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Combinatorial Morse theory and minimality of hyperplane
arrangements

MARIO SALVETTI
SIMONA SETTEPANELLA

Using combinatorial Morse theory on the CW-complex S constructed in Salvetti [15]
which gives the homotopy type of the complement to a complexified real arrangement
of hyperplanes, we find an explicit combinatorial gradient vector field on S, such that
S contracts over a minimal CW-complex.

The existence of such minimal complex was proved before Dimca and Padadima [5]
and Randell [14] and there exists also some description of it by Yoshinaga [19]. Our
description seems much more explicit and allows to find also an algebraic complex
computing local system cohomology, where the boundary operator is effectively
computable.

32822; 52C35, 32550

1 Introduction

In Dimca and Papadima [5] and Randell [14] it was proven that the complement to a
hyperplane arrangement in C" is a minimal space, ie it has the homotopy type of a
CW-complex with exactly as many i —cells as the 7 —th Betti number b; . The arguments
use (relative) Morse theory and Lefschetz type theorems.

This result of “existence” was refined in the case of complexified real arrangements in
Yoshinaga [19]. The author considers a flag Vo C V; C--- C V, CR*, dim(V;) =1,
which is generic with respect to the arrangement, ie V; intersects transversally all
codimension—i intersections of hyperplanes. The interesting main result is a cor-
respondence between the k—cells of the minimal complex and the set of chambers
which intersect V. but do not intersect Vj_;. The arguments still use the Morse
theoretic proof of the Lefschetz theorem, and some analysis of the critical cells is given.
Unfortunately, the description does not allow one to understand exactly the attaching
maps of the cells of a minimal complex.

In this paper we give, for a complexified real arrangement .4, an explicit description
of a minimal CW-complex which does not use the Lefschetz theorem. The idea is that,
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1734 Mario Salvetti and Simona Settepanella

since an explicit CW-complex S which describes the homotopy type of the complement
already exists (see Salvetti [15]), even if not minimal, one can work over such complex
trying to “minimize” it. A natural tool for doing that is to use combinatorial Morse
theory over S. We follow the approach of Forman [7; 8] to combinatorial Morse theory
(ie Morse theory over CW-complexes).

We explicitly construct a combinatorial gradient vector field over S, related to a given
system of polar coordinates in R” which is generic with respect to the arrangement A.
Let S be the set of all facets of the stratification of R” induced by the arrangement A
(see Bourbaki [2]). Then S has a natural partial ordering given by F' < G if and only
if clos(F) D G. Our definition of genericity of a coordinate system, which is stronger
than that used in [19], allows to give a fotal ordering <1 on S, which we call the polar
ordering of the facets.

The k—cells in S are in one-to-one correspondence with the pairs [C < F k], where C
is a chamber in S and FF is a codimension—k facet of S which is contained in the
closure of C. Then the gradient field can be recursively defined as the set of pairs

(C < F¥11,[C < FX))

such that F*¥=! < F¥ and FK < F¥=! and such that the origin cell of the pair is
not the end cell of another pair of the field. We also give a nonrecursive equivalent
characterization of the field (Theorem 4.12 (ii)) only in terms of the partial ordering <
and of the total ordering <.

Analogous to index—k critical points in the standard Morse theory, there are singular
cells of dimension k: they are those k—cells which do not belong to the gradient field
[7]. In our situation, they are given (see Corollary 4.13) in terms of the orderings by
those [C < FK] such that

() Fk < Fk+1 forall FK*1 guch that F¥ < Fk+1,
(i) Fk=' g Fk forall F¥=! such that C < FK—! < Fk.

It is easy to see that associating to a singular cell [C < F k ] the unique chamber C’
which is opposite to C with respect to F’ k. gives a one-to-one correspondence between
the set of singular cells in S and the set of all chambers in §. So we also derive the
main result in [19] with our method.

The minimality property of the complement follows easily, so the above singular cells
of S give an explicit basis for the integral cohomology, which depends on the system of
polar coordinates (we call such a basis a polar basis for the cohomology). A minimal
complex is obtained from S by contracting all pairs of cells which belong to the vector
field.
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Combinatorial Morse theory and minimality of hyperplane arrangements 1735

Our construction also gives an explicit algebraic complex which computes local system
cohomology of M (A). In dimension & such a complex has one generator for each
singular cell of S. The boundary operator is obtained by a method which is the
combinatorial analog to “integrating over all paths” which satisfy some conditions. We
give a reduced formula for the boundary, which is effectively computable in terms only
of the two orderings <, <1. For abelian local systems, the boundary operator assumes
an even nicer reduced form. There exists a vast literature about calculation of local
system cohomology on the complement to an arrangement: several people constructed
algebraic complexes computing local coefficient cohomology in the abelian case (see
for example Cohen [3], Cohen and Orlik [4] Esnault, Schechtman and Viehweg [6],
Kohno [11], Libgober and Yuzvinsky [12] Schechtman, Terao and Varchenko [17],
Suciu [18] and Yoshinaga [19]). Our method seems to be more effective than the
previous ones.

In the last part we find a generic polar ordering on the braid arrangement. We give
a description of the complex S in this case in terms of tableaux of a special kind;
next, we characterize the singular tableaux and we find an algorithm to compare two
tableaux with respect to the polar ordering.

Some of the most immediate remaining problems are: first, to compare polar bases
with the well-known nbc—bases of the cohomology (see Bjorner and Ziegler [1] and
Orlik and Terao [13]); second, to characterize polar orderings in a purely combinatorial
way (using for example an oriented matroid counterpart of generic polar coordinates).

Acknowledgements The first author was partially supported by M.U.R.S.T. 40.

2 n-Dimensional polar coordinates

For the reader’s convenience, we recall here n—dimensional polar coordinates. Since
usually one knows only standard 3—dimensional formulas, we give here coordinate
changes in general.

Start with an orthonormal basis
€1,...,€p

of the Euclidean n—dimensional space V' and let
P =(xq,....,xn)

be the associated cartesian coordinates of a point P. We will confuse the point P and
the vector OP, O being the origin of the coordinate system.

Geometry & Topology, Volume 11 (2007)



1736 Mario Salvetti and Simona Settepanella
Let in general

pryp: V—>W

be the orthogonal projection onto a subspace W of V. Consider the two flags of
subspaces

Vi=(er....e), i=0,..ny=0)

and Wi = (e, ....,ey), i=1,..n.

Let P; = Prw; (P),i=1,...,n

(so P; = P). One has
P; =pry, (Pj), j =i

so there are orthogonal decompositions
Pi=Pi1 + xe;, x;€R, i=1,..,n
(set Py =0).
Clearly Pi=0= P;=0 forj=>i,
Pi#0= P; #0 forj =<i.
Let On—1 € (—m, 7]
be the angle that OP,_; forms with e,_; (in the 2—plane W,,_;). Let then
iel0,x], i=1,...n—-2
be the angle that OP; makes with e;.
The polar coordinates of P will be given by the “modulus”
p=|Pl|
together with more “arguments” (if P # 0)
01, ..., Op—1

(defined only for i <max{j : P; # 0}).

Geometry & Topology, Volume 11 (2007)



Combinatorial Morse theory and minimality of hyperplane arrangements 1737

The coordinate change between polar and cartesian coordinates is given by:

x1 = pcos(b)
X, = psin(fy) cos(6;)

(1) x,j : ;osin(91)...sin(@i_l)cos(Gi)

Xp—1 = psin(6y)...sin(6,—5) cos(6,,—1)
Xp = psin(6y)...sin(0,—1)

Notice that these formulas make sense always if we conventionally set 6; = 0 for
P; =0.

The inverse formulas are:

0 = xlz—l—...—l-x,%

2 x7
cos (01) = x%-}-...-{-x%
2
2 _ Xi
cos (Qi) X2+ l+x,%
S SO
2
2 _ Xn—1
cos“(Op—1) = 22 r:—i-x%
—

3 Combinatorial Morse theory

We recall here the main points of Morse theory for CW-complexes, from a combinatorial
viewpoint. All the definitions and results in this section are taken from Forman [7; 8].

We restrict to the case of our interest, that of regular CW-complexes.
3.1 Discrete Morse functions

Let M be a finite regular CW-complex, let K denote the set of cells of M, partially
ordered by
o<1t < o0CT,

and K, the cells of dimension p.
Definition 3.1 A discrete Morse function on M is a function
f K—R

satisfying for all oP e K p the two conditions:

Geometry & Topology, Volume 11 (2007)



1738 Mario Salvetti and Simona Settepanella

(i) #{zPTD > @) | £y < (6P <1,
() #Hv@ D <@ | f(c@P)< P D) <1

We say that o e K p 1s a critical cell of index p if the cardinality of both these sets
is 0.

Remark 3.2 One can show that, for any given cell of M, at least one of the two
cardinalities in (i) or (i) is 0 [7].

Let m,(f) denote the number of critical cells of f of index p. As in the standard
theory one can show [7] the following.

Proposition 3.3 M is homotopy equivalent to a CW-complex with exactly mp(f)
cells of dimension p.

3.2 Gradient vector fields

Let f be a discrete Morse function on a CW-complex M . One can define the discrete
gradient vector field Vy of f as

V= {(U(P), T(P-H)) | o) < P+ f(.[(P-H)) < f(a(p))}.

By definition of Morse function and Remark 3.2, each cell belongs to at most one pair
of Vy. More generally, one defines:

Definition 3.4 A discrete vector field V on M is a collection of pairs of cells
(0(1’), r(l’“)) eM x M,cP) < (ptD

such that each cell of M belongs to at most one pair of V.

Given a discrete vector field V on M, a V —path is a sequence of cells

@) Uép)’ Tép+1), Ul(p)’ rl(1)+1)’02(1v) ’rr(p+1) P

*Yr+1

such that foreach i =0,--- ,r,

+1 (») (») (p+1)
(ar(l’),rr(p )) €V and o;" # 0,1 <7 .

Such a path is a nontrivial closed path if O'ép ) = Gr(lj_)l . One has:

Theorem 3.5 A discrete vector field V is the gradient vector field of a discrete Morse
function if and only if there are no nontrivial closed V-path.

Remark 3.6 An equivalent combinatorial definition of discrete vector field is that of
matching over the Hasse diagram of the poset associated to the CW-complex (see, for
example, Forman [8]).
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4 Applications to hyperplane arrangements

4.1 Notation and preliminaries

Let A= {H?} be a finite arrangement of affine hyperplanes in R”. Assume A essential,
so that the minimal dimensional nonempty intersections of hyperplanes are points
(which we call vertices of the arrangement). Equivalently, the maximal elements of the
associated intersection lattice L(A) [13] have rank n

Let MA)=c"\ | ] He
HeA

be the complement to the complexified arrangement. We use the regular CW-complex
S = S(A) constructed in Salvetti [15] which is a deformation retract of M (A) (see
also Gelfand and Rybnikov [10], Bjorner and Ziegler [1], Orlik and Terao [13] and
Salvetti [16]). Here we recall very briefly some notation and properties.

Let S:={Fk

be the stratification of R” into facets FX which is induced by the arrangement [2],
where the exponent k stands for codimension. Then S has standard partial ordering

F' < F/ ifandonlyif clos(F') > F/.
Recall that k—cells of S bijectively correspond to pairs
[C < F¥]

where C = F© is a chamber of S.
Let | F| be the affine subspace spanned by F, and let us consider the subarrangement

Arp={HeA: FCH}.
A cell [D < G/] is in the boundary of [C < F¥] (j < k) if and only if

(i) G/ < Fk,

(ii) the chambers C and D are contained in the same chamber of Ag; .

The previous conditions are equivalent to say that D is the chamber of A which is
“closest” to C among those which contain G/ in their closure.

Notation 4.1 (i) We denote the chamber D which appear in the boundary cell
[D < G/]ofacell [C < F¥by C.G/.

Geometry & Topology, Volume 11 (2007)



1740 Mario Salvetti and Simona Settepanella

(i) More generally, given a chamber C and a facet F', we denote by C.F' the unique
chamber containing F in its closure and lying in the same chamber as C in Apx.
Given two facets F, G we will use also for (C.F).G the notation (without brackets)
C.F.G.

It is possible to realize S inside C" with explicitly given attaching maps of the cells
[15]. Recall also that the construction can be given for any oriented matroid (see the
above cited references).

4.2 Generic polar coordinates

In general, we distinguish between bounded and unbounded facets. Let B(S) be the
union of bounded facets in S. When A is central and essential (ie (gcy H isa
single point O € V') then B(S) ={O}. In general, it is known that B(S) is a compact
connected subset of V' and the closure of a small open neighborhood U of B(S) is
homeomorphic to a ball (so U is an open ball; see, for example, Salvetti [15]).

Given a system of polar coordinates associated to O, ey, ..., €, the coordinate subspace
Vi,i =1,...,n (see section 1) is divided by V;_; into two components:
Vi\Vi—1 = Vi(0) U Vi()
where Vi(0)={P : 6;(P) =0}
and Vi(m) ={P : 6;(P)=m}

(this makes sense for i = n too, setting 6, as the angle between P, and e, ). More
generally, we indicate by (i <n—1)

3) Vi oo Op—1) = AP : 6;(P) =0y, ... Og—1(P) = Op_1}

where by convention 51 =0orm = 6 =0 forall k> j: so in particular, V;(0) =
Vi(0, ...,0) and V;(x) = Vi(x,0,...,0) (n —i components). The space V;(9) is an
i —dimensional open half-subspace in the Euclidean space V', and we denote by |V; (0)|
the subspace which is spanned by it. We have from (1)

Vi, ooos )| = (€1, €21, €)

n Jj—1
where e=¢e(0;,...,0,—1) = Z ( 1_[ sin(@k)) cos(b;)e; .
j=i k=i

For all § € (0, 7/2) the space
B:=B(@):={P :6;(P)€(0,8),i=1,..n—1,p(P) >0}

Geometry & Topology, Volume 11 (2007)
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is an open cone contained in R’} .

Definition 4.2 We say that a system of polar coordinates in R”, defined by an origin
O and a base ey, ..., &,, is generic with respect to the arrangement A if it satisfies the
following conditions:

(i) The origin O is contained in a chamber Cy of A.
(i) There exist 6 € (0, 7/2) such that

B(S) C B = B(§)
(therefore, for each facet F' € S one has F N B % ).

(iii) Subspaces V;(0) = V;(6;, ..., Op—1) which intersect clos(E) (so éj € [0, 8] for
j =1i,...,n—1) are generic with respect to .4, in the sense that, for each codim-k
subspace L € L(A),

i >k = Vi(@)NLNclos(B) # @ and dim(|V;(0)|N L) =i —k.

It is easy to see that the genericity conditions imply that the origin O of coordinates
belongs to an unbounded chamber. It turns out that such chamber must intersect the
infinite hyperplane Hy, in a relatively open set. This is equivalent to saying that the
subarrangement given by the walls of the chamber is essential.

In fact we have:

Theorem 4.3 For each unbounded chamber C such that C N H, is relatively open,
the set of points O € C such that there exists a polar coordinate system centered in O
and generic with respect to A forms an open subset of C'.

Proof We proceed by first proving the following:

Lemma 4.4 Let A be a central essential arrangement in V . Then there exist or-
thonormal frames ey, ..., e, which are generic with respect to A, in the sense that each
subspace V; := (eq, ..., €;), i =1, ...,n, intersects transversally each L € L(A). Given
a chamber C, the first vector ey can be any vector inside C .

Actually, the set of generic frames is open inside the space of orthonormal frames in V .
Proof of lemma Let O’ be the intersection of all hyperplanes, and take an orthonormal
coordinate system with basis e’l, ..., €,. Then each hyperplane H is given by a linear

form
Hi={x:(¢j -x)=0},i=1,..,|A]

Geometry & Topology, Volume 11 (2007)



1742 Mario Salvetti and Simona Settepanella

where we denote by (-) the canonical inner product. Any codimension—k L € L(A)
is given by an intersection of k linearly independent hyperplanes H;,, ..., H;, of A.
The genericity condition on a frame ey, ..., e, is written as

rk [(alr : es)]}":l,...,k = min{k? l}

s=1,...,i

or, equivalently

4) k(i - )] =1,k =k.
s=1,....k

It is clear that genericity applied to V; gives that e; is not contained in any hyperplane,
ie it belongs to some chamber of 4. Equation (4) is easily translated into the equivalent
one

(5) dim({(oj,, ..., %y, €15 ..., €4)) = 1.

Passing on to the dual space V'* by using the inner product, the set of all hyperplanes
(iys iy Y CV*

gives an arrangement 4*. Since e; belongs to a chamber of A, each subspace

(ctiy, ..., ;). ) intersects transversally the orthogonal ef-, so A* induces an arrangement

A= A*N ef‘ over ef-. Condition (5) requires an orthonormal basis e,, ..., e, € ef-

which is generic with respect to the flag
Vii={(en), . V= (€n—it1s-r€n)s....
Then we conclude the proof of the first and second assertions by induction on 7.

For the last one, notice that

el’en’ eZ’ el’l-lv

can vary respectively in a chamber of the arrangements
1 . 1 . 1
A A = A" nej a-Al,n = (.Al)* Ne;, ,Al,n,z = >1k,n ney, ..

which is an open set inside orthonormal frames. |

We come back to the proof of the theorem.
Special Case A central and essential.

Let O’ be the center of A. According to the previous lemma we can find ey, ..., e,
generic with respect to A, and with e; := O0’/||O0’|. If we consider a system of

Geometry & Topology, Volume 11 (2007)
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polar coordinates associated to O, ey, ..., e, then the subspaces V; satisfy condition
(iii) of genericity. Perform a small translation onto A,

Xi—>xi+o00<ok1
which moves the center O’ into the positive octant. Then if
0Kk

all conditions in Definition 4.2 are satisfied by continuity and the fact that genericity is
an open condition.

General case In case of an affine arrangement referred to a system of cartesian
: ! A / .
coordinates O €15 € hyperplanes are written as

Hi={x:(a;-x)=a;},i =1,..,|A

Let H? :={(a; - x) = 0)}

be the direction of H; and let Aq be the associated central arrangement. Notice that if
A is essential then so is Ag. We can assume without loss of generality that ||| =1,
for all i, so the vector

aj - o

represents the translation taking HI.O into Hj.

Let C be an unbounded chamber of A such that C N H is relatively open in Heo.
Then the directions of the walls of C are the walls of a chamber C’ in A, . From the
previous case, there exist points O in C’ and systems of polar coordinates O, ey, ..., e,
which are generic with respect to .4g. Let § > 0 satisfy Definition 4.2 for one of such
systems. We can assume (up to a homothety of center O’)

lai| < 8, foralli.
Then the same system satisfies the definition for A.

Of course, the condition of genericity is open, finishing the proof of the theorem. O

4.3 Orderings on S

Fix a system of generic polar coordinates, associated to a center O and frame ey, ..., €.
Let § > 0 be the number coming from Definition 4.2. We denote for brevity B :=
clos(E(&)). Each point P has polar coordinates P = (6, 01, ..., 8,—1), where we use
the convention 6y := p.

Geometry & Topology, Volume 11 (2007)
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We remark that when the pole O is very far, the cartesian coordinates of points inside
B(8) are approximately the same as the products (see (1)) x; ~ 6y ---6;.

Notice that (3) makes sense also for i = 0, being
Vo(0o. 01, .. 1)
given by a single point P with
p(P) =00, 01(P) =01, .. ,Oy_1(P)=Op_1.
Given a codimension—k facet F € S, let us denote by
F0):=F(;,....0,—1) = FNV;i(6;,....0,—1), 0;€[0,6], j=i,...,.n—1
(notice F = F(0) = FNV, with 6 = Q).

By genericity conditions, if i > k then F(6) is either empty or it is a codimension
k 4+ n—1i facet contained in V;(6;, ..., 0,—1).

For every facet F(0), set
ir@) :=min{j >0 : V; Nclos(F(0)) # T}.
Still by genericity, setting L := | F(6)|, one has
LNV # @ <= j>codim(F(0))
so also
(6) iF(g) = codim(F(0)).

When the facet F(0) := F(0;,...,0,—1), i > 0, is not empty and ip@g) > i (ie
clos(F(0))NV;—1 = @), then among its vertices (0—dimensional facets in its boundary)
there exists, still by genericity, a unique one

@) P := Ppg) € clos(F(0))
such that
®) 0i—1(P) = min{6;—1 (Q) : O € clos(F(0))}

(of course, Pr(gy = F(0) if dim(F(0)) =0,ie i =k).

When i) <1i then the point P of (7) is either the origin 0 (& ip@) =0 & Fis
the base chamber Cy) or it is the unique one such that

(9) eip(g)—l(P) = min{gip(g)—l(Q) . Q € ClOS(F(e)) N I/l'F(B)}'
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Definition 4.5 Given any facet F(0) = F(6;, ..., 0,—1) let us denote by
PFEg) € clos(F(0))
the “minimum” vertex of clos(F(0)) N Vig,, (asin (7)) (for F' € S we briefly write
Pp).
We associate to the facet F(6) the n—vector of polar coordinates of Prg)
O(F(0)) = (0o(F(9)). ... bip,-1(F()).0,....0)
(n—iF() zeroes) where we set

9,-(F(0)):= Qj(PF(g)), J =0,...,iF(9)—1.

We want to define another ordering over the poset S, <. We give a recursive definition,
actually ordering all facets in V;(60) for any given 6 = (6;, ..., 0,—1).

Definition 4.6 (Polar Ordering) Given F,G € S, and given 0 = (5,-, 5;1—1),
0<i<n,0 €[0,8] for j€i,..n—1,(0 =@ for i =n)suchthat F(0),G(0) # 2,
we set

F(0) < G(0)

if and only if one of the following cases occurs:

1) PF@) #* PG(@)' Then O(F(6)) < O(G(H)) according to the antilexicographic
ordering of the coordinates (ie the lexicographic ordering starting from the last
coordinate).

(i) P F@) = PG(O) Then one of the two cases holds:

(ila) dim(F(8)) =0 (so PF(O) = F(0)) and F() # G(0) (so dim(G(6)) > 0).

(iib) dim(F(0)) > 0, dim(G(6)) > 0. In this case let iy := Ir@) = l6@)-
When ig > i one can write

O(F(0)) = O(G(H)) = (00, o Bi1. 61, 5,-0_1,0, ., 0).
Then for all €, 0 < € < §, it must be the case that
F(6i_1+€.0;...0,1,0,...0) A« G(B;_1 +€,0;,....0;,_1,0, ..., 0).
If iy < i then one can write
O(F(6)) = 0(G(6)) = (Bo. .... Biy-1.0. ... 0).

Then for all €, 0 < € <« §, it must be the case that (n — iy zeroes)

F(fiy—1 +€.0,..,0) <t G(B;y_ +€,0, ..., 0).
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Condition (iib) says that one has to move a little bit the suitable V;(6") which intersects
clos(F(6)) and clos(G(0)) in the point P(F(6)) = P(G(0)) (according to (8) or (9)),
and consider the facets which are obtained by intersection with this “moved” subspace.

It is quit clear from the definition that irreflexivity and transitivity hold for <1 so we
have:

Theorem 4.7 Polar ordering <1 is a total ordering on the facets of Vi(0), for any
given 0 = (0, ..., 8,—1) . In particular (taking 0 = @) it gives a total ordering on S .

The following property, comparing polar ordering with the partial ordering <, will be
very useful.

Theorem 4.8 Each codimension—k facet FK € S (k <n) such that FK NV}, = & has
the following property: among all codimension—(k + 1) facets G¥*1 with Fk < G*+1,
there exists a unique one F k+1 uch that

Fkt1 4 Fk.
If F*NV, # @ (so F* NV, = P(F¥)) then

F* 9G¥t forall GF+! with F¥ < G*+1!,

Proof In the latter case, where F¥ NV, = P(F), for every facet G¥*1 in the
closure of F¥ one has P(GK+1) &V}, (by (6)), so F¥ < Gk+1.

In general, for all facets G contained in the closure of F¥, one has either P(G) #
P(F¥) and ©(Fk) < ©(G), so F¥ <G, or P(G) = P(F¥). For those GK*! such
that P(GK+1) = P(F¥) one reduces, after e—deforming (may be several times) like
in Definition 4.6, to the case where F is a one-dimensional facet contained in some
Vi \ Vi—1, with h > 1, and for such case the assertion is clear. m]

Let S® :=8n Vi be the stratification induced onto the coordinate subspace V.
A codimension—; facet in Vj is the intersection with V} of a unique codimension—
j facetin S, j < k. Let < be the polar ordering of S%®, induced by the polar
coordinates associated to the basis ey, ..., e; of V. By construction, for all F, G €S
which intersect Vj , one has

FNVy < GNV, ifandonlyif F <G.

So we can say that <1 is the restriction of <1 to V} and also < is the restriction of
<y, for k < h.
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From the genericity conditions, for each F k € S there exists a unique F, (I)‘ with the
same support and intersecting V} (in one point).

The following recursive characterization of the polar ordering will be used later. The
proof is a direct consequence of Definition 4.6 and Theorem 4.8.

Theorem 4.9 Assume that, for all k =0, ..., n, we know the polar ordering of all the
0—facets (=codimension—k facets) of S () (in particular, for all F k we know whether
F* NV} # @). Then we can reconstruct the polar ordering of all S. Assuming we
know it for all facets of codimension > k + 1, then given F k , G* we have that

o ifboth F*, Gk intersect Vj then the ordering is the same as the restriction to
NOE

¢ if one intersects Vj, and the other does not, the former is the lower one;

e if no of the two facets intersects Vj, then let F/®*D (resp. G'*+1) ) be the
facet in the boundary of F k (resp. Gk ) which is minimum (see Theorem 4.8)
with respect to <1. Then

Fk < G*
if and only if either

P+ 4 grk+1)

or F/(k-H) :G/(k-i-l) but G(()k) 4 Fék)’

where F(gk) (resp. G(()k) ) means (as above) the unique facet with the same support
which intersects Vj, .

Moreover, each F* intersecting Vj is lower than any codimension—(k + 1) facet. If
F* does not intersect Vj, then F¥ is bigger than its minimal boundary F' k+1) and
lower than any codimension—(k + 1) facet which is bigger than F'*+1)

This determines the polar ordering of all facets of codimension > k .

Remark 4.10 We ask whether it is possible to characterize polar orderings in purely
combinatorial ways. The problem is more or less that of finding a good “combinatorial”
description of a flag of subspaces (or better, of half-subspaces) which corresponds to a
generic system of polar coordinates, so that we are able to decide what facets belong
to coordinate half-spaces. It seems quite reasonable that this can be done by specifying
combinatorially a “generic” flag in the given oriented matroid.
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4.4 Combinatorial vector fields

We consider here the regular CW-complex S = S(.A) of section 3.1. Recall that k—cells
correspond to pairs [C < FK], where C is a chamber and F¥ is a codimension—k
facet in S. We will define a combinatorial gradient vector field & over S. One can
describe ® (see section 2.2) as a collection of pairs of cells

® = {(e, f) € Sx S| dim(f) = dim(e) + 1, e € I(f)}

so that ® decomposes into its dimension—p components
n
p=1

(Sp being the p—skeleton of S). Let us indicate by
e,e: d—>8S, €(ab)=a, €lab)=>b
the first and last cells of the pairs of .
We give the following recursive definition:
Definition 4.11 (Polar Gradient) We define a combinatorial gradient field ® over S
in the following way:
The (j + 1)—th component ®; | of ®, j =0,...,n—1, is given by all pairs
(C < F/1,[C < F/*Y)), F/ < F/*!
(same chamber C) such that
() FItl<F/,
(2) forall F/=! < FJ/ such that C < F/~1 the pair

([C < F/~1,[C < F7]) is not in ;.

Condition 2 of Definition 4.11 is empty for the 1—dimensional part ®; of @, so
@, ={([C<C][C<F): FlacCy.

According to the definition of generic polar coordinates, only the base-chamber Cy
intersects the origin O = V4, so by Theorem 4.8 all 0—cells [C < C], C # Cy, belong
to exactly one pair of P;.
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Theorem 4.12 One has:

(i) P is a combinatorial vector field on S which is the gradient of a discrete Morse
function (according to Section 3).

(i) The pair . . . .
(C < F/,[Cc < F/*Y), F/ <F/*!

belongs to ® if and only if the following conditions hold:
() F/IT1 qFJ,
(b) forall F/=1 suchthat C < F/~! < FJ/ one has F/~! < F/.

(iii) Given F/ € S, there exists a chamber C such that the cell [C < F/] € €(®) if
and only if there exists F/~! < F/ with F/ < F/=1. More precisely, for each
chamber C such that there exists F/~1 with

(10) C<F/I7V'<F/, FlqF/~!
the pair ([C < F/~1],[C < F/))isin ®, where F/~" is the maximum (j —1)—-
facet (with respect to polar ordering) satisfying conditions (10).
(iv) The set of k —dimensional singular cells is given by
(11)  Sing,(8) ={[C < F¥]: F*nV} # @, F/ < F*, forall C < F/ 3 Fky.
Equivalently, F kN Vy is the maximum (in polar ordering) among all facets of

cCnNV.

Proof Clearly @, satisfies (ii) with j = 0. We assume by induction that ®; is a
combinatorial vector field satisfying (ii). Consider now a j—cell [C < F/]€S. Assume
condition (b) of (ii) holds for F/ : then if there exists F/ 1 with F/ < F/T1 F/+1 4
FJ (and this happens by Theorem 4.8 if and only if F/ N V; = &) then

([C < F/],[C < F/t ) e d; 4.

If (b) of (ii) does not hold (j > 2) then let F J=1 be the biggest (according to polar
ordering) codimension j — 1 facet such that

C<FI7V\<Fi FIqF/1

Take any F/~2 suchthat C < F/=2 < F/=1 Weassert that F/ =2 < F/~1_ Otherwise,
certainly there exists another facet G/ ! with

FI2<G/7V < F/

and by Theorem 4.8 it should be F/~2 <1 G/~ contradicting the maximality of F/~1.

So by induction ' .
(C < F/7'L[C < F/]) € ®;
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(this proves (iii)), and the cell [C < F/] cannot be the origin of a pair of & i1 -

To show that ®;; is a vector field, we have to see that no cell [C < F J*+1] is the end
of two different pairs of ®; . After e—deforming we reduce to the case where F J+l
is 0—dimensional. Then the unicity of a j—facet F/ such that C < F/ < F/*! and
such that (a) and (b) of (ii) hold easily comes from convexity of the chamber C.

This proves both that & is a combinatorial vector field and (ii).

Next, we prove that @ is a gradient field by using Theorem 3.5 of Section 3: we have
to show that ® has no closed loops.

So let
([C) < F{] [Ci < FIT, Gy < Fl) [Ca < FIT'Y
coor [Cn =< F) [Con < FLT [Congr < FLL (D)
be a ®—path (see (2)). First, notice that the j 4+ 1—facets are ordered
Fif'a..a F/*

In fact, by definition of path and the boundary in S (see Section 4.1) we have at the
k —th step:

J Jj+1 J Jj+1 Jj+1 J
Fipy < F s Frp =iy Figy < Fygy
Jj+1 J
If also Fk < Fk+1
then by Theorem 4.8 F ,ij:ll =F ,g“ ; otherwise we have necessarily
Jj+1 J Jj+1
Fipy S Fpy S

Then if the path is closed it follows (still by Theorem 4.8) that all the F Ig +l equal a
unique F/F1. Moreover, up to e—deforming, we can assume that the path is contained
in some V;(#) with F/T1 a 0—dimensional facet. Under these assumptions, we show
that

Fl <..<Fj.
Let V;_1(6i—1.,6;,...) C Vi(6) be the subspace containing the point F/*1; after e—
deforming, the path can be seen inside the subspace

V= Vic1(0i—1 +¢€,6;,...)

where for each cell [y < F, lg ] one has that Cy, is a convex open polyhedron in v (may
be infinite) and F ,i is, by ppint (iii), its maximum vertex: all the facets of C; are lower
(in polar ordering) than F’ Ig .
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By the definition of boundary in Section 4.1 the two chambers Cy, Cy4; belong to the
same chamber of A FZ+1 . Such a chamber is a convex cone with maximum facet (with
respect to polar ordering) F, Ig 41 and such that each of its facets has the same support
as some facet of Cy 41 of the same dimension, having the vertex F Ii 41 asone of its
O—facets. Then clearly all the facets of C are lower (in polar ordering) than F’ Ig 41-In

particular F ]i < F ,ﬁ 1> Which proves that there are no nontrivial closed ®—paths.

It remains to prove part (iv). In view of (ii), (iii), a cell [C < F¥] does not belong to
® if and only if

(A) FK < FF*1, forall F¥ < Fk+1,

(B) F*¥' < Fk, forall C < F*=! < Fk.

Condition (A) holds by Theorem 4.8 if and only if P := F¥ NV} # . Then P is a
0—dimensional facet in V}, and (B) holds if and only if P is the maximum facet of the
chamber C N V}, (according to polar ordering). This is equivalent to (iv), and finishes
the proof of the theorem. |

As an immediate corollary we have:

Corollary 4.13 Once a polar ordering is assigned, the set of singular cells is described
only in terms of it by

Sing (S) := {[C < F]

(a) F*¥ < F**1 forall FK*! such that F¥ < Fk*+1,

(b) F*' < F*, forall F*=! such that C < F¥=1 < F*).
Remark 4.14 Of course, condition (b) of Corollary 4.13 is equivalent to

F' < F¥ for all F’ in the interval C < F’ < F¥.

Remark 4.15 By (iv) of Theorem 4.12 Sing; (S) corresponds to the pairs (C,v)
where C is a chamber of the arrangement Ay := ANV} and v is the maximum vertex
of C. Then v is the minimum vertex of the chamber C of Ay which is opposite
to C with respect to v. Of course, cn Vii_1 = J, so we re-find the one-to-one
correspondence between the singular k—cells of S and the chambers of Ay which
does not intersect Vj_; [19].

Remark 4.16 By easy computation, the integral boundary of the Morse complex
generated by singular cells [7] is zero, so we obtain the minimality of the complement.
Alternatively, the same result is obtained by noticing that singular cells are in one-
to-one correspondence with the set of all the chambers of S by Remark 4.15. But
> b; = |[{chambers}| (see, for example, Zaslavsky [20] and Orlik and Terao [13]).
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Remark 4.17 Our description gives also an explicit additive basis for the homology
and for the cohomology in terms of the singular cells in S. We can call it a polar basis
(relative to a given system of generic polar coordinates). It would be interesting to
compare such basis with the well-known nbc—basis of the cohomology [1; 13].

5 Morse complex for local homology

The gradient field indicates how to obtain a minimal complex from S, by contracting all
pairs of cells in the field. For each pair of cells (ek_1 ek ) in ®, one has a contraction
of ek into 3(e¥) \ int(ek~1), by “pushing” int(ek~1) Uint(e) onto the boundary.

In particular, it is possible to obtain a Morse complex which computes homology and
cohomology, even with local coefficients. We describe here such an algebraic complex,
computing homology with local coefficients for the complement M (.A). The boundary
operators depend only on the partial ordering < and on the polar ordering <.

First, we give to the coordinate space V; the orientation induced by the ordered basis
ey, ...,e;. Given a codimension—i facet F €S, the support | F!| is transverse to V;, so
we give the orthogonal space | F?|* the orientation induced by that of V;. Recall from
[15] that the complex S has a real projection i: S — R” which induces a dimension-
preserving cellular map onto the dual cellularization S¥ C R” of S. We give to a cell
e(F') € SV, dual to F’, the orientation induced by that of | F|-. We give to a cell
[C < F'] € S the orientation such that the real projection %: [C < F'] — e(F?) is
orientation preserving.

Let L be a local system over M(A), ie a module over the group-algebra of the
fundamental group 1 (M (A)) The basepoint is the origin O € Cy of the coordinates,
which can be taken as the unique 0—cell of S (and of SV) contained in Cy. Up
to homotopy, we can consider only combinatorial paths in the 1-skeleton of S, ie
sequences of consecutive edges. Sequences, or galleries,

Ci, ... Ct

of adjacent chambers uniquely correspond to a special kind of combinatorial paths in
the 1—skeleton of S, which we call positive paths. Two galleries with the same ends
and of minimal length determine two homotopic positive paths [15]. One says that a
positive path, or gallery, crosses an hyperplane H € A if two consecutive chambers in
the path are separated by H.

Remark that the 1-dimensional part ®; of the polar field gives a maximal tree in the
1—skeleton of S. Each O—cell v(C) of S is determined by its dual chamber C € S.
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Then each v(C) € S is connected to the origin O by a unique path I'(C) of ®;, which
is a positive path, determined by a gallery of chambers starting in C and ending in Cy.
We have

Lemma 5.1 For all chambers C, the path I'(C) is minimal, ie it crosses each hyper-
plane at most once.

Proof One has that I'(C) consists of a sequence of 1—cells [C < F!] where F! <1C.
It is sufficient to see that the hyperplane H = |F!| separates C from Cy. This comes
immediately from the definition of polar ordering, since one has P(F') = P(C) and
(after e—deforming until we reduce to dimension 1) F! is encountered before C by a
half-line V7 (64, ...). |

Notation 5.2 (i) Given two chambers C, C’ we denote by H(C, C’) the set of
hyperplanes separating C from C’.

(ii)) Given an ordered sequence of (possibly not adjacent) chambers Cy, ..., C; we
denote by u(Cy, ..., Cy) the rel-homotopy class of

Z'{(CH’ ceey Ct) = u(C19 CZ)Z'{(C27 C3) o 'u(Ct—l’ Ct)

where u(C;, C;j+1) is a minimal positive path induced by a minimal gallery starting in
C; and ending in Cj4. We denote by

Z?(Cl, . Ct) € M (M(.A), 0)
the homotopy class of a path which is the composition
i#(Cy, ... Cy) := (T(C))u(Cy, ... CT(Cy).

We denote by
u(Cq,...,Ct)x € Aut(L)

the automorphism induced by u#(Cy, ..., Cy).
We need also some definitions.

Definition 5.3 A cell [C < F] €S will be called locally critical if F is the maximum,
with respect to <1, of all facets in the interval {F’ : C < F’ < F} of the poset (S, <).

By Corollary 4.13 and Remark 4.14 a critical cell is also locally critical. By Theorem

4.12 (iii) the cell [C < F¥] belongs to the k—dimensional part ® of the polar field if
and only if it is not locally critical.
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Definition 5.4 Given a codimension—k facet FX such that FKNV}, # @, a sequence
of pairwise different codimension—(k — 1) facets

FFFy = (FF D FED) m =1

< Fk, for all j

such that F l.(jk_l)

and FF 4 Fi(jk_l) for j <m

while for the last element
F&D 4k
is called an admissible k—sequence.

It is called an ordered admissible k —sequence if

F.(k_l) . F(k 1)‘

11 —1

Notice that in an admissible k—sequence with m = 1, it remains only a codimension—
(k — 1) facet which is lower (in polar ordering) than the given codimension—k facet.

Two admissible k—sequences

j—“(F’k) — (F]{fk 1)’ - l’:zk Dy
Fk # F' k| can be composed into a sequence
.7-"(Fk)_7-"(F’k) — (F(k 1) . F(k 1) F/(k 1)’ . /(k 1))
when for the last element of the first one it is the case that
F*D < prk,
Fi(’f—l) — k=1

In case i
the composed sequence.

we write this facet only once, so there are no repetitions in

Definition 5.5 Given a critical k—cell [C < F¥] € S and a critical (k — 1)—cell
[D < G¥~'] €S, an admissible sequence

F = F(c<FK], [D<G*&—D])

for the given pair of critical cells is a sequence of codimension—(k — 1) facets

k— k—
F = (Fi(l 1)""’Fi(h 1))
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obtained as composition of admissible k —sequences
FOFR) - F(F))
such that
(a) Ffl = Fk (so F{j—l < Fky,
(b) Fl.];_l = Gk—1 and the chamber
k—1 k—1
CFl] ."‘.Fih
(see Notation 4.1) equals D,
(¢c) forall j =1,---,h the (k—1)—cell
k—1 k—1 k—1
[C.F;7 .- -Fi,- < Fij ]
is locally critical.

We have an ordered admissible sequence if all the k—sequences that compose it are
ordered.

Lemma 5.6 All admissible sequences are ordered.

Proof Let s be an admissible sequence. One has to show that each k-sequence
composing s is ordered. This follows by Definition 5.5 (c¢), and by the definition of
polar ordering. |

Denote by
Seq = Seq([C < Fk], [D < G(k_l)])

the set of all admissible sequences for the given pair of critical cells. Of course, this is
a finite set which is determined only by the orderings <, <. In fact, the “operation”
which associates to a chamber C and a facet F the chamber C.F is detected only
by the Hasse diagram of the partial ordering <. The chamber C.F is determined by:
C.F < F and C.F is connected to C by the shortest possible path (= sequence of
adjacent chambers) in the Hasse diagram of <.

Given an admissible sequence s = (Fl.’i_l, Fl.’:l_l) for the pair of critical cells
[C < F¥], [D < G*¥~1], we denote (see Notation 5.2) by

M(S) = u(C, C'Fi]i_lv e CFIIE_I .. 'Filz_l)
wdby ) =A(CCHE e CRE e A,
Set I(s) := h for the length of s and b(s) for the number of k—sequences forming s.

Now we have a complex which computes local system homology.
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Theorem 5.7 The homology groups with local coefficients
Hi(M(A), L)
are computed by the algebraic complex (Cx, 0x) such that in dimension k
Cr = ®L.ejc<Frys
where one has one generator for each singular cell [C < F¥] in S of dimension k .

The boundary operator is given by

C<F*
Ok eic<pr) = 3 Al el (D-erp<gry

(! € L) where the incidence coefficient is given by

k —
(12) AEgigkL] = ) (=1)/OtOg(),,
s€ESeq

summing over all possible admissible sequences s for the pair [C < F¥], [D < Gk~1].

Proof The proof follows by the definition of the vector field, from Theorem 4.12
and from the definition of boundary in S. In fact, condition (c) implies (by (iii) of
Theorem 4.12) that the (k — 1)-cell [C.Fi]i_l. ‘e .F{;_l < Fl.lj‘__l] does not belong to
®_1, so the pair

(C.F o FE < FENCF - P < EMeo

Lj
for some EX and for j < h. The result is obtained by substituting into

k—1 k—1 k—1
[C.F e PR < FEY

1

the remaining boundary

o(C.FL o FE < EFDN\[CFET o PR < R

J J

and keeping into account the given orientations. |

Remark 5.8 The sign in formula (12) can be expressed in the following way. If
s = (Fl.’i_l, Fl.’;_l) then set

a:=#j<h:F < Ff
and set € = 0 or 1 according whether the first element Fl.]i_l < Fk or Fk Fl.]j_l

Then one has
(_I)I(S)—b(s) — (—I)OH_G_
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Many admissible sequences in the boundary operator cancel, because of the sign rule.
We give a very simplified formula in the following.

Definition 5.9 (1) Given a pair of critical cells [C < F k l, [D < Gk_l], we say that
an admissible sequence

s = (Fi]:_l, ces Filz_l) € Seq
is m-extensible by the facet F’*~! if the following hold:

(a) F’*=! can be inserted into the sequence s to form another sequence s of length
h 4 1 which is still admissible with respect to the same pair of critical cells, and
such that

u(s)s = u(s)x.

(b) F’ k=1 is the minimum (with respect to <1) codimension—(k — 1) facet which

satisfies (a) (then we call 5" the m-extension of s by F/A~1).

(¢) F’*=! is the minimum of the facets F”%¥~! in the sequence s’ such that the
sequence s :=s"\ F"K=1 obtained by removing F”%~1 is still admissible, and

() = u(s)s = u(s)x.

In other words, s is not the m-extension of some s~ by F’ k=1 with F"k—1 4

F/k—l .
(2) We say that an admissible sequence

s = (Fl-]i_l, vy Fi];_l) € Seq
is m-reducible by the facet F’*~! in s, if the sequence 5" obtained by removing F’*~!
is m-extensible by F/*~1.
Set Seq® and Seq” be the set of m-extensible, resp. m-reducible (by some codimension—
(k — 1) facet), admissible sequences for a given pair of critical cells. By definition
Seq® NSeq” = @.
The following lemma is also clear from the previous definition.
Lemma 5.10 There is a one-to-one correspondence
Seq® <> Seq”

which associates to a sequence s which is m-extensible by F 'k=1"jts extension s’

(obtained by adding F'*~1).
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Denote the set of sequences which are not m-extensible and not m-reducible by

Seq® := Seq\ (Seq® U Seq").

Since the sign in formula (12) which is associated to an m-extensible sequence s and
to its extension s’ is opposite, it follows:

Theorem 5.11 The coefficient of the boundary operator in (12) of Theorem 5.7
satisfies

C<Fk —b(s)—
ApSed s = Y (D OPOg(),

s€SeqY

The reduction of Theorem 5.11 is strong.

We consider now abelian local systems, ie modules L such that the action of 771 (M (A))
factorizes through H; (M (A)). Then to each elementary loop yg turning around an
hyperplane H in the positive sense it is associated an element ¢y € Aut(L), so one
has homomorphisms

27y (M (A))] = Z[Hy (M (A)] = Zltj; ' 1rea C End(L).

An abelian local system as that just defined is determined by the system 7 :={tg, H €
A}, so we denote it by L(7).

Given an admissible sequence s = (Fi]i_1 s eees Fl.];_l) relative to the pair [C < F¥], [D <
G* ~11, and given an hyperplane H € A, we indicate by (s, H) the number of times
the path u(s) crosses H.

Lemma 5.12 For s, H as before, one has the following:
(1) For H € H(Cy,C) NH(Cy, D):

p(s, H)y=0 if F* ¢ H or F* C H and FF=' < F¥,
1
u(s, H) =2 otherwise.
(2) For H € H(Cy, D)NH(C, D), we have u(s, H) = 1.

(3) For H € H(Cy,C)NH(C, D):
o if FK ¢ H then ju(s, H) =1,
o if FK C H then

Ffla FR = (s, H) =1,
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u(s, H) =3 ifeither H separates Cy trom the first
element in s which is lower than F¥ or
H separates Cy from the last element

Fk < Fl-’i_l = in s which is bigger than F¥ (these two
conditions do not appear at the
same time),

u(s, H) =1 otherwise.

If H does not separate any two among Cy, C, D then u < 2.
Proof The proof is very similar to that of Lemma 5.1. O
Theorem 5.13 For the local system L(7T) the coefficient u(s)« in Theorem 5.11 is

given by .
u(s)s = 1‘[ ’}n](s’ )
HeA
where if s = (Fikl_l, s Fi’;_l) then

(s, H) = |:M(S, H)—€e(C)+ e(D):|

2

where €(C) (resp. €(D) ) holds 1 or 0 according whether H separates the base chamber
Co from C (resp. D).

Therefore one always has m(s, H) < 1, with m(s, H) =1 if
(i) H e H(Cy,C)NH(Cy, D) and
FkcH, FF < FF1,
(i) H e H(Cy,C)N'H(C, D) and
F*c H, Fk < Ff!
with H separating Cy from the first element in s which is lower than F k or

separating Co from the last element in s which is bigger than FK .

In the other cases we have
m(s, H) <1

if H does not separate any two of the three chambers Cy, C, D, otherwise

m(s, H) = 0.
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Proof The proof follows directly from the previous lemma, by computing, for each s,
the number of times the path #(s) turns around some hyperplane. a

Theorem 5.13 gives an efficient algorithm to compute abelian local systems in terms of
the polar ordering (see also [3; 4; 6; 11; 12; 16; 17; 18; 19]).

6 The braid arrangement

In this section, we describe the combinatorial gradient vector field for the braid ar-
rangement A = {H;; = {x; = xj}, 1 =i < j <n+1}. Let us start with some
notation.

6.1 Tableaux description for the complex S(A4,)

We indicate simply by A, the symmetric group on n + 1 elements, acting by permuta-
tions of the coordinates. Then 4 = A(A) is the braid arrangement and S(A4,) is the
associated CW-complex (see Section 4.1).

Given a system of coordinates in R"*!, we describe S(A4,) through certain tableaux
as follow.

Every k—cell [C < F] is represented by a tableau with n + 1 boxes and n + 1 —k rows
(aligned on the left), filled with all the integers in {1, ...,n 4+ 1}. There is no monotone
condition on the lengths of the rows. One has the following.

e (X1,...,Xp41) is apointin F if and only if
(1) i and j belong to the same row if and only if x; = x;, and
(2) i belongs to a row less than the one containing j if and only if x; < x;.

e The chamber C belongs to the half-space x; < x; if and only if
(1) either the row which contains 7 is less than the one containing j, or
(2) i and j belong to the same row and the column which contains 7 is less
than the one containing ;.

(See also Fuchs [9] for an equivalent description of a CW-complex for the braid
arrangement).

Notice that the geometrical action of A, on the stratification induces a natural action
on the complex S, which, in terms of tableaux, is given by a left action of A,: o7 is
the tableau with the same shape as 7', and with entries permuted through o.
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6.2 Construction of singular tableaux and polar ordering

In this part we use Theorem 4.9 constructing and ordering “singular” tableaux, corre-
sponding to codimension—k facets which intersect V. We give both an algorithmic
construction, generating bigger dimensional tableaux from the lower dimensional ones,
and an explicit one.

Denote by T(A4,) the set of “row-standard” tableaux, ie with entries increasing along
each row. Each facet in S corresponds to an equivalence class of tableaux, where the
equivalence is up to row preserving permutations. So there is a 1 — 1 correspondence
between T(A4,) and the set of facets in A(A,). Let T¥(4,) be the set of tableaux of
dimension k (briefly, k —tableaux), ie tableaux with exactly n+ 1 —k rows. Moreover,
write T < T’ if and only if F < F’, where the tableaux 7 and T’ correspond
respectively to F and F’. Our aim is to give a polar ordering on T(A4;).

Definition 6.1 (Moving Function) Fixing an integer 1 <r <n-+1,foreach 0 <j <
n — k, define the moving function

M, T (4,) — T(4,),

where the tableau M; , (Tk+1) is obtained from 7Kk+! moving the entry r to the j—th
row. Case j = 0 means that r becomes the only entry of the first row in M; , (Tk+1y.

Of course, if r is the unique element of its row, moving r makes the preceding and
following rows become adjacent. So, the number of rows of the new tableau can
increase or decrease by 1, or it can remain equal (when the row of r has at least two
elements and j > 0). Given a tableau 7' k , where r is in the i —th row, we define the set
of tableaux M, (T*) = {Mj,r(Tk)}()<j<i. We assign to M, (TX) the reverse order
with respect to j.

Let us consider the natural projection py m,: T(A,) — T(A) obtained by forgetting
the entries » > m + 2 in each tableau (“empty” rows are deleted). For any 7" € T(A4,)
denote by mr the minimum integer 1 < m < n such that p,,(T) preserves the
dimension of T'. So, each j > m7 + 1 is the unique element of its row.

Definition 6.2 (T-Blocks) Let T be a k—tableau in T(A4,) and ¢;(T') the first entry
of its i —th row. Then, if m < n, for any integer mp + 1 —k <h <n+1—k we
define a new ordered set

(13) Quu(T)= U Mo,y (Ti-1), Tpp—k41=T and T; =My, (1)(Ti-1).
mr+1—k<i<h

where M, (7)(T;—1) are already ordered and tableaux in M, ()(7;—1) are less than
tableaux in M., (r)(7j—1) if and only if 7 < ;.
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Let T € T(A4,) be a tableau representing a facet F. The symmetry in R”*! with
respect to the subspace generated by F preserves the arrangement A, so it induces an
involution r7 on the set of tableaux in T(A,) corresponding to facets G < F. Given
a k—tableau T € T¥(4,) with mr <n, let Qun(T) ={T;}1<i<p, where the indices
follow the ordering introduced in the previous definition. For any k—tableau T, define
recursively 7; as follows:

) T\ =T,
2) T; = rTiY_}_l if 7_}-_1 <T;, Ti = T,-_l otherwise.

Denote the last tableau 7_"1, by rQn,h(T)(T)’

Let iy n: T(Am) —> T(A,) be the natural inclusion map, ie iy, »(7') is obtained by
attaching to 7" exactly n — m rows of length one having entries m + 2,...,n + 1
increasing along the first column.

Let m9(A,) be the set given by the identity O—tableau (ie one column with growing
entries); we define ;1 (A,) C T¥T1(4,) as the image of the map

(14) én,n+l—k3 m(Ap—1) — Tk+1(An)v
T, — Qn,n-{-l—k(Ti,i)
where T; 1 = ip—1,,(T;) and T;,j =rg, , .\ _.(1j_; 1) (Ti,j—1) for j <i.

We inductively order 73 (A,) by requiring that the map in (14) is order preserving and
using the ordering of the T-blocks involved.

Remark 6.3 Remark that the k—tableau 7;; in the above definition is 7;; =r7(7;,1)
where T' = i, 2(T™7Ti) and T™7i is the unique tableau (having only one row) of
TmTi (AmT,- ) .

Now let us explicitly describe tableaux 7' k in 7y, (Ay). Define the following operations
between tableaux:
(1) T T’ is the new tableau obtained by attaching vertically 7"’ below T .

(2) T =*; h is the tableau obtained by attaching the one-box tableau with entry / to
the i —th row of T'.

(3) T°P is the tableau obtained from 7" by reversing the row order. Notice that
(T« T")P=T"Px TP,
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Let us fix k integers 1 < ji <--- < jry <n+1land, for 1 <h <k +1,let Ty be
the O-tableau (= one-column tableau) with entries Jj = {j,—1 +1,..., jp— 1} in the
natural order (set jo =0, jry1 =k +2).

Then, for any suitable choice of integers iy, ..., i; we define a k—tableau:
(15)  TF = (¢ (T} *iy j1) % T2) *iy jo) % T3)P )P ki jik) % 1.

Proposition 6.4 A k—tableau in T(Ay) is in wj. (A,) if and only if it is of the form
(15). Moreover, the order in 73 (Ay) is the one induced by lexicographic order between
sequences of pairs ((j1,i1), ..., (jk,ix)), where (j;,i;) < (j;,i;) if and only if either
Jt <Jjjorj=j;andi; >1ij.

Proof The proof is by induction on the dimension n of A(A,). The result holds
trivially for n = 1. Let T¥ be a tableau in T(4,) such that the (n + 1 — k)—th row
has length one and entry n + 1. Then, by construction, T* € ni(Ay) if and only if
Pnn—1(T ky € m1(A,—1) and the proof comes by inductive hypothesis. Otherwise
Je=n+1,1ie

T = (C+ (TP iy Ji) % Ta)® iy o % T3)P )P sk, et % Ti)*P iy (n+ 1).
If we define a (k — 1)—tableau as
TF 1= (TP iy 1) % To)® iy jo sk T3)P - )Py jeq * T

then 75! € mp_1(Ay—1) by induction and Tk ¢ Q,,,,,H_(k_l)(Tk_l) by construc-
tion, ie TX € 7 (A,). By construction, given 7, T’ € @n’nJrl_(k_l)(Tk_l), one has
that 7' is lower than 7" if and only if either jx < j_ or jx = j; and iy > i, . The
proof then follows from the inductive hypothesis. a

Let us consider the subset :/¥(A,) of rank—k elements in the lattice L(A(A,)) [13]:
in other words, the set of codimension—k intersections of hyperplanes from .A. The
support of the facet represented by TX € T¥(4,,) is denoted by |TX| € U*(A4,).

From arguments similar to those used in the proof of Proposition 6.4, one obtains the
following result.

Lemma 6.5 15 (A,) is a complete system of representatives for U k(A4,), ie any affine
space in Uk (4,) is the support of a tableau in wj(A,) and any two k —tableaux in
7 (An) have ditferent supports.

Remark 6.6 It follows that the cardinality of ;. (Ay) is the number of k—codimension
subspaces of the intersection lattice L(A(A4y)), ie the Stirling number S(n 4+ 1,1 +
1—k) [13].
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Now let us prove that tableaux in 7z (A4,) describe critical cells of sk (Ap) with respect
to a suitable system of polar coordinates.

Proposition 6.7 There exists a system of polar coordinates, generic with respect
to A(Ay), such that a codimension—k tacet F meets the V} space if and only if
the tableau which represents F is in ;. (A,). Moreover, the induced order between
codimension—k facets intersecting Vj, equals that introduced before for mwy (Ay).

Proof We start defining
A(Ay_)) = in—1,a(A(An-1)), A4y = A(An) \ A(4;_y).
Set also g (A:_l) = inn—1(Tk—1(An-1))-

The proof is by double induction on the dimension 7 of .4(A4,) and the dimension k
of sections Vj . The result holds trivially for » = 1, 2 and also for kK = 0 and any #.

By induction, it is possible to find a system of generic polar coordinates V, ..., V,
in R" which satisfies the theorem for A,_;. Using arguments similar to those used
in Section 4.2 one can embed this system to a generic one Vj, ..., Vy, V41 = R*T1
for A, , where the embedding is compatible with 7, ,—; (ie it takes A(A4,—1) inside
A(A7_)).

By induction on k, we assume that the system verifies the assertion up to codimension—
(k —1) facets.

Let Ly (mx—1(A)_,)) be the set of all affine lines realized as intersections between
Vi and Z/lk_l(.A(AZ_l)). By Lemma 6.5 any line L; in Ly (mx—;(A7_,)) lies in the
support of one and only one tableau Tik_1 €mp_1(Ay_,).

Now notice that for any Tl.k_1 € mi—1(A}_,), the last row is composed only of the
entry (n + 1). Moreover, by Remark 6.3, the tableau Tl.kl._1 is obtained from Tl.k_1
without moving the entry n + 1. Then, by construction, mx(A)_,) is given by the
ordered union of Q, ,—k—1)(T*") for TF~! € mj_y (A" ).

Therefore (by induction) the line L; intersects in order all k—facets represented by
Qn,n_(k_l)(Tik_l) and, after that, all hyperplanes in A(4)_,)¢. These last intersec-
tions have to occur along a gallery of k—tableaux starting from the (k — 1)—tableau

Tk—1 . _ k—1
T'i T rQn,n—(k—l)(Tik_l)(T'i )

But k-ty (TF71) = Mg (T

emn+n—k—1) (T}
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is the only choice in order to have a gallery throughout hyperplanes in A(A_,)¢ and
starting from T"ik_l .

This proves the first statement of the proposition.
According to Definition 4.5 let

PF,-'fh = clos(Fi]"h) NV

where Fi],{h is the facet represented by the tableau leh € Qn,(n+1)_(k_1)(7}k_1). By
Definition 4.6 we need to understand the ordering of such points P’s.

From the above considerations and the inductive hypothesis it follows that in 7z (A7 _,)
one has
Prk

< Pri
i1.hy F;

in iy
if and only if the pair (i, &) follows the pair (i1, #1) according to the lexicographic
ordering. By simple geometric considerations this lexicographic ordering is preserved
when we pass to 7 (A,). But this corresponds exactly to the ordering which we
defined before for 5 (Ay). |

Remark 6.8 It follows from Theorem 4.9 that one can reconstruct the ordering of
T(A,) from that of 7y (A4,), k=0, ..n.

In order to identify critical cells of S(A(A,)) we just apply Theorem 4.12.
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