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Entropy zero area preserving
diffeomorphisms of S 2

JOHN FRANKS
MICHAEL HANDEL

In this paper we formulate and prove a structure theorem for area preserving dif-
feomorphisms of genus zero surfaces with zero entropy and at least three periodic
points. As one application we relate the existence of faithful actions of a finite index
subgroup of the mapping class group of a closed surface ¥¢ on S 2 by area preserving
diffeomorphisms to the existence of finite index subgroups of bounded mapping class
groups MCG(S, 0S) with nontrivial first cohomology. In another application we
show that the rotation number is defined and continuous at every point of a zero
entropy area preserving diffeomorphism of the annulus.

37C0s, 37C85

1 Introduction and statement of results

Surface diffeomorphisms with positive entropy have been studied from both the hyper-
bolic dynamical systems point of view and the Nielsen—Thurston point of view. In this
paper we formulate and prove a structure theorem for area preserving diffeomorphisms
of genus zero surfaces with zero entropy. The area preserving assumption is a natural
one arising in many dynamical systems and it is an essential ingredient for most of
the dynamical structure we investigate here. The genus zero assumption is made to
simplify the problem. There should be a similar theory for higher genus and much of
what we show here may well be true for Hamiltonian diffeomorphisms in higher genus.

If N is a genus zero surface with finitely many boundary components and F': N — N
is a diffeomorphism, then collapsing each component of dN to a point produces a
homeomorphism F: S? — S? which restricts to a diffeomorphism on the complement
of a finite set. For almost all of our analysis we can work directly with F instead of
F’ and can even forget that F’ is smooth but there are two (very important) steps (see
Section 4 and Lemma 8.9) when we must remember F’ and make use of its smoothness.
With this in mind we make the following definitions.

Let 1 be a measure on S that is topologically conjugate to the Lebesgue measure. A
homeomorphism that preserves /i is said to preserve area. Let P C S? be a (possibly
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2188 John Franks and Michael Handel

empty) finite set and let N be the genus zero surface obtained from S? by blowing
up each element of P to a boundary circle. Inverting this process produces a quotient
map p: N — S? that restricts to a diffeomorphism from int(N) to S?\ P and that
maps each component of N to an element of P.

Define Diff, (S 2. P) to be the group of orientation preserving homeomorphisms of S*
that preserve |, that fix each element of P and for which there is a C*° diffeomorphism
F’: N — N such that Frp = wpF’. Note that if P = & and u is a smooth volume
form, then Diff, (S2, P) is just the group Diff,,(S?) of C* diffeomorphisms of S2
which preserve (.

There are certain elements of Diff, (S 2. P) which are trivial from the point of view of
their periodic points. These include F € Diff,, (S 2. P) of finite order and F for which
Per(F) contains only two points. It is known that an area preserving F must have at
least two fixed points (see Simon [26]). In the case that Per(F) contains exactly two
points, those points must be fixed. Blowing up the fixed points as above produces a
homeomorphism F’ of the closed annulus with every point having the same irrational
rotation number (see Theorem 2.3). This is an interesting topic to investigate but is not
addressed in this article. For the remainder of this paper we make the following:

Standing hypothesis Assume that F € Diff,, (S2, P) has infinite order and entropy
zero and that Per(F) contains at least three points.

Suppose that F € Diff,,(S?, P) has zero topological entropy and that Fix(F) is the
set of fixed points for F'. To enhance the topology of the ambient surface, we consider

M = S?2\Fix(F) and f = Flp: M — M.

Disks in this paper are topological objects; they are not assumed to be round. Every
x € M has a neighborhood B that is a free disk, meaning that B is an open disk and
that f(B)N B = &. A very weak notion of recurrence for a point x € M is to require
that there be n # 0 and a free disk B that contains both x and f"(x). We will call
such points free disk recurrent and denote the set of these points by W, . Each periodic
point is free disk recurrent; a nonperiodic x is free disk recurrent if and only if there is
a free disk B which intersects the orbit of x in at least two points. Clearly, if either
the a—limit set a(F, x) or the w—limit set w(F, x) contains a point which is not in
Fix(F) then x € W . In particular the set W, contains the full measure subset of M
consisting of birecurrent points. The set W, is open and dense in M. It is technically
useful to work with sets that equal the interior of their closure so we define the larger
set W of weakly free disk recurrent points as follows. (We expect that Wy # W in
general but have not worked out a specific example.)
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For sets A C X we denote the interior of A with respect to X by inty(A4) and the
closure of A with respect to X by cly(A4). If X is understood then we drop it from
the notation and simply write int(4) and cl(A).

Definition 1.1 A point x € M is free disk recurrent for f provided there exists n # 0
and a free disk B that contains both x and f”"(x). The set of free disk recurrent points
in M is denoted W, . If W, is a component of Wy and x € M is in inta(clp(Wp)),
then we say that x is weakly free disk recurrent. The set of weakly free disk recurrent
points in M is denoted W.

The main building block in our structure theorem is a partition of ¥V into countably
many disjoint f —invariant annuli.

Theorem 1.2 Suppose F € Diff, (S2, P) has entropy zero, infinite order and at least
three periodic points. Let f = F|, where M = S?\Fix(F). Then there is a countable
collection A of pairwise disjoint open f —invariant annuli such that:

(1) U =yeqU isthe set W of weakly free disk recurrent points for f .
(2) A is the set of maximal f —invariant open annuli in M.

(3) If z €U, there are components F4(z) and F_(z) of Fix(F') so that w(F,z) C
Fi(z) and a(F,z) C F_(z).

(4) Foreach U € A and each component Cy, of the frontier of U in M, F4(z)
and F_(z) are independent of the choice of z € C 4.

We emphasize the fact that replacing F by an iterate F? changes M and hence
changes the annuli of Theorem 1.2.

Remark 1.3 If /#: S? — S? commutes with F then it preserves W and hence
permutes the open annuli in the family A.

To see how the elements of .4 arise, consider the special case that F is the time one map
of an area preserving flow ¢;. Given x € M, choose a free disk neighborhood B of x
which is also a flow box for ¢;. It is an easy consequence of the Poincare-Bendixson
theorem that if the flow line for ¢; that contains x returns to B it closes up into a
simple closed curve px . In particular, in this case the subsets Wy and W are equal
and coincide with the union of the periodic orbits of the flow which lie in M. Denote
the isotopy class of px in M by [px]. It is clear that p, depends only on the orbit of
x and not x itself and that if z € B is sufficiently close to x then px and p, cobound
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2190 John Franks and Michael Handel

an annulus in M ; in particular [px] = [pz]. In this case U ={y € W : [py] = [px]} is
the element of A that contains x.

For a second special case suppose that f is isotopic to the identity. Given x € W),
choose B and 7 as in the definition of free disk recurrent. If f;: M — M is an isotopy
between fo = identity and f; = f then the path pu, C M defined by ux(z) = f:(x)
connects x to f(x). The path pty - it f(x) -+ i fn—1(x) can be closed by adding a path
in B connecting f"(x) to x. Up to homotopy in M, this closed path is a multiple of
some nonrepeating closed path o, . Using the hypothesis that ¥ has entropy zero, one
can show (see the authors’ paper [11]) that the homotopy class of p, is represented by
a simple closed curve (also written py ) that is independent of B, n and the choice of
isotopy fz. Itis easy to see that if z € B is sufficiently close to x then [px] = [o.]. As
in the previous case, U = {y € W : [py] = [px]} is the element of A that contains x.

In the general case, we make use of the fact (see Section 4) that f is isotopic to a
composition of Dehn twists along a finite set of simple closed curves R. Cutting along
the elements of R produces a decomposition of M into subsurfaces M; such that
JIm;: Mi — M is isotopic to the inclusion M; < M. The main technical work in
this proof is showing that each M; is realized, in a suitable sense, by an f —invariant
subsurface; see Section 10. One then defines A in a fashion similar to the second
special case.

Theorem 1.2 can be applied to ¢ for each ¢ > 2. This gives a countable collection
A(q) of pairwise disjoint open F?—invariant annuli that (see Proposition 15.3) refines
A in the sense that each V; € A(g) is contained in some U; € A. This renormalization
process can be iterated with A(q) playing the role of A and so on. The V; may be
essential or inessential in U;. In the limit, the former lead to twist-map-like behavior
and the latter to solenoid-like behavior when they are nested infinitely often. It is
important to note that replacing F with F9 changes the set of fixed points and hence
changes M and changes the free disk recurrent points of M.

We are interested in partitioning cl(U) into sets analogous to the periodic orbits in the
case of the time one map of a flow. In particular we would like the rotation number to
be constant on these sets. The two components of the frontier of U can be somewhat
problematic since such a component could be a single point or could be a complicated
fractal. To deal with this issue we introduce the annular compactification f.: U, — U,
of f: U — U ; see Notation 2.7 and the paragraph preceding it. The compactification of
an end described there is either the prime end compactification or the compactification
obtained by blowing up a fixed point, whichever is appropriate.
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We are now prepared to state the second of our main results. It describes the finer
structure of the dynamics of f on one of the annuli in 4. The proof is based on
renormalization and the details are in Section 15.

Theorem 1.4 Suppose F € Diff, (S 2. P) has entropy zero, has infinite order and at
least three periodic points. Let f = F|y where M = S? \ Fix(F) and let A be
as in Theorem 1.2. For U € A, let f.: U, — U, be the annular compactification of
flu: U — U. Then:

(1) The rotation number py, (x) is defined and continuous at every x € U,.
(2) IfFix(F) contains at least three points then py, is nonconstant.

(3) If C is a component of a level set of py, then C is F—invariant. If C does not
contain a component of dU, then it is essential in U, meaning that U, \ C has
two components each containing a component of 0U, .

The components C of the level sets of py, in Theorem 1.4 are the generalizations of
the closed orbits foliating U in the special case that F is the time one map of a flow.
Of course in the general case C can be considerably more complicated. The main
example constructed in Handel [14] shows C can be a pseudocircle. It is also possible
for C to have nonempty interior.

A heuristic picture of one possibility in the case that p¢|c is rational is an essential
“necklace” in U consisting of a periodic orbit of saddle periodic points each joined to
the next by a stable manifold (which is the unstable manifold of the next one) and by an
unstable manifold (which is the stable manifold of the next one). This pair, stable and
unstable, bound a “bead”, an open disk. The diffeomorphism f permutes the beads
and has a periodic orbit with one point in each bead. The set C containing any x in
one of the beads will be the entire necklace. For such a C there is an n such that [
will fix each bead and each saddle point joining them.

Our first application concerns area preserving diffeomorphisms of the closed annulus
A. For expected future applications, we state our theorem in a more general context
and then state the annulus result as a corollary.

Suppose that P has two preferred elements pq, p» and that P' = P\ {p1, p>}.
If H: A — A is the homeomorphism of the closed annulus obtained from some
F €Diff,,(S2, P) by blowing up p; and p, then we write H € Diff,, (4, P’). Note that
if P={p, p2} then Diff,, (A, P’) is the group of area preserving C*° diffeomorphism
of the closed annulus A.

Theorem 1.5 For each H € Diff, (A, P') with entropy zero, the rotation number
pH (x) is defined and continuous at each x € A.
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Corollary 1.6 Suppose that H: A — A is an area preserving C*° diffeomorphism
of the closed annulus A. If H has entropy zero then the rotation number pgr(x) is
defined and continuous at each x € A.

For our next application, recall that a group G is indicable if there exists a nontrivial ho-
momorphism G — Z . For finitely generated groups this is equivalent to H'(G,Z) #0
and equivalent to the abelianization of G being infinite. If a finite index subgroup of
G is indicable then we say that G is virtually indicable.

For F € DiffM(Sz), denote the centralizer of F in DiffM(Sz) by Z(F). As an
application of Theorem 1.2 and Theorem 1.4 we prove:

Theorem 1.7 If F € Diff, (S 2) has infinite order then each finitely generated infinite
subgroup H of Z(F) is virtually indicable.

One might expect that Theorem 1.7 is proved by first proving the existence of a finite
index subgroup Hy of H with global fixed points and then applying the Thurston
stability theorem (Thurston [27]; see also Franks [10, Theorem 3.4]) to produce a
nontrivial homomorphism from Hy to Z. This is easy to do (see Proposition 17.1) in
the case that F has positive entropy but fails when F has zero entropy. Indeed, there
are examples (see Examples 17.2) for which no finite index subgroup of Z(F) has a
global fixed point. We prove Theorem 1.7 by analyzing the possible ways in which the
existence of global fixed points can fail and by showing that each allows one to define
a nontrivial homomorphism to Z.

As an application of Theorem 1.7 we have the following result about mapping class
groups.

Corollary 1.8 If X is the closed orientable surface of genus g > 2 then at least one
of the following holds:

(1) No finite index subgroup of MCG(Xy) acts faithfully on S 2 by area preserving
diffeomorphisms.

(2) Forall 1 <k < g—1, there is an indicable finite index subgroup I' of the
bounded mapping class group MCG(Sy, dS;) where Sy is the surface with
genus k and connected nonempty boundary.

Corollary 1.8 relates to the following well-known questions about mapping class groups.

Question 1.9 Does MCG(X), or any of its finite index subgroups, act faithfully on a
closed surface S by diffeomorphisms or by area preserving diffeomorphisms?
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Question 1.10 Does every finite index subgroup ' of MCG(X,) satisfy H'(I', R) =
0?

Question 1.9 is motivated in part by the sections problem (see Problem 6.5 and
Question 6.7) of Farb’s survey/problem list [4] on the mapping class group: which
subgroups of MCG(X) lift to Diff(X¢)? It is also motivated by the analogy between
mapping class groups and higher rank lattices and the fact (see the authors’ [11; 12] and
Polterovich [25]) that every action of a nonuniform irreducible higher rank lattice on Xg
by area preserving diffeomorphisms factors through a finite group; see Question 12.4
of Fisher’s survey article [6] on the Zimmer program.

Question 1.10 is Kirby [21, Problem 2.11]; see also Ivanov [19] and Korkmaz [22].
Corollary 1.8(1) is a negative answer to the area preserving, S = S?2 case of Question 1.9.
The answer to Question 1.10 is no for genus 2 (see McCarthy [24]) but is unknown
for genus at least three. Presumably a positive answer to Question 1.10 for genus
greater than 3 would imply that Corollary 1.8(2) does not hold and so imply that
Corollary 1.8(1) does hold.

Acknowledgements We are grateful to the referee for many very helpful suggestions.
John Franks was supported in part by NSF grant number DMS0099640. Michael
Handel was supported in part by NSF grant number DMS0103435.

2 Area preserving annulus maps

We will make use of a number of results on area preserving homeomorphisms and
diffeomorphisms of the annulus which we cite here.

If A= S!x]0,1] is the annulus, its universal covering space is A=Rx [0,1]. We
will denote by p; the projection, p;: R x [0, 1] = R, of A onto its first factor.

Definition 2.1 If f A — A is an orientation preserving homeomorphism isotopic
to the identity and f is a lift to A then the forward translation interval ’T+ ~(X) of
X € A is defined to be [a, b], where

p1(/"(®) — p1(%) . (/X)) - piX)

a = liminf and b = limsup
n—oQ n n—>o0o n

If a = b then r"'};-()”c') = a is called the forward translation number of X € A and

i = tim 2D =0

n—oo n
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The backward translation interval and number 7 — f(x) and 7~ (x) are defined analo-
gously. If t f(x) and 1 f(x) are both defined and if

- () _ +~ ~
T f(x) =—-1 f(x)
then we say that ‘L’+f~(55) is the translation number of X and denote this number by

T f(k“). All of these definitions are independent of the choice of lift X of x and so may
be viewed as functions of x.

The forward rotation interval R+f (x) and forward rotation number p+f(x) of xe A
are defined to be the projection of ’T+j;(x) and t+j;~(x) respectively in T!=R/Z.
As the notation suggests, they are independent of the choice of lift f* of f. Backward
rotation interval, backward rotation number and rotation number are defined and denoted
similarly.

Lemma 2.2 Suppose that f: A — A is an area preserving homeomorphism of the
closed annulus which is isotopic to the identity and that f A — A is a lift to its
universal covering space. Then t© 7 ~(X) exists for almost all X € A.

Proof This is a standard consequence of the Birkhoff ergodic theorem applied to the
function ¢ (x) = p1(f (%)) - p1(3). o

The closed interval 7T ( ]7 ) of the following lemma is called the translation interval of
f. Its projected image R(f) in T! = R/Z is called the rotation interval of f .

Theorem 2.3 Suppose that f: A — A is an area preserving homeomorphism of the
closed annulus which is isotopic to the identity and that f A — A4 is a lift to its
universal covering space. Then there is a closed interval T ( f ) with the following
properties:

(1) Foreachr € T(f) there exists X € A such that rf()"c') =r;ifr=p/qisa
rational number in lowest terms then one may choose X to be a lift of a periodic
point with period ¢ .

(2) ForallXe A, T+ (x) C 7(f) and T~(x) cTf).

Proof Define 7 ( f ) to be the set of r € R for which there exists X € A with 7 j;(%) =r.
Handel [15, Theorem 0.1] implies that 7 (/) is closed. Suppose that r; € 7'+f(55,~)
for i = 1,2 and some X; € A. Franks [8, Corollary 2.4] implies that for any rational
in lowest terms p/q € [rq, r2] there is a periodic point x for f° with period ¢ and
a lift ¥ € A such that t~(”) = p/q. Item (1) and the T+~(x) C T(f) part of (2)
follow immediately. The symmetric argument with f replaoed by f proves the

Tf x) c 7'(]‘) part of (2). O
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Proposition 2.4 Suppose f: A — A is an area preserving homeomorphism of the
closed annulus which is isotopic to the identity. If there is a subset Y C A with
Lebesgue measure (YY) > 0 and such that ,0;[ (x) =0 for almost all x € Y then f
has a fixed point in the interior of A.

Proof By the Birkhoff ergodic theorem p}r (x) = Py (x) for almost all points of 4,
hence we may assume pr(x) = 0 for almost all x € Y. Since u(Y) > 0 there is a
small open disk D whose closure is in the interior of A4 with (Y N D) > 0. If f has
no fixed point in D then by making D smaller we may assume it is a free disk. We
let X =Y ND.Letr: X — X be the first return map so r(x) = f"(x), where n is
the smallest positive integer such that f”(x) € X . The function r is well-defined for
almost all x € X, so deleting a set of measure 0 from X we may assume it defined
forall x € X.

Let D be aliftof D.If X is the set of lifts to D of points in X then there is a positive
measure subset Xo C X and a lift f* of f such that t f(x) =0 for all x € Xj.

Suppose the first return time for x is 7, so r(x) = f"(x). Then f" (X) € T*(D) for
a unique integer k. We define i(x, /), the homological displacement of x, to be k.
It depends on [ but not on the choice of lift D of D.

It suffices to prove that /(x, f ) = 0 for some x € X, because then X is contained in
a periodic disk chain (see [7, Proposition 1.3]) and f has a fixed point. We note that if
there are x, y € X, such that A(x, f) >0 and A(y, f) < 0 then f has a fixed point.
This is a consequence of [7, Theorem 2.1] since there are both positive and negative
recurring disk chains for f'. Hence we may assume /(x, f~ ) has a constant sign.

[9, Proposition 3.2] shows that if

B=|J /"(Xo)

nez

then
Xoh(x,f)d,u:/ tf(x)du.

Since r~(x) = 0 for all x € Xy we conclude that fX h(x, f) du = 0. Since / has
constant sign it follows that /(x, f ) = 0 for almost all x € Xp. |

Definition 2.5 Suppose f: A — A is an area preserving homeomorphism of the
closed annulus which is isotopic to the identity and let f A — A be a lift to its
universal covering space. Then the mean translation number v, ( f ) is

/X T ) d.

Geometry € Topology, Volume 16 (2012)



2196 John Franks and Michael Handel

where X C {1: is a fundamental do~main for the universal cover. The mean rotation
number p,(f) is the coset of 7,(f) in R/Z.

Proposition 2.6 Suppose f: A — A is an area preserving homeomorphism of the
closed annulus which is isotopic to the identity. If p,, (/) = 0 then f has a fixed point
in the interior of A.

Proof Let f: A — A be the lift of J such that 7, (f) =0.1If TF vanishes on a set
of positive measure then Proposition 2.4 gives the result. Otherwise there is a set Y+
(respectively Y ™) with positive measure on which t 7 is positive (respectively negative).
It follows that there is a birecurrent point x ™ € int(A4) (respectively x~ € int(4)) with
a positive (respectively negative) translation number. A small free disk DT containing
xT will be a positively recurring disk and similarly there is a negatively recurring free
disk D™ containing x~. [7, Theorem 2.1] then implies the existence of a fixed point
for f in the interior of A4. |

Notation 2.7 Suppose U C S? is an open f—invariant annulus. We would like to
compactify U to a closed annulus for which f has a natural extension. The annulus
U has two ends which we compactify separately in a way depending on the nature
of the end. We say that an end of U is singular if the component of the complement
of U in S? that it determines is a single, necessarily fixed, point x € S2. In this
case we compactify that end by blowing up x to obtain a circle on which f acts
by the projectivization of Df . If the end is not singular we will take the prime end
compactification (see Mather [23] for properties). In either case we obtain a closed
annulus U, whose interior is naturally identified with U in such a way that f|y
extends to a homeomorphism f.: U, — U,.

We will call U, the annular compactification of U and f.: U, — U, the annular
compactification of f|yy. If there is no ambiguity about the choice of f we will denote
the rotation interval R( f.) by p(U) and the two rotation numbers of the restriction of
Je to its boundary circles by p(dU,).

Lemma 2.8 Let f be an area preserving diffeomorphism of a compact surface. Sup-
pose U is an open f —invariant annulus and f.: U, — U, is the extension of [ to its
annular compactification.

(1) Ifthere is a point x € U, with pr.(x) = 0 then Fix(f¢) # 9.

If X is the component of the frontier of U corresponding to a component X of dU, then:

() IfFix(fe|x) # @ then Fix(f|5) # &.
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(3) If X CFix(f) and X contains more than one point then X C Fix(f.).

Proof (1) follows from Theorem 2.3.

For (2), suppose that Fix( f¢|y) # @ and note that X is f—invariant. If X is a single
point then (2) is obvious so we may assume that X has more than one point. Thus X
is the prime end compactification and each prime end x € X is defined by a sequence
of “cross-cuts” {y,} where each y, is a Jordan arc whose interior is in U and whose
endpoints are in the frontier of U . They satisfy:

(a) lim,— oo diam(yy,) = 0.

(b) Each y, has two complementary components in U, one of which is an annulus
and the other of which is an open disk which we will denote D,,.

(c) The disk D, is a subset of D, and (), D, = @.

Two such sequences of cross-cuts {y,} and {y,,} determine the same prime end if for
each n there is an m with D,/n C D, and for each m there is an n with D,, C D;n.

Let {y,} determine a prime end in X which is fixed by f.. Then from the fact that f
preserves area it follows that f(y,) Ny, # @. For n > 1 choose x, € int(y;). From
property (a) above it follows that any point in the limit set of the sequence {x,} is a
fixed point of f. Itis clearly in X . This completes the proof of (2).

For (3) suppose that X C Fix(f). By [16, Lemma 4.1] there is an isotopy rel Fix( f)
from f to a diffeomorphism f” that is the identity on a neighborhood of Fix(f). By
[23, Theorem 18], fc|x = f/|x. which is obviously the identity. |

Corollary 2.9 Let G be a group of area preserving diffeomorphisms of S? or the
closed disk D?. Suppose U is an open G—invariant annulus and G, is the group of
homeomorphisms g.: U, — U, that are annular compactifications of the elements
g € G. If there is a point x € Fix(G.) then cl(U) contains a point X of Fix(G). If x
lies in the component X of dU, corresponding to a component X of the frontier of U
then X € X .

Proof If x is a point of Fix(G.) and x € int(U,) = U we are done. So we may
assume it is in a boundary component X of U.. If X corresponds to a singular end of
U then the point corresponding to that end is in cl(U) NFix(G). Otherwise X is the
prime end compactification of an end of U. Let {y,} be a sequence of cross-cuts that
determine a prime end in X which is in Fix(G.). Then, as in the previous lemma, the
fact that each g € G preserves area implies that g(y,) Ny, # &. Also as in the previous
lemma we may choose ¥, so that limy,— o diam(y,) = 0. For n > 1 let x, € int(yy).
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It follows that any point in the limit set of the sequence {x,} is in Fix(g). Since this
is independent of the choice of g € G it follows that any point in the limit set is in
Fix(G). |

Proposition 2.10 Suppose f: A — A is an area preserving homeomorphism of the
closed annulus which is isotopic to the identity and suppose every point of A has the
same forward rotation number. Let U = int(A). Then either f has a fixed point in U
or every point of U is free disk recurrent for f | .

Proof If the forward rotation number of all points of A4 is 0, then Proposition 2.4
implies that f has a fixed point in U . Hence we may assume the common rotation
number of the points of A is nonzero and consequently Fix(f) = @. Suppose x € U
and z € w(x) C A. If z € U, then any free disk containing z intersects orb(x) in
infinitely many points. If z € d4 let V be a free half disk neighborhood of z in A and
let Vo = VN U. Then orb(x) intersects Vy infinitely often. |

The rotation number or rotation interval of a point x in an open annulus may not be
well-defined as in principle it can depend on the compactification of the annulus as
well as the point. The following lemma addresses issue in the case that the orbit of x
lies in a compact (but not necessarily invariant) subannulus.

Lemma 2.11 Suppose f;: A; — A;, i = 1,2 are homeomorphisms of closed annuli
which are isotopic to the identity. Suppose further that J;: Ay — A; is an essential
embedding of a closed annulus in A; which is not necessarily f; —invariant and for
some x € Ag and all n € 7. we have Jl_l(fl”(Jl (x))) = Jz_l(fz”(Jz(x))). Then the
rotation interval of J1(x) with respect to fi equals the rotation interval of J,(x) with
respect to f5.

Proof Identify Ay with S! x [0, 1] and let p: A9 — S! be projection onto the first
coordinate. For i =1, 2, extend le._l: Ji(Ag) — S! continuously to p;: 4; — S!.
Rotation intervals for J;(x) with respect to f; can be computed using p;. The lemma
therefore follows from the fact that py /' (J1(x)) = p2 /3! (J2(x)). ad

3 Planar topology

In this section we record and prove two useful elementary results.

Recall that by the Riemann mapping theorem, every open, unbounded, connected,
simply connected subset of R? is homeomorphic to R?. A closed set X C R? is said
to separate two subsets A and B of R? provided A and B are contained in different
components of R?\ X .

Geometry & Topology, Volume 16 (2012)



Entropy zero area preserving diffeomorphisms of S* 2199

Lemma 3.1 If A and B are disjoint closed connected subsets of R? then they are
separated by a simple closed curve or a properly embedded line.

Proof Choose a smooth function ¢: R? — [0, 1] such that ¢(4) =0 and ¢(B) = 1
and a regular value ¢ € (0, 1). Then ¢~!(c) is a countable union of properly embedded
lines and simple closed curves. Each component of ¢~!(c) has a collar neighborhood
which is disjoint from the other components.

Let U denote the component of the complement of ¢~!(c) which contains B and let
X denote the frontier of U. Then X separates A and B and X consists of a countable
subcollection of the components of ¢ ~!(c), each of which is also a component of X .
The set U is the component of R? \ X which contains B. Each component L of X
separates R? into two open sets, one of which contains B and X \ L and the other of
which is disjoint from X and B.

Consider a curve y running from a point of A to a point of B and let L be the first
component of X which y intersects. The component L is independent of the choice
of y, since L separates A from all other components of X . It follows that 4 and B
are in different components of the complement of L since otherwise they could be
joined by a y which does not intersect L. |

Lemma 3.2 If U C R? is open and connected then each component Z of the com-
plement of U has connected frontier and connected complement.

Proof The complement of Z is the union of U with some of its complementary
components and is therefore connected. If the frontier W of Z is not connected then
by Lemma 3.1 there is a separation of W by a set ¥ C R? that is either a simple
closed curve or a properly embedded line. Since each component of R?\ Y intersects
the frontier of Z, each component must intersect both the interior of Z and R?\ Z.
Since Y is disjoint from the frontier W of Z, it is contained in either the interior of
Z orin R?\ Z. In the latter case Y separates Z and in the former case Y separates
R2\ Z. This contradicts the fact that Z and R?\ Z are connected and so proves that
the frontier of Z is connected. |

4 Normal form

Let N be the genus zero surface obtained from S? by blowing up each element of
P to a boundary circle and let 7p: N — S? be the “inverse” map that collapses
each boundary component to a point in P. Given F € Diff, (S 2. P) there exists a
diffeomorphism F’: N — N such that Frp = 7p F’. Identify N with a smooth
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subsurface of S? and extend F’: N — N to a diffeomorphism G: S? — S? (This is
possible by the isotopy extension theorem; see Hirsch’s book [18].)

[11, Theorem 1.2] states that a diffeomorphism G of a closed surface is isotopic relative
to its fixed point set to a homeomorphism with certain nice properties. The special case
that G is isotopic to the identity is considered in Lemma 6.3 of that paper. Together,
this theorem and lemma imply that for any diffeomorphism G: S? — S? there is a
(possibly empty) finite set R¢ of disjoint simple closed curves in S? \ Fix(G) and a
homeomorphism G;: S — S? that is isotopic to G rel Fix(G) such that:

(1g) There are disjoint open G—invariant annulus neighborhoods 4; C S2 \ Fix(G)
of the elements y; € R¢ .

(2G6) Each component C; of S?\ U A4, is G—invariant. Moreover, if Gi|c, #
identity then C; N Fix(G) is finite and Gy|c; is pseudo-Anosov relative to
C; NFix(G).

After removing extraneous elements of R if necessary we may also assume:

(3G) The elements of R are essential, nonperipheral and nonparallel in S2\ Fix(G).
For each Ay, if the restriction of G to each component of S2\ | J 4 j thatis
adjacent to A; is the identity, then G|4, is a nontrivial Dehn twist.

Any simple closed curve in S? that is fixed up to isotopy rel Fix(G) is isotopic
rel Fix(G) into one of the 4; or into one of the C; on which G restricts to the identity.
Applying this to the components of dN , there is a diffeomorphism H: S? — S? that
is isotopic to the identity rel Fix(G) and satisfies H(Rg) NN = &. After replacing
G with HG{ H~!, we may assume that each component of N is contained in an A4 j
orin a C; on which G restricts to the identity. After an isotopy of G; we may assume
that G restricts to the identity on d/N and hence that items (1) and (2) above hold
when Rg is replaced by Rg UdN . Let F] = G|y and let R be the set of simple
closed curves in N obtained from Rg N N by removing all peripheral elements. Then:

(1) There are disjoint open F' { —invariant annulus neighborhoods
Aj C N\ (0N UFix(F"))

of the elements y; € Rf-.
(2F7) Each component C; of N\ J 4; is Fj—invariant. Moreover, if F||c; # identity
then C; NFix(F’) is finite and Fy|c;, is pseudo-Anosov relative to C; NFix(F”).
(3Fr’) The elements of ‘R s are essential, nonperipheral and nonparallel in the space
N\ (ON UFix(F'")). For each A, if the restriction of F; to each component of
N\ 4; thatis adjacent to A; is the identity, then F||4, is a nontrivial Dehn
twist.

Geometry & Topology, Volume 16 (2012)



Entropy zero area preserving diffeomorphisms of S* 2201

Let X = (J(C; NFix(F')) where the union is taken over those C; for which Fi|c;
is not the identity. Blow up each element of X to a boundary circle forming a new
compact surface N* and let F* and F be the diffeomorphisms of N* induced
by F’' and F| respectively. Then F’ and F; are isotopic and F}" is in Thurston
canonical form because the nonidentity components are now pseudo-Anosov instead of
pseudo-Anosov relative to a finite set of fixed points. If there are any pseudo-Anosov
components, then the action of F:*, and hence F* on the fundamental group of N*
has exponential growth (see [5, Exposé 11, Section V, 5.1]). In this case, [1, Theorem 1]
implies that F*, and hence F’, and hence F, has positive entropy. This contradiction
implies that F|c, is the identity for each C;. Thus N \ | J A4; C Fix(F]) and we may
assume that F { |4, is a nontrivial Dehn twist about y; for each y; € Rp-.

Projecting via 7p to S we have shown that there is a finite collection R f of essential,
nonperipheral, nonparallel simple closed curves in S?\ Fix(F) such that F is isotopic
rel Fix(F) to a composition of nontrivial Dehn twists in the elements of R.

A result of Brown and Kister [2] implies that F preserves every component of M =
S2 \ Fix(F). Given a component M of M, let f = Flp;: M — M and let R
be the subset of R N M consisting of elements that are nonperipheral in M . If
R=RprpNM then Fi|ps is a composition of nontrivial Dehn twists along the elements
of R. If R # RpF N M then Fp|ps is isotopic to a composition of nontrivial Dehn
twists along the elements of R. In either case, f is isotopic to a composition of
nontrivial Dehn twists along the elements of R. The elements of R are the reducing
curves for f: M — M ; they are nonparallel and nonperipheral.

S An intermediate proposition

To clarify the logic of the proof of Theorem 1.2 we introduce Proposition 5.1 which
asserts the existence of a collection 4 of annuli satisfying the second, third and
fourth items of Theorem 1.2 plus two additional properties. What is missing from this
proposition is the fact that the elements of A are exactly the components of the set
W of weakly free disk recurrent points for f. The proof of this missing fact requires
renormalization and so comes at a later stage of the paper.

We have stated Proposition 5.1 in terms of a single component M of M instead of all
of M as in Theorem 1.2. This has obvious advantages and can be done without loss.

Proposition 5.1 Suppose that F € Diff, (S?, P) has entropy zero, has infinite order
and at least three periodic points. Suppose that M is a component of M = S?\Fix(F)
and that f = F|p: M — M . Then there is a countable collection A of pairwise
disjoint open f —invariant annuli such that:

Geometry € Topology, Volume 16 (2012)



2202 John Franks and Michael Handel

(1) For each compact set X C M there is a constant Ky such that any f —orbit that
is not contained in some U € A intersects X in at most Ky points. In particular
each birecurrent point is contained in some U € A.

(2) If z € M is not contained in any element of A then there are distinct components
F4(z) and F_(z) of Fix(F) so that w(F,z) C F4(z) and a(F,z) C F_(z).

(3) Foreach U € A and each component Cys of the frontier of U in M, Fy(z)
and F_(z) are independent of the choice of z € Cyy.

@) IfU € A, and f.: U. — U, is the extension to the annular compactification
(Notation 2.7) of U , then each component of dU, corresponding to a nonsingular
end of U contains a fixed point of f.

(5) A is the set of maximal f —invariant open annuli in M .

Note that it is not possible for M to be simply connected, since the Brouwer plane
translation theorem would then assert that F|ps has a fixed point in M . In the special
case that M is an annulus, A is the single annulus M . Items (1)-(3) and (5) are
obvious and item (4) follows from Lemma 5.1 of [11]. The constructions and analysis
needed for the case that M is not an annulus are carried out in sections 7 through 13.
The final formal proof of Proposition 5.1 occurs at the end of Section 13.

6 Hyperbolic structures

In this section we establish notation and recall standard results about hyperbolic
structures on surfaces. More details can be found, for example, in Casson and Bleiler [3].

Suppose that M is a connected open subset of S?2 that has at least three ends or
equivalently is not homeomorphic to either the open disk or open annulus. We say that
a simple closed curve T C M is essential if it is not freely homotopic to a point and is
inessential otherwise. Similarly t is peripheral if it is isotopic into arbitrarily small
neighborhoods of an end of M and is nonperipheral otherwise. Thus t is essential
if and only if each complementary component contains at least one puncture and is
peripheral if and only if one of its complementary components contains exactly one
puncture. We say that a properly embedded line in M is essential if it is not properly
isotopic into arbitrarily small neighborhoods of an end of M or equivalently if each
component of its complement contains at least one puncture.

If M has infinitely many ends then it can be written as an increasing union of finitely
punctured compact connected subsurfaces M; whose boundary components determine
essential nonperipheral isotopy classes in M . We may assume that boundary curves in

Geometry & Topology, Volume 16 (2012)



Entropy zero area preserving diffeomorphisms of S* 2203

M, are not parallel to boundary curves in M;. It is straightforward (see [3]) to put
compatible hyperbolic structures on the M; whose union defines a complete hyperbolic
structure on M in which all isolated punctures are cusps. Of course M also has such
a hyperbolic structure when it only has finitely many ends. In this paper, all hyperbolic
structures are assumed to be complete and all isolated punctures are assumed to be
cusps.

We use the Poincaré disk model for the hyperbolic plane H. In this model, H is
identified with the interior of the unit disk and geodesics are segments of Euclidean
circles and straight lines that meet the boundary in right angles. A choice of hyperbolic
structure on M provides an identification of the universal cover M of M with H.
Under this identification, which we assume throughout this paper, covering translations
of M are isometries of H and geodesics in M lift to geodesics in H. The compact-
ification of the interior of the unit disk by the unit circle induces a compactification
of H by the “circle at infinity” Sso. Geodesics in H have unique endpoints on S .
Conversely, any pair of distinct points on S, are the endpoints of a unique geodesic.

Each covering translation 7: H — H extends to a homeomorphism (also called)
T: HU Soo — HU S . The fixed point set of a nontrivial 7" is either one or two
points in Ss,. We denote these point(s) by 77 and 7, allowing the possibility that
TY=T".IfTT =T, then T is said to be parabolic; a root-free parabolic covering
translation with fixed point P is sometimes written Tp. If T and T~ are distinct,
then T is said to be hyperbolic and we assume that 77 is a sink and 7~ is a source;
the unoriented geodesic connecting 7~ and 77 is called the axis of T'. A root-free
covering translation with axis ) is sometimes denoted 75 .

Each essential nonperipheral simple closed curve " C M is homotopic to a unique
closed geodesic 7. For each lift T/ C H, the homotopy between 7/ and 7 lifts to a
bounded homotopy between 7' and a lift T of t which is the axis of a hyperbolic
covering translation 7. The ends of both lines 7/ and 7 converge to 7~ and T .

Similarly, both ends of a lift T/ of a peripheral simple closed curve t’ converge to a
point that is the unique fixed point of a parabolic covering translation; roughly speaking,
this fixed point is a lift of the isolated puncture of M that is encircled by t. Conversely,
if 7 is peripheral and 7 is a sufficiently small horocycle based at P then the image
T C M, which we call a horocycle in M , is a peripheral simple closed curve. Each
simple closed peripheral curve in M is isotopic to a (nonunique) horocycle in M .
Each essential properly embedded line in M is properly isotopic to a unique properly
embedded geodesic line.

Suppose now that f: M — M is ahomeomorphism. If /: M — M and g: M - M
are isotopic and f: H — H is alift of f: M — M, then the isotopy between f and
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g lifts to an isotopy between f: H— H and alift g: H— H of g: M — M ; we
say that f and g are equivariantly isotopic. A proof of the following fundamental
result of Nielsen theory appears in [17, Proposition 3.1].

Proposition 6.1 Every lift f : H — H extends uniquely to a homeomorphism (also
called) f: HU Sooc > HU Se. If f and g are equivariantly isotopic lifts of
JiM — M and g: M — M then f|s._ = gls,, -

For any extended lift ]7 : HU S — H U S there is an associated action f; on
geodesics in H defined by sending the geodesic with endpoints P and Q to the
geodesic with endpoints f (P) and ]7 (Q). The action j’; projects to an action fi on
geodesics in M . Proposition 6.1 implies that fz depends only on the isotopy class
of f. Similarly, if P is the unique fixed point of the parabolic covering translatlon
T then f (P) is the unique fixed point of the parabolic covering translation f T f -
There is an induced an action fi on isotopy classes of simple closed peripheral curves
in M that agrees with the induced action of f on isolated punctures in M . Note that
if a geodesic or isotopy class of a simple closed peripheral curve is equipped with an
orientation then its image under fx has a well-defined induced orientation.

The following results are well-known and follow easily from the definitions.
Lemma6.2 (1) Ifr; and 7)) are essential simple closed curves isotopic to geodesics
71 and T, respectively, then f(t}) is isotopic to t; if and only if fy(7) = 15.

(2) Ify; and y; are properly embedded lines properly isotopic to geodesics y; and
y2 respectively, then f(y;) is properly isotopic to y; if and only if fy(y1) = ya.

(3) Ift; and t), are simple closed peripheral curves encircling the punctures p; and
pa2 respectively, then f(7) is isotopic to t; if and only if f(p1) = pa.

Lemma 6.3 For any extended lift f : HU S — H U S and extended covering
translation T: H U Soo — H U S, the following are equivalent:

@))] fcommutes with T'.

() f fixes Tt or T™

(3) f fixesT+ and T™.

Proof (3) = (2) is obvious. If ]7 commutes with 7" then it preserves Fix(7")
mapping sources to sources and sinks to sinks. Thus (1) = (3). If f~ fixes an element
of Fix(T) then T and f T f ~1 are covering translations whose axes are asymptotic.
Since these axes are periodic, they are equal and so f fixes both elements of Fix(7").
Thus (2) = (3). |

Geometry & Topology, Volume 16 (2012)



Entropy zero area preserving diffeomorphisms of S* 2205

We conclude with a definition and lemma about isotopy of families of lines.

Suppose that p and o are essential properly embedded lines in M . We say that p and
o have geodesic-like or minimal intersections if they intersect transversely and if each
component of M \ (p U o) whose frontier is the union of an interval / C o and an
interval J C p contains at least one puncture.

Note that:

e If p and o are geodesics with respect to some hyperbolic structure on M then
p and o have geodesic-like intersections.

e If p and o have geodesic-like intersections and 4: M — M is any homeomor-
phisms then /(p) and /(o) have geodesic-like intersections.

Lemma 6.4 (1) If £ is a locally finite collection of disjoint essential properly
embedded lines in M that determine distinct proper isotopy classes, then the
elements of £ are simultaneously isotopic to their associated geodesics; ie there
is a homeomorphism g: M — M , isotopic to the identity, such that g(p) is
geodesic for each p € £. If the elements of £ are smoothly embedded then we
may take g to be a diffeomorphism.

(2) Suppose that £ and L are locally finite collections of disjoint essential properly
embedded lines that determine distinct proper isotopy classes. Suppose further
that each element of L is geodesic and that each element of £ has minimal
intersections with each element of L. Then there exists a diffeomorphism
g: M — M, isotopic to the identity, that preserves L and such that g(p) is
geodesic for each p € £.

Proof The proofs of [3, Lemmas 2.5 and 2.6] can be modified in a straightforward
manner to prove this lemma. The details are left to the reader. O

Remark 6.5 We will use the first two parts of Lemma 6.4 to modify metrics so that
certain given lines are geodesics in their isotopy classes. The key observation is that if
W is a hyperbolic metric on M and g: M — M is a diffeomorphism then v = g*u is
a hyperbolic metric on M and a line £ is geodesic in v if and only if g({) is geodesic

in W.

7 The endpoint maps @ and @ and annular covers

In this section we begin the proof of Proposition 5.1 in the case that M has at least three
ends. (The annulus case was considered following the statement of the proposition.)
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Equip M with a complete hyperbolic structure and identify the universal cover M
with the hyperbolic disk H as described in Section 6. Recall from Section 4 that f
is isotopic to a homeomorphism ¢: M — M that is supported on a finite union of
disjoint annuli and that restricts to a nontrivial Dehn twist on each annulus. We may
assume without loss that the core curves of these annuli, which make up the set R
of reducing curves for f: M — M, are geodesics. The full preimage in H of R
is denoted R. The closure of a component of H \ R in H is called a domain. If
‘R = @ then H is the unique domain but otherwise there are infinitely many domains.
The frontier of a domain is a union of elements of R. If R # @ then the closure of
a domain in H U S« intersects S in a Cantor set. The image of the interior of a
domain under projection to M is a component of M \ R.

For each domain C let ¢C be the lift of ¢ whose restriction to C is the identity outside
of a product neighborhood of the frontier. If C 1 and Cz are adjacent domains that
intersect in a common frontier component ¢ € R then ¢>C = Td¢>c where Ty is a
root-free covering translation with axis & and |d| > 0 is the degree of the Dehn twist
of ¢ around o. It is well-known, and straightforward to check, that a point P € Soo is
fixed by ¢C if and only if it is contained in the closure of C. Thus F1X(¢C ls..) is a
Cantor set if R # @ and is all of Seo if R = 2.

Lifting an isotopy between f and ¢ induces a bijection between the set of lifts f of Z
and the set of lifts ¢ of ¢. Thus J <> ¢ ifand only if f is equivariantly isotopic to ¢.
For each domain C let f be the lift of f* corresponding to ¢ . By Proposition 6.1,
fClSoo ¢C|Soo and so Fix( fC |s..) is equal to the intersection of the closure of C
with Soo.

The subgroup of covering translations that preserves a domain C is denoted Stab(é )
and called the stabilizer of C. A covering translation 7" is contained in Stab(é ) if
and only {T*} is contained in the closure of C (which is also equivalent to the axis
of T being contained in C). Lemma 6.3 implies that 7" € Stab(é ) if and only if T’
commutes with fc

Lemma 7.1 For each lift ]7 of f andeach X € H, a(f, X) and a)(f, X) are single
points in S NFix(f).

Proof The Brouwer translation theorem implies that w( ]7 X) C Soo. We assume
that w( f X) is not a single point and argue to a contradiction. It must be the case
that a)(f X) C SN le(f) If not, a nonfixed point z € a)(f X) would have a free
neighborhood whose intersection with H would be a free disk visited by the orbit of X
more than once (indeed infinitely often). According to [7, Proposition 1.3] this implies
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f has a fixed point in H ; a contradiction. Since w( ]7 , X) consists of fixed points it is
straightforward to see that it is also connected.

If Fix( f ) does not contain an interval we are done. Otherwise, Lemma 6.3 implies
that every covering translation with one endpoint in this interval commutes with f and
so preserves Fix( ]7 ). It follows that Fix( ]7 ) = Seo and so f is isotopic to the identity.
A proof of the lemma in this special case is given in [11, Proposition 9.1]. |

In addition to lifts of f to the universal cover H we will also use lifts of f to infinite
cyclic covers.

Definitions 7.2 Suppose that o is a closed geodesic that is either equal to an element
of R or disjoint from every element of R. For each lift 5, let 75 be a root free
covering translation with axis . Choose a domain C that contains & . (If 0 € R then
there are two choices but otherwise there is just one.) Since ]% fixes the ends of &, it
commutes with Tz by Lemma 6.3. The annular cover Ay is the closed annulus that is
the quotient space of (H U Sxo) \ T '+ by the action of T and fy: Ay — Ay is the
homeomorphism induced by fC For X € H alift of x € M, we denote the image of
X in Ay by X. If oz(fC, X) is not an endpoint of & then «a( fy, X) is a single point in
04, and similarly for w( fy, X).

Similarly, if & is a lift of an embedded horocycle ¢ C M then both ends of & converge
to a point P € So and there is a root free covering translation Tp that preserves o .
Let C be the unique domain that contains & . In this case, the annular cover Ay is
the half-open annulus that is the quotient space of (H U Sx) \ P by the action of
Tp and the boundary is a single circle denoted dA,. As in the previous case, f@
induces a homeomorphism fi: Ay — Ay . The end of A, corresponding to P projects
homeomorphically to the end of M circumscribed by o. We can compactify this end
exactly as in Notation 2.7 to form a closed annulus Ag, . There is an extension of f
(also called f5) to a homeomorphism of AS .

As the notation suggests, f is independent of the choice of C and, up to conjugacy,
the choice of lift &. The former follows from the fact that if C 1 and 52 contain ¢
then fC and fC differ by an iterate of 77 and the latter follows from the fact that if
o is replaced with S(c) for some covering translation S then C is replaced by S (C )
and T is replaced by ST5S™!.

Lemma 7.3 Suppose that o is a horocycle or a closed geodesic that is either equal to
an element of 'R or disjoint from every element of R.
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(1) For each closed geodesic o, Fix( fo |54, ) intersects both components of 04, . If
0 € R then fs isisotopic rel Fix( f5|54,) to a Dehn twist of the same index that
S twists around o . If 0 ¢ R then f, is isotopic rel Fix(fs |54, ) to the identity.

(2) For each horocycle o, Fix(fs|pa,) # .

Proof Suppose at first that ¢ is a lift of the closed geodesic o .

If 0 ¢ R then the closure of the domain C that contains & intersects both components
of Soo \ &F. The points in this intersection are fixed by f@ and project to fixed points
X,y for fs in different components of dA,. A geodesic & connecting X to ¥ in H
projects to the interior of an embedded arc & connecting X to y in A, such that f; (@)
is homotopic to & rel endpoints. It follows that f, is isotopic rel Fix( /o |54, ) to the
identity.

Ifo €R and C 1 and 52 are the domains that contain & then points in the intersection
of the closure of C; with S are fixed by ]751 and project to fixed points for fo in
one component of dA, and points in the intersection of the closure of C, with Seo
are fixed by fC and project to fixed points for fa in the other component of A . If
f twists with degree k around o then fc and fC differ by T~k S0 fo is isotopic
rel Fix( f|p4,) to a Dehn twist of index k. This completes the proof of (1).

The proof for (2) is similar. |

8 Reducing arcs in annular covers

In this section we recall, adapt and improve definitions and results from [11, Section 10],
where the assumption is that F is periodic point free and isotopic rel Fix(F) to the
identity as opposed to our current assumption that F has zero entropy and is isotopic
rel Fix(F') to a composition of Dehn twists on the elements of R. In particular, the
homeomorphisms fy: Ay — Ao of Definitions 7.2 are periodic point free in [11]
and are only fixed point free in our current context. Switching from periodic point
free to entropy zero requires a change in the proof of Lemma 8.9 but nothing more.
Allowing ‘R to be nonempty requires a fair amount of work, most of which is done in
later sections.

Of primary interest are the homeomorphisms f,: Ay — Ao of Definitions 7.2. We
frame the discussion more generally for clarity and for possible future applications.

Notation 8.1 We assume throughout this section that : 4 — A is a homeomorphism
of the closed annulus A that is isotopic to the identity and whose restriction to the
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interior A° of A is fixed point free and that xq, ..., x, are points in A° whose o —limit
sets «(h, x;) are distinct single points in d4 and whose w-limit sets w(/, x;) are
distinct single points in 4. Let X C A° be the union of the /4—orbits of the x; and let
A% = A°\ X be equipped with a hyperbolic structure as in Section 6.

Recall that a properly embedded line £ C A is essential if it is not properly isotopic
into arbitrarily small neighborhoods of some end of A°y and that each essential £ is
properly isotopic to a unique geodesic. The action of 4 on isotopy classes of properly
embedded lines in A% is captured by the map /4 on geodesics defined in Section 6.

Suppose that £ is a geodesic line in A’y that separates A° into two components, U
and V. Choose an isotopy rel X from 4 to A’ where h'(£) = hs({). The sets h'(U)
and A'(V) are independent of the choice of /4’ and we write h4(U) = h'(U) and
hg(V)=Hh' (V). Thus, hg(U) and hg(V) are the components of A°\ ry(£).

Remark 8.2 1In general, the hyperbolic metric on A% is unrelated to d4. The ends of
a geodesic £ C A% that is properly embedded in A° need not converge to single points
in dA. Even if the ends of £ and /4(£) converge to single points in dA, these pairs of
points need not be related by /|5,4. We will require that our hyperbolic metrics satisfy
certain extra properties (see Lemma 8.4) to guarantee some compatibility between the
metric and the boundary.

If an embedded path B C A° has endpoints in X but is otherwise disjoint from X
then the interior of B determines a properly embedded line £ C A°y . Proper isotopy
of £ in A°x corresponds to isotopy rel X of B in A°. If £ is essential (respectively a
geodesic) in A% then we say that B is essential (respectively a geodesic rel X ) in A°.
There is an induced map /4 on geodesics rel X in A° such that /4(B) is the unique
geodesic path in the isotopy class rel X of 4(B8).

Definition 8.3 An arc 8’ C A° connecting x € X to h(x) is called a translation arc
for x if A(B’)N B’ = h(x). If B’ intersects X only in its endpoints, then the geodesic
rel X in A° determined by p’ is called a translation arc geodesic for x relative to X .

Assume that f is a translation arc geodesic for x relative to X and let 8; = h# (B),a
translation arc geodesic for A/ (x) relative to X . If BT = Ufio Bj is an embedded
ray in A° that converges to w(/, x) then we say that 8 is forward proper with forward
homotopy streamline B . In this case, hy induces a self-map of BT that is conjugate
to a standard translation of [0, co) into itself.

Assume that B is forward proper with forward homotopy streamline B and let L™
be the unique geodesic line in A% that is properly embedded in A° and such that one
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of the components, V+,of A°\ LT contains Ux =1 Bj and intersects X exactly in
Uj'il hj (x). Topologically, L™ is just the boundary of a sufficiently small regular
nelghborhood of % j=1Bjin A°. Note that hg(L™T) is the unique geodesic line in A%y
that is properly embedded in 4° and such that one of the components of A°\ L™ contains
72, B; and intersects X exactly in | J;2, h}(x). In particular hg(L*) C V* and
hy(VT)C VT, Let clA(hJ (V1)) be the closure of h’ (V1) in A. If both ends of each
h (L") converge to w(h, x) and if M72o cla (h] (V+)) = w(h, x) then we say that
B has a forward translation neighborhood and that V' is the forward translation
neighborhood determined by S.

hy(LY)
x h(x) h2(x)
Backward proper homotopy translation arcs, backward homotopy streamlines B~ =

U]?io hy J (B) and backward translation neighborhoods V~ with boundary L~ are
defined similarly using / instead of 4~ !.

L+

Lemma 8.4 Assume that h: A — A, xq,...,x,, X and A% are as in Notation 8.1.
The hyperbolic metric on Ay = A°\ X can be chosen so that for each 1 <i <r there
are translation arc geodesics ﬁ:r and B; for some points, xl.+ and x;, in the orbit of

Xx; such that:

1 B l+ is forward proper and the forward homotopy streamline Bl.Jr has forward
translation neighborhood ViJr .

(2) B; isbackward proper and the backward homotopy streamline B;” has backward
translation neighborhood V™.

(3) The B, and hence the V=, are all disjoint.

Proof [11, Lemma 10.6] states that there are forward proper translation arc geodesics
B l+ and backward proper translation arc geodesics ;" such that the Bl.jE are all disjoint.
There are two issues that must be discussed before quoting that lemma. The first is
that in the context of [11], Per(h) = @ and R = &. In proving [11, Lemma 10.6],
the former is used only to conclude that Fix(#) = @ and the latter is not used at all.
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Since our / satisfies Fix(#) = @ by hypothesis, we are not quoting out of context. The
second issue is that the role of the hyperbolic metric was not explicitly mentioned in
either the statement or proof of [11, Lemma 10.6]. We attend to that now.

The accumulation set ¥ C dA4 of X is the union of the o and w limit sets of the
x;. Foreach y € Y, choose a decreasing sequence of closed half disk neighborhoods
U;(y) of y whose intersection is the single point y and whose frontier dU;(y) in A°
is disjoint from X . We may assume that if y # y’ € Y then the dU;(y) are all disjoint
from the dU; (") and all these lines determine distinct proper isotopy classes in Ay.
By Lemma 6.4(1), we can simultaneously isotope all of the dU;(y) to their associated
geodesics. We may therefore modify (see Remark 6.5) the given hyperbolic metric so
that all of the dU;(y) are geodesic. In particular, if a translation arc for an element of
X is contained in the interior of some U;(y) then the corresponding translation arc
geodesic is also contained in the interior of U;(y).

Having chosen the metric with the above properties on translation arc geodesics, the
proof of [11, Lemma 10.6] can be applied.

We must now arrange that each BiJr has forward translation neighborhoods and that each
B;” has backward translation neighborhoods. This will require a further modification
of the metrlc For each J > 0, choose a smooth properly embedded line 0+J such
that al 7 N B; * is a single point contamed in hJ (B Jr) and such that one of the two
complementary components V}+ of al 7 contains ) =741 h] (,3 ) and intersects X
exactly in (%2 =41 17 (xi). Assume further that both ends of each o 'y converge to
w(h, x) and that ﬂJ —ocla(Vy 'ty = w(h, x). Define 0; ; similarly. We may assume
that all of the 0 are disjoint. By Lemma 6.4(2), there is an 1sotopy of A% that
preserves each BjE and that moves each 0 Ty to the unique geodesic L T in its proper
isotopy class. We may therefore change the metric so that each G 4 is a geodesic
while maintaining the property that BjE is geodesic. This completes the proof of the
lemma. |

Further details on the constructions in the next definition can be found in [11, Sec-
tion 10].

Definition 8.5 Assume the metric on A% has been chosen as in Lemma 8.4 and
assume the notation of that lemma. The subsurface W = A°\ (X U Ui=, Vii))
is finitely punctured. We write dW = 94 W U d_W where 3. W = [J]_, 8VijE
Then hz(0+W)NW =@ and _W N hy(W) = @. We say that W is the Brouwer
subsurface determined by the ﬂli .

Let RH(W, 4+ W) be the set of nontrivial relative homotopy classes [t] determined by
embedded arcs (t,dt) C (W, d4+W). Denote t with its orientation reversed by —t
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and [—t] by —[t]. By a multiset T in RH(W,d+W) we mean a set, each element
of which is a copy of an element of RH(W, 0+ W). The multiplicity of an element
of RH(W,d4+W) in T is the number of copies of that element that appear in 7 .
An important tool in our analysis is a map that assigns to each finite multiset 7 in
RH(W, 04+ W) another finite multiset 24(7) N W in RH(W, 0+ W).

Choose a homeomorphism g: A°— A° that is isotopic to / rel X such that g(L) =
hs(L) for each component L of dW . For any arc t C W with endpoints on d4+ W,
g(7) is an arc in g(W) = hg(W) with endpoints on /(34 W); in particular, g(t) N
0_W = @ and dg(r) N W = @. Let ha(r) C hs(W) be the geodesic arc that is
isotopic rel endpoints to g(t). The components 7y, ..., 7, of hx(t) N W are arcs in
W with endpoints in 4+ W . Define hy([t]) N W = {[t1],...,[z/]}. It is shown in [17,
pages 249-250] that Ax([t]) N W is well-defined.

More generally if 7 is a multiset in RH(W, d4+ W) then we define ha(T) N W =
U[r]eT hs([t]) N W. Note that hu(-) N W can be iterated. Recursively define
()" (XD N W = (he)" " (e[ OW) N W

A finite multiset 7 in RH(W, 0+ W) is a fitted family if:
(1) The elements of 7 are represented by disjoint simple arcs.
(2) No element of RH(W, 0+ W) has multiplicity greater than one in 7 .
(3) If [t] has multiplicity one in 7 then —[t] has multiplicity zero in 7T .

(4) Forall n>0 and all € T, each element of A (t) N W is, up to a change of
orientation, a copy of some element of 7T .

The next lemma states that one gets the same answer by either iterating the intersec-
tion operator or by first iterating / and then applying the intersection operator once.
Following this lemma, we will write i} (z) "W for (hg)"([t) N W = (h")s([z) "W .

Lemma 8.6 Forall t € RH(W, 3. W), (he)"(c) "W = (h")s([c]) N W .

Proof The statement of this lemma is the same as that of [17, Lemma 5.4]. Although
the setting there is slightly different, the proof given there works here as well. O

Notation 8.7 Assume the notation of Lemma 8.4 and Definition 8.5. Let 7; C
RH(W,d4+ W) consist of one representative ([t] or —[z]) of each unoriented homotopy
class that is represented by a component of /" 4(8; )W for some n > 0. The elements
of 7; are represented by disjoint arcs. For any (not necessarily distinct) components L
and L, of dW, the number of elements of 7; with one endpoint on L; and the other
on L, is therefore at most two plus the number of punctures in W . This is because a
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region bounded by two such elements and segments of L; and L, must contain at
least one puncture. Thus 7; is finite. Since the fourth item in the definition of a fitted
family is satisfied by construction, 7; is a fitted family. We say that 7; is the fitted
family determined by B; . The fitted family determined by ,3;” is defined similarly.

In Section 4 we used the assumption that F: S? — S2 is smooth and has zero entropy
to conclude that f: M — M is isotopic to a composition of Dehn twists along disjoint
simple closed curves. Lemma 8.9 below (cf [17, Theorem 5.5(b)]) is the only other
place in which smoothness and the entropy zero hypothesis are applied.

Notation 8.8 We say that an element [t] € RH(W, 04+ W) eventually doubles if there
exists n > 0 so that A} ([z]) N W contains [r] with multiplicity at least two.

For the rest of the section we will assume that no element of RH(W, d4+ W) eventually
doubles. Before deducing implications of this assumption we show that it is satisfied
by our primary examples.

Recall that F € Diff,, (S?, P) has entropy zero, that M is a component of S2\ Fix(F)
and that f = F|ps. Recall also that F': N — N is a C* diffeomorphism of a closed
genus zero surface, that 7p: N — S? collapses components of N to points in P and
that mp F' = Frp. In particular F’ has zero entropy. If ¢ is a horocycle or closed
geodesic that is either equal to an element of R or disjoint from every element of R
then fo: Ay — A (respectively fo: AS — AS) is the homeomorphism of the closed
annulus given in Definitions 7.2.

Lemma 8.9 Assume that h = f;: A; — Ao (respectively fo: AS — AS ) is as in
Definitions 7.2 and that W is as in Definition 8.5. Then no element of RH(W, 04+ W)
eventually doubles.

Before proving the lemma we state a special case of a theorem of Yomdin [28]. Suppose
that i: N — N is a C* diffeomorphism of a compact surface and v C N is a smooth
path. Let |v|n be the length of v in N with respect to some smooth metric on N and
define the growth rate for the length of v with respect to h to be
log |h™ (v
gr(v, h) = limsup M
n

n—o0

Theorem 8.10 (Yomdin [28, Theorem 1.4]) Forany C*® diffeomorphism h: N — N
of a compact surface and for any smooth path v C N, gr(v, h) < entropy(h).
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Proof of Lemma 8.9 We assume to the contrary that there exist [t] € RH(W, 4+ W)
and n > 1 such [r] has multiplicity at least 2 in (fJ})#([r]) N W and argue to a
contradiction. The obvious induction argument on & implies that [t] has multiplicity
at least 2% in (f(f”')#([f]) nw.

We denote A, or AS by A. By construction, the universal covering projection H — M
factors through a covering projection 74: int(4) — M . Each smooth path v C int(A4)
projects to a smooth path 7, (v) C M whose length, with respect to the hyperbolic
metric on M , is denoted |75 (10)|pr. We will prove that there is a compact set My C M
and € > 0 so that for all k > 1 there are at least 2 disjoint subpaths ,u j of fé‘ (1) such
that 7 (uj) C Mo and |710(/LJ)|M > €. The paths s (7), Jr,,(f "(1)) and 7o (1)
lift via 7p to smooth paths 7/, F’ k"(t/ ) and [L respectively where the u are disjoint
subpaths of F’ k"(r/ ). Since the M are contamed in a compact subset of 1nt(N ) there
exists €’ > 0 so that each |u |n > €. Tt follows that the growth rate for the length of 7’
with respect to F’ is at least log(2)€’ contradicting Theorem 8.10 and the assumption
that F’ has entropy zero.

It remains to prove the existence of My and €. Assume the notation of Definition 8.5.
Let L, and L, be the components of d4 W that contain the endpoints of t. Recall
that the ends of L; converges to a single point in 04 .

As a first case suppose that L = L, and that v and the interval in L; connecting
the endpoints of 7 bound a disk D in A% . Choose an element x € X N D and a
compact essential subannulus 4; C A% that separates x from L. There are at least
2k subpaths p; of fg‘”(t) that cross A;. In this case we let My = 75(A41); the
existence of a uniform lower bound for |74 (;)|ar comes from the compactness of
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Ay, which implies that there is a uniform lower bound to |u;|4 and that the restriction
of my to A is bi-Lipschitz.

In the case that the ends of L; are in one component of dA4, and the ends of L, are
in the other, the same argument works with respect to a compact essential subannulus
A C A°; that separates L and L,.

The third case is that L = L, and that 7 and the interval in L; connecting the
endpoints of 7 define a simple closed curve that is essential in 4, . Choose a compact
essential annulus A3 C A% that is disjoint from L; U t. Choose disjoint half-disks
Dy, D, whose frontiers consist of intervals /; and I, in the component of dA, that
contains the endpoint of L and half-circles p; and p, that project to the same simple
closed curve p C M . Assume further that the closure of L is disjoint from D; and
D, . Choose thickened arcs J; and J, connecting p; and p, to the far component of
dA3. Thus Jy and J, overlap with A3 in rectangles that cross As.

There are at least 2K subpaths wj of ( ff”)(r) such that each p; either crosses Ji,
crosses J,, crosses As or is an arc with one endpoint on p; and the other on p,. In
this case we let M, be the union of 74 (J; U J, U A3) and a compact §—neighborhood
of p where § > 0 is so small that this neighborhood is a closed annulus. The existence
of a uniform lower bound for |74 (t;)|as comes from the compactness of J; U J, U A3
and the fact that if ;; has one endpoint on p; and the other on p, then |7y (14j)|ar
has endpoints in p but is not contained in the §—neighborhood of p.

The fourth and final case is that L; # L, have endpoints in the same component of
0A . The obvious modification of the argument from the third case applies here. O
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We now return to the more general context of this section.

Suppose that W is a Brouwer subsurface and that T € RH(W, 0+ W). We say that [1]
disappears under iteration if hj([t]) N W = & for some n > 0 and that 7 disappears
under iteration if each element in 7 does. If both endpoints of 7 are contained in a
single component L of d4+ W and the simple closed curve that is the union of T with
an interval in L does not bound a disk in A then we say that t is essential.

The next lemma is based on [17, Theorem 5.5(c)]. See also [11, Lemma 10.8].

Lemma 8.11 Suppose that W is a Brouwer subsurface and T is a fitted family as
in Definition 8.5. Suppose turther that T does not disappear under iteration and that
no element of T eventually doubles. Then there exists [t] € T such that hy([t]) " W
contains [t] with multiplicity one and does not contain —[t|; moreover, every other
element of hy([t]) N W disappears under iteration. If t has both endpoints on the same
component L of 0+ W then [t] is essential.

Proof Let I' be the directed graph with one vertex v; for each element [r;] € 7 and
with the number of oriented edges from v; to v; equal to the sum of the multiplicities
of [rj] and of —[t;] in hy([r;]) N W . By Lemma 8.6, there is a natural bijection between
the elements of 4% ([r;]) N W and the set of oriented paths in I' that have length n and
begin at v;.

Since no [t;] eventually doubles, each v; is contained in at most one nonrepeating
oriented closed path in I". The set ), of vertices of I" that are contained in at least
one oriented closed path is nonempty because 7 does not disappear under iteration.
There is a partial order on the vertices of I' defined by v; > v, if there is an oriented
path in I' from vy to v, but no oriented path from v, to vy. Choose v, € Vg so that
vp > vy implies that vy & V. Note that if v, > v, then [r,4] disappears under iteration.
Indeed, if it does not then there are arbitrarily long oriented paths in I' beginning with
vg so there must be an element v, € Vy such that vy > v, ; this contradicts v, > vy
and the choice of v,. Note also that if there is an oriented path from v, to v, but
Vp # Vg then vy is on the oriented cycle through v, and so is uniquely determined by
the length of the path from v, to vy.

Let n be the length of the unique oriented nonrepeating closed path p through v,.
Then A} ([tp]) N W contains exactly one element that does not disappear under iteration
and it is €[t,] where € = £1. To complete the proof of the lemma, it remains to show
that n =1 and e = 1.

Let vy be the endpoint of the unique edge in I' that begins at v, and is on the unique
oriented closed path through v, It is possible that v; = v, . Thus, either [rg] or —[z;]
is the unique element of /4([t,]) N W that does not disappear under iteration.
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For the remainder of the proof we make use of the end of the proof of [17, Theorem 5.5,
pages 253-254]. The case that 7, has endpoints on distinct components of 9 W is
treated in the last two paragraphs of that proof. (The labels ‘Eik in the diagram on the
bottom of page 253 are incorrect; they should be 7;*.) The argument given there applies
without change in our present context so we may assume that 7, has both endpoints
on the same component, say L, of 0+ W .

The endpoints of /4(zp,) are contained in the component of the complement of W
bounded by L. If h4(tp) intersects any other component of the complement of W' then
at least two elements of /4([tp]) N W would be represented by paths with endpoints
on distinct components of d4+ W . Since no such paths disappear under iteration, this
can not happen and we conclude that each element of /4([z,]) N W, and in particular
Ty, has both endpoints on L.

Both ends of L converge to the same component of dA. The argument given in [17,
page 253, first and second paragraphs] (which is a proof by contradiction) carries over
without change to this context and proves that 7, is essential. By symmetry, 7y is
also essential. If [7,] # [z,] then either the interval of L bounded by the endpoints of
Tp contains the interval of L bounded by the endpoints of 7, or vice versa. In either
case, there is a rectangle D C W bounded by 7,, 7y and intervals in L. It contains
finitely many punctures, each of which is mapped to the complement of W by all
sufficiently high iterates of /. Thus, for all sufficiently large k, h%"(D) does not
contain any punctures in W. It follows that either hi‘; "(ph)NW = hﬁ”([rs]) nw
or hﬁ”([tp]) nNw = hﬁ”([—rs]) N W. But ek[tp] (respectively [eKz,]) is the unique
element of hﬁ "([tp])) N W (respectively h]#f "([zs]) N W) that does not disappear under
iteration. This contradicts the assumption that [7,] # [z5]. We conclude that [7,] = [7;]
and hence that » = 1. Since / is orientation preserving and /4(L) is parallel to L, it
follows that ¢ = 1. O

Definition 8.12 Suppose that W is a Brouwer subsurface, that 7 is a fitted family
and that [t] € 7. Let L; and L, be the components of d W that contain the initial
and terminal endpoints w; and w, of 7 respectively. We say that [t] is peripheral if
one (and hence all) of the following equivalent conditions are satisfied:

(1) Some component of the complement of L{ U L, U 7 is contractible in Ay .

(2) There are rays Ry C Ly and R, C L, whose initial points are w; and wj
such that the line Rl_1 TR, can be properly isotoped rel X into arbitrarily small
neighborhoods of some end of A4°.

(3) If T is alift of t to H and Zl and Zz are the lifts of L{ and L, that contain
the endpoints of T then L and L, have a common endpoint.
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Our next result refines Lemma 8.11. It is based on [17, Lemma 6.4].

Lemma 8.13 Suppose that W, T and [t] are as in the statement of Lemma 8.11. Let
L1 =0V; and L, = 3V, be the (possibly equal) components of d+ W that contain the
initial and terminal endpoints vy and v, of t. Then:

(D) he([zh O W = {[z]}.
(2) If [7] is not peripheral then there are rays Ry C Ly and R, C L, such that
Rl_1 TR, is isotopic to an hy—invariant geodesic line (.

Proof To prove (1) we assume that (h4([c]) N W)\ {[z]} = {s1,...,Sm} is not empty
and argue to a contradiction. Lemma 8.11 implies that each s; disappears under
iteration and so, in particular, is represented by a path with both endpoints on L or
both endpoints on L,. As there is no loss in replacing / by an iterate, we may assume
that each Ax([s;)) N W = @.

We recall the alternate definition of /x([t]) N W given in [17, page 50]. Choose a
lift 72 HU Soo = H U S to the compactified universal cover of A%, choose a lift
T of v and for j = 1,2, let L; be the lift of L; that contains the endpoint 7; of
7. The lines h#(L ) are disjoint from the full preimage W of W . There are finitely
many components W; of W that separate h#(Ll) from h#(Lz) Any geodesic path
connecting h#(Ll) to h#(Lz) crosses through W, ina geodesic arc; the projection of
this arc to W determines a well-defined element of RH(W, 0+ W) and the multiset of
these elements, obtained by varying /, is exactly hx([z]) N W.

Since [t] € h4([z]) N W, we may choose i so that h}'(’f) crosses L and Izz in that
order. For future reference, note that hﬁ (7) crosses hu(Ly), L1, Lo, and hz(L,) in
that order.

Intersection of izv#(%') with W decomposes h#(7) into an alternating concatenation
of subpaths fiy whose projections 1y C A° represent elements of hy([z]) N W and
subpaths V; whose projections vy are contained in V; \ hg(Vj) for j =1 or 2. We
assume without loss that some s;, say s;, has both endpoints in L; and hence that
some [j ,Say [1,1s apathin W that represents s; and in particular has both endpoints
in L. Tt follows that at least one of the v is contained in V; \ sx(V}) and has both
endpoints in L. Note that this is true not only for }7# (7) but also for any geodesic path
that connects E#(Zl) to Z#(Zz). In particular, hﬁ () contains a subpath in V; \ ha(V7)
with both endpoints in L.

Let L’ and L/ | be thelifts of L; that contain the endpoints of [i; . Since A4([si)NW =
&, any geodesw path connecting h#(L/ ) to h#(L/ ') projects to a path in V7 \ hs(V7)
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with both endpoints in /4(Vy). Since h#(L’ ) and h#(L” ) separate /2 (Ll) from
hz(Lz) hz([ ]) contains a subpath in V7 \ hx(V7) with both endpoints in h#(Vl) But
S1 = V1 \ hg(V7) is a once punctured strip. A geodesic arc in S7 with endpoints in
Ly can not be disjoint from a geodesic arc in S; with endpoints in sx(L). Since
hﬁ () is an embedded geodesic arc, we have reached the desired contradiction and so
have proved (1).

Let & be the subpath of }7#(?) that connects E#(Zl) to Zl and let o be its image in
A°. We now know that ¢ is an arc in S; with one endpoint in L and the other in
hs(L1). Since S is a once punctured strip, one of the complementary components of
o in S is unpunctured. There are rays R’ C Ly and R” C hy(L;) so that R~ 'oR”
is peripheral. Lifting this back to the universal cover, we have that L, and h#(Ll)
are asymptotic. Their common endpoint Py is a fixed point for h|S . Symmetrically,
one of the endpoints P, of L2 is fixed by h and we let i 1L be the geodesic connecting
Py to P, (which are distinct points because [z] is not peripheral). This completes the
proof of (2). O

Definition 8.14 An embedded arc p C A that is disjoint from X and that has endpoints
in Fix(/|g4) is a reducing arc for h rel X if it is h—invariant up to isotopy rel X and
rel its endpoints and is nonperipheral in the sense that it is not homotopic rel endpoints
and rel X into d4.

The following lemma is similar to [11, Proposition 10.10]. The conclusions of the
lemma are more detailed than those of that proposition and apply to / and not just
some iterate of /1. Lemma 7.3 implies that condition (b) below is satisfied in the special
case that i1 = f; for 0 € R. Note also that if (b) is satisfied then all reducing arcs
have their endpoints on the same component of d4.

Lemma 8.15 Assume that the hyperbolic metric on A% has been chosen as in
Lemma 8.4 and that ,BljE and Vl.jE are as in that lemma. Let W be the associated
Brouwer subsurface and assume that no element of RH(W, 04+ W) eventually doubles.
Let o = U;=1 a(h, x;) and w = ULI w(h, x;). Assume that for each component
;A of 04, oy =N d; A and w; = w N d; A have the same cardinality ¢; and that if
¢; > 1 then the elements of a; and w; alternate around d; A. Then:

(1) There is a reducing arc p for h with respect to X .

If either one of the following conditions is satisfied,
(@ r=1,

(b) if x and y are fixed points in different components of dA then h is isotopic
rel{x, y} to a nontrivial Dehn twist,
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then:

(2) Foreach1<i =<r, a(h,x;) and w(h, x;) belong to the same component of 0A.

(3) Foreach 1 <i <r, there is a reducing arc p; whose endpoints are «(h, x;) and

w(h, x;).

(4) Foreach 1 <i =r, there is a translation arc geodesic fB; for x; such that
B; = U;i_oo h# (Bi) is a properly embedded line whose initial end converges
to a(h, x;) and whose terminal end converges to w(h, x;).

(5) The B; are disjoint.

Ifr=1:

(6) There is a unique translation arc geodesic for x1 .

Proof For each 7, let 7; be the fitted family (Notation 8.7) determined by f;.

To prove (1), it suffices to show that there is a properly embedded nonperipheral line
¢ C A%, whose initial and terminal ends converge to elements of Fix(/|3,4) and such
that /1(£) is properly isotopic in A% to £. The proper isotopy can be chosen so that it
extends by the identity on dA so we can take p to be the closure of £ in A.

If 7; disappears under iteration then the homotopy streamline B; = Jy>_ . h (B;) is
a properly embedded /x—invariant line whose ends converge to a (%, x;) and w(h, x;)
and we let £ be the line obtained by pushing B; off of itself; there is always at least
one direction to push that results in a nonperipheral line. If 7; does not disappear under
iteration, let [t] € 7; satisfy the conclusions of Lemma 8.11 and let L, and L, be the
components of d4+ W containing the initial and terminal endpoint of t respectively.
We claim that [z] is not peripheral (Definition 8.12). This is obvious if w(k, xp)
and w(h, x4) belong to distinct components of dA. If L, = L, this follows from
Lemma 8.11, which asserts that [z] is essential, and the assumption that the component
of 04 that contains w(/, xp) = w(h, x4) intersects « nontrivially. In the final case,
w(h,xp) # w(h, x4) belong to the same component of dA4 and so are separated in
that boundary component by elements of «; again 7 is not peripheral. Lemma 8.13
implies that there are rays R, C L, and R; C L4 such that £ = R;erq, whose
ends converge to w(h, xp) and w(h, x4), has the desired properties.

We now turn to the proof of (4). It suffices to show that each 7; disappears under
iteration. We assume that some 7; does not disappear under iteration and, continuing
with the above notation, argue to a contradiction. Note that w(/, x,) and w(h, x4) lie
on the same component, say dgA, of dA. This is obvious for (a) and holds for (b)
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because p has endpoints w(h, xp) and w(h, x4) and is isotopic to /(o) rel endpoints.
Denote the other component of 04 by d; 4.

Let 1 be the geodesic determined by £, let Y be the component of A% \ 1 whose
closure contains d; A and let Z be the other component of A% \ 1. Since Z is not
contractible, it contains at least one orbit of X .

We claim that Y also intersects, and hence contains, an orbit of X'. If p # ¢ this
follows from the fact that the endpoints w (4, xp)and w(h, x4) of £ separate oo N dpA.
Suppose then that p = q. Since p is hy—invariant and disjoint from B;", each element
of 7; is represented by an arc that is disjoint from . Since £ can be isotoped to be
disjoint from 9V, but cannot be isotoped into V;*, u is disjoint from V,* and hence
disjoint from v U Vq+. Since 7 is essential (Lemma 8.11) Y contains VqJr and hence
the orbit of x,. This completes the proof that both ¥ and Z contain an orbit of X'.

If » =1 then we have reached the desired contradiction and so have proved (4) in this
case. Arguing by induction on r, we may assume that r > 1 and that if one works
relative to X NY or relative to X N Z then 7; disappears under iteration. In other
words, if x; € Y (the argument for x; € Z is symmetric) then for all sufficiently large
n, hy(B;) is isotopic rel X NY to an arc y;, C V; C Y. Since p is hy—invariant,
hy(B;7) C Y. Itis a standard fact that the isotopy rel X N'Y of 2y (B;) to y;, can
be taken with support in Y. It follows that this isotopy is rel X which implies that
hy(B;") C Vi in contradiction to the assumption that 7; does not disappear under
iteration. This completes the proof of (4).

Items (3) and (5) follow from (4). If r =1 then (2) follows from our assumption that
o and w; have the same cardinality. If (b) is satisfied then (2) follows the fact that
a(h, x;) and w(h, x;) bound a reducing curve. Thus (2) is satisfied.

To verify (6), let B; and B; be as in (4) and denote h# (B1) by B1,j. Thus B} =
Une_o B1.j and hy(B1,j) = Bi,j+1. We assume that there is a translation arc geodesic
d # B1,0 for x and argue to a contradiction. Let 7 be the maximum initial segment of
6 whose interior is disjoint from B; and let y be the terminal endpoint of 7. Let v be
the maximum initial segment of /4(8) whose interior is disjoint from B; and let z be
the terminal endpoint of v. If y € X then z = h(y); otherwise y is in the interior of
some B, and z is in the interior of By ;41.

If y & B1,—1UpBi,0 then the endpoints of 1 and v are linked in B in contradiction to
the fact that the interiors of 1 and v are disjoint and lie on the same side of B;. We
may therefore assume that y € 1, _; U B o. In this case, the endpoints of 1 and v
bound intervals I; and 7, in B; that meet in at most one point. It follows that either
the simple closed curve nU I, or the simple closed curve v U /), is inessential in 4 and
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so bounds a disk that is disjoint from X in contradiction to the fact that these simple
closed curves are composed of two geodesic segments. This completes the proof that
B1 is the unique translation arc geodesic and hence the proof of (6). |

We conclude this section by applying Lemma 8.15 to the specific class of annulus
homeomorphisms that concern us in this paper. Note that the statements are purely
topological and so are independent of hyperbolic metrics used in their proofs.

Corollary 8.16 Suppose that 0 € R and that f;: A; — A is as in Definitions 7.2.
Let A°; = int(Ay). Then there do not exist X1,X, € A"y such that a(fy,X;) and
o( fo,X,) are contained in one component of 0A, and o( fy, X,) and w( f5,X1) are
contained in the other component of 0A .

Proof Let X C A% be the union of the fo—orbits of X; and X, and assume that
A%\ X is equipped with a complete hyperbolic structure as in Section 6. Let W
be a Brouwer subsurface as in Definition 8.5. Lemma 8.9 implies that no element
of RH(W, d4+ W) eventually doubles. If there exist X1, X € A, such that «( fy, X1)
and w( fy,X,) are contained in one component of dA, and «( fi, X») and w( f5,X1)
are contained in the other component of dA., then the hypotheses of Lemma 8.15
are satisfied with r = 2 and ¢y = ¢y = 1. Lemma 7.3 implies that condition (b) of
Lemma 8.15 is satisfied and hence by item (2) of Lemma 8.15 that for i =1, 2, a(h, x;)
and w(/, x;) belong to the same component of dA, . This contradiction completes the
proof. |

The next corollary states that if there is twisting across an annular cover then orbits that
start and end on one boundary component can not get to close to the other boundary
component.

Corollary 8.17 Suppose that h: A — A is either

(1) fo: Ag — Ay for some o0 € R, or

(2) fo: AS — A for some horocycle o corresponding to an isolated end of M .

Let dgA and 01 A be the components of dA. In case (2) assume that dg A is the unique
component of 0A and that if Fix(fs|5, 4) # @ then f, is not isotopic to the identity
rel Fix(f5|9.4). Then there is a neighborhood of 01 A that is disjoint from the h—orbit
of any X € A for which both «(h, X) and w(h, X) are contained in dg A .
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Proof If the corollary fails then there exist £; — P € 3; A with a(h, %¢), w(h, %7) €
doA. After replacmg h by some 4™ we may assume that the rotation number of /|, 4
is less than 1 7- In particular there are intervals J; C J, C J3 in 9,4 connectlng P
to h(P), hz(P) and h3(P) respectively. These intervals will be trivial if P is fixed
by / and nontrivial otherwise. Additionally, after possibly increasing m further, we
may assume (Lemma 7.3) that if 5 is a path connecting a fixed point in dgA to P then
h(n) is not homotopic rel endpoints to the path obtained by concatenating n with Jj.

Choose contractlble neighborhoods U, of J, in A such that U1 - U2 C U3 and such
that h(U,) C U,+1 Choose lifts P € U1 C U2 C U3 in HU Sy and let 7 be the lift
of & such that h(P) € U1 After passing to a subsequence, X; — Pliftstoa sequence
X; — P such that X;, h(xt) el 1 forall z. Recall that a translation arc for X; is a path
from X Xt to h(xt) that intersects its h—lmage only in h(xt) There is a translation arc
St - U2 for X Xt by [17 Lemma 4.1]. Let 8, C U2 be the prOJected image of 8, Since
h(ét) U 5t C U3, h((S,) N 5, is the projected image of h(S,) N 8t Thus 5, C U2 is a
translation arc for X;. We now fix such a X; and drop the ¢ subscript.

Assume the notation of Lemma 8.15 applied with r =1, x; =X, ¢ = 1 and ¢; = 0.
Lemma 8.9 implies that the hypothesis of Lemma 8.15 are satisfied. The homotopy
streamline B produced by item (4) of Lemma 8.15 can be thought of as an arc ji with
initial endpoint oz(h X) and termlnal endpoint a)(h X). Let [ig be the initial subpath of
i that ends with X; and let vV C U 1 be a path connecting X; to P. The path = /,Lov
connects a(h x) € dgA to PedA. By the uniqueness part of Lemma 8.15(6), §
is isotopic rel X to the subpath of i connecting X to /(X). It follows that the path
7~ 'h(7) connecting P to h(P) is homotopic rel endpoints to 5~18h(9) C U,. Hence
h(7) is homotopic rel endpoints to 7.J; . This contradiction completes the proof. O

9 w-lifts

We assume throughout this section that R # . Recall from Section 7 that the closure
of a component of H \ R in H is called a domain. We will assign a domain or a pair
of domains to each X € H based on its forward f —orbit. By symmetry, we can assign
a domain or a pair of domains to each X € H based on its backward ]7 —orbit. In the
next section (Corollary 10.4) we show that these two methods give the same domain or
pair of domains when x is birecurrent.

Suppose that C is a domain and that & € R is a frontier component of C. Let Iz be
the component of S \ Fix( f@) bounded by the endpoints of 5. We write 65 for
o equipped with the orientation which makes every point in /z move away from the
backward endpoint of & toward the forward endpoint of ¢ under the action of ]75
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Equivalently, the orientation on & is chosen so that a turn from inside C along 0 in
the direction (left or right) of the Dehn twist of f* across o has one moving toward the
forward end of 5.

We say that a pair of disjoint oriented distinct geodesics in H are antiparallel if either
of the following conditions is satisfied:

e The four endpoints in S are distinct with the pair of initial endpoints separating
the pair of terminal endpoints.

¢ The initial endpoint of one of the geodesics equals the terminal endpoint of the
other.

Lemma 9.1 The orientations on ¢ induced from the two domains that contain it are
opposite.

Proof This follows from the fact that left (or right) turns from the two domains
containing ¢ result in motion in different directions along o . O

Recall from Lemma 7.1 that for all lifts f andall X € H, a(f, X) and w(f, X) are
single points in Seo N Fix(f).

Lemma 9.2 Suppose that C, and C2 are domams with intersection & ,
f, = fC and that X € H. Ifa)(fl,x) £ 0 ot ¢, then a)(fz,x) = 0+~ = 5‘51.
Symmetncal]y, 1foz(f1 ,X)#0o e then a(fz, X)=0 G = &+C1

Proof Let 75 be the root free covering translation with axis 6 and orientation induced
by C;. Then f})' = Tad” J{', where d > 0 is the degree of Dehn twisting about R. By
hypothesis and by Lemma 9.1,

a)(fl,)?) #5’4_51 :5_62 = Ta«_
Since ]7;” (X) converges to ( ﬁ,)?) it follows that T é’” ]71" x)—>T. 5"'. This in turn

proves that w( f>,X) = 5+52' a

Lemma 9.3 There is a constant D; > 0 so @at for all donlains C andallX € H
such that dist(X, C) > Dy, at least one of a(fz,X) and ([, X) is an endpoint of
the component & of dC that is closest to X .

Proof Up to the action of covering translations there are only finitely many elements

of R. Thus, if the lemma is false there exists a domain C and a frontier component &
of C and a sequence X € H such that:
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e 0 is the component of dC closest to Xy.
¢ Neither (x(fé, X)) nor w(]%, X)) is an endpoint of & .
o dist(%, C) > oo.

Consider the annular cover A, and the induced map f5: A; — Ao . Let Xj be the
image of X in A5 . By the second item,

a( [z %) o( [z, %) € Fix(fz) N (Soo \ TE):

in particular a( fC, Xr) and o( fC, Xr) belong to the same component of Seo \ T =

because Fix( fc) N Seo consists of ends of C in Seo and C lies on one side of o . It
follows that a( f5, X;) and w( fo, X)) belong to the same component of dA4, . From
the first and third items we conclude that every neighborhood of the other component
of dA, contains X for all sufficiently large k in contradiction to Corollary 8.17. O

For C a domain and D > 0 we let Np (C~' ) be the set of points in H whose distance
from C is less than or equal to D.

Corollary 9.4 Suppose that D is the constant of Lemma 9.3, that C is a domain and
that X € H. If neither oz(fc, X) nor a)(fc, X) is an endpoint of a component of aC
then fC (X) € Np, (C)

Proof This is an immediate consequence of Lemma 9.3. |

Corollary 9.5 Forall X € H either:

(1) There is a domain C such that o( ]75 X) is not an endpoint of a component of
aC.
(2) There is a component ¢ of R such that both a)(fC ,X) and a)(fC ,X) are

endpoints of &, where C1 and C2 are the two domams that contain ¢ in their
boundaries.

Moreover, if (1) is satisfied then C is unique and (2) is not satisfied and if (2) is satisfied
then & is unique and (1) is not satisfied.

Remark 9.6 Suppose that A is a closed F—invariant annulus in S2 such that Fix(F)
is disjoint from the interior A° of A but intersects both components of dA4. If F|4 is
isotopic to the identity rel Fix(F'|4) then the core curve o of A is not an element of
R and item (1) of Corollary 9.5 is satisfied for each X € H that projects into A°C M .
In the remaining case, F'|4 is isotopic rel Fix(F|4) to a nontrivial Dehn twist, 0 € R
and item (2) of Corollary 9.5 is satisfied for each such X.
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Remark 9.7 In case (2), we expect (but have not proven) that w( fC~'1 ,X) and w( f@z, X)
are distinct endpoints of & .

Proof of Corollary 9.5 The moreover part of Corollary 9.5 follows from Lemma 9.2
and the obvious induction argument. It therefore suffices to find C satisfying (1) or &
satisfying (2).

Choose a domain C FIf o fcl, , X) is not an endpoint of a component of BC ! we are
done. Otherwise, a)( jcl, ,X) is an endpoint of a component 5, of 9C; and we let C /
be the domain whose intersection with C fis aq. If a)(C !, X) is either not the endpomt
of a component of 8C ! oris an endpomt of &1 we are done. Otherwise, let C ! be the
domain whose mtersectlon with C ! is the component &, of 8C ! whose endpomt set
contains w( fcf X). Iteratmg this procedure we either reach the desued conclusion or
produce distinct domains C . such that w( fC, , X) is an endpoint of & = C . N C]; e
For all sufficiently large k, a( fc/ ,X) is an endpomt of 6x_; by Lemma 9. 3

Let fi: Ay — Ay be the homeomorphism of the annular cover determined by &y, let
fk = fC/{ and let d_A4; and 8+Ak be the components of dA; that contain points
that lift into the closure of C . and CIQ 41 respectively. As usual, X € Ay is the
image of X € H. Then «( f, x) € 0_Ay and a)(fk X) € 04 Ay . The former follows

from the fact that «( fk X)) € Fix( fk) N (Soo \ T = ) and the latter from the fact that
O(frt1. %)) € Fix(fr41) N (Soo \ Ti)

Choose j </ so that 6; and 67 project to the same element o € R but 6% projects to
a different element of R for all j <k < /. Choose an arc T C H with one endpoint on
o;, the other on 6; and with interior disjoint from 6; U6;. Then 7 projects to a path
T C M with endpoints in ¢ and with interior disjoint from o. Since o disconnects
S2, both ends of 7 belong to the same component X of S2\R. Let Y # X be the
other component of S2\ R that contains ¢ in its closure. The interiors of the domains
C]+1 and Cl both project to X and the interiors of C] and C1+1 both project to
Y. A covering translation 7 satisfying 7' (oj) = oy also satisfies T(CJ+1) = C[ and
T(Cj) = Cl+1. It follows that

Tf7+1T_1 Zﬁ and TﬁT_l =]7;+1.
Letting y = T(X), we have
o(f1.7) = To(f;11.%) € Fix(f) N (S0 \ TE).
a(fi11.5) = Ta(f;. %) € Fix(fi+1) N (Soo \ TZ)

Thus w(f;, y) € 0—A; and a( f,X) € d+ A;, which contradicts Corollary 8.16 and
the fact that «( f7,X) € 0—A; and w(f;,X) € 0+ A;.
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The process therefore terminates after finitely many steps. |

Definition 9.8 If Corollary 9.5(1) is satisfied then we say that C is the w—domain for
X and fC the w-lift for X. Otherwise, Corollary 9.5(2) is satisfied and we say that G
and C, are the w—domains for X and fC1 and fC2 are the w-lifts for X .

Corollary 9.9 Let D, be the constant of Lemma 9.3.

(1) IfC is the unique w—domain for X then ]%’(55) € Np, (6 ) for all sufficiently
large n.

2) If Cl and C2 are w—domains for X with intersection & € R then f 1 (x) €
Np, (C1 U Cz) fori = 1,2 and all sufficiently large n.

Proof If C is the unique w—domain for X and (1) fails then there exist arbitrarily
large n such that fC”(?c) & Np, (5 ). The component &, of dC that is closest to
jC”(x) takes on infinitely many values as n — oo. By restricting to large 7, we may
assume that o( fC, X) is not an endpoint of G,. By hypothesis, o( fC, X) is not an
endpoint of &,. This contradiction to Lemma 9.3 completes the proof of (1).

Suppose now that (2) fails. Since fC and fC differ by an iterate of 75 and since T
preserves both C 1 and Cz, it follows that

f!z (X) € Np,(C, UC,) if and only if fﬁ (X) & Np, (C U Cy).

We may then assume that there exist arbltrarlly large n such that f % (X)¢Np, (C 1 UC2)
and such that the component &,, of 9C that is closest to f@ (%) is 1not o . Since f & (%)
converges to an endpoint of &, 7, takes on infinitely many values as n — co. By
restricting to large n, we may assume that o( fC1 Lx) is not an endpoint of G,. This
contradicts Lemma 9.3 and the assumption that w( f51 ,X) is an endpoint of & # G,. O

We record the following observation for easy reference.

Lemma 9.10 If f@k" (X) e Np (5) for some D > 0 and some k; — oo then C is an
w—domain for X .

Proof It suffices to show that if w( fc, X) is an endpoint of & € R and C' is the other
domain whose frontier contains & then w( fC,, X) is an endpoint of &. The covering
translation 7% preserves Np (C ). Since the maps fc,' and f~k’ differ by an iterate
of T, it follows that f~kl (X) e Np (C) and hence that a)(fc,, X) lies in the Cantor
set of ends of C and in the ends of C’. Since the ends of & are the only points in the
intersection of these Cantor sets, ( fC,, X) is an endpoint of & . |
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10 Domain covers

Let C be a domain and let C be its image in S'. Recall that Stab(C ) is the subgroup of
covering translations that preserve C and that elements of Stab(C ) commute with fC.
We cannot restrict f to C because C is not f—invariant and we can not replace f
by an isotopic map that preserves C because we might lose the entropy zero property.
Instead we lift to the 71 (C) cover C of S. More precisely we make the following
definitions.

Definitions 10.1 Define C to be the quotient space of H by the action of Stab(C ) and
fc: C — C tobe the homeomorphism induced by ]’ ~ . Up to conjugacy, fc: C — C
18 1ndependent of the choice of lift C of C. Define C core C C to be the quotient space
of CCH by the action of Stab(C).

Standing notation 10.2 Our convention will be that if X € C then its image in M is
x and its image in C is X.

Note that Ccore iS homeomorphic to C and that if R # & then (topologically) Cis
obtained from CCOre by adding collar neighborhoods to each component of 9C core -
Note also that fc is isotopic to the identity.

If C is both an @—domain and an w—domain for X then we say that C is a home
domain for X. Denote the set of birecurrent points for f and fc by B(f) and
B(fc) respectively. Denote the full preimage in H of B(f) by B (f). The following
proposition, whose proof is delayed until the end of the section, is the main result of
this section.

Proposition 10.3 If C isan w—domain for X € B( /) then X € B(f¢) and Cisa
home domain for X. Moreover if @( fz, X) is an endpoint of G € R then &(fz,X) is
also an endpoint of & .

As an immediate corollary we have:

Corollary 10.4 For each X € g( f) one of the following is satisfied:
(1) There is a unique home domain C for X; neither a(fc, X) nor a)(fC, X) is the
endpoint of a component of aC.

(2) There are two home domains C1 and 52 fO£ X. The intersgction 51 N 52 is a
component & of R and fori = 1,2, both &(f@ ,X) and J)(fa , X) are endpoints
ofo.
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The following definition is key to the proof of Proposition 10.3.

Definition 10.5 A covering translation 7: H — H is a near-cycle of period m for
X € H with respect to f ~ if there is a free disk U for f and a lift U that contains X
such that fcm(x) eT (U ). If m is irrelevant then we simply say that T is a near-cycle
for X € H with respect to ]’C

Remark 10.6 It is an immediate consequence of the definitions thatif 7: H — H
is a near-cycle of period m > 0 with respect to fa for X then it is also a near-cycle
of period m with respect to f& for all points in a neighborhood of X. Moreover, it is
clear that by shrinking the free disk U slightly to Uy, we may assume that cl(Up) is
contained in a free disk and we still have fcm(x) eT (UO)

Remark 10.7 A point X € H has at least one near cycle with respect to ]75 if and
only if its image x € M is free disk recurrent.

Remark 10.8 The only near-cycles for X € H with respect to fC that we make use
of are those that are contained in Stab(C ).

The following lemma is essentially the same as [11, Lemma 10.5]. We reprove it here
because our assumptions have changed.

Lemma 10.9 If T € Stab(C ) is a near-cycle for X € H with respect to ]’~ then
cx(fc, X) and a)(fC, X) can not both lie in the same component of Seo \{T T, T™}.

Proof If T is parabolic let & be a horocycle preserved by T ; otherwise let ¢ be the
axisof T. From T € Stab(é ) it follows that & is either an element of R or disjoint
from R. Let Jfo: Ae — Ao be as in Definitions 7.2. We assume the result is false and
argue to a contradiction. By Lemma 8.9, we may apply Lemma 8.15 with & = f5,
r =1 and X; the image of X in A,. Assume the notation of that lemma. The lifts
By and B/ of B1 that contain X and T'(X) respectively are disjoint and f —invariant
up to isotopy rel the orbits of X and T'(X). [11, Lemma 8.7(2)] implies that 81 and
B’ have parallel orientations. But it follows from the fact that the endpoints of B are
oz(fc, X) and a)(fc, X) and the endpoints of B’ are Toc(fC, X) and Ta)(fC, X), that
these four points must occur in a configuration in S, which in turn implies that B 1
and Ei have antiparallel orientations. This contradiction completes the proof. |

Remark 10.10 In the case that the covering translation 7" is parabolic, Lemma 10.9
asserts that at least one of a(fz, X) and w(f&,X) must equal T*.
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Lemma 10.11 Suppose C is an w—domain for X, that a)(fc, X) is an endpoint of
o€ R and that X is fc —recurrent. Then every near cycle T € Stab(C ) for a point in
the fC —orbit of X is hyperbolic with axis & .

Proof To simplify notation we write ]7 = f~C There is no loss in assuming that 7" is
anear cycle for X. Let U be the free disk with h respect to which 7 is defined, let U be
the lift of U containing X and let n satisfy f "(X) e T(U ). There is a neighborhood
x € V. C U such that f"(V) C U. Let V be the lift of V contained in U . By
Remark 10.6 we may assume that the diameter of U in the hyperbolic metric is finite.

If a( f , X) is an endpoint of gN{ then Lemma 10.9 and the fact that & C C complete the
proof. Suppose then that «(f, X) is not an endpoint of & and in particular, a(f, X) #

o(f,X).

Since X is f —recurrent, there exist n; — oo and S; € Stab(C ) such that f ni(X) e
Si(V) c S,(U) From f”(S, V)= S,f”(V) C S;T(U) we see that f”(f”l (X)) €
SiTS; I(S, (U)) and hence that 7; = S;T'S;”" is a near cycle for f”' (X). Note also
that both f fntn; (¥) and T; f "i (X) are contained in T; (S,(U )) and so

dist( /" (%), T; f"(F))
is bounded independently of #; .

If T, and hence each T;, is parabolic then a)(fé,ic') #* Tl.jE because a)(fé.,)?) is
an endpoint of the axis & of a hyperbolic covering translation. Lemma 10.9 (see
also Remark 10.10) therefore implies that each T + = o f X). In this case the T;
are iterates of a single parabolic covering translatlon and there is a neighborhood of
w( f X) that is moved off of itself by every T;. This contradicts lim f (X)) =w( f X)
and lim 7; (/™ (%)) = lim( /"7 (%)) = o(f, ). We conclude that 7 and each 7;
are hyperbolic. Let A7 be the axis of 7" and A; = S;(Ar) the axis of Tj.

To complete the proof we assume that A7 # ¢ and argue to a contradiction.

We claim that A; # . This is obvious if A7 is not an element of R so we assume
that A7 is an element of R and that & = A; = Sj(Ar) for some S; € Stab(é) and
argue to a contradiction. Keeping in mind that ¢ and A7 are distinct components of
the frontier of C, Lemma 10.9 implies that «( f , X), which by Lemma 7.1 is a single
point in the intersection of So with the closure of C,is an endpoint of A7 . The axis
of S; is contained in C and is not & or Ar. It follows that the axis of S; is disjoint
from A7 and ¢ and has no endpoints in common with either. Since ¢ = S;(Ar),
the axis of S; does not separate A7 from ¢ and so does not separate o ( f ,X) from
o j%, X). This contradicts Lemma 10.9 applied to the near cycle S; and so completes
the proof that A; # 7.
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After passing to a subsequence we may assume that either the A; are all the same or
all different. In the former case, 7; is independent of i and there is a neighborhood of
o( f X) that is moved off of itself by each T;. As above this contradicts the fact that
T;i( f (X)) — o( f X). We may therefore assume that the A; are distinct lifts of a
closed curve in M and hence, after passing to a subsequence, converge to some point
0eSx. If O F#w( f X) then there is a neighborhood of w( f x) that is moved off
of itself by each 7; and we have a contradiction. Thus O = o( f X).

For sufficiently large i the endpoints of A; are contained in a neighborhood of w( f ,X)
that does not contain o( f ,X) and does not contain the other endpoint of . Since
A; is disjoint from &, it does not separate o ( ]7 , X) from w( ]7 , X). This contradicts
Lemma 10.9 applied to 7; since neither o/( ]7 ,X) nor w( f ,X) is an endpoint of 4;. O

Lemma 10.12 Suppose that U is a free disk, that x € U is recurrent (birecurrent)
with respect to f and that the set of lifts of U to H that intersect { jCk (X) : k=0}is
finite up to the action of Stab(C ). Then X € C is recurrent (birecurrent) with respect
to f:C—C.

Proof The set of lifts of U to H that intersect { f X(X) : k > 0} is finite up to the
action of Stab(C ) if and only if the set of lifts of U to C that intersect { fC xX): k=0}
is finite. We may therefore replace the former with the latter in the hypotheses of this
lemma.

Suppose that x is recurrent. We must prove that X is recurrent and that if x is recurrent
with respect to ! then X is recurrent with respect to f 1.

Let Uy, ..., Uy be the lifts of U to C that intersect {fé‘()_c) ik >0} and let X; € l7j
be the corresponding lifts of x. We may assume that x; = X. Choose a sequence
n; — oo such that f™i(x) — x and such that each f"i(x) € U. After passing to a
subsequence we may assume that fC (X1) € Us where s is independent of 7. Then
fC (X1) — Xs; and we are done if s = 1. Otherwise by renumbermg we may assume
that s = 2. Since X is in the w-limit set of X1, each point in { fC (X5) : k =0} that
projects to U is contained in some U . ;. We may therefore apply the previous argument
with X5 in place of X;. After passing to a further subsequence we may assume that
fC (X2) — X; where ¢ # 2 because fC (X1) is the unique point in U, that projects
to f™i(x).If t =1 then X, is in the w-limit set of X; and we are done. Otherwise
we may assume ¢ = 3. After iterating this argument at most m times, we have shown
that X is recurrent.

From the recurrence of X, it follows that a lift of U to C intersects { fC (x) : k >0}
if and only if it intersects { jC (X) : k € Z}. In particular, the set of lifts of U to C
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that intersect { fC k(xX) : k >0} is finite. If x is recurrent with respect to f~! then
by the above argument X € C is recurrent with respect to /71 C — C as desired. O

Remark 10.13 If U is a lift of a disk U and T:, T, are covering translations then
Ty(U) and T,(U) are in the same Stab(C)—orbit if and only if T, T} € Stab(C).
Thus a collection of lifts {77, (ﬁ )} of U is finite up to the action of Stab(C ) if and
only if the T}, determine only finitely many right cosets of Stab(C ).

Proof of Proposition 10.3 Let U be a free disk of bounded diameter that contains x
and let U be the lift that contains X.

First suppose that @ ( fC, X) is not an endpoint of an element of R. Corollary 9.9(1)
implies that for some D and all k>0, fck(x) € Np (C ) or equivalently, fck(X) e
Np (Ccore) Since Np (C core) 18 compact, it follows that { ka (%) | £ = 0} intersects
only finitely many lifts of U. Equivalently, { fck (X) : k > 0} intersects only finitely
many lifts of U to H up to the action of the group Stab(C) Lemma 10.12 implies that
%, and hence fc*(¥) for all k, is recurrent under fc. Since the forward f¢ —orbit
of fc*(X) is eventually contained in Np (¢ Ceore), it follows that fo*(X) € Np (C Core)
for all £ and hence that ka (X) € Np (C ) for all k. Lemma 9.10 applied to fC
implies that C is an a—domain for X and hence a home domain for X.

We assume now that w( fc, X) is an endpoint of & € R and that C1 and C, are the
two domains that contain ¢ in their frontier. We will treat C1 and C, symmetrically
and prove that the proposition holds for C=C;and C = C2 Denote fC by f1
and fC by f2 When near cycles are defined with respect to f, we refer to them as
f, —near cycles Let S be a root-free covering translation with axis o . Corollary 9.9(2)
implies that fl (x) f2 (X)e Np (C1 U C2) for some D and all k£ > 0. We may assume

without loss that U C Np (Cl) N Np (Cz)

After interchanging C; with C, if necessary, we may assume by Lemma 9.2 that
o ﬁ,)"c') is an endpoint of 6. Lemma 10.9 implies that every f~1 —near cycle T €
Stab(C 1) for a point in the ]71 —orbit of X is an iterate of S. We will apply this as
follows. If T7 and Tz are f1 —near cycles for X and if T1 ~1 (which is a near cycle
for a point in the ]’1 —orbit of X) is an element of Stab(C 1) then T, ! is an iterate
of S. In particular, if 7 and 7, determine the same right coset of Stab(C 1) then they
also determine the same right coset of Stab(Cz).

Let U; be the set of lifts of U that intersect Np (Ci) and contain ];;k (X) for some k > 0.
To prove that X is f,—birecurrent it suffices by Lemma 10.12 to prove that U; U U, is
finite up to the action of Stab(C,). As above, the compactness of Np (C, icore) 1Mplies
that ; is finite up to the action of Stab(C,-).
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Each element of {/; has the form T ((j ) for some covering translation T'; let 7; be
the set of all such 7. Each T, € 77 is an fz —near cycle for X. Since fz and ]’1
differ by an iterate of S, there exists j,, such that S/ T}, is an f1 —near cycle for X.
Since Uy = {T,»(U)} is finite up to the action of Stab(C;), Remark 10.13 implies that
{T,}, and hence {S/ T}, determine only finitely many right cosets of Stab(é 1). As
observed above, this implies that {S/7 T},}, and hence {T},}, determine only finitely
many right cosets of Stab(@z). Lemma 10.12 and a second application of Remark 10.13
complete the proof that X is ﬁ—birecurrent.

Having established that X is recurrent for f2 I there exists m; j — 00 and T’ € Stab(Cz)
sEch that f2 (X)) e T (U ). Since U has bounded diameter, the dlstance between
/5 "I (%) and T (X) is bounded independently of j. It follows that T (X) = af fz, X).
Lemma 10.11 1mphes that each T/ is an iterate of .S'. We conclude that al fz, X) is an
endpoint of the axis & of S. ThlS completes the proof for C2

Now that we have established that o/( fz, X) is an endpoint of &, this same argument
can be applied to Cj. O

Lemma 10.14 (1) If C is not a home domain for 7 y e B(f) then a(fc y) and
w( fC, y) are both endpoints of the component of dC that is closest to the home
domain for y.

(2) If7eB(f), C isany domain and either a~(f5)7) or a)(fg, y) is an endpoint of a
frontier component & of C then both a( fz¥) and o( /&, y) are endpoints of G .

Proof TItem (1) follows from the existence of a home domain for 3, Lemma 9.2 and
the obvious induction argument on the number of domains that separate C from a
home domain for y. Item (2) follows from (1) if C is not a home domain for ¥, and
from Proposition 10.3 otherwise. |

We conclude this section by strengthening Corollary 9.9.

Corollary 10.15 Suppose that X € B(f) and that Dy is the constant of Lemma 9.3.
(1) IfC is the unique home domain for X then fg (X) € Np, (C) forall n.

(2) IfCy and C, are home domains for X with intersection & € R then ]75”(55) €
Np,(CiUCy) forall n.

(3) If dist(x, Té) > D1 then the domain that contains X is a home domain for X .

Proof Suppose that C is the unique home domain for X and that fC”(x) & Np, (C ).
Choose ¢ less than the distance from fC”(x) to Np, (C ). Proposition 10.3 implies that
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x e B( fc) and hence that there exist arbitrarily large k and Sy € Stab(C ) such that
the distance from f& f=k (x) to Sk f ~"(X) is less than €. Since Sy preserves distance
to C, ]’Ck (X) € Np, (C ). This contradicts Corollary 9.9 and so completes the proof
of (1).

Assuming the notation of (2), suppose that ]’C”(x) & Np, (C1 U Cz) There is no loss
in assuming that fC”(x) is closer to C; than C,. If Sy € Stab(Cl) then Sy fC”(x)
is closer to C1 than C, and has distance greater than D from C 1. The argument
given for (1) therefore applies in this context as well.

If dist(%, R) > D; and C is a domain that does not contain X then ¥ ¢ Np, (C). Item
(3) therefore follows from items (1) and (2). O

11 Some results when R = &

We say that a point P € S, projects to a puncture ¢ in M if some (and hence every)
ray in H that converges to P projects to a ray in M that converges to c¢. Note that if
P is the fixed point of a parabolic covering translation then P projects to an isolated
puncture in M .

Definition 11.1 Suppose that C is a home domain for a lift ¥ of x € M and that
af fC, X)=w( jC, X) = P. If there is a parabolic covering translation Tp that fixes
P such that every near cycle S € Stab(C ) for every fck(x) is a positive iterate of
Tp then we say that X tracks P. If ¢ is the isolated puncture in M to which P
projects, then we also say that x rotates about c. (The latter is well-defined because
(Corollary 9.5) C is the unique home domain for X.)

Definition 11.2 If C is a home domain for ¥ € H and oz(f%, X) # a)(fa, X), then let
¥(X) be the oriented geodesic with endpoints o( fai X) and w(fg,X). Corollary 10.4
implies that ¥ (X) is independent of the choice of C in the case that X has two home
domains. Let y(x) C M be the unoriented geodesic that is the projected image of ¥ (X).
We say that X tracks 7 (X) and that x fracks y(x). Note that y(x) is independent of
the choice of lift X and the choice of home domain for X ; the latter would not be true
if we imposed an orientation on y (x).

If f is isotopic to the identity then R = @, H is the only domain and there is a lift
]7 H that commutes with all covering translations and fixes every point in S . In the
notation of Definitions 10.1, M = M and f: M — M isjust f: M — M. We
sometimes refer to f I as the preferred lift of f and sometimes drop the H subscript.

In this section we import some results from [11] that apply to the case that f is isotopic
to the identity.
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Lemma 11.3 Assume that f is isotopic to the identity and periodic point free. Sup-
pose that x € B(f'), that f : H — H is the preferred lift to the universal cover, that X
is a lift of x and that oz(f, X)= a)(f, X) = P. Then P projects to an isolated puncture
¢ and x rotates about c.

Proof Thisis [11, Lemma 11.2]. O

Lemma 11.4 Assume that f is isotopic to the identity and periodic point free. If
x € B(f) tracks y(x) then y(x) is a simple closed curve. If in addition y € B(f)
tracks y(y) then y(x) and y(y) are either disjoint or equal.

Proof All references in this proof are to [11]. By Lemma 10.2(1) and Lemma 11.6(2),
y(x) is simple and birecurrent. If y(x) is not a closed curve then by Lemma 11.6(3)
there is a simple closed geodesic « such that & and y(x) intersect transversely and
nontrivially and such that with respect to given orientations on « and y(x) all intersec-
tions have the same intersection number. This can not happen on a genus zero surface
since o must separate. Thus y(x) is a simple closed curve. The second assertion of
the lemma follows from Lemma 10.2(2). O

To make use of these lemmas in our present context we use the following consequence
of Lemmas 8.9, 8.11 and 8.13.

Lemma 11.5 Assume that h = f5: A — Ao (tespectively fo: AS — AS) is as
in Definitions 7.2 and that W is as in Definition 8.5. If T is a fitted family that
does not disappear under iteration then there exists an element [t] € T such that

hy([z) O W = {[z]}.

The proofs of [11, Lemmas 11.3 and 11.4] quote [11, Lemmas 10.2, 11.2 and 11.6].
The hypothesis that f is periodic point free is only directly applied in the proofs of
those three lemmas to prove [11, Lemma 10.8], whose conclusion is a weaker version
of the conclusion of Lemma 11.5 above. Thus in each place that [11, Lemma 10.8] is
applied in proving Lemmas 11.3 and 11.4 above we can replace it with Lemma 11.5.
This justifies the following lemma.

Lemma 11.6 Lemmas 11.3 and 11.4 remain true if the hypothesis that f is periodic
point free is replaced by the hypothesis that the topological entropy of F is zero.

Remark 11.7 The proof of [11, Lemma 10.8] is a pointer to the proof of [17, The-
orem 5.5]. That theorem has three parts. The first two state that no element of
RH(W,d4+ W) doubles. The third uses the first two to prove the existence of [t] as in
Lemma 11.5. Thus our dividing the argument into Lemmas 8.9 and 8.11 follows the
original proof.
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12 Two compactifications

We now return to the general case, allowing the possibility that R = &. Our goal in
this section is to extend Lemma 11.6 to the case that R # &. Our strategy is to apply
Lemma 11.6 to f_g which is isotopic to the identity. Before doing so, we must address
the fact that if R # @ then two different compactifications of the universal cover of C
are being used.

In the extrinsic compactification, the universal cover of C is metrically identified with
the universal cover M of M , which is metrically identified with H and is compactified
by Seo. The covering translations of the universal cover of C are identified with the
subgroup Stab(f ) of covering translations of the universal cover of M ; the closure in
S~ of the fixed points of the elements of Stab(é ) is a Cantor set K whose convex
hull projects to Ceore C C.

In the intrinsic compactification, C is viewed without regard to M and is equipped with
a hyperbolic structure in which the ends corresponding to the components of dC are
cusps. The universal cover of C is then metrically identified with H and compactified
with S . In this case, the set of fixed points of covering translations is dense in S .
Topologically the intrinsic compactification of the universal cover is obtained from the
extrinsic compactification by collapsing the closure of each component of S \ K to
a point.

We have defined C using the extrinsic metric so that geodesics in Ceore correspond
exactly to geodesics in C C M . If one considers f : C — C as a homeomorphism of
a punctured surface without reference to M , as one should do when applying results
from [11], then the intrinsic metric is used. To help separate the two, write g: N — N
for f: C — C when C has the intrinsic metric. Since g is isotopic to the identity there
is a preferred lift g: N — N to the universal cover that commutes with all covering
translations. The “identity map” p: M — N conjugates fC M — M to g: N —>N.
The homeomorphism p, which is not an isometry, extends over the compactifying
circles but not by a homeomorphism; it collapses the closure of each component of
Soo \ K to a point. In particular, p|x identifies a pair of points if and only if they
bound a component of aC.

Let T (]V ) be the group of covering translations of N and let B: Stab(é )—>T (]V ) be
the bijection induced by p. The following properties are satisfied by S, S’ € Stab(C):

(a) If S is parabolic then B(S) is parabolic.

(b) If S is hyperbolic then B(S) is hyperbolic unless the axis of .S is a component
of dC, in which case it is parabolic.
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(© If 5% = {a(fz.5). 0(fz.5)} then B(S)* = {2(Z.5). 0(Z.9)}.
(d) If S and B(S) are hyperbolic then the axis of S projects to a simple closed
curve if and only if the axis of B(S) projects to a simple closed curve.

(e) If S,S’, B(S) and B(S’) are hyperbolic then the axes of S and S’ are equal
or disjoint if and only if the axes of B(S) and B(S’) are equal or disjoint.

Lemma 12.1 Suppose that x € B(f), that C is a home domain for a lift X and that
a(f&,X) = w(fz,X) = P. Then P projects to an isolated puncture ¢ and x rotates
about c.

Proof Since a(f@, X)= a)(]%, X) = P, it follows that (g, p(X)) :_a)(g, p(x)) =
p(P). By Lemma 11.6, p(P) projects to an isolated puncture ¢’ in C and there is
a parabolic covering translation 7" that fixes p(P) such every near cycle for every
point in the orbit of p(X) is a positive iterate of 7.

IfT e Stab(é ) is the covering translation corresponding to 7" then every near cycle
in Stab(C) for every point in the orbit of X is a positive iterate of 7. It suffices
to show that 7" is parabolic. Let U be a free disk for x with compact closure and
let U be the lift that contains X. Since (Proposition 10.3) X € B(f), there exist
ni,aj,mj,bj — oo such that fC”l(x) € T“'(U) and f~_m1 (%) e Tbi (U)

follows that P = a(fc, X)= and P = a)(jc, X)= T+ Thus T is parabolic and
we are done. d

Lemma 12.2 If x € B(f) tracks y(x) then y(x) is a simple closed curve. If in
addition y € B(f') tracks y(y) then y(x) and y(y) are either disjoint or equal.

Proof We may assume without loss that the axes of y(x) and y(y) are not components
of dC because such curves are simple and do not transversely intersect any other
geodesics in C. Lemma 11.6 implies that the lemma holds with f@ and X replaced
by g and p(X). Items (b), (d) and (e) above therefore complete the proof. |

The following corollary generalizes Lemma 10.11 which only applies when ¥ is a
component of JC'.

Corollary 12.3 Suppose that x € B(f), that C is a home domain for a lift X and that
X tracks y . Then every f&-near cycle S € Stab(C) for a point in the orbit of X is an
iterate of Ty .

Proof We make use of the following consequences of Lemma 12.2 above and [11,
Lemmas 8.7(2), 8.9 and 8.10]:
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(1) Suppose that X, Z have C as a home domain and that y(X) and ¥ () are disjoint
and antiparallel. Then X and Z are not contained in any free disk for fz.

(2) Suppose that X, ¥,Z have C as a home domain, that ¥ (¥) separates ¥ (X) and
¥(Z) and is antiparallel to both lines. Then X and Z are not contained in any
free disk for fz.

We may assume without loss that S is a near cycle for X. There exist m > 0 and a
lift U of a free disk U C M such that ¥ € U and f~m(x) € S(U) Let Z = S(X).
Since S is in Stab(C ), S commutes with f5 It follows that C is a home domain
for Z and S(¥) =y(2) C C. Lemma 12.2 implies that  and S(y) are disjoint or
equal (up to perhaps a change of orientation). In the latter case we are done so we
assume the former and argue to a contradiction. By (1), ¥ and S(¥) are parallel. Since
M has genus zero there is an antiparallel translate S’(¥) that separates ¥ and S(¥).
Let y = S/(X). We have S’ € Stab(C) because S’ (¥) C C. Thus S’ #)=y() in
contradiction to (2). O

13 The set of annuli A

Definitions 13.1 Let I" be the set of simple closed curves that are tracked by at least
one element of B( /). For each lift ¥ of y € I", choose a domain C that contains y
and let U (y) be the set of points in H which have a neighborhood V such that every
point in Vn B( f) tracks ]/ We say that C is a home domain for U (¥), that ¥

the defining parameter of U (y) and that T3 is the covering translation assoczated to
u@).

For each y € I' define U(y) to be the projected image of U () for any lift . We say
that C is a home domain for U(y) and that y is the defining parameter of U(y).

We show in Lemma 13.6 that U(y) # @.

Remark 13.2 As the notation suggests, U %) depends only on ¥ and not on the
choice of C. Indeed, if C is not unique then y Y€ R and (Corollary 10.4) every element
of VNB (f) has exactly two home domains C and C’ (where C' is the other domain
that contains ) and both

e(fz.D.0(/z.2) and {a(fz.2).0(/z.2)}
are contained in {JT}. U(y) is well-defined because l7(S()7)) = S(7()7) for any

covering translation S'.
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Definitions 13.3 Let C be the set of isolated punctures ¢ in M for which there is
at least one element of B(f) that rotates about ¢. For each P € S that projects
to ¢ € C, let C be the unique domain whose closure contains P and let U (P) be
the set of points in H for which there is a neighborhood V such that every point in
Vn B( f) tracks P. We say that C is the home domain for U (P), that P is the
deﬁnzng parameter of U=0U (P) and that Tp is the covering translation associated
to U (P).

For each ¢ € C define U(c) to be the projected image of U (P) for any puncture P that
projects to ¢. We say that C is the home domain for U(c) and that ¢ is the defining
parameter of U(y). As in the previous remark, U(c) is well-defined. We show in
Lemma 13.6 that U(c) # @.

Let A be the set of all 17()7) and l7(P) and let
u=Jomul o).
7 P

Let A be the set of all U(y) and U(c) and let U/ be the projection of U into M.
Lemma 134 (1) Each l7~€ Ais open and invariant by both T'" and f@ where C
is a home domain for U and T is the covering translation associated to U .
2) If U.U’ € A have different defining parameters then Unl’ =o.
(3) IfUeAandS isa covering translation then S(ﬁ) n U # @ if and only if S
is an iterate of the covering translation associated to U .

(4) Each U € A is open and f —invariant; if Uy and U, have different defining
parameters then Uy N U, = &

Proof (1) and (2) are immediate from the definitions. (3) follows from (2) and the
fact that S maps the defining parameter for U to the defining parameter for S(U). (4)
follows from (1)—(3). O

Corollary 13.5 If h: M — M commutes with f then h permutes the elements of A.

Proof Since h4(R) is a reducing set for A1fh~! = f and since reducing sets are
unique, R is sig—invariant. It follows that both R and the set of domains for f are
hy—invariant for any lift h: H— H of h.

If C is a home domain for ¥ € H and X tracks y (respectively P) under iteration by
J& then

T = T
for some domain C’ thatis a home domain for n (X) and h (X) tracks }7#()7) (respectively
h(P)) under iteration by fz,. This proves that 2(U(y)) = U(hs(y)). |
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As a special case, our next lemma shows that B(f) CU.

Lemma 13.6 If either the «—limit set «( f, y) or the w—limit set w( f, y) of the f—
orbit of y is nonempty, then y is contained in an element U of A. In particular, each
y € B(f) is contained in some U € A.

Proof The two cases are symmetric so we may assume that w( f, y) # @. Choose
z € w(f, y) and a free disk neighborhood V of z with compact closure. After replacing
y by some f*(y), we may assume that y € V. Since z € w( f, y) there exist m; — 0o
such that f™i(y) — z and such that each i (y) € V. Choose a lift V of V and let
y,7 € V be lifts of y and z.

By Corollary 10.15, the distance between a point in B (/) and a home domain for that
point is uniformly bounded. It follows that there are only finitely many home domains
for elements X; € B( n V and so we e may choose a sequence X; — ¥ all of which
have the same home domain(s) C and C’, where we allow the poss1b111ty that C = C'.
By Corollary 10.15 the distance between fz fmi (xl) and CUC’ is uniformly bounded.
It follows that the distance between f& fmi (») and CuC'is uniformly bounded. After
passing to a subsequence of the m; and mterchangmg C and C' if necessary, we may
assume that the distance between f ~"™Mi () and C is uniformly bounded.

Let S; be the covering translation such that fcm' () € S; (V) and note that the distance
between S;(Z) and C is uniformly bounded. Up to the action of Stab(C ), the number
of translates of Z that have uniformly bounded distance from C is finite. We may
therefore choose k > j such that S = S S; 7! € Stab(é). Let W = Sj(f;) and let
W' c W be a neighborhood of f~mi (7) such that f™k=mj (') C S(W). Then
Sisa fC —near cycle for every point in W’ and in particular for [z [ (X;) for all
sufficiently large /. Choose such an f =" (X;) and denote it simply by X.

To prove that f ~™; (%), and hence 7, is contained in an element of I/ with home
domain C it suffices to show that if @ € B( n W’ then C is a home domain for @

and {(fz, %), o(fz, 9} = {a(fz, ©), o(fz, D)}

We proceed with a case analysis. As a first case suppose that X tracks a geodesic 7 (X).
Corollary 12.3 implies that S is an iterate of T3 (x). As a first subcase suppose that
C is a home domain for &. Since S € Stab(C ) is a near cycle for w, Lemma 12.1
implies that a(fc, w) # a)(fc, w) and Corollary 12.3 implies that w tracks y(X).

The remaining subcase is that C is not a home domain for @ . Lemma 10.14 implies that
{a( fc, W), w( fC, w)} is contained in the set of endpoints for some o in the frontier of
C. Lemma 10.9 then implies that & = y(X). Let C’ be the other domain that contains
Y (X). Since some iterate of T%x) is a near cycle for w with respect to fC, the same is
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true with respect to fC, Lemma 10.9 implies that {oz(fc,, w), a)(fc,, W)IN{FER)} #
@ and Lemma 10.14 implies that both ,Of(fc” w) and w(f&,, w) are endpoints of }(X).
This contradicts the assumption that C is not home domain for @ and so proves that
the second subcase never occurs.

By Lemma 12.1, the only remaining case is that oc(f%,)?) = ci)(fé,)?) = P and
that S is an iterate of 7p. Lemma 10.9 implies that P € {a(fz, W), o(f5, W)},
Lemma 10.14 implies that C is a home domain for @ and Lemma 12.2 implies that

a(fe,w) =o(fz,w)=P. |
Corollary 13.7 Each U e A is the interior of its closure in M .

Proof Since U is obviously contained in the interior of its closure, it suffices to show
that if ¥ is in the interior of the closure of U then ye U. Choose a neighborhood v
of y that is contained in the closure of U . Since the elements of A are open and either
disjoint or equal and since each Z € B (Hn V is contained in some element of A, it
follows that B(f) NV c U. If ¥ (respectively P) is the defining parameter for U
then each element of B( Hn V tracks Y (respectively P). By definition, y € U. o

Lemma 13.8 Let Y = M \U and let Y C H be the full preimage of Y .

(1) Foreach y e Y there is a domain C that is the unique o —domain, unique ®—
domain and unique home domain for ¥ ; both a( fé j/)~and ( j~5~ y) project
to punctures in M . Moreover, ¥ has a neighborhood W so that C is a home
domain for all points in wWnB .

(2) If C is the home domain for 7 € Y then ¥ has no f~5 —near cycles in Stab(C).

(3) For any compact subset X C M there is a constant Ky such that foreach y €Y,
fi(y) € X forat most Ky values of i .

(4) There exists € > 0 so that if y1,y, € Y and dist(y1, y2) < € then y; and ¥,
have the same home domain. As a consequence, points in the same component
of Y have the same home domain.

Proof Suppose at first that R = & and hence that there is only one domain. Items
(1) and (4) are obvious. Every neighborhood of y € Y contains points in E( f) that
are contained in different elements of 4. Lemma 12.1 and Corollary 12.3 imply that
such points have no common near cycles. Item (2) therefore follows from Remark 10.6.
Item (3) follows from item (2) and the fact that every compact set has a finite cover by
free disks.
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We now assume that R # @. Write M as an increasing sequence of compact connected
subsurfaces M| C M, C ... such that

Np,RCM; and M; Cint(M; )

for all i where D; is the constant of Lemma 9.3 and so that every component of
M \ M; contains a puncture. Moreover we choose M; so that for any sequence {V;}
of components of M \ M; satisfying Vi1 C V; we have f(V;11) C V;. We also
assume without loss that the frontier dM; of M; is a finite union of geodesics and
horocycles.

Since y €U, Lemma 13.6 implies that w( f, y) = @ and hence that the forward orbit
of y intersects each M; in a finite set. After replacing y by some point in its forward
orbit, we may assume that f/(y) € M \ M, for all j > 0. Let W; and W, be,
respectively, the components of M \ M; and M \ M, that contain y and let u C W,
be a ray connecting y to a puncture ¢’. Note that f(u) C Wj.

Given a lift 7, let C be the domain that contains 7 and let WZI C W, be the lifts
that contain y. Since the distance from a point in W, to a domain other than C is
greater than D, Corollary 10.15 implies that C is a home domain for every point
in E( Hn W, . The lift [ of p that begins at ¥ converges to some Q € S that
belongs to the closure of C because 1L does not cross any element of R. In particular,
fe6(Q) =

If W is a horocycle then W, isa single lift of dWW; with both endpoints at Q. Oth-
erwise Wy is a single simple closed geodesic, dW, has countably many components
and the closure of 3W1 intersects Soo in a Cantor set that contains Q. In both cases,
W is the only lift of W; that contains Q in its closure. It follows that fC (m) C W,
and in particular that fC (5) € W;.

Applying this argument to f J for j > 2, perhaps with Wz replaced by some other
component of M \ M, that depends on j, shows that f = (J7) e W, for all j=0.
There exists J; so that f J(y)e M\ Mj forall j > J,. Let W, be the component of
H \M2 that contains j J2(5). By the same argument, jCJ () € W, for all j=J,.
Continuing in this manner, we can choose a decreasing sequence of components W; of
H \Mi such that for all 7, f@j ) G~I/T/,~ for all sufficiently large j. One may therefore
choose aray 7 that converges to w(fz, ¥) so that the terminal end of the projected ray
7 C M lies in the complement of each M;. Thus t converges to a puncture ¢ which
lifts to w( fC, ¥). It follows (Corollary 9.5) that fC is the unique w-lift for ¥ and C
is its unique w—domain.

By the symmetric argument applied to f !, there is a unique domain C* that is an
a—domain for y; moreover there is a neighborhood of ¥ such that C* is a home
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domain for every birecurrent point in this neighborhood. To complete the proof of (1)
it suffices to prove that C = C*. If C # C*, then both C and C* are home domains
for every birecurrent point in a neighborhood of y. But then (Corollary 10.4) y € U(0)
where 0 = CNC* contradicting the assumption that y is not contained in any U € U{.
This completes the proof of (1).

Every neighborhood of ¥ contains points in B( f) that are contained in different
elements of ¢/. Lemma 12.1 and Corollary 12.3 imply that such points have no
common f&-near cycle in Stab(C). Item (2) now follows from Remark 10.6.

Any compact X C M has a cover by finitely many, say D, free disks with compact
closure. Since Np, (6 core) 18 @ compact subset of C, there is a constant L so that
for each of these D free disks B, there are at most L disjoint lifts of B to C that
intersect Np, (Ccore) . Equivalently, there are at most L Stab(é )—orbits of lifts of B
to H that intersect Np, (5 ). Item (1) and Corollary 9.4 imply that f@j (¥) € Np, (5 )
for all j. Item (2) therefore implies that there are at most Ky = DL values of j such
that f/(y) € X . This proves (3).

It remains to prove (4). Corollary 10.15(3) implies that any two elements of g( )
in the same component of H \ M, have the same home domain. We may therefore
assume that y1, y, project into M. Since the forward orbit of y; intersects M \ M1,
there exists €(y1) such that dist(y;, ,) < €(y1) implies that y; and y, have the same
home domain. Since M7 is compact, we may choose €(y1) independently of y;. This
completes the proof of (4). |

Corollary 13.9 Suppose that Visa component of U € A and that the union V' of
V' with all of its bounded complementary components has finite area. Then each point
in the frontier fr(V') of V has the same home domain.

Proof Choose € > 0 as in Lemma 13.8 (4). It suffices to show that fr(17) can not be
written as a union of two nonempty sets X; and X, whose €/2 neighborhoods are
disjoint. We assume that such X7 and X, exist and argue to a contradiction.

Since V' is simply connected it is the union of an increasing sequence of compact
disks {B;,i = 1...00}. Since V' has finite area we may assume that each 0B; C
Ne/z(fr(v/)) and hence that dB; N N¢/»(X1) and dB; N N¢/2(X>)) is an open cover
of dB;. Since dB; is connected one of these sets must be empty. But this can only
happen for all B; if one of the sets X; and X, is empty. |

Item (4) of Proposition 5.1 asserts that if f.: U, — U, is the annular compactification
(Notation 2.7) of U € A, then a component of dU, corresponding to a nonsingular end
of U contains fixed points for f.. We will prove this by viewing U as an essential
subannulus of the annular cover determined by the defining parameter of U .
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Definition 13.10 If U = U (¥) choose a parameterization of the annular cover 4,
(see Definitions 7.2) as S! x [0, 1] with S! having circumference one. Lift this to a
parameterization of (H U Soo) \ 7% as R x[0, 1] and let 7: (H U Soo) \ 7+ — R be
projection onto the R factor. (Alternately, one can define this directly as orthogonal
projection onto ) parameterized as R and with fundamental domain having length
one) If U =U (P) where P projects to an isolated end M with horocycle t define
w: (HUSx) \ P — R as above using the compactified annular cover A% = AS. In
lguoth case we say that the 7 is the projection associated to the defining parameter of
U.

Corollary 13.11 Suppose that T is the covering translation associated to U € A, that
7 is the projection associated to the defining parameter of U, and that C is a home
domain for U. Given p,q > 0 set g =T~ Pf~q Then there exists r > 0 so that
7(g"(y)) <m(y)—1 forall y € fr(U) for which C is a home domain.

Proof To simplify notation slightly, we let 7 = 9 and h= fcq Increasing p makes
the desired inequality easier to satisfy so we may assume that p =1 and g =T~ 1.
The goal is to prove the existence of r such that

(13-1) a(h" (7)) <7 (F) +r—1
for all y.

Choose compact subsurfaces M C M, C M such that
Np,RCM; and M, Cint(M>)

and so that the following hold for each component Wy of M \ M; and each component
Wy of M\ M,:

(1) W; contains at least one puncture.

(2) dW; is connected and is either a geodesic or a horocyle.

3) WrCc Wy = h(W,) C W.
The existence of r is independent of the exact choice of projection 7w so we may
assume:

4 IfU=0 () then 7 is orthogonal projection onto y; if U=0U0 (P) then there
is a horocycle ¥V whose ends converge to P such that the restriction of 7 to the
component of H \ ¥V whose closure contains Se, \ P is orthogonal projection
onto V.

We will eventually add one more property satisfied by M7, namely:
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(5) For any lift Wi ofa component of M \ My, any y € fr(U) and for all J; < J,,

Ej(j/)e W, forall J; < j <J,
= 7 (h72(3)) =2 (M ) 21+ £5(J2— J1).

Assuming (5) for now, we complete the proof of the corollary.

Suppose that 4/ (y) & M, for some J; < J, and all J; < j < J,. Let W; be the
component of M \ M that contains 471 (y) and let W; be the lift of W, that contains
h’1 (7). Arguing exactly as in the proof of Lemma 13.8, we conclude that 4/ () € W;
forall J1 <j <J,.By(5)

2 (b (7)) < 7" (7)) + 1+ (j = J1)/10
forall J1 <j < J;.
By Lemma 13.8(3) and the assumption that y € fr((j ), there is a constant K such that

there are at most K values of j with f7(y) € M,. There is a constant B so that
w(h(y)) <n(¥)+ B forall y € H. Thus

x(h" (7)) <7(F)+ KB+ (K +1)+r/10

for all . A straightforward calculation shows that inequality (13-1) therefore holds for

_JKB+(K+1)+1)
5 .

It remains to verify (5). If U=0 ()/) then by enlarging M; we may assume that
y Cint(M7). Each component of AW, is disjoint from y. There is a component § of
dW; that separates y from all other components of W, . Since § is a simple geodesic
or horocycle, §n T~(5) = @. It follows that W; N T3 (Wl) = @ and hence that the
diameter of Jt(Wl) is less than one. (Recall that we have normalized the projection so
that a fundamental domain of 7 has length one.) This completes the proof of (5) in the
U=0U0 (¥) case.

Suppose then that U = U(P) and that 7 is as in (4). Assuming without loss that ¥
projects to a simple closed curve v C M7, the previous argument applies to all lifts of
W1 except the one VTﬁ whose closure contains P. It therefore suffices to verify (5) for
this one lift W; and for this we are allowed to enlarge M; if necessary.

Let ¢ be the puncture that lifts to P. If U contains a neighborhood of ¢ then we may
assume that W7 C U in which case (5) is vacuously true. We may therefore assume
that U does not contain a neighborhood of ¢ and hence that there exist Z; € B(f) such
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that Z; — P and Z; ¢ U. By Lemma 13.6, Z; belongs to some element of A and so
a(f&,Zi) and o(f&,Z;) are both unequal to P.

Let f,: Af, — A be the homeomorphism of the compactified annular cover A, (see
Definitions 7.2), let 1 AS be the component of 0A¢ that corresponds to ¢ and let
doAS be the other component of dAS. The projected images z; € AS of Z; satisfy
a(fv.Zi), o(fv.Zi) € 99 A and any given neighborhood of d; AS contains Z; for all
sufficiently large i . Corollary 8.17 therefore implies that Fix(f,|54¢) intersects both
components of dA{, and that f, is isotopic to the identity relative to Fix(fy|5.4¢).

Let jv Ac — Ac be the lift to the universal cover that fixes points in both components
of 8Ac Then f,,|mt( A¢) is naturally identified with fC by construction and so I is
naturally identified with fv lint( 4 A¢). Since fv|81 A¢ has translation number zero, we
can enlarge M, to arrange that (5) is satisfied. O

Lemma 13.12 Suppose that U € A.

(1) U is an open annulus that is essential in M .

(2) If U =U(y) then each simple closed curve in U that is essential in U  is isotopic
toy. It U = U(P) then each simple closed curve in U that is essential in U is
isotopic to a horocycle surrounding the isolated end of M corresponding to P.

(3) IfU = U(P) and C is the component of Fix(F) whose corresponding puncture
in M lifts to P then C contains a component of the frontier of U in S?. In
other words, U contains a deleted neighborhood of C.

(4) Each component of dU, corresponding to a nonsingular end of U has a fixed
point for f..

Proof Choose U € A projecting to U and let T be the covering translation associated
to U. We will prove that U is connected and simply connected. The first and third
items of Lemma 13.4 then imply that U is an open annulus and that (2) is satisfied.
Since (2) implies that U is essential in M, (1) is also proved.

As part of our proof that U is simply connected we will show that each component 14
of U is:

(a) unbounded
(b) simply connected

(¢) T —invariant

Geometry & Topology, Volume 16 (2012)



Entropy zero area preserving diffeomorphisms of S* 2247

We verify (a) by assuming that V is bounded and arguing to a contradiction. Let
j fC where (Corollary 13.9) C is a home domain for each point in the frontier of
V. Since / preserves area there exists ¢ > 0 and a covering translation S so that
fANSW) #o. Lemma 13.4(3) implies that S = T? for some p € Z. After
replacmg T with T~! if necessary we may assume that p > 0. From the fact that
fq(V) and S(V) are both components of U , it follows that fq(V) = S(V) = TP(V)
Thus V is g—invariant where g = T—7 f 9. 1If p =0 then f has bounded orbits (since
we are assuming V is bounded) and hence fixed points by the Brouwer plane translation
theorem. Since ]7 is fixed point free, p # 0. This contradicts Corollary 13.11 and so
completes the proof of (a).

If (b) fails then some component of the complement of V is bounded. Thus there is a
closed disk D that is not contained in U but whose boundary is contained in U. By
the definition of U there exist Z € B(f) N D such that Z ¢ U. By Lemma 13.6 there
is U’ € A such that Z € U’. But then the component of U’ containing Z is bounded
in contradiction to (a). This proves (b).

We next assume that (c) fails and argue to a contradiction. A closed curve homotopic
to an iterate of y contains a closed curve homotopic to y. Thus T?(V) # V for all

p # 0. Lemma 13.4(3) implies that V is moved off itself by every covering translation.
In partlcular V has finite area because the covering projection into M is injective on
V. Define f fC where C is a home domain for each point in the frontier of V.
As in the previous argument, there exists an integer p and a positive integer ¢ so that
f 9V)y=TP(V).If p =0, then V has recurrent points, and hence fixed points for
j which is impossible. Thus p # 0 and we assume without loss that p > 0.

Let 7 be the projection associated to the defining parameter of Uandlet §=T"7 f 1,
Then §(I7) =V and by Corollary 13.11, there is an r > 0 such that 7 (g" (¥)) <nw(y)—1
for every 7 in 9V . The function 77 §” — is defined on the universal cover of a compact
annulus (either 4, or A% in the notation of Definition 13.10) and is invariant under
the cyclic group of covering translations of that covering space. It follows that 7 g" —
is uniformly continuous. Consequently, there is § > 0 such that every X € V which is
within § of 9V satisfies m(g" (X)) <n(x)—1.

Let V, = {X € V | n(X) < —n}. Then {17,,},120 is a nested family whose inter-
section is empty. Moreover, each Vy is nonempty because V is g—invariant and
limy—o0 7 g’” (y) =—oco forall y 9V . Since V has finite area there exists N > 0
such that VN contains no ball of diameter §, and hence every point of VN must be
within § of 3V . We conclude the § g (VN) C VN+1 C Vn.Butthen g (VN) is a proper
open subset of V with the same finite area as V. This contradiction completes the
proof of (c).

Geometry € Topology, Volume 16 (2012)



2248 John Franks and Michael Handel

We have now proved that each component of U contains a simple closed curve that is
essential in M and that all such simple closed curves in U are in the same isotopy
class. Moreover if U’ € A and U # U’ then U and U’ do not contain isotopic simple
closed curves. If U has more than one component then there is an unpunctured annulus
A whose boundary curves are in U and whose interior intersects a component of
fr(U) and hence intersects the interior of some U’ # U . It follows that 4 contains a
component of U’ and hence contains an essential simple closed curve not isotopic to
the components of dA4. This contradiction implies that U and hence U is connected.
Item (b) therefore implies that U is simply connected. This completes the proof of (1)
and (2).

A similar argument proves (3): If U does not contain a neighborhood of the puncture
¢ corresponding to C then the once punctured disk neighborhood of ¢ determined by
a core curve t of U contains some U’ # U and hence contains an essential simple
closed curve that is not isotopic to 7. This contradiction proves (3).

We now consider (4). Suppose that doU, is a component of dU, corresponding to a
nonsingular end of U, meaning that the corresponding component Z of the frontier of
U in S? is not a single point. The compactification of this end of U is by prime ends.
By Lemma 2.8(3) we may assume that Z ¢ Fix(F) or equivalently that M N Z # <.
Let fc U, — U, be the lift to the universal cover such that fc 7 = fC |- We will
prove that f¢|5,y. has a fixed point by showing that the translation number 7 for
]7;|a()ﬁc (see Definition 2.1) is zero. By symmetry, it suffices to assume that 7 > 0 and
argue to a contradiction.

Choose a degree one closed path u with embedded interior in U and with both
endpoints at z € M N Z. Let [ty be a lift of the interior of u to U. Since 1 has
degree one, the ends of [iy converge to lifts Z and T'(Z) of z in the frontier of UinH.
Denote the bounded area component of U \ flo by Dg. For each k, let fix = T*(fio)
and Dy = Tk(Dy).

From the point of view of U, Dy is the interior of a half-disk D§ whose frontier
is the union of [iy and an interval Iy C dg Uc that is a fundarnental domain for the
action on BOUC of the covering translation 7¢: Uc — Uc corresponding to 7T'. Let
Dl‘;_Tk(D) Choose 0 < p/q < t,let g =T~ Pf~q andletgc—T pf~ .
Identify doU, with R. Under the action of g., points in dg U, move in the positive
direction at an average rate of T — p/g > 0. In particular, given any z in the interior
of Io and any L > 0, there exists j > 0 so that for any sufficiently small half disk
neighborhood B of Z in U., we have & gl(B) C Dj for some [ > L.

From the point of view of 7, Dy is not so small. The image under 7 of ji¢ is bounded
so the image under 7 of [i; goes to infinity with /. The frontier of the set B from the
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previous paragraph is the union of an interval in dg U, with an open embedded path
Ve C int(ﬁc). We may choose B so that, under the identification of int(ﬁc) with U,
Ve corresponds to the interior of a path v with endpoints in M N Z. Corollary 13.11
implies that the 7 —image of the endpoints of g/ (v) decrease linearly in j. Since L
can be arbitrarily large, this proves that there is no uniform bound to the diameter of
the image under 7 of D;. Since T(D;) = D41, this diameter is independent of /
and we conclude that each 7(D;) is not bounded below.

Choose a positive integer N so that 7 (fig) > —N . For every fixed n > N and k > 0
consider all cross cuts y , C Dy such that 7(y ,) = —n. (In other words, yx , is
a nontrivial component of the intersection of Dy with the properly embedded line
a7 Y (=n).) Let E (Vk,n) be the complementary component of y , that is contained in
Dy and let dy , be the maximum area of all such E(yx ,). To see that this maximum
is achieved, it suffices to show that any ascending chain

E(i)CEWE) CEW,)C...

is finite. Suppose not. Let E be the union of an infinite ascending chain. Choose
W e E()/k ), choose W eU \ E and choose a path p - U connecting @ to w’. Then
0 intersects Vk for all i. Choose a point v, epn Vk for eiach i and a limit point
v of some subsequence of the T;. Then ¥ € U because p C U is compact. However,
this is impossible because 71 (—n) is a properly embedded line so the T; converge
to ¥ in this line and ¥ is in one component of the open subset 7~ (—n) N U of this
line while each v; is in a different component. This contradiction shows that dj , is
well-defined.

We have
dk,n = dk+1,n—1 > dk+1,n-
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The equality follows from the fact that yx 41 ,—1 = T (Vk,n) C Di41 is a cross cut
with 77(Yk41,,—1) = —n + 1. The inequality follows from the fact that each E(yx ,)
is contained in some E(yk ,—1).

Fix k and choose yi , so that dy , = E(yk,). Since Dy has finite area, we have
lim, o0 di,, = 0. Arguing as in the proof of (c), there exits r > 0 and N’ > N
such that 7 (8" (yk,n)) < —n—1 for all n > N’. Our choice of N guarantees that
8" (Ykn) Ny = @ for [ = k. Since the endpoints of yj , move upward under the
action of g7, it follows that g"(E(yx,,)) is contained in D; for some / > k and
hence that g” (E(yk,,)) is contained in some E(y; ,+1). This contradicts the fact that
djpt1 <dgp forall [ > k. a

14 Proof of Proposition 5.1
Lemma 14.1 A is the set of maximal f —invariant open annuli in M .

Proof By Lemma 13.12, the elements of A are disjoint f —invariant open annuli.
It therefore suffices to show that for every f —invariant open annulus V' there exists
UeAsuchthat V CU.

If V isinessential in M then the union of V' with one of its complementary components
in M is an f—invariant open disk. Since f preserves area, the Brouwer plane
translation theorem implies that this open disk contains a fixed point which is impossible
because M is fixed point free. We conclude that V' is essential in M .

Let o be an essential simple closed curve in V' and let ¢ be either a simple closed
geodesic or a horocycle in M that is isotopic to «. Since V is f—invariant, y is
isotopic to f(y) and so does not cross any reducing curves.

Choose a lift y C H of y and let T be a root free covering translation that preserves
y. The ends of ¥ converge to the (possibly equal) endpomts T¥ of T. If y is not
a reducing curve then ¥ lies in a unique domain C. The lift f1 fC of f fixes
T# and so commutes with 7' by Lemma 6.3. If y_is a reducing curve then y is the
common frontier of two domains Cl and C2 Let f] Jj = 1,2 be the lift which fixes
the ends of C; i . In this case too f] fixes 7T and commutes with 7.

The components of the full preimage of V' are copies of the universal cover of V' ; we
refer to each component as a lift of V. There is a compactly supported homotopy from
y to o which lifts to a homotopy between y and a lift & of «. Let V be the lift of V
that contains @. Since the lifted homotopy moves points a uniformly bounded distance,
the ends of & converge to 7% . Since this uniquely determines & and since the ends of
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T (@) converge to T#, it follows that T'(&) = & and hence that T(V) V . For the
same reason, ]’J (&) is the unlque lift of f (a) whose ends converge to T +  Since there
is such a lift of f'(&) in V, it follows that V and fj (V) have nontrivial intersection
and so, being lifts of V', are equal.

Given X € B(f)N 1% projecting to x € B(f)NV ,let W C V be a free disk neighborhood
of x with compact closure and let W C V be the lift of W that contains X. There
exist k; — oo such that f%i (x) € W and covermg translations S; satisfying fjkl X)e
S,(W) Since fj iI(X) e V,S; preserves V and so must be an iterate of 7. After
passing to a subsequence and reversing the orientation of 7" if necessary, we may
assume that S; = T™i for m; — oco. In particular, the distance between ﬁki (¥) and
C is uniformly bounded. Lemma 9.10 implies that C is an » domain and hence
(Proposition 10.3) a home domain for X. Lemma 13.6 implies that X is contained in
some U € A; Lemma 12.1 and Corollary 12.3 imply that 7" is the coverlng translation
associated to U . Since T is independent of the choice of X, B(f)NV c U. The
interior of the closure of B(f) N V contains V so V c U by Corollary 13.7. This
completes the proof. a

Recall (see Notation 2.7) that for any open f—invariant annulus V' C M there is a
natural annular compactification of V' denoted V. and an extension of f to the closed
annulus f.: V. — V.. See Definition 2.1 for the definition of translation number,
translation interval, rotation number and rotation interval.

Lemma 14.2 Suppose that U € A and that X is a component of U, corresponding
to a nonsingular end. Then the translation number 7 ( ]7; | ¢) of any lift of fe restricted
to the universal covering space X isan integer p. Moreover the translation interval
7'(]7;) is a nontrivial interval containing p as an endpoint and having length at most 1.

Proof No integer can be in the interior of the translation interval 7 ( ﬁ). To see this
we suppose to the contrary that an integer (which without loss we assume is 0) is in the
interior of T ( f;) and show this leads to a contradiction. In this case by Theorem 2.3
there would be periodic points in U with both positive and negative rotation numbers.
[7, Theorem 2.1] then implies that f* has a fixed point in the open annulus U, which
is a contradiction.

By part (4) of Lemma 13.12, fc has a fixed point in X . It follows that the translation
number of the lift fc| 7 - X > X isan integer, say p. Hence p € T( fc) There is a
point in the interior of U with a well-defined noninteger translation number. This is
because almost all points of U have a well-defined translation number by Lemma 2.2
and if these were all integers then Proposition 2.4 would imply U contains a fixed
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point — a contradiction. Since p € T ( f;) and no integer can be in its interior, it follows
that 7 ( f¢) is nontrivial, p is one endpoint and it must be contained in either [p, p + 1]

or [p—1,p]. 0

Suppose that @ and @, are disjoint nonhomotopic essential oriented simple closed
curves in M and that ji; and [X, are lifts to H. The initial and terminal ends of [i;
converge to the fixed points 7}, Tl.+ € Swo respectively of some covering translation 7;.
If ;11 and p, are nonperipheral then 77 and 75 are hyperbolic and the four endpoints
are distinct. Moreover, fi and ji, are antiparallel if {7, 7, } links (T, T2+} and
parallel otherwise. If either 11 or py is peripheral then it requires more care to decide
if ;i1 and [i, are antiparallel.

Definition 14.3 Suppose that 7" is the covering translation associated to UeAand
that C is a home domain for U . Let f f@ Identify the annular compactification U,
with S1x[0, 1] and so the universal cover of U, with Rx[0, 1]. Let p;: Rx[0,1]— R
be projection onto the first coordinate.

Since there are no fixed points for f. in U, Proposition 2.4 implies that the set of
points in U, with zero rotation number has measure zero. Thus there is a full measure
set P C U consisting of points in B(f) which have a well-defined nonzero rotation
number for f.: U, — U.. Each lift X € U of each x € P has a well-defined nonzero
translation number with respect to f; These translation numbers must either all be
positive or all be negative since the existence of a point with positive translation number
and a point with negative translation number would imply the existence of positively
and negatively recurring free disks in U and then [7, Theorem 2.1] implies the existence
of a fixed point.

Let © C U be an essential simple closed curve and let ji be its lift to U.Ifall X as
above have positive translation number then we orient i so that the p;—image of its
initial end converges to —oo and the pj—image of its terminal end converges to +oc.
Otherwise, all X as above have negative translation number and we orient i so that
the p;—image of its initial end converges to 400 and the p{—image of its terminal
end converges to —oo. We say that i has the orientation determined by C. (If U has
two home domains then the orientations that they induce on [i are opposite from each
other.)

For any pair of disjoint properly embedded oriented lines £, £, in R? there is an
ambient isotopy that moves £; and £, to a pair of oriented horizontal lines. If the
horizontal lines are both oriented to the right or both oriented to the left then we say
that £; and £, are parallel. Otherwise, we say that £; and £, are antiparallel. It is
easy to check that this is well-defined.
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Lemma 14.4 Suppose that U 1 and 172 are distinct elements of A that have a common
home domain C. Suppose further that both U 1 and (72 intersect a lift D C H of some
free disk D C M . Fori = 1,2, let u; be an essential simple closed curve in U; and
let [i; C U; be its lift endowed with the orientation determined by C . Then [i; and
i, are parallel.

Proof Following Definition 14.3, we let P; be the full measure subset of U; consisting
of points with well-defined nonzero rotation number for f.: U;. — Uj;.. Since U; N D
is an open set we may choose x; € P; and lifts X; € D.

Let f~ = fé By [17, Theorem 2.6] there exists an oriented properly embedded line
L; with the following properties:

(1) L; contains the f@—orbit of X;.

(2) The initial and terminal ends of L; converge to o/( ]%, X;) and w( fé X;) re-
spectively.

(3) Ifi < j then f~ (%) < f J(X1) in the ordering induced on L by its orientation.
4 L;is f —invariant, up to isotopy rel the orbit of X;.

As L is only defined up to isotopy rel the orbit of X1, we may assume that L, C U,.
The lines L and f (L1) are isotopic rel the orbit of X;. Since L; and f (L) are
both contained in U1 and the orbit of X, is disjoint from U1 , L1 and f (Ll) are
isotopic rel the orbits of X¥; and X,. By symmetry we may assume that L, C U2 is
]7 —invariant up to isotopy rel the orbits of X; and X,. Since X1, X, are contained in a
free disk for f , [11, Lemma 8.7(2)] implies that L and L, are parallel. Items (2)
and (3) imply that the orientation on L; is consistent with one on fi; determined by C
and we conclude that ji; and [i, are parallel. ad

Lemma 14.5 Each U € A is the interior of its closure in M .

Proof It is obvious that U C int(cl(U)) so it suffices to show that if x € fr(U) then
every neighborhood of x intersects some element U’ # U of A.

Choose U € A projecting to U and a lift X € fr((7). By Lemma 13.8(1) there is a free
disk neighborhood D of x lifting to a neighborhood D of X and there is a domain C
that is a home domain for each point in DNB (f) and hence a home domain for every
element of A that intersects D. Let f fC H — H. Since X is in the frontier of
U, D intersects at least one element U’ # U of A. We must show that for any D
there is such a U’ whose pr0]ect10n U’ in A is not equal to U. Let S be the set of
covering translations S such that U = S(U ) intersects D but is not equal to U. 1t
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suffices to show that S = &, and we do this by assuming that S contains at least one
element S and arguing to a contradiction.

It C #S (C~' ) then they must have a common frontier component & because there are
points for which they are both home domains. But & projects to a simple closed curve
o that separates M with the interior of C projecting into one side and the interior of
S (C ) projecting to the other in contradiction to the fact that S is a covering translation.
We conclude that C = S (C ). Thus S € Stab(C ) and S commutes with f It follows
that if &t C U and pcs (U ) are lifts of a simple closed curve u C U equipped
with the orientation determined by C as in Definition 14.3 then S maps [t to i’ and
preserves orientations.

If u and p' are antiparallel we have contradicted Lemma 14.4. If 1 and p’ are parallel
then there is a covering translation S’ such that S’(ft) separates i and /i’ and such
that the orientation on S’(j1) is antiparallel to that of [i; the existence of S’ follows
from the fact that M has genus zero. We are now reduced to the previous case and so
are done. |

We are now able to prove Proposition 5.1.

Proposition 5.1 Suppose that F € Diff,, (S 2. P) has entropy zero, has infinite order
and at least three periodic points. Suppose that M is a component of M = S?\ Fix(F)
and that f = F|p: M — M . Then A (see Definitions 13.3) is a countable collection
of pairwise disjoint essential open f —invariant annuli in M such that:

(1) For each compact set X C M there is a constant Kx such that any f —orbit that
is not contained in some U € A intersects X in at most Kx points. In particular
each birecurrent point is contained in some U € A.

(2) If z € M is not contained in any element of A then there are components Fy (z)
and F_(z) of Fix(F) sothat w(F,z) C F4(z) and a(F,z) C F_(z).

(3) Foreach U € A and each component Cyy of the frontier of U in M, Fy(z)
and F_(z) are independent of the choice of z € Cyy .

@) ItU € A, and f.: U, — U, is the extension to the annular compactification
(Notation 2.7) of U , then each component of U, corresponding to a nonsingular
end of U contains a fixed point of f.

(5) A is the set of maximal f —invariant open annuli in M

Proof of Proposition 5.1 The case in which M has less than three ends is proved in
Section 5 so we may assume that M has at least three ends.
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The elements of A are essential open annuli by Lemma 13.12(1) and are disjoint and
f —invariant by Lemma 13.4(4). Lemma 13.8(3) implies (1) which implies (2). Item
(4) follows from Lemma 13.12 (4). Item (5) is Lemma 14.1.

We now turn to (3). Let Z be a component of the frontier of U in M, let U be a
component of the full preimage of U and let Z be a component of the frontier of U
that projects onto Z.

Given Z € Z, let C be the unique (Lemma 13.8) home domain for Z, let f fC and
let D be a neighborhood of Z that projects to a free disk for f and is disjoint from a
lift ;& of a simple closed curve u C U that is essential in U. By Lemma 13.8(1), we
may assume that C is a home domain for each element of B (HnN D and hence a home
domain for each element of A that intersects D. We claim that D intersects exactly
one component Vz of H \ cl(U). If the claim is false then there exist U, U"” € A that
intersect D and that are contained in distinct components of H \cl(U ). Let i’ C U’and
ii” c U” be lifts of essential simple closed curves u' C U’ and p” C U”. Equip
fi, 7’ and [i” with the orientation determined by C. Since i’ and [i” are contained
in distinct components of H \ cl(ﬁ ) and are contained in the same component of the
complement of /I, no one of these three lines separates the other two. It follows that
two of these lines are antiparallel in contradiction to Lemma 14.4. This completes the
proof of the claim. We conclude that each z € Z hasa neighborhood that intersects
exactly one component Vz of H \ cl((7 ).

The next step in the proof of (3) is to show that the intersection B of S, with the
closure of Z cannot have more than two components. The open set Vz = Vz depends
only on Z and not on Z. In particular, Z is contained in the frontier of VZ. Let
W be the component of the complement of U that contains Vz and so contains Z.
Lemma 3.2 implies that the frontier of W is connected and hence is contained in a
component of the frontier of U. Thus Z is the frontier of W . The argument in the
preceding paragraph shows that W\ Z is connected. Lemma 3.2 also implies that the
complement of W is connected and hence that the complement of Z in H has exactly
two components. If B has more than two components there would be two components
of S \ B with neighborhoods contained in the same component of H \ Z and so
there would be a line in H \ Z that separates Z . This contradiction completes the
second step.

The third step is to prove that each component of B is a single p01nt If R # @ then
this follows from the fact (Corollary 10.15) that U and hence Z is contained in a
uniformly bounded neighborhood of either one or two domains. Similarly, we are done
if there is an essential nonperipheral simple closed curve t in M that is contained in
an element of A, for in this case each interval in Seo contains the endpoints of a lift
of 7 that is disjoint from U.
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We are now reduced to the case that f is isotopic to the identity and that U is
peripheral. Choose compact subsurfaces M; C M, C M so that M \ M has at least
three components and so that the following hold for each component W of M \ M
and each component V of M \ M,:

e JV (respectively dW) is connected and is either a geodesic or a horocyle.
e VCW=hV)CW.

By Lemma 13.12(3), U contains a deleted neighborhood of some puncture p. We may
assume without loss that the component W, of M \ M that contains p contains no
other puncture and is contained in U . Let Wp be the component of the full preimage of
W, that is contained in U and let P € Soo be the fixed point of the covering translation
Tp corresponding to U. (Thus P projects to p.)

For p a path in H, define d(p) to be the total length of the maximal subpaths of p
that are contained in the full preimage M, of M. Equivalently, project p to a path
p C M and take the total length of pN M. For all X € H, let p3 be a path connecting
% to 9Wp such that d(%) := d(p%) is minimal among all such paths. Since there is a
lower bound to the distance between components of M \ M;, pz decomposes as a
finite alternating concatenation of subpaths in M \ M 1 and subpaths in M with all
intersections with dM; being orthogonal. Note also that |d(71)—d (7,)| <dist(V1, 2).
If 7 is an essential closed curve in M that is nonperipheral in M7 then an endpoint
in S of any lift of t is the limit of points y; with d(y;) — oo. The third step
will therefore be completed once we show that there is a uniform bound to d(X) for
birecurrent X € U and hence forall ¥ € U .

Let Q € Soo be a translate of P, let WQ be the horodisk neighborhood of P that is a
lift of W), let i be the geodesic connecting P to Q and let F be the fundamental
domain for the action of Tp on H that is bounded by OF = LUT(j1). We may assume
without loss that X € F. Since f is isotopic to the identity, there exists a constant Cy
so that dist(y, f ()7)) < Cy for all y. It follows that if y € F and dist(y, dF) > C,
then f () € F. Applying this to the orbit of X we conclude that there exists m > 0
so that ff (X) € F forall 0 < j <m and so that dlst(fm(x) IF) < Cy.

Letting C; be the length of the finite arc £ N M, , we have
d(f7(%) < Cy +dist(f7 (%), OF)

for all j. Since M, is compact, it is covered by finitely many, say K, free disks. If the
orbit of X contains more than K points in FnM » then there would be a near cycle
S for some points in the orbit of X that was not an iterate of 7p in contradiction to
Lemma 11.3. Thus the orbit of ¥ intersects F N Mz in at most K points. Suppose that
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d(X)> (2K +1)Cy +C; . If both f9(%) and f7T1(%) are contained in H\M2 then
both f J(X) and f J+1(X) are contained in the same component of H \ M, and so
d(f1(x)) = d(ff+1(x)) It follows that d( /™ (%)) = d(f (X)) —2KCy > Co + C;
and hence that dist( f m(x), oF ) > Cy. This contradiction shows that d(X) is bounded
above and so completes the proof of step 3.

If B is a single point P, then P is also the intersection of So, with the closure of
one of the complementary components of Z . Tt follows that o f ,Y) =o( f ,y)=P
for each y € B(f) contained in this component and hence that this component is
C7(P). Projecting to M, we have by Lemma 13.12(3), that Z is disjoint from a
neighborhood of the puncture to which P projects. This contradicts (2) and the fact
that a(f, Z)= w(f, %) = P forall Z € Z. We conclude that the limit set of Z in Seo
is a pair of points, say @ and b.

The final step in the proof of (3) is to show that either ( f Z) =a and w( f Z)y=>b
forall Z € Z or a(f Z) =b and a)(f Z)=a forall Z € Z. Since Z is connected, it
suffices to verify this for all Z € D.

Choose Z€ D. For i = 1,2, choose 7; € DNB(f) and U; € A such that 7 € U; and
such that U; and U, are in different components of M \ Z. As shown in the proof of
Lemma 14.4 there are oriented lines L; and L, with the following properties:

(a) L; C U; contains the f —orbit of J;.

(b) The initial and terminal ends of L; converge to o( f , i) and w( f , yi) respec-
tively.

(¢) Ljis f —invariant, up to isotopy rel the orbits of y; and ¥,.

The isotopy of (c) between L; and f (L;) can be taken with compact support in
U; UU,. We may therefore assume:

(d) the isotopy of (c) is rel the orbits of ¥y, y, and Z.

By [17, Theorem 2.2] there is an oriented line L3 satisfying:

(e) L3 contains the ]7 —orbit of Z.

(f) The initial and terminal ends of L3 converge to o/( ]7 ,Z) and w( f ,Z) respec-
tively.

(g) Lsis f —invariant, up to isotopy rel the orbit of Z.
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As Lj is only defined rel the orbit of Z we may assume that L3 is disjoint from L,
and L,. By (d), f(L3) is isotopic rel the orbits of 7;, 3, and Z to a line L/ that is
disjoint from L; and L,. Item (g) implies that L3 is isotopic to L’3 rel the orbit of Z.
This isotopy can be chosen to leave Ly and L, invariant so L3 is isotopic to L’ rel
the orbits of ¥y, J, and Z. In other words L3 is f—invariant rel the orbits of y1, ¥,
and Z.

Lemma 8.7(2) of [11] implies that L3 is parallel to L and L,. It follows that the
ends of L3 converge to distinct points and that the orientation on L3 is independent
of Ze D. ad

15 Renormalization

In this section we study the finer structure of f|i7, the restriction of f to one of the
annuli U € A.

For each ¢ > 1 let My, = S? \ Fix(F4) C S? \ Fix(F) = M. Recall that by the
main theorem of [2], each component M of M is F—invariant and similarly each
component My of My is F9—invariant. Let A(g) be the family of open F9—invariant
annuli obtained by applying Definitions 13.3 to the restriction of F¢ to a component
My, of M, that is contained in the component M of M. See Proposition 5.1 for
several useful properties of A(g).

Lemma 15.1 [ permutes the elements of A(q).

Proof As f commutes with f¢ this follows from Corollary 13.5 applied to A(g). O
Lemma 15.2 If V € A(q) is essential in M then V is f —invariant.

Proof Lemma 15.1 implies that f(V') is an element of A(¢) and hence that f(V) is
either equal to or disjoint from V. Since V is essential in M, f(V) is essential in
M . If f(V) is disjoint from V' then f maps one component of the complement of V'
to a proper subset of itself because every component of the complement of V in S?2

contains fixed points of F. This contradicts the fact that f* preserves area. |

The following proposition shows that elements of the family .A(g) refine the elements

of A.

Proposition 15.3 Each V € A(q) is a subset of some U € A.
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Proof The case that V' is essential follows from Lemma 15.2 and Lemma 14.1 so
we may assume that V' is inessential in M . An essential closed curve in V' bounds
a closed disk in M and we let W be the open disk that is the union of V' and this
disk. Since f preserves area and W is open and invariant under /¢ there is a periodic
point p € W NFix(f?) by the Brouwer plane translation theorem.

Let p € W C H be lifts of p € W, let C be a home domain for 7 and let U be the
element of A that contains p. We will show that W N B(f4) C U. Corollary 13.7
then implies that W C U and hence that V C W C U.

Given z € W NB(f7), choose k; — oo such that each /9% (z) is connected to z by a
pathin W of length less than 1. Also, choose d so that z is connected to p by a path in
W of length less than d. If Z is the lift of z into W then dlst(f~‘1k (2), fch (p)) <
d + 1. It follows that w( fC Z)=w( fC, p). If C is not the unique home domain for p
then the equality of @ limit sets holds for the other home domain as well. Thus C isan
« domain, and hence a home domain (Proposition 10.3) for Z. Since the element of A
that contains Z is determined by w( fC Z)=o( fC ), we have Z € U as desired. O

Remark 15.4 V € A(q) is essential in M if and only if it is essential in the unique
U € A containing it, since Proposition 5.1 asserts U is essential in M . In this case
we will simply say that V' is essential.

The next lemmas provide information about the translation and rotation intervals of the
extension f.: U, — U, of f to the annular compactification of U .

Lemma 15.5 Suppose that ¢ > 1 and that x € U is not contained in any V € A(q).
Then w( f, x) is contained in a component of U, UFix( f1). Moreover:
(1) The forward rotation number, ,0;{ (x), with respect to f. is well-defined.

(2) If w(fe,x) contains a point of U then p+ (x)=p/q forsome 0 < p <gq.

(3) If w(f¢, x) is contained in a component of U, corresponding to a nonsingular
end of U then ,0}; (x)=0.

(4) If w(fe,x) is contained in a component B of dU, corresponding to a singular
end of U then p}z (x) = p(B).

An analogous statement holds for backward rotation number.
Proof Lemma 13.6 implies that w(f9,x)N My =@. Thus w(f?, x) CFix(f?) and

o(f, x) CFix(f)UdU,. Since each component of Fix(fJ) UdU, is f. —invariant,
(2, x) is contained in a component K of Fix( /) U dU,.
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The rotation number py, is well-defined and constant on each component of dU, . It
is also well-defined and locally constant on Fix( f,J). Since both sets are closed, Pf.
is locally constant on their union and hence constant on K, say o(fc|x) = px. It

follows that p( £ |x) = qpk -
In fact, more is true. There is a lift f;: U, — U, of J such that 77, (y) = pg for each
¥ that projects into K. Let p;: U. — R be the projection used to define t7.. Then
for any k € Z B

|1 /*4(F) ~ 1T —kqpx| <1
for any ¥ that projects into K. For any fixed k, this inequality holds for any point
Z that projects into a neighborhood, say Wy, of K. Suppose that z and the forward

J9—orbit of z is contained in Wy. Then by applying the above inequality with y
equal, in order, to Z, fckq 2, fCqu @,..., fc(f —Dk4 (%) and summing, we obtain

P fY* @)~ prZ—qikpx| < J
for all j. Setting n = jk and dividing by n we obtain

pfME) = piZ 1
—qpk| < A
n

for all n which are multiples of k. An easy computation for n which are not multiples
of k proves that
(M@ -G _ .. ("M@ —p(@) _ 1

1 .
_ << < J—
aPK — 7 lkmmf p lll?lsup p qpk + 2

forall z with w( £, Z) C Wy Since w(f, x) C Wy, forall k it follows that '0+qu (x)=
gpx and hence that ,o . (x) = pg . This completes the proof of (1).

If K contains a point y in the interior of U, then y € Fix(fJ) and p(f¢|x) = p/q
for some 0 < p < ¢. If p =0 then there is a lift f: U — U and a lift )7€Fix(f~‘1)
in contradiction to the Brouwer translation theorem applied to f and the fact that
Fix(f) =g. Thus 0 < p <gq.

If K is a component of dU, corresponding to a nonsingular end then px = 0 by
Proposition 5.1(4). This proves (3) and (4) is clear. The analogous result for backward
rotation numbers comes from considering /!, |

Corollary 15.6 Suppose ¢ > 1 and V € A(q) is essential in U € A and U has a
nonsmgular end. If f.: V. — V. is the extension to its annular compactification then for
any lift fc to the universal covering space Ve, there is p € Z such that the translation
interval T(fc) is a nontrivial subinterval of [p/q, (p + 1)/q] and contains at least one
of its endpoints.
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Proof Lemma 15.2 says V is f—invariant. The fact that U has a nonsingular end
implies that V' does also. The result now follows from Lemma 14.2 since

- 7q
T(f =TV, o

Lemma 15.7 If V € A(q) is a proper subset of U € A, then there is a tull measure
subset W C V, containing V N Per( /'), with the following properties:

(1) IfV isessential in U, then every x € W has the same well-defined rotation
numberin V, asin U,.

(2) The annulus V is inessential in U if and only if thereis p € Z with0 < p <g¢q,
such that every x € W has rotation number p/q in U,.

Proof Let W be the full measure subset of V' which consists of birecurrent points
which have a well-defined rotation numbers in both U, and V.. Suppose that x € W.

If V isessential in U thenitis f—invariant by Lemma 15.2. The inclusion of V in U
induces an isomorphism on the fundamental group. The rotation numbers in the two
annuli can be computed along a subsequence of iterates which recurs. More precisely
we may join f"(x) to x by arcs «; in V whose lengths are bounded uniformly in

CIf j is a lift to the universal cover V then we can join a lift X of x to ]’”’ (X) by
an arc ,3, in V. The projection B; of ﬂ, in V' concatenated with «; forms a closed
loop in V' and the rotation number is the limit of 1/n; times the homology class of
this loop as n; goes to infinity. This is easily seen to be independent of the choices of
f and X. This homology class is the same in U and V so (1) follows.

If V is inessential in U there is a component X of its complement in S? contained
in U. The set Q = V U X is an open disk invariant under f?. Since f is area
preserving and f9(Q) = Q, by the Brouwer plane translation theorem there is a
point xo € Q N Fix(f7). Since xo € Fix(f7) it is not in any V € A(g), so by
Lemma 15.5(2) the rotation number of xq in U is p/q for some 0 < p <gq. Let N
be a compact disk neighborhood of x in V and let {n; = k;q} be a sequence such
that f"(x) € N. Choose a path ¢ C Q connecting x( to x. Since Q is contractible,
f" (o) is homotopic rel endpoints to the concatenation of ¢ with a path in N . Choose
alift f.: U, — U, and a lift N of N. Let X,Xy € N be lifts of x,xo and let
P1: U. — R be the projection used to define t 7 The p;-image of N is a bounded
subset of R. It follows that

p1(f7(®) = pi (1 (R))

is bounded uniformly in i and hence that x and x( have the same rotation number in
U, namely p/q.
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This proves that if V' is inessential in U then all the points of W N V' have the same
rotation number p/q. To show the converse observe that since V is a proper subset of
U it has a nonsingular end. If V' is essential then Lemma 14.2 applied to /7|y asserts
that /|- has a nontrivial rotation interval and, in particular, by Theorem 2.3, there are
periodic points in V' with infinitely many distinct rotation numbers. |

Corollary 15.8 If x € U and w( f¢, x) is not contained in dU,, then there is a positive
integer r = r(x) so that if ¢ > r and either r = 1 or ¢ is relatively prime to r, then
there is V € A(q) which is essential in U and contains x .

Proof If there is a positive integer n such that o( f¢, x) C Fix(f) U dU,, let ry =
ro(x) be the smallest such 7 and note that 79 > 1 since Fix(f)NU = & and w(fe, x)
is not contained in dU,. If there is no such 7, let ro = 1. Note that if £k > 1 and
w(fe,x) C Fix(fck) U dU, then rg > 1 and k is a multiple of rg.

Suppose now that r = ryry for some positive integer r; (to be chosen below), that
g > r and that either r = 1 or ¢ is relatively prime to r. By the above observation,
o(fe,x) ¢ Fix(f)UdU, so Lemma 15.5 implies that x is contained in some VaeAy.
It remains to show that if ry is properly chosen then V; is essential.

If there is a positive integer m such that x is contained in an inessential element of
A(m), note that m > 2 since U is essential and let r; be the smallest such m. If
there is no such m, let r; = 1. In this case we are done so suppose that r; > 1 and
hence that there is an inessential V,, € A(ry) with x € V;,,. We complete the proof by
assuming that V; is inessential and arguing to a contradiction. By Lemma 15.7(2), a
full measure subset of the nonempty open set V; NV, consists of points with the same
rotation number in U . Moreover by the same result this number must have the form
p/q and p’/ry with p, p’ # 0. Since ¢ is relatively prime to r; this is impossible
and we have reached the desired contradiction. O

Recall (see Notation 2.7) that to simplify notation we denote the rotation interval R( f;)
by p(U) when there is no ambiguity about the choice of diffeomorphism f but various
annuli U are under consideration.

Lemma 15.9 Suppose U € A has a nontrivial rotation interval p(U). For any
sufficiently large prime ¢q there is V € A(qg) which is essential in U and satisfies

A(V)cU.

Proof Since p(U) is nontrivial, by Theorem 2.3 we may choose three periodic points
{xi}, i =1,2,3 in U whose rotation numbers {p;/g;} have distinct denominators
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and are contained in the interior of p(U). Choose a prime ¢, larger than each ¢; and
sufficiently large that any three intervals of length 1/¢ containing the three numbers
{pi/qi}, must be pairwise disjoint and must lie in the interior of p(U). The points
{x;} lie in elements of A(g) by Lemma 15.5 and these elements must be distinct by
Corollary 15.6. They are essential in U by Lemma 15.7. At least one of these annuli,
say V', must be separated by the other two from the components of the complement of
U. Hence cl(V)CU. |

We will write |p(V')| for the length of the interval p(V).

Lemma 15.10 Suppose that Y is a component of the frontier of U in S? and that
{V;} is an infinite sequence of distinct essential elements of A(q) such that V;4,
separates V; from Y . Then

Tim [p(Vi) = 0.
1—>00

Proof Let W; be the open annulus that is the union of V;, V; and a closed annulus
bounded by an essential curve in V; and an essential curve in V;. The complementary
components of W; in S? are the component of S2\ V; that contains Y and the
component of S2\ V; that contains the other component of the frontier of U. In
particular, these complementary components are compact and connected. Let W C U
be the union | J; W;. Since the nested intersection of compact connected sets is compact
and connected, W is open and has two complementary components in S? so it must
be an open annulus.

Let B be the boundary component of dW, corresponding to the end of W that is
disjoint from V;. Every neighborhood of B contains V; for all sufficiently large i.
It follows that if x; € V; is periodic, then the rotation number of x; with respect to
f converges to the rotation number a of the restriction of f. to B. Theorem 2.3
therefore implies that the interval p(V;) converges to the point ¢ and so has length
tending to zero. a

Lemma 15.11 Suppose p(U) is nontrivial and doU, is a component of dU,. Let py
be the rotation number of f. on doU,. There exists Q > 0 such that:

(1) If g is any product of primes, each bigger than Q, then dgU, is a frontier
component of a (necessarily unique) essential Vo (q) € A(q) with Vy(q) C U.

(2) The rotation number of the homeomorphism induced by f on doVy(q)¢ is po-
In particular py € p(Vo(q)).

(3) If pg # p/q for some 0 < p < q then cly(Vo(q')) C Vo(q) for all sufficiently
large ¢q'.
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Proof The first step in the proof of (1) is to prove that for sufficiently large Q and for
¢ as in the hypothesis there exists a (necessarily unique) essential Vy(g) € A(g) that
is not separated from doU, by any other essential element in A(q).

By Lemma 15.9 we may assume that there exists an essential V; € A(g) whose
closure is contained in U. Let p(0U.) = {po, p1}. We may assume that Q is so
large that neither py nor p; has the form p/g with 0 < p < ¢. Choose § such that

§ <lpo—p/ql.lpr—p/q| forall 0 < p <gq.

The proof is by contradiction: assuming that no such Vj(g) exists we will inductively
define an infinite sequence {V;} of distinct essential elements of .A(g) such that V44
separates V; from doU, and such that |p(V;)| > §/2 in contradiction to Lemma 15.10.
It suffices to assume that V7,...V;_; have been defined for i > 2, and define Vj;.
By the assumption we wish to contradict, any element of 4(g)) is separated from
doU, by another element of A(g). In particular V;_; is separated from doU,, say
by V;*. Since V;* is also separated from doU, by (yet another) element of A(q), it
is contained between two open essential annuli in U . Hence each component of its
frontier is contained in the interior of U. Lemma 15.5 implies that the rotation number

of the restriction of f. to a component of dV;* . has the form p/q with 0 < p <gq.

Choose an essential closed curve « in Vl* and let W; be the union of Vl* with the
component of U \ « that does not contain V;_;. Then W; is an open annulus whose
frontier components are doU, and a component of the frontier of V;*. Theorem 2.3
implies that W; contains a periodic point z whose rotation number has distance less

than §/2 from pg and so is not of the form p/q.

In particular, z € M, and it is also contained in some V; € A(g) by Lemma 15.5.
Lemma 15.7(2) implies that V; is essential and hence separates doU, from V;_;. The
rotation number of the restriction of f. to a component of dV;. has the form p/q
with 0 < p < ¢ for the same reason that components of dV;*  satisfy this property.
Since z € V;, it follows that |p(V;)| > 8/2. This completes the induction step and
hence shows the existence an infinite family {V;} contradicting Lemma 15.10. We
conclude there is a unique essential Vy(q) € A(g) that is not separated from doU, by
any essential element of A(g).

Since there exists V, € A(g) whose closure is contained in U, the component B(q)
of fr(Vy(g)) which is separated from doU, by Vy(gq) is contained in U . Lemma 15.5
implies that if x € B(g) then w(f;, x) is contained in a component of Fix( ) that is
disjoint from Fix( f). It follows that if ¢’ is a product of primes all greater than Q
and with ¢ and ¢’ relatively prime, then B(q) N B(q') = @. Let W(q) be the open
subannulus of U, bounded by doU, and B(q). Note that either B(g) separates B(q’)
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from doU, or B(q’) separates B(gq) from doU,. Hence either cly(W(q)) C W(q')
or cly(W(q") € W(g).

Theorem 2.3 implies that W(g) contains a periodic point w whose rotation number
is arbitrarily close to pg, but not equal to pg, and in particular not of the form p/q.
Lemma 15.5 and Lemma 15.7(2) imply that w is contained in some element of .A(g)
that is essential and hence this element must be Vy(g). Theorem 2.3 implies that
po € p(Vo(q)). Now choose ¢’ sufficiently large that 1/¢’ < |po — pr. (w)|. Since
po € pr.(Vo(q')), by the same argument used for Vy(¢g), we conclude that pf, (w) &
p(Vo(q")) and hence w & Vy(¢’). It follows that cly (W(q')) C W(q).

Items (1) and (3) will follow once we prove that W(g) = Vy(g) (which is equivalent
to showing that doU, is the boundary component B’(g) of Vy(g) which is not B(g)).
In particular this will show that there are no inessential elements of 4(g) contained in
W . In order to show this we first prove the following.

Claim If ¢’ is sufficiently large then for any open set P in W(q) \ Vy(q) we have
PNW()=0.

We choose ¢’ so that, in addition to its properties above, it is large enough that p(Vy(¢q”))
does not contain a point of the form p/g with 0 < p < ¢g. Assuming that there is an
open P C W(q) \ Vo(q) with PN W(q") # &, we will argue to a contradiction, thus
proving the claim. The open set P N W(q’) (like any open subset of U.) contains
a positive measure subset Py of points which are birecurrent and have well-defined
rotation numbers in U,. By Lemma 13.6, the fact that p(V(¢’)) does not contain a
point of the form p/q implies that V(¢") C M, and hence there is a positive measure
subset P; C Py contained in some V € A(g). This V' is necessarily inessential since
otherwise it would separate doU, and Vj(¢). Lemma 15.7(2) therefore implies that
points in a full measure subset of P; have the same rotation number which is of the
form p/q with 0 < p <g¢q.

It follows that there is a positive measure subset P, C P; which is not contained in
Vo(q’) but is contained in an essential element of A(g’), (by Lemmas 15.5 and 15.7
(2) again). This contradicts the assumption that Py C W(q’) and so verifies the claim.

One consequence of the claim is that doU, C B’(¢). This is because if x € dgU. \ B'(q)
then x has a neighborhood which is disjoint from V;(g) but intersects W(q’) in an
open set contradicting the claim.

We want now to prove B’(q) C doU, and hence that B’(q) = doU.. We note that
doU, has neighborhoods which are disjoint from Fix( /i) \ Fix( f;), since otherwise
points in doU, would have a rotation number of the form p/g, p # 0. We let W,
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denote such a neighborhood which is chosen sufficiently small that it is a subset of
W(q')UdoU, and let x be a point of B’(¢) N Wy. Any point on the frontier (in U, ) of
an element of .A(q) is either in Fix(f?) or dU, or has arbitrarily small neighborhoods
meeting more than one element of A(g). This is because each element of A(g) is the
interior of its closure by Corollary 13.7 and the union of all elements of A(g) and
Fix(f4) is dense in S2. But x has a neighborhood which intersects no element of
A(q) other than Vy(g), because otherwise there would be an open P C W(q’) which
is disjoint from V{(q) contradicting the claim above.

We conclude that x € dgU. UFix( f4). Since x € Wy implies x &Fix( fZ)\Fix( f;) and
Fix( f¢) C dU., we conclude that x € doU,. We have shown that B’(¢) N Wy = doU,,
but B’(q) is connected, so in fact B'(¢) = doU,. This completes the proof of (1) and
3).

Finally to prove (2) we observe that one component of the complement of U in S?
coincides with a component of the complement of Vy(g), namely the component
corresponding to doU,. Indeed Vj(q) is a neighborhood of the corresponding end
of U. It follows that dgU, and dgVy(q). (in the annular compactifications U, and
Vo(q). respectively) can be naturally identified. Hence the rotation number of the map
induced by f on d¢Vy(q)c is po. |

Notation 15.12 For each U € A there are two components of its frontier in S2.
Associated to each component and each ¢ satisfying the hypothesis of Lemma 15.11,
there is an element of A(g) as described in this lemma. We will refer to these as the
end elements of A(q) and denote them Vy(g) and V;(g). They are neighborhoods of
the ends of U. We label them V and V; consistent with a transverse orientation; ie
for any ¢, q’, we have Vy(q) N Vo(¢') # &. Any element of A which is not an end
element will be called an interior element.

Lemma 15.13 Suppose x € U € A. If {q,} is a sequence of primes tending to infinity
and x € Vy(qn) for all n then py, (x) is well-defined and equal to the rotation number
po of the component of U, corresponding to the end elements Vy(qy).

Proof For n sufficiently large, po # p/qn for 0 < p < ¢, . Hence by Lemma 15.11(3),
by choosing a subsequence we may assume cly (Vo(¢n+1)) C Vo(gn)-

We now apply Lemma 2.11 letting A¢ be a closed annulus in the annular compactifica-
tion of Vj(g,) which has doU, as one boundary component and the other an essential
closed curve in Vo (qn) \ cly (Vo(gn+1)). We are identifying doU, as a component of
the boundary of both U, and the annular compactification of Vy(g,). Lemma 2.11
implies the rotation interval of x is the same in U, as it is in the compactification of
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Vo(gn). Since this holds for all ¢, and since p(Vy(gn)) contains po and has length
< 1/qn, pf.(x0) = po- O

Lemma 15.14 Suppose U € A. If V € A(q) is essential in U and p(V') is disjoint
from p(dU,), then cl(V) C U. Moreover, if x € U and the rotation interval for x in
U, is disjoint from p(dU,.), then for every sufficiently large prime ¢ there exists an
essential V € A(q) suchthat x e V, cl(V) C U.

Proof By Lemma 15.11 the fact that p(1') is disjoint from p(dU,) means that V is
neither V;(q) nor V1(q), the two end elements whose frontiers contain the components
of the boundary of U,. It follows that V' is separated by the essential annuli Vy(q)
and V1(q) from the boundary of U, and hence cl(V) C U.

To see the moreover part we observe that if the rotation interval for x in U, is disjoint
from p(dU,), then for sufficiently large ¢, the rotation interval of x will be disjoint
from p(Vp(g)) and p(V1(q)). If the rotation interval of x is a single rational point
choose ¢ larger than its denominator; otherwise choose any ¢ > 1. By Lemma 15.5
this will guarantee that x lies in some V € A(g). Corollary 15.8 implies that if ¢ is
sufficiently large this V' will be essential. This V is disjoint Vy(g) and V;(g) and
hence will satisfy cl(V) C U. ad

In principle a point x € V € A(g) might have a different rotation interval when viewed
in V' than when viewed in U . The following proposition shows this does not happen,
and as a consequence every point of U has a well-defined rotation number.

Proposition 15.15 Suppose x € U € A. Then the rotation number py.(x) of x
with respect to f.: U, — U, exists. Moreover, if x is in an essential V € A(q) and

pr. () & p(3Ve). then py, (x) = pp, (x) where h = f|y.

Proof We will first show that pf, (x) exists. Given € > 0 it suffices to show that the
rotation interval of x in U, has length < €. Choose an integer Q such that 1/Q < ¢
and such that Q is greater than the number r(x) from Corollary 15.8. Hence if ¢’ is
any product of primes each of which is > Q then ¢’ is relatively prime to r(x) so x
is contained in an essential element of A(qg).

Choose three primes ¢;, i = 1,2, 3 all greater than Q. Let V1 be the essential element
of A(g;) which contains x. We may assume that each of the V'’ are interior in Uy, as
otherwise for every sufficiently large prime ¢ the V' in A(g) containing x is an end
element and it follows from Lemma 15.13 that x has a well-defined rotation number
which equals the rotation number of one boundary component of U, .
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Let V be the essential annulus in A(g1¢2¢3) which contains x. Note that V C V!
and if we define ; to be the restriction of f9i to V! then V can be considered as an
element of A(q293, 1), A(q193.h2), and A(q192, h3).

Suppose for one choice of i, say i = 1, the element V' is an interior element of
A(g2q3.hy), ie cI(V) C V!, Then there exists an annulus 4, whose boundary
consists of two essential simple closed curves, one in each component of V'1\ cl(V).
The orbit of x lies in 4g and Ay is an essential closed annulus embedded in both
U; and Vc1 . Lemma 2.11 implies that the rotation interval of x is the same when
calculated in V! as when calculated in U, and since |o(V'!)| < 1/Q <€, the fact that
€ is arbitrary proves that the rotation number of x in U, is well-defined.

We are left with the possibility that each of A(g2¢3, /1), A(q193, h2), and A(q192, h3)
has V' as an end element. We will show this leads to a contradiction. We chose three
primes ¢; in order to guarantee that V' corresponds to the same end (iea Vy ora Vy)
for two of the /4;: Vi — V. Hence we may assume without loss of generality that
V =Vo(q293) € A(q293. h1) and V = Vo(q193) € A(q193, 12). But Lemma 15.11(2)
applied to 9! implies that the rotation numbers of the maps induced by f on 9oV}
and 9oV, coincide. Likewise, so do the rotation numbers on dV,2 and 9oV, . Since
V! is interior in U, both its ends are nonsingular. But it follows from Lemma 14.2
applied to /; that the rotation number of the map induced by f on doV/ has the form
pi/qi with 0 < p; < ¢; and hence it is not possible for two of these rotation numbers
to coincide. This contradiction completes the proof that oz, (x) exists.

To prove the second assertion of the proposition we note that pp_(x) exists by the
first part applied to /9]y . The fact that pr.(x) & p(dV¢), and Lemma 15.14 imply
that there is a prime ¢’ and an essential V’ € A(¢g’) containing x and such that
cl(V’) C V. Hence we may choose a closed annulus A4 containing ¥’ and contained
in V. Applying Lemma 2.11 we conclude that pr, (x) = pp, (x) where h = f|p. O

Remark 15.16 In the following definition we assume that p(U) is nontrivial. If we
are willing to pass to a power of F' this is a consequence of our standing hypothesis that
F: S? — S? has at least three periodic points, because then F9 will have three fixed
points and any U € A(g) will have a nontrivial end which is sufficient by Lemma 14.2
to imply p(U) is nontrivial.

Definitions 15.17 Suppose that p(U) is nontrivial, that dgU, and 9{U, are the

frontier components of U € A and that a; is the rotation number of f on d;U,.
Choose Q@ = Q(U) so that:

e If a; = p/q for some 0 < p < ¢ then ¢ < Q.
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e For every prime ¢ > Q there is an essential element V' € A(g) such that
cl(V) CU. (See Lemma 15.14.)

e For every prime ¢ > Q there are distinct elements Vy(q), V1(q) € A(g) (as in
Lemma 15.11) that are contained in U such that fr(V;(¢q)) C U, is 9; U, | Bi(q)
fori = 0,1 where Bo(q) N B1(q) = 2.

Define

Yi= () o (Vi(9)).
q9>Q
where the intersection is taken over all primes ¢ > Q and define

U=U\YoUY;) CU.
Recall from Definition 1.1 that Wj is the set of free disk recurrent points.

Lemma 15.18 Assume notation as above and assume that p(U) is nontrivial. The
following hold fori =0 andi = 1:

) Y; is well-defined, ie independent of the choice of Q.

(2) UandUU ()A’,- NU) are essential open [ —invariant annuli.

(3) Ifa; =0 then )A’, N U has measure 0.

(4) Ifa; #0 then Y;NU CW.

6 p(y)=a; foreachye)A’,-ﬂU.

Remark 15.19 If x € U then it has nonzero rotation number. To see this observe that
ifxeU , the w—limit set w( f¢, x) is separated from dU, because the orbit of x is
separated from dU, by Vy(g) U Vi(q) for some ¢. Then Corollary 15.8 implies that
for every sufficiently large prime ¢ the point x must lie in some essential V € A(g).
For large ¢ this V' must be interior, ie separated from dU,.

Let 4 = f|y and consider /.: V. — V.. Observe that 0 & p,, (V.), because if it were
Theorem 2.3 would imply /. has a fixed point in V.. But then Lemma 2.8 implies
there is a fixed point for F in cl(V') C U which is a contradiction.

Suppose now pr. (x) =0 in U,. Since 0 & pj,(0V¢), Proposition 15.15 implies that x
also has rotation number 0 for s.: V. — V., but as noted above this is a contradiction.

If ag = ay =0, then item (5) of Lemma 15.18 implies that U \ U consists of points
with rotation number 0. Hence in this case U is precisely the subset of U whose
points have nonzero rotation number.
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Proof By part (3) of Lemma 15.11 there is a sequence of primes {g;} tending to
infinity such that

Yi =(")cly,(Vi(g))) and Vi(gj4+1) U Bigj+1)) C Vi(g))
qj
for all j, where B;(q) denotes the component of the frontier of V;(g) which lies in
U . This proves that Y¥; does not depend on the choice of @ in its definition and so is
well-defined.

Let Z;(q) be the component of S\ B;(¢) that contains Y;. Then clg2(Z; (gj+1) =
Zi(gj+1)U Bi(qj+1) C Zi(gj) for the sequence of primes {g;} chosen above. Define

Zi=(\els2 Zi(gj) = [ cls2(Zi(9))

qj q>Q0

Then 20 and V4 1 are disjoint, compact, connected sets and U= U:\ ()70 U IA’I) =
S2\ (ZO uZ 1). Thus U is an open subsurface of S2 with two ends and hence
an annulus. The set U separates ZO and Z 1 each of which contains a point of
le(F ). Hence U is essential in M and therefore in U . The same argument applies
to UU (Y, NU): Its complement in S? has two components. For example, if i = 0
then one of the components is Z 1 and the other is the component of the complement
of U that intersects Zo. Each of these complementary components contains a point of
Fix(F) and hence UU (I?, N U) is an annulus which is essential in M and therefore
inU.

To show U is I —invariant it suffices to show ¥; is Jfe—invariant, but this follows from
the definition of Y, and the fact that V; (q) is fc—invariant. Having verified that U is
Jf —invariant, the same is true for Uu (Y, N U). This completes the proof of (2).

Item (5) follows from Lemma 15.13. Item (3) then follows from Proposition 2.4 and
that fact that Fix(f) =

For (4) suppose that a; # 0 and that x € Y;. If the w—limit set of x contains a point
in U then x € W,. Otherwise there is a nonfixed point z in w(x, f.). If Dy is a disk
neighborhood of z then Dy N U is a free disk that the orbit of x intersects more than
once and again x € Wj. |

We are now prepared to complete the proof of Theorem 1.2. For the definition of free
disk recurrent and weakly free disk recurrent see Definition 1.1.

Theorem 1.2 Suppose F € Diff,,(S?, P) has entropy zero, infinite order and at least
three periodic points. Let f = F|rq where M = S?\Fix(F). Then there is a countable
collection A of pairwise disjoint open f —invariant annuli such that:
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(1) U =yeqU isthe set W of weakly free disk recurrent points for f .
(2) A is the set of maximal f —invariant open annuli in M.

(3) If z U, there are components F1(z) and F_(z) of Fix(F) so that w(F,z) C
Fi(z) and a(F,z) C F_(z).

(4) Foreach U € A and each component Cy, of the frontier of U in M, F4(z)
and F_(z) are independent of the choice of z € Cpy.

Proof It suffices to verify items (1)—(4) for one component M of M at a time. Items
(2), (3) and (4) follow from the second, third and fifth items of Proposition 5.1 so it
suffices to prove (1).

If x € W) then there is a free disk D and n > 0 such that x, f"(x) € D. Choose lifts
X e Dto H,let C be a home domain for X and let 7 be a covering translation such
that f~”(x) € T(D) Thus 7T is an fC—near cycle for X. Since X and f~”(x) are
both contained in U, T preserves U and so preserves C. Lemma 13. 8(2) implies that
x € U thereby proving that Wy C U/. Lemma 14.5 therefore implies that W C U.

To prove the converse note that the w—limit set of any point in U lies in U and hence
contains points that are not fixed by f. Tt follows that Uc Wy . If both ag and a;
are nonzero then U = U U wn (YO U Yl)) C Wy C W by item (4) of Lemma 15.18.
If both ay and a; are zero then U is dense in U by item (3) of Lemma 15.18. Thus
U Cintp clM(ﬁ ) C W since U is a connected (item (2) of Lemma 15.18) subset
of Wy. For the remaining case we may assume that ag = 0 and a; # 0. Then
U Cintpy clM(ﬁ U (?1 NU)) C W because Uu (?1 N U) is a connected subset of
Wo. O

Theorem 1.4 Suppose F € Diff, (S2, P) has entropy zero, has infinite order and
at least three periodic points. Let f = F|yq where M = S? \ Fix(F) and let A be
as in Theorem 1.2. For U € A, let f.: U, — U, be the annular compactification of
flu: U — U. Then:

(1) The rotation number py, (x) is defined and continuous at every x € U,.

(2) IfFix(F) contains at least three points then py, is nonconstant.

(3) If C is a component of a level set of py, then C is F—invariant. If C does not
contain a component of dU, then it is essential in U, meaning that U, \ C has
two components each containing a component of dU, .

Proof For notational simplicity we write p(x) = py. (x). Proposition 15.15 says that
p(x) is defined for all x € U, so to prove (1) we must verify continuity of p.
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Assume notation as in Definitions 15.17. Recall that «; is the rotation number of f,
on d;U,. By item (5) of Lemma 15.18, p(y) = a; forall y € I’;, By construction,
there is a sequence of primes {g;} tending to infinity such that Ny = V;(gx) U Y isa
nested sequence of f,—invariant neighborhoods of Y; whose frontiers have rotation
number p/q; with 0 < p < ¢y . For sufficiently large k, p/qr # ao and we conclude
that }A’, is a level set for pf, . Also 0;U, can be identified with 9; V;(gx)c since N is
a neighborhood of Y; in both cl(U) and cl(V;(gx)). It follows that a; € p(V;(qx)) for
all k. Proposition 15.15 implies that if » € p(V;(qx)) then r is in the rotation interval
for the induced action of f* on V;(qx).. Since the length of this interval tends to zero
as k — oo (Corollary 15.6), the same is true for the length of p(V;(qx)). This proves
continuity of p at points of Y;.

The level sets C(x) for x € U are defined similarly. We specify Q = Q(x) by a series
of largeness conditions. By Lemma 15.11(3) and the assumption that x € U , We may
assume that x & Vy(q) U Vi(g) for ¢ > Q. In particular, w(x) C U. We may also
assume that p(x) # p/q for ¢ > Q and 0 < p < ¢. Lemma 15.5 therefore implies
that x is contained in some V (g, x) € A(g) which is essential by Lemma 15.7. Since
x &€ Vo(q) U Vi(g), we have cl(V(g,x)) CU.

Define
C(x) = () cl(V(g.x)),
q>Q
where the intersection is over all primes > Q.

Given ¢ let § be the minimum value of |p/g — p(x)| for 0 < p < ¢. If ¢’ > 1/ then
p(V(q',x)) does not contain p/q for 0 < p < ¢ and so does not contain any points
in the frontier of V(q, x). It follows that cl(V(¢’, x)) C V(q,x). We may therefore
choose a sequence of primes {¢g;} tending to infinity such that

C(x) =(\cl(V(g;.x)) and cl(V(gj+1.%)) C V(gj.x)
gj
for all j. This proves that C(x) is nonempty and does not depend on the choice of QO
in its definition and so is well-defined.

Item (1) follows from the fact that |p(V (g, x))| < 1/q.

If y € C(x) then there exists ¢ > Q such that y €cl(V (g, x)). The frontier of V (g, x)
separates C(x) and y and ¢ may be chosen so that this frontier consists of points whose
rotation number is not equal to p(x) so y is not in the same connected component as
x of the level set of p. It follows that C(x) is a connected component of this level set.
Since it is clear from the construction that C(x) is F—invariant and essential, we have
proved (3).
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If Fix(F) contains at least three points then U has at least one nonsingular end. It
then follows from Lemma 14.2 that p(U) is nontrivial so pys, is nonconstant. This
verifies (2) and completes the proof. |

16 Proof of Theorem 1.5

The proof of Theorem 1.5 is given at the end of this section following the statement
and proofs of some preliminary lemmas. Recall that A° = int(4) and that if H €
Diff,, (4, P’) then the homeomorphism F: S? — S? obtained from H by collapsing
each component of 94 to a point satisfies F € Diff,,(S2, P). As throughout the paper,
M = S?\Fix(F) and f = F|x. We identify M with A\ (Fix(H)UdA4) and H|
with f.

Theorem 1.5 For each H < Diff, (A, P’) with entropy zero, the rotation number
pH (x) is defined and continuous at each x € A.

We assume without loss that H, and hence F, has infinite order.

Lemma 16.1 Suppose that H € Diff, (A, P’) has entropy zero and that Fix(H)
contains at least one point in A°. Let A be as in Theorem 1.4 applied to the element
F € Diff,,(S?, P) corresponding to H .

(1) IfU € Aisessential in A then pg (x) = py.(x) forall x € U. If a component
doA of 0A is a frontier component of U , then ppg is defined and continuous on
a neighborhood of dg A .

(2) If U € A is inessential in A then pg(x) =0 forall x e U.

Proof We first consider the case that U € A is essential. Theorem 1.4(2) and
Theorem 2.3 imply that the image of ps, is a nontrivial interval. Suppose that B
is a component of a level set of oz, . If B is disjoint from dU,, then B is H—invariant
and essential by Theorem 1.4(3). Since any such B is contained in a closed annulus
in U that is essential in both U and A, Lemma 2.11 implies that oz, |p = pg|p. It
therefore suffices to prove the lemma for B containing a component of dU,.

Since U is essential, B corresponds to a singular end of U if and only if it corresponds
to an end of A° determined by a component, say dg A, of 4. In this case, Lemma 13.12
(3) implies that U U dg A is a neighborhood of dgA in A. Since py, is not constant
there is a core curve in U which separates B from the end of U which does not
correspond to B. Let N be this curve together with the component of its complement
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in U which contains the end corresponding to B. Note that N is a neighborhood of
an end of U and also a neighborhood of an end of A°. The compactification of this
end can be done in NV, so it is the same in U, and in A. Hence dpA4 can be thought
of as a component of dU, and B can be thought of as a subset of 4. Since N U dyA
is a closed annulus in U, containing B which is disjoint from the other component of
dU,, Lemma 2.11 implies that pg |p = pr.|p. Since py, is continuous, pg is defined
and continuous on a neighborhood of dy A4

We may therefore assume that B corresponds to a nonsingular end of U . Let X4 be
the component of the frontier of U in A determined by this nonsingular end and let
B4y=X4U(BNU). In other words, B4 C A is obtained from B C U, by replacing
a component of the frontier of U in U, with a component of the frontier of U in 4.
Lemma 13.12(4) implies that pr. |p = 0 so it suffices to show that pg|p, = 0. For
reference below, we note that the remainder of the proof of (1) makes no use of the
fact that U is essential.

Let U 4 C A be the lift of U to the universal (cyclic) cover A of A and let X "4 be the
component of the frontier of Uy in A that projects to X, (4 Denote the full preimage of
Fix(H) by Fix (H). We claim that there is a lift H: A — A that fixes each point in
X 4N ﬁ)?(H ). Up to isotopy rel Fix(H), H is isotopic to a composition of Dehn twists
along a finite set X of disjoint simple closed curves in A \ Fix(H). (See Section 4.)
To prove the claim, it suffices to show that no two points in Fix(H) N X4 are separated
from each other by an element o of X.

Let M be the component of A°\ Fix(H) that contains U . If M is an annulus then
M =U and X4 C Fix(H) U dA. In this case, X4 N ¥ = & so the claim is clear.
We may therefore assume that M has at least three ends. Equip M with a complete
hyperbolic metric in which all isolated punctures are cusps, in which the core curve
of U is a geodesic and in which the elements of X are disjoint simple closed geodesics
that have no transverse intersections with 7. If 7 is not an element of X, let C be the
component of M \ X that contains 7. Corollary 9.9(1) implies that U is contained in
a bounded (as measured in the hyperbolic metric) neighborhood of C. In particular,
all points in the intersection of Fix(H) with the closure of U in A are contained in
the component of 4 \ X that contains C. Since any two such points can be connected
by an arc in A \ X, the claim is proved. If 7 is an element of X, let C; and C, be the
components of M \ X on either side of t. Corollary 9.9(2) implies that U is contained
in a bounded (as measured in the hyperbolic metric) neighborhood of C; U C,. Since
X4 is disjoint from t, we may assume that X4 is contained in the closure of C; and
the proof of the claim concludes as in the previous case.

Identify A with R x [0,1] and let p;: R x [0,1] = R be projection onto the first
coordinate. Let B4 be the preimage of B4 and choose y € B4. For § > 0, we say that
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k is 6—good if pq (H* () — p1(¥) < k8. We complete the proof of (1) by choosing
€ > 0 arbitrarily and showing that all sufficiently large k are e—good.

Lemma 13.8(3) implies that for any neighborhood W of Fix(H) there exists a positive
integer M so that for all x € X4, we have H k (x) € W for all but at most M values
of k. We may therefore choose K; so that

p1(HX' (%) - p1(F) < Ki€/2

for all ¥ € X4 and hence for all ¥ in a neighborhood V of X4. Note that this
inequality can be concatenated. Thus, if HIK: X) € V forall 0 < j < J then
D1 (f] TK1 (%)) — p1(F) < JK1€/2. In particular, if the forward orbit of ¥ is eventually
contained in V then all sufficiently large k are € good. We may therefore assume that
there exists arbitrarily large & with H* ) ¢ V.

There is a compact essential subannulus of U whose lift to A contains EA N (/T \ 17)
We may therefore assume that p; and the projection )% ﬁc — R used to define py,
agree on B4N(A\ V). Since pyr,|B =0, we may assume after reducing the size of
IZ if necessary, that there exists K so that k is €/2-good whenever k > K, and
a5 G ¢ V.

Given arbitrary k > K, let k" be the largest value between k and K, such that
flk(j/) 4 V and let m be the largest integer such that / := K, + mK; < k. Then
k' +mKj is €/2-good, and k —[ is bounded by K. It follows that k is €—good for
all sufficiently large k. This completes the proof of (1)

If U is inessential then the union of U with one of the components of 4\ U is an
open H—invariant disk. If B is a level set of pr, that does not contain a component of
dU, then B is contained in an H —invariant open disk whose closure does not separate
the boundary components of A. It follows that the complete lift of this disk to A has
bounded components and hence all points in the disk have 0 rotation number. The
lemma therefore holds for all such B and for the component of the frontier of U in A
that is contained in the H —invariant disk. We are therefore reduced to considering the
level set B corresponding to the other, necessarily nonsingular, end of U. The proof
given above applies without change. |

Lemma 16.2 Suppose that H € Diff, (A, P’) has entropy zero and that Fix(H)
contains at least one point in A°. Let A be as in Theorem 1.4 applied to the element
F € Diff,,(S2, P) corresponding to H . If dy A is a component of A and PH a4 # 0
then dy A is a frontier component of some essential U € A.

Proof Since Fix(H) N dygA = &, there is a component M of M that contains a
deleted neighborhood V' of dgA. If M is an annulus, then it is an element of A and
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we are done. We may therefore assume that M has at least three ends. Choose a
component V of the full preimage of V' in the universal cover of M, let T be the
parabolic covering translation that preserves V and let P € Soo be the unique fixed
point of 7. After shrinking V' if necessary, we may assume that V' is covered by
a finite collection of free disks, say k free disks. If x € V is sufficiently close to
d0A then f7(x) eV forall 0 < j <k and so there exists 0 < j; < j, < k such
that f/1(x) and f/2(x) belong to the same free disk. It follows that some iterate
of T is a near cycle for all points in V that are sufficiently close to P. The domain
containing P in its closure is a home domain for all such points by Corollary 9.9
and is obviously 7T —invariant. Lemma 12.1 therefore implies that T is the covering
translation associated to some U € A and Lemma 13.12(3) implies that U contains a
deleted neighborhood of dgA. |

Lemma 16.3 Suppose that H: A — A is a homeomorphism of the closed annulus
and that Uy, U,, ... is an infinite sequence of disjoint invariant open essential annuli
in A. Let H;: Uf — Uf be the annular compactification (see Notation 2.7) of H |y,
and let L; be the length of the forward translation interval (see Definition 2.1) of some
(any) lift of H;. Then L; — 0.

Proof If the lemma fails then, after passing to a subsequence, there exists € > 0 such
that L; > € for all i. After replacing H with an iterate, we may assume that L; > 2 for
all i. Since each U; contains points with rotation number % we may choose y; € U;
such that H(y;) is antipodal to y; in the S! x [0, 1] structure of A. After passing to a
further subsequence we may assume that y; — x for some nonfixed x € A and that
Ui+ separates U; from x for all i. Choose a free disc neighborhood of x and an
arc v in this free disk that begins at x and ends at a point in some fr(U;,). For all
i > 1o, there is a subarc v; with interior in U; and with endpoints on both components
of fr(U;). Transporting this to H;: Uf — Uf, there is an arc v; with interior in Uj,
with endpoints on distinct components of dUf and satisfying H(v;) Nv; = 2.

We fix such an i and drop the i subscript from the notation, renaming H;: Uf — Uf
by h: A — A and the arc v; by v. Identify A with R x[0, 1] and let p;: RX[O 1]—>R
be projection onto the first coordinate. Let T be the covering translation 7'(r,s) =
(r +1,5), let ¥ be a lift of v and let /1 be the lift of H such that H(7) is contained
in the interior of the region bounded by v and T(v) Then H?2 (v) is contained in
the interior of the region bounded by h(v) and h(T(v)) = T(h (V)) and so is also
contained in the interior of the region bounded by ¥ and 7'%(7). Continuing in this
manner we conclude that /¥ (V) is contained in the interior of the region bounded by v
and T%(7), which implies that forward translation interval for /i has length at most
one. This contradiction completes the proof. |
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Proof of Theorem 1.5 Let F € Diff,(S?, P) be the element F € Diff, (S, P)
corresponding to H . If H| 4 has no interior periodic points then every point in A has
the same irrational rotation number by Theorem 2.3. We may therefore assume that F
satisfies the hypotheses of Theorems 1.2 and 1.4. Let A be the set of annuli produced
by those theorems, let U = UUe 4 U, let U, be the union of all essential elements of
A and let U be the union of U, with any components of d4 for which pf is nonzero.
After replacing H with an iterate, we may assume that H has at least one interior
fixed point. Lemma 16.2 implies that I{, is an open subset of A.

Each x € A\ U, satisfies one of the following:
e X is contained in a components of dA with zero rotation number.
e x e Fix(H).
e xeA’\U.

e x is contained in an inessential element of A.

In all of these cases pg(x) = 0. This is obvious for the first two and follows from
Theorem 1.2(3) for the third and Lemma 16.1(2) for the fourth.

To complete the proof of Theorem 1.5, it suffices to show that pg is defined and
continuous on the closure of I{,. By Theorem 1.4(1), pg is defined and continuous
on U, . It is obvious that pg is defined on d4. Lemma 16.1(1) implies that pg is
continuous at points in a component of d4 with nonzero rotation number. It remains
only to show that if x; — x where x; €4, and x € fr({4,) does not belong to a boundary
component with nonzero rotation number, then pg (x;) — 0. By Lemma 16.3 we may
assume that the x; belong to a single essential U € A. Since pg (x;) = pr.(x;) and
Py, is continuous, it suffices to show that pr. |5,y = 0 where doU, is the component
of dU, to which the x; converge. This follows from Lemma 13.12(4) if x is not
contained in dA4 and is obvious if x € dA because we have excluded components of
dA with nonzero rotation number. |

17 The proof of Theorem 1.7

Recall that a group G is called indicable if there is a nontrivial homomorphism
¢: G — Z. We say G is virtually indicable if it has a finite index subgroup which is
indicable.

Proposition 17.1 Suppose that S is a surface and F: S — S is C' ™€ and has positive
topological entropy. Then every finitely generated infinite subgroup H of the centralizer
Z(F)of F is virtually indicable and has a finite index subgroup that has a global fixed
point.
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Proof A result of Katok [20] asserts that F'? has a hyperbolic saddle fixed point p
for some ¢ > 1. The orbit of p under H consists of hyperbolic fixed points of F? at
which the derivative of DF? has the same eigenvalues as DF, g . If the H orbit of p
were infinite, continuity of the derivative would imply that at any limit point of this
orbit DF? would have the same eigenvalues and in particular would be hyperbolic.
But this is impossible since hyperbolic fixed points are isolated. We conclude the orbit
of p under H is finite and hence that the subgroup Hy of H that fixes p has finite
index.

After passing to a further finite index subgroup we may assume that D/, has positive
eigenvalues and the same eigenspaces as DF), for each & € Hy. For each eigenspace
the function which assigns to /4 the log of the eigenvalue of D/, on that eigenspace
is a homomorphism from Hj to R. If this is nontrivial we are done. Otherwise both
eigenvalues are 1 for each D/j,. Hence in the appropriate basis

ll’h
th:(o 1)

for some ry, € R. The function 4 — rj defines a homomorphism from Hy to R, so we
are done unless ry = 0 for all 1 € Hy. But in this latter case Dh, = I for all h € Hy
so we may apply the Thurston stability theorem ([27]; see also [10, Theorem 3.4]) to
conclude there is a nontrivial homomorphism from Hy to R. |

Examples 17.2 Let S = S? be the unit sphere in R3. Let F: S — S be a diffeomor-
phism whose restriction to each of the level sets z = ¢ is a rotation of that circle and
with the property that F' = id for all points (x, y, z) with |z| > %. We assume that F'
is not the identity on the equator z = 0. Let g: § — S be a rotation about the z—axis
by an angle which is an irrational multiple of . Let #: S — S be a diffeomorphism
supported in the interior of the disks |z| > % with the property that /s preserves area and
the h—orbits of (0,0, 1) and (0,0, —1) are infinite. Let G be the group of all rotations
about the z—axis through angles which are rational multiples of 7.

(1) The group H generated by g and / lies in the centralizer Z(F) of F but has
no finite index subgroup with a global fixed point.

(2) The group G is a subgroup of Z(g). Every element of G has finite order so
there are no nontrivial homomorphisms from any subgroup of G' to R and hence
G is not virtually indicable.

The first example above shows that we cannot generalize Proposition 17.1 to the cen-
tralizer of a diffeomorphism F with zero entropy, even in the group of area preserving
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diffeomorphisms. The second example shows the necessity of the hypothesis of finitely
generated in the following.

Theorem 1.7 If F € Diff, (S 2) has infinite order then each finitely generated infinite
subgroup H of Z(F) is virtually indicable.

Proof The case that F has positive entropy is covered by Proposition 17.1 so we need
only consider the case when F' has entropy zero. We assume that every finite index
subgroup of H admits only the trivial homomorphism to R and show this leads to a
contradiction.

Assuming for now that Per(F') contains at least three points, we may apply Theorem 1.2
to F and its iterates obtaining the families .A(g) of F?-invariant annuli guaranteed by
that theorem. Since there is no loss in replacing F by an iterate, we may assume that
F has at least three fixed points. Choose once and for all an element U € A = A(1).
Item (2) of Theorem 1.4 implies that f.: U, — U, has a nontrivial rotation interval
so by Theorem 2.3 we may choose x € U such that py, (x) = A is irrational and not
equal to the rotation number of either component of U, .

By Corollary 13.5, each 4 € H permutes the elements of A. In particular, for any
h € H the open annuli U and /2(U) must be disjoint or equal. Since elements of H
preserve area the H orbit of the open set U must be finite. We let H’ be the finite
index subgroup of H which leaves U invariant.

Let C(x) be the component of the level set of py, that contains x. Since h € H’
preserves level sets of pr., h(C(x)) is either equal to or disjoint from C(x). By
Theorem 1.4 (3), C(x) is essential in U . Since /& preserves area, it cannot move C(x)
off of itself and we conclude that C(x) is s—invariant.

Choose a sequence of primes {¢g,} tending to infinity. By Corollary 15.8, for n
sufficiently large, x € V}, for some essential V,, € A(g,). Lemma 15.5 implies that
C(x) is disjoint from the frontier of V}, and hence contained in V;,. Since & preserves
C(x) and permutes the elements of A(g,), it follows that V}, is h—invariant.

Choose one component, V,*, of the complement of C(x) in V, in such a way that
Vn"jrl C V,t, ie always choose the component on the same side of C(x). Let Ay denote
V,;F with its ends compactified by the prime end compactification. Let 8+ 4 denote the
circle of prime ends added to the end corresponding to C(x). The natural identification
of these circles for different n is reflected in the notation which is independent of 7.

Let A, = V,F Ud1 A4, ie V,' with only one end (the one corresponding to C(x))
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compactified. Then 4,41 C A, and

n>0

Let ]7 - Ay, — A, and h: A — A, denote the natural extensions of F and & € H' to
Ap.

The rotation number p( f|s+4) of the restriction of f to 8+ 4 must be A. This is
because if it were not and p/q is between p(f|3+4) and A then by Theorem 2.3
applied to A, there would be periodic points in the interior of A, C V, with rotation
number p/g for all n, a contradiction.

For each n there is a homomorphism ¢,: H' — S! =R/Z given by h > p,(h|1,)
where p,(h|1,) denotes the mean rotation number of / on the annulus A, (see
Definition 2.5). Let H” denote the subgroup of H’ which is the kernel of the canonical
homomorphism from H’ to its abelianization. Then p, (h]g,) = 0 forall h € H".
Also the abelianization of H’ must be finite since this is one of the equivalent conditions
for H' not to be indicable. Therefore H" has finite index in H’ (and hence in H).

Since py (h |4,) = 0 for each n and each i € H” we conclude from Proposition 2.6
that each /4 has a fixed point x, in the interior of /Tn ,lein Aj‘, for all n. Let B be
the closed disk which is the union of 37 A4 and the component of the complement of
C(x) in S? which contains V. Then clg(V,}) contains a fixed point x, of h.

Taking the limit of a subsequence we note that for each & € H” there is a fixed point
of /1 in 3T A. But the rotation number of f_ on 3T A is irrational so f has a unique
invariant minimal set which is the omega limit set w(x, f) for each x € 91 4. Since
f preserves Fix(h) we conclude this minimal set is in Fix(%). Since the minimal set
depends only on ]7 and not /1 we conclude that the this minimal set is in Fix(l_z) for
every he H”.

We have found a prime end (in fact infinitely many ) in 3+ A which is fixed by h for
every h € H” . Tt follows from Corollary 2.9 that there is a point of Fix(H") in cl(V,})
for each n. Taking the limit of a subsequence again we find a point of Fix(H") which
lies in (), cl(V,;7) = C(x).

Choosing an infinite collection {A;} of distinct irrationals in the rotation interval of
F|y and repeating the construction we obtain an infinite collection of global fixed
points for H” with distinct rotation numbers for F|y . They must possess a limit point
in Fix(H").

[13, Proposition 3.1] asserts that if there is an accumulation point of Fix(H") then
there is a homomorphism from H” to R. So H” is indicable.
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We are left with addressing the special case that Per(F) contains only two points.
Since F cannot have an empty fixed point set we conclude Per(F) = Fix(F) and this
set contains two points. If H = Z(F) is the centralizer of F then it has an index
two subgroup H’ which fixes both points and hence the annulus U = S? \ Per(F) is
invariant under H’ with each element isotopic to the identity. Let /' = F|y. Then
pr(U) consists of a single point, by Theorem 2.3. By Proposition 2.4 (applied to
iterates of /') it cannot consist of a single rational in R/Z. We conclude that ps(U)
contains a single irrational number A.

Blowing up the two fixed points of F' we obtain the annular compactification homeomor-
phism f.: U, — U.. The restriction to the boundary component corresponding to the
fixed point x is conjugate to the projectivization of DF . It must have rotation number
A since otherwise there would be additional periodic points in U by Theorem 2.3.

This map on the boundary circle is the projectivization of an element of SL(2, R), ie a
fractional linear transformation. Since its rotation number is irrational it is an irrational
rotation in appropriately chosen coordinates. It follows that the restrictions of blow-ups
of elements of H’ to this circle are rotations, since the centralizer of an irrational
rotation consists of rotations. Therefore this group of restrictions is abelian. It is finitely
generated because it is the image under a homomorphism of a finitely generated group.
Since it admits no nontrivial homomorphisms to R and is finitely generated it must be
finite. We conclude there is a finite index subgroup H” of H’ whose restrictions to
the boundary circle are all the identity. In other words, the projectivization of Dhy is
the identity for all 7 € H”. Since there are no nontrivial homomorphisms from H” to
R, det(Dhy) = 1. The Thurston stability theorem [27] therefore produces a nontrivial
homomorphisms from H” to R and we have arrived at the desired contradiction. O

We now provide the proof of Corollary 1.8.

Corollary 1.8 If X is the closed orientable surface of genus g > 2 then at least one
of the following holds:

(1) No finite index subgroup of MCG(Xg) acts faithfully on S 2 by area preserving
diffeomorphisms.

(2) Forall 1 <k < g—1, there is an indicable finite index subgroup I" of the
bounded mapping class group MCG(Sy, 0Sy) where Sy is the surface with
genus k and connected nonempty boundary.

Proof We assume that (1) fails, ie that there is a finite index subgroup G of MCG(XZy)
which acts faithfully on S? by area preserving diffeomorphisms, and show that this
implies (2).
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Suppose 1 <k <g—1 and § is the compact surface with genus k£ and a connected
nonempty boundary, 05. We assume S is embedded in X, with dS a separating
closed curve and let S’ be the closure of the complement of S, a surface with genus
g—k and boundary 0.5. There is a natural embedding of MCG(S, 0.5) into MCG(XZg)
obtained by extending a representative of an element of MCG(S, dS) to all of X4
by letting it be the identity on the complement of S. Similarly there is a natural
embedding of MCG(S’, dS”) into MCG(Zy). If Ty and I'j are the images of these
two embeddings it is clear that every element of 'y commutes with every element of
F(’) since they have representatives in Diff(Xy) which commute.

Welet 'y =ToNG and T) =T NG. Since I'] has finite index in MCG(S’, 05 it
contains an element y of infinite order. Suppose ¢: G — Diff, (S 2) is the injective
homomorphism defining the action of G. Let F = ¢(y). Then ¢(I';) is in the
centralizer Z(F). According to Theorem 1.7, T'y is virtually indicable. Therefore
there is an indicable I'" of finite index in I';. O
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