let F denote the union of the T—invariant

curves in XV*1: it is shown above in Figure 4. We study the possible components of
F contained in the image of f”.

Note that the push forward of the class of X is given by
N—1
JEl=3h—ey— > (dyj—dyjr1)ejr1—dinent

j=1
N-1

—fi= Y (daj—daj11) fj41—daN [N+
j=1
N—1

—g1— ) _(dsj—ds j11)g+1—d3NEN+1-
j=1
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fN+l

g2—83 SN+1

[BN]= fN—fn+1 [ INFT
83— 84 ! SN — fN+1

85~ 86 [Bal = fa—f5

[B3]= f3— f4

[B2]= fo— f3

&N —EN+1 f3—fa
[Bil=h—=fi—f2 =
P gN+1 -7 [C4l
=g4 ~84 [Ai]l=h—e —e>
—&
Tl [Cn] 5
T8N Ax]=ex—e3
—8EN+1

AnN]=en —en+1
EN+1 EN+1

€2 —e3 €3 —éq €5 — €6 eEN —EN+1 EN+1

Figure 5: The possible curves in Im( /")

Suppose that A7 U B; U C; C Im(f”). Then f/[X] contains (at least) 3. Note
that [F] has no —/A terms. Therefore Im( /") does not contain any of the curves
h—ey— fi,h—ei—g1,h— f1 — g1. And furthermore each of Ay, By and C; must
have multiplicity one.

There are no remaining terms that contain —e;, — f; or —gy. Also, since the image
of f” contains precisely one of A, By, Cy, we conclude that the multiplicity of
terms contain positive ey, f1,g; must be zero. Thus, Im( /") is contained in the
configuration shown in Figure 5.

Now, note that in d the sum of the multiplicities of the ¢;’s is -2. This is true of the
curve A; as well. Therefore the total multiplicity of all other e terms must vanish. But
all other e terms are of the form e; —e; 11 or e;. Since the former contribute nothing
to the total multiplicity, we conclude that there are no e; terms in the image of f”.
Therefore Im( f”') must be contained in the configuration shown in Figure 6.
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[BN]= fN—fN+1
'/ y_fN—}—l

[Bdl = fa—f5

[B3l=f3—fa

[B2]= f2— f3

&N —&N+1

[Bil=h—fi—f2

L.t [C4] = g3 —&3
— =g4 ~84 [Ail=h—e—e
[Cn] &
=&N
—EN+1
Az]=e3—eq
As] =es—es
\QN] =eN —eN+1
ey —e;3 e3—ey es—es €N —EN+1

Figure 6: The remaining possible curves in Im( /")

But Im( /") is connected, and contains / terms. Therefore it can not contain nor be
contained in any of the three outer parts of Figure 6. Therefore Im( /") C Y. This
contradicts our assumption, and therefore at least one of 4, By, C; is not in Im( /).

Without loss of generality, suppose Ay ¢ Im(f"). Let d,, r,de,g.dyg denote the
degree of f” on the components &1 —ey — f1,h—ey — g1, h — f1 — g1 respectively.
Since A7 is not contained in the image of f”, we must have

0<de,f+de,g§3

as these are the only multiplicities of —e; terms, and there are no terms containing

—h.

Furthermore, in order for Im( /') to simultaneously be connected and contain —e;
terms for i > 1, it must be the case that Im( /") contains two of

{er1.e1 —ez,e1—---—eng1}.
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Thus
de’f “l_de’g - 3, df’g - 0

and By, Cy; ¢ Im(f"). This forces Im( /") to be contained in the configuration shown
in Figure 7.

[BN]= fN— fn+1

[Ba]l= fa—f5

[B3]=f3—f4

[B2]l= f2—f3

AN]=en —en+1
EN+1 EN+1

EN —EeN+1 eN+1

ez —e3 €3 —eq es — €6

e —en
€] — T EeN+1

Figure 7: The other possibility for curves in Im( /")

Again we have that Im( /") is connected and contains — f;, —g; for some i, j > 1.

Therefore Im( /') contains at least one of f1— f5, f1—-+-— fn+1 and also at least one
of g1 —g2,21—---—gnN+1. But the multiplicity of f; and g in d is —1. Therefore
def deg > 2.
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This contradictions shows that our assumption A; ¢ Im( /") is incorrect. Therefore
Ay CIm(f”). An identical argument also shows that By, C; C Im(f”). However we
showed above that 4, By, C; ¢ Im(f”).

This contradiction shows that our original assumption is incorrect. Therefore there
does not exist a point p € Im(f”') such that p ¢ Y. Thus Im(f”) C Y, and the
result holds. d

Remark 9 Note that this argument does not hold for general ay, by, ¢y . For instance,
it is a fun exercise to show that there is more than one T —invariant configuration of
curves in X in the following classes.

B1 =2(h—e;—ez)+ (e2—e3)

+2(h—fi— D)+ (fa— 13)

+2(h—g1—g2) +(g2—¢3)
B2 =4(h—ey—ex) +(e2—e3) +2(h— fi— f2) +2(h— g1 —g2) + (82— &3)
B3 =4(h—ey —ez) +4(ex —e3)

+4(h—f1— ) +4(f2— 13)

+4(h—g1—g2) +4(g2—g3).

4.2 A chain of rational curves

Proposition 10 Let f: C — XN T represent a point in Mg (X N1, d), where
d1’1>0, d2,j=d3,j=0, j=1,...,N.
Then the image of f is contained in the chain of rational curves
YN=4,U---U4y
defined in Section 3.
Since YAN does not contain any of the curves B;, C;, the blowups with centers p; and

gi in the construction of X V1 are extraneous. In order to simplify the argument in
this case, consider the space

TIN+2 -~ IN+1 =~ TN T
-—)XN+1—>XN—>-~-—>I]3’3,

where the construction of XN *1 follows that of XV 1 without the extraneous
blowups. So X*1 — X' is the blowup of X* along the point p;, where p; is defined
in Section 3. Thus, XV *! is deformation equivalent to the blowup of P3 at N + 1
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points. Since Y}’ does not contain the curves B;, C;, clearly the formal neighborhood
of Y/iv in XN+ agrees with the construction in XV +1.

We continue to let E; be the total transform of the exceptional divisor over p;, and e;
be the class of a line in E;. Furthermore, we continue to let H denote the pullback of
the class of a hyperplane in P?, and / be the class of a line in H. Then, {H, E;} is a
basis for Hy (f N+1) and {h, e;} is a basis for H, (f N+1)  The non-zero intersection
pairings are given as follows.

H-H=h  H-h=pt
E,'-E,' = —e; E,--e,- = —pt

The T—invariant curves in XV +! are shown together with their homology classes in
Figure 8.

[Ai]=h—e1—e2

h—el

AN] =eN —¢€
EN+1 EN+1

EN —EN+1 eN+1

€2 —e3

e3 —é4

€] — T EeN+1

Figure 8: The T—invariant curves in XV +!

Proof of Proposition 10 As shown in above, we may use the toric nature of XN+
to construct a stable map [f”: X — XN H1] € Mg (XN+1, d) such that Im(f") is
T—invariant, but Im( /") ¢ ¥ 2. We show that this leads to a contradiction.

We study the class f,/[Z] = d. Note that the multiplicity of the —e; term is the same
as that of /. Furthermore, each —e; occurs along with /2, and there are no —/ terms.
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Therefore Im( /”) can not contain any terms containing positive e, nor can it contain
any of the curves in class /. Thus, the image of f” is contained in the configuration
of curves shown in Figure 9.

[Ai]l=h—e1—e>

Az]=e3—es

h—e h—e;

Ayl =es—es

AN]=en —efit1

EN+1 EN+1

ez —es3 €3 —eq €5 —éeo €N —EeN+1 eN+1

Figure 9: The possible curves in Im( /")

Since a; > 0, it must be that f//[X] contains at least one e¢; term with non-zero
multiplicity for i > 1. Also, Im( /") is connected and so we conclude that the image
of / must not contain either of the curves of class # —e; in Figure 9.

Now, note that the total multiplicity of the e terms is —2a;, and that the curve A
must also have this property. Therefore the sum of all other e terms must be zero.
Since the other e terms are of the form e; —e; 41 or ej, we conclude that Im( /")
does not contain any of the curves e;. Thus Im( /') is contained in the configuration
depicted in Figure 10.

However, since X V*! is connected and contains /, we conclude that Im(f") C YAN .
This contradiction shows that our original assumption is incorrect, and that the result
holds. 0

S Mathematical theory of the topological vertex

Let

(19) YNHLV IV N TN T2 pt Ty 0 3
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[Ail=h—e; —e>

Ar]=ex—e3
Az]=e3—es

Ayl =eq—es

WN] =eN —eN+1

Figure 10: The remaining possible curves in Im( ")

be the toric blowups constructed in Section 3. Let Y ¢ XN*! be the minimal
trivalent configuration, and let Y™ be the formal completion of XV*! along Y.
Then YV is a nonsingular formal scheme, and M g ()A’ N d) is a separated formal
Deligne—-Mumford stack with a perfect obstruction theory of virtual dimension zero. It
has a virtual fundamental class when it is proper, which is not true in general.

5.1 Formal Gromov-Witten invariants of ¥V

In (19) T = (C*)? acts on X/ and the projections 7 are T—equivariant, so YV isa
formal scheme together with a T—action. The point so = Ay N By N C; is fixed by
the T—action, so T acts on T5, X 0 and A3T. 50X 0. Let S be the rank 2 subtorus of T
which acts trivially on A37, 50X 0. The union of one dimensional orbit closures of the
T—action on X/ is a configuration of rational curves, which corresponds to a graph
(see Figure 11).

The S—action on X/ can be read off from the slopes of the edges of the graph associated
to X/ More precisely, let As = Hom(S, C*) be the group of irreducible characters of
S. If we fix an identification S == (C*)? then an element in As is of the form sf sg
where (s1,s,) are coordinates on (C*)? and p,q € Z. The line segment associated
to C = P! is tangent to (p,q) € Z & Z if the irreducible characters of the S—actions

on TxC and T,C are sf’ sg and sl_p Sy 7 (see Figure 12). Similarly, the S—action on

YN can be read off from Figure 13 in Section 5.5.

Let u1, u, be a basis of H§2 (pt,Z) so that ng(pt, Z) = Zuy & Zu, . For any nonzero
effective class d (d;,; > 0), define

N;’(?N):/ !

[Mg (PN ,a)S]ir €s (NVir) '
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Figure 11: Configurations of T—invariant curves

y
(=p.—q)
7 (p.q)

Figure 12: The S—action can be read off from the slope
A priori ﬁf (?N ) is a rational function in uq, u, with Q coefficients, homogeneous

of degree 0. By results in Li-Liu-Liu—Zhou [22], ]V‘f (I’}N ) € Q is a constant function
independent of uq, u;. We call ﬁf (IA’N ) formal Gromov-Witten invariants. For the
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cases (1)—(iv) described in Section 1,

xXN+1

NE(YMy=()fa

= 1

[/Wg (XN-‘r 1 ’d)]vir
_ 1
[Mg (X N+1,g)s]ir €s (NVir)

1
o ﬁMg(?N,d)§]vir es (NVir)
= Nj(@¥N).
As in Section 1, introduce formal variables A, #; ;, and define a generating function
(20) Fy(ity=Y Y A 2NE[IN)e
g>0 d
where
3 N
t=(tl’t2’t3)’ ti:(tl',li"'itl',N)’ dt:ZZdl’/tlvf
i=1j=1
The partition function of the formal Gromov—Witten invariants of YN is defined to be

Zn(it) = exp (Fy(A:1)).
By connectedness and cyclic symmetry, we only need to compute ]Vf (I’;N ) in the
following cases (see Figure 13):
(D) d=(dy,0,0),d;; >0for j <k and d;; =0 for j >k,where 1 <k <N.

(D2) d = (d,0,0), dy; >0 for ky < j <k, and d; j = 0 otherwise, where
2<ki<k,<N.

(D3) d=(d;,d,,0), dy,;, >0 form < j and d;,, =0 for m > j, dy,, > 0 for
m =k and dy ,, =0 for m >k, where 1 < j,k < N.

(D4) d = (dy,dy,d3), d;j >0 for j < k; and d; ; =0 for j > k;, where 1 <
ki.ky k3 <N.
Any other ]V(f ()A’N ) is either manifestly zero (because M g(l?N ,d) is empty) or is

equal to one of the above case. Let

Fy(t), Fir(ut), Fy(itty), Frst)
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@

€ . @ >\
d> 1 d;

. e—e—e
“Sdiy dig 0
d3.k3 .
0

Figure 13: Four cases

denote the contribution to Fx(A;t) from (D1), (D2), (D3), (D4), respectively. Then

3 3
Fy(ut)y =Y Fy(it) + > Fa(hit)
i=1 i=1
+FY (At t) + Fy(Ata, t3) + Fa(Aits, t) + Fa(Ast).

5.2 Summary of results

Let Cg be defined by

o2 12 )
;}Cgt = (sin(l/2))

as before. Then

-1
Z anZg—3)\2g—2 :
g=0 n[n]
where
[n]=qn/2_q—n/2’ qze«/TIK‘

In Section 5.5, we will compute ]V(f (}A’N ) by the mathematical theory of the topological
vertex and obtain the following results. We will do the computations by the physical
theory of the topological vertex in Section 6.
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Proposition 11 Suppose that
di =(dy,...,dn), dy=d3=(0,...,0).
where d; > 0. Then

A Cp28-3 di=dy=---=d=n>0and
Nf(YN)= & dys1 =dygsr=+--=dy =0forsomel <k <N
0 otherwise
which is equivalent to
—1
1. _ —n(ty,1++t1 k)
(21) Fy(it) =) e Y ettt
n>0 1<k=N

Proposition 11 is equivalent to Theorem 2.

Proposition 12 Suppose that

dy=(dy,...,dy), dy=d;=(0,...,0).
where di = 0. Then
di =n>0fork; <j=<k,and

~ SN —C I’l2g_3
ng(Y )= £ dj = 0 otherwise, where 2 < ki <k, <N
0 otherwise
which is equivalent to
1
22 F2 )\" t — _n(tl,kl +"'+tl,kz)
(22) Nt Z n[n]? Z €
n>0 2<k;<k<N

Proposition 12 corresponds to a chain of (0, —2) rational curves.

Proposition 13 Suppose that
d1=(n,0,...,0), d2,1>0, d3=(0,,0)

where n > 0. Then

~ ~ —-C n2g—3 d2,1 = d2,2 == dz,k =n and
Nf(YN): ¢ dit1 =dgyr=--=dy =0forsomel <k <N
0 otherwise.

Proposition 14 Suppose that d;; > 0. Then Nf (IA’N ) = 0 unless

din=dip>-+>din.
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Proposition 15 Suppose that

A= di>0 j <k
700 j>ki

wherei =1,2,3 and 1 <k; < N. Then

_an2g—3 d] = d2 =n>0

<o PNy —
(a) Nd1 ,dz,O( ) 0 otherwise

- . Con?63 di=dr=dri=n>0
g Ny g 1 2 3
(b) Ndl,d2=d3 ¥ = { 0 otherwise

Proposition 14 and Proposition 15 are consistent with Theorem 1.

Let N =1 in Proposition 11 and Proposition 15, we get

Corollary 16

Zl(k;t) = exp (Z n(t) )

where t = (t1,1,,t3) and

Qn(t) — e M1 +e—nt2 +e—nt3 _e—n(tl-i-tz) _e—n(t2+t3) _e—n(t3+t1) +e—n(t1+t2+t3)‘

Finally, we will derive the following expression of Z ~(A;t), where the notation is the
same as that in Section 1:

Proposition 17
3 3 ) ) )
Zy(hit) = exp(Z Fm;t») > Wil [ J(=DW e W lirs o @ (q. ).
i=1 i i=1

where

o,¢]
1 ; )
Row=Y e T e
=1

2<k1<kx=<N

In particular, when N = 1 we have
FROut) =0, squiy (' (g, 6)) = Wiy (@),

which gives the following corollary.
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Corollary 18
Zi0at) =Y Wilg) [[D™ e Wl (g).
i i=1

where t = (t1,1,13).
Equation (6) in Section 1 follows from Corollary 16 and Corollary 18.

5.3 Three-partition Hodge integrals

Three-partition Hodge integrals arise when we calculate
~ A 1
NE(YN) = / -
d [ﬂg(?N’d)§]vir es(NVIT)
by virtual localization (see Li—Liu-Liu—Zhou [22, Section 7] for such calculations).

We recall their definition in this subsection.

Let w{, w,, w3 be formal variables, where w3 = —w; — w,. Let wy = wq. Write
w = (w;,ws, w3). For ji = (u', u2, 1u?) # (&, 2, @) = @, define

3
1 _ 2 _ 1 3 _ 1 2 A i
di=0. dZ=t(u) d}=euh)+eud). 6 =Y L.

i=1

The three-partition Hodge integrals are defined by

N i [Li-—l .
(—/—1)t ﬁ eﬁ) [T (Wiwitr +aw;)
|Aut(i)] i1

i=tj=1 (=Dl

(23) G i(w) =

e 7)—
3 A;r/(wl)wl (n)—1

| _ |
Moy i T (wi(w; — Vai )

where
Ay () =uf =2 qus™ 4o (= DE g

Note that G4 j; (w1, wa, w3) has a pole along w; =0 if ! # &. The following cyclic
symmetry is clear from the definition:

Ggput 23 (W1 wa, w3) = Gy 2 3 1 (W2, w3, W)

(24) G

gudput 2 (W3, Wi w2)
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Note that
i
VTG, (w) € Qwy . wy. w3)

is homogeneous of degree 0, so

w2 w2
Gg,ﬂ,(wlv Wy, —wW1 — w2) = Gg,lj(,(lv w_lv _1 - w_l)

Introduce variables A, p! = (p’i,pé, ...), 1 =1,2,3. Given a partition y, define
piL =pll ...pz(u)
for i =1,2,3. In particular, pg = 1. Write
p= PP Pp=papaps

Define generating functions

o0
Gp(hw) =) 222G o (w),

g=0
GOspiw) = ) GO wWipg,
L#D
G (W) = exp(G(ipiw) = 1+ D G (A wp;.

L#o
In particular,

) 2g—2 —
Gg,u,g,g(l,o,_1)={ V=1d*8 2bg, 1= (d),

0, L(p) > 1.
where
b 1, g=0,
= 2g-2
& f/vg,l lg )"g g > 0.
It was proved by Faber and Pandharipande [10] that
o
t/2
25 bet?§ = :
(2) Z & sin(7/2)
g=0
So
—v/—1 1
(26) G),0,0(A:1,0,—1)

~ sin(An/2) - n[n]’
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Similarly, we have

(=)

( 7) G(n),@,@()" ’ ’O) n[n]

The following formula of three-partition Hodge integrals was derived in Li—Liu-Liu—
Zhou [22]:

3 Le Wittt y o(uh) ) ~
(28) GEL()‘;W): 2 : | | <q2 vi Tw; XVZ(H ))W,;(q),
I’Ll

vi|=|ui|i=1

In particular,

29) G gphilo—t—1) =) Mﬁ“”m@)-

A
vl=lu| ¥

1 2
G0 Gy o Oilr—r—1y = 3 2 020D d ez o).

M ’IL "@ |.| I .I ZMI ZILZ
vi|=|pui

Equation (29) is equivalent to the formula of one-partition Hodge integrals conjec-
tured in Marifio—Vafa [28], which was proved in Liu—Liu—Zhou [25] and Okounkov—
Pandharipande [29]. Equation (30) is equivalent to the formula of two-partition Hodge
integrals proved in Liu—Liu—Zhou [24].

5.4 Relative formal GW invariants of the topological vertex

Symplectic relative Gromov—Witten theory was developed by Li and Ruan [19], and
Ionel and Parker [15; 16]. The mathematical theory of the topological vertex in [22] is
based on Jun Li’s algebraic relative Gromov—Witten theory [20; 21].

Given a triple of partitions ji = (u', u?, %) # & and a triple of integers n =
(n1,n2,n3), let

F;,ﬁ (n) e Q
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be the disconnected relative formal GW invariants of the topological vertex defined in
[22]. Introduce variables A, pj’. as in Section 5.3, and define generating functions

FEL()L; n) = Z);X-i—@(ﬁ) F;’ﬁ(n)

X
F*Gupsm) =1+ ) Fi(A:n)p;
it
F(:p:n) =log(F*(A;p:im) = Y Fz(A:in)py
itd
oo -

Fz(um) =) )220 o).

g=0

By virtual localization, F, ;(n) can be expressed in terms of three-partition Hodge
integrals and double Hurwitz numbers. We have

(31) Fﬁ(k;n) =

) . 3
(=) i1 ei=DIe | /Ty Y asuw []zi@

. /7 Wi41
vi,ui( _l(ni_ Wi ))
v =] i=1 ’
where
AT 22 () Xn ()
(32 oL, M=)y HS efenh/2 AN AN
i ? K2 (L) + L) ; v
is a generation function of disconnected double Hurwitz numbers Hy , . Equations

(33) Fiim= Y 1—[( L, Xl (u))w o.
vl | =i i=1 Zui

Note that the w dependence on the right hand side of (31) cancels and the right hand
side of (33) is independent of w. Since @}, (0) = Sy /zy, we have

Wy w3 W _ .
(_2 w_z w_;) = (- 1)2, 1 (i =) |t I( /— )f(u) Z G5 (A wy, wa, w3).
[l |=u]
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Also F ;L (A:n) is independent of n; if u' is empty.

B34 Fguee(0,n,n3) = ()M (—vV=1)"MG, ) 55(1,0,-1)
(3S)  Fgupo(=1,0,n3) = ()M (/=D W06, |, 5(1,-1,0)
From (26), (27), (34), (35) we conclude that if © 7# & then

) iV
(36) Fuo.0(hi0.n2,13) = T H=0)
;LQQ( 2 3) {0 E(/,L)>1.
OV
(37) FuooOi—lingny) =1 aml— #=0)
;ua@( 2 3) {0 E(/,L)>1.

If u # @, v # & then (see Liu—Liu—Zhou [24, p7] for details)
1
. _Jan=v=m
(38) Fu.o(h:=1,0.n3) { 0 otherwise.

We also have

Fi),1),2(2:0,0,0) = =1, F(1),1),(1)(2:0,0,0) = —v—1[1].

5.5 Computations
The S—action on Y/ can be read off from Figure 13 as explained in the first two
paragraphs of Section 5.1.

We now degenerate each P! into two P!’s intersecting at a node. The total space
of the normal bundle O(n) & O(—n — 2) degenerates to O(a) & O(—a — 1) and
O(b) & O(—b — 1) with a + b = n. For each node we introduce a pair of framing
vectors to encode the S—action (see Figure 15). We refer to [22, Section 4] for details.

The framing here corresponds to the framing of Lagrangian submanifolds in the article
by Aganagic, Klemm, Marifio and Vafa [2] and the framing of knots and links in
Chern—Simons theory. In Figure 14, all the P! ’s have normal bundles O(—1)® O(—1)
or O @ O(—2); in Figure 15, all the P! s have normal bundles O @ O(—1).

Using the connected version of the gluing formula [22, Theorem 7.5], we have

3 4u)) N

Fhst= 3 Fp:0,0,0 [ [T D ettt

|ui|>0 i=1j=1 k=1

. k=1
1 . ) i : .
' (/’LJ F(u;),(u;),z( 1.0, 0)) Hj F(u;),z,z()" 0,0,0)
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R Y
= % moooo [T [T (4 oY

[ui|>0 i=1j=1

N .
Z oM (ti,1+"'+ti,k)>

Wil =

Figure 14: Graph of IA’N

Figure 15: Degeneration of Y
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So

(39) Fy(t)=
£(uh)

Y. Fa(k:0.0, 0>H< DI (—v/=T)t ") H( Ze—ww +f~<>)

[ui]>0 i=1

In particular, using Fyy,(1,(1)(4: 0,0, 0) = —+/—1[1] and (39), we can recover Theorem
1. Equation (39) is equivalent to

3 . . .
@0)  Fy(s= Y F3(:0,0,0) [ (=D e Wiyt g, 1)

i[>0 i=1

where uiL(q; t;)’s are defined as in Section 1.3, and

~ 3y €
Fz(2;0,0,0) = (—)Zi=1 W1/ F5(2:0,0,0).

Similarly,

2
@) FiOati )= > FMl’Mz’g(X;O,O,O)l_[(—l)((“l)e_l"“l|t’71u;u~(q;t,-).

[t >0,|u2|>0 i=1
Fa(sty) = Z Fu.z.5(1:0,0, 0)(—1)““)e—|“|’1’1ub(q;t1)
nF#D
= Z Fu.z.5(1:0,0, 0)(—1)'“'(—~/—1)5(“)e_|“|t1=1ub(q;t1)
UF#D
D" 'V-1 _
=3 E S ) VD i),
n>0
So
(42) Fll\/()‘;tl) Z Z —n(ti i+t

n>0

This proves Proposition 11.
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| n—1 /—1
FI%J()‘§ ty) = Z Fn),,5(A:—1,0, 0)% Z oMk Ft i)
n

n>0 2<k; <k <N
_ Z (—1)’1,/—1 ) (—1)”_1«/—1 Z e_n(tl,kl +"'+fl,k2)
n>0 I’l[l’l] [I’l] 2<k1<k;=<N
<k1<ky=<
So
> 1
43 F2 (h:ty) = e Mk ot k,)
(43) Nt =) o )
n=1 2<k;<k;<N

This proves Proposition 12.
From (40), (41), and (42), it is clear that if d; ; > 0, then ]Vf()’;N) = 0 unless

di,l = dl',z N di,k,- > 0.

This proves Proposition 14.

Let F ]5\, (A:t1,1,t2) be the contribution to F ]3\, (A; ty,ty) from the case in Proposition
13. To compute F 15\, (A;t1,1,t2), we consider the degeneration in Figure 16.

/

/|

Figure 16: Another degeneration

We have
F (it g, t) = Z Fny,0,5(—1,0,0)nF;) (n),z(—1.,0,0)
n>0
N
' (Z(nF(n),(n),z(—l, 0,0)) "' 1 F ) 0,60, 0, 0)6_"“’1_’102’1+w+t2’k))
k=1

n n— N
_ Z (_ll)q[n\]/__l . (=1 1“/__1(2 e—nll,l—n(tz,l+~--+lz,k))

n>0 [n] k=1
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So

00 N
(44) Fls\f()\;tl,l,tz Z [n] Z —nty 1 —n(t2 1 ++12 k)

Proposition 13 follows from (44).

We now prove Proposition 15. Suppose that d; j = d; > 0 for j <k; and d; ; =0 for
j>ki,wherei =1,2,3and 1 <k; < N. From (41) and (40) it is easy to see that

Ng ™ O(YN) — ﬁg d2 0()’}1)
N§ apa, YY) = 7 . d%(Y )-
Recall that
ARCOES RS

where N 51 d>.ds (Y'!) are given by Fact 3. Proposition 15 follows from Proposition 13
and Fact 3.

Finally, we prove Proposition 17. Let

3
Fy(ut)y=Fy(it) =Y FR(ht).

i=1
Then
3 . .
IOk f) — T (- R YA P T TR B A
FyGat)= 3 Fz(2:0.0.0) [T ety (g: ).
it i=1

It was proved in [22] that

(45) F22:0,0,00= 3" W~()]_[X’“( V)

il=[ul| i=1

So

exp(Fy (L) =Y Wiy 2y, (vs),(q)]_[( DV eVl il (g, )

v i=1

—ZW@WVUW*WWMM@M)

i=1

Geometry € Topology, Volume 10 (2006)



Gromov-Witten invariants of configurations of curves 155

where sy (1! (q.t;))’s are defined as in Section 1.3. We conclude that
exp(Fn (A1) =

3 3 , ‘ _
exp( Y F30:4)) Y W) [T=DW e W50, (e (g. 1)),
m

i=1 i=1

This completes the proof of Proposition 17.

6 Physical theory of the topological vertex

In this section, we compute the local Gromov—Witten invariants considered in this
paper by using the physical theory of the topological vertex. Typical computations
in this theory involve formal sums over Young tableaux, and in some cases, like the
one considered here, it is more convenient to use the operator formalism on Fock
spaces. After a short overview of this formalism, we will use it to compute the partition
functions for local Gromov—Witten invariants.

6.1 Operator formalism

We introduce:

£(1)
Xu(V)
pu) = [ [ e=wil0), Isu) = TIp) dsaud = D culsy)
i=1 vl=|w| v

where o, satisfy the commutation relations

[0tm, otn] = M8n,0,
and for n > 0, a,|0) = 0. The dual vector space is obtained by acting with the operators
oy, on the state (0|, and the pairing is defined by {0|0) = 1. One then finds,
(PM|PU> = Zulu,v, (5u|sv> =0,

The coherent state |¢) is defined as

(e/¢]

)= exp(Z ’;”a_n)|o> =3 %)

n=1 w “H
where

I = Tuy *Tug
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and one has

(s]t) = exp(z S’Z”).

n=1
The elements |s,,), where p is a partition, span a vector space H that can be identified
with the ring of symmetric functions A in an infinite number of variables, and therefore
it inherits a ring structure from A. This identification can be made by considering the
map

Is) = (tls) = su(0),

where s5,,(¢) gives the Schur function after identifying #, = pp = x| + x5 +---.
Given a coherent state |¢), it is useful to define the coherent states
) ) )
where
W=D =t = ()"
Using xur (v) = (=D)PIF@ y ) (1) it is easy to show that
(46) sut?) = s, 505 = (DM ().

The ring of symmetric polynomials is endowed with a coproduct structure (see for
example Macdonald [26, Ex. 25 of 1.5])

ArA—>AQRA
which is a ring homomorphism, and is defined by

A(sy) = ZS)»/M X Sy.
w

The nth power sums p,, are primitive elements of A under this coproduct, and one has
Apn=pn®1+1Q® py.

We then have a inherited coproduct A: H — H ® H, and it is easy to see that it acts
as follows on coherent states:

A(lt)) = [1) @ r).

This gives the following identity, which will be useful in proving Proposition 19:

(47) D su@lspp)(svl =10,
Ww,v
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We need now explicit expressions for W, (¢) and Wy, (g) in the operator formalism.
Using (9), one immediately finds

1 1
(48) Wulq) =su(B),  Bn= m = m,
therefore
(49) Y Wul@)lsu) =18),
w

where |B) is a coherent state with 8, given in (48). One can then write
Wu(q) = (sulB)-
We introduce the operator qi"/ 2 defined by
qu/2|Spl,) — qu“/2|Su).
We also define an operator W as
Wuv(q) = (s Wlsv).
In the proof of Proposition 19, we will need an explicit expression for
(tlg ™2 Wg™ 2 ),

where |t), |7) are coherent states. Using (12) one finds

(tlg™PWq™ 20 = g 2T (@)su(0)sy (D)
W,V

= Z St (tw)Wpf/a(q)Wv’/a (q)syt (t_w)

w,v,o

= > su(®)(Blspso) (so15c) (su/e|B) s (@)

w,v,0,T
= (Blt”)(t®[t”) (1”1 B).

where in the last step we have used (47) twice. The last quantity is expressed solely in
terms of products of coherent states, and we finally find

X (_1\yntl - —
n=1

This result was previously obtained, in slightly different form, by Aganagic, Dijk-
graaf, Klemm, Marifio and Vafa [1], and Zhou [34]. It is also possible to compute
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(tlg= /2 Wq—*/ 2|s,) by following the same steps. One finds
(tlg™ P Wa™ 2 [s,) = (BIt°) D Wit ju (@)s0 (t?).
Vv

The sum over the representation v can be performed explicitly by using the following
formula (see Macdonald [26]):

ZSM/\;(X)Sv(y) = S;L(x’ ),

where x, y are variables of the Schur polynomials. We then find

_ (_1)n+1

GO (g W s,) = Bl suun),  un -

6.2 The closed topological vertex

The physical theory of the topological vertex [2] gives the following expression for
Zl ()\, t) :

Zi(At) =

3 ils. 3 i
> Wiy 2y uty @OWat (@ W2 (@)W, (g)e™Zi=1 Il (2= W] =
[TANTENTE

Z Wa@Wy @Wzy (@Wisy: (q)e—lul [t =l ta— w3 e3 (_l)ml [+ 4]
ulu?,u’

where t = (¢, 1,,?3), and in the last step we have used

_yv3 .
Wiasy .y iy @ =4~ == PWoi i 5(@), Wal@) = ¢4/ Wi ().

In this subsection, we will prove (6) in Section 1:

Proposition 19

e (X On(®)
Zi(ht) = exp(nX::1 —n[n]z)

where

On(t) =" fo™2 o713 _pmn(iH0) _ pmnltatts) _ p=n(t3+11) 4 p—n(titiatts),

Geometry & Topology, Volume 10 (2006)



Gromov-Witten invariants of configurations of curves 159

Proof
Zi(ht) =
1 3
Z C:;Lpl W('ul)t (C])(S(MZ)z ‘W ‘Spl )(Sp ‘W(I/«3)t (q)cfj,pS ‘Sp/)(Sp3 ‘W|sl£2)
nl, u? 1,
p.pl 0% 0/ T N B Y O 17 D T L N 7
(52)

w! lul] —lul|e
W(pr,pl(—l)“ Wy @l sl
p,0hu

20 _iy2
Z(_l)m lo— 1 |t2<S(M2)t
u?

3 31 13
( Z c‘l:’/p3(—l)lu |e |:u' |t3W(lL3)t (q)|sp/)(sp3|)W‘SM2>‘
0,3 u3

Here we have used the explicit expression for the topological vertex (8) and the identity
(10). We now write

Y e DT (@)l ) (sl

NN
= Z(_l)lme_'“ltlww (Q)|Su/p>(sp|
Pk
=Y 5u(W®)]s) (50l
Pk
(53) = |u®) ],
where
(54) up =e "B,

and in the last step of (53) use has been made of (47) and of the fact that, under ¢, — at,
one has

sulat) = al’”su(t).

Following the same steps for the second bracket in (52) one finds,

Zi(0i ) =y (=D)Hlem I (5 [W 1) (u108) (v | W)
"

with

(55) vn = e "By
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Notice that
[ut) = Z(_l)\ule—lultl Wt (@)I5p)
w

and using again that W,/ (q) = g *n! 2Wu(q) one can write
uf) = g7/ |uf).

We have similar equations for |v¢). Since (#%[v®) is a product of coherent states, we
only have to evaluate

Y (=0l (o g 2 W 2 15 ) (e lg TP WG T P b,
nw

where we used that k, = —« . The last step involves writing

0 —nty
e
(56) Y (=DHleTImlz|g ) @ |5, ) = exp (— > Ta(_l,z ® a(_2,,>) 10)1 ® |0),

w n=1

which is an element of H; ® H,, and we have introduced explicit indices 1,2 to label
the factors in the tensor product. We first take the scalar product of this state with
(Vé|g*/2Wq=r/2 ¢ H7 to obtain a state in 5. In order to do that, we can regard
(56) as a coherent state with ¢, = —e_”’za(_z,z , therefore we can use the formula (50)
to obtain the element in H,

o) _ _
v —1)%e nty -1 n+1€ ntzv
exp(z——uLa(ggﬂ S ,@) o)

LTl T ]

= exp (— Z Zgn];) |w)

=1

where |w) is a coherent state in H, given by
Wy, = (_1)n+1ﬁne—nt2(e—nt3 _ 1)
The remaining step is to compute (w|g™*/2Wq~*/2|u¥), which can be done again
with the help of (50). Collecting all terms, one finds
1
Z1(A;t) =expy— Z (7" 42 4 o7 _ gl H0)
n[n}?
(57) n=1
— e 2tn) _ ,mnliz 1) 4 ,—n(n +t2+t3))}'

This completes the proof. O
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6.3 A chain of rational curves

Let sz\,(k; t;) be defined as in Section 5.1, where N > 2. It can be viewed as a
generating function of formal Gromov—Witten invariants of a chain of (N — 1) rational
curves with normal bundles O @& O(—2). In this section, we will compute

Z]zv(q, 112,..+, ZI,N) = exp(F]zv()\’ t1))
using vertex techniques.

We have

(58) Z%(g:it12, ... tiN) =
N+1

Do T W1y o (@)g i e ni =

N+1 .
2T a5 Wy arg™ o

uZ,..,ulN i=2

where u! = Nt = . Using the above techniques, in particular (49) and (46), we

can write the above expression as

N
Zy (@it ... 1 N) = (uzl(l_[ q_“/qu_“”Oi)luN“),
i=3

N+1>

where |u?), |u are coherent states defined by

) (_l)n-i-le—ntl‘z
us =

SN+ (="
n [n] 4 n

[n]
and
O; = Z |Sw')e_|“i|t1’i (sil. =3, N.
i
We first compute
(WPl P Wq 20,

which is an element of H*. We proceed as in the computation following (56) above,
to obtain

<u2| —IC/ZW K20, — - (_1)n+1 2 3
q g 7203 = exp Z—n[n] uy ) (],
n=1

Geometry & Topology, Volume 10 (2006)



162 Karp, Liu and Mariiio

where (3| is a coherent state defined by

u3 — e_m1~3 (uz + (—1)n+1 )
n n [n]

We can now compute Z Izv(q; t1,2,...,11,n) recursively, defining the coherent state
|uf) as
1 /2 i (=D N
i— —K —K L i— i
(W' =g PWwg?0; = eXP(Z g )(u .
n=1
where
. . | n+1
(59) ul = e i (u;,—l +L), i=3,-,N.
[]
One then finds, by using (50) repeatedly, that
2 o (=Dt = el N, N+1
. — l
Zyg:itip, ... i N) = exp(z Tl Z u, + Z Un U )
n=1 i=2 n=1
00 N
-1 n+1 .
= exp Z e ul, ).
n[n] -
n=1 i=2

The recursion relation defining u}, is easily solved:

. (_1)n+1 i (1 oty )
i _ —n(ty j++ti = ...
= (et ) =

j=2
and putting everything together we finally obtain

>

ZJZV(q; to, ..., tl,N) = exp{z W( Z e-n(l‘l,i-{--..—i—tl,j))}’

n=1 2<i<j<N

or equivalently,

o0
sz\,()u;tl) = Z n[;]2< Z e_”(tl,i+"'+t1’j))

n=1 2<i<j=<N
which agrees with (22).

Notice that the non-trivial Gopakumar—Vafa invariants for this geometry occur for
Kiéhler classes which are in one-to-one correspondence with the positive roots of the
Lie algebra Apn_;.
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6.4 Minimal trivalent configuration

Let us finally consider the minimal trivalent configuration. We will allow the three
chains of P!’s to have different lengths Ny, N,, N3:

Ny,Na,N3 _ . : ;
yMN2Ns = ) 40 | BiU | G
1<i<N; 1Sj=N, 1<k=<N3

So we have
d=(d;,d,,d3), d; = (di,l ---’di,N,-),
t= (t;.t, t3), ti=(ti,1’---’ti,N,~),

and we define

N;
. 1 i
uh(g:) = - (14 Y eTnattin),

] k=2
The rules of the topological vertex give the following expression,

ZN,,Ny,N; (A5 )

3 i1 _y3 i)y 3 .
= 3 ()T g i M g i 2 )

uhJ 3 Ni+1 N
. l_[ 1_[ (]_K“i‘j_l/2Wui.j—1’Mi,j (q)q uii /Z(q)e—lu Uy
i=1 j=2
where p>Nit1 = & We will show that this expression can be simplified as follows:

Proposition 20

00
(60)  ZnN, Ny N; (i) = eXP(Z [n]2 Z Z _n(ti'kl+"‘+ti~k2))

n=1 i=1 2<k1<k2<]V,

2 Wtz @) ﬂ(—l)'“"e—'“’ 3 iy (' (4. 4)))
i

i=1
Equation (5) in Section 1 corresponds to the case Ny = N, = N3 =

Proof The sum over the partitions u’~/, 2 < j < N;, can be performed by following
the same steps that we made before, and making use of (51). After writing /! — (%),
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the resulting expression takes the following form:

00 (_1)n+1 3 N; o
61) Zny Non; (Ait) = exp{Z a2 UZ”}
n=1 i=1j=2
Z( 1)21 11, =i e, W 2 (@) l_[q €uil2 i(ui).
i i=1

In (61), the variables vf{j are defined recursively by

DTy
" CI

o ; . (_1)n+1
Lj—1 _ ,—ntj j— i, P— .
Unf =¢ JJ l(vn1+ ] ), j=3,.... N,

1 .
u, = i + (=12

The recursion defining v,i,’j can be easily solved:
(_ 1)n+1

N;
v,’;’j _ T(Z ot +"'+li.k))’ j=2,...,Nj,
k=j

; 1
i —n(t; 24+t 1)
u, = ] (1 + Z e 2 4 )

Therefore

(62) Zpn,,Ny,N; (A1) = CXP{Z

B Z Z e i +"'+ti,k)}

nin
[] i=12<j<k<N;

Z( 1)21 1|M| =i lti. 1y ERTEAN I(Q)l_[q w/2 M’(u)

m i=1
Recall that
Wty w2y w3y (@) = ~Xi- W PWos 21 @),
so (62) is equivalent to (60). O

The closed topological vertex (Section 6.2) and chain of rational curves (Section 6.3)
can be obtained taking limits of Zy, n, n;(A;1):
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(1) Lett,; —oofori=1,2,3, j>2.One has
vl =0, i=1,2,3, j=>2.
and ul, = B, for i =1,2,3, 50 5, (u") = W,i(q) = qK'“'i/ZW(Mi)t(q) and
Z N, ,N,,N; (A; t) becomes the closed topological vertex.

(2) Let t;,j — oo for i = 2,3, and #1,; — oo. We recover a chain of spheres with
Kihler parameters 713, ..., N, -

Unfortunately, the sum over partitions in (62) can not be evaluated in close form
as we did before. In fact, explicit computations show that Zx, n, n,(A;t) involves
Gopakumar—Vafa invariants at higher genera, and seem to indicate that there are infin-
itely many degrees d;,; for which the Gopakumar—Vafa invariants are non-vanishing.
If we write Zn, n,,N;(A;t) in the Gopakumar—Vafa form

o o0 1 ~ .
ZN, Ny, N; (A3 t) = exp(z Z anz[g]Zg 2,—td t)

{=1g=0 d

where d-t = Zi,j d; jtij, then, for N =2 we find for example

”(()1,1),(1,1),(1,1) =-1
”?2,1),(1,1),(1,1) =1
”(()1,0),(2,1),(2,1) =-2,
”?1,1),(2,1),(2,1) ==-2,
”?2,1),(2,1),(2,1) =4,

and they vanish for g > 0. Due to the cyclic symmetry of the configuration, the same
values are obtained for cyclic permutations of the three sets of degrees.

If, say, 73,; — oo for j > I, so we have two lines of spheres joined by a two-vertex,
then one can perform the sum over one of the two remaining partitions. This is because

W aur (@) = Wiz (ury ()¢ *, and (61) reads

2 N

[e9) (_1)n+1 L
ZN N, (At 1) = exp{z il Z Z vn,J}
n=1

i=1j=2

2 2 i _
Z (—DZi=t W o= 2izrln |”=‘suz(u2)q KMZ/ZWMZ’(Ml)t (@)s, ().
wl,u?
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Using again (51), and relabelling 1! — p, we finally obtain

2 N;

o (=D i j 1 2120
ZNI,Nz(kitl’t2)=eXP(Z W(”n’ +ZZ”5H>+;W Gl )
n=1

i=1j=2
Zq—KM/Z(—l)“‘“'e_“-l""su(ﬁ2)su(ul)’
"

where
_ N
1 (_l)ne nty 1 ~2 1 —ntr 1,2 1 ( —n(ty 1 +~+12 ))
v, = —, Uy =——e "2y, = — I—Ze : KN
] ] I\~ &

We conclude that

Proposition 21

Zn, Ny Mty ty) = exp(F}vZ (Ast)) + Fi, O tr) + Fa, (4; tz))

Zq—"u/z(—l)“‘le_“-l““IS,L(LAIZ)SM(“I)’
w

where
1 N
Fjlvi (A t) = Z 3 Z e M1ttt k)
n>0 n[n] k=1
Flz\fl ()‘7 tl) = Z ;2 Z e_n(ti.kl +“'+t,"/(2)
o ") 2<ki<k»<N;
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