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The Seiberg–Witten equations and the
Weinstein conjecture II: More closed

integral curves of the Reeb vector field

CLIFFORD HENRY TAUBES

Let M denote a compact, orientable 3–dimensional manifold and let a denote a
contact 1–form on M ; thus a ^ da is nowhere zero. This article explains how the
Seiberg–Witten Floer homology groups as defined for any given SpinC structure on
M give closed, integral curves of the vector field that generates the kernel of da .

57R17, 57R57

1 Introduction

Let M denote a smooth, compact 3–manifold and let a denote a smooth contact 1–form
on M . This is to say that the 3–form a^ da is nowhere zero. Let v denote the vector
field that generates the kernel of da, and pairs with a to give 1. The prequel to this
article, [12], asserts that v has closed, integral curves. To be more specific, [12] asserted
the following.

Let K�1 denote the 2–plane bundle kernel.a/�TM and let e2H 2.MIZ/
denote any class that differs by a torsion class from half the Euler class
of K . There exists a finite, non-empty set of closed, integral curves of v
and a corresponding set of positive weights such that the formal sum of
weighted loops in M generates the Poincaré dual to e . (1-1)

Here, M is implicitly oriented by a^ da, and K is oriented so that the isomorphism
T�M DRv˚K�1 is orientation preserving. Note that the Euler class of K is, in all
cases, divisible by two.

The purpose of this article is to describe other classes in H1.M IZ/ that are represented
by formal, positively weighted sums of closed integral curves of v . To set the stage
for a precise statement of what is proved here, digress for a moment to introduce the
set, SM , of SpinC structures on M , this a principle homogeneous space for the group
H 2.M IZ/. Each element in S has a canonically associated Z–module, a version
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of Seiberg–Witten Floer homology that is described below. As explained shortly, the
contact form, a, supplies a canonical, H 2.M IZ/–equivariant isomormophism from
SM to H 2.M IZ/. With this isomorphism understood, each element in H 2.M IZ/
has an associated Seiberg–Witten Floer homology Z–module.

Theorem 1.1 Let e 2H 2.M IZ/. When e ¤ 0, the Poincaré dual of e is represented
by a positive integer weighted sum of closed, integral curves of the vector field v if the
associated Seiberg–Witten Floer homology is non-trivial. The class 0 2H1.M IZ/ is
represented by a non-trivial, positive, integer weighted sum of closed integral curves of
v provided the Seiberg–Witten Floer homology for 0 2H 2.M IZ/ is not Z.

The case in Theorem 1.1 when e differs from half K ’s Euler class by a torsion element
is the case that is considered in [12] and (1-1). As a consequence, it is assumed in what
follows, unless directed otherwise, that these elements differ by a non-torsion element.

There are various existence theorems for non-zero classes in the relevant version of
Seiberg–Witten Floer homology. For example, [7, Theorem 41.5.2 in Kronheimer and
Mrowka’s book] asserts an existence theorem for non-trivial Floer homology groups
that can be used with Theorem 1.1. Their theorem refers to the dual Thurston norm for
a certain subspace in H 2.M IZ/. This dual norm is defined using the Thurston norm
on H2.M IZ/. The latter is a semi-norm that assigns to a non-zero class h the infimum
of the absolute values of the Euler characteristics of embedded surfaces in M with
no 2–sphere components and with fundamental class equal to h in H2.M IZ/. The
dual of this semi-norm defines a norm on the subspace in H 2.M IZ/ that annihilates
the span of the classes in H2.M IZ/ with zero Thurston norm. [7, Kronheimer and
Mrowka’s Theorem 41.5.2 and Corollary 40.1.2] imply the following.

If M is an irreducible 3–manifold, then the unit ball for the dual Thurston
norm is the convex hull of the set of elements in H 2.M IZ/ with the
following two properties: First, the element differs from half the first
Chern class of K by a non-torsion element. Second, the associated
Seiberg–Witten Floer homology has some non-torsion elements. Here,
f0g is deemed the convex hull of the empty set. (1-2)

For another example, suppose that M fibers over the circle with fiber genus greater than
one. It follows in this case from Meng–Taubes [8] that there exist classes e2H 2.M IZ/
that differ from half K ’s Euler class by a non-torsion element and have non-trivial
Seiberg–Witten Floer homology. This is also the case when M is obtained via zero
surgery on a knot in S3 with non-constant Alexander polynomial.
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Meanwhile, (1-2) also says something about the vanishing of the Seiberg–Witten Floer
homology when tensored with Q. For example, when M is an irreducible 3–manifold,
(1-2) and Theorem 1.1 lead to the following corollary.

Corollary 1.2 If M is irreducible, suppose that the Euler class of K has the following
properties: It is not torsion and it has dual Thurston norm greater than 1. Then there is
a non-empty set of closed, integral curves of v with positive weights that generate the
trivial class in H1.M IZ/.

There are also theorems about the Seiberg–Witten invariants that can be applied to
the case when M is reducible to deduce the existence of a set of closed integral
curves of v that generate the trivial class in H 2.M IZ/. In this regard, note that the
Seiberg–Witten invariant for a class in H 2.M IZ/ is the Euler characteristic of the
corresponding Seiberg–Witten Floer homology as defined with respect to a certain
Z/2Z grading. The results in [8] with Theorem 1.1 lead to the following corollary.

Corollary 1.3 Suppose that M is the connect sum of manifolds M1 and M2 . If
the Euler class of K is torsion, then (1-1) applies and there is a non-empty set of
closed integral curves of v with positive weights that generate the the trivial class in
H1.M IZ/. If the Euler class of K is not torsion, there is a non-empty set of closed,
integral curves of v with positive weights that generate the trivial class in H1.M IZ/ if
neither M1 nor M2 has the Z–homology of S3 .

Note that the existence of a closed integral curve in the case considered by Corollary
1.2 can also be deduced using Hofer’s celebrated results [4] and a theorem of Eliashberg
[3]. Indeed, Eliashberg’s result implies the following: If the Euler class of K has dual
Thurston norm greater than 1, then the resulting contact 2–plane field is overtwisted.
This being the case, Hofer’s existence theorem from [4] can be applied. Hofer [4] also
established a stronger version of what is said in Corollary 1.3: He proved that a Reeb
vector field for a contact structure on a 3–manifold with non-zero �2 has a contractible
closed orbit.

The theorem of Hofer [4] noted above asserts that the Reeb vector field for a contact
form whose kernel is overtwisted has contractible, closed orbits. As is explained in
what follows, results from Mrowka–Rollin [9] and Kronheimer–Mrowka [6] about
Seiberg–Witten Floer homology lead to a proof of the following homological version
of Hofer’s theorem.

Theorem 1.4 Let M denote a compact 3–manifold and let a denote a contact form
on M whose kernel is overtwisted. Then there is a finite, non-empty set of closed
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integral curves of the Reeb vector field with an associated set of positive weights such
that the weighted sum of curves is homologically trivial.

Abbas, Cielebak and Hofer [1] conjecture that there exists in all cases a union of closed,
integral curves of v with positive integer weights that define a homologically trivial
cycle.

The proof of Theorem 1.1 uses much the same technology as that used in [12] to prove
what is stated in (1-1). Even so, there are two substantial issues that complicate the
application. First, the Seiberg–Witten Floer homology groups are not Z graded when
e differs from half K ’s Euler class by a non-torsion element. The second substantive
issue concerns the Chern–Simons functional: It is not gauge invariant when e differs
from half K ’s Euler class by a non-torsion element. As a consequence, the function
whose critical points give the cycles for the Seiberg–Witten Floer homology is not
gauge invariant. As is explained below, these two issues constitute the two sides of a
single coin, and a single stroke circumvents both.

Theorem 1.4 is proved by coupling the techniques used to prove Theorem 1.1 with
constructions and ideas from three sources, Kronheimer–Mrowka [7; 6], and Mrowka–
Rollin [9]. In particular, [9] provides a vanishing theorem that plays a key role in the
proof.

By way of a warning to the reader: This article is truly a sequel to [12] as it borrows
heavily from the latter. In particular, many arguments used here are straightforward
modifications of those in [12]. When such is the case, the reader is referred to the
corresponding argument and equations in [12].

The remainder of this section describes the relevant versions of the Seiberg–Witten
equations, and also some of the most quoted results from [12]. It also supplies a
brief definition of the relevant version of the Seiberg–Witten Floer homology. Section
2 closely follows the strategy from [12] so as to reduce the proof of Theorem 1.1
to a proposition that relates spectral flow to the Chern Simons functional. This key
proposition, Proposition 1.9, refines some of the spectral flow results that are stated
in [11, Section 5]. Section 3 proves this proposition. Section 4 reduces the proof
of Theorem 1.4 to a proof of a uniqueness assertion about solutions to a version of
the Seiberg–Witten equations on R �M . The final section proves this uniqueness
assertion.

As is the case with [12], what appears below owes much to previous work of Peter
Kronheimer and Tom Mrowka. Moreover, Tom Mrowka suggested using [6] and [9]
for Theorem 1.4.

Geometry & Topology, Volume 13 (2009)



The Seiberg–Witten equations and the Weinstein conjecture II 1341

Acknowledgements Supported in part by the National Science Foundation.

1.1 The Seiberg–Witten equations

Fix a metric on M so that the contact form, a, has norm 1 and is such that daD 2�a.
Here, � denotes the metric’s Hodge star operator. With this metric fixed, a SpinC

structure is no more and no less than an equivalence class of lifts of the oriented,
orthonormal frame bundle of M to a principle U.2/ bundle.

Such a lift, F , defines an associated, hermitian C2 bundle, S D F �U.2/ C2 . The
bundle S is a module for a Clifford multiplication action of T�M . This action is
denoted by cl. To be precise, cl is defined so that cl.�1/ cl.�2/ D � cl.�.�1 ^ �2//

when �1 and �2 are orthogonal 1–forms. Of course, cl.�/ is anti-hermitian and
cl.�/2 D�j�j2 . A section of S is called a spinor. Let det.S/ denote the complex line
bundle F �det U.1/ where detW U.2/! U.1/ is the determinant homomorphism. The
Seiberg–Witten equations constitute a system of equations for a pair consisting of a
connection on det.S/ and a section of S .

To write the version of the Seiberg–Witten equations used here, first note that the bundle
S decomposes as a direct summand of eigenbundles for the endomorphism cl.a/. This
decomposition has the form SDE˚EK�1 . Here, E is a complex line bundle and
K is viewed as a complex line bundle. The convention used for this decomposition of
S takes cl.a/ to act as Ci on the left-most summand in S while acting as �i on the
right-most summand. A given contact form defines the canonical SpinC structure; this
is the SpinC structure whose spinor bundle SD SI D IC˚K�1 , where IC denotes
a trivial line bundle. The assignment S! c1.E/ supplies the 1� 1 correspondence
between SM and H 2.M IZ/ that is used in (1-1) and Theorem 1.1. With a contact
form chosen, the decomposition SDE˚EK�1 finds det.S/ isomorphic to E2K�1 .

As is explained shortly, there is a Hermitian connection on K�1 that is canonical up to
the action of the gauge group, this the space of maps from M to U.1/. With such a
‘canonical connection’ chosen, one can view the Seiberg–Witten equations as equations
for a pair .A;  / where A is a connection on E and  is a section of S . This is the
view taken in what follows.

To be more explicit about the canonical connection, note that a connection on det.S/
with the Levi–Civita connection on TM determines a Hermitian connection on S .
Let rW C1.M IS/! C1.M IS˝T�M / denote the associated covariant derivative.
The composition, first r and then the endomorphism from C1.M IS˝ T�M / to
C1.M IS/ induced by cl defines the Dirac operator, this a first order, hermitian
differential operator from C1.M IS/ to itself. With the canonical connection chosen,
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DA is used in what follows to denote the Dirac operator that is defined by a given
connection, A, on E . Granted this notation, suppose that a unit length, trivializing
section, 1C , is chosen for the bundle IC . Let AI denote the connection on IC that
makes 1C covariantly constant. There is a unique connection on K with the property
that 1C is annihilated by the A D AI version of DA . The latter connection is the
promised canonical connection.

The specification of the Seiberg–Witten equations requires the choice of a number, r ,
with r � 1. Also required is the choice of a smooth 1–form on M with small C 3

norm; in particular the norm should be less than 1. This form is denoted in what follows
by �. The form � should be L2 –orthogonal to all harmonic 1–forms on M and it
should be coclosed, thus d ��D 0. Granted these choices, the simplest of the relevant
versions of the Seiberg–Witten equations read:

BA D r. |� � ia/C i.�d�C$K /;

DA D 0:
(1-3)

Here, BA denotes the Hodge dual of A’s curvature 2–form. Meanwhile,  |� is a
short-hand way to write the image in C1.M I iT�M / of the endomorphism  ˝ |

via the adjoint of cl. Finally, $K is the harmonic 1–form whose Hodge dual is ��
times the first Chern class of the bundle K .

In what follows, the form � is chosen from a certain Banach space of smooth forms on
M . The precise norm for this space is not relevant. Suffice it to say here that the space
is dense in C1.M IT�M /. In particular, the Banach space norm bounds a suitable,
positive multiple of any given C k norm. The Banach space used here is denoted by �.

Note that the equations in (1-3) are gauge invariant. This means the following: Suppose
that .A;  / satisfies (1-3) and that u is a smooth map from M to S1 D U.1/. Then
the pair .A�u�1du, u / also satisfies (1-3). The set of gauge equivalence classes of
solutions to (1-3) is compact for any choice of �.

Note also that there are no  D 0 solutions to (1-3) in the cases under consideration,
those where c1.E/�

1
2
c1.K/ is not a torsion class.

Introduce Conn.E/ to denote the space of smooth, Hermitian connections on E . The
equations in (1-3) are the critical points of a functional on Conn.E/�C1.M IS/. It
proves convenient to write this functional, a, as

(1-4) aD
1

2
.csC 2e�� rE/C r

Z
M

 |DA ;
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where cs; e� and E are functionals on Conn.E/ that are defined as follows: The
definition of cs requires the choice of a connection, AE , on E . Here, AE is chosen
so that its curvature 2–form is harmonic. Write ADAE CyaA , where yaA is a section
of iT�M . In the case when E D IC , choose AE to be the trivializing connection
AI that was introduced above. Use yc1S to denote the harmonic 2–form on M that
represents the first Chern class of the line bundle det.S/. Then

cs.A/D�

Z
M

yaA ^�dyaA� 2i�

Z
M

yaA ^ yc1S;

e� D i

Z
M

�^�BA;

E.A/D i

Z
M

a^�BA:

(1-5)

The introduction referred to the Chern Simons functional. This is cs. All but cs in
(1-4) are fully gauge invariant. The functional cs is gauge invariant if and only if
c1.det.S//D 2c1.E/� c1.K/ is a torsion class. In the cases under consideration, this
class is not torsion. In any event, cs.A� u�1du/ D cs.A/ if u is a homotopically
trivial map from M to S1 . In general, 1

4�2 cs differs by a multiple of the greatest
integer divisor of c1.det.S// on gauge equivalent pairs.

1.2 Properties of solutions to the Seiberg–Witten equations

This subsection restates for ease of reference some salient facts from [12] about solutions
to (1-3). The first of these explains how solutions to (1-3) lead to closed integral curves
of v .

Theorem 1.5 Fix a complex line bundle E so as to define a SpinC –structure on M

with spinor bundle S given by E ˚EK�1 . Let frngnD1;2;::: denote an increasing,
unbounded sequence of positive real numbers, and for each n, let �n denote a co-
exact 1–form on M . For each n, let .An;  n/ 2 Conn.E/ � C1.M IS/ denote a
solution to the r D rn version of (1-3) as defined using �n . Suppose that there is an
n–independent bound for the C 3 norm of �n . In addition, suppose that there exists
an index n independent upper bound for E.An/ and a strictly positive, n independent
lower bound for supM .1� j nj/. Then there exists a non-empty set of closed, integral
curves of the Reeb vector field. Moreover, there exists a positive integer weight assigned
to each of these integral curves such that the corresponding formal, integer weighted
sum of loops in M gives the class in H1.M IZ/ that is Poincaré dual to the first Chern
class of the bundle E .
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This is [12, Theorem 2.1] and its proof is in [12, Section 6].

To say more about what is happening in Theorem 1.5, agree to write a spinor  with
respect to the decomposition SDE˚K�1E as  D .˛; ˇ/. If the sequences frng,
f�ng and f.An;  n D .˛n; ˇn/g satisfy the conditions stated by Theorem 1.5, then the
corresponding sequence f˛�1

n .0/gnD1;2;::: of closed subsets of M has a subsequence
that converges in a suitable sense to the desired set of closed integral curves.

The next three lemmas summarizes various facts about the solutions to (1-3). They
restate what is asserted in [12, Lemmas 2.2, 2.3 and 2.4]. The proofs of the latter are
also in [12, Section 6].

Lemma 1.6 Fix the line bundle E!M and hence the SpinC structure. There is a
constant � � 1 with the following significance: Let � denote a co-exact 1–form with
C 3 norm bounded by 1. Fix r � 1 and suppose that .A;  D .˛; ˇ// is a solution to
the version of (1-3) given by r and �. Then

j˛j � 1C �r�1;

jˇj2 � �r�1.j1� j˛j2jC r�1/:

The next lemma concerns the derivatives of ˛ and ˇ . To state the lemma, suppose
that A is a given connection on E . Introduce r to denote the associated covariant
derivative. The covariant derivative on K�1E that is defined by A and the canonical
connection is denoted in what follows by r 0 . Powers of these covariant derivatives
are defined using A and the Levi–Civita induced connection on the appropriate tensor
power of T�M .

Lemma 1.7 Fix the line bundle E !M and hence the SpinC structure. For each
integer q � 0 and constant c � 0, there is a constant � � 1 with the following
significance: Let � denote a co-exact 1–form whose C 3Cq norm is bounded by c . Fix
r � 1 and suppose that .A;  D .˛; ˇ// is a solution to the version of (1-3) defined by
r and �. Then

jr
q˛j � �.rq=2

C 1/:

jr
0qˇj � �.r .q�1/=2

C 1/:

The final lemma says something about the connection A.

Lemma 1.8 Fix the line bundle E and hence the SpinC structure. Also, fix a con-
nection AE on E . There exists a constant � � 1 with the following significance:
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Let � denote a co-exact 1–form with C 3 norm bounded by 1. Fix r � 1 and sup-
pose that .A;  D .˛; ˇ// is a solution to the version of (1-3) defined by r and �.
Then, there exists a smooth map uW M ! S1 such that yaDA�u�1du�AE obeys
jyaj � �.r2=3E1=3C 1/.

Note that Lemma 1.6 implies that

(1-6) �c� � E.A/� r vol.M /C c�;

when .A;  / satisfies (1-3). Here, c� depends only on the C 3 norm of �.

1.3 Spectral flow

Each pair of r 2 Œ1;1/ and element .A;  / 2 Conn.E/�C1.M IS/ has an associ-
ated, first order, elliptic differential operator. This operator is denoted by L; it maps
C1.M I iT�M ˚S˚ iR/ to itself, and it is defined as follows: Let hD .b; �; �/ 2

C1.M I iT�M ˚S˚ iR/. The respective iT�M , S and iR summands of the Lh

are:

(1-7)

�db� d� � 2�1=2r1=2. |��C �|� /;

DA�C 21=2r1=2.cl.b/ C� /;

�d � b� 2�1=2r1=2.�| � |�/:

The domain of this operator extends to map L2.M I iT�M ˚S˚ iR/ to itself as a
self-adjoint operator with domain L2

1
.M I iT�M˚S˚iR/. Its spectrum is discrete, all

eigenvalues have finite multiplicity, there are no accumulation points for the spectrum,
and the spectrum is unbounded from above and from below. A pair .A;  / is called a
non-degenerate solution to (1-3) when the r and .A;  / version of L has trivial kernel.

Let AE denote the connection that was chosen above to define cs. Fix rE � 1. If
 is a suitably generic section of C1.M IS/ with j j � 1, then the r D rE and
.ADAE ;  D E/ version of L will have trivial kernel. Agree to fix  E once and for
all. In the case when E D 1C , it follows from [12, Lemma 5.4] that the pair .AI ;  I /

is non-degenerate when r is greater than some constant r� . This understood, take rE

in to be r�C 1 and  E D  I when E is the trivial bundle.

Now, suppose that r � 1 and .A;  / 2 Conn.E/ � C1.M IS/ are such that the r

and .A;  / version of L also has trivial kernel. Then one can associate a number,
f .A;  /, to the pair .A;  / as follows: Fix a path t! .r.t/; c.t//2 Œ1; r/�Conn.E/�
C1.M IS/ that is parameterized by t 2 Œ0; 1�, starts at .1; .AE ;  E// and ends at
.r; .A;  //. Take f .A;  / equal to the spectral flow for the corresponding path, t!Lt

Geometry & Topology, Volume 13 (2009)



1346 Clifford Henry Taubes

of versions of (1-7). For those unfamiliar with this notion, see [12, Section 5a] or [11].
The value of f does not depend on the chosen path. Note in what follows that f
defines a locally constant function on a dense, open subset of Conn.E/�C1.M IS/.
(It can be shown that f is defined on the complement of a codimension 1 subvariety.)

When r is given and .A;  / is a non-degenerate solution to (1-3), the value of �f
is called the degree of .A;  /. This notion of degree assigns an integer to each non-
degenerate solution to (1-3). Note that the degree as just defined depends on the choice
of AE and also on  E , but the difference between the degrees of any two elements
from Conn.E/�C1.M IS/ does not depend on these choices.

The function f is not gauge invariant when c1.E/�
1
2
c1.K/ is not torsion; its values

can differ on gauge equivalent configurations by a multiple of the greatest common
divisor of c1.det.S//. However,

(1-8) csf D cs� 4�2f

is gauge invariant. This understood, the following proposition plays a central role in
the proof of Theorem 1.1 and Theorem 1.5.

Proposition 1.9 There exists a constant � � 1 with the following significance: Fix
r � � and � 2� with C 3 norm less than 1, and let .A;  / denote a non-degenerate
solution to the r and � version of (1-3). Then jcsf .A;  /j � �r2=3.1CjEj/4=3.ln r/� .

This proposition is new; its proof is given in Section 3.

Under certain circumstances, Proposition 1.9 is a refinement of a version of [12,
Proposition 5.1] that holds in the case when c1.det.S// is not torsion. The latter also
plays a role in what follows.

Proposition 1.10 There exists � with the following significance: Fix r � � and �2�
with C 3 norm less than 1, and let .A;  / denote a non-degenerate solution to the r

and � version of (1-3). Then jcsf .A;  /j � �r31=16 .

Proof of Proposition 1.10 Repeat verbatim the arguments given in [12, Sections 5c
and 5d] and then appeal to [12, Proposition 5.5].

1.4 Seiberg–Witten Floer homology

The definition used here of Seiberg–Witten Floer homology in the case when c1.E/�
1
2
c1.K/ is not torsion comes from [7]. What follows is a summary. To start, the

definition requires Seiberg–Witten equations that are perturbed versions of those that
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are depicted in (1-3). Each such perturbation of (1-3) is the variational equations of
a function on Conn.E/�C1.M IS/ that is obtained from what is depicted in (1-4)
by adding one of an admissible class of gauge invariant functionals to what appears
on (1-4)’s right hand side. The precise nature of this class of admissible additions
is described in [7, Chapter 11.6, see Definition 11.6.3]. Suffice it to say here that
these admissible functionals come from a separable Banach space of functions on
Conn.E/� C1.M IS/, and that one need only consider additions with very small
norm. This Banach space is denoted in what follows by � , and its norm is denoted by
k � k� . Note that the function e� is in � when � is in the Banach space �. A function
from � is called a perturbation function, and the terms that it supplies to (1-3) are called
perturbation terms. Fix r � 1 and a perturbation function g on Conn.E/�C1.M IS/.
The resulting version of the Seiberg–Witten equations reads

BA D r. |� � ia/CT.A;  /C i$K ;

DA DS.A;  /:
(1-9)

where T and S are defined by requiring that their respective L2 inner products with
sections b of iT�M and � of S are TD d

dt
g.AC tb;  /jtD0 and SD� d

dt
g.A;  C

t�/jtD0 . For example, the equations that appear in (1-3) use g D e� . A solution
to (1-9) is deemed to be non-degenerate when a certain perturbed version of (1-7)
has trivial kernel. This perturbed version of (1-7) is depicted in [12, (3.1)]. The
perturbation subtracts respective terms t.A; /.b; �/D

d
dt

T.AC tb;  C t�/jtD0 and
s.A; / D

d
dt

S.AC tb;  C t�/jtD0 from what is written in the first and second lines
of (1-7).

As in the cases that are considered in [12], there is a dense, open set of forms � 2�
such that with r fixed, then (1-3) has a finite set of gauge equivalence classes of
solutions, with each non-degenerate in the sense that the operator in (1-7) has trivial
kernel. With it understood that c1.E/�

1
2
c1.K/ is not torsion, the arguments from [7]

that justified [12, Lemma 3.1 and 3.2] also prove the following lemma.

Lemma 1.11 Given r � 1 there is a residual set of � 2� such that all solutions to
the corresponding version of (1-3) are non-degenerate. There is an open dense set of
g 2 � such that all solutions to the corresponding version of (1-9) are non-degenerate.
For a given r � 1 and � 2� and q 2 � , suppose that cD .A;  / is a non-degenerate
solution to the r and gD e�C q version of (1-9). Then the following are true.

� There exist " > 0 such that if .A0;  0/ is a solution to (1-9) that is not gauge
equivalent to .A;  /, then the L2

1
norm of .A�A0;  � 0/ is greater than ".
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� There is a smooth map, c.�/, from the ball of radius " centered at the origin
in � to Conn.E/�C1.M IS/ such that c.0/D c and such that c.p/ is a non-
degenerate solution to the version of (1-9) defined by r and the perturbation
gD e�C qC p.

With r chosen, fix � 2 � so that all solutions to the resulting version of (1-3) are
non-degenerate. The cycles for the Seiberg–Witten Floer homology consist of the
elements in the vector space over Z that is generated by the set of gauge equivalence
classes of solutions to (1-3). Let p denote the greatest integer divisor of c1.det.S//.
Any given generator for the Seiberg–Witten Floer homology has a Z=pZ grading; and
for the purpose of this article, the Z=pZ grading for a given generator is defined as
follows: The grading of the generator .A;  / is the image of �f .A;  / in Z=pZ.
The grading is defined only modulo p because values of f on gauge equivalent pairs
in Conn.E/�C1.M IS/ can differ by multiples of p .

The differential on the chain complex is obtained using instanton solutions to the
Seiberg–Witten equations on R�M . Given r � 1 and a perturbation function g 2 � ,
an instanton is a smooth map s! d.s/ from R to Conn.E/�C1.M IS/ that satisfies
the equation

@

@s
AD�BAC r. |�k � ia/CT.A;  /C i$K ;

@

@s
 D�DA CS.A;  /;

(1-10)

and is such that both lims!�1 d.s/ and lims!1 d.s/ are solutions to the r and g

version of (1-9). The instantons determine the differential as follows: Let c and c0 denote
a pair of solutions to (1-9) for a given r and perturbation g. Use M.c; c0/ to denote
the space of instanton solutions s! d.s/D .A.s/;  .s// to (1-10) whose s!�1

limit is equal to c and whose s!C1 limit equal to yu � c0 for some yu 2 C1.M IS1/.
Given an integer i, introduce Ml.c; c

0/ to denote the union of those components of
M.c; c0/ with the following property: Define the family of operators fLsgs2R with
Ls defined by the given value of r and the configuration d.s/D .A.s/;  .s// in (3-1).
Then d 2Ml.c; c

0/ if and only if the spectral flow for fLsgs2R is equal to -�. [7,
Theorems 15.1.1 and 16.1.3] provide the following analog to [12, Lemma 3.6].

Lemma 1.12 Given r � 1, there exists an open, dense set of � 2� with C 3 norm
less than 1 for which the following is true.

� Each solution to the r and � version of (1-3) is non-degenerate.
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� Given � for which the preceding conclusions hold, there exists " > 0 and a
dense, open subset of the radius " ball in � such that if q is in this set, then the
gD e�C q versions of fM�D1.�; �/g can be used to compute the differential on
the Seiberg–Witten Floer complex. In particular, for such q,
a) Ml.�; �/D¿ when � < 0.
b) M�D0.c; c

0/D¿ unless cD c0 in which case it contains only the constant
map s! d.s/D c.

c) MlD1.c; c
0/ is a finite set of copies of R.

A pair .�; q/ 2 � � � as described by Lemma 1.12 is called r –admissible. When
.�; q/ is r –admissible, then the .c; c0/ version of M�D1.c; c

0/ is 1-dimensional and
each component has a well defined sign, this described in [7, Chapter 22.1]. The sum of
these signs defines an integer that is denoted here by �.c; c0/. Take �.c; c0/ to equal 0
when MiD1.c; c

0/D¿. An integer so defined is associated to any generators, c and c0

, of the Seiberg–Witten Floer context with the property that degree.c/D degree.c0/C1.
This understood, the differential on the Seiberg–Witten Floer complex is given by the
rule:

(1-11) @cD
X
c0

�.c; c0/c0:

The differential decreases the mod(p ) degree of any given generator by 1.

An appeal to [7, Proposition 22.1.4 and Corollary 23.1.6] gives the following analog to
[12, Proposition 3.7].

Proposition 1.13 Fix r � 1 and an r –admissible pair .�; q/ to define the generators
and differential on the Seiberg–Witten Floer complex. Then ı2 D 0. Moreover, given
two r admissible pairs, there exists an isomorphism between the corresponding versions
of Seiberg–Witten Floer homology. In addition, the homology so defined for different
values of r � 1 are isomorphic.

This last proposition ends the introduction to Seiberg–Witten Floer homology.

1.5 Conventions

The reader is forewarned here about a notational convention that is used in the subse-
quent sections of this paper: Whenever c0 appears, it represents a positive constant,
greater than 1, whose value depends only on a chosen metric, the 1–forms a and �, the
bundle E , and perhaps other fixed objects. In particular, the value of c0 is independent
of the value of r and of any particular solution to (1-3), (1-7), (1-9) or (1-10) that is
under consideration. The precise value for c0 will typically increase from appearance
to appearance.
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2 The proof of Theorem 1.1

The plan is to fix a suitable, small normed element � 2�, and then find an increasing
sequence frngnD1;2;::: and, for each n, a pair .An;  n/ 2 Conn.E/�C1.M IS/ that
solves the r D rn and � version of (1-3); and then appeal to Theorem 1.5 to find
the desired set of closed integral curves of v . For this purpose, it is necessary to find
.An;  n/ so that the corresponding sequence fE.An/gnD1;2;::: has a finite upper bound,
and so that the sequence fsupM .1� j nj/gnD1;2;::: has a positive lower bound.

As will be clear from what follows, the purpose of Proposition 1.13 is to supply the
solutions to (1-3). For example, when the Seiberg–Witten invariant is non-zero, then
any r and � version of (1-3) has at least one gauge equivalence class of solution. As in
[12], the subtle issue is that of finding a sequence frngnD1;2;::: , and the corresponding
sequence f.An;  n/gnD1;2;::: such that fE.An/gnD1;2;::: is bounded. The arguments
that are used in [12] are modified in what follows to find such a sequence. The existence
of a positive lower bound for f.1� j njgnD1;2;::: for the case when E is non-trivial
follows immediately from Lemma 1.6 by virtue of the fact that the first component
of any section of S D E˚EK�1 must vanish at some point in M in this case. Of
course, this argument can not be made in the case when E is trivial. The need for an
alternate argument when E D IC is the proximate cause for the separate assertion in
Theorem 1.1 for e D 0 case.

What follows outlines how the arguments from [12] proceed in the situation at hand.
Proposition 1.13 asserts that the Floer homologies that are defined for different values
of r and different perturbation functions are isomorphic. This understood, it is first nec-
essary to construct isomorphisms that lift in a suitable fashion to give homomorphisms
between the relevant chain complexes. This is done so as to facilitate the assignment of
a certain continuous function of r to any given Seiberg–Witten Floer homology class.
In the case considered in [12], this function was the value of a on a certain generator in
a certain representative cycle for the class. The cycle and generator are found using a
min-max construction. In the present situation, a is not gauge invariant and so lacks a
definite value on any given generator of the Seiberg–Witten Floer complex. However,

(2-1) af D a� 2�2f;

is defined on any non-degenerate solution to (1-3) and is gauge invariant. As is explained
in what follows, the min-max construction from [12] work just as well with af in lieu of
a to assign a continuous function of r to each Seiberg–Witten Floer homology class. As
it turns out, the r dependence of af is such that the arguments from [12, Section 4] can
be employed with but one significant change to find the sequence frn; .An;  n/g with
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fE.An/g bounded. This change requires new input, and this is supplied by Proposition
1.9.

2.1 Assigning certain functions of r to Seiberg–Witten Floer homology
classes

The purpose of this subsection is to associate values of af , E and csf to a given
Seiberg–Witten Floer homology class. This association will provide functions of r that
are analogous to the functions that are described in [12, Definitions 4.1 and 4.4].

The first step for this task is to define chain homotopies between the respective Seiberg–
Witten Floer complexes that are defined at different values of r . The construction starts
with an analog of [12, Proposition 3.11].

Proposition 2.1 There is a residual subset in � with C 3 norm less than 1 and with
the following properties: Let � denote a form from this subset. There is a locally
finite set f�j g � .1;1/ with �1 < �2 < � � � such that if r > 1 and r … f�j g, then the
following are true.

1) Each solution to the r and � version of (1-3) is non-degenerate.

2) Define a using the r and gD e� version of (1-4). If c and c0 are solutions the r

and � version of (1-3) that are not gauge equivalent, then af .c/¤ af .c0/.

Proof of Proposition 2.1 The proof is identical save for some minor notational
changes to [12, the proof of Proposition 3.11 given in Section 7b].

This last proposition can be used to define a “canonical” basis and for the Seiberg–
Witten Floer complex when r … f�j g. This is done with the help of the following
lemma.

Lemma 2.2 If all solutions to the r and � version of (1-3) are non-degenerate, then
there exists " > 0 with the following significance.

� If q 2 � has norm less than ", then all solutions to the g D e�C q version of
(1-4) are non-degenerate.

� If q 2 � has norm less than ", then there is a 1� 1 correspondence between the
set of solutions to the r and � version of (1-3) and the set of solutions to the r

and gD e�C q version of (1-9).

� In particular, if c is a solution to the r and � version of (1-3), then there exists a
smooth map, c.�/, from the radius " ball in � into Conn.E/�C1.M IS/ such
that c.q/ solves the r and e�C q version of (1-9) and such that c.0/D c.
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� If c is a solution to the r and � version of (1-3), then the assignment q !

af .c.q// defines a smooth function on the radius " ball in � .

� If af .c/ ¤ af .c0/ when c and c0 are distinct gauge equivalence classes of
solutions to the r and � version of (1-3), then " can be chosen so that the ranges
of the functions af .c.�// and af .c0.�// are disjoint.

Proof of Lemma 2.2 This follows from Proposition 2.1 with Lemma 1.11 given that
f is locally constant on its domain of definition in Conn.E/�C1.M IS/.

Suppose now that all solutions to the r and � version of (1-3) are non-degenerate and
are such that af distinguishes distinct gauge equivalence classes of solutions. For each
degree k 2Z=pZ, label the degree k gauge equivalence classes of solutions to (1-3)
by the consecutive integers starting at 1 using the convention that af .c�/ > af .c�C1/.
This labeling is deemed the canonical labeling. Now suppose that " > 0 is given by
Lemma 2.2, that q 2 � has norm less than " and that .�; q/ is r –admissible. If q has
these properties, then .�; q/ is called strongly r –admissible. Assume that q has these
properties. For each degree k and each labeling integer � , let c�.�/ denote the map
that is provided by Lemma 2.2 with c�.0/D c� . Then the collection fc�.1/g defines
a labeling of the generators for the degree k generators of the Seiberg–Witten Floer
complex as defined using the r and g D e� C q. The corresponding basis for this
complex is deemed the canonical basis.

Granted this terminology, what follows is an analog of [12, Proposition 3.12].

Proposition 2.3 Let � be as in Proposition 2.1. Fix �j 2 .rk ;1/ from the set
described in Proposition 2.1. There exists a possibly empty, but contiguous set J.i/�Z,
and a corresponding sequence ftm }m2J.i/ 2 .�i , �iC1/ with the following properties.

� The sequence is increasing, and it has no accumulation points in the open interval.

� For any given m 2 J.i/ there exists qm 2 � of small norm such that .�; qm/ is
strongly r –admissible for all r 2 Œtm; tmC1�.

� When the canonical basis is used for the r 2 Œtm; tmC1� and gD e�Cqm versions
of the Seiberg–Witten Floer complex, then the differential on this complex is
independent of r as r varies in Œtm; tmC1�. This differential is denoted by ım .

� Let m 2 J.i/. In each Z=pZ degree, there is an upper triangular, integer valued
matrix, A, with 1 on the diagonal such that ım D A�1ım�1A. Here, both ım
and ım�1 are written with respect to the canonical basis.
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Proof of Proposition 2.3 But for two observations and some terminology, the proof
is identical to the proof of [12, Proposition 3.12]. Here is the first observation. Let
V denote the Z=pZ graded vector space with basis in any given degree k given by
the canonical basis for the Seiberg–Witten Floer complex as defined using the gauge
equivalence classes of solutions to the r D tm�1 and � version of (1-5). Fix a path
s! q.s/ as in [12, Part 1 of the proof in Section 7c] of [12, Proposition 3.12]. Use this
path to define the equations that appear in [12, (7.12)]. Let c� denote a solution to the
r D tm and gD e�Cqm�1 version of (1-9) and let cC denote a solution to the r D tm
and gD e�C qm version. Assume that c� and cC have the same degree in Z=pZ.
Let Mq.�/.c�; cC/ denote the space of solutions s! d.s/ to (1-9) with s!�1 limit
equal to c� and with s!1 limit equal to yu �cC with yu a smooth map from M to S1 .
Let s! .A.s/;  .s// denote an element in Mq.�/.c�; cC/. For each s 2 R, let Ls

denote the version of the operator in [12, (3.1)] that uses the pair .A.s/;  .s// and the
perturbation data coming from gD e�C q.s/. Use Mq.�/0.c�; cC/�Mq.�/.c�; cC/

to denote the subset of Mq.�/.c�; cC/ for which the family fLsgs2R has zero spectral
flow. If q.�/ is suitably generic, then Mq.�/0.c�; cC/ is a finite set of points, and each
point comes with a sign. (See [7, Chapter 25.2].) Let �.c�; cC/ denote the sum of
these signs, or else 0 if Mq.�/0.c�; cC/ D ¿. Use these numbers to define a matrix
T W V!V as in [12, (7.13)]. The results in [7, Chapter 25.3] imply that Tım�1D ımT
and that T induces an isomorphism from the ım�1 version of the Seiberg–Witten
Floer homology to the ım version.

Granted the preceding, then the arguments given in [12, Part 2]’s Section 7c prove that
A is upper triangular given the following: First, if s! d.s/2Mq.�/0.c�; cC/ and if the
s!1 limit of d.s/ is written as yu �cC with yu2C1.M IS1/, then f .yu �cC/Df .c�/.
Indeed, this condition defines what is required for membership in Mq.�/0.c� , cC/.
Second, the total change of the function s! a.d.s// between �1 and 1 must be
negative unless c� D cC . This follows using the same argument as that given for [12,
the proof of Lemma 7.2]. The point here, as in [12, the proof of Lemma 7.2], is that
the function a.d.�// on R is non-increasing in the case when s! d.s/ is a solution to
(1-10), and it is constant if and only if d.�/ is constant.

Proposition 2.3 allows for a canonical identification of the Seiberg–Witten Floer homol-
ogy at different values of r in any given interval of .1;1/�f�j g. This is done just as in
[12, Definition 3.13] which treats the case when c1.det.S// is torsion. To say more, fix
�i 2 f�j g and consider the interval .�i ; �iC1/. For m2 J.i/, the Seiberg–Witten Floer
homology is defined for r 2 Œtm; tmC1/ by the differential ım . The various k 2 Z=pZ
versions of Proposition 2.3’s matrix A are used to identify the r 2 Œtm�1; tm/ version
of the complex with the version that is defined for r 2 Œtm; tmC1/. This definition
of the Seiberg–Witten Floer complex for the interval .�i ; �iC1/ is used implicitly in
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what follows when reference is made to the Seiberg–Witten Floer complex and the
Seiberg–Witten Floer homology for the interval .�i ; �iC1/.

What follows is an analog of [12, Definitions 4.1 and 4.4].

Definition 2.4 Fix � as in Proposition 2.1, and let f�j g � .1;1/ denote the re-
sulting set. Fix �i 2 f�j g and let ftngn2J.i/ be as described in Proposition 2.3.
Fix tm 2 ftngn2J.i/ and introduce the perturbation qm from Proposition 2.3. Given
r 2 Œtm; tmC1/, use r and the perturbation gD e�C qm to define the Seiberg–Witten
Floer homology complex. Use the canonical labeling to identify the generators with
the solutions to the r and � version of (1-3). Let � denote a non-zero class for a given
degree in the resulting Seiberg–Witten Floer homology.

� Suppose that nD
P
v Zvcv is a cycle defined for the given value of r and �

that represents the class � . Define yaf .n; r/ to be the maximum value of af on
the set of gauge equivalence classes of solutions to the r and � version of (1-3)
that appear in the sum for n. Then define a

f

�
.r/ to be the minimum over all

such n of the values of yaf .n; r/.
� Suppose that nD

P
v Zvcv is a cycle defined for the given value of r and �

that represents the class � and is such that yaf .n; r/D a
f

�
.r/. Let yE.r; n/ denote

the infimum of the values of E on the configurations c 2 fcvg that appear in the
sum for n and have af .c/D a

f

�
.r/. Then, define

a) yE.r/ to be the infimum of the set fyE.n; r/g over all such n,
b) v.r/D 2a

f

�
.r/C ryE.r/,

c) f.r/D�2r�1a
f

�
.r/D yE.r/� r�1v.r/.

The next proposition is the analog of [12, Proposition 4.2].

Proposition 2.5 Fix � as in Proposition 2.1, and let f�j g� .1;1/ denote the resulting
set. Then the various r 2 .1;1/�f�j g versions of the Seiberg–Witten Floer homology
can be identified so that the following is true: Let � denote a Seiberg–Witten Floer
homology class in a given degree. Then the function a� .�/W .1;1/� f�j g defines a
continuous, piecewise differentiable function that extends to .1;1/ as a continuous
piecewise differentiable function. Moreover, there exists a countable set in .1;1/ and
a smooth map, c.�/D .A.�/;  .�//, from the complement of this set into Conn.E/�
C1.M IS/ such that for each r in the domain of c.�/, the configuration c.r/ is a
non-degenerate solution to the r and � version of (1-3) with the same degree as � and
with a

f

�
.r/D af .c.�//; yED E.A.r// and vD csf .c.r//C 2e�.c.r//. In addition, c.r/

defines a generator of the Seiberg–Witten Floer complex whose coefficient is non-zero
in some cycle that represents the class � .
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2.2 Proof of Proposition 2.5

There are four steps to the proof. The first three steps construct a suitable identifica-
tion between the respective Seiberg–Witten Floer homologies as defined for different
components of .1;1/�f�j g. This is done with constructions that are very much like
those given in [12, Sections 3d and 3e]. Once these identifications are defined, the last
step constitutes what is an essentially verbatim repeat of the arguments that are given
in [12, Section 4a] to prove the latter’s Proposition 4.2.

Step 1 Let �i 2 f�j g. The constructions in [12, Sections 3d and 3e] have their
analogs here that provide a chain equivalence between the respective Seiberg–Witten
Floer complexes as defined for the contiguous intervals .�i�1 , �i/ and (�i ; �iC1/. As
is explained below, almost verbatim analogs exist for each of five properties in [12,
Section 3d] including [12, (3.6)] and [12, Lemmas 3.14–3.17]. This step provides some
background stage setting and notation for the statements of these analogs.

To start, suppose that r 2 .�i�1; �iC1/ and that some small element q 2 � has been
specified. Let c denote a non-degenerate solution to the r and gD e�C q version of
(1-9). This is to say that the operator that is obtained from (1-7) by adding respective
terms t.A; /.b; �/D

d
dt

T.ACtb;  Ct�/jtD0 and s.A; /D
d
dt

S.ACtb;  Ct�//jtD0

from what is written in the first and second lines of (1-7) has trivial kernel. Let Lq

denote this last operator. Define fq.c/ to be the spectral flow for a suitably generic
path of self-adjoint operators on L2.M I iT�M ˚S˚ iR/ that starts at the .AE ;  E/

version of (1-7) and ends with Lq . Set csE to denote cs.AE/. This done, deem
�.fq.c/C

1
4�2 csE/ to be the degree of c.

If all solutions to the r and gD e�Cq version of (1-9)) are non-degenerate, and if q is
suitably generic with regards to the behavior of the solutions space of the corresponding
version of (1-10), then Z=pZ graded Seiberg–Witten Floer homology can be defined
as the homology of a square zero differential on the set of gauge equivalence classes
of solutions to the r and gD e�C q version of (1-9). Here, the grading of a solution
c is defined to be the Z=pZ reduction of the degree of c as just defined. Of course,
if r 2 .�i�1; �i/ or if r 2 .�i ; �iC1/ and if q has sufficiently small norm, then the
maps in Lemma 2.2 provide a canonical isomorphism from the p–periodic, Z graded
complex as just defined to that defined by Proposition 2.3. This isomorphism identifies
the respective differentials up to the action of some upper triangular matrix.

Step 2 Fix " > 0, fix r� 2 .�i�1; �i/, and fix rC 2 .�i ; �iC1/. Let m 2 J.i � 1/ be
such that r�2 Œtm; tmC1/, and set q�Dqm . Let m02J.i/ be such that rC2 Œtm0 ; tm0C1/

and set qC D qm0 . Given that both r� and rC are sufficiently close to �i , it can be
assumed that both q� and qC are in the radius " ball about 0 in � . The task at hand
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is to choose a path r ! q.r/ in this ball with certain desired properties. The path is
parameterized by r 2 Œr�; rC�, it obeys q.r�/ D q� and q.rC/ D qC . As explained
below, if j�i � r�j and j�i � rCj are sufficiently small, the path can be chosen to have
the five properties listed next.

Property 1: Let g.r/D e�C q.r/, and let ag.r/ denote the functional on Conn.E/�
C1.M IS1/ that is obtained from (1-4) by replacing e� by g.r/. Fix r 2 .tm; tm0/

and any solution to the r and g.r/ version of (1-9). The value of ag.r/ on the solution
is within "2 of the value of the original version of a on some solution to the r D �i

and � version of (1-3). Moreover, there is a finite, increasing subset, fyng � .r�; rC/,
such that all solutions to the r and g.r/ version of (1-9) are non-degenerate when
r … fyng. In addition, the values of the functional ag.r/�2�2fg.r/�

1
2
csE distinguish

the various gauge equivalence classes of solutions to the r and g.r/ version of (1-9)
when r … fyng.

Property 2: Let I � Œr�; rC��fyng denote a component. There exists a consecutively
labeled, increasing set, fwngn2K.I / , in the interior of I that is finite or countable, but
with no accumulation points in I . For each m 2 K.I/, there exists a perturbation
pm 2 � of very small norm such that (�; q.r/C pm/ is .k; r/–admissible at each
r 2 Œwm; wmC1�. In addition, pm is such that the gauge equivalence classes of solutions
to the r and g.r;m/D e�Cq.r/Cpm version of (1-9) are in 1�1 correspondence with
those of the r and g.r/ version of (1-9) with the same degree for all r 2 Œtm; tmC1�. This
equivalence is given by the analog of the maps in Lemma 2.2 (see [12, Lemma 3.2]).
The equivalence is such that the value of ag.r;m/�2�2fg.r;m/�

1
2
csE on a given gauge

equivalence class of r and g.r;m/ solutions to (1-9) is very much closer to the value of
the function ag.r/� 2�2fg.r/�

1
2
csE on its partner gauge equivalence class of r and

g.r/ solutions to (1-9) then it is to the value of ag.r/� 2�2fg.r/�
1
2
csE on any other

gauge equivalence class of solution to the r and g.r/ version of (1-9). In particular,
the ordering of the r and g.r/ equivalence classes of solutions given by the values
ag.r/� 2�2fg.r/�

1
2
csE is the same as that defined by ag.r;m/� 2�2fg.r;m/�

1
2
csE

via this equivalence.

As in the cases studied by [12], what is asserted by Properties 1 and 2 have the following
consequence: Fix a component I � Œr�; rC��fyng and m 2K.I/. Then the Seiberg–
Witten Floer homology can be defined for r 2 Œwm; wmC1� using the solutions to the r

and g.r;m/ versions of (1-9) and (1-10). Note in this regard that the vector space of
cycles in a given degree can be identified using Property 2 with a fixed vector space.
This is the vector space generated by the gauge equivalence classes of solutions to
the r and g.r/ version of (1-9) with these generators labeled by their ordering using
ag.r/ � 2�2fg.r/ �

1
2
csE . Here, the convention labels the basis of cycles with the
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larger numbered ones having smaller values of ag.r/� 2�2fg.r/�
1
2
csE . This fixed,

r –independent basis is called the I –canonical basis.

Property 3: Fix an interval I � Œr�; rC��fyng and some wm 2K.I/. As r varies in
Œwm; wmC1�, the differentials as written for the I –canonical basis of the p-periodic,
Z–graded, Seiberg–Witten Floer complex are independent of r . Moreover, there exists
an upper triangular, degree preserving matrix, A D A.m/ with 1s on the diagonal
such that the differential, ım�1 defined on Œwm�1; wm� and the differential ım defined
on Œwm; wmC1� are related, when written using the I –canonical basis, by the rule
ım DA�1ım�1A.

The next property addresses behavior of the solutions to the r and g.r/ version of (2-4)
at any given y 2 fyng. In what follows, I� denotes the component of .r�; rC/�fyng

whose closure adds y as its upper endpoint, and IC denotes the the component whose
closure adds y as its lower endpoint.

Property 4: One and only one of the following two assertions holds.
� All solutions to the r D y and g.y/ version of (1-9) are non-degenerate, and

there is precisely one pair of distinct gauge equivalence classes of solutions to
the r D y and g.y/ version of (1-9) that are not distinguished by the values
of ag.y/ � 2�2fg �

1
2
csE . In addition, there exist y� < y and yC > y such

that if y0 2 Œy�;yC� and if c is a solution to the r D y0 and g.y0/ version of
(1-9), then there is a smooth map, c.�/, from .y�;yC/ to Conn.E/�C1.S/
such that c.y�/D c and c.r/ solves the r and g.r/ version of (1-3) for each
r 2 Œy�;yC�.

� The function ag.y/ � 2�2fg.y/ �
1
2
csE distinguishes the gauge equivalence

classes of solution to the r D y and g.y/ version of (1-9). Meanwhile all but
one gauge-equivalence class of solution to the r D y and g.y/ version of (1-9)
has non-degenerate solutions. In addition the following hold.
1) The operator Lg.y/ for any solution in the one anomalous gauge equivalence

class has kernel dimension 1.
2) The number of gauge equivalence classes of solutions to the r and g.r/

version of (1-9) change by two as r crosses y , and the number of gauge
equivalence classes of solutions to the r D y and g.y/ version of (1-9)
differs by 1 from the number on either side of y .

3) Let I 2 fI�; ICg denote the component with the greater number of equiva-
lence classes. Then there are respective representatives, c.r/ and c0.r/, of
distinct equivalence classes of solutions to the r and g.r/ version of (1-9)
that vary smoothly with r 2 I and converge in Conn.E/�C1.S/ as r! y

to the one anomalous r D y equivalence class. Also, the Z=pZ degree of c

is one greater than that of c0 .
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4) Let n denote a solution to the r D y and g.y/ version of (1-9) that is
not gauge equivalent to the one anomalous gauge equivalence class. Then
there is a smooth map n.�/W I�[fyg[ IC! Conn.E/�C1.S/ such that
n.y/D n, and such that n.r/ is a solution to the r and g.r/ version of (1-9)
for all r 2 I�[fyg[ IC .

The final property describes how the generators of the Seiberg–Witten Floer homology
change as r crosses a given y 2 fyng. To this end, define the respective I� and IC
versions of the cSWF complex and homology in degrees greater than k using the points
y� and yC . This is to say that y� is in some I� version of Œwm; wmC1�, and use
the corresponding r D y� and g.r;m/ to define the Seiberg–Witten Floer homology
in degrees greater than k using these points. There are three parts to Property 5 that
address three cases that are consistent with what is described in Property 4.

Property 5a: Assume here that the top bullet in Property 4 is relevant for y . Use the
maps c.�/ to extend the IC–canonical basis as defined at yC to give a new basis for
the Seiberg–Witten Floer complex at y� . Let c and c0 denote the two generators that
are not distinguished by ag.y/� 2�2fg.y/�

1
2
csE . If c and c0 have different degrees,

then this new basis at y� is the same as the I�–canonical basis. If c and c0 have the
same degree, make the convention that c.yC/D cn and c0.yC/D cnC1 where cn and
cnC1 are IC–canonical basis elements at yC . With respect to the I�–canonical basis
at y� , either c.y�/D cn and c0.y�/D cnC1 , or else c.y�/D cnC1 and c0.y�/D cn .
If the labelings do not change, then the respective I� and IC canonical basis for
Seiberg–Witten Floer complexes as defined at y� and yC agree. If these canonical
basis agree, either for this reason, or because c and c0 have distinct degrees, then
the differential, ı� , at y� is related to the differential, ıC , defined at yC as follows:
ıC D A�1ı�A, where A is a degree preserving, upper triangular matrix with 1s on
the diagonal.

Suppose now that c and c0 have the same degree and the labelings change as r crosses
y . Let d denote the degree of c and c0 . In this case, the differentials are again related
by ıC D A�1ı�A, where A is a degree preserving matrix of the following sort: In
degrees not equal to d , the matrix A is upper triangular with 1s on the diagonal. In
degree d , the matrix A is such that An;n D AnC1;nC1 = 0, An;nC1 D AnC1;n D 1,
Av;v D 1 if v ¤ n or nC 1, and Av;v0 D 0 if v > v0 and .v; v0/¤ .nC 1; n/.

Properties 5b and 5c assume that the second bullet of Property 4 describes the situation
at y . In what follows, c and c0 denote respective representatives of the two equivalence
classes that do not extend across y ; and let dC1 and d denote their respective Z=pZ
degrees. The maps that are supplied by the the fourth item of the second bullet of
Property 4 are used to identify the remaining generators for the I�–canonical basis
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at y� with the generators of the IC–canonical basis at yC . This identifies the full
I�–canonical basis at y� with the full IC–canonical basis at yC in degrees different
from d C 1 and d , and does so as the identity map.

Property 5b: Assume here that c and c0 are defined for r 2 I� . In degree d C 1, the
canonical basis at yC is obtained from that at y� by deleting the generator c; and
in degree d , the change is deletion of the generator c0 . Note that this identification
preserves the ordering given by the value of ag.r/�2�2fg.r/�

1
2
csE . Let VC denote the

vector space of cycles as defined for yC . With the preceding identifications understood,
the vector space of cycles for y� is then Zc˚Zc0˚VC . Let ıC denote the Seiberg–
Witten Floer differential on VC and let ı� denote that on Zc˚Zc0˚VC . There is
a degree preserving homomorphism, T W Zc˚Zc0˚VC ! VC with the following
properties.

� Tı� D ıCT .
� T induces an isomorphism on homology.
� T maps VC to itself as an upper triangular matrix with 1s on the diagonal.
� The value of ag.y/� 2�2fg.y/�

1
2
csE on any generator that appears in T c is

less than its value on c.
� The value of ag.y/� 2�2fg.y/�

1
2
csE on any generator that appears in T c0 is

less than its value on c0 .

Property 5c: Assume here that c and c0 are defined for r 2IC . Let V� denote the vector
space of cycles as defined at y� . With the aforementioned identifications understood,
the vector space of cycles at yC is Zc˚Zc0˚V� . Let ı� denote the Seiberg–Witten
Floer differential on V� and let ıC denote the differential on Zc˚Zc0˚V� . There
is a degree preserving homomorphism T W V�! Zc˚Zc0 ˚ V� with the following
properties.

� Tı� D ıCT .
� T induces an isomorphism on homology.
� T is upper triangular with ones on the diagonal in degrees different from d C 1

and d .
� If u has degree d C 1, then TuDAuCKuc where AW VC! VC is an upper

triangular matrix with 1s on the diagonal. Here, Ku D 0 for a generator u if the
value of ag.y/� 2�2fg.y/�

1
2
csE is less than its value on c.

� If v has degree d , then Tv D AvCKvc
0 where AW VC ! VC is an upper

triangular matrix with 1s on the diagonal. Here, Kv D 0 for a generator v if the
value of ag.y/� 2�2fg.y/�

1
2
csE on v is less than its value on c0 .
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But for two extra remarks, the arguments in [12, Section 7d] can be used to prove that
Properties 1–5 can be satisfied. These remarks concerns the matrices A and T that
appear in the af versions of what is written above.

Here is the first remark: The arguments in [12, Section 7d] use the solutions to [12,
(7.23)] to produce a degree preserving homomorphism that relates the respective vector
spaces over Z of cycles for the Seiberg–Witten Floer complex as defined by a given
value of r and distinct pairs, g� D e�C q� and gC D e�C qC from � . This matrix,
either A or T as the case may be, is denoted here as T . If c� and cC are respective
solutions to the corresponding r and g˙ versions of (1-9), then the component along the
basis element cC of T c� is obtained by counting with signs a certain set of instanton
solutions to a version of [12, (7.23)]; this version is defined by a suitably generic map
s! q.s/ from R into � with the property that q.s/D q� for s < �1 and q.s/D qC
for s > 1. As in [12, Section 7d], the instantons that contribute to the count have
two salient features. To state them, write the instanton as s! d.s/ D .A.s/;  .s//.
Also, for each s 2 R, let Lq.s/ denote the q D q.s/ and .A;  / D .A.s/;  .s//

version of the operator Lq as described in Step 1. The first requirement for d.�/ has
lims!�1 d.s/D c� and lims!1 d.s/D yu � cC where yu is a smooth map from M to
S1 . The second requirement demands that the family fLa.s/gs2R have zero spectral
flow. This understood, it then follows that the cC component of T c� is non-zero
only if the q D q� version of fq.c�/ is equal to the q D qC version of fq.yu � cC/.
Meanwhile, with g.s/ used to denote e�Cq.s/, the behavior of the function ag.�/.d.�//

on R is just as it was in the cases that are considered in [12, Section 7d]. These last
observations are needed to justify various assertions that T or parts of T are upper
triangular with 1s on the diagonal.

To begin the second remark, recall that when c1.det.S// is torsion, the differential
on the Seiberg–Witten Floer complex has the following property: If c� and cC are
solutions to some r and gD e�C q version of (1-9) (this is [12, (2.4)]), and if, when
viewed as basis vectors in the cSWF complex, the solution cC appears with a non-zero
weight in ıc� , then a.c�/ > a.cC/. This is because differential for the Seiberg–Witten
Floer complex was defined by counting a certain set of non-constant solutions to (1-10)
(this is [12, (2.11)]) and the equations in (1-10) are gradient flow equations for the
function ag . given in [12, (2.9)].

For the case at hand, the coefficient for cC in ıc� is again obtained as an algebraic
count of a certain set of solutions to (1-10). Indeed, recall that this coefficient is the
count with ˙1 weights of the components of a set, MlD1.c�; cC/, that consists of the
instantons solutions to the r and g version (1-10) that have the following two properties:
Write the instanton as a map s ! d.s/ D .A.s/;  .s//. First, lims!�1 d.s/ D c�
and lims!1 d.s/ D yu � cC where yu is a smooth map from M to S1 . To state the

Geometry & Topology, Volume 13 (2009)



The Seiberg–Witten equations and the Weinstein conjecture II 1361

second property, define, for each s 2R, the operator Lq.s/ to be the r and q version
of Step 1’s operator Lq as defined using the pair .A;  /D .A.s/;  .s//. Then d is
in M1.c�; cC/ if and only if the spectral flow for the family fLq.s/gs2R is equal to 1.
This then means that fq.c�/D fq.yu � cC/C 1. Meanwhile, it is still the case that the
equations in (1-10) for a map s! d.s/D .A.s/;  .s// are the gradient flow equations
for the function ag , this now defined defined as in (1-4) with gD e�C q replacing e� .
This being the case, the function ag.d.�// on R is non-increasing and constant if and
only if d.�/ is constant. Granted all of this, it follows that the coefficient that multiplies
cC in the basis expansion of ıc� is non-zero only if the value on c� of the function
ag� 2�2fg�

1
2
csE is at least 2�2 more than the value of this function on cC .

Step 3 Suppose here that ", r� , rC and a path q.�/ have been chosen so as to satisfy
the five properties stated in Step 2. Let fyng be as described in Property 1, and suppose
that y 2 fyng. Assume in what follows that Property 5b is the relevant part of Property
5 for y . With the notation from Step 2 understood, what follows is the analog here of
what is stated by [12, Lemma 3.16].

Lemma 2.6 Let u2VC denote the class such that TuDT c and let v2VC denote the
class such that TvDT c0 . If p>2, there exists A2f˙1g such that ı�.c�u/DA.c0�v/.
As a consequence, there exists n 2 VC of degree d such that ı�cDAc0C n and such
that the value of ag.y/ � 2�2fg.y/ �

1
2
csE on the generators that appear in n with

non-zero coefficient is no greater than its value on c0 . If p D 2, either the preceding
conclusion holds as stated, or it holds after switching the roles of c and c0 .

Proof of Lemma 2.6 In what follows, recall that p denotes the greatest divisor of
c1.det.S//. Let v 2 VC denote the class with degree d such that Td D T c0 . Let u

denote the class of degree d C 1 such that TuD T c. If p > 2, then ı�.c0 � v/D 0,
and if p D 2, there exists B 2 Z such that ı�.c0 � v/ D B.c � u/. Suppose first
that B D 0. Granted this, then no matter the value of p , the class c0� v must equal
ı�.wCKc/ for some K 2Z and w2VC . Indeed, were this not the case, then T could
not induce an isomorphism on homology. Since ıCT .wCKc/D 0, it follows that
T .wCKc/D ıCT .o/ for some class o2VC of degree.dC2/ mod .p/. Again, this
is necessary if T induces an isomorphism on homology. As ı�oDwCKcCA.u� c/

with A 2 Z, this implies that Aı�.c� u/D c0 � v. As c0 is a generator, so AD˙1
and therefore ı�cDAc0Cn where nD u�Av. The claim about the relative values of
the function ag.y/� 2�2fg.y/�

1
2
csE follows from the last two points in Property 5b

given that the respective values ag.�/ and �fg.�/ on the s!�1 limit of an instanton
are no greater than their values on the s!1 limit of an instanton.

Now suppose that B ¤ 0. In this case, ı�.c� u/D 0 and so the argument just given
can be repeated verbatim after switching the roles of c and c0 .
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Step 4 Given what is said in the previous steps, the discussion in [12, Part 4a] and
[12, its proof of Proposition 4.2] can be repeated with only minor cosmetic changes to
identify the Seiberg–Witten Floer homology for different values of r in Œ1;1/�f�j g

so as to obtain a continuous, piece-wise differentiable function, r ! a
f

�
.r/ that is

defined on the whole of Œ1;1/. The existence of the solution c.r/ with the stated
properties follows from the min-max definition of a

f

�
.

2.3 Final arguments for Theorem 1.1

Proposition 2.5 is used in what follows to identify the respective Seiberg–Witten Floer
homology groups at distinct value of r 2 Œ1;1/�f�j g. With these identifications from
Proposition 2.5 understood, say that a class � in the Seiberg–Witten Floer homology
in a given degree is a divergence class when the following is true: Given " > 0, there
exists �" 2 .1;1/ such that Definition 2.4’s function yE.r/ is greater than " when
r > �" . Granted this definition, what follows is a crucial part of the story.

Proposition 2.7 Fix � as in Proposition 2.1. Suppose that � is a divergence class.
The class � determines a constant, c > 0, with the following significance: Fix r 0 > 1

and there exists r > r 0 and a solution .A;  / to the version of (1-3) determined by r

and � that has the same degree as � and is such that csf .A;  / > cr2 and E.A/ > cr .

Proof of Proposition 2.7 But for two points, the proof of this proposition differs in
no essential aspects from [12, the proofs of Proposition 4.6 and Corollary 4.7]. Here
is the first point: Suppose that r is in the domain of some map c.�/ from Lemma 2.2.
Then f .c.�// is constant on some neighborhood of r , and so d

dr
af D�1

2
yE . There is

much more to the second point. This concerns the bound given in [12, (4.9)] for cs.A/.
In the case at hand, this bound must be replaced by a bound for csf . Proposition 1.9
supplies a useable bound.

Proposition 2.7 and Proposition 1.10 together imply that there are no divergence classes
in the Seiberg–Witten Floer homology. To elaborate, suppose to the contrary that � is
a divergence class. Take .A;  / as in Proposition 2.7 for some very large value of r .
Proposition 1.10 asserts that jcsf j � c0r31=16 when r is large. Meanwhile, Proposition
2.7 asserts that jcsf j � c0r2 ; so these assertions are incompatible.

As a consequence, given a non-zero Seiberg–Witten Floer homology class, there is
a form � 2� with C 3 norm less than 1 and a sequence f.rn; .An;  n//gnD1;2;::: �

.1;1/� .Conn.E/�C1.M IS// with the following properties: First, frng is increas-
ing and unbounded from above. Second, .An;  n/ solves the r D rn and � version of
(1-3). Third, the sequence fE.An/g �R is bounded.
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If c1.E/ ¤ 0, then fsupM .1� j nj/g also has a positive lower bound. To see why,
note first that 1� j nj � 1� j˛nj � c0r

�1=2
n by virtue of what is said in Lemma 1.6.

As c1.E/ is not zero, and as ˛n is a section of E , there exist points in M where j˛nj

vanishes. Thus supM .1� j jn/� 1� c0r
�1=2
n . Granted these bounds, the statement

of Theorem 1.1 in the case c1.E/¤ 0 follows directly from the statement of Theorem
1.5.

Consider next the case where c1.E/D 0. The argument used when c1.E/¤ 0 to find
a positive lower bound for fsupM .1� j nj/g won’t suffice because E is the trivial
bundle. In fact, there is a solution for all r � 1 with bounded energy to a special
version of (1-3) for which the corresponding values of supM .1� r j j/ limit to zero.
To explain, reintroduce the section, 1C , of E with norm equal to 1. Use this section
to trivialize E and let AI denote the corresponding product connection. The pair
.AI ;  I D .1C; 0// has E.A/D 0; and for any r � 1, this pair solves the equations

BA D r. |� � ia/:

DA D 0:
(2-2)

As the next proposition shows, this solution to (2-2) has a counter-part that solves
(1-3).

Proposition 2.8 There exists rI > 1 and ı 2 .0; 1
2
/ with the following significance:

Fix � 2� with C 3 norm less than 1 and fix r � rI . Then there exists a unique gauge
equivalence class of solutions to (1-3) with the norm of the spinor component nowhere
less than 1� ı . Moreover, E has an r independent upper bound on this equivalence
class.

This proposition is proved shortly. Granted this proposition, suppose that the Seiberg–
Witten Floer homology has two or more generators. As at least one of them won’t
be the gauge equivalence class supplied by Proposition 2.8, there is a sequence
f.rn; .An;  n//g that satisfies the assumptions of Theorem 1.5. Thus, the assertion of
Theorem 1.1 follows in this case.

Suppose instead that the Seiberg–Witten Floer homology vanishes. Fix � as in Propo-
sition 2.1 and let f�j g � .rI ;1/ denote the set supplied by this same proposition. Let
�i 2 f�j g. With Proposition 2.3 in mind, let tm 2 ftngn2J.i/ and let r 2 Œtm; tmC1/.
Use the r and gD e�C qm versions of (1-9) and (1-10) to define the Seiberg–Witten
Floer complex, but use the canonical basis as labeled by the gauge equivalence classes
of solutions to the r and � version of (1-3). Proposition 2.8 supplies a particular
generator for each such version of the Seiberg–Witten Floer complex. Use cI .r/ to
denote this fiducial generator. Note that the degree of cI .r/ in Z=pZ is independent
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of r when r is sufficiently large. Indeed, this follows from [12, Lemma 5.4]. This
understood, normalize the degree so that cI .�/ has degree zero in Z=pZ. Note that
af .cI .�// is a differentiable function on .rI ;1/.

For each r 2 .rI ;1/�f�j g use B.r/ to denote the set of cycles n in degree�1 that
can be written as nD ı.c1Cw/ where w can be written without the generator cI . For
each such cycle n, use af .n; r/ to denote the maximum of af on the generators that
appear in n with non-zero weight. Now set af I .r/ to denote the infimum of the set
faf .n; r/gn2B.r/ .

With a
f
I
.r/ now defined, replace � in the statement of the second bullet of Definition

2.4 with B.r/ and likewise replace af � .r/ with af I .r/. Use these replacements in
Definition 2.4’s second bullet to define yE.r/, v.r/ and f.r/.

Proposition 2.9 Given that the Seiberg–Witten Floer homology is trivial, there exists
rI� � rI such that if r > rI� and if w lacks the generator cI , then ı.c1Cw/¤ 0.

This proposition is proved at the end of Section 5.

Proposition 2.10 The function af I extends to .rI�;1/ as a continuous and piece-
wise differentiable function. In fact, there is a countable set in .rI�;1/ and a smooth
map, c.�/D .A.�/;  .�//, from the complement of this set into Conn.E/�C1.M IS/
such that for each r in the domain of c.�/, the configuration c.r/ is a non-degenerate
solution to the r and � version of (1-3) with af I .r/ D af .c.�//; yE D E.A.r// and
vD csf .c.r//. In addition, the generator that is defined by c.r/ appears with non-zero
coefficient in a cycle from B.r/.

Proof of Proposition 2.10 Granted that B.r/ ¤ ¿ when r is large, the proof uses
the chain maps from the first three steps of Proposition 2.5 to prove that af I has the
desired extension. With these chain maps available, the argument is, but for cosmetics,
the same as that given in [12, Section 4a] to prove the latter’s Proposition 4.2.

With Proposition 2.10 in hand, use Proposition 1.9 and the argument in [12, Section
4] for [12, Proposition 4.6 and Corollary 4.7] with a� replaced by af I to prove the
following analog of Proposition 2.7: There exists a sequence frn; .An;  n/g with frng

increasing and unbounded, with .An;  n/ satisfying the r D rn and � version of (1-3),
with .An;  n/ in B.rn/, and with one of the following two properties:

fE.An/g is bounded:

E.An/ > crn and csf .An;  n/ > crn
2 where c > 0 is independent of n:

(2-3)
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The second option in (2-3) is ruled out by Proposition 1.10. Meanwhile, [12, Lemma
5.4] guarantees that fsupM .1� j nj/g must be bounded away from zero by an n–
independent, positive number when n is large because the Z=pZ degree of .An;  n/

differs by 1 from that of .AI ;  I /. Granted all of this, an appeal to Theorem 1.5 finds
the desired set of closed, integral curves of the vector field v .

2.4 Proof of Proposition 2.8

Consider looking for a solution that has the form .A;  /D .AI ;  I /C ..2r/1=2b; �/

with .b; �/ 2 C1.M I iT�M ˚S/. The pair .A;  / will solve the r and � version
of (1-3) if bD .b; �; �/ 2 C1.iT�M ˚S˚ iR/ solves the system of equations

�db� d� � 2�1=2r1=2. 
|
I
��C �|� I /� r1=2�|��D

i

2
r�1=2.�d�C$K /;

DAI
�C 21=2r1=2.cl.b/ I C� I /C 2r1=2.cl.b/�C��/D 0;

�d � b� 2�1=2r1=2.�| I � 
|
I
�/D 0:

(2-4)

Let L0 denote that .AI ;  I / the version of the operator that appears in (1-7). Then
(2-4) has the schematic form L0bC r1=2b � bD r�1=2v . According to [12, (5.25)],
L0 is invertible when r is large, so a solution, b, to (2-4) can be viewed as a fixed
point of the map

(2-5) h! T .h/D L0
�1.r�1=2v� r1=2h� h/:

To see that the map T has a fixed, point, introduce the Hilbert space H that is obtained
by completing C1.M I iT�M ˚ S˚ iR/ using the norm k � kH whose square has
value on h given by

(2-6) khkH
2
D

Z
M

jrI hj2C
1

4
r

Z
M

jhj2I

Here, rI is defined so that rI .b; �; �/ D .rb;rAI
�; d�/. [12, Equation (5.23)]

guarantees that

(2-7) kL0hk2
2
� khkH

2

when r is large. Because jrI hj � jd jhj, a Sobolev inequality guarantees that khkH
dominates the Lp norms of h for p � 6. In particular, there exists c0 > 0 that is
independent of h and r and such that khkH � c0khk6 . This inequality implies that

(2-8) khk4
4
� c0khk

3
Hkhk2 � c0r�1=2

khkH
4:
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The inequality in (2-8) implies that T extends to give a smooth map from H to itself.

Granted this fact, fix R> 2kvk2 and let BR �H denote the ball of radius r�1=2R. As
is explained next, T maps BR to itself as a contraction mapping when r is sufficiently
large. Indeed, it follows from (2-7) and (2-8) that

kT .h/kH �
1

2
r�1=2RC r1=2c0khk4

2
�

1

2
r�1=2RC r1=2c0R2r�5=4

�
1

2
r�1=2R.1C 2c0Rr�1=4/

(2-9)

when h2H . A similar calculation proves that kT .h/�T .h0/kH� c0r�1=4Rkh�h0kH
when h and h0 are in H and r is large. These bounds with the contraction mapping
theorem imply that any large r version of T has a unique fixed point in BR . Standard
elliptic regularity arguments can be employed to prove that the fixed point is smooth;
thus the fixed point is a section of C1.iT�M ˚S˚ iR/ that obeys (2-4).

Consider next the norm of  D  I C �. To this end, write the middle equation in
(2-4) as DAI

�D r1=2.Œh�C Œh˝h�/ where Œ�� is shorthand in each case for some linear
endomorphism with an r –independent pointwise norm. Use the Green’s function for
the operator DAI

to conclude that

(2-10) j�j � c0khk2C c0r1=2 sup
x2M

Z
M

1

dist.x; �/2
.jhjC jhj2/:

Now, if u is an L2
1

function on M , then the function dist.x; �/�1u is square integrable,
and its norm is bounded by a constant multiple of the L2

1 norm of u. Granted that
such is the case, (2-10) implies the following: There exists an r independent constant
�0 such that for any � 2 .0; �0/ one has

(2-11) j�j � c0khk2C c0r1=2.��1=2
khk2C �

1=2
khkHCkhkH

2/:

Take � D r�1=4 in (2-11) and use the fact that khkH � c0r�1=2 and khk2 � c0r to
conclude that j�j � c0r�1=4 . Thus, j j � 1� c0r�1=4 .

Turn now to the uniqueness assertion that is made by Proposition 2.8. Suppose that
ı 2 .0; 1

2
/ has been given and that .A;  D .˛; ˇ// is a solution to the r and � version

of (1-3) with the property that 1� j j< ı at all points in M . This being the case, it
follows from the bounds in Lemma 1.6 that j˛j � 1� ı� c0r�1=2 at all points in M .
Given " > 0, one can now argue as at the end of [12, Section 8] that there exists ı0
such that if ı < ı0 , then the bounds in [12, (5.24)] hold. The same scaling arguments
used in [12, Section 8] prove that

(2-12) jr.r˛/j � "r and jr 0.r 0ˇ/j � "r1=2;
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can be assumed as well.

Because ˛ is nowhere zero when ı is small, there exists u 2 C1.M IS1/ such that
eiu˛ D j˛j1C . Change .A;  / to this new gauge, but use .A;  / again to denote the
resulting pair of connection and spinor. Because  D .˛; ˇ/ with ˛ D j˛j1C , the
connection A has the form ADAI Cya with

(2-13) yaD
1

2
.˛�1
r˛� x̨�1

rx̨/:

What with [12, (5.24)] and (2-12), this implies that

(2-14) r�1=2
jyajC r�1

jryaj � c0":

It is now necessary to change to yet another gauge so that the result can be written as
.AI C 21=2r1=2b;  I C �/ where b and � obey the equation that appears in the third
bullet of (2-4). This is done with a gauge transformation that has the form ex with
x 2 C1.M I iR/. Given any such x , the resulting .b; �/ has the form

(2-15) b D 2�1=2r�1=2.ya� dx/ and �D .eix
j˛j � 1/ I C eix.0; ˇ/:

The equation in the third bullet in (2-4) is obeyed if x obeys the equation

(2-16) d|dxC 2r j˛j sin.x/D d|
ya:

As explained shortly, if " is small, and then r is sufficiently large, this equation for x

can also be solved using a fixed point strategy and the solution obtained obeys

(2-17) jxjC r�1=2
jdxj � c0":

To see how this works, write �r D d|d C 2r j˛j. This operator is invertible and so a
solution to (2-16) obeys x D T .x/, where

(2-18) T .x/D��1
r Œd|

yaC 2r j˛j.x� sin.x//�:

In order to prove the existence of a fixed point of the right sort, introduce the Banach
space C 0.M I iR/. Given � 2 .0; 1/, let B� denote the ball in this space where the
norm is bounded by � . As is argued next, there exist r –independent constants � and "�
such that if " < "� then T maps B� to itself as a contraction mapping. This argument
uses the following lemma.

Lemma 2.11 There exists � >0 such that if "<� and r �1, then the following is true:
If g 2 C1.M I iR/ and y 2 C1.M I iR/ obeys �r y D g , then r jyj C r1=2jdyj �

� supM jgj.
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This lemma is proved shortly. Given the bound from the lemma for the supremum
norm of the solution to �r y D g , it follows from (2-14) that

(2-19) jT .x/j � c0."C .sup
M

jxj/2/:

Thus, T maps B� to itself if " < 1
2
c0
�1� and � < 1

2
c�1

0
. A similar calculation finds

that T is a contraction if � < �0 with �0 independent of r . Granted these bounds,
then T has a unique fixed point in B� and the fixed point, x , obeys jxj � c0". Elliptic
regularity then implies that x obeys (2-16). The bound on jdxj asserted by (2-17)
follows from (2-14) given what is said about jdyj in Lemma 2.11.

To continue with the proof of the uniqueness assertion in Proposition 2.8, now use
.A;  / to denote the gauge transformed pair with ADAIC21=2r1=2b and  D IC�

where the pair .b; �/ obeys the equation given in the third bullet of (2-4). Write
bD .b; �; 0/ and note that by virtue of (2-14) and (2-16), this section of the Hilbert
space H obeys jbj � c0". It is also the case that b is a fixed point of T . Thus,
if b is in the ball BR , then it must be the contraction mapping solution. To prove
that such is the case, recall that the fixed point equation is equivalent to the equation
L0bD r�1=2vC r1=2b� b. This, (2-7) and the bound of c0" on supM jbj imply that

(2-20) kbkH � r�1=2
kvk2C c0r1=2"kbk2 � r�1=2

kvk2C c0"kbkH:

Hence if " < 1
2
c0
�1 , then b is in the radius r�1=2R ball in H if R is greater than a

suitable r –independent lower bound and r is large. Thus, the given solution is gauge
equivalent to the contraction mapping solution.

Proof of Lemma 2.11 Suppose that g 2 C 0.M I iR/ is given and that y solves the
equation d|dyC 2r j˛jy D g . If j˛j � 1

2
, then

(2-21) d|d jyjC r jyj � jgj;

and so the maximum principle implies that jyj � r�1 supM jgj. To obtain the bound
for dy , differentiate the equation �r y D g to obtain

(2-22) r
|
rdyCRic.dy/C 2r j˛jdy D dg� 4rd j˛jy;

where Ric.�/ is defined using the metric’s Ricci tensor. When p 2M , use Gp.�/ to
denote the Green’s function for the operator r|r CRic.�/C 2r on C 0.M I iT�M /

with pole at p . A maximum principle argument just like that employed for (2-21)
establishes the following: When w 2C 0.M I iT�M /, then jGp.w/j� c0r�1 supM jwj.
This then implies that

(2-23) sup
M

jdyj � c0

�
sup
M

j1�j˛jj
�

sup
M

jdyjC c0 sup
M

jd j˛jj sup
M

jyjC sup
p2M

jGp.dg/j:
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Thus,

(2-24) .1� c0"/ sup
M

jdyj � c0"r
�1=2
jgjC sup

p2M

jGp.dg/j:

To bound the last term in (2-24) in terms of the supremum norm of g , it is necessary
to integrate by parts and then obtain a bound for the norms of the derivatives of the
section x! Gp.x/. This can be done readily using standard parametric techniques
and results in the bound

(2-25) jrGp.x/j � c0

1

dist.p;x/2
e�
p

r dist.p;x/:

Thus, an integration by parts shows that Gp.dg/ obeys

(2-26) jGp.dg/j � c0

Z
M

1

dist.p; �/2
e�
p

r dist.p;�/
jgj � c0r�1=2 sup

M

jgj;

and so jGp.dg/j � c0r�1=2 supM jgj. This bound with (2-24) completes the proof of
the lemma.

3 Proof of Proposition 1.9

Before starting, it is worth noting that what is asserted in Proposition 1.9 holds whether
or not the 1–form a that appears in (1-3) is a contact form. It is only required that a
be smooth and have norm 1. To elaborate, note that the proof that follows assumes
that .A;  / obeys (1-3) and that the conclusions of Lemma 1.6 and Lemma 1.7 hold.
These two lemmas are proved in [12, Sections 6a–6c], and their proofs make no use of
the assumption that daD 2� a or that a^ da> 0.

Assume in what follows that r � 2. Let .AE ;  E/ denote the pair in Conn.E/ �
C1.M IS/ that is used for the definition of f . Note that the curvature of AE is
a harmonic form whose L2 norm, and thus C k�0 norms are bounded a priori. An
appeal to Lemma 1.8 finds a smooth map uW M !S1 such that A�u�1duDAECya

where jyaj � c0r2=3.1C jEj/1=3 . Use A now to denote AE Cya and  to denote the
corresponding gauge transformation of what was originally called  .

The bound just given for ya implies that

(3-1) jcs.A/j � c0r2=3.1CjEj/4=3;

as can be seen by repeating the argument for [12, (4.2)]. Granted (3-1), the assertion
made by Proposition 1.9 follows with a suitable bound on jf .A;  /j. Note in this
regard that the bound given by Proposition 1.10 does not serve for the purposes at hand.
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3.1 The bound for f

A bound for the spectral flow is obtained in two steps. The first step bounds the absolute
value of the spectral flow for the 1–parameter family of operators fLsgs2Œ0;1� where Ls

is given the version of (1-7) that uses .A;  / but has r replaced by s2r . The second
step bounds the spectral flow for the family of Dirac operators fDAsgs2Œ0:1� where
As DAC sya.

As explained next, both steps employ the strategy that is outlined in [12, Section 5b],
and in [11]. To begin, suppose fLs = LCqsgs2Œ0;1� is as described in [12, Section 5a].
Take the diffeomorphism ˆ from of [12, Section 5b] to be the identity map from R to
itself, and fix T > 0. Let ns denote the number of linearly independent eigenvectors of
Ls whose eigenvalue has absolute value no greater than T , and let nD supfnsgs2Œ0;1� .
Introduce the function }.s/ as in [12, (5.6)]. Then the spectral flow for the family
fLsgs2Œ0;1� has absolute value no greater than

(3-2)
1

2T
n sup

n d

ds
qs


op

o
s2Œ0;1�

;

where the norm k � kop here denotes the operator norm.

In the case of fLsg, the supremum in (3-2) is bounded by c0 r1=2 . For the family
of Dirac operators, the analogous norm is bounded by c0jyaj, and thus by c0r2=3.1C

jEj/1=3 . In both cases, T will be taken to be .1C jEj/1=2 with E D E.A/. This
understood, the spectral flow in the case of fLsg is bounded in absolute value by

(3-3) c0r1=2.1CjEj/�1=2n

and in the second case, by

(3-4) c0r2=3.1CjEj/�1=6n:

Granted the preceding, the proof Proposition 1.9 requires only a suitable bound for n

in the two cases. Note in this regard that the bound given by [12, Proposition 5.2] does
not suffice. The following proposition supplies the desired bound.

Proposition 3.1 There exists a constant, � > 1, with the following significance:
Suppose that r � � , that �2� has C 3 norm bounded by 1, and that .A;  / is solution
to the r and � version of (1-3). For s 2 Œ0; 1�, define Ls to be either the version of
(1-7) that is defined using .A;  / but with r replaced by s2r , or the Dirac operator
DAECs.A�AE/ . Set E D E.A/ and let ns denote the number of linearly independent
eigenvectors of Ls whose eigenvalue has absolute value less than .1CjEj/1=2 . Then
n� �.1CjEj/3=2.lnr/� .
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Proposition 1.9 follows from Proposition 3.1 with (3-1), (3-3) and (3-4).

The strategy that is used to bound n is described next and the remaining subsections
supply the details. To begin the story on n, let H denote the domain Hilbert space
of the family fLsg. Thus HD L2

1
.iT�M ˚S˚ iR/ when fLs D Lsgs2Œ0:1� where

Ls is the version of (1-7) that has r replaced by s2r . Meanwhile, HDL2
1.S/ when

fLs DDAECs.A�AE/gs2Œ0;1� . In each case, the bound on n is obtained by exhibiting
a set, ‚, of points in M with the following properties.

The set ‚ has at most �.1CjEj/3=2.ln r/� points.
Let #E denote the span of the set of eigenvectors of Ls whose eigenvalue
has absolute value 1CjEj or less. If j 2 #e and vanishes on ‚, then j

is identically zero.

The proof that such a set ‚ exists exploits certain pointwise and L2 bounds on the
covariant derivatives of the elements in #e . The desired L2 bound uses little more
than the Bochner–Weitzenboch formula for Ls

2 . The pointwise bounds require more
work since the maximum allowed size of the covariant derivative of an element in #E

at any given point in M is mostly determined by the size of jBAj in a surrounding ball.
In particular, a region in M where jBAj is relatively large must contain more of ‚’s
points than a corresponding region where jBAj is small. This unavoidable complication
is accommodated by decomposing M into cylindrical regions where r.1� j˛j2/ is
significantly greater than 1CjEj, and the complementary part where this function is
roughly 1CjEj or less.

Such a large/small curvature decomposition is facilitated by the introduction of the
notion of an adapted coordinate chart map from C � Œ�ı; ı� into M . Here, C � C
is the disk of radius ı centered at the origin. Given a positive number, R, that is less
than 1

2
ı , use �R � C to denote the disk with center at the origin and radius R. In

what follows, R is taken to be the maximum of 100r�1=2 and �.1C jEj/�1=2 with
� 2 .0; 1/ specified below. The following lemma supplies a cover of M by the images
of adapted coordinate chart maps. Its proof is straightforward, and so omitted.

Lemma 3.2 There exists a constant, � > 1 with the following significance: Given
R 2 .0; 1

2
ı/, there is a set, ˆ, of adapted coordinate chart maps from C � Œ�ı; ı� into

M with the following properties.

� There are at most �R�3 elements in ˆ.
� [�2ˆ�.�R � Œ�

1
4
R; 1

4
R�/ covers M .

� No point in M is contained in more than � elements of the set f�.�R �

Œ�R;R�/g�2ˆ .
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The set ‚ has a decomposition as [�2ˆ‚� , where the points in ‚� reside in the
�–image of �R � Œ�R;R�. A bound on the number of points in ‚� is determined by

(3-5) E� D r

Z
�.�R�Œ�R;R�/

j1� j˛j2j:

In particular, the number of points in ‚� is no greater than �.1CR2E�/.lnr/� where
� > 1 is independent of r , .A;  /, � , and R. Since ˆ has at most �R�3 elements, it
then follows that ‚ has fewer than �R�3.lnr/�.1CR2

P
�2ˆ E�/ points. What with

the second bullet in Lemma 3.2 and Lemma 1.6, there is a constant, c0 , such that

(3-6)
X
�2‚

E� � c0.1CjEj/:

Thus, the set ‚ has fewer than �R�3.1CR2jEj/.lnr/� points. Since R�1 � ��1.1C

jEj/1=2 , this gives the asserted bound on n given that � is chosen to be independent of
r , E and .A;  /.

3.2 Integral bounds for norms of elements in #E

The desired bounds exploit the formulas for Ls and Ls
2 in a number of ways. Such

formula are first used to derive an a priori bound on the L2 norm of the covariant
derivate along v of any given j 2 #E . The following lemma states what is needed.

Lemma 3.3 There exists � > 1 with the following significance: Fix r � 1, a form
� 2� with C 3 norm bounded by 1, and a solution, .A;  /, to the r and � version of
(1-3). Set ED E.A/. Fix s 2 Œ0; 1� and let Ls denote either the version of the operator
in (1-7) with r replaced by s2r , or the Dirac operator DAECs.A�AE/ . Let j denote a
linear combination of those eigenvectors of Ls whose eigenvalue has absolute value
less than .1CjEj/1=2 . Then

krvj k2 � �.1CjEj/
1=2
kj k2I

here rv denotes the covariant derivative in the direction v as defined using the connec-
tion A in the case where Ls is given by the r ! s2r version of (1-7), and as defined
using the connection AE C s.A�AE/ in the case where Ls DDAECs.A�AE/ .

Proof of Lemma 3.3 The simpler case is that where Ls is the Dirac operator and so
this case is considered first. To this end, suppose first that j is as described by the
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lemma. No generality is lost by assuming that kj k2 D 1. Use q to denote Ls
2j . The

Bochner–Weitzenboch formula for the Dirac operator reads

(3-7) r
|
rj C s cl.BA//C

1

4
Rj D q:

Here R denotes an endomorphism of S that is independent of r and .A;  /; in
particular, it is uniformly bounded. Meanwhile, r denotes the covariant derivative on
S that is defined by the connection AEC s.A�AE/ and the canonical connection on
K .

Write j D .j0; j1/ and q D .q0; q1/ using the decomposition of S as E ˚EK�1 .
Take the L2 inner product of (3-7) with j1 and, what with Lemma 1.6, the result
implies that

(3-8) kr
0j1k2

2
C srh.1� j˛j2/; jj1j

2
i2 � c0.hj1; q1i2C 1/:

Here, h ; i2 denotes the L2 inner product. To say more about how this inequality
comes about, remark that there may be terms from the inner product of j1 with r|rj

of the form hj1;T0j0i and hj1;T1rj0i with T0 and T1 being r –independent. The
former contributes to the term c0 � 1 on the right hand side of (3-8), and the latter can
be written after an integration by parts as �hr 0j1;T1j0iChj1;T2j2i with T2 also r –
independent. Holder’s inequality bounds this by some small multiple of kr 0j1k2

2
Cc0 ,

and so this term can be accommodated by increasing the constant c0 on the right
in (3-8). The inner product of j1 with the curvature endomorphism in (3-7) gives a
term not shown in (3-8) that is bounded by rsjˇjjj1jjj0j. Lemma 1.6 bounds this by
r1=2sj1� j˛j2j1=2jj1jjj0jC c0jj1kj0j, and so this too can be accommodated in (3-8)
by making c0 somewhat larger.

Since kq1k2�kqk2� .1CjEj/, what is written in (3-8) finds kr 0j1k2� c0.1CjEj/
1=2 .

This last inequality implies the desired bound for the L2 norm of the directional
derivative of j1 . To obtain the desired bound for rvj0 , introduce q D .q0; q1/ to
denote Lsj . The E component of the equation Lsj D q equates rvj0 with q0 , linear
combinations of the directional derivatives of j1 along the kernel of a, and multiples
of j1 by functions that depend only on the metric. This understood, it follows that
krvj0k2 � c0.kq0k2C .1CjEj/

1=2/� c0.1CjEj/
1=2 since the L2 norm of q0 is no

greater than that of q, and the latter is no greater than .1CjEj/1=2 .

Consider next the case when Ls is the operator r ! s2 version of (1-7). As in (1-7),
write the components of j as .b; �; �/; and assume again that kj k2 D 1. Use q to
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denote Ls
2j . The corresponding three components of q are

(3-9)

r
|
rbCRic.b/C 2s2

j j2bC
p

2r1=2.�|
r � .r /|�/

rA
|
rA�C cl.BA/�

C
1

4
R�� s2r Œ.�| � |�/ C . |�k�C �|�k /�k �

� 2
p

2sr1=2b � r ;

d|d�C 2s2r j j2�:

The last equation in (3-9) implies, that

(3-10) kd�k2
2
C s2rk� k2

2
� kqk2k�k2;

and so kd�k2 � .1CjEj/1=2 . To continue, introduce bv to denote the contraction of b

with v . In addition, write �D .�0; �1/ as per the splitting of S . Take the L2 inner
product of the top equation in (3-9) with bva, and take the L2 inner product of the
middle equation in (3-9) with �1 . With the aid of Lemma 1.6 and some integration by
parts, the resulting expressions imply that

(3-11) kdbvk2
2
Ckr

0�1k2
2
C s2rkbv k2

2
Ck�1j jk2

2/� c0.1Ckj k2kqk2/:

Since kqk2 � .1C jEj/, this gives the desired bounds on the directional derivatives of
bv and �1 .

The desired bounds on the directional derivative of �0 and of b � bva along v are
obtained by noting that the L2 norm of Lsj is bounded by .1CjEj/1=2 , and noting
the following: First, the component along the kernel of a of the top line in the r ! s2

version of (1-3) contains rv.b� bva/ and no other derivatives of b� bva. Moreover,
the remaining terms consist of derivatives of bv and � , and terms with norm bounded
by sr1=2.jˇjj�0j C j jj�1j/. In particular, Lemma 2.2 and (3-10) and (3-11) imply
that the L2 norms of these added terms are no greater than c0.1CjEj/

1=2 . Meanwhile,
the component in E of the second line in the r! s2r version of (1-7) consists of rv�0

and no other derivatives of �0 . The remaining terms are combinations of derivatives of
�1 and terms that are, in any event, no greater than by sr1=2.jbvjC j�j/j j. By virtue
of (3-10) and (3-11), these latter terms have L2 norms bounded by c0.1CjEj/

1=2 .

Let j be as described in this last lemma. The next lemma gives an upper bound for the
L2 norm of j over certain balls in M when j vanishes at the ball’s center.

Lemma 3.4 There exists � � 1 with the following significance: Make the same
assumptions as in Lemma 3.3 and let j be as described in this same lemma. Let
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U �M denote a ball of radius � � .1CjEj/�1=2 and suppose that r.1� j˛j2/� ��2

on U . Suppose, in addition, that j D 0 at the center point of U . Let � 2 .0; 1
4
/ and let

U� denote the ball with the same center as U and with radius �� . Let qDLs
2j . ThenZ

U�

jj j2 � ��4

 Z
U

jj j2C �4

Z
U

jqj2

!
:

Proof of Lemma 3.4 As before, the simplest case is that where Ls DDAECs.A�AE/ .
To argue for this case, note first that the curvature, B , of the connection As DAEC

s.A�AE/ is bounded by c0�
�2 . As a consequence, there is a trivialization of EjU

so that the connection As appears as AI Cya, where d � yaD 0 and jyaj � c0�
�1 in the

ball, U ’, with radius 3
4
� and center that of U . Use Gaussian coordinates to trivialize

TM jU . The trivialization of EjU and TM jU identifies S with U �C2 and turns j

into a C2 –valued function on U . As such, j obeys an equation in U 0 that has the
form

(3-12) d � dj D �0 � j C�1 � dj C q;

where j�0j C jd ��1j � c0�
�2 and j�1j � c0�

�1 . For x 2 U 0 , use Gx.�/ to denote
the Greens function of d � d with pole at x . Then j can be written on U� as

(3-13) j jx D

Z
U

Gx��.�0 � j C�1 � dj C q/C ��2

Z
U�U 0

Gx���j ;

where �� and ��� are smooth functions with sup-norms bounded by c0 and with
compact support in U . With x viewed as the variable, the Green’s function Gx is such
that jG.�/.y/j � c0j.�/�yj�1 and jdG.�/.y/j � c0j.�/�yj�2 . As is explained shortly,
these bounds and the fact that j j0D 0 can be used with (3-12) and (3-13) to prove that

(3-14) jj jxj � c0jxj
1=2.��2

kj k2IU Ckqk2IU /;

at points x 2U1=4 . Here, k �k2IU is used to denote the L2 norm on U of the indicated
function. This last inequality implies what is asserted by the lemma.

To see how (3-14) arises, let g denote an L2 function on U . Break the integral

(3-15)
Z
U

jGx �G0jg

into two parts, the first where the distance to the origin is greater than 4jxj, and
the second where the distance to the origin is no greater than 4jxj. Where y 2 U

obeys jyj � 4jxj, use the bound jGx.y/�G0.y/j � C0jxj=jyj
2 . In the region where

jyj � 4jxj, use instead the bound jGx.y/�G0.y/j � c0.jx � yj�1C jyj�1/. These
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bounds with the standard inequality j
R
U

mgj � kmk2;U kgk2;U imply a bound for (3-15)

of the form c0jxj
1=2kgk2;U . Note that (3-12) is used to eliminate a term on the right

hand side of (3-14) that contains the L2 norm of dj . Such a term can be replaced
by the two terms present by using (3-12) to bound that the L2 norm of dj on U 0 by
c0.�

�1kj k2IU C�kqk2IU /. To obtain this bound, contract both sides of (3-12) by j ,
multiply the result by a suitably chosen bump function with support on U , and then
integrate over U . An integration by parts will lead to an expression that gives the
asserted bound for the L2 norm of dj . Equation (3-14) implies the lemma’s assertion.

Now consider the case where Ls is the r ! s2r version of (1-7). With S and TM

trivialized over U as before, then j D .b; �; �/ can be viewed as an function on U

with values in iR3 �C � iR. What with (3-9) giving Ls
2 , this function obeys an

equation of the form

(3-16) d � dj C 2s2rj D �0 � j C�1 � dj C sr1=2�3.r / � j C q;

where j�3.r /j � c0jr j at each point. Here again, j�0j � c0�
�2 and j�1j � c0�

�1 .

To proceed from here, note first that there is a bound for jr j in U 0 of the form

(3-17) jr j � c0�
�1:

This bound is justified shortly. Granted (3-17), the second point to note is that the
Green’s function to use with (3-16) is that for the operator d � d C 2s2r Let Gx now
denote the Green’s function for this operator with pole at x . This new version of Gx

obeys

(3-18)

jG.�/.y/j � c0

1

j.�/�yj
e�s.2r/1=2j.�/�yj and

jdG.�/.y/j � C0

.1C sr1=2j.�/�yj/

j.�/�yj2
e�s.2r/1=2

j.�/�yj:

But for some straightforward modifications, the arguments for (3-14) can be repeated
using (3-17) and (3-18) to prove that

(3-19) jj jxj � c0 min..s2r/�1=4; jxj1=2/.��2
kj k2IU Ckqk2IU /;

when x 2 U� . This last bound implies the inequality that is stated by the lemma.

To tie up a loose end, consider now (3-17). A bound for jr j on U 0 is obtained
by differentiating the equation DA D 0 to obtain an equation for r that has the
schematic form DAr CR CBA� D0. Here, the components of R come from the
Riemannian metric, and BA� is a homomorphism whose components come from BA .
To use this equation to bound jr j at a given point p 2U 0 , it proves useful to change
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the trivialization of EjU . To this end, trivialize E now by parallel transport via A along
the radial geodesics from p . At the same time take a Gaussian coordinate chart centered
at p and use these coordinates to trivialize TM jU . These trivializations together induce
a trivialization of SjU and so identify its sections as C2 valued functions. Using this
trivialization, the connection A appears as AICap , where AI is the product connection
for the trivialization, and where ap obeys japj � c0�

�2 dist.p; �/. The Christoffel
symbols for the metric also vanish at p .

With the preceding understood, introduce next GI;p to denote the Green’s function for
the operator DAI

on S˝T�M with pole at p . With the trivialization of S over U

given, GI;p.x/ at x 2 U appears as a matrix valued function on U . As such, it obeys
jGI;p.x/j � c0 dist.p;x/�2 and jdGpjxj � c0 dist.p;x/�3 . Use GI;p to write r jp
as

r jp D�

Z
U

GI;p�
U cl.ap/r 

�

Z
U

GI;p�
U .R CBA � /

C

Z
U

GI;p cl.d�U /r ;

(3-20)

where �U is a smooth function with compact support on U that equals 1 where the
distance to U 0 is less than �=8. Moreover, jd�U j � 32��1 and jrd�U j � 1056��2 .

Granted these bounds and the bound j j � 1, integration by parts finds the absolute
value of the right most term in (3-20) bounded by c0�

�1 . With jBAj � c0�
�2 , the

bound on the norm of GI;p directly yield a bound by c0�
�1 for the absolute value

of the middle integral on the right hand side of (3-20). As for the left most integral
in (3-20), the bounds on japj and jGI;pj imply that their product has L2 norm on
U that is bounded by ��3=2 . As a consequence, the absolute value of the left most
integral in (3-20) is no greater than

(3-21) c0�
�3=2
k�U
r k2:

A bound by c0�
�1 on the left most integral on the right side of (3-20) follows from

(3-21) given that k�Ur k2 � c0�
1=2 . This last bound is obtained by using the

Weitzenboch formula in (3-7) with j D  and so qD 0. To elaborate, take the L2

inner product of both sides of the j D  and q D 0 version of (3-7) with .�U /2 ,
and then integrate by parts. The result directly implies the desired norm bound given
the bounds for jBAj and jd�U j.
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Lemma 3.4 is used to prove bounds for the L2 norm of j over cylinders.

Lemma 3.5 There exists � � 1 with the following significance: Make the same
assumptions as in Lemma 3.3 and let j be as described in that lemma. Fix R as
described just prior to Lemma 3.2 and let �W �R � Œ�R;R�!M denote an adapted
coordinate chart map. Use � to implicitly identify its domain and image. Fix � 2
.1

2
r�1=2; 1

4
R/ to insure that r.1�j˛j2/���2 on ��� Œ��; ��, and suppose that j D 0

at .0; 0/. Set q D Ls
2j . If � 2 .0; 1

4
/, thenZ

����Œ�RC�;R���

jj j2 � �

Z
���Œ�R;R�

.R2
jrvj j

2
C �3

jj j2CR�3�3
jqj2/:

Proof of Lemma 3.5 Let t 2 Œ�RC �;R� ��, and with �0 either �� or � , let f .t/
denote the L2 norm of j over the ball in �R � Œ�R;R� with center at .0; t/ and
radius �0 . Note that

(3-22) jf.t/� f.t 0/j � c0

 
R�0

Z
���Œ�R;R�

jrvj j
2

!1=2

:

Let U denote the ball of radius � in �R � Œ�R;R� with center .0; 0/, and use the
�0 D �� version of this last inequality with Lemma 3.4 to conclude that
(3-23) Z
����Œ�RC�;R���

jj j2 � c0R2

Z
���Œ�R;R�

jrvj j
2
C c0

� R

��

�
�4

Z
U

.jj j2C �4
jqj2/:

Next, use the �0 D � version of (3-22) to conclude that

(3-24)
R

�

Z
U

jj j2 � c0

Z
���Œ�R;R�

.R2
jrvj j

2
Cjj j2/:

These last two inequalities imply what is asserted by Lemma 3.5.

Lemma 3.5 and Lemma 3.3 are key inputs to the proof of Proposition 3.1.

3.3 Refined bounds for the norms of  and r 

Additional bounds for  and its covariant derivative are needed in order to exploit
Lemma 3.5. The next lemma supplies the required bounds.
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Lemma 3.6 There exist constants � � 1 and "� 2 .0; 1
4
/ with the following signif-

icance: Suppose that r � �; � 2 � has C 3 norm bounded by 1, and that .A;  / is
a solution to the r and � version of (1-3). Let U � M denote the subset where
.1� j˛j2/� "� . Then

..1� j˛j2/C r�1
jr˛j2Cjrˇj2/jx2M�U � �.e

�
p

r dist.x;@U /=�
C r�1/:

Proof of Lemma 3.6 Let w D 1� j˛j2 . This, the first step of the proof, finds r and
.A;  / independent constants c1; c2; c3 > 0 and "� 2 .0; 1/ and �� 2 .0; 1

2
/ such that

(3-25) g D wC c1r�1
jr˛j2C c2jrˇj

2
� c3r�1

obeys the equation

(3-26) d|dgC ��rg � 0

on the subset in M where wD 1�j˛j2<"� . This is done by differentiating [12, (6.1)]
so as to get an equation of the form r|r.r /C� � � D 0, where the three dots indicate
terms with either one or no derivatives of  . Take the inner product of the resulting
equation first with .r˛; 0/ and then with .0;rˇ/. What with [12, (6.5)], arguments
that differ only cosmetically from those used in [10, Section 2e] find constants that
guarantee (3-26).

With (3-26) understood, the next step constructs a certain positive function that satisfies
the analog of (3-26) with the reversed inequality. To this end, fix a smooth function
�W Œ0;1/ ! Œ0; 1� that is non-increasing, equals 1 on Œ0; 1

4
�, and is equal to zero

on Œ1
2
;1/. A constant c 2 .r�1=4; 1/ is needed next; it is fixed shortly so as to be

independent of r and .A;  /. For now, fix any c 2 .r�1=4; 1/ and let �x denote the
function

(3-27) �x.�/D �.cr1=2 dist.�;x//:

The assignment of a given pair .x;y/ to �x.y/ defines a smooth function on M �M

when r � c0 . Such a lower bound for r is assumed in what follows. With �x

understood, set �x to be the integral of �x and define � 2 C1.M / by

(3-28) �.x/D ��1
x

Z
M

�x.�/ dist.�;U /

Note that jd�j � c0 since the distance function is Lipshitz with norm 1. Note also that
jrd�j � c0r1=2 .

Now set z D e�cr1=2� . The function z obeys

(3-29) d|dzC c0c2rz � 0:
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This understood, let �� be as in (3-16) and set c D .c0
�1��/

1=2 so that the inequality
in (3-29) reads d|dzC ��rz � 0. This understood, use Lemma 1.7 to obtain an r and
.A;  / independent constant, �1 , that bounds g everywhere on M . Then

(3-30) d|d.g� �1z/C ��r.g� �1z/� 0

on M �U and g� 0 on @U . The maximum principle asserts that g� �1z on M�U .
This implies what is stated by the lemma.

3.4 Estimates for adapted coordinate chart maps

The purpose of this step is to define a set W� ��R for an adapted coordinate chart
map � . The following lemma supplies some input to the definition. The constant "�
that appears in the lemma comes from Lemma 3.6.

Lemma 3.7 There exist constants ��1; ı12 .0; ı/ and "12 .0; "�/ with the following
significance: Suppose that r > �;� 2� has C 3 norm bounded by 1 and .A;  / is a
solution to the r and � version of (1-3). Let �W C � Œ�ı; ı�!M denote an adapted
coordinate chart map. Fix R 2 Œ100r�1=2; ı1�. Then fix a minimal set of disks in C

with the following two properties. First, each disk in this set has center in �R and
radius r�1=2 . Second, .1 � j˛j2/ � "1 on V � f0g when V is a disk from the set.
Denote this set by ƒ.

� If .u; z/ 2�R � Œ�R;R� and .1� j˛j2/� "� , then u 2 [V 2ƒV .

� Let N� denote the number of elements in ƒ. Then

N� � �.R
�1E� CR2/

where E� denotes the integral of r j1� j˛j2j over �R � Œ�R;R�.

Proof of Lemma 3.7 The assertion in the first bullet follows using the uniform
bound on jr 0ˇj in Lemma 1.7 because the Dirac equation sets rz˛ equal to a linear
combination of derivatives of ˇ . To establish the assertion in the second bullet, note
that each V 2 ‚ contains at least one point x such that .1 � j˛j2/ � "1 at .0;x/.
Given the uniform bound on jrz˛j, this implies that there exists ı2 2 .0; ı/ that is
independent of r , .A;  /, the map � and x ; and is such that .1� j˛j2/� 1

2
"1 at any

.z;x/ with jzj � ı2 . It then follows using Lemma 1.7, now for its stated bound on
jr˛j, that

(3-31) r

Z
V�Œ�R;R�

.1� j˛j2/� c1R"1� c0R3;
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for each V �‚. Here, c1 > 0 and c0 > 1 are independent of r , .A;  /, R and the
map � . Since ‚ is a minimal set of disks, there exists some c2 > 0 that is independent
of r , .A;  /, R, and the map � such that at most c2 disjoint disks from ‚ contain
any given point in C . This being the case, it follows from (3-31) and Lemma 1.6 that

(3-32) E� D r

Z
�R�Œ�R;R�

j1� j˛j2j � c�1
2 c1"1RN� � c0R3:

This last bound implies the assertion made in the second bullet of the lemma.

Let � denote the constant that appears in Lemma 3.6, and set

(3-33) �� D �r�1=2.ln.1C r=.1CjEj//C ln.4�//:

Fix an adapted, coordinate chart map � and a set ƒ as described in Lemma 3.7. For
each V 2ƒ, let W V � C denote the disk with the same center as V with radius 4�� .
Let W V� denote the disk with the same center as V with radius �� . Granted this
notation, set W DW� D[V 2ƒW V and W � D[V 2ƒW V� .

Lemma 3.8 There exists � > 1 that is independent of r , .A;  /, R and � , and has
the following significance: Define W as above. Then

.1� j˛j2/�
1

2

1CjEj

jEjC r
and jr˛j � �.1CjEj/

on .�R�W �/� Œ�R;R�. In addition, W is contained in a set of disks in C of radius
r�1=2 that has NW� D �.R

�1E� CR2/.ln.1C r=.1CjEj///2 members.

Proof of Lemma 3.8 The first assertion follows from Lemma 3.6. The second follows
using the second bullet in Lemma 3.7 given that W is the union of N� disks, each of
radius �� .

The next task for this subsection is to specify a cover for �R �W by disks with
relatively large radii. A cover of the required sort is supplied by the next lemma.

Lemma 3.9 There exists � > 1 that is independent of r , .A;  /, R and � , and has
the following significance: Define W as above. Then there is a cover of �R �W by
a set of disks in C with the following properties: First, each disk from the cover is
disjoint from W � and each disk has radius at least r�1=2 . Second, the number of disks
in the cover is bounded by �.R�1E� CR2/ ln.1C r=.1CjEj//. Third, the ratio of the
respective radii of any two intersecting disks is bounded by � . Finally, no more than �
distinct disks from the cover contain any given point.
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Proof of Lemma 3.9 The set in question is the union of sets K0; : : : ;KZ with a
bound for Z given shortly. The set Kn is defined as follows: Let �0 D 0 and for
positive integer n, set �n D 2.5

4
/n� 1. Let Ln denote the set of points in C whose

distance from W is equal to �n D �� . Then Kn is a maximal set of disks in C with
the following properties: First, each disk has radius .1C 1

2
�n/�� and center on Ln .

Second, the center of any given disk from Kn has distance at least 1
4
.1C 1

2
�n/��

from the center of any other disk from Kn . The number of elements in Kn is less
than 16�N� with N� as in Lemma 3.7. This is because the length of Ln is at most
2�.2C�n/��N� . A straightforward induction argument proves that the union of the
disks from the set K0[ � � � [Kn contains the set of points in C with distance �nC1��
or less from W . This construction guarantees that the number Z can be no greater
than .ln 5

4
/�1 ln.1C 8R=��/. The existence of a uniform bound on the number of

disks that contain any given point uses two observations: First, no point in a disk from
any n � 2 version of Kn has distance less than .1

2
�n� 1/�� from W . This implies

that disks in Kn and Kn�k are disjoint when k � 5. Second, the center of any given
disk in Kn has distance at least 1

4
.1C 1

2
�n/�� from the center of any other disk in Kn .

Granted these facts, apply the n� k version of this last observation for k 2 f0; : : : ; 5g

with the fact that .1C 1
2
�n�k/� .

4
5
/k.1C 1

2
�n/ to obtain the desired bound.

3.5 The definition of ‚�

Let �W C � Œ�ı; ı� denote an adapted coordinate chart map. In order to define the set
‚� , introduce the subsets W and W � as defined in Section 3.4.

Now, fix � 2 .0; 1/ for the moment. Its precise value is determined shortly. With �
fixed, the following lemma is used to specify the additional points.

Lemma 3.10 There exists � > 1 which is independent of r , �, .A;  /, R and � and
has the following significance: Fix � 2 .0; 1/, and there exists a set of disks in C with
the following properties.

� The disks in this set cover �R .

� The set has at most c0�
�2.R�1E� CR2/.ln.1C r=.1CjEj///2 elements.

� No more than � of the disks from this set contain any given point in C .

� Let � denote any disk from this set. The radius of � can be written as �� where
� 2 Œ1

2
r�1=2; 1

4
R�. Moreover, r.1�j˛j2/� ��2 on the radius � ball with center

at the center point of �.

Proof of Lemma 3.10 This lemma follows directly from Lemma 3.8 and Lemma 3.9.
Indeed, it follows from Lemma 3.8 that W has an open cover by a set of disks in C
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that has at most c0�
�2.R�1E�CR2/.ln.1C r=.1CjEj///2 members, and is such that

each disk in the set has radius 1
2
� r�1=2 . Moreover, the last two points in the lemma

are also obeyed by the disks in this set. Indeed, the final point follows because Lemma
1.6 guarantees that r.1� j˛j2/ � 4r . The remaining disks in the set cover �R �W

and are chosen using Lemma 3.10. In this case, Lemma 3.9 implies that each disk
obeys the fourth point of Lemma 3.10.

Let Q� denote the set of disks that are supplied by Lemma 3.10. The points in ‚�
are the centers of all disks of the form �� f0g where � 2Q� .

3.6 The specification of � and �

The constant � enters above in the definition of each ‚� , and the constant � enters
as RDmax.�.1CjEj/�1=2; 100r�1=2/ in the case where r > 2ı�1 . Lemma 3.3 and
Lemma 3.5 are the key inputs that determine � and � . As explained next there are
values for � and � that are independent of r , � and .A;  / such that any j 2 #E

that vanishes at all points in ‚ must be zero. To see that such is the case, suppose
that � and � have been chosen and that j is an element in #E with L2 norm 1 that
vanishes at all points in ‚. Fix � 2ˆ. By virtue of Lemma 3.10 that each disk in Q
can be written as ��� where � 2 Œ1

2
r�1=2; 1

4
R� and where the concentric disk, �� , of

radius � satisfies the conditions in Lemma 3.5. Since the number of disks from Q�
that contain any given point of �R is a priori bounded, it follows from Lemma 3.5
that

(3-34)
Z

�R�Œ�
1
4

R; 1
4

R�

jj j2 � c0

Z
�R�Œ�R;R�

.��2R2
jrvj j

2
C � jj j2C �R4

jqj2/:

By virtue of Lemma 3.2, this then implies that

(3-35) 1D

Z
M

jj j2 � c0�
�2R2

Z
M

jrvj j
2
C c0� C c0�R

4

Z
M

jqj2:

Now, according to Lemma 3.3, the L2 norm of rvj is bounded by c0.1C jEj/
1=2 ,

and that of q is bounded by .1CjEj/. Thus, with RD �.1CjEj/�1=2 , the inequality
in (3-35) implies that

(3-36) 1� c0.�
�2�2

C � C ��4/:

This understood, choose � D 1
4
.1C c0/

�1 and choose � D 1
8
.1C c0/

�3=2 to obtain
from (3-36) the absurd conclusion that 1< 3

4
. Thus, no such j 2 #E exists for these

choices.
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4 Overtwisting

This section supplies a proof of Theorem 1.4. The proof relies on a relative version of
Corollary C from Mrowka and Rollin [9]. The suggestion to use this corollary in the
proof came from Tom Mrowka. As the reader will see, the proof also owes much to
the work of Kronheimer and Mrowka in [6].

4.1 The proof of Theorem 1.4

To set the stage, choose the SpinC structure on M where S D IC ˚K�1 . Let rI

and ı be as described in Proposition 2.8. Fix � 2� with C 3 norm less than 1 as in
Proposition 2.1. As noted in Proposition 2.8, for each r > rI , there exists a unique
gauge equivalence class of pairs .A;  / that solves the r and � version of (1-3)
and is such that j j � 1� ı . Use cI .r/ in what follows to denote both the solution
given by Proposition 2.8 to (1-3) and its corresponding gauge equivalence class. If
follows from [12, Lemma 5.4] that rI can be chosen so that the solution cI .r/ has has
Seiberg–Witten degree zero for all r .

Now let f�ig � Œ1;1/ be as in Proposition 2.1, and for r 2 .1;1/� f�ig, use the
gauge equivalence classes of solutions to (1-3) to define the generators for the Seiberg–
Witten Floer homology. Define the Seiberg–Witten Floer homology for such r in the
manner that is described in Section 2, Proposition 2.3 and Definition 2.4. Use H0.r/

to denote the degree zero Seiberg–Witten Floer cohomology. By definition, H0.r/ is
a Z–module whose elements are certain equivalence classes of linear functionals on
the vector space of degree zero cycles for the Seiberg–Witten Floer homology. The
equivalence relation identifies linear functionals t and t0 when t0D tCv.ı.�// where v

is a linear function on the vector space of degree�1 cycles. The module H0 consists
of those equivalence classes of linear functionals that give zero to boundaries. Such a
cocycle is said to be closed.

The constructions of Kronheimer and Mrowka in [6] can be modified using analysis
from [7, Chapter 24] to assign a reasonably canonical element to H0.r/. What follows
outlines how this is done. To start, it is necessary to specify some auxiliary data. Here
is the data.

� A smooth, non-decreasing function T W R! Œ0;1/ that has value 0 where s � 1

and equals s where s � 2.

� A smooth and suitably generic section, y�, of T�M over R�M with compact
support where 2� s � 4 and small C 6 norm. An upper bound for this norm is
specified below, but require in any case that the norm is less than 1.
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� A smooth, non-increasing function �W R! Œ0; 1� that equals 1 where s � 0 and
equals 0 where s � 1.

� The pair .AI ;  I / 2 Conn.IC/ � C1.M IS/ that solves (2-2) and also has
E.A/D 0.

Of interest in what follows are the smooth maps s! d.s/D .A.s/;  .s// from R to
Conn.IC/�C1.M IS/ that obey

@

@s
AD�BAC re2T . |�k � ia/C i�.�d�C$K /C i y�;

@

@s
 D�DA ;

lim
s!�1

d.s/ exists and defines a non-degenerate degree zero solution to (1-3);

lim
s!1

d.s/D .AI ;  I /:(4-1)

With regards to the nature of the limits in (4-1), it is sufficient to assume that these
limits are defined with respect to the C1 topology in Conn.IC/�C1.SI /. Even so,
the same moduli space arises if the limits are in C 0 or, for that matter, L2

1
.

As remarked on briefly below, arguments from [6, Sections 2 and 3] for their Theorem
2.4 and the analysis given in [7, Chapter 24] can be used to prove that there are only
finitely many gauge equivalence classes of solutions to (4-1) for a suitably generic
choice for y�. Moreover, each such equivalence classes has an associate sign, either
C1 or �1. Granted that such is the case, let c denote a solution to (1-3) with degree
zero; and let �.c/ denote the sum of the signs that are associated to the solutions to
(4-1) with s!�1 limit equal to u � c with u 2 C1.M IS1/. Set �.c/D 0 if there
are no gauge equivalence classes of solutions to (4-1) with s!�1 limit in c’s gauge
equivalence class. The assignment of the integer �.c/ to c associates an integer to
each generator of the Seiberg–Witten Floer complex with Z=pZ degree 0. Use tr in
what follows to denote the degree zero Seiberg–Witten Floer cocycle whose value on a
generator c is �.c/.

The following is a generalization of [6, Theorem 2.4].

Theorem 4.1 Let � be as described in Proposition 2.1, and suppose that r … f�ig.
Then the cocycle tr is closed, and so defines an element in H0.r/.

The next result constitutes the fundamental input from [9].

Theorem 4.2 The cocycle tr defines the trivial class in H0.r/ when the kernel of a

is overtwisted.
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Proof of Theorem 4.1 and Theorem 4.2

Consider first what is said leading up to Theorem 4.1. Kronheimer and Mrowka in
[6, Section 3] introduce the notion of an ‘asymptotically flat almost Kahler’ structure.
The equations in (4-1) are the Seiberg–Witten equations on the 4–manifold R�M

where the geometry is such that the s!1 end has such a structure. To elaborate, let
m denote the Riemannian metric on M . Then the asymptotically flat almost Kahler
structure is defined using the metric e2T .ds2Cm/ on R�M . The required symplectic
form on the s > 1 part of R�M is ! D e2T .ds^aC�a/. Here, � is the Hodge star
on M that is defined by the metric m. Meanwhile, the end where s!�1 has the
sort of cylindrical end structure that is considered in [7, Chapter 24].

The techniques used in [6] can be applied to analyze the behavior of solutions to (4-1)
on the s!1 end of R�M , and those from [7, Chapter 24] can be used to analyze
the behavior of the solutions on the s!�1 end. This limit business is discussed in
Section 4.2 and it follows from Lemma 4.6 that the solutions to (4-1) have the same
large s behavior as do elements in the moduli spaces that are defined in [6]. Meanwhile,
the s ! �1 limit is analyzed for one particular case in Section 4.2. In particular,
Lemma 4b asserts for this one case that the relevant solutions to (4-1) have the same
s!�1 behavior as do elements in the moduli spaces that [7] define in their Chapter
24. The story for other cases is much the same. Given that the limiting behavior is
such as to put the solution in the appropriate moduli spaces, then a straightforward
application of the techniques from [6] and [7] prove that the set of gauge equivalence
classes to (4-1) comprise a finite set when y� is chosen in a suitably generic fashion, and
that each such class has an associated ˙1 assignment. Theorem 4.1 likewise follows
in a direct fashion from what is said in these parts of [7] and [6]. The fact is that the
discussion in [7, Chapter 24] is written so as to readily accommodate the case where
the 4–manifold has both cylindrical and asymptotically flat almost Kahler ends.

To put all of this in a larger context, view Œ0;1/�M as a manifold with boundary, and
Theorem 4.1 provides only another example of what is observed by Donaldson [2] in
the context of SU(2) gauge theory: A construction that gives a numerical gauge theory
invariant to a 4–manifold with no boundary generalizes to a manifold with boundary
so as to give an invariant in the boundary’s Floer homology or cohomology.

As noted, Theorem 4.2 is the analog in this context of the vanishing result given by
Corollary C of [9]. The proof amounts to adapting the proof given by Mrowka and
Rollin [9] for their Corollary C to the context of R �M with its asymptotically
flat almost Kahler s!1 end and its cylindrical s!�1 end. This adaptation is
straightforward using the analysis in [7, Chapter 24] to control behavior on the s!�1

end.
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The proof of Theorem 1.4 exploits the dichotomy between what is said in Theorem 4.2
and what is said in the next proposition.

Proposition 4.3 There exists rI 0 � rI and "0>0 such that when r � rI 0 and ky�kC 6 <

"0 , then there is precisely one solution to (4-1), and its s!�1 limit defines the class
cI .r/.

This proposition is proved in Section 4.2 and Section 4.3 modulo a proposition whose
proof occupies Section 5.

Theorem 4.2 says that there is a cocycle, v, on the degree�1 Seiberg–Witten Floer
complex such that tr .z/D v.ız/. Meanwhile, Proposition 4.3 guarantees that tr .c1.r//

is never zero. Thus, Proposition 4.3 and Theorem 4.2 demand that that ı.cI .r/Cw/¤0

when the generator cI .r/ is absent from the cycle w. This understood, let B.r/ now
denote the set of degree�1 Seiberg–Witten Floer cycles of the form ı.c1.r/Cw/ such
that cI .r/ does not appear in w with non-zero weight. For each n2B.r/, use af .n; r/

to denote the maximum of af on the generators that appear in n with non-zero weight.
Now set af I .r/ to denote the infimum of the set faf .n; r/gn2B.r/ . Define as before
yE.r/, f.r/ and v.r/ using B.r/.

The analog here of Proposition 2.10 holds. It is crucial here that ı.cI .r/Cw/¤ 0 when
w lacks the generator cI . Otherwise, the sudden appearance of a canceling pair, c and
c0 , with ıcD c0 and degree.c/D 0 can make af I discontinuous. As in the cases studied
previously, there is a sequence frn; .An;  n/g with frng increasing and unbounded,
with .An;  n/ satisfying the r D rn and � version of (1-3), with degree�1, and
satisfying one or the other of the options in (2-3). As before, the second option is ruled
out by [12, Proposition 5.1]. Thus, fE.An/g is bounded. Since each .An;  n/ has
degree�1, [12, Lemma 5.4] gives some positive ı such that supM .1� j nj/ > ı for
all sufficiently large n. This being the case, the sequence f.rn; .An;  n/g meets all of
the conditions for Theorem 1.5. Theorem 1.5 provides the set of closed integral curves
of v for Theorem 1.4.

4.2 Proof of Proposition 4.3: Existence

This part of the proof establishes the existence of at least one solution to (4-1), this with
s!�1 limit equal to u � cI .r/ with u a smooth map from M to S1 . As the reader
will see, the arguments given in what follows are analogs for R�M of arguments
from Section 2.4 that prove Proposition 2.8.

To start the existence proof, introduce as before .AI ;  I /. Here AI is a trivial connec-
tion on IC and  I is AI covariantly constant. Moreover, DAI

 I D0 and  |
I
� I D ia.
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Thus, the constant map s ! dI .s/ D .AI ,  I / satisfies the version of (4-1) where
the right hand side has � and y� equal to zero and i$K absent. A solution to (4-1)
is obtained from a section over R�M of the bundle iT�M ˚S˚ iR over R�M .
To say more, introduce b0 D .b0; �0; 0/ to denote the fixed point to (2-5) with norm
kb0k � c0r�1=2 . The desired triple .c; &; �/ 2 C1.R�M I iT�M ˚S˚ iR/ must
have limit zero as s!˙1 and solve

@

@s
cC t 0cC�dc � d� � 2�1=2r1=2eT . I

|�& C &|� I /� r1=2eT &|�& ��0b

�
i

2
r�1=2

y�� 2�1=2r1=2eT�.�0
|�& C &|��0/� r1=2�.1��/�0

|��0 D 0;

@

@s
& CDAI

& C 21=2r1=2eT .cl.c/ I C� I /C 21=2r1=2eT .cl.c/& C�&/

��0�0C 21=2r1=2�.cl.c/�0C cl.b0/�C��0/C 21=2r1=2�.1��/cl.b0/�0 D 0;

@

@s
�C�d � c � 2�=2r1=2eT .&| I � I

|&/D 0:

(4-2)

In this last equation and in what follows, d denotes the exterior derivative along the
M factor in R�M . Also, T 0 and �0 denote the respective derivatives of T and �.
Here is one further constraint on .c; &; �/: Let

(4-3) �.s; �/D 21=2r1=2

Z s

0

eT .t/�.t; �/dt :

The function � must have a limit as s!˙1 as a smooth function on M . Granted
that such is the case, let �C denote the s ! 1 limit of � . Then the pair .A;  /
with the connection A D AI C 2�=2r1=2et .�b0 C c/ � d.� � �C/ and the spinor
 D e���C. I C ��0 C &// solves (4-1) and has the required limits as s ! ˙1.
This understood, the plan for what follows is to find a triple .c; &; �/ that obeys (4-2)
and whose version of � has the desired properties.

To find .c; &; �/, introduce the Hilbert space completion of the space of compactly
supported elements in C1.R�M I iT�M ˚S˚ iR/ using the norm whose square
gives the function

(4-4) h!khkX
2
D

Z
R

e2T

Z
M

 
j
@

@s
hj2CjrI hj2C

1

4
re2T
jhj2

!
:

This Hilbert space is denoted by X in what follows. A solution to (4-2) is found in X
using a contraction mapping argument much like that used to prove Proposition 2.8.
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To set the stage for this contraction mapping business, introduce L to denote the
completion of the space of compactly supported elements in C1.R�M I iT�M ˚

S˚ iR/ using the norm whose square is defined by

(4-5) khkL
2
D

Z
R

e2T

Z
M

jhj2:

Next, introduce the operator DW X! L that sends hD .c; &; �/ to the element with
respective iT�M;S and iR components

@

@s
cC t 0cC�dc � d� � 2�1=2r1=2eT . I

|�& C &|� I /;

@

@s
& CDAI

& C 21=2r1=2eT .cl.c/ I C� I /;

@

@s
�C�d � c � 2�1=2r1=2eT .&| I � I

|&/:

(4-6)

Note that D can be written as D D @
@s
CLsCT 0

Q
T�M , where the notation uses Ls

to denote the version of (3-1) that has .A;  /D .AI ;  I / and r replaced by re2T .s/ .
Meanwhile,

Q
T�M denotes the fiberwise projection from the bundle iT�M ˚S˚ iR

to iT�M .

Lemma 4.4 There exists r� > 1 such that for r � r� , the operator D is Fredholm
with index zero. Moreover, kDhkL � khkX .

Proof of Lemma 4.4 The proof follows from [12, (5.23)] with some integration by
parts.

Lemma 4.4 guarantees that D is invertible when r � r� .

One more lemma is required for the set up, this the following weighted version of a
dimension 4 Sobolev inequality. Its proof is straightforward and so omitted.

Lemma 4.5 Suppose that r � 1. Let .h; h0/! h� h0 denote a given homomorphism
from the bundle ˝2.iT�M˚S˚iR/jM to .iT�M˚S˚iR/jM . The homomorphism
.h; h0/! eT h0 over R�M induces a smooth, bilinear map from X˚X to L whose
norm obeys keT h� h0/kL � c0khkX

2 .

Granted these last two lemmas, it follows that what is written in (4-2) defines a smooth
map from X to L. Write this map as h!DhCr1=2eT h�hC2r1=2�h0�h�r�1==2vX ,
and it then follows that the solutions to (4-2) in X constitute the fixed point set of the
self map

(4-7) h! TX.h/DD�1.r�1=2vX� r1=2�h0 � h� r1=2eT h� h/:
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To see that TX has a fixed point for large r , reintroduce the norm k � kH that is defined
by (2-6). By design, the fixed point h0 D .b0; �0; 0/ to (2-5) obeys kh0kH � c0r�1=2 .
It then follows from (2-8) that the L4 norm on M of h0 is bounded by c0r�5=8 .
Meanwhile, that of h on any given slice fsg�M �R�M is bounded by r�1=8khjskH .
As a consequence, vX and h0 � h obey

(4-8) kvXkL � c0.ky�kLC r�1=4/ and k�h0 � hkL � c0r�3=4
khkX

when r is large. It then follows from Lemma 4.4 and Lemma 4.5 that

(4-9) kTX.h/kX � c0.r
�1=2
ky�kLC r�1=4

khkXC r1=2
keT h� hkL/:

As a consequence, the map TX on the ball in X of radius R D 4c0
�1
ky�kLr�1=2

obeys

(4-10) kTX.h/kX �
1

4
r�1=2R.1C 4c0.r

�1=4
CR//:

This understood, there exists r0 > 1; "0 > 0 and R0 > 0 such that TX maps the ball of
radius R0r�1=2 to itself when r > r0 and when ky�kL� "0 . A very similar calculation
proves that the constants r0 and "0 can be chosen so that TX maps this ball to itself
as a contraction mapping when r > r0 and ky�kL < "0 . The contraction mapping
theorem finds a unique fixed point of TX in the ball of radius R0r�1=2 for such r and
y�. Very much standard elliptic regularity arguments using the equation in (4-2) prove
that this fixed point is a smooth section of iT�M ˚S˚ iR over R�M . Note for
later reference that the elliptic regularity assertions are of the following sort.

There exists an r –independent constant � > 0 and, given r � 1 and
integers k , n � 0, there exists ck;n;r , with the following significance:
Let B � R �M denote a ball of radius � and let B0 � B denote the
concentric ball of radius 1

2
� as defined with the product metric. Let h

denote a solution to (4-2) on B . Then

(4-11) sup
x2B0

ˇ̌̌̌
dn

dsn
.rI /

kh

ˇ̌̌̌2
� ck;n;r e.nCk/T .p/

Z
B

e2T

�ˇ̌̌ @
@s

h
ˇ̌̌2
CjrI hj2Cjhj2

�
:

As is explained shortly, the existence of the desired s!˙1 limits of (4-3)’s function
� follows from the next lemma.

Lemma 4.6 There exists � > 0 and "0 > 0, and given " 2 .0; "0/, there exists r" � 1,
and these have the following significance: Suppose that r � r" and s0 > 2 Let h D

.c; &; �/ denote a smooth solution to (4-2) on either the half cylinder .�1;�s0��M ,
or on the half cylinder Œs0;1/�M . Suppose in addition that jhj< ". Then
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� lims!�1exp.�r1=2jsj/jhj is finite in the case when h is defined on .�1;�s0��

M ,

� lims!1 exp.�r1=2es/jhj is finite in the case when h is defined on Œs0;1/�M .

What with (4-11) and this exponential decay, it follows that derivatives of h to any
given order decay at an exponential rate as s!�1 with rate constant proportional
to r1=2 and it decays as s!1 as exp.��r1=2es/. For example, such is the case for
the solution found in the previous subsection. Thus, the function � that is defined in
(4-3) limits as s!˙1 in the C1 topology to a smooth function on M . In the case
when h is the solution to (4-2) found in the previous subsection, the second item of the
lemma plus (4-11) proves that the function � in (4-3) also has a limit as s!1 in the
C1 topology on the space of smooth functions on M .

Proof of Lemma 4.6 To prove the first item, let L denote the version of (1-7) that
is defined by .AI C 21=2r1=2b0;  I C �0/. It is a consequence of [12, Lemma 5.4]
that L has no zero eigenvalue on L2.M I iT�M ˚S˚ iR/. Indeed it follows from
this lemma that kLbk2 � .1� c0r�3=2/kbkH for any b 2H . Thus, all eigenvalues of
L have absolute value greater than 1

4
r1=2 when r is large. Let …C denote the L2

orthogonal projection on M onto the span of those eigenvectors of L that have positive
eigenvalue. Let …� D .1�…C/. Let h˙.s/D k…˙hjsk2 .

Fix " > 0 and suppose that s0 > 0 and that h is a solution to (4-2) such that jhj � "
where s < �s0 . It then follows as a consequence of (4-2) that the functions h˙ on
.�1;�s0/ obey

d

ds
hCC

1

4
r1=2hC � c0"

1=2.hCC h�/ and(4-12)

d

ds
h��

1

4
r1=2h� � �c0"r

1=2.hCC h�/:

Taking linear combinations of these two equations results in the following conclusion:
There exist r –independent constants c1 > 0 and c2 such that if " < c1 , then h� D

hC� c2"h� obeys

(4-13)
d

ds
h�C

1

8
r�1=2h� � 0:

Integrating this last equation finds that

(4-14) h�.s/� er1=2.s0�s/=8h�.s
0/ for any s � s0 < s0:

Since h˙.s/! have bounded absolute value as s!�1, this last equation requires
that h�.s/� 0 for all s � s� . This says that hC � c2"h� for s � s" . Granted the latter,

Geometry & Topology, Volume 13 (2009)



1392 Clifford Henry Taubes

it follows from the right most equation in (4-14) that there exists c0
1
> 0 such that when

" < c1
0 , then

(4-15)
d

ds
h��

1

8
r�1=2h� � 0 where s � s0:

Integrating (4-15) finds that h�.s/ � er1=2.s�s0/=8h�.s
0/ when s � s0 . Thus, h�.s/

limits to zero at an exponential rate as s!�1, and since hC � c2"h� , this is true
for hC also.

Consider next the story for the second item. Thus, assume now that h is a solution to
(4-2) on Œs0;1/�M with jhj< ". To study this case, let Ls denote the operator that
is defined by the version of (1-7) that has re2s replacing r and .AI ;  I / for the pair
of connection and section of S . In addition, take T and S equal to zero. Let …sC

and …s� denote the respective projections to the span of the eigenvectors of Ls with
positive and negative eigenvalues.

Lemma 4.7 The operators …s˙ on L2.M I iT�M ˚S˚R/ vary in a real analytic
fashion as a function of s ; and the norm of d

ds
…s˙ has an r and s independent bound.

This lemma is proved shortly.

With Lemma 4.7 in hand, let h˙.s/D k…s˙hjsk2 . These functions are defined on the
half line Œs0;1/ where they obey the following analogs of (4-13):

(4-16)

d

ds
hCC

1

4
r1=2eshC � c0."r

1=2es
C 1/.hCC h�/ and

d

ds
h��

1

4
r1=2esh� � �c0."r

1=2es
C 1/.hCC h�/:

Note that the extra factor of c0.hC C h�/ that appears on the right hand side of
each inequality comes from s–derivatives of …s˙ courtesy of Lemma 4.7. With the
preceding understood, change variables from s to t D es . Doing so makes (4-16) look
like a version of (4-12) when r1=2es > 1=". This understood, the arguments that are
used for (4-12) can be used here with the roles of hC and h� reversed to prove the
second item of the lemma.

Proof of Lemma 4.7 The fact that …sC varies in a real analytic fashion follows from
the results in Kato [5, Chapter 7] given that the arguments in [12, Section 5e] prove
that Ls has no eigenvalues with absolute value less than 1

4
r1=2es . The bound on the

norm of the derivative follows by writing …sC as a contour integral using its resolvent:

(4-17) …sC D
1

2� i

Z
C

1

z�Ls
dz
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where the contour C � C is the path that starts at .1; i r1=2es/ and moves with
constant imaginary part to .0; i r1=2es/, then crosses the real axis to .0;�i r1=2es/ and
then moves with constant imaginary part to .1;�i r1=2es/. The derivative of …sC is
thus given by the contour integral

(4-18)
d

ds
…sC D

1

2� i

Z
C

1

z�Ls

d

ds
Ls

1

z�Ls
dz:

Now, the derivative of Ls is an endomorphism of iT�M ˚S˚ iR with norm bounded
by c0r1=2es . Meanwhile, the operator norm of .z �Ls/

�1 at a point .x;˙i r1=2es/

on the contour is bounded by .xC r1=2es/�1=2 . Thus, the integral along the horizontal
parts of the contour in (4-18) define an operator with norm bounded by

(4-19) c0

Z 1
0

r1=2es

.xC r1=2es/2
dx;

which has an r and s independent bound. The operator norm of .z �Ls/
�1 along

the vertical part of the contour in (4-18) is bounded by c0r�1=2e�s since there are no
eigenvalues of Ls whose eigenvalue has absolute value less than 1

4
r1=2es . Given this

bound, it then follows that the vertical part of the contour integral in (4-18) defines an
operator whose norm has an r and s independent upper bound.

The r –independence of the sign that is associated to this solution follows from with a
proof that the linearization of (4-2) at the solution h has just trivial kernel and cokernel
when r is large. The latter fact follows from the contraction mapping construction of
h. Indeed, an element in the kernel of the linearization of (4-2) at h is in the kernel of
the differential of the map TX at h, and this differential has trivial kernel because TX

is a contraction at h.

4.3 Proof of Proposition 4.3: Uniqueness

The uniqueness assertion in Proposition 4.3 is proved with the help of the following.

Proposition 4.8 Given " > 0, there exists r" > 1 with the following significance:
Suppose that r � r" and that s! d.s/D .A;  D .˛; ˇ// is a solution to (4-1). Then

.1� j˛j2/1=2CjˇjC r�1=2

�ˇ̌̌ d

ds
˛
ˇ̌̌
Cjr˛j

�
C r�1

�ˇ̌̌ @2

@s2
˛
ˇ̌̌
C

ˇ̌̌ @
@s
r˛
ˇ̌̌
C

ˇ̌̌
r
@

@s
˛
ˇ̌̌
Cjr

2˛j

�
< ";

(4-20)

at all points in R�M .
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A proof of this proposition is given shortly, so assume it to be true so as to complete
the proof of Proposition 4.3.

The proof of the uniqueness assertion in Proposition 4.3 uses Proposition 4.8 to obtain
a solution to (4-2) from a solution to (4-1). This first step in the proof invokes some
conclusions from the next lemma. To set the stage for this lemma, suppose that I �R
is either all of R, or .�1; s1�, or Œs1;1/, with s1 2R.

Lemma 4.9 There exists � > 4, and given " 2 .0; ��1/, there exists r" > 1 with the
following significance: Suppose that r � r" and that s! d.s/D .A;  / satisfies the
first two equations in (4-1) on I �M . Also assume that (4-20) holds on I �M . Then
there exist the following.

� A subset I 0 � I that is equal to R when I DR and is a half-line otherwise,
� A solution, hD .c; &; �/2C1.I 0�M I iT�M˚S˚iR/ to (4-2) on I 0�M with
jhj��" and such that the pairs .AIC21=2r1=2eT .�b0Cc��ds/;  IC��0C&/

and .A;  / of connection on the trivial bundle over I 0 �M and section over
I 0 �M of SI are gauge equivalent.

Proof of Lemma 4.9 Since ˛ ¤ 0 on I �M , there exists a map yuW I �M ! S1

with the property that yu˛ D j˛jIC . It then follows that A� yu�1d yu� .yu�1 @
@s
yu/ds D

AICyaCya0ds , where ya is the imaginary part of the C–valued 1–form ˛�1r˛ and ya0 is
the imaginary part of the C–valued function ˛�1 @

@s
˛ . Write yaD21=2r1=2eT .�b0Cb/,

write  D  I C��0C �, and write ya0 D 21=2r1=2eT � . Then the triple bD .b; �; �/

obeys jbj � c0". In addition, the top two equations in (4-2) are obeyed with b replacing
h. To obtain h as described by the lemma, consider an additional gauge transformation
of the form ex where xW I �M ! iR. Write u D exyu and use u and .A;  / to
define the triple hD .c; &; �/ as in the lemma. Thus,

c D b� 2�1=2r�1=2e�T dx;

& D .ex
� 1/. I C��0/C ex� and

� D � � 2�1=2r�1=2e�T @

@s
x:

(4-21)

Note that the top two equations in (4-2) are still obeyed by h. The bottom equation in
(4-2) is obeyed if x obeys an equation with the form

(4-22) �
@2

@s2
xCT 0

@

@s
xC d � dxC 2re2T xC

@

@s
� C d � bC re2T}.x/D 0

where }.�/ at each point in I �M is a smooth function on .�c0; c0/ � R with the
property that j}.t/j�c0.t

2Cj�j/ and j. d
dt
}/.t/j�c0t at any given point in I�M . The
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desired bound jhj��" is obeyed if x solves (4-22) and jxjCr�1=2e�T .j @
@s

xjCjdxj/�

c0". The existence of the desired solution can be derived using 4–dimensional analogs
of the arguments that proved Lemma 2.11. There is nothing tricky about this, and so
the details are left to the reader.

Given Proposition 4.8, use Lemma 4.9 to deduce the following: Given " > 0, there
exists r" > 0 such that any solution to an r > r" version of (4-1) supplies a solution,
h, to (4-2) with jhj < ". Use Lemma 4.6 to deduce that h is in the Hilbert space X.
Granted that h is in X, if it has small norm, it will have to be the solution to (4-2)
from Section 4.2. Thus, it is a fixed point of the map TX that is depicted in (4-7). This
being the case, (4-9) implies that

(4-23) khkX � c0.r
�1=2
ky�kLC r�1=4

khkXC r1=2
keT h� hkL/:

Since jhj< ", this last inequality implies that

(4-24) khkX � 2c0.r
�1=2
ky�kLC r1=2"keT hkL/

when r > c0 . Meanwhile, it follows from (4-4) and (4-5) that keT hkL � 2r�1=2khkX
and so (4-24) implies that

(4-25) khkX � 2c0r�1=2
ky�kLC 4c0"khkX:

Thus, if "� .4c0/
�1 , then h will lie inside the ball in X where TX acts as a contraction

mapping. In this event, h is the solution from Section 4.2.

5 The proofs of Proposition 4.8 and Proposition 2.9

The proof of Proposition 4.8 is given first, as many of the estimates and techniques
used in the latter are then applied with only minor modifications to prove Proposition
2.9. The proof of Proposition 2.9 appears in the final subsection.

The proof of Proposition 4.8 invokes a set of a priori bounds for any solution s !

.A.s/;  .s// to (4-1). The first such bound is the analog for R�M of what is stated
in Lemma 1.6.

Lemma 5.1 There exists a constant, � > 1 such that if r � � and if .A;  / is a
solution to (4-1), then

j˛j � 1C �r�1e�2T

jˇj2 � �r�1e�2T
ˇ̌̌
1� j˛j2

ˇ̌̌
C �r�2e�4T :
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The next a priori bound concerns the curvature of the connection A. This proposition
refers to the functional a that is depicted in (1-4).

Proposition 5.2 There exists a constant �� > 1 with the following significance:
Suppose that r � �� and that s ! d.s/ D .A;  / is a solution to (4-1). Then
j
@
@s

AjC jBAj � ��e
2T r .

The last of the required results asserts a part of Proposition 4.8.

Proposition 5.3 Let .A;  / and �� be as described in Proposition 5.2. Given ı > 0,
there exists rı>�� such that if r > rı and .A;  / is a solution to (4-1), then 1�j˛j2� ı .

Lemma 5.1 is proved in Section 5.2. The proofs of Proposition 5.2 and Proposition 5.3
occupy the remainder of Section 5. First up is the proof of Proposition 5.2 for points
where s � �2, and then comes the proof of Proposition 5.3 for points where s � �1.
Next is the proof of Proposition 5.2 for points where s ��1; the latter starts in Section
5.7. This is followed by the proof of Proposition 5.3 for points where s � �1.

Note that Proposition 5.3 has the following implication: Let a denote the functional
that is depicted in (1-4). If c� > 0 has been fixed, if r is sufficiently large, and
if s ! d.s/ D .A;  / is a solution to (4-1) with lims!�1 a.d.s// � c�r

2 , then
lims!1 d.s/D cI .r/. Note in this regard that (4-10) implies that a.cI .r//� c0r�1=2 .

5.1 Proof of Proposition 4.8 given Lemma 5.1, Proposition 5.2 and Propo-
sition 5.3

Needed are upper bounds for the derivatives of ˛ up through second order. These
are obtained using a scaling argument of the sort used for the proof of Proposition
4.2 in [10]. To elaborate, the bound is proved by rescaling Gaussian coordinates
centered at a given point p 2 R �M so that the ball of radius r�1=2e�T .p/ has
radius 1 with respect to the Euclidean metric for the new coordinates. When the pair
.A;  / are pulled back to R4 by this scaling map, the equations in the first two lines
of (4-1) appear with coefficients that are either independent of r, or are bounded by
c0r�1=2e�T .p/ . By virtue of Lemma 5.1, the pull-back of  is uniformly bounded.
Meanwhile, Proposition 5.2 guarantees that the curvature of the pull-back of A is also
uniformly bounded, and thus so is A after an appropriate gauge transformation. This
being the case, standard elliptic regularity arguments guarantee the following: Fix
R� 1, " > 0 and k 2 f0; 1; 2; : : :g and there exists r.R; "; k/ > 1 that is independent
of p , r and .A;  / and has the following significance: If r > r.R; "; k/, the pull back
of .A;  / via the composition of the Gaussian coordinate chart map and the rescaling
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map has C k distance " or less in the radius R ball centered at the origin in R4 to a
pair, .A0;  0 D .˛0; 0//, defined on all of R4 , and obeying:

(5-1)

x@0˛0 D 0

j˛0j � 1

PCF0 D
1

2
.1� j˛0j

2/!0

jP�F0j � c:

Here, R4 is written as C2 , the connection A0 is a type 1� 1 connection, and x@0 is
the d –bar operator that is defined by A0 . Meanwhile, F0 is the curvature 2–form of
A0 , P˙ are the self-dual and anti-self dual projections for ^2T �R4 with respect to
the standard metric, and !0 D dx1 ^ dx2C dx3 ^ dx4 . The constant c that appears
in the final item of (5-1) is twice the constant �� from Proposition 5.2.

Note that (5-1) does not assume the conclusions of Proposition 5.3. When Proposition
5.3 is assumed, then it is also the case that

(5-2) 1� ı � j˛0j:

Granted that the pull-back of .A;  / by the rescaling map is close to .A0;  0/, then
Proposition 4.8 follows with a proof that j˛0j D 1 and that ˛0 is A0 –covariantly
constant when both (5-1) and (5-2) hold. Indeed, these conclusions are valid, then the
covariant derivatives of the rescaled ˛ at the origin are small. This last statement gives
what is required by Proposition 4.8 by rescaling to the original Gaussian coordinates.

Given what was just said, the next lemma supplies what is needed to finish the proof of
Proposition 4.8.

Lemma 5.4 Suppose that ı < 1 and .A0; ˛0/ obeys (5-1) and (5-2). Then j˛0j D 1

and ˛0 is A0 –covariantly constant.

Proof of Lemma 5.4 Note that as ˛0 is nowhere zero, it is gauge equivalent on R4

to a map to C that is everywhere real and positive, thus, e�u for some function u.
Note that u� 0 since j˛0j � 1. By virtue of the third equation in (5-1), the function u

obeys

(5-3) �uD 1� e�2u;

where �D
P

jD1;:::;4
@2

@xj
2 is the Laplacian. By assumption, u is non-negative and

bounded. Note that the maximum principle implies that u > 0 or u is everywhere
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zero. By virtue (5-2), the function u is bounded, and so there exists " > 0 such that
1� e�2u� "u> 0. Thus,

(5-4) �u� "u� 0:

The only bounded solution to this last equation is uD 0. To see that such is the case,
introduce Gx to denote the Green’s function on R4 with pole at x for the operator
��C ". Then Gx is positive, and they decay to 0 on R4 as fast as exp.�1

2
"1=2j � j/.

Multiply both sides of (5-4) by Gx to see that �u.x/� 0.

5.2 Proof of Lemma 5.1

The starting point for the analysis is the second order equation for  that is obtained
from the second equation in (4-1):

(5-5) �
@

@s
 Cr|

r � cl
�
@2

@s2
ACBA

�
 CR D 0:

Here, the covariant derivative r differentiates only along directions tangent to M

and it is defined at a given s 2 R by the connection Ajs . In (5-5), R denotes an
endomorphism of S that is independent of r and .A;  / that is uniformly bounded on
R�M .

What with the first equation in (4-1), the equation in (5-5) implies that

�
1

2

@2

@s2
j j2C d|d j j2C

ˇ̌̌ @
@s
 
ˇ̌̌2
Cjr j2

C re2T .j j4C i | cl.a/ /C |r D 0:

(5-6)

Here, r also denotes an endomorphism of S that is independent of r and .A;  /,
and is uniformly bounded on R �M . Set c� D supR�M jrj, set z D j j2 and set
x D r�1e�2T . Then (5-5) implies that

(5-7) �
1

2

@2

@s2
zC

1

2
d|dzC re2T z.z� 1� c�X /� 0:

As d2

ds2 x D�2T 00xC 4.T 0/2x , so (4-19) implies the following: For any � > cr ,

�
1

2

@2

@s2
.z� 1� �x/C

1

2
d|d.z� 1� �x/C re2T z.z� 1� �x/

�� re2T z.� � c�/xC .4.T
0/2� 2T 00/x:

(5-8)

Granted the preceding, suppose that � � 1Cc� and that r � sup.4.T 0/2�2T 00/. Then
(5-8) precludes a positive, local maximum on R�M for the function .z � 1� �x/.
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By virtue of Lemma 1.6 and the third item in (4-1), there exists c0 such that if � is
also greater than c0 , then .z � 1� �x/ is negative as s!�1. Granted the fourth
item in (4-1), this function also limits to zero as s!C1. Because it can not have a
positive local maximum, it follows that z < 1C �x everywhere on R�M . This last
bound gives the first item in Lemma 5.1.

To obtain the second item in Lemma 5.1, project (5-5) onto the respective IC and K�1

summands in S to obtain second order equations for j˛j2 and jˇj2 . These look much
like what is written in [12, (6.4)] (see [10, (2.3) and (2.4)]) as they have the form

(5-9)

�
1

2

@2

@s2
j˛j2C

1

2
d|d j˛j2C

ˇ̌̌ @
@s
˛
ˇ̌̌2
Cjr˛j2� re2T .1� j˛j2� jˇj2/j˛j2

C r0.˛; ˇ/C r1.˛;r
0ˇ/C r2j˛j

2
D 0:

�
1

2

@2

@s2
jˇj2C

1

2
d|d jˇj2C

ˇ̌̌ @
@s
ˇ
ˇ̌̌2
Cjr

0ˇj2C re2T .1Cj˛j2Cjˇj2/jˇj2

C r00jˇj
2
C r01.ˇ;r˛//C r02.˛; ˇ/D 0:

Here, r2 and r 0
2

have support where s � 2. Introduce w D .1� j˛j2/, and note that
the top equation in (5-9) implies that w obeys the inequality

�
1

2

@2

@s2
wC

1

2
d|dwC re2Tw

�

�ˇ̌̌ @
@s
˛
ˇ̌̌2
Cjr˛j2C re2T .w2

Cjˇj2j˛j2/

�
C .j˛j2Cjr 0ˇj2/� 0:

(5-10)

Arguing as in the derivation of (5-8), this last equation plus the lower equation in (5-7)
implies the following: There are constants c0 and c1 that are independent of r and
.A;  / and are such that the function uD jˇj2� c0r�1e�2Tw� c1r�2e�4T obeys

(5-11) �
1

2

@2

@s2
uC

1

2
d|duC

1

2
re2T u� 0:

The argument is essentially that given to prove in [10, Proposition 2.3].

To apply this last equation, fix a smooth, non-negative function, � , on R that is equal
to 1 on Œ�1; 1� and vanishes where jsj � 2. For R � 1, define �R in R�M by the
rule �R.s/D �.R

�1s/. Let uCW R�M ! Œ0;1/ denote the maximum of u and 0.
Note that the a priori bound on j j given previously implies that uC � 2 if r is large.
Multiply both sides of (5-11) by �R and integrate over the support of uC . Integration
by parts finds that

(5-12) �
1

2
R�2

Z
R�M

�
d2

ds2
�R

�
uCC

1

2
r

Z
R�M

�Re2T uC � 0:
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Now, the integrand of the left most integral in (5-12) is supported where R� jsj � 2R,
and its integrand is bounded by 2 supR j

d2

ds2� j. As a consequence, the left most integral
in (5-12) is bounded in absolute value by c0R�1 . Taking R ever larger proves that
uC must vanish. This then proves the second assertion of the lemma.

5.3 Norm bounds on Œ�6;1/�M

The first step to a proof of Proposition 5.2 gives weighted L2 bounds on R�M for
.1� j˛j2/, ˇ , and covariant derivatives of ˛ and ˇ .

Lemma 5.5 There exists a constant � � 1 with the following significance: Suppose
that r � � and that .A;  / is a solution to (4-1). ThenZ

R�M

e2s

�ˇ̌̌ @
@s
˛
ˇ̌̌2
Cjr˛j2C re2T .1�j˛j2/2

�
� �r�1;

Z
R�M

e2s

�ˇ̌̌ @
@s
ˇ
ˇ̌̌2
Cjr

0ˇj2C
1

4
re2T
jˇj2

�
� �r�1:

Proof of Lemma 5.5

The proof given here modifies an argument from [6]. To start, multiply both sides of
the lower equation in (5-9) by e2s and integrate over R�M . Lemma 4.6 guarantees
that this integral is absolutely convergent, and that it is permissible to integrate by parts
so as to obtain an identity of the formZ

R�M

e2s

�ˇ̌̌ @
@s
ˇ
ˇ̌̌2
Cjr

0ˇj2C
1

4
re2T
jˇ2
j

�

� r�1

 
1C

Z
R�M

e2s�2T
jr˛j2

!
;

(5-13)

when r is larger than some .A;  / independent constant. Save this equation.

Introduce the differential form ! D e2s.ds^aC�a/. This is a closed, exact self-dual
2–form on R�M ; it is the exterior derivative of the 1–form 1

2
e2sa. Also introduce

FA to denote the 2–form ds^ @
@s

AC�BA on R�M . This is also a closed 2–form on
R�M ; it is the curvature 2–form of the connection A when the latter is viewed as a
connection on the trivial line bundle over R�M . Let dA denote the covariant exterior
derivative on this trivial line bundle as defined by the connection A on R�M .
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Now define the 2–form

(5-14) } D dA˛^ dA x̨ C .1� j˛j
2/FA:

This 2–form is closed. Moreover, it follows from Lemma 5.1 and from Lemma 4.6 that
ekT j}j is bounded on R�M for any k > 0. This being the case, the 4–form ! ^}

is integrable over R�M . It also follows that the integral is zero since } is closed and
! is the exterior derivative of 1

2
e2sa.

To see what to make of this, introduce @A D 1
2
.dAC ie�2s � .! ^ dA//; this operator

sends a given section over R�M of the relevant line bundle to one of the bundle’s
tensor product with T �C.R�M /. The conjugate, x@A D 1

2
.dA� ie�2s � .! ^ dA//, is

the d –bar operator for the almost complex structure that is defined using the product
metric and the self-dual 2–form e�2s! . Granted this notation, then the vanishing of
the integral of ! ^} is equivalent to the assertion thatZ

R�M

e2s
�
j@A˛j

2
�jx@A˛j

2
C re2T ..1� j˛j2/2C .1� j˛j2/jˇj2/

�
D

Z
R�M

e2s.1�j˛j2/ha; 2��C y�i:

(5-15)

Here, the notation h ; i denotes the inner product that is defined by the metric on
M . Since the second equation in (4-1) writes x@A˛ in terms of @Aˇ , and since y�
has compact support, this last equation with (5-13) implies the first of Lemma 5.5’s
inequalities. The first inequality in Lemma 5.5 with (5-13) implies the second.

5.4 L1
2 bounds for BA over Œ�6; 6��M

The next step towards a proof of Proposition 5.2 establishes a preliminary bound for the
L2 norm of BA over the portion of R�M where �6� s � 6. Here is the required
L2 bound.

Lemma 5.6 There exists a constant � > 1 such that if r � � , and if .A;  / is a
solution to (4-1), then

R
Œ�6;6��M

jBAj
2 � �r .

Proof of Lemma 5.6 Let fe�g�C1.M IT�M / denote a complete, L2 –orthonormal
basis of eigenvectors of �d on the subspace of co-closed 1–forms. Thus, �de� D ��e�
where �� 2R. For each index � , introduce the function s! b�.s/ on R by the rule

(5-16) b� D

Z
fsg�M

e� ^�BA:
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The top equation in (4-1) finds this function obeying the equation

(5-17)
d

ds
b� C��b� Dw� ;

where w� js is defined to be the inner product on fsg �M between e� and the section
of iT�M over R�M that is defined by mD �d Œre2T . |�k � ia/C i�.�d�C

$K /C i y��. The equation in (5-17) can be integrated so as to give

(5-18)

b�.s/D�e���s

1Z
s

e�� tw�.t/dt when �� < �1:

b�.s/D�e���s

sZ
�1

e�� tw�.t/dt when �� > 1:

It follows from Lemma 5.5 that these integrals are well defined; this is because

(5-19) jmC 2i re2T aj � c0.1C re2T .j˛jjˇjC jˇj2Cjr˛jC jr 0ˇj//:

In particular, (5-18) implies that

(5-20)

jb�.s/j
2
� j�� C 1j�1

1Z
s

e�2t
jw�.t/j

2dt when �� < �1;

jb�.s/j
2
� j�� � 1j�1

sZ
�1

e2t
jw�.t/j

2dt when �� > 1I

and so (5-19), (5-20) with Lemma 5.1 give the bound

(5-21)
X
�0

jb�.s/j
2
� c0r when s 2 Œ�6; 6�:

Here, the prime on the summation sign is meant to indicate that the sum is restricted to
the eigenvectors whose eigenvalue has absolute value greater than 1.

To obtain bounds for the remainder of BA , introduce now dA to denote the covariant,
exterior derivative along the constant s slices of R�M as defined by the connection
A. Thus, �BAj˛j

2 D x̨dAr˛ . Granted this, write

b�.s/D

Z
fsg�M

e� ^�BA

D

Z
fsg�M

e� ^�BA.1� j˛j
2/C

Z
fsg�M

e� ^ x̨dArA˛:

(5-22)
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Now integrate by parts in the right most integral to obtain the bound

(5-23) jb�.s/j � c�.kBAjsjj2jj.1� j˛j
2/jsjj2Cjjr˛jsjj2Cjjr˛jsjj2

2/:

Here, c� depends on the eigenvector e� ; but a uniform upper bound exists if j�� j � 1.

Meanwhile, by virtue of Lemma 5.5, there exist s 2 Œ�6; 6� where jj.1� j˛j2/jsjj2 �
c0r�1 and jjr˛jsjj2 � c0r�1=2 . For such s ,

(5-24) jb�.s/j � c0r�1
jjBAjsjj2C c0r�1=2 when j�� j � 1:

This last estimate plus (5-21) finds s 2 Œ�6; 6� where jjBAjsjj2 � c0r1=2 and

(5-25) jb�.s/j � c0r�1=2 when j�� j � 1:

To finish the story, fix some point in Œ�6; 6� where (5-25) holds, and integrate (5-16)
from that point using (5-25) and Lemma 5.5 to conclude that

(5-26) jb�.s/j � c0

 
1C r�1

 Z
Œ�6;6��M

jBAj
2

!1=2!
;

at all values of s 2 Œ�6; 6�. Equations (5-26) and (5-21) imply the lemma’s claim.

The L2 bound for BA over the cylinder Œ�6; 6��M can be coupled with what is said
in Lemma 5.6 to obtain an L2

1
bound for BA over Œ�5; 5��M .

Lemma 5.7 There exists � � 1 such that if r � � and if .A;  / is a solution to (4-1),
then

R
Œ�5;5��M

.j @
@s

BAj
2CjrBAj

2/� �r .

Proof of Lemma 5.7 Let � here denote a smooth, non-negative function with compact
support on Œ�6; 6� with value 1 on Œ�5; 5�. As dA �BA D 0, so (5-16) implies thatZ

Œ�6;6��M

�
�2
ˇ̌̌ @
@s

BA

ˇ̌̌2
C �2

jdBAj
2
C �2

jd �BAj
2
� 2� 0�hBA;�dBAi

�

D

Z
Œ�6;6��M

�2
jmj2:

(5-27)

This plus the bounds in Lemma 5.5 for the L2 norm of m and the bound in Lemma
5.6 for the L2 norm of BA imply what is claimed by the lemma.
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5.5 Proof of Proposition 5.2’s assertion for points in Œ�2 ;1/�M

The assertions of the proposition on Œ�2;1/�M follow from the next lemma.

Lemma 5.8 There exists � > 1 such that if r > � and if .A;  / is a solution to (4-1),
thenˇ̌̌ @

@s
ACBA

ˇ̌̌
� re2T .1� j˛j2/C � and

ˇ̌̌ @
@s

A�BAj � re2T .1� j˛j2/C �

at all points where s � �2.

Proof of Lemma 5.8 The bound for j @
@s

ACBAj follows directly from what is written
on the top line of (4-1). The proof of the asserted bound for j @

@s
A�BAj is a modification

of an argument from [6]. The proof for this bound is given here in four steps.

Step 1 It proves useful to introduce as notation F�D
@
@s

A�BA and FCD
@
@s

ACBA .
Both F� and FC are sections over R�M of iT�M ; they are obtained from the
2–form FADds^ @

@s
AC�BA by contracting the respective anti-self dual and self-dual

parts of the latter form with the vector field @
@s

. Note in this regard that FA is the
curvature 2–form for the connection A when the latter is viewed as a connection for
the trivial bundle over R�M . The fact that FA is a closed 2–form is equivalent to
the pair of equations

(5-28)
@

@s
F�C�dF� D

@

@s
FC��dFC and d �F� D d �FC:

Here, d again denotes the exterior derivative along the constant s slices of R�M .
Note that the right hand sides of both of the equations in (5-28) can be written in terms
of  using the first two lines in (4-1). Doing so, and then differentiating the preceding
equations using appropriate combinations of partial derivatives gives a second order
equation for e�2T F� . The latter equation implies a differential inequality for the
function q� D e�2T j

@
@s

A�BAj that has the form�
�@2@s2

C d|d
�
q�C 2re2T

j˛j2q�

� c0q�C rzC 2r

�ˇ̌̌ @
@s
˛
ˇ̌̌2
Cjr˛j2C

ˇ̌̌ @
@s
ˇ
ˇ̌̌2
Cjr

0ˇj2
�
:

(5-29)

Here z has support where s � c0 ; and z� c0 in any event. This equation implies the
following lemma.

Lemma 5.9 There exist � > 1 and positive constants �1 , �2 and �3 such that if
r � � and if .A;  / is a solution to (4-1), then q0 Dmax.q�C�1r jˇj2� .r C�2/w�
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�3e�2T ; 0/ obeys

(5-30)
�
�
@2

@s2
C d|d

�
q0C 2re2T

j˛j2q0 � c0.q0C rw2/:

Proof of Lemma 5.9 By virtue of (5-10), x1 D q�� .r C c/w obeys�
�
@2

@s2
C d|d

�
x1C 2re2T

j˛j2x1

� c0x1C c0.r C c/wCC rc0C 3r

�ˇ̌̌ @
@s
ˇ
ˇ̌̌2
Cjr

0ˇj2
�
� cjr˛j2:

(5-31)

Here, wC D max.w; 0/. Set x2 D x1C 4r jˇj2 ; given the bottom equation in (5-9),
x2 obeys

(5-32)
�
�
@2

@s2
C d|d

�
x2C 2re2T

j˛j2x2 � c0x2C c0.r C c/wCC rc0

when c � c0 and r � c0 . Now let x3 D x2� e�2T c0 . Then this function obeys�
�
@2

@s2
C d|d

�
x3C 2re2T

j˛j2x3

� c0.x3C rwC/C rc0.1C c0=r/� 2r j˛j2c0:

(5-33)

When r � c0 . Now, take c0 > c0.1C c0=r/ so that the right hand side of (5-33) is no
greater than

c0.x3C rwC/C rc0.1C c0=r/.1� j˛j2/� r j˛j2c0

� c0x3C rc0.2C c0=r/wC� r j˛j2c0:
(5-34)

If it is also the case that c0 � c0.2C c0=r/, then the right most two terms in (5-34) are
no greater than rc0.2C c0=r/.wC � j˛j

2/. Since wC � j˛j2 � w2
C � w

2 , the claim
follows.

Step 2 This step bounds q0 on the cylinder Œ�4; 4��M .

Lemma 5.10 There exists a constant, � > 1, such that when r � � and .A;  / is a
solution to (4-1), then q0 � �r1=2 at points in Œ�4; 4��M .

Proof of Lemma 5.10 Fix a smooth function, �W Œ0;1/! Œ0; 1� that equals 1 on
Œ0; 1

4
� and vanishes on Œ1

2
;1/. For p 2R�M , set �p D �.dist.�;p//. Meanwhile let

Gp denote the Green’s function for the operator .� @2

@s2 C d|d/ with pole at p . Note
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in particular that jGpj � c0.1C dist.�;p//�2 . Take p 2 Œ�4; 4��M , multiply both
sides of (5-30) by �pGp and integrate. A judicious integration by parts finds that

(5-35) q0jp � c0r1=2
C c0

Z
Œ�5;5��M

dist.p; �/�2.q0C rw2/:

Here, Lemma 5.6 has been invoked to bound the L2 norm of q0 on the support of
d�p . Note next that it follows from Lemma 5.6 and Lemma 5.7 that the L2 norm
over Œ�5; 5��M of the function dist.p; �/�1q� is finite, and bounded by c0r1=2 . As
a consequence of this and Lemma 5.5, the size of the integral on the right hand side of
(5-35) is less than c0r1=2 .

Step 3 Fix a smooth function, � W R! Œ0; 1� that vanishes where s � �2:75 and is
equal to 1 where s � �2:5. The function �q0 has support where s � �3 and it obeys
the inequality �

�
@2

@s2
C d � d

�
.�q0/C re2T

j˛j2.�q0/

� c0.�q0C r�w2/� � 00q0� 2� 0
@

@s
q0

(5-36)

when r � c0 . Equation (5-36) is used to bound the L1 norm of e2T �q0 ; this done
as follows: First, introduce z to denote the supremum of r�1�q0 . Now, divide both
sides of (5-36) by r and integrate to find that

(5-37)
Z

R�M

e2T �q0 � c0

Z
R�M

e2T �q0wCc0

 Z
Œ�3;1/�M

w2
C r�1=2

!
:

Here, Lemma 5.10 is used to obtain a bound of c0r1=2 for the absolute value of the
integral of q0 over the region where � 00 is non-zero. Equation (5-37) with Lemma 5.5
implies that

(5-38)
Z

R�M

e2T �q0 � c0 sup.j�q0j
1=2/

 Z
R�M

e2T �q0

!1=2

r�1
C c0r�1=2:

Since sup.�q0/D rz , this then implies that

(5-39)
Z

R�M

e2T �q0 � c0.r
�1zC r�1=2/:
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Step 4 Let p 2 Œ�2;1/�M . Multiply both sides of (5-36) by �pGp and integrate.
Since � D 1 on the domain of �p , what with Lemma 5.5 and (5-39), the resulting
equation implies that

�q0jp � c0

 
zr

Z
dist.�;p/�1

dist.�;p/�2wCC r

Z
dist.�;p/�1

dist.�;p/�2w2

!

� c0e�2T .z.1C ln r/C 1/

(5-40)

when r � c0 . A similar argument for the case when p 2 Œ�3;�1� �M using also
Lemma 5.10 finds that

(5-41) �q0jp � c0.z.1C ln.r//C r1=2/:

Together, (5-40) and (5-41) imply that z � c0r�1=2 . Granted that such is the case, then
(5-40) implies the assertion made in Proposition 5.2 where s � �2.

5.6 Proof of Proposition 5.3 at points in Œ�1;1/�M

Suppose that p 2R�M , that c � 0 is a given constant, and that j @
@s

AjCjBAj � cr on
the ball of radius 1

2
centered at p . Rescale a Gaussian coordinate system centered at

p so that the ball of radius r�1=2e�T is mapped to the ball of radius 1, centered at the
origin in R4 . As argued just prior to (5-1), given R� 1, " > 0 and k 2 f0; 1; 2; : : :g,
there exists r.R; "; k; c/ > 1 that is independent of p , r and .A;  / and has the
following significance: If r > r.R; "; k; c/, then the pull back of .A;  / via the
composition of the Gaussian coordinate chart map and the rescaling map will have
C k distance " or less in the radius R ball centered at the origin in R4 to a pair,
.A0;  0 D .˛0; 0//, that is defined on all of R4 and obeys (5-1). As the norm of
the curvature of A0 is uniformly bounded, the absolute value of the A0 –covariant
derivative of ˛0 is bounded by some c–dependent constant, c0.c/. Rescaling back to
the original Gaussian coordinates gives jr˛j � c0.c/r

1=2eT .p/ at p .

Now, suppose that ı > 0, that p 2 Œ�1;1/ �M , and that 1 � j˛j2 > ı at p . As
Proposition 5.2 holds on Œ�2;1/�M , the preceding bound for jr˛j holds near p ,
and so it follows that there exits c0 > 1 that is independent of p , r , and .A;  / such
that when r � c0 , then 1�j˛j2> 1

2
ı in the ball of radius c0r�1=2e�T .p/ centered at p .

This implies that the ball of radius r�1=2e�T .p/ centered at p contributes c�1
0
ı2r�1 to

the first integral in Lemma 5.5. As a consequence, there is a set of at most Nı D c0ı
�2

disjoint balls in Œ�1:5;1/ �M with the following two properties: Let U denote
any given ball from this set and p its center point. Then U has radius r�1=2e�T .p/ .
Second, .1� j˛j2/ is greater than ı at p .
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To see that there are no points in Œ�1:5;1/ �M where 1 � j˛j2 > ı when r is
large, suppose to the contrary p 2 Œ�1:5;1/�M is such a point. Fix R� 4Nı and
"2 .0; 1

100
ı/. Suppose that r � r.R; "; 0/. Pull back .A;  / as described in the opening

paragraph using a Gaussian coordinate system centered at p . Then the pull-back of ˛
is within " of ˛0 where .A0; ˛0/ obeys (5-1) on R4 . Moreover, 1�j˛0j

2 > 3
4
ı at the

origin but 1� j˛0j
2 < 1

4
ı on a sphere of radius 1 or more centered at the origin. As

explained next, this is not possible.

To see why no such .A0; ˛0/ exists, suppose first that j˛0j > 0 in the interior of the
sphere in question. Then there is a gauge transformation that renders ˛0 as e�u with
u� 0 a smooth solution to (5-3) on the interior of the sphere. Note that u is smaller at
all points on the boundary than it is at the origin. This being the case, u must have
a local maximum in the interior of the ball. However, the maximum principle with
(5-3) rules out such a point. Meanwhile, if ˛0 D 0 in the ball, then its zero locus is
non-empty, and so a complex analytic curve. In particular, the zero locus can’t be
compact and so must intersect the boundary of the ball.

5.7 The behavior of a.A;  / on fsg �M for s 2 Œ�1; 0�

The proof of Proposition 5.2 for points in .�1;�2��M starts here by saying somewhat
more about the .A;  / on Œ�2; 0��M . The discussion that follows refers to the version
of a that appears in (1-4). With s 2 .�1; 0/ given, set ajs to equal a.A.s/,  .s//
when .A;  / is a solution to (4-1).

Lemma 5.11 There exists a constant, � � 1, with the following significance: Suppose
that r � � and that .A;  / is a solution to (4-1). Then

R 0
�1 jajsjds � �r1=2 .

Proof of Lemma 5.11 The conclusions of Proposition 5.3 where s ��1 assert that
the section ˛ of IC has norm very near 1 on the whole of Œ�1;1/�M when r > c0 .
As a consequence, there is a smooth map, uW Œ�1;1/�M!S1 such that u˛Dj˛j1C .
Meanwhile, A�u�1du can be written as AI Cya on Œ�1;1/�M with

(5-42) jyaj � j˛j�1
jr˛j:

It follows from the fourth point in (4-1) that u is homotopically trivial. Since the map
u is null-homotopic, the function a has the same value on .A.s/;  .s// as it does
on the pair .AI C ya; .j˛j1C;uˇ//. This understood, it follows from (5-42), Lemma
5.5 and Lemma 5.8 that

R 0
�1 jcsjsj � c0r�1=2 . It also follows from these results thatR 0

�1 je�jsj � c0 . Meanwhile, integrating by parts finds

(5-43)
Z

Œ�1;0��M

jEjsj � 2

Z
Œ�1;0��M

jyaj � c0r�1=2:
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Here, the right most inequality follows using (5-42) with Lemma 5.5. Thus, the term
with r E in (1-4) contributes at most c0r1=2 to the integral of jajsj. Finally, the integrand
for the right most term in (1-4) is bounded by the integral of c0.jˇjC jr˛jC jrˇj/.
As a consequence, Lemma 5.1 and Lemma 5.5 imply that the integral from �1 to 0 of
the absolute value of right most term in (1-4) is also bounded by c0r1=2 .

5.8 L2 bounds for @
@s

A and @
@s
 

The statement of these bounds uses

(5-44) B.A; / D BA� r. |�k � ia/� i.�d�C$K /:

The next lemma says something about the L2 norms of @
@s

A, B.A; / , @
@s
 and DA .

Lemma 5.12 There exists � � 1 such that if r � � and if .A;  / is a solution to (4-1)
with s!�1 limit equal to c , thenZ
.�1;�1=2��M

�ˇ̌̌ @
@s

A
ˇ̌̌2
CjB.A; /j

2
C 2r

�ˇ̌̌ @
@s
 
ˇ̌̌2
CjDA j

2

��
� a.c/C �r1=2:

Proof of Lemma 5.12 Fix R� 1 and a point t 2 .�R; 0/. The top two equations in
(4-1) imply the integral identityZ

Œ�R;t ��M

�ˇ̌̌ @
@s

A
ˇ̌̌2
CjB.A; /j

2
C 2r

�ˇ̌̌ @
@s
 
ˇ̌̌2
CjDA j

2

��

D�

tZ
�R

d

ds
.as/D a�R � at :

(5-45)

By virtue of the third point in (4-1), the R!1 limit in (5-45) can be taken and doing
so finds

(5-46)
Z

.�1;t ��M

�ˇ̌̌ @
@s

A
ˇ̌̌2
CjB.A; /j

2
C2r

�ˇ̌̌ @
@s
 
ˇ̌̌2
CjDA j

2

��
� a.c/� ajt :

Meanwhile, Lemma 5.11 guarantees points in Œ�1
2
; 0� where jajt j � c0r1=2 . Take t in

(5-46) to be such a point and the claim in Lemma 5.12 follows directly.
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5.9 Proof of Proposition 5.2 for points in .�1;�1��M

The first step here is to obtain a local L2 bound for BA . This is the part of the proof
that assumes something about the s!�1 limit of a..A;  //. To set things up, let
I � .�1;�1=2� denote a compact interval. The bound given in Lemma 5.12 is going
to be used in what follows to derive L2 bounds for BA and r on I �M . To do so,
use the Bochner–Weitzenboch formula for the Dirac operator to writeZ

fsg�M

.jB.A; /j
2
C2r jDA j

2/

D

Z
fsg�M

�
jBAj

2
Cr2
j |� �iaj2C 2r.jr j2C |R /

�
C 2i

Z
fsg�M

.BA�r. |� �ia//^ d�

� 2i r

Z
fsg�M

. |� �ia/^�$K � 2r E.A.s//:

(5-47)

Here, R is an endomorphism of SI that is independent of r and .A;  /. As can be
seen from this last equation, bounds on the integral over I �M of jBAj

2 , jr j2 and
j |� � iaj2 will follow from the bound given in Lemma 5.12 together with a suitable
bound for E . In any event, it follows from Lemma 5.12 and (5-47) that

(5-48)
Z

Œs;sC1��M

�
jBAj

2
Cr2
j |� �iaj2C 2r.jr j2C |R /

�
� c0.c�C 1/r2

when lims!�1 a..A;  //� c�r
2 . This last equation gives the desired L2 bound for

BA . Note in this regard that it is always the case that such a bound exists for the
s!�1 limit of a. Indeed, this follows from (1-6) with Proposition 1.10.

To continue with the proof of Proposition 5.2, repeat the argument that led to Lemma
5.9 to deduce the existence of r and .A;  / independent constants � > 1 and �1�3

such that when r � � and .A;  / is a solution to (4-1), then

(5-49) q0 Dmax
�ˇ̌̌ @
@s

A�BA

ˇ̌̌
C �1r jˇj2� .r C �2/w� �3; 0

�
obeys the T D 0 version of (5-30) where s � 0. For the sake of argument, assume
that q0 > 10r on .�1; 0� �M . It then follows from Lemma 5.8 and the s � �1

version of Proposition 5.3 that q0 takes on its maximum on .�1;�1��M if r � c0 .
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Let p a point where this is the case. Let s0 be such that the support of �p lies in
Œs0� 1; s0C 1��M . Multiply both sides of (5-30) by �pGp , integrate the result, and
integration by parts finds

q0jp � c0

Z
R�M

q0wC�pdist.p; �/�2

C c0r

Z
R�M

w2�pdist.p; �/�2
C c0

 Z
Œs0�1;s0C1��M

q0
2

!1=2

:

(5-50)

By virtue of (5-48), the right most integral in (5-50) is bounded by c0.1C c/r . The
middle integral on the right hand side of (5-50) is also bounded by c0r . To make
something of the left most integral, fix � > 0 and divide the integration domain into
the part where the distance from p is greater than � , and the complementary part. The
contribution from the former is no greater than an r –independent multiple of j ln �j1=2

times the L2 norm of q0 over Œs0 � 1; s0 C 1��M . The part where dist.p; �/ � �
contributes at most c0�

2q0jp . This is because q0jp is the maximum value for q0 . Take
� so that this last contribution is equal to 1

2
q0jp to obtain the bound asserted by the

lemma.

5.10 Proof of Proposition 5.3 for points in .�1;�1��M

To start, reintroduce on R �M the closed 2–forms ! D e2s.ds ^ a C �a/ and
FAD ds^ @

@s
AC�BA ; and reintroduce dA to denote the covariant, exterior derivative

on the trivial bundle over R�M that is defined by the connection A.

Fix an increasing function � W Œ0;1/! Œ0; 1� that has value 0 on Œ0; 1
2
� and equals 1

on Œ1;1/. Write � 0 for the derivative of � . Use �ı to denote the function on R�M

given by �.ı�1.1� j˛j2//. Likewise, use � 0
ı

to denote � 0.ı�1.1� j˛j2//. With all of
this notation set, let

(5-51) }ı D ı
�1� 0ıdA˛^ dA x̨ C �ıFA:

This is a closed 2–form on R�M . The s � �1 version of Proposition 5.3 implies
that this form has support where s < �1 when r is large. It is also the case that j}ıj
is bounded on R�M by c0ı

�1r ; this a consequence of Lemma 1.6 and Lemma 1.7.

Granted what was just said, it follows that j! ^}ıj is integrable on R�M , and thus
so is the 4–form ! ^}ı . Moreover, because j}ıj is bounded and s is bounded from
above on its support, an integration by parts can be employed to verify that the integral
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of ! ^}ı over R�M is zero. The vanishing of the integral of ! ^} asserts thatZ
R�M

e2s
�
ı�1� 0ı.j@A˛j

2
� jx@A˛j

2/

C re2T �ı.1� j˛j
2
Cjˇj2�r�1e�2T

ha; 2��C y�i/
�
D 0:

(5-52)

Two auxiliary results are needed in order to make something from (5-52). These are
stated in the next lemma.

Lemma 5.13 There exists � > 0, and given c � 1 and ı > 0, there exist constants
rı � 1 and �ı > 0; and these have the following significance: Suppose that r � rı and
that .A;  / is a solution to (4-1) such that j @

@s
AjC jBAj � cre2t . Then

jx@A˛j � �:

Let �ı denote the integral over R�M of e2se2T �ı and let �0
ı

denote the integral
over R�M of e2s�ı=2 . Then �0

ı
< �ı�ı .

This lemma is proved shortly.

Granted that it is true, note first that its assumptions are implied by Lemma 5.1 and
Proposition 5.2. This understood, then (5-14) implies that

(5-53) .��ı�
2ı�1

C rı.1� r�1ı�1c0//�ı < 0:

When r > rı . It follows from this last inequality that there exists r 0ı � rı such that
�ı D 0 when r > r 0ı . Of course, this implies what is asserted by Proposition 5.3.

Proof of Lemma 5.13 The second equation in (4-1) equates x@A˛ to a linear combi-
nation of covariant derivatives of ˇ . This understood, the first item follows with an
appropriate bound for j @

@s
ˇjC jr 0ˇj. To obtain the latter and to prove the second item,

fix a point p 2R�M and a Gaussian coordinate system centered at p . Rescale the
Gaussian coordinate as done in Section 5.1 so that the ball of radius r�1=2e�T .p/ in
the original coordinates has radius 1 in the rescaled coordinates. Fix R� 1, " > 0, and
k 2 f0; 1; 2; : : :g and reintroduce r.R"; k/ from this same subsection. As in Section
5.1, if r > r.R; "; k/, there exists .A0; .˛0; 0// with the following two properties: First,
A0 and ˛0 are defined on all of R4 where they obey (5-1). Second, .A0; .˛0; 0// has
distance less than " in the C k topology on the ball of radius R about the origin in R4

to the pull-back of .A; .˛; ˇ// via the composition of the Gaussian coordinate chart
map and the rescaling map.
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Let ˇr denote the pull-back of ˇ , now viewed as a complex number valued function
on the ball of radius R in R4 by using the Gaussian coordinates to trivialize the bundle
K . This understood, the pull-back of (5-5) implies an equation for ˇr in the ball of
radius 1 about the origin in R4 that has the form

(5-54) ��ˇr C

X
jD1;:::;4

Rj
@

@xj
ˇr CR.ˇr /C r�1R0 D 0;

where fjRj jgjD1;:::;4 , jR0j and jR0j are all bounded by c0c . Granted that ˇ�c0r�1=2 ,
it is a straightforward matter to use the Green’s function for the Laplacian � to see
that j @

@xj
ˇr j � c0cr�1=2 . The rescaled version of this last bound implies the first item

of the lemma.

Now consider the second item in the proposition. Its proof requires a related assertion
about solutions to (5-1).

Lemma 5.14 Given c > 0 and ı 2 .0; 1/, there exits Rı � 2 and �ı � 1 with the
following significance: Suppose that .A0; ˛0/ satisfies (5-1) on R4 . Let V denote
the volume of the subset of the ball about the origin in R4 with radius Rı where
.1� j˛j2/ > ı ; and let V 0 denote the volume of the subset of the concentric ball of
radius 1

2
Rı where ı > .1� j˛j2/� 1

2
ı . Then V 0 � �ıV .

Proof of Lemma 5.14 Suppose that ı is fixed, as is R � 2. Let .A0; ˛0/ obey the
stated conditions. Suppose, for the sake of the argument, that V 0 > 0. There are
two cases to consider. In the first case, there exists x 2 R4 with jxj � 3

4
R where

1�j˛j2> 2ı . Under the stated conditions, there is an a priori upper bound for the norm
of the covariant derivative of ˛ at each point in R4 . This bound depend on the constant
c in (5-1); in any event, let c� denote a bound with c� � 1. Then 1� j˛j2 > ı in the
ball of radius 1

2
ıc�1
� centered at x , and so V is no less than c0c�4

� ı4 . Meanwhile, V 0

is no greater than the volume of a radius 1
2
R ball in R4 , thus no greater than c0R4 .

This implies that the conclusions of the lemma hold with �ı D c0c
�4q
� ı�4R4 .

The second possibility is that .1� j˛j2/ < 2ı at all points in the ball of radius 3
4
R

ball centered on the origin in R4 . To see what this implies, recall that there is a
gauge transformation in this ball such that takes ˛ to e�u , with u a positive function.
Moreover, as u� 1

2
j ln.1� 2ı/j, there exists "ı such that 1� e�2u� "ıq � 0 in this

radius 3
4
R ball. The function u also obeys the equation �uD 1� e�2u , and so this

means that �u� "ıu� 0 in the radius 3
4
R ball centered on the origin. It then follows

using the comparison principle that

(5-55) ujx �
1

2
j ln.1� 2ı/j exp

�
�"

1=2

ı

�3

4
R� jxj

��
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at all points with jxj � 3
4
R. Note that this is not compatible with the assumption

V 0 ¤ 0 if R�Rı D 8"
�1=2

ı
ln.1� 2ı/= ln.1� 1

2
ı/.

To continue the proof of Lemma 5.13, fix R D Rı as given in Lemma 5.14, and
fix a set, ƒ, of balls in R �M with the following properties: First, each ball in
ƒ has radius 1

4
Rr�1=2 and center where ı � .1 � j˛j2/ � 1

2
ı . Second, distinct

balls from ƒ are disjoint. Third, ƒ is maximal amongst all sets that satisfy the first
two criteria. For each ball U� � ƒ, let U 0 denote the concentric ball with radius
1
2
Rr�1=2 , and let U denote the concentric ball with radius Rr�1=2 . When r is large

(as determined solely by ı/, the set [ƒU 0 covers the set of points in R�M where
ı � .1� j˛j2/� 1

2
ı . This follows by virtue of the fact that ƒ is maximal. Note that

there is an r , .A;  / and ı independent bound to the number of distinct versions of U

that can simultaneously intersect. Granted this, it follows from Lemma 5.14 that there
exists rı that is independent of .A;  / and is such that if r � rı , then the volume of
the set of points in R�M where ı � 1� j˛j2 � 1

2
ı is bounded by an r and .A;  /

independent multiple of the volume of the subset in R�M where 1� j˛j2 � ı .

5.11 Proof of Proposition 2.9

The key to the proof that B.r/ is non-empty when r is large is the proof of the following
assertion.

Proposition 5.15 There exists rI� > rI with the following significance: Suppose that
r � rI . If p 2 � is sufficiently small, then the .r; gD e�C p/ version of the moduli
space M�D1.c; cI / is empty when c is a non-degenerate solution to (1-3).

This proposition implies that ı.cI Cw/ can not vanish if w lacks the generator cI .
Indeed, were this class to vanish, then there would exist a class z of degree 1 such that
ızD cI Cw this is because the Seiberg–Witten Floer homology is assumed to vanish.
This is impossible if there are no instantons with s!1 limit equal to cI .

Proof of Proposition 5.15 It is enough to prove that M�D1.�; cI / is empty for the
pD0 case. Indeed, if this is true, then some very minor modifications to the compactness
arguments from [7, Chapter 16] forbid a non-empty version of M�D1.�; cI / when p is
non-zero but has small norm. The proof of the pD 0 version of Proposition 5.15 has
four steps.

Step 1 Suppose that c and c0 are non-degenerate solutions to (1-3) and that the moduli
space M�.c; c

0/¤∅. Let dD .A;  / 2M�.c; c
0/.
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The arguments that lead to the conclusions of Lemma 5.1 work here to prove that
j˛j2 � 1C �r�1 and jˇj2 � �r�1.1� j˛j2/C �r�2 . Indeed, simply set T D 1 in the
proof of Lemma 5.1 given in Section 5.1 and use Lemma 1.6 to control the large jsj
behavior of j˛j and jˇj.

Step 2 The first point to make is that ja.c/ � a.c0/j � c0r2 . Indeed, this follows
from (1-6) with Proposition 1.10 since the degree of c is � less than the degree of c0 .
The next point is that (5-46) holds in this case, but now where t 2 R is allowed. In
particular, taking t !1 finds that

(5-56)
Z

R�M

�ˇ̌̌ @
@s

A
ˇ̌̌2
CjB.A; /j

2
C 2r

�ˇ̌̌ @
@s
 
ˇ̌̌2
CjDA j

2

��
� c0r2

since ja.c/� a.c0/j � c0r2 . It is also the case that (5-47) holds, where now s can have
any value in R. This understood, it follows from (5-56) that (5-48) holds with c� < c0

for any s 2R.

The arguments used to prove Lemma 5.9 can be repeated once again to find r and
.A;  / independent constants � > 1 and �1�3 such that when r � � , then q0 as defined
in (5-49) obeys (5-50). Since limjsj!1 q0 � c0r , the argument used at the end of
Section 5.9 to finish the proof of Proposition 5.2 work just as well in the present context
to prove that q0 � c0r on the whole of R�M . Here is an immediate consequence.

Lemma 5.16 Given � 2 Z, there is a constant � > 1 with the following significance:
Suppose that c and c0 are non-degenerate solutions to (1-3) and that .A;  / 2M�.c; c

0/

is a solution to the r and gD e� version of (1-10). Then j @
@s

AjC jBAj � ��r .

Step 3 Now specialize to the case where c0 D cI .r/. Fix ı > 0 and reintroduce the
function �ı from Section 5.10 and the 2–form }ı from (5-51). There exists rı > rI

such that when r > rı , then the function s has an upper bound on the support of
}ı . This is the case for any choice of c and for any .A;  / 2M.c; cI .r//. Let
! D e2s.ds^aC�a/ as in Section 5.10. Then !^}ı is integrable when r > rı , and
the integration by parts can be performed to see that its integral is zero. This implies
that (5-52) holds with T and y� set to zero and with � identically equal to 1.

The following analog of what is claimed by Lemma 5.13 is needed to exploit this new
version of (5-52).

Lemma 5.17 Given �2Z and ı >0, there exists rı> rI and �ı>0 with the following
significance: Suppose that r � rı , that c is a non-degenerate solution to (1-3), and that
the pair .A;  / is in the r and gD e� version of M�.c; cI .r//. Then

jx@A˛j � �:
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Let �ı denote the integral over R�M of e2s�ı and let �ı 0 denote the integral over
R�M of e2s�ı=2 . Then �ı 0 < �ı�ı .

Proof of Lemma 5.17 Given what is said by Lemma 5.14, the proof of this lemma is
essentially identical to that of Lemma 5.13.

With Lemma 5.17 in hand, then (5-53) is also true in this case, as is its conclusion, that
�ı D 0 when r > r 0

ı
, where r 0

ı
is independent of c and of .A;  / 2M�.c; cI /.

Step 4 To complete the argument, fix some small, but positive ı and take � D 1

to define r 0
ı

as in the previous step. Suppose that r > rı , that c D .A;  D .˛; ˇ//

is a solution to (1-3) and that M�D1.c; cI .r// ¤ ∅. It then must be the case that
1� j˛j2 < ı at all points in M . If ı is sufficiently small, this and Lemma 1.6 imply
via the uniqueness assertion of Proposition 2.8 that cD u � cI .r/ with u a smooth map
from M to S1 . But this isn’t possible as the spectral flow between c and cI .r/ is
assumed equal to 1 while the spectral flow between any gauge transform of cI .r/ and
cI .r/ is an even number.

References
[1] C Abbas, K Cieliebak, H Hofer, The Weinstein conjecture for planar contact struc-

tures in dimension three, Comment. Math. Helv. 80 (2005) 771–793 MR2182700

[2] S K Donaldson, Floer homology groups in Yang–Mills theory, Cambridge Tracts in
Mathematics 147, Cambridge University Press, Cambridge (2002) MR1883043 With
the assistance of M Furuta and D Kotschick

[3] Y Eliashberg, Contact 3–manifolds twenty years since J Martinet’s work, Ann. Inst.
Fourier .Grenoble/ 42 (1992) 165–192 MR1162559

[4] H Hofer, Pseudoholomorphic curves in symplectizations with applications to the Wein-
stein conjecture in dimension three, Invent. Math. 114 (1993) 515–563 MR1244912

[5] T Kato, Perturbation theory for linear operators, Die Grundlehren der mathematischen
Wissenschaften, Band 132, Springer New York, New York (1966) MR0203473

[6] P B Kronheimer, T S Mrowka, Monopoles and contact structures, Invent. Math. 130
(1997) 209–255 MR1474156

[7] P B Kronheimer, T S Mrowka, Monopoles and three-manifolds, New Mathematical
Monographs 10, Cambridge University Press, Cambridge (2007) MR2388043

[8] G Meng, C H Taubes, SW and Milnor torsion, Math. Res. Lett. 3 (1996) 661–674
MR1418579

[9] T Mrowka, Y Rollin, Legendrian knots and monopoles, Algebr. Geom. Topol. 6 (2006)
1–69 MR2199446

Geometry & Topology, Volume 13 (2009)



The Seiberg–Witten equations and the Weinstein conjecture II 1417

[10] C H Taubes, SW ) Gr : From Seiberg–Witten equations to pseudo-holomorphic
curves in Seiberg Witten and Gromov invariants for symplectic 4–manifolds, Interna-
tional Press, Somerville MA (2005)

[11] C H Taubes, Asymptotic spectral flow for Dirac operators, Comm. Anal. Geom. 15
(2007) 569–587 MR2379805

[12] C H Taubes, The Seiberg-Witten equations and the Weinstein conjecture, Geom. Topol.
11 (2007) 2117–2202 MR2350473

Department of Mathematics, Harvard University
Cambridge, MA 02138, USA

chtaubes@math.harvard.edu

Proposed: Tom Mrowka Received: 22 April 2007
Seconded: Yasha Eliashberg, Ron Stern Revised: 24 November 2008

Geometry & Topology, Volume 13 (2009)




