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Homological mirror symmetry for the quintic 3—fold

YUICHI NOHARA
KAzUSHI UEDA

We prove homological mirror symmetry for the quintic Calabi—Yau 3—fold. The
proof follows that for the quartic surface by Seidel [16] closely, and uses a result of
Sheridan [23]. In contrast to Sheridan’s approach [22], our proof gives the compati-
bility of homological mirror symmetry for the projective space and its Calabi—Yau
hypersurface.

53D37; 14J33

1 Introduction

Ever since the proposal by Kontsevich [9], homological mirror symmetry has been
proved for elliptic curves (see Polishchuk and Zaslow [14], Polishchuk [13] and
Seidel [19]), Abelian surfaces (see Fukaya [5], Kontsevich and Soibelman [11] and
Abouzaid and Smith [1]) and quartic surfaces (see Seidel [16]). It has also been
extended to other contexts such as Fano varieties (see Kontsevich [10]), varieties of
general type (see Katzarkov [8]), and singularities (see Takahashi [24]), and various
evidences have been accumulated in each cases.

The most part of the proof of homological mirror symmetry for the quartic surface by
Seidel [16] works in any dimensions. Combined with the results of Sheridan [23], an
expert reader will observe that one can prove homological mirror symmetry for the
quintic 3—fold if one can show that

¢ the large complex structure limit monodromy of the pencil of quintic Calabi—Yau
3—folds is negative in the sense of Seidel [16, Definition 7.1], and

¢ the vanishing cycles of the pencil of quintic Calabi—Yau 3—folds are isomorphic
in the Fukaya category to Lagrangian spheres constructed by Sheridan [23].

We prove these statements, and obtain the following:
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Theorem 1.1 Let Xy be a smooth quintic Calabi—Yau 3—fold in P(é and Z;" be
the mirror family. Then there is a continuous automorphism ¥ € End(Ay)”> and an
equivalence

(1) D™ F(Xo) = y*D? coh Z}

of triangulated categories over A .

Here An = C[q] is the ring of formal power series in one variable and Aq is its
algebraic closure. The automorphism 1} of Ag is any lift of the automorphism v
of Ay, and the category @*lzb coh Z7 is obtained from DPcoh Z , Dy changing
the Ag-module structure by 1. The category D" F (X)) is the split-closed derived
Fukaya category of X, consisting of rational Lagrangian branes. The symplectic
structure of Xy and hence the parameter ¢ come from 5 times the Fubini—Study metric
of the ambient projective space Pé. The mirror family Z7 = [Y*/ T'] is the quotient
of the hypersurface

by the group
) = {[diag(al,...,a5)] € PSL5(C) | a? =-..- =a§ =day---as= 1}.

Let Z, =[Y,/ I'] be the quotient of the hypersurface Y, of P;‘\N defined by the same
equation as Yq* above. The equivalence (1) is obtained by combining the equivalences

D™ F(Xo) = y*D"S} = y* D’ coh Z}
for an A,—algebra S;‘ =8y QA Ag as follows:

(1) The derived category DPcoh Z ;‘ of coherent sheaves on Z ;‘ has a split-generator,
which extends to an object of DP coh Z4 . The quasi-isomorphism class of the
endomorphism dg algebra S, of this object is characterized by its cohomol-

ogy algebra together with a couple of additional properties up to pull-back by
End(An)™.

(2) The Fukaya category F(X() contains 625 distinguished Lagrangian spheres.
They are vanishing cycles for a pencil of quintic Calabi—Yau 3—folds, and a
suitable combination of symplectic Dehn twists along them is isotopic to the
large complex structure limit monodromy.

(3) The large complex structure limit monodromy has a crucial property of negativity,
which enables one to show that the vanishing cycles split-generate the derived
Fukaya category D" F(Xj).
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Homological mirror symmetry for the quintic 3—fold 1969

(4) The total morphism A.,—algebra F,; of the vanishing cycles has the same
cohomology algebra as S, and satisfies the additional properties characterizing
Sy

The condition that X is a 3—fold is used in the proof that vanishing cycles split-generate
the Fukaya category, cf. Remarks 3.6 and 3.9. Sheridan [22] proved homological
mirror symmetry for Calabi—Yau hypersurfaces in projective spaces along the lines of
Sheridan [23]. In contrast to Sheridan’s approach, our proof is based on the relation
between Sheridan’s immersed Lagrangian sphere in a pair of pants and vanishing
cycles on Calabi—Yau hypersurfaces, and gives the compatibility of homological mirror
symmetry for the projective space and its Calabi—Yau hypersurface as in Remark 5.11.

This paper is organized as follows: Sections 2 and 3 have little claim in originality, and
we include them for the readers’ convenience. In Section 2, we recall the description
of the derived category of coherent sheaves on Z :1" due to Seidel [16]. In Section 3, we
extend Seidel’s discussion on the Fukaya category of the quartic surface to general pro-
jective Calabi—Yau hypersurfaces. Strictly speaking, the work of Fukaya, Oh, Ohta and
Ono [6] that we rely on in this section gives not a full-fledged A c—category but an 4 —
algebra for a Lagrangian submanifold and an A4 .,—bimodule for a pair of Lagrangian
submanifolds. While there is apparently no essential difficulty in generalizing their work
to construct an A4 ,—category (for transversally intersecting sequence of Lagrangian
submanifolds, one can regard it as a single immersed Lagrangian submanifold and use
the work of Akaho and Joyce [2]), we do not attempt to settle this foundational issue
in this paper. Sections 4 and 5 are at the heart of this paper. In Section 4, we prove the
negativity of the large complex structure limit monodromy using ideas of Seidel [16]
and Ruan [15]. In Section 5, we use ideas from Seidel [18] and Futaki and Ueda [7] to
reduce Floer cohomology computations on vanishing cycles needed in Section 3 to a
result of Sheridan [23].

Acknowledgments We thank Akira Ishii, Takeo Nishinou and Nick Sheridan for
valuable discussions. We also thank the anonymous referees for helpful suggestions and
comments. Y Nohara is supported by Grant-in-Aid for Young Scientists (No0.19740025).
K Ueda is supported by Grant-in-Aid for Young Scientists (N0.20740037).

2 Derived category of coherent sheaves

n+2
i=1"

{ y,}:’ilz be the dual basis of V'V. The projective space P(V) has a full exceptional
collection (Fy = Q%ﬁ;k (n+2—k)n+2—k])}E3 by Beilinson [3]. The full dg

Let V be an (n+2)—dimensional complex vector space spanned by {v,'} and
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subcategory of (the dg enhancement of) D? coh P(V') consisting of (Fk)Z’L% is quasi-

isomorphic to the Z—graded category Cn__’i_2 with (n + 2) objects X1,..., Xy+2 and
morphisms
ATy <k,
Homeq— (X;, Xi) = -
C”“( k) {O otherwise.

The differential is trivial, the composition is given by the wedge product, and the
grading is such that V' is homogeneous of degree one. One can equip (Fk)”Jr2
with a GL(V)-linearization so that this quasi-isomorphism is G L (V)—equivariant.
Let tg: Yo = P(V) be the inclusion of the union of coordinate hyperplanes and
set Eq = 5 Fy. The total morphism dg algebra @7}21 hom(Ey ;, Eo,;) of this
collection will be denoted by S, .

Let C,, 45 be the trivial extension category of Cn__’i_2 of degree n as defined by Seidel [16,
Section 10a]. It is a category with the same object as Cn__"_z. The morphisms are given

by
Homcn+2(Xj, Xp) = Hoan—er(Xj, Xp) ® Homcn—jrz (X, Xj)v[—n],

and the compositions are given by
(a.a")(b.b") = (ab.a" (b)) + (- @ @@LV (. g),
From this definition, one can easily see that
A j <k,
Homc, ,(Xj. Xi) = { A°V @ A" F2V[2] j =k,
Ak—itnt2yn] > k.

The total morphism algebra Q,, of this category C,,, admits the following descrip-
tion: Set ¥ = &ppo idy for &pyn =exp(Rrv/—1/(n+2)) andlet I'yyr = (y) C SL(V)
be a cyclic subgroup of order n+2. The group algebra R, 4+, = CI',4, is a semisimple
algebra of dimension 7 + 2, whose primitive idempotents are given by

! +1
€j= (e+§n+2]/+ +€n—i(-nZ )J "+1)€(CF,,+2

Let AV = @"HA’ V' be the exterior algebra equipped with the natural Z—grading
and Qn+2 = AV x I'y4, be the semidirect product. There is an R, ;,—algebra
isomorphism between Qn+2 and Q4+, sending ey Qn+zej to Homg,, ,, (Xj, Xi).
This isomorphism does not preserve the Z—grading; Q4> is obtained from Q,H_z
by assigning degree ; 15k to A¥V @ CT,4> and adding .+ 2_(k — j) to the piece

e Qe;j.
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Homological mirror symmetry for the quintic 3—fold 1971

Let H be a maximal torus of SL(V') and T beitsimagein PSL(V)=SL(V)/Ty+2.
The group T acts on O, by an automorphism of a graded R, ,—algebra so that

[diag(t1,t2, .. ., tpt2)] sends v®e; €e;+1Qptre;i to (diag(l,t5/t1, ..., tht2/t1) V) Re; .

The dg algebra S, 4, is characterized by the following properties:

Lemma 2.1 (Seidel [16, Lemma 10.2]) Assume that a T —equivariant A.,—algebra
On+2 over R, satisfies the following properties:

e The cohomology algebra H*(Q,,+,) is T —equivariantly isomorphic to Q.
as an R, ,—algebra.

e Q.+, is not quasi-isomorphic to Q4> .
Then one has a Ry, -linear, T —equivariant quasi-isomorphism Q, 1, — Sy42.

Sketch of proof The proof of the fact that these properties are satisfied by S;42
is identical to Seidel [16, Section 10d]. The uniqueness comes from the Hochschild
cohomology computations in [16, Section 10a]: The Hochschild cohomology of Qn+2
is given by

HHY (O, Qn+2)t =

@ (SS(VJ/)V ® As-‘rt—codim VV(V)/) ® Acodim | 44 (V/Vy))rn+2,
v€ln42

where SV = @fioSi V' is the symmetric algebra of V' (see [16, Proposition 4.2]).
By the change of the grading from Q4+, to Q,+2, one obtains

HH* ' (Qpya, Qn+2)t ~
n+

@ (SS(V)/)V ®AS+ nzt—codim VV(VJ/) ®Acodim VV(V/ Vy))rn-i-z‘
veEl 42

By passing to the T —invariant part, one obtains
(HH?(Qni2. Qus2)*™ DT = (STVV @ A0y
(3) {C.yl...yn+2 d:n+2’

B 0 for all other d > 2,

so that S,4+, is determined by the above properties up to quasi-isomorphism [16,
Lemma 3.2]. O
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Let Pao,, =P (V ®c An) be the projective space over Ay and Y, be the hypersurface
defined by q(y;’+2 +eoet y;’ig) + V1 ...Yn+2 = 0. The geometric generic fiber
of the family Y, — Spec Ay is the smooth Calabi-Yau variety Y = Y5 xa Aq
appearing in Section 1, and the special fiber is Y, above. The collection Ej 4 is the
restriction of the collection E, ; on Y, obtained from the Beilinson collection on

PA » and its restriction to Yq* split-generates DP coh Yq* by [16, Lemma 5.4].

Let I' be the abelian subgroup of PSL,.,(C) defined in (2). Each E, ; admits
(n4+2)" T —linearizations, so that one obtains (n+2)"*! objects of DP? coh Zy =
D’ coh” Y, , whose total morphism dg algebra will be denoted by S, . It is clear that
their restriction to Z ;‘ split-generates DPcoh Z ;‘, so that one has the following:

Lemma 2.2 There is an equivalence

DPcohz} = D" S}
of triangulated categories, where S; = Sq @A AQ-
We write the inverse image of I' C PSL(V) by the projection SL(V) — PSL(V) as
I',and set Q = Q42 %"= AV xTI'. Then the cohomology algebra of S, is given by
0 ® AN, and the central fiber is Sy = S, 42 ¥ I'. As explained in [16, Section 3], first

order deformations of the dg (or A.o—)algebra Sy are parametrized by the truncated
Hochschild cohomology HH?*(Sy, So)=°.

Lemma 2.3 (Seidel [16, Lemma 10.5]) The truncated Hochschild cohomology of
Sy satisfies

HHI(S(),S())SO — (Cn-i-l’ HHZ(S(),S())SO — C2n+3.

Sketch of proof There is a spectral sequence leading to HH*(Sy, Sp)=° such that
{HH”’(Q, 0)" =0

0 otherwise.

St _
ES =

The isomorphism

”jl'zt—codim |24 (Vy) ® Acodim VV(V/ Vy))F

HHS—H(Q, Q)t ~ @ (SS(V)/)V ® AS+
yel

implies that E;’t =0 for s <0ors+ ”nizt < 0, which ensures the convergence of

the spectral sequence. One can easily see that E ;’t for s +¢ < 2 is non-zero only if

(s,¢) =(0,0),(1,0),(2,0), or (n+2,—n).
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Homological mirror symmetry for the quintic 3—fold 1973

The first nonzero differential is §,41, which is the Schouten bracket with the order
n + 2 deformation class yp ... y,+» from (3). In total degree s +¢ = 1, we have the

[ —invariant part of V'V ® V', which is spanned by elements y; ® vy satisfying

8oy Pk ® V) = Y1+ Ynt2

for k =1,...,n+2. In total degree s +¢ = 2, we have

e (SZVV® AZV)I: generated by (n + 2)(n 4 1)/2 elements yjyx ® vj A vk
satisfying

2,0
8,01 (Vivk ®uj AvE) = (V1 -+ Yn42) Ve @ Uk — (V1 -+ - Yn42)Yj ® V),

e (S"*2VV)T spanned by yi2 together with yi ... yuta.

The kernel of 5,1131 is spanned by
Y1 ®U1—)2Q 03

and its n+ 1 cyclic permutations, which sum up to zero. The image of S,Il’f:l is spanned

by y1...Yn+2. The kernel of 5,213?1 is spanned by

V1Y2 QUi AV + )2Y3 QU2 AV3— Y1Y3 QU1 AV3

and its n 4+ 1 cyclic permutations, which also sum up to zero. Differentials Si’t for
k>n+1 and s + ¢ <2 vanish, and one obtains the desired result. a

Unfortunately, the second truncated Hochschild cohomology group HH?(Sy, S)=°
has multiple dimensions, so that one needs additional structures to characterize S, as
a deformation of Sy. The strategy adopted by Seidel is to use a Z/(n + 2)Z—action
coming from the cyclic permutation of the basis of V' : Let U, 4, be an automorphism of
On+2=AVxIy4, as an R, 4,—algebra, which acts on the basis of V' as vy — vy .
This lifts to a Z/(n 4 2)Z—action on Sg = S,42 x I', and S, is characterized as
follows:

Proposition 2.4 (Seidel [16, Proposition 10.8]) Let Q4 be a one-parameter deforma-
tion of Sg = S+ x ', which is

e 7/(n+ 2)Z—equivariant, and

e non-trivial at first order.

Then Qy is quasi-isomorphic to *S, for some ¢ € End(An)*.
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The proof that these conditions characterize S; comes from the fact that the invariant
part of the second truncated Hochschild cohomology of the central fiber Sy with respect
to the cyclic group action induced by U is one-dimensional [16, Lemma 10.7];

HH?(Sp, So) =02/ & €. (112 4.0 4 yiE2),

The proof that these conditions are satisfied by S; carries over verbatim from [16,
Section 10d].

3 Fukaya categories

Let X = ProjC[xy,...,X,+2] be an (n+1)—dimensional complex projective space
and oy be the anticanonical bundle on X . Let further /2 be a Hermitian metric on oy
such that the compatible unitary connection V has the curvature —2x V—lwy , where
wy 1is n + 2 times the Fubini—Study Kéhler form on X'. Any complex submanifold
of X has a symplectic structure given by the restriction of wy . The restriction of
(ox, V) to any Lagrangian submanifold L has a vanishing curvature, and L is said
to be rational if the monodromy group of this flat connection is finite. Note that this
condition is equivalent to the existence of a flat multi-section Ay of oy |z, which is of
unit length everywhere.

n+2

Two sections 0,00 = X1 ...Xp42 and ox,0 = x;’+2 +eee x5

pencil {X;}_.p L of hypersurfaces

of oy generate a

X ={x e X |ox,0(x) + 20x,00(x) = 0},

such that Xy is the Fermat hypersurface and X is the union of n 4+ 2 coordinate
hyperplanes. The complement M = X \ X is the big torus of X', which can naturally
be identified as

M={xeC""|x1..Xp42 #0}/C = {x € C"? | x1 ... xpp2 = 1}/ T},

where T o = {C idenyz | O"T2 = 1} is the kernel of the natural projection from

SL;y42(C) to PSLy42(C). The map
M = 0x,0/0X,000 M — C

is a Lefschetz fibration, which has n+2 groups of (n+2)" critical points with identical
critical values. The group I'* = Hom(T", C*) of characters of the group I' defined in
(2) acts freely on M through a non-canonical isomorphism I'* =~ I" and the natural
action of I' C PSL,4+,(C) on X. The quotient

M=M/T*={u=(ui,....tup32) €C" 2 | uy . tpr=1}
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8n+1

511—{-2

82
1

Figure 1: The distinguished set (§; )”+1 of vanishing paths

is another algebraic torus, where the natural projection M — M is given by uy = Z+2 .

The map mps is I'*—invariant and descends to the map wip(w) =uy + -+ upqo

from the quotient
M i C
\ %
M

The map 7 ;: : M — C is the Landau—Ginzburg potential for the mirror of P"+1,
which has n + 2 critical points with critical values {(n +2){, 1, }"*? where {42 =
exp [27+/—1/(n+2)]. Choose the origin as the base point and take the distinguished
set (8; ),,+1 of vanishing paths §;: [O ot~ m+ 2)§n+zt € C as in Figure 1. The

corresponding vanishing cycles in My = 7 1(0) will be denoted by V;.

Let F,42 be the A —category whose set of objects is {V; }'H'1 and whose spaces of
morphisms are Lagrangian intersection Floer complexes. This is a full A,—subcategory
of the Fukaya category JF (M) of the exact symplectic manifold Mj. See Seidel [20]
for the Fukaya category of an exact symplectic manifold, and Fukaya, Oh, Ohta
and Ono [6] for that of a general symplectic manifold. We often regard the Aoo—
category J,42 with n + 2 objects as an 4 —algebra over the semisimple ring Ry4»

of dimension n + 2.

As explained in Section 5 below, the affine variety My is an (n+2)—fold cover of
the n—dimensional pair of pants P", and contains n + 2 Lagrangian spheres {L,}:’ilz
whose projection to P” is the Lagrangian immersion studied by Sheridan [23]. Let
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Anta be the full An,—subcategory of F(My) consisting of these Lagrangian spheres.
The following proposition is proved in Section 5:

Proposition 3.1 The Lagrangian submanifolds L; and V; are isomorphic in F(Mj).

The inclusion My C M induces an isomorphism 771 (Mg) 2 r1 (M) of the fundamental
group. Let T be the torus dual to M so that 7y (M) = T* := Hom(7T, C*). One can
equip Fy42 with a T —action by choosing lifts of V; to the universal cover of Mj. Let
Fo be the Fukaya category of M, consisting of N = (n + 2)"*! vanishing cycles
{ 17,}11\; , of mps obtained by pulling-back {V,};’:lz . The covering My — M, comes
from a surjective group homomorphism 7 (My) — I'*, which induces an inclusion
I' < T of the dual group. It follows from Seidel [16, Equation (8.13)] that Fj is
quasi-isomorphic to F,1, x ', which in turn is quasi-isomorphic to 4,4, x T" by
Proposition 3.1.

The following proposition is due to Sheridan:

Proposition 3.2 (Sheridan [23, Proposition 5.15]) A, is T —equivariantly quasi-
isomorphic to Sy 4> .

Since Sg = Sy+2 @ I, one obtains the following:
Corollary 3.3 F is quasi-isomorphic to Sy .

The vanishing cycles {IZ}IAL , are Lagrangian submanifolds of the projective Calabi—
Yau manifold X, which are rational since they are contractible in M . To show that
they split-generate the Fukaya category of Xy, Seidel introduced the notion of negativity
of a graded symplectic automorphism. Let £y, — X, be the bundle of unoriented
Lagrangian Grassmannians on the projective Calabi—Yau manifold Xy. The phase
function ay,: £x, — S! is defined by

77)(0(e1/\.../\e,,)2
Inxy(er Ao Aen)?

where A = spang{eq,...,es} € £y, x is a Lagrangian subspace of Tx X, and nyx,
is a holomorphic volume form on Xy. The phase function ay: Lx,—S I of a sym-
plectic automorphism ¢: Xo— X is defined by sending A € Ly, x t0 ap(A) =
ax, (¢« (A))/ax,(A), and a graded symplectic automorphism is a pair ¢ = (¢, dg) of
a symplectic automorphism ¢ and a lift @y: £x, — R of the phase function e to the
universal cover R of S!. The group of graded symplectic automorphisms of X, will

ax,(A) =
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Homological mirror symmetry for the quintic 3—fold 1977

be denoted by ;‘Il/t(Xo). A graded symplectic automorphism 5 € m(XO) is negative
if there is a positive integer do such that @ga, (A) <0 forall A € £x,.

The phase function ap: L — S' of a Lagrangian submanifold L C X is defined
similarly by ar(x) = ax,(TxL), and a grading of L is a lift &y: L — R of o,
to the universal cover of S!. Let Ag be the local subring of Ag containing only
non-negative powers of ¢, and A be the maximal ideal of Ay. For a quintuple
L¥=(L,@r,$r. . Jr) consisting of a rational Lagrangian submanifold L, a grading
oy, on L, a spin structure $7 on L, a multi-section Ay, of oy, |z, and a compatible
almost complex structure Jz , one can endow the cohomology group H*(L;Ag)
with the structure {my}7? , of a filtered Ao—algebra (see Fukaya, Oh, Ohta and
Ono [6, Definition 3.2.20]), which is well-defined up to isomorphism [6, Theorem A].
The map mg: Ag — H'(L;Ag) comes from holomorphic disks bounded by L, and
measures the anomaly or obstruction to the definition of Floer cohomology. A solution
be H'(L; Ay) to the Maurer—Cartan equation

ka(b,-n,b):
k=0

is called a bounding cochain. A rational Lagrangian brane is a pair Lo = (L#, b) of L¥
and a bounding cochain b€ H'(L; A ). For a pair L? = (Lﬂ ,by) and L? = (Lﬂ ,by)
of rational Lagrangian branes, the Floer cohomology HF (Li> Lg ; AO) is well-defined
up to isomorphism. The Fukaya category F(Xy) is an Ao—category over Ag whose
objects are rational Lagrangian branes and whose spaces of morphisms are Lagrangian
intersection Floer complexes.

Let F,; be the full As—subcategory of F(Xy) consisting of vanishing cycles Vi
equipped with the trivial complex line bundles, the canonical gradings and zero bounding
cochains. Since the restrictions of (oy, V) to vanishing cycles are trivial flat bundles,
the category F is defined over Ay.

Let nas be the unique up to scalar holomorphic volume form on M which extends to
a rational form on X with a simple pole along X . This gives a holomorphic volume
form nps/dz on each fiber M, = 7, (2), so that mps: M — C is a locally trivial
fibration of graded symplectic manifolds outside the critical values. Let yoo: [0, 277] —
C be a circle of large radius R >> 0 and Eyw € A\u/t(M Rr) be the monodromy along
Yoo - SINCE Yo 1S homotopic to a product of paths around each critical values, one sees
that /1 Yoo 18 1s0topic to a composition of Dehn twists along vanishing cycles. We prove
the following in Section 4:

Proposmon 3.4 (Seidel [16, Proposition 7.22]) The graded symplectw automorphism
hyoo € Aut (MR) is isotopic to a graded symplectic automorphism ¢ € Aut(M R) whose
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extension to Xg has the following property: There is an arbitrary small neighborhood
W C Xg of the subset Sing(Xoo) N X g such that (W) =W and ¢|x,\w Is negative.

Here Sing(Xo) is the singular locus of X, which is the union of (n—1)—-dimensional
projective spaces.

Lemma 3.5 (Seidel [16, Lemma 9.2]) If n = 3, then any rational Lagrangian brane
is contained in split-closed derived category of F; = Fq @y AQ;
~ *
D™ F(Xo) = D" Fj.

The proof is identical to that of Seidel [16, Lemma 9.2], which is based on Seidel’s
long exact sequence [17] (see also [16, Section 9c] and Oh [12]).

Remark 3.6 (Seidel [16, Remark 9.3]) If n = 3, then the real dimension of the
intersection Sing(Xso) N Xp is two, so that any Lagrangian submanifold can be made
disjoint from a sufficiently small neighborhood W of Sing(X~) N Xy by a generic
perturbation. This is the only place where we use the condition 7 = 3, and one can
show the equivalence (1) for any n with D" F(Xj) replaced by the split-closure of
Lagrangian branes which can be perturbed away from Sing(Xos0) N Xj.

A notable feature of Floer cohomologies over A is their dependence on Hamiltonian
isotopy: For a pair (Lg, Lﬁ) of Lagrangian submanifolds equipped with auxiliary
choices, a symplectomorphism : Xy — X, induces an isomorphism

Yat (H*(LE: Ao).mp) — (H*( (LE): Ag). my)

of filtered A,—algebras (see Fukaya, Oh, Ohta and Ono [6, Theorem A]), which
induces a map ¥, on the set of bounding cochains preserving the Floer cohomology
over Ay [6, Theorem G.3]:

HF (L, bo), (L}, b1); Ao) = HF (v (L§), vx(b0)), (¥ (L}), v (b1)): Ao).

On the other hand, if we move Lﬁ and L‘i by two distinct Hamiltonian isotopies y°
and y!, then the Floer cohomology over A is preserved [6, Theorem G.4]

HF((L§.bo). (L}.b1): Ag) = HF((y°(L). ¥ (ko). (v (L}). wi(b1): Ag).

whereas the Floer cohomology over Ay may not be preserved;

HF((Lg.bo). (LY.b1): Ao)  HF((y°(Lg). w2(bo)). (' (LY). £ (b1)): Ao).

See [6, Section 3.7.6] for a simple example where this occurs. This phenomenon is
used by Seidel [16, Section 8g and 11a] to prove the following:
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Proposition 3.7 (Seidel [16, Proposition 11.1]) The Ass—algebra F4®py AN /q*AN
is not quasi-isomorphic to the trivial deformation Fy @ c AN/ q2AN .

To show this, Seidel takes a rational Lagrangian submanifold L, in X for sufficiently
large z as follows:

ey

2

3)

“

&)

(6)

Consider a pencil {X. Z}Ze% generated by two section 0x oo = X1 ...Xp42
and ox o = xf (x% + x%)m ...Xp+1, whose general fiber is singular. Let C =
{Xn+2 = 0} be an irreducible component of Xoo = {X1...Xy42 =0} C X,
and Cso = C N X be the intersection with other components. If we write
Co = Xo N C, then the set Cy \ Co is the union of two (n—1)—planes {x, =

:E«/—_1X3}.

Let K2 = {2|x1| = |x2| =+ = [xp42]} C C \ Co be a Lagrangian n—torus
in C, which is a fiber of the moment map for the torus action. The intersection
K/, N Cy consists of two (n—1)—tori.

Take a Hamiltonian function H on C supported on a neighborhood of the
two (n—1)—tori such that the corresponding Hamiltonian vector field points in
opposite directions transversally to two (n—1)—tori. By flowing K/, along
the Hamiltonian vector field in both negative and positive time directions, one
obtains a family (K;),¢[o,1] of Lagrangian submanifolds of C \ Cx.

The Lagrangian submanifolds K, for r # 1/2 are disjoint from Cy. They are
exact Lagrangian submanifolds with respect to the one-form 6c\ ¢, obtained by
pulling back the connection on oy via ox,olc\c, -

Now perform a generic perturbation of oy ¢ so that a general member X, of
the pencil is smooth. One still has a Lagrangian submanifold K/, C C \ C
satisfying the following:
* K;/2,NCy consists of two (n—1)—tori.
* By flowing K/, along a Hamiltonian vector field, one obtains a family
(Kr)repo,1] of Lagrangian submanifolds of C \ Ceo.
e K, for r # 1/2 are disjoint from Cy. They are exact Lagrangian submani-
folds of C \ Cy.

By parallel transport along the graph

y—projection

X ={(3.X) € Cx X | 0x,00(x) = yox,o(x)} —— C

of the pencil, one obtains a Lagrangian torus L/, in X for sufficiently large
z =1/y, satisfying the following conditions:
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e The intersection Z = L/, N Xz,00 of Lyjp = (S with the divisor
Xz,00 = Xz N Xoo at infinity is a smooth (n—1)—dimensional manifold
disjoint from Sing(Xso) N X;. (In fact, it is a disjoint union of two (n—1)—
tori; Z = {1/4,3/4} x (SHr—1)

e By flowing L/, by a Hamiltonian vector field, one obtains a family
(Lr)refo,1] of Lagrangian submanifolds of X .

e L, forany r €0, 1] admits a grading.

e L, for r # 1/2 are disjoint from X; . They are exact Lagrangian sub-
manifolds in the affine part M; = X, \ X; o of X;.

If the perturbation of oy o is generic, then there are no non-constant stable holomorphic
disks in X, bounded by L, for r € [0, 1] with area less than 2. Indeed, such a disk
cannot have a sphere component since a holomorphic sphere has area at least n + 2. If
a holomorphic disk exists in X, for all sufficiently large z, then Gromov compactness
theorem gives a holomorphic disk in X, bounded by K, . This disk either have sphere
components in irreducible components of X, other than C, or passes through CocNCy .
The former is impossible since sphere components have area at least n + 2, and the
latter is impossible for a disk of area less than 2 since such disks have fixed intersection
points with Cs, by classification (see Cho [4, Theorem 10.1]) of holomorphic disks in
C bounded by K.

The absence of holomorphic disks of area less than 2 shows that the Lagrangian
submanifolds L(<)> = (Lg, 0) and L? = (L?,O) equipped with auxiliary data and the
zero bounding cochains give objects of the first order Fukaya category D™ Fy; ® A
An/q*AN. Now the argument of Seidel [16, Section 8g] shows the following:

(1) The spaces H° (hom]:0 (L1<> LJ<>)) are one-dimensional for 0 <i < j <1.

(2) The product

HO(homp, (LY. L)) ® H®(homz, (LJ. LY)) — H(homz, (LY. LJ))
vanishes.

(3) The map
HO (homy, (L9, L) @ ay, An/g?An)&c HO(homy, (LS, LO) @a An/g*An)
HO(hoqu(Lg, Lg) ®An AN/GPAN)

Fa

induced by m;“ is non-zero.
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The point is that Lo and L are exact Lagrangian submanifolds of M, which are not
isomorphic in F (M), but are Hamiltonian isotopic in X7, so that they are isomorphic
in D™ (Fy ®ay Az). Now [16, Lemma 3.9] concludes the proof of Proposition 3.7.

The symplectomorphism ¢o: My — M, sending (u1, . . ., Upt2)to (Uz, ..., Upyo,Up)
lifts to a Z /(n+2)—action on Fy justas in [16, Section 11b]. It follows that F; satisfies
all the properties characterizing S, in Proposition 2.4, and one obtains the following;

Proposition 3.8 7, is quasi-isomorphic to ¥*S, for some ¥ € End(An)™.
Theorem 1.1 follows from Lemma 2.2, Lemma 3.5, and Proposition 3.8.

Remark 3.9 Since the Lagrangian torus used in the proof of Proposition 3.7 does
not intersect with Sing(Xeo), the proof of Proposition 3.7 (and hence Proposition 3.8)
works for any 7. Then the argument of Sheridan [22, Section 8.2], based on a split-
generation criterion announced by Abouzaid, Fukaya, Oh, Ohta, and Ono, shows that
{L; }”Jr split-generates D™ F(X) for any n.

4 Negativity of monodromy

In this section, we prove Proposition 3.4 by using local models of the quasi-Lefschetz
pencil {X} along the lines of Seidel [16, Section 7]. In the case where dim X, > 3,
we need [16, Assumption 7.8] and a generalization of [16, Assumption 7.5].

Assumption 4.1 (Seidel [16, Assumption 7.8]) Letn>2and2 <k <n+1.

e Y CC""! =R2"*2 jsan open ball around the origin equipped with the standard
symplectic form wy and the T k _action

(e«/—ilﬁyl’” Fsk

ps(y) = Vs Vk41s - Ynt1)

with moment map pu: Y — RX. For any regular value r € R* of W, the
symplectic reduction Y™ = Y& = ,=1(r)/ Tk can be identified with an
open subset in C"+1~ —k equipped with the standard symplectic form.

e Jy is a complex structure on Y which is tamed by wy . At the origin, it is
wy —compatible and T k _invariant.

e p: Y — C isa Jy-holomorphic function with the following properties:

(@) plos(y)) = V71014450 p(y),
(ii) 0y, ...0y, p isnonzeroaty =0.
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e ny is a Jy —complex volume form on Y\ p~1(0) such that p(y)ny extends
smoothly on Y, which is nonzero at y = 0.

In this situation, the monodromy /; satisty the following:

Proposition 4.2 (Seidel [16, Lemma 7.16]) For every d > 0 and € > 0, there exists
8 > 0 such that the following holds. For every y € Y; = p~ (&) with0 < ¢ < § and
|yl <&, and every Lagrangian subspace A® C T)Y¢, the d —fold monodromy h? is
well-defined near y, and satisfies

Ex’hg(A”) <-2d+n+1+e.
The other local model is the following:

Assumption4.3 Letn>2and2 <k <n+1.
e Y CC"M! =R2"*2 jsan open ball around the origin equipped with the standard

symplectic form wy and the T* —action

4) ps() = (¥ eV e Y Y1)

with moment map v: Y — R¥. For any regular value r € RX of u, the
symplectic reduction Y™ = y™&" = ;,=1(r)/T* can be identified with an
open subset in Ccnti-k equipped with the standard symplectic form.

e Jy is a complex structure on Y which is tamed by wy . At the origin, it is
wy —compatible and T k _invariant.

e p isa Jy—meromorphic function on Y satisfying the following two conditions:
@) plps(y)) = eVTEstbsat=tsd p(y).

This implies that p can be written as
Y2 VK
p(y) = TCI(lJ/1|2/2, e P2, Vit Pnt1)

for some q .
(ii) ¢ is a smooth function definedon Y, q(0) =1, and g(y) #0 forany y €Y .

e 1y isa Jy —complex volume form on Y\ p~1(0) such that y, ... ypny extends
smoothly on Y . It is normalized so that y, ... ygny = dyy A -+ Adyy4q at
y=0.

In this setting, we will show the negativity of the monodromy in the following sense:
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Proposition 4.4 (Seidel [16, Lemma 7.16]) For any d > 0 and € > 0, there is
81 > 62 > 0 such that for { € C with 0 < [{| < 8 and y € Y; with |y| < &; and
|y1| > 82, the d —fold monodromy h? is well-defined, and

1
tya(AY) < —2d +tn+1+e
) = 2 e

for all A € Y, provided |ys| < |y3| <--- <|ykl.

Note that
1

L+1812/]ys |21
is uniformly bounded from above on the complement of a neighborhood of y, = y3 =0.

Let J}, be the constant complex structure on ¥ which coincides with Jy at the origin,
and let 7}, be the constant Jy, —complex volume form given by

dy> dyi
Ny =dyr A—=N- /\—/\nYred

Y2 Yk
for some 77/Yfed' The phase functions corresponding to 1y and 7, are denoted by ay
and a}, respectively. The proof of the following lemma is parallel to that in [16]:

Lemma 4.5 (Seidel [16, Lemma 7.12]) For any € > 0, there exists § > 0 such that if
ly|| <6 and p(y) # 0 then

—arg(ay (M) (M) <

forall A € Ly, .

Let H(y) = —%l p(»)|? and consider its Hamiltonian vector field X and flow ¢, . For
a regular value r of w, the induced function, Hamiltonian vector field, and its flow on
Y™ are denoted by

ra.
H™ () = 232y i )

Xxred and ¢ respectively. We write the complex structure on ¥™¢ induced from Jy
as JYred Then n’Yred gives a J! yra—complex volume form on yred, Let oered be the
phase function corresponding to nYred. The proof of the following lemma is the same

asin [16]:
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Lemma 4.6 (Seidel [16, Lemma 7.13]) For any € > 0, there is § > 0 such that for
Il <8, ra...ri/r1 <8, |y <8, and |t| <8ry/7y... 1%, ¢ is well-defined and

Fs (M) < €

for any Lagrangian subspace A™¢.

Now we prove the following:

Lemma 4.7 (Seidel [16, Lemma 7.14]) For any € > 0, there is §; > 8, > 0 such that
if | y]l <81, [y1] > 82, 0 <|p(¥)| <81 and |t| < 81| p(y)|2, then ¢, is well-defined

and satisfies

<n+1+4e€

+
|y2|? |yl?

e, |y1|2)‘1

7, () - o1+

forany A € Ly, .

Proof The proof of well-definedness of ¢; is parallel to [16]. Note that the condi-
tion |y;| > 8, is preserved under the flow since ¢; is TX—equivariant. Let H' =

—4y2...yk/y1/* and

1 1\
X’:_«/_l( et ) (— 1 2 Tk 0,...,0)

|y1]? | yiel? a2 v

be its Hamiltonian vector field. Then H(y) = H'(y)r(y) for some smooth function
r(y) =14 O(]ly|). By direct computation, we have

(ot )
|y1? |ykl?

2k y)2*-D

V2. Vk
M1
|l y|)2®-D
|y1l*
which is bounded if ||y|| < §; and |y;| > 6. Then

=C

1. vel?

’

ldH —dH'|| < |r = Ul|dH'|| + |H'||dr|| < C(ly] + |H'D,

and this implies that |dH — dH’|| is small if | H| is also sufficiently small. Hence we
obtain

®) X —X'| <e

Geometry & Topology, Volume 16 (2012)



Homological mirror symmetry for the quintic 3—fold 1985

for small §;. Take a Lagrangian subspace A™ in Tyrea Y™ and consider a Lagrangian
subspace given by

A=vV-1yR& - V-1 ROA™ CT,Y.

Then we have
k »; I

ay(A) = (-1) B

|2 ,Yred (Ared) 9
and hence
~ 1 !
¢MF7;AXmmﬂw@mmh

1 t
= X’
27 Iy |2

+ - / Xred arg(ayred ((D¢red(Ared))dT.

2

N1
dr+ — _
3 /( Xyarg - L d

The third term is small from Lemma 4.6. The second term is bounded by

2
D arg 1 ST
|y1l
which is also small from (5) and the fact that
2
”D“% | =cixi=clam
M1

is uniformly bounded. Since |y|? is preserved under the flow, the first term is
1 2

1
— X/ arg
21 |y l?

1 1\t
+-+ ) / V=110, arg —— d
2 |vil? o |y1l? & | |

N 1 )‘1 21

vel*) Inl?
|nP+“.|mP)”
ly1]? |yil?

12 pi2\ !
5 (A) = I+ == 4+ <e.
|y2l |kl

dt

ly

—

¥R gl- -

N TN T
\<‘
b
S
+

+

Then we obtain
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For arbitrary Lagrangian subspace A, the desired bound for &:Pt (A1) is obtained
from this and the fact that

|&(’m(A1) —&(/p,_ (AN)]<n+1
(see [16, Lemma 6.11]). O

Let Z be the horizontal lift of —+/—1{d¢, and ¥, be its flow. Then there is a positive
function f* such that Z = /X, and hence ¥;(y) = ¢g,(,)(») for

t
g(y) = [0 FWe())dr.

By the same argument as in [16], we have:

Lemma 4.8 (Seidel [16, Lemma 7.15]) For any d > 0 and € > 0, there is § > 0
such that for { € C with 0 < |{| <d and y € Y; = p~1(¢) with ||| < §, the d —fold
monodromy h? is well-defined, €/|¢|? > 2rd , and satisfies

gara(v) < €/I81%.

Proof of Proposition 4.4 Let ny, = ny/(d{/¢ 2) be a complex volume form on Ye,
and ay, be the corresponding phase function. Take A € £y, such that Dp(A) = aR
for a € U(1), and set A” = A Nker Dp € Ly, 5. Then

4

a?|¢|*

(6) ay, (AY) = ay (A).

We consider a Lagrangian subspace A¥ € £y, , such that Dp(A”) = v/—1{R, and
containing the tangent space of the torus action on Y. Then A" has the form

AN =W-1yR--- V-1 R Ared) Nker Dp.

Let A=A"®ZyR € Ly, . Since Z is the horizontal lift of —+/—1{0; € Tz (v —1¢R),
Zy,(y) 1s contained in Dy, (A), and hence we have

Dty )(A") = Dy (A) Nker(Dp).

From this and (6) we have

g1y, (AY) = ey, (A).
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Combining this with Lemma 4.5 and 4.7, we obtain

Gpa (A°) = Qg () (N) —2d

=a gznd(y)(A) 2d +e€
2N\ —1
§2d((1+|y1|2+---+|y1|2) —1)+e
|2l | Vil
1 1
5y P +|yk|21 e
GETET T
1
—2d +
1+1¢12/|y;3]2%=D
if [ya < |y3l <« <|ykl. ]

Now we discuss gluing of the local models. Let X = IP’(’é+1 equipped with the
standard complex structure Jy, the Kidhler form wy and the anticanonical bundle
ox = IC)_(1 = O(n +2) as in Section 3. For 0y o = X1 -+ X4+ and a generic section
oxo€H® (]P’((’éJrl ,O(n+2)), we consider a pencil of Calabi—Yau hypersurfaces defined
by
X, = {UX,O —Z0X,00 = 0} = p);l(l/z)?

where py =0x,00/0x,0. Let C; ={x; =0} =P, i =1,...,n+2 be the irreducible
components of X and set Cy = X. We assume that oy ¢ is generic so that the divisor
Xo U Xo is normal crossing. For I C {0,1,...,n+ 2}, we write C; =();¢; Ci and
C;=Cr\Y J2I Cy. We will deform wy in such a way that it satisfies Assumption
4.1 (resp. Assumption 4.3) near Cy with 0 & I (resp. 0 € I).

Proposition 4.9 For each I, there exists a tubular neighborhood Uy of Cy in IP’('C’+1
and a fibration structure wry: Uy — Cy such that for each p € Cy the tangent space
Tpnl_l (p) of the fiber is a complex subspaces in T, X . Moreover nry and my are
compatible if I C J.

See Ruan [15, Proposition 7.1] for the definition of the compatibility. This proposition
is a weaker version of [15, Proposition 7.1] in the sense that each fiber 711_1( p) is
required to be holomorphic only at p € Cy.

Proof For each I we take a tubular neighborhood Uj of Cy, and consider an open
covering {Vy}aeca of J; Ur satisfying

o for each o € A, there exists a unique subset I, in {0, 1,...,n + 1} such that
VaNCr, #@ and Vo N Cy = @ for all J with |J| > |1y],
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* Vg is a tubular neighborhood of V, N Cy,,, and

e for each «, there exits a unique Jy D I, such that if V,, intersects V, and
|Io/| > |Iy| then Iy C Iy C Jy.
We take holomorphic coordinates (wgy,zq) = (w} ..., wZH_'I“',Z(i, .. |I"‘l) on
Vi such that Cy, is given by zo = 0 and wy gives a coordinate on Cp, ﬂ Vo, and
satisfying the following property: the projection my: Vo — Cr,,, (Wq, Za) = Wy 1S
compatible with 7y for each J D I,. Let {py}qc4 be a partition of unity associated
to {Vu}.

Fix p € C;, and set Ay :=={o € A|p € Vy}. Note that Iy D I for any o € Ap.
Take g € A such that Vi, NV # @ for « € A and Iy, = J, is maximal. Rename
the coordinates on V, @ € A, so that the projection n): V, — Cr is given by
(w}, z4,) — w,,. Let

i)
}—>Kerdn —span(c{ T }

9 0
pr: T'Va,lc; = spanc {8w } @ spanc {a 77 92/
o Zao

(o 7)) ZO

be the projection. After a coordinate change which is linear in z,, we assume that
pr(d/ 3z = a/ Bzajo for each j. Define

| .
EI:P = Spanc {Zpa(P)—,j ‘ Jj= 1,...,|I|}.
a 0zg

Then E; = bec, E1,p CTX |c, is a complex subbundle which gives a splitting
of TX|c, = N¢,)x = TX|c,/TCr. After shrinking Uy if necessary, we obtain a
fibration 77: Uy — Cy such that T, ' (p) = Ep . O

Set Uy = 711_1 (Cy). We prove a weaker version of [15, Theorem 7.1].

Proposition 4.10 There exists a Kihler form ', in the class [wx] such that

(i) it tames Jy , and compatible with Jy on | J; Cr,
(ii) “)3( = wy outside a neighborhood of Sing(Xy U Xoo) = U\I|22 Cr,
(iii) Cj’s intersect orthogonally, and

(iv) each fiber of wy: Uy — Cy is orthogonal to Cy.
Proof It is shown by Seidel [17, Lemma 1.7] and Ruan [15, Lemma 4.3] that wy

can be modified locally so that it is standard near the lowest dimensional stratum
U| I11=n+1 Cr. We deform the symplectic form inductively to obtain a)}(
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Fix I C {0,1,...,n+ 1} and take a distance function r: X — Rx( from Cy, i.e.,
C; = r~1(0). Fix a local trivialization of oy |y, by a section which has unit pointwise
norm and parallel in the radial direction of the fibers of 77, and let 8y denote the
connection 1-form. Then we have Oy — 77 (Ox |rc,) = O(r).

Let w: NC; — Cy be the symplectic normal bundle, i.e., N,Cy C T, X is the orthog-
onal complement of 7, Cy with respect to the symplectic form. Let wp be the induced
symplectic form on the fibers of NC7. From the symplectic neighborhood theorem,
a neighborhood of Cy is symplectomorphic to a neighborhood of the zero section of
NCy equipped with the symplectic form 7*(wx|c,;) + wn . Identifying NCy with
Ej, we obtain a symplectic form wy, on Uy satisfying (i) and (iv). Note that wy,
and wy coincide only on 7'Cy in general. Let 6, be a connection 1-form on oy |y,
such that dfy, = oy, and Oy, |rc, = Ox|rc,. We define n = 0y — 0y, . Then n =0
on Cy. Fix a constant § > 0 such that {r <4} C Uy and take C > 0 satisfying

C_la)X Stoy, + (1-twyxy <Cwy, te]0,1],

Inll <.

ldr|l =C

on {r <4}. Let h: R - Rx>( be a smooth function satisfying

o limg_oo hi(s) =1,
e h(s) =0 for s >logé, and
« —1/2CYH =h(s) =0,

and set /= h(logr). We define
0'=6x— fn= fOy, +(1-f)ox
and
W' = d§' = foy, + (1= Nox —df A1
= fou, +(1— fwy —Kdr A g

Then o’ is compatible with Jy along Cj and the fibers of 77 intersect C; orthogonally.
From the choice of /, we have

1 1
d <—.C-C=—,
ldf Al = 55 Te

which implies that o’ tames Jy , and hence it is non-degenerate.
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By applying the argument in Seidel [17, Lemma 1.7] or Ruan [15, Lemma 4.3] to each
fiber of 77, we can modify w’ to make ’| 77 (p) standard at each p € Cy, which
means that Cj’s intersect orthogonally along Cy. m|

Next we construct local torus actions. Set £; = O(1) = O(C;) fori =1,...,n+2
and Lo = O(n + 2) = O(Cy). Note that the normal bundle of Cy is given by

Neyx =P Lile,.
iel
For each I = {i; <--- <i;} C{0,1,...,n+ 2}, we define a T*—action on Uy as

follows. First we consider the case 0 ¢ 1. We may assume ([];¢7us0) %) /0x.0 # 0
on U I° (after making Uy smaller if necessary). Then

. [Ti¢rugoy i :

- . ~1 )
O—X,O lelUI —> le ®£O ® ® E]

JE1U{0}

= O(1—K)|ys
ur

is an isomorphism, and thus we have

Neyxlee = Niles,
where
Np=Li,® - ®Li_, & (ﬁik ®Ly' @ ® Lj)
JEI1U{0}
=O0(1)®---®0O(1) dO(1 —k).
k—1

We identify U} with a neighborhood of the zero section of A7 |C; by amap vy: Uy —
NTlce obtained by combining

xi [jgrugoy %i
(x,-l,...,x,-k_l, J 210 U — N
0x,0

with parallel transport along the fibers of 7y: Uy — C;. The torus action on Uy is
defined to be the pull back the natural T*—action on Ny |C;’ . By construction,

vr

U,'O NI|C1°

(N /
bx

C
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is commutative, where the right arrow is the natural map
Nir=0)®---01)O(1—-k)—C, (&1, ) — 1. Lk
Hence py = 0x,00/0x,0 iS Tk—equivalent on Uy:

(x)) — erl(sl Feeetsg

px (P15 ) px (x).

Next we consider the case where i1 = 0 € I. In this case we set
NI :='Ci1 @"’@Lik_l @ (Elk ®®£})
jél
20n+2)01)®---00(1)dOMn+4—k).
k-2

Assuming [ | jgrXj 70 on Uy, we have an isomorphism

P Lilve — Nilye.
iel
By using
(O’X’o,xiz, ey Xig_y s X, ij): Uy — N,
J¢l
we have a map v;: Uy — N |C1° identifying U; with a neighborhood the zero section,

which gives a Tk _action on U | as above. We also have a similar commutative diagram
(7) where the right arrow in this case is

§2--~§k'

On+2)00(N)&---00(1)@O0n+4—-k)—C, (§1,....5)— Z
1
This means that py is T¥—equivariant on U i

) — eﬁ(—sl +s2+-45K)

Px (pr,s(x) Px (x).

We can easily check the compatibility of the above torus actions. For example, we
consider the case where I = {0,1,...,k—1} D> J ={l,...,/}. Take coordinates
(wq,...,wy41) around a point in Cy such that (wq, ..., wy) gives fiber coordinates
of my corresponding to

(OX,0, X174+ s X2 X1 *+* Xp42): Up = N
Then the torus action is given by

/—1 A =18
(Wiseo wn) — (¥ My, eV T R W, wheg g Wapr).
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On the other hand, since vy: U$ — N|co is obtained from
J Ccy

X[ ... Xp42
(xl,...,x,_l,_);u;_)/v,,
0x,0

vy restricted to Uy NU; C U7 is given by

w1+1...wk)

vi(wy, ..., Wye1) = (wz,...,wl,
wi

This means that the torus action induced from py is given by

V=1 V=1
(Wi Wopr) —> (w1, @Y7 2w, eV T Wy W)

(Note that (wq, wj47,...,Wy+1) is a coordinate on the base Cy N Uy.) Other cases
can be checked in similar ways.

By using the same argument as in Seidel [16, Lemma 7.20], we have

Proposition 4.11 There exists a Kihler form wy in the class [wy] satisfying the
conditions in Proposition 4.10, and w§|UI° is invariant under the torus action py for
each I.

We fix x € C; with [I| =k and take a neighborhood Uy C U} of x. Let Y C cr+l
be a small ball around the origin with the standard symplectic structure wy and the
T* —action (4). Take a T* —equivariant Darboux coordinate ¢: (Uy, a)l/{,) — (Y, wy),
and define Jy = (¢ " D)*Jx, p = (¢ D¥*px, ny = C(go_l)*a)?j)o, where C is a
constant. Then (Y, wy, Jy,ny, p) satisfies Assumption 4.1 if 0 & I, or Assumption
4.3 if 0 € I for a suitable choice of C. Now we can follow the argument of [16,
Proposition 7.22] to complete the proof of Proposition 3.4.

S Sheridan’s Lagrangian as a vanishing cycle

An n—dimensional pair of pants is defined by
Pt = {[21 :---:Z,,+2]e]P’(€’:+1 |zi+- - 4+2z442=0, z; #£0, i = 1,...,n+2},

equipped with the restriction of the Fubini—Study Kéhler form on IP’(SH . It is the
intersection of the hyperplane H = {z{ + --- 4+ z,4+, = 0} with the big torus T of
]P)('éJrl . Sheridan [23] perturbs the standard double cover S” — Hp of the real projective
space Hg = Py by the n—sphere slightly to obtain an exact Lagrangian immersion
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i: S" — P". The real part P" N Hy of the pair of pants consists of 2”1 —1 connected
components Ug parametrized by proper subsets K C {1,2,...,n+ 2} as

Uk ={[z1: :zZn42] € P"NHR | zi/zj < Oif and only if i € K and j € K°}.

Note that the set {1,...,n+ 2} has 2"t2 -2 proper subsets, and one has Ugx = Uge.
The inverse images of the connected component Uk by the double cover S” —

Hy are the cells Wk gc o and Wge g o of the dual cellular decomposition in [23,
Definition 2.6].

The map pz;: M — T sending (uy,... . Unp1.Unss = 1/tt1 - Upgpq) tO [27 1+
Zyt1 1] for zi =wuj-uy---up4q, i =1,...,n41 is a principal F:+2—bundle, where
the action of {-idgn+2 € F;:+2 sends (#1,...,Up+2) to (Cuy,...,Cuyys). The inverse
map is given by u/ > =" /2y oz, and wp = uy -zi/zy fori =2,... n+ 1.

The restriction p My My — P" turns M into a principal I'¥ ,—bundle over the pair
of pants. One has

n=—(+z2+-+2zp41)
on P", so that u’f+2 = (=" f(22,...,2,41) Where

(I+z24- -+ 2z, )"!
Z20 Zntl '

(8) f(ZZv"'vZn-i-l):

The pull-back of Sheridan’s Lagrangian immersion by p Mo is the union of n + 2

embedded Lagrangian spheres {Li}:—l:lz in M.

Recall that the coamoeba of a subset of a torus (C*)"*1 is its image by the argument
map Arg: (C*)"+1 — R"+1 /277" +1 Let Z be the zonotope in R"*! defined as
the Minkowski sum of weq,...,we,+1,—mwe1 — -+ — wey4+1, Where {ei};’:ll is the
standard basis of R”*1. The projection Z of Z to R"t!/277"*1 is the closure of
the complement (R”*1/27Z"1)\ Arg(PP") of the coamoeba of the pair of pants [23,
Proposition 2.1], and the argument projection of the immersed Lagrangian sphere is
close to the boundary of the zonotope by construction [23, Section 2.2]. The coamoeba
of My and the projections of Lagrangian spheres L; are obtained from those for P”
as the pull-back by the (n+2)—fold cover

R”+1/2T[Z”+l N R”+1/2nZ”+1

) w w
e; — e+ 27:11 ej

induced by pj;: M — T. It is elementary to see that none of the pull-backs of the
zonotope Z by the map (9) has self-intersections. It follows that the argument projection
of L; does not have self-intersections either, which in turn implies that L; itself does not
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have self-intersections, so that L; is not only immersed but embedded. We choose the
numbering on these embedded Lagrangian spheres so that the argument projection of L;
is close to the boundary of the zonotope centered at [nz%(i, o) eRMTL ogzntl

When n = 1, the coamoeba of M|, is the union of the interiors and the vertices of six
triangles shown in Figure 2(a). The projection of Lj is also shown as a solid loop
in Figure 2(a). The zonotope Z in this case is a hexagon, whose pull-backs by the
three-to-one map (9) are three hexagons constituting the complement of the coamoeba.
Although the zonotope Z has self-intersections at its vertices, none of its pull-backs
has self-intersections as seen in Figure 2(a). The coamoeba of ]\70 forn=21isa
four-fold cover of the coamoeba of P2 shown in [23, Figure 2(b)].

Figure 2: (a) The coamoeba (b) The cut and the thimble

Let w: My — C* be the projection sending (uy,--+ ,Up42) tO Uy.

Lemma 5.1 The critical values of @w are given by (n + 2) solutions to the equation

(10) W= ()" )
Proof The defining equation of M in M = Spec C[uf“, cee, ulﬂl] is given by
n+1
(1) D uiuycupgy +1=0.
i=1
By equating the partial derivatives by u», ..., u,+1 with zero, one obtains the linear
equations
n+1
u,-—i—Zuj:O, i=2,....,n+1,
j=1
whose solution is given by uy =--- = u,4+; = —u;/(n + 1). By substituting this into
(11), one obtains the desired equation (10). O
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Note that the connected component
Ur=Up, gty ={z1:22: 1z 1 1 €P" [ (220 .. Zng1) € RTY™)

of the real part of the pair of pants can naturally be identified with (R>?)".

Lemma 5.2 The function

(I+z4 -+ 2,0 )"!
22 Zntl

fza . zny1) =

has a unique non-degenerate critical point in U; = (R>%)" with the critical value
(n + 1)n+1 .

Proof The partial derivatives are given by

af (I+z2+-+2zp41)"
o=+ D=+ + -+ 241) = .
2 2323 Zn+41
and similarly for zs, ..., z;4+1. By equating them with zero, one obtains the equations

m+Dzi—(+z2+-+zp41) =1, i=2,....,n+1

whose solution is given by z, = --- =z, = 1 with the critical value (n +1)"*!. O
As an immediate corollary, one has:

Corollary 5.3 The inverse image of f: Uy — R att € R is

o emptyift <(n+1)"t1,
e one pointift = (n+1)"*1, and
e diffeomorphic to S*! if t > (n+ 1)"*1.

Recall that f is introduced in (8) to study the inverse image of the map p: My — P".
Corollary 5.4 The inverse image p~'(U;) consists of n + 2 connected components
U indexed by solutions to the equation "2 = (—=1)"*1(n + 1)"*! by the condition
that § € w (Ue).

One obtains an explicit description of Lefschetz thimbles:

Lemma 5.5 U; is the Lefschetz thimble for w: My — C* above the half line
£: [0, 00) — C* on the x| —plane given by £(t) =t{ + .
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Proof The restriction of @ to U, has a unique critical point at (xi,...,Xp41) =
%(n +1,—-1,...,=1). For x = (xy,...,Xu41) € U¢ outside the critical point,
the fiber Vy, = U N~ !(xy) is diffeomorphic to S”~! by Corollary 5.3, and it
suffices to show that the orthogonal complement of T Vx1 in TxUg is orthogonal
to Tyw ~'(x;) with respect to the Kihler metric g of M. Let X € Ty U be a
tangent vector orthogonal to T Vy, . Then it is also orthogonal to Ty ~!(x;) since

any element in Tyw '(x;) can be written as zY for z€ C and Y € TxVx, , so that
g(zY, X)=zg(Y,X)=0. a

The following simple lemma is a key to the proof of Proposition 3.1:

Lemma 5.6 Uy for arg{ # i” 7T does not intersect L 45 .

Proof The map R"*!/277Z"+! - R"*1/277"*1 induced from the map p: M — T

is given on coordlnate vectors by e; — e; + Z"i 11 e¢j. The inverse map is given by

ei— fi=ei — n+2 Znill ej, so that the argument projection of L, is close to
the boundary of the zonotope Z,., generated by 7 fi,..., 7w fytr1,—7f1 —
7 fu+1. The argument projection of U consists of just one point (arg({), arg($) +

7T,...,arg({) 4+ ), which is disjoint from Z, 4, if arg{ # :|:n+27T m|

The n = 1 case is shown in Figure 2(b). Black dots are images of U; for { =

V4, Jaexpr/—1/3), V4exp(4n~/—1/3), and white dots are images of My \ E

defined below. One can see that L3 is contained in £ and disjoint from U e

Now we use symplectic Picard-Lefschetz theory developed by Seidel [20]. Put S =
C*\ (—00,0) and let E = w ' (S) be an open submanifold of M. Note that both
Vu+2 and L, 4, are contained in E. The restriction wpg: E — S of w to E is an
exact symplectic Lefschetz fibration, in the sense that all the critical points are non-
degenerate with distinct critical values. Although wg does not fit in the framework
of Seidel [20, Section III] where the total space of a fibration is assumed to be a
compact manifold with corners, one can apply the whole machinery of [20] by using
the tameness of wg (i.e., the gradient of || g| is bounded from below outside of a
compact set by a positive number) as in Seidel [21, Section 6]. Let F(@wEg) be the
Fukaya category of the Lefschetz fibration in the sense of Seidel [20, Definition 18.12].
It is the Z/2Z—invariant part of the Fukaya category of the double cover E—>E
branched along wEl (*), where * € S is a regular value of wg . Different base points
* € S lead to symplectomorphic double covers, so that the quasi-equivalence class
of F(wE) is independent of this choice. We choose * to be a sufficiently large real
number. Let (1, ..., ¥s+2) be a distinguished set of vanishing paths chosen as in
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Figure 3(a). The pull-backs of the corresponding Lefschetz thimbles in E by the
double cover E — E will be denoted by (Zl, cees Zn+2), which are called type (B)
Lagrangian submanifolds by Seidel [20, Section 18a]. On the other hand, the pull-back
of a closed Lagrangian submanifold of E, which is disjoint from the branch locus, is
a Lagrangian submanifold of E consisting of two copies of the original Lagrangian
submanifold. It also gives rise to an object of F(wg), which is called a type (U)
Lagrangian submanifold by Seidel. The letters (B) and (U) stand for ‘branched’ and
‘unbranched’ respectively.

Theorem 5.7 (Seidel [20, Propositions 18.13, 18.14, and 18.17])
. (Zl, ce Zn+2) is an exceptional collection in F(wg).
e There is a cohomologically full and faithful As,—functor F(E) — F(@E).

e The essential i image of f (E) is contained in the full triangulated subcategory
generated by (Ag,... n+2)

We abuse the notation and use the same symbol L, for the corresponding object in
F(wEg). The following lemma is a consequence of Lemma 5.6:

Lemma 5.8 One has Hom}(wE)(Z,-, Lyi2)=0fori #1,n+2.
Proof For 2 <i <mn+ 1, move * € S continuously from the positive real axis to
¥ =exp[(—n —3+2i)nv—1/(n+2)] *

and move the distinguished set (yl, ey yn+2) of vanishing paths in Figure 3£a) to
(l/l’ sV +2 in Figure 3(b) accordingly. The corresponding double covers E and
E’ are related by a Hamiltonian isotopy sending type (B) Lagrangian submanifolds
(Zl, e Zn+2) of E to type (B) Lagrangian submanifolds (Z/ . AJ:+2) of E'.
It follows from Lemma 5.6 that the type (U) Lagrangian submanifold of E’ associated
with L,4, does not intersect with A/ This shows that Homf(w /)(A Ln+2) 0,
which implies Hom% Flwg )(A,, Ln+2) = 0 by Hamiltonian isotopy invariance of the

Floer cohomology. |

It follows that Ln+2 belongs to the triangulated subcategory generated by the excep-
tional collection (A1 Ay+2). Since L4, is exact, the Floer cohomology of L,
with itself is isomorphic to the classical cohomology of L, ;.

Lemma 5.9 (Seidel [18, Lemma 7]) Let 7 be a triangulated category with a full
exceptional collection (£, F) such that Hom* (£, F) = H*(S"!;C), and L be an
object of T such that Hom*(L, L) =~ H*(S";C). Then L is isomorphic to the
mapping cone Cone(§ — F) over a non-trivial element in Hom®(E, F) = C up to
shift.
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N2

Figure 3: (a) A distinguished set of vanishing paths. (b) Another distin-
guished set of vanishing paths. (c) The matching path

This shows that L, is isomorphic to Cone(&l — Zn—i—Z) in D" F(wEg) up to
shift. On the other hand, it is shown by Futaki and Ueda [7, Section 5] that V4,
is isomorphic to the matching cycle associated with the matching path p, 4+, shown
in Figure 3(c) (see [7, Figure 5.2]). Here, a matching path is a path on the base of
a Lefschetz fibration between two critical values, together with additional structures
which enables one to construct a Lagrangian sphere (called the matching cycle) in the
total space by arranging vanishing cycles along the path (see Seidel [20, Section 16g]).
Since the matching path p,4, does not intersect y; for i # 1,n + 2, the vanishing
cycle V4, is also orthogonal to 52, R Z,,H in DT F(wg). It follows that L, 4,
equipped with a suitable grading is isomorphic to V4, in F(E). Note that any
holomorphic disk in M, bounded by L,4» U V,, is contained in E, since any such
disk projects by @ to a disk in .S'. This shows that the isomorphism L,» = V42 in
F(E) extends to an isomorphism in F(Mj), and the following proposition is proved:

Proposition 5.10 L, , and V,, are isomorphic in F(My).

Proposition 3.1 follows from Proposition 5.10 by the I'; 4, —action, which is simply

s 2 2
transitive on both {V;}/X2 and {L;}I17.

Remark 5.11 Let 7~ be the directed subcategory of F(Mj) consisting of the distin-
guished basis (17,-)[.1\; , of vanishing cycles of the exact Lefschetz fibration wps: M —
C;
C -idf;i i=],
homz—(V;, Vj) = hom]:(MO)(IZ, 17j) <],
0 otherwise.

It is also isomorphic to the directed subcategory of F(Xy), since the compositions
m, are the same on JF(My) and F(Xj), and higher Ao,—operations my for k > 3
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vanish on the directed subcategories. Symplectic Picard-Lefschetz theory developed
by Seidel [20, Theorem 18.24] gives an equivalence

DPF™ = DP F(mpr)

with the Fukaya category of the Lefschetz fibration mps. This provides a commutative
diagram

F7 o o= Fy
I I
Cn_J:z xI — y*S,

of A—categories, where horizontal arrows are embeddings of directed subcategories.
Combined with the equivalences

Db F™ =~ DP F(myy), D™ (Fy ®ay Ag) = D™ F(Xo),
DP(C;7,xT) = DPcoh[PE/T]  and D™(S;®a, Ag)) = D’ coh Z},
this gives the compatibility of homological mirror symmetry
DP F(rpr) = DP coh[PZ/ T
for the ambient space and homological mirror symmetry
D™ F(Xo) = y* D’ coh Z}

for its Calabi—Yau hypersurface.
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