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Grothendieck ring of semialgebraic formulas
and motivic real Milnor fibers

GEORGES COMTE
GOULWEN FICHOU

We define a Grothendieck ring for basic real semialgebraic formulas, that is, for
systems of real algebraic equations and inequalities. In this ring the class of a
formula takes into consideration the algebraic nature of the set of points satisfying
this formula and this ring contains as a subring the usual Grothendieck ring of real
algebraic formulas. We give a realization of our ring that allows us to express a class
asa Z[%]—linear combination of classes of real algebraic formulas, so this realization
gives rise to a notion of virtual Poincaré polynomial for basic semialgebraic formulas.
We then define zeta functions with coefficients in our ring, built on semialgebraic
formulas in arc spaces. We show that they are rational and relate them to the topology
of real Milnor fibers.

14P10; 14B05, 14P25

Introduction

Let us consider the category SA(R) of real semialgebraic sets, the morphisms being
the semialgebraic maps. We denote by (Ko(SA(R)), 4, ), or simply Ko(SA(R)), the
Grothendieck ring of SA(R), that is to say the free ring generated by all semialgebraic
sets A, denoted by [A4] as viewed as element of K¢(SA(R)), in such a way that for all
objects A, B of SA(R) one has [A x B] = [A]-[B] and for all closed semialgebraic
sets F in A one has [A \ F]+ [F] = [A] (this implies that for all semialgebraic sets
A, B one has [AU B] =[A]+[B]—[4 N B)).

When an equivalence relation for semialgebraic sets is also considered when defining
Ko(SA(R)), one has to be aware that the induced quotient ring, still denoted by
Ko(SA(R)) for simplicity, may dramatically collapse. For instance, let us consider
the equivalence relation A ~ B if and only if there exists a semialgebraic bijection
from A to B. In this case we simply say that 4 and B are isomorphic. Then for the
definition of Ky(SA(R)), starting from classes of isomorphic sets instead of simply
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964 Georges Comte and Goulwen Fichou

sets, one obtains a quite trivial Grothendieck ring, namely Ky(SA(R)) = Z. Indeed,
denoting [R] by IL and [{*}] by IP, from the fact that {x} x {x} ~ {x}, one gets

Pk =P, VkeN*

and from the fact that R =] —00,0[U{0}U]0, +o0[ and that intervals of the same
type are isomorphic, one gets

L =-P.

On the other hand, by the semialgebraic cell decomposition theorem, we obtain that
a real semialgebraic set is a finite union of disjoint open cells, each of which is
isomorphic to R¥ with k € N (with the convention that R® = {*}). It follows that
Ko(SA(R)) = (IP), the ring generated by P. At this point, the ring (IP) could be
trivial. But one knows that the Euler—Poincaré characteristic with compact supports
Xc : SA(R) — Z is surjective. Let us recall that the Euler—Poincaré characteristic with
compact supports is a topological invariant defined on locally compact semialgebraic
sets and uniquely extended to an additive invariant on all semialgebraic sets (see for
instance Coste [4, Theorem 1.22]). Since y. is additive, multiplicative and invariant
under isomorphisms it factors through Ko (SA(R)), giving a surjective morphism of
rings and finally an isomorphism of rings, still denoted by x. for simplicity (cf also
Quarez [17]):

SA(R) — X

|

(P) = Ko(SA(R))

The characteristic x.(A) of a semialgebraic set A4 is in fact defined in the same way,
so we obtain the equality Ko(SA(R)) = (IP), that is from a specific cell decomposition
of A, where (P) is replaced by x.({*}) = 1. The difficulty in the definition of y. is
then to show that x. is independent of the choice of the cell decomposition of A (it
technically consists in showing that the definition of x.(A4) does not depend on the
isomorphism class of A4; see van den Dries [9] for instance).

When one starts from the category of real algebraic varieties Varg or from the category
of real algebraic sets RVar, as we do not have algebraic cell decompositions, we could
expect that the induced Grothendieck ring Ko (Varg) is no longer trivial. This is indeed
the case, since for instance the virtual Poincaré polynomial morphism factors through
Ky(Varr) and has image Z[u] (see McCrory and Parusinski [15]).
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Grothendieck ring of semialgebraic formulas 965

The first part of this article is devoted to the construction of nontrivial Grothendieck
ring Ko(BSAR) associated to SA(R), with a canonical inclusion

Ky (VaI'R) — Ky (BSAR)

that gives rise to a notion of virtual Poincaré polynomial for basic real semialgebraic
formulas extending the virtual Poincaré polynomial of real algebraic sets and that
allows factorization of the Euler—Poincaré characteristic of real semialgebraic sets of
points satisfying the formulas.

To be more precise, we first construct Ko(BSAR), the Grothendieck ring of basic real
semialgebraic formulas (which are quantifier free real semialgebraic formulas or simply
systems of real algebraic equations and inequalities) where the class of basic formulas
without inequality is considered up to algebraic isomorphism of the underlying real
algebraic varieties. In general a class in Ko(BSAR) of a basic real semialgebraic
formula depends strongly on the formula itself rather than only on the geometry of the
real semialgebraic set of points satisfying this formula. This construction is achieved
in Section 2.

In order to make some computations more convenient we present a realization, denoted
by x, of the ring Ko(BSAR) in the somewhat more simple ring K¢ (Varg) ® Z[%], that
is a morphism of rings y : Ko(BSAR) — Ko(Varr) ® Z[%] that restricts to the identity
map on Ko(Varg) <> Ko(BSAR). The morphism y provides an explicit computation
(see Proposition 2.2), presenting a class of Ky(BSAR) as a Z[%]—linear combination of
classes of Ko(Varg). When one wants to further simplify the computation of a class of
a basic real semialgebraic formula, one can shrink the original ring Ko(BSAR) a little
bit more from Ky (Varg) ® Z[%] to Ko(RVar) ® Z[%], where for instance algebraic
formulas with empty set of real points have trivial class. However, as noted in point
(2) of Remark 2.5, the class of a basic real semialgebraic formula with empty set of
real points may be not trivial in Ko(RVar) ® Z[%] The ring K¢(BSAR) is not defined
with an a priori notion of isomorphism relation, contrary to the ring Kq(Varg) where
algebraic isomorphism classes of varieties are generators. Nevertheless we indicate a
notion of isomorphism for basic semialgebraic formulas that factors through Ky(BSAR)
(see Proposition 2.8). This is done in Section 2.

The realization y : Ko(BSAR) — Ko(Vargr) ® Z[%] naturally allows us to define
in Section 4 a notion of virtual Poincaré polynomial for basic real semialgebraic
formulas: For a class [F] in K¢(BSAR) that is written as a Z[%]—linear combination
Z?:l ai[A;] of classes [4;] € Ko(Varr) of real algebraic varieties 4;, we simply define
the virtual Poincaré polynomial of F as the corresponding Z[%]—linear combination
Z?:l a;i B(A;) of virtual Poincaré polynomials B(A;) of the varieties A;. The virtual
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966 Georges Comte and Goulwen Fichou

Poincaré polynomial of F is thus a polynomial B(F) in Z[%][u] It is then shown
that the evaluation at —1 of B(F) is the Euler—Poincaré characteristic of the real
semialgebraic set of points satisfying the basic formula F' (Proposition 3.4).

These constructions are summed up in the following commutative diagram:

Varg € BSAR

S———

Ko(Varg) ——— Ko(BSAR)

B :

B Ko(Varg) ® Z[3] — Ko(RVar) ® Z[4]
lﬂ /
Z[u)——— Z[3][u] — z

The second and last part of this article concerns the real Milnor fibers of a given
polynomial function f € R[xy,...,x4]. As geometrical objects, we consider real
semialgebraic Milnor fibers of the following types: £~ (£c)NB(0,a), f~1(J0, £c[)N
B(0,a), f71(0, +00]) N S(0, ), for 0 < |c| € @ < 1, B(0,«) the closed ball of
R¥ of center 0 and radius & and S (0, @) the sphere of center 0 and radius «. The
topological types of these fibers are easily comparable, and in order to present a
motivic version of these real semialgebraic Milnor fibers we define appropriate zeta
functions with coefficients in (Kq(Varg) ® Z[%])[IL_I] (the localization of the ring
Ko(Varg) ® Z[%] with respect to the multiplicative set generated by IL). As in the
complex context (see Denef and Loeser [5; 6]), we prove that these zeta functions are
rational functions expressed in terms of an embedded resolution of f (see Theorem 4.2).
For a complex hypersurface f, the rationality of the corresponding zeta function allows
the definition of the motivic Milnor fiber Sy as the negative of the limit at infinity
of the rational expression of the zeta function. In the real semialgebraic case, the
same definition makes sense but we obtain a class Sy in Ko(Varg)) ® Z[%] having a
realization under the Euler—Poincaré characteristic of greater combinatorial complexity
in terms of the data of the resolution of f than in the complex case. Indeed, all the
strata of the natural stratification of the exceptional divisor of the resolution of f* appear
in the expression of x.(Sy) in the real case. Nevertheless we show that the motivic
real semialgebraic Milnor fibers have for value under the Euler—Poincaré characteristic
morphism the Euler—Poincaré characteristic of the corresponding set-theoretic real
semialgebraic Milnor fibers (Theorem 4.12).
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Grothendieck ring of semialgebraic formulas 967

In what follows we sometimes simply say measure for the class of an object in a given
Grothendieck ring. The term inequation refers to the symbol #, and the term inequality
refers to the symbol >.

1 The Grothendieck ring of basic semialgebraic formulas

1.1 Affine real algebraic varieties

By an affine algebraic variety over R we mean an affine reduced and separated scheme
of finite type over R. The category of affine algebraic varieties over R is denoted by
Varg . An affine real algebraic variety X is then defined by a subset of A" together
with a finite number of polynomial equations. Namely, there exist P; € R[ X7, ..., Xj]
fori =1,...,r, such that the real points X(R) of X are given by

XR)={xecA" | Pi(x)=0,i=1,...,r}.

A Zariski-constructible subvariety Z of A” is similarly defined by real polynomial
equations and inequations. Namely there exist P;, Q; e R[Xq,..., Xy]fori=1,...,p
and j =1,...,q, such that the real points Z(R) of Z are given by

ZR)={x € A" | Pi(x) =0, Q;j(x)#0,i=1,....p. j=1..q}.

As an abelian group, the Grothendieck ring Ko (Varg) of affine real algebraic varieties
is formally generated by isomorphism classes [ X] of Zariski-constructible real algebraic
varieties, subject to the additivity relation

[(X]=[Y]+[X\Y]

in case Y C X is a closed subvariety of X. Here X \ Y is the Zariski-constructible
variety defined by combining the equations and inequations that define X together
with the equations and inequations obtained by reversing the equations and inequations
that define Y. The product of constructible sets induces a ring structure on Kq(Varg).
We denote by L the class of A! in K(Varg).

1.2 Real algebraic sets

The real points X (R) of an affine algebraic variety X over R form a real algebraic set
(in the sense of [3]). The Grothendieck ring Ko(RVar) of affine real algebraic sets [15]
is defined in a similar way to that of real algebraic varieties over R. Taking the real
points of an affine real algebraic variety over R gives a ring morphism from K (Varg)
to Ko(RVar). A great advantage of Ky(RVar) from a geometrical point of view is

Geometry € Topology, Volume 18 (2014)



968 Georges Comte and Goulwen Fichou

that the additivity property implies that the measure of an algebraic set without real
points is zero in Kq(RVar).

We already know some realizations of Ko(RVar) in simpler rings, such as the Euler
characteristics with compact supports in Z or the virtual Poincaré polynomial in Z[u]
(cf [15]). We obtain therefore similar realizations for Kq(Vargr) by composition with
the realizations of K¢(Varg) in Ko(RVar).

1.3 Basic semialgebraic formulas

Let us now specify the definition of the Grothendieck ring Ko (BSAR) of basic semi-
algebraic formulas. This definition is inspired by [7]. The ring Ko(BSAR) will
contain Ko(Varg) as a subring (Proposition 1.3) and will be projected on the ring
Ko(Varp) ® Z[%] (Theorem 2.3) by an explicit computational process.

A basic semialgebraic formula A in n variables is defined as a finite number of
equations, inequations and inequalities, namely there exist P;, Q;, Ry € R[Xq, ..., Xy]
fori=1,....p,j=1,...,qand k =1,...,r such that A(R) is equal to the set of
points x € A” such that

Pi(x)=0, i=1,...p,

Qj(x)#0, j=1,....q,
Rk(x)>0, k=1,...,r.

The relations Q;(x) # 0 are called inequations and the relations Ry (x) > 0 are called
inequalities. We will simply denote a basic semialgebraic formula by

A={P;=0, Qj#0, Rp>0|i=1,....p, j=1,....q. k=1,...,r}.

In particular A is not characterized by its real points A(RR), that is by the real solutions
of these equations, inequations and inequalities, but by the equations, inequations and
inequalities themselves.

We will consider basic semialgebraic formulas up to algebraic isomorphisms, when the
basic semialgebraic formulas are defined without inequality.

Remark 1.1 In the sequel, we will allow ourselves to use the notation { P < 0} for the
basic semialgebraic formula {— P > 0} and similarly { P > 1} instead of {P — 1 > 0},
where P denotes a polynomial with real coefficients. Furthermore given two basic
semialgebraic formulas A and B, the notation {4, B} will denote the basic formula
with equations, inequations and inequalities coming from both A and B.
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We define the Grothendieck ring K¢(BSAR) of basic semialgebraic formulas as the free
abelian ring generated by basic semialgebraic formulas [A], up to algebraic isomorphism
when the formula 4 has no inequality, and subject to the three following relations:

(1) (Algebraic additivity)
[4] =[4.S = 0]+[4.{S # 0}],

where A is a basic semialgebraic formula in n variables and S € R[ X7, ..., X,].

(2) (Semialgebraic additivity)
[A,R#0]=[A,R>0]+[4,—R > 0],

where A is a basic semialgebraic formula in # variables and R € R[ X7, ..., X3].

(3) (Product) The product of basic semialgebraic formulas, defined by taking the
conjunction of the formulas with disjoint sets of free variables, induces the ring
product on Ko(BSAR). In other words we consider the relation

[4. B] = [4]-[B]
for basic real semialgebraic formulas A and B with disjoint sets of variables.

Remark 1.2 (1) Contrary to the Grothendieck ring of algebraic varieties or alge-
braic sets, we do not consider isomorphism classes of basic real semialgebraic
formulas in the definition of Ky(BSAR). As a consequence the realization we
are interested in does depend in a crucial way on the description of the basic
semialgebraic set as a basic semialgebraic formula. For instance {X — 1 > 0}
and {X > 0, X — 1 > 0} will have different measures.

(2) One may decide to enlarge the basic semialgebraic formulas with nonstrict
inequalities by imposing, by convention, that the measure of {4, R > 0} for
a basic semialgebraic formula A in n variables and R € R[ X7, ..., Xj] is the
sum of the measures of {4, R > 0} and of {4, R = 0}.

Proposition 1.3 The natural map i from Kq(Varg) that associates to an affine real al-
gebraic variety its value in the Grothendieck ring Ky(BSAR) of basic real semialgebraic
formulas is an injective morphism

i: Ko(Vargr) — Ko(BSAR).
We therefore identify Ko(Varg) with a subring of Ko(BSAR).

Proof We construct a left inverse j of i as follows. Let a € Ko(BSAR) be a sum of
products of measures of basic semialgebraic formulas. If there exist Zariski constructible
real algebraic sets Z1, ..., Z,, suchthat [Z{]+---+[Z] isequal to @ in Ko(BSAR),
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then we define the image of a by j to be
Jj(@) =[Zi]+---+[Zm] € Ko(Varg).

Otherwise, the image of ¢ by j is defined to be zero in K¢(Varg). The map j
is well defined. Indeed, if Y7,...,Y; are other Zariski constructible sets such that
[Y1]+---+[Y;] is equal to @ in K¢(BSAR), then

Y]+ + Ml =[Z1] 4 +[Zn]

in Ko(BSAR). This equality still holds in Ko(Varg) by definition of the structure ring
of Ko(Varr) and the fact that j defines a left inverse of i is immediate. |

Remark 1.4 Note however that the map j constructed in the proof of Proposition 1.3
is not a group morphism. For instance j([X > 0]) = j([X <0]) =0 while j([X #0]) =
L—1.

2 A realization of K((BSAR)

An example of a ring morphism from Ky(BSAR) to Z is the Euler characteristic
with compact supports x.. We construct in this section a realization for elements
in Ko(BSAR) with values in the ring of polynomials with coefficient in Z[%], This
realization specializes to the Euler characteristic with compact supports. To this aim,
we construct a ring morphism from Ky(BSAR) to the tensor product of Kg(Varg)
with Z[1].

2.1 The realization

We define a morphism x from the ring Ko(BSAR) to the ring Ko(Varg) ® Z[%] as
follows. Let A be a basic semialgebraic formula without inequalities. We assign to A
its value y(A) =[A4] in Ko(Vargr) as a constructible set. We proceed now by induction
on the number of inequalities in the description of the basic semialgebraic formulas.
Assuming that we have defined y for basic semialgebraic formulas with at most k
inequalities, kK € N, let A be a basic real semialgebraic formula with # variables and at
most k inequalities and let us consider R € R[ X1, ..., Xj]. Define x([4, R > 0]) by

x([A. R>0]):= £ (x([4.Y? = R) — x([A. Y* = —R]) + 3 x([A. R # 0]),

where {A4,Y? = £ R} is a basic real semialgebraic formula with 7 + 1 variables and at
most k inequalities and {4, R # 0} is a basic semialgebraic formula with n variables
and at most k inequalities.
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Remark 2.1 The way of defining x may be seen as an average of two different natural
ways of understanding a basic semialgebraic formula as a quotient of algebraic varieties.
Namely, for a basic semialgebraic formula in n variables of the form {R > 0}, we may
see its set of real points as the projection, with two-point fibers, of {¥? = R} minus
the zero set of R, or as the complement of the projection of Y2 = —R. The algebraic
average of these two possible points of view is

HAEY?*=R]-[R=0])+ (L" - 1[Y* = —RY)),

which, considering that I.” —[R = 0] = [R # 0], gives for x(R > 0) the expression
just defined above.

We give below the general formula that computes the measure of a basic semialgebraic
formula in terms of the measure of real algebraic varieties.

Proposition 2.2 Let Z be a constructible set in R" and take Ry € R[X71,..., Xy],
withk =1,...,r. Forasubset I C{l,...,r} of cardinal {I =i and ¢ € {+1}*, we
denote by Rj . the real constructible set defined by

Rre={Y} =& Rj(X), Ri(X)#0, jel. k¢l}.

Then x(|Z, Ry >0, k=1,...,r]) is equal to

r

Yo XY (TTe)z ki

j— Ic{1...., IN i jel
i=0 o ee{E1Y

Proof If r =1, this follows from the definition of x. We prove the general result by
induction on r € N. Assume Z = R” to simplify notation. Take Ry € R[X7, ..., Xp],
with k =1,...,r + 1. Denote by A the formula Ry >0, ..., R, > 0. By definition
of x we obtain
x([A, Ry41 > 0])

= 1 (X([4.Y? = Ry 1) = X((A. Y* = =Ry 1)) + 3 X (4. Ry1 # 0)).

Now we can use the induction assumption to express the terms in the right-hand side
of the formula upstairs as

Z2r+t Z Z (l_[ ) Rla,Y —Rr+1]_[R18,Y =—R,1+1])

I1C{l,..., r} 8e{i1}l jel
b= + Rre. Ryg1 #0)).
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Choose a subset 7 C {1,...,r} of cardinal 7 =i and & € {£1}*. Then we obtain
from the definition of x that

%([Rl,s’ Y2 = Rr—H] _[Rl,as Y2 = _Rr+1]) + %[RI,& Rr+1 7& 0]
= 3 ([Rrugr+13,6+] = [RrUgr+13.6-]) + 3[R ),

where ¢t = (eq,...,6,,1), e = (e1,...,&7,—1) and T denotes I as a subset of
{1,...,r 4+ 1}. Therefore

w5 (TTe ) [Rrs1 > 0, Ree]

jel
1 1
= STDFGED (1_[ 8]') ([RIU{r+1},8+] - [RIU{r+1},8—]) + 20FDF7 (1_[ gj)[Rf,s]’
jerI jel
which gives the result. |

The morphism y is then defined on Ko(BSAR).

Theorem 2.3 The map
x: Ko(BSAR) — Ko(Vargp) ® Z[%]
is a ring morphism that is the identity on Ky(Vargr) C Ko(BSAR).
Proof We must prove that the given definition of y is compatible with the algebraic
and semialgebraic additivities. However the semialgebraic additivity follows directly

from the definition of x. Indeed, if A is a basic semialgebraic formula and R a real
polynomial, then the sum of x([4, R > 0]) and x([4,—R > 0]) is equal to

(X4, Y? = R) = x(14, Y* = —R))) + 3 x([4, R # 0))
+4(x([4.Y* =—R) — x((4.Y? = R)) + 1 (4. —R #0))
= x([4,—R #0)).

The algebraic additivity as well as the multiplicativity follow from Proposition 2.2,
which enables us to express the measure of a basic semialgebraic formula in terms
of algebraic varieties for which additivity and multiplicativity hold. We conclude by
noting that we may construct a left inverse to x restricted to Ko(Varg) in the same
way as in the proof of Proposition 1.3. a

Example 2.4 (1) A half-line defined by X > 0 has measure in Ky(Varg) ® Z[%]
half of the value of the line minus one point, as expected, since by definition

x(X>0)=1lC-Ly+i@-n=3i@-1.
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However, if we add one more inequality, like {X > 0, X > —1}, then the measure has
more complexity. We will see in Section 3.1 that, evaluated in the polynomial ring
Z[%][u], we obtain in that case

Su—11

16
(2) Using the multiplicativity, we find the measure of the half-plane and the measure
of the quarter plane, as expected, to be

x(Xi>0)=1@L>~L) and x(X;>0,X;>0) =L@ -1

B(X >0,X>—1) =

Remark 2.5 (1) Let R € R[X7q,..., X,] be odd. Then

X(IR > 0]) = x([R < 0]) = 3[R # 0].

Indeed, the varieties Y2 = R(X) and Y? = —R(X) are isomorphic via X +— —X,
and the result follows from the definition of .

(2) The ring morphism from Ky(Varg) to Ko(RVar) gives a realization from the ring
Ko(BSAR) to the ring Ko(RVar) ® Z[%] for which the measure of a real algebraic
variety without real point is zero. This is why it is often convenient to push the
computations to the ring Ko(RVar) ® Z[%] rather than staying at the higher level
of Ko(Varg) ® Z[%]. However we have to notice that the measure of a basic real
semialgebraic formula without real points is not necessarily zero in Ko(RVar) ® Z[%].
For instance, let us compute the measure of X2 41 > 0 in Ky(RVar) ® Z[%]. By
definition of x we obtain that x([X2 4 1 > 0]) is equal to

L2 = X2+ 1) = x(Y2 ==X = 1)) + Lx(X* + 1 £0)
=lL-1n+IiL=13L-1).
By additivity we have
(X2 +1<0) = x(X*+1#0])— x([(X>+1>0])
=L—x(X*+1=0))— x((X*+1>0]).

But since x([X? +1=0]) =0 in Ko(RVar) ® Z[%], we obtain that the measure of
{X24+1<0}in Ko(RVar) ® Z[%], whose set of real points is empty, is

x([(X*+1<0) =L@ +1).

(3) In a similar way, the basic semialgebraic formula { P > 0, —P > 0} with P(X) =
1 + X2, whose set of real points is empty, has measure

X([(P>0.—P>0) = g(L+1).
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2.2 Isomorphism between basic semialgebraic formulas

In this section we give a condition for two basic semialgebraic formulas to have the
same realization by x. It deals with the complexification of the algebraic liftings of
the basic semialgebraic formulas.

Let X be a real algebraic subvariety of R”, defined by P; € R[X},..., X,] for
i =1,...,r. The complexification X¢ of X is defined to be the complex algebraic
subvariety of C” defined by the same polynomials Py, ..., P,. We define similarly
the complexification of a real algebraic map.

Let YCR" be a Zariski constructible subset of R” and take R1, ...,R, e R[Xy,...,X4].
Let A denote the basic semialgebraic formula of R” defined by Y together with the
inequalities Ry > 0,..., R, > 0 and V denote the Zariski constructible subset of
R”*" defined by

V={Y,Y?=Ry, ..., Y2 =R,}.

Note that V' is endowed with an action of {£1}", defined by multiplication by —1 on
the indeterminates Yq,...,Y,.

Let Z C R” be a Zariski constructible subset of R” and take similarly S,...,S, €
R[X7,..., Xu]. Let B denote the basic semialgebraic formula of R” defined by
Z together with the inequalities S > 0,...,S, > 0 and W denote the Zariski
constructible subset of R”*" defined by

W={Z Y}=S .... Y =5}

Definition 2.6 We say that the basic semialgebraic formulas 4 and B are isomorphic
if there exists a real algebraic isomorphism ¢: V — W between V and W that is
equivariant with respect to the action of {£1}" on V and W, and whose complexifi-
cation ¢¢ induces a complex algebraic isomorphism between the complexifications
Ve and W of V and W.

Remark 2.7 Let us consider first the particular case ¥ = R", Z =R” and r = 1.
Change moreover the notation as follows. Put V™ =V and W* = W, and define

V™ ={p2=—R(x)} and W~ = {3 = —S(x)}.

Then the complex points VCJr and Vi of V+ and V™~ are isomorphic via the complex
(and not real) isomorphism (x, y) — (x, iy). Now, suppose that the basic semialgebraic
formula { R > 0} is isomorphicto {S >0}. Let p =(f, g): (x, y)—=>(f(x, ), g(x,¥))
be the real isomorphism involved in the definition (that is f* and g are defined by real
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equations, and moreover f(x,—y) = f(x, y) and g(x,—y) = —g(x, y)). Then the
diagram
(/.8

+ +
V(C W(C
(x,y)H(x,iy)l l(x,y)H(x,iy)
Vo We

induces a complex isomorphism (F, G) between Vi and W given by
(X, y) = (f(xv —lJ’)’ ig(xv _ly))
In fact, this isomorphism is defined over R since

F(x,y) = f(x,—iy) = fX,—iy) = f(X,iy) = [(F,—iy) = F(X,7),
G(x,y)=ig(x,—iy) =—ig(X,—iy) = —ig(X,iy) =ig(X,—iy) = G, ),

where the bar denotes complex conjugation. Therefore it induces a real algebraic
isomorphism between V'~ and W ™.

Moreover g(x,0) = —g(x,0) so g(x,0) =0 and then the real algebraic sets { R = 0}
and {S = 0} are also isomorphic.

Proposition 2.8 If the basic semialgebraic formulas A and B are isomorphic, then

x([A]D = x(B)).

Proof Thanks to Proposition 2.2, we only need to prove that the real algebraic
varieties Ry o corresponding to A and B are isomorphic two by two, which is a direct
generalization of Remark 2.7. |

3 Virtual Poincaré polynomial

3.1 Polynomial realization

The best realization known (with respect to the highest algebraic complexity of the
realization ring) of the Grothendieck ring of real algebraic varieties is given by the
virtual Poincaré polynomial [15]. This polynomial, whose coefficients coincide with
the Betti numbers with coefficients in Z /27 when sets are compact and nonsingular,
has coefficients in Z. As a corollary of Theorem 2.3 we obtain the following realization
of Ko(BSAR) in Z[1][u].
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Proposition 3.1 There exists a ring morphism

B: Ko(BSAR) — Z[3][u]
whose restriction to Ko(Varr) C Ko(BSAR) coincides with the virtual Poincaré poly-
nomial.

The interest of such a realization is that it enables us to make concrete computations.

Example 3.2 (1) The virtual Poincaré polynomial of the open disc X 12 + X 22 <1is
equal to

B2 =17+ X)) - BAY? = X7 + X7 —1]) + 3B(XT + X7 # 1))
=1 +1—u@+ 1)+ T —u—1)=30Qu*-3u—1).
(2) Let us compute the measure of the formula X > a, X > b with a # b € R. By
Proposition 2.2, we are lead to compute the virtual Poincaré polynomial of the real
algebraic subsets of R? defined by {y? = #+(x —a), z?> = &(x —b)}. These sets are

isomorphic to {y? £ z2 = +(a — b)}, and we recognize either a circle, a hyperbola or
the empty set.

In particular, using the formula in Proposition 2.2, we obtain

B(X >a, X > b))

Su—11

16
Remark 3.3 In case the set of real points of a basic semialgebraic formula is a real
algebraic set (or even an arc symmetric set [13; 10]), its virtual Poincaré polynomial
does not coincide in general with the virtual Poincaré polynomial of the real algebraic
set. For instance, the basic semialgebraic formula X241 > 0, considered in Remark 2.5,
has virtual Poincaré polynomial equal to %(3u — 1), whereas its set of points is a real
line whose virtual Poincaré polynomial equals u as a real algebraic set.

= LQu-D—@+ D) +iCu-2w)+1e-)+iw-2) =

Evaluating u at an integer gives another realization, with coefficients in Z[%]. The
virtual Poincaré polynomial of a real algebraic variety, evaluated at u = —1, coincides
with its Euler characteristic with compact supports [15]. Indeed, evaluating the virtual
Poincaré polynomial of a basic semialgebraic formula gives also the Euler characteristic
with compact supports of its set of real points, and therefore has its values in Z.

Proposition 3.4 The virtual Poincaré polynomial B(A) of a basic semialgebraic
formula A is equal to the Euler characteristic with compact supports of its set of real
points A(R) when evaluated at u = —1. In other words,

B(A)(=1) = xc(A(R)).
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Proof We recall that in Proposition 2.2 we explain how to express the class of A as a
linear combination of classes of real algebraic varieties for which the virtual Poincaré
polynomial evaluated at ¥ = —1 coincides with the Euler characteristic with compact
supports. At each step of our inductive process to obtain such a linear combination, we
introduce a new variable and a double covering of the set of points satisfying one less
inequality. The inductive formula

X(B.R>0):=4(x((B.Y*> = R) — x(IB.Y*> = —R])) + 5 x(IB. R # 0))

used at this step to eliminate one inequality by replacing the system {B, R > 0} by
other systems {B,Y? = R},{B,Y? = —R},{B, R # 0} is compatible with the Euler
characteristic of the underlying sets of points, that is to say that our induction formula
is true for x = x.. The geometric reason for this fact is explained in Remark 2.1, and
is the intuitive motivation for defining the realization y by induction precisely as it is
defined. d

3.2 Homogeneous case

We propose some computations of the virtual Poincaré polynomial of basic real semi-
algebraic formulas of the form {R > 0}, where R is homogeneous. Looking at its
Euler characteristic with compact supports, it is equal to the product of the Euler
characteristics with compact supports of {X > 0} with {R = 1}. We investigate the
case of virtual Poincaré polynomial. A key point in the proofs will be the invariance of
the virtual Poincaré polynomial of constructible sets under regular homeomorphisms
(see [16, Proposition 4.3]).

Proposition 3.5 Let R € R[X,..., X,] be a homogeneous polynomial of degree d .
Assume d is odd. Then

B(R >0]) = B(X > ODB([R = 1)).

Proof The algebraic varieties defined by Y2 = R(X) and Y? = —R(X) are isomor-
phic since R(—X) = —R(X), therefore

B(R > 0]) = 3B(R # 0)).

The map (A, x) > Ax from R* x{R =1} to R # 0 is a regular homeomorphism with
inverse y — (R(»)Y4, y/R(y)'/4), therefore

B(R #0)) = BR™)B(R = 1))
so that

BUR > 0]) = 3BR™B(R = 1]) = B(X > 0DB(R = 1]). O
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The result is no longer true when the degree is even. However, in the particular case of
the square of a homogeneous polynomial of odd degree, the relation of Proposition 3.5
remains valid.

Proposition 3.6 Let P € R[X},..., X,] be a homogeneous polynomial of degree k .
Assume k is odd, and define R € R[X7,..., X,] by R = P2. Then

B(R > 0)) = B(X > ODB([R = 1]).

Proof Note first that {¥'> — R} can be factorized as (Y — P)(Y + P) therefore the
virtual Poincaré polynomial of Y2 — R is equal to

BY —P=0)+B(Y +P=0)-B(P=0).

However the algebraic varieties Y — P =0 and Y + P = 0 are isomorphic to a n—
dimensional affine space, whereas Y2 4+ R = 0 is isomorphic to P = 0 since R = P2
is positive, so that the virtual Poincaré polynomial of R > 0 is equal to

$2BR™) =2B(P = 0]) + 7 B((P # 0]) = (P # O)).

To compute B([P # 0], note that the map (A, x) — Ax from R* x{P =1} to { P # 0}
is a regular homeomorphism with inverse y — (R(»)/*, y/R(y)'/¥), therefore

B[P #0]) = BRHB(P = 1)).

We achieve the proof by noticing that R—1 = (P —1)(P + 1) so that ([P =1]) =
% B([R = 1]), because the degree of the homogeneous polynomial P is odd. Finally

B(IR > 0]) = zBR™B(R = 1))

and the proof is achieved. O

More generally, for a homogeneous polynomial R of degree twice a odd number, we
can express the virtual Poincaré polynomial of [R > 0] in terms of that of [R = 1],
[R = —1] and [R # 0] as follows.

Proposition 3.7 Let k € N be odd and put d = 2k. Let R € R[Xy,..., X,] be a
homogeneous polynomial of degree d. Then

BUAR > 0]) = zBRM(B(R = 1) = B(R = —1]) + 3 B((R # 0).

Example 3.8 We cannot do better in general as illustrated by the following examples.
For R = X12 + X22 we obtain

B(R1 > 0D = 3B(1X > 0DB(Ry = 1])
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whereas for R, = X 12 — X 22 we have

B[Rz > 0]) = B([X > ODB([R2 = 1)).
The proof of Proposition 3.7 is a direct consequence of the next lemma.

Lemma 3.9 Let k € N be odd and put d = 2k. Let R € R[Xy,..., X,] be a
homogeneous polynomial of degree d . Then

BY? = R]) = B(R = 0]) + BR*)B(R = 1)).

Proof Note first that the algebraic varieties Y2 = R and Y9 = R have the same
virtual Poincaré polynomial. Indeed the map (x,y) — (x, y¥) realizes a regular
homeomorphism between Y2 = R and Y9 = R, whose inverse is given by (x, y) —
(x, yl/ k ). However the polynomial Y4_R being homogeneous, we obtain a regular
homeomorphism

R*x({R=1}N{¥? =R) —{R£0N{Y? =R
defined by (A, x, y) — (Ax,Ay). As a consequence
BYY — R=0]) = B((R = 0)) + BR*)B(R = 1]). O

4 Zeta functions and motivic real Milnor fibers

We apply in this section the construction of x: Ko(BSAR) — Ko(Varg) ® Z[%] to
define, for a given polynomial f € R[Xy,---, X;], zeta functions whose coefficients
are classes in (Ko(Varg) ® Z[%])[]L_l] of real semialgebraic formulas. We then show
that these zeta functions are deeply related to the topology of some corresponding
set-theoretic real semialgebraic Milnor fibers of f.

4.1 Semialgebraic zeta functions and real Denef-Loeser formulas

Let /: RY — R be a polynomial function with coefficients in R sending 0 to 0. We
denote by £ or L(R?,0) the space of formal arcs y () = (y;(t),--- , y4(t)) in R?,
with yj(0) =0 forall j €{l,---,d}, by L, or L, (R%,0) the space of truncated arcs
L/(t" 1) and by 7,: £ — L, the truncation map. More generally, for M a variety
and W a closed subset of M, L(M, W) (resp. L,(M, W)) will denote the space of
arcs in M (resp. the n™ jet-space on M ) with endpoints in W .
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Let € be one of the symbols in the set {naive,—1, 1, >, <}. For such a symbol ¢,
via the realization of Ko(BSAR) in Ko(Varg) ® Z[%], we define a zeta function
Z&(T) € (Ko(Varg) ® Z[3)DIL ™[] by

Zy(T):= ) Xy LT,

n>1

where X’f, f is defined in the following way:

© XJ={y €Ll fy@) =at" 4 a#0}
« Xh=elal [y =a" o a=—1}
X, =lrelal fy@)=at"+--- a=1}
s X ={velal fy®)=at"+--- ., a>0}
« XS =lyelyl f(y@)=at"+- a<0}

Note that X f is a real algebraic variety for ¢ = —1 or 1, a real algebraic constructible
set for € = naive and a semialgebraic set, given by an explicit description involving
one inequality, for € being the symbol > or the symbol <. Consequently, Z;(T) €
Ko(Varg)[L![T] for € € {naive, —1,1} and Z5(T) € (Ko(Varg) ®Z[FDIL™IT]
for € € {>, <}.

We show in this section that ZJ?(T) is a rational function expressed in terms of
the combinatorial data of a resolution of f. To define those data let us consider a
proper birational map o: (M,c~1(0)) — (R?,0) which is an isomorphism over the
complement of { f =0} in (R¥, 0), such that f oo and the jacobian determinant jac o
are normal crossings and o~ !(0) is a union of components of the exceptional divisor.
We denote by E;, for j € J, the irreducible components of (f o o)~ 1(0) and assume
that £} are the irreducible components of o ~1(0) for k € IC C 7. For j € J we denote
by Nj the multiplicity multg; /oo of foo along E; and for k € K by vy the number
vk = 1 + multg, jac 0. Forany I C J, we put E? = (Nier ED\ Ujens Ej)-
These sets E? are constructible sets and the collection (E?) Icg gives a canonical
stratification of the divisor f oo = 0, compatible with ¢ = 0, such that in some affine
open subvariety U in M we have foo(x) =u(x)][[;cs xiN" , where u is a unit, that
is to say a rational function which does not vanish on U, and x = (x’/, (x;);ey) are
local coordinates.

Finally for e € {—1,1,>,<} and I C J, we define E?’E as the gluing along E? of
the sets
RS, ={(x,1) € (E}NU) xR [ " -u(x) %},

where 7¢ is = —1, =1, >0 or <0 incase € is —1,1,> or < and m = gcd(¥;).
iel
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Remark 4.1 Up to isomorphism, the definition of the R§; is independent of the
choice of the coordinates as well as the gluing of the Rjf;: In another coordinate
system z = z(x) = (2/, (zi)jes) in a Zariski neighborhood of E? we have foo(z) =
v(2) [lier zNi | and there exist nonvanishing functions o; so that z; = a;(z) - x;. We
thus obtain v(z) [[;¢; olei (z) = u(x), and the transformation

{(x,0) € (EYNU)XR [ 1™ -u(x) %} — {(z,8) € (EYNU) xR | s™ - v(z) 2%},

(x, 1)~ (Z,s =t l_[a,-(z)N"/m)
iel
is an isomorphism in case ?¢ is = 1 or = —1, and induces an isomorphism between the
associa/lte double covers Ry, = {(x,1, ) € (E? NU) xR xR [ ™ -u(x)-y* =n(e)}
and R5 =1{(z,s,w) € (E? NU)xRxR|s™-v(z)-w? =n(e)}, with n(e) = 1 when
€ is the symbol > and 7n(¢) = —1 when ¢ is the symbol <; the induced isomorphism
is simply
Ry =Ry, (xt,y)—(z,5,w=y).

. =0, . . : . :
Also notice that E € is a constructible set when € is —1 or 1 and a semialgebraic set
with explicit description over the constructible set E? when € is < or >.

We can thus define the class [E(I)’E] € x(Ko(BSAR)) as follows. Choosing a finite
covering (Uj);er, of M by affine open subvarieties U;, for [ € L, we set

~0,
[E7°]= 20 COPTRA, o)
ScL

The class [E (I)’E] does not depend on the choice of the covering thanks to Remark 4.1
and the algebraic additivity in Ko (BSAR).

With this notation one can give an expression of Z%(7’) in terms of [E (I)’E], as for in-
stance in Denef and Loeser [5; 6; 8] or Looijenga [14], essentially using the Kontsevitch
change of variables formula in motivic integration (see [6; 12] for instance).

Theorem 4.2 With the notation above, one has

zan) = Y @-HIEYIT]

INK#o iel

L—viTN
1-L-viTN
for € being —1,1,> or <.

Remark 4.3 Classically, the right-hand side of equality of Theorem 4.2 does not de-
pend, as a formal series in (K (Varg) ® Z[%])[IL_I][[T 1, on the choice of the resolution
o as the definition of Z;(T) does not depend itself on any choice of resolution.
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To prove this theorem, we first start with a lemma that needs the following notation.
We denote by
ox: L(M,o71(0)) > L(RY,0),

Onn: Ln(M,071(0) » L,(R?,0), neN
the natural mappings induced by o: (M,o~1(0)) — (R%,0). Let
,,e,f = ”_1(X€f)
Then Y, rop =1y € L(M, a1 0) | flo(m(y)(t)=at"+---, a?}, where % is

=—1,=1,>0o0r <0incase € is —1,1,> or <, and Y{ ro, =05 ' (Y ;). Finally
for e > 1, let

Ae={y € LMo (0) | mult; (ac 0)(y (1)) = e},
=Y¢ NA..

n, foo

YE

e,n, foo

Lemma 4.4 With the notation above, there exists ¢ € N such that
Z5(T)
=LY 7" Y LY LTODL, (ML EY N o (0) Na(Ae) N XS fo0]-

n>1 e<cn I#o

Proof Asusual in motivic integration the class of the cylinder Y7 = =, (X, mf)s =

1, is an element of (K¢ (Varg) ® Z[ DIL™1], the localization of the ring Ky (VarR) ®
Z[z] with respect to the multiplicative set generated by IL, and defined by [Y,; /] :=
L~ (”H)d[XG ], since the truncation morphisms 7z 41k £k+1(Rd 0) — Ek(Rd 0),

k>1,are locally trivial fibrations with fiber R? . Hence Z¢ (T) L4 Do (Y, 1T

Take now y € o, (Y€ ) and let  C J such that y(0) € Ej 9 In some neighborhood
of E0 one has coordinates such that f oo (x) = u(x) HIGI X; Ni and jac(o)(x) =
v(x) Hzel X} ' with u and v units. If one denotes y = ()/1, -, ¥4) in these
coordinates, with k; the multiplicity of y; at 0 for i € I, then we have mult;(f oo o
y(1)) =2 ier kiNi =n. Now

mult; Gaco)(y(¢)) = Zki(v, -1 = max(

el
iel !

) Z Nik; = max( , 1>n.

iel i

Therefore if one sets ¢ = max(”"N—_,l), one has
7 1

nfoa UYeenfoa: U Yee,n,foa

e>1 1<e=cn
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as disjoint unions. Now we can apply the change of variables theorem (see [6; 12]) to
compute [Y; (] in terms of [Y;, ro0]:

= 2 LW pooh
e<cn

and summing over the subsets I of 7, as Y, is the disjoint union

nfoa

U Yee,n,foa m7T0 1(EI ﬂo'_l(O))

1#o
we obtain
Z4(T)
=LY [y T
n>1
=LY T" Y LY (¥, oo Ny HE N0 (0))]
n=1 e<cn 1#2
=LY 1" Yy LY LT [ (vE, o, N H(ED N (0))]
n=1 e=cn I#o
=]LdZT” Z L—¢ ZL (n+1)d[/; (M, EI ﬂo'_l(O))ﬂj'[n(A )N nfoa] O
n>1 e<cn I1#2

Proof of Theorem 4.2 Considering the expression of Z¢ (T) given by Lemma 4.4,
we have to compute the class of [L,(M, EO No~10)) N n,,(Ae) N Xy fool. For this
we notice that on some neighborhood U of the end point y(0) € E} 0 No~1(0), one
has coordinates such that

Soo(x)=u(x) nxlN’ and jac(o)(x) =v(x) Hx;"'_l,

iel iel

with # and v units. As a consequence L, (M, E0 NUNo~10) Nmp(Ag) N XE

n.foo
is isomorphic to
{y € La(M,071(0)) ' y(0) e E}NUNo~'(0). Y Niki =n,
iel
S k- =e, foo(y) =ar"+--- a?e},

iel
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where ?¢ is =—1, =1, >0 or <0Oincase € is —1, 1, > or < and k; is the multiplicity
of y; for i € I. Now denoting by A(/,n, e) the set

ZN,-k,-=n,Zki(v,-—l)=e}

iel iel

A(l,n,e):= {k=(k1,“' ,kd)eNd

and identifying for simplicity x and ((x;);¢r.(Xi)ier), the set
Lo(M,E}NUN0™(0) N7n(De) N XS fop

is isomorphic to the product

(Rn)d—lll
< {x e (E7nUNa™" () x )M u(Cxi)igr. 0) [ " 2% }
keA(I,n,e) iel
X H(Rn—k,)
iel

Indeed, denoting an arc y = (y1,...,Yq) of L,(M, E? NU No~1(0)) by y(t) =
ajo+---+ai,t" fori &I and y;(t) = a,-,k,.tk" +---+a;nt" fori € I, the first factor
of the product comes from the free choice of the coefficients a; j, i €I, j=1,...,n,
the last factor of the product comes from the free choice of the coefficients a; j, i € I,
j =ki+1,...,n and the middle factor of the product comes from the choice of the
coefficients a; o € E? NUNo~1(0), i &1, and from the choice of the coefficients
ajk;» i € I, subject to the condition

fooly®) =uly@) []r @)
iel

= u((ai’O)i¢1’0)(l_[afYIi,-)tn te=at" -, a?.

iel

We now choose n; € Z such that >  n; N; =m = ged(N;) and consider the two
semialgebraic sets iel iel

44 ={X € (E? nU ﬂo_l(O)) x (R*)III

uCeigr O T/ 2 |

iel
W,s ={ (', 1) € (E?NU No~1(0)) x R*) x R*

w((igr, 0™ %, T[N/ = 1},

iel
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where 7¢c is = —1, =1, >0 or <O incase € is —1,1,> or <. In case ?c = 1
or ?7¢ = —1, the mapping
3 €
WU — WU,
X' )= x = ((xlf)iﬂ, (z””xlf),-g)
is an isomorphism with inverse

€ ‘e
W — Wy,

e 4 o (1)), ) =1

lel lel

In the semialgebraic case, this isomorphism induces a natural isomorphism on the
double covers Wi, and W; associated to W and Wl/f and defined by

W = { (x,») e (E¥nUNo™1(0))x (R*)HIxR

2u(Digr. 0 [T =ne) }

iel

W = {(x,t,w)e (EXNUNo1(0)) x R xR* xR

‘ w2u((x))igr, 0™ = n(e), HxlfN"/’" -1 }

iel
where 1(e) = 1 when € is the symbol > and 5(e) = —1 when ¢ is the symbol <.
In consequence, [W;] = [W[/f] in the algebraic case (¢ = —1 or 1) as well as in

the semialgebraic case (¢ =< or >) considering our realization formula for basic
semialgebraic formulas in Kq(Varg) ® Z[%]. Now we observe in the case where €
is —1 or 1 that W(/f is isomorphic to Rfj X (IR”‘)'”‘1 (see [8, Lemma 2.5]) whereas
in the case where € is < or >, we obtain that the class of W(/f is equal to the class
of Ry (R*)M1=1 considering again the double coverings associated to the basic
semialgebraic formulas defining these two sets.

We finally obtain

[La(M, E? 0671 (0)) N7ta(Ae) N Xy o]
= Z Lrd—2ier ki [WI/JG]
keA(l,n,e)

= Y Lk (RG] x (L— DI
keA(l,n,e)
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Summing over the charts U, the expression of Z; (T) given by Lemma 4.4 is now:

Z§(1)
_ Z 1.4 Z " Z L~¢(L — 1)|I|_1L_(n+l)d [E(I)’e] Z Lrd—2ier ki
INK#g  n=1 e<cn keA(l,n,e)
Z (L — 1)|1|—1 [E‘I)’é] Z " Z Z ¢ Xierki
INK#2 n>1 e<cn keA(l,n,e)

Noticing that the (k;);es such that k = ((ki)igr, (ki)ier) € Up<cn, n=1 AU, 1, e) are
in bijection with N*//|| we have:

Zm= Y a-nET Y e

INK#2 (ki)icyeNII i€l
ppEse BT
Z (I[J 1) [EI ] 1_[ 1 _]L—Vi TN,' o
INK#o iel

4.2 Motivic real Milnor fibers and their realizations

We can now define a motivic real Milnor fiber by taking the constant term of the rational
function Z;(T) viewed as a power series in 7~ 1. This process formally consists in
letting T" going to oo in the rational expression of Z;(T) given by Theorem 4.2 and
using the usual computation rules as in the convergent case (see for instance [5; 8]).

Definition 4.5 Let /" R?Y >R bea polynomial function and € be one of the symbols
naive, 1, —1, > or <. Consider a resolution of f as above and let us adopt the same
notation (£ 9); for the stratification of the exceptional divisor of this resolution, leading
to the notation E 10 The real motivic Milnor €—fiber S; of f is defined as (see [8]
for the complex case)

. ~0, _
S :=—Th_)mOOZ;(T):=— > EDHEF @ -l e Ko(Varg) ® Z[3].
INK#o

It does not depend on the choice of the resolution o .

For € being the symbol 1 for instance, we have S } € Ky(Vargr). We can consider, first
in the complex case, the realization of S} via the Euler—Poincaré characteristic ring
morphism x.: Ko(Varc) — Z. Note that in the complex case, the Euler characteristics
with and without compact supports are equal. For f: C? — C, since xc(L—-1)=0,
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we obtain

xSH= Y x(ET)= Y Nrxe(EYnoT'(0).

|[I|l=1,ICK [I|=1,ICK

Now denote by F' the set-theoretic Milnor fiber of the fibration

JIBO.wns-1(p;): BO,a)N /(b)) — Dy,

with B(0, «) the open ball in C 4 of radius « centered at 0, Dy, the disc in C of radius
n centered at 0 and Dy = Dy \{0}, with 0 <7 <« < 1. Compare the above expression
Xe (S}) = Z|1|= 1. 1ck N1 xe (E?) with the following A’Campo formula of [1] for the
first Lefschetz number of the iterates of the monodromy M: H*(F,C) — H*(F,C)
of f, that is for the Euler—Poincaré characteristic of the fiber F':

xe(F)="Y" Nr-xe(Efno~'(0))
|[I|=1,ICck

We simply observe that
XC(S;) = Xc(F).

Let F be the closure f~'(c) N B(0,a), 0 < |¢| € a < 1, of the Milnor fiber F and
note that the boundary of F is the odd-dimensional compact manifold f~!(c)NS(0, ).
Then xc(f~1(c) N S(0,@)) =0 and we finally have

XC(Sfl) = Xxc(F) = XC(F)'

Remark 4.6 There is a priori no hint in the definition of Z%(7") that the opposite of
the constant term S} of the power series in 7! induced by the rationality of Z $(T)
could be the motivic version of the Milnor fiber of f (as well as, for instance, there
is no evident hint that the expression of Z% in Theorem 4.2 does not depend on the
resolution o). As mentioned above, in the complex case, we just observe that the
expression of x. (S}) is the expression of x.(F) provided by the A’Campo formula.
Exactly in the same way there is no a priori reason for x.(S%), regarding the definition
of Z%, to be so accurately related to the topology of f ~I(ele])N B(0, o). Nevertheless
we prove that it is actually the case (Theorem 4.12).

In order to establish this result we start with a geometric proof of the formula in the
complex case (compare with [1] where only A (M) is considered, M k being the k"
iterate of the monodromy M: H*(F,C) — H*(F,C) of f). We will then extend to
the reals this computational proof in the proof of Theorem 4.12, allowing us interpret
the complex proof as the first complexity level of its real extension.
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Remark 4.7 Note that in the complex case a proof of the fact that A(MK) = y (X ,g f)
for k£ > 1 is given in [11] without the help of resolution of singularities, that is to éay
without help of A’Campo’s formulas (see [11, Theorem 1.1.1]). As a direct corollary
it is thus proved that x.(S }) = x¢(F) in the complex case, without using A’Campo
formulas.

Realization of the complex motivic Milnor fiber under x. The fiber
F={f=c}NB(0,x)

is homeomorphic to the fiber F = {f oo = c}No~1(B(0,a)), with 0~ 1(S(0, «))
viewed as the boundary of a tubular neighborhood of 6~1(0) = | J EYco—1(0) E 3,
keeping the same notation (E 3) J as before for the natural stratification of the strict
transform o~ ({/ = 0}) of ' = 0. Now the formula may be established for F in
some chart of M No~!(B(0,)), by additivity. In such a chart, where f oo is normal

crossing, we consider:

e Theset Ej =();es Ei Ca_l(O),givenby x;=0,ieJ.

e A closed small enough tubular neighborhood Vy in M of ;- K,K£J E%,
that is a tubular neighborhood of all the E?( bounding EY, such that E 3\VJ
is homeomorphic to E f}.

e 7y the projection onto £ ; along the x; coordinates, for j € J.

¢ An open neighborhood £ of Eg\VJ in 0~ 1(B(0,)) given by ﬂ;l(Eg\VJ),
|xj| <nys, je€J,with ny > 0 small enough.

Remark 4.8 For I = {i}, we remark that 7 N &y is homeomorphic to N; copies
of E? N &r, and thus to N; copies of E?. Indeed, assuming f oo = u(x)xiN" in
&y, we observe that the family (f¢)sef0,1] With fr = u((x;);gr.t -x,-)xiNi — ¢ has
homeomorphic fibers { f;y =0} NEy, t € [0, 1] by Thom’s isotopy lemma, since

0 du : -
i(x) =1—()xM +ux)xN =0
0x; ox; ! !
would imply

u

t—(x)x; +u(x) =0.

0x;
But the first term in this sum goes to 0 as x; goes to 0, since the derivatives of u are
bounded on the compact cl(£7) by a nonzero constant, since u is a unit. Finally, as
{f1 =0} N & is homeomorphic to { fo =0} NEr and { fo =0} NEr is a N;—graph
over E? N&r, FNEr is homeomorphic to N; copies of E?.
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By this remark, F covers maximal dimensional stratum E?, [I|=1, I C K, with N;
copies of a leaf F7 of F. To be more accurate, with the notation introduced above, Jj
covers the neighborhood E? N&r of E? \ Vr. Moreover the Fj overlap in F over
the open set Eg N Ey of the strata Eg that bound the E? for |[I| =1, |J| =2 and
I C J in bundles over the E 2 N &y of fiber C*. Those subleaves Fy of F overlap
in turn over the open EOQ NEg of the strata EOQ, |0| =3,J C Q, that bound the E9,
in bundles over the £ OQ N &g of fibers (C*)? and so forth... For instance when

foo= u(x)l_[xiN" in&p, I ={i},
iel
foo=v)xMxN in€p. T =1i. j},
the N; leaves Fr, homeomorphic to the N; copies xiNi = c/u(x) of E?, overlap

over Eg N &y in subleaves Fy of Fy, given by v(x) xNix™N = ¢, fibering over Eg

i X
with fiber ged({N;, N;}) copies of (C*)IY1=1 and so forth (see Figure 1).

]:I/ ‘ fOUZC

Figure 1

Remark 4.9 Note that the topology of F ={f oo =c}No~1(B(0,a)) is the same
as the topology of | J Jnico Fu (that is the topology of F above the strata E f} of
o~1(0)) since the retraction of F onto | J Jnik£z 7. as a goes to 0, induces a
homeomorphism from F to | ynxzy F7 -

From Remark 4.9, by additivity, it follows that the Euler—Poincaré characteristic of F
(in our chart) is the sum

(%) > Nixe(Efno'(0)) + L,
|I|=1,ICK
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where L is some Z-linear combination of Euler—Poincaré characteristics of bundles
over the open sets £y N 59, |J| > 1, of fiber a power of tori C*. Now the A’Campo
formula
Xe(F)= Y Ni-x.(Eyno~'(0)
[I|=1,I1CK

for the Milnor number follows from the fact that x.(C*) = 0 implies L = 0.

Realization of the real motivic Milnor fibers under x. The partial covering of F
by the pieces Fy, for J N K # &, over the strata of the stratification (E 9) JNK#£
of o=1(0) allows us to compute the Euler—Poincaré characteristic of the Milnor fiber
JF in terms of the Euler—Poincaré characteristic of the strata E 2, in the complex as
well as in the real case. In the complex case, as noted above, for J with |J| > 1, one
has x.(Fy) = 0. This cancellation provides a quite simple formula for x.(F): Only
the strata of the maximal dimension of the divisor 6! (0) appear in this formula, as
expected from the A’Campo formula.

In the real case one does not have such cancellations: On one hand the expression of
Xc(F) in terms of Xc(E J ) is no more tr1V1a1 (the remaining term L of Equation ()
is not zero and consequently terms Xc(E J ) for |[J| > 1 and E; N0~ 1(0) # &
appear) and on the other hand the expression of Xc( ) given by the real Denef-Loeser

formula in Definition 4.5 has terms 2711y, (EJ D) for |J|>1and JNK # @ (since
Xc(L — 1) = =2 in the real case).

Nevertheless, in the real case we show that y. (SfE) is again x.(F), justifying the
terminology of motivic real semialgebraic Milnor fiber of f at 0 for Sjﬁ. The formula
stated in Theorem 4.12 below is the real analogue of the A’Campo—Denef-Loeser
formula for complex hypersurface singularities and thus appears as the extension to the
reals of this complex formula, or, in other words, the complex formula is the notably
first level of complexity of the more general real formula.

Notation 4.10 Let f: R? — R be a polynomial function such that f(0) = 0 and
with isolated singularity at 0, that is grad f(x) = 0 only for x = 0 in some open
neighborhood of 0. Let 0 <7 < & be such that the topological type of ~!(c)NB(0, )
does not depend on ¢ and « for 0 < ¢ <n or for —n < ¢ < 0.

o Let us denote, for € € {—1,1} and €-¢ > 0, this topological type by F, by F.
the topological type of the closure of the Milnor fiber F¢ and by Lk(f) the link
F7H0)NS(0,a) of f at the origin. We recall that the topology of Lk( f) is the same
as the topology of the boundary f~'(¢) N S(0, ) of the Milnor fiber Fe when f has
an isolated singularity at 0.
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e Let us denote, for € € {<, >}, the topological type of f~1(]0,cc[) N B(0,a) by
F, and the topological type of f~1(]0,ce[) N B(0,a) by Fe, where c< €] —1,0[
and ¢~ €10, n[.

e Let us denote, for € € {<, >}, the topological type of {f € 0} N S(0,«) by G,
where € is < when € is < and € is > when € is >.

Remark 4.11 When d is odd, Lk(f) is a smooth odd-dimensional submanifold
of R? and consequently x(Lk(f)) = 0. For € € {—1,1,<,>}, we thus have in
xe(Fe) = xe(Fe) this situation. This is the situation in the complex setting. When d
is even and for € € {—1, 1}, since F, is a compact manifold with boundary Lk(f),
one knows that

XC(FE) =—xc(Fe) = %Xc(Lk(f))-

For general d € N and for € € {—1, 1, <, >}, we thus have

XC(FE) = (_1)d+1Xc(Fe)-

On the other hand we recall that for € € {<, >}

Xxc(Ge) = XC(FSG),
where 8~ is 1 and §< is —1 (see [2; 18]).

Theorem 4.12 With Notation 4.10 we have, for € € {—1,1, <, >},

Xc(S;) = Xc(Fe) = (_1)d+1Xc(Fe)
and for € € {<, >},
Xc(S;) = —xc(Ge).

Proof Assume first that € € {—1, 1}. We denote by F the fiber 0~ ! (F) and recall
that F and F have the same topological type. Let us denote K the set of multi-indices
J CT suchthat Ey No~1(0) # @, with E; the closure of Ej = (");cs E;. In what
follows only J € K are concerned, since we study the local Milnor fiber at 0. The
proof consists in the computation of the Euler—Poincaré characteristic of F using the
decomposition of F by the overlapping components 7 introduced just before Figure 1
and illustrated there. We simply count the number of these overlapping components in
the decomposition of F they provide. Note that a connected component of E 3 (still
denoted Eg for simplicity in the sequel) for J C J is covered by ny := My 211
connected components G of F, where My is 0, 1 or 2 depending on the fact that the
multiplicity mj = ged; ¢ s (Nj) defining E 3’6 is odd or even, and on sign condition on
¢ (remember from Figure 1 how E 9 is covered by F; here the term covered simply
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means that one can naturally project the corglponent Fy onto E 3 ). Note furthermore
that My is the degree of the covering E J’e of £ 3. Now expressing a connected
component G of F as the union

U .

|[I|=1,F;CG

where the (connected) leaves F7 cover (the open subset E? ﬂé'? of E? homeomorphic
to) E?, and using the additivity of x., one has that x.(G) is expressed as a sum of
characteristics of the overlapping connected subleaves F; of the F7, each of them with
sign coefficient sy := (=D!’1=1 . Note that (a connected component of) E 9 is covered
by nj copies of such a F, coming from the ny connected components of F above
Eg N 52, and that a connected subleaf F; has the topology of (Eg N 53) xRIVI=T,
We denote by 7 the characteristic 77 := x¢(R//I1=1) = (=7 1=1,

With this notation, summing over all the connected components G of F, one gets

Xe(F) = ZSJX”JXXC(Eg)X[J

Jekk
=Y DYV My ) x (EG) x (D1
Jekk
_ ~0, _ ~0, _ ~0,
Jekk JNK#D JNK=g2,
JeK
_ ~0,
=XC(S;)+ Z 2|J| IXC(EJ€)=XC(S;)+XC( U ]:J)-
JNK=o,Jek JNK=2,Jek

Note that the subleaves F; for JNK =@ and J € K cover the set { f oo = 0}03(0, Q)
for €-¢ > 0, where S(0, ) is a neighborhood o~ 1(S(0, a)x]0, B]) of 6~ 1(S(0,))
with 0 < 8 < «. Tt follows that

Xc( U ]:J) :Xc(Feﬂ(S(O»a)X]OuB[))

JNK=w,J ek
= Xe(Lk(f)X]0, Bl) = —xc(Lk(f)).
We finally obtain
Xe(Fe) = XC(S;) — Xe(Lk(f)),
Xc(Fe) = Xc(Fe&) + xc(Lk(f)) = Xc(S;)-

This proves the first equality of our statement, the equality x.(Fe) = (—1)4! xo(Fe)
being proved in Remark 4.11.
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Assume now that € € {<, >} and denote §< := —1 and §~ := 1, like in Remark 4.11.
With this notation Fe = Fs_x]0, 1[, and by the formula proved above in the case
€ € {—1, 1}, we obtain

Xc(Fe) = XC(F(SG)XC(]O’ 1[) = _XC(F(SE) = _XC(SJ(EG) = - Z 2|J|_1X(Eg’8€)-
JNK#o

~0,8¢

But since £ J = E ;" xRy, it follows that

xe(Fo= 3 2V (EP ) @ = 3 2V (ES) = xe(S)).

JNK#2 JNK#2

This proves the first equality of our statement. The equality xe(Fe) = (_1)d+1 Xc(Fe)
is thE consequence of y.(F¢) = Xc(Fﬁe)Xc (10,1, xc(Fe) = XC(FSG)XC(]O’ 1)) and
Xe(Fs) = (=D xe(Fs).

To finish, equality x. (SG) = —xc(G¢) comes from the equality x.(Ge¢) = Xc(Fge)
recalled in Remark 4.11 and from x.(Fe) = —Xc(Fbg) Xc(S ) = xc(Fe). |

Remark 4.13 As stated in Theorem 4.12, the realization via . of the motivic Milnor
fiber S; for € € {—1, 1, <, >} gives the Euler—Poincaré characteristic of the corre-
sponding set theoretic semialgebraic closed Milnor fiber F. Nevertheless it is worth
noting that this equality is in general not true at the higher level of x(Ko[BSARr]). Even
computed in Ko (Varg) ® Z[%], we may have S; # [Af.], for a given semialgebraic
formula Ay, with real points Fe. Let us illustrate this remark by the following quite
trivial example.

Example 4.14 Let us consider the simple case where f: R? — R is given by
f(x,y) = xy. After one blowing-up o: M — R? of the origin of R?, the situation
is as required by Theorem 4.2. We denote by E; the exceptional divisor o~1(0)
(which is isomorphic to IP;) and by E,, E5 the irreducible components of the strict
transform o~ ! ({ f =0}). The induced stratification of E 1s given by E =E/NE,,
E1 ;= E1 N E3 and the two connected components E EN0 of El \ (E, U E3).
We consider a chart (X,Y) of M suchthat 0(X,Y) = (x =Y,y =XY). In this
chart, (f o0)(X,Y) = XY?2. The multiplicity of f oo along E; is N; =2 and the
multiplicity of Jaca along Ey is 1, thus v; = 2. Assuming that E corresponds to
X >0 and E corresponds to X < 0, it follows that

EX ={(X.0| X €EL teR. X122},
B\ ={(X.0)| X € E]%. t e R, X122},
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where ?¢ is =1, =—1, > or <0 incase € is 1, —1, > or <. Incase ¢ = 1 we
obtain ) .

~'0,1 ~"0,1

[E;"]=L—-1 and [E, ]=0

since E/O’l has a one-to-one projection onto {(X,Y) | X =0, Y # 0} and Eﬁo’l is
1 proj .

empty. Now in a neighborhood of E?,z’ foo(X,Y)=XY? giving Ny =1, N, =2

and m = gcd(Ny, Np) = 1. We also have v; =2 and v, = 1. It follows that
EV =100 |reRr=1} thus [E}5]=1.
In the same way, using another chart, one finds
~0,1
[E 1,3] = 1.

By Theorem 4.2 we then have

]L_2 2
ZﬂT):@rﬁf_%L—U(TtE%%E)

L2172 L-IiT
2(L —1)*! ,
+2( ) (1—L%Iﬂ)<1—LﬂT)

b L—1
ZAT%—EFQij,
Sp=—(@L—1).

Of course we find that x.(Sr) = xc({f =c} N B(0,1)=2,0<c <k 1.

Now let us for instance choose {xy =¢,1 —x% —y? > 0} for 0 < ¢ < 1 as a basic
semialgebraic formula to represent the open Milnor fiber of f = 0 and let us compute
B(xy =c, 1 —x%—y?>0]) (rather than [xy = ¢, 1 —x? — y? > 0] itself, since we
use regular homeomorphisms in our computations). By definition of the realization
B: Ko(BSAR) — Z[%][u], we have

B(lxy =c,1—-x2—y? >0]) = %ﬂ([xy =c, 22 =1-x*-}?%)
—% (xy=c,z
+ %ﬂ([xy =c,1—-x*—y>#£0)).

Projecting the algebraic set {xy =c, z2 = 1 —x?—y?} orthogonally to the plane x =—y
with coordinates (X = Lz(x — ¥), z) one finds twice the quadric z2 +2X? =1—2c,
that is, up to regular homeomorphism, two circles. A circle having class u + 1, we
have

2=x2—|—y2—1])

Blxy =c.z2=1-x>=y*]) =2(u+1).
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Projecting the algebraic set {xy = ¢, z?> = x? + 2 — 1} to the plane x = —y with co-
ordinates (X = Lz(x — ), z) one finds twice the hyperbola 2X? —z2 = 1 — 2c.
Projecting orthogonally again the hyperbola onto one of its asymptotic axes we see
that this hyperbola has class v — 1. It gives

ﬂ([xy =c, 22 =x4y2- 1]) =2(u—1).
Finally the constructible set {xy = ¢, 1 —x2 — y2 % 0} being the hyperbola without 4
points, we have
u—3
2
Of course, xe(x([xy =c,1—=x2—1y2>0]) = x.({f =c}NB(0,1)) =-2.

ﬂ([xy:c,l—xz—y2>0]):%(u+1)—%(u—1)+%(u—l)—2:

The simple semialgebraic formula representing the set theoretic closed Milnor fiber is
{xy=c,1—=x2—p%>0},ithasclass B([xy=c, 1—x2—p2 > 0])+4B([{*}]) = %(LH—S)
in Z[%][u]. But although

Xe(x(xy = ¢, 1=x? = y* 2 0))) = xe(Sf) = xe({f = ¢} N B0, 1)) =2
as expected from Theorem 4.12, we observe that

“;5 =By =c.1—x2 =y 2 0)) £ B(S}) = —(u—1).

As a final consequence, we certainly cannot have this equality between

x([xy=c¢,1-x*—y*>0]) and S}

at the level of K¢(Varg) ® Z[%].
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