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A cylindrical reformulation of Heegaard Floer homology

ROBERT LIPSHITZ

We reformulate Heegaard Floer homology in terms of holomorphic curves in the
cylindrical manifold ¥ x [0, 1] x R, where X is the Heegaard surface, instead of
Sym# (X). We then show that the entire invariance proof can be carried out in our
setting. In the process, we derive a new formula for the index of the 5—0perator in
Heegaard Floer homology, and shorten several proofs. After proving invariance, we
show that our construction is equivalent to the original construction of Ozsvith—Szabé.
We conclude with a discussion of elaborations of Heegaard Floer homology suggested
by our construction, as well as a brief discussion of the relation with a program of C
Taubes.

57R17; 57R58, 57TM27

In [21], P Ozsvath and Z Szabé associated to a three-manifold Y and a SpinC —structure
s on Y a collection of abelian groups, known together as Heegaard Floer homology.
These groups, which are believed to be isomorphic to certain Seiberg—Witten Floer
homology groups (Ozsvith—Szab6 [20] and Kronheimer—Manolescu [12]), fit into
the framework of a (3 4+ 1)—dimensional topological quantum field theory. Since
its discovery around the turn of the millennium, Heegaard Floer homology has been
applied by Ozsvath, Rasmussen and Szabé to the study of knots and surgery [19; 25;
18], contact structures [23] and symplectic structures [22], and is strong enough to
reprove most results about smooth four-manifolds originally proved by gauge theory
[17]. In this paper we give an alternate definition of the Heegaard Floer homology
groups.

Rather than being associated directly to a three-manifold Y, the Heegaard Floer
homology groups defined in [21] and in this paper are associated to a Heegaard
diagram for Y, as well as a Spin“—structure s and some additional structure. A
Heegaard diagram is a closed, orientable surface ¥ of genus g, together with two
g—tuples of pairwise disjoint, homologically linearly independent, simple closed curves
@ ={oay, -+ ,ag} and ,g ={B1.---,Bg} in Z. A Heegaard diagram specifies a three—
manifold as follows. Thicken X to X x [0, 1]. Glue thickened disks along the «; x {0}
and along the B; x {1}. The resulting space has two boundary components, each
homeomorphic to S2. Cap each with a three—ball. The result is the three—manifold
specified by (Z,d, f).
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Different Heegaard diagrams can specify the same three—manifold. Two different
Heegaard diagrams specify the same three—manifold if and only if they agree after a
sequence of moves of the following three kinds:

e Isotopies of the a— or f—circles.

e Handleslides among the o— or B—circles. These correspond to pulling one o—
(or B-) circle over another.

e Stabilization, which corresponds to taking the connect sum of the Heegaard
diagram with the standard genus—one Heegaard diagram for S3.

See Gompf and Stipsicz [9, Sections 4.3 and 5.1] or Ozsvéth and Szab¢ [21, Section 2]
for more details.

So, after associating the Heegaard Floer homology groups to a Heegaard diagram, one
must prove they are unchanged by these three kinds of Heegaard moves (as well as
deforming the additional structure involved in their definition). Doing so comprises
most of [21] for the original definition. Similarly, for our definition, most of this paper
is involved in proving:

Theorem 1 The Heegaard Floer homology groups
HF®(S,&,6.5), HFT(.d.f.5), HF ($,d.f.5) and HF(Z,&,f,s)

associated to a Heegaard diagram (X, &, ) and Spin(E —structure s are in fact invariants
of the pair (Y, s).

We are also able to prove:

Theorem 2 The Heegaard Floer homology groups defined in this paper are isomorphic
to the corresponding groups defined in [21].

Theorem 2 is proved in Section 13. The proof does not rely on the invariance results
proved in this paper; it could be carried out immediately after Section 8. (We defer the
proof to the end to avoid interrupting the narrative flow.) Clearly, Theorem 2 implies
Theorem 1. However, one key goal of this paper is to demonstrate that the entire
invariance proof can be carried out in our setting, and to develop the tools necessary to
do so.

The only esentially new results in this paper are in Section 4, where we give a nice
formula for the index of the d operator in our setup, and hence also the Maslov index in
the traditional setting, and in the discussion of elaborations of Heegaard Floer homology
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in the last section (Section 14). The casual reader might also be interested in looking
at the elaboration and speculation in Section 14.

Although this paper is essentially self contained, it is probably most useful to read it
in parallel with [21]. To facilitate this, the paper is organized similarly to [21], and
throughout there are precise references to corresponding results in their original forms.
In addition, the last appendix is a table cross referencing most of the results in this
paper with those of [21].

A more technical discussion of the difference between our setup and that of [21] follows.

The original definition of Heegaard Floer homology involves holomorphic disks in
Sym#(X). In this paper, we consider holomorphic curves in X x [0, 1]x R. For instance,
for us the chain complex CF is generated by g—tuples of Reeb chords {x; x[0, 1] | x; €
a; N Bs(i)}. For an appropriate almost complex structure J on X x [0, 1] x R, the
coefficient of {y; x [0, 1]} in d ({x; x [0, 1]}) is given by counting holomorphic curves
in ¥ x [0, 1] x R asymptotic to {x; x [0, 1]} at —oo and to {y; x [0, 1]} at co, with
boundary mapped to the Lagrangian cylinders {o; x {1} x R} and {8; x {0} x R}. (We
impose a few further technical conditions on the curves that we count; see Section 1.)

If J is the split complex structure jx X jp then a holomorphic curve in X x [0, 1] x R
is just a surface S and a pair of holomorphic maps uy, : (S,9S) - (¥, U--- U
agUB1U---UPBg) and up : (S,9S) — (D, dD). If the map up is a g—fold branched
covering then this data specifies a map D — Sym#(X) as follows. For p € D, let
D1, , Pg be the preiamges of p under 7pou, listed with multiplicity. Then the map

D — Sym#(X) sends p to {ux(p1), -+, ux(pg)}.
Note that the idea of viewing a map to Sym# (X) as a pair
(a g—fold covering S — D, amap S — X)

is already implicit in [21], although they use this idea mainly for calculations in special
cases.

Working in X x [0, 1] x R has several advantages. A main advantage is that, unlike
a g—fold symmetric product, one can actually visualize ¥ x [0, 1] x R. A second
advantage is that a number of the technical details become somewhat simpler. The
main disadvantage is that we must now consider higher genus holomorphic curves, not
just disks. Another difficulty is that our setup requires compactness for holomorphic
curves in manifolds with cylindrical ends, proved by Bourgeois et al in [2]. T also
borrow from the language of symplectic field theory. Fortunately, much of the subtle
machinery of symplectic field theory, like virtual cycles or the operator formalism, is
unnecessary for this paper.
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The paper is organized as follows. The first two sections are devoted to basic definitions
and notation, and certain algebro—topological considerations. The third section proves
transversality results necessary for the rest of the paper. These results should be
standard, but I am unaware of a reference that applies to our setting.

The fourth section discusses the index of the 5—0perator in our context. We prove
this index is the same as the Maslov index in the traditional setting, and obtain a
combinatorial formula for it. The fifth section discusses so—called admissibility criteria
necessary for the case b;(Y’) > 0. The definitions and results are completely analogous
with [21]. The sixth section discusses coherent orientations of the moduli spaces. Again,
our treatment is close to [21].

The seventh section rules out undesirable codimension—one degenerations of our
holomorphic curves. After doing so, we are finally ready to define the Heegaard
Floer chain complexes in Section 8, and turn to the invariance proof. The ninth
section proves isotopy independence. Before proving handleslide independence, we
introduce triangle maps in Section 10. (As in [21], to a Heegaard triple—diagram
(Z,op,+- g, B1,+ . Bg, V1. -+, Vg) is associated maps

HF(.d.6)® HF(,B.7) - HF(X.d.7).

for various decorations of HF'.) Using these triangle maps and a model computation,
we prove handleslide invariance in Section 11.

Finally, in section twelve we prove stabilization invariance, completing the invariance
proof. After this, we devote a section to proving equivalence with traditional Heegaard
Floer homology and a section to elaborations and speculation.

There are also two appendices. The first is devoted to the gluing results used throughout
the paper. The second cross references our results with those in [21].

For technical results about holomorphic curves, this paper sometimes cites recent
sources when older ones would suffice. This generally reflects either that the newer
results are more broadly applicable or that I found the newer exposition significantly
clearer.

I thank Ya Eliashberg, who is responsible for communicating to me most of the ideas in
this paper. I also thank Z Szabé for a helpful conversation about the index; P Ozsvath
for a helpful conversation about annoying curves (see Section 8 below) and pointing
out a serious omission in Section 13; P Melvin for a stimulating conversation about
the index; M Hutchings for a discussion clarifying the relation between the H;(Y)—
action and twisted coefficients; M Hedden and C Wendl for pointing out errors, both
typographical and otherwise, in a previous version; and W Hsiang, C Manolescu, L
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Ng and B Parker for comments that have improved the exposition. Finally, I thank the
referees for finding several errors and making many helpful suggestions.

This work was partially supported by the NSF Graduate Research Fellowship Program,
and partly by the NSF Focused Research Group grant DMS-0244663.

1 Basic definitions and notation

By a pointed Heegaard diagram we mean a Heegaard diagram (as discussed in the intro-
duction) together with a chosen point 3 of the Heegaard surface in the complement of the
o—and fB—circles. Fix a pointed Heegaard diagram H = (Zg, @ = {ay, - -~ ,ag},,é =
{B1.:+- . Be}.3). Leta=a;U---Uag C X and g =B U---UBg C 2. Consider the
manifold W = X x[0, 1]xR. We let (p, s, t) denote a pointin W (so pe X, s €[0, 1]
and t € R). Let np: W — [0, 1] xR, ng: W — R and ng: W — X, denote the
obvious projections. Consider the cylinders C = o x {1} xR and Cg = B x {0} x R.
We will obtain Heegaard Floer homology by constructing a boundary map counting
holomorphic curves with boundary on Cy U Cg and appropriate asymptotics at £00.

We shall always assume g > 1, as the g = 1 case is slightly different technically. Since
we can stabilize any Heegaard diagram, this does not restrict the class of manifolds
under consideration.

Fix a point 3; in each component D; of Xg \ (¢ U B). Let dA be an area form on
¥, and jx a complex structure on X tamed by dA. Let w = ds Adt +dA, a split
symplectic form on W . Let J be an almost complex structure on W such that

J1) J istamed by w.

(J2) In a cylindrical neighborhood Uy, of {3:} x [0, ] xR, J = jx X jp is split.
(Here, U,y is small enough that its closure does not intersect (U B) x[0, 1]xR).

(J3) J is translation invariant in the R—factor.
J4) J(9/0t)=09/0s
(J5) J preserves T (X x{(s,2)}) CTW forall (s,¢) €[0,1] xR.

The first requirement is in order to obtain compactness of the moduli spaces. The
second is for “positivity of domains” (see twelve paragraphs below). The third and
fourth make W cylindrical as defined in [2, Section 2.1]. The fifth ensures that our
complex structure is symmetric and adjusted to w in the sense of [2, Section 2.1 and
Section 2.2]. (Note that W is Levi—flat as defined there. The vector field R introduced
there is d/ds. The form A is just ds.)
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Note that we can view J as a path Jg of complex structures on X. Also notice that
Co and Cg are Lagrangian with respect to @ .

At one point later — the proof of 8.2 — we need to consider almost complex structures
which, instead of satisfying (J5), satisfy the slightly less restrictive condition

(J5") there is a 2—plane distribution & on X x [0, 1] such that the restriction of @ to &
is non—degenerate, J preserves &, and the restriction of J to £ is compatible
with w. We further assume that £ is tangent to X near (a U B) %[0, 1] and near
> x (9[0, 1]).

This still guarantees that J is symmetric and adjusted to w.

By an intersection point we mean a set of g distinct points X = {xq,...,Xg} inoaNp
such that exactly one x; lies on each «; and exactly one x; lies on each B . (This
corresponds to an intersection point of the o— and B —tori in [21].)

Observe that the characteristic foliation on ¥ x [0, 1] induced by w has leaves {p} X
[0, 1] x {z}. So,an intersection point X specifies a g—tuple of distinct “Reeb chords”
(with respect to the characteristic foliation on X x[0, 1] induced by @) in X x[0, 1] with
boundaries on a x {1} U B x {0}. (The collection of Reeb chords is just {x;} x [0, 1].)
We will call a g—tuple of Reeb chords at +=00 specified by an intersection point an
I-chord collection. (I stands for “intersection.”) We will abuse notation and also use ¥
to denote the I-chord collection specified by X.

Let M denote the moduli space of Riemann surfaces S with boundary, g “negative”
punctures p = {py,---, pg} and g “positive” punctures ¢ = {q1,- ,qg}, all on the
boundary of S, and such that S is compact away from the punctures.

For J satisfying (J1)—(J5), we will consider J-holomorphic maps u: S — W such
that

(MO0) The source S is smooth.

M1) u(3(S)) C Cy UCg.

(M2) There are no components of .S on which 7p o u is constant.

(M3) Foreach i, u=!(a; x {1} x R) and u~1(B; x {0} x R) each consist of exactly
one component of S \ {p1, -+, Pg.q1,"** . qg}-

(M4) limy,— p, mrou(w) = —oo and limy 4, TR o u(w) = co.

(MS) The energy of u, as defined in [2, Section 5.3], is finite. (For the moduli spaces
defined later in the paper we shall always assume this technical condition is
satisfied, but shall not usually state it.)
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Figure 1: A curve in W we might consider. Note that our curves can also be disconnected.

(M6) u is an embedding.

Note that condition (M3) implies that S \ {p1., -, Pg.q1."** .qg} consist of exactly
2g components, none of them compact. Also note that we allow holomorphic curves
to be disconnected.

It follows from [2, Proposition 5.8] that near each negative puncture (respectively
positive puncture), a holomorphic curve satisfying (M0)—(M6) converges exponentially
(in t) to an I—chord collection X (respectively y) at —oo (respectively co). We say
the holomorphic curve connects X to y. It follows from this asymptotic convergence
to Reeb chords that 7y ou is a g—fold branched covering map.

Consider the space W = X x [0, 1] x [—1, 1] as a compactification of W . Let C, C_ﬂ
denote the closures of the images of Cy and Cg in W. Let S denote the surface
obtained by blowing up S at the punctures. Then, the asymptotic convergence to
Reeb orbits mentioned earlier implies that # can be extended to a continuous map
u: S — W . (Compare, for example, [2, Proposition 6.2].)

Let (X, ¥) denote the set of homology classes of continuous maps (S, dS) —
(W, Cq U Cg) which converge to X (respectively ) near the negative (respectively

Geometry € Topology, Volume 10 (2006)



962 Robert Lipshitz

positive) punctures of §'. That is, two such maps are equivalent if they induce the
same element in Hy (W, Co UCgU ({x;} x [0, 1] x {=1}) U ({yi} x [0, 1] x {1})). (The
notation is chosen to be consistent with [21], where the notation 7, makes sense.)

Each holomorphic curve connecting X to y represents an element of m,(x, y). For
A € my(x, y), we denote by M the space of holomorphic curves connecting ¥ and
¥ in the homology class 4. (We always mod out by automorphism of the source S'.)
Since we are considering cylindrical complex structures, R acts on M“ by translation.
LetA/T/i\ 4_ MA/R. We denote by M 4 the compactification, as in [2, Section 7], of
Given a homology class 4 € m,(X, y), let n;(A) denote the intersection number of
A with {3} x[0,1] x R. Define n;,(A4) similarly. If u is a curve in the homology
class A we will sometimes write 7n;(u) or ny, (u) for ny(A) or nj; (A). We say that a
homology class A is positive if n;;(A) > 0 for all ;. Notice that if A has a holomorphic
representative (with respect to any complex structure satisfying (J2)) then A is positive;
this is the positivity of domains mentioned twelve paragraphs above. We shall let
72(X,y) = {A € m(X, y)|n;(A) = 0}. Elements of 7,(xX,X) are called periodic
classes.

Remark In fact, even without (J2), positivity of domains would still hold by Micallef
and White [15, Theorem 7.1]. (See also Lemma 3.1.) On the other hand, by requiring
(J2), which is easy to obtain, we can avoid invoking here this hard analytic result.

Given a homology class A, we define the domain of A to be the formal linear com-
bination ) n;,(A)D;. If u represents A then we define the domain of u to be the
domain of A. The domains of periodic classes are called periodic domains.

As in [21], concatenation makes 75 (X, ¥) into a 75 (X, X)—torseur. We shall sometimes
write concatenation with a 4+ and sometimes with a *, depending on whether we are
thinking of domains or maps.

2 Homotopy preliminaries

These issues are substantially simplified from [21] because we need only deal with
homology, not homotopy. This is reasonable: by analogy to the Dold~Thom theorem,
the low—dimensional homotopy theory of Sym®(X) should agree with the homology
theory of X.

Given an intersection point X, observe that projection from W gives rise to an isomor-
phism from 7, (¥, X) to Hy(Zg x[0, 1], x {1} U B x {0}). Given intersection points
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X, y,either w5 (X, y) is empty or 72(X, y) = Hp(Z4 x [0, 1], x {1} U B x {0}). The
isomorphism is not canonical; it is given by fixing an element of 7, (X, ¥) and then

subtracting the homology class it represents from all other elements of 7, (X, ). We
calculate Hp(Xg x [0, 1], 0 x {1} U B x {0}):

Lemma 2.1 (Compare [21, Proposition 2.15]) There is a natural short exact sequence
0—>27Z— Hy(Zx[0,1],a x{1}UB x{0}) > Hy(Y) — 0.

The choice of basepoint 3 gives a splitting ny: Hp (X x [0, 1], x {1} UB x{0}) — Z
of this sequence.

Proof The long exact sequence for the pair (X x [0, 1], x {1} U B x {0}) gives
0— Hy(Ex[0,1]) > Hy(Z x[0, 1], x {1} UB x{0}) => Hi(a x {1} U B x {0}).

The image of the last map is isomorphic to Hi(«) N H;(B), viewed as a submodule
of Hi(X).

Let Y = U; Uy U, be the Heegaard splitting. The Mayer—Vietoris sequence gives
Hy(Uy) & Hy(Uz) > Hy(Y) — Hi(X) — Hi(Uy) & Hy (Us).

Here, the kernel of the last map is Hj () N H{(B). The groups H,(Uy) and H,(U,)
are both trivial, so H,(Y) = H;(«) N H{(B). Combining this with the first sequence
and using the fact that H,(X x [0, 1]) = Z gives the first part of the claim. With n;
defined as in Section 1 the second part of the claim is obvious. a

If we identify ¥ x [0, 1] with f~![3/2 —¢,3/2 + €] for some self-indexing Morse
function f on Y then the map H(X %[0, 1], x {1} U B x{0}) - H,(Y) is simply
given by “capping off” a cycle with the ascending / descending disks from the index 1
and 2 critical points of f. Also, notice that a homology class A4 € (X, ) specifies
and is specified by its domain. (The domain need not, however, specify uniquely the
intersection points X and y which it connects.)

Following [21, Section 2.6], we observe that a choice of basepoint 3 and intersection
point X specify a Spin®—structure s on Y as follows. Choose a metric (-,-) and a
self-indexing Morse function f which specify the Heegaard diagram H. Then X
specifies a g—tuple of flows of V f from the index 1 critical points of f to the index
2 critical points of f. The point z lies on a flow from the index 0 critical point
of f to the index 3 critical point of f. Choose small ball neighborhoods of (the
closure of) each of these flow lines. Call the union of these neighborhoods B. Then,
in the complement of B, V f is nonvanishing. One can extend V f to a nonvanishing
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vector field v on all of Y. The vector field v reduces the structure group of 7Y from
SO(3) to SO(2) ® SO(1) = U(1)® 1 C U(2) = Spin®(3), and thus determines a
Spinc—structure on Y. We have, thus, defined a map s; from the set of intersection
points in H to the set of Spin®—structures on Y .

It is clear that the Spin®—structure s;(X) is independent of the metric and particular
Morse function used to define it.

Given a Spin®—structure s on Y, we shall often suppress 3 and write X € s to mean
5;(X) =s.

Note that by the previous construction, any nonvanishing vector field on a 3-manifold Y
gives rise to a Spin®—structure. It is not hard to show that two nonvanishing vector fields
give rise to the same SpinC —structure if and only if they are homologous, ie, homotopic
through nonvanishing vector fields in the complement of some 3—ball; see [27]. We
will use the analogous construction in the case of 4—manifolds in Subsubsection 10.1.2.

Our reason for introducing Spin®—structures will become clear in a moment. First,
one more definition. Fix a pair of intersection points X and ¥, as well as a Morse
function f and Riemannian metric (-,-) which realize the Heegaard diagram. This
data specifies a homology class €(X, ¥) as follows. Regard each of X and y as (the
closure of) a g—tuple of gradient flow trajectories in Y from the g index 1 critical
points to the g index 2 critical points. Then, X — ¥ is a 1—cycle in Y. We define
€(X, ¥) to be the homology class in H;(Y) of the 1—cycle X — y.

The element €(X, ) can be calculated entirely in H by the following equivalent
definition. Let yy (respectively yg) be a 1-cycle in a (respectively B) such that
dye = dyg =X —y. Then y, —yg is a I—cycle in X. Define (X, y) to be the image
of Yo — ypg under the map

H, (%)

&)= g+ =M

The equivalence of the two definitions is easy: in the notation used just above, X +
Ya — ¥p is homologous, rel endpoints, to 3. It is obvious that the second definition is
independent of the choices of y, and yg.

The following lemma justifies our introduction of € and of Spin®—structures:

Lemma 2.2 (Compare [21, Proposition 2.15, Lemma 2.19]) Given a pointed Hee-
gaard diagram 'H and intersection points X and y, the following are equivalent:

(1) m (X, y) is nonempty
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(2) e(x,¥)=0
3) 53()_6) = 53(5;)-

Proof

()= (2) Let A € m5(X, ). View A as a domain in X, ie, a chain in . Then we
can use d4 to define €(X, y), which is thus zero in homology.

(2) = (1) Suppose that €(X, y) = 0. Then, using the same notation as just before
the lemma, for an appropriate choice of yy and yg, Yy — ¥ is null-homologous in
H;(%). We can assume that y, and yg are cellular 1—chains in the cellulation of %
induced by the Heegaard diagram. Then, there is a cellular 2—chain 4 with boundary
Ya —vp, and A is the domain of an element of 7, (X, ).

(2) & (3) Let vz and vj denote the vector fields used to define 5;(X) and s;(y),
respectively. Let vy = Avy where 4: Y — SO(3). Let Fr (v%) and Fr (v;:) denote

the principal SO(2) = U(1)-bundles of frames of v)%- and v;:. Then the principal
Spin® bundles induced by vy and vy are 57(X): Fr(v%-) xyayU(Q2) — Fr(TY) and
s,(¥): Fr(vy%) xymy UQ2) — Fr(TY).

Note that s;(X) and s;() are equivalent if and only if A is homotopic to a map
Y — SO(2). So, the two Spin®—structures are equivalent if and only if the composition
h: Y — SO(3) — SO(3)/SO(2) = S? is null homotopic.

Now, homotopy classes of maps from a 3—manifold ¥ to S? correspond to elements
of H?(Y). The Poincaré dual to such a map is the homology class of the preimage of
a regular value in S2.

For a generic choice of the two Morse functions and metrics used to define them, the
flows through X and y glue together to a disjoint collection of circles y. Let 3’ be a
smoothing of y. The map / is homotopic to a Thom collapse map of a neighborhood
of y’. It follows that the preimage of a regular value is homologous to y .

So, §;(X) = s;() if and only if y is null-homologous. But y is a cycle defining
€(X, ), so the result follows. O
Note that the previous proof in fact shows that the map s; from intersection points to

Spin®—structures is a map of H2(Y) = H; (Y )—torseurs.

The following result (part of [21, Lemma 2.19]) is nice to know, but will not be used
explicitly in this paper. The reader can imitate the proof of the previous proposition to
prove it, or see [21].
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Lemma 2.3 Let X be an intersection point of a Heegaard diagram H, and 31, 35 two
different basepoints for H. Suppose that 3; can be joined to 3, by a path 3; disjoint
from the B circles and such that #(3; N ;) = 6; j (Kronecker delta). Let y be a loop
in X such that y -a; = §;j. Then, s,,(X) —s;,(X) = PD(y), the Poincaré dual to y .

3 Transversality

We need to check that we can achieve transversality for the generalized Cauchy—
Riemann equations within the class of almost complex structures satisfying (J1)—(J5).
The argument is relatively standard, and is almost the same as the one found in [14,
Chapter 3]. This section is somewhat technical, and the reader might want to skip most
of it on a first reading.

Before proving our transversality result we need a few lemmas about the geometry of
holomorphic curves in W.

Lemma 3.1 Let 7: E — B be a smooth fiber bundle, with dim(E) =4, dim(B) =2.
Let J be an almost complex structure on E with respect to which the fibers are
holomorphic. Let u: S — E be a J—holomorphic map, S connected, with 7 o u
not constant. Let p € S be a critical point of w ou, ¢ = w ou(p). Then there are
neighborhoods U > p and V 3 ¢, and C? coordinate charts z: U — C, w: V — C
such that w o (;r o u)(z) = z¥, for some k > 0.

Proof This follows immediately from [15, Theorem 7.1] applied to the intersection of
u with the fiber of 7 over gq. O

Corollary 3.2 Let n: E — B be a smooth fiber bundle, with dim(E) =4, dim(B) =
2. Let J be an almost complex structure on E with respect to which the fibers are
holomorphic. Let u: S — E be a J —holomorphic map, S connected, with 7 o u not
constant. Then the Riemann—Hurwitz formula applies to w ou. That is, if S is closed
then
X(S) = x(mou($) =Y (exoul(p)—1)
PES

where e o, (p) is the ramification index of p. If S has boundary and punctures then
the same formula holds with Euler measure in place of Euler characteristic.

(The Euler measure of a surface S with boundary and punctures is 1/27 times the

integral over S of the curvature of a metric on S for which 9§ is geodesic and the
punctures of S are right angles. See Section 4 for further discussion of Euler measure.)
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Lemma 3.3 Let r: ¥ x[0, 1]xR — X x|[0, 1] denote projection. Let u be a holomor-
phic curve in X x [0, 1] x R (with respect to some almost complex structure satisfying
(J1)-(J5)). Let S’ be a component of S on which u is not a trivial disk and 7 o u
is not constant. Then there is a nonempty, open subset U of S’ on which m ou is
injective and w ou(U) N ou(S \ U) = @. Further, we can require that u(U) be
disjoint from U_Z,l and that wy, o du and np o du be nonsingular on U .

(By a trivial disk we mean a component of S mapped diffeomorphically by u to
{x} x[0,1] xR for some x € ¥.)

Proof Let x be such that u|g/ is asymptotic to the Reeb chord {x} x [0, 1] at infinity.
Let S denote the surface obtained by blowing—up S at its punctures. As discussed
earlier, we can extend u to a continuous map S — W = X x [0,1] x [-1,1]. Let
7: W — X x[0, 1] denote projection. Let E denote the set of points (x,s) € X x[0, 1]
such that either (77 o)~ (x, s) has cardinality larger than 1 or contains the image of a
critical point of 7wy ou or wpou. Then E is closed.

By the preceding corollary, there are only finitely many critical points of wx ou or
np o u. Further, “positivity of intersections” (eg, [15, Theorem 7.1]), applied to u# and
{x}x[0, 1] xR, implies that there are only finitely many points in 7 oz~ ({x} %[0, 1]).
So, there are only finitely many points in £ N {x} x [0, 1].

However, {x} x[0, 1] is contained in the image of @ ou. Choose s € [0, 1] such that
(x,s) € {x} x[0,1]\ E. Let V be an open neighborhood of (x, s) disjoint from E.
Then (7 ou)~ ' (V) has the desired properties. a

To prove transversality we need to specify precisely the spaces under consideration.
Fix p>2,k>0(keZ)and d > 0.

Definition 3.4 For a Riemannian manifold (M, dM ), a function f : M — R lies in
L,f (M) if f has k weak derivatives in L?. The L,f —norm of f is

1/ = 1 e+ 01 e 4=+ 1S @,

A function f: M — R” lies in LII; if each coordinate of f* does, and its Llf —norm is
the sum of the L,f —norms of its coordinate functions.

Fix a map u: (S,0S) — (W, Cy U Cg). Fix a Riemannian metric on S'; the particular
choice is unimportant. Let {p; } denote the negative punctures of S and { p;r } the
positive punctures. Suppose u is asymptotic to xl.jE x [0, 1] at pl.i. Identify a neigh-
borhood U;~ of each p;~ with [0, 1] x (=00, 0]] and a neighborhood Ul.Jr of each pi+
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with [0, 1] x [0, 00). Let (aii, rl.i) denote the coordinates near pl.jE induced by this
identification. Fix also a smooth embedding of ¥ in RN~2 for some N . This induces
an embedding of W = £ x [0, 1] x R in RY in an obvious way. For the following
definition we identify W with its image in RV .

Definition 3.5 We say that  lies in Wkp < ((S ,0S); (W, C,uC ﬂ)) if for some choice
of constants {tgtl.} € R,
¢ the restriction of u to S\ (Ul U---uguvViu---u Vg) lies in L]f (as a
function to RV) and
e on each Uii the functions e? 17" (s o u(aii, tii) - al-i),
edIT | (t ou(or, tt) —vF - l(fl.) and e41%| (u(oE, tF) —xF)

from [0, 00) X R or (—o0, 0] to R liein L} .

For d small enough, all finite energy holomorphic curves (in the sense of [2, Section
5.3]) in (W, Cq U Cp) lie in Wkp’d; see for instance [1, Chapter 3], particularly

Propositions 3.5 and 3.6. Conversely, all maps in Wkp 4 have finite energy.

Choose a homology class 4 of maps to W and a surface S. Let X,f 4 denote the
collection of maps u € Wak’p ((S.9S); (W,Cy UCp)) inclass A.

Definition 3.6 Let E be a Riemannian vector bundle over S. Let f be a section of
E . Then the L/f’d—norm of fis

g
_ izt dit| £
||f||LZ,d—||f|S\(U1_U_,.UU;)||L;;+Z(||e g N+ 1™ f Lol )

i=1

Let Li d (E) denote the Banach space of all sections of £ with finite Llf 4 _porm.

Note that the tangent space at u to X,f 4 s R2€ @ L,f d (u*T W, d) where
L,I; 4 (u*T W, 0) is the subspace of L,I; 4 (u*T W) of sections which lie in u* 7T (Cy U
Cg) over S The R2& factor corresponds to varying the 2g constants tg:l. in Definition

3.5. Choosing 2g smooth vector fields vl.i given by % on a neighborhood of pl.jE
and zero near the other punctures pji, we can include the R?¢ into I' (u*T W) as

Span ({v}).

Let ¢ denote the space of C ¢ almost complex structures on W which satisfy (J1)-
(J5). Let J4(S) denote the space of C ¢ almost complex structures on S. Let

ME={(u, j, J5) € XP x TH(S) x T3 5,u = 0}.
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Let End(7'S, j) denote the bundle whose fiber at p € S is the space of linear Y: 7), S —
TS suchthat Yj + jY = 0. Then the tangent space at j to J £(S) is the space of
C* sections of End(7'S, j). Similarly, let End(7 W, J;) denote the space of C* paths
Y5 of linear maps TX — T'X such that Y Js + JYs = 0.

By convention, if we omit the superscripts k, £, and p then we are referring to smooth
objects.

By an annoying curve we mean a curve u: S — W such that there is a nonempty open

subset of S on which 7p o u is constant.

Proposition 3.7 For £ > 1 the space M¢ is a smooth Banach manifold away from
annoying curves.

Proof (This proof is a slight modification of [14, Proposition 3.4.1, page 34]. The
reader is referred there for a less terse exposition.)

Let Elf_l be the bundle over X]f’d x Jt (S) x J*t whose fiber over a point (u, j, Jg)
is LI (A T*S ®; 5, u*TW).

We view 9 as a section of 515—1 , and want to show that it is transverse to the zero
section. At the zero section, the tangent space to £ splits as

T(X,f’d x JHS)x TH @ L,’c”_dl(AO’lT*S ®j.7, u*TW).
Let
Do(u, j, Jy): RPE x LI W*T W, 8) x CLERA(TS, j)) x CEEnd(T W, Jy))
- L;ffl(Ao’lT*S ®j,J, u*TwW)

denote projection of the differential of 9 onto the vertical component of the tangent
space to £ at a zero (u, j, Jg) of 0. We must show that D4 is surjective.

The restriction of D9 to any trivial disk is surjective by [10, Theorem 2]. So, for
the rest of the proof we consider only the components of S which are not trivial
disks. For these components we will, in fact, show that the restriction of D9 to
0 x L,f’d W*TW,9) x CHERA(TS, j)) x CEEnd(T W, Jy)) is surjective, and will
focus on this restriction from now on.

The differential D9 is given by
— 1 1
Do(u, j,J5)(E, Y, Ys) =D&+ EYS(M) oduoj+ EJS oduoY

where D, & denotes the differential holding j and Jy fixed.
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The operator Dd(u, j, Js) has closed range since D, is Fredholm, and we only need
to show that its range is dense. First, take kK = 1. If the range is not dense then there
exists n € LY4(AS'T*S ®; . u*TW) (where 1/p + 1/q = 1) which annihilates
the range of Dd. So, for any choice of (£, Y, Y;), we have

(1) / (. Duk) = 0
S
) /(U,Ysodqu)ZO
S
3) /(n,Jsodqu)=O
S

The first equation says that 7 is a weak solution of D;n = 0. So, by elliptic regularity,

neLy ¢ +1 for any r > 0. Further, it suffices to show that 1 vanishes on some open set
to show that n vanishes identically.

Let U be as in the previous lemma and zy € U . Choose coordinates (x, y) on S near

. S . 0 —1 .
zo with respect to which j is represented by the matrix ( L 0 ) . Choose coordinates

(x1, y1, X2, y2) near u(zo) preserving the splitting TW =T @ T'D and with respect
to which the complex structure Jg on W has the form

0-10 0
1 000
0 0 0-—1
0010
a b
b —a (o B (v ¢
The map 7n has the form ¢ d 'IfY_(,B _a)andYs—(S_y).Let
d —c

Uy =xy0u, uy = xpou. Then, we have

aul duy g duy _ , 9uy
3 +ﬂ8 ﬂaay O‘gx
o

JSOdMOY == au a
2 8 u2 83142 3”‘)
3 88 88 3
u u u u
8x2 2 2 2

Geometry € Topology, Volume 10 (2006)



A cylindrical reformulation of Heegaard Floer homology 971

and
duy _ gduy ), 0uy _ gduy

& R

Ui [Z5] Ui 1251

0%y Trax 0 TV
0 0

0 0

By choosing y and § appropriately we can force @ = b = 0 near zy. (This uses
the injectivity established in the lemma and the nonvanishing of 7y o du(zg).) Then,
choosing « and B appropriately we can force ¢ = d = 0 near zy. (This uses the
nonvanishing of 7p o du(zy).) This establishes the surjectivity of D9 and hence the
k =1 case.

Ysoduoj =

For general k, suppose 1 € L,ffll (A¥1T*S ®; j, u*TW). From the k = 1 case,
choose a triple & € Lf(u*TW), Y € CHERA(TS, j)), and Yy € CEEd(T W, Jy))
such that D(u, j, J)(€, Y, Ys) = . Then, elliptic regularity implies & € L,f’d, so D
is surjective. Since D9 is Fredholm, it follows from the infinite-dimensional implicit
function theorem that M* is a Banach manifold. a

Proposition 3.8 For a dense set J;eg of C paths of smooth complex structures on
¥, the moduli space of holomorphic curves satistying (M1), (M2), (M4) and (M5),
and without multiply covered components, is a smooth manifold.

Proof Observing that (M2) implies the absence of annoying curve components, this
follows easily from the previous result. The set J,.g is exactly the set of regular
values for the projection of M onto 7. For J ¢ it is immediate from Smale’s infinite—
dimensional version of Sard’s theorem that J, ,eeg is dense. For the C°° statement a
short approximation argument is required. We refer the reader to [14, page 36]; our

case is just the same as theirs. a

Remark Note that (M6) implies that ©# has no multiply covered components.
We will often say a complex structure J achieves transversality to mean J € Jyeg.

There is a second way that we can sometimes achieve transversality, which is more con-
venient for computations: by keeping the complex structure on W split and perturbing
the o and B circles. Specifically we have:

Proposition 3.9 Suppose that a homology class A € m,(X, y) with ind(A4) = 1 is
such that any jy x jp—holomorphic curve u: S — W in the homology class A must
have my oulys somewhere injective. Then for a generic perturbation of the «— and
B —circles, for any u in the homology class A the linearization Da, computed with
respect to the complex structure jy, X jp on W, is surjective.
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The proof of this proposition is analogous to the argument in [16]. It is also a corollary
of [21, Proposition 3.9], so we omit the proof.

We shall refer to the condition in the preceding proposition as boundary injectivity.
One obvious time when boundary injectivity holds is the following:

Lemma 3.10 Suppose the homology class A € w5 (X, y) is represented by a domain
D =} ;n;D; such that for some i and j,n; =1,n; =0, and dD; N0D; # &. Then
A satisfies the boundary injectivity hypothesis.

For computing the homologies defined in Section 8, if the boundary injectivity criterion
is met by every domain with index 1 it will suffice to take a generic perturbation of the
boundary conditions and the split complex structure jx X jp rather than a generic path
Js of complex structures. (The only time this is relevant in this paper is Section 11,
but in practice it is necessary for most direct computations.)

4 Index

In this section we compute the index of the linearized d—operator D9 at a holomorphic
map u: (S, j) — (W, J). We start by reducing to a result discussed in [1] via a
doubling argument similar to the one found in [10]. We then reinterpret this index
several times, obtaining the Chern class formula for the index of periodic domains
(Corollary 4.12, which is [21, Theorem 4.9]), J Rasmussen’s formula ([25, Theorem
9.1], proved here in Proposition 4.8) and a combinatorial formula for the index near
an embedded curve (Corollary 4.3) and, consequently, the Maslov index in traditional
Heegaard Floer homology (Corollary 4.10).

4.1 First formulas for the index

We may assume that J is split, since deformations of J will not change the index.
Also, we assume that the @ and 8 curves meet in right angles.

Let ay,...,ag be the components of the boundary of S (in the complement of the
punctures) mapped to a—cylinders and by, ..., b the components mapped to B—
cylinders. We define the quadruple of .S, denoted 4 x .S, by gluing four copies of S,
denoted S;, S, S3, and Sy, as follows. Glue each @; in S; to a; in S, and each a;
in S3 to a; in S4. Similarly, glue each b; in Sy to b; in S3 and each b; in S, to b;
in S4. Define a complex structure on 4 x .S by taking the complex structure j on Sy
and S4 and its conjugate j on S, and S3. Notice that these complex structures glue
together correctly.
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The complex vector bundle (u*7 W, u™*J) extends to a vector bundle over 4x S, which
we denote (u*T W, J), in an obvious way, and D3d extends to an operator 4 D3 on
the sections of this vector bundle. We restrict 4 x D9 to the space of sections which
approach zero near each puncture, as we require fixed asymptotics.

By [1, Corollary 5.4, page 53], the index of 4 x D9 is
(€)) —x(4x S)+2c1(A).

Here, ¢1(A) is defined as follows. Choose a small disk near each point in o N
B. Trivialize (T X, J) over these disks. This gives a trivialization of u*T W in a
neighborhood of the punctures in 4 x .S which extends to a trivialization of u*T W
over the surface 4 x S obtained by filling in the punctures. Then, ¢ (A) is the pairing
of the first Chern class of u*T W with the fundamental class of 4 x S. Note that since
T ([0, 1] x R) is trivial, to compute ¢; we need only look at the ¥ factor. Also, it is
necessary to observe that F. Bourgeois’s calculations in [1, Section 5] are all done in the
pullback bundle, so the fact that our index problem does not correspond to a genuine
map is a nonissue.

We convert Formula (4) into one not involving the quadruple of S. First we compute
that x(4 x S) = 4x(S) — 4g. Indeed, after doubling along the a—arcs the Euler
characteristic is 2x(S) — g. Doubling again we obtain x(4x S) =22x(S)—g)—2g.
(The last summand of —2g comes from the 2g punctures in 4 x S'.)

Second, ¢;(A4) can be computed from Maslov—type indices as follows. Choose the
trivializations of T'W over the neighborhoods V of N B above so that for pca N,
T, =R CC and Tpa =iR C C. Trivialize (g ou)*TX over S so that this trivial-
ization agrees with the specified trivialization of 7'W over the neighborhoods V. Then,
each boundary arc a; or b; gives a loop of lines in C, and so has a well-defined Maslov
index p(a;) or w(b;). Itis not hard to see that ¢;(A4) =2 (Zle wlai)— M(b,-)). This
is independent of the choice of trivialization subject to the specified criteria.

Fix a map u: (S,9S) — (W, Cy U Cg). An argument almost exactly like the one in
[10] shows that

g g
6) (D)= yind(dx DB) = g~ x(S)+ 3 plai) ~ 3 ubi).

i=1 i=1
The factor of 1/4 comes from the “matching conditions” on the boundary of S'.

We again reinterpret the Maslov indices. Given a domain D, we define the Euler
measure of D as follows. Suppose first that D is a surface with boundary and corners.
Choose a metric on D such that dD is geodesic and such that the corners of D are
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Obtuse Corner Acute Corner

Figure 2: S is the shaded region.

right angles. Then the Euler measure e(D) is defined to be % times the integral over
D of the curvature of the metric. (This is normalized so that the Euler measure of a
sphere is 2, agreeing with its Euler characteristic.) From this definition it is clear that
the Euler measure is additive under disjoint unions and gluing of components along
boundaries, and so the definition extends naturally to domains (linear combinations of
regions in X).

It follows from the Gauss—Bonnet theorem that the Euler measure of a surface S
with k acute right—angled corners (see Figure 2) and ¢ obtuse right-angled corners is
x(S)—k/4+1£/4. As with the previous formulation of Euler measure, this formula is
additive, so the Euler measure of a domain D =) ; D; is e(D) =) _; e(D;).

From the Gauss—Bonnet theorem, we also know that if we endow D with a flat metric
such that all corners are right angles then the Euler measure e(D) is % times the
geodesic curvature of dD. It is then clear that for D the domain corresponding to u,

f:l w(ai)— u(bi) = 2e(D). So, we can recast the index formula as

(6) ind(D3d) = g — x(S) + 2e(D).

4.2 Determining S from A

Note that the formulas for the index derived so far depend not only on the homology
class but also on the topological type of the source. This is as it should be. However,
as we will show presently, for embedded holomorphic curves the Euler characteristic
of the source is determined by the homology class. (Actually, we prove this more
generally for any curves satisfying certain hypotheses described in Lemma 4.1 below,
not just holomorphic ones.) In fact, we can give an explicit formula for the Euler
characteristic, allowing us to give a combinatorial formula for the index. We will see
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Figure 3: A degenerate corner

663in/4 Eein/4
L L

cedin/4 celin/4
L L

Figure 4: ny(A) = % (”eeirr/4 (A) +n_zin/a(A) +n_,5in/4(A) + n€e7in/4(A))

in Subsection 4.3 that this formula calculates the Maslov index in the setup of [21] as
well. Before proving this claim we introduce some more terminology and notation.

Given an intersection point X we call each x; € X a corner of X. Following Rasmussen,
we define a corner x; of X to be degenerate for a homology class A € m,(X, y) if
x; = y; for some y; € y. This definition will be convenient presently.

Let p € a; N ;. For a homology class 4 € m,(X, ), define n,(A4) to be the average
of the coefficients of A of the four cells with corners at p. More precisely, choose
coordinates identifying a neighborhood of p in X with the unit disk in C, «; with the
real axis, and B; with the imaginary axis. Then n,(4) = %(neei”/4 (A)+n,p3insa(A)+
Negsin/a(A) + Negrinsa(A)) for some € < 1. See Figure 4. Define nz(A4) to be
> xjex x; (A), and ng(A4) = 3, c5ny, (4). (See [20, page 1202].)
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We need a lemma about representability of homology classes with positive coefficients:

Lemma 4.1 Suppose A € m5(X, ) is a positive homology class. Then there is a
Riemann surface with boundary and corners S and smooth map u: S — W (where S
denotes the complement in S of the corners of S ) in the homology class A such that:

(1) u='(CyUCp)=20S.

(2) Foreachi, u='(a; x {1} xR) and u~'(B; x {0} x R) each consists of one arc
in 4S'.

(3) The map u is J —holomorphic in a neighborhood of (ms ou)~1 (e U B) for some
J satistying (J1)-(J5) (in fact, for jy, X jp).

(4) For each component of S, either
e The component is a disk with two boundary punctures and the map is a
diffeomorphism to {x;} x [0, 1] x R for some x; € « N B (such a component
is a degenerate disk) or
e The map my, ou extends to a branched covering map 7y, o u, none of whose
branch points map to points in e N B

(5) All the corners of S are acute (see Figure 2).
(6) The map u is an embedding.

(Note that it follows from the conditions in the lemma that the map to X is orientation—
preserving. Also, observe that a generic holomorphic representative of the homology
class satisfies all of the properties of the lemma.)

Proof (For a similar construction of a u with slightly different properties, see Ras-
mussen, [25, Lemma 9.3]. His construction is slightly more subtle than we need.
Another inspiring construction can be found in [21, Lemma 2.17].)

Let Dy,---, Dy denote the closures of the components of X\ (e U ), enumerated so
that 3; € D;. Form a surface S by gluing together n; (A) copiesof D; (i =1,---,N)
pairwise along common boundaries maximally. There is then an obvious orientation—
preserving map px o: So — = which covers 3; n; (A) times.

It is possible to perform the specified gluing so that the only corners of S correspond
one—to—one with non—degenerate corners of the domain. This is not automatic; see
Figure 5. One way to achieve this is to first glue maximally along o—arcs. Then glue
along the f—arcs as much as possible without introducing any obtuse corners. After
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Ay .
Ay .
Ay Nk

One possible S

x

Another possible S

Figure 5: Two possible gluings S for a specified domain. The latter leads
to extra corners of Sy.

doing so, any remaining corners must correspond to non—degenerate corners of the
domain.

The surface S lacks corners at degenerate corners of the domain. Let D% denote a
disk with two punctures on the boundary. Let S; denote the disjoint union of S¢ with
a copy of D% for each degenerate corner of the domain. Extend pyx o to a map px ;
from I]]J% by mapping one copy of ID% to each degenerate corner of the domain.

Now, Sy inherits a complex structure from X. Extend this complex structure arbitrarily
over the new disks in S| to obtain a complex structure on Sp. It is easy to choose
amap pp,1: S1 — [0, 1] x R such that the map (px ;1 X pp,1): S1 — W satisfies all
of the properties specified in the statement of the lemma except perhaps numbers (2)
and (6). Perturbing pp ; we may assume that (px 1 X pp,1) is an embedding except
for a collection of transverse double points.

For each o; (respectively B;), there will be exactly one arc in 03; mapped by px ;
to «; (respectively B;), and possibly some circles in dX; mapped by px ; to o;
(respectively B;). The map pp,; must be constant near each closed component of
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051, and the image of the arc under (px 1 X pp,1) must intersect the image of each
closed component of 9.S; mapped to «; (respectively B;) exactly once.

Modifying S and px 1 X pp,1 near the double points of px ; X pp 1 we can obtain a
new map u: S — W satisfying all of the stated properties: in the process of deforming
away the double points, we necessarily achieve property (2) as well. a

Proposition 4.2 Let u: S — W be a map satisfying the conditions enumerated in the
previous lemma, representing a homology class A. Then the Euler characteristic x(S)
is given by

(N x(8) = g —nz(4) —n3z(A4) +e(A).

Proof Applying the Riemann—Hurwitz formula to 7y o u, we only need to calculate
the degree of branching of nx ou.

To calculate the number of branch points of mx o u we reinterpret this number as
a self—intersection number. We will assume all branch points of 7y o u have order
2; we can clearly arrange this. Observe that since S has no obtuse corners, by the
Riemann—Hurwitz formula,

x(S) =e(S) + g/2 = e(A) — (number of branch points)
+ %(number of trivial disks) + g/2.
(Branch points on dS should each be counted as half of a branch point.)

Assume for the time being that # contains no trivial disks, and in fact has no degenerate
corners.

Notice that the number of branch points of 7y ou is equal to the number of times the
vector field % is tangent to u. (Tangencies on 0.5 should each be counted as half of a
tangency.) Let u” denote the curve obtained from u by translating a distance R in the
R—direction. Then, for small R, the number of branch points of 7y ou is equal to the
intersection number of # and u’. (Intersections on .S should each be counted as half
of an intersection.)

This intersection number is invariant under isotopies of #’ such that all intersection
points of u and u’ remain in a compact subset of of W . (The only thing to check is
that when an intersection point in the interior of W hits the boundary it gives rise to a
pair of intersection points on the boundary. It is not hard to check this using a doubling
argument in a neighborhood of the boundary.) We will calculate the intersection number
by translating u’ far in the R—direction of W.
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Translate u’ by some R >> 0 in the R—factor of W . All intersection points between u
and u’ stay in a compact subset of W, so the intersection number #u Nu’ is unchanged.

We can modify u’ so that near each negative puncture (corresponding to some x;) u’
agrees with the trivial disk x; x [0, 1] x R. Further, we can do this modification so that
all intersection points between u and u’ stay within some compact subset of W . (This
follows from the simple asymptotic behavior of u’ near —o0.)

Similarly, we can modify u so that near the positive punctures of S, u agrees with the
trivial disks {y;} %[0, 1] x R ensuring in the process that all intersection points between
u and u’ stay within some compact subset of W'.

Finally, for R large enough, we can assume that after the two modifications every
intersection point between u and u’ corresponds to an intersection point between u
and {x;} x [0, 1] x R or between {y;} x [0, 1] x R and u’.

Now, for each corner ¢ ¢ of each component Ey of S\ (nx o 1)~ (@ UB), one of
the following four phenomena occurs:

(1) The corner ¢k ¢ is mapped by mx o u somewhere other than x;. That is,
limp—¢, , T ou(p) # Xi.

(2) The corner ¢ ¢ is mapped by 7wy ou to x;, but at —oo. That is, limp—, , Ty 0
u(p) = x; but limy, , Tr o u(p) = —0c0.

(3) The corner ¢ ¢ is mapped by 7x ou to x;, and is mapped by u to the boundary
of W. Thatis, wx ou(ck ¢) = x; and mpou(ck ) € 9[0, 1] x R.

(4) The corner ¢ ¢ is mapped by 7y ou to x;, and is mapped by u to the interior
of W. Thatis, mx ou(ck¢) = x; and mpou(ck ) € (0,1) xR.
(Compare Figure 6.)

In the first two cases, Ej does not contribute to #(u N x; x [0, 1] X R). In the last two,
Ej contributes 1/4 to the intersection number. Notice that the second case occurs
exactly once, since .S has no obtuse corners. There are a total of 4n3 corners satisfying
one of conditions (2)—(4) for some Xx;. Exactly g of them satisfy condition (2). So,
#wN{x;}x[0,1]xR) =nz—g/4.

A similar analysis works for the intersection points between u’ and {y;} x [0, 1] x R.
So, it follows that the intersection number between u and u’ is

#unu') =nz(4)+nz(A)—g/2.
It follows that x(S) = e(A4) —nz(A) —nz(A4) + g.
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Figure 6: With respect to x1, corner ¢, has type (2), corners ¢,,; and c3,,
have type (3), and all others have type (1).

In the proof so far we assumed that there were no trivial disks. Suppose u contains trivial
disks corresponding to the intersection points x;,,--- , Xj, . Since we are considering
only embedded curves, n xi; (4) =0 for j =1,---, k. By the argument above, after
ignoring the trivial disks, we find #(u Nu') = n3z(A4) + ny(A)—g/2+k/2. So, we
have the same formula for x(.S) as before.

Finally, we deal with degenerate corners which are not trivial disks. Since we are
assuming S has only acute corners, and acute degenerate corners have exactly one
shared boundary component under 7y, o u, it is easy to see that after translating in the
R—direction, there will be one intersection point along the boundary near the puncture,

so the extra corner mapped to 0o contributes % to the intersection number, as one

would expect from our formula. This concludes the proof. O

Note that if u: S — W is an embedded holomorphic curve (with respect to any complex
structure J on W satisfying (J1)—(J5)) then, after slitting S near any obtuse corners
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and perturbing u slightly, u: S — W satisfies the conditions of Lemma 4.1. It follows
that Proposition 4.2 calculates the Euler characteristic of .S.

Corollary 4.3 For A a positive homology class and u: S — W a representative for
A satistying the conditions of Lemma 4. 1, the index of the Dd operator near u is given
by

(8) ind(DJ) = e(A) + nz(A) + ny(A4)

Proof This is immediate from formula (6) and Proposition 4.2. O

Definition 4.4 Given a positive homology class A define the index ind(4) of 4 to be
the index of the Do operator near any curve satisfying the conditions of Lemma 4.1.

Corollary 4.5 If A and A+ k[X] are both positive then ind(A +k[X]) =ind(A)+2k .
Proof By Corollary 4.3,
ind(A +k[X]) = e(4 + k[Z]) + nz (A4 + k[Z]) + nz(A4 + k[Z])
=e(A) + (2—-2g)k +nz(A) + gk +nz(A4) + gk
=e(A4) +nz(A) +nz(A) + 2k
=ind(A4) + 2k.

O

Definition 4.6 For any homology class A define the index ind(A) of A to be ind(A4 +
k[X]) — 2k where k is chosen large enough that 4 + k[X] is positive.

Corollary 4.7 Suppose that A € w5(X,y) and A’ € 7w5(y,Z). Then ind(4 + A') =
ind(A4) + ind(4").

Proof We may clearly assume that 4 and A’ are both positive. Let u: S — W and
u’: S” — W be maps satisfying the conditions Lemma 4.1 representing 4 and A’
respectively. Then we can glue u and u’ to a map ulju’: S§S’ — W representing
A+ A’. Tt follows from general gluing results for the index that ind(Dd)(ufju’) =
ind(Dd)(u) 4 ind(Dd)(u'). (Alternately, it follows from the additivity of Formula (6)
under gluing.) |

Remark Formula (8) was suggested to me by Z Szabd. Specifically, he suggested
that it seemed the Maslov index in [21] can be calculated by this formula. In particular,
in the special case when A € m, (X, X), Ozsvéth and Szabo proved ([21, Theorem 4.9]
and [20, Proposition 7.5]) that Formula (8) does computes the Maslov index. Note that
it is not even clear a priori that Formula (8) is additive. In fact, I do not know a more
direct proof than the one we used to obtain Corollary 4.7.
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4.3 Comparison with classical Heegaard Floer homology

In this subsection we assume familiarity with [21].

By considering domains, for example, there is a natural identification of our 77, (X, )
with 75 (X, ) as defined in [21, Section 2.4]. For 4 € m,(X, ), let u(A4) denote the
Maslov index of A, viewed as a homotopy class of maps disks in (Sym# (X), T, U Tg).
The goal of this subsection is to prove the following

Proposition 4.8 For A € (X, ) we have ind(4) = u(A).

Proof It is possible to give a direct proof (see [25, proof of Theorem 9.1]), but instead
of doing so we will show our formula agrees with the one given by Rasmussen in [25,
Theorem 9.1]. He proves that at a disk ¢: (D, D) — (Sym® (%), T, U Tp),

) w(p) =A-¢ +2e(p).

Here, e is the Euler measure defined in Subsection 4.1 and A - ¢ is the algebraic
intersection number of ¢ with the diagonal in Sym# (X). (The diagonal is an algebraic
subvariety of Sym#(X) of real codimension 2 so the intersection number is well—
defined.)

To compare his result with ours, we need a slight strengthening of Lemma 4.1:

Lemma 4.9 Suppose A is a positive homology class. Then we can represent A +
[X] by a map u: S — W satistying all the conditions of Lemma 4.1 and such that,
additionally:

e The map npou is a g—fold branched covering map with all its branch points of
order 2.

e The map u is holomorphic near the preimages of the branch points of tpou.

Proof Construct a map uq: S; — W representing A as in Lemma 4.1. We would
like to say that we can then choose a branched cover pp 1: S1 — [0, 1] x R (mapping
arcs on the boundary appropriately). This may not, however, be the case: suppose, for
instance, that g = 2 and S; were the disjoint union of a disk and a surface of genus
one with one boundary component.

However, note that [X] € (), ¥) can be represented by a map with connected source.
Specifically, let S be obtained by making small slits in X along «; and §; starting
at y; € y fori =1,---, g. There is an obvious map Sy — X.

Gluing the negative corners of Sy, to the positive corners of S| we obtain a connected
surface S, and map pyx »: S, — X. Since S is connected it is possible to choose a
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branched covering map pp»: S> — D with appropriate boundary behavior. Perturbing
this map we can assume all of its branch points have order 2. Finally, deforming away
the double points of px > X pp > and perturbing it to be holomorphic in appropriate
places, we obtain an embedding satisfying the specified conditions. |

Now, fix a positive homology class A4 in 7, (X, ¥) and a map u representing A as in the
previous lemma. The map u induces a map ¢: D — Sym#(X) as follows. For a € D
let (rpou)~!(a) ={ay,...,ag}. Then define ¢p(a) = {nxou(ay),...,wgoulag)}.

There is a one-to—one correspondence between order 2 branch points of 7 ou and
transverse intersections of ¢ with the top—dimensional stratum of the diagonal. By the
Riemann-Hurwitz formula, x(S) = gx(D?>)—¢-A=g—¢-A, so ind(D3)(u) =
g—x(S)+2e(A+[ZE]) =¢-A+2e(A+[X]).

This is exactly Rasmussen’s formula for the Maslov index. Thus, we have shown that
ind(4 + [X]) = n(A4 +[X]) for 4 positive. But both ind and p are additive, and have
ind([X]) = w([X]) = 2. Thus, it follows that ind(A4) = u(A4) for all 4.

Corollary 4.10 In Heegaard Floer homology, the Maslov index of a domain D is

given by
pw(D) =nz(D) +nz(D)+ e(D).

Remark There are no assumptions on the domain.

4.4 Index for A4 € (X, X)

The following result, which we will use below, is proved by Ozsvath and Szab¢ in [20,
Proposition 7.5] by direct geometrical argument.

Lemma 4.11 IfX € s and A € 7,(X, X) then (c(s), A) = e(A) + 2n3(A). Here
(-,-) denotes the natural pairing between homology and cohomology, c1(s) the first
Chern class of s, and A is viewed as an element of H,(Y).

The following is completely analogous to [21, Theorem 4.9].

Corollary 4.12 Let P be a homology class in w5 (X, X). Then

ind(P) = (c1(s), P) + 2n;(P).
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S Admissibility criteria

In order to define the differential in our chain complexes it will be important that for
any intersection points X and ¥, only finitely many homology classes A € > (X, J)
with ind(A4) = 1 support holomorphic curves. For a rational homology sphere, this
is automatic: there are only finitely many homology classes in 75 (X, ¥). In general,
following [21], we use special Heegaard diagrams and “positivity of domains” to ensure
that only finitely many homology classes support holomorphic curves. Our definitions
are the same as theirs. For the reader’s amusement, we provide slightly different proofs
of two of the fundamental lemmas about admissibility.

Definition 5.1 (Compare [21, Definition 4.10]) The pointed Heegaard diagram
(=, @, B,3) is called weakly admissible for the Spin®—structure s if every nontrivial
periodic domain P with {c1(s), P) = 0 has both positive and negative coefficients.

Definition 5.2 (Compare [21, Definition 4.10]) The pointed Heegaard diagram
(=, @, B,3) is called strongly admissible for the Spin®—structure s if every nontrivial
periodic domain P with (c;(s), P) =2n > 0 has n;; (P) > n for some 3;.

Remark Notice that for any Spin®—structure, ¢;(s) is an even cohomology class:
c1(s) is the first Chern class of vl for some nonvanishing vector field v. Then
c1(s) = wo(vl) mod 2. Since TM is trivial and the line field determined by v is
obviously trivial, 1 = (1 +w;(v1) + wy(vh)), so wy(vh) = 0.

We now need two kinds of result. The first is the finiteness mentioned just above in the
case of weak / strong admissibility. The second is that the admissibility criteria can
be achieved, and that any two admissible Heegaard diagrams can be connected by a
sequence of Heegaard moves through admissible diagrams.

First, a few simple observations. A SpinC—structure is called “torsion” if cq(s) is a
torsion homology class. For a torsion Spin®—structure, (c;(s), P) = 0 for any periodic
class P. So, the two definitions of admissibility agree. Further, if a Heegaard diagram
is weakly (or equivalently strongly) admissible for some torsion Spin®—structure then it
is weakly admissible for every Spin®—structure. This point is useful for computations.

Both admissibility criteria are, obviously, vacuous for a rational homology sphere.

It will be useful to have equivalent definitions of weak / strong admissibility:

Lemma 5.3 Fix a pointed Heegaard diagram H = (X, @, B ,3) and a Spin® —structure
5.
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e (Compare [21, Lemma 4.12]) The diagram H is weakly admissible for s if and
only if there is an area form on ¥ with respect to which every periodic domain
P with {cy(s), P) = 0 has zero signed area.

e The diagram H is strongly admissible for s if there is an area form on ¥ with
respect to which every periodic domain P with {(c1(s), P) = 2n has signed area
equal to n, and with respect to which ¥ has area 1.

Proof The proofs of the two statements are very similar, and the proof of the first
statement is in [21, Lemma 4.12]. We give here only the proof of the second statement.

Let {D;}, i =1,---, N denote the components of ¥\ (¢ U ). We can view the
space of periodic domains as a linear subspace V of ZN c RN . Suppose an area form
assigns the area a; to D;. Then the area assigned to P is P - (a;), the dot product of
the vector P € RV and the vector (a;). Since this is the only way the area form enters
the discussion, we will refer to the vector (a;) as the area form.

Suppose there is an area form (¢;) on X with respect to which every periodic domain
P with {(c;(s), P) = 2n > 0 has signed area equal to n and X has area 1. Suppose
{(c1(s), P) = 2n. Then by assumption P - (a;) =n. So, (P —n[X])- (a;) = 0. Hence,
P — n[X] must have some positive coefficient. Hence, P must have some coefficient
greater than 7.

The converse is slightly more involved. Note that since area(—P) = —area(P), it
suffices to construct an area form with the desired property for periodic domains with
(c1(s), P) = 0.

By Lemma 4.11, the function which assigns to a periodic domain P the number
{c1(s), P) extends to an R-linear functional £ on V. The map v+ v— (£(v)/2) [X]
gives a linear projection map p: V — ker(£). Let V' = p(V).

Now, we want to choose @ = (a;) orthogonal to V'’ so that a; > 0 for all ;. We will
show that one can choose such an a presently; for now, assume that such an a has been
chosen. Multiplying a by some positive real number, we can assume that ¢ -[X] = 1.
Now, forve V,

a-v=a-p)+{lv)/2)a-[E]=L()/2=(c1(s), P) /2
as desired.

Finally, we need to show such an a exists. The linear space V is spanned by the
periodic domains P with (c;(s), P) > 0, so V' is spanned by their images under
p. Every periodic domain P with (c;(s), P) = 2n > 0 has a coefficient bigger than
n=4{(P)/2,soevery p(P) has a positive coefficient. It is also true that every p(P)
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has a negative coefficient: if £(P) = 0 this follows by applying the hypothesis to — P
if £(P) > 0 this follows from the fact that n;(P) = 0.

Now, we are reduced to showing the following: let ¥’ be a subspace of RY such that
every nonzero vector in ¥/ has both positive and negative coefficients. Then there is a
vector orthogonal to V'’ with all its entries positive. The proof of this claim is a linear
algebra exercise; see [21, Lemma 4.12]. O

Now we get to the two lemmas justifying the introduction of our admissibility criteria.
The following is [21, Lemma 4.13].

Lemma 5.4 If (3.a, B.3) is weakly admissible for s then for each X, € s and
J.k € Z there are only finitely many positive homology classes A € m,(X, y) with
ind(A4) = j and n;(A) = k.

Proof If A, B € my(xX,)) and ind(4) = ind(B) = j, n;(A) = n;(B) = k then
P = A — B is a periodic domain with {c;(s), P} = 0. So, we must show that there
are only finitely many periodic domains P with {(c(s), P) = 0 such that A + P is
positive.

Choose an area form on X so that the signed area of any periodic domain P with
{(c1(s), P) =0 is zero. The condition that A 4+ P be positive obviously gives a lower
bound for every coefficient of P. This and the condition that the signed area of P is
zero gives an upper bound for every coefficient of P. The coefficients are all integers,
so the result is immediate. m|

The following is [21, Lemma 4.14].

Lemma 5.5 If (¥,q, B, 3) is strongly admissible for s then for each X,y € s and
J € Z there are only finitely many positive homology classes A € m»(X,y) with
ind(4) =j.

Proof Fix a homology class A € m5(X, ) with n;(4) = 0 and ind(4) = jo. Then
any other homology class B € m»(X, ) can be written as A + P + k[X] for some
integer k and periodic domain P. We have ind(B) = jo + k + {(c1(s), P). If we
assume that ind(B) = j then {¢q(s), P) = j — jo —2k.

Fix an area form such that the area of X is 1 and the area of any periodic domain P is
3{c1(s), P). Then, the area of P is {522 —k.

If we impose the condition that B be positive then we automatically get lower bounds
for every coefficient of P (which are independent of k). Note that £ > 0, since
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k = ny; (B) for some i. The condition that the area of P be % —k =< % and the
lower bound for the coefficients of P gives an upper bound for the coefficients of P,
independent of k. This completes the proof. |

The following is [21, Lemma 5.8 and Proposition 7.2]. We refer the reader there for its
(somewhat involved but essentially elementary) proof.

Proposition 5.6 Fix a 3-manifold Y and Spin® —structure s on Y .

(1) There is a weakly (respectively strongly) admissible Heegaard diagram for s.

(2) Suppose that H; = (Z,&,B,g) and H, = (2’,&’,,5’,3’) are weakly (respec-
tively strongly) admissible Heegaard diagrams for s. Then there is a sequence of
pointed Heegaard moves (ie, Heegaard moves supported in the complement of 3)
connecting ‘H; to H, such that each intermediate Heegaard diagram is weakly
(respectively strongly) admissible for s.

6 Orientations

In order to be able to work with Z coefficients, we need to be able to choose orientations

for the moduli spaces M 4 in a coherent way. First we need to know that each M 4
(or equivalently, each M) is orientable. Then we will discuss what we mean by a
coherent orientation and why such orientations exist. This is all somewhat technical,
and we will sometimes supply references rather than details.

Suppose that we have chosen an almost complex structure J that achieves transversality
for the moduli space M. Then for u € M4 the tangent space T, M is naturally
identified with the kernel ker(D,d) of the linearized 9 operator at u. In fact, the
spaces ker(D,d) fit together to form a vector bundle over M# naturally isomorphic
to T M. So, orienting M is the same as trivializing the top exterior power of the
vector bundle ker(Dd) over M4

Rather than working with ker(D9) it is better to work with the line bundle £ = det(D9)
which is defined to be the tensor product of the top exterior power of ker(Dd) with the
dual of the top exterior power of coker(D3). (This is the “determinant line bundle of
the virtual index bundle of the d—operator.”) Note that if J achieves transversality at a
curve u then £, is just the top exterior power of ker(D,d).

To keep the exposition clean we will assume that our sources are stable, ie, have
no components which are twice—punctured disks. Let 7 denote the Teichmiiller
configuration space of pairs (j,u) where j is a complex structure on S (ie, an

Geometry € Topology, Volume 10 (2006)



988 Robert Lipshitz

element of the Teichmiiller space of Riemann surfaces) and u : S — W is a map
satisfying (M1), (M3) and (M4) and which is asymptotic to the planes {x;} x[0, 1] xR
or {y;} %[0, 1]x R at the appropriate punctures. Say (j,u«) and (j',u’) are equivalent
if there is an isomorphism of Riemann surfaces ¢ : (S, j) — (S’, j’) so that

commutes. Let B be the quotient of 7 by this equivalence relation, so B is the moduli
configuration space of maps to W . The reason to work with £ is that the bundle L is
defined over all of B.

Different topological types of S correspond to different components of 5. So from
now on we restrict attention to the subspace BS corresponding to maps from a single
topological type of source S'.

Note in particular that we can talk about choosing an orientation over the homology
class A even if M4 is empty. This will be useful when we discuss coherence.

The determinant line bundle L is, in our case, always trivial. To prove this we combine
constructions from [5] and [13].

Under our stability assumption, we have a fiber bundle
Map(S, W) —— S
Mg

where Map(S, W) consists of maps S — W satisfying (M1), (M3) and (M4) with
appropriate asymptotics, and Mg corresponds to the moduli space of conformal
structures on S'.

Call a space X homotopy discrete if every connected component of X is contractible.
The following proposition is somewhat stronger than we need. It is, however, of some
independent interest, and will be mentioned again in Section 14.

Proposition 6.1 The space Map(S, W) is homotopy discrete.

Proof The space Map(S, W) is the product Map(S, X) x Map(S, [0, 1] x R). The
space Map(S, [0, 1] x R) is convex, so it suffices to prove that Map(S, ) is homotopy
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discrete. (Here, both Map(S, [0, 1] x R) and Map(S, X) refer to spaces of maps with
certain obvious boundary and asymptotic conditions.)

There is a fibration
Map(S, X) — Q(ay) X --- x Q(ag) X Q(B1) x -+ x Q(Bg)

given by restricting a map to the boundary and identifying the space of paths in ¢; (or
Bj) with endpoints x; and y; with Q(c;) (or Q(B;)). (Here,  denotes the based
loop space.) Since Q(aq) x---x Q(Bg) is homotopy discrete it suffices to prove that
each fiber of the fibration is homotopy discrete. Let Map(.S, X; d) denote a fiber of the
fibration.

Let Map’(S, X) denote the space of all maps S — X in the homotopy class of
Map(S, X; ) with no boundary conditions. There is a fibration

Map(S, X;9) —— Map'(S, ) .

|

Map(dS§, X)

Different fibers of this fibration are homotopy equivalent. So, we can replace
Map(S, X;9) with the space Map/(S, X;3d) of maps with all 2g punctures of S
mapped to a single point p € X and the boundary arcs mapped to a fixed list Cy, - -+, Cyg
of circles.

There is a fibration
Map/(S, X; 9) — Map, (S, X)

|

(Qx)*

where Map/, (S, X) denotes the component of the space of based maps S — X con-
taining Map/(S, ;). Since QX is homotopy discrete, it suffices to prove that
Map/, (S, X) is homotopy discrete. This follows from the following lemma.

Lemma 6.2 Let K be a K(r,1) and X any finite, connected CW complex. Fix
basepoints in K and X . Then the space of based maps from X to K is homotopy
discrete.

Proof We may assume the zero—skeleton X' ) of X consists of just the basepoint, so

the one—skeleton X (1) consists of a bouquet of circles. Let Map, (X, K) denote based
maps from X to K. There is a fibration Map, (X, K) — Map*(X(l), K)=(QK)N
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(where N is the number of 1—cells in X'). The base is homotopy discrete since K is a
K(m, 1). So, it suffices to prove that the nonempty fibers are homotopy discrete. Each
fiber F; consists of maps of X to K fixed on xm,

The proof now proceeds by induction over the skeleta of X . There is a fibration

Fi— l_[ Map, (D2, K; 9)

2—cells

where Map, (D?, K; d) denotes (based) maps of a disk with the boundary mapped
as specified by the map of the one—skeleton. The base is homotopy discrete, as one
deduces from the fibration

Map, (D2, K; 9) — Map, (D?, K)

|

Q(K)

in which the total space is contractible and the base space is homotopy discrete. Thus,
it suffices to show that any fiber F of Fi — [, .o Maps(D?, K; d) is contractible.
Notice that each F, consists of maps of X specified on the two—skeleton.

Proceeding as before, we have a fibration F3 — [[3_..s Map, (D3, K; ), now with
contractible base. It suffices to prove the fiber F4 is contractible, and so on. Since X
is finite, the process terminates at F, for n = dim(X). |

Since ¥ is a K(m, 1), this completes the proof of the proposition.

If the space Mg is contractible, or even just has trivial H!, then we are finished: we
then have H'!(B%) trivial and hence all line bundles over BS are orientable. This is,
in fact, the case if .S is a union of disks with boundary punctures. In general, however,
M can have interesting topology.

Remark It is not hard to show, by an argument similar to but simpler than the proof
of Proposition 6.1, that the configuration spaces of disks in the original construction
of Heegaard Floer homology [21] have trivial 71, proving orientability of the moduli
spaces in that setting.

Proposition 6.3 The determinant line bundle £ over BS is trivial.

Proof By Proposition 6.1 for a given source S and homology class A, the space of
possible maps of dS is contractible. Then, it follows from the argument of [13, Lemma
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6.37] or [5, Lemma 3.8], which we sketch briefly, that the line bundle £ is trivial. Fix
a map uq of a collar neighborhood C of dS. (By a collar neighborhood, we mean
that dC is the union of 9.5 and a collection of circles, and each component of C is an
annulus with punctures on one of its boundary circles.) We restrict to maps u : S — W
agreeing with uo on C. (That it suffices to consider such maps is the only place we
use anything special about our situation. If we choose u to be an embedding, say, it
makes sense to say u agrees with u#( on a collar neighborhood of the boundary, even
though BS is a fiber bundle and not a product of Mg and Map(S, W).)

Let 9;,(C) denote the “interior boundary” of C, ie, the circles without punctures.

As in Section 3, we are interested in the kernel and cokernel of
Do L7 *T W, 9) @ R — L2 (Ao’lu*TW) :

Let S’ denote the surface obtained from S by collapsing d;,C. The operator D9
induces an operator D’d between bundles over S’, and it is not hard to see that the
determinant lines of D3 and D’ are naturally identified. Let C’ be the image of C in
S’,s0 S’ consists of C’ and some closed components. The determinant line of D’9 is

the tensor product of the determinant lines of the restriction of D’d to each component
of §’.

Over the closed components of S’ the determinant line has a natural “complex” ori-
entation. Fix once and for all trivializations of the determinant lines of D’ over the
components of C’. (Since u|c = ug, the restriction of D’d to C’ does not depend on
u.) Then, these trivializations induce an orientation of the determinant of D’ 9, and
hence of D3, independent of u. This proves orientability of L. a

Remark For comparison, in [21], Ozsvath and Szabé only use the fact that the tangent
bundles to the Lagrangian submanifolds in question are trivial. In [5], although their
setup is not quite the same as standard symplectic field theory, T. Ekholm, J. Etnyre and
M. Sullivan prove orientability under the assumption that the Lagrangian manifolds in
question are Spin.

The coherence we want for our orientation system is the following. Suppose that
we have maps u: S — W and u’: S’ — W in homology classes A € m>(X,X’)
and A’ € m,(X’,X"), respectively. Then by gluing the positive corners of u to the
negative corners of u’ (in some fixed, concrete way) one can construct a 1—parameter
family of curves ulfj,u’: St,S” — W . One obtains, thus, an inclusion Map 4(T, W) x
Map/, (T, W) x (R, 00) — Map 4, 4(T, W). This inclusion is covered by a map of
determinant line bundles. Coherence means that this map is orientation—preserving.
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A few more details can be found in the proof of Proposition 13.7, and a complete
discussion in any of [6, Section 1.8], [3] or [5].

There are strong general results about the existence of coherent orientations (see [6], [3]
or [5]). In our case, however, we can construct them quite concretely:

As in [21, Section 3.6], given a Heegaard diagram, a SpinC—structure 5, and an
intersection point Xo € s, a complete set of paths for s is a choice of homology class
T; € my(Xo, X;) for every other X; € 5. Fix Xo € s, a representative P; of each
homology class in some basis for 75(Xg, Xo) = H2(Y), and a complete set of paths
for s. By the gluing properties of coherent orientations described two paragraphs
earlier, specifying a particular coherent orientation of the moduli space is equivalent to
specifying an orientation over each 7;, each P;, and over [X] € 75(Xo, Xo).

Over [X] there is a canonical orientation, given by viewing the map X | | (H§:1 [Dz) —
¥ x D given by id x {0} on ¥ and {xo;} x id on the i D? as positively oriented.
We shall always use this orientation over [X]. Over the 7; and P; orientations can be
chosen arbitrarily. This is exactly as in [21].

Following [21], we shall let 0(A) denote the choice of orientation over the homology
class 4.

A canonical choice of coherent orientation system is specified in [20]. An analogous
construction presumably works in our case as well. This is not, however, necessary for
the current paper.

7 Bubbling

By a holomorphic building in W we mean a list vq, v, -+ , v; of holomorphic curves
in W, defined up to translation in R, such that the asymptotics of v; at 400 agree with
the asymptotics of v; 1 at —oo. We call k the height of the holomorphic building, the
v; the stories of the building, and i the level of v;. It is proved in [2, Theorem 10.1]
that any sequence {u;} of holomorphic curves in W (possibly disconnected) in a given
homology class has a subsequence converging to some (possibly nodal) holomorphic
building.

The meaning of convergence is, as usual for holomorphic curves, somewhat involved.
Roughly, convergence to a several story holomorphic building means that some parts of
u; go to infinity (in the R—factor) with respect to other parts. In the source, such level
splitting corresponds to the degeneration of the complex structure along a collection
of disjoint arcs or, in principle, circles. It is also possible for the source to degenerate
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along a collection of circles or arcs without level splitting occuring; this corresponds to
formation of nodes as in traditional Deligne-Mumford theory. In principle, disks or
spheres can also bubble off. See [2, Section 7] for a precise definition of convergence
taking into account all of these possibilities.

For the definition of the Floer homology in subsequent sections to work, we need the
following:

Proposition 7.1 Fix an almost complex structure J on W satistying (J1)—(J5) and
achieving transversality. Let u;: S — W be a sequence of holomorphic curves in a
homology class A satisfying (M0)—(M6) and converging to some holomorphic building
v. Assume that ind(4) < 2 and that A # [X]. Then, each story vj of v satisfies
(M0)-(M6).

Here, by [X] we mean the homology class with n;, =1 for every i.

Proof First we check that Deligne-Mumford type degenerations which do not cor-
respond to level splitting are impossible. Bubbling of spheres or disks is impossible
because 73(W) and 75 (W, Cy U Cg) vanish. This leaves us to rule out Deligne—
Mumford type degenerations along non—contractible curves and arcs.

Given transversality, Deligne—Mumford type degenerations in the interior of S are
prohibited for a generic choice of J because they have codimension 2 in the space of all
holomorphic curves. That is, these degenerations have codimension 2 after quotienting
by translation. Hence, they only occur if ind(A) > 3. This rules out all but one kind of
degeneration along the interior: bubbling of a copy of X X (s¢, f9). (Recall that our
complex structure does not achieve transversality for maps u with g o u constant.)
However, Corollary 4.3 shows that if a copy of ¥ were to bubble off then the remainder
of v would have to be a collection of trivial disks, and so n;,(A4) = 1 for every i.
Bubbling more than one copy of ¥ or a multiply covered copy of X is prohibited by
Corollary 4.3.

So, we need to check that cusp degenerations (ie, degenerations along arcs with
boundary on d.5) are impossible.

Suppose that a cusp degeneration occurs. Let A denote an arc in S which collapses.
Since different components of d.S are mapped by u to different cylinders in W, both
endpoints of A must lie on the same boundary component C of S. Without loss of
generality, suppose that C is mapped by the u; to oy x {1} x R. Let S’ denote the
nodal surface obtained from S by collapsing the arcs along which the complex structure
degenerates. In the limit curve v there will be more than one boundary component
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mapped to oy x {1} x R. Let C’ denote all the boundary components mapped to
a1 x {1} xR. Consider the map pov|c: C' — iR. One of the boundary components
in C’ will have a local (in fact, global) maximum. But this and the open mapping
theorem imply that the map 7mp o v must be constant near that boundary component,
hence constant on a connected component of S’. In particular, this implies that all of
the boundary of S’ is mapped to the a—circles.

However, the a—circles are non—separating, so the component of S’ on which 7p o v
is constant must be mapped diffeomorphically onto 3. As above, it then follows from
our index computation that the rest of v must consist of g trivial disks, and 4 = [X].

Thus, we have proved the each u; satisfies (M0). Condition (M1) is automatically
satisfied.

The only way that 7 o v could be constant on some component of .S would be as a
result of bubbling, which we showed is prohibited. This implies (M2) for the limit
curves.

Condition (M4) and the condition that there are exactly 2g punctures on each story
also follow from the maximum modulus, or open mapping, theorem: applying the open
mapping theorem to mp ou;, one sees that the restriction of g ou; to any component
of S\ {p1.-**.Pg.q1."** ,qg} must be monotone, so no new Reeb chords could
form as j — oo.

Since projection onto [0, 1]x R is holomorphic, the open mapping theorem prohibits any
new boundary components from forming. The maximum modulus theorem prohibits
boundary components from disappearing, so (M3) is satisfied by the limit curves.

That condition (MS) is satisfied by the limit curves is part of the statement of the
compactness theorem [2, Theorem 10.1].

Let S; denote the source of vj. Suppose that v has height £. Then since all degen-
erations in .S correspond to level splitting, x(S) = (1—-40)g + Zle x(Sj). Let D;
be the domain in X corresponding to v;. Then we have e(D) = Zle e(Dj). So,

. Y 12 .
ind(u;) =g —x(S)+2e(D)=Lg—3 (x(Sj)+2e(D))) = > j=1ind(v;). That
18, the index formula adds over levels.

Finally, near any immersed curve with the equivalent of & double points and with
respect to which the complex structure achieves transversality there is a 2k —dimensional
family of embedded holomorphic curves. This shows that the v; must all be embedded.

O
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For an almost complex structure J which achieves transversality, it follows from the
previous proposition, Proposition A.1 and the compactness Theorem 10.1 from [2] that:

Corollary 7.2 The space of holomorphic curves satistying (M0)—(M6) in a given
homology class A (modulo translation in the R—factor of W ) with ind(A4) < 2 and

—~A
A # [X] forms a smooth manifold M of dimension ind(A) — 1 which is the interior

— A —~A
of a compact manifold with boundary M . The boundary of that manifold d M
consists of all multi—story holomorphic buildings each component of which satisfies
(M0)-(M6) in the homology class A.

8 Chain complexes

Here we define the four basic chain complexes used by Ozsvath—-Szab6 — CF,CF®,
CF~ and CF*. Once these are defined CFr:etd are defined in exactly the same way as
in [21]. Generalizing our definitions to include the twisted theories of [20, Section 8]

is straightforward.

Fix: a pointed Heegaard diagram (X, @, ,g ,3), an almost complex structure J satisfying
(J1)—(J5) and achieving transversality, and a coherent orientation system. We shall
assume that the Heegaard diagram satisfies the weak or strong admissibility criterion
as necessary.

Fix a Spin®—structure s.

First we define the chain complex CF. Suppose that our Heegaard diagram is weakly
admissible for s. Recall that, by Lemma 5.4, for X, y € s, there are only finitely many
A € (X, y) and nz (A) = 0 for all i and ind(4) = 1. Let CF(Y,s) be the free
Abelian group generated by the intersection points X.

Define )
M, §) = U M
AER>(X,7), ind(A)=1

We define a boundary operator on CF by
i =Y (#MGE )5

-

y

This sum is finite by the admissibility criterion and Corollary 7.2.
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Lemma 8.1 With this boundary operator, CF is a chain complex.

Proof Fix X, Z. We will show that the coefficient of Z in 92X is zero. Consider the

space
— L —A
My(x,z) = U M
Aen,(X,z), ind(A4)=2

with compactification M, (X,Z). (Note that by Lemma 5.4 there are only finitely many
classes A with ind(4) =2 and M # &, so M;(X, z) is compact.) From Corollary
72, M »(X,Z) is a I-manifold with boundary and 9 (M\ 2 (X, 3)) consists of broken

trajectories connecting X to zZ. Thus, 0 = # (a/\?t (x, 2)) is the coefficient of Z in 92X.
Note that the definition of a coherent orientation system is chosen exactly to make this
argument work. |

Next we define CF°°. Assume the strong admissibility criterion is satisfied. The chain
group of CF®(Y;5s) is freely generated by pairs [X,n] where X € s and n € Z.

The boundary operator is given by

A=Y Y (M) [T nyA)
y Aemy(3,5)
ind(4)=1

The coefficient of each [y, m] is finite by Lemma 5.5 and Corollary 7.2.

Lemma 8.2 Suppose that J|s=o and J|s=; have been chosen appropriately (in a
sense to be specified in the proof) and that J achieves transversality for all holomorphic
curves of index < 1. Then CF®° is a chain complex.

Proof The proof is almost exactly the same as for CF . The only nuance is that the
homology class [X] was an exception to Corollary 7.2. One resolution of this difficulty
is the following:

Recall that an annoying curve is a curve is a curve u: S — W with a component on
which mp ou is constant. The difficulty with Corollary 7.2 for the homology class [X]
is the possibility of a curve degenerating to a collection of trivial disks together with a
copy of X mapped to a constant by mrpou.

Suppose that instead of considering almost complex structures satisfying (J1)—(J5)
we considered the broader class of almost complex structures satisfying (J1)—(J4)
and (J5’). All the results proved so far would still hold. (The only potential issue is
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the proof of Proposition 7.1, but the requirement that £ be horizontal near & U 8 is
sufficient for that proof.) The transversality result would then hold for all holomorphic
curves except for annoying curves mapped entirely into dW . Thus, annoying curves
mapped into the interior of W', which are non—generic, would cease to exist.

To eliminate annoying curves mapped into dW we adopt an idea from [21]. Suppose
that a sequence of holomorphic curves {u;} converges to a holomorphic curve u
containing an annoying curve, which is mapped by u to p € @ x {1} x R, say. Then,
rescaling near p we obtain from lim; .o, 7p o #; a g—fold branched covering map
(S0, 0Sp) — (H,R) (where H denotes the upper half plane). Here, Sy is a surface
obtained by cutting ¥ along the «—circles.

Suppose that the complex structure J is given by ji. x jp at s = 1. We will show
that for appropriate choice of /g there is no map (Sp, dSp) — (H, R). Choose curves
on X not intersecting the o—circles whose complement in X is a disjoint union of
punctured tori (with one a—circle contained in each). Let { ;. ’n} be a sequence of
complex structures on ¥ obtained by stretching ¥ along the chosen curves. So, as
n — o0, X degenerates to a wedge sum of tori.

Suppose that for all n there were sequences of holomorphic curves converging to
annoying curves. Then for each n we obtain a map m,: (So,,, 0S0,,) — (H, R), where
So,n is obtained from (X, jg ,n) by cutting along the o—circles. Choosing a convergent
subsequence of the i, in the limit we obtain a g—fold covering map from a disjoint
union of g punctured tori to H. Such a map clearly does not exist.

So, for large enough n, if J agrees with j& » < Jo for s =1 then there are no annoying
curves mapped by 7p to {1} x R.

A similar argument shows that if we choose J|s—¢ appropriately then there are no
annoying curves mapped by zp to {0} x R.

It follows that, with respect to a generic complex structure extending the specified
J|s=o0 and J|y—; and satisfying (J1)—(J4) and (J5), 9> = 0, by the same argument
as for CF above.

Now, let J be an almost complex structure on W satisfying (J1)—(J5), extending the
specified J|s=¢ and J|y=; and achieving transversality for holomorphic curves of
index 1. Let {J,} be a sequence of almost complex structures satisfying (J1)—(J4) and
(J5’) and achieving transversality which converges to J .

Let 07 denote the boundary map in CF° computed with respect to J, dj, the
boundary map computed with respect to J,. Given a finite collection of homology
classes {A; € m»(Xj, yj)} such that ind(4;) =1 for all j, there is some N such that

~ A A
forn>N,./\/lJ,f%MJJ.So,sinceain=0f0ralln,83=0. O
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Note that in Section 9 we will show that for any two choices of (generic) almost
complex structure on W the pairs (CF°°, d) are chain homotopy equivalent. This
implies in particular that the restriction on J|s—¢ and J|;=; are unnecessary. Until
then, we shall assume that J|;—¢ and J|s=1 have been chosen so that the preceding
proof works.

Since n;(A) > 0 for any A supporting a holomorphic disk, CF has a subcomplex
CF~ generated by the [X,n] with n < 0. The quotient complex we denote CF ' . The
homologies of CF®, CFT, CF~ and CF we denote by HF®, HFt, HF~ and
HF respectively.

For computations, it is helpful to observe that CF* is defined even if one only assumes
weak admissibility: the sum in the definition of d[X,n] only involves the [X,n — j]
for 0 < j <n. The weak admissibility criterion implies that for each of these finite
collection of j’s, there are at most finitely many homology classes for which the moduli
space is nonempty.

There is a natural action U: CF*®(Y;s) - CF*®°(Y;s) given by U[X,i] =[x,i —1].
This action obviously descends to HF°°, making HF®°(Y;s) into a module over
Z[U,U~]. Further, the action of U preserves CF~,so HF~ and HF™ are modules
over Z[U].

There are relative gradings on all four homology theories. On 61\7, define gr(x,y) =
ind(A) forany A € ,(X, 7). It follows from Corollary 4.12 that this relative grading is
defined mod n, where n = gcd{{c;(s), A)} for A € H,(Y). Obviously the boundary

map lowers the relative grading by 1, so the relative grading descends to HF (Y;s).

Similarly for CF*®(Y,s), CF~(Y,s) and CFT(Y,s) there are relative mod n grad-
ings, n = gcd{(ci(s), A)}, given by gr([X,i],[¥, j]) = ind(4) + 2(i — j), where
A € 7,(X, ¥). As before, this relative grading descends to HF*®(Y,s), HF*(Y,s)
and HF~(Y,s). Note that the action of U lowers the relative grading by 2.

The chain complexes we have defined depend on the choice of coherent orientation
system (see Section 6). It turns out, however, that some orientation systems give
isomorphic chain complexes. Recall that the orientation system was given by specifying
orientations over a complete set of paths 7; and a basis P; for 75(X¢, Xo) (for some
choice of Xg € 3).

Proposition 8.3 Different choices of orientation over the T; yield isomorphic chain
complexes.

Proof Let o and o’ be two choices of orientation system which agree over P; for all
J . Define o; to be 1 if o agrees with o’ over 7; and —1 otherwise. (Define o¢ to
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be 1.) It is easy to check that the map sending [X;, k] to o;[X;, k] (respectively X; to
0;X;) induces isomorphisms on CF*®, CF*, and CF~ (respectively an isomorphism
on CF). O

It follows that there are “only” 2b2(Y) genuinely different choices of coherent orientation
system.

Although the homologies depend on the choice of orientation system, we shall usually
suppress it from the notation. Similarly, we shall often suppress the SpinC —structure §
from the notation.

8.1 Actionof Hy(Y,Z)/Tors

We now define an action of Hy(Y,Z)/Tors on the Floer homologies; cf [21, Section
4.2.5]. We will give the details only for HF> . The corresponding results for HF*
are immediate consequences, and the results for HF require only slight modifications
of the proofs.

Recall that for any X;, m5(X;, X;) is identified with H,(Z x [0, 1], x {1} U B x {0}).
From Lemma 2.1, choosing a basepoint 3 gives an isomorphism Y: H, (X x [0, 1], e x
{1}UB x{O}),Z;ZEBHZ(Y, Z) and hence Hom(H,(Xx[0, 1], ax{1}UB x{0}), Z) =
Z@® Hom(Hy(Y),Z)=7Z® H{(Y)/Tors.

Choose a complete set of paths {7; € 7, (Xg, X;)}. For each pair of intersection points
X;, X; this gives an isomorphism E7,y: 72 (X;, X;) S Hy(Ex[0, 1], ax {1}UB x{0})
via Bq11(4) =Y(T; + A—-Tj).

Let { € Hom(Z ® Hy(Y), Z). Define A¢ ¢1,y: CF®(Y,s) — CF*(Y,s) by

- . — —A = .
Ay (D=3 Y C(Eery(a)- (#M7) i —na(A)]
ye€s Aems(X,¥)
ind(A4)=1

Notice that our definition is superficially different from the one used in [21, Section
4.2.5], although their definition makes sense in our language, too.

Lemma 8.4 A¢ 7,y is a chain map.

Proof The proof is the same as for [21, Lemma 4.18]. Notice that {(E7,}(4 +
B)) = ¢(E¢r;3(A)) + {(E¢r;3(B)). Suppose C € m,(X,y), ind(C) = 2. Then
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—C
0= (#8/\/1 ), SO

0= Y Eqy(O) (# (a/\/l?))

CEnz(.)_é,E)
ind(C)=2
n:(C)=k

= > Yo (GE @A) + (C(Ery(B)) (#/\7/1) (#/\73) .

Ceny(%,2) A+B=C
ind(C)=2 ind(4)=ind(B)=1
n;(C)=k

This is the coefficient of [Z,i —k] in (30 A¢ 1,3 + A g1,y ©9) ([X.]) . proving the
result. o

The following lemma is analogous to [21, Lemma 4.19].

Lemma 8.5 If T} is another complete set of paths then A¢ ¢7,y and A ¢(1/} are chain
homotopic.

Proof Let P; = T; —T;. Consider the map H: CF*°(Y,s) — CF*(Y,s) given by
H([X;, j]) = (T (Py))[Xi, j]. Then

(Agryy — Aegr) (X, j]D
=3 Y tEm) - By () (B [, - ()]

)_51( €s AGTL’z()_éi ,ik)

ind(A)=1
=Y Y t(CA+T=T) = T(A+ T/~ T}))
I . —A\ L .
X|Es Ai:ga%,:,);k) -(#/\/l )[Xk,] —”l;,(A)]

—~ AN\ L
=Y Y (OXT=T) = YT =T} (#M) [fe j = ny()]
)?kESA€ﬂ2()_5i,)_ék)
ind(4)=1

=3 Y =X (R (M) [k~ ny(A)]

)_ékes AGT[z()?,’,‘ ,)_ék)
ind(A)=1

=doH+ Hod
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We are now justified in denoting the map on HF* induced by A¢ 7, (for any
complete set of paths {7;}) by simply A¢.

The following is [21, Proposition 4.17].

Proposition 8.6 There is a natural action of the group 7 & Hom(H,(Y),Z) on
HF>(Y,s), HF*(Y,s), HF~(Y,s) and HF (Y,s) lowering degree by one. This
induces an action of the exterior algebra \*(H,(Y)/Tors) on each group.

Proof The action of ¢ is given by 4. Obviously A lowers the grading by one and
Agyer = Ag + Ay We need to check that A¢ o A¢ = 0.

Choose a curve K in f~1(3/2—¢€,3/2 4 ¢) = T x [0, 1] representing the homology
class ¢ in H(Y)/Tors. Thatis, choose K so that A;(A) is the intersection number
of A with K for A € m5(X,X). Perturb K so that K x R meets transversely every
holomorphic curve u with ind(x) = 1, and is transverse to families of holomorphic
curves with ind = 2.

Let M denote the moduli space of Riemann surfaces with one marked point p.
Let M}‘é denote the space of holomorphic curves u: (S, p) — (W, K x R) with
(S, p) € M which, after forgetting the marked point, represent the homology class

A. Let M K= MI“} /R. Then, assuming the appropriate transversality result, which
is left to the reader, we have

A(®iD = 3 (FMe) 5.0 —ny(a)

AGT[Z(;L;)
ind(4)=1

To prove the proposition, consider the space M, of Riemann surfaces with 2 marked
points {py, pa}. Let MI‘? , denote the space of holomorphic maps u: (S, {p1, p2}) —

(W.K xR), for (S.{p1. p2}) € My. Let Mg o/R= M4 ,/R.

For a generic choice of Jg, and a homology class A with ind(A4) = 2, M k2(A4)isa
smooth 1-manifold. The manifold M g >(A4) has four kinds of ends:

(1) Ends corresponding to g o u(p1) — wr o u(pz) — oo. These correspond to
AgoAg.

(2) Ends corresponding to g o u(p1) — g o u(pa) — —oo. These also correspond
to A;- o A{‘ .

(3) Ends where thereisa g in S with ntgou(q) —nmgou(p1) — oo but rrou(py)—
mrou(py) stays bounded. These correspond to do A¢.
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(4) Ends where there is a ¢ in S with g ou(q) — g o u(p1) = —oo but ng o
u(p1) —mwrou(py) stays bounded. These correspond to A¢ 0 3.

—~A
There is also a free action of Z/27 on M , exchanging the labeling of p; and

—~A
p2. Counting the ends of Mg ,/(Z/27) and summing over A then shows that
Ag o A¢([X, i]) is chain homotopic to 0.

The result for HF*° is immediate. The constructions of the lemmas and this proof
preserve CF ™, so the results for HF* follow. The proofs for HF are analogous. O

9 Isotopy invariance

In this section we prove that the homologies defined in Section 8 are independent of
deformations of the almost complex structure and isotopies of the o— and B—circles
not crossing the basepoint 3. Two parts of this story are slightly nonstandard. One
is extending the coherent orientation system through isotopies which introduce new
intersection points. The other is that we want to allow seemingly non—Hamiltonian
isotopies of the o and B curves. The rest of the proof is analogous to the discussion
in [6, Section 1.9].

We discuss how to extend the orientation system first. On a first reading the reader
might want to skip the next three paragraphs.

Suppose that we have two pointed Heegaard diagrams D = (X, j, @, B ,3) and Dy =
z,j.a, 5’ ,3) which differ by pointed isotopies (ie, isotopies during which none of
the curves cross 3) and deformations of the complex structure. The only interesting
case is when the Spin®—structure s, viewed as a collection of intersection points, is not
empty in either Heegaard diagram. (If in one of the diagrams s contains no intersection
points then any choice of orientation system for the other will be fine.) By choosing an
appropriate isotopy and then breaking it into a sequences of isotopies, we can assume
that some intersection point Xq € s exists in both Heegaard diagrams. For convenience,
we fix a parametrization of 3 such that the a—circles stay fixed during the isotopy.
Then, with this parametrization, the —circles move and the complex structure deforms
during the isotopy.

We can identify 75(Xo,Xo) in D; with m,(Xg,Xo) in D, as follows. Denote the
isotopy by I: 8 x[0,1] - X. Let ¢: (C,9C) — (W,a U B) be any singular 2—
chain in JrzD‘()_éo,fco), C a simplicial complex. Let dgC = dC N I~ (B). Define
V:0gC x[0,1] — W by ¥ (x,1) = (I(wg o ¢p(x),1), mp o $(x)). Then identify ¢
with the chain in JTZDZ (Xo.Xo) given by ¢ + ¥r.
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Thus, an orientation system over a complete set of paths in D, and an orientation system
for Dy determine an orientation system for D,. We assume that we are computing the
homologies of D, with respect to an orientation system determined from the orientation
system of D; in this way; as observed in the section on chain complexes, different
orientation systems over a complete set of paths lead to isomorphic homologies. So,
which particular one we choose is unimportant. Note also that our choices determine,

for fclk an intersection point in Dy, an isomorphism 75 (X, fcjz) ~7® Hy(Y).

By a basic isotopy we mean an isotopy (e;, B,) with one of the following two proper-
ties.

(1) For all times 7, a, intersects B, transversally. (These are basic isotopies of the
first type)

(2) The isotopy introduces one pair of transverse intersections between o, and B,
by a Hamiltonian deformation (“finger move”) of the o—circles. (These are basic
isotopies of the second type.)

We only consider isotopies which are sequences of basic isotopies. Call such an isotopy
strongly admissible (respectively weakly admissible) if before and after each basic
isotopy the Heegaard diagram is strongly (respectively weakly) admissible (for s).

It is clear that if two Heegaard diagrams are isotopic then they are isotopic through
a sequence of basic isotopies. In fact, by Proposition 5.6, any two isotopic strongly
admissible Heegaard diagrams are isotopic through a sequence of strongly admissible
basic isotopies, and any two isotopic weakly admissible Heegaard diagrams are isotopic
through a sequence of weakly admissible basic isotopy.

Following [21, Section 7.3], we use the fact that basic isotopies of the first type are
equivalent to deformations of the complex structures on ¥ and W. We make this
precise. Suppose that D, differs from D; by a basic isotopy of the first type. Then,
there is an orientation—preserving diffeomorphism i of ¥ taking D; to D, and
mapping UZ?I onto UZII.)Z. It follows that computing the homologies of D, with
respect to the complex structures jy on X and Jg on W is the same as computing
the homologies of D; with respect to ¥* jx on X and (Y x Id)*Js on W . Note that
if Jy satisfies (J1)—(J5) with respect to jyx then so does (¥ x Id)*J; with respect
to ¥* jx. Consequently, independence of the homologies with respect to isotopies
preserving transversality of e N B will follow from independence with respect to
complex structure.

The other point we need to check is that basic isotopies of the second type do not
change the homologies, either. Suppose that D, is obtained from D; by a basic
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isotopy of the second type. Then we can find a collection of Lagrangian cylinders in
3 x [0, 1] x R which agrees with (e x {1} x R) U (B x {0} x R) near t = —oo and with
(a/ x {1} xR)U (ﬂ/ x {0} x IR) near ¢ = oco. Call the collection of these Lagrangian
cylinders C.

We combine invariance under both types of basic isotopy into one:

Proposition 9.1 Suppose that either D differs from D, only by an isotopy preserving
transversality of the o and B circles, or that they differ by such an isotopy and a pair cre-
ation, and that both Dy and D, are strongly (or, in the case of CF and 6?7, weakly)
admissible Heegaard diagrams. Suppose J; (respectively J, ) satisfies (J1)-(J5) and
achieves transversality for D (respectively D, ), with respect to ji (respectively j,)
on X. Then the chain complexes CFB‘; and CFB‘; (respectively CFp, and CFp,

CF [J)r] and C FZ{Z ; and CF p, and CF D, ) are chain homotopy equivalent. Further, the
isomorphisms induced on homologies respect the H,(Y)/ Tors-module and, where
appropriate, the Z[U, U~']- or Z[U]-module structures.

By the discussion preceding the proposition, proving this proposition proves the inde-
pendence of the Floer homologies under isotopies. Note that it also implies that the
restrictions we imposed in Section 8 on J|s—o and J |s—; for CF*™ and CF¥ are not
needed for 92 to be 0.

Fix T > 0. Choose an almost complex structure J on X x [0, 1] x R which satisfies
J1), (J2) and (J4), agrees with J; on (—oo, —T] and with J, on [T, 00), and achieves
transversality for holomorphic curves of the form u: (S,9S5) — (£ x[0,1] xR, C).
This is possible by essentially the same argument as in Section 3.

We define a chain map from each chain complex defined on D; to the corresponding
chain complex on D, by counting J-holomorphic curves in W. We carry out the
details for CF°; the results for CF1 and CF~ will follow, and the proof for CF is
similar. Let (CF®°, 0;) be the chain complex defined on D;, i =1,2.

For X! (respectively X2 ) an intersection pointin D; (respectively D), let Mq(x!, X?)
(respectively M (¥!,X2)) denote the space of all holomorphic curves u in (W, J)
connecting X! to X2 in homology classes 4 with ind(A4) =0 (respectively ind(4) = 1),
and satisfying (M0)—(M6) (with respect to the new Lagrangian cylinders C).

Consider the map ®: CF° — CF3° defined by
oxLip=>" Y  [Fi-nw)]

X2es MEM()()?I ,)_6'2)

We need to check that the coefficient of [X2, j] is a finite sum for each X2 and j :
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Lemma 9.2 Given j € Z there are at most finitely many homology classes A con-
necting X! to X2 with ind(A) = j which admit a holomorphic curve.

Proof This follows from the strong admissibility criterion; our proof is essentially the
same as [21, Lemma 7.4].

Choose a point 3; in each component of =\ (¢! U B1!) in such a way that none of the
a—or B—circles cross any of the 3; during the isotopy. If A supports a J—holomorphic
curve then ny;(A) = 0 for all i . Choose any homology class in B € TL'ZDZ (x2,x1). We
can view A + B as an element of nzD' (x!,x1), and n;, (4 + B) = n;,(B) forall i.
Now the argument used in Lemma 5.5 gives bounds for the coefficients of A + B, and
hence bounds for the coefficients of 4. This proves the result. a

We shall sometimes denote & by &1, to emphasize that ® is induced from a bordism
from D; to D,.

Lemma 9.3 ® is a chain map.

Proof Let d; denote the boundary map on the chain complex for D;.

We consider the compactified moduli space M (%!, 72,k) of index 1 holomorphic
curves in homology classes A with n;(A4) = k. There is still no bubbling, so this is a
compact one—manifold whose boundary consists of height two holomorphic buildings
one story of which lies in (W, J) and the other of which lies in either (W, Jy) or

(W, J,). Hence,
o=#(a/\71(£1,fz,k)) .

But this is the coefficient of [2,i —k] in ® o d;([x!,i]) + 0, 0o D([X',i]). O

Lemma 9.4 Given two different choices of complex structure J and J’ connecting J;
to J, and two different choices C and C’ for the cylinders connecting o X {1}U B x {0}
to o’ x {1} U B’ x {0} the maps ® and ® are chain homotopic.

Proof We outline the proof; further details are left to the reader. Choose a generic
path J; from J to J' and a Lagrangian isotopy C; from C to C’. Let M_j ,(¥!, ¥?)
denote the moduli space of holomorphic curves u connecting X! to X2 in homology
classes of index —1. For a finite collection of #;’s, 0 < f; < ... <f <1, Jy is
degenerate in such a way that M—l,t()?l ,x2) is nonempty. (As usual, the finiteness
uses the admissibility hypothesis.) Then we define a chain homotopy A by

ARNLID=YD" Y [RRi-nw)

)_52 IIGM_IJ
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Similarly, define Mg ,(¥!, 3?) to be the moduli space of holomorphic curves u
connecting X! to y? in homology classes of index 0. Then U; Mo, (X!, y?) is a
1-manifold with boundary with four types of ends:

(1) Ends corresponding to height two holomorphic buildings, with a J;, —holomor-
phic curve of index —1 and a J;—holomorphic curve of index 1. These corre-
spond to Aod;.

(2) Ends corresponding to height two holomorphic buildings, with a J;, —holomor-
phic curve of index —1 and a J;—holomorphic curve of index 1. These corre-
spond to dy 0 A.

(3) Ends corresponding to t = 0 and a J—holomorphic curve. These correspond to

—o.
(4) Ends corresponding to £ = 1 and a J'~holomorphic curve. These correspond to
ol
So, counting the ends gives the result. O

Lemma 9.5 If we have a third diagram D3 and a bordism from D, to D3 then on
homology ®33 0 P15 = Dy3.

Note that since different choices of bordism give chain homotopic ®;; the exact choices
of ®;; are unimportant here.

Proof This is immediate from compactness and Proposition A.1. |

Lemma 9.6 The maps on the homologies induced by ® preserve the H{(Y)/ Tors—
module structure.

Proof Fix ¢ € H{(Y)/Tors. Let K be aknot in X x [0, 1] representing ¢, as in the
proof of Proposition 8.6.

Let M denote the moduli space of Riemann surfaces with one marked point p. For
i=1,2,let Mﬁ ; denote the space of J;—holomorphic curves u: (S, p) - (W, KxR)
with (S, p) € M which, after forgetting the marked point, represent the homology
—~A
class 4. Let Mg ; = M;é ;/R. Assume K (or Ji and J3) is chosen so that we have
transversality. Then, on the chain level the action of H(Y)/Tors on H FB‘; is given
by
5i —~A N
Ag® )= Y (#Mg,) 07 —na(A)]

Aemy(3',57)
ind(4)=1
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Let Ml‘g denote the space of J—holomorphic curves u: (S, p) — (W, K x R) with
(S, p) € M which, after forgetting the marked point, represent the homology class
A. Assume K, Jy, J, and J are chosen so that we have transversality. Consider the
ends of

MGk = | MgA.

Aeﬂz ()_51 55;2)
ind(A)=1
n, (A)=k

There are two kinds of ends:

(1) Ends where mpou(p) — oo. These ends correspond to the coefficient of [y, i —k]
in Agp o0 @([X,i])

(2) Ends where ng o u(p) — —oo. These ends correspond to the coefficient of
[7.i k] in ®o g (%.1]).

(3) Ends where mg o u(p) stays bounded and an index 1 curve splits—off at +oo.
These correspond to the coefficient of [y,i —k] in d o ®([X',i —k]).

(4) Ends where g o u(p) stays bounded and an index 1 curve splits—off at —oo.
These correspond to the coefficient of [y,i —k] in ® o d([X',i —k]).

Counting the ends, and using the fact that ® 0 d + d o ® = 0, gives the result. |

Proof of Proposition 9.1.

The proposition follows immediately from these four lemmas. From Lemma 9.3 we have
chain maps ®;, and ®,; whose induced maps preserve the H;(Y)/ Tors—structure
by Lemma 9.6. From Lemma 9.4 and Lemma 9.5, ®1, o ®,; is chain homotopic to the
identity map, as is ®,; o ®;,. All the maps are obviously maps of Z[U, U ~!]-modules.
This proves Proposition 9.1 for HF>. To conclude the result for HF ™ and HF~
it is only necessary to make the trivial observation that all of the maps used preserve
HF™.

The proof for HF is completely analogous — one simply restricts in each case to
holomorphic curves with n; = 0.

10 Triangles

By a pointed Heegaard triple—diagram we mean a Riemann surface X together with three
g—tuples of pairwise disjoint, homologically linearly independent simple closed curves

oa={og, - ,0g}, Bz {B1. -+, Bg} and Y ={y1,-- ., vg}, together with a basepoint
3€ X\ (eUBUYy). A Heegaard triple-diagram specifies three 3-manifolds Y g, Yg,,
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and Yy, . It also specifies a 4-manifold X g, with boundary Y, gUYg,, U—Yy ) as

follows. The curves a (respectively ,é, ¥) specify a handlebody Uy, (respectively Ug,
U, ) with boundary X. Let T be a triangle with edges e;, e, and e3. Define Xo,g,y
to be the manifold obtained by gluing Uy x [0, 1], Ug x[0, 1], and U, x[0, 1] to X xT
along ¥ x ey, X X ey, and X X e3 by identifying o € dUy x {p} with & € X x {p}
(p € ey =0, 1]) and similarly for 8 and y.

In this (rather long) section we associate to a Heegaard triple—diagram maps between
the Floer homologies of Yy g, Y, and Yy, . Specifically

Construct 10.1 To an admissible (see Subsection 10.4) pointed Heegaard triple—
diagram (E,&,E, ¥.3) and a Spin®—structure t on Xy,p,y, as well as a coherent
orientation system, as described in Subsection 10.3, we associate U —equivariant homo-
morphisms

Fypy: HF (Yypitly, ,) ®2 HF(Yg,:tly, ) — HF (Yayitly, )
Fo?,oﬂ,y: HFOO(Ya’ﬂ; t|Ya,ﬂ) dz[U] HFOO(YbC; tlyﬂ.y) — HFOO(Yﬂ’y; t|Ya,y)
Fily s HF (Yo pitly, ») ®zu) HF="(Yp i tly, ) = HF T (Ya,itly, )

Fyg HF= (Yo gitly, ») ®zu) HF="(Yg i tly,, ) > HF='(Yay:tly, ).

These maps satisty an associativity property stated in Proposition 10.29.

Of course, the zero map satisfies these conditions, but our maps are usually more inter-
esting. In particular, an instance of the construction will be used to prove handleslide
invariance in the next section. (They are also a key computational tool, have been used
to define 4-manifold invariants, contact invariants, and so on.) They will be produced
by counting holomorphic curves in the product of ¥ and a disk with three boundary
punctures, ie, a triangle.

The outline of this section is as follows. In Subsection 10.1 we discuss basic topological
properties of maps to X x 7', T a “triangle”. In particular, we discuss when such maps
exist, how many homology classes of them there are, and how such homology classes
specify Spin®—structures. In Subsection 10.2 we discuss some basic prerequisites for
construction of the triangle maps (the complex structures we consider, the index) and
then define the triangle maps, conditional on certain technicalities to be addressed in the
following two sections. In Subsection 10.3 we address the first of these technicalities:
coherent orientations of the moduli spaces of triangles. In Subsection 10.4 we deal with
the second technicality: admissibility criteria for Heegaard triple—diagrams necessary
for the triangle maps to be defined. In Subsection 10.5 we return to the definition of
the triangle maps, proving that the maps are chain maps, and are independent of the
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B.y

V23

U1

V12

V13
a, B a,y

Figure 7: The triangle T’

complex structure on X x 7' and isotopies of the o—, f— and y —circles. Finally, in
Subsection 10.6 we prove an associativity property of triangle maps.

10.1 Topological preliminaries on triangles

Fix a pointed Heegaard triple—diagram H> = (2, a, ,5 ,¥.3). Let Hy g, Hp, and
Hey,y denote the pointed Heegaard diagrams for Y, g, Yg, and Yy, specified by H3.

10.1.1 Homological preliminaries on triangles From now on, by the triangle 7
we mean a Y—shaped region in C with three cylindrical ends, as shown in Figure 7.
Note that 7' is conformally equivalent to a (in fact, any) triangle with punctures at
the corners. (We will occasionally use a closed triangle, which we continue to denote
T and think of as the closure of T.) Let ey, ¢, and e3 denote the three boundary
components of 7', ordered clockwise, and v, ,v3 and vq3 the ends between e,
and e;, ey and e3, and ey and e3 respectively. Let Wy g, = ¥ x T'. For I-chord
collections X of H!, ¥ of H? and Z of H3, let m,(X, y,Z) denote the collection
of homology classes of maps (S,0S) — (Wy g, xef UB xea Uy xe3) (S a
Riemann surface with boundary and punctures on the boundary) which are asymptotic
to X at vip, y at vp3 and Z at vy3. As before, there is a map ny: 7 (X, y,2) — Z.
Let T5(X, y,Z) = {4 € m2(X, y, Z)|n;(A) = 0}.

Let Wy g, Wg,, and W, , denote the three cylindrical manifolds which are the ends
of Weg,y-
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Note that there are concatenation maps *: 7, (X, X') X w2 (X, y,Z) = 7> (X, ¥,Z) (and
similarly for y and Z).

Suppose that 7, (X, y,Z) is nonempty. Fix an element 4 € 7, (X, y,Z). Let G denote
the tree with one vertex of valence three and three vertices of valence 1 (so G looks
like a figure Y). Let vy, vy, and v3 denote the three valence—one vertices in G. Then
A determines a map

m2(X,9.2) > Hy(Zx G, x {v1} U B x {vp} Uy x{v3})

by subtracting from each element of 7, (X, y,Z) a representative for 4 and pushing
forward via the retract suggested by Figure 7. It is easy to see that this map is bijective.

Recall that 7, (X, X) is canonically identified with H,(Z x [0, 1], x {1} U B x {0}).
Viewing [0, 1] as the path from v, through the trivalent vertex of G to vy, we obtain
an inclusion H, (X x [0, 1], x{1}UB x{0}) > Hy(Ex G, x{v1}UB x{va} Uy x
{v3}). Under these identifications, concatenation 5 (X, X) X 2 (X, y,Z) = m2 (X, J, Z)
corresponds to addition in Hy (X X G, a x{vy}UB x{v,} Uy x{v3}). Similar remarks
apply to y and Z, of course.

We have:
Lemma 10.2 (Compare [21, Proposition 8.2 and Proposition 8.3]) There is a natural
short exact sequence
0—=Z— H)(ExG,ax{vi}UB x{va} Uy x{v3}) = Hy(Xy p,)— 0.
The basepoint 3 € ¥\ (e U B U p) determines a splitting
ny: Hy(ExG,ax{vijUB x{vjUy x{v3}) > Z

of this sequence.

Proof From the long exact sequence for the pair (X g, , X x T) we have:
Hy(ExT)— Hy(Xy.py) > Hy(Xgpy, ExT) = H(ExT).

The first map is trivial since ¥ is null-homologous in X g, (it bounds in Uy, for
example). Since the boundary map in the long exact sequence for the pair (Uy, X) takes
H,(Uy, ) one—to—one onto Hy(«) C H(X), and similarly for 8 and y, the kernel
of the last map is the same as ker (H;(a) ® H;(8) ® H,(y) — H;(X)). (Here, the
map is induced from including e, B, and y in X.) Thus, H>(Xy g, ) is isomorphic
to this kernel.
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From the long exact sequence for the pair (X X G, a x {v;}UB x{v,} Uy x{v3}) we
have

0> H)(ExG)—> Hy(ZExG,aax{vi} U B x{v} Uy x{v3})
— Hi(a) ® Hi(B) ® Hi(y) > HI(£XG)

The kernel of the last map is ker (H; (o) ® H{(B) ® Hi(y) — H1 (X)) = Hy(Xo8,y)-
H,(X x G) = Z. The statement about the splitting is clear. |

The previous lemma tells us what 7, (X, y,Z) is if nonempty. It is worth knowing
when 7, (X, y,Z) is in fact empty. Define €(X, y,Z) as follows. Choose a chain
Pa (respectively pg, py,)in a (respectively B, y) with dpe = X — y (respectively
dpg =y —Z, dpy =Z—X). Then €(X, y, Z) is the image of py + pg + p, under the
map

Hy (%)

B = @) T gy e

Lemma 10.3 (Compare [21, Proposition 8.3]) The set m,(X, ¥,Z) is nonempty if
and only if (X, y,z) = 0.

Proof If m,(X, y,Z) is nonempty, choose an element A € 7, (X, y,Z). View A4 as
a chain in ¥. Then the boundary of A is a chain which defines €(X, y,Z), and is
obviously zero in homology.

Conversely, if €(X, , Z) is zero then we can choose pq, pp and py, to be cellular chains
(with respect to the cellulation of ¥ induced by «, B and y) so that py + pg + py is
null-homologous. Any chain with boundary ps+ pg+ py is an element of 75 (X, ¥, Z).

O

10.1.2 Spin"—structures and triangles While each intersection point in a Heegaard
diagram specifies a Spin®—structure on the underlying 3—manifold, for a Heegaard
triple—diagram it is the elements of 7,(X, ¥, Z) that specify Spin®
corresponding 4—-manifold. This correspondence is somewhat more complicated than
in the 3—manifold case. Our exposition will be very close to that in [21, Section 8.1.4],
but the reader may find some points clearer in one treatment or the other.

—structures on the

Recall (Section 2) that the definition of a SpinC —structure on a 3—manifold which we
have used is a “homology class of nonvanishing vector fields.” On a 4—manifold, the
analogous definition is:
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Definition 10.4 Fix a connected 4-manifold M . Suppose that J; and J, are almost
complex structures on M , defined in the complement of some 4-ball in M . (We will
say that J; and J, are almost defined.) We say that J; and J, are homologous if
J1 and J, are isotopic in the complement of some (larger) 4-ball in M . We define
a Spin®—structure on M to be a homology class of almost defined almost complex
structures.

We sketch the identification with the standard definition of Spin®—structures. Suppose
we are given an almost complex J structure defined in the complement of some 4—ball
B. On the complement of B, the almost complex structure J determines canonically a
Spin® lifting of the bundle of frames. The obstruction to extending the Spin®—structure
over B lies in H>(B, dB) = 0 and the collection of distinct extensions correspond to
H?(B,dB) =0.

Conversely, a Spin® lifting of the bundle of frames determines complex positive and
negative spinor bundles. Choosing a section s of the positive spinor bundle vanishing
at a finite number of points, Clifford multiplication by s gives an isomorphism of the
negative spinor bundle with M away from a finite number of points. Choose a ball
B containing these points. Then the identification of 7'M with the negative spinor
bundle determines an almost complex structure on M \ B.

Now, fix a homology class 4 € m,(X, y,Z). Between here and Lemma 10.5 we
associate a Spin®—structure on X, .8,y 10 A and some extra data. (It will turn out that
the Spin®—structure does not depend on the extra data.)

Fix a height function f, (respectively fg, f),) on the handlebody U, (respectively
Ug, Uy ) with one index 0 critical point and g index 1 critical points, such that fu|3y,

(respectively fglauy. fylau, ) is constant.

Choose a smooth immersion ¢: S — W, g, representing A. We will place some
requirements on ¢ presently.

Let F denote the surface obtained by capping off ¢ (S) U {3} x T" with the downward
gradient flows of fy, fg and f),. So, F is an immersed surface with boundary on
the 3g + 3 critical lines in X, g, . (By a critical line we mean a line of the form
(critical point of f;) xe;.)

Let L be the 2—plane field on X, g, \ F given by

« L(p)=T{p1}xT) C Ty, pyEx T for p=(p1.ps) €ExT

* L(p) = kerdfy(p) (respectively kerdfg(p), kerdf,(p)) for p € Uy X ¢;
(respectively p € Ug x e3, p € Uy xe3).
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V23

e V13
Vi2 Q<«t

Figure 8: Foliation of T'

To use £ to define a Spin®—structure, we need to extend it further. Fix a point x € T
and line segments a, b and ¢ from x to the edges ey, e, and ez of L, respectively. Let
vij =ejNej. Let £y g(t), £g,, (1), and £y, (1) denote the foliations of 7"\ (aUbUc),
parametrized by (0, 1), so that as 1 — 0, £, g(¢) degenerates to the corner vy, and
as 1 — 1 £, g(t) degenerates to a U b. See Figure 8. The map 7m7 extends in
an obvious way to a map nr: Xy g, — T. Let Za,ﬂ(t) = n;l(ﬁa,ﬂ(l)) C Xo g,y
Lgy (1) = n;l(ﬁﬂ,y(t)) C Xo.,y»and £y (1) = n;I (ba,y (1)) C Xop,y-

Choose ¢ so that:
(1) The intersection of F with each Zx,,g(t), Z B,y (1) or Ea,y(t) is a finite disjoint
union of contractible 1-complexes.

(2) For all but finitely many ¢, F N Za,,g (¢) consists of g 4+ 1 disjoint embedded
arcs.

(3) In some small neighborhood of the corner vi, (respectively v,3, viz)of T, ¢
agrees with X x T C T x T (respectively yx T CEXT,ZxT CEXxT).

(4) The intersections F Ny Y(a), FN T 1(b) and F N T I(c¢) each consist of
g + 1 disjoint embedded arcs.

(5) The preimage under ¢ of «; X e1, Bi X e and y; X e3 is a connected arc for
each 7.

Such ¢ exist.
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Fix a ¢ such that F'N Za,,g (¢) consists of g + 1 disjoint embedded arcs. Observe that
Za, (1) is diffeomorphic to Y, g. For an appropriate choice of the height functions fy
and fg, they and a parameter for the interval £, g(¢) determine a Morse function f;
on Y, g. For an appropriate choice of metric, the 2—plane field £ is the orthogonal
complement of V f;. As when we associated Spin®—structures on 3—manifolds to
intersection points, one can then use the (g + 1)—tuple of paths F N Ea, (1) to replace
L with a 2—-plane field defined on all of Za, g(1).

Doing this construction uniformly in ¢, we can extend £ over all of Ex’ (1) forall ¢
such that F'N £, g(t) consists of g + 1 disjoint arcs. The same construction obviously
works for £g,, (1) and g, (7).

Note that we can also extend £ over the boundary Y, g U Yg, U Y,y , by exactly the
same method.

Now we have defined £ except on the intersection of F with
. Jrfl(an Uc) and

. Za’ (ti), l, B,y(t]) and Za,y(ti” ) for some finite collection of #;, ¢/ and ¢/".

Thus the region to which we have not extended £ consists of a collection of disjoint
contractible 1-complexes. So, we can find an open ball B in Xj g, such that £ is
defined on X, g, \ B.

Choose a metric on X, g, . Then the metric, orientation, and 2—plane field £ define
an almost complex structure on X, g, \ B, and hence a Spin®—structure on Xo By

The first question we address is how this construction depends on ¢.

Lemma 10.5 The Spin® —structure just constructed depends only on the restriction of
¢ to the boundary of S'.

Proof Observe that in the construction, the restriction of ¢ to the boundary of S
determined the Spin®—structure on X, By \ 2 X T . For a manifold M , let Spin®(M)
denote the collection of Spin®—structures on M . We check that the restriction map
Spin® (X, wBy) = Spin® (X8, \ T X T) is injective; this then proves the result.

Recall that Spin®(M) is an affine copy of H?(M;Z). Further, if N C M then the
restriction map from Spin®(A/) to Spin®(N) commutes with the H2?—action. That
is, let £ € Spin®(M), &|y its restriction to Spin®(N), a € H*(M;Z) and a|y its
restriction to H?(N;Z). Then, (a-£)|x = a|x -£|n . This can be proved, for example,
by thinking about Cech cocycles.
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So, it suffices to prove that the restriction map H? (Xo,g,y:2)— H? (Xa,8,y \Z xT:7)
is injective. Consider the following commutative diagram:

H*(Xy gy Xapy \EXT:Z) — H*(Xyp:Z) —> H*(Xop, \ExT;2) .

i !

H*(Z xD, = x 0D; Z) H*(X xD; 7)) H*(Z xdD; 7)

R

0

(The top row is from the long exact sequence for the pair (Xy g,y Xo,8,y \ Z xT). The
bottom is from the long exact sequence for the pair (X x 7, X x T).) It follows from
the diagram that the map H?> (Xa,g,y:2) — H? (Xo,8,y \ Z X T:7Z) is an injection. O

It would be nice to have a better way of presenting the construction of a Spin®—structure
on X, g, from an element of 75 (X, ¥, Z). Unfortunately I do not know one.

The following is [21, Proposition 8.4]:

Lemma 10.6 The assignment described above induces a well-defined map

53 (X, ¥, Z) — Spin® (X p,5)-

Proof By the previous lemma, the construction depends only on the restriction of ¢
to 5. This restriction is defined up to isotopy by the element in 7,(X, y,Z). It is
clear from the construction that an isotopy of ¢ does not change the Spin@ —structure
constructed. |

For s € SpinC(Xa,ﬁ,y) we shall often write 4 € s to mean that s;(4) = s.

Definition 10.7 Given two triples of intersection points (X, y,Z) and (X', J/,Z"), and
Aeny(%,7,2), A € my(¥', ¥',Z’) define ¥ and ¥’ to be Spin®—equivalent if there
exist elements B, g € m2(X,X’), Bg, € m2(y,y’), and By, € m2(Z,Z’) such that
A+ Bypg+ Bgy + Byy =A". Welet S, g, denote the set of Spin®—equivalence

classes of triangles.

The following is [21, Proposition 8.5]:

Lemma 10.8 The assignment 775 (%, 3, ) — Spin® (X, g,y) defined above descends
to a map s;: Sq g, — SpinC(Xa’ﬁ,y). This new map is injective. The image of
s consists of all Spin® —structures whose restrictions to 0Xy, g,y are represented by
intersection points.
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Proof Our proof is the same as in [21].

The fact that s; descends to S, g, follows from the fact that the restriction of the
2—plane field used to define s;(A) to Y, g is homologous to the 2—plane field used to
define s;(X) (and similarly for the restrictions to Yp, and Yy, ). That is, suppose 4
and A’ are Spin®—equivalent elements of 77,(X, 7,Z), A’ = A+ Bypg+ Bgy+ Ba,y.
Let £4 and &4/ denote the 2—plane fields constructed above to define s;(A4) and s;(A”)
respectively. We can assume that £4 and &4/ agree outside some collar neighborhood U
of Wy, g,y . Further, on Y, gx[0,1) CU (respectively Yg,, x[0,1) CU, Y, x[0,1) C
U) we can assume that £4 and &4 are given by V faJ,_ﬂ (respectively V f; ﬁj:y, \% faJ:y)
for some Morse function fy g on Y, g (respectively fg, on Yg,, fu, on Yy )
outside some ball neighborhoods of (¥ U 3) x [0,1) (respectively (J U 3) x [0, 1),
(2U3) x [0, 1)). But it is then immediate from the definition that £4 and &4 define
the same Spin®—structure on Xy g, .

Recall that the restriction map Spin® (Xa,8,y) = Spin®(9.X, ,8,y) commutes with the
(transitive) actions of H? (Xq,B,y) and H 2(0Xy, B,y) respectively. It follows that the
cokernel Spin® (X, w.B.y)/ Spin® (X, ,B,y) 1s naturally identified with the cokernel of the
restriction map H?(Xy g, Z) — H?(3X4,g,; Z). This in turn is identified with the im-
age of the connecting homomorphism 8: H?(3X, g.,;2) — H*(Xy .. 0Xu.p.y: Z).

Summarizing, we have a map €’ SpinC(aXa’ﬂ’y) — H? (Xq,B,y-0Xq g, Z) given by
the composition of the coboundary map

§: H*(0Xy.8.9:2)/H*(Xa.p.y: Z) — H>(Xy gy, 0Xu.p.y: Z)
with the projection
Spin®(8Xy p.,) — Spin® (0Xy.p.,)/ Spin®( Xy p.) = H*(0Xy.p.,)/ H* (Xep.y)-
The element €'(s) vanishes if and only if s can be extended to all of Xy g,, .

Recall that we defined earlier in this section the obstruction €(X, y,Z) € Hi(Xy,g,,) to
the existence of elements in 75 (¥, 7, Z). Let s,(%, ¥, Z) denote the Spin®—structure in-
duced by X, y and Z on X, g, . We next check that (X, y,Z) = PD(€'(s5(X, ¥, 2))),
where PD denotes the Poincaré dual.

To show this, isotope the a—, f— and y—circles so that there are intersection points
X', ¥ and zZ’ with m,(X’, y’,Z’) # @ (this is easy). Then, (X', y’,Z') = 0. We
already showed that the Spin®—structure s,(¥’, j’,Z') extends to all of X, g, so
€'(s;(X’, y',Z’)) = 0. It is obvious from the definitions that, up to a universal sign,
e(x,y,0)—e(X, ¥, Z)=i(e(X, X)) +i(e(y, ¥))+i(e(Z,Z')). (Here, i: Hi(0Xy p,,)
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— H{(Xy ) is the map induced by inclusion.) Naturality of Poincaré duality gives
the commutative diagram

Hl (8Xa,ﬂ,y) Hl (Xa,ﬂ,y)

o o

8
I‘I2 (aXa’ﬁ’y) I H3 (Xa,B,y’ aXa,ﬁ,y)

which implies that
PD (e(X,3,2))— PD (e(x". J'.Z)) =8 (PD(e(X,X) @ (. }) ® (2. Z))) .
From its definition,
€ (53(55 V.Z)) —€ (53(_’/ y' _’,)) =4 ((53(56) _53(%,)) S (53(5}) _53(5;/))
® (s5(2) —5;(2)) -
Now, PD (e(¥,X")) = 5;(X) —5;(X’) (and similarly for J and Z). So, since

PD (6(—’/ =/ —>/)) =c (53(—'/ =/ —’/))
it follows that PD (e(X. J,Z)) = €/(X. J,Z).
Now suppose we had a Spin®—structure s on X, B,y Whose restriction to the boundary

is realized by intersection points X, ¥, and Z. Then 0 = €/(X, y,Z) = (X, y,Z). It
follows that s is in the image of s;. The converse is obvious.

Finally, it remains to show injectivity. Fix a homology class 4 € m»(X, y,Z). The
following diagram commutes:

A /o o A o o PO 2 P
(X X) @7 (V. )) @ 72(Z.2) — Ma(¥, 5, 2) ———> Sapy ———>0

55

R
|
N
IR
T
=

Spin®(Xy.5.5)
—s53(A)

>~

HZ(aXa,ﬂ,y) - HZ(Xa,ﬁ,y) g HZ(Xa,ﬁ,y’ 3Xa,ﬁ,y)

Injectivity of s; is immediate. |

10.2 Definitions of the moduli spaces and maps

We now deal with the analysis involved in defining the triangle maps. We start by
discussing the almost complex structures with which we will work. Fix a point 3; in each
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component of X\ (e¢UB Uy). Fix an almost complex structure J, g (respectively Jg ,,,
Ja,y) on Wy g (respectively Wg,,, Wy, ) satisfying (J1)—~(JS) and which achieves
transversality for holomorphic curves of index < 1. We will work with complex
structures J on W, g, such that:

(J’1) J is tamed by 7, the split symplectic form on X x 7T .

(J'2) Inaneighborhood Ug,,y of {3i} x T, J = jx x jr is split. (Here, U,y is small
enough that its closure does not intersect (e U g U y) x[0, 1] x T).

(J’3) Near X x{vy}, J agrees with Jy g Similarly, J agrees with Jg,, near X x {v,}
and with Jy , near X x {vs}.

(J'4) Projection w7 onto T is holomorphic and each fiber of 7y is holomorphic.

For now, fix an almost complex structure J satisfying (J'1)—(J’4). For A € m»(X, ¥,2),
let M4 denote the moduli space of embedded holomorphic curves u: (S,dS) —
(Wo,y-axe; U xey Uy xes) asymptotic to X, y and Z at the three ends of X x T
and in the homology class A. We require that ¥ map exactly one component of 9.5 to
each of the 3g cylinders «; X e1, B;i X ey and y; X e3. We also require that there be no
components of .S on which w7 ou is constant.

We digress briefly to discuss the index of the 5—operator for triangles. Fix a homology
class A € m5(X, y,Z). Suppose that u: S — Wy g, is a map in the homology class
A. Then an argument similar to the one given in the beginning of Section 4 shows that

ind(Dd)(u) = %g — x(S) +2e(A).

Here, e(A) denotes the Euler measure of A4, as described in Section 4. The % g looks
strange, but for g odd it is easy to see that 2e(A) is a half—integer. When deriving this
formula, one should keep in mind an extra —g, not appearing in Section 4, coming
from the Maslov index of w7 ou.

Analogously to Subsection 4.2 we have:

Proposition 10.9 The Euler characteristic of an embedded holomorphic curve u: S —
W, g,y 18 determined by the homology class of u.

Proof The only part of the index which does not depend a priori only on A4 is x(S).
As in the proof of Proposition 4.2 we will re—interpret the Euler characteristic as an
intersection number.

Let u: § — W, g, be a holomorphic map in the homology class A. By the Riemann—
Hurwitz formula, the degree of branching of 7wy o u determines x(S), and vice versa.
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Choose a diffeomorphism T — @\ {z3 =1} from T to the unit disk with three
boundary punctures. Let £7 be the vector field on 7" induced by the vector field r %
on D?. Here, we choose the diffeomorphism so that the preimage of 0 is not a branch
point of 77 ou. Let & be the vector field 0 x §7 on W, g ,,. Then, for € small, the
degree of branching of 7y ou is given by #(u Nexpg(u)) — g.

Fix embedded holomorphic curves u: S — Wy g, u’: 8" — W, g, in the homology
class 4. Because we are in a low dimension (two), we can choose a (proper) bordism
v: R — Wy g, from u to u’. Choose a Morse function f: R — R with 0R =
/71({0,1}), and so that v restricts to # on f~!(0) and to u’ on f~1(1). We will
think of f as a coordinate on R, and write R, for f~!(a) and v, = v|g, .

For an appropriate choice of R, v and f there is a partition 0 =ty < 51 <] <5 <
t, <---<si =1 of [0, 1] such that

o The function f has no critical values in [s;, ], i =1,---k (and so f~!([s;i, #])
is a product).

* For each point s; (respectively #; ), vs; (respectively vy, ) is an embedding in the
homology class A4 which projects as a branched cover to 7.

e The map v|r-1(,, ) is constant near infinity (as a function of f(p)).

Si+1)

In words, we have chosen R, v and f so that we can subdivide [0, 1] into subintervals
over which either the map doesn’t change near the punctures or the topology of S
doesn’t change near the punctures (and so that each interval starts and ends with maps
for which the degree of branching of 7y o v, determines x(R,)).

For each i, x(Rs;) = x(Ry;), by the first property.
Also, if a,a’,a” € (t;,s;+1) are regular values then #(v, N vy ) = #(vg Nvgr). Tt
follows from the Riemann—-Hurwitz formula that x(Ry) = x(Ry ).

But this implies that x(S) = x(Ry,) = x(Rs,) = x(S’), completing the proof. O

For A € m,(X, ¥,Z), let ind(A4) denote the index of the Dd problem for embedded
curves in the homology class A4, if such an embedded curve exists. Note that the index
is additive in the sense that for By g € m5(X,X’), ind(A + By, g) =ind(A4) +ind(By, g)
(and similarly for the other ends), if both sides are defined. We shall omit the words
“if defined” from all subsequent discussion of the index — that we are only discussing
homology classes representable by holomorphic curves will be implicit throughout.

Remark We could have proved Proposition 10.9 in more generality by using an
analog of Lemma 4.1. Then, ind(A) would have a natural meaning for any homology
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class A € m»(X, y,Z). The only cases in which we are interested in the index, however,
are when there is an embedded holomorphic curve.

We now must check that, for generic J satisfying (J'1)—(J’4), the moduli spaces of J—
holomorphic curves MA are reasonably well behaved. Again, we achieve transversality
by varying J. The argument to show that one can achieve transversality among J
satisfying (J'1)—(J’4) is analogous to the one given in Section 3.

Note that bubbling and Deligne—-Mumford type degenerations in moduli spaces with
ind < 1 are prohibited by the argument used in Section 7. So, by the compactness
theorem [2, Theorem 10.2], the compactification of M consists of holomorphic
buildings with one story in W, g, and all of their other stories in W, g, Wg,, or
Wa,y . (As is standard in symplectic field theory, the stories in the cylindrical bordisms
W, Wp,y» and Wy, are only defined up to translation.)

For the rest of this section, fix a Spin® equivalence class of triangles. Denote it Sa,B,y -
Fix a complex structure satisfying (J'1)—(J’4) and achieving transversality.

There are still some technical details to address before we can define the triangle maps.
However, we will give the definitions now, asking the reader to trust that all the symbols
make sense and sums are finite. We will justify this trust presently.

Given the choice of 54 g, € Spin® (X, «,B,y) we will define a map

w By CTPXa,p) @201 CF®(Yp,y) > CF(Ya,y)

by
155, FARF. =Y 3> (FMA) i+ = na ()

z Aemy(%,Y,2)Nsq B,y
ind(A4)=0

Remark For the complexes CF*®, CF~, CFT and CF=° our tensor products shall
always be over Z[U]. For CF they shall be over Z. In the case of CF*° it would be
equivalent to take the tensor product over Z[U, U ~!]. It is not equivalent, and quickly
leads to nonsense, to take all the tensor products over Z. The corresponding remark
also applies to the Hom functor, if one wanted to obtain cohomology theories; cf [20,
Section 2].

There are two obvious issues that need to be addressed. Firstly, since we have been
working with Z—coefficients, the symbol “#” implies that we have chosen orientations
for the M“, which should presumably be consistent with the orientations for the
moduli spaces for Hy g, Hp,, and Hg,,. We will address this issue in Subsection
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10.3. Secondly, we need to know that the coefficient of [Z, k] in ;’%’y([)?, i,[7, 7D
is a finite sum. This will require that we impose an admissibility condition on the
Heegaard triple—diagram, as we will discuss in Subsection 10.4. Note, however, that if
we work with Z/2—coefficients and if H, (X g,, ) is finite then the formula defining

ao% y already makes perfect sense.

Before addressing the issues of orientations and admissibility, we define the rest of the
maps that will appear.

We will define a map
Japy: CF(Yyp) ®7 CF(Yg,) — CF (Ya,y)
by

JupyEOF) =" 3 () =

z Aeﬁz(fc,if)ﬂﬁa,ﬂ,y
ind(A4)=0

There is a subcomplex CF=% of CF> generated by all [¥X,i] with i < 0. The
homology HF=° of CF=0 is naturally isomorphic to H F~, but the results on triangles
are phrased most simply in terms of CF=?. The map fao% y restricts to a map

ff’g’y: CFSO(YO,,ﬂ) ® CFSO(Yﬁ,,,) — CF=%(Yy,,). Hence it also induces a map

Jig, CFY (Yap) ® CF=0(Yp,: Mg ,y)) — CF T (Yoy).
Note that fa"% y is a map of Z[U]-modules (in fact, Z[U, U ~!]-modules), so ffﬁ y
and fo;L , are also maps of Z[U]-modules. Further, since CF 5O(Ylg,),) is a subcom-
plex of CF*°(Yg ), the map fa"% y restricts to amap CF>(Yy, g) ®z(u] CFSO(Y/g,y)
— CF®°(Yy,y), which we also denote fa"% y

The next step is to show that the maps just defined are chain maps. The proof is
completely standard, but before giving it we digress to deal with orientations and
admissibility.

10.3 Orientations

By the same arguments as in Section 6, it follows that the moduli space M4 (X, ,B,y) are
orientable, and by general arguments we can find orientations for all the M4 (X, w.B.y)
MBe.p (Ya,p) MBs.y (Yg,,) and MBey (Ya,y) (or rather, for the determinant line
bundles over the corresponding configuration spaces) which are consistent with gluings.
However, we would like somewhat more. Specifically:
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Lemma 10.10 (Compare [21, Lemma 8.7]) Given coherent orientation systems
0q,8(Baq,g) and og ,(Bg ) (forall By g and Bg,, ) there are orientation systems 0y,
and oy g, consistent with oy g and og ,, .

Note that we have not claimed that 04, and 04 g, are unique. The indeterminacy
will be clear from the proof.

Proof of Lemma 10.10 Our proof is the same as in [21, Section 8.2].

Fix a Spin@—structure Sq.8,y ON Xy g, and intersection points Xo € S48 1Y, 8
Yo €5a,8,ylvs,, and Zo €548,y |1, - Fix Ag € m3(Xo. Yo, Zo). Choose any orientation
over Ag.

Let

K = {Ba,y € 72(Z0.Z20)|3Bq,p € 72(X0. X0). Bg,y, € 72(¥o. Jo)

Sublemma 10.11 (1) 7,(Z9.Z0) =~ K ® Z" for some N .

(2) Given By, € K there is only one pair Bg,, By, such that Ag + By, =
Ao + Bﬂ,)’ + Ba’y .

Assuming the sublemma, the lemma is almost immediate. By Part 2 of the sublemma,
0a,8,y(40), 0q,8, and 0g, determine oy, over K. Choosing 04, arbitrarily over a
basis of ZV determines 0g,y OVer 7y (Z0,Zo) . The orientation over [X] is determined
as in Section 6. Choosing a homology class B, ,, > € > (Z0, Z) for each intersection
point Z (ie, a complete set of paths for Yy, in the sense of Section 6) and then choosing
orientations arbitrarily over the B, , > determines oq,, over all of 54 g, |y, , - The
orientation over Ag and 0y g, 0g, and 0q,), together determine o0y g, over all of

Sq.8,y - This completes the proof, except for the

Proof of Sublemma 10.11 The subgroup K is canonically identified with the inter-
section of H(Y, gUYg,) and Hy(Yy,y) in Hy(Xy g, ). From the fragment

J p
H; (on,ﬂ,yv Ya,,BUYﬂ,y) — Hz(Ya,lgUYﬂ,},) — HZ(Xa,f},y) — HZ(Xa,ﬂ,y, Ya,ﬂUYﬂ’y)

of the long exact sequence for the pair (Xy,g,,. Yo,8UY3,,), One sees (2o, Zg)/ K =
poi(H;(Yy,y)). By excision, Hx(Xy g,y Yo, gUYp,,) = Hi(Ugx[0, 1], Ug x 9]0, 1]).
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So, H3(Xa,8,y: Ya,gUYs,) =0,s0 j is injective, implying part (2) of the sublemma.
Further,

Hz(Xa,ﬁ,y, Yo pU Yﬂ,y) = Hz(Uﬁ x [0, 1], Ug x a0, 1))

4 g
= H, ((\/ shHxst.(\/ sh)x {pt})

i=1 i=1
~ 78

(from the long exact sequence for the pair), so 7 (Zg, Zg)/ K is free Abelian. It follows
that the sequence

0 — K — (29, Z0) = 72(Z0,20)/ K — 0

splits, yielding the result. |

In the rest of this section, we shall always assume that coherent orientations have been
chosen for the moduli spaces under consideration, but shall suppress the orientation
systems from the notation.

10.4 Admissibility

As when we defined the chain complexes, we will need the Heegaard triple—diagram to
satisfy certain admissibility criteria in order to ensure finiteness when we define maps
between Floer homologies.

Definition 10.12 The pointed Heegaard triple—diagram 3 is weakly admissible
if the following condition is met. For any B, g € 72(X,X), Bg, € 72(¥,y), and
Ba,y € 72(Z,Z) we require that By g + Bg, + By, have both positive and negative
coefficients (or be identically zero).

Note that the definition given in Section 5 of weak admissibility here corresponds to
the definition of weak admissibility for all Spin®—structures.

Definition 10.13 Fix a SpinC—structure s on Xy 8, and let 54 g, 5, and s, be
the restrictions of sy g, to Yy g, Yg, and Yy, respectively. We say that H3 is
strongly admissible for so g ,, if forany X €54 8, Y €588, Z €5q4,, By g € T2(X, X),
Bﬂ,y S ﬁz(}j,}) and Ba’y S 7?2(2,2) with

(c1(5a,8): Bap) +{c1(5py). Bp.y)+(c1(5ay). Bayy) =212 0

and By g + Bg,, + By,y notidentically zero there is some coefficient of 4 + B + C
strictly greater than #n.
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Note that weak (respectively strong) admissibility for 7> implies weak (strong) ad-
missibility for each of Hy g, Hp,, and Hy,y .

The proof of the following alternate characterization of weak admissibility is the same
as the proof of Lemma 5.3.

Lemma 10.14 With notation as above:

e The diagram H3 is weakly admissible if and only if there is an area form on ¥
with respect to which for any By g, Bg, and By, as in the definition of weak
admissibility, the domain By g + Bg,, + By, has zero signed area.

e The diagram H? is strongly admissible for s if there is an area form on ¥ with
respect to which for any By g, Bg, and By, as in the definition of strong
admissibility, By g + Bg,,, + Ba,y has signed area equal to n, and with respect
to which ¥ has area 1.

Recall that we call a homology class A positive if the corresponding domain has no
negative coefficients.

The following is [21, Lemma 8.9]

Lemma 10.15 Suppose H? is weakly admissible. Fix intersection points X, y, and
Z and a Spin® —structure s on Xq,p,- Then for each j,k € Z there are only finitely
many positive A € sy p.,, N75(X, ¥, Z) such that

* ind(4) =],
o ny(A)=k,

Proof Suppose that A, A" € m5(X, y,Z), n;(A) =ny(A’) =k,and 4, 4" € 54, .
Then by Lemma 10.8, 4 and A’ are Spin®—equivalent, so A’ = A+ By g+Bgy+Ba,y
where By g € T2(X,X), Bg,, €2(¥,¥), and By, € 7»(Z, Z). By the previous lemma,
we can choose an area form on X so that By g + Bg , + Ba,y has zero signed area.
The result then follows as in Lemma 5.4. O

It follows from this lemma and compactness that if {3 satisfies the weak admissibility
criterion then the sums defining fy g, and f(;rﬂ , are finite.

The following is [21, Lemma 8.10].

Lemma 10.16 Fix j € Z, intersection points X, ¥, Z, and a Spin® —structure Sa. B,y -
Suppose H3 is strongly admissible for s. Then there are only finitely many positive
A € my(X, y,Z) N8y g,y such that ind(A) = j.
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Proof As in the previous proof, given 4, A’ € m,(X, ¥, Z) satisfying the hypotheses,
A— A" = By g+ Bg, + By, for some B, g € m3(X,X), Bg, € m2(y,y) and
By, € m2(Z,Z). The proof then follows as in Lemma 5.5. O

It follows from this lemma and compactness that if 3 satisfies the strong admissibility
criterion then the sums defining f;% Y and j;fg , are finite.

The following is [21, Lemma 8.11]. We refer the reader there for its proof.

Proposition 10.17 Given any pointed Heegaard triple-diagram (2, @, ,5 ,V.3) there
is an isotopic weakly admissible Heegaard triple—diagram. Given any pointed Heegaard
triple-diagram (X, a, B ¥.3) and a Spin®—structure Sq,8,y On Xy g, there is an
isotopic pointed Heegaard triple-diagram which is strongly admissible for sq g ,, .

10.5 Moduli spaces and maps, part 2

: 00 <0 + 7
If we wish to make a statement about all of w By’ fa,ﬂ,y , fa,ﬂ,y’ or fq g, atonce

we will simply write fy g, . For example
Lemma 10.18 The maps fy g, are chain maps.

Proof This follows by considering the 1-dimensional moduli spaces M4«.8.» where
Ag. g,y €m2(X,,Z), ind(Ag,p,,) = 1. The proof of Proposition 7.1 still works, so the
boundary of MA«8. consists of height two holomorphic buildings in the homology
class Ag g, . Each of of these height two holomorphic buildings consists of

(1) acurve of index 0 in ¥ x 7" and

(2) acurve of index 1 (defined up to translation) in one of Wy g, Wg,, or Wy q,

and every such building is in dMA«8v for some Ay g,y of index 1. This follows
from [2, Theorem 10.2] and Proposition A.1. Hence,

0= #(8Mc) - ¥ (#/\73“) (#MAa.B.y—Ba.ﬁ)

By pema(X,X)
ind(Bg.g)=1

+ Y (#/\735”) (#MAMV‘Bﬂ!v)

BB,]/GTIZ(J_;:}/)
ind(Bg,,)=1

+ Y (#/\73 )(#MAwsv—Ba’v).

o,y
By.yema(Z,2)
ind(Bg,y)=1
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But summing this over Ay g, with n;(A44 g.,) =k gives the coefficient of [Z, i + j —k]

1 o0 o0 1 o0
in do wpy T Japy© d, proving the result for fa,ﬂ,y'

<0 + : - s
The results for fa, By and fa’ By follow immediately. The proof for fy g, is analogous,
restricting to curves with n; = 0; we leave the details of this case to the reader. |

We use Fy g, (appropriately decorated) to denote the maps on homology induced by
Japy-

Lemma 10.19 The maps Fy g, just defined are independent of the choice of complex
structure J on Wy, g ,, satisfying (J'1)~(J'4).

Proof Suppose J and J' are two complex structures on Wy g, satisfying (J'1)—
(J'4). Note in particular that J and J’ agree on the ends of Wy g, . Let jao% J
and j;% T denote the maps defined above, computed with respect to J and J'

respectively.

Choose a generic path J; connecting J to J’, which is fixed on the ends of W, g ,, .
Then for any k € Z there are a finite collection of ¢ € (0, 1) such that M4e.8.» = ¢ for
some Ay g, with ind(Aq g, )= —1 and n;(Ay g, ) < k. (This uses the admissibility
hypothesis.) Define a map ®: CF*® (Y, g) ® CF®(Yg,,) — CF*(Yy,y) by

O(X. LI D= > #MACHY 2,0+ j—ny(Aa,py))
E (Aa“B,y,t)eﬂz(;C,f/,})X(o,1)
ind(Ay.g.,)=—1
The coefficient of each [z, k] is a finite sum. By exactly the same argument as used in
Lemma 9.4, ® is a chain homotopy from fao,%,y, y to fao’%,y’ Jr-

The results for Fgf’ﬂ, o F ig’ y and F O': By follow. The result for I?O,, B,y 1s proved in
an analogous way; as has become our habit we leave the details of this case to the

reader. o

Lemma 10.20 The maps F g, are independent of the choices of complex structures
Jo,p. Jp,y and Jy,,, satisfying (J1)—(JS) and achieving transversality, and are indepen-
dent of isotopies of the o, B and y preserving the admissibility hypotheses and not
crossing 3.

Proof Let o', 8’ and y’ be isotopic to «, 8, and y. As in Section 9, we may assume

the isotopy introduces or cancels only one pair of intersection points, and can be realized
by Lagrangian cylinders. Let Jo g/, Jg - and Jy )7 be a complex structures on
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Figure 9

We.g- Wg,,, and Wy, respectively satisfying (J1)—(J5) and achieving transversality.
Choose a path of complex structures J; o g (respectively J; g, Jra,y), L €[0,1],
interpolating between Jy g and Jyr g (respectively Jg,, and Jgr . Jo,y and Jo ),
as in Section 9.

Divide Wy g, into seven regions: the three ends Eq g, Eg, and Eg,,; three
interpolation regions Iy g, Ig,,, and I, 4 just below the ends; and the rest of Wy g,
which we call the heart, as in Figure 9. Let J be a complex structure on Wy g ,, which
(1) satisfies (J'1) and (J'4).
(2) agrees with Jy/ g over Eq g, with Jg ,» over Eg,,, and with Jy/ v over Ey y;
(3) agrees with J; o g over Iy g, with J; g, over Ig ., and with J; 4, over Iy y;
(4) is standard in a neighborhood of {3;} x T" for all but at most one i;

(5) achieves transversality.

Let Js be a the complex structure obtained from J by inserting a neck of length s
just between each interpolation region and the heart. (See Subsection A.2 for a precise
definition of this process.)

Let Cy (respectively Cg, C)) be Lagrangian cylinders which interpolate between
the o and o (respectively B and B’, y and y’) curves in the regions I g and Iy,
(respectively Iy g and Ig,,, Iy, and Ig ).
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Counting Jg—holomorphic curves with boundary on the C, we obtain maps f o/ g.,.
By the same proof as the previous proposition, the maps f o/ g, are all chain
homotopic to the map fo g/,

Taking s — oo and using the compactness result [2, Theorem 10.3] and Proposition
A.2 we find that fy g/, is chain homotopic to @qy © fy 8,y © (Pe,p ® P,y ) - Here,
@, p (respectively g, , Dq,y ) is the chain map defined in Section 9, for the isotopy
between (a, 5) and (@', ) (respectively between (,5 ,7) and (B',7"), between (&, 7)
and (a’,7")).

Orientation systems, which have been implicit in the discussion, are extended as
discussed in Section 9. |

10.6 Associativity of triangle maps

Next we show that the maps F,, g, satisfy an associativity property. Before stating it,
however, we need some basic properties of Heegaard quadruple—diagrams.

10.6.1 Heegaard quadruple-diagrams As the reader can presumably guess, a
pointed Heegaard quadruple—diagram consists of a genus g surface X, four g—tuples
of pairwise disjoint homologically linearly independent simple closed curves a, B ,
y and 5 , and a distinguished point 3 € ¥\ (¢ U B U y U §). In this section we will
state the analogs for Heegaard quadruple—diagrams of the basic definitions and lemmas
stated earlier for Heegaard triple diagrams. Except as noted, the proofs are the same as
for Heegaard triple—diagrams, and hence are omitted.

Fix a pointed Heegaard quadruple—diagram H* = (2, &, 8. 7, 3, 3). The diagram H*
specifies a 4—manifold Xy g, s with boundary dXy g, 5 =Yy gUYp,UY, sU(=Yy 5)
by gluing the elongated handlebodies Uy x [0, 1], Ug %[0, 1], Uy, x[0, 1] and Us x[0, 1]
to the product of ¥ and a square.

Let W, g,y,5 be the product of X and a disk R with four boundary punctures, thought
of as a topological space without complex structure for the moment. Let e,--- , eq4
denote the four boundary arcs of R, enumerated clockwise, vi,, V33, V34 and vgqq the
four punctures, with v;; between ¢; and ¢;; see Figure 10. In W, g ,, 5 we have 4¢
cylinders: o x ey, B x ey, y xe3 and 8 X e4. Let (X, y, Z, w) denote the collection
of homology classes of maps (S,dS) — (Wy g,,.5.0 X e; U---Ud x e4) asymptotic
to the I-chord collection X for Hy g at vy, y for Hg,, at v, and so on.

Given X, --- ,w there is an element €(X, y,Z, w) € H;(Xg,p,y,5) defined as we defined
e(X, y,Z) for triangles in Subsection 10.1.
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Lemma 10.21 (1) m»(X, y,Z,w) is nonempty if and only if e(X, y,z,w) = 0.
(2) If e(X,y,Z,w) = 0 then m(X,y,Z, W) = Z & Hy(Xypys). The map
72 (X, y,Z,w) — Z is given by n;. The identification of 5 (X, y,z,w)/Z with
H>(X¢,p,y,8) is affine (but canonical up to translation).

Proof See Lemma 10.2 and Lemma 10.3. O

As with triangles, each element A of 75 (¥, 7, Z, ) specifies a Spin®—structure 5,(4)
on Xy g5 the construction is the same as in Subsubsection 10.1.2. Also as before,
there are obvious concatenation maps 7, (X', X) X 72 (X, y,Z, W) — mo(X', y,Z, W),
and similarly for 7, Z and . Again we say A € m,(¥X, J,Z, w) is Spin®—equivalent
to A+ By g+ Bp, + B, s+ Bys for By g€ mp(X,X), -+, By s € ma(w, w), and
let Sy 8,,,6 denote the collection of Spin@ —equivalence classes. Again we have:

Lemma 10.22 The map m»(%, ¥, Z, W) — Spin®(Xy,g,,.5) descends to an injective
map Sy 8.y, SpinC(Xa, B.y,8) Whose image consists of all those SpinC —structures
whose restrictions to dX, g, s are realized to intersection points.

Proof See Lemma 10.8. O

Now, however, there is somewhat more structure. The manifold X, g, s decomposes
as Xy gy Uv,, Xays and as Xy g5 Uy, Xg 5. Let 84,y (respectively 6g,,) be
the coboundary map for the Mayer—Vietoris sequence for the former (respectively the
latter) decomposition. Working for the moment with the former decomposition, we
have restriction maps SpinC(Xa’B’y,(g) N SpinC(Xa,ﬂ,y) x Spin® (Xq,y,8). These maps
commute with the H?—actions, and so by the Mayer—Vietoris theorem, the fibers of
r are the orbits of the action of 84,y H'(Xy,,) C H*(Xy.p.5.5) on Spin®(Xy.6.5.5)-
Corresponding statements hold for the decomposition Xy g5 = Xq,g,5 Uys 5 XB,y.5-

Rather than fixing a single SpinC —structure over Xy g, s we shall fix a 8, H ! (Yo,p)+
dpsH Ly, 8,5)—orbit of Spin®—structures. The reason is easier to see in terms of domains.
Concatenation (addition) gives a well-defined map

oY,

By = = = § o 5 - ByS = = = o
712”97'()6,)/,61)><712 (a,z,w)—>ng'3y (X, 9,z,w).

This map, however, does not descend to a map Sy g, X Sq¢,y.6 — Sa,8,y,8: fOr
Agpy € M2(X,¥,d), Ag,ys € m2(d,Z, W) and By, € m2(a, d) the domains Ay g,
and Ay g, + Bq,y define the same element of Sy g, , but Ay g, + Ay, s and
Ag,p,y + Ba,y + Aq,y,s may not define the same element of S, g, 5. So, the compo-
sition Fy g, (Fa,y’(; (.-, ) involves domains belonging to an entire n;{ Y (a, a)—orbit
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of elements of Sy g, 5. Since 8o,y H' (Yy,) and Sﬂ,ng (Yg,5) may not coincide, the
best we can expect to prove is associativity for certain sums of triangle maps. This is
what we will (eventually) prove.

The next issue to address is admissibility.

Definition 10.23 The pointed Heegaard quadruple—diagram H* is weakly admissible
if given By € (X, X), Bg, € (3, ¥), B,s € (2, 2), Bys € o (w, w) with
Byg+ Bgy + By s+ Bys # 0, then By g+ Bg, + By, s + By s has both positive
and negative coefficients.

Definition 10.24 A pointed Heegaard quadruple—diagram H* is strongly admissible
fora 8o, H! (Ya’y)+8ﬂ’8H1 (Yg,5)—orbit of Spin®—structures & if for any Sa.B,y,6 €6

and any six domains Bg , € ﬁg’", {&,n} C{a, B, v,8} (£ # n) such that
* Yigy Ben #0and
* L (c1 (Sa.Boy|¥e,)  Beg) =2n=0

then some coefficient of ) (&,ny Be.n 1s greater than n.

Lemma 10.25 (1) Given any pointed Heegaard quadruple—diagram there is an
isotopic weakly admissible pointed Heegaard quadruple—diagram.

(2) Suppose that the pointed Heegaard quadruple—diagram (X, a, ,[; Y g, 3) satis-
fies the conditions (Sﬂy(ng(Yﬂ,,gﬂyay =0 and Sa,yHl(Ya,yﬂYM =0. Fix a
Sa,y H'(Ya,y) + 85,5 H' (Y 5)—orbit of Spin®—structures &. Then there is an
isotopic pointed Heegaard quadruple—diagram which is strongly admissible for
6.

For the argument, see [21, Section 8.4.2].

Lemma 10.26 Suppose H* is weakly admissible. Fix j,k € Z, intersection points
X,y.Z,w and a SH'(Yg5) + SH' (Yy,,)—orbit of Spin® —structures & on XoBy.s-
Then there are only finitely many positive A € (X, y,Z, w) such that

e ind(4d)=
o ny(A)=k
e 5,(4) €6

Proof See Lemma 10.15. O
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Lemma 10.27 Suppose H* is strongly admissible for a Sa,yHl(Yo,,y)—i—
5B’5H1(Y555)—orb1't of Spin®—structures & on Xo,p,y,6- Fix j € Z and intersection
points X, ¥, Z, w. Then there are only finitely many positive A € (X, y,Z, W) such
that 5,(A) € G and ind(4) = j .

Proof See Lemma 10.16. O

10.6.2 Moduli spaces of squares Fix a pointed Heegaard quadruple—diagram H* =
(.d.B.7.5.3). Let R denote the unit disk with four punctures on its boundary. Let
e, -+ ,eq denote the four boundary components of R, enumerated clockwise, and
V12, V23, V34 and vy, ; the vertices of R, enumerated clockwise, with v, between e
and e;. See Figure 10. Let W, g, 5 = X x R.

The moduli space of conformal structures on a rectangle is parameterized by R. Let
Ja, a € R, sweep out this space. Do this in such a way that as s — —oo an arc in
R connecting e; to e3 collapses, while as s — oo an arc in R connecting e; to e4
collapses; see Figure 10.

Fix a point 3; in each component of X\ (¢ U 8 Uy U §). Choose complex structures
Jey» 6.0} Cla, B, y. 8} which satisfy (J1)~(J5) and achieve transversality.

Fix a path J, of complex structures on Wy g, s such that

(1) Forevery a € R, J, is tamed by the split symplectic form on X x R.
(2) Forevery a € R, projection g onto R is (ju, J4)—holomorphic.
(3) Inaneighborhood U,y of {3} X R, J = jx X jr is split.

(4) Near ¥ x {vy2}, J agrees with J, g. Near X X {vy3}, J agrees with Jg,, .
Near X x {v34}, J agrees with J,, 5. Near X x {vq1}, J agrees with Jy 5.

(5) As a — —o0, J,; degenerates to complex structures which satisfy (J'1)—~(J'4)
and achieve transversality for W, g, and W , s.

(6) As a— 0o, J, degenerates to complex structures which satisfy (J'1)—(J’4) and
achieve transversality for Ws , g and W), 5 5.

(7) J, achieves transversality (as a path of almost complex structures) for holomor-
phic curves with index < 1.
Checking that such a J, exists is similar to the proof of transversality in Section 3.

Given I-chord collections X, y,Z, w for Y, g, Yg,, Yy s and Y, 5 let w5 (X, y, Z, )
denote homology classes of maps to Wy g, s connecting X, 3, Z, and w. Given A €
72 (X, ¥, Z, W), let M4 denote the union over a € R of all embedded J,—holomorphic

Geometry € Topology, Volume 10 (2006)



1032 Robert Lipshitz
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Figure 10: Degenerations of a rectangle

curves u: (S,05) — (Wy g5, xeg UB xey Uy xe3 Ud xey) (without closed
components, and with one component of dS mapped to each Lagrangian cylinder) in
the homology class 4. Let ind(A) denote the index of this d problem in the homology
class A, so dimMA =ind(A4) + 1, if M is nonempty. (The +1 appears because
we consider a 1—parameter family of almost complex structures.)

10.6.3 Orienting squares The moduli spaces M4e.8.75 are orientable for the same
reason all the other moduli spaces considered so far have been. Again we want to
choose orientations for the MA«-6.v.5  MAcne and MBne | {ic,n, &} C{a, By, 8})
consistent with various gluings — all possible gluings of a 2—gon to a rectangle or
triangle, and the two gluings M4e.8y x MAar.s x[R, 00) <> MAaby+Aars and
MAxb5 x MABy.5 X [R, 00) <> MAaps+48.y.5  Again, it follows from standard
arguments that there is some such coherent orientation system. And, again it is useful
to have something slightly stronger:

Lemma 10.28 (Compare [21, Proposition 8.15]) Suppose H* is a Heegaard quad-
ruple—diagram such that the image of H»(Ygs) under the map H>(Xy g ,.5) —
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H>(Xq,8,y,5. 0Xa,8,.56) 18 zero. Fix a SH(Yy,,)—orbit of Spin® —structures & on
X B.y.8 éind orientation systems 04 g, and 04,5 for (3,a,B,7,3.6lx, 4,) and
(X.a.7.6.3.6lx,,s) inducing the same orientation over Yy, . Then there is a
coherent orientation system for H* extending 0g, B,y and 0y 5.

Proof Our proof is the same as the one given in [21].

The orientation systems 04 g, and 04, s determine orientations 04 g, 5(Aq,,y.5)
for all Ay g, s With 5;(Aq.g,,5) € S, which is well-defined since 04 g, and 0y,
induce the same orientation system on Yy, ;. The orientation systems o4 g, and 0y, 5
also determine orientation systems 0y g, 08, 0y.§, 0§ and 0q4,y over Y, g, Yg .,
Yy,8’ Ya’g aIld Ya’y.

Choose intersection points X € S|y, ,, V€ 6ly, ,, Z€Bly, ;, WG|y, ;, ucB|y,,
and v € S|y, ;. Choose any Ay g, 0 € T2(xX, y,u) and Ag 50 € 72(), Z, V). Choose
an arbitrary orientation oq g 5(Aq,g8,5,0) over Ay gs.o0- Then oy gs(Aq ps,0) and
0,8,y,8(Aa,p,5,0 + Ap,ys,0) determine an orientation 0g,, 5(Ag ,.5.0)-

Now, we choose og s as follows. For Bgs € 7,5(V, V), from the assumption that

H,(Ygs) is trivial inside H»(Xy,g,y,5. 90Xy g,y,5), We can choose By g, Bg ., By s
and By s so that

(10) Agps,0+ Apyso+ Bps= Aa,ps,0+ Apys,0+ Bag+ Bpy+ Bys+ Bas

Choose og 5(Bg,s) so that the orientations induced by the two decompositions in
Equation (10) agree. We have constructed oy g, 0g,,, 055 and 04 s so that this is
independent of the choice of By g, -+, By,s. Choose arbitrary orientations over a
complete set of paths for Yg s to finish defining o0g 5.

Finally, 04, 8,5(Aa,8,5,0)> 9¢,8+ 08,5 and 04 5 together specify o4 g 5 completely, and a
similar remark applies to 0g ,, 5. We have, thus, finished constructing all the orientations.
It is clear that they are coherent. a

10.6.4 Proof of associativity

Proposition 10.29 Let H* = (2, a, ,g - S 3) be a pointed Heegaard quadruple—
diagram. Fix a 84 H'(Yy,,) + 83,5H1(Y5,5)—0rb1't of Spin®—structures & on
Xo,p,y,5- Assume that H* is strongly admissible for &. Fix * € {oo, +,—}. Then for
any £, 3 € HF*(Y, ) and 6g,, € HF=°(Yy ), 6, 5 € HF=°(Y, 5) we have

F;a)’aS (F:’ﬂ,y(éa,ﬂ ® eﬂ’y’ 5|Xa.ﬁ,y) ® 9)/78’ 5|Xo¢,y.8)
s€6

<0 . .
= D Figs (501,;3 ® Fg, 508y ®0y5:5lx,, ) BIXQ,B.S) :
s€6
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An exactly similar statement holds with both HF* and HF= replaced by HF . For
the case of HF , weak admissibility of the Heegaard quadruple—diagram is sufficient.

(In the proposition, we assume the maps are computed with respect to a coherent
choice of orientations, as described in Subsubsection 10.6.3. Also note that every
Spin®—structure in & restricts to the same Spin®—structure on Yy p (respectively Yg ,,,
Y, s, Yu5). When we speak of the Floer homology groups of Y, g (respectively
Yg.y, Yy5, Yo,5) we mean the Floer homology groups calculated with respect to this

Spin“—structure.)

Proof To make notation clearer, we will give the proof for %« = co. The other cases
are completely analogous. Define h: CF®(Yy g) ® CFSO(Yﬂ,y) ® CFSO(YV’;;) —
CF>(Yq,5) by

W SE )= > (#MA) [B.7 + j +k —ny(A)].

W Ae€my(X,vy,Z,W)
5, (A)€S
ind(4)=—1

The sum defining # makes sense by compactness and Lemma 10.27. Note that the
map /i has degree —1.

Counting the ends of the space

U M

AeS
ind(A4)=0
we find that
0= 3155 5( 155, (E. 11815, Jhslx, 5,) O F Klslx, ., )
€S

= Y s (R 118 F50 505 /1@ . KL slx )i 51, )
s€6

+ hod([X.i]® [y, j/I®[Z.k]) + Do h([x,i]® [V, /1®[Z, k]).

(The first two terms correspond to contributions from the degenerations shown in
Figure 10. The last two terms correspond to the usual level splittings at the (four)
cylindrical ends.)

The result is immediate. O
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11 Handleslides

In this section we will prove that the Floer homologies defined in Section 8 are
unchanged by handleslides among the — (and, symmetrically, the a—) circles. This
follows from the associativity of the triangle maps defined in Section 10 and the
calculation of a few specific moduli spaces.

Our proof is essentially the same as the proof given by Ozsvith and Szabé in [21,
Section 9]. Indeed, their calculations are done in our language, and most of the rest
of the proof follows formally from the results of Section 10. Our proof differs from
theirs in the following ways. Firstly, we try to calculate the minimum amount necessary
in order to prove handleslide invariance. We hope this will provide a slightly better
understanding of the formal properties underlying handleslide invariance, and in turn
lead to generalizations. Secondly, we give a more geometrical proof of Proposition
11.4 (roughly [21, Proposition 9.8]), using 1—gons. Thirdly, some details about the
H{(Y)/Tors—actions look slightly different in our language.

We now state the main steps, and then return later to the proofs. First, notation. Let
H=(Z,a, ,5 ,3) be a pointed Heegaard diagram. Let ] be a small Hamiltonian
perturbation of B; intersecting B; transversally in two points and disjoint from f8; for
i #j.Let ﬂ{l be a curve obtained by handlesliding 81 over 8, in the complement of
3 and then doing a small isotopy so that ,8{1 intersects each of B; and B transversally
in two points and is disjoint from B; and B; for i > 1. Let ,Bl.H, i > 1, be a small
Hamiltonian perturbation of f;, intersecting each of B; and B/ transversally in two
points and disjoint from B; and ,3; for j #i. See Figure 11. In the notation of [21,

Section 9], our ,Blf is their §; and our ,BiH is their y;.

There are 28 intersection points in (X, ,g ,5 3). Let 53 B = {91 .=+, 0} denote the
umque intersection point of maximal grading. Similarly, in (E ,B ﬂH , 5) (respectlvely
(%, ,B ,B’ 3)) there are exactly 28 intersection points. Let Gﬁ pgH = {9 . 9H }

(respectively 9/3/, g =10, , 04}) denote the unique intersection point of maximal
grading. See Figure 11.

A few words about Spin®—structures. We fix a Spin®—structure s on Yy p for the rest
of the section; when we refer to Floer homology groups of Y, g we mean the groups
computed with respect to s. Now, note that all of the 3 - 28 intersection points in
(=, B, ,g’), (=, ,5 BH) and (X, E’, ;‘}H) represent the unique torsion Spin®—structure
on #2881 x S2. (This follows, for instance, from Lemma 4.11.) Throughout this section,
when discussing Heegaard diagrams for #8S' x §2 we shall implicitly work with
the torsion Spin®—structure. Later in this section, we shall consider the Heegaard
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Figure 11: Heegaard diagrams for #8 S x §2

triple—diagrams (2,&,5, BH), =, a, B,B/), and (E,B, BH, B/). It is easy to see that
Xo.ppr and Xy g g are each diffeomorphic to the complement of (a neighborhood of)
a bouquet of g circles in Y, g x [0, 1]. (Compare [21, Example 8.1].) By considering
cohomology groups, say, it follows that given a Spin®—structure s on Yy p thereis a
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unique Spin®—structure on X o,p,pH (respectively Xy g ) which restricts to s on Yy g
and the torsion SpinC —structure on Yg gu (respectively Yg g/). It follows that there is
a unique Spin®—structure on X g,pH ,p Which restricts to the torsion Spin®—structure
on the three boundary components. When discussing triangle maps we shall always
assume that they are computed with respect to these choices of Spin®
Xo.ppt > Xa,pp and Xpg gr g We shall, however, tend to suppress Spin®—structures
from the notation.

—structures on

Lemma 11.1 (1) There is a coherent orientation system og,p for (X, ,8 ,B 3) with
respect to which 9,3 g is acycle in CF and [0,3 - 0] is a cycle in CF=0

(2) There is a coherent orientation system oggr (respectively oﬂ/ g ) for
(=, ,B ,BH,g) (respectively (X, ,BH ,3’ 3)) with respect to which Qﬂ g (re-

spectively Qﬂn,ﬂ/) is a cycle in CF and [Qﬂ’ﬂy, 0] (respectively [Qﬂy,ﬁ/, 0])is
acyclein CF=°.

(3) The orientation systems 0g g, 0g gH and OgH g above can be chosen so that for

some orientation system og g g for (X, B, BH  B’.3), the orientation systems
0g.pH, g 0p,p > Og,pH and g g are coherent.

The proof will be given in Subsection 11.1. We shall choose, once and for all, orientation
systems as in the lemma.
The goal of this section is the following

Proposition 11.2 (Compare [21, Theorem 9.5]) Fix a Spin® —structure s on Yo =
Y, p# - Then the map

ﬁa,ﬂ,ﬂH('® éﬂ,ﬂH)Z fﬁ“(E,&,B,g,,s) — P/ITT(Z,&,BH,g,,s)
is an isomorphism. The map
F 4 g (®[0g g O): HF*(S.6.B.5.5) — HF*(S.8.5.3.5)

is an isomorphism for % € {00, +,i}. These isomorphisms commute with the long
exact sequences and the Z[U]®z A* H'(Y')/ Tor s —actions.

Note we have suppressed some discussion of orientation systems from the statement
of the proposition. See Lemma 11.11 below.

The essence of the proof of Proposition 11.2 is the following two propositions:
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Proposition 11.3 (Compare [21, Lemma 9.7])
Fypin g (Op g ® Opu g) = Opp.
Fion 5 (0p 5. 01® [0p1 5. 0]) = [0p,5.0].

(The proof is in Subsection 11.1.)

Proposition 11.4 (Compare [21, Proposition 9.8]) The map ﬁa,ﬂ,ﬂz(- ® éﬂﬂ/) (re-
spectively the maps F*(- ® [5/3,3/, 0] for % € {4, —, 0o} ) is the isomorphism ) (re-
spectively ®*, x € {+, —, oo}) induced by the isotopy from 8 to ' as in Section
9.

(The proof is in Subsection 11.2.)

We sketch the proof of Proposition 11.2 assuming Proposition 11.4 and Proposition
11.3.

Proof of Proposition 11.2 (sketch) Observe that

FopHp (Fa,ﬂ,ﬂH (®bppn)® eﬂH,ﬂ/) = Fopp ( ® Fppr p(0ppn ® GBH,/S’))
= Fopp(®0pp)
= Ppp()
where &)B,B’ is the isomorphism induced by the isotopy from ,5 to ,5’ . (The first
equality follows by the associativity of triangle maps (Proposition 10.29). The second
follows from Proposition 11.3. The third follows from Proposition 11.4.)
It follows that ﬁa, gH g 1s surjective and ﬁa, g,pH 1s injective. The same argument
with the roles of 8 and B exchanged shows that Aa’ p,pH 18 surjective. So, ﬁa’ B.BH

is an isomorphism, proving that HF is invariant under handleslides. The proofs for
HF~, HFT™ and HF® are just the same. ]

11.1 Proofs of Proposition 11.3 and Lemma 11.1

Proof of Proposition 11.3 With the notation of Figure 11, note that the domain

Ty +---+ Ty achieves transversality, and admits a unique holomorphic representative,
so #MT1H+Te = 41,

For any intersection point & # éﬂ,ﬂ/ of (X, B, B’,g) and any 4 € Hz(éﬂ’ﬁH, 5/3;1,[;/, §),
either n;(A4) <0 or ind(A4) > 0.
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Any element of 712(55’511 , éﬂg,ﬂ/, éﬂ,ﬂ/) other than T + --- + T} either has ind > 0
or some negative coefficient.

It follows that for any choice of coherent orientation system,
Jp.pm.p Bp.p ®Bgn ) = 05,5
1590 5 (Bp.p.01@ 1851 . 0) = £[6p . 0] ¥
Proof of Lemma 11.1 Firstly, note that Part (2), Proposition 11.3, Lemma 10.10 and
Lemma 10.18 imply Parts (1) and (3). So, it remains only to prove Part (2)

Label the components of X\ (8 U,BH) by D{I ,Dg,EfI,--- E{{ and FH
and the points in ; N ,BIH by QiH and an as in Figure 11.

Observe that

gr (eﬁyﬂH,{e,-f’,--~ Ol ,nfg’}) =g—k.
It follows from this and positivity of domains that the only homology classes which could
contribute to d6lg gu or 850[9/3,ﬂy,0] are DH ... D;IEZH E;IEIH —{—E{I

and E# + DI

By Proposition 3.9 and Lemma 3.10, a generic perturbation of the «— and f—circles
achieves transversality for all of the moduli spaces under consideration. It follows from
the Riemann mapping theorem that there is a unique equivalence class of holomorphic

. ADH _~DH AEH _~EH
curves ineachof M ' ,--- M ¢ and M % ,--- M ¢
. . . : —~EM+EH
We will show that for a generic perturbation of the & —and f—circles, one of M
~EH4DpH . .
and M ' ' has one element and the other is empty. To this end, we use the

following

Sublemma 11.5 Let A be an annulus with boundary circles Cy and C, and marked
points x;, y; on C;. Define the conformal angle between x; and y, (respectively x,
and y, ) as follows. The annulus A is conformally equivalent to {1 < |z| < R} C C for
some R. We can arrange that the equivalence takes x; (respectively x, ) to 1. Then
the conformal angle between x| and y; (respectively x, and y, ) as the image of yq
(respectively y,) in S under the equivalence. Then:

(1) The conformal angle is well-defined.

(2) There is a holomorphic involution of A exchanging x| and x,, and y{ and y,,
if and only if the conformal angle between x, and y, equals the conformal angle
between x, and y,.
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Proof It is well-known that every conformal automorphism of the annulus A" = {1 <

|z| < R} C C is either of the form z > ¢z or z — Re . (Consider the universal

cover.) Both parts of the claim are immediate from this observation. |

Note that the condition in Part (2) of the sublemma is the same as the condition that
there be a holomorphic 2—fold branched cover ¢: 4 — D such that ¢(x1) = c(x3) =—i
and ¢(y1) =c(y2) =1i.

H H

Now, if u: S — W isanelementof M ' ~? then wxou is an analytic isomorphism

on the interior of . It follows that S can be obtained by cutting E fl + E f along
,Bf . Let x; denote the preimage of (91H , ¥1 the preimage of an and let x, and y,

denote the two preimages of GH (Which preimage should be labeled x, and which y,
—~EH+EH

is clear.) Then elements of M correspond to choices of cuts of E 1H UFE ;I

along ,32 starting at 92H for which there are holomorphic involutions exchanging x
H H

—~FE D
and x,, and y; and y,. A similar remark applies to M ' ?
By

For p € ,Bf , let a (p) denote the ratio of the conformal angle from x, to y, to the

with B, in place of

conformal angle from x; to y;, for the annulus obtained by cutting £ {I + E f along

,Bf to the point p. Let a(p) denote the same with ElH + Df in place of ElH U Ef
and B, in place of ,82H

Observe that:

1) a(p)=1 (respectlvely at (p) = 1) if and only if cutting to p gives an element
—~EH+DH EF+EF
of M (respectively ./\/l ).

@ a(0;7) =a"(6;7).

(3) a and af are monotone as p travels from 92H to 1751 .

@ a—>0as p—>nl. af >ocoas p—>pl.
The first two claims are obvious. The third is clear. The fourth follows by considering
the Gromov limit as p — nfl .

For a generic choice of a— and B —circles, a(@zH ) # 1. It follows that one of a or af

assumes the value 1 once, and the other never assumes the value 1. Hence one of
—~EH+pH —~EH+Ef . .

M or M has a unique element and the other is empty.

Now, specifying a coherent orientation system for (X, 8, 87, 3) is equivalent to speci-
fying orientations arbitrarily over DH AR DgI , E 2H o F g , and either F fl + Df
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(@, B)
Stretch the
neck here »
N x
%
(o, B)
Noncylindrical cobordism
induces
1—gons here.
3
Triangle map here.
Figure 12: Sketch of proof of Proposition 11.4
_—~DH
or EIH + Ef Choose the orientations such that #M ' =1 (i = 1,---,g),
_EH —~EH pH —~EH+EH .
#MTT =—1(=2,---,g)and #M ' +#M ' 72 =1. Then, b4 gu is

acycle in HF and [0p.p5, 0] is a cycle in HF=0,

11.2 Proof of Proposition 11.4

Our proof, illustrated schematically in Figure 12, proceeds by a neck-stretching
argument. We will show that the moduli spaces used to define the chain map @
corresponding to the isotopy from B to ﬁ/ are the products of the moduli spaces used
to define F, g g and a moduli space of 1-gons. Before showing this, we need to
understand the moduli space of 1-gons.

Fix a Hamiltonian isotopy B; from B to fB’, agreeing with B for < 0 and with
B’ for t > 0. Let H denote the upper half plane in C. The isotopy S; defines a
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Figure 13: Case g =2

g—tuple of Lagrangian cylinders Cg in ¥ x 0H C ¥ x H =: Wg. We will consider
maps (S, dS) — (Wg, Cg), with one component of 35 mapped to each cylinder in Cg.
Such maps will converge to some I—chord collection X = {x;} C B N B’ at oo € IH.
Let 7, (X) denote the collection of homology classes of such maps.

Lemma 11.6 The map nj: m5(X) — Z given by ny(A) = #(AN(Hx{3})) is an
isomorphism.

Proof The f—circles are homologically linearly independent. O

For a given almost complex structure Jg g on Wy g we work with complex structures
J on Wjy satisfying the obvious analogs of (J "1)-(J’4) from Subsection 10.2. For
A € m5(%), let M denote the moduli space of embedded J—holomorphic curves in
homology class 4.

Lemma 11.7 For A € m5(X), ind(A4) = 2n;(A).

Proof Let yq,--- ., yg be curves in X such that (X, ,g y) and (X, ,5/ y) are both the
standard genus g Heegaard diagram for S*. Let y be the intersection point between
,3 and y, and Z the intersection point between ,8/ and y. Let T; be a small triangle
connecting X, y and Z, as in Figure 13.

Then, T} +---+ Tg € m2(X, ¥, Z) has ind(T +---+ T¢) = 0. Further, for 4 € 7,(X),
A+Ti+---+Tgeny(y,Z) has ind(A+ Ty +-- -+ Ty) = 2n;(A). The result follows
by additivity of the index under gluings. a

Lemma 11.8 There is a choice of Cg such that for any split complex structure on Wg,
if X  0p g then for A € 2(X) with ind(A) = 2n,(4) =0, M4 = &.
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B g |o=x

r=0 =0

Figure 14: A Hamiltonian isotopy of f;

Proof Note that if one understands symplectic field theory in the Morse—Bott case
this is easy to prove by taking 8’ — . To avoid introducing this machinery we will
instead give a somewhat perturbed argument.

Let ¢ denote the first coordinate under the identification H = (—o0, 00) X [0, 00). We
assume that for 1 € [-1/4,1/4], Cg g is the graph of an exact Hamiltonian isotopy
of the following form. Fix § with 0 < § < 7. Identify a neighborhood in X of each
Bi with S x (—28,28). Let 0; € [0,27) and r; € (=8, 8) be coordinates on the i*”
neighborhood. Fix a bump function 5(8) on the circle which is § on [§, 7 —§], 0 on
the interval [ 4 &, 2t — §], and monotone on [27r — 6, 8] and [w —§, = + §]. For some
fixed collection of constants C;, i =1,---, g, consider the Hamiltonian H given by
C; + € (sin(6;) + b(0)r;) on the i neighborhood, and extended arbitrarily outside the
neighborhoods of the B;. Here, we choose ¢ small enough that for each i the graph
with respect to 8; of H is contained in the chosen neighborhood of §; up to time 1.
Then for each 7, B; is the time 1 graph with respect to f; of the Hamiltonian isotopy
specified by H. Thus, the Hamiltonian isotopy of the S—curves looks like Figure 14.

Let A be as in the statement of the proposition and u: § — Wjg be a holomorphic
representative of 4. Note that S is a disjoint union of g disks, and s o u(dS)
is a collection of g pairwise disjoint simple closed curves in | Jgcg1 Co. Now, by
considering orientations and the path taken by 7y o u|yg, we see that # can not exist
unless X = 5,3’ p - See Figure 15. This proves the lemma. a

Proof of Proposition 11.4 We will write the proof in the notation for HF°°, but the
proofs for the other theories are just the same.
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. - y

Figure 15: Two possible paths 7y o u|ys (shown in bold)

As usual, we let ¢ denote the R—coordinate on W. Let Cy, = a x {1} xR C W, and let
Cg,p be a g—tuple of Lagrangian cylinders which agree with B x {0} x R for 7 < —%
and with B’ x {0} xR for 7 > .

For a given complex structure J on W, let Jg denote the complex structure obtained
from J by inserting a neck of length R along the hypersurface X x{|z| =1/2, %(z) >
0} C ¥ x[0, 1] x R. (See Subsection A.2 for a discussion of the splitting process.)

Let ®g: CF® (X, a, 5,3) — CF*® (%, a, 3, 3) be the map defined in Section 9, with
respect to the complex structure Jg. We showed in Section 9 that ® g is an isomorphism
for each (J, R) such that Jg achieves transversality.

Taking the limit R — oo, W splits into two spaces. One is the space we denoted
Wy p,p in Section 10. The other is a copy of Wjg.

Choose J so that:

e The complex structure Jy g g induced on W, g g satisfies (J'2) (the other
conditions in the triangles section are automatic).
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» The complex structure Jy g g and the complex structure Jg induced on Wy
achieve transversality for curves of index 0 (and hence so does Jg for large R).

For such a J it follows from Proposition A.2 that, for R large,

ORALN=Y Y #(MA)#(ME)[F.i—nyA+ B
z Aeﬂz()_é)
B (.3.2)
ind(A+B)=0

where the first sum is over all intersection points between 8 and j’.

By additivity of the index, # (M) # (M5) = 0 unless both 4 and B have index 0.
So, by Lemma 11.8, it follows that

OF = (#M(Gp,p)) - Fops( ®0pp)
where M(éﬂ, ) denotes the index 0 holomorphic maps in Wy asymptotic to 5,3, B -
It only remains to understand M(éﬂ’ g’). We do this by an indirect argument. Sup-
pose that (X, @, ,5) is the standard Heegaard diagram for S3. Then CF (Z,a, B) =
CF (X,a, B') =Z and the boundary maps are trivial. So, for ® ¢ to be an isomorphism
it must be multiplication by £1. Further, by explicitly counting triangles (there is only

one) we know that Fy, g g is the identity map. It follows that #.M (55, p’) = £1. This
finishes the proof. a

11.3 Proof of Proposition 11.2

Lemma 11.9 In the pointed Heegaard quadruple—diagram (X, &, B , E H ,g ’.3), both
SH'! (Yg,p) and SH'! (Y, pu) are the trivial subgroup of H? (Xo.p.pH pr>0Xy .80 p)-

Proof (Compare the proof of [21, Lemma 9.6])

The following diagram commutes:
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Hi(a) ® Hi(B)
H> Xy p gt g 0Ky p 1 p) <> Ho(Xo g 11 ) <= ker @ — H(Z)
Hi(B") & Hi(B))

|

ker (Hy(a) ® Hi(B) — Hi(X))

®
ker(Hl(ﬂ)GBHl(ﬂH)*Hl(E))
ker(Hl(,BH)GBHl(ﬂ,)—)Hl(E))
®

ker (H\(B') ® Hy(a) > H{ (%))

It is clear that the right hand vertical map is surjective. So, from the long exact sequence
of the pair (X, a,B,BH, 5,,8XaBﬂH ’3/) the map H, (X, a,B,BH, B/)—>H1(8 a,B,BH, 5/)—
H?*(0X, wp.BH, p) is injective. But the image of 8H1(Y5 g) or SH(Y, «,pH) in the
latter group is obviously 0. a

Corollary 11.10 (Compare [21, Lemma 9.6])
Fyprp (ﬁa,ﬂ,ﬂ“’ (®Ogpn)® 9ﬂH,ﬂ') = Fapp ( ® Fp g (0p p1 @ 9/3”,5’)> :

Similar statements hold for F*®°, F and F~ with [0, 0] (appropriately subscripted)
in place of 0.

Proof From the previous lemma, the §H I(Yﬁ,,g/) + 6H I(Ya’ pH )—orbit of Spin®-—
structures which restrict to s has just one element. Further, strong admissibility
for the quadruple is equivalent to strong admissibility of the six Heegaard diagrams
=, a, B,g), e (Z, BH, B’,g), which in turn follows from admissibility for
Z,a, B ,3)- So, the result follows from Proposition 10.29. O

Lemma 11.11 Let 0, g be a coherent orientation system for (X, c, ,5 ,3). Then there

is a coherent orientation system for the Heegaard quadruple—diagram (X, a, B,7,6,3)
extending 0, g and the orientation systems constructed in Proposition 11.3.

(In fact, it is not hard to see that the coherent orientation system for the Heegaard
quadruple—diagram is essentially unique (compare Proposition 8.3).)

Proof The orientation systems oy, B and og pH extend to orientation systems 0y g gi

and 0, g by Lemma 10.10. For /3’ close to /3 04,4 induces oy g, which extends to
an orientation system o, g gr . It is clear that we can perform the extensions so that
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the induced orientations o g BH and o g,pH are consistent with o B.BH B - The result
follows. O

Lemma 11.12 The map Fo??ﬂ,ﬁH (-®[0p,pH, 0]) commutes with the actions of U and
Hi (Y, p)/ Tors. Similar statements hold for Ft, F~ and F.

Proof The fact that Fy g g (- ® [éﬁ gH » 0]) commutes with the U —action is obvious.
We check that it commutes with the Hy/Tors—action.

Fix a homology class { € H;(Y). Choose a knot K < X representing { and meeting
a transversely. Let M denote the space of Riemann surfaces with 2g boundary
punctures (as usual) and one additional marked point p on the boundary. We give yet
another definition of the map A; for a given (X, a, ,[; ,3). Given a homology class
Bem(X,y), let M I}? denote the moduli space consisting of holomorphic maps from
surfaces S € M to W, g in the homology class B mapping p to K x {1} xR, and

—B

Mg=M Ilg /R. (Note that this definition is slightly different in form from the one
we used to prove Proposition 8.6 and Lemma 9.6. This definition is convenient here,
but either would work.)

Now, for A € my(X,7,Z2), let M;} denote the space of holomorphic maps from
surfaces S € M to W, g gr in the homology class A mapping p to K xey. (Recall
that e, is the edge of the triangle T corresponding to the «—circles.) Define a map
H: CFOO(YQ”B) &® CFOO(Y/;“BH) — CFOO(YO{“BH) by

HENOF.D=) Y #(ME)Ei+j—ny)
Z Aemy(X,7,2)
ind(A)=0

For A € m5(X, ¥,Z), ind(A) = 1, consider the space MI“}. This is a one—dimensional
manifold the ends of which are height two holomorphic buildings with an index 0
holomorphic curve in W, g gn and an index 1 holomorphic curve (defined up to
translation) in one of W, g, Wﬂ’ pH Of Wa, BH - For each of these buildings, either

(1) p is mapped to W, g gu or

(2) p is mapped to W, g or

(3) p ismappedto W, gu .
Summing the number of ends over the different choices of 4 with n;(4) = k we
obtain, in each case respectively,

(1) the coefficient of [Z,i + j —k] in (3o H + H 0 d)([X.i],[¥. j])
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(2) the coefficient of [Z,i + j — k] in f;’%’ﬂH (A¢([X,1]).[¥. j]) or
(3) the coefficient of [Z,i + j — k] in A;(fof";3 ﬂH([fc, i.[7.7]).

This proves that on the level of homology the foj"l’3 pH commute with A¢. As usual,

the result for HF* and HF=° follow; the result for HF is proved in an analogous
way. m|

Proof of Proposition 11.2 Having proved Corollary 11.10, Proposition 11.4 and
Proposition 11.3, we are completely justified in writing

ﬁ(x,ﬂH,f}’ (ﬁa,ﬁ,ﬂH(' ® eﬂ,ﬁH) ® eﬂH,ﬂ’> - ﬁa’ﬁ’ﬂ/ ( ® ﬁﬂ,ﬂH,ﬂ/(eﬂ,ﬁH ® HﬂH,ﬂ’)>
= Fapp(-®0pp)
= Ppp()

where &D,g’ﬂ/ is the isomorphism induced by the isotopy from B to ,g’ .

It follows that I?a, gH g 1s surjective and I?a, g,pH is injective. The same argument with
the roles of B and B exchanged shows that Fa, g,pH 1s surjective. It then follows
from Lemma 11.12, that ﬁa,ﬂ,ﬂH is an isomorphism of Z[U]|®7 A*H'(Y)/ Tors—

modules, proving that HF is invariant under handleslides. The proofs for HF ™,
HF™T and HF® are just the same. m|

12 Stabilization

We show that the homology groups defined in Section 8 are invariant under stabilization,
or equivalently under taking connected sum of the Heegaard diagram (X, «, 8, 3) with
the standard Heegaard diagram for S3.

Because of handleslide invariance, it is enough to prove the result if we take the
connected sum at the point 3. Let (X, @, B ,3) denote the original (pointed) Heegaard
diagram, (7, @g41, Bg+1) the standard Heegaard diagram for S?, and (X', &/, B/,g/)
a Heegaard diagram obtained by taking a connect sum near 3.

The result for the hat theories is quite easy. There is an identification between inter-
section points in X and intersection points in ¥, identifying an intersection point
X ={x1, -+, xg} in ¥ with the intersection point X' = {xy,--+ , Xg, g1 N Pg+1}-

>

There is then an obvious identification of 7122 (X, y) with JTZE/(X , ¥"). Fix a homology
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o oo . . . . —A —A .
class 4 € 7122 (x,y) with n;(A) = 0. There is an inclusion map My, <> My, which

: —A L .
takes any holomorphic curve u € M, to the disjoint union

u] [ ((@gs1 N Bgsn) x[0.1]xR).

This map is clearly onto, and hence a homeomorphism. With these identifications, the
chain complex CF for the stabilized diagram is isomorphic to the chain complexes
for the unstabilized one.

The other theories require more work.

Our strategy is to insert a longer and longer neck between the original Heegaard
diagram X and the torus 7 that has been spliced in. We will show that in the limit
(neck length) — oo, the moduli spaces of curves we consider, correctly defined, are
naturally identified with the moduli spaces for (X, &, B ,3). A gluing result then shows
that the moduli spaces in the limit can be identified with those of large neck length.
Since the Floer homologies are independent of complex structure, the invariance under
stabilization will then follow.

Actually, although everything we say in this section is correct, it is somewhat dishonest:
we leave most of the work for Proposition A.3 in the appendix. In particular, because
of transversality issues, to prove the necessary gluing result we seem to need to work in
a more harshly perturbed setting than we use in this section. Much of the work of the
present section is redone in the proof of Proposition A.3 in the more general context.
For example, we prove there a stronger version of the compactness result Proposition
12.4.

I have chosen to write this section in this slightly dishonest way for two reasons.
Firstly, perhaps someone else will see a simpler way to correct the dishonesty (see the
discussion at the beginning of the proof of Proposition 12.4). Secondly, as written this
section is quite explicit, so one can actually see what is going on in the stabilization
proof.

Returning to mathematics, observe that from the formula for the index in Section 4
we know that for a homology class A € 7122 (X, ) corresponding to A’ € nzz/(fc, ¥),
ind(A4) = ind(A’). Since we only consider curves with index 1 when computing Floer
homologies, we shall generally restrict to curves of index 1. This allows us to keep
our definitions simpler and our theorems true.

We make precise what we mean by stretching the neck. Fix complex structures jy on X
and j7 on 7. Fix apoint 30 € 7\ (2g+1 UBgy1). Choose small disks Dy D Dy, 33
and D7 D Dl 5 30 so that Dy \ DY is conformally identified with S! x[—1,0] and
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D71\ D’T is conformally identified with St x [0,1]. Here, aD’Z is identified with
Stx{—1} and 0D/ is identified with S U {1}. (The complex structure on a cylinder
S x [a,b] is given by identifying the cylinder with {e" ¢ € C|a < r < b} under the
identification (,7) — e'?)

Let jg be the complex structure on

e =(2\ DY) g S'x[-R—1, R+1] g (T\D7)
Dx\D% =S x[~R—1,—R] SIx[R,R+1]=-0D1

induced by the complex structures on ¥, 7 and S! x[-R —1, R+ 1], and wp the
area form. We refer to S! x [-R — 1, R + 1] as the neck, and denote it Np. Notice
that in the limit R — oo, jr degenerates to the complex structure jo, = jx V jr on
XvT.

Fix a complex structure J on Wy = X x [0, 1] x R satisfying (J1)~(J5), which is split
(ie, jo x jp) near No. Let Jg be the complex structure on Wy = X x [0, 1] x R
which agrees with J outside Ng x [0, 1] x R and with jg x jp on Ng x[0, 1] x R.
Note that Jg converges to a complex structure Joo on W), = (X Vv 7) x [0, 1] x R.
The space W = X x [0, 1] xR lies inside WZ, in an obvious way. We choose J so that

(1) There is a collection of R; — oo such that Jg, achieves transversality for
holomorphic curves in Wlle,- satisfying (M0)—(M6).

(2) The restriction of Jo, to W achieves transversality for holomorphic curves in
W satistying (M0)—(M6).

Since by choosing J appropriately we can end up with any Joo which is split near 3,
we can always find such a J .

For a generic choice of 3 and for any holomorphic curve u# with ind(u) = 1,
mn ((rx ou)~1(3)) consists of ny(u) distinct points. We choose 3 satisfying this
condition.

The holomorphic curves that we consider in W/, are holomorphic twin towers. That
is, fix a homology class 4 € 72(X, J) = 7722/(55/, 7).

By a holomorphic twin tower # in the homology class A we mean a collection of
holomorphic maps (uy,-- ,uUpn, V1, -+, Vy) Where uy, -+ ,up: Si,--+, S, > W and
Ui, vpt Spheee Sy — T2 %[0, 1] x R such that:

(1) The uy,:-- ,uy are holomorphic curves in W satisfying (M0)—(M6).
(2) The S7,---, S, are all closed surfaces.
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(3) There is a sequence of intersection points X1, , X,+1 such that u; connects
)_51' to )_C’H_l.
4) [ui]+---+[un] = A. Here, [u;] is the class in 75(X;, X;+1) represented by u; .

(5) The vy, , vy, are holomorphic curves in 7 x[0, 1]xR each connecting g 41N
Bg+1 toitself, satisfying (MO), (M1), (M3) and (MS5)

(6) As sets, mp ((rx oui) ™' (3)) = 7p ((rx 0 vi) " (30)) for each i. (This is the
matching condition on the horizontal levels.)

Remark If we had not restricted to holomorphic curves of index 1 and chosen 3
generically, we would need a slightly more complicated definition of holomorphic
twin towers. In particular, we would need to allow pieces of the curves to live in the
“horizontal” cylinders S x R x [0, 1] x R.

Lemma 12.1 Ifind(A) = 1 then any holomorphic twin tower in the homology class
A has height one (ie, in the previous definition, n = 1).

Proof This is trivial: the index adds between stories. O

Lemma 12.2 If (11, vy) is a holomorphic twin tower in a homology class of index 1
then vy consists of a trivial cylinder ag 1 N Bgy1 X [0, 1] X R and n;(uy) horizontal
tori, T? x ((7‘[2 ouy)~! (3)).

Proof The restriction of g o vy to the components on which it is nonconstant is
a 1-fold covering of the disk. Hence, it must be a disk itself. It follows easily that
the restriction of w7 o vy to this component must be constant. Since the condition on
z guarantees that the set (g o vy) ((nT o vl)_l(go)) consists of n;([u]) = n;([v1])
distinct points, each component on which 7p o v; is constant must be a copy of T2,
and the restriction of w7 o vy to each component must be a diffeomorphism. O

Corollary 12.3 The moduli space of holomorphic twin towers in a given homology
o oy e . . . L, oA
class A € JTZE (x, y) with ind(A) = 1 is naturally identified with My, .

—~A
Here, M y;, denotes the moduli space of holomorphic curves in the homology class 4
in W.

S s oA
We now need to identify the space of holomorphic twin towers with M w}, for R large
enough. As usual, doing so requires two steps: compactness and gluing. To avoid work
we torture the compactness argument slightly.
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Figure 16: Interpolating Lagrangian cylinders

Proposition 12.4 Fix a sequence {u g} of Jg-holomorphic curves in W' with index
1. Then for 3 chosen generically, there is a subsequence of {u g} which converges to a
holomorphic twin tower (of height one).

Proof The proof is in three stages. First we use the fact that 7w o u g is holomorphic
to extract the vertical level structure and conformal structure on the limit surface. Then
we cut X into two overlapping regions, and view the u# g as maps into each of the two
regions with Lagrangian boundary conditions. This allows us to extract a convergent
subsequence of maps to W'.

By classical symplectic field theory [2, Theorem 10.1], we can replace ug by a
subsequence so that 7 o u g converges to a holomorphic building, which we denote
7D © U (although 1, does not yet make sense on its own). We can also assume that
for all R the source of u g is some fixed topological manifold S'. Let So, denote the
source of TP o Ugo.

Let C = 8! x {0} C ¥, denote the curve in ¥ along which we are splitting. For
convenience, let us say that ¥ “lies to the left of C” while T “lies to the right of
C2Let Cx = S'x{—R—1}C T. Let C7 = S' x{—R—1+ p} C T/ for some
p < R+ 1. Then, Cx and C7 lie to the left of C, and C7 lies to the right of Cy.
Note that the complex structures Jg are split to the right of Cx. We will choose p
large enough that C7 lies close to C in a sense we will specify soon. Let RCy denote
the region to the right of Cy, and LCr denote the region to the left of Cr. See Figure
16.

Let {Cj, Ay} denote the collection of disjoint circles and arcs in .S along which the
complex structure degenerates.

Let Sgcs,r = (Tx 0 ur) '(RCs). Since Jp is split over RCy;,

TS OUR: (SRCE,R?aSRCE,R) — (RCE,CE Uagig U:Bg—H)
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is a holomorphic map. So, again by classical symplectic field theory [2, Theorem
10.3], taking a further subsequence we can assume that 7wy o ug|s, cs. g CONVErges to
a holomorphic building. We denote this building by mx o #, with the understanding
that it is, so far, only defined over Sgcsy; 00-

It now makes sense to talk about the circles in {C}} which correspond to the degenera-
tion along C —ie, the level splitting of 7y, ocug. Let {p;} denote the corresponding
points in See.

Since the arcs and circles {Cy, A} are disjoint, we can choose C7 close enough to C
(ie, p large enough) that (rx ou)~!(Cr) is disjoint from all the Cy and A,. We can
also choose p so that wy ou is transverse to C7. We do so choose it. It follows that
for R large enough 7y oup is transverse to Cr.

Now, observe that each curve in (7p oug)(ms oug)~ ! (Cr) converges in the C>®—
topology as R — oo. Let Bp = (mpoug)(wrgour) ' (Cr). Let Boo =limp_ o0 Bg.

Let LC7 denote the portion of ¥’ to the left of Cr. View [0, 1] as lying inside
S1 =70,2]/(0~2), say. We can, thus, consider 7pou g as amap to S! xR. Consider
the symplectic 4—manifold with boundary LC7 x S! x R, given the obvious (split)
symplectic form. For each R, C7 x Bp is an immersed Lagrangian submanifold, and
these submanifolds C*° converge to C7 X Beo.

So, applying the compactness theorem [2, Theorem 10.1] for symplectic field theory to
URls; Cr.R viewed as holomorphic curves with dynamic Lagrangian boundary condi-
tions, we can extract a subsequence converging to a holomorphic building v |s; Cra00
defined over Sp.c;,00-

Let gj = mp o uso(pj). There are n;([ug]) points g;, all of them distinct. It follows
that in the (horizontal) cylindrical regions S xR x [0, 1] x R connecting ¥ x [0, 1]x R
and T2 x [0, 1] x R, the building u°o|SLC7—,oo consists of trivial cylinders, so we can
ignore these regions.

The holomorphic building #eo|s, .y 0o MUSt agree with (75 0 Uoo) X (Tp 0 Uso) Where
both are defined, so we can patch the two together to obtain a holomorphic twin tower
to which (the subsequence of) the sequence u g converges. |

Proposition 12.5 The Floer homologies HF*, HFt and HF~ are invariant under
stabilization.

Proof This follows from the previous proposition and Proposition A.3. That is, for

given intersection points the space of holomorphic twin towers (of height one, with index
1) connecting X’ to J’ is identified with M (X, ). The admissibility criteria ensure
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that only finitely many homology classes matter. Thus, by the previous proposition
and Proposition A.3, we can use the space of holomorphic twin towers to compute the
boundary maps in W',

Using our original definition of the action of H;(Y)/Tors it is immediate that the
two actions are the same. Obviously the U —actions correspond. |

Proof of Theorem 1. By Proposition 5.6, there is an admissible Heegaard diagram for
(Y, s), and any two admissible Heegaard diagrams can be connected by a sequence of
pointed Heegaard moves, ie, Heegaard moves supported in the complement of 3. Thus,
the theorem is immediate from Proposition 9.1, Proposition 11.2, and Proposition 12.5.

13 Comparison with Heegaard Floer homology

In this section we prove the equivalence of the theory described in this paper with
Heegaard Floer homology as originally defined by Ozsvéth and Szabé in [21]. For
notational convenience, we will phrase the argument in terms of HF°°, but the same
proof works for all four theories. This section assumes familiarity with [21].

By CFyys we mean the chain complexes defined in this paper; by C Fipeirs We mean
the chain complex defined in [21]. We extend this notation functorially to H Fours/theirs »
ngursm’e‘rs, etc. When we have successfully identified two corresponding objects we

drop the decorations “ours” or “theirs”.

Observe that there is an identification between our intersection points and those of [21],
and so between the generators of CFJ; and the generators of CF2. . Similarly, for
any intersection points X and y, 73"(X, J) and w*"(X, ) are naturally identified,
by considering domains for example.

Now we deal with a simple case. Suppose that the Heegaard diagram (X, &, ,5 ,3) is such
that the split complex structure jy X jp achieves transversality for all homology classes
of index 1 in our theory and such that Sym# (jx) achieves transversality for domains of
index 1 in their theory. Let u: S — W be a holomorphic curve with respect to jx X jp.
Define a map u’: D — Sym# (%) as follows. For p € D, let (mp ou)~ ' (p) denote the
g preimages of p, listed with multiplicities. Then u’(p) = 7y ou ((JTD ou)~I( p)) is
a point in Sym# (X). It is easy to check that u being (jx x jp)—holomorphic implies
that u” is holomorphic with respect to Sym®(jx). So, for any A € m,(X, y) we have
amap &: M 4 - M "

ours theirs» Which is clearly injective.

In [21, Lemma 3.6], Ozsvath and Szabd construct an inverse for ® as follows. Fix
a Sym? (jx)-holomorphic map u": D — Sym#(X). Let (g — Dup: (g—D!S > D
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and (g — Dux: (g — 1)!S — X¢ denote the pullback via u of the branched cover
>& — Sym#(X), as in the following diagram:

—1)!
(g—)IS (g—Dlus se
(g—Dup p

u/

D Sym# (%)

Since we are in the holomorphic category, pullbacks of branched covering maps are
well-defined.

The symmetric group S, acts on X by permuting the factors, and hence acts on
(g — D!S. The maps (g — I)!lux and (g — 1)!lup are Sg—equivariant. Let Sy
denote the permutations fixing the first factor in ¢ = X x X871, Let 7: X8 —
Y denote projection onto the first factor. Let S = (g — 1)!S/Sg—1. Let uy =
(mo(g—1u)/Seg_1: S — X denote the map induced by 7 o(g—1)lu: (g—1)!S —
Y, and up = ((g — D'up) /Sg—1: S — D the map induced by (g — 1)!up. Then,
u = uy X up is a holomorphic map S — W . Define &~ (v') = u.

Remark In the context of multivalued sections of Lefschetz pencils, the maps & and
@~ ! are called the tautological correspondence by M Usher [28], who attributes the
term to I Smith. We will sometimes use this terminology below.

We check that ® o ®~! is the identity map. It suffices to show that ® o ®~! () agrees
with ' away from the diagonal. Commutativity of the diagram

§— " .5

T

—1)!
(g—1)IS (g—Dlus $¢

(g—Dup p

u/

D — Sym# (%)
shows that ®o®~1 () (x), viewed as a set of g distinct points in X, agrees with the set

o p~l(u'(x)). (Here, it is important that elements of sets do not have multiplicities.)
But this set is exactly u/(x).
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Observe that both ® and ®~! are continuous. So, since ® was injective, we have
proved that ® is a homeomorphism. This is enough to prove the equivalence of
the two theories with Z/2—coefficients, under our assumption that jy X jp achieves
transversality. We will deal with the issue of orientations presently; first, we discuss
the case when jx X jp does not achieve transversality. The difficulty in the case when
Jx X jp does not achieve transversality is that the nearly—symmetric almost complex
structures used in [21] are required to be split near the diagonal, while compactness is
proved in [2] for almost complex structures which are cylindrical. No non—split almost
complex structure satisfies both conditions.

To address this problem, we define a class of complex structures on Sym# (X) which
includes both (Symé of) the complex structures we consider and the complex structures
considered in [21]. Specifically, fix an open neighborhood V; of {3;} x Sym#~!(X) C
Sym# (%) and an open neighborhood V, of the diagonal A in Sym#(X). Let 7: X8 —
Sym# () denote projection, and wy = (dA)# the product symplectic form on X8. As
usual, we also fix a complex structure jx on X.

Definition 13.1 By a quasi-nearly-symmetric almost complex structure on Sym& (X)
we mean an almost complex structure J on Sym? (%) such that

e J istamed by 74 (wp) on Sym&(Z)\ V5.
o J agrees with Sym#(jz) on V;.

e There is some complex structure j on ¥ such that J agrees with Sym# () on
Vs.

Observe that the nearly—symmetric almost complex structures of [21, Section 3.1]
are a special case of the preceding definition. So are complex structures of the form
Symé#(j) for any complex structure j on X which is tamed by dA4 and agrees with
Jx near the 3;. So, a path of nearly—symmetric almost complex structures is a path of
quasi—nearly—symmetric almost complex structures. Also, an almost complex structure
J on W satistying (J1)-J5) corresponds to a path Jg of complex structures on X,
which in turn specifies a path of quasi—nearly—symmetric almost complex structures on
Sym#(X), which we denote Sym# (Js).

For a path J: of quasi—nearly—symmetric almost complex structures, let j; be the
complex structure on X such that J; agrees with Symé&(j;) on V.

Now, we prove the equivalence of our theory with that of [21] in three steps. First
we show that the compactness proof of [21] extends to f,—holomorphic curves in
Sym#(X), where Jiisa path of quasi—nearly—symmetric almost complex structures.
Then we observe that the class of paths of almost complex structures of the form
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Symé# (Jy) is sufficient to achieve transversality for holomorphic disks in Sym& (X).
Finally we show that our moduli spaces of Jg—holomorphic curves can be identified
with the Ozsvath-Szab6é moduli spaces of Symé (Js)—holomorphic curves.

After proving the following proposition, the first and third steps are essentially immedi-
ate.

Proposition 13.2 Fix a path J; of quasi—nearly—symmetric almost complex structures
on Sym# (X). Fix a holomorphic disk u": (D, 0D) — (Sym®(X), T, UTp). Then there
is a g!—fold branched covering iip: S — D and a map fix: S — ¢ such that the
following diagram commutes.

D —“ Sym¢ (%)

The map us; is holomorphic with respect to the path of almost complex structures on
X¢ induced by J;, in the obvious sense, and is Sg —equivariant.

Proof The idea of the proof is that even though the complex structure is allowed to
vary near the diagonal, since it varies in the class of split structures, locally near the
diagonal we are still in the integrable case. The model for this argument is used to
prove the following

Lemma 13.3 Under the assumptions of Proposition 13.2, u’ intersects the diagonal
A in a discrete collection of points.

Proof Suppose that «’ intersects the diagonal A in a collection of points p; with
limit point p. Throwing out some of the points we may assume all of the p; lie in
the same stratum of A. For concreteness we will assume all of the p; lie in the top
dimensional stratum of A, but there is nothing special about this case.

Write p ={aj,ay,as,--- ,ag}. Choose pairwise disjoint disk neighborhoods U; of
the a; such that U; x Uy x U3 x --- X Ug is contained in V,. Choose three points on
the boundary of each U;. Then the Riemann mapping theorem gives a well-defined
holomorphic identification of (U;, j;) and (D, jp) for each ¢.

So in a neighborhood V of u'~!(p) we can view u’ as amap to (Sym? (D), Sym& (jn)).
The diagonal A C Sym# (D) is an analytic subvariety, so by elementary complex
analysis, u'|p: V — A.
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Globally we know that the image of ' is not entirely contained in A. So, a standard
open—closed argument gives a contradiction. a

We return to the proof of Proposition 13.2. Away from the diagonal A, to obtain S, i
and #p we simply pullback the holomorphic covering space X8 — Sym#(X). Near
the diagonal, the argument used in the preceding lemma’s proof shows that we can
pull back the branched covering (which locally looks like a piece of ((D?)¢, jlg ) —>
(Sym# (D), Sym# (jp))) by u’. This proves the proposition.

Proposition 13.4 The moduli spaces considered in [21], computed with respect to any
quasi—nearly—symmetric almost complex structure, are compact.

Proof The only place in their proof that Ozsvath and Szab6 use the condition that
their complex structures are standard near A is in the proof of their energy estimate
[21, Lemma 3.5]. The only time they use it in that proof is to observe that the previous
proposition holds. So, compactness is immediate from their work. a

Proposition 13.5 The class of paths of complex structures of the form Sym& (Jy) is
sufficient to achieve transversality for disks u: (D, dD) — (Sym®(X), T, U Tg).

The proof, which we omit, is a simple adaptation of the one in Section 3.

—~A
Proposition 13.6 Calculated with respect to J; and Symé® (J;) respectively, M

ours

A4
and M ;.. agree.

The proof of this proposition is the same as the proof in the split case, using Proposition
13.2 where appropriate.

This is sufficient to prove that the two theories are equivalent with Z/2—coefficients.
To prove the equivalence with Z—coefficients, we need somewhat more. Specifically,
we need to check that

Proposition 13.7 (1) If u; and u, are two curves in the moduli space MA,
ind(4) =1, and S18MNyr (u1) = Signtheirs(ul) then Signours(MZ) = SIZNeirg (u2).
(Here, sign denotes the sign of a rigid curve induced by the coherent orientation.)
That is, if the orientations agree at one curve then they agree at all curves in that
moduli space.

(2) The coherence conditions for the two theories agree. That is, there is an identi-
fication of the determinant line bundles Ly and Lineirs With respect to which
any coherent orientation 0oys Of Loy Specifies a coherent orientation 0eirs Of

Etheirs .
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To keep the exposition clean, we will assume that the complex structure is split near
the diagonal. As noted earlier, this assumption is quite restrictive. It can be removed by
using, at appropriate times, a parametrized version of the Riemann mapping theorem
to identify a neighborhood of uy (branch points of up) with a standard disk, as in
the proof of Lemma 13.3. (Alternately, given a curve u, we can choose a family
Jy: TE — TX of almost complex structures on X constant near ®(x) N A and such
that the (X, J{) are conformally isomorphic to the original family (X, Jy), and then
work with the family (X, J;).) We leave further details to the interested reader.

From now on, when we want to discuss both our and their theories at once, we will
drop the “ours” or “theirs” from the notation, even if we have not yet identified the
corresponding objects.

Recall from Section 3 that the tangent space at u# to By iS R2€ @ Lf 4 w*TW,0),
where the R?¢ includes into I' (u*T W) as Span ({vl.i }) where the vl.jE are some fixed
smooth sections with vl.jE equal to % in a small neighborhood of the i’ h positive or
negative puncture and zero outside a slightly larger neighborhood of that puncture and
Lf d (u*T W, 0) denotes sections tangent to Cy, U Cg over dS. The tangent space at
¢ t0 Bipeirs is just Lf’d (¢*T Sym#(X), d) of Lf’d sections tangent to To, U Tg over
0D and we take as a model for D the strip [0, 1] x R.

There is the minor complication that we are working in R—invariant settings, so rigid
curves have ind = 1. For convenience, we introduce the operator Py gy s: R2¢ @
L,’c”d w*TW,d) — R defined by Pyours(vy,v2) = (v2,0/0t)r2. (Here, (-,-)y2
denotes the L2 inner product induced by some Riemannian metric on W and a
canonical metric on the source S of u. Since L,f’d is finer than L?, the operator
Py ours is continuous.) Then we replace the linearized 5—map Dgours by ﬁgours =
Ddours ® Pours. Similarly, for dgeirs, let Py theirs(v) = (v, d¢(d/0dt)) 2, where 9/01
generates the one—parameter group of automorphisms of (D?,i,—i). Then, replace
DOheirs With Dathm = D0neirs D Pineirs. We retain the old meaning of ind, so the
index of D, Dours Jtheirs 18 ind(u) — 1.

We tackle point (1) of the proposition first. We begin by recalling how the coherent
orientation specifies signs of curves. Let u be a curve (not necessarily holomorphic),
ind(u) = 1, at which D9 (or equivalently 55) is surjective. We can view the coherent

orientation o as a nonvanishing section of £, defined up to multiplication by a positive
scalar function. At u, there is also a canonically defined section

1®1* e R@R* = (AORO) ® (AO[RO)* - (A’”P ker(ﬁué)) ® (Ampcoker(ﬁ,,é))* — L,
The sign sign(u) is +1 (respectively —1) if o(u) is a positive (respectively negative)

multiple of 1 ® 1*.
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The section 1 ® 1* does not extend continuously to the whole configuration space.
Indeed, for a generic path {u,} (ie, one with only normal crossings) between curves
ug and u, with Du05 and D, 15 surjective, the section 1 ® 1* switches sign at each
a for which Dua5 is not surjective. So, if ¢({u4}) denotes the number of a for which
Dy, 0 is not surjective then sign(ug) = (—1)cQuadgign(uy).

It follows that to prove part (1) of Proposition 13.7 if suffices to show that ker(ﬁgours)
and ker(ﬁgtheirs) are nontrivial at the same curves. For this to make sense, we first need
to identify the configuration spaces. Actually, we will define subspaces Bours C Bours
and Bieirs C Binheirs sSuch that

* Bous /theirs 2 Mours /theirs and

Bours/theirs contains a path with only normal crossings between any two curves
at with D9 is surjective. (In particular, Boyrs/iheirs 18 cOnnected.)

Then, we will construct an identification ® between Boys and Bipeirs €xtending the
identification @ between M g5 and Mpeirs . Finally, we will construct an identification
of ker(Dydours) and ker(Dg () diheirs) - This suffices to prove part (1) of Proposition
13.7.

None of the steps involved are particularly intricate. The space Boys consists of
embedded curves u such that up is holomorphic with only order 2 branch points,
near which uy, is holomorphic. The space Bieirs consists of curves ¢ intersecting the
diagonal A only in the top—dimensional stratum, transverse to A, and holomorphic
in a neighborhood of A. It is clear that B,s and Bieirs have the requisite properties.
The identification ®: Boyrs — Bineirs 1S given in exactly the same way as ®: Mgyrs —
Mineirs Was defined at the beginning of the section.

The identification of kernels is somewhat more difficult. The key point is that near
the branch points, the kernel of 5501“5 itself consists of holomorphic sections of 7'X.
Such sections correspond by the same tautological correspondence used to define @ to
holomorphic sections of 7" Sym# (X), which comprise the kernel of 55theirs near the
diagonal. More details follow.

Recall [14, page 28] that the linearized d—operator
(Dud): R*€ & L7 (u*TW,9)) — L4 (AS u*TW)
atacurve u: (S,0S) — (W, Cy U Cp), with fixed complex structure on S, is given by

1

DAEYW) =+ (Vek + IV,008) — 1 (Ved) 0w,

N |
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Here, V is the metric connection on 7'W of the metric induced by w and J, and
£ cR*® @ Lf’d(u*TW, d) C T(u*TW). The space Lf’d (u*T W, d) consists of
sections of u*TM tangent to Cy U Cp over dS with one derivative in Ll”d; see
Section 3 for more details.

If we allow the complex structure on S to vary, then there is an additional term.
The tangent space to Teichmiiller space at S is a finite—dimensional subspace of
C* (End(T'S, j)), where End(7'S, j) is the space of endomorphisms of 7'S anti-
commuting with j. The linearized d—operator is then a restriction of the map

D,3: R @ L?? (u*TW,8) @ C*™ (End(TS, j)) - LP* (A% u*T W)

defined by

_ 1 1 1
Dud(E Y)(v) = 5 (Vb +JVjw)§) = 57 (Ved) dry @) + 5.7 oduo Y (v).

For maps ¢ : D — Sym&(X) the formulas are the same except that the R?& —factors
are absent.

In the future, we will suppress the Lagrangians from the notation.
Fix € > 0. Let Byys denote the collection of maps # in Bgys for which
e up is holomorphic,
e up has only simple branch points pq,---, pg,
e d(pi,pj)>2efori+# j,and
e uy has no branch points inside the Be(p;), i =1,---,£.

Let Bours C Bours denote the space of maps u € Bours for which uy, is holomorphic over
Uiuﬁl (Be(pi)). For € sufficiently small, J generic, and ind(4) =1, M4 C Bous.

ours
Note that B2 is nonempty if and only if the intersection number A- A of the diagonal

ours

in Sym¢(X) with A € H>(Sym#(X), T, U Tp) is non—negative.

Let u: S — W be a map in Bouss such that up has branch points pi,---, pg €
0,1)xR.

Lemma 13.8 The tangent space to By at u is given by

T Bous = LY ((rs 00)* T'5.0) @ (@, C).

Proof This is clear. A point in Bouss is determined by a complex structure on S
and a map from S to X. The complex structure is determined by the branch points

P> Pe- O
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An inclusion of Ty, Bgys into T,Boys can be given as follows. The inclusion
Lf’d(uETE, 0) — Lf’d(u*TW, d) is obvious. We include C¢ into the space of
infinitesimal deformations of the almost complex structure on the source. The ct
corresponds to moving the branch points py,---, pg in . This, in turn, corresponds
to deforming the almost complex structure jp on D. But any almost complex structure
Jjp on D specifies an almost complex structure jg on S via jg = (dup)~! o jpodup.

We choose a family of infinitesimal deformations parametrizing the C* vanishing over
the branch points pq,---, pg, ie, such that the almost complex structure remains fixed
near the branch points.

Lemma 13.9 ker(Dd)|5 =ker(D(d|g,_)).
Proof Again, this is clear. |

To discuss the linearized d—operator for maps to Sym® (), we must first fix a con-
nection on 7' Sym# (X). Away from the diagonal we choose the metric connection of
the metric induced by the split symplectic form and our almost complex structure. We
extend this connection arbitrarily over the diagonal. (By [24, Corollary 2], we could in
fact extend the symplectic form over the diagonal, and work with the induced metric
connection.) Since we will work with curves which are holomorphic near the diagonal,
the choice of linearization near the diagonal is unimportant.

Let Beirs denote the collection of maps ¢: D — Sym#(X) (with boundary on the
o— and B-tori) intersecting the diagonal A transversely and only in its top stratum.
Notice that Bieirs is an open subset of Bipeirs- Let Bieirs C Bineirs denote the subspace
of maps which are holomorphic near the diagonal.
Lemma 13.10 The tangent space at ¢ to Biheirs 1S

Ty Bineis = L2 (¢* T Sym# (%), 9, A) @ C*

where Lf’d (¢*T Sym#(X), d, A) is the space of Lf’d vector fields along ¢ which
are tangent to the diagonal over ¢~ (A) and to the Lagrangian tori T, and T over
dD, and ¢ is the number of intersections of ¢ with A.

Proof The tangent space to the space of maps
(D%, {p1,---, pe}) = (Sym# (%), A)

is Lf’d (¢*T Sym¥#(X), d, A). The C* corresponds to allowing the p; to move. O
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Again, we can identify the C¢ with the tangent space to an {—dimensional family of
deformations of jp. We take this to be the same {—dimensional family used before. In
particular, the family of almost complex structures is constant near the p; .

There is a map ®: (Bours, Bours) = (Biheirs> Bineirs) defined just as ®: Mours — Mineirs
was defined at the beginning of this section.

Now, suppose that u € Boys and

(v, w) € ker(D,d|p. ) C Lf’d(u"z‘;TE, 9) x C*

We construct from (v, w) an element of ker (Dq,(u)5| Btheirs) . First we construct a vector

field v € L2 (®(u)*T Sym#(£),d). For p € D, p ¢ Ui Be(pi), let ug'(p) =
g1, . qg} and ®w)(p) = {x1, -+, xg} = {us(q1). -+ .un(qgg)}. Then define
V'(p) ={v(g1). - . v(qg)} € Tix, e xp3 SYym* ().

Since ®(u)(p;) lies in the top—dimensional stratum of the diagonal, near ®(u)(p;),
Symé¢ (X) decomposes as Sym?(X) x £8~2. The projection of v’ to 7872 is given
by the previous construction. This leaves us to define the projection 1/1 of v/ to
T Sym?(X).

Inside the B¢(pi), w is constant so the term J oduoY in Dug is zero. Let U; be the
component of uﬁl (Be(pi)) on which dup is singular. Identify U; and V; = ux(U;)
holomorphically with D. Then, T'V; is identified with V; x C and uETV,- with U; xC.

Further, v becomes a map U; — C, and the statement that D,ﬁv = 0 becomes the
statement that v: U; — C is holomorphic.

Now, ®(u)(Be(pi)) € Sym?(V;) C Sym?(C) 2= C2. So, ®(u)*T Sym?(X) is identi-
fied with B¢(p;) x C2. The holomorphic map (up, v): U; — Be(pi) x C specifies a
holomorphic map v|: Be(pi) — Sym?(C) = C? by the same tautological correspon-
dence used to define ®. We view v} as a section of ®(u)*T Sym?(X). Observe that
v| and hence v; is tangent to the diagonal.

It is easy to check that the two definitions of v" agree over dB¢(p;).

Finally, by its definition, w corresponded to an infinitesimal deformation of jp.
Lemma 13.11 The pair (v', w’) lies in the kernel of D3 heirs -

Proof This is direct from the definitions. Away from the diagonal, this follows from
the fact that the complex structure and symplectic form on Sym# (%) have the form
Symé# (jx) and Symé (wx) respectively. Near the diagonal, on the Sym?(X) factor
the kernel of Dgtheirs corresponds under the trivializations used above to holomorphic
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maps Be(pi) — Sym?(C). The map v’ is holomorphic near the diagonal by the usual
tautological correspondence. |

This proves that ker(Dgours) C ker(Dgtheirs). The reverse inclusion can be proved
similarly, using the opposite direction ®~! of the tautological correspondence.

This proves part (1) of Proposition 13.7. It remains to check part (2), ie, that the
coherence conditions for the two theories agree. Before doing so, we prove another

Lemma 13.12 Fix A with ind(A) >0 and A-A > 0. Let 02 and 04 be sections

ours theirs
of Lours and Lineirs respectively. Let uy,u, € B(;?lrs with Dy, d surjective fori =1,2.
At u; we constructed an identification of Lqys and Lineirs . Suppose that with respect
to the identification of determinant liens at uy, ol (u) is a positive multiple of
ot‘ﬁeirs (u1). Then with respect to the identification of determinant lines at u,, ofurs(uz)

is a positive multiple of o _(u5).

Proof Choose a path u, in Boys from u to u;. Choose also a family of subspaces
H of LP4 (A%1y*TX) such that the operator

Dy, 0: LY WiTS, )@ Cl @ H — L7 (AO,luZTE)
given by - ~
Dy, 0(v, w,x) = Dy, (v, w) + x

is surjective for all a. Further, choose H so that all sections in H vanish near the
branch points of up. This is possible for a generic path u,.

Choose an orientation o(H) of H, ie, a section of A’°”? H . Then there is a canonical
isomorphism between the determinant lines of Dd and DJ.

Since the sections in H vanish near the branch points of up, the space H specifies a
subspace H' of Lrd (AO’ICD(ua)*T Symg(Z‘)) as follows: for x € H and y € T,D
let yq,---, yg be the preimages of y under up. Then define

x(p) ={x(y1). . X (Vo)) € Tow)(p) Sym? ().

The vanishing of the sections in H near the branch points of up also means that we
have an identification of ker(mours) and ker(mtheim), defined in the same way as the
identification of ker(ﬁgours) and ker(ﬁgtheirs) above. Further, the following diagram
commutes:

Det(D,,d) —— Det(Deu,)0)
;\L@o(H) ;i@o(H)

Det(D,;9) — Det(Dep(u;)0)
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for i =1, 2. But this implies the result. a

Note that as a porism of Lemma 13.12 we also have an identification of determinant
lines for A with 4-A > 0 but ind(A4) < 0.

Next we recall the definition of a coherent orientation. A coherent orientation consists
of a choice of nonvanishing section 0(A) of the determinant line bundle £ over
the configuration space in the homotopy class A such that the following coherence
condition is satisfied:

Let u; € BA1(%,7) and u, € B42(7,7) be curves for which D, d is surjective. In
Appendix A we construct a family of preglued curves u; Nyuy € BA+42(X Z). For r
large, the kernel of Dy, uza is identified with ker(D,, B)EBker(Du2 3). So, 041 @ 042
specifies a section of £41742_The coherence condition is that 041742 be a positive
multiple of 0! ® 042, One must check that this condition is independent of «; and
u,; see for instance [3, Corollary 7]. (In the case that Dulﬁ is not surjective, one
stabilizes Du,.g by a finite—dimensional oriented subspace of Lrd (Ao’lul’.‘T W), as
in the proof of Lemma 13.12.)

(From now on, when we write a sum A+ B of homotopy classes of curves we implicitly
assume that the asymptotics of A at oo agree with those of B at —o00.)

Returning to our situation fix a coherent orientation ooyrs. By the previous lemma, this
specifies an orientation othelrs for each 4 with ind(A4) >0 and A-A > 0. We will refer
to the collection of 4 with ind(A4) > 0 and 4 - A > 0 as the positive cone and denote
it C4. Note that [X] € C4 and for any 4, A + N[X] € C; for N sufficiently large.

Lemma 13.13 The orientation o.jrs 1S coherent over the positive cone That is, for

A, B € Cy, with respect to the identification induced by gluing, o ®oB

A+B
theirs *

is a

thelrs theirs

positive multiple of o

Proof This follows from the commutativity of

Eours ® Eours £ thelrs ® [’ theirs

| |

A+A A1+A>
['oulrs S —— ‘Ctheirs

up to positive scaling, which follows easily from the definitions of the various maps
involved. i
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Lemma 13.14 Any coherent orientation o over the positive cone can be extended
uniquely to a coherent orientation over all configuration spaces.

Proof Fix A, and N large enough that A + N[X] € C4. Then the map

®olNE]
A4 > pA+N[Z]
and the orientation 04+ NIZ] gpecifies an orientation 04 of £4. By the coherence of
o over the positive cone, the orientation 04 is independent of N, and obviously agrees
with o over the positive cone. Commutativity of the following diagram, up to positive
scaling, implies that o is coherent:

[N] Sl [N2Z]
B _®9 1" ®o LATNIZ] g £ B+N[T]

LA L

i [N1X] [Ny X] \L
rA+B ®o ®o L£A+B+(N1+N2)[Z]

(Here, the vertical maps are induced by gluing. This requires stabilizing the spaces
involved, as discussed above.) O

We have now proved part (2) of Proposition 13.7. This concludes the proof of Theorem
2.

14 Other Remarks

14.1 Elaborations of Heegaard Floer

The 4-dimensional approach that we have used suggests possible elaborations of the
Floer homology groups considered in this paper. For the first one, we will describe
briefly the HF —case, the only case that I am confident works. Our new chain complex
CF big 18 freely generated over Z[[t]] by the intersection points. The differential is
Opig = 0o + 101 + 20, 4 ---. Here, 9y is boundary operator for HF that appears
throughout this paper. The linear term d; counts holomorphic curves with exactly
1 double point, in homology classes A with ind(4) = 3. (This is the appropriate
condition for the resulting moduli space to be zero—dimensional.) In general, d; counts
holomorphic curves with singularity equivalent to i double points, in homology classes
A with ind(A4) = 2i + 1. (This idea is inspired by the so—called Taubes series described
by Ionel-Parker in [11]. The analog for disks in Sym#(X) is to consider only disks
with a prescribed number of tangencies to the diagonal.)
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Figure 17: A handleslide in genus two, with notation

The resulting filtered chain complex, up to filtered chain homotopy, is an invariant
of the three—manifold. The proof is similar to the proof of invariance of HF above.
Undesirable codimension—one degenerations are ruled out just as in Proposition 7.1.
The fact that 812n.g = 0 now expresses the additional fact that when a holomorphic curve
with & double points splits, i of them go to one level and & —i to the other.

Isotopy invariance follows from the arguments of Section 9. Like 0p;¢, the chain maps
® constructed there now take the form ®p;, = ®o + 1Py + t2®, + ---, where ®;
counts holomorphic curves with i double points or equivalent. Again, the statement
that ®,;, is a chain map expresses the observation that when a holomorphic curve
with double points splits, some double points go to one level and the rest to the other
level. Otherwise, the argument is unchanged. Similarly, the triangle maps F g, now
have the form ) ;- Fy g,,,; Where Fy g, ; counts curves with i double points.

Handleslide invariance is proved as in Section 11, except that some of the model
calculations are more complicated. We give those computations here. Since we are
considering HF , it suffices to study the case g = 2. Let B , ,5/ and BH be the curves
shown in Figure 17. (This notation agrees with the notation of Section 11.) The proofs
that for an appropriate choice of orientation system the generators 55, g = 101,02},
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éﬂa p = 101,05} and éﬂ,ﬂH = {QlH, QZH} shown in Figure 17 are cycles are the
same as in Section 11, with the additional observation that immersed curves can only

contribute to dp;, if the grading difference is at least three.

However, the proof that Fg g g (éﬁ,ﬂy ® éﬁn’ﬁf) = éﬂ’ﬂ/ (Proposition 11.4) is
somewhat more involved. Since triangle maps count curves in even—dimensional moduli

spaces, it is conceivable that the coefficient of {1, 72} is nonzeroin Fg g gu (éﬂ BH

®§ﬂy,ﬂ/). Again, with notation as in Figure 17, we need to show that none of
the following domains correspond to moduli spaces containing immersed curves:
D1+ D+ D3+ D7+ Dg+ Dy, D1+ Dy+ D3+ Do+ Dyo+ D11, D1+ Da+ D3+
D7+ D11+ D12, D3+ Dy+Ds+ D7+ Dg+ Dy, D3+ Dy+ Ds+ Do+ Dyo+ Dy1,
D3+ D4+ Ds+ D7+ D11+ D12, D1+ Ds+ Dg+ D7+ Dg+ D9+ D1o+ D11+ D12,
D1+ Ds+ D¢+ D7+ D1o+2D11+2D12, D1+ Ds+ De+ D7+2Dg+2Dg+ Dy,
D1+ Ds+ D+ D9+2D19+2D11+ D12, D1+ Ds+De+Dg+2Dg+2D1o+ D1y,
D1+D5+D5+2D7+2D3+D9+D12,anqul+Q5+D6+2D7+D8+D11+2D12.
(These are the only positive domains in 72(0g g1, O g/, 1), Where 1) = {n1,72}.)

In the first seven of these domains, there are no coefficients larger than one. It follows
that there can be no immersed curve in the corresponding moduli space. The last six of
these domains exhibit enough symmetry that it suffices to consider one of them. We
will focus on D = Dy + Ds + D¢+ D7+ Do+ 2D11 +2Dq5. It is shown shaded
in Figure 18.

We compute the Euler characteristic of an embedded curve representing D. Observe
that D = (D5+D11 +D12+D7)+(D1 + D¢+ Do+ D11 +D12) = E + F. Here,
E =(Ds+ D11+ D12+ D7) € 7T2(§H,{77/1,9£},77) and F' = (D1 + D¢ + D10 +
Dy + Di3) € ma({605. 17} 6’ ). The domain E is represented by a pair of embedded
disks. At least for some (nonempty, open set of) almost complex structures, the domain
F is represented by an embedded annulus. Gluing representatives for £ and F, it
follows that the Euler characteristic for an embedded representative of D is 0.

It follows that the source of a curve with double points representing D must have
x=2.

It is clear from considering the boundary of D that any representative for D satisfying
(M0)—(MS5) must be connected. But there are no connected surfaces with boundary
with x > 2. This proves the non—embedded moduli spaces are empty, so

Fgp pu (éﬂ,BH ® 5'31-1,/3/) = éﬂ,‘g/

as desired.
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Figure 18: The domain D

Plugging this computation into the proof of handleslide invariance in Section 11 proves
handleslide invariance for HF big - Stabilization invariance of HF big follows in the
same simple way as stabilization invariance of HF . Note that all of the maps we have
used are maps of Z[[¢]]-modules. It follows that the chain complex CF big» up to chain
homotopy equivalence over Z[[t]], is an invariant of Y.

Unfortunately, I have been unable to compute a single case in which 61\7b,~g is not
homotopy equivalent to a complex in which all higher differentials vanish.

I suspect that one could similarly elaborate HF and HF* but have not done the
computations necessary to establish handleslide invariance, and am mildly concerned
that there may be subtleties in the proof of stabilization invariance. If evidence appears
to suggest that these variants of HF>°, HF + or, for that matter, HF would be new
or interesting then they will become the subject of a future paper.

Here are several other elaborations, also inspired by Gromov—Witten theory. For
convenience, I will formulate only the H F —analogs, but in these cases analogs of the
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other theories present few added difficulties. (One does have to deal with annoying
curves, but these can be addressed similarly to the way we did in Section 8.) To start,
fix a homology class [K] € H{(Y), a knot K — X representing [K], and a point
so €10, 1]. Let EF[ k] be freely generated over Z[¢] by the intersection points. Define
dx1=0do+ %181 + %ﬂaz +- -+, where the coefficient of y in 9;X counts holomorphic
curves with i marked points in homology classes A with ind(A) =1 so that each
marked point is mapped to K x {sg} X R. Then the standard proof shows that B[ZK] =0.

The resulting chain complexes, up to chain homotopy equivalence over Z[t], are
indeed invariants of (Y,[K]). However, as pointed out to me by M. Hutchings, the
resulting chain complex can be reconstructed from the chain complex with “totally
twisted” (group ring) coefficients. (This is not at all surprising; the number of times
a holomorphic curve intersects K x {so} x R depends only on the homology class of
the curve. Since this construction imitates pulling back a 2—dimensional cohomology
class from W, this is somewhat analogous to the divisor equation in Gromov—Witten
theory.)

One could try an analogous construction by forcing points to be mapped to {pg} ¥
{s0} x R for some choice of py € X. The result is again an invariant, and independent
of po. However, taking pg € ¥\ (e U B) and considering so = 0, one sees that all of
the higher differentials vanish.

This exhausts the obvious cohomology classes one could pull back, so the next idea
is to try descendent classes. For example, let ﬁd@ sc be freely generated over Z[[¢]]
by the intersection points. Define 04,5, = do + %181 + %1282 + .-+ where 0; counts
holomorphic curves u# from Riemann surfaces S with i marked points py,---, p;
such that

e The homology class of u has index 2i + 1.
e Foreach i, u(p;j) e K x{so} xR.
e Foreach i, (rgou) (p;)=0.

Again, the proof that 8318“ = 0 is standard. That the chain complex up to chain
homotopy equivalence (over Z[[t]]) is an invariant of (Y, [K]) is almost identical to the
proof of invariance of the H;/Tors—action on Heegaard Floer homology. There are
no new computations that need to be done.

Of course, this is only one piece of a much bigger chain complex one could consider,
where one keeps track of higher branching of 7y ou and several different elements of
H{(Y). One could also allow curves with branching of 7y ou at prescribed sy and
arbitrary point in ¥. Again, invariance of the bigger complex is free.
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(One could also consider curves with prescribed branching of 7w ou, but taking so =0
our proof that bubbling is impossible forces higher differentials of this kind to be
trivial.)

All of these deformed complexes should have roughly the same formal properties as
Heegaard Floer homology. Unfortunately, even with this apparent wealth of additional
information I have been unable to find nontrivial examples. That is, while there are
examples where higher differentials are nontrivial, I do not know examples which are
not chain homotopy equivalent to complexes in which all higher differentials vanish.
Hopefully this is for lack of creativity or perseverance on my part.

One might hope to construct further elaborations by pairing with cohomology classes of
the space of maps S — W, but by Proposition 6.1 this space does not have interesting
topology. Finally, one might be able to obtain invariants by pulling back cohomology
classes from the space of holomorphic maps to a disk. Doing so in a useful way,
however, would require a better understanding of the cohomology of the moduli space
of maps to a disk than I presently posses.

14.2 Relationship with Taubes’ program

We conclude with a few remarks about a likely relationship between Heegaard Floer
homology as formulated in this paper and Taubes’ program to understand holomorphic
curves in 4-manifolds with singular symplectic forms.

First, a one paragraph sketch of Taubes’ idea. Any 4—manifold M with b;r > 0 can
be endowed with a closed two—form @ which is nondegenerate in the complement of a
collection of circles, and degenerates in a controlled way near the circles; see [26] for
further information and references. The program is then to fix a complex structure J
in the complement of the singular circles, adjusted to @, and obtain smooth invariants
by studying J-holomorphic curves of finite w—energy in M .

The Floer homology associated to Taubes’ program would be structured as follows. For
a three—manifold Y, one chooses a closed 2—form @ on ¥ x R which is nondegenerate
on the complement of certain lines {p;} X R. One would then choose a translation
invariant complex structure J on Y x R adjusted to @ and study J-holomorphic
curves with some specified asymptotics at the singular lines and at Y x {00} .

Fix a Morse function f on Y, and a metric on Y. Then, the form df A dt +
*df is a closed 2—form on Y x R, which is nondegenerate on the complement of
{critical points of f'} x R. (Here, » means the Hodge star on Y, not on ¥ x R.) One
possible compatible complex structure pairs d¢ with V f and is given by rotation by
/2 on ker(df’). We will call this the complex structure induced by f'.
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But this setting bears a close resemblance to (W, Cy U Cg). Assume f was self—
indexing. Then, view X x [0, 1] as the slice f~!1(3/2—¢,3/2 +€) of Y. Then the
complex structure induced by f satisfies (J1)—(J5). Further, in the limit € — 1/2,
the boundary conditions we impose become certain asymptotic conditions on the
holomorphic curves at the singular lines. So, our setup fits quite nicely in Taubes’
picture.

A serious difficulty in studying holomorphic curves in ¥ x R is understanding the
asymptotics at the singular lines. By studying only a middle slice of Y, Heegaard Floer
homology neatly avoids this issue. Still, it would be nice to be able to work in ¥ x R;
for instance, this would probably illuminate the proof of handleslide invariance.

Appendix A Gluing lemmas

A.1 Statement of results

As seems conventional in the subject, we relegate the misery called “gluing lemmas”
to the appendix.

In the following, by “symplectic manifold” we mean a symplectic manifold with
cylindrical ends, and by “complex structure” we mean a symmetric almost complex
structure, as defined in [2, Section 2]. We will always assume that Reeb orbits and
chords corresponding to the almost complex structure and Lagrangian submanifolds in
question are isolated, as the Morse—Bott case requires extra work, and all Reeb chords
in this paper are isolated. When we refer to a holomorphic curve we always mean ones
with finite energy in the sense of [2, Section 6.1]. With these conventions, the gluing
results used in this paper are

Proposition A.1 Let (M, M,) be a chain of symplectic manifolds (cf [6, Section
1.6]) with M, cylindrical. Let (u1,u,) be a height two holomorphic building in
(M, M,). Assume that the complex structures on M, and M, are chosen so that the
F] operator is transverse to the zero—section at u; and u,. Then there is a neighborhood
of (uy,uy) in the space of (height one or two) holomorphic buildings diffeomorphic to
Rind(n)+ind@2)=1 5 (0 1]. If M is also cylindrical then the same statement holds with
Rind@)+indw2)=1 peplaced by Ri7d)+indw2)=2  Both statements remain true in
the relative case.

Proposition A.2 Let (M, M;) be a chain of symplectic manifolds (cf [6, Section
1.6]) obtained by splitting a symplectic manifold M along a co—oriented hypersurface
H as in [2, Section 3.4]. Let (uy,u,) be a height two holomorphic building in
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(M,, M>). Assume that the complex structure on M is chosen so that the 9 operator
is transverse to the zero—section at u1 and u,. Let Jg denote the complex structure on
M obtained by inserting a neck of length R along H. Let M g denote the space of
J g —holomorphic curves in M Then there is a neighborhood of (u1, u,) in the space
(Ug Mr diffeomorphic to Rind@)+ind@2) 5 (0, 1]. The statement remains true in the
relative case.

Proposition A.3 Proposition A.2 remains true in the case of height one holomorphic
twin towers studied in Section 12. That is, with notation as in Section 12, for ind(A) =1,

—~A —~A
we have # My, =#My,.

The special case of Proposition A.1 when M is the symplectization of a contact
manifold follows from work of Bourgeois [1, Corollary 5.7]. His argument, however,
extends without essential changes to prove the more general results stated here. To
demonstrate this, we imitate his argument to prove Proposition A.2 in the relative case.
Proposition A.1 is similar but marginally less complicated. After proving Proposition
A.2 we discuss how the proof needs to be modified to prove Proposition A.3.

A.2 The splitting process

In this subsection we describe the process of splitting a symplectic manifold along a
hypersurface. More details can be found in [2, Section 3.4]. We describe the splitting
process (tersely) here partly because the relative case is hardly discussed in [2] but
mostly just to fix notation.

Let (M, w) be a symplectic manifold, J a complex structure on M compatible with
w, and H C M a co-oriented compact hypersurface. We also assume that we are
given a vector field Re ker(w|g) on H so that the associated cylindrical structure on
H xR is symmetric (see [2, page 802]). Let o be the 1-form a)(Jﬁ, -) on H. Then
a neighborhood of H is symplectomorphic to ((—e, e)x H njolg+d (ta)) so that
J R is identified with %| H=0 (cf [2, page 806]). We will assume that J is preserved
by the flow in the #—direction. This can always be arranged by perturbing J near H.

In this case, let M ° denote the manifold M \ (—€/2,€/2) x H with 0OM° = H' U H” .
Form
Mg=M° | ) [-R.R]xH.

H'={—R}xH
H”={R}xH

The complex structure on Mg is given by J on M ° and on [—R, R] x H agrees with

J on H = {0} x H and is translation invariant. The symplectic form on Mg is given
by %w on M° and by 77;160|H +d(ta) on[-R, R] x H.
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Similarly, let

Moo =(—00.0xH | J M° | J [0.00)xH.
{O}xH=H' H"={0}xH

As before, the complex structures on the ends (—oo, 0]x H and [0, co) X H are induced
by translation invariance and J|g; on M ° the complex structure is given by J. On
M *°, the symplectic form is just w. On (—o0, 0] x H and [0, c0) x H it is given by
nholg +d(ta).

Suppose L C M is a Lagrangian submanifold intersecting H transversally. Perturbing
L slightly we can assume that in the tubular neighborhood (—¢, €) x H used to perform
the stretching, L has the form (—e, €) x (L N H). (In fact, this can be achieved by a
Hamiltonian deformation of L.) We will call this property being “cylindrical” near

H . Then, the splitting procedure just described gives in an obvious way Lagrangian
submanifolds L g in Mg and Lo in My.

Now, fix

e a symplectic manifold (M, @) with cylindrical ends
e asymmetric, cylindrical almost complex structure J on M adjusted to w
e a compact, co—oriented hypersurface H C M and

e aclosed Lagrangian submanifold L C M which is cylindrical near H, such
that in each end [0, co) X E (respectively (—o00, 0] x E)of M, L has the form
[0, 00) X Lg (respectively (—o0, 0] x Lp)with TLE CTENJTE.

Let El ,EN denote the ends of M , so near each E,-, M is modeled on I; XE,‘ =:
E;, where I; is a semi—infinite interval. The isomorphism E; = E i X I; is considered
fixed as part of the definition of a cylindrical complex structure. If I; is [r, co) we call
the end E; positive; otherwise we call E; negative. Let o; be +1 if E; is positive
and —1 if E; is negative.

Let Mg and MOo denote the manifolds obtained by sphttlng M along H. The ends
of Mg are El, EN The ends of M, are E E El,-- EN, where EdE
correspond to H . Note that £ ;r =E- o » Where this 1dentiﬁcation respects the image of
L and also the Reeb field. We sometimes write Eo for Egc.

For i=0,---,N,let LNE; = E x I;. Let t; denote the coordinate on I;, and
=J0y . Let F" denote the space of closed orbits of R, , l"c the space of R —chords,

ie, flows of R, starting and ending on L,. Let I'; = I‘lf’ U Fl.c.

We will assume throughout that the I'; are discrete.
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Fix Reeb chords/orbits yo.1,+ , Yo.n, € o> yl.j,--- , yi‘tﬁ el;(i=1,---,N), and
e
Yiq- Vi €L (i =1,---, N). For notational convenience, let Vo+j =VYo.; =V0.j-
+ + o ; . c
Assume Yii ’Vi,ml.i € I'{ are closed Reeb orbits and VimEr1 " Yont eI’y are
Reeb chords. For convenience and because it is the only case relevant to this paper we

will assume that all the yq ; and Viik are simple Reeb chords / orbits.

Fix smooth surfaces £+ with boundary and labeled punctures
+ + + +
pO,l’.” ’p(),n()’”' ’pN,l"” ’pN’ni'

Let 7% be smooth families of conformal structures on X so that 7% surjects onto an
open set in the moduli space of Riemann surfaces. (That is, points in 7% are honest
surfaces with conformal structures and marked points, not equivalence classes of such.
The map from 7 to moduli space need not be injective.) Choose 7 so that there
are small neighborhoods of the punctures in ¥ in which the conformal structure is
constant. Fix p > 2, k > 1. For convenience later, we will also fix Sgt eT*,

For ST e T, let B? L= B,f 4% denote the Banach manifold comprising Wkp —maps
(S*,08%) > (Moo, L) converging to )/17—7C at pl.ik (i=0,---,N,k=1,---,n;)in
Wkp’d. That is:

Any R—chord or orbit y has some period 7), defined by T;, = % fy w(0g,-). If y is
a Reeb orbit choose a tubular neighborhood Ny, of y invariant under the R—flow and
a diffeomorphism ¢ from a neighborhood of S! x 0 in S! x R?"~2 to N, such that

(1) ¢(S'x0) =y
(2) the pushforward under ¢ of 7), times the unit tangent vector to .S %0 is R and

3) ¢*w| Sixg = wo| Sixd? where wy denotes the standard symplectic form on
RZH—Z.

If y is a Reeb chord choose a tubular neighborhood N, of y invariant under the
R—flow and a diffeomorphism ¢ from a neighborhood of [0, 1] x 0 in [0, 1] x R?"~2
to N, such that

(1) ¢(0,1]x0) =y

(2) the pushforward under ¢ of T times the unit tangent vector to [0, 1] x 0is R
and

3) ¢>*a)|[0’1]X6 = a)0|[0’1]xa, where wq denotes the standard symplectic form on
[R2n—2 )
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(Compare [2, Lemma A.1], but note that our N, is not the same as their N.) Let
6, parametrize S ! in the first case, or [0, 1] in the second case, by arc length. Let
z=(X1,"** ,Xp—1, V1. » Yn—1) be the standard coordinates on R?"~2,

Via ¢, 6, and z become coordinates on N, .

For ST € T we fix a holomorphic identification of a neighborhood of each pfj
with [0, 00) x S if p7; is in the interior of S* and with [0, 00) x [—7, 7] if p5; is
in the boundary of S*. Let (¢, s) denote the coordinates near pfj induced by this
decomposition.

The statement that a map u4: ST — My, is asymptotic to yifcj at pfj means that for
eR, zouy(t,s)—>0ast— o0, Tour(t,s)—o; Ty, ; t—oirl.j;,o —0
— 0 as 1 — oo. We say that the map u4 is

+ +
some 7;5 0. 677 0

+
as t —> oo and oux(r,s)—s—067

.d -
Llf near pfj if zou(t,s), tou(t,s)—o;Ty, ;1 —0iti jo and Qou(l,s)—s—Giﬂfj’O

are all in L,f’d = {f|f(t, s)edltl/P ¢ L,’:}. Note that if y; ; is a Reeb chord then

+
91',}',0

can assume that Qiij 0
that Qiij o = 0. Replacing some of the neighborhoods of the punctures with smaller

ones if necessary we can assume that for each i the constants rl.ij o are all the same,

= 0 while if y; ; is a closed Reeb orbit then after replacing s with s — Qiij o We

= 0. In the future we will assume that s has been chosen so

Ti:,tj,O =T1,0-

The compactness result [2, Theorem 10.2] and asymptotic convergence result [2,
Proposition 6.2] imply that there exists a d > 0 such that any holomorphic curve
of finite energy with the specified asymptotics is in B']f 4 Fix such a d , and let
B = BP4*,

Similarly, for any Riemannian vector bundle E over ST we can consider the space
of L,f’d—sections of I, Lﬁ A (E). The complex structure J and symplectic form @
induce a metric on Mo, so it makes sense to talk about the space Lifil (AO'T*S*R,
u*TMy) of L,ffll (0, 1)—forms on S* with values in T*M .

Now, the spaces Bgﬁ . fit together into a fiber bundle B* over 7% In turn, the spaces

L,ffil (A®'T*S* ® 7 u*T M) fit together into a vector bundle £* over B~ . The

d—operator gives a section BY — £ . We will assume that this d map is transversal

to the O—section. We let M* denote the intersection of d with the O—section.

Recall that we fixed reference Riemann surfaces Sgt € T%. As all Riemann surfaces

in 7% have fixed smooth source XF, there is an obvious projection map Bt - B;E L.
0

Identify B* with 7 x B, .
8§
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Remark While we have not yet chosen metrics or norms on the spaces under consid-
eration, when we do, a figment of the details of our definition is that the identification
of BT with T x Bif . will not induce isometries. However, by choosing 7" small we

0
can make the induced maps arbitrarily close to isometries.

Choosing a connection on M, for instance the Levi—Civita connection, we obtain also
a linearized 5—operat0r Do: T,B* — LP 4 (A0 AT*S@yu*TM) = E,. (The space
&, is identified with the vertical tangent space to &,. The map D9 is the composition
of projection onto the vertical tangent space — defined with the help of the connection —
with the derivative of the section 3. See [14, Section 3.3].) We will also sometimes be
interested in the restriction of the d—operator to maps with fixed source; we denote the
5—0perat0r on maps with source S by 9 and its linearization by Dis.

Let L,f’d (u’. TM, d) denote those L,f’d sections of u} T M, which lie in T'L over
as.

The tangent space at (S + ) to T is a finite—dimensional space V*. The tangent
space to BE g At some map U+ is

CXizomi® g REi—o(=m) @ 124 (% TM o, 0) = F* @ L2 (u} T Moo, ).

Fix a vector field v (respectlvely ve ;) which agrees with - (respectwely 38)

near plij and lies in Lp d (u iTMoo, 8) away from pl. ; for each interior puncture

pl g, of S i. Fix a vector field v, . which agrees with % near pl.ij and lies in

T,i,J
Lp 4 (u 1 TM, 3) away from pjE for each boundary puncture pi. of S * . Then,
F i is Span{v
stants ‘L’l- 0 and 91. 0 varying.) Fix a norm on F* and use this norm to extend the

L,lc”d—norm to F¥ @ L;f’d(”*TMoo’ 9).

ve i ) C Fu*TMoo (Equivalently, F* corresponds to the con-

‘L'lj’

From the decomposition BT = 7 x B: . we obtain an identification of 7}, jEl’)’i with
0

VES FE@ LY (1 TMoo, 0). Let W5 = DI(VE@{0}@{0}) CT (A% T*S*®,
uiTMoo). (We use I'" to denote Cé’o sections.) Later, we will assume that the map
D3 is surjective at u . This is equivalent to the statement that Wu:i + Dig(Ft @

L2 W TMoo, 9)) is all of
LP4 AT S* @ ul TMoo) = LYY (A Wi TMo )

(Compare [1, pages 55-56].)
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As the particulars of our asymptotics are irrelevant to linear statements, the following
lemma is completely standard; see, for instance, [7, Theorem 4, page 797].

Lemma A.4 For appropriate (small) d > 0, the linearized d—operator D9 is Fredholm.

We will use a gluing construction to define spaces 7 of glued surfaces; then BR, £R
and MR are defined similarly to BE, €%, and M*. As described later, it will be
important that we modify the metric on BX and norm on £R by adding exponential
weights in the necks, but the topologies on the spaces will not be affected. We define 5
(respectively £, M) to be the union over R € [0, oo] of MR (respectively ER, MR).

A.3 Notation

In summary, so far we have a symplectic manifold M , hypersurface H < M, and
Lagrangian submanifold L < M . Splitting M along H we obtain manifolds Mg
and M, each with Lagrangian submanifolds obtained from L, which we still denote
L. The split manifold My, has two new ends E (:)t corresponding to H .

We have families 7% of complex curves and spaces B~ of Wkp d maps of curves in 7+

. . . + - + —

into Mo, asymptotic to Reeb orbits yg 1 = Yor = Yo1r "+ Youmo = Yo.me = Yo.mo
— ot — - e

and Reeb chords yg mo+1 = Yomos1 = Yomet1: " Yomo = Yomy = Yo N the

ends E(:)t at punctures ng ; and various other fixed Reeb chords in the other ends.

We have defined bundles £ + over BE of which 9 is a section, and M= to be the
intersection of d with the 0—section of £%. The linearized d—operator is denoted

DI:WE ® F & LD (1L TMoo, 8) > LD (A WL TMo )

N + N +_ £y . .
where Ft o~ CXi=o™; g RXi=o(®; —m;) g generated by sections vfl- j and vg:i j

which agree with d/dt and d/00 respectively near the puncture pl.ij. When restricting

T € My, gz and Ddgs

to a fixed source ST those objects are replaced by B ERIPR i

respectively.

To perform the gluing we will need cutoff functions. Fix a smooth function 8: R— [0, 1]
such that

B)=0 ifr <0

B)=1 ifr>1

0< V) <2t forall # € R and £ € N.
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T 4 (t—1)
. Yo
For R/2 > Ty(i_ , define the cutoff function B; g(7) = B (M%——T)/i) , so that

0,1
Bi,r(t) =0 fort <1
Bir(®) =1 fort > X

L
0= %0 = (zHr) forall 7 € Rand € € N,
Remark For our proofs, the explicit bounds on the higher derivatives will not be

important. All that will matter is that all derivatives of B; g are uniformly bounded in
R, and that B} o — 0 as R — oo.

A.4 Gluing estimates

Choose elements u®: ST — My in ME. Let ind* denote the index of D9 at
u™. Since we are assuming transversality, there is a neighborhood of u* in M=*
diffeomorphic to R nd* We want to show that there is a neighborhood of the two—story
holomorphic building (#~,u) in M diffeomorphic to R”?" x Rind* (0,1]. To
do this, we will use the

Lemma A.5 (Implicit Function Theorem) Let f: E — F be a smooth map of Banach
spaces with a Taylor expansion

f&) = f(0)+ Df(0)§ + N ().

Assume Df'(0) has a finite—dimensional kernel and a right inverse Q satistying

IONE) =N = C &N+ lInl) 1€ =nll.

for some constant C. Assume also that ||Qf(0)] < %. Then for § = 1/(4C),
/71(0) N Bs(£) is a smooth manifold of dimension dim ker Df (0). In fact, there is a
smooth function r: ker Df(0) N Bs(§) — Q(F) such that (¢ + ¢(£)) = 0 and all
zeroes of f in Bg(&) have the form & + ¢ ().

This result is [8, Proposition 24, page 25]. The proof is essentially the same as the
finite—dimensional case. The result, which A. Floer refers to as Newton’s method, is
called “Floer’s Picard Lemma” by some authors. In the literature, I have found at least
five incorrect references to its location.

We will apply the implicit function theorem to 9: B — £. Recall that for u : S — M,
T,B=V®F® L,f A (u*TM, 9) for some finite—dimensional space V @ F. Choose
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anorm on V @ F arbitrarily; together with the L,f 4 _porm this makes T8 into a
Banach space.

We give two necessary general results before turning to the estimates needed by the
implicit function theorem.

Lemma A.6 At (u: S—> M)e Wkp 4 the remainder N in the Taylor expansion
3w+ Au) = 3(u) + Da)Au+ N(Au) € L2 (A1 T*S @ u* TMoo)
for the d—operator satisfies

(11) INE) =N < C gl + lInlD 1€ —nl

forE, ninV ®F® L,f’d(u*TM, d) and some constant C (depending on ||ul|;,p.a ).

k—1
(Here, we identify a neighborhood of the map u with a neighborhood of the 0—section
inVeFeLMwuTM,d).)

Proof The argument is essentially the same as the one used by Floer to prove [7,
Theorem 3a], and we omit it. Floer finds a relatively explicit formula [7, Lemma 3.2]
for N(£), using charts, and simple bounds on the terms in the formula. There are
several differences between our setup and the setup of [7]. We claim the bound (11)
for all Li ’d, while Floer only states it for Lf ’d; however, Floer in fact proves the
result for all L,f ’d. The holomorphic curves in [7] all have source a strip, but this is
again essentially irrelevant for his proof. The extra finite—dimensional spaces cause
no additional complications. Finally, the asymptotics considered in [7] are somewhat
different from the ones we consider, but as the estimate follows from uniform pointwise
bounds, this is yet again irrelevant to the proof.

For slightly weaker estimates, still sufficient to apply the implicit function theorem,
see [14, Section 3.3] O

Corollary A.7 If Q is a bounded right inverse for Dd(u) then there is a constant C,
linear in || Q||, so that

IONE) = QNI = C (Il + Il 1€ = nll

forEneVaeF® L,f d (u*T M, d). Thus, the inverse function theorem applies to find
nearby solutions of the d—equation.

Proof Take C = || Q||C’, for C’ as in Lemma A.6. O
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So, the strategy to prove the gluing lemma is to construct a family of pre—glued maps
(uyhpu_): (STHRrS™) — Mg so that

(1) the maps u4fgu—_ converge to the height two building (#,u—) and

(2) ateach uljpu_ there is aright inverse Q g to D3 so that the QR are uniformly
bounded (in R).

The first condition then implies that D(u4gu_) — 0 as R — oo. It follows from
this and the second condition that for large enough R the implicit function theorem
applies to give families of solutions of the 5—equation near u 4l gu—_, and hence near
(u4,u—). Further, any other solution of the 5—equation near (¢4, u—_) would lie in
a small neighborhood of ufjgu_ for appropriate large R, and hence be one of the
solutions given by the implicit function theorem. This then proves the gluing lemma.

Now we define the pre—glued maps u4lru—. Choose holomorphic coordinates

+ * + 1 . + . +
(t7,55) (si7e€ S fori =1,--- ,mg, s;- €[0,1] for i =mg +1,--- ,ng, ;- € R)
near the puncture pgfl. so that zl.i — Foo as p — pgfl.. Fori =1,.--,mg we further
require that limt[.*—>—oo u+(zi+,si+) =lim/- oo u—(t;.s;7). Fori =mo+1,-+ . ng

this is automatic. We will call such coordinates cylindrical coordinates.

Remark Our convention for which coordinate is denoted s and which is denoted ¢ is
exactly the opposite from [1], but agrees with the convention used in the rest of this

paper.
Let ¥ denote the R—coordinate on E (:)t chosen earlier in this section, let 7 Fo denote
projection of E (:f onto E and fix some metric on Eq so that LN Eg is totally geodesic
(this is possible by the Lagrangian neighborhood theorem). Near p(j)tl. the map u4+ has
the form
+ + £ + + +,+ E
T out (i, 57) =Ty b £ 150 +m; (7 .57)

:I:)(Ui:t(ti:t’ 5i)

Tz ou =ex
Ey pJ/o,i(S,-

where nii and Uii decay exponentially in ¢; .

R+tF ..
Choose R large enough that for R > Ry and i = 1,--- ,ng, (:F TVTO’O,Sl.i) lies in
0.0

the neighborhood of pa*Ll. on which the coordinates in use are defined. From now on we

4

R+t
will assume that R > Ry. Then t¥ouy (:F% Si) =+ R. So, define SThrS~
0.7

Rt
to be the surface obtained by deleting {:Ftl.ﬂE > %} from S* and gluing the
0.0
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resulting surfaces along the newly created boundary in the obvious way. We will refer
to the image of the neighborhoods of the punctures pgtl. in STHRrS™ as the necks.

Define coordinates (¢2, s°) on the necks by

l’l

R R
SQ=S~+, l0=l++ﬂ for[fl‘z_ﬂ
! ! ! ! 0.i ! Y0.i
0_ .~ 0_,~_ R-t0 — <« R-m0
sp =87, =1 T, forz;” < o~

We define the pre—glued map uyfpu—_: S;ipS— — Mp to agree with uy or u_
outside the necks. Recall that Mg has a neck [-R, R] x Eg; let TR denote the
[- R, R]-coordinate on the neck of Mg, and 7 Eo projection of the neck of Mg onto

Ey. Then, on the i neck of S+HrS—, ushigu— is defined by

oo e pu-) 5. 1) = Ty, 1 + B0 = Dt (7. 17 }

+ 0 if 1) > 1
nEO °© (u+uRu_)(Sl Y ) = C€XPyo.i(si) (ﬁ(tl B 1)Ul (Sl ’ ti ))

if —1<1)<1

T °(u+ﬂRU )(S ,) J/(), l
£, © (u+bRU=)(s7. 1)) = 0,1 (51)

oo (urllru) 7. ) = Ty 17 + P17 = Dy (5717 00 <1
7, © (UhRUD)(210) = eXpyy ) (B(—10 — DU (52.10)) P

(Compare [1, page 54].) Note that since L N EO is totally geodesic and U* lgg+ 18

1

tangent to L N E, this formula makes perfectly good sense in the relative setting.

We extend the gluing construction to a neighborhood of (4, u—) in BT x B~. The
details of this extension are unimportant, but for completeness we give them anyway.
Extend the coordinates (zl.i, sii) smoothly to holomorphic coordinates on surfaces
in a neighborhood of (S*,S7). Let 6y,---, 0, be in some interval around 0 €
S! =R/Z and ry,--- ,fng in R, R > Ry. Let 0,41 = -+ = 0y, = 0. Then, for
(ul,: ST > Moo, u': 87 — Moo), define S/+t],l,.. S’” by deleting
the disks {:Ftii > %} from S’ and identifying the newly created boundaries by

si+ <> 57 + 0;. Define coordinates (tio, s?) on the necks of the glued surfaces by

',rnoyel,'" yemo

+
0 _ + 0\p. 0_ R .+ | ritt.o + ritTy
Si = Si _ﬁ(tl )91 Zi = r_,-ti + T for ti > —T
0 — 0 — R'TiTTo0 — - Ti=%.0
s =S, t: =t — - fortm < —>
i i i i ri Ty()',- = Ty,

Then, define ”/Jrnrl,"-,rn0,91,---,9m0“/— by the same formula used to define ufgu_

above. Let 7g denote the space of conformal structures given by the gluing construction
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just explained. Note that 7 projects onto an open neighborhood of STz S~ in moduli
space. Let Br denote the space of Wkp A maps from surfaces in 7x with the specified
boundary conditions and asymptotics. Note that the glued maps fill out a neighborhood
of uylfigu_ in Bp.

Recall that we defined spaces W:ft =: W* as the image under D9 of V* =
T4+ T . Since the conformal structures in 7 agree near the punctures, we can view
VT @V~ asasubspace of (A% T*(StThzrS™)) and W+ @ W~ as a subspace of
(ushgru_)*TMpg for any R.

N + —oN(nL + .
Recall also that we defined spaces FE = CXi=o™; gRXi=0" (% M) corresponding
: N + + + : d
to the span of a fixed collection of ) *;_ m;" vector fields Ve and Vg, given by 32
and % near the ZIN=0 mljE interior punctures and a fixed collection of Zf\;o (nl.jE —m lrJE)

vector fields v;'fl., j given by % near the Zf\;o(nii — mlrJE) boundary punctures of u¥.
Let

FO = Span{ve g ;. vg o} = CLi=10n m) gy QI 0 iy —myf —mi)
be the sections corresponding to punctures which are not being glued.

The tangent space T7g is C"™0 @ R" ™0 g VT @ V. (The C— and R—summands
correspond to the gluing parameters 6; and r;.) So, the tangent space to Bg is

(12) Ty beu_Br= C’"Oea[RR”O_’”O@VJreaV_@FO@Lf’d ((uthru—)*TMg.0).

The map VT @ V- — W+ @ W~ induced by DJ is a surjective map of finite—
dimensional vector spaces, and independent of R. It therefore has a uniformly bounded
right inverse. It therefore suffices to construct a uniformly bounded right inverse to the
map

CO RO W W @ FO® LP ((uilgu_)*TMpg,d)
»d -
P (Ao’l(u"'t]Ru )*TMR)
given by
(ve. R, V4, V=, £0. &) > Uy + v= + (D) (ve + vr) + (Dgsﬂms—) (6o + ).

Here, vc and vy correspond to infinitesimal variations of the almost complex structure
js, and (Dd)(vc + vg) the image of the sum of these variations under Dd. If one
views v+ and v_ as sections of End(7'S, j) as defined in Section 3 then Dd(ve + vg)
is given by J od(u4tgru—) o (vec + vR).
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Constructing the right inverse and proving its boundedness is what we shall do for most
of the remainder of this section.

On spaces of sections over u[]gu— instead of the Banach norm specified earlier in
this section we use a Banach norm with additional weights of ¢4 (R/T=s}) on the
necks. This paragraph and the next make this precise. Choose metrics (-,-)g on
SThrS™ and diffeomorphisms PRo.R: STHR,S™ — SThRS™ for so that (-,-) g, <
O (-, )R < Ro R((-,-) R, bointwise. Integrals over Sk will be with respect to the
volume forms induced by (-, -) g. Choose metrics (-, )11‘{ on Mg and diffeomorphisms

¢%,R: Mg, — Mg such that (-, )& , = 07( VM < 3{; ((',')%), pointwise. The
bundles (uyfgu_)*TMpg and A 1(u+ﬂRu_) T Mg inherit metrics from (-, -) g and
(- -)% . Norms of elements of these vector bundles will be taken with respect to the

induced metrics.

0

Choose cylindrical coordinates (¢;F j) near the punctures pl.ij . Let & be a section of

l]’
(utfru_)*TMpg. For 1 <i <ng define 7 (§) = [,0_, <8rLR’§> and for 1 <i <my

define 7g ; (§) = [,0_, <%, §> Then, define

£= %Nr,i@) (1 —ﬁi,R(in)) (1 _ﬂi’R(_tiO)) arR

i=1
35000 (1 n) (1 n10)
i=1

One can think of & as an approximate projection of £ to C™0 g R"0~0 in F+/(FOn
F).

Then, the norm of a section & of (u4+fgu—_)*TMp is given by the sum of the norm of
the vector

(1) Teng (§), 0,1 (€)7o my () € RMOT™O

and

sup /
lelsk \ /St tRS—

9 |=
‘Ba’_l

where the sup is over all partial derivative of order at most k and norm 1.

)

a?x |:(1+Zed(R |t0D/1’ﬂ(R |l |)+Zzzédtljl/p13(|tl]|)) = E):|

+ i=1j=1

The norm of a section 1 of A% (uljgu_)*TMp is given by
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p
dv).

9 noy N nj
@ |:(] _’_i:ZOed(R—\tlpD/pﬁ(R_ |Zi0|) +Zzzedtlij/P‘B(|zl:}:]|)) n}

+ i=1j=1

It is not necessary to split  into two parts.

Lemma A.8 (Compare [1, Lemma 5.5])

With this Banach structure on T’ (AO’1 (u+hRu_)), if uy are holomorphic then

lim ||0u4fgu—| g =0.
R—o00

Proof This is the same as in [1]. Since u4 are holomorphic, the section dufgu_ is
identically zero except in regions —2 < tl.O <—-land 1= tl.O =< 2 in the necks. In these

regions we crudely bound ||du 4 gu_|| by

2

i

T Tn VU'_v Vo
X[_R+TO!0,_R+T0!0 +2}( i V)

’ X|:R—r_ R—t T (VUi+’ an_)
0.0_, 0,0
T T
. g0 . .
Recall that these norms are weighted by ed(R/T=s}) However, since u are in B,f ’d,

the sections (Ul.i, nl.i) are in L,’;’d and so their derivatives are in L,ff'l . It follows
that the right hand side goes to zero as R — 00. O

Proposition A.9 Suppose that (Dd), . » the linearized d—operator at u , is surjective.
Then, for large enough R, the operator (D), +hru_ has aright inverse Q g which is
uniformly bounded in R.

Proof As with all of this section, I learned this proof mainly from Bourgeois [1].
Bourgeois in turn cites McDuff-Salamon [14], who say they adopted the argument
from Donaldson—Kronheimer [4].

Once one has seen how it goes, the proof is not particularly hard. To prove the
proposition we define linearized gluing and splitting maps

gr: A® LE (] TMoo, 0) & L (u* TMoo, 8) — L ((usigu—)*TMpg, )

and

d

sg: LPY (Ao’l(u+uRu_)*TMR)eL,le(Ao’luiTMoo)@L,ffll (A%1u* TMo).

where A is the diagonal in cme ® R"d —g. ®C™o @R" ™0 C Ft @& F~ (so A
corresponds to the sections at the punctures being glued which agree on the two sides).
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Let G =sp (D5(6m0 <) R”O_mo)) where C™0 @ R"0~™0 denotes the tangent space

to the space of gluing parameters, as in Equation (12). (The map sg o D3 is an
isomorphism when restricted to this C"*0 @ R"0~"0  and so identifies Gg with C"0 @
R70~=0 So, we will sometimes abuse notation and use G g when we mean its preimage
under sg o Dg.)

We will check that
Dduyu W OW @ADF @GR LI (% TMw, d)
& LD (42 TMoo, 0) > LY (A3 TMo) @ LP (A0 T ).
is surjective and has a uniformly bounded right inverse Qo for large R.
We will then define an approximate right inverse Q r for
Dy igu: CO SR W @ W @ FOSLY? ((uihru_)*TMg,d)
~ LP4 (A% (s hgu-) " TMp)

by the commutative diagram
Or W e W™ @ F'eC" @R

,d
Lp (AO 1(u+uRu ) TMR) 69L]{:,d ((M+DRU—)*TMRa a)

SR Tide)id@id@idﬂ)gR

Wrew o F'aGRa A

p.d 0,1,,* p.d 0,1,,%
Limi (AP TMoo) © Lip2y (NP uZTMoo) === g 0 (2 Tag g 9) @ L2 (1 TM o 9).

We will check that s g and R are uniformly bounded, so that Q R 1s, also. We will then
show that ||(D8)u+nR” QR I|| <1/2, so that (D8)u+nRu QR is invertible; the
inverse of (Da)luthu— is then given by QR ((Da)u+nRu_ QR)_1 , which is bounded
by 2/| Ol
For
(E4.E0) € AD LI (w5 TMoo, 8) @ L2 (u* TMoo, )

O™ @R 0 @ LI (uh TMoo, ) & C™0 @ R" ™0 @& LI (u* TMeo, d)
define gr(£+,£&-) to agree with &4 or &_ outside the necks and by

E+ @ s)) + (1= Bir())) E-(10.s?)  if 1) > 1
gr(E4.E0) = E4 (0,5 b+s@,% if—1<0<1
(1= Bi,r(=t2)) E4 (£, 50) +&—(t. s? ﬁw<—1
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in the necks. (Compare [1, pages 56-57].) Note that this formula makes as much sense
in the relative case as in the closed case. Exactly the same formulas define a linearized
gluing map

gr: LD (A TMoo) & L2, (A TMoo)

,d
— LD (A s pus)* TMp).

which shall be useful when we estimate (D) Q rR—1.

Define sg(n) = (n+,n—) where ny agrees with n away from the punctures and near
pa*Ll. is given by

0410, s9) = By, s?
n—(0.59) = (1= ). s?).

(Compare [1, page 57].)
Lemma A.10 The maps g and sg are uniformly bounded in R.

Proof Although for notational reasons it may appear involved, the proof is in fact
straightforward. Let (§0,&4+,6-) € A @ L,f’d (u% TMoo.d) @ L,f’d (urTMoo. ).
Recall that, by definition,

lg R Eo. &+ 6l = g r (0. E+.E) + g R (0. §+.6-) —gR(E0. E4.E) | Lp.a

where gr(&p, £+, &) is a certain projection of g g (&g, £4,£&-) to C0 @R, Observe
that as R — oo, gr(£0,é+,£-) — &o, and hence ||gr(£0,é+,£-)| is bounded. In
fact, by the Sobolev inequalities,

lgRGo.E+-EN = C (160l + Nl + -1 )

where C depends only on the cutoff function 8, and not on R.
On the other hand,
lgrEo.&+.6-) — R0 6+, 6 p.a = I8RO E4. E ) + g R (0. E4.6-)

_gR(Ov ‘é;:-i-’ S—) _gR(EO’é-i-’é—)”L;(’sd
= ”gR(O’E-F’é—)”LII;’d + ”gR(éov 0, O)

—8RG0.8+. 6 p.a-
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Now, on the i™ neck,

gr(50.0.0) — gr(Eo.E4+.60) = (1 Bir()) (1 — Bi,r (1)) |:§0 =0
0 0 0 d
(T +5—>a—e+<£’5++f—>a)]'

g7 (0.0.0) ~ grE0.Ev El pa < C (Il s + - pa)

So,

where C depends only on the cutoff function 8, and not on R.

Finally,

2R (0.8 8 p.a = &4l Lpa + 161l p.a

B3P (x fo__

i=1|a|<k

.
.

< el g + - ||Lpd+2 pNe (||s+||Lpd+||s ||Lpd)

i=1 |a|<k

=¥e (||s+||L,,.d + ||s_||L£,d) .

p
dt}

o (1_511?( e, s +E-(t), )) i)/ p

0
D (600059 +5-0.50) | arf

(100 + (1= Bir) E-G0.5) 12

1/p
dt,?))

Here, the terms [|§+ ||, p.« and [|§—|, p.« on the right hand side of the first inequality
k k
take care of the contribution of S\ {the necks} to [|ggr(0,&+,8-)|; p.a . The second
K

inequality follows from the bound on the derivatives of §; g. This proves boundedness
of gg. The C, are universal constants depending only on « and the cutoff function
B, noton R.

Turning to sg, we have

A3 skl pa = 18G5+ | (1-B6) 05|

p.d °
Lk—l
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Focussing on the first term on the right hand side, we have

1B, s7?) Ipa

a el R+
T . + 70,0
<lnllppa +Y. > (/ / voi | — gt 2000
- L - + + l
T ek \Ustest i =moo |0 T,
p 1/p
R+‘[00 +
+
Yo.i

no
<lnllgpa +3 D Calnllppa

i=1|a|<k—1
=< C’II??IIL;J,d1
e

where the inequalities follow by the same reasoning as for gg(0,&4+,£_). A similar
argument applies to the second term on the right hand side of Equation (13), so sg is
uniformly bounded. |

Lemma A.11 The linearized d—operator

Diuuy WIOW ®AD FOOGROLY (1% TMso.d) ® L (u* TMoo. d)
L (Ao’lu";TMoo) oL (Ao’luiTMoo) .

is surjective and has a uniformly bounded right inverse Qo for large R.

Proof By assumption,

5 d d
Diuy: (W, & F* @ LY (i TMoo, 0) - LI (ulTM)

is surjective. Recall that the inclusion of F* in T (u":i: T Moo) required choosing

particular sections v;ti ;j and vétl. j» constant near the punctures, but the image of
Dd, , was independent of these choices. For appropriate choices of these sections,
DI(F° N F*) 4+ D3(GR) is exactly F*. The desired surjectivity follows. Uniform
boundedness only requires that one observe that the “appropriate choices” converge,

which is clear. (See also [1, Corollary 5.7].) O
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Now we estimate (Dg)QR — 1. Given a section (§4,&_) of A& L,f’d (Ui TMxo, 0)®
Llf’d(u”iTMoo, d), observe that

0 outside the necks
_ _ (D)Bir(t?)) E-(2?,5?) ifz) > 1
((D3)gr—gr(DD) (E+.5-) = § ()¢ fol<® <1

- ((Da)ﬂi,R(—tl.O)) E (10,50 if10 <1,
Now, D39 is a pure first order differential operator, so |(D§),Bl R(t°)| <C{/(R/2—
T +) < (/R for R large and some constant C,. So, for large R,

01
_ _ C,
| (DDgr—gr(DD) Er bl < Z(Ew £l
Also, outside the necks gg o sg(n) = n, while in the necks

grosrn) =gr (BEINE.sP). (1= BN 50))
BUPINGP 1) + (1= iR D)1 = Ul o) if1f = 1

= (B + (1= BN, s ,)— n(t?.s?) if—1<¢)<1
(1= Bi,r(=t) BN . s + (1 —ﬂ(lo))n(l, L8P if 1) < 1
=n(f; ,s?).

It follows that
1030 RN —nll =|(DD)(id ®id ®id ®id gr) Qoosrn — 1]
=1 ((PBid @id ®id ®id & gr) — (2&) D)) Qoo
+gRr(D3) Qoosrn — 1]
=1 ((PBid ®id ®id ®id & gr)— (gR)(DD)) Qooskn + 1=

G
§—||QooSR77||

So, for R large enough we have ||(D8)QR I|| <1/2,so0 (DB)QR is invertible for
large enough R. Thus, Qg = Q R ((D )0 R) is a uniformly bounded right inverse
to DO.
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Proof of Proposition A.2 By Corollary A.7 and Proposition A.9, the implicit function
theorem (Lemma A.5) proves the result. O

Proof of Proposition A.3 The proof of Proposition A.2 all takes place in a small
neighborhood of the split holomorphic curves in question. There are, therefore, no
additional complications because the spaces Wy, involved in Proposition A.3 have two
kinds of ends: near each end the asymptotics are exactly the kind considered in the
proof of Proposition A.2.

Therefore, the one point to check is that the split complex structure achieves transver-
sality for maps D? [ | (Hﬁlez) — T2 x [0, 1] x R. Unfortunately, this isn’t true.
Presumably these maps do achieve transversality if one considers them as lying in the
space of maps from a torus—with—boundary to 72 x [0, 1] x R. I do not even know
how to formulate this statement properly, however. So, instead we use a rather indirect
argument.

Fix ¢ distinct points wy,---wy in (0,1) x R, and a point zo € T2. Fix an almost
complex structure J on T2 x [0, 1] x R satisfying (J1)—(J4) and (J5'), which is split
near {zo} x [0, 1] x R. Let Ay denote the space of maps u from I]])z#;;zl T? with
¢ marked points pq,---, pg to T2 x[0,1] x R in the homology class ¢[T?], so that
u(pi) = (29, w;). For a generic choice of J, we have transversality of the d—operator,
and the space Ny is a smooth, compact, oriented 0—manifold. We want to show that
#N; = 1, then we will use N to perform the gluing.

To show #N; = 1, first consider the case £ = 1. We show #A\/; = 1 by using a special
case of stabilization invariance. Specifically, consider the two Heegaard diagrams for
S1 x S% shown in Figure 19. They differ by two handleslides of «; over a,. For
an appropriate choice of coherent orientation system, in the first diagram (Hy), it is
easy to see that HF =Z®7Z. 1t follows from handleslide invariance that the same is
true for the second diagram (H, ). It follows that, for D the domain indicated by the
numbers in the second diagram, #MP = +1.

Now, stretch the neck in the second diagram along the dark dotted circle C in Figure 19.
In the limit, H, degenerates to T§1 ws2 Vv T§3 . Choose an almost complex structure
on H, so that, after stretching the neck, the corresponding almost complex structure
on T 33 is J.

Sublemma A.12 Compactness still holds in the current context. That is, let Jy be
an almost complex structure on H, satisfying (J1)—(J4) and (J5), which is split
near C. Let Jg denote the almost complex structure on H, obtained by inserting
a neck of modulus R along C. Let {ug: Sg — H, x [0, 1] x R} be a sequence of
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H>

Figure 19: Model stabilization degeneration

J g —holomorphic curves with ind(ug) = 1. Then there is a subsequence of {up}
which converges to a holomorphic twin tower. (Cf Proposition 12.4.)

Proof We just sketch the proof.

Add enough marked points to each component of each Sg to stabilize it. Replacing the
u g by a subsequence if necessary, we may assume that the Sg converge. Now, consider
the thick—thin decomposition of Sg. For given € > 0 and large R, (nxoug)~ ' (C)
lies in Thine(Sg). For small € and large R, the component of Thine(Sg) containing
C is an annulus in a neighborhood of which J is split.

On the thick part of Sk convergence of a subsequence follows from the Gromov—
Schwarz lemma and Arzela—Ascoli theorem, in the standard way (cf [2, Section 10.2.2]).
So, from now on assume the u g converge in the thick part.
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On all of the thin part of Sk except the components intersecting (s o ug)~ ' (C),
convergence of a subsequence also follows in the standard way (cf [2, Section 10.2.3]).
So, from now on assume the u g converge in these thin parts.

In components of Thine(Sg) intersecting (7x o ug)~!(C), we extract convergence
of subsequences of ny; o up and then mp o ug by viewing them as sequences of
holomorphic curves with converging Lagrangian boundary conditions, as in the proof
of Proposition 12.4. That is, fix circles Cr, and Cg in H; so that the region between
Cr and Cpg is an annulus A containing the component of Thine(H,) containing C,
and so that Jg is split over 4 (for all R). Let Sl‘g = (mg oug) 1 (4). The maps
(rgoup)| L S 1/21 — A are a sequence of maps with Lagrangian boundary conditions,
hence have a convergent subsequence. So, from now on assume that the 7wy o u g| s
converge.

Finally, (7rp o ug) ((7‘[2 oug)~'(Cp U CR)) is a collection of circles in [0, 1] x R,
which converges as R — oo to a collection of circles in [0, 1]xR. Viewing npoug|g 4
as a family of maps with these Lagrangian boundary conditions, we obtain a convergent
subsequence. Replacing the u g with this subsequence, we finally have a convergent
sequence of ug: Sp — H, x [0, 1] x R. O

. . . 2 . 2
Let zg1, g2 (respectively zg3) denote the wedge point sz S1x g2 (respectively T'¢y).
The domain D degenerates to a domain Dgiyg2 in Tg, o, (respectively Dgs in

Tés ). Now, there is clearly a unique holomorphic curve u g1, g2 in MPsixs2

By choosing C appropriately, we can force zgs to be the point zo and

T OUgIx g2 ((ﬂz OUgiyg2) (ZslxsZ))

to be the point w;. Then, the claim that #\; = +1 follows from the fact that
#MP = +1, the gluing result Proposition A.2, and the remark at the beginning of this
proof. This deals with the case £ = 1.

Now, the fact that #\y = +1 for general ¢ follows from the £ = 1 case. Let u denote
a holomorphic curve constructed for the £ = 1 case. Consider a height £ holomorphic
curve each story of which is u. Then, gluing these stories together and using the fact
that changing the w; gives bordant moduli spaces we see that #\; = 41 for general
£, zg,and {wq,---,wy}.

Since the 5—operator is transversal for Ny, stabilization invariance now follows from
the gluing result A.2 and the remark at the beginning of this proof, just as described in
Proposition 12.5. The present proposition is also immediate.
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Appendix B Cross-references with [21]

For the reader’s convenience I include a table indicating the correspondence between results in this paper
and those in [21]. (The correspondence is also indicated in the text.) The third column indicates how
similar the statements in the two places are, and the fourth how similar the proofs are. (Both are on a scale
of 0, 1, 2 or co, where oo indicates that I refer to [21] for the proof.) The comparison is clearly rather

subjective.

Robert Lipshitz

Result of this paper | Result of [21] Similarity Similarity
of statement of proof
Lemma 2.1 Proposition 2.15 ) 1
and Lemma 2.2 and Lemma 2.19
Lemma 2.3 Lemma 2.19 2 00
:;Zp[(j;::ronr; 3;91 0 Proposition 3.9 2 2
Corollary 4.5 Lemma 2.8 1 0
Lemma 4.11 Proposition 7.5 of [20] 2 00
Theorem 4.9
Corollary 4.12 and Lemma 2.8 2 0
Lemma 5.3 Lemma 4.12 1 2
Lemma 5.4 Lemma 4.13 2 0
Lemma 5.5 Lemma 4.14 2 0
. Lemma 5.8 and
Proposition 5.6 Proposition 7.2 2 o0
Proposition 6.3 Proposition 3.10 2 1
Corollary 7.2 Theorem 3.18 1 0
EZ’EEZ z ; ad | Theorem 4.15 2 1
Lemma 8.4 Proposition 4.18 2 2
Proposition 8.6 Proposition 4.17 2 1
. Theorem 7.3
Proposition 9.1 and Theorem 6.1 2 1
Construct 10.1 Theorem 8.12 2 1
I;;?E:: ?1112;121 03 Proposition 8.3 2 1
Lemma 10.6 Proposition 8.4 2 1
Lemma 10.8 Proposition 8.5 2 2
Lemma 10.10 Lemma 8.7 2 2
Lemma 10.15 Lemma 8.9 2 0
Lemma 10.16 Lemma 8.10 2 0
Proposition 10.17 Lemma 8.11 2 00
Lemma 10.18 Theorem 8.12 1 1
Lemma 10.19 Proposition 8.13 2 1
Lemma 10.20 Proposition 8.14 2 1
Lemma 10.28 Proposition 8.15 2 2
Proposition 10.29 Theorem 8.16 2 1
Lemma 9.1
Lemma 11.1 and Lemma 9.4 1 2
Proposition 11.2 Theorem 9.5 2 1

Geometry € Topology, Volume 10 (2006)



A cylindrical reformulation of Heegaard Floer homology 1095

Result of this paper | Result of [21] Similarity Similarity
of statement of proof
Proposition 11.4 Proposition 9.8 1 0
Proposition 11.3 Lemma 9.7 2 2
Sublemma 11.5 Lemma 9.3 1 1
Lemma 11.9 and
Corollary 11,10 | Femma 96 2 2
Proposition 12.5 Theorem 10.1 1 0
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