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Floer homology of cotangent bundles and the loop product

ALBERTO ABBONDANDOLO
MATTHIAS SCHWARZ

We prove that the pair-of-pants product on the Floer homology of the cotangent
bundle of a compact manifold M corresponds to the Chas—Sullivan loop product
on the singular homology of the loop space of M . We also prove related results
concerning the Floer homological interpretation of the Pontrjagin product and of
the Serre fibration. The techniques include a Fredholm theory for Cauchy—Riemann
operators with jumping Lagrangian boundary conditions of conormal type, and a new
cobordism argument replacing the standard gluing technique.

53D40, 57TR58; 55N45

Introduction

Let M be a closed manifold, and let H be a time-dependent smooth Hamiltonian on
T* M , the cotangent bundle of M . We assume that H is 1—periodic in time and grows
asymptotically quadratically on each fiber. Generically, the corresponding Hamiltonian
system

(0-1) x'(t) = X (t,x(1))

has a discrete set ?(H) of 1—periodic orbits. The free abelian group Fy(H) generated
by the elements in P(H), graded by their Conley—Zehnder index, supports a chain
complex, the Floer complex (Fyx(H),d). The boundary operator d is defined by
an algebraic count of the maps u from the cylinder R x T to T*M, solving the
Cauchy-Riemann type equation

(0-2)  Osu(s,t) + J(u(s, t))(atu(s, t)—Xg(t,u(s, t))) =0, V(s,t)eRxT,

and converging to two 1—periodic orbits of (0-1) for s — —oo and s — +00. Here
J is the almost-complex structure on 7* M induced by a Riemannian metric on M,
and (0-2) can be seen as the negative L2—gradient equation for the Hamiltonian action
functional.

This construction is due to A Floer (eg [21; 22; 23; 24]) in the case of a closed
symplectic manifold P, in order to prove a conjecture of Arnold on the number of
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1570 Alberto Abbondandolo and Matthias Schwarz

periodic Hamiltonian orbits. The extension to noncompact symplectic manifolds, such
as the cotangent bundles we consider here, requires suitable growth conditions on the
Hamiltonian, such as the convexity assumption used by C Viterbo [52] or the asymptotic
quadratic-growth assumption used by the authors [4]. The Floer complex obviously
depends on the Hamiltonian H, but its homology often does not, so it makes sense to
call this homology the Floer homology of the underlying symplectic manifold P, and
to denote it by HF «(P). The Floer homology of a compact symplectic manifold P
without boundary is isomorphic to the singular homology of P, as proved by A Floer
for special classes of symplectic manifolds, and later extended to larger and larger
classes by several authors (the general case requiring special coefficient rings; see Hofer
and Salamon [31], Liu and Tian [36] and Fukaya and Ono [30]). Unlike the compact
case, the Floer homology of a cotangent bundle 7* M is a truly infinite dimensional
homology theory, being isomorphic to the singular homology of the free loop space
A(M) of M . This fact was first proved by C Viterbo [52] using a generating functions
approach, later by D Salamon and J Weber [44] using the heat flow for curves on a
Riemannian manifold, and then by the authors in [4]. In particular, our proof reduces
the general case to the case of a Hamiltonian which is uniformly convex in the momenta,
and for such a Hamiltonian it constructs an explicit isomorphism between the Floer
complex of H and the Morse complex of the action functional

SL(y) = /T Lty (6. (0)di. y e WY(T, M),

associated to the Lagrangian L which is the Fenchel dual of H. The latter complex is
the standard chain complex associated to the Lagrangian action functional Sy . The
domain of such a functional is the infinite dimensional Hilbert manifold W -2(T, M)
consisting of closed loops of Sobolev class W12 on M, and an important fact is that
the functional Sy, is bounded from below, has critical points with finite Morse index,
satisfies the Palais—Smale condition, and, although in general it is not C?, it admits a
smooth Morse—Smale pseudo-gradient flow. The construction of the Morse complex
in this infinite dimensional setting and the proof that its homology is isomorphic to
the singular homology of the ambient manifold are described by the first author and
Majer [1]. The isomorphism between the Floer and the Morse complex is obtained by
coupling the Cauchy—Riemann type equation on half-cylinders with the gradient flow
equation for the Lagrangian action. We call this the hybrid method.

Since the space W 1:2(T, M) is homotopy equivalent to A(M ), we get the required
isomorphism

~

(0-3) @2 Hy(A(M)) —> HF(T* M),
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Floer homology of cotangent bundles and the loop product 1571

from the singular homology of the free loop space of M to the Floer homology
of T*M .

Additional interesting algebraic structures on the Floer homology of a symplectic
manifold are obtained by considering other Riemann surfaces than the cylinder as
domain for the Cauchy—Riemann type equation (0-2). By considering the pair-of-pants
surface, a noncompact Riemann surface with three cylindrical ends, one obtains the pair-
of-pants product in Floer homology (see the second author’s thesis [46] and McDuff
and Salamon [38]). When the symplectic manifold P is closed and symplectically
aspherical, this product corresponds to the standard cup product from topology, after
identifying the Floer homology of P with its singular cohomology by Poincaré duality,
while when the manifold P can carry J-holomorphic spheres, the pair-of-pants
product corresponds to the quantum cup product of P (see Piunikhin, Salamon and
Schwarz [39] and Liu and Tian [37]).

The main result of this paper is that in the case of cotangent bundles, the pair-of-pants
product is also equivalent to a product on Hy(A(M)) coming from topology, but a
more interesting one than the simple cup product:

Theorem A Let M be a closed oriented manifold. Then the isomorphism ®* in
(0-3) is a ring isomorphism when the Floer homology of T* M is endowed with its
pair-of-pants product, and the homology of the space of free parametrized loops of M
is endowed with its Chas—Sullivan loop product.

The latter is an algebraic structure which was recently discovered by M Chas and
D Sullivan [9], and which is currently having a strong impact in string topology (see
eg Cohen, Hess and Voronov [14] and Sullivan [50]). It is the free loop space version
of the classical Pontrjagin product

#: Hj((M. q0)) ® Hi (M. q0)) = Hj1($2(M. q0))

on the singular homology of the space Q2(M, qo) of loops based at ¢gg. As the Pontrjagin
product, it is induced by concatenation and it can be described in the following way.
Let ®(M) be the subspace of A(M) x A(M) consisting of pairs of parametrized
loops with identical initial point. If M is oriented and n—dimensional, ® (M) is both
a co-oriented n—codimensional submanifold of the Banach manifold A(M) x A(M),
as well as of A(M) itself via the concatenation map I': @(M) — A(M):

(0-4) AM) x A(M) <> O(M) <> A(M).
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1572 Alberto Abbondandolo and Matthias Schwarz

Seen as continuous maps, ¢ and I'" induce homomorphisms ex, I'x in homology. Seen
as n—codimensional co-oriented embeddings, they induce Umkehr maps

er: Hj(A(M) x A(M)) — Hj—n(©(M)),
Fg: H](A(M)) g Hj_n(®(M)).

The loop product is the degree —n product on the homology of the free loop space
of M,
o: Hj(A(M)) ® Hi(A(M)) — Hj1—_n(A(M)),

defined as the composition
Hj(A(M)) @ Hy (A(M)) —> Hj 1k (A(M) x A(M)) => Hj 1 _n(O(M)

T Hjppn(A(M)),

where X is the exterior homology product. The loop product turns out to be associative,
commutative, and to have a unit, namely the image of the fundamental class of M by
the embedding of M into A(M) as the space of constant loops. More information
about the loop product and about its relationship with the Pontrjagin and the intersection
product on M are recalled in Section 1. Similarly, the composition ex o I'y gives a
coproduct of degree —n (for coefficients in a field), corresponding to the pair-of-pants
coproduct on Floer homology. However, it is easy to see that this coproduct is almost
entirely trivial, except for homology classes of dimension 7, so we shall not consider
it in this paper.

Coming back to Theorem A, it is worth noticing that the analogy between the pair-of-
pants product and the loop product is even deeper. Indeed, we may look at the solutions
(x1,x2):[0,1] > T*M x T*M of the following pair of Hamiltonian systems

(0'5) x,](t) :XHl (t,XI(t)), X;(t) :XHZ(Z,XI(I)),
coupled by the nonlocal boundary condition

71(0) = g1 (1) = ¢2(0) = g2 (1),

r1(1) = p1(0) = p2(0) — po(1).
Here we are using the notation x;(t) = (g (¢), pj(¢)), with ¢;(t) € M and p;(t) €
T qj (z)M , for j = 1,2. By studying the corresponding Lagrangian boundary value
Cauchy-Riemann type problem on the strip R x [0, 1], we obtain a chain complex, the

Floer complex for figure—8 loops (F® (H; @ H,), ) on the graded free abelian group
generated by solutions of (0-5)—(0-6). Then we can show that:

(0-6)

(i) The homology of the chain complex (F®(H; @ H,), d) is isomorphic to the
singular homology of ®(M).
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(i1) The pair of pants product factors through the homology of this chain complex.

(iii) The first homomorphism in this factorization corresponds to the homomorphism
ey o x, while the second one corresponds to the homomorphism T.

We also show that similar results hold for the space 2(M, g¢) of loops which are
based at g9 € M . The Hamiltonian problem in this case is Equation (0-1) for x =
(¢, p): [0, 1] > T*M with boundary conditions

q(0) = ¢q(1) = qo.

Since the fiber T, q*OM is a Lagrangian submanifold of 7*M , this is a Lagrangian
intersection problem, and one can associate to it a Floer homology, that we denote by
HF Sf (T*M). On such a Floer homology there is a product

Y& HFS(T* M) @ HFH(T* M) — HF,  (T* M),

which is called the triangle product. Then we can prove the following:

Theorem B Let M be a closed manifold. Then there is a ring isomorphism
O H, (UM, q0)) —> HF(T* M),

where the singular homology of the based loop space 2(M, qq) is endowed with
the Pontrjagin product # and the Floer homology HF iz (T*M) is equipped with the
triangle product.

Actually, every arrow in the commutative diagram from topology

Hj (M) ® Hi(M) — > Hjpk—n(M)
Cx ®c*l lc*
(0-7) Hi(A(M))® Hy(A(M)) ——  Hj 4 j_n(A(M))

iz®i!l li!
Hj_ (M) ® Hy—n(M)) —— H; 120 (M. q0)).

has an equivalent homomorphism in Floer homology. Here e is the intersection product
in singular homology, c is the embedding of M into A(M) by constant loops, and
1y denotes the Umkehr map induced by the n—codimensional co-oriented embedding
i QM) — A(M).

The first step in the proof of the main statements of this paper is to describe objects
and morphisms from algebraic topology in a Morse theoretical way. The way this
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translation is performed is well known in the case of finite dimensional manifolds (see
eg Fukaya [27], Schwarz [45], Betz and Cohen [7], Viterbo [51] and Fukaya [28]).
In the Appendix we outline how these results extend to infinite dimensional Hilbert
manifolds, paying particular attention to the transversality conditions required for each
construction. In Section 2, we specialize the analysis to the action functional associated
to Lagrangians which have quadratic growth in the velocities. See also Cohen [13],
Cohen, Hess and Voronov [14] and Cohen and Schwarz [18].

The core of the paper consists of Section 3 and Section 4. In the former we define
the Floer complexes we are dealing with and the products on their homology. All the
Floer homologies we consider here — for free loops, based loops or figure—8 loops
— are special cases of Floer homology for nonlocal conormal boundary conditions.
Therefore, we unify the presentation by using this level of generality (see our paper
with Portaluri [2]): Given a closed manifold Q, we fix a closed submanifold R of
0O x Q and consider the Hamiltonian orbits x: [0, 1] — T*Q such that (x(0), —x (1))
belongs to the conormal bundle N * R of R, that is to the set of covectors in 7*(Q x Q)
which are based at R and annihilate every vector which is tangent to R. The Floer
homology on 7*Q associated to N*R is denoted by HFR(T* Q). The standard
Floer homology on T* M with periodic boundary conditions corresponds to the choice
QO = M and R = Ay, the diagonal in M x M . Floer homology for based loops (or
Dirichlet boundary conditions) corresponds to choosing Q = M and R to consist of the
point (qg, go). Finally, in Floer homology for figure—8 loops we choose Q = M x M
and R = A(]‘tl), the set of quadruples (¢, ¢, q.q) in M*.

In Section 4, we start by recalling the construction of the isomorphism
5 Ho(PR(Q)) — HF{(T*Q)

where Pg(Q)) is the space of continuous paths y: [0, 1]— Q such that (y(0), y(1))eR.
Then we prove Theorems A and B, as corollaries of chain level results (Theorem 4.4
and Theorem 4.1) involving the Morse complex of the Lagrangian action functional.
In Section 4.6, we complete the picture by showing how the other homomorphisms
which appear in diagram (0-7) can be described in a Floer theoretical way.

The linear Fredholm theory used in these sections is described in Section 5, whereas
Section 6 contains compactness and removal of singularities results, together with the
proofs of three cobordism statements from Section 3 and Section 4.

Some of the proofs are based on standard techniques in Floer homology, and in this
case we just refer to the literature. However, there are a few key points where we need
to introduce some new ideas. We conclude this introduction by briefly describing these
ideas.
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Riemann surfaces as quotients of strips with slits The definition of the pair-of-pants
product requires extending the Cauchy—Riemann type equation (0-2) to the pair-of-pants
surface. The Cauchy—Riemann operator d5 + Jd; naturally extends to any Riemann
surface, by letting it take value into the vector bundle of antilinear one-forms. The zero-
order term —J Xg (¢, u) instead does not have a natural extension when the Riemann
surface does not have a global coordinate z = s +i¢. The standard way to overcome
this difficulty is to make this zero-order term act only on the cylindrical ends of the
pair-of-pants surface — which do have a global coordinate z = s + i ¢ — by multiplying
the Hamiltonian by a cut-off function making it vanish far from the cylindrical ends
(see the second author’s thesis [46] and McDuff and Salamon [38, Section 12.2], but see
also Seidel [47] for a different approach). This construction does not cause problems
when dealing with compact symplectic manifolds as in the above-mentioned reference,
but in the case of the cotangent bundle it would create problems with compactness of
the spaces of solutions. In fact, on one hand cutting off the Hamiltonian destroys the
identity relating the energy of the solution with the oscillation of the action functional,
on the other hand our C®—estimate for the solutions requires coercive Hamiltonians.

We overcome this difficulty by a different — and we believe more natural — way of
extending the zero-order term. We describe the pair-of-pants surface — as well as the
other Riemann surfaces we need to deal with — as the quotient of an infinite strip with a
slit — or more slits in the case of more general Riemann surfaces. At the end of the slit
we use a chart given by the square root map. In this way, the Riemann surface is still
seen as a smooth object, but it carries a global coordinate z = s 4 i¢ with singularities.
This global coordinate allows to extend the zero-order term without cutting off the
Hamiltonian, and preserving the energy identity. See Section 3.2 below.

Cauchy-Riemann operators on strips with jumping boundary conditions When
using the above description for the Riemann surfaces, the problems we are looking at
can be described in a unified way as Cauchy—Riemann type equations on a strip, with
Lagrangian boundary conditions presenting a finite number of jumps. In Section 5 we
develop a complete linear theory for such problems, in the case of Lagrangian boundary
conditions of conormal type. These are the kind of conditions which occur naturally
on cotangent bundles. Once the proper Sobolev setting has been chosen, the proof of
the Fredholm property for such operators is standard. The computation of the index
instead is reduced to a Liouville type statement, proved in Section 5.5.

These linear results have the following consequence. Let Ry, ..., R be submanifolds
of O x Q, such that R;_; and R; intersect cleanly, for every j = 1,... k. Let
—00 =859 < §1 <+ <S8 <Sk41 = +00, and consider the space Jl consisting of
the maps u: R x [0, 1] = T*Q solving the Cauchy—Riemann type equation (0-2),
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satisfying the boundary conditions
(u(s,0),—u(s, 1)) e N*R; Vselsj,sj+1]. Vj=0,... k,

and converging to Hamiltonian orbits x~ and x™ for s — —oo and s — +00. The
results of Section 5 imply that for a generic choice of the Hamiltonian H the space il
is a manifold of dimension

k
dim.t = p®o(x7) — p®r(xT) = ) "(dim R;_; —dim R;_; N R)).
j=1

Here u®o(x™) and pu®* (xT) are the Maslov indices of the Hamiltonian orbits x~
and x T, with boundary conditions (x~(0), —=x~ (1)) € N*Rq, (x1(0), —xT(1)) €
N* Ry, suitably shifted so that in the case of a fiberwise convex Hamiltonian they
coincide with the Morse indices of the corresponding critical points y~ and ¥t of the
Lagrangian action functional on the spaces of paths satisfying (y~(0), y~(1)) € Ry
and (yT(0),y*(1)) € Ry, respectively. Similar formulas hold for problems on the
half-strip. See Section 5.10 for precise statements. Different approaches to jumping
Lagrangian boundary conditions can be found in Ivashkovich and Shevchishin [34], in
Wehrheim and Woodward [56; 58; 57; 55] and in Cieliebak, Ekholm and Latschev [11].

Cobordism arguments The main results of this paper always reduce to the fact
that certain diagrams involving homomorphisms defined either in a Floer or in a
Morse theoretical way should commute up to a chain homotopy. The proof of such
a commutativity is based on cobordism arguments, saying that a given solution of a
certain Problem 1 can be “continued” by a unique one-parameter family of solutions
of a certain Problem 2, and that this family of solutions converges to a solution of a
certain Problem 3. In many situations such a statement can be proved by the classical
gluing argument in Floer theory: One finds the one-parameter family of solutions
of Problem 2 by using the given solution of Problem 1 to construct an approximate
solution, to be used as the starting point of a Newton iteration scheme which converges
to a true solution. When this is the case, we just refer to the literature. However, we
encounter three situations in which the standard arguments do not apply, one reason
being that we face a Problem 2 involving a Riemann surface whose conformal structure
is varying with the parameter: this occurs when proving that the pair-of-pants product
factorizes through the figure—8 Floer homology (Section 3.4), that the Pontrjagin
product corresponds to the triangle product (Section 4.2), and that the homomorphism
e) o X corresponds to its Floer homological counterpart (Section 4.4). We manage to
reduce the former two statements to the standard implicit function theorem (see Section
6.3 and Section 6.4). The proof of the latter statement is more involved, because in
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this case the solution of Problem 2 we are looking for cannot be expected to be even
C°—close to the solution of Problem 1 we start with. We overcome this difficulty by the
following algebraic observation: In order to prove that two chain maps ¢, : C — C’
are chain homotopic, it suffices to find a chain homotopy between the chain maps ¢ ® ¥
and ¥ ® ¢, and to find an element € € Cy and a chain map § from the complex C’ to
the trivial complex (Z, 0) such that §(¢(€)) = §(¥(€)) = 1 (see Lemma 4.6 below).
In our situation, the chain homotopy between ¢ ® ¢ and ¥ ® ¢ is easier to find, by
using a localization argument and the implicit function theorem (see Section 6.5). This
argument is somehow reminiscent of an alternative way suggested by H Hofer to prove
standard gluing results in Floer homology. The construction of the element € and of
the chain map § is presented in Section 4.4, together with the proof of the required
algebraic identity. This is done by considering special Hamiltonian systems having a
hyperbolic equilibrium point.

The main results of this paper were announced in our paper [3]. Related results
concerning the equivariant loop product and its interpretation in the symplectic field
theory of unit cotangent bundles have been announced by Cieliebak and Latschev [12].
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1 The Pontrjagin and the loop products

1.1 The Pontrjagin product

Given a topological space M and a point gg € M , we denote by Q(M, gg) the space
of loops on M based at g, that is

QM. o) := {y € C%(T, M) | y(0) = g0},

endowed with the compact-open topology. Here T = R/Z is the circle parameterized
by the interval [0, 1]. The concatenation

y1(21) for0<t<1/2,

T y2)0) = {y2(2t— 1) forl/2<r<1,
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maps Q(M, qo) x (M, g¢) continuously into (M, g¢). The constant loop g is a
homotopy unit for I, meaning that the maps y — I'(qo,y) and y — I'(y,qo) are
homotopic to the identity map. Moreover, I" is homotopy associative, meaning that
I'o(I' xid) and I" o (id x I") are homotopic. Therefore, I defines the structure of an
H —space on Q2(M, q9).

We denote by H the singular homology functor with integer coefficients. The compo-
sition

Hy (M. q0)) ® Hy (M. qo)) —> Hy 41 (M. go) x M. q0))
D Hy (M. q0))

where the first arrow is the exterior homology product, is by definition the Pontrjagin
product

#: Hj(S2(M. q0)) ® Hi(S2(M. q0)) — H;j 1 (S2(M. q0)).

The fact that go is a homotopy unit for I implies that [go] € Ho(2(M, q¢)) is the
identity element for the Pontrjagin product. The fact that I" is homotopy associative
implies that the Pontrjagin product is associative. Therefore, the product # makes the
singular homology of Q(M, q¢) a graded ring. In general, it is a noncommutative
graded ring. See for instance tom Dieck, Kamps and Puppe [19] for more information
on H —spaces and the Pontrjagin product.

1.2 The Chas—Sullivan loop product

We denote by A(M) := C%(T, M) the space of free loops on M . Under the as-
sumption that M is an oriented n—dimensional manifold, it is possible to use the
concatenation map I to define a product of degree —n on Hy(A(M)). In order to
describe the construction, we need to recall the definition of the Umkehr map.

Let M be a (possibly infinite-dimensional) smooth Banach manifold, and let e: My —
M be a smooth closed embedding, which we assume to be n—codimensional and co-
oriented. In other words, M, is a closed submanifold of M whose normal bundle
NMgy:=TM|nm,/T My has dimension n and is oriented. The tubular neighborhood
theorem provides us with a homeomorphism u: U — N My, uniquely determined up
to isotopy, of an open neighborhood of M onto N M, mapping M identically onto
the zero section of N M, that we also denote by M (see Lang [35, IV, Sections 5-6]
if M admits smooth partitions of unity — for instance, if it is a Hilbert manifold — then
u can be chosen to be a smooth diffeomorphism). The Umkehr map e associated to
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the embedding e is defined to be the composition

H; (M) — Hj(M, M\ Mo) —> H;(U,U\ Mo) —> H;(N Mo, N Mg\ M)
5 Hj—y(My),

where the first arrow is induced by the inclusion, the second one is the isomorphism
given by excision, and the last one is the Thom isomorphism associated to the n—
dimensional oriented vector bundle N My, that is, the cap product with the Thom
class Ty aq, € H"(N Mo, N Mo\ My).

We recall that if M is an n—dimensional manifold, A (M) is an infinite dimensional
smooth manifold modeled on the Banach space C°(T,RR"). The set (M) of pairs
of loops with the same initial point (figure—8 loops),

OM) :={(y1.v2) € A(M) x A(M) | y1(0) = y2(0); .
is the inverse image of the diagonal Aps of M x M by the smooth submersion
evxevi AMM)xAM)—MxM, (y1.y2)— (¥1(0), y2(0)).

Therefore, ®(M) is a closed smooth submanifold of A(M) x A(M), and its normal
bundle N®(M) is n—dimensional, being isomorphic to the pullback of the normal
bundle NAps of Apr in M x M by the map ev x ev. The Banach manifold A(M)
does not admit smooth partitions of unity (actually, the Banach space C°(T,R")
does not admit nonzero functions of class C! with bounded support). So in general
a closed submanifold of A(M), or of A(M) x A(M), will not have a smooth tubu-
lar neighborhood. However, it would not be difficult to show that the submanifold
®(M) and all the submanifolds we consider in this paper do have a smooth tubular
neighborhood, which can be constructed explicitly by using the exponential map and
the tubular neighborhood theorem on finite-dimensional manifolds. If moreover M
is oriented, so is NAjps and thus also N©O(M). Notice also that the concatenation
map I' is well-defined and smooth from ®(M) into A(M). If we denote by e the
inclusion of ®(M) into A(M ) x A(M), the Chas—Sullivan loop product [9] is defined
by the composition

Hi (A(M)) ® Hi(A(M)) > Hj 41 (A(M) x A(M)) —> Hj 1 4_o(O(M))
T Hj i (A(M)).
and it is denoted by

o: Hj(A(M)) ® Hi(A(M)) — Hjy—n(A(M)).

Geometry € Topology, Volume 14 (2010)



1580 Alberto Abbondandolo and Matthias Schwarz

We denote by ¢c: M — A(M) the map which associates to every ¢ € M the constant
loop ¢ in A(M). A simple homotopy argument shows that the image of the fundamental
class [M] € H,(M) under the homomorphism c, is a unit for the loop product:
aock[M] = cs[M]oa = a for every a € Hye(A(M)). Since I' o (id x I') and
I' o (I" xid) are homotopic on the space of triplets of loops with the same initial
points, the loop product turns out to be associative. Finally, notice that the maps
(1. 72) = L(y1.y2) and (y1,y2) = I'(y2,y1) are homotopic on ©(M), by the
homotopy

Y2t —s) if0<t<s/2,or(s+1)/2=<t=<1,
Fs(y1. v2) (1) := .
Y12t —s) ifs/2<t=<(s+1)/2.
This fact implies the following commutation rule
Boa = (_1)(|a|—n)(|,3|—n)a 0B,
for every o, f € Hx(A(M)).

In order to get a product of degree zero, it is convenient to shift the grading by #,
obtaining the graded group

H; (A(M)) := Hj1n(A(M)),

which becomes a graded commutative ring with respect to the loop product (commuta-
tivity has to be understood in the graded sense, that is foa = (—1)I*llBly o ).

1.3 Relationship between the two products

If M is an oriented n—dimensional manifold, we denote by
o Hj(M)® Hp(M) — Hj—n(M),

the intersection product on the singular homology of M (which is obtained by compos-
ing the exterior homology product with the Umkehr map associated to the embedding of
the diagonal into M x M'). Shifting again the grading by n, we see that the product e
makes

H; (M) = Hj4n(M)

a commutative graded ring.

Being the inverse image of go by the submersion ev: A(M) — M, ev(y) = y(0),
Q(M, qg) is a closed submanifold of A(M ), and its normal bundle is n—dimensional
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and oriented. If i: Q(M, qo) — A(M) is the inclusion map, we find that the following
diagram commutes:

Hj(M) ® Hi(M) — s Hjjgn(M)
c*®c*l lc*
(1-1) Hj(A(M)) ® Hy (A(M)) 2 Hjikn(A(M))

ig®in/ li!

Hj (M. 40)) ® Hyn(M. q0)) ——> Hj 4—2n(QM. q0))

In other words, the maps

(HL (M), o} 5 (HL(A(M)), 0} —> { Ha (M. go). #}

are graded ring homomorphisms. Notice that the homomorphism cy is always injective
onto a direct summand, the map ev being a left inverse of c. Using the spectral
sequence associated to the Serre fibration

QM) — A(M) = M,

it is possible to compute the ring {H.(A(M)), o} from the intersection product on M
and the Pontrjagin product on (M), when M is a sphere or a projective space; see
Cohen, Jones and Yan [16].

The aim of this paper is to show how the homomorphisms appearing in the diagram
above can be described symplectically, in terms of different Floer homologies of the
cotangent bundle of M , when the manifold M is closed. The first step is to obtain a
Morse theoretical chain level description of diagram (1-1), by using suitable Morse
functions on some infinite dimensional Hilbert manifolds having the homotopy type of
Q(M,qp), A(M) and O(M).

Remark 1.1 The loop product was defined by Chas and Sullivan in [9], by using
intersection theory for transversal chains. The definition we use here is due to Cohen
and Jones [15]. See also Chas and Sullivan [10], Sullivan [49], Baas, Cohen and
Ramirez [6], Cohen [13], Cohen, Hess and Voronov [14], Ramirez [41], Sullivan [50],
Cohen, Klein and Sullivan [17] and Cohen and Schwarz [18] for more information and
for other interpretations of this product.
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2 Morse chain level descriptions

The aim of this section is to describe the Pontrjagin product #, the loop product o, and
the other homomorphisms appearing in diagram (1-1) in a Morse theoretical way. As it
is well known, the singular homology of a (possibly infinite dimensional) manifold M
is isomorphic to the homology of the Morse chain complex associated to a suitable
Morse function on M, and most homomorphisms between singular homology groups
can be read at the chain level using these Morse complexes. The constructions of
the Morse complex and of various homomorphisms between them, in the infinite
dimensional setting needed in this paper, are described in the Appendix.

Because of technical reasons, Hilbert manifolds are easier to deal with than Banach
manifolds. Therefore, the first thing to do is to replace the Banach manifolds A (M)
(continuous free loops on M), (M, go) (continuous loops based at ¢g¢ ), and O(M)
(continuous figure—8 loops) by the Hilbert manifolds

A M):=WPHT, M), QM. q0):={y e A'(M)|y(0) =qo}.
O (M) :={(y1.72) e A'(M)x A" (M) | y1(0) = y2(0)},

where W12 denotes the class of absolutely continuous curves whose derivative is
square integrable. The inclusions

A (M) = AM), Q' (M.q0) = QUM.q0), O'(M)— O(M),

are homotopy equivalences. Therefore, we can replace A(M), QUM, qp), and O(M)
by AL(M), Q1(M, qo), and ®' (M) in the constructions of Section 1 (notice that the
concatenation of two curves of class W 1-2 is still of class W 12).

2.1 The Morse complex of the Lagrangian action functional

Applying the results of the Appendix, one could find Morse chain level descriptions
of all the homomorphisms of diagram (1-1) by using quite a general class of abstract
Morse functions on M, A'(M), Q1(M, o), and ®'(M). However, in order to find
a link with Floer theory, we wish to consider a special class of functions on the three
latter manifolds, namely the action functionals associated to a (possibly time-dependent)
Lagrangian L on TM .

Since we wish to consider different boundary conditions, it is useful to unify the
presentation by working with general nonlocal conormal boundary conditions. Let Q
be a closed manifold (in our applications, Q is either M or M x M), and let R be
a closed submanifold of Q x Q. Let L: [0, 1] x TQ — R be a smooth function such
that there exist real numbers £; > 0 and £, > 0 such that
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(Ll) VUUL(l9q7 U) Zella
(L2) [VgqL(t,q.v)|=L2(1+[v]?), [VguL(t, q. )| <Lo(1+v]), [ Vo L2, ¢, v)|<L2,

for every (¢, ¢, v) in [0, 1] x TQ. Here we have fixed a Riemannian metric on Q, with
associated norm |- |, and V,, V, denote the vertical and horizontal components of
the gradient with respect to this metric and to the induced metric on T'Q. The fact
that Q is compact implies that these conditions do not depend on the choice of the
metric. Conditions (L.1) implies that L is strictly fiberwise convex and grows at least
quadratically in v. Condition (L2) implies that L grows at most quadratically in v.

The Euler-Lagrange equation for a curve y: [0, 1] — QO can be written in local coordi-
nates as

d
(2'1) Eavl’([’ ]/(l),)/,(l)):aqL([, )/([),)/(t)),

and by (L1) the corresponding second order Cauchy problem is locally well-posed. By
(L2), the Lagrangian action functional

1
SL(y) = /0 Lty (). y' (1)) di

is continuously differentiable on the Hilbert manifold W -2([0, 1], Q). Moreover, it
is twice Gateaux differentiable at every curve y, but it is everywhere twice Fréchét
differentiable if and only if for every (¢, g) the function v +— L(¢, g, v) is a polynomial
of degree at most two on T, Q [5]. In the latter case, if we also assume (L1), the
homogeneous part of degree two in v — L(t, ¢, v) should be a positive quadratic form,
so L is an electromagnetic Lagrangian, ie it has the form

L(Z’ q, l)) = %(A(t’q)v’ l)) + (Ol(t,Q), U) - V(t» Q),

where (-, -) denotes the duality pairing, A(t,q): T4 Q — T Q is a positive symmetric
linear mapping smoothly depending on (¢, ¢) (the kinetic energy), « is a smoothly time
dependent one-form (the magnetic potential), and V' is a smooth function (the scalar
potential). In this case, the action functional Sy, is actually smooth. In some situations,
one can restrict the attention to electromagnetic Lagrangians, as in [2]. However, in
view of the transversality issues coming from Floer homology, it is convenient to work
with the more general class of Lagrangians which satisfy (L1) and (L2). The reason
is that some issues concerning J—holomorphic curves on cotangent bundles become
much simpler when J is the Levi-Civita almost complex structure (see Section 3,
and in particular Remark 3.3). Therefore, in this paper we prefer not to perturb the
Levi-Civita J, and to achieve the transversality needed in Floer theory by perturbing the
Hamiltonian, or equivalently, the Lagrangian. The class of electromagnetic Lagrangians
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is too rigid for this purpose, whereas the fact that conditions (L1) and (L2) are stable
with respect to C2—small perturbations of L allows to achieve transversality within
this class.

The closed submanifold R of Q x Q defines the following boundary conditions for
solutions y: [0, 1] x @ of the Euler—Lagrange equation (2-1):

(2-2) (r(0),y(1)) € 0,
(2-3)  DyL(0,¥(0),y" (0)[Eo] = Dy L(1,y (1), ()€1l ¥ (€0.£1)€T 1 (0),y (1) R-

These conditions take a simpler form when read in the Hamiltonian formulation; see
Section 3.1. The set of solutions of (2-1)—(2-3) is denoted by @R(L). The elements of
PR(L) are precisely the critical points of SK | that is the restriction of the Lagrangian
action functional Sy, to the Hilbert submanifold

W ([0, 1], 0) := {y € W12([0,1], 0) | (y(0), y(1)) € R}.

A critical point y of Sf has always finite Morse index
i(v:Sf) < +oo,

and it is nondegenerate if and only if there are no nonzero Jacobi vector fields along y
(ie solutions of the linear system which is obtained by linearizing (2-1) along y ) which
satisfy the linear boundary conditions that one finds by linearizing (2-2)—(2-3).

Let us assume that all the elements of R (L) are nondegenerate. This assumption holds
for a generic choice of L, in several reasonable topologies (a subset of a topological
space is said to be generic if it is a countable intersection of open and dense sets).
Although the functional S}f is in general not twice Fréchét differentiable, it admits a
smooth pseudo-gradient X, in the sense of Appendix A.1, which satisfies the conditions
(X1)—(X4). This fact is proved in [5]. Hence, such a functional has a well-defined
Morse complex M (Sf), whose homology H M, (Sf) is isomorphic to the singular
homology of WI%,’Z([O, 1], Q), as explained in Appendix A.1.

In this paper, we are interested in the following three boundary conditions.

Periodic boundary conditions Here Q = M and R = Ay is the diagonal in M XM .
Under the extra assumption that L € C°°(]0, 1]x T M) extends as a smooth 1—periodic
function on R x T'M , the set #2M (L) is precisely the set 1—periodic solutions of the
Euler—Lagrange equation (2-1). We denote such a set also by (L), and the restricted
functional S£™ by SA: A1(M) — R, noticing that W2 (011, M) = A1 (M). The
nondegeneracy condition is just:
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(LO)A  Every solution y € A (L) is nondegenerate, meaning that there are no nonzero
periodic Jacobi vector fields along y .

The Morse index of a critical point y of Si\ is denoted by i2(y), or by i®(y: L)
when the choice of the Lagrangian L is not clear from the context. The homology
of the Morse complex M. (Si\) is isomorphic to the singular homology of A!(M),
hence to the singular homology of A(M).

Dirichlet boundary conditions Here Q = M and R consists of the single point
(¢0.qo), for some fixed ¢y € M. The set $@0:90) (L), also denoted P$(L), is
precisely the set of solutions y: [0, 1] — M of the Euler—Lagrange equation (2-1)
with y(0) = y(1) = gqo. The space of curves W(}I;iqo)([o, 1], M) is just Q1 (M, qo),
and S%: Q1(M, qy) — R also denotes the functional S(qu,qo)_ The nondegeneracy

condition iS now:

(LO)Y®  Every solution y € ?$*(L) is nondegenerate, meaning that there are no nonzero
Jacobi vector fields along y which vanish for # = 0 and for t = 1.

The nondegeneracy condition (L0) is generic also in the smaller class of autonomous
Lagrangians L, whereas (LO)Y? requires L to be explicitly time-dependent, because if
L is autonomous then y’ is always a Jacobi vector field along y . The Morse index of
a critical point y of S? is denoted by i2(y) =i ®(y; L). The homology of the Morse
complex My (S%) is isomorphic to the singular homology of Q!(M, ¢), hence to the
singular homology of Q2(M, qy).

Figure-8 boundary conditions Here Q = M x M and R = A} is the fourth
diagonal in M*:

Ay =14.9.9.9) | g € M}
In this case, it is convenient (although not necessary) to chose L of the form L =
L1&® L,, where

Li® Ly(t,q,v):= Li(t.q1.v1) + L2(t,g2,v2),
Vi e[0,1], Vg =(q1.92) € M x M,Yv = (v1,v2) € T(y, g)M X M,

s that the elements of PAW (L) are the pairs of M —valued curves (yy, y2) such that
each y; solves the Euler-Lagrange equation induced by L;, and such that the boundary
conditions

1 2
24 1O =) =n0) =rn0). I Y (-D'D,L;i.yj().yji) =0

i=0j=1
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hold. The set of such solutions is denoted also by #© (L, @ L,). The space of curves

WAlaAj([O, 1, M x M)

coincides with ®!(M), and we simply denote the functional

sA% by s e'(M)—R.

The corresponding nondegeneracy condition is:

(L0)® Every solution (yy, y2) € POL, @ Ly) is nondegenerate, meaning that there
are no nonzero pairs of Jacobi vector fields (&1,&;,) along (1, y2) such that

£§1(0) =§1(1) = 2(0) = &2(1),

Zil:o Zj:l (quLj (@, Vi (@), V]{(Z))Sj @)+ vaLj (@, Vi (), V]/(l))g]/ (l)) =0.
This condition allows both L; and L, to be autonomous. It also allows L; = L»,
but this excludes the autonomous case (otherwise pairs (y,y) with y € PA(L;) =
P2 (L,) nonconstant would violate (L0)®). The Morse index of a critical point y
of S(LaﬁBLz is denoted by i®(y) = i®(y; L, ® L,). The homology of the Morse

complex M, (S? \®L,) is isomorphic to the singular homology of @' (M), hence to
the singular homology of ®(M).

2.2 Morse description of the homomorphisms ¢, ¢v and i

The aim of this section is to describe the chain maps between Morse complexes that
are induced by the smooth maps

¢ M — AV M), c(q)t)y=q, ev: AL(M)— M, ev(y) = y(0),
i: QUM, qo) = AL (M).

Everything follows from the abstract results of Appendix A.2 and A.4, provided that
we check the transversality conditions which are required there.

It is straightforward to apply the results of Appendix A.2 to describe the homomorphisms
co: Hi(M) — Hpy(A'(M)) and evy: Hy(A'(M)) — Hp(M),

in terms of the Morse complexes of Sﬁ and of a smooth Morse function f on M .
Indeed, in the case of c4« one imposes the condition

(2-5) gecrit(f) = clq) ¢PA(L),

which guarantees (A-2) and (A-3) (given any Lagrangian L satisfying (LO)*, one can
always find a Morse function f on M such that (2-5) holds, simply because (LO)A
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implies that the Euler-Lagrange equation has finitely many constant solutions). Then
one can find a metric g on M and a smooth pseudo-gradient X If\ for S£ such that the
vector fields X I{‘ and —grad, f satisfy the Morse-Smale condition, and the restriction
of ¢ to the unstable manifold of each ¢ € crit( /') is transverse to the stable manifold
of each y € crit(S]‘}). When i(q; f) =i®(y), the intersection

W*(q: —grad, f)Nc™ (WS (y: X))

consists of finitely many points, each of which comes with an orientation sign 4=1. The
algebraic sums n.(q, ) of these signs provide us with the coefficients of a chain map

Mpe: My(f) — Mi(SE).
which in homology induces the homomorphism c.

The map ev: A (M) — M is a submersion, so (A-2) holds automatically. Condition
(A-3) instead is implied by

(2-6) ye?ML) = y(0)¢crit(f),

which again holds for a generic f, given L. Then, for a generic metric g on M and
a generic pseudo-gradient X Ij\ for S}} , the intersections

W(y; le‘) Nev™! (W*(q: —grad, f)).

consist of finitely many oriented points, which add up to the integer n.y(y, ¢q), for
every y € PA(L) and ¢ € crit( f), such that iA(y) =i(q; f). These integers are the
coefficients of a chain map

Myev: My(ST) — My (f),
which in homology induces the homomorphism evy .

Remark 2.1 The fact that evy o cx = idg, (ar), together with the fact that the Morse
complex is free, implies that Myevo Mc is chain homotopic to the identity on My (f).

We conclude this section by using the results of Appendix A.4 to describe the homo-
morphism
iy: Hie (A (M) = Hy—n(2' (M. q0)).

working with the same action functional S; both on A'(M) and on Q'(M, qo).
Conditions (A-7) and (A-8) are implied by the assumption

2-7) ye?™L) = y(0)#qo.
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a condition holding for all but a countable set of g¢’s. Under this assumption, up to the
perturbation of the Morse—Smale pseudo-gradient vector fields X Z\ and X LQ for S ﬁ
and S?, we may assume that the unstable manifold of each y; € P2 (L) is transverse
to the stable manifold of each y, € P¥(L) in A'(M). When i(y,) =i (y1) —n,
the set
W (i XE) N W (ya; X7

consists of finitely many oriented points, which determine the integer #;,(y;, y2). These
integers are the coefficients of a chain map

Mig: M*(Sé) — M*—n(S?)’

which in homology induces the homomorphism 1ij.

2.3 Morse description of the Pontrjagin product

In the last section we have described the vertical arrows of diagram (1-1), as well as
a preferred left inverse of the top-right vertical arrow. The top horizontal arrow is
described at the end of Appendix A.4. It remains to describe the middle and the bottom
horizontal arrows, that is the loop product and the Pontrjagin product. This section is
devoted to the description of the Pontrjagin product, while in the next one we will deal
with the loop product. The following Propositions 2.2, 2.4 and 2.5 are consequences of
the general statements in the Appendix.

Given two Lagrangians L, L, € C%°([0, 1]x T M) which satisfy (L0)%, (L1), (L2), and
are such that L (1,-) = L,(0,-) with all the time derivatives, we define a Lagrangian
Li#L, € C°([0, 1] x TM) in the same class by setting
2L:1(2t,q,v/2 if0<t=<1/2,
(2:8) Li#Ls (rg.v) = F1 G0 0/D /
20,2t —1,q,v/2) if1/2<t<1.

The curve y: [0,1] — M is a solution of the Euler—Lagrange equation (2-1) with
L = L #L, if and only if the rescaled curves ¢ — y(¢/2) and ¢ — y((t +1)/2) solve
the corresponding equation given by the Lagrangians L and L,, on [0, 1]. We assume
that also L{#L, satisfies (LO)Q.

In view of the results of Appendix A.3, we wish to consider the functional S% @ S%z
on Q1 (M, qo) x 2' (M. q).

SE, ®SE,(ni.72) =S, (1) + S, ().
and the functional S% #L, On Q1(M, q¢). The concatenation map

T: QY (M, q0) x Q1 (M, q0) — 21 (M, q0)
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is nowhere a submersion, so condition (A-2) for the triplet (', S @ S%z, S #L,)
requires that the image of I" does not meet the critical set of S$ \#L, - thatis

(2-9) y e PXULi#Ly) = y(1/2) # qo.

Notice that (2-9) allows L and L, to be equal, and actually it allows them to be also
autonomous (however, it implies that g is not a stationary solution, so they cannot be
the Lagrangian associated to a geodesic flow).

Assuming the generic condition (2-9), condition (A-3) is automatically fulfilled. More-
over, if X 1?1 and X fz are pseudo-gradients for S$ , and S%Z, we have that for every
y1 € P2(Ly) and y; € PH(Ly),

r (Wu (1 72); XE, @ sz)) Nerit(SE 4.,) = 2.

By Remark A.3, there is no need to perturb the vector field X ﬁ 0.6 {22 on Q1(M, go)x
Q1 (M, qo) to achieve transversality, and we arrive at the following description of the
Pontrjagin product.

Let Xﬁ, X 82, and X ﬁ# L, be Morse-Smale pseudo-gradients for S¢ L S¢ ,»and

S$ \#L,» Fespectively. Fix an arbitrary orientation of the unstable manifolds of each

critical point of S$ . S%Z, S$ \#L,- Up to the perturbation of X{zl #L,> We get that

the restriction of I' to the unstable manifold
W (1. y2): X2 @ XE) = Wy X2) x Wy XE)
of every critical point (y1, y2) € P2 (L1) xP%(L,) is transverse to the stable manifold
W2y XE4r,)

of each critical point of S%l#LZ. When i2(y) = i%(y;) + (), the corresponding
intersections

{(ar.00) € W (y1s XE) x Wh(yai X1 | T(er.00) € WS (i X ur D)

is a finite set of oriented points. Let ns(y1,y2:y) be the algebraic sum of these
orientation signs.

Proposition 2.2 The homomorphism
My : Mj(SE,) ® Mi(SE,) = Mj4k(SE 41,)-
N®yr > mn.yay)y.

y€P?(L1#L5)
i2(y)=j+k

is a chain map, and it induces the Pontrjagin product # in homology.
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Remark 2.3 It is not necessary to consider the Lagrangian L #L, on the target space
of this homomorphism. One could actually work with any three Lagrangians (with
the suitable nondegeneracy condition replacing (2-9)). The choice of dealing with
two Lagrangians L, L, and their concatenation L{#L, is important to get energy
estimates in Floer homology. We have made this choice also here mainly to see which
kind of nondegeneracy condition one needs.

2.4 Morse description of the loop product

The loop product is slightly more complicated than the other homomorphisms con-
sidered so far, because it consists of a composition where two homomorphisms are
nontrivial (that is, not just identifications) when read on the Morse homology groups,
namely the Umkehr map associated to the submanifold ®! (M) of figure-8 loops, and
the homomorphism induced by the concatenation map I': @1 (M) — Al(M). We
shall describe these homomorphisms separately, and then we will show a compact
description of their composition. See also Cohen and Schwarz [18], where these Morse
theoretical descriptions are extended to more general graphs than the figure—S§.

Let us start by describing the Umkehr map
er: He(A' (M) x A (M) = Hy—y (O (M).

Let Ly, L, € C®(T x TM) be Lagrangians which satisfy (LOYA, (L1), (L2), and are
such that L & L, satisfies (LO)®. Assume also

(2-10) nePML)), nePMLy) = y1(0) # »2(0).

Notice that this condition prevents L, from coinciding with L;, but it holds for a
generlc pair (Ly, L,). We shall consider the functional SA & S L, on AV (M) x
AY(M), and the functional S9 L &L, ON ®!(M). Condition (2 10) implies that the
unconstrained functional SA @ SA has no critical points on ®!(M), so conditions
(A-7) and (A-8) hold.

By the discussion of Appendix A.4, we can find smooth Morse—Smale pseudo-gradients
XL]GBLZ and XL]GBLZ for SLI @SLZ and SL1®L2 respectively, such that the unsta-
ble manifold W”(y XLIEBLz) of every vy~ = (y; ,)/2 7)€ @’A(Ll) X @A(Lz) is
transverse to ©!(M) and to the stable manifold WS (y+; X© I ® L,) of every yT e
@®(L1 ® L;). Actually, it is convenient to assume that X/ \®L, 1s so close to
XLl EBXL that the Morse complex of (SL1 @SLZ» XL169L2) equals the Morse com-
plex of (S Lz’ XLI@XL ), and that XL OL, = XLI@XL up to order one at
the critical pomts
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Fix an arbitrary orientation of the unstable manifold of every critical point of Sﬁ .
SZL\Z, and S9 \®L,- By our assumptions on X ﬁ@ L, also the unstable manifolds

W”(y_; XIIJ\1®L2)
are oriented. When i€ (y1) = iA(J/l_ )+ iA(yz_ ) —n, the intersection
WU Xfer,) "W (YT XD eL,)

is a finite set of oriented points. If we denote by n,,(y~, ¥ 1) the algebraic sum of
these orientation signs, we have the following:

Proposition 2.4 The homomorphism

My(SE, ®S1,) = Min(SPi01,): v D, nav vt

y+te2® (L @®L>)
i(“)(y+)=k—n

is a chain map, and it induces the Umkehr map e, in homology.

By composing this homomorphism with the Morse theoretical version of the exterior
homology product described in Appendix A.3, that is the isomorphism

M;(ST,) ® My(SL,) —~ My4n(ST, ©SL,).
we obtain the homomorphism
My Mj(SE,) ® My(ST,) = Mj+n-n(SZ,oL,)-
Here we are using the fact that the Morse complexes of (S D SIL\Z, X i‘l oL,) and
(Si\1 ® Si\z, Xi\l ® Xi\z) coincide.
Let us describe the homomorphism
Tt Hi(©' (M) — Hi (A (M),

induced by the concatenation map I'. Let Ly, L, € C*°([0, 1] x TM) be Lagrangians
which satisfy (L1), (L2), and are such that L(1,-) = L,(0,-) and L,(1,-)=L(0,-)
with all the time derivatives. We assume that L; & L, satisfies (LO)® and that the
time periodic Lagrangian L #L, satisfies (L0O)*. We would like to apply the results
of Appendix A.2 to the functionals S}?l@Lz on ®!(M) and S‘L\I#Lz on AN (M).
The map I': ®1(M) — A(M) is nowhere a submersion, so condition (A-2) for the
triplet (T, S? (®Ly> Si‘ \#L,) requires that I'(®!(M)) does not contain critical points
of S§ \#L,- The latter fact is equivalent to the condition

(2-11) y e PMLi#Ly) = y(1/2) #y(0),
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which holds for a generic pair (L1, L;). Assuming (2-11), conditions (A-2) and (A-3)
are automatically fulfilled. Therefore, the discussion of Appendix A.2 implies that
we can find Morse-Smale pseudo-gradients X 5)169 L, and X fl 4L, for s9 oL, and
S \#L,» tespectively, such that the restriction of IT" to the unstable manifold

Wy XP or,)
of every critical point y~ = (y;,¥, ) € PO(L, @ L,) is transverse to the stable
manifold

Wt XL e,
of every critical point yT € @2 (L #L,). Fix arbitrary orientations for the unstable
manifolds of every critical point of S?@LZ and SILXI#LZ- When id(yT) =i® (),
the intersection

{(@1,02) e W'y XD o1, | T a2) € WO X))

is a finite set of oriented points. If we denote by np(y~, ¥ ™) the algebraic sum of
these orientation signs, we have the following:

Proposition 2.5 The homomorphism

Mr: Mi(SE or,) = Mk(ST 41,). v+ Z nr(y".y )yt
yTepA(L#Lo)
i*y )=k
is a chain map, and it induces the homomorphism Ty: Hy (®'(M)) — Hy(A'(M))
in homology.

Therefore, the composition Mt o M) induces the loop product in homology.
We conclude this section by exhibiting a compact description of the loop product
o: Hi(A'(M)) ® Hy(A'(M)) = Hjig—n(A'(M)).

Since we are not going to use this description, we omit the proof. Let L, L, €
C®(T x TM) be Lagrangians which satisfy (LOYA, (L1), (L2), such that L, 0,-)=
L,(0,-) with all time derivatives, and such that the concatenated Lagrangian L {#L,
defined by (2-8) satisfies (LO)A. We also assume (2-10), noticing that this condition
prevents L; from coinciding with L,. Let X ]f\l oL, and X fl 4L, be Morse—Smale
pseudo-gradients for SZL\I ® SjL\z and SIL\I #L, > respectively. By (2-10), the functional
S(i)lea L, has no critical points on O (M), so up to the perturbation of X £1GB Ly»
we can assume that for every y; € P2 (L1), y, € P2 (L,), the unstable manifold
W ((y1,72); X 3169 L,) s transverse to ®!(M). Moreover, assumption (2-10) implies
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that the image of ®!(M) by the concatenation map I" does not contain any critical
point of S \#L,- Therefore, up to the perturbation of X 191 #L,» We can assume that for
every y; € P2 (Ly), y, € PA(L,), the restriction of T to the submanifold

W (y1.72): X£ gr,) N ©' (M)

is transverse to the stable manifold W¥(y; X fl 4L,) of each y € PA(L). In particular,
when i 2 (y) =i (y1) +i2(y2) — n, the submanifold

{(@1,02) € W((y1.72): XP o1,) NON(M) | Dl a2) € WE (s XP 4}

is a finite set of oriented points. We contend that if 7, (y1, y2; ¥) denotes the algebraic
sum of the corresponding orientation signs, the following holds:

Proposition 2.6 The homomorphism
M;(ST,) ® Mi(SL,) = Mjsk-n(SL aL,)-

(2-12) yi®y Y. ne(.yay) v

yePA(L1#L5)
iry)=j+k-n

is a chain map and it induces the loop product in homology.

3 Floer homologies on cotangent bundles and their ring struc-
tures

3.1 Floer homology for nonlocal conormal boundary conditions

In this section we recall the construction of Floer homology for Hamiltonian orbits on
cotangent bundles with nonlocal conormal boundary conditions. This is the Hamiltonian
version of the setting described in Section 2.1. See our papers [4] and [2] (with Portaluri)
for detailed proofs.

Let Q be a closed manifold (in our applications, Q is either M or M x M), and
let R be a closed submanifold of Q x Q. We shall often denote the elements of the
cotangent bundle 7* Q as pairs (¢, p), where ¢ € Q and p € Tq*Q. Let w =dp Adg
be the standard symplectic form on the manifold 7*Q, that is the differential of the
Liouville form 7 := p dgq. Equivalently, the Liouville form n can be defined by

n@) =x(Dr(x)[f]) for{eTxT*M, xeT*Q,
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where 7: T*Q — Q is the bundle projection. Let Y = p 9, be the standard Liouville
vector field on 7*Q, which is defined by the identity

(3-1 o, ) =n.
Consider the class of smooth Hamiltonians H on [0, 1] x 7*Q such that:

(H1) DH(t,q. p)[Y]— H(t.q. p) = holp|* —hy,
(H2) |VqH(t,q. p)| <ha(1+|p|*)., IVpH(t.q. p)| < ha(1+|p]),

for every (¢, g, p), for some constants 1o >0, h; €R, hy >0. Here V,; and V,, denote
the horizontal and vertical components of the gradient, with respect to a Riemannian
metric on Q and to the induced metric on 7*Q, and |- | denotes the norm associated
to such a metric. The fact that Q is compact easily implies that (H1) and (H2) do not
depend on the choice of this metric. Condition (H1) essentially says that H grows at
least quadratically in p on each fiber of 7* M , and that it is radially convex for | p| large.
Condition (H2) implies that H grows at most quadratically in p on each fiber. Notice
also that if H is the Fenchel transform of a fiber-wise strictly convex Lagrangian L in
C®°([0,1]x TM) (see Section 4.1), then the term DH(¢,q, p)[Y(q, p)]— H(t,q, p)
appearing in (H1) coincides with L(t,q, D, H(t,q, p)).

Let Xg be the time-dependent Hamiltonian vector field associated to H by the formula
w(Xg,-) =—DxH. Condition (H2) implies the quadratic bound

(3-2) | Xm(t.q, p)| < hs(1+|p|*).

for some /13 > 0. Let (¢, x) — ¢ (¢, x) be the nonautonomous flow associated to the
vector field Xz .

The conormal bundle N*R of R in Q x Q is the set of covectors x = (g, p) in

T*(Q x Q) such that g = (q1.42) belongs to R and p = (py. p2) € T3y (0 x 0)

vanishes identically on 7{,, 4,)R. It is a vector bundle over R and the dimension of
its fibers equals the codimension of R in Q x Q. The Liouville form of T*(Q x Q)
vanishes on N * R, so in particular N* R is a Lagrangian submanifold of 7*(Q x Q).
Actually, conormal bundles can be characterized as those middle dimensional closed
submanifolds of a cotangent bundle on which the Liouville form vanishes; see Proposi-
tion 2.1 in [2].

We are interested in the set R (H) of solutions x: [0, 1] — T*Q of the Hamiltonian
equation

(3-3) x'(t) = Xg (2, x(1)),
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which satisfy the boundary conditions
(3-4) (x(0),6x(1)) e N*R,
where € is the antisymplectic involution

€:T*Q—>T*0. (9.p)~ (¢.—p).

Equivalently, we are looking at the intersections of the Lagrangian submanifold N* R
with the Lagrangian submanifold given by the graph of € o ¢ (1,-) (we are always
considering the standard symplectic form w & w on T*(Q x Q), not the flipped one
® @ (—w), so a diffeomorphism ¢: T*Q — T*Q is symplectic if and only if the
graph of the composition € o ¢ is Lagrangian).

We assume that:

(HO) All the elements of PR (H) are nondegenerate, meaning that the submanifolds
N*R and graph€ o ¢ (1,-) intersect transversally.

Given x € PR(H), we can conjugate the differential of the flow D¢ (¢, x(¢)) by a
symplectic trivialization ¥ of x*(7 T* Q) and we obtain a path

GY:[0,11— Sp(2m), m:=dimQ,

of symplectic automorphisms of 7*R", endowed with its standard symplectic struc-
ture.

We assume that the symplectic trivialization W is vertical-preserving, meaning that
it maps the vertical subbundle 7V7T*M :=ker D7 into the vertical space N *(0) =
(0) x (R™)* c T*R™, and has the property that the following linear subspace of
T*R™ x T*R™ = T*R>™

(\I’(O) X C‘If(l)DC(é((@x(1)))T(x(0),<@x(1))N*R,
is the conormal space N*W ¥ of some linear subspace W¥ c R™ x R™, where C
is the antisymplectic involution of 7*R" which maps (¢, p) into (¢, —p). Then the

Maslov index of x with respect to the nonlocal boundary condition induced by R is
defined as

(3-5) uR(x):= p(graph G¥YC, N*W¥) + %(dim R —dim Q),

where p denotes the relative Maslov index of two paths of Lagrangian subspaces of
T*R?™  in the sense of [42] (see also Section 5.1 for sign conventions). The fact
that x is nondegenerate implies that ;& (x) is an integer, and the assumptions on
the trivialization W imply that this integer does not depend on the choice of ¥ (see
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Proposition 3.3 in [2]). The normalizing constant in the definition above is chosen in
such a way that, when H is the Fenchel dual of a Lagrangian L, u®(x) coincides
with the Morse index of the corresponding solution of the Euler—Lagrange equation
associated to L (see Section 4.1).

The elements of P& (H) are the critical points of the Hamiltonian action functional

1

AH(X)Z/ x*(n—Hdt)Z/ (POld'O1-H(t.q(). p(1))) dt.

[0,1] 0
on the space of curves x: [0, 1] = T*Q which satisfy (3-4). Indeed, the differential of
A g on the space of free paths on T*Q is

1

(3-6) DAg(x)[¢] =/0 (& x" = Xy (t,x)) dt + n(x(1)[E (D] = n(x(0)[¢(0)].
and the boundary term vanishes when x satisfies (3-4) and the variation ¢ satisfies

(£(0), DE(x (5 (D)]) € Tix(o)ex1)N R,

because the Liouville form is zero on conormal bundles. The nondegeneracy assump-
tion, together with conditions (H1) and (H2), imply that the set of x € @R(H ) with
Ap(x) < A is finite, for every A € R. Indeed, this follows immediately from the
following general:

Lemma 3.1 Let H € C*°([0, 1] x T*Q) be a Hamiltonian satistying (H1) and (H2).
Forevery A€R there exists a compact subset K C T* Q such that each orbit x: [0, 1] —
T*Q of Xg with Ag(x) < A liesin K.

Proof Let x = (g, p) be an orbit of X such that Ag(x) < A. Since x is an orbit
of Xg, by (3-1),

n()[x'1—H(t, x) = oY (x), Xg(t,x))— H(t,x) = DH(t, x)[Y (x)]— H(t, x).

Therefore (H1) implies that | p| is uniformly bounded in L2([0, 1]). By (3-2), |x’| is
uniformly bounded in L!([0, 1]). Therefore x is uniformly bounded in W !:!, hence
in L. |

Remark 3.2 Assume that the flow generated by a Hamiltonian H € C*°([0, 1]xT* Q)
is globally defined (for instance, this holds if H is coercive and |[d; H| < c(|H|+ 1)).
Then the conclusion of Lemma 3.1 holds assuming just that the function DH[Y]— H
is coercive (a much weaker assumption than (H1), still implying that H is coercive),
without any upper bound such as (H2).
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Let us fix a Riemannian metric (-,-) on Q. This metric induces metrics on 70
and on 7*Q, both denoted by (-,-). It induces also an identification T*Q =~ TQ,
horizontal-vertical splittings of both 77Q and T T* Q, and a particular almost complex
structure J on 7* M, namely the one which in the horizontal-vertical splitting takes
the form

0 -1
(3-7) J:([ 0)'

This almost complex structure is w—compatible, meaning that

.m=w(JEn), VENETT*Q, VxeT™Q.

Notice that our sign convention here differs from the one used in [4]. The reason is
that here we prefer to see the leading term in the Floer equation as a Cauchy—Riemann
operator, and not as an anti-Cauchy—Riemann operator.

The L?-negative gradient equation for the Hamiltonian action functional A is the
Floer equation

(3-8) Ay 1 (u) = dsu+ JW)d,u—Xg(t,u) =0,

for u = u(s,t), (s,t) € R x[0, 1]. A generic choice of the Hamiltonian H makes
the following space of solutions of the Floer equation (3-8) with nonlocal conormal
boundary conditions defined by R,

MR (x, ) = {u € C®R x[0,1, T*Q) | (u(s,0), 6u(s, 1)) € N*R Vs € R,
5J,H(ll) =0, and s_l)ir_noou(s,t) = x(1), _1)121 u(s,t) = y(t)}

a manifold of dimension u®(x) — u®(y), for every x,y € PR(H). Here generic
means for a countable intersection of open and dense subsets of the space of smooth
time-dependent Hamiltonians satisfying (HO), (H1) and (H2), with respect to suitable
topologies (we refer to Floer, Hofer and Salamon [26] for transversality issues). In
particular, the perturbation of a given Hamiltonian H satisfying (HO), (H1), (H2) can
be chosen in such a way that the discrete set ?®(H) is unaffected.

Remark 3.3 As it is well-known, transversality can also be achieved for a fixed
Hamiltonian by perturbing the almost complex structure J in a time-dependent way. In
order to have good compactness properties for the spaces Jl/tge one needs the perturbed
almost complex structure J; to be C%—close enough to the metric one J defined by
(3-7) (see [4, Theorem 1.14]). Other compactness issues in this paper would impose
further restrictions on the distance between J; and J. For this reason here we prefer
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to work with the fixed almost complex structure J, and to achieve transversality by
perturbing the Hamiltonian. A different approach would be to choose almost complex
structures on 7"* Q which are of contact type on 7*Q \ Q, seen as the symplectization
of the unit cotangent sphere bundle (see eg Viterbo [52]). In this case, compactness of
the spaces Jl/tff follows from the maximum principle, but one needs more restrictive
assumptions on the behavior of the Hamiltonian H for |p| large.

The manifolds ./(/Lge (x, y) can be oriented in a coherent way. Assumptions (H1) and
(H2) imply that these manifolds have nice compactifications. In particular, when
uRx)—puRy) =1, Jl/L§ (x, y) consists of finitely many one-parameter families of
solutions o +— u(- + g, ), each of which comes with a sign £1, depending whether
its orientation agrees or not with the orientation determined by letting o increase. The
algebraic sum of these numbers is an integer née (x,y). If welet F ,5 (H) denote the
free abelian group generated by the elements x € PR(H) of index u®(x) =k, the
above coefficients define the homomorphism

0: F,f(H)—>F,§_1(H), X = Z ny(x,y) y,
ye?R(H)
wR()=k-1
which turns out to be a boundary operator. The resulting chain complex F. f (H) is
the Floer complex associated to the Hamiltonian H and to the nonlocal conormal
boundary conditions defined by R. If we change the metric on O — hence the almost
complex structure J — and the orientation data, the Floer complex FX(H) changes
by an isomorphism. If we change the Hamiltonian H, the new Floer complex is
homotopically equivalent to the old one. In particular, the homology of the Floer
complex does not depend on the metric, on H, and on the orientation data. This fact
allows us to denote this graded abelian group as HF f (T*Q), and to call it the Floer
homology of T* Q with nonlocal conormal boundary conditions defined by R.

As in Section 2.1, here we are interested in the following three boundary conditions.

Periodic boundary conditions Here Q = M is closed and oriented, and R = Ay
is the diagonal in M x M . Under the extra assumption that H extends as a smooth
1—periodic function on R x TM , the set P2M (H) is precisely the set of 1—periodic

solutions of the Hamiltonian equation (3-3). We also use the notation P2 (H) :=
9%AM (H). The nondegeneracy condition (HO) is just:

(HOYA  For every x € P2 (H), the number 1 is not an eigenvalue of

Dy (1,x(0)): Tu(o)T*M — To(o)T*M.
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The Maslov index u®M (x) coincides with the Conley—Zehnder index of the periodic
orbit x, that we denote also by u?(x) (notice that the normalizing constant in (3-5)
vanishes). In the definition of such an index, one can choose the trivialization of
x*(T'T*M) to be any 1-periodic symplectic vertical-preserving trivialization. If M
is not orientable and the closed curve x is orientation-reversing, there are no 1—periodic
and vertical-preserving trivializations of x*(7'T* M), so one has either to give up
the periodicity, as in definition (3-5), or the preservation of the vertical subbundle, as
in [53]. Floer homology with periodic boundary conditions is defined (with integer
coefficients) also for nonorientable manifolds, but since in this paper we are interested
in the loop product with integer coefficients, we assume orientability. The elements u
of Jl/Lg‘ (x,y):= J(/LaAM (x, y) are actually smooth solutions of the Floer equation (3-8)
on the cylinder, that is

u: RxT —T*M.

The corresponding Floer complex is also denoted by F, f (H), and its homology by
HFMNT*M).

Dirichlet boundary conditions Here Q = M and R consists of the single point
(0. qo), for some fixed go € M . The set P(90-90) (H) is precisely the set of solutions
x: [0,1]— T*M of the Hamiltonian equation (3-3) such that 7 ox(0) = rox (1) =¢,
and we denote such a set also by #$*(H). The nondegeneracy condition is now:

(HO)®  For every x € P¢(H), the linear mapping D¢ (1, x(0)): TxT*M —
Tx)T*M maps the vertical subspace Ty(oyT*M at x(0) into a subspace
having intersection (0) with the vertical subspace T;’(I)T*M at x(1).

The Maslov index ;490-90) (x), that we denote also by ©*2(x), is just the relative Maslov
index of the path of Lagrangian subspaces D¢ (z, x(0) Ty T*M - transported
into T*R" by means of a vertical-preserving symplectic trivialization — with respect
to the vertical space N *(0) = (0) x (R”)*. The boundary condition for the elements u
of ./I/tg2 (x,y):= A/quo’qO)(x, y) is the local condition

u(s,0)e Ty M, u(s,1)eTyM, VseR.
The corresponding Floer complex is also denoted by F, f (H), and its homology by
HF(T*M).

Figure-8 boundary conditions Here O = M x M and R = A} is the fourth
diagonal in M*:

Ay =1{q.9.9.9) |g € M}.
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In this case, it is convenient (although not necessary) to chose H of the form H =
H,; & H,, where

H ®H, (t,x):=H(t,x1)+ Hy(t,x3), Vtel0,1], VXZ(XI,Xz)ET*MXT*M,

@
so that the elements of PAM (H) are the pairs of T* M —valued curves (x1, x;) such
that each x; solves the Hamiltonian equation induced by Hj, and such that the coupling
boundary conditions

mox1(0) =moxy(0) =moxi(l) =moxa(l), x1(1)—x1(0)+x2(1)—x2(0) =0,
hold. The set of QPA(;\‘} (H, ® H>) is also denoted by © (H, @ H>). The corresponding
nondegeneracy condition is:

(H0)® Every solution x = (x1,Xx3) € PO (H, ® H,) is nondegenerate, meaning
that the graph of the map € o p1®H2(1,.) is transverse to the submanifold
N*A(]‘\‘,} at the point (x(0),6x(1)).

If x = (x1,x3) € P9 (H; & H>), the Maslov index ;LA(J@) (x), that we denote simply

by 1€ (x), is the integer

(3-9) /,L®(X) = (graph GYc, AM) ) —n/2,

where the symplectic path G¥: [0, 1] — Sp(4n) is obtained by conjugating the dif-

ferential of the flow ¢ ®H2 along x by a trivialization W of x*(7T T*M?) of the

form W = W; & ¥,, where each W; is the canonical vertical-preserving symplectic

trivialization of x*(TT M) induced by a trivialization of (1 o x;)*(T M ) over the

circle T. The boundary condition for the elements u of Jl/L® (x,y):= ./I/LAM (x,p) is
the nonlocal Lagrangian boundary condition

(u(s, 0), 6u(s, 1)) IS5 N*A(]‘\‘,}, Vs € R.
The corresponding Floer complex is also denoted by Ff) (H), and its homology by
HF®(T*M).

3.2 The Floer equation on triangles and pair-of-pants

Additional algebraic structures on Floer homology are defined by extending the Floer
equation to more general Riemann surfaces than the strip R x [0, 1] and the cylinder
RxT.

Let (X, j) be a Riemann surface, possibly with boundary. For u € C*°(X, T*M)
consider the nonlinear Cauchy—Riemann operator

Dyu=3(Du+ J(u)o Duo j),
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that is the complex antilinear part of Du with respect to the almost-complex structure J .
The operator Dy is a section of the bundle over C® (X, T* M) whose fiber at u is
QOI(X,u*(TT*M)), the space of antilinear one-forms on ¥ taking values in the
vector bundle u* (T T*M). If we choose a holomorphic coordinate z =5 + it on X,
the operator Dy takes the form

(3-10) Dju = %(8su + J(u)dsu)ds — %J(u)(asu + J(u)dsu) dt.

This expression shows that the leading term 97 := d; + J(-)d; in the Floer equation
(3-8) can be extended to arbitrary Riemann surfaces, at the only cost of considering an
equation which does not take values on a space of tangent vector fields, but on a space
of antilinear one-forms.

When ¥ has a global coordinate z = s 4 i ¢, as in the case of the strip R x [0, 1] or of
the cylinder R x T, we can associate to the Hamiltonian term in the Floer equation the
complex antilinear one-form

G-11) Fyg(u)=—-3(J@)Xg(t.u)ds + Xg (t.u) dt) € Q¥ (S, u*(T T*M)).
Formula (3-10) shows that the Floer equation (3-8) is equivalent to
(3-12) Dyu+ Fy g(u)=0.

If we wish to use the formulation (3-12) to extend the Floer equation to more general
Riemann surfaces, we encounter the difficulty that — unlike D; — the Hamiltonian
term Fj g is defined in terms of coordinates.

One way to get around this difficulty is to consider Riemann surfaces with cylindrical
or strip-like ends, each of which is endowed with some fixed holomorphic coordinate
z = s +it, to define the operator F; g on such ends, and then to extend it to the
whole X by considering a Hamiltonian A which also depends on s and vanishes far
from the ends. In this way, only the Cauchy—Riemann operator acts in the region far
from the ends. This approach is adopted in [46; 39; 38].

A drawback of this method is that one loses sharp energy identities relating some norm
of u to the jump of the Hamiltonian action functional. Moreover, an s—dependent
Hamiltonian which vanishes for some values of s cannot satisfy assumptions (H1) and
(H2). These facts lead to problems with compactness when dealing — as we are here —
with a noncompact symplectic manifold.

Therefore, we shall use a different method to extend the Hamiltonian term Fy g . We
shall describe this construction in the case of the triangle and the pair-of-pants surface,
although the same idea could be generalized to any Riemann surface.
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Let E% be the holomorphic triangle, that is the Riemann surface consisting of a closed
triangle with the three vertices removed (equivalently, a closed disk with three boundary
points removed). Let E% be the pair-of-pants Riemann surface, that is the sphere with
three points removed.

D —

s=0 s — 00
Figure 1: The strip with a slit E¥

The Riemann surface Z¥ can be described as a strip with a slit: One takes the disjoint
union
R x[—1,0]UR x [0, 1]

and identifies (s,07) with (s,07) for every s > 0. See Figure 1. The resulting object
is indeed a Riemann surface with interior

Int(Xy) = (Rx] =1, 1[) \ (] =00,0] x{0})

endowed with the complex structure of a subset of RZ~C, (s,t)—~>s+it, and three
boundary components

Rx{—1}, Rx{l}, ]—o00,0]x{0",0"}.

The complex structure at each boundary point other than 0 = (0, 0) is induced by the
inclusion in C, whereas a holomorphic coordinate at 0 is given by the map

(3-13) {eC|Re>0, |¢| <1} = 2%, ¢

which maps the boundary line {Re¢ = 0, |{| < 1} into the portion of the boundary

]—1,0]x {0, 0t}.

Similarly, the pair-of-pants E% can be described as the following quotient of a strip

with a slit: In the disjoint union R x [—1, 0]LUR x [0, 1] we consider the identifications
(s, =1) ~(s,07) (5,07) ~(s,0T)

5.0~ 1) =0 s

for s > 0.

See Figure 2.
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Figure 2: The pair-of-pants Z%

This object is a Riemann surface without boundary, by considering the standard complex
structure at every point other than (0,0) ~ (0,—1) ~ (0, 1), and by choosing the
holomorphic coordinate

2 if Re¢ >0,
(3-14)  {teC|t]|<1/V2}—>24, ¢—~{2+i ifRet<0, Im¢>0,
t2—i if Re’ <0, Im¢ <0,
at this point.

The advantage of these representations is that now Z% and Ef} are endowed with a
global coordinate z = s 4 i ¢, which is holomorphic everywhere except at the point
(0,0) (identified with (0, —1) and (0, 1) in the A case). We refer to such a point as
the singular point: it is a regular point for the complex structure of Z¥ or E‘% , but it
is singular for the global coordinate z = s 4 i¢. In fact, the canonical map

E% —-RxT, (s,1) (s,1),
is a 2: 1 branched covering of the cylinder.

Let He C®(—1,1]xT*M). If u € C®(Z¢, T*M), the complex antilinear one-
form Fj g(u) is everywhere defined by equation (3-11). We just need to check
the regularity of Fj g (u) at the singular point. Writing F; g(u) in terms of the
holomorphic coordinate { = o + it by means of (3-13), we find

Fruaw)=tl—-o0J(u)XgQRot,u)do + (ol +1J(u))Xg(2ot,u)dr.
Therefore, Fy g (u) is smooth, and actually it vanishes at the singular point.

Assume now that H € C®°(R/2ZxT* M) is such that H(—1,-)= H(0,-)= H(1,-)
with all the time derivatives. If u € C®(ZA, T*M), (3-11) defines a smooth complex
antilinear one-form Fy g (u) € Q%1 (24, u*(TT*M)).
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A map u in C®(ZQ, T*M) or in C®(Z4, T*M) solves equation (3-12) if and
only if it solves the equation

7.0 (u) = dsu + J () (31 — Xpr (£,1)) = 0

on Int(E~). If u solves the above equation on [sg, 51] X [fg, ¢1], formula (3-6) together
with an integration by parts leads to the identity

S1 131
[ / Bu(s. 1) dt ds = AL u(sg. ) — AL sy )
S50 1)

4 / (s, )t (s, 11)] = 0w s 10)[Bste(s. 10)]) ds.

0

where Afi (x) denotes the Hamiltonian action of the path x on the interval /. We
conclude that a solution u of (3-12) on Z‘% or on Z¥ — in the latter case with values
in T, ;;)M on the boundary — satisfies the sharp energy identity

(3-15) |0s5u(s, 1)|?* ds dt
Sy N{ls|<so}

= AL (=s0,-)) + AL (=50, )) — ALY (so, ).

3.3 The triangle and the pair-of-pants products

Given Hy, H, € C*°([0,1] x T*M) such that H(1,-) = H,(0,-) with all time
derivatives, we define H1#H, € C*°([0, 1] x T*M) by

2H;(2t, x) for0<t<1/2,

3-16 H#Hy (1, x) =
(-16) t#H (. x) {2H2(2z—1,x) for1/2<t<1.

Let us assume that Hy, H,, and H{#H, satisfy (HO)Q. The triangle product on
HFS®(T* M) will be induced by a chain map

YR FH(Hy) @ F(H) — Fil (Hi#Hy).

In the periodic case, we consider Hamiltonians Hy, H, € C®°(T x T*M) such that
H{(0,-) = H5(0,-) with all time derivatives. Assuming that H, H,, and H#H,
satisfy (HO)? , the pair-of-pants product on HF®(T* M) will be induced by a chain
map

TA: FA(H) © FY(Hy) — Fii o, (Hi#Hy),

where n is the dimension of M .
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Let H € C®([—1,1]x T*M), respectively H € C*°(R/2Z x T*M), be defined by

Hi(t+1,x) if —1<t=<0,

1
(3-17) H(t,x)=§H1#H2((1+1)/2’x)= {Hz(t,x) ifo<t<1.

Notice that x: [—1,1] — T*M is an orbit of X if and only if the curve ¢ >
x((t+1)/2) is an orbit of Xg #H, .

Given x; € P9(H)), x, € P9 (Ha), and y € P(H #H,), consider the following
space of solutions of the Floer equation 0y g (1) = 0 on the holomorphic triangle:

M%(xl,xz;y) = {u eC®(ZL, T*M) |37 g(u) =0, u(z) € T, MV:ze ax2,
lim wu(s,t—1)=x1(z), lLm wu(s,?) =x,(), lim u(s,2t—1)= y(t)}.
§—>—00 §—>—00 s—>+00

Similarly, for x; € P2 (H;), x5 € PA(H,), and y € PA(H #H,), we consider the
following space of solutions of the Floer equation on the pair-of-pants surface:

M (1,323 9) 1= {u € CO(ERT*M) |8y, () =0, lim_u(s,t = 1) = x1 (1),
lim u(s,f) = xo(), lim u(s,zz—l)zy(z)}.
§—>—00 §—>—+00

The following result is proved in Section 5.10.

Proposition 3.4 For a generic choice of H; and H, as above, the sets Jl/t¥ (x1,x2; )
and A/L% (x1, x2; y) — if nonempty — are manifolds of dimension

dimM§ (x1, x2: ) = u 0n1) + 2 (x2) = (),
dim Aty (x1, x2: ) = (1) + p (02) = () = .
These manifolds carry coherent orientations.

By the energy identity (3-15), every map u in M% (x1,Xx2;y) orin M%(xl,xz; ¥)
satisfies

(3-18) /2 05u(s, )[*ds dt = Ap, (x1) + A, (x2) — Agem, ().
T

As a consequence, we obtain the following compactness result, which is proved in
Section 6.1.

Proposition 3.5 Assume that the Hamiltonians H; and H, satisty (H1), (H2). Then

the spaces Jl/tﬁ(xl,xz; y) and ./i/t%(xl , X2:y) are precompact in C2°.
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When 12 (p) = u%(x1) + 1% (x,), then space JI/L¥ (x1, x3; p) is a finite set of oriented
points, and we denote by n¥(x1 , X2; y) the algebraic sum of the corresponding orienta-
tion signs. Similarly, when pu® (y) = u® (x1) + u (x2) —n, the space M% (x1,Xx2;9)
is a finite set of oriented points, and we denote by n%(xl ,X2;y) the algebraic sum
of the corresponding orientation signs. These integers are the coefficients of the
homomorphisms

YR FH(H) @ FE(Hy) — Fil o (Hi#Hy),

Q .
.XI®X2’_> Z nT(xlsXZ’y)ys
yePS(H #H>)
w2 (y)=h+k

T2 FR(Hy) ® FE(Hy) — F o, (Hi#H),
X1 ® Xy > Z nA(x1,x2; ) y.

y€PA (H #H>)
u (y)y=h+k—n

A standard gluing argument shows that the homomorphisms Y and Y4 are chain
maps. Therefore, they define products

H X% HF(T*M) @ HFZ(T*M) — HF,  (T*M),

H YA HFN(T*M) @ HF 2 (T*M) — HF -y (T* M),
in homology. Again by gluing arguments, it could be shown that these products have
a unit element, are associative, and the second one is commutative. These facts will

actually follow from the fact that these products correspond to the Pontrjagin and the
loop products on Hy(2(M, q¢)) and H.(A(M)).

3.4 Factorization of the pair-of-pants product

Let Hy, Hy € C*°(T x T*M) be two Hamiltonians satisfying (HOYA, (H1) and (H2).
We assume that H;(0,-) = H,(0,-) with all time derivatives, so that the Hamiltonian
H\#H, defined in (3-16) also belongs to C*°(T x T*M). We assume that H#H,
satisfies (HO)A, while H; & H, satisfies (H0)®. The aim of this section is to construct
two chain maps

E: FMNHy) ® FM(Hy) — FR,,_ (H & Hy),
G: FR(H, ® Hy) > FA(H\#H>),

such that the composition G o E is chain homotopic to the pair-of-pants chain map Y4 .
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The homomorphisms E is defined by counting solutions of the Floer equation on the
Riemann surface ¥ g which is the disjoint union of two closed disks with an inner and
a boundary point removed. The homomorphism G is defined by counting solutions of
the Floer equation on the Riemann surface ¥ obtained by removing one inner point
and two boundary points from the closed disk. Again, we find it useful to represent
these Riemann surfaces as suitable quotients of strips with slits.

v N
i \
i v
- i — ' -
! I
i '
< '

12

12

Figure 3: A component of ¥ g: the cylinder with a slit

The surface X g can be described starting from the disjoint union of two strips,
R x[-1,0] u R x[0, 1],
by making the following identifications:
(s,—1) ~(5,07), (5,07)~(s,1) fors <0.

The complex structure of X g is constructed by considering the holomorphic coordinate

¢2—i if Rel >0,

(3-19)  {{eC|Im{=0, ¢ <1/v2}— 2, 5"’{;2 if Re¢ <0,

at (0,—1) ~ (0,07), and the holomorphic coordinate

2 +i if Rel >0,

(3200  {£€C[Im&=0, [§| <1/vV2} - Zg, fH{gz if Re¢ <0,

at (0,0) ~ (0, 1). The resulting object is a Riemann surface consisting of two disjoint
components, each of which is a cylinder with a slit: each component has one cylindrical
end (on the left-hand side), one strip-like end and one boundary line (on the right-hand
side). See Figure 3. The global holomorphic coordinate z = s 4 i ¢ has two singular
points, at (0,07) ~ (0, —1) and at (0,07) ~ (0, 1).
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The Riemann surface X is obtained from the disjoint union of two strips R x[—1, 0]
R x [0, 1] by making the identifications
{ (5,07) ~ (5,0%)

for s > 0.

(s, =)~ (s,1)

A holomorphic coordinate at (0, 0) is the one given by (3-13), and a holomorphic
coordinate at (0, —1) ~ (0, 1) is

¢?2—i if Im¢ >0,

(3-21) {{eC|Rel >0, [{| <1} — Xg, §H{g2+i if Im¢ <0,

We obtain a Riemann surface with two boundary lines and two strip-like ends (on the
left-hand side), and a cylindrical end (on the right-hand side). The global holomorphic
coordinate z = s + i ¢ has two singular points, at (0, 0), and at (0, —1) ~ (0, 1).

Let H e C®(R/2ZxT*M) be defined by (3-17). Given x; € PA(Hy), x, € P2 (Hy),
y=(y1,y2) € PO (H; ® H>), and z € PA(H,#H,), we consider the following spaces
of maps. The set M g(x1,X5; y) is the space of solutions u € C®(X g, T*M) of the
Floer equation _

a1 (u) =0,

satisfying the boundary conditions
mou(s,—1)=mou(s,07)=mwou(s,0") =mwou(s,1),
u(s,07)—u(s,—1) +u(s, 1) —u(s,07) =0,

and the asymptotic conditions

Vs >

\Y
=

s_l:lgloou(s,t—l) =x1(2), s—lil—noou(s’t) = x,(2),
lim u(s,t—1)=y(t), lm u(s,t) = y,(1).
§——+00 §——+00

The set Mg (y, z) is the set of solutions u € C*®° (X g, T*M) of the same equation,
the same boundary conditions but for s < 0, and the asymptotic conditions

Jim u(s =D =), im uls) =ya(), lim u(s.20-1) =20).
The following result is proved in Section 5.10.

Proposition 3.6 For a generic choice of Hy and H,, the spaces Mg (x1,x>;y) and
Mg (p, z) — if nonempty — are manifolds of dimension

dim g (x1, x5 ) = p (x1) + pb (x2) =@ (») —n,
dim Mg (y, 2) = 18 () — u ().

These manifolds carry coherent orientations.
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The energy identities are now

62 [ P dsdi = A ) + A )~ Ao ().
for every u € Mg (xq,x5;y), and

(3-23) L 1sts. 0 ds di = A ()~ Ao 2),

for every u € Mg (y, z). As usual, they imply the following compactness result (proved
in Section 6.1).

Proposition 3.7 Assume that H; and H, satisty (H1) and (H2). Then the spaces
MEg(x1,x2;y) and Mg (y, z) are precompact in C2°

loc *

When 1 () = u (x1)+p? (x2)—n, Mg (x1, x2; p) is a finite set of oriented points,
and we denote by ng(x1, x3; y) the algebraic sum of the corresponding orientation
signs. Similarly, when u?(z) = u®(y), Mg (y,z) is a finite set of oriented points,
and we denote by ng(y, z) the algebraic sum of the corresponding orientation signs.
These integers are the coefficients of the homomorphisms

E: FAHY) ® FA(Hy) — FP_, (Hy @ Hy),

X1®xa> Y np(X1X2:p)
y€?® (H,® H>)
w®()=h+k—n

G: FP(H; ® Hy) — F{ (H#H,),
Y= Z nG(y,z) Z.

ZG@A(H1 #H>)
uM(z2)=k

A standard gluing argument shows that these homomorphisms are chain maps. The
main result of this section states that the pair-of-pants product on 7* M factors through

the Floer homology of figure—8 loops. More precisely, the following chain level result
holds:

Theorem 3.8 The chain maps

TA, GoE: (FA(H)®F(H,)), = @ FAH)® Fi(Hy) — F, (H\#Hy)
j+h=k
are chain homotopic.

In order to prove the above theorem, we must construct a homomorphism

Plp: (FAH) ® FA(H)), — FL, o (Hi#H),
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such that

(3-24) (YA~GoE)a®p)

= 0% 4, © PeE(@® B) + Plp (05,0 @ B+ (-1 a ® 0}y B).
for every o € F*(Hy) and 8 € F{*(H,). The chain homotopy PJ is defined by
counting solutions of the Floer equation on a one-parameter family of Riemann surfaces

with boundary EgE (o), @ €]0, +0o0[, obtained by removing an open disks from the
pair-of-pants.

More precisely, given « €0, +o0[, we define EE £ (@) as the quotient of the disjoint
union R x [—1,0]UR x [0, 1] under the identifications

{ (s,—1)~(s,07) { (s,—1)~(s,1)
if ,

s<0 if s > a.
(5,07) ~(s.1) (5,07) ~(s,0™)

This object is a Riemann surface with boundary, with the holomorphic coordinates
(3-19) and (3-20) at (0, —1) ~ (0,07) and at (0,07) ~ (0, 1), and with the holomorphic
coordinates (3-13) and (3-21) (translated by «) at («,0) and at (o, —1) ~ (@, 1). The
resulting object is a Riemann surface with three cylindrical ends and one boundary circle.
Given x; € Q’A(Hl), Xy € QPA(HZ) and z € QPA(Hl#Hz), we define J(/LgE(xl,)Q; z)
to be the space of pairs («, u), with o > 0 and u € COO(EgE (o), T* M) the solution of
37,5 w) =0,
with boundary conditions

Vs €0, «],
u(s,07) —u(s,—1) +u(s, 1) —u(s,07) = 0,

{n ou(s,—1)=mou(s,07)=mou(s,0T)=mou(s,1),
and asymptotic conditions
s_lir_noou(s, t—1)=x1(), s—lylloou(s’ 1) =x,(1), S_I)ITOOM(S, 2t —1) =z(¢).

The following result is proved in Section 5.10.

Proposition 3.9 For a generic choice of H; and H,, /l/thr g (X1, X2; z) — if nonempty
— is a manifold of dimension

dim Mg (v1. x252) = b (vp) + () =t () —n + 1.

The projection (o, u) — o is smooth on MgE(xl,xz; z). These manifolds carry
coherent orientations.
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Energy estimates, together with (H1) and (H2), again imply compactness. When
uh(z) = p (x1) + pul(xa) —n+1, MgE(xl , X; z) is a finite set of oriented points.
Denoting by ng g (X1,X2; z) the algebraic sum of the corresponding orientation signs,
we define the homomorphism

Pgp: Fi (H) ® Fi(H2) = Filyy_y i (Hi#Hy),
X1 ® Xy > Z ngE(xl,xz;Z)z.
ZE@A(Hl#Hz)
ur(2)=h+k—n+1

Then Theorem 3.8 is a consequence of the following:

Proposition 3.10 The homomorphism Pg g 18 a chain homotopy between YA and
GoFE.

The proof of the above result is contained in Section 6.3.

3.5 The homomorphisms C, Ev and I,

In this section we define the Floer homological counterparts of the homomorphisms

Cx: H (M) — Hi (A(M)), evy: H(A(M)) > Hi (M),
iy Hi(A(M)) = Hp—n(S2(M, q0))-

These are the homomorphism which will appear in the Floer homological counterpart
of diagram (1-1). The reader who is interested only in Theorems A and B of the
Introduction may skip this section.

The homomorphisms C and Ev Let f be a smooth Morse function on M , and
assume that the vector field — grad f satisfies the Morse—Smale condition. Let H €
C°(T x T*M) be a Hamiltonian which satisfies (H0)*, (H1), (H2). We shall define
two chain maps

C: Mi(f)— Fr(H), Ev: Fr(H)— Mi(f).
Given x € crit(f) and y € P (H), consider the following spaces of maps
Me(x, y) = {u € €20, +0o[ XT, T*M) |35, w) =0,
mou(0,r)=qgeWh(x)¥teT, lim u(s,1)= y(z)},
§—>+400
Mey (v, x) = {u € C®(—o00,0]x T, T*M) (5,,H(u) —0, u(0,7) e Op V2 €T,

u(0,0) € WH(x), lim_u(s,0) = y(0)},
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where Qjps denotes the image of the zero section in 7*M . The following result is
proved in Section 5.10.

Proposition 3.11 For a generic choice of H and [, Mc(x, y) and Mgy (y, x) are
manifolds with

dim e (x, y) =i(x) — 2 (p),  dimde(y,x) = p2 () —i (x).

These manifolds carry coherent orientations.

If u belongs to Mc(x, y) or Mgy(y, x), the fact that u(0, - ) takes value either on the
fiber of some point ¢ € M or on the zero section of 7* M implies that

1
A (w.) == [ Heu.0)
0
Therefore, we have the energy estimates
/ |05u(s,2)|> dsdt < —min H—Ag (),

[0,400[ xT

for every u € Mc(x, y), and
/ |0su(s.t)*dsdt <Ag(y)+ max H(tq,0),

]_O0,0]XT (ta M

q)€T x

for every u € Mgy(y, x). These energy estimates allow to prove the following com-
pactness result:

Proposition 3.12 The spaces JMc(x, y) and Mgy (y, x) are precompact in
CR([0, +o0o[ xT, T*M) and CS(]—o00,0]xT,T*M).

When pu? (y) =i(x), Mc(x, y) and Mgy (p, x) consist of finitely many oriented points.
The algebraic sums of these orientation signs, denoted by nc(x, y) and ngy(y, x),
define the homomorphisms

C: Mi(f)—> FAH)., x— Y nc(x.p)y.
ye? (H)
uwh (n)=k

Ev: FN(H) = Mi(f). yr ) nep.x)x.

xe€crit(f)
i(x)=k

A standard gluing argument shows that C and Ev are chain maps. The induced
homomorphisms in homology are denoted by C, and Ev..
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The homomorphism I, Let X;, be a cylinder with a slit. More precisely, Xy, is
obtained from the strip R x [0, 1] by the identifications (s,0) ~ (s, 1) for every s < 0.
At the point (0,0) ~ (0, 1) we have the holomorphic coordinate

) . e itme=o.
{teC|Ret =0, t|<1/V2} >3y, ¢ {§2+i if Im¢ <0.

It is a Riemann surface with one cylindrical end (on the left-hand side), one strip-like
end, and one boundary line (on the right-hand side). It is the copy of one component
of X g see Figure 3.

Consider now a Hamiltonian H € C®(T x T*M) which satisfies (HO)®, (H0)$,
(H1), (H2). We also assume the condition

(3-25) xe?MH) = x(0)¢T;M.
Given x € PA(H) and y € P9 (H), we introduce the space of maps
M, (x, y) = {u € C®(Sp,, T*M) | 37,5 (u) =0, u(s,0) € T} M and
* > 1 = 1 =
u(s.1) € Toy M ¥s 20, lim u(s.) =x(0). lim_u(s.1) y(z)}.
The following result is proved in Section 5.10:

Proposition 3.13 For a generic H satisfying (3-25), the space Jly,(x, y) is a manifold
with
: _ A Q
dim M, (x, y) = p™ (x) = (y) —n.
These manifolds carry coherent orientations.

The general discussion of Section 6.1 gives the following compactness statement:
Proposition 3.14 The space M, (x, y) is precompact in CS(Xy,, T*M).

When 1% (y) = u(x) —n, the space My, (x, y) consists of finitely many oriented
points. The algebraic sum of these orientations is denoted by ny,(x, y), and defines
the homomorphism

I: FAH)— FE(H)., x> Y np(x.y) .
yeP(H)
ue(y)=k—n

A standard gluing argument shows that /) is a chain map. The induced map in homology
is denoted by the same symbol.
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4 Isomorphisms between Morse and Floer complexes

4.1 The chain complex isomorphism

Let Q be a closed manifold and let R be a closed submanifold of Q x Q, as in Section
2.1 and Section 3.1. The aim of this section is to recall the construction of an isomor-
phism between HFX(T*Q), the Floer homology of 7*(Q with nonlocal conormal
boundary conditions defined by R (see Section 3.1), and the singular homology of the
path space
PRr(Q):=1{y € C°([0,1], ©) | (¥(0), ¥(1)) € R}.

The existence of such an isomorphism was first proved by Viterbo in [52], in the case of
periodic boundary conditions (that is, when R is the diagonal in O x Q). A different
proof is due to Salamon and Weber [44]. Here we adopt a third approach, which
we have introduced in [4] for periodic and Dirichlet boundary conditions, and later
extended to arbitrary nonlocal conormal boundary conditions with Portaluri in [2]. See
also Weber [54] for a nice exposition comparing the three approaches.

The strategy is to choose the Hamiltonian H € C®°([0, 1]x T* Q) to be the Fenchel dual
of a Lagrangian L € C®°([0, 1] x TQ), and to work at the chain level, by constructing
a chain isomorphism

(4-1) ok M (SE) - FR(H)

from the Morse complex of the Lagrangian action functional Sf introduced in Section
2.1 to the Floer complex of H. More precisely, we assume that the Lagrangian L
satisfies the assumptions (L1) and (L2) and that all the solutions y in PR (L) are
nondegenerate. It follows that the Fenchel dual Hamiltonian A, which is defined by

H(t,q.p) = vg;ﬁ&((l), v) — L(t.q,v)),
q

is smooth and satisfies (HO), (H1) and (H2). If v(¢,q, p) € Ty M is the (unique) vector
where the above maximum is achieved, the map

[0, 1]xT*M —[0,1]xTM, (t.q,p)+ (t,q.v(.q. p)),

is a diffeomorphism, called the Legendre transform associated to the Lagrangian L.
There is a one-to-one correspondence x +— o x between the orbits of the Hamiltonian
vector field Xz and the solutions of the Euler-Lagrange equation (2-1) associated to L,
such that (¢, 7 o x(¢), (;t o x)'(¢)) is the Legendre transform of (¢, x(z)). Therefore,
x belongs to PR(H) if and only if 7 o x belongs to PR(L), and the fact that 7 o x
is nondegenerate is equivalent to the fact that x is nondegenerate. Therefore, both
the Morse complex M (Sf ) and the Floer complex FR(H) are well-defined. The
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existence of the isomorphism (4-1) implies that the Floer homology HF f (T*Q) is
isomorphic to the singular homology of Pg(R), just because the Morse homology
HM, (S f) of the functional S f is isomorphic to the singular homology of its domain
Wlé’z([O, 1], O), and because the latter space is homotopically equivalent to Pg(R).

Clearly, the identification between generators PR (H) — ®R(L), x — 7 o x, need
not produce a chain map, because the definitions of the boundary operator in the two
complexes have little in common. The construction of the isomorphism CIDf is based
instead on counting solutions of a hybrid problem, that we now describe.

Given y € PR(L) and x € ®R(H), we denote by /i/tg()/, x) the space of maps
u: [0, +00[ x[0, 1] = T*Q which solve the Floer equation

(4-2) 3y, () =0,
together with the asymptotic condition

(4-3) lirll u(s, t) = x(),

and the boundary conditions
(u(s,0),%u(s,1)) e N*R, Vs=>0, mou(0,-)e WH (),

where W4(y) C WI;’Z([O, 1], Q) denotes the unstable manifold of y with respect to
the pseudo-gradient vector field X for S f used in the definition of the Morse complex
of S}f. For a generic choice of L and of the pseudo-gradient X, these spaces of maps
are manifolds of dimension

dimME (v, x) =i (y; S — nR(x),

where i(y; S}f) denotes the Morse index of y, seen as a critical point of S¥, and
R (x) is the Maslov index of x defined in (3-5). The fact that H is the Fenchel dual
of L immediately implies the following important inequality between the Hamiltonian
and the Lagrangian action functionals:

(4-4) Ag(x) <Sp(mrox), VxeC*®(0,1],T*0),

with the equality holding if and only if x is related to (7 o x, (7 0x)’) by the Legendre
transform. In particular, the equality holds if x is an orbit of the Hamiltonian vector
field Xz . The inequality (4-4) provides us with the energy estimates which allow
to prove suitable compactness properties for the spaces Ji/tg (y.x). When puR(x) =
i(y;S f ), the space A/tg (v, x) consists of finitely many oriented points, which add up
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to the integers ng(y, x). These integers are the coefficients of the homomorphism

@f:Mk(Sf)%F,f(H,J), Y Z ng(y,x)x,

xePR(H)
wR )=k

which can be shown to be a chain map. The inequality (4-4) implies that ng()/, x)=0
if Ag(x)>Sr(y) and y # 7 o x, while ng(y,x) = =1 if y = mw ox. These facts
imply that @f is an isomorphism.

As in Section 2.1 and Section 3.1, we are interested in the boundary conditions given
by the following choices for R: Periodic (Q = M and R = Ajpy), Dirichlet (Q = M
and R = (qo.qo)), Figure-8 (Q = M x M, R = A'}}). We denote the corresponding
isomorphisms also by the symbols

4)
oL = tM @ = 1) 9P = pLN.

4.2 A chain level proof of Theorem B

Theorem B of the Introduction says that if M is a closed manifold and gy € M, then
there is a graded ring isomorphism

H (UM, q0)) = HF(T* M)

where the first graded group is endowed with the Pontrjagin product # (see Section 1.1),
and the second one with the triangle product Y5 (see Section 3.3). By the results
of Section 2.3, the Pontrjagin product # can be read on the Morse complex of the
Lagrangian action functional with Dirichlet boundary conditions as the chain map

My: Mj(SE,) ® My(S,) = M;1x(ST 41,).

defined in Proposition 2.2. Therefore, Theorem B is implied by the following chain
level statement, which is the main result of this section:

Theorem 4.1 Let L, L, € C*([0,1] x TM) be two Lagrangians which satisfy
(L0)?, (L1), (L2), are such that L1(1,-) = L,(0,-) with all the time derivatives, and
(2-9) holds. Assume also that the Lagrangian L#L, defined by (2-8) satisfies (LO)Q.
Let Hy and H, be the Fenchel transforms of L1 and L, , so that H;#H, is the Fenchel
transform of L{#L,, and the three Hamiltonians H;, H,, and Hi#H, satisty (HO)S2 s
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(H1), (H2). Then the diagram

M,
(M(S$)® M(SE,), — My (SE,4L,)
o2 ®0F, l L‘D?I#Lz
Q
(F&(Hy) ® F2(Hy)), — Fi (Hy#Ha)

is chain-homotopy commutative.

Instead of constructing directly a homotopy between ®$ \#L,°My and TRod$ . QDY I
we shall prove that both these chain maps are homotopic to a third one, that we name
K< see Figure 4.

[

Q
QY 41, © My

Figure 4: The homotopy through K<

The definition of K is based on the following space of solutions of the Floer equation
for the Hamiltonian H defined in (3-17): given y; € P9(L,), y, € P%(L,), and
x € P (H #H,), let M%(yl , ¥2: X) be the space of solutions u: [0, +o0[ X [—1, 1] —
T*M of the Floer equation

a1 (u) =0,

with boundary conditions

mou(s,—1)=mou(s,1)=¢qqg, Vs=0,
mou(0,- —1) e We(yis Xi1), wou(0,-) € W(yx: X14),
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and the asymptotic behavior

lim u(s,2t—1) = x(¢).

s—>+00

Here, X izl and X 222 are Morse-Smale pseudo-gradients for the functionals S , and
S% . Theorem 3.2 in [4] (or the arguments of Section 5.10) implies that for a generic
choice of the Lagrangians L, L,, and of the pseudo-gradients X ﬁ , X EZ, the space
Jl/tl% (71, y2: x) —if nonempty — is a smooth manifold of dimension

dim MG (1, y2; %) = iy L) +i%(ya; Ly) — (s Hi#Ha).

These manifolds carry coherent orientations. The energy identity is now
/ gl ) d di = Ay (1) + Ay (v2) — Ao, ().
[07+OO[X [_151]

where x1(¢) =u(0,2—1) and x,(¢) =u(0,¢). Since 7 ox; is in the unstable manifold
of y1 and m o x, is in the unstable manifold of y;,, the inequality (4-4) implies that

Ag,(x1) =SL, (1), Amg,(x2) =S, ().

so the elements u of ,/l/t% (v1, ¥2; x) satisfy the energy estimate

4-5) / stu(s. O ds dt <Sz, (7)) + SL,(v2) — Ay ne, ().
[0,+00[ x[—1,1]

When i%(y;; L) 4+ i%(y2; Ly) = u(x; Hy & H,), the space Ml%(yl,yz;x) is a
compact zero-dimensional oriented manifold. If n% (71, y2; x) is the algebraic sum of
its points, we can define the homomorphism

K% (M(SE) ® M(SE), — F(H\#H,),
V1® V2> Z "%(Vl,)/z;x)x-
x€PC (H #H>)
we (x)=k

A standard gluing argument shows that K is a chain map.

It is easy to construct a homotopy PI*Q between @% \#L, © My and K £ In fact, it is
enough to consider the space of pairs (¢, #), where « is a positive number and u is a
solution of the Floer equation on [0, +o00o[ x [—1, 1] which converges to x for s — +o0,
and such that the curve ¢ — m ou(0, 2t — 1) belongs to the evolution at time o of

T(W"(yi: X22) x W (2 X52)),
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by flow of X {2] 4L, » @ pseudo-gradient for S 4L, - Here T is the concatenation map
defined in Section 1.1. More precisely, set

‘/l/tﬁ(()/l, Vo X) = {(a, u) ‘a >0, u: [0, +oo[ x[—1,1] = T*M solves 5J’H(U) =0,

mou(s,—1)=mou(s,1)=qo Vs >0, lim u(s,2t—1)=x(¢),
s—>+00
7ou(0,2-~1) € g (MW" (1 X2) x Wh(ya: X))}

where qﬁsQ denotes the flow of X ?1#L2' For a generic choice of Ly, L,, Xizl,
X 82 ,and X ﬁ #L, > the space M%(y1, y2: x) — if nonempty — is a smooth manifold of
dimension

dim A (1, y2:x) = iy L) + % (ya; Ly) — p(x; Hi#Hy) + 1,

and these manifolds carry coherent orientations. The energy estimate is again (4-5). By
counting the elements of the zero-dimensional manifolds, we obtain a homomorphism

Py (M(SE) ® M(SE), — Fiy, (Hi#Hs).

A standard gluing argument shows that P} is a chain homotopy between @%l 4L, ° My
and K.

The homotopy Pf between K and YT o (@%l ® db%z) is defined by counting
solutions of the Floer equation on a one-parameter family of Riemann surfaces Z$ (o),
obtained by removing a point from the closed disk. More precisely, given o > 0, we
define Eg(a) as the quotient of the disjoint union [0, +oo[ x [—1, 0]U[0, +o0o[ x [0, 1]
under the identification

(5,07) ~ (s,0%) fors>a.

This object is a Riemann surface with boundary: Its complex structure at each interior
point and at each boundary point other than («, 0) is induced by the inclusion, whereas
the holomorphic coordinate at (o, 0) is given by the map

{teC|Rel >0, [t|<e}—>2K(0), (a+(?

where the positive number € is smaller than 1 and /a. Given y; € P(Ly), 2 €P(L»),
and x € P(H#H,), we consider the space of pairs («,u) where « is a positive
number, and u(s, t) is a solution of the Floer equation on Eg (o) which converges
to x for s — 400, lies above some element in the unstable manifold of y; for
s =0 and —1 <t <0, lies above some element in the unstable manifold of y, for
s =0and 0 <t <1, and lies above ¢go at all the other boundary points. More
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precisely, Ji/t¥ (v1, ¥2: x) is the set of pairs (o, #) where « is a positive number and
u: Eg(a) — T*M is a solution of

97,1 () =0,
which satisfies the boundary conditions

mou(s,—1)=mou(s, 1) =qg, Vs=0,
mou(s,07)=mou(s,0") =¢qo, Vsel0,al
wou(0,- —1) e W(yi: X{),  wou(0,-) € W'(ya: X1),

and the asymptotic condition

lim u(s,2t—1) = x(¢).

§—>+00

The following result is proved in Section 5.10.

Proposition 4.2 For a generic choice of L1, L,, X, {Zl ,and X ?2, J(/L§ (y1,y2:x) —if
nonempty — is a smooth manifold of dimension

dim ME (y1, v x) = iy L) + %y Ly) — 1 (x; Hi#Hy) + 1.

These manifolds carry coherent orientations.

As before, the elements («, u) of JI/L.II{ (71, y2; x) satisfy the energy estimate
/ |0su(s, 0)|> ds dt < S, (1) + S, (v2) = Amyum, (%),
2@

which allows to prove compactness. By counting the zero-dimensional components,
we define a homomorphism

P (M(SE) ® M(SE)), — Fit | (Hi#H,, J).

The conclusion arises from the following:

Proposition 4.3 The homomorphism Pf is a chain homotopy between K and
T¢o (0F, ® OF).

The proof of the above proposition is contained in Section 6.4. It is again a compactness-
cobordism argument. The analytical tool is the implicit function theorem together with
a suitable family of conformal transformations of the half-strip. This concludes the
proof of Theorem 4.1, hence of Theorem B.
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4.3 A chain level proof of Theorem A

Theorem A of the Introduction says that if M is an oriented closed manifold, then
there is a graded ring isomorphism

Hy(A(M)) = HFA(T* M)

where the first graded group is endowed with the loop product o (see Section 1.2),
and the second one with the pair-of-pants product Hy YA (see Section 3.3).

The loop product is the composition of two nontrivial homomorphisms: The first one
is the exterior homology product x followed by the Umkehr map ey, that is

erox: Hy(A(M)) ® Hi(A(M)) —> Hypj—n(O(M)),
the second one is the homomorphism induced by concatenation,
Lyt H(©(M)) — Hi (A(M)).

In Section 2.4, we have shown how these two homomorphisms can be read on the
Morse complexes of the Lagrangian action functional with either periodic or figure—8
boundary conditions: e; o X is induced by the chain map

My: My(SE,) ® Mj(SE,) — My j-n(SE, 0L,)-
defined immediately after Proposition 2.4, and I'yx by the chain map
Mr: Mi(ST,01,) — Mi(ST,41,):

defined in Proposition 2.5. On the other hand, by Theorem 3.8 the pair-of-pants product
Y2 on the Floer homology of 7*M with periodic boundary conditions is induced by
the composition of the chain maps

E: FN(Hy) ® FMN(Hy) — Fpy i, (Hy & Hy),
G: FP(H, ® Hy) — F{(H\#H>).
Therefore, Theorem A is an immediate consequence of the following chain level result:
Theorem 4.4 Let L;, L, € C®(T x TM) be two Lagrangians which satisfy (LO)*,
(L1), (L2), are such that L{(0,-) = L,(0,-) with all the time derivatives, and satisfy

(2-10), or equivalently (2-11). Assume also that the Lagrangian L#L, defined by
(2-8) satisfies (LOYA. Let Hy and H, be the Fenchel transforms of Ly and L, so that
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H#H, is the Fenchel transform of L#L,, and the three Hamiltonians Hy, H,, and
H #H, satisty (HO)A , (H1), (H2). Then the two squares in the diagram

M,
(MSE)®M(SP), —— My_u(SP,01,) Mi_n(S$ 41,)
¢21®¢22l LQ?IG)LZ l¢21#1‘2

(FA(H) ® FA(Hy)), F, (H#Hy)

Q

F2  (H| & H)

commute up to chain homotopies.

The chain homotopy commutativity of the left-hand square is more delicate and is
proved in the next section. The second square is studied in Section 4.5.

4.4 The left-hand square is homotopy commutative

In this section we show that the chain maps CID?IGBL2 oM, and E o (@ﬁl ® @ﬁz) are
homotopic. We start by constructing a one-parameter family of chain maps

KD (M(S2) @ M(S), — FE,(H, & Hy).

where « is a nonnegative number. The definition of Ké\ is based on the solution spaces
of the Floer equation on the Riemann surface Ef consisting of a half-cylinder with a
slit. More precisely, when « is positive Zf is the quotient of [0, +o00[ x [0, 1] by the
identifications

(5,0) ~(s,1) Vse]0,a].

with the holomorphic coordinate at (o, 0) ~ (0, 1) obtained from (3-20) by a translation
by . When @ =0, =X = =X is just the half-strip [0, +oo[ x [0, 1]. Fix y; e P2 (L),
v2 € PA(L,), and x € PO (H; @ H,). Let A/tf (v1, ¥2; x) be the space of solutions
u: K — T*M? of the equation

37, @ H, W) =0,

which satisfy the boundary conditions

(4-6) wou(0,-) € W((r1.v2): X£\or,)-
4-7) (u(s,0),Gu(s, 1)) e N*AY . Vs>a,
(4-8) ligrn u(s, ) = x(1),

where Xi\leaL2 is a pseudo-gradient for SéléBLz on A'(M x M). Let us fix some
ao > 0. The following result is proved in Section 5.10:
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Proposition 4.5 For a generic choice of the Lagrangians Ly, L,, and of the pseudo-
gradient X f‘l oL, the space Jl/tgo (Y1, v2; X) — if nonempty — is a smooth manitold of
dimension

dim ME (1. y2:x) =i (s L) + i (21 L2) — u® (x: Hy & Hy) —n.

These manifolds carry coherent orientations.

Compactness is again a consequence of the energy estimate
@) [ Dot dsdr =51,(00) + 51,00~ Ao ().

implied by (4-4). When i2(yy: L1) +i®(y2: Ly) =k and u®(x; H; & Hy) =k —n,
the space Jl/LfO (Y1, v2; x) is a compact zero-dimensional oriented manifold. The usual
counting process defines the homomorphism

K& (M(SE) @ M(SE)), — F&,(Hy & Hy),
and a standard gluing argument shows that Kofl\o is a chain map.

Now assume ¢ > 0. By standard compactness and gluing arguments, the family of
solutions A/Lolf for « varying in the interval [ctg, +00[ allows to define a chain homotopy
between K(f}o and the composition E o ((I)}}l ® (Di\z).

Similarly, a compactness and cobordism argument on the Morse side shows that K(‘)X
is chain homotopic to the composition dD(I?l @L, © M. See Figure 5.

!
Eo (P} ®@®2) ~ K ~ K§ ~ P gp,0 M

Figure 5: The homotopy through Ké\ and K(‘)\

It remains to prove that K é\o is homotopic to K é\. Constructing a homotopy between
these chain maps by using the spaces of solutions /l/té( for o €0, atg] presents analytical
difficulties: If we are given a solution  of the limiting problem .ILX | the existence of a
(unique) one-parameter family of solutions “converging” to u is problematic, because
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we do not expect u to be C° close to the one-parameter family of solutions, due to the
jump in the boundary conditions.

Therefore, we use a detour, starting from the following algebraic observation. If two
chain maps ¢, ¢: C — C’ are homotopic, so are their tensor products ¢ @ and ¥ Q.
The converse is obviously not true, as the example of ¢ = 0 and { noncontractible
shows. However, it becomes true under suitable conditions on ¢ and . Denote by
(Z,0) the graded group which vanishes at every degree, except for degree zero, where it
coincides with Z. We see (7, 0) as a chain complex with the trivial boundary operator.
Then we have the following:

Lemma 4.6 Let (C,0) and (C’,d) be chain complexes, bounded from below. Let
@, ¥: C — C’ be chain maps. Assume that there is an element € € Cy with de = 0
and a chain map §: C' — (Z,0) such that

5(p(€)) =48y (e)) = 1.
If ¢ ® ¥ is homotopic to ¥ ® ¢, then ¢ is homotopic to V.

Proof Let 7 be the chain map
7CQC -C'®(Z,0)=C', 7=id®S3.
Let H: C ® C — C’ ® C’ be a chain homotopy between ¢ ® ¥ and ¥ ® ¢, that is
YRV -y ®¢=0H+ HO.
If we define the homomorphism /: C — C’ by
h(a):=moH(a®e), VaeC,
we have
oh(a)+hoa =on(H(a®e€))+n(Hi(a®¢€))
=7m(0H(a®¢€)+ Hi(a®¢€)) = n(p(a) @ Y () — Y (a) @ ¢(€))
= ¢(a) ® (Y (€)) — ¥ (a) ® 8(¢p(€)) = p(a) — Y (a).

Hence / is the required chain homotopy. |

We shall apply the above lemma to the complexes

Cr = (M(SL,) ® M(SL,)) Ci = FQ (Hy @ Hy),

k+n’

and to the chain maps Ké‘ and Ké\o. The tensor products Ké\ ® Ké\o and Ké\o ® Ké\
are represented by the coupling — in two different orders — of the corresponding elliptic
boundary value problems.
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Proposition 4.7 The chain maps Ké\ ® Ké\o and Ké\o ® K(‘)\ are homotopic.

Constructing a homotopy between the coupled problems is easier than dealing with the
original ones: we can keep ¢ fixed and rotate the boundary condition on the initial
part of the half-strip. This argument is similar to an alternative way, due to H Hofer,
to prove the gluing statements in standard Floer homology. Details of the proof of
Proposition 4.7 are contained in Section 6.5 below.

Here we just construct the cycle € and the chain map § required in Lemma 4.6. Let
§: M(S?,1,) — (Z,0)

be the standard augmentation on the Morse complex of the Lagrangian action functional
on the space of figure—8 loops, that is the homomorphism mapping each generator
y € PO (L, @ L,) of Morse index zero into 1. Since the unstable manifold of a critical
point y of Morse index 1 is one-dimensional, its boundary is of the form y; — y»,
where y; and y, are two relative minimizers. Hence, § is a chain map. We choose the
chain map

§: FO(H, & Hy) — (Z.0)

to be the composition of § with the isomorphism (@? \®L 2)_1 from the Floer to the
Morse complex. Since the latter isomorphism is the identity on global minimizers,
§(x) =1 if x € P (H, & H,) corresponds to a global minimizer of S?@Lz'

We now construct the cycle € in (M (Si‘ )M (S‘L\Z))n. Since changing the La-
grangians L and L, (and the corresponding Hamiltonians) changes the chain maps
appearing in the diagram of Theorem 4.4 by a chain homotopy, we are free to choose
the Lagrangians so to make the construction easier.

We consider a Lagrangian of the form
Ll([7 q, U) = %|U|2 - Vl(tvq)s
where the potential V7 € C°°(T x M) satisfies

(4-10) Vi (l,q) < W (l,CI()) =0, VeeT, Vq S M\{C]o},
4-11) Hess V1 (¢, qo) <0, VteT.

The corresponding Euler-Lagrange equation is
(4-12) Viy'(t) = —grad Vi (1. y (1)),

where V; denotes the covariant derivative along the curve y. By (4-10) and (4-11),
the constant curve ¢ is a nondegenerate minimizer for the action functional Si‘ , on
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the free loop space (actually, it is the unique global minimizer), so
i™(go; L1) = 0.

Notice also that the equilibrium point (¢gq, 0) is hyperbolic and unstable for the Hamil-
tonian dynamics on 7* M induced by the Fenchel dual Hamiltonian H;. We claim
that there exists w > 0 such that

every solution y of (4-12) such that y(0) = y (1), other than y(¢) = qo.

(@-13) satisfies S, (y) = w.

Assuming the contrary, there exists a sequence (y) of solutions of (4-12) with 4 (0) =
yn(1) and 0 < Sg,(y) — 0. The space of solutions of (4-12) with action bounded
from above is compact — for instance in C°°([0, 1], M) — so a subsequence of (y})
converges to a solution of (4-12) with zero action. Since ¢q is the only solution with
zero action, we find nonconstant solutions y of (4-12) with y(0) = y(1) in any C*°—
neighborhood of the constant curve gq. But this is impossible: The fact that the local
stable and unstable manifolds of the hyperbolic equilibrium point (gg,0) € T*M are
transverse to the vertical foliation {Tq* M | g € M} easily implies that if (xp) is a
sequence in the phase space T*M tending to (¢go,0) such that the Hamiltonian orbit
of xy at time 7}, is on the leaf T ;(x;,)M containing xy, then the sequence (7}) must
diverge.

A generic choice of the potential V; satisfying (4-10) and (4-11) produces a La-
grangian L, whose associated action functional is Morse on A (M).

Next we consider an autonomous Lagrangian of the form
L(q.v) := o[> = Va(g).
where:

(i) V> is a smooth Morse function on M .
(i) 0= Va(qo) < Va(q) <w/2 forevery g € M \ {qo}.

(iii)) V, has no local minimizers other than g .
i) Va2llczear) < p-
Here p is a small positive constant, whose size is to be specified. The critical points

of V, are equilibrium solutions of the Euler—Lagrange equation associated to L,. The
second differential of the action at such an equilibrium solution ¢ is

1
d’s3 (g)l6.8] = /0 ({'(). 8'(1)) — (Hess Va(g) €. £(1)) .

Geometry & Topology, Volume 14 (2010)



Floer homology of cotangent bundles and the loop product 1627

If 0 < p <2m, (iv) implies that ¢ is a nondegenerate critical point of S%Z with Morse
index

i*(g: L) =n—i(g: V).
a maximal negative subspace being the space of constant vector fields at ¢ taking
values into the positive eigenspace of Hess V;(q).

The infimum of the energy

1 ! l 2
= d
| ok

over all nonconstant closed geodesics is positive. It follows that if p in (iv) is small
enough, then

(4-14) inf{S]:2 Y)|ye QPA(ZZ), y nonconstant} > 0.

Since the Lagrangian L, is autonomous, nonconstant periodic orbits cannot be nonde-
generate critical points of S[Z‘ .Let W € C®(T x M) be a C?—small time-dependent
potential satisfying: 2

(v) 0<W(t,q) <w/2 forevery (t,q) e T x M .

(vi) W(t,q) =0, grad W(t,q) =0, Hess W(¢,q) = 0 for every t € T and every
critical point g of V5.

For a generic choice of such a W, the action functional associated to the Lagrangian

LZ([aqv v) = %(U, U) - V2(q) - W(Z? q)?

is Morse on A'(M). By (vi), the critical points of V5 are still equilibrium solutions
of the Euler—Lagrange equation

(4-15) Viy/ (1) = = grad(Va(t. y (1) + W(t. v (1)),

(4-16) iMgi L) =n—i(q;Va) Vq €crit Vs.

Moreover, (4-14) implies that if the C? norm of W is small enough, then
4-17) inf{Sr,(y) |y e @A(Lz), y nonconstant} > 0.

Up to a generic perturbation of the potential W, we may also assume that the equilibrium
solution ¢ is the only 1—periodic solution of (4-15) with y(0) =y (1) = go (generically,
the set of periodic orbits is discrete, and so is the set of their initial points).

Since the inclusion ¢: M < A!(M) induces an injective homomorphism between
the singular homology groups, the image c«([M]) of the fundamental class of the
oriented closed manifold M does not vanish in Al (M). By (ii) and (v), the action
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S, of every constant curve in M does not exceed 0. So we can regard c«([M]) as
a non vanishing element of the homology of the sublevel {sz < 0}. The singular
homology of {sz < 0} is isomorphic to the homology of the subcomplex of the
Morse complex M, (S’L\Z) generated by the critical points of Si‘z whose action does
not exceed 0. By (4-17), these critical points are the equilibrium solutions ¢, with
q € crit (V3). By (ii), (iii), and (4-16), the only critical point of index # in this sublevel
is go. It follows that the Morse homological counterpart of cy«([M]) is £gqo. In
particular, gg € M, (Sﬁz) is a cycle. Since Si\z (90) =0,

(4-18) ST, (1) <0, VyeW"(qo: X1).

We now regard the pair (¢o. ¢o) as an element of #©(L; & L,). We claim that if p is
small enough, (iv) implies that (g, go) is a nondegenerate minimizer for Sy, gz, on
the space of figure—8 loops @' (/). The second differential of S?le L, at (go,qo) is
the quadratic form

>S9 o1, 0. q0)l(E1. E)F

1
= /0 ((51,51) — (Hess V1(7,90) &1, 1) + (£5. &) — (Hess Va(qo) &2, 52)) dt,

on the space of curves (£1,£,) in the Sobolev space W12([0, 1], Tyy M x Ty, M)
which satisfy the boundary conditions

£1(0) =&1(1) = &(0) = &(1).
By (4-11), we can find o > 0 such that
Hess Vi (¢, q0) < —al.

By comparison, it is enough to show that the quadratic form

1
Qptun,uz) = [ W02 + s (02 + 150 = pua(0?)
is coercive on the space
{(ur.uz) € WH2([0, 1L, R?) | u1(0) = u1 (1) = u2(0) = un(1)}.
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When p = 0, the quadratic form Q is nonnegative. An isotropic element (u1,u5)
for O would solve the boundary value problem

(4-19) —u{(t) +ouy (1) =0,
(4-20) —uy(1) =0,
(4-21) u1(0) =u1(1) = uz(0) = us(1),
4-22) uy (1) —u; (0) = uy(0) — 5 (1).

By (4-20) and (4-21), u, is constant, so by (4-21) and (4-22) u; is a periodic solution
of (4-19). Since « is positive, uy is zero and by (4-21) so is u,. Since the bounded
self-adjoint operator associated to Q is Fredholm, we deduce that Q is coercive. By
continuity, Q, remains coercive for p small. This proves our claim.

Let H; and H, be the Hamiltonians which are Fenchel dual to L1 and L,. In order
to simplify the notation, let us denote by (go, ¢o) also the constant curve in 7* M2
identically equal to ((¢gg,0), (g0,0)). Then (g, qo) is a nondegenerate element of
% (H; & H>), and it has Maslov index

112 (40, 90) = i®(qo0. q0) = 0.

Let x be an element in %€ (H; @ H,), and let y be its projection onto M x M . By
the definition of the Euler—Lagrange problem for figure—8 loops (see in particular the
boundary conditions (2-4)), y; is a solution of (4-12), v, is a solution of (4-15), and

(4-23) Y1(0) = y1(1) = 12(0) = 2 (1), y5(1) —y5(0) = y{(0) —y{ ().

If y; is the constant orbit gq, then (4-23) implies that y, is a 1—periodic solution of
(4-15) such that y,(0) = y,(1) = q¢, and we have assumed that the only curve with
these properties is y, = qq. If y; is not the constant orbit gq, (4-13) implies that

SL,(n) Z .
By (ii) and (v), the infimum of Sy, is larger than —w, so we deduce that
(4-24) Agon,(x) =Ag, (x1) + A, (x2) =S, (y1) +SL,(12) >0,
Vx € PO (Hi & H2) \ {(40. 90)},

s0 (qo,qo) is the global minimizer of S? \®L,

Now we choose € in the n—th degree component of the chain complex M (Si\l) ®
M(Si‘z) to be the cycle

€ =qo®qo € Mo(ST,) ® Mu(ST)).
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We must show that
(4-25) 8(K3 (d0 ® 40)) = 8(K gy (40 ® o)) = 1.
Let x € P (H; & H,), and let u be an element of either

ME (G0, q0:x) or  ME (q0.90: x).

By the boundary condition (4-6), the curve u(0,-) projects onto a closed curve in
M x M whose first component is the constant ¢y and whose second component is
in the unstable manifold of go with respect to the negative pseudo-gradient flow of
S}}z . By the fundamental inequality (4-4) between the Hamiltonian and the Lagrangian
action and by (4-18), we have

Ao, (x) <Af e, (u(0,-)) <Sr,eL,(Tou(0,-))
=S,(q0) + ST, (7 012(0,+)) 0.

By (4-24), x must be the constant curve (gg, o), and all the inequalities in the above
estimate are equalities. It follows that u is constant, u(s,?) = (g9, q0)-

Therefore, the spaces Jl/Lg( (g0, 90; x) and Jl/tfo (g0, 90; x) are nonempty if and only if
x = (¢0.,40), and in the latter situation they consist of the unique constant solution
u = (qo,qo0)- Automatic transversality holds for such solutions (see [4, Proposition
3.7]), so such a picture survives to the generic perturbations of L;, L,, and of the
pseudo-gradients which are necessary to achieve a Morse—Smale situation. Taking also
the orientations into account, it follows that

K& (g0 ® 90) = (q0.90), K2 (90 ® q0) = (q0. 90)

Since (gg,qo) is the global minimizer of S?l oL, 6((q0,90)) = 1 as previously
observed, so (4-25) holds.

This concludes the construction of a cycle € and a chain map § which satisfy the
assumptions of Lemma 4.6. Together with Proposition 4.7, this proves that left-hand
square in the diagram of Theorem 4.4 commutes up to a chain homotopy.

4.5 The right-hand square is homotopy commutative

In this section we prove that the chain maps CI)ﬁl# L,°Mr and Go o9 \®L, are both
homotopic to a third chain map, named K©. This fact implies that the right-hand
square in the diagram of Theorem 4.4 commutes up to chain homotopy.

The chain map K® is defined by using the following spaces of solutions of the Floer
equation on the half-cylinder for the Hamiltonian H;#H,: given y € #© (L, @& L,)
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and x € PA(H #H,), set
M%(y;x) = {u: [0, +00[ xT — T*M ‘5J,H1#H2(u) =0,
mou(0,-) e T(W (v XL or1,)): Siigoou(s,-)=x},

where X ?169 L, is a pseudo-gradient for S? \®L, On ®!(M). By Theorem 3.2 in [4]
(or by the arguments of Section 5.10), the space J(/LI(? (y:x) is a smooth manifold of
dimension

dim Mg (y;x) =i®(y) — p (x),

for a generic choice of Ly, Ly, and X ?165 L, - These manifolds carry coherent orien-
tations.

Compactness follows from the energy estimate

/[0+ [ T|8Su(s’t)|2detSSLI@LZ(V)_AHI#HZ(X),
, 00| X

which is implied by (4-4). By counting the elements of the zero-dimensional spaces,
we define a chain map

K®: Mj(S?,er1,) — FF(H\#H,).
It is easy to construct a chain homotopy P}; between @ﬁl# L, °Mr and K © py
considering the space

Jl/l%(y;x) = {(a,u) ‘cx >0, u: [0, +0o[ xT — T*M, 5J’H1#H2(u) =0,

¢i\a(”°”(0»‘))EF(WM(WXE)I@LZ))’ m u(s,-)=x}.

i
s—>—400

where ¢2 denotes the flow of X i‘l 4L, On A 1(M). As before, we find that generically
JI/LIF( (¥1, ¥2: x) is a manifold of dimension

dim Mg (y; %) = i () = 1@ () + 1.

Compactness holds, so an algebraic count of the zero-dimensional spaces produces the
homomorphism

PR Mj(SP er,) — Ff\ (H\#Hy).
A standard gluing argument shows that P}; is the required homotopy.

Finally, the construction of the chain homotopy P(I;( between K® and G o CID%) (&L,
is based on the one-parameter family of Riemann surfaces Eg (o), @ > 0, defined
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as the quotient of the disjoint union [0, +-o0[ x [—1, 0] LI [0, +00[ x [0, 1] under the
identifications

(5,07) ~ (s,0%) and (s, —1) ~ (s, 1) fors > a.

This object is a Riemann surface with boundary, the holomorphic structure at (¢, 0)
being given by the map

{{eC|Re’>0, |{| <€} = ZE(@), (>a+?
and the holomorphic structure at (o, —1) ~ (&, 1) being given by the map
—i+¢2 if Im¢=>0
(eCIRes20. [f<c)—>Sh(@), ¢ @ 0 HE TIMEZD
a+i+¢%* if Im¢<0.
Here € is a positive number smaller than 1 and /.

Given y € ?O(L; ® L,) and x € P2 (H #H>), we consider the space J(/Lg (v, x) of
pairs (o, u) where « is a positive number and u: X g () > T*M solves the equation

07, H#H, (1) =0,
satisfies the boundary conditions
Vs €0, «],
u(s,07)—u(s,—1) +u(s, 1) —u(s,07) =0,
(rou(0,- —1).wou(0,-)) € W(y. X o1,).

{JT ou(s,—1)=mou(s,07)=mou(s,0")=mou(s,1),

and the asymptotic condition
lim wu(s,2t—1) = x(¢).
s—>—+o00
The following result is proved in Section 5.10.

Proposition 4.8 For a generic choice of L, L,, and XE)I@LZ, J(/Lg(y, x) —if
nonempty — is a smooth manifold of dimension

dimME (v.x) =i®(y: Ly @ Ly) — p™ (x; Hy#Hy) + 1.

The projection (o, u) — « is smooth on Jl/tg (v, x). These manifolds carry coherent
orientations.

The elements (o, u) of Jl/tg (v, x) satisfy the energy estimate

[ Bt ds dt = S1,010() — A ()
o

G (@)

Geometry & Topology, Volume 14 (2010)



Floer homology of cotangent bundles and the loop product 1633

This provides us with the compactness which is necessary to define the homomorphism
PCI;(: MJ (8?169142) — FJ‘I:_I(HI#H2),

by the usual counting procedure applied to the spaces /l/tg . A standard gluing argument

shows that Pé( is a chain homotopy between K© and G o ®9 Y

This concludes the proof of Theorem 4.4, hence of its corollary, Theorem A of the

Introduction.

4.6 Comparison between C, Ev, I, and c, ev, i

The aim of this section is to prove that the homomorphisms
cx: Hi(M) — Hi(A(M)),
evs: Hi(A(M)) — H; (M),
iy Hi(A(M)) — Hj—n(2(M, q0)),

on the topological side (see Section 1.3), correspond — via the isomorphisms of Section
4.1 — to the homomorphisms

Ca: HM;(f) — HFMT* M),
Eva: HFN(T*M)) — HM;(f).
I HFM(T*M) — HFSE (T* M),

on the Floer side (see Section 3.5). We start by comparing the first two pairs of
homomorphisms.

Comparison between c,ev and C,Ev In Section 2.2 we have shown that the homo-
morphisms cx« and evy are induced by chain maps

Mc: Mj(f) = Mj(SE),  Mev: Mj(Sp) — M;(f),

between the Morse complex of the Morse functions f: M — R and SI{\: AY(M)—>R.
Therefore, the fact that c« and evy correspond to Cx and Evy is implied by the
following chain level result:

Theorem 4.9 The triangles

M(f) =2 prysd) M M)

o s
FMNH,JT)

are chain homotopy commutative.
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A homotopy PC between C and <I>]1f o M c is defined by the following spaces: Given
x €crit(f) and y € PA(H), set

MG (x, y) = {(oe,u) ‘a >0, u: [0, +oo[ xT — T*M, 37 p(u) =0,
P (rou(0.) = ¢ € W'()].

where ¢4 is the flow of XLA, a pseudo-gradient for Si\ on A'(M),and W¥(x)C M
is the unstable manifold of x with respect to the negative gradient flow of f.

Similarly, the definition of the homotopy PE between Ev o (IDIL\ and M ev is obtained
from the composition of three homotopies based on the following spaces: Given
y € PA(L) and x € crit( f), set

JI/LI;,Vl (y,x) = {(oz, u) |a €[l,+oof, u: [0,a] x T — T*M solves 5J,H(u) =0,
u(a, 1) € Opp Vi €T, ul@,0) € W(x), mou(0,-) € W"(y;Xg\)},
JI/LI;,VZ()/, X):= {(oz, u)|a€f0,1], u: [0,1]x T — T*M solves 5J,H(u) =0,

u(1,1) € Opg Ve €T, u(er,0) € Wi(x), mou(0,-) e W"(y;Xg\)},

JI/LI;,Z (y,x) = {(oz, u)|a€l0,1], u: [0,a]x T — T*M solves 5J’H(M) =0,
u(o,t) € Opy Vi €T, u(0,0) € Wi(x), wou(0,) e We(y: X }
Moreover, recalling that the definition of M ev is based on the space
Mage(y.x) = W (i X£) Nev™! (W (x: —grad /).
we make the following observation:
Proposition 4.10 Forevery y € A (L) and x € crit (f) with i®(y) =i(x; f), there

exists o, > 0 such that for each c in the finite set Mpzey(y, x) and a € (0, «] the
problem
uel0,a]xT —T*M, 35 gu=0,
4-26) [0, ] JH
u(a,t) e Op Ve eT, mou(0,-)=c,
has a unique solution with the same coherent orientation as c.

Proof We give a sketch of the proof, details are left to the reader.

First, given a sequence «, — 0 and associated solutions uy: [0, a,]x T — T*M of
(4-26), one can show that u, — (¢,0) € A(T* M) uniformly. Here, it is important
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to make a case distinction for the three cases of possible gradient blow-up: if we set
Ry = ||Vun|lco = |Vun(zy,)|, up to a subsequence we may assume that the sequence
(an Ry) either is infinitesimal, or diverges, or converges to some k > 0.

The most interesting case is o, R, — k > 0 which is dealt with by rescaling v, =
un(oty-, ap-) as in the proof of Lemma 6.6.

For the converse, we need a Newton type method which is hard to implement for
the shrinking domains [0, ®] x T with @ — 0. Instead, we consider the conformally
rescaled equivalent problem. Let v(s,?) = u(as, at) and consider the corresponding
problem for ¢ — 0,

v [0, 1]X Tyt = T*M, 3y pg,v=0,

(4-27)
7 (v(0,2)) = c(at), v(l,1) € Opr YVt € Ty—1,

where Hy(t,-) = aH(at,-) and Ty—1 = R/a~1Z. The proof is now based on the
Newton method which requires to show that:

(a) For vy(s,t)=0e€T*

c(w)M we have 5J’H(U0) — 0 as o — 0, which is obvious.

(b) The linearization Dy of F] J,H, at v, is invertible for small o > 0 with uniform
bound on || D;!|| as & — 0.
We sketch now the proof of this uniform bound.

After suitable trivializations, the linearization D, of Fl J,H, at v, with the above
Lagrangian boundary conditions can be viewed as an operator D, on

W5l en(@) = {v: 10, 1[xR/a"'Z — C"|v(0,-) € iR", v(1,-) e R"},

with norm || - ||1.p:o- Assuming that D_ " is not uniformly bounded as ¢ — 0 means
th - A g that D! t uniformly bounded 0

that we would have «;,, — 0 and v, € Wl.]léfstn (an) with [[vnll1,p:a, =1 such that
| De,y Vnll0, p:, — 0. The limit operator to compare to is the standard d—operator on
maps

v: [0, 1] x R — C", such that v(0,7) € iR", v(1,7) e R" Vi e R.

This comparison operator is clearly an isomorphism, so one easily shows that Dy, has
to be invertible for o, small.

Let § € C*°(R, [0, 1]) be a cut-off function such that

1, =0,
Bt) = B =0,
0, =1,
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and set B,(t) = B(ant — 1) - B(—ant), hence
’B"|[O,ozn_1] =1 and suppfs C[—a,' 20, ]
We have

||vn||1,p;oen = ”ﬁnvnlll,p;R = Cl””n”l,p;an .

Since the linearization Dy, is of the form
Dyv=05v+id;v+aA(s, t)v
with some matrix A(s,?), we observe that
18(Bnvn) — Doy, (Buvn)llo,psk = ctunll ABnvnllo, pir — 0.
Moreover,

||Docn(,3nUn)||0,p;]R = ||i13;zvn”0,p;R + ”ﬁnDanvn
= Czan||Un||o,p;[—a,71,o]u[agl,za,jl] + 31 Do, vallo, pian

lo, s, = 0.

0,p;R

= Czanzuvnnl,p;an + 3||Dotnvn
Hence, we find a subsequence such that By, v, — v, € ker d = {0} which means that
|V, ”LP;ank — 0 in contradiction to ||v,| = 1.
Similarly, we see that the coherent orientation for the determinant of Dy, equals that

of 3 which is canonically 1. This completes the proof of the proposition. O

From the cobordisms JI/LI;,Z (y,x), i = 1,2,3, we now obtain the chain homotopy
between Mev and Evo ® — LA This concludes the proof of Theorem 4.9.

Comparison between iy and I, In Section 2.2, we have shown that the homomor-
phism iy is induced by the chain map
Miy: Mj(SP) — Mj_n(S%)

between the Morse complexes of the Lagrangian action functional on the spaces A (M)
and Q1 (M, g¢). Therefore, the fact that iy corresponds to /; is implied by the following
chain level result:

Theorem 4.11 The diagram

A
q>L

M;(SH) FIMNH)

Migl/ \LI!
CI)Q

L
Mjn(SE) — F&,(H)

is chain homotopy commutative.
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Indeed, one can show that both I, o CD;} and <I>]§3 o M1, are homotopic to the same chain
map K '. The definition of K' makes use of the following spaces: Given y € P2 (L)
and x € P (H), set

JI/L!K()/, X) = {u: [0, +o0[ x[0,1] = T*M 5J’H(M) =0,
mou(s,0)=mou(s,1)=qo Vs >0, mou(0,-) € W(y; XLA), lim  u(s,-) zx}.
§——+00

Again, details are left to the reader.

We conclude that all the homomorphisms which appear in diagram (1-1) have their
Floer homological counterpart: The vertical arrows have been treated in this section,
whereas the horizontal ones are described in Appendix A.4 and Sections 4.3 and 4.2.

5 Linear theory

The remaining part of this paper consists of technical tools. In this section we develop
the linear theory which allows us to study the Floer problems on the various Riemann
surfaces introduced in the previous sections. All these elliptic problems are treated in
the unifying setting of Cauchy—Riemann operators on strips with jumping nonlocal
conormal boundary conditions.

5.1 The Maslov index

Let 19 be the Liouville one-form on T*R" = R" x (R")*, that is the tautological
one-form ny = p dg, that is

no(q. P)l(u,v)]:= plu], forq,u eR", p,ve®RM™.
Its differential wg = dng = dp A dq,

wol(q1, 1), (g2, )] = pilg2] = palgnl,  for g1, g2 €R™, p1, pa € (R™),
is the standard symplectic form on T*R".

The symplectic group, that is the group of linear automorphisms of 7*R”" preserv-
ing wy, is denoted by Sp(2n). Let £(n) be the Grassmannian of Lagrangian subspaces
of T*R", that is the set of n—dimensional linear subspaces of 7*R” on which
wo vanishes. The relative Maslov index assigns to every pair of Lagrangian paths
A1, Ao: [a, b] — £(n) ahalf integer (A, Ay). We refer to [42] for the definition and
for the properties of the relative Maslov index.

Another useful invariant is the Hormander index of four Lagrangian subspaces (see
Hormander [33], Duistermaat [20] or Robbin and Salamon [42]):
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Definition 5.1 Let Ag, A1, v, vy be four Lagrangian subspaces of 7*R”". Their
Hormander index is the half integer

h(ho, A1:vo,v1) = (v, A1) — (v, Ao),
where v: [0, 1] = £(n) is a Lagrangian path such that v(0) = vy and v(l) = v;.
Indeed, the quantity defined above does not depend on the choice of the Lagrangian
path v joining vy and vy.
If V is a linear subspace of R”, N*V C T*R" denotes its conormal space, that is
N*V:={(q.p) eR"x(R")*|qeV, V Ckerp} =V x VL

where V1 denotes the set of covectors in (R”)* which vanish on V. Conormal spaces
are Lagrangian subspaces of T*R”.

Let C: T*R" — T*R" be the linear involution
C(q.p):=(q.—p) VY(q.p) €T™R".
The involution C is antisymplectic, meaning that
wo(CE,Cn) = —wo(§,n) V& neT*R"

In particular, C maps Lagrangian subspaces into Lagrangian subspaces. Since the
Maslov index is natural with respect to symplectic transformations and changes sign if
we change the sign of the symplectic structure, we have the identity

(5-1 p(CA, Cv) =—pu(h,v),

for every pair of Lagrangian paths A, v: [a, b] — £(n). Since conormal subspaces are
C —invariant, we deduce that

(5-2) W(N*V, N*W) =0,

for every pair of paths V, W into the Grassmannian of R”. Let Vg, Vi, Wy, Wi be
four linear subspaces of R”, and let v: [0, 1] = £(n) be a Lagrangian path such that
v(0) = N*W, and v(1) = N*W;. By (5-1),

h(N*Vo, N*Vi; N*Wo, N*Wyp) = u(v, N*Vy) — u(v, N*Vy)
= —u(Cv, N*V1) + u(Cv, N* V).
But also the Lagrangian path Cv joins N*W, and N * W7, so the latter quantity equals
~h(N*Vy, N*Vi; N*Wy, N*Wy).

We deduce the following:
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Proposition 5.2 Let Vg, Vi, Wy, W be four linear subspaces of R”. Then
h(N*V(), N*VI;N*W(), N*Wl) =0.

We identify the product 7*R” x T*R” with T*R?", and we endow it with its standard
symplectic structure. In other words, we consider the product symplectic form, not

the twisted one used in [42]. Note that the conormal space of the diagonal Ar» in
R™ x R" is the graph of C:

N*Agn = graph C C T*R" x T*R" = T*R?".
The linear endomorphism W of 7*R” belongs to the symplectic group Sp(2n) if and
only if the graph of the linear endomorphism WC is a Lagrangian subspace of T*R?",
if and only if the graph of CW is a Lagrangian subspace of T*R?". If A1, A, are paths

of Lagrangian subspaces of 7*R” and W is a path in Sp(2n), Theorem 3.2 of [42]
leads to the identities

(5-3) WA, Ar) = u(graph WC, CAy x Ap) = —p(graph CW, Ay x CAy).

The Conley—Zehnder index jcz (V) of a symplectic path W: [0, 1]— Sp(2#) is related
to the relative Maslov index by the formula

(5-4) ez (W) = pu(graph WC, N*Agrn) = (N * Agn, graph C ).

We conclude this section by fixing some standard identifications, which allow to see
T*R" as a complex vector space. By using the Euclidean inner product on R”, we
can identify 7*R” with R?”. We also identify the latter space to C”, by means of
the isomorphism (¢, p) = ¢ + i p. In other words, we consider the complex structure

0 -1
n=(77)

on R2". With these identifications, the Euclidean inner product u - v, respectively the
symplectic product wg(u, v), of two vectors u, v € T*R” 22 R?" 2 C” is the real part,
respectively the imaginary part, of their Hermitian product (-, -},

n
(u,v) = Zujv_j: u-v—+iwy(u,v).
j=1

The involution C is the complex conjugation. By identifying V- with the Euclidean
orthogonal complement, we have

N*V=V®iVt={zeC"|RezeV, Imze V1]
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If A: [0, 1] = £(1) is the path
A(t) = "R, «€R,
the relative Maslov index of A with respect to R is the half integer

—1/2—|a/n] ifaeR\xZ,

—a/mw ifox e nZ.

(5-5) w(h,R) = {

Notice that the sign is different from the one appearing in [42] (localization axiom in
Theorem 2.3), due to the fact that we are using the opposite symplectic form on R?”.
Our sign convention here also differs from the one used in [4], because we are using
the opposite complex structure on R?" .

5.2 Elliptic estimates on the quadrant

We recall that a real linear subspace V' of C” is said to be totally real if V NiV = (0).
Denote by H the upper half-plane {z € C |Imz > 0}, and by H™ the upper-right
quadrant {z € H | Re z > 0}. We shall make use of the following Calderon—Zygmund
estimates for the Cauchy—Riemann operator 0=205+i0;:

Theorem 5.3 Let V be an n—dimensional totally real subspace of C". For every
p €11, 40o0[, there exists a constant ¢ = ¢(p,n) such that

IDullLe < cl[dullzr

for every u € C°(C, C"), and for every u € C>°(CI(H), C") such that u(s) € V for
every s € R.

We shall also need the following regularity result for weak solutions of a. Denoting by
0 := dg —id; the anti-Cauchy—Riemann operator, we have:

Theorem 5.4 (Regularity of weak solutions of 9) LetV be an n—dimensional totally
real subspace of C", andlet 1 < p <00, k € N.

() Letue LP (C,C"), f € W5P(C,C") be such that

Re/(u,ago)dsdt:—Re/ (f,p)dsdt,
C C

for every ¢ € CZ°(C,C"). Then u € M§C+1’p(C, C") and du = f.
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(ii) Letu e LP(H,C"), f € Wk-P(H, C") be such that
Re/ (u, 0p) ds dt :—Re/ (f,@)dsdt,
H H

for every ¢ € C2°(C,C") such that ¢(R) C V. Then u € wktlr(H, C™),
du= [, and the trace of u on R takes values into the wg—orthogonal complement
of V:

Vieo := (g e C" |wo(€,n) =0 Vne V).

Remark 5.5 If we replace the upper half-plane H in (ii) by the right half-plane
{Rez > 0} and the test mappings ¢ € C°(C, C") satisfy ¢(iR) C V, then the trace
of u on iR takes value into V-, the Euclidean orthogonal complement of ¥V in R".

Two linear subspaces V, W of R” are said to be partially orthogonal if the linear
subspaces VN (VNW)L and WN(VNW)L are orthogonal, that is if their projections
into the quotient R” /V N W are orthogonal.

Lemma 5.6 Let V and W be partially orthogonal linear subspaces of R". For every
p €]1, +o0[, there exists a constant ¢ = c¢(p, n) such that
(5-6) | DuliLr < clldullLr
for every u € C2°(CI(H™), C") such that
(5-7) u(s) e N*V, u(is)e N*W, Viel0,+o0].
Proof Since V' and W are partially orthogonal, R” has an orthogonal splitting
R"” = X1 ® X, & X3 ® X4 such that
V=X10X,, W=X &JX;.

Therefore,

NV =X10X20iX3PiXy, NW=X10X3PiX,PiXy.

Let U € U(n) be the identity on (X; & X,) ® C, and the multiplication by i on
(X3 @X4) ®C Then

UN*V =R", UN*WZXI@X4®ZX2€BZX3ZN*(X1®X4)
Up to multiplying # by U, we can replace the boundary conditions (5-7) by
(5-8) u(s) eR" wu(is)eY, Vsel0,+oo],
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where Y is a totally real n—dimensional subspace of C” such that ¥ = Y. Define a
C"—valued map v on the right half-plane {Re z > 0} by Schwarz reflection:

u(z) if Imz >0,
v(z) =9 —
u(z) if Imz <0.

By (5-8) and by the fact that Y is self-conjugate, v belongs to W 1Z({Rez > 0}, C™),
and satisfies

v(it)eY VteR.

Moreover, ||Vv||£P({Rez>0}) = 2”vv”£1’(H+)’

and since 9v(z) = du(Z) for Imz <0,

100120 (re 203y = 209011 gy

Then (5-6) follows from the Calderon—Zygmund estimate on the half plane with totally
real boundary conditions (Theorem 5.3). O

Similarly, Theorem 5.4 has the following consequence about regularity of weak solutions
of 9 on the upper right quadrant H™ :

Lemma 5.7 Let V and W be partially orthogonal linear subspaces of R". Let
ue LP(HT,C"), fe LP(H*T,C"), 1< p < oo, be such that

Re/ (u,8<p)dsdl=—Re/ (f, @) ds dt,
Ht H+

for every ¢ € C°(C,C") such that o(R) C N*V, ¢(iR) C N*W. Then u €
WLP(H™T,C"), 0u = f, the trace of u on R takes values into N*V , and the trace
of u on iR takes values into (N*W)+ = N*(WL) =i N*W.

Proof By means of a linear unitary transformation, as in the proof of Lemma 5.6, we
may assume that V' = N*V = R”". A Schwarz reflection then allows to extend u to a
map v on the right half-plane {Rez > 0} which is in L? and is a weak solution of
v =g € LP, with boundary condition in i N*W on iR. The thesis follows from
Theorem 5.4. a

We are now interested in studying the operator 9 on the half-plane Hl, with boundary

conditions
u(s) e N*V, u(—s)e N*W Vs>0,
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where V and W are partially orthogonal linear subspaces of R”. Taking Lemma 5.6
and Lemma 5.7 into account, the natural idea is to obtain the required estimates by
applying a conformal change of variable mapping the half-plane H onto the upper
right quadrant H* . More precisely, let ® and J be the transformations

(5-9) %: Map(H, C") — Map(H™, C"), (@u) () = u(E?),
(5-10) g: Map(H, C") — Map(H*, C"), (Tu) () = 2Lu(E?),

where Map denotes some space of maps. Then the diagram

k)
Map(H, C") —— Map(H, C")

(5-11) L% gl

F)
Map(H*,C") —— Map(H™*,C")

commutes. By the elliptic estimates of Lemma 5.6, suitable domain and codomain for
the operator on the lower horizontal arrow are the standard W17 and L? spaces, for
1 < p < o00. Moreover, if u € Map(H, C") then

1 1
512 190y = 5 [ N7 ds
613 1D@Ige, =27 [ DU ds
5-14) 1501510y =27 [ W@IP1e172 ds .

Note also that by the generalized Poincaré inequality, the W1-? norm on HT ND,,
where D, denotes the open disk of radius r, is equivalent to the norm

- P — p P|p|P
(5-15) ||U||W1,p(H+nDr)' ”DUHLP(H+OD,4)+‘/H+mDr lv(©IPI8|7 dodr,

and the W -2 norm of Ru is

(5-16) ||%u| lu(z)|?|z|?/* " ds dt
2

4 =_
Wir(H+ND,) /
@E+D) "~ 4 Jygep.

+ 2P—2/ |Du(z)|?|z|P/?>~ " ds dt.
2

r

So when dealing with bounded domains, both the transformations & and J involve the
appearance of the weight |z|?/2~! in the L? norms. Note also that when p = 2, this
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weight is just 1, reflecting the fact that the L2 norm of the differential is a conformal
invariant.

By the commutativity of diagram (5-11) and by the identities (5-13), (5-14), Lemma
5.6 applied to Ru implies the following:

Lemma 5.8 Let V and W be partially orthogonal linear subspaces of R". For every
p €11, +o0[, there exists a constant ¢ = c(p,n) such that

[|Vu(z)|p|zlp/2_1dsdl§cp/ 19u(2)|?|z|P/>7 " ds dt
H H

for every compactly supported map u: CI(H) — C”" such that ¢ — u(¢?) is smooth on
CI(H™T), and
u(—s) e N*V, u(s)e N*W, Vsel0,+ool.

5.3 Strips with jumping conormal boundary conditions

Let us consider the following data: two integers k,k’ > 0, k + 1 linear subspaces

Vo,..., Vi of R" such that V;_; and V; are partially orthogonal, for every j =
l,....k, k’+1 linear subspaces V, ..., V]é of R” such that Vj’_1 and Vj’ are partially
orthogonal, for every j = 1,...,k’, and real numbers

—00 =180 <81 < <S8k <Skr1 = +00,
—00 =185y <8 <+ <Sp < Spyy = +00.
Denote by V" the (k+1)—tuple (Vy,..., Vi), by ¥’ the (k' + 1)~tuple (Vy, ..., V}),
and set
Fr=A{s1, .. Sk S LS )
Let ¥ be the closed strip
Y:={zeC|0<Imz <1}.

The space C$°(X, C™) is the space of maps u: ¥ — C" which are smooth on ¥\ ¥,
and such that the maps ¢ > u(sj + ¢?) and ¢ — u(s} +i —¢?) are smooth in a
neighborhood of 0 in the closed upper-right quadrant

CIH")={¢eC|Rel>0, Im{>0}.
The symbol Cg’)’oc indicates bounded support.

Given p € [1, 4+o0[, we define the X” norm of amap u € L} (X,C") by

loc

lul%n(zy = Nl 7oz on + 2 /sz " u(2)|? |z —w|?/>~" ds dt,
wey r
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where < 1 is less than half of the minimal distance between pairs of distinct points
in &. This is just a weighted L? norm, where the weight |z — w|?/2~! comes from
the identities (5-13), (5-14), and (5-16) of the last section. Note that when p > 2 the
X P norm is weaker than the L norm, when p <2 the X'? norm is stronger than the
L? norm, and when p = 2 the two norms are equivalent.

The space X. sf (X2, C") is the space of locally integrable C”—valued maps on ¥ whose
X P norm is finite. The X ? norm makes it a Banach space. We view it as a real Banach
space.

The space X, yl)’p (2, C") is defined as the completion of the space C$%.(X, C") with
respect to the norm

112 sy 1= Nl ) + 1DUI G
It is a Banach space with the above norm. Equivalently, it is the space of maps in

XP(X,C") whose distributional derivative is also in X7 . The space X, 91, ’of,’ (2, C)

is defined as the closure in Xyl)’p(E, C™) of the space of all u € Cg% (X2, C") such that

(5-17) u(s) e N*v; Vselsj,sj+1), J=0,....k,
- . / /o .

u(s—i—l)eN*Vj Vs els;.siql J =0,..., k.
Equivalently, it can be defined in terms of the trace of u on the boundary of X.

Let A: R x[0, 1] = L(R?”,R2") be continuous and bounded. For every p € [1, +o0],
the linear operator

340 X3P (2,C") — X2(Z,C"),  Dqu = u+ Au,

is bounded. Indeed, 9 is a bounded operator because of the inequality |du| < |Du],
while the multiplication operator by A4 is bounded because

|Aullxrs) < [Alloollullxr(s)-

We wish to prove thatif p > 1 and A4(z) satisfies suitable asymptotics for Re z — +00
the operator d4 restricted to the space X, S}, 1{/’ (X, C") of maps satisfying the boundary
conditions (5-17) is Fredholm.

Assume that 4 € CO(R x [0, 1], L(R?",R?")) is such that A(£o0,?) € Sym(2n, R)
for every ¢ € [0, 1]. Define @1, ®~: [0, 1] — Sp(2n) to be the solutions of the linear
Hamiltonian systems

d
(5-18) Ecpi(z) = iA(£o0,1)®E (1), T (0)=1.
Then we have the following:
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Theorem 5.9 Assume that @~ (1)N*VoNN*V = (0) and @t (1)N*V;, NN*V), =
(0). Then the bounded R —linear operator
940 X2 (2,C") = X2(2,C"),  qu = 0u+ Au,
is Fredholm of index
inddyg = (O N*Vo, N*V§) — (®TN* Vi, N*V,)
1 k
-3 > (dimVj_y +dim V; —2dim V;_; N V)
(5-19) o
1
=5 D_(dimV}_, +dim V}—2dim V/_ N V).
ji=1
The proof of the Fredholm property for Cauchy—Riemann type operators is based on
local estimates. By a partition of unity argument, the proof that d4 is Fredholm reduces
to the Calderon—Zygmund estimates of Lemmas 5.6, 5.8, and to the invertibility of d4
when A does not depend on Re z and there are no jumps in the boundary conditions.
Details are contained in the next section. The index computation instead is based on

homotopy arguments together with a Liouville type result stating that in a particular
case with one jump the operator d4 is an isomorphism.

5.4 The Fredholm property
The elliptic estimates of Section 5.2 have the following consequence:

Lemma 5.10 For every p €]1,+o0|, there exist constants ¢y = co(p,n,¥) and
c1 =ci1(p,n,k + k') such that

I Dullxr < collullxr +c1l[dulxr.
for every u € C$5,(X, C") such that
u(s) e N*V; Vselsj—1,s5], u(s+i)e N*V) Vsels;_,s]]
for every j .
+k’

Proof Let {y;, ¥} U{g; };‘:1 be a smooth partition of unity on C satisfying

supp¥1 C{z € C|Imz <2/3}\ B,/ (¥),
supps € {z € C [ Tmz > 1/3}\ Byja(9).

5-20 :
( ) supp¢j C By (s) Vi=1,...,k,

supp ¢k +j C Br (s} +1) Vi=1,....k.
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By Lemma 5.8,

ID(pju)llxr sy < c(p.m)||(gju)|lxr (s
<c(p.m)([10¢) lloollullxr sy + lullxrsy). 1<j<k+k.

Since the X# norm is equivalent to the L? norm on the subspace of maps whose
support does not meet B,;>(¥), the standard Calderon—Zygmund estimates on the
half-plane (see Theorem 5.3) imply

IDjw)llxr sy < c(p,m)|0(Wu)lxr(z)
<c(p, )10V oo llullxr(sy + |ullxr(z), Vi=1,2.

We conclude that

k+k’
|Dullxr < I DWW xrc) + 1D xo + Y ID(g0)lxrs)
j=1
<colulxr(s) + c1lldulxr (s,
with
_ _ k+k’+1 B
co:=c(p, n)(llawl lloo + 110¥2[loo + Z [0¢; ||oo), c1:=(k+k'+2)c(p.n),
j=0
as claimed. O

The next result we need is the following theorem, proved in [43, Theorem 7.1]. Consider
two continuously differentiable Lagrangian paths A,v: R — %(n), assumed to be
constant on [—00, —s¢] and on [sg, +00], for some s > 0. Denote by W}Ll”vp (2,Ch
the space of maps u € W12 (X, C") such that u(s,0) € A(s) and u(s, 1) € v(s), for
every s € R (in the sense of traces). Let 4 € CO(R x [0, 1], L(R?", R?")) be such that
A(£o00,t) € Sym(2n,R) for any ¢ € [0, 1], and define ®—, ®T: [0, 1] = Sp(2n) by
(5-18).

Theorem 5.11 (Cauchy—Riemann operators on the strip) Let p €]1, +oo[, and
assume that

O (1)A(—00) Nv(—00) = (0), DT (1)A(400) Nv(+00) = (0).

(i) The bounded R —linear operator

94t WP(2,C") — LP(Z,C"),  94u = du + Au,
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is Fredholm of index
indd4 = (@7 A(—00), v(=00)) — (DT A(+00), V(+00)) + (A, v).
(ii) If furthermore A(s,t) = A(t), A(s) = A, and v(s) = v do not depend on s, the

operator d4 is an isomorphism.

Note that under the assumptions of (ii) above, the equation du + Au can be rewritten

as dsu = —L qu, where L, is the unbounded R-linear operator on L2([0, 1], C")
defined by
dom Ly = W,2([0,1],C") = {u € W2([0,1,C") | u(0) € A, u(1) € v},
.d
LA = IE + A.

The conditions on A imply that L 4 is self-adjoint and invertible. These facts lead to
the following:

Proposition 5.12 Assume that A, A, and v satisty the conditions of Theorem 5.11 (ii),
and set § ;= mino (L 4) N[0, +o0[> 0. Then for every k € N there exists ¢ such that

lus. M ex o, = exlu@. 2o pe ™. Vs =0,
for every u € Wl’f(]O, +00[x]0,1[,C"), p > 1, such that u(s,0) € A, u(s, 1) € v for
every s >0, and du + Au = 0.
Next we need the following easy consequence of the Sobolev embedding theorem:
Proposition 5.13 Let s > 0 and let x5 be the characteristic function of the set
{z € ¥ | |Rez| < s}. Then the linear operator

X3P (2,C") = X4(2,CM),  ur ysu,

is compact for every ¢ < oo if p > 2, and forevery ¢ <2p/2—p)if 1 < p <2.
Proof Let (uj;) be a bounded sequence in Xgl,’p(Z, C™). Let {y1, ¥} U {(pj}j.‘;r{‘/
be a smooth partition of unity of C satisfying (5-20). Then the sequences (Vquy),

(Yaup) and (@juy), for 1 < j <k +k’ are bounded in X7 (=, C"). We must show
that each of these sequences is compact in X, 5‘,{ (%, CM).

Since the X4 and X !*” norms on the space of maps supported in X\ B, /2(¥) are
equivalent to the L9 and W !-? norms, the Sobolev embedding theorem implies that
the sequences (xs¥i1uy) and (xs¥ouy) are compact in XEZ(E,(C”).
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Let 1 < j <k.If u is supported in B, (s;), set v(z) := u(s; + z), so that by (5-12)

1
oy = [ e asas [ Lrasar
(5-21) By (s5))NE B, (s,)nx |7
= 49l 14 oy

Set vy (2) := @j(sj + 2)up(s; + z). By (5-16), the sequence (%Rvy) is bounded in
whrH* ND /), hence it is compact in LI(HT ND,/7) forevery g < oo if p > 2,
and for every ¢ <2p/(2—p) if 1 < p <2. Then (5-21) implies that (¢;uy) is compact
in X;(Z‘, C™"). A fortiori, so is (xs@jup). The same argument applies to j > k + 1,
concluding the proof. m|

Putting together Lemma 5.10, statement (ii) in Theorem 5.11, and the Proposition
above we obtain the following:

Proposition 5.14 Let 1 < p < co. Assume that the paths of symmetric matrices
A(xo0, ) satisfy the assumptions of Theorem 5.9. Then

04 Xy 0 (2.CM - X2 (2.CM

is semi-Fredholm with ind 5,4 := dim ker 5,4 — dim coker 5,4 < 4o00.

Proof We claim that there exist ¢ > 0 and s > 0 such that, for any u € X, ; ’fV’ (2, C"),
there holds

(5-22) ltllxrncsy < ¢ (16 + Aullxr) + lxsllxnes) )
where x; is the characteristic function of the set {z € X | |Rez| < s}.

By Theorem 5.11 (ii), the asymptotic operators

I+ A(=00,): Wyl vy (8.C") — LP(3.C),
9+ A(+00,-): Wl’ka’N*VI:/(E,(C”) — LP(Z,C"),

are invertible. Since invertibility is an open condition in the operator norm, there exist
s > max |Re¥| 4+ 2 and ¢; > 0 such that for any u € X;’{/’ 4 (2, C") with support
disjoint from {|Rez| < s — 1} there holds

(5-23)  ullyi.eesy = lullprocsy < cl@+ ADullresy = erll@ + Aullxrcs).
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By Lemma 5.10, there exists ¢, > 0 such that for every u € X;’{/’ 4 (2, C") with
support in {| Re z| < s} there holds
lullx o) < c2(llullxrcsy + 19ulxrcs))
= (2 + Al lullxr(z) +c2ll(d+ Dullxr(s)-

The inequality (5-22) easily follows from (5-23) and (5-24) by writing any u €
XS,OVQV,(E C™ as u = (1 —@)u + @u, for ¢ a smooth real function on ¥ having
support in {|Rez| < s} and such that ¢ =1 on {|Rez| <s—1}.

(5-24)

Finally, by Proposition 5.13 the linear operator
Xyl (2.C") > XP(2.CY. ur yu,

is compact. Therefore the estimate (5-22) implies that 5,4 has finite dimensional kernel
and closed range, that is it is semi-Fredholm with index less than +oc. |

It would not be difficult to use the regularity of weak solutions of the Cauchy—Riemann
operator to prove that the cokernel of d4 is finite-dimensional, so that d4 is Fredholm.
However, this will follow directly from the index computation presented in the next
section.

5.5 A Liouville type result

Let us consider the following particular case in dimension n = 1:
k=1, k'=0, $={0}, Vo=(0), Vi=R, Vyj=R, A(z)=ua,

with o a real number. In other words, we are looking at the operator 9+ ona space
of C-valued maps u on X such that u(s) is purely imaginary for s < 0, u(s) is real
for s > 0, and u(s +i) is real for every s € R. Notice that ®~(¢t) = &+ (r) = e'*’, s0

F*RNR=(0) VaeR\(7/24+7Z), ¢*RNR=(0) VaecR\xnZ,

so the assumptions of Theorem 5.9 are satisfied whenever « is not an integer multiple
of 7/2. In order to simplify the notation, we set

XP(2):=XxpF

{0}(2’ C), Xl’p(z) =

X g1 (0).8,@®)(E: O).

We start by studying the regularity of the elements of the kernel of N
Lemma 5.15 Let p> 1 and @ € R\ (n/2)7Z. If u belongs to the kernel of

3o XVP(2) > XP(3),
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then u is smooth on X \ {0}, it satisfies the boundary conditions pointwise, and the
function (Ru)(¢) = u(¢?) is smooth on CI(HT) NID; . In particular, u is continuous
at 0, and Du(z) = O(|z|~'/?) for z — 0.

Proof The regularity theory for weak solutions of 9 on C and on the half-plane H
(Theorem 5.4) implies — by a standard bootstrap argument — that u € C°°(X \ {0}).
We just need to check the regularity of u at 0.

Consider the function f(¢) := e”‘zz/zu@z) on HT ND;. Since
37(©) =202 (u?) + au () = o,

f is holomorphic on HT ND;. Moreover, by (5-16) the function f belongs to
WLP(HT NDy), and in particular it is square integrable. The function f is real
on R* and purely imaginary on iR™, so a double Schwarz reflection produces a
holomorphic extension of f to D; \ {0}. Such an extension of f is still square
integrable, so the singularity 0 is removable and the function is holomorphic on the
whole ;. It follows that

@) Q) = u(C®) =12 1 (0)

is smooth on CI(H™) N Dy, as claimed. a

The real Banach space X ?(X) is the space of L? functions with respect to the measure
defined by the density

e ! if ze £\ Dy,
PPNz ifz e 2ND,.

So the dual of X?(X) can be identified with the real Banach space

1 1
(5-25) {v € LIIOC(E,C) ‘ / [v|9pp(z) ds dt < +oo}, where — + — =1,
z p q
by using the duality paring
(XP(E))* xXP(X)—->R, (vu)— Re/ (v, u)pp(z)ds dt.
h)

We prefer to use the standard duality pairing

(5-26) (XP(2)" x XP(Z) >R, (w,u)+> Re/ (w,u)dsdt.
)
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With the latter choice, the dual of X7 (X) is identified with the space of functions
w = pp(z)v, where v varies in the space (5-25). From 1/p 4+ 1/q =1 we get the
identity

lwl, =/ |w|f1dsdt+/ wl712[9/27 ds di
Z\D, XND,

=f |v|qudt+/ [v|9)z|P/2=D9|19/271 45 dy
S\D, by

r

:/ [v|? dsdt—i—/ |v|q|z|p/2_1dsdt:/ | pp(z) ds dt,
\D, £ND, b

which shows that the standard duality paring (5-26) produces the identification
1 1
(XP ()" = x1(%), for—+-=1
P 4

Therefore, we view the cokernel of d4: X 7 (Z) — X P(X) as a subspace of X9(X).
Its elements are a priori less regular at 0 than the elements of the kernel:

Lemma5.16 Let p>1andoeR\(n/2)Z. Ifve X9(X), 1/p+1/q =1, belongs
to the cokernel of

3o: XVP(Z) > XP(X),

then v is smooth on X\ {0}, it solves the equation dv—ov = 0 with boundary conditions

v(s) eR, v(-s)eiR Vs>0,

(5-27)
v(s+i)eR Vs € R,

and the function (Tv) () = 2¢v(¢?) is smooth on CI(HT) ND; . In particular, v(z) =
0(|z|~/2) and Dv(z) = O(|z|~3/?) for z — 0.

Proof Since v € X9(X) annihilates the image of 3¢, there holds
(5-28) Re/ (v(z), 0u(z) + au(z)) ds dt =0,
b

for every u € X1'P(X). By letting u vary among all smooth functions in X -7 (%)
which are compactly supported in X \ {0}, the regularity theory for weak solutions
of 9 (the analogue of Theorem 5.4) and a bootstrap argument show that v is smooth
on X\ {0} and it solves the equation dv — v = 0 with boundary conditions (5-27). It
remains to study the regularity of v at 0.
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Set w(¢) := (Tv)(¢) = 2Lv(Z?). By (5-14), the function w is in L9(HtT N D). Let
@ € C(CI(HT) NDy) be real on RT and purely imaginary on iR™. Then the
function u defined by u({?) = ¢(¢) belongs to X 1»7(X), and by (5-28) we have

0=Re/ (v, 0u + au) ds dt =4Re/ |§2|<L_w(§),L_5¢(§)+a¢(§)>dodr
z H+ND; \2¢ 2¢

~Re / (W(0). Tp(£) + 20F0(0)) dodr.
H+ND,

The above identity can be rewritten as

Re / ((©). Fp(¢)) dodt = —Re / (2atw(?). p(0)) dod-,
H+ND, H

+ND;

so w is a weak solution of dw = 2a¢{w on CI(H*)ND; with real boundary conditions.
Since w is in L9(H* ND;), Lemma 5.7 implies that w is in W14(H*T ND;). In
particular, w is square integrable on HI* ND;, and so is the function

f(©) = e~ 2.

The function f is antiholomorphic, it takes real values on Rt and on iR™, so by a
double Schwarz reflection it can be extended to an antiholomorphic function on Dy \ {0}.
Since f is square integrable, the singularity 0 is removable and f is antiholomorphic
on Dy . Therefore

(Tv)(©Q) = w(§) = /2 ()

is smooth on CI(H™) N Dy, as claimed. a
We can finally prove the following Liouville type result:

Proposition 5.17 If 0 <« < /2, the operator
s XLP(Z) > XP(3)
is an isomorphism, forevery 1 < p < o0.
Proof By Proposition 5.14 the operator dy is semi-Fredholm, so it is enough to prove
that its kernel and cokernel are both (0).

Let u € X7 (Z) be an element of the kernel of 9. By Proposition 5.12, u(z) has
exponential decay for |Re z| — 400 together with all its derivatives. By Lemma 5.15,
u is smooth on X\ {0}, it is continuous at 0, and Du(z) = O(|z|~'/2) for z — 0.
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Then the function w := u? belongs to W!4(Z, C) for every g < 4. Moreover, w is
real on the boundary of X, and it satisfies the equation

5w+20¢w =0.

Since 0 < 2 < 7, e?* R NR = (0), so the assumptions of Theorem 5.11 (ii) are
satisfied, and the operator

D20t WR'k(2,C) — L4(Z,C)
is an isomorphism. Therefore w = 0, hence # = 0, proving that the operator 9 has
vanishing kernel.

Let v e X9(X), 1/p+1/q = 1, be an element of the cokernel of d,. By Lemma
5.16, v is smooth on X\ {0}, v(s) € iR for s <0, v(s) € R for s > 0, v solves
dv —av = 0, and the function

(5-29) w(?) :=2Lv(¢?)

is smooth in CI(H™) NID; and real on the boundary of H™. In particular, v(z) =
0()z|~/2) and Dv(z) = O(|z|~3/?) for z — 0. Furthermore, by Proposition 5.12, v
and Dv decay exponentially for | Re z| — +00. More precisely, since the spectrum of
the operator Ly on L2([0,1],C),

d
dom Lo = W' (0.11.C) = {u € W 2(0.1.C) [u(0).u(1) €R},  La=i— +a.
is @ + w7, we have mino (L) N[0, +00) = «, hence
(5-30) lv(z)| < ce™@ReZl for |Rez| > 1.

If w(0) = 0, the function v vanishes at 0, and Dv(z) = O(|z|™!) for z — 0, so v?
belongs to Wﬂé’g{(E, C) for any ¢ < 2, it solves dv? —2av? = 0, and as before we
deduce that v = 0. Therefore, we can assume that the real number w(0) is not zero.

Consider the function
F:2\{0} > C, f(z):=e %/ 25(z).
Since dv = av,
3/(2) = —ae %25(z) + e ~*%2Ju(z) = e %2 (—av(z) + @v(z)) = 0,
so f is holomorphic on the interior of 3. Moreover, f is smooth on X\ {0}, and
(5-31) f(s) = e /25(s) €iR fors <0, [f(s)=e %/2T(s)eR fors >0,
(5-32) F(s41i)=e"*/20(s +i)e*’? € ¢*/?R  for every s € R.
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Denote by /z the determination of the square root on C \ R~ such that /Z is real
and positive for z real and positive, so that /z = +/Z. By (5-29),

w(0)
oz

(5-33) f(2)=—e %2 —_@(J7) = +o(z|7"?) forz — 0.

f
Finally, by (5-30),
(5-34) lim  f(z) =0.

|Re z| >+o00

We claim that a holomorphic function with the properties listed above is necessarily
zero. By (5-33), setting z = pe?’ with p>0and 0<6 <,

w(0 :
flz)= L)53_9’/2 +0(|,0|_1/2) for p — 0.
JP
Since w(0) is real and not zero, the above expansion at O shows that there exists p > 0
such that

(5-35) f(z) e U V'R, Vze(By(0)NX)\{0}.

bel—n/2—a/4,a/4]

If f=0o0nR+i,then f isidentically zero (by reflection and by analytic continuation),
so we may assume that /(R +17) % {0}. By (5-32) the set f(R + i) is contained in
Re®/2_ Since f is holomorphic on Int(X), it is open on such a domain, so we can
find y €)a/4,a/2[U]a/2, 3a/4] such that f(Int(X)) NRe?’ # {0}. By (5-34) and
(5-35) there exists z € X\ B,(0) such that

(5-36) f()eRe” | f(2)] =sup|f(E\{0}) NRe?'| > 0.

By (5-31) and (5-32), z belongs to Int(X), but since f is open on Int(X) this fact
contradicts (5-36). Hence f = 0. Therefore v vanishes on %, concluding the proof of
the invertibility of the operator 0. O

If we change the sign of o and we invert the boundary conditions on R we still get an
isomorphism. Indeed, if we set v(s, ) := u(—s,t) we have

g—aU(S,Z) = 5v(s, t)—av(s,t) = _§u(_s’ 1) +au(—s, 1) = _m,
so the operators
0a: XO} (©.R).® (E:C) = X (. C),
P
0wt X5 (o). ) (5 ©) = X(5,(2,©)

are conjugated. Therefore Proposition 5.17 implies:
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Proposition 5.18 If 0 <« < /2, the operator

P
0t X & o, ) (2 €) = (G (2. )

is an isomorphism.

5.6 Computation of the index

The computation of the Fredholm index of 94 is based on the Liouville type results
proved in the previous section, together with the following additivity formula:

Proposition 5.19 Assume that A, A1, A, € CO(R x [0, 1], L(R2", R?")) satisfy
A1(4o00,t) = Ar(—00,t), A(—00,t) = A1(—00,1),
A(4o00,t) = Ax(+00,t), Vte]0,1].

LetVi= Vo, .. Vi), Vo= Vs oo o s Vi) s QV,I =, ..., V]é,), OV/Z =Vir,...,
V]é/ n h,) be finite ordered sets of linear subspaces of R" such that V; and Vitt, Vj’ and
Vj/Jrl are partially orthogonal, forevery j. SetV' =Vy, ..., Vi, Vi+1s-- -, Vi+p) and
V' =/,... V,é,, Vlé’+1"' k’+h’) Assume that (A1 V1,9)) and (A2,°V2, )
satisfy the assumptions of Theorem 5.9. Let ¥ be a set consisting of k points in R
and k' pointsini + R, let ¥, be a set consisting of h points in R and h’ points in
i +R, and let &¥ be a set consisting of k + h points in R and k" + h' pointsini + R.

For p €]1, +o0[ consider the semi-Fredholm operators

q 17 q . 1!

da: X9’11,7°V1,°V’1 (=.CN~ Xp (2, C"), B4y Xy, p%/ A (=,C" - X;’Z(E, c")
04 Xy 0o (2.CM = X2(2.CM.

Then inddy =inddy, +inddy,.

The proof is analogous to the proof of Theorem 3.2.12 in [46], and we omit it. When
there are no jumps, thatis ¥ = @ and V' = (V), ¥’ = (V’), Theorem 5.11 shows that
the index of the operator

a4 X Z (V) wn(Z,C") = N*VN*V,(E C"y — LP(Z,C") = X2 (=, C")
is inddg = pu(® " N*V,N*V') = w(@TN*V, N*V").
In the general case, Proposition 5.19 shows that

(5-37) ind(04: Xy:F ., (2.C") — X2 (2.CM))
=@ N*Vo, N*V) = (@ N* Vi, N*V )+ (Voo ..., Vi Vgo ... Vi),
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where the correction term ¢ satisfies the additivity formula

(5-38) (Voo oo Virn: Voo s Viraw)

=c(Voo.... Vi Vg, ... Vi) + C(Vk,...,Vk+h;V,é,,...,V]é,_,_h/)-A
Since the Maslov index is in general a half-integer, and since we have not proved
that the cokernel of 04 is finite dimensional, the correction term ¢ takes values in

(1/2)Z U {—o0}. Actually, the analysis of this section shows that ¢ is always finite,
proving that d4 is Fredholm.

Clearly, we have the following direct sum formula

(5-39) c(VodWo,... Vi@ Wi Vo@ Wy..... V& W)
=c(Vo,...Vic Voo oot . Vi) + c(Wou .. . Wi Wy, ... . W),).

Note also the index formula of Theorem 5.11 produces a correction term of the form

(5-40) c(Av) = p(d,v),

where A and v are asymptotically constant paths of Lagrangian subspaces on C”. The
Liouville type results of the previous section imply that

(5-41) c((0), R";R") = —n/2 = c(R", (0); R™).
Indeed, by Proposition 5.17 the operator

5 . yLp p
aotI- X{O},((O),R”),(R”)(Z’ (Cn) - X{O}(27 Cn)

is an isomorphism if 0 < « < /2. By (5-5), the Maslov index of the path ¢/*’R”,

t €0, 1], with respect to R” is —n /2. On the other hand, the Maslov index of the path

e R" t [0, 1], with respect to R” is 0 because the intersection is (0) for every

t €10, 1]. Inserting the information about the Fredholm and the Maslov index in (5-37),

we find

0 =inddy; = n/2 + c((0), R"; (0)),

which implies the first identity in (5-41). The second one is proved in the same way by
using Proposition 5.18.

Lemma 5.20 Let (Vy, Vi,..., Vi) be a (k+1)—tuple of linear subspaces of R", with
Vi_1 and Vj partially orthogonal for every j = 1,...,k, and let W be a linear
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subspace of R". Then
cVo, oo s Vi W)y =c(W; Vo, ..., Vi)

:%Z(dimVj_l +dim V; —2dim V;_; N Vj).

Proof Let us start by considering the case W = R”. By the additivity formula (5-38),

k
Vo . Vi R") = > " e(Vi_y, Vj: R").
ji=1
Since V;_; and V; are partially orthogonal, R” has an orthogonal splitting R"” =
Xf EBX’ @XJ ® Xf where V;_; = Xf ® XJ and V; = Xf @XJ By the direct
sum formula (5 39) and by formula (5- 41)

c(Vim1, VisR") = e(X{, X7 X7) + e(X], (0); X))
+¢((0). X X]) +¢((0). (0): X7)
=0-1dimx] —LdimX] +0=—1dimX] @ X/

Since dim XJ ® X! =dim Vj_; +dim V; —2dim V;_; NV},
the formula for c(Vy, ..., Vi; R™) follows.

Now let A: R — £(n) be a continuous path of Lagrangian subspaces such that A(s) =
R” for s <—1 and A(s) = N*W for s > 1. By an easy generalization of the additivity
formula (5-38) to the case of nonconstant Lagrangian boundary conditions,

(5-42) cC(N*Vo: M) +c(Vo, ..., Vi W)y =c(Vo, ..., Vi, R") + c¢(N*V; L),

By (5-40), ¢(N*Vy;A) = —u (A, N*Vy) and ¢(N*Vj; A) = —u(A, N*Vy), so (5-42)
leads to

Voo S VEW)=c(Vo, ..., VERY) = (WA, N* Vi) — u(h, N*Vp))
=c(Vo,...,VE,RY = h(N*Vy, N*V,;R", N*W),

where £ is the Hormander index. By Proposition 5.2, the above Hormander index
vanishes, so we get the desired formula for c¢(Vy,..., Vi; W). The formula for
c(W; Vy, ..., Vi) follows by using the change of variable v(s,t) = u(s,1—¢). O

The additivity formula (5-38) leads to
c(Voy ooy Vi V e V,é,) =c(Vo,.... Vi V(;) +c(Vi; VO/, ey V,é/),
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and the index formula in the general case follows from (5-37) and the above lemma.
This concludes the proof of Theorem 5.9.

5.7 Half-strips with jumping conormal boundary conditions

This section is devoted to the analogue of Theorem 5.9 on the half-strips

Yt:={zeC|0<Imz<1, Rez >0},
" ={zeC|0<Imz<1, Rez <0}.

In the first case, we fix the following data. Let k&, k' > 0 be integers, let
0=150 <81 < "<k <Sgq1 =400, 0=155<8] < <8, <Spyq =400,

be real numbers, and let W, Vg, ..., Vi, V(; e V,é, be linear subspaces of R” such
that V;_; and Vj, Vj/_1 and VJ/ , W and Vo, W and V), are partially orthogonal. We
denote by V" the (k+1)—tuple (Vp, ..., Vi), by ¥’ the (k' + 1)—tuple (V,..., V[,
and by & the set {sq.....Sk, 5] —i—i,...,s}{, +i}. The X? and X2 norms on =%
are defined as in Section 5.3, and so are the spaces X;(Z"‘, C") and X;’p(E“‘, cmy.
Let X;:ﬁ,,oV’V,(E"', C™) be the completion of the space of maps u € Cg’,j’c(E"', C™)
satisfying the boundary conditions

u(@t)ye N*W, Vvtrel0,1], u(s)e N*V;, Vselsj,sj+1],
u(s +i)e N*Vj’, Vs € [sj/.,sj’.+1],

with respect to the norm [[u||x1.p(5+)-

Let A € C°([0, +00] x [0, 1], L(R?",R?")) be such that A(4o00,¢) is symmetric

for every t € [0, 1], and denote by ®*: [0, 1] — Sp(2n) the solutions of the linear
Hamiltonian system

%qﬁ(z) = iA(4+00,0)® (), dT(0)=1.

Then we have:
Theorem 5.21 Assume that (1) N*V;, NN * V]é, =(0). Then the R -linear bounded

operator

5AZ Xgl,’

b (ET.CM > X2(=T.C"),  04u=0u+ Au,
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is Fredholm of index

inddy = ’% — W@ N* Vi, N*V,,)
1
— 3 (dim Vo +dim W —2dim Vo N W)

1
—E(dim Vs +dim W —2dim Vg N W)

(5-43) .
1

-3 > (dim V;_y +dim V; —2dim V;_; N V)
j=1
1 &

. / . / . / /

-3 Y dimV/_| +dimV/ —2dimV/_, nV)).

j=1

Proof The proof of the fact that 94 is semi-Fredholm is analogous to the case of the
full strip, treated in Section 5.4. It remains to compute the index. By an additivity
formula analogous to (5-38), it is enough to prove (5-43) in the case with no jumps,
thatis k = k' =0, V' = (Vp), V' = (V;). In this case, we have a formula of the type

inddg = —p(®TN*Vo, N*Vy) +c(W; Vo: V),
and we have to determine the correction term c.

Assume W = (0), so that N*W = iRR". Let us compute the correction term ¢ when
Vo and V(; are either (0) or R”. We can choose the map A to be the constant map
A(s,t) = af, for a €]0,7/2[, so that ®T(r) = ¢'*’. The Kernel and cokernel of
01 are easy to determine explicitly, by separating the variables in the corresponding
boundary value PDEs:

G If Vy = V(; = R”, then the kernel and cokernel of 34 are both (0). Since
w(e''R" R™) = —n/2, we have c((0); R”;R") = —n/2.
(ii) If Vo = V= (0), then the kernel of 91 is iR"e™®5  while its cokernel is (0).
Since pu(e’®iR", iR") = —n/2, we have c((0); (0); (0)) = n/2.
(iii) If either Vo = R" and V{ = (0), or V = (0) and V{j = R", then the kernel and
cokernel of dy 7 are both (0). Since p(e'*'R", (0)) = n(e'®*(0),R") =0, we
have ¢((0); R"; (0)) = ¢((0); (0); R") = 0.

Now let W, Vp and V; be arbitrary (with W partially orthogonal to both V4 and V().
Let U € U(n) be such that UN*W = iR". Then UN*Vy = N*W, and UN*V =
N*W, where

Wo=VonWEnVo+ W), W,=V,nW)Lnw]+w).
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By using the change of variable v = Uu, we find
(5-44) (W3 Vo: Vg) = c((0): Wo: Wy,

and we are reduced to compute the latter quantity. By an easy homotopy argument,
using the fact that the Fredholm index is locally constant in the operator norm topology,
we can assume that W, and WO/ are partially orthogonal. Then R” has an orthogonal
splitting R” = X @ X, & X3 & X4, where

Wo = X1 @ X>, W(;=X1 @ X3,
from which

N*WozXl@Xz@iX3@iX4, N*W(),:Xl@le@X3@lX4

Then the operator £ decomposes as the direct sum of four operators, whose index is
computed in cases (i), (ii), and (iii) above. Indeed,

c((0); Wo; W) = 1 dim X4 — 5 dim X
= 3 codim(Wy + W) — 5 dim Wo N Wy = (n—dim Wy —dim W).
Since
dim Wy = dim(Vy + W) —dim Vo N W = dim Vg + dim W —2dim Wy N W,
dim Wy = dim(Vy + W) —dim VN W = dim V; + dim W —2dim W, N W,
we find
c((0); Wo; W) = 2 — 1(dim Vo + dim W —2dim Wy, N W)
— 3(dim V{ + dim W —2dim Wj N W).
Together with (5-44), this proves formula (5-43). O

We conclude this section by considering the case of the left half-strip X~ . Let k, k' >0,
V==Wo,....,Vi),and V' = (V/, ..., V,é,) be as above. Let

—00 =S4 <Sk < <851 <5=0, —00=sp,,, <5 < <5p<55=0,
be real numbers, and set F = {sy,..., 5k, 5] +i,...,8,, +i}.

Let X;:ﬁ,’ww(il_, C™) be the completion of the space of maps u € Cg?j:(E_, C™)

satisfying the boundary conditions
u(it)e N*W, Vrel0,1], u(s)e N*V;, Vsel[sjt1,s5],
. * / / /
u(s+i)enN Vj, Vse[sj+1,sj],

with respect to the norm [[u||x1.p(z-)-
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Let A € C%([—o0, 0]x[0, 1], L(R?", R?")) be such that 4(—o0, ¢) is symmetric for ev-
ery ¢ €[0, 1], and denote by ®~: [0, 1] — Sp(2#x) the solutions of the linear Hamiltonian
system

%@‘(r) = iA(—00,)®™ (), ®(0)=I.

Then we have:

Theorem 5.22 Assume that @~ (1) N*V; NN *V/, = (0). Then the R —linear operator
a . lip - n 4 - n q _ q

(5-45) 04: X' gy (27, C") = Xg(27,C"),  04qu = 0u+ Au,

is bounded and Fredholm of index

. a n — * xy7-/ 1 . . .
1nd8A=5+/L(<I> N*Vi, N Vk,)—z(dlmVo+d1mW—2d1mVoﬂW)

1
— E(dimv(;erimW—2dim Von W)

k
1 ) . :
~3 E (dim V;_; +dim V; —2dim V;_; N V)
Jj=1

(5-46)

k/
1 . . .
) E (dim V;_; +dim V; = 2dim V/_, nV)).
—t

Indeed, notice that if u(s,?) = v(—s, 1), then

—Qu(s, 1) + A(s, Du(s, 1)) = C(Qv(—s, t) — CA(s, 1) Cv(—s,1)),

where C is denotes complex conjugation. Then the operator (5-45) is obtained from
the operator

dp: X_I;;ZW,QV’QW(zﬁ C" — X?,(=F,C"), dpv=0dv+ B,

where B(s,t) = —CA(—s,t)C, by left and right multiplication by isomorphisms. In
particular, the indices are the same. Then Theorem 5.22 follows from Theorem 5.21,
taking into account the fact that the solution ®* of

%qﬁ(z) =iB(+00,1)®T(¢), ®1(0) =1,

is ®1(t) = CO(¢)C, so that

(@ N* Vi, N*V,) = p(COTCN* Vi, N*V],) = —u(®~N* Vi, N*V[,).
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5.8 Nonlocal boundary conditions

It is useful to dispose of versions of Theorems 5.9, 5.21 and 5.22, involving nonlocal
boundary conditions. In the case of the full strip X, let us fix the following data. Let
k > 0 be an integer, let

—00 =80 <51 <+ < Sk < Sk41 = +00

be real numbers, and set ¥ := {s{,..., 8,81 +1,...,85 +i}. Let Wy, Wy,..., Wy
be linear subspaces of R” x R” such that W;_; and W; are partially orthogonal, for
j=1,....k,and set W = (Wy,..., Wi).

The space X 5};5’0"4’/(2, C") is defined as the completion of the space of all u € C$%.(X, C")
such that

(u(s),u(s+1i)) e N*W;, Vselsj,sj+1], j=0,....k,
with respect to the norm [|u|| 1.0 (x)-

Let A € CO(R x[0, 1], L(R2" ,R?")) be such that A(+o00,?) € Sym(2n, R) for every
t €[0, 1], and define the symplectic paths ®+, ®~: [0, 1] — Sp(2n) as the solutions of
the linear Hamiltonian systems

%cbi(z) = i A(£o0,)dT (1), dF(0) =1

Denote by C the complex conjugation, and recall from Section 5.1 that ® L (R?”, R?")
is symplectic if and only if graph ® C is a Lagrangian subspace of (R2"xR?" wo x wy).
Then we have the following:

Theorem 5.23 Assume that graph C®~(1) N N*W, = (0) and graph C®* (1) N
N*Wj, = (0). Then for every p €]1, +oc| the R~linear operator

A4 X;”%(E, C" - X2 (=,C"), ur u + Au,
is bounded and Fredholm of index
indd4 = j(graph ®~C, N*Wy) — u(graph @ C, N*Wy)
k
1 } . .
-3 > (dim Wy + dim Wj —2dim W;_y N Wj).
j=1
Proof Given u: ¥ — C” define #i: ¥ — C2" by
() = (u(z/2), 0(Z/2 +1)).

Geometry € Topology, Volume 14 (2010)



1664 Alberto Abbondandolo and Matthias Schwarz

The map u + # determines a linear isomorphism
1, =yl
F: Xph(2,.C") = X8 (2.0,

where ' ={2s1,....25%, 281 +10,.... 255 +i}, W isthe (k+1)—tuple (Agn,...,Agrn),
and we have used the identity

N*Arn = graph C = {(w, w) |w € C"}.
The map v + V/2 determines an isomorphism
G: X2(z,C" 5> xh(s,C™),
The composition G o 940 F ! is the operator
52: X;,”{)W,OW,(E, C?"y — X5(Z, C*), uv> 0u+ Au,

where A(z) =1 A/ @ CAGE/2+0)C).

Since A(Foo,1) = 1 (A(£00,1/2) ® CA(Fo0, 1 —1/2)C),

we easily see that the solutions dE of

%&ni(z) =iA(+o00,0)®% (), ®T(0)=1,
are given by (1) = DT (1/2) d COT(1—1/2)D (1) C.
The above formula implies
(5-47) O (1) "I N* Agn = graph COE(1)@E (1 —1/2) 10 (1/2).
For t =1 we get
O ()N*Wo N N*Agn = &~ (1)[N*Wy N graph CH~(1)] = (0),
T (D)N*W, N N*Agn = O+ (1)[N* W N graph CO (1)] = (0),

so the transversality hypotheses of Theorem 5.9 are fulfilled. By this theorem, the
operator 4 =G 100 g0 F is Fredholm of index

(5-48) inddy =indd 7 = p(®" N*Wo, N*Arn) — 1(®T N* Wy, N* Agn)
1 k
-3 > (dim W;_ +dim W; — 2dim W;_; N Wj).
j=1
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The symplectic paths ¢ — ®*(1)®* (1—¢/2) 1 d*(¢/2) and t — ®F(¢) are homotopic
by means of the symplectic homotopy

—1
(A, 1) > ®F(1) oF (% - %z) ot (%z) ,

which fixes the end-points 7 and ®*(1). By the symplectic invariance and the homo-
topy invariance of the Maslov index we deduce from (5-47) that

(™ N*Wo, N*Arn) = u(N*Wo, ®~(-) ' N*Agn)
(5-49) = w(N*Wy, graph CO~ (NP~ (1—-/2) 1 d7(-/2))
= w(N*Wy, graph C®™) = pu(graph @~ C, N* W),

where the lest equality is obtained by applying the antisymplectic involution C to both
arguments. Similarly,

(5-50) w(®TN*Wy, N*Agn) = u(graph @+ C, N*Wy,).
The conclusion follows from (5-48), (5-49), and (5-50). O

In the case of the right half-strip £, we fix an integer k > 0, real numbers
0=s50 <81 <+ <S8 <Sg41 = F00,

a linear subspace Vo C R” and a (k+1)—tuple W = (W, ..., W) of linear subspaces
of R” x R", such that W, and Vj x V are partially orthogonal, and so are W;_;
and Wj, forevery j =1,...,k. Set ¥ = {s1,...,8¢, 81 +1,...,8 + i}, and let
X;,:{}O’W(EJF, C") be the completion of the space of maps u € C%,(Z*,C") such
that

u(it)e Vo Ve el0,1],  (u(s),u(s+i))e N*W;, Vselsj,sj41], j=0,....k,
with respect to the norm [[u]|x1.p(x5+)-

Let A € C°([0, +00] x [0, 1], L(R?", R?")) be such that A(+o0,?) € Sym(2n, R) for
every ¢ € [0, 1], and let ®*: [0, 1] — Sp(2n) be the solution of the linear Hamiltonian
systems

%qﬁ(z) =iA(4+00,0)®T(t), ®T(0)=1.

Then we have:

Theorem 5.24 Assume that graph C®™ (1) N N*W;, = (0). Then for every p €
1, +o0[ the R -linear operator

O Xy (. CM - X2(ZT.CY), ur 0u+ Au,
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is bounded and Fredholm of index

= 1
inddy = g—,u(graph otC, N*Wk)—i(dim Wo +2dim Vo —2 dim Wy N (Vo x Vp))

k
1 ) . .
—3 E (dim Wj_; +dim W; —2dim W;_; N W}).
Jj=1

Proof By the same argument used in the proof of Theorem 5.23, the operator 3y is
Fredholm and has the same index as the operator

Og: Xg B g (BT.C2) > XE(ET.C2), we du+ Au,

where ' ={2s1,....28k, 281 +1,.... 285 +i}, W isthe (k+1)—tuple (Agn,...,ARrn),
and

A(z) = 1(A(z/2) ® CAE/2 +1)C).
By Theorem 5.21 and by (5-50), the index of this operator is
indgz =n— wu(graph @+ C, N*Wy)
1
— E(dim Arn +dim Vy x Vo —2dim Age N (Vo x Vp))

1
- E(dlm Wy + dim Vi x Vg — 2 dim Wy N (Vy x Vy))

k
1 , . .
~3 E (dim Wj_; +dim W; —2dim W;_; N W})
Jj=1

=n—/,L(graphCI>+C,N*Wk)—%

1
— 5 (dim Wo +2dim Vo — 2 dim Wo 1 (Vo x Vo))

k
1 , . .
~3 E (dim Wj_; +dim W; —2dim W;_; N W}).
j=1

The desired formula follows. O

In the case of the left half-strip X7, let k, V,, W be as above, and let & = {s1, ..., Sk,
S14i,...,8 +i} with

0=us50>81 > >8>Sy = —00.

Geometry & Topology, Volume 14 (2010)



Floer homology of cotangent bundles and the loop product 1667

Let X, éjgo,w(z_’ C™) the completion of the space of all maps u € C$7.(X7, C") such
that

u(ityeVo, Vtel0,1],  (u(s).u(s+i))eN*W;, Vse[sjy1.5i], j=0,....k,
with respect to the norm ||| y1.p(5—)-

Let A € C%(—o0, 0] x [0, 1], L(R?", R2™)) be such that A(—o0,) is symmetric for
every t €0, 1], and let ®~: [0, 1] = Sp(2n) be the solution of the linear Hamiltonian
systems

%@‘(z) =iA(—00,)®T(t), ®(0)=1.

Then we have:

Theorem 5.25 Assume that graph C®~ (1) N N*W; = (0). Then for every p €
1, +o00[ the R —linear operator

04 Xy (o (57.C") > XP(S7.C"). ur> du+ Au,
is bounded and Fredholm of index

inddq = g + p1(graph &~ C, N*Wj)

1

k
1
-3 > (dim Wy + dim Wj —2dim Wj_; N W).
j=1

5.9 Coherent orientations

As noticed in [4, Section 1.4], the problem of giving coherent orientations for the
spaces of maps arising in Floer homology on cotangent bundles is somehow simpler
than in the case of a general symplectic manifolds, treated in [25] for periodic orbits
and in [29] for more general Lagrangian boundary conditions. This fact remains true if
we deal with Cauchy—Riemann type operators on strips and half-strips with jumping
conormal boundary conditions. We briefly discuss this issue in the general case of
nonlocal boundary conditions on the strip, the case of the half-strip being similar (see
[4, Section 3.2]).

We recall that the space Fred(E, F) of Fredholm linear operators from the real Banach
space E to the real Banach space F' is the base space of a smooth real nontrivial line
bundle det(Fred(E, F)), with fibers

det(A) := A™™(ker A) ® (A" (coker A))*, VA €Fred(E, F),
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where A™*(V') denotes the component of top degree in the exterior algebra of the
finite-dimensional vector space V (see Quillen [40]).

Let us recall the setting from Section 5.8. We fix the data k > 0, & = {s¢,..., 5,
S14i,..., 8, +i}, with sy <---<s,and W = (W,..., W), where Wy, ..., W
are linear subspaces of R” x R”, such that W;_; is partially orthogonal to W;, for

j=1,....k.Let A*:[0,1] — Sym(R") be continuous paths of symmetric matrices
such that the linear problems

w'(t) =iA™(Ow(1), w'(1) = iAT (Ow(o),

(w(0), Cw(1)) € N*Wy, (w(0), Cw(1)) € N* W,

have only the trivial solution w = 0. Such paths are referred to as nondegenerate paths
(with respect to Wy and Wy, respectively). Fix some p > 1, and let Dy 4 (4™, AT
be the space of operators of the form

Ia: Xy h(2.C") > X2(2.C",  uw> du+ Au,

where 4 € CO(R x [0, 1], L(R2",R?")) is such that A(+o0,1) = A*(¢) for every
t €0, 1]. By Theorem 5.23,

Dy (A7, AT) C Fred(Xy . (S,C"), XJ (2,C).

It is actually a convex subset, therefore the restriction of the determinant bundle to
Dy (A~, AT) — that we denote by det(Dy sy (A~, AT)) —is trivial.

Let S be the family of all subsets of ¥ consisting of exactly k pairs of opposite
boundary points. It is a kK —dimensional manifold, diffeomorphic to an open subsets
of R¥. An orientation of det(@y 4w (A~, AT)) for a given ¥ in S uniquely determines
an orientation for all choices of ¥ € S. Indeed, the disjoint unions

19
| | xgh(z.cm. || x2(E.cm,
Jes Jes
define locally trivial Banach bundles over S, and the operators 94 define a Fredholm
bundle-morphism between them. Since S is connected and simply connected, an
orientation of the determinant space of this operator between the fibers of a given

point & induces an orientation of the determinant spaces of the operators over each
g eS.

The space of all Fredholm bundle-morphisms between the above Banach bundles
induced by operators of the form 94 with fixed asymptotic paths A~ and A7 is
denoted by @y(A~, A1). An orientation of the determinant bundle over this space of
Fredholm bundle-morphisms is denoted by oy (4™, A™T).
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Let W =Wy, ..., W), W =Wy, ..., Wrip) be vectors consisting of consecutively
partially orthogonal linear subspaces of R” x R", and set

WHW = (W(), ceey Wk+k/)'

Let Ay, A1, A> be nondegenerate paths with respect to Wy, Wy, and Wy, re-
spectively. Then orientations oy (Ag, A1) and oy (A, Ay) of det(Dy(Ag, 41)) and
det(%y(Ay, Ay)), respectively, determine in a canonical way a glued orientation

ow(Ag, Ay) #oy (Ay, Az)

of det(Dywy (Ao, A2)). The construction is analogous to the one described in [25,
Section 3]. This way of gluing orientations is associative. A coherent orientation is a
set of orientations oy (4™, A™) for each choice of compatible data such that

oww (Ao, A1) = ow(Ag, A1) #oyr (A1, Az),

whenever the latter glued orientation is well-defined. The proof of the existence of a
coherent orientation is analogous to the proof of Theorem 12 in [25].

The choice of such a coherent orientation in this linear setting determines orientations
for all the nonlinear objects we are interested in, and such orientations are compatible
with gluing. As mentioned above, the fact that we are dealing with the cotangent bundle
of an oriented manifold makes the step from the linear setting to the nonlinear one easier.
The reason is that we can fix once for all special symplectic trivializations of the bundle
x*(T'T*M), for every solution x of our Hamiltonian problem. In fact, one starts by
fixing an orthogonal and orientation preserving trivialization of (;r o x)*(T'M), and
then considers the induced unitary trivialization of x*(7'T*M). Let u be an element
in some space Jl(x, ), consisting of the solutions of a Floer equation on the strip X
which are asymptotic to two Hamiltonian orbits x and y and satisfy suitable jumping
conormal boundary conditions. Then we can find a unitary trivialization of u™ (T T* M)
which converges to the given unitary trivializations of x*(TT*M) and y*(TT*M).
We may use such a trivialization to linearize the problem, producing a Fredholm operator
in @y (A", A1). Here A~, A" are determined by the fixed unitary trivializations
of x*(TT*M) and y*(TT*M). The orientation of the determinant bundle over
By (A~, AT) then induces an orientation of the tangent space of .l(x, y) at u, that
is an orientation of JL(x, y). See [4, Section 1.4] for more details.

When the manifold M is not orientable, one cannot fix once for all trivializations
along the Hamiltonian orbits, and the construction of coherent orientations requires
understanding the effect of changing the trivialization, as in [25, Lemma 15]. The Floer
complex and the pair-of-pants product are still well-defined over integer coefficients,
whereas the Chas—Sullivan loop product requires Z, coefficients.
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5.10 Nonlinear consequences

Let us derive the nonlinear consequences of Theorems 5.23, 5.24 and 5.25. Let Q
be a finite dimensional Riemannian manifold, and let Ry, ..., Ry be submanifolds
of O x Q, such that R;j_; is partially orthogonal to Rj, for every j = 1,...,k
(with respect to the product metric on Q x Q). Partial orthogonality implies that
the dimension of R;_1 N R; is locally constant, and we assume such a dimension is
actually constant. Let & > 0 be an integer, and let us fix numbers

—00 =80 <81 <+ <8k <Sg41 = +00.

We recall from Section 3.1 that if H € C°°([0, 1], 7*Q) is a Hamiltonian, the symbol
PR (H) denotes the set of all the Hamiltonian orbits x: [0, 1] — 7% Q which satisfy the
boundary condition (x(0),€x(1)) € N*R, where 4 is the antisymplectic involution
on T*Q which maps (g, p) into (g, —p). When x € PR(H) is nondegenerate, its
Maslov index u®(x) is defined in (3-5).

We recall that a space .l is said to have virtual dimension d , where d € Z, or briefly
virdimJM = d,

if MM can be seen as the set of zeroes of a smooth section of some Banach bundle,
whose fiberwise derivative is Fredholm of index d. When such a section is transverse
to the zero-section, the implicit function theorem implies that either Jl is empty, or J
is a smooth manifold of dimension d > 0.

We start by considering the case of the full strip X ={z€C|0<Imz < 1}:

Corollary 5.26 Let x € PRo(H) and y € PRk (H) be nondegenerate. Then the set
M(x, y) of maps u: ¥ — T*Q which solve the equation 9 s, i (u) = 0 with boundary
conditions

(u(s),6u(s +i)) e N*Rj, Vs elsj,sj+1],

and asymptotic conditions
lim u(s+it) =x(t), lim u(s+it) = y(t),
§—>—00 §—>+00

has virtual dimension

k
virdim M(x, y) = MRO(x) — ;LR" ) — Z(dim R;j | —dim R;_; N Rj).
j=1
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Proof Standard arguments in Floer theory allow us to see Jl(x, y) as the set of zeroes
of a smooth section of a suitable Banach bundle, the base of which is a Banach manifold
modeled on X, ;,”of;/, and the fibers are Banach spaces of sections of class X, P where
p > 2. The fiberwise derivative of such a section at u € AL(x, y) is conjugated to a linear
operator 94 of the form considered in Theorem 5.23, where the linear subspaces W;
of R” xR" are local models for the submanifolds R;, and where

j1(graph @~ C, N* W) = pnRo(x) — L(dim Ry —dim 0),
p(graph ®FC, N*Wy) = R () — 3 (dim Ry —dim Q),

by the definition (3-5) of the Maslov index. By Theorem 5.23, such an operator is
Fredholm of index

_ 1 1
indd, = ufo(x)— 5 (dim Ry —dim Q) — whe(y) + 5 (dim Ry —dim Q)

k
1 ) _ :
~3 E (dim Rj_; +dim R; —2dim R;_; N R;).
j=1

After simplification, this formula reduces to

k
indd4 = pRo(x)— puRe(y)— Z(dim Rj_1—dimR;_; N R;),
j=1

as claimed. O

Remark 5.27 By elliptic regularity, the maps u € Jl(x, y) are smooth up to the
boundary on X\ {sy,s1 +1,...,8, S +1}. By Schwarz reflection, the maps

> ulsj +¢%) and > u(sy+i—¢?)

are smooth up to the boundary in a neighborhood of zero in the upper right quadrant
CI(H%) = {¢ € C |Re{ >0, Imz > 0}. Analogous regularity results hold for the
maps which appear in the following two corollaries.

Remark 5.28 In this paper, all the pairs of submanifolds we need to consider are
partially orthogonal. However, it might be useful to have a generalization of Corollary
5.26 to the situation where the submanifolds R;_; and R; are only assumed to have a
clean intersection. An easy way to deal with such a situation is the following. First,
we transform the nonlocal boundary problem for u: X — T*Q into a local one, by
considering the maps v: ¥ — T*(Q x Q) defined by

v(z) := (Gu((i —2)/2),u((i +2)/2)).
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Then v solves a Cauchy—Riemann type equation, together with local boundary condi-
tions

v(s) e N*Ap, VseR, v(s+i)e N*Rj, Vs €[sj,sj41].
Let g5 be a smooth 1-parameter family of metrics on Q x Q such that R;_; is partially
orthogonal to R; with respect to the metric gs; (when the sets R;_; N R; are pairwise
disjoint, the family g can be chosen to be independent of s). Then the analogue of
Corollary 5.26 holds, where the perturbed Cauchy—Riemann operator 0, g is the one

associated to the s—dependent family of Levi-Civita almost complex structures Jg on
T*(Q x Q) induced by gs. The same considerations apply to the next two corollaries.

In the case of the right half-strip 27 = {z € C |Rez >0, 0 <Imz < 1}, we fix the
numbers

0=1s50 <81 <+ <8k <Sg41 = 400,

and we have the following consequence of Theorem 5.24:

Corollary 5.29 Let x € PR« (H) be nondegenerate and Iet y € W1-2([0, 1], Q) be
a curve such that (y(0), y (1)) € Ro. Then the set M(y,x) of maps u: >t > T*0
which solve the equation 0y g (1) = 0 with boundary conditions

(u(s),6u(s+i)) € N*Rj, Vs €[sj,sj+1), u(it) € T;(I)Q, Vi €0, 1],
and the asymptotic condition

lim u(s+it)=x(),

s—400
has virtual dimension

k
virdim M(y. x) = —u®k (x) = Y " (dim Rj_; —dim Rj_; N R;).
j=1

Proof Arguing as in the proof of Corollary 5.26, we find that JL(y, x) has virtual
dimension equal to the Fredholm index of an operator 94 of the form considered in
Theorem 5.24, with Vp = (0) and W; a local model for R; (see [4, Section 3.1] for
more details on how to deal with this kind of boundary data).
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By Theorem 5.24 and (3-5), we have

— 1 1
inddy = 3 dim Q — u(graph ®TC, N*Wj,) — 3 dim Rg

k
1 . _ .
-3 Z(dlm Rj_; +dim R; —2dim R;_; N R;)
j=1

k
= —pR(x)= > (dim Rj_; —dim R;_; N R)),
j=1

concluding the proof. O

In the case of the left half-strip ¥~ = {z€ C|Rez <0, 0 <Imz < 1}, we fix the
numbers

0=s0>81 > >8> Sgq4] =—00.

One could easily derive the analogue of Corollary 5.29 from Theorem 5.25. Instead,
we prefer to derive the following variant, where O denotes image of the zero-section
inT*Q:

Corollary 5.30 Let x € P?Rx(H) be nondegenerate. Then the set M(x) of maps
u: X~ — T*Q which solve the equation 9y g (1) = 0 with boundary conditions
(u(s),€u(s+i)) e N*Rj, Vs €[sj+1.57], u(it)e Og, Vtel0,1],
and the asymptotic condition
sl:Eloo u(s+it) =x(1),

has virtual dimension

k
virdim M(x) = R (x) = Y "(dim R; —dim R;_; N R)).
j=1

Proof Arguing as in the proof of Corollary 5.26, we find that .{l(x) has virtual
dimension equal to the Fredholm index of an operator d4 of the form considered
in Theorem 5.25, with Vy = R™, m = dim Q, and W, a local model for R;. By
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Theorem 5.25 and (3-5), we have

_ 1 1
inddy = EdimQ + p(graph @~ C, N*W) — 5(2dimQ —dim Ry)
1 k
—EZ(diij_l—I—dimRJ-—zdiij_lﬂRj)
j=1

k
= uf(x) =) (dim Rj —dim R;_; N R)),
j=1

concluding the proof. |

Dimension computations We conclude this section by using the above corollaries to
prove that all the spaces of solutions of the Cauchy—Riemann type problems considered
in this paper are — generically — smooth manifolds, and to compute their dimension.
Together with the results of Section 5.9, we deduce that these manifolds carry coherent
orientations which are compatible with gluing. The transversality issues which lead
to genericity in the space of the Hamiltonians are standard; see Floer, Hofer and
Salamon [26]. Here we compute the virtual dimensions, by making use of the following
two lemmas.

Lemma5.31 Let Ry, R, be submanifolds of QxQ, let Hy, Hy € C*®([0,1]xT*Q)
be two Hamiltonians, and set

(5-51)  R:=1{(q1.92.93.94) € 0* | (q3.91) € Ry, (q2.94) € Ry} = Ry x Ry,
(5-52) KECOO([O,I]XT*QZ), K(t,x1,x2) = H(1—1t,6x1) + Hy(2, x2).

Then the curves xi, x, € C*([0, 1], T* Q) belong to PR (H,) and PR2(H,), respec-
tively, if and only if the curve

x:[0,1] > THQOx Q) =T*QxT*Q, x(t):=(6x;(1—1),x2(1)),
belongs to pR (K). Furthermore,

Ry = puR(xp) + pf2(xy).

Proof It is easy to check that x; and x, are orbits of the Hamiltonian vector fields
associated to H; and H, if and only if p is an orbit of the vector field associated
to K. Moreover,

(»(0), €y (1)) = (€x1(1), x2(0), x1(0), 6x2(1))
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belongs to N * R if and only if (x(0),€x1(1)) belongs to N* R and (x;(0),6x,(1))
belongs to N* R,. We just have to check the identity involving the Maslov indices.

Let j be either 1 or 2. Let Gpg;: [0, 1] — Sp(2m), m = dim Q, be the symplectic
path obtained by conjugating the differential of the Hamiltonian flow of H; along the
orbit x; by a vertical-preserving trivialization W; of xJ’."(TT *Q) such that

(W) (0) x CW; (1) DG(6x; (1)) T(x; 0)6x; 1) N*Rj = N*Wj,

where W is a linear subspace of R” xR™ . Then, by the definition (3-5) of the Maslov
index,

1® (xj) = pu(graph Gy, C, N*W;) + 1(dim R; —dim Q).

If Gk: [0, 1] — Sp(4m) is the symplectic path obtained by conjugating the differential
of the Hamiltonian flow of K along the orbit y by the trivialization induced in the
obvious way by W; and ¥,, we have

Gk (1) =CGh,(1-0)Gh, (1)7'C x Gg, (1),
uR(y) = u(graph G C, N*W) + %(dimR —dim 0?),
where W= {(1,62,83.64) | (§3.61) € W1, (§2,84) € W2}
Since dim R = dim Q1 + dim Q,, we must show that
(5-53) p(graph Gg C, N*W) = pu(graph G, C, N*W;)+u(graph Gg, C, N *W>).
The linear mapping

T:RY™ S RY™ (&1, 83,64) > (63.61,62,E4),

maps W onto W x W, hence the symplectic automorphism 7" @ T* maps N*W
onto N*W; x N*W,. Moreover,

(T ® T*) graph Gg (t)C = (graph G, (1)G g, (1 — 1) ™' C) x (graph G, (1)C).
By the symplectic invariance and the additivity of the Maslov index,
(5-54) p(graphGg C,N*W) = u((T @ T*) graph G (1)C, (T @ T*)N*W)
= pu(graph G, (NG, (1— -)7"'C, N*W}) + u(graph Gy, C, N*Wy).

The symplectic path ¢ > G, (1)G g, (1 —1)~! is homotopic within the symplectic
group to the path Gy, , by the homotopy

(A1) Gy, (t + A1 —=1))G, A1 —1))7",
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which fixes the end points / and G g, (1). By the homotopy invariance of the Maslov
index,

u(graph Gy, (1)G g, (1 — )~C, N*Wy) = pu(graph Gu,C,N*Wy),
so (5-53) follows from (5-54). O

Lemma 5.32 Let R be a submanifold of Q x Q, let H € C*°([0,1] x T*Q), and
define K € C*®([0, 1] x T*Q?) by

1 1—1t 1 14¢
K(t,x1,x5) := EH(T’(@XI) + EH(T,XQ).

Then the curve x: [0, 1]— T*Q belongs to R (H) if and only if the curve y: [0, 1] —

T*Q?, defined by
. 1—1¢ 141
o (el(5)-(2)

belongs to P20*R(K) . Furthermore,

nR(x) = ptoxRy).

Proof A simple computation shows that x is an orbit of the Hamiltonian vector field
induced by H if and only if y is an orbit of the one induced by K. Moreover,

(»(0), 6y (1)) = (6x(1/2),x(1/2),6x(0). x(1)).

s0, by using the fact that conormals are €—invariant, we deduce that x € ?R(H) if and
only if y € PAo*R(K). Let Gg: [0,1] = Sp(2m), m = dim Q, be the symplectic
path obtained by conjugating the differential of the Hamiltonian flow of H along the
orbit x by a vertical-preserving trivialization ¥ of x*(7' T* Q) such that

(\IJ(O) X C\I’(I)D(@((@x(l)))T(X(O)’(gx(l))N*R = N*W,

where W is a linear subspace of R x R™. Then, by the definition (3-5) of the Maslov
index,
u®(x) = pu(graph GgC, N*W) + %(dim R —dim Q).

If Gg: [0, 1] — Sp(4m) is the symplectic path obtained by conjugating the differential
of the Hamiltonian flow of K along the orbit y by the trivialization induced in the
obvious way by W, we have

oco=(con('2Jou() <) an( ) l) )
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Moreover, using also (5-3),
AR (y) = 1u(graph G C, N*(Agm x W)) + 1(dim R x Ag —dim Q x Q)
= pu(graph Gg C, N*Agm x N*W) + 1 (dim R — dim Q)
= (G N s N*W) + 3(dim R —dim Q).
Since N*Agrm = graph C, there holds
GK(t)NXRm = graphI'(7)C,

where I': [0, 1] — Sp(2m) is the path

-1
re):=6Gg (%) Gy (%) .

The symplectic path I" is homotopic to the symplectic path Gg by the symplectic
homotopy

-1
A, )~ Gg (t + %(1 —z)) Gy (%(1 —l)) ,

which fixes the end points I'(0) = Gg(0) = I and I'(1) = Gg(1). By the homotopy
invariance of the Maslov index,

M(GKNZRm ,N*W) = u(graphT’'C, N*W) = u(graph Gg C, N*W),
and the conclusion follows from the above formulas for % (x) and p22*R(y). o

We are finally ready to compute the virtual dimensions of the spaces of maps introduced
in this paper.

The space J(/L% Let us study the space of solutions Jl/L% (x1,x2;y), where x| €
PAHY), xo € PA(H,), and y € PA(H #H,) (see Section 3.3). It is a space of
solutions of the Floer equation on the pair-of-pants Riemann surface Z%. The pair-of-
pants Riemann surface Ef} is described in Section 3.2 as the quotient of the disjoint
union of two strips R U[—1, 0] and R x [0, 1] with respect to the identifications

(5-55) (s,—1)~(s,0=), (5,04)~(s,1) Vs <0,
(5-56) (s,—=1) ~ (s, 1), (s,0—) ~ (s,04) Vs > 0.

The space Jl/L‘% (x1,x2; y) consists of maps

u: 24 — T*M,
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solving the Floer equation 9 7,1 (1) =0, with asymptotics
lim u(s,t—1)=x;(¢), Iim u(s,t) = x,(2), lim u(s,2t—1) = y(¢).
§—>—00 §—>—00 s—>—+00

We can associate to a map u: Z% — T*M the map v: ¥ — T*M? by setting
(5-57) v(z):= ((GM(E), u(z)).

The identifications (5-55) on the left-hand side of the domain of u are translated into
the fact that v(s +i¢) is 1 periodic in ¢ for s < 0, or equivalently into the nonlocal
boundary condition

(5-58) (v(s),6v(s +i)) € N*App2, Vs =<0,

where A,,2 denotes the diagonal in M 4 = M? x M?. The identifications (5-56) on
the right-hand side of the domain of u are translated into the local boundary conditions

(5-59) v(s) e N*Apr, v(s+i)eN*Apr, Vs>0.

The map u solves the Floer equation 9 7,1 (1) = 0 if and only if v solves the Floer
equation 0y g (v) =0, where K is the Hamiltonian defined in (5-52). The asymptotic
conditions for u are equivalent to

x(t):= s—lillloo v(is+it) = (Bx1(1—1),x,(2)),

(5-60) ()= lim v(s+ir)= (€y((1=1)/2), y(1 +1)/2)).

We conclude that JW% (x1,x2; y) can be identified with the space of maps JM(x, z) of
Corollary 5.26, where the underlying manifold is Q = M x M, the Hamiltonian is K,
the boundary conditions have a single jump at s; = 0 and are given by the following
partially orthogonal submanifolds of 0% = M*:

R0=AM2, RIZAMXAM.
By Corollary 5.26,

virdim M4 (x1, x2; )
= M2 (x) — WA AM (2) — (dim A pp2 —dim Apg2 N (Apg X Apg))

= 2 (x) = pAMAM (2) — .
By Lemma 5.31,

(5-61) pAM2(x) = M (xp) + ptM () = p (xq) + p (x2).
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By Lemma 5.32, applied to the manifold Q = M, to the Hamiltonian H;#H>, and to
the submanifold R = Ayy,

pAMXEM (2) = M (y) = ().
We conclude that M% (x1,x2; y) has virtual dimension
virdim A (x1, 25 y) = p (1) + 1 (x2) — B () =,

proving the part of Proposition 3.4 which concerns the space A/L%.

The space ./(/L¥ Let us consider the space JI/L¥ (x1,X2; v), where x1 € P2 (H,), x5 €
P (H,), and y € P (H #H,) (see Section 3.3). This is the space of solutions u of
the Floer equation on the Riemann surface with boundary ES% , described as a strip
with a slit in Section 3.2, which take values in Tq*OM on the boundary, and converge
to the orbits x;, x,, y on the three ends. By defining the map v: ¥ — T*M? asin
(5-57) and the curves x and z as in (5-60), we see that the space JI/L¥ (x1,Xx2;p) isin
one-to-one correspondence with the space Jl(x, z) of Corollary 5.26, where Q = M ?,

the Hamiltonian is the function K defined in (5-52), the boundary conditions jump at
s1 =0 and are given by the following partially orthogonal submanifolds of Q2 = M*:

Ro =1{(90.90.90.90)}, R1 = An x{(40.90)}-
By Corollary 5.26,
virdim J(/L¥ (x1,x2; ) = p(90:90-90:90) () _ |, Arrx(90.90) (7).
By Lemma 5.31,
004000 () = 00 () - 0090 () = (1) + (2.
By Lemma 5.32,
pAnr(0:00) (2) = (00000 () = ().
Therefore, A/L% (x1, x2; y) has virtual dimension
virdim M5 (x1, x25 ) = % (1) + % (x2) — 2 ().
This concludes the proof of Proposition 3.4.
The space Mg Let (x1,x2) € PA(H;) x PA(H,) and y € PO (H, & H,) (see

Section 3.4). We set Q = M x M , we define the Hamiltonian K € C°°([0, 1]x T*Q)
by (5-52), and the 7* Q—valued curves x and z by

x(t) = (ex1(1-1),x2()), z(t) = (€y1(1=1), »2(1)),
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where y; and y, are the components of y. Then x € #2m2(K), z € @A(f\ld) (K), and
one easily checks that

(4) (4)
pAM (z) = piu (y) = u®(y),

where the Maslov index of z refers to the Hamiltonian K, and the Maslov index of y
to the Hamiltonian H; & H,. The space of solutions Jlg(xy, X5; y) is in one-to-
one correspondence with the space Jil(x, z) of Corollary 5.26, where the boundary
conditions switch at s; = 0 and are given by the submanifolds

Ro=App2, Ry =AY,
Hence, using also (5-61),

virdim M g (x1, x2; y) = p2m2(x) — MA(IK\Q (z)— (dim Apz —dim Ay N A(X,})
=ty + () = 1) —n.

This proves the part of Proposition 3.6 about Jl g .

The space Alg Let y € P (H; & H,) and z € P2 (H #H,) (see Section 3.4). We
set Q =M x M, and

x:[0,1] - T*Q, x(t) := (6y1(1—1), y2(1)),
w: [0,1]— T*0, w(t) = (€z((1—1)/2),z((1 +1)/2)).

As in the case of JAl g, the curve x belongs to @A(JK\L/I) (K), where the Hamiltonian K is
defined by (5-52), and

A% () = 8% () = 1@ ().
On the other hand, by Lemma 5.32, w belongs to #2M>*AM (K) and
pAIEM () = pBM (2) = ph ().
Then Corollary 5.26 implies that

virdim Mg (3, z) = AV (x) — AM*An () — (dim Ay —dim Ay N (A x Ang))
= () —-pt ).

This concludes the proof of Proposition 3.6.
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The space A}, Let x; € PA(H)), x, € PA(H,), and z € PA(H #H,) (see the
proof of Theorem 3.8). The space Jl/LgE (x1, x7; z) is the set of pairs (&, u) where « is a
real positive parameter and u is a solution of the Floer equation on the Riemann surface

EE g (@) with asymptotics x, X2, z, and suitable nonlocal boundary conditions. Let
O = M?, K be as in (5-52), x be as in (5-60), and

y(t) = (6z((1-1)/2).2((1 +1)/2)),

so that x € #2m2 (K) and y € PAM*AM (K). For fixed o > 0, the set MgE(xl ,X2:2)
is in one-to-one correspondence with the space Jl(x, y) of Corollary 5.26, where the
boundary conditions jump at s; = 0 and s, = «, and are given by

Ro=Ap2, Ry =A%, Ry=AyxApy.

Considering also the parameter ¢, we deduce that JMﬂGr g (X1, x2; 2) has virtual dimen-
sion

virdim J%gE (x1,x2:2)
=1 + virdimAl(x, y)

= 1 A2 () = pAMXAM ()
— (dim Ap2 —dim Ay N AG) +dim Ay —dim Ay N (A x Apr))

=1+ p2 () + b (x2) = (2) —n.

In the last identity we have used also Lemma 5.31 and Lemma 5.32. This proves
Proposition 3.9.

The spaces ¢ and Mgy. Let f be a Morse function on M , let x be a critical point
of f,andlet y € P2 (H). Given g € M , let
Mc(q,y) = {u € C®([0, +o00o[ xT, T*M) 5J,H(u) =0, rou(0,1)=q vVteT,
lim u(s,t) = y(t)}.
§—>—+00
For a fixed ¢ € M, the space I/Lc(q, y) coincides with JM(g, y) from Corollary 5.29,

where k = 0 and Ry = Aps. By Corollary 5.29, Jc(g, y) has virtual dimension
—uAM (y) = —pu(y). Therefore, the space

Me(x, y) = U Mc (g, »),
has virtual dimension geEW  (x)
virdim e (x, y) = dim W (x) = p () =i (x) = ().

proving the first part of Proposition 3.11.
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The space of maps
Mey () = {u € (=00, 0| x T, T*M) |3, 5 (u) =0, u(0.1) € Opy Y1 €T,

dimu(s.0) = (o)

can be identified with Jl(y) from Corollary 5.30, where the boundary condition has
no jumps and is given by Ry = Aas. Hence

virdim Mgy (7) = pM (y) = p® ().
Therefore, given x a critical point of the Morse function f on M , the space
ey (p.) = {u € dey(y) | 1(0,0) € W’ (x)}
has virtual dimension
virdim Mgy (p, x) = /J,A(y) —codim W¥(x) = /J,A(y) —i(x).

This concludes the proof of Proposition 3.11.

The space Ml;, Let x e PA(H) and y € P (H) (see Section 3.5). The set My, (x, )
is immediately seen to be in one-to-one correspondence with the space J(x, y) of
Corollary 5.26, where the boundary conditions jump at s; = 0 from Ry = Az to
R{ ={(q0,90)}- Therefore,

virdim t, (x, ) = M (x) — n{409 (y) — (dim Aps —dim Aps N {(g0, 90)})
=t )= () —n.

This proves Proposition 3.13.

The space ME  Let y; e P(Ly), v, € P*(L,), and x € P(H #H,) (see Section
4.2). The space J(/L§ (Y1, y2; x) consists of pairs (¢, #) where « is a positive number
and u(s, t) is a solution of the Floer equation on the Riemann surface Z‘¥ (o), which is
asymptotic to x for s — 400, lies above some element in the unstable manifold of y;
(resp. y») for s =0 and —1 <¢ <0~ (resp. 07 <¢ < 1), and lies above gq at the
other boundary points. Let us fix the two curves ¢; and ¢, in the unstable manifolds
of y; and y, and the positive number . Set Q = M2, let K be the Hamiltonian on
[0, 1]x T*Q defined by (5-52), and let y: [0, 1] — T*Q, y: [0, 1] — QO be the curves

s o= (w5 (5)) 0 =@i-n.00).
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Lemma 5.32 implies that y € 2m*(90:90)(K) and that
MAMX(qo,qo)(y) — M(qo,qo)(x) — MQ(X)-

Then the set of elements («, ©) in /l/tfr( (v1, ¥2: x) which lie above ¢; and ¢, for s =0
is in one-to-one correspondence with the space Jl(y, y) of Corollary 5.29, where the
boundary conditions have a jump at s; = « and are defined by

Ro =1{(q0.90,90,90)}, Ri1=Anm x{(q0.90)}

Such a space has virtual dimension
virdim M(y, y) = _MAMX(ro,qo) (y) = _/LQ (x).

Letting the elements g; and g, of the unstable manifolds of y; and y, vary, we
increase the virtual dimension by i ?(y;; L) +i%(y2; L,). Letting also « vary we
further increase the virtual dimension by 1, and we find the formula

virdim M (y1, y2:x) = i%(y1: L) + % (y2: L) — p® (x; Hi#Hy) + 1.

This proves Proposition 4.2.

The space J(/Lé(o Let y; € PA(Ly), y, € PP (L), and x € € (H, @ H,) (see Section
4.4). The space Jl/LfO (71, ¥2: x) consists of solutions u = (u1, u,) of the Floer equation
on the Riemann surface 250 , which is asymptotic to x for s — +00, u; and u, lie
above some elements ¢; and ¢, in the unstable manifolds of y; and y, for s =0, and
u satisfies the figure—8 boundary condition for s > a. Set Q = M2, let K be the
Hamiltonian defined by (5-52), and let y and y be as in (5-62). Then y belongs to

AD
PEMm(K), and (@) (4)
pA (y) = B (x) = € (x).
The space of ug € /l/tfo (v1, ¥2: x) which lie above ¢g; and ¢, for s = 0 is in one-to-

one correspondence with the space Jl(y, y) of Corollary 5.29, where the boundary
conditions jump at s; = oo and are given by

Ro=Ap2. Ry=AY,.
Such a space has virtual dimension
@
virdim AM(y, y) = —,uAi‘\»(y) —(dim App2 —dim Ay 2 N A(]‘t}) =—u®(x)—n.

Letting the elements ¢g; and g, of the unstable manifolds of y; and y, vary, we
increase the virtual dimension by i®(yy; L1) +i®(y2; L), and we find the formula

virdim Mg (v1.y2:x) =i (y1: L) +i (v2: Ly) — u® (x) —n.

This proves Proposition 4.5.
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The space ME Let y € ®(L; @ L,) and x € P2 (H;#H,) (see Section 4.5). The
space Jl/Lg (v, x) consists of pairs (o, u) where « is a positive number and u(s, ?) is a
solution of the Floer equation on the Riemann surface Eg (), which is asymptotic
to x for s — +o00, lies above some element ¢ = (g1, ¢, ) in the unstable manifold of y
for s = 0, and satisfies the figure—8 boundary condition for s € [0, a]. Set Q = M2,
let K be as in (5-52), let y be as in (5-62), and let y: [0, 1] — Q be the curve

7(@) = (q1(1—1),92(7)).

Then the space of elements («, #) in J(/Lg (v, x) with u above ¢ at s = 0 is in one-to-
one correspondence with the space JL(y, y) of Corollary 5.29, where the boundary
conditions jump at s; =« from Ry = A(]“‘,} to Ry = Aps X Aps. Such a space has
virtual dimension

virdim (7, p) = —puAMXAM () — (dim Ay — dim ATy N (Apr x Apr))
= —ph ().

where we have used Lemma 5.32. Letting the elements g of the unstable manifold
of y vary, we increase the virtual dimension by i®(y; L; @ L,). Letting also « vary
we further increase it by 1, and we find the formula

virdim ME (v, x) =i®(y; Ly ® Ly) — u (x; Hy#Hy) + 1.

This proves Proposition 4.8.

6 Compactness and cobordism

The first aim of this section is to explain how compactness and removal of singularities
for Cauchy—Riemann problems can be obtained in the framework of cotangent bundles
and conormal boundary conditions. The second aim is to prove the three already stated
cobordism results (Propositions 3.10, 4.3 and 4.7) which do not follow form standard
arguments in Floer theory.

6.1 Compactness in the case of jumping conormal boundary conditions

Compactness in the C;2° topology of all the spaces of solutions of the Floer equation
considered in this paper can be proved within the following general setting. Let Q be
a closed Riemannian manifold, and let Rq, R, ..., R; be submanifolds of O x Q.
We assume that there is an isometric embedding Q <> R¥ and linear subspaces
Vo, Vi,..., Vi of RN xRN , such that V;_; is partially orthogonal to V;, for every
j=1,...,k,and

Rj =V;N(Qx Q).
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The embedding Q < R¥ induces an embedding T*Q — T*RN = R?N ~ CNV.
Since the embedding Q < R¥ is isometric, the standard complex structure Jq of R*V
restricts to the metric almost complex structure J on 7*Q. Let H e C*°([0, 1] x T*Q)
be a Hamiltonian satisfying (H1) and (H2). Fix real numbers

—00 =50 <81 < < S <S4 = +00,

andlet u: ¥ ={z€eC|0=Imz =<1} — T*Q be a solution of the Floer equation
07,1 (1) = 0 which satisfies the nonlocal boundary conditions

(6-1) (u(s),Gu(s+i)) e N*Rj Vs elsj_1,sj],
forevery j =0,...,k.

The map u satisfies the energy identity

b 1
6-2) / /0 Oste(s, 1)1 dt ds = Ag(u(a.-)) — Agg (u(b. )

+/ (. D*n—u(-.0)"n) = Ag(u(a,)) —Ag u®.-))

s

for every a < b, where the integral over [a, b] vanishes because of the boundary
conditions (6-1), thanks to the fact that n & 7, that is the Liouville form on 7°* Qz,
vanishes on N *R;. The following result is proven in [4, Lemma 1.12] (in that lemma
different boundary conditions are considered, but the proof makes use only of the
energy identity (6-2) coming from those boundary conditions).

Lemma 6.1 For every a > 0 there exists ¢ > 0 such that for every solution u: % —
T*Q of 0y g(u) =0, with boundary conditions (6-1), and energy bound

[ |0su(s, 1)|*> dsdt <a,
=
we have the estimates
lullz2rxq0.1p < 12 IVullL2xqonp < 1+ ]3),

for every interval I .

The proof of the following result follows the argument of [4, Theorem 1.14], using the
above lemma together with the elliptic estimates of Lemma 5.10.
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Proposition 6.2 For every a > 0 there exists ¢ > 0 such that for every solution
u: ¥ — T*Q of 5, g (u) = 0, with boundary conditions (6-1), and energy bound

/ |0su(s,1)|> ds dt <a,
2

we have the uniform estimate

lull Loo®x10,1p) = €.

Proof By using the above embedding, the equation F) 7,1 (1) = 0 can be rewritten as
(6-3) u = JoXg(t,u).

We can pass to local boundary conditions by considering the map v: ¥ — T*Q? c C2N
defined by

v(z) := (C(%u((i —2)/2),u((@ +Z)/2)) = (L_l((i —2)/2), u(( +z)/2)).
The map v satisfies the boundary conditions
64 v(s) e N*Ag C N*Agrn, VseR,
v(s+i)e N*R; C N*V;, if s €257, 2s;].

Moreover, o
9v(z) = 3(u((i —2)/2), u((i +2)/2)).

so by (6-3) and by the fact that Xz (¢, g, p) has quadratic growth in | p| by (3-2), there
is a constant ¢ such that

(6-5) 8u(2)] < e(1+ o).

Let x be a smooth function such that y(s) =1 for s € [0, 1], x(s) = 0 outside [—1, 2],
and 0 < y < 1. Given h € Z set

w(s+1it):= x(s—h)v(s+1it).

Fix some p > 2, and consider the norm || - ||x» introduced in Section 5.3, with
S = {2s1,...,2s8;}. The map w has compact support and satisfies the boundary
conditions (6-4), so by Lemma 5.10 we have the elliptic estimate

IVwllxr =< collwlxr +cifldwlxe.

!
Since dw = x'(s—h)v+ x(s —h)dv = L(s —h)w ~+ x(s —h)dv,
X
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we obtain, together with (6-5),

IVwllxr < (co+e1llx'/xlloo) lwllxe +cillx(- —h)ov|xr
< (co+erllx'/xlloo) lwlxr +crelx(- —m)(1 +[v]*)|lx».
Therefore, we have an estimate of the form
(6-6) IVwlxr <allwllxe +blx(- —m) (1 +[v*)|xr.

Since w has support in the set [ — 1,/ + 2] x [0, 1], we can estimate its X” norm
in terms of its X 1*2 norm, by Proposition 5.13. The X !*2 norm is equivalent to the
W12 norm, and the latter norm is bounded by Lemma 6.1. We conclude that ||w||x»
is uniformly bounded. Similarly, the X? norm of x(- —h)(1 + |v|?) is controlled by
its W12 norm, which is also bounded because of Lemma 6.1. Therefore, (6-6) implies
that w is uniformly bounded in X 7. Since p > 2, we deduce that w is uniformly
bounded in L°°. The integer 4 was arbitrary, hence we conclude that v is uniformly
bounded in L®°, and so is u. O

We conclude this section by discussing how the above result leads to C\5 compactness
for the spaces of maps considered in this paper. We consider the model case of
A/Lf} (x1,x2;y), the other cases being analogous.

By the equivalent description of /l/t% (x1,x2;y) of Section 5.10 (see in particular
(5-57)), the space of maps we are considering fits into the above setting. Indeed, an
isometric embedding of M into RY induces isometric embeddings of Q = M ? into
R2¥ and of Q2 into R*V , such that Ajps2 and Apg x Apg are mapped into Q2N Agan
and Q% N (Ag~n x Agn), where the linear subspaces Agaon and Agn X Agn are
partially orthogonal. Therefore, the energy estimate (3-18) and Proposition 6.2 imply
that the elements of Jl/(% (x1,Xx2; y) have a uniform L bound.

For the remaining part of the argument leading to the C,5 compactness of Jl/t% (x1,x2; )
it is more convenient to use the original definition of this solutions space and the
smooth structure of E%. Then the argument is absolutely standard: If by contradiction
there is no uniform C! bound, a concentration argument (see eg [32, Theorem 6.8])
produces a nonconstant J—holomorphic sphere. However, there are no nonconstant
J —holomorphic spheres on cotangent bundles, because the symplectic form @ is exact.
This contradiction proves the C! bound. Then the C k bounds for arbitrary k follow
from elliptic bootstrap, as in [32, Section 6.4].

Other solutions spaces, such as the space /l/t¥ for the triangle products, involve Riemann
surfaces with boundary, and the solutions take value on some conormal subbundle
of T*M . In this case the concentration argument for proving the C'! bound could
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produce a nonconstant J-holomorphic disk with boundary on the given conormal
subbundle. However, the Liouville one-form vanishes on conormal subbundles, so
such J—holomorphic disks do not exist. Again we find a contradiction, leading to C'!
bounds and — by elliptic bootstrap — to C k bounds for every k.

6.2 Removal of singularities

Removal of singularities results state that isolated singularities of a J—holomorphic
map with bounded energy can be removed (see for instance [38, Section 4.5]). In
Proposition 6.4 below, we prove a result of this sort for corner singularities. The fact that
we are dealing with cotangent bundles, which can be isometrically embedded into CV
allows to reduce such a statement to the following easy linear result, where D, is the
open disk of radius 7 in C, and H™ is the upper right quadrant {Re z > 0, Imz > 0}.

Lemma 6.3 Let V,, and V| be partially orthogonal linear subspaces of R". Let
u: CI(D; NH™T)\ {0} — C” be a smooth map such that
ue LP(D;NHT,C"), dueLl?DNnH',C,
for some p > 2, and
u(s) e N*Vo Vs>0, u(it)e N*V; Vit>0.
Then u extends to a continuous map on C1I(D; NH™).

Proof Since Vj, and V; are partially orthogonal, by applying twice the Schwarz
reflection argument of the proof of Lemma 5.6 we can extend u to a continuous map
u: Dy \ {0} — C",
which is smooth on D \ (R UiR), has finite L? norm on Dy, and satisfies

u € LP(Dy).

Since p > 2, the L? norm of u on Dy is also finite, and by the conformal change of
variables z = s + it = €% = P19 this norm can be written as

0 2w
f lu(z)|* ds dt = / / lu(ePT19)|12e2P dodop.
Dl —00 JO

The fact that this quantity is finite implies that there is a sequence pj — —oo such that,
setting €j, := e, we have

2w 2w
(6-7) lim e / lu(epe'®)|?do = lim e2Pn / lu(ePr 192 do = 0.
h—o0 0 h—o00 0
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If o e C(Dy, CN), an integration by parts using the Gauss formula leads to

/Dl(u,(?(p)dsdt=/D
),

Since u and du are integrable over D1, the first integral in the latter expression tends
to zero, while the second one tends to

(u, 0p) ds dt+/ (u,dp) ds dt

€n ]D)I\Déh

(du, @) ds dt +i/ (u, @) dz.
D,

(u, dp) ds dt —/

€n DI\DEh

—/ (du, @) ds dt.
D,

As for the last integral, we have

2
/ (u,p)dz =iey / (u(ehew), w(ehew))ew do,
oD, 0

so by the Cauchy-Schwarz inequality,

27 ) 1/2 27 ) 1/2
/ <w@dzfq(/'|m%dﬁﬁﬂ0 (/°|wqa%8mﬁ
aDeh 0 0

5 mEh(/oz;z

. 1/2
ere P d8 ) ol
Then (6-7) implies that the latter quantity tends to zero for # — oco. Therefore,

/(u,a(p)dsdt=—/ (du, @) ds dt,
Dy Dy

for every test function ¢ € C2°(Dq, C"). Since du € LP, by the regularity theory of
the weak solutions of 9 (see Theorem 5.4 (i)), u belongs to W1-?(DD;,C"). Since
p > 2, we conclude that u is continuous at 0. O

Let Ry and R; be closed submanifolds of Q, and assume that there is an isometric
embedding Q < R¥ such that

Ro=0nNVy,, RNV,

where V; and V; are partially orthogonal linear subspaces of RV .
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Proposition 6.4 Suppose X: Dy NHT x T*Q — T T*Q is a smooth vector field
such that X(z,q, p) grows at most polynomially in p, uniformly in (z,q). Let
u: CI(D; NH™T)\ {0} — T*Q be a smooth solution of the equation

(6-8) 3y (u)(z) = X(z,u(z)) ¥zeClD;NH)\ {0},

such that
u(s)e N*Ry Vs>0, u(it)e N*R; Vi>0.

If u has finite energy,
(6-9) / |Vu|? ds dt < 400,
D;NHt

then u extends to a continuous map on C1I(D; NH™).

Proof By means of the above isometric embedding, we may regard v as a CN _valued
map, satisfying the equation (6-8) with dy = 9, the energy estimate (6-9), and the
boundary condition

u(s) e N*Vo Vis>0, u(it)e N*Vi Vi>0.

By the energy estimate (6-9), u belongs to L?(D; NH™T, CV) for every p < +o0: for
instance, this follows from the Poincaré inequality and the Sobolev embedding theorem
on Dy, after applying a Schwarz reflection twice and after multiplying by a cut-off
function vanishing on dD; and equal to 1 on a neighborhood of 0. The polynomial
growth of X then implies that

(6-10) X(-,u(-) e LP(D;nHT,CN) Vp < +o0.
Therefore, Lemma 6.3 implies that u extends to a continuous map on CI(D; NH ™). O
The corresponding statement for jumping conormal boundary conditions is:

Proposition 6.5 Suppose X: Dy NH x T*Q — TT*Q is a smooth vector field
such that X(z,q, p) grows at most polynomially in p, uniformly in (z,q). Let
u: CI(Dy NH) \ {0} — T*Q be a smooth solution of the equation

37 ()(2) = X(z.u(z)) Yz eClD; NH)\ {0},
such that
u(s)e N*Ry Vs>0, u(s)eN*R; Vs<0.
If u has finite energy,

|Vu|? ds dt < +o0,
D;NH

then u extends to a continuous map on the closed half-disk C1(ID; N H).
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Proof The energy is invariant with respect to conformal changes of variable. Therefore,
it is enough to apply Proposition 6.4 to the map v(z) = u(z?), with ze Dy NH™T. O

6.3 Proof of Proposition 3.10

Let x; € P2 (H)), x, € P2 (H,), and z € P (H #H,) be such that
(6-11) wh (ep) + p (rp) =t (2) = n,

so that the manifold Jl/LéE (x1,Xx7;z) is one-dimensional. By standard arguments,
Proposition 3.10 is implied by the following two statements:

(i) Forevery y € ©(H; @ H,) such that
nO ) =pt(2) = pt(x) +pt(x2) —n,

and every pair (11, u,) with u; € M g(xy,x2;y) and u, € Mg(y, z), there exists a
unique connected component of Jl/LgE (x1, x7; z) containing a curve « — (&, ) Which
— modulo translations in the s variable — converges to (400, u#1) and to (400, u3).

(i) For every u € J(/L%(xl,xz;z), there exists a unique connected component of
A/th (x1, x2; z) containing a curve o — («, uy) Wwhich converges to (0, u).

The first statement follows from standard gluing arguments. Here we prove the second
statement, by reducing it to an implicit function type argument. At first the difficulty
consists in the parameter dependence of the underlying domain for the elliptic PDE.
By using the special form of the occurring conormal type boundary conditions and a
suitable localization argument, we equivalently translate this parameter dependence
into a continuous family of elliptic operators with fixed boundary conditions.

If (a,v) € A/LgE(xl ,X2;z), we define the map
w:X={zeCl0<Imz<1}—>T*M?* u(z):= (v, v(2)),
and the Hamiltonian K on T x T*M? by
K(t,x1,x2) := Hy(—1,%x1) + Hy(t, x7).

By this identification, we can view the space JI/LEE (x1,Xx2;z) as the space of pairs
(o, u), where @ > 0 and u: ¥ — T*M? solves the Floer equation

(6-12) a7,k () =0,
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with nonlocal boundary conditions

N*Aypo if s <0,
(6-13) (u(s), Gu(s +i)) € { N*AY) if0<s<a,

N*(Ap x App) ifs>a,
and asymptotics
lim u(s+it) = (%xl(—l),xz(t)),
§S—>—00

(6-14) . :
lim u(s+it)= (CGZ((I —1)/2),z((1 + t)/2)).

s—>—+00

Similarly, we can view the space A/L% (x1,X2;z) as the space of maps u: ¥ — T*M?

solving the equation (6-12) with asymptotics (6-14) and nonlocal boundary conditions

N*A if s <0,
(6-15) (u(s), Gu(s +1)) € M T

N*(Ap x Apg) if s >0.
Compactness We start with the following compactness results, which also clarifies
the sense of the convergence in (ii):

Lemma 6.6 Let (o, uy) be a sequence in Jl/LgE (x1,Xx2;z) with oy, — 0. Then there

exists ugy € A/L%(xl,xz;z) such that, up to a subsequence, uy converges to ug in
C2(2\{0,i}),in C*®°(X N{|Rez| > 1}), and uniformly on X.

Proof Since the sequence of maps (u#j) has uniformly bounded energy, Proposition
6.2 implies a uniform L°° bound. Then, the usual non-bubbling-off analysis for interior
points and boundary points away from the jumps in the boundary condition implies
that, modulo subsequence, we have

up —ug  in CR(T\{0,i}, T*M?),

where 1 is a smooth solution of equation (6-12) on X\ {0, i} with bounded energy and
satisfying the boundary conditions (6-15), except possibly at 0 and 7. By Proposition
6.5, the singularities 0 and i are removable, and u( satisfies the boundary condition
also at 0 and 7. By the index formula (6-11) and transversality, the sequence u},
cannot split, so u( satisfies also the asymptotic conditions (6-14), and uj; — ug in
C*®(ZN{|Rez| > 1}). Therefore, uy belongs to Jl/t% (x1,Xx72; z), and there remains
to prove that u#; — u uniformly on 2.

We assume by contraposition that (u;) does not converge uniformly on X. By
Ascoli—-Arzela theorem, there must be some blow-up of the gradient. That is, modulo
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subsequence, we can find z; € ¥ converging either to 0 or to i such that
Ry = [Vup(zp)| = |Vuplloo — o0

For sake of simplicity, we only consider the case z; = (s3,0) >0, 0 <sj <ap —0. The
general case follows along analogous arguments using additional standard bubbling-off
arguments. For more details, see eg [32, Section 6.4].

We now have to make a case distinction concerning the behavior of the quantity
0 < Rpay < oo

(a) The case of a diverging subsequence Rj;ap; — oo can be handled by conformal
rescaling vj (s, ) := up; (sp; + 5/ Rp; .1/ Rp;) which provides us with a finite energy
disk with boundary on a single Lagrangian submanifold of conormal type. This has to
be constant due to the vanishing of the Liouville 1-form on conormals, contradicting
the convergence of |Vv;(0)| = 1.

(b) The case of convergence of a subsequence Rj;cp; — 0 can be dealt with by
rescaling v (s, 7) :=up; (sp; +ap;, ap;t). Now vy has to converge uniformly on com-
pact subsets towards a constant map, since ||Vvjlloo = [Vv;(0)| = Ry, ap; — 0. This
in particular implies that uy; (-, 0)|0,a n;] converges uniformly to a point contradicting
the contraposition assumption.

(¢c) It remains to study the case Rpap — ¢ > 0. Again we rescale vj(s,t) =
up(ops, apt), which now has to converge to a nonconstant J—holomorphic map v
on the upper half plane. After applying a suitable conformal coordinate change and
transforming the nonlocal boundary conditions into local ones, we can view v as a
map on the half strip v: T — T*M*, satisfying the boundary conditions

v(it) e N*AY, for r €0, 1],
v(s) € N*(Apr x Apg) fors >0,
v(s+i) e N*Ayp for s > 0.

Applying again the removal of singularities for s — 0o, we obtain v as a J —holomorphic
triangle with boundary on three conormals. Hence, v would have to be constant,
contradicting again the rescaling procedure.

This shows the uniform convergence of a subsequence of (up). O

Localization It is convenient to transform the nonlocal boundary conditions (6-13)
and (6-15) into local boundary conditions, by the usual method of doubling the space:
Given u: ¥ — T*M? we define ii: ¥ — T*M* as

i(z) = (u(z/2).6u(i +z/2)).
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Then u solves 3 7,k (u) =0 if and only if # solves the equation
(6-16) 3 g (@),

with upper boundary condition

(6-17) U(s+i)e N*Ay VseR,

where the Hamiltonian K: [0,1]x T*M* — R is defined by

~ 1 t 1 t
K(t,x1,x2,X3,Xx4) := EK (E,xl,)Q) + EK (1 - 5,%)63,(@)64) .
Moreover, u satisfies (6-13) if and only if % satisfies
N*App2 if s <0,
(6-18) ii(s) e { N*AS, if 0 <s <20,
N*(AMXAM) if s > 2a,
whereas u satisfies (6-15) if and only if # satisfies
N*A if s <0,
(6-19) i(s) e M? 0=
N*(Apr X Apg) if s >0.

Finally, the asymptotic condition (6-14) is translated into
lim (s +ti) = (6x1(—1/2). x2(1/2). x1 (/2= 1), 6x2(1 —1/2)),
§—>—00

6-20
(6-20) lim @(s+1i) = (6z(1/2—1/4).z(1/2+1/4),z(t/4),€z(1 —1/4)).
§—>+00
Let ug € JI/LQ (x1, x2; z). We must prove that there exists a unique connected component
of A/LEE (x1,x2;z) containing a curve o — («, ty) Which converges to (0, ug), in the
sense of Lemma 6.6.

Let #1( be the map from X to T* M 4 associated to uq: g solves (6-16) with boundary
conditions (6-17), (6-19), and asymptotic conditions (6-20). Since we are looking
for solutions which converge to #, uniformly on ¥, we may localize the problem
and assume that M = R”. More precisely, if the projection of #y(z) onto M* is
(91,92, 93,94)(z), we construct open embeddings

ExR" > ExM, (z.9)~(z.9j(z.q), j=1.....4,
such that ¢;(z,0) =¢;(z) and D,¢;(z,0) is an isometry, for every z € X (for instance,

by composing an isometric trivialization of q;.‘(TM ) by the exponential mapping).
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The induced open embeddings
ExT*R" - X xT*M,
(2.4, p) = (2.9 (2.4, p)) = (2,9 (2. @), (D29 2. ) ' p), j=1,....4,

are the components of the open embedding

¥ X T*R4n — XX T*M4, (Z,S) = (Z7 l/f(Z,é)) = (Z’ wl(zvél)?" . ?W4(Z’E4))'

Such an embedding allows us to associate to any #: ¥ — T*M* which is C%—close
to o amap w: ¥ — T*R* = C*", by setting

u(z) = ¥ (z, w(z)).
Then # solves (6-16) if and only if w solves an equation of the form
(6-21) D(w) :=dsw(z) + J(z,w(z))d;w(z) + G(z,w(z)) =0,

where J is an almost complex structure on C*#” parametrized on ¥ and such that
J(z,0) = Jy for any z € X, whereas G: ¥ x C*" — C*" is such that G(z, 0) = 0 for
any z € X. Moreover, # solves the asymptotic conditions (6-20) if and only if w(s, ?)
tends to 0 for s — doo. The maps v (z,-) preserve the Liouville form, so they map
conormals into conormals. It easily follows that the boundary condition (6-17) on # is
translated into

(6-22) w(s+i)€ N*Agan Vs eR.
Moreover, # satisfies the boundary condition (6-18) if and only if w satisfies

N*Agan if s <0,
(6-23) w(s) € N*A(ﬁ)n if 0 <s < 2a,
N*(Agrn X Arn) if s > 2a.

Similarly, u satisfies the boundary condition (6-19) if and only if w satisfies

N*Agan if 5 <0,
(6-24) w(s) € R? 0=
N*(Arn X Agn) if s > 0.

The element ug € J(/L% (x1, X3; z) corresponds to the solution wy = 0 of (6-21)—(6-24).
By using the functional setting introduced in Section 5, we can view the nonlinear
operator % defined in (6-21) as a continuously differentiable operator

@: Xyl (2.C4) - X2 (2.C*)
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where ¥ := {0}, V := (Ag2n, Arn X Arn), V' := (Ag2x), and p is some number
larger than 2. Since J(z, 0) = Jy, the differential of % at wo = 0 is a linear operator of
the kind studied in Section 5, and by the transversality assumption it is an isomorphism.

Consider the orthogonal decomposition
R =W, @ W, ® W; & Wy,
where
Wi = ARn = Agan N(ARn X ARn),  Agan =W @W,,  ArnxAgn = W & W;,

and denote by P; the orthogonal projection of C*" onto N Wi=W; @i WjJ-. If Ty

is the translation operator mapping some w: % — C*" into
(Tqw)(z2) := (P1 w(z), Pw(z), Psw(z —2a), P4w(z)),

we easily see that w satisfies the boundary conditions (6-24) if and only if Tow
satisfies the boundary conditions (6-23). Therefore, if we define the operator

Dot Xyl 0 (2.C4) = X2 (2.C*), By =D 0T,

we have that w € Xgl,’of/’ (2, C*#") solves % (w) = 0 if and only if Tw is a solution
of (6-21) satisfying the boundary conditions (6-22) and (6-23). The operator

[0, +00[ x Xy (B, C*) — XP(2.C¥), (. w) — Do (w),

is continuous on the product, it is continuously differentiable with respect to the
second variable, and this partial differential is continuous on the product. Moreover,
D%y(0) = D%(0) is an isomorphism, so the parametric inverse mapping theorem
implies that there are a number ¢« > 0 and a neighborhood U of 0 in X, ;”QIV”V/(E, CcH4my,
such that the set of zeroes in [0, ao[ XU of the above operator consists of a continuous
curve [0, ®p[> @ — (o, wy) starting at wg = 0. Then o — (o, Tqwy) provides us
with the unique curve in JI/LgE (x1,x2;z) converging to (0, ug). This concludes the
proof of Proposition 3.10.

6.4 Proof of Proposition 4.3

Fix some y; € P2 (L;), y» € P%(L,), and x € P (H #H,) such that
i1 Ly) +i%(y2; L) — n (x; Hi#H,) = 0.

By a standard argument in Floer homology, the claim that P{( is a chain homotopy
between K and Y% o (q)st , ® CIDSLZZ) is implied by the following statements:
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(i) For every (u1.us) € MG(y1, y1) X MG (y2. y2) and every u € MG (y1. y2: %),
where (y1, y2) € P (H;) x P2 (H,) is such that

w1 Hy) + 1 (ya; Hy) = pS(x; Hi#Hy),

there exists a unique connected component of JI/L¥ (v1,¥2:X) containing a curve
(o, uy) such that ¢ — 400, ug(-,- — 1) and uy converge to u; and u,, respec-
tively, in C22([0, +-00[ x [0, 1], T* M), while uq (- + o (e),2-—1) converges to u in

C2(R x [0, 1], T* M), for a suitable function o diverging at +oco.

(i) For every u € J(/LI% (v1,¥2; x) there exists a unique connected component of
JI/L§ (v1, ¥2; X) containing a curve o — («, i) Which converges to (0, u).

Statement (i) can be proved by the standard gluing arguments in Floer theory. Here we
prove statement (ii).

Given u: [0, 4+oo[ x[—1,1] = T* M , we define the map

: X ={zeC|Rez>0, 0<Imz <1} > T*M? @(z):= (6u(@,u(2)).
If we define X: [0, 1] — T*M?2 and H € C*([0, 1]x T*M?) by
X(0):=(x((1=0)/2), x(1+1)/2)), H(t,x1,x2):= Hy(1—1,x1) + Hy (1, x2),

we see that associating # to u produces a one-to-one correspondence between the space
JI/LI% (71, y2:x) and the space Jl/t% (y1, y2; x), which consists of the maps #: ¥t —
T*M? solving dy (i) = 0 with boundary conditions

(6-25) i(s) € N*Ay. Vs > 0,
(6-26) H(s +1) € T M x T M, Vs 20,
(6-27) moi1(0,1—-)e W (y), moiiz(0,-) € W¥(y2),

(6-28) lim_ii(s +i1) = %(0).

Similarly, we have a one-to-one correspondence between A/L? (v1,¥2; x) and the space
A/t¥ (y1.¥2: x) consisting of pairs (a, ) where « is a positive number and #: ¥+ —
T*M? is a solution of the problem above, with (6-25) replaced by

(6-29) i(s) e Ty M xTy M, Vsel0,a], @(s)e N*Apy, Vs=>a.

Fix some #° € JI/LI% (¥1.y2:x). Since we are looking for solutions near #°, we can

localize the problem as follows. Let k =i (yy: L1) +i%(y2: Ly). Let ¢: REx Tt —
M? be a map such that

q(O,z):noﬁo(z), Vzext, q,s+it)— moX(t) for s - +oo, VA € RK,
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and such that the map
R*5 At (g1(1.0.1—-).42(1,0.-) € Q' (M?)

is a diffeomorphism onto a neighborhood of 7 o (X1(—-), X5) in W¥(y;) x W¥(y,).
By means of a suitable trivialization of ¢*(7'M?) and using the usual W !-? Sobolev
setting with p > 2, we can transform the problem of finding # solving F) J,HWU) =0
together with (6-26), (6-27) and (6-28) and being close to #°, into the problem of
finding pairs (A, u) € Rk x WLP(£+ T*R2"), solving an equation of the form

(6-30) i)+ f(h,z,u(z)) =0, VzexT,

with boundary conditions

(6-31) u(irye N*(0), Vie[0,1], u(s+i)e N*@0), Vs=>0.
Then the boundary condition (6-25) is translated into

(6-32) u(s) € N*Agrn, Vs>0,

and the solution #° corresponds to the solution A = 0 and u = 0 of (6-30), (6-31),
and (6-32). On the other hand, the problem JTL¥ (71, y2; x) of finding (o, #%) solving
dy.7@*) = 0 together with (6-26), (6-27), (6-28) and (6-29) corresponds to the
problem of finding (A, u) € RK x W1-P(S+, T*R2") solving (6-30) with boundary
conditions (6-31) and

(6-33) u(s) e N*(0), Vsel0,a], u(s)e N*Arn, Vs=>a.

In order to find a common functional setting, it is convenient to turn the boundary
condition (6-33) into (6-32) by means of a suitable conformal change of variables on
the half-strip .

The holomorphic function z + cos z maps the half strip {0 < Rez < 7, Imz > 0} bi-
holomorphically onto the upper half-plane H = {Im z > 0}. It is also a homeomorphism
between the closure of these domains. We denote by arccos the determination of the
arc-cosine which is the inverse of this function. Then the function z + (1+cos(iwz))/2
is a biholomorphism from the interior of % to H, mapping 0 into 1 and i into 0.
Let € > 0. If we conjugate the linear automorphism z +— (1 + €¢)z of H by the latter
biholomorphism, we obtain the map

¢e(z) = L arccos((1 + €) cos(inz) + ).

The map ¢, is a homeomorphism of £ onto itself, it is biholomorphic in the interior,
it preserves the upper part of the boundary i +R™, while it slides the left part i[0, 1]
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and the lower part Rt by moving the corner point 0 into the real positive number
ae) = —7’14 arccos(1 + 2¢).

The function € — «/(¢) is invertible, and we denote by o — €(w) its inverse. Moreover,
@e converges to the identity uniformly on compact subsets of £ for € — 0. An
explicit computation shows that

(6-34) ol.—1—0 inLP(XT), ifl<p<4.
If u: 7 — T*R?" and « > 0, we define
v(z) = u((/)e(a)(z))-

Since @¢ is holomorphic, 5(u °Ye) =y, “Quo @e . Therefore, u solves the equation
(6-30) if and only if v solves the equation

(6-35) () + @) (D) S (b, Pe(e) (2), v(2)) = 0.

Given 2 < p <4, we set
whP (st T*R2) = {v e WhP(s+ T*R2) | u(s,0) € N*Agn Vs > 0,
v(s, 1) € N*(0) Vs > 0, v(0,7) € N*(0) Vz € [0, 1]},
and we consider the operator
F: [0, 400 xRF x WP (sF, T*R?") - LP(=F, T*R?"),
F(a, 2, 0) = 90 + ¢ () f (A, @) (4, v),

where ¢¢ = id. The problem of finding (c, %) in :/lv/t§ (y1, 2 x) with & close to i° is
equivalent to finding zeroes of the operator F of the form («, A, v) with « > 0. By
(6-34), the operator F is continuous, and its differential Dy, ,) /" with respect to the
variables (A, v) is continuous. The transversality assumption that iz is a nondegenerate
solution of problem JT/[% (1. y2: x) is translated into the fact that Dy ,) F(0,0,0) is
an isomorphism. Then the parametric inverse mapping theorem implies that there is a
unique curve @ — (A(), v(®)), 0 <« < g, converging to (0, 0) for « — 0, and such
that (A(x), v(a)) is the unique zero of F(w,-,-) in a neighborhood of (0, 0). This
concludes the proof of statement (ii).

6.5 Proof of Proposition 4.7

The setting  We recall the setting of Section 4.4. Let y; € P2 (L;), y» € PA(L,),
and x € PO (H, @ Hy). If a > 0, then A/Lf(yl,yz;x) is the space of solutions
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u: 3t ={zeC|Rez>0, 0<Imz <1} — T*M? of the equation

(6-36) 7,y @H, () =0,
satisfying the boundary conditions
(6-37) wou(-i) € W'((y1.v2): X oL,)-
(6-38) (u(s), Gu(s +i)) € N*Ay2 if0<s<a,
(6-39) (u(s), Gu(s +i)) € N*AY) if s >,
(6-40) lim u(s+ti)=x().

§—>—+00

The energy of a solution u € Ji/tf (¥1, ¥2: x) is uniformly bounded:
641 EG= [ 10 dsdt =50,00)+ 51,05~ Amom(v)

Let ag > 0. For a generic choice of Ly, L,, and Xﬁ@Lz’ both /l/tg((yl, y2;x) and
Ji/tolfo (v1, ¥2: x) are smooth oriented manifolds of dimension

Yy, L) + iy, Ly) — n®(x) —n,

for every y; € PA(Ly), y2 € PA(L,), x € PO (H; & H,) (see Proposition 4.5). The
usual counting process defines the chain maps

K&, KA (MSE)@M(SE)), — FO,(H\ @ Hy),

and we wish to prove that Ké\ ® KOI}O is chain homotopic to Ké\o ® K(‘)\. Since Ké\o
is chain homotopic to Ké\] for ag, oy €10, +00[, we may as well assume that o is

small. Moreover, since the chain maps K, (f)\ and Ké\o preserve the filtrations of the

Morse and Floer complexes given by the action sublevels

SP () +SP(m) <A Amem(x) <A,

we can work with the subcomplexes corresponding to a fixed (but arbitrary) action
bound A. We also fix our generic data in such a way that transversality holds for the
problem J(/Lg( .

The union of all the spaces of solutions /l/té( (y1.y2:x) where y; € PM(Ly), 1, €
PA(L,), and x € PO (H; @ H,) satisfy the index identity

i)+ it () — 8 (x) =n,

and the action estimates

SL,(¥1) +SL,(2) = A, Agen,(x) <A,
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is a compact zero-dimensional manifold, hence a finite set. We denote by 2 the finite
subset of M consisting of the points ¢ € M such that 7 ou(0) = wou(i) = (g, ¢q) for
some u in the above finite set. We fix a positive number § such that for every ¢ € 9
the ball Bg(q) is diffeomorphic to R”, and

(6-42) Bs(¢)NBs(¢) =2, Vq.q' €2, q#4.

Since real Grassmannians of a given dimension are connected, we can find a smooth
path of 3n—dimensional linear subspaces of Ag2n X Ag2n C R¥” connecting

ARw X Agan o Agan x ARn,

and containing the intersection of these two spaces, that is A(‘“ X A(4) Therefore, for
every pair of points ¢, ¢’ € 2 we can find a smooth isotopy of embeddmgs

¢: [0.11xR¥ — By(q)* x Bs(¢")* € M®,
such that, setting Vq):q, = p({A} x R3"), we have:
@) Vq): g 1s relatively closed in By (9)* x Bs(q"*.

(i) (A% x A%) N (Bs(q)* x Bs(g"*) C VA for every A € [0, 1].

(i) V>, C App2x Appe forevery A €0, 1],

(i) Vpg = (A% x Ap2) N (Bs(@)* x Bs(g")*).

V) V)&= (Bagz x M%) 0 (Bs(@)* x Bs(q')).
We define V* ¢ M3 to be the union of V" g over all pairs (¢.9") € 2x9. By (6-42),
V* is an isotopy of (noncompact) 3n—d1men51onal submanifolds of M 8.
Let y1,y3 € PA(L1), y2.ys € PA(L5), and x1, x, € PO (H; @ H>) satisfy the index
identity
©43) o)+t ) + it ) + i () = 1O () = 1O () = 2,
and the action bounds

SLy(y1) +SL,(y2) +SL,(¥3) +SL,(vs) < A,

(6-44)
Agion,(x1) +AgeH,(x2) < A.

Given a > 0, we define

ME (V1. v2.v3. v4: X1, X2)
to be the set of pairs (A,u) where A € [0,1] and u: [0, +00[x[0,1] = T*M* is a
solution of the equation

(6-45) 07 HyoH,oH ®H,(U) =0,
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satisfying the boundary conditions

(6-46) mou(0,-) € W(y1) x W¥(y2) x W¥(y3) x W¥(ys),

(6-47)  (u(s),Gu(s +1i)) € N*V* if0<s<a,
(6-48) (u(s),Gu(s +1i)) € N*(A) x AG)) if s > a,
(6-49) lim u(s i) = (i (0. x2(0).

By property (ii) above, the submanifold VA s partially orthogonal to A(]‘t/} X A(]‘t}
for every A € [0, 1], so the results of Section 5 provide us with elliptic estimates for
solutions of the above problem.

Notice that if (0, u) belongs to Jl/tf(yl, V2, V3, Va; X1, X2), then writing u = (uq, uy)
where u; and u, take values into 7* M2, we have

uy € ME (1, yasx1),  uy € ME(v3, 743 x2).
If transversality holds, we deduce the index estimates
iAo+t ) =) Zn i) + i (ra) — O (x2) Z .

But then (6-43) implies that the above inequalities are indeed identities. Similarly, if
(1, u) belongs to JI/LDIZ (Y1, ¥2, V3, Y4: X1, X2), we deduce that

uy € ME (1, yaix1),  uy e ME (v3, v43x2)

and i) +it ) - pO ) =0, M) it () — k8 (x2) = n.

Conversely, we would like to show that pairs of solutions in Jl/Lé( X ./(/L§ (or ./l/tg X ./l/té( )
correspond to elements of L of the form (0,u) (or (1,u)), at least if & is small.
This fact follows from the following localization result:

Lemma 6.7 There exists a positive number «(A) such that for every « € |0, «(A)], for
every y1i,ys € QPA(LI), V2, V4 € @A(Lz), X1,X € 97’6(H1 @ H,) satisfying (6-43)
and (6-44) and for every (A, u) € Jl/tg (V1. Y2, V3, Y4: X1, X2) there holds

mou((0,a]) = ou((0,a]+i) C Bs/2(¢)* x Bsj2(q)?,
for suitable q,q’ € 9.

Proof By contradiction, we assume that there are an infinitesimal sequence of positive
numbers («;) and elements (Aj, uy) € Jl/tgh (v1,¥2, V3, V4; X1, X2) where y1, V2, V3,
Va4, X1, X7 satisfy (6-43), (6-44) and

6-50)  moup(0.ap)) =moup(0.a5]+i)¢ | )  Bsj2(9)® x Bsja(q)’.
(q,9')€2%x9
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Claim 1 Up to a subsequence, cj(t) := wouy(0,t) converges to some ¢ in the space
W12([0, 1], M*#) such that c(0) = c(1) = (¢.9.q’.q") with (¢.q") € 2 x 2, and uy,
converges to some u € /l/tg( (v1,y2;x1) X J(/Lg( (Y3, Va; X2) such that wou(ti) = c(¢) in
C22(]0, +o0[ x [0, 1], T*M*) and uniformly on compact subsets of [0, +oo[ x [0, 1]\

By (6-46), ¢y is an element of WH(y1) x WH(y,) x WH(y3) x W¥(y,). The latter
space is precompact in W 1-2([0, 1], M *). By the argument of breaking gradient flow
lines, up to a subsequence we may assume that (c;) converges in W12 to a curve ¢
belonging to W*(71) x W*(72) x W (753) x W*(7,), for some 71,73 € PA(Ly),
P2, 74 € PA(L,) such that

4 4
(6-51) either Y i%F) <Y ify) or (1,72 75, 74) = (1,72, v3, va)-
j=1 j=1

Similarly, the upper bound (6-41) on the energy E(uy) implies that () converges to

some u in C2°(]0, +o0o[ x [0, 1]), using the L*° estimates of Section 6, the standard

argument excluding bubbling off of spheres and disks, and elliptic bootstrap. The same
arguments, together with the W -2 convergence of (cj,) to ¢, imply that (1) converges
to u uniformly on compact subsets of [0, +o0[ x [0, 1]\ {(0, 0), (0, 1)} (actually, the
W12 convergence of the boundary data implies w3/2.2 convergence near the portion
of the boundary {0}x ]0, 1[). In particular,

(6-52) (u(s), Gu(s +i)) € N*(Ay x A% Vs >0,
(6-53) mou(0,t)y=mwou(l,t)=c() Vte]0,l].

The limit u satisfies Equation (6-45), and
lim u(s+ti) = (X1(2), X2(2)),
s—>—+o00
with (X1, %,) € ©(H, & H,) x ?© (H, & H,) such that
(6-54) either p® (%)) +p® (%) > u®(x1) +1®(x2) or (F1.%2) = (x1.x2),
by the argument of breaking Floer trajectories. Due to finite energy,
E(u) <liminf E(up)
h—>+o00

<SL, (1) +SL,(v2) +SL,(v3) +SL,(Va) —AH,0H,(X1) —AH 0 H,(X2),

we find by removal singularities (Proposition 6.4) a continuous extension of u to the
corner points 0 and i. By (6-52) and (6-53) we have

(u(0),6u(i)) € N*(AG; x AS)), mou(0) =mou(i)=c(0)=c(l).
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It follows that, setting ¢ = (cy, ¢2, €3, ¢4), there holds ¢1(0) = c¢1(1) = ¢2(0) = ¢,(1)
and ¢3(0) = ¢3(1) = c4(0) = c4(1). So (c1,¢2) and (c3,c4) describe two figure—8
loops, and u belongs to A/Lg(()”/’l V2. X1) X A/L(I)( (73, ¥4;X2). In particular, the latter
space in not empty, so

AT it G) - F) =0, iAF) i) - nO(F) = n.

Together with (6-43), this implies

4 2 4 2
Y irG) =Y 1@ z2m=Y"ir )= 1))
ji=1 j=1 j=1 ji=1

Comparing the above inequality with (6-51) and (6-54), we deduce that

V1. 72:73.74) = (1, 72, v3. v4),  (X1,X2) = (X1, X2).

Therefore, u belongs to A/tg (71, y2;: x1) X Jl/té( (¥3, Y4; x») and

c(0)=c(1)=(q.9.9.4").

for some pair (¢, ¢q’) € 2 x 2, concluding the proof of Claim 1.

Claim 2 Up to a subsequence, the sequences of maps
vp(2) = up(anz).  vy(2) = up(i + 7).

converge to constant maps v°, v! uniformly on compact subsets of [0, 4+oo[ x[0, +od].
Moreover, n(v°) = 7(v') = (9.9, ¢, q’) for some pair (¢,q') € 2 x9..
It is convenient to replace the nonlocal boundary conditions (6-47), (6-48) by local
ones. We define the sequence of maps

wp: [0, +0o[ x [0, 1/as] = T*M®,  wy(2) := (v)(2), 6V} (2)).
Then wy, satisfies the local boundary conditions
N*Vhn if0<s<1I,
N*(A(]‘\‘/} X A(]‘\‘,}) if s >1,
(6-56) 7 0wy (1i) = (o up (0, apt), 7w 0 up (0, (1 —a)t)) = (chlent). cp(1—apt)).

Up to a subsequence, we may assume that (A;) converges to some A € [0, 1]. The
maps wy, solve a Floer equation of the form

(6-55) wp(s) = (up(aps), Gup(aps +1i)) € {

0y (wp) = apJ Xk,
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for a suitable time-dependent Hamiltonian K on T*M 8. Since we have applied a con-
formal rescaling, the energy of wy, is uniformly bounded, so (wj) converges up to a sub-
sequence to some J —holomorphic map w: [0, +o0[ x [0, +-00[— T* M uniformly on
compact subsets of [0, +00[x[0,+oo[. More precisely, we have C;32(]0, +00[x[0,+o0])
convergence once the domain [0, +oo[ x[0, +o0] is transformed by a conformal map-
ping turning the portion near the boundary point (1, 0) into a neighborhood of (0, 0) in
the upper-right quarter HT =0, +00[ x ]0, +o00[, and we have W3/2:2 convergence
near the piece of the boundary {0}x ]0, +00[. The J-holomorphic map w has finite
energy, so by removal singularities it has a continuous extension at oo (again, by
Proposition 6.4 together with a suitable conformal change of variables). By (6-55) and

(6-56) it satisfies the boundary conditions

657 w(s) € N*V* ifo<s<I,
N*(AG x A ifs=>1,
(6-58) wow(0,7) = (c(0),c(1)) = (c(0), c(1)) for = 0.

Since the boundary conditions are of conormal type and the Liouville one-form 7
vanishes on conormals, we have

/H+ |Vw|2alsalt:/H+ w*(w):/]HI+ w*(dn):/H+ dw*(n):/aH+ (1) 0.

so w is constant. By (6-57) and (6-58), w belongs to N*V* N N*(A‘j‘\‘/} « A(Jt}) N
T {0y M ® . In particular, 7 (w) = (¢(0), ¢(0)), and since ¢(0) = (¢, ¢.¢’, ¢') with
(q.¢") € 2, so Claim 2 follows.

Claim 2 contradicts (6-50), proving the lemma. a

Remark 6.8 If (1) is the sequence of solutions considered in the proof of the above
lemma, we cannot conclude that (zj) converges uniformly in a neighborhood of the
corner points (0,0) and (0, 1). Indeed, generically this will not happen: otherwise
the limit # would be an element of /l/tf (v1,72:x1) X A/Lg( (v3, ¥4; X) satistying the
extra condition #(0) = u(i), and this is a problem of Fredholm index —2#, for which
generically there are no solutions.

We can now built the required chain homotopy between K é‘ ® K é\o and K, ojt\o ® K é\ .
We fix some « €]0,2(A4)], and we choose the generic data Ly, L, X]fl, Xi\z in
such a way that transversality holds for the problems X , A/Lg) ,and J(/L(flD ,» and such that
there are no elements of the form (0, u) or (1, ) in the zero-dimensional components

of MY

o *
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Let y1,y3 € PM(LY), y2.v4 € PM(Ly), x1.x, € PO (H; & H,) be Hamiltonian
orbits satisfying the index identity (6-43) and the action bounds (6-44). Consider the
one-dimensional manifold J(/L(iD o (Y1, V2, V3, V4; X1, X2), and let

ME (V1. V2. V3. V41 X1.X2)

be the one-dimensional manifold with boundary obtained by attaching in the usual
way elements (A, u) of the zero-dimensional spaces of solutions JIAP (necessarily,
with 0 < A < 1). The submanifold V* is not compact, but its 1ntersect10n with the
closure of Bg /z(q) X Bs/a(q "4, q.q" € 2, is compact, so the localization Lemma 6.7
implies that /l/tw0 (Y1, V2, V3, Va3 X1, X2) is compact, and its intersections with {A = 0}
and {A =1} are

(6-59) M2 o (V15 V2, V3, vai X1, x2) N{A =0} = ME 1, y2sx1) XMé(O(V& Va3 X2),
(6-60) ML (1.2 V3. Vaix1.X2) Nk =1} = MK (y1. y2:x1) x ME (3. va: x2).
We denote by M4 the subcomplex of

M(SE,) ® M(ST,) ® M(ST,) ® M(ST,)
spanned by generators y; ® 2 ® y3 ® y4 with

SL, (Y1) +SL,(v2) + S, (¥3) +SL,(vs) < A.
Similarly, we denote by F4 the subcomplex of
FO(Hy & Hy) ® FO(H, © Hy)
spanned by generators x; ® x, with
Ao, (X1) +Ag o, (x2) < A.
We define a homomorphism
P MI— Fly,
by counting the elements of Jl/L(f (Y1, V2, V3, V4; X1, X2) in the zero-dimensional case:
M)+ i)+ ) iR () = () = (xp) = 20— 1.

Using the identities (6-59) and (6-60) we see that P is a chain homotopy between the
restrictions of K é\ ® Ké\o and Ké\o ® Ké\ to the above subcomplexes. This concludes
the proof of Proposition 4.7.
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Remark 6.9 As mentioned in the introduction, the homotopy and localization argu-
ment used in the proof of Proposition 4.7 is inspired by an idea of H Hofer’s. One could
try to apply this idea directly to the proof that the pair-of-pants homomorphism T4
corresponds to the Morse theoretical interpretation of the loop product (see Proposition
2.6), without passing from the factorizations through the figure—8 Floer and Morse
complexes. This would involve showing that a Floer problem for u: T — T*M?
satisfying the boundary conditions

(u(s),Gu(s +i)) € N*(Aps x Apg) for s >0,
is homotopic to a Floer problem for u satisfying
(u(s),u(s +i)) € N*Aprxm for0 <s <a,
(u(s),6u(s +i)) € N*(Apr x Apy)  fors > a.

Here the trick of doubling the dimensions by using the algebraic Lemma 4.6 would not
be needed, because the manifolds Apsxpr and Aps X Aps have the same dimension.
However, a local isotopy between such manifolds cannot be partially orthogonal to
Apr x Apg, so the elliptic estimates of Section 5 would not be available and one would
face compactness problems.

Appendix: Morse constructions

The aim of the first section of this appendix is to recall the construction of the Morse
complex for functions defined on an infinite-dimensional Hilbert manifold. See Abbon-
dandolo and Majer [1] for detailed proofs.

Many operations in singular homology can be read on the Morse complex (see for
instance Schwarz [45], Fukaya [27; 28], Betz and Cohen [7], Viterbo [51]). Here we
are interested only in functoriality, in the exterior homology product, and in the Umkehr
map. The corresponding constructions — still in our infinite dimensional setting — are
outlined in the subsequent sections.

A.1 The Morse complex

Let M be a (possibly infinite-dimensional) Hilbert manifold, that is, a Hausdorff
paracompact topological space which is locally homeomorphic to a real Hilbert space
and admits an atlas whose transition maps are smooth. If X is a smooth vector field
on M and x € M is a singular point for X , ie X (x) = 0, the Jacobian of X at x is
a well-defined bounded operator on 7 M, that we denote by V.X(x). The singular
point x is said to be hyperbolic if the spectrum of V X (x) is disjoint from iR, and
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the Morse index i(x) of x is the (possibly infinite) dimension of the V X' (x)—invariant
closed linear subspace of TxM associated to the part of the spectrum with positive
real part. Hyperbolic singular points are isolated within the set of singular points. The
vector field X is said to be Morse if all its singular points are hyperbolic.

A real function f € C!(M) is said to be a Lyapunov function for X if Df (p)[X (p)] <0
for every p € M which is not a singular point of X'. If X is Morse, then the set of
singular points of X coincides with the set of critical points of f', that we denote
by crit(f) (in general, crit( f) is contained in the set of singular points of X). If
(t, p) — ¢(t, p) denotes the flow of the vector field X, the stable and unstable
manifolds of the hyperbolic singular point x are the subsets

WS5(x: X):={peM|¢p(t, p) — x fort - +o0},
WH(x; X):={pe M|, p)— x fort > —o0}.

We just write W¥(x) and W*(x) when the vector field X is clear from the context.
They are always injectively immersed smooth submanifolds of M, and if X admits a
Lyapunov function f and i(x) < +oo they are actually embedded submanifolds (if
i(x) = 400, the same is true under a nondegeneracy condition on f'; see Theorem
1.20 in [1]). Their tangent spaces at x are the V X (x)—invariant subspaces determined
by the negative part (for the stable manifold) and the positive part (for the unstable
manifold) of the spectrum of VX (x). In particular, dim W¥(x) =i (x). The Morse
vector field X is said to satisfy the Morse—Smale condition if for every pair of singular
points x, y, the unstable manifold of x is transverse to the stable manifold of y.

A Palais—Smale sequence for the pair (X, f) is a sequence (pp) C M such that f(pp)
is bounded and Df (pp)[X(py)] is infinitesimal. The pair (X, /') is said to satisfy the
Palais—Smale condition if every Palais—Smale sequence has a converging subsequence.

Let F(M) be the set of all C'! real functions f on M which are bounded from below
and for which there exists a smooth vector field X on M such that:

(X1) f is a Lyapunov function for X .

(X2) X is Morse and all its singular points (ie the critical points of f') have finite
Morse index.

(X3) The pair (X, /) satisfies the Palais—Smale condition.
(X4) X is forward complete (ie the flow ¢ (z, p) is defined for every ¢ > 0).

Such a vector field is called a (negative) pseudo-gradient for f . The Morse index i (x)

of a critical point x of f* does not depend on the choice of the pseudo-gradient X, and
if f has a nondegenerate Gateaux second differential d? f(x) at the critical point x,
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i(x) coincides with the standard Morse index i(x; /), that is the dimension of a
maximal linear subspace of Tx M on which d? f(x) is negative definite. The set of
critical points of f* of Morse index k is denoted by critg ( f).

If f is a smooth Morse function, bounded from below, and it satisfies the Palais—Smale
condition with respect to some complete Riemannian metric g on M (in the usual
sense; see eg Chang [8]), then —grad, f satisfies (X1)~(X4), so f € F(M). However,
it is useful to have a theory which allows also for nonregular functions f, as the
example of the Lagrangian action functional introduced in Section 2.2 shows.

If /e F(M), itis possible to perturb the smooth vector field X generically, in such
a way that (X1)—(X4) still hold, and:

(X5) X satisfies the Morse—Smale condition.

In this paper, genericity for a pseudo-gradient X is meant in a suitable complete metric
space of vector fields which coincide with the original one up to order one at critical
points, endowed with an adapted Whitney metric such that all the vector fields whose
distance from the original one is less than 1 still satisfy (X1)—(X4). We shall not specify
such metric space any further (see Abbondandolo and Majer [1] for more details).

Let us fix a real number a. Since f is bounded from below, (X2) and (X3) imply that
f has finitely many critical points in the sublevel { f < a}. Using also (X4) and (X5),
one can find open neighborhoods ¢/ (x) of each critical point x in { f < a} such that,
if we set
M= () (0. +oo[xU(x)). VkeNU{oo},

x€crit(f)

f(x)<a

i(x)<k
the (eventually constant) sequence { MY }ren is a cellular filtration of Mg,. More
precisely, if M;!(f) denotes the free abelian group generated by the critical points in
{f < a} of Morse index k, one has

ME() ifj =k,

H; (M4, M4 o~
i( k1) {o if j #k,

and this isomorphism is uniquely determined by the choice of an orientation of each
unstable manifold W*(x) of x € crity (f)N{f <a}. Moreover, M, is a deformation
retract of the sublevel { f < a}. Then the cellular complex of the cellular filtration
{M$ }ken induces the structure of a chain complex on the graded group M (f),
whose homology is isomorphic to the singular homology of M, hence to the singular
homology of { f < a}. This chain complex is called the Morse complex of (X, f) on
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the sublevel { f < a}. If we choose different neighborhoods ¢/ (x), we obtain the same
chain complex. Actually, the boundary homomorphism

s M (f) = M, (f)

can be expressed in terms of the standard generators of M;!(f), that is the critical
points x such that f(x) <a and i(x) =k, as

(A-1) x= Y my(x.y) .

yecrit(f)

i(y)=k—1
where ny is defined as follows. The chosen orientation of each unstable manifold
W¥(x) induces a co-orientation of each stable manifold. By (X5), each intersection
WH(x) N W*5(y) is a transverse intersection of an oriented submanifold of dimension
i (x) and a co-oriented submanifold of codimension i (y). So W¥(x) N W¥(y) is an ori-
ented submanifold of dimension 7 (x)—i(y). When i (x)—i(y) =1, W¥(x) N W*(y)
consists of finitely many flow orbits, and n3(x, y) is the number of those orbits on
which the direction of X agrees with the orientation, minus the number of the other
ones.

The Morse complex of (X, f) on M is a chain complex on the graded free abelian
group M, (f) generated by all the critical points of f, and it is defined either by
taking a direct limit of {MZ(f), d«} for a 1 oo, or — equivalently — by formula (A-1),
which does not depend on a. In order to use the vector field X to construct a cellular
filtration of the whole M, one would need that every critical point x does not belong
to the closure of the union of all the unstable manifolds of critical points y of Morse
index i(y) <i(x). The latter fact is implied by the Morse—Smale condition when there
is a finite number of critical points of any given index, but it mail fail in the general
case. This is why we work with sublevels and we define the Morse complex on M
as a direct limit. Since the homology functor commutes with direct limits, the first
definition implies that the homology of {Mx(f), 0x} is isomorphic to the singular
homology of M.

If we change the orientations of the unstable manifolds, we get isomorphic Morse
complexes. The same is true if we choose a different pseudo-gradient vector field X
satisfying (X1)—(X5) with respect to the same f . Therefore, the Morse complex of f
is well-defined up to isomorphism, for every f € F(M).

It is also useful to consider the following relative version of the Morse complex. Let A
be an open subset of the Hilbert manifold M. Let F(M, A) be the set of all C! real
functions f on M which are bounded from below on M \ A and for which there is a
smooth vector field X on M such that:
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(X1") f is a Lyapunov function for X on M \ A.

(X2') X is Morse on M \ A and all its singular points in this open set have finite
Morse index.

(X3') The pair (X, f) satisfies the Palais—Smale condition on M \ A.

(X4') A is positively invariant with respect to the flow of X (ie p € A implies
¢(t, p) € A for every t > 0 for which the flow is defined), and X is forward
complete relative to A (ie if ¢ (¢, p) is not defined for all # >0, then ¢ (¢, p) € A
for ¢ large enough).

In particular, (X3") implies that X has no singular points on the boundary of A, hence
/ has no critical points on the boundary of A. In fact, a sequence (p;) C M \.A which
converges to a singular point of X on the boundary of .4 would be a Palais—Smale
sequence which does not converge in M \ A. By a generic perturbation, we may
assume that X satisfies also:

(X5') X satisfies the Morse—Smale condition on M \ A.

Then the relative Morse complex of (X, f) on (M, A) is constructed as before, but
taking into account only the critical points of f in M\ .A. The homology of this chain
complex is isomorphic to the relative singular homology Hy(M, A). As before, the
isomorphism class of the Morse complex does not depend on the pseudo-gradient X,
but only on the function f.

A.2 Functoriality

Let ¢: M; — M, be a smooth map between Hilbert manifolds. Let f; € F(M) and
fr € F(My5), and let X; and X, be corresponding Morse—Smale pseudo-gradients, ie
smooth vector fields satisfying (X1)—(X5). We denote by ¢! and ¢? the corresponding
flows. We assume that:

(A-2) Each y € crit( f3) is a regular value of ¢.
(A-3) x ecrit(f1), o(x) €crit(f2) = i(x; f1) Zi(e(x); f2).

The set of critical points of f5 is discrete, and in many cases (for instance, if ¢ is a
Fredholm map) the set of regular values of ¢ is generic (ie, it is a countable intersection
of open and dense sets), by Sard—Smale theorem [48]. In such a situation, condition
(A-2) can be achieved by arbitrary small (in several senses) perturbations of ¢ or of f5.
Also condition (A-3) can be achieved by an arbitrary small perturbation of ¢ or of f5,
simply by requiring that the image of the set of critical points of f; by ¢ does not
meet the set of critical point of f5.
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By (A-2) and (A-3), up to the perturbation of the vector field X; and X,, we may
assume that

(A-4)  Vx ecrit(f1), Vy ecrit(f2), @|wu(x:x,) is transverse to W7 (y; X>).

Indeed, by (A-2) and (A-3) one can perturb X in such a way thatif p € W¥*(x; X;) and
@(p) is acritical point of f5 then rank Do (p)|1,wu(x) = i(¢(p); f2). The possibility
of perturbing X, so that (A-4) holds is now a consequence of the following fact: if W
is a finite dimensional manifold and ¥: W — M is a smooth map such that for every
p € W with Y (p) € crit( f,) there holds rank Dy (p) > i (¢(p); f2), then the set of
pseudo-gradient vector fields X, for f, on M, such that the map v is transverse to
the stable manifold of every critical point of f, is generic.

The transversality condition (A-4) ensures that if x € crit( f1) and y € crit( f2), then
W(x,y) =W x; X)) Ne™ (W (y: Xy))

is a submanifold of dimension i(x; fi) —i(y; f2). If W¥(x; X;) is oriented and
the normal bundle of W¥(y; X,) in M is oriented, the manifold W(x, y) carries a
canonical orientation. In particular, if i (x; f1) =i(y; f2), W(x, y) is a discrete set,
each of whose point carries an orientation sign +1. The transversality condition (A-4)
and the fact that W¥(x; X;) has compact closure in M imply that the discrete set
W (x, y) is also compact, so it is a finite set and we denote by n,(x, y) € Z the algebraic
sum of the corresponding orientation signs. We can then define the homomorphism

Myp: Mi(f1) > Mi(f2),  (Mgp)x = Y ng(x.y) y.
yecrity (f2)

for every x € critg (f1).

We claim that M,¢ is a chain map from the Morse complex of (f7, X1) to the
Morse complex of ( f2, X3), and that the corresponding homomorphism in homology
coincides — via the isomorphism described in Appendix A.1 — with the homomorphism
@x: Hy(M1) - Hyx(My).

Indeed, let us fix a real number a;, and let a, be larger than the maximum of f, on the
image by ¢ of the union of all unstable manifolds of critical points of f] in {f <a;}
(the latter is a compact set). Then we can find open neighborhoods U;(x), i =1, 2, of
each critical point x € crit( f;), such that the sequence of open sets

M=) ¢'(0,+oo[ xUi(x)), keNU{oo}, i=1,2,
x€ecrit(f7)

fi(x)<a;
i(x; fi)<k
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is a cellular filtration of M?ic,o, which is a deformation retract of the sublevel

tp e M| fi(p) <ai},
and eMT! ) Cl{p e My | fa(p) <aa}.

By the transversality assumption (A-4), if p belongs to W*(x; X;) with f1(x) <ay,
then ¢(p) belongs to the stable manifold of some critical point y € crit( f5) with
i(y; f2) <i(x; f1) and f,(y) < a,. A standard compactness-transversality argument
shows that, up to the replacement of the neighborhoods U, (x), x € crit( f1), by smaller
ones, we may assume that

pE M‘fjk =  @¢(p) € W (y; X») for some y € crit( f>) with i (y; f2) <k
and f>(y) < ax.

Since the set Mgzk is a ¢2—positively invariant open neighborhood of the set of the
critical points of f; in { f> < a,} whose Morse index does not exceed &, it is easy to
find a continuous function #y: M‘I’loo — [0, +o0[ such that

peMiy = ¢$(o(p).e(p) e M. VkeN,

Thus, ¥/(p) := ¢ (to(p). ¢(p)) is a cellular map from {M{" hen to (M heen .
and it is easy to check that the induced cellular homomorphism

w*: H*(Mal

1,%°

Mtll,l*—l) — Hy (Mtzl,z*’ Mtzl,z*—l)

coincides with the restriction My@: My (f1) — M?( f>), once we identify the group
Hy (Mf’k M?,ik—l) with M. l? "(fi), by taking the orientations of the unstable manifolds
into account. Then, everything follows from the naturality of cellular homology,
from the fact that the inclusions j;: M?’Oo — {p e M;| f(pi) <a;} are homotopy
equivalences, from the fact that j, o ¢ is homotopic to ¢ o j;, and by taking a direct
limit for ay 1 4o00.

The above construction has an obvious extension to the case of a smooth map ¢ between
two pairs (M, A1) and (M,, A,), where A; is an open subset of M;, fori =1, 2.

Remark A.1 We recall that if two chain maps between free chain complexes induce the
same homomorphism in homology, they are chain homotopic. So from the functoriality
of singular homology, we deduce that M@ o M,y and My@ oy are chain homotopic.
Actually, a chain homotopy between these two chain maps could be constructed in a
direct way.
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Remark A.2 Consider the following particular but important case: M; = M, and
¢ =1id. Then (A-2) holds automatically, and (A-3) means asking that every common
critical point x of f; and f, must satisfy i (x; f1) > i(x; f2). In this case, the above
construction produces a chain map from My ( f1) to M. (f>) which induces the identity
map in homology (after the identification with singular homology).

Remark A.3 For future reference, let us stress the fact that if it is already known that

p € WH(x; X1) and ¢(p) € crit(f2) imply rank Do(p)|1,wux;xy) = i (@(P); f2),
then condition (A-2) is redundant, condition (A-3) holds automatically, and there is no
need of perturbing the vector field X7 on M.

A.3 The exterior homology product

Let M, M, be Hilbert manifolds, let f; € F(M;), f» € F(M,), and let X; and
X, be corresponding Morse—Smale pseudo-gradients. If we denote by f1 & f> the
function on My x M,

J1® f2(p1. p2) = f1(p1) + f2(p2),
we see that f1 @ f> belongs to F (M x M), and

X1 @ X2(p1, p2) = (X1(p1), X2(p2)),

satisfies (X1)—(X5) with respect to f1 @ f>. Moreover,

critg(f1 @ f2) = | crity (/1) x crit (f2).

Jjt+k=L

hence My(f1® f2) = @ M;(f1) ® Mi(f2).

Jtk=t

If we fix orientations for the unstable manifold of each critical point of fi, f>, and we
endow the unstable manifold of each (xy, x;) € crit(f1 & f>),

W ((x1,x2)) = W (x1) x W*(x3),

with the product orientation, we see that the boundary homomorphism in the Morse
complex of (f1 ® f», X1 & X3) is given by

A(x1,x2) = (3x1. x2) + (=)D (xy,0x,), Vi ecrit(f;), i =1,2.

We conclude that the Morse complex of (f1 @ f2, X1 @ X3) is the tensor product of
the Morse complexes of (f1, X1) and (f2, X3). So, using the natural homomorphism
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from the tensor product of the homology of two chain complexes to the homology of
the tensor product of the two complexes, we obtain the homomorphism

(A-5) HiM(f1) ® HM(f2) — Hjx M(f1© f2).

We claim that this homomorphism corresponds to the exterior product homomorphism

(A-6) Hj(My) ® Hy (M) = Hj i (Mg x My),

via the isomorphism between Morse homology and singular homology described in
Appendix A.1.

Indeed, the cellular filtration in { f; < a;} X {f2 < a,} can be chosen to be generated
by small product neighborhoods of the critical points,

Wy = U 0" +ool x Ui (x1)) x (0. +00] XU (x2))

(x1,x2)€Ecrit(f1® f2)
S1(x1)<ay, fa(x2)<az
i(xp)+i(x2)=¢t

— ai az
= U M x M3
j+k=t
By excision and by the Kiinneth theorem, together with the fact that we are dealing
with free abelian groups, one easily obtains that

He V(P W) = @ Hj (MY MY ) @ Hi(ME M%),
k=L

ai.a :
<2 is the tensor

and that the boundary homomorphism of the cellular filtration W
product of the boundary homomorphisms of the cellular filtrations M‘lll , and MZZ .
Passing to homology, we find that (A-5) corresponds to the exterior homology product
X
Hy(M{! ) ® He(ME ) = Hjpp (MY x MP) = Hj (WeL42),

,00
by the usual identification of the cellular complex to the Morse complex induced
by a choice of orientations for the unstable manifolds. But using the fact that the
inclusion M‘lljoo —{f1 <ap} and M;’zoo — { f> < a,} are homotopy equivalences,
and by considering a direct limit for @, a, 1 +00, we conclude that (A-5) corresponds

to (A-6).
A.4 Intersection products

Let M be a Hilbert manifold, and let 7: £ — M be a smooth rank-# oriented real
vector bundle over M. It is easy to describe the Thom isomorphism

T Hy (€, €\ Mo) —> Hy_n(Mo), ot teNa,
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in a Morse theoretical way (tg € H" (£, £\ M) denotes the Thom class of the vector
bundle &).

Indeed, let fy € F(My) and let X, be a Morse—Smale pseudo-gradient for fy. The
choice of a Riemannian structure on the vector bundle £ determines the smooth function

i) = fo(r@)—8?, VEeE,

The choice of a connection on £ induces the horizontal-vertical splitting and the
isomorphism
Tl =TPEDTYE = TrpyMo " (n(£)).

By the above identifications, we can define the tangent vector field X; on the total
space &£ by
X1(§) == (Xo(7(§)).8).

It is readily seen that ( f7, X) satisfies conditions (X1")—(X5") of Appendix A.1 on
the pair (£, \U;), U; being the set of vectors £ in the total space £ with |£| < 1.
Therefore, the homology of the relative Morse complex of ( /i, X;) on (£,E\U;)
is isomorphic to the singular homology of the pair (£, € \ U} ), that is to the singular
homology of (£,& \ My). Actually, the critical points of f; are contained in the
zero-section of £, and if we identify such a zero section with M, we have

critg (/1) =crite—n(f0),  TxW"(x; X1)=Tx W"(x; Xo)®n ™' (x),  Vx€crit(fo),

so the orientation of the vector bundle £ allows to associate an orientation of W (x; X1)
to each orientation of W¥(x; Xy). Then the relative Morse complex of ( fi, X1) on
(E,E\U,) is obtained from the Morse complex of ( fo, Xo) on Mg by a —n—shift in
the grading:

M (/1. X1) = Mi—n(fo. Xo).
and one can show that the isomorphism t — read on the Morse complexes by the
isomorphisms described in Appendix A.1 — is induced by the identity mapping

id
My (f1, X1) — My_n(fo, Xo).
See Cohen and Schwarz [18] for more details.

Consider now the general case of a closed embedding ¢ : My — M, assumed to be
of codimension n and co-oriented. The above description of the Thom isomorphism
associated to the normal bundle N M of M and the discussion about functoriality
of Appendix A.2 provide us with a Morse theoretical description of the Umkehr map

er: Hi(M) — Hy_,(Mop).
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It is actually useful to identify an open neighborhood of M with N M by the tubular
neighborhood theorem, to consider again the open unit ball ¢/; around the zero section
of N.Myj, and to see the Umkehr map as the composition

H;j (M) =55 Hj (M, M\Uy) = Hj(N Mg, N Mo\ Mo) —> Hj_n(M),

the map i: M — (M, M\ U,) being the inclusion. Let fy, Xy, /i, X; be as above.
We use the symbols f; and X7 also to denote arbitrary extensions of f; and X to
the whole M. Let f € F(M), and let X be a Morse-Smale pseudo-gradient for f.
Since we would like to achieve transversality by perturbing X and X, but keeping
X1 of product-type near M, we need the condition

(A-7) xecrit(f)NMy = i(x;f)=n,

which implies that up to perturbing X we may assume that the unstable manifold
of each critical point of f is transversal to M. Assumption (A-2) is automatically
satisfied by the triplet (i, f, f1), while (A-3) is equivalent to asking that

(A-8) x ecrit(f)Nerit( fo) = i(x;[f)=>i(x; fo)+n.

Conditions (A-7) and (A-8) are implied by the generic assumption crit( f) N My = &.
By the arguments of Appendix A.2 applied to the map 7 (in particular, condition (A-4)),
we see that up to perturbing X and X (keeping X; of product-type near M), we
may assume that for every x € crit( /), y € crit( fp), the intersection

WH(x; X)NWE(y; X1) = W*(x; X) N WE(y; Xo)

is transverse in M, hence it is a submanifold of dimension i (x; /) —i(y; fo) —n. If
we fix an orientation of the unstable manifold of each critical point of f and fy, these
intersections are canonically oriented. Compactness and transversality imply that when
i(y; fo) =1i(x; f)—n, this intersection is a finite set of points, each of which comes
with an orientation sign £1. Denoting by n,,(x, y) the algebraic sum of these signs,
we conclude that the homomorphism

M (f) = My_n(f0), x> Y ne(x,p)y, V¥x ecrite(f),

yecrit(fo)
i(y;fo)=k—n

is a chain map of degree —n, and that it induces the Umkehr map e; in homology.

Let us conclude this section by describing the Morse theoretical interpretation of the
intersection product in homology. See Betz and Cohen [7] for the Morse theoretical
description of more general cohomology operations. Let M be a finite-dimensional
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oriented manifold, and consider the diagonal embedding e: Apy <— M xM , whichis n—
codimensional and co-oriented. The intersection product is defined by the composition

X e
Hj(M) ® Hp(M) — Hj (M X M) — Hjjn(Ap) = Hjpj—n(M),
and it is denoted by
o: Hi(M)® Hy(M) — Hjiy—n(M).

The above description of e; and the description of the exterior homology product x
given in Appendix A.3 immediately yield the following description of e. Let f; €
F(M),i=1,2,3,and let X; be corresponding Morse—Smale pseudo-gradients (here
we could assume that the f;’s are smooth Morse functions, and that X; = —grad, f;
with respect to three suitable complete metrics g; on M ). The nondegeneracy condi-
tions (A-7) and (A-8), which are used to represent ey, are now

(A-9) x ecrit(f1) Nerit( f) = i(x; f1)+i(x; f2) = n,
(A-10) x ecrit(f1) Nerit(f2) Nerit(f3) = i(x; f1) +i(x; f2) =i(x; f3)+n.
These conditions are implied for instance by the generic assumption that f; and f, do

not have common critical points. We can now perturb the vector fields X;, X, and
X3 in such a way that for every triplet x; € crit(f;), i = 1,2, 3, the intersection

W ((x1,x2); X1 ® X2) Na(W?*(x3: X3)),

where a: M — M x M is the map a(p) = (p, p), is transverse in M x M , hence it
is an oriented submanifold of Aas of dimension i (x1; f1) +i(x2; f2) —i(x3; f3) —n.
By compactness and transversality, when i (x3; f3) =i(x1; f1) +i(x2; f2) —n, this
intersection, which can also be written as

{(p.p) € WH(x1; X1) x WH(x2: X2) | p € WP (x3: X3)]

is a finite set of points, each of which comes with an orientation sign +1. Denoting by
ne(X1,X7; x3) the algebraic sum of these signs, we conclude that the homomorphism

M;(f1,81) ® Mi(f2,82) = Mj1k—n(f3,23)s
X1 @ X2 > Z ne(Xx1,X2;X3) X3,
x3€crit(f3)

i(x3;f3)=j+k—n

where x; €crit; (f1), X2 €critg (f2), is a chain map of degree —n from M (/1)@ M ( f2)
to M( f3), and that it induces the intersection product e in homology.
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