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Approximation theory for nonorientable
minimal surfaces and applications

ANTONIO ALARCON
FrRANCISCO J LOPEZ

We prove a version of the classical Runge and Mergelyan uniform approximation
theorems for nonorientable minimal surfaces in Euclidean 3—space R3. Then we
obtain some geometric applications. Among them, we emphasize the following ones:

¢ A Gunning—Narasimhan-type theorem for nonorientable conformal surfaces.

» An existence theorem for nonorientable minimal surfaces in R3 with arbitrary
conformal structure, properly projecting into a plane.

» An existence result for nonorientable minimal surfaces in R3 with arbitrary
conformal structure and Gauss map omitting one projective direction.

49Q05; 30E10

1 Introduction

The Runge and Mergelyan theorems are the central results in the theory of uniform
approximation by holomorphic functions in one complex variable. The former, which
dates back to 1885, asserts that if the complement C \ K of a compact set K C C
has no relatively compact connected components, then every holomorphic function in
(an open neighborhood of) K can be approximated, uniformly on K, by holomorphic
functions on C; see Runge [32]. If K C C is an arbitrary compact set, then Mergelyan’s
theorem [28], which dates back to 1951, ensures that continuous functions K — C,
holomorphic in the interior K° of K, can be approximated uniformly on K by
holomorphic functions in open neighborhoods of K in C. In 1958, Bishop [11]
extended these results to Riemann surfaces (see Forster [15] for a modern proof using
functional analysis):

Runge-Mergelyan theorem Let N be an open Riemann surface (ie noncompact)
and let K C N be a compact set such that N'\ K has no relatively compact connected
components. Then any continuous function K — C, holomorphic in the interior K°
of K, can be uniformly approximated on K by holomorphic functions N' — C.
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A compact subset K C N satisfying the hypotheses of the above theorem is said to be
a Runge set in the open Riemann surface A'. Runge and Mergelyan’s theorems admit
plenty of generalizations; the extension of Runge’s theorem to functions of several
complex variables is known as the Oka—Weil theorem (see eg Hormander [19]), and in
the more general setting, maps S O K — O from a holomorphically convex set K of a
Stein manifold .S’ to an Oka manifold O satisfy the Runge property (see Forstneric [16]
for a good reference).

On the other hand, conformal minimal immersions of open Riemann surfaces into
Euclidean space are harmonic functions. This basic fact has strongly influenced the
theory of minimal surfaces, furnishing it of powerful tools coming from complex
analysis. In particular, Runge’s theorem (combined with the Loépez—Ros transformation
for minimal surfaces [25]) has been the key tool for constructing complete hyperbolic
minimal surfaces in R3 of finite topology; see Jorge and Xavier [20], Nadirashvili [30]
and Morales [29] for pioneering papers. However, the direct application of Runge’s
theorem has a limited reach and it seems to be insufficient for constructing minimal
surfaces with more complicated geometry. With the aim of overcoming this constraint,
Alarcén and Lépez [6, Theorem 4.9] obtained a Runge—Mergelyan-type theorem for
conformal minimal immersions of open Riemann surfaces into R3. This result has
been a versatile tool for constructing both minimal surfaces in R3 and curves in the
complex 3—space C3; see Alarcén and Lépez [6; 7; 8; 10] and Alarcén, Fernandez
and Loépez [2] for a number of applications. For instance and in contrast to the severe
restrictions imposed by the use of the Lépez—Ros transformation, it allows one to
prescribe the conformal structure of the examples.

In the same spirit, a Runge—Mergelyan-type theorem for a large family of directed
holomorphic immersions of open Riemann surfaces into C” (including null curves),
n > 3, has been recently shown, with different techniques, by Alarcén and Forstneric¢ [4].

In this paper we focus on nonorientable minimal surfaces in R3. This subject should
not be considered as a minor or secondary one; on the contrary, nonorientable surfaces
present themselves quite naturally in the very origin of minimal surface theory (recall
for instance that a Mobius minimal strip can be obtained by solving a simple Plateau
problem; see Douglas [12] for more information), and they present a rich and interesting
geometry. Nonorientable minimal surfaces were first studied systematically by Lie [22]
in the third quarter of the 19™ century; the development of their global theory was
begun by Meeks [27]. A particular issue is that constructing nonorientable surfaces
via Weierstrass representation is in general hard, due to the higher subtlety of the
period problem. Runge’s theorem has been already used in several constructions of
complete nonorientable minimal surfaces in R3 (see Lépez [23], Lépez, Martin and
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Approximation theory for nonorientable minimal surfaces 1017

Morales [24] and Ferrer, Martin and Meeks [14]); however, as in the orientable case,
its direct application does not seem to suffice for more involved constructions.

The aim of this paper is to prove a Runge-Mergelyan-type theorem for nonorientable
minimal surfaces in R?. For a precise statement of our main result, the following
notation is required. Every nonorientable minimal surface M C R3 can be represented
by a triple (V,J, X)), where N is an open Riemann surface, J: ' — A is an an-
tiholomorphic involution without fixed points, and X: N — R? is an J—invariant
conformal minimal immersion (that is, satisfying X oJ = X) such that M = X(N);
see [27] and Section 2.2 for details. We say that a subset S of A is J—admissible (see
Definition 3.2) if it is Runge in A/, 3(S) = S and S = Rg U Cyg, where Rg := S°
consists of a finite collection of pairwise disjoint compact regions in A/ with C!
boundary, and Cg := S \ Rg is a finite collection of pairwise disjoint analytical Jordan
arcs, meeting Rg only in their endpoints, and such that their intersections with the
boundary bRg of Rg are transverse. Finally, we say thata C! map Y: S — R? is an
J—invariant generalized minimal immersion (see Section 3.2) if Y| g is a conformal
minimal immersion, Y |cg is regularand Y oJ =Y.

Our main result is the following.

Theorem 1.1 Let N be an open Riemann surface, let 3: N'— N be an antiholo-
morphic involution without fixed points, and let S C N be an J-admissible set.
Then any J—invariant generalized minimal immersion S — R can be C! uniformly
approximated on S by J—invariant conformal minimal immersions N' — R3.

Concerning the proof, it is important to point out that the compatibility condition with
respect to the antiholomorphic involution and the higher difficulty of the period problem
involve a much more careful analysis than in the orientable case; see [6]. In particular,
our approach requires several trickier approximation results by meromorphic functions
and 1-forms (see Lemmas 4.2 and 4.6).

Theorem 1.1 has many geometric applications. In Theorem 6.6 we show that, for
any open Riemann surface N and antiholomorphic involution J: N'— A without
fixed points, there exist J—invariant conformal minimal immersions A" — R3 properly
projecting into a plane (see [6] for the analogous result in the orientable case). This
links with an old question by Schoen and Yau [33, page 18]; see also [6; 10]. We also
prove an existence theorem of complete conformal J—invariant minimal immersions
N — R3? with a prescribed coordinate function; see Theorem 6.8. As a consequence,
in Corollary 6.10 we exhibit complete nonorientable minimal surfaces in R? whose
Gauss map omits one point of the projective plane RP? (see [2] for the orientable

Geometry & Topology, Volume 19 (2015)



1018 Antonio Alarcon and Francisco J Lopez

framework). Other geometric applications of Theorem 1.1 can be found; see Alarcén
and Lopez [9].

Theorem 1.1 follows from the more general Theorem 5.6, which also deals with the flux
map of the approximating surfaces. In particular, Theorem 5.6 implies the analogous
result of Theorem 1.1 for curves F: N'— C3 enjoying the symmetry F oJ = F; see
Corollary 6.1. We also derive a Runge-Mergelyan-type theorem for harmonic functions
h: N'— R satisfying 4o J = h (see Theorem 6.3).

Finally, in a different line of applications, we prove an extension of the classical
Gunning—Narasimhan theorem [18] (see also Kusunoki and Sainouchi [21]); more
specifically, we show that, for any open Riemann surface A and any antiholomorphic
involution J: N/ — N without fixed points, there exist holomorphic 1-forms ¢ on N
with 7*¢ = 9 and prescribed periods and canonical divisor (see Theorem 6.4).

Outline of the paper The necessary notation and background on nonorientable mini-
mal surfaces in R? is introduced in Section 2. In Section 3 we describe the compact
subsets involved in the Mergelyan-type approximation, and define the notion of confor-
mal nonorientable minimal immersion from such a subset into R3. In Section 4 we
prove several preliminary approximation results that flatten the way to the proof of the
main theorem in Section 5. Finally, the applications are derived in Section 6.

2 Preliminaries

Let ||-|| denote the Euclidean norm in K” (K =R or C). Given a compact topological
space K and a continuous map f: K — K", we denote by

1/ o, x == max{[[ /(p)]| - p € K}

the maximum norm of f on K. The corresponding space of continuous functions
on K will be endowed with the C° topology associated to || - [|o,x -

Given a topological surface N, we denote by bN the (possibly nonconnected) 1—
dimensional topological manifold determined by its boundary points. Given a subset
A C N, we denote by A° and A the interior and the closure of A in N, respectively.
Open connected subsets of N \ bN will be called domains of N, and those proper
connected topological subspaces of N being compact surfaces with boundary will said
to be regions of N .
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Approximation theory for nonorientable minimal surfaces 1019

2.1 Riemann surfaces and nonorientability

It is well known that any Riemann surface is orientable; in fact, the conformal structure
of the surface induces a (positive) orientation on it. In this subsection, we describe the
notion of nonorientable Riemann surface.

A Riemann surface N is said to be open if it is noncompact and bN = &. We denote
by 0 the global complex operator given by 9|y = %dz for any conformal chart (U, z)
on N.

Definition 2.1 Let A be a smooth nonorientable surface with empty boundary. A
system of coordinates € on N is said to be a conformal structure on N if the change
of coordinates is conformal or anticonformal. The couple (N, %) is said to be a
nonorientable Riemann surface. If there is no place for ambiguity, we simply write N’
instead of (\V, ).

Definition 2.2 Let N/ = (N, %) be a nonorientable Riemann surface. Denote by
: N — N the oriented 2—sheeted covering of A/, and call J: N'— N the deck trans-
formation of 7. Call 7*(%) the holomorphic system of coordinates in A/ determined
by the positively oriented lifts by 7 of the charts in €.

Notice that the couple V' = (N, 7*(%6)) is a (connected) open Riemann surface and J
is an antiholomorphic involution in N without fixed points. The conformal map
w: N — N is said to be the conformal orientable two-sheeted covering of N .

Objects related to N will be denoted with underlined text (for instance S, X etc),
whereas those related to N will be not.

As a consequence of Definition 2.2, the nonorientable Riemann surface A/ can be
naturally identified with the orbit space N /J, and the covering map 7 with the
natural projection N'— A//J. In other words, a nonorientable Riemann surface A is
nothing but a connected open Riemann surface N equipped with an antiholomorphic
involution J without fixed points.

From now on in Section 2, let N, N/, = and J be as in Definition 2.2.

Definition 2.3 A subset A C N is said to by J—invariant if J(A4) = A, or equivalently,
7 1 (w(A)) = A. If A is J—invariant, we write 4 = (A4). Likewise, given B C \V,
we write B for the J—invariant set 7~ !(B).
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Definition 2.4 Tet A be an J—invariant subset in A and let f: 4 — R” be a map
(n € N). The map f is said to be J—invariant if

fe@lo =7

In this case, we denote by f the only map f: A — R” satisfying /' = f o (w]|4).
Likewise, given a map f: A — R" we denote by f the J—invariant map f =
Jo(r|lq): A—>R"

For any set A C A/, we denote by Div(A4) the free commutative group of divisors
with support on A with multiplicative notation. If D = []7_, Q?i € Div(A4), where
n; € Z\{0} forall i €{l1,...,n}, we set supp(D):={Q1,..., Oy} to be the support
of D. A divisor D € Div(A) is said to be integral if D =[]/_, Q;” and n; > 0 for
all i. Given Dy, D, € ®iv(A), D1 = D, means that DIDZ_1 is integral. If A4 is
J—invariant, then we denote by Divy(A) the group of J—invariant divisors of A; that

is to say, satisfying J(D) = D.
In the sequel, W will denote an J—invariant open subset of A/ .

We denote by

e Fp,3(W) the real vector space of holomorphic functions f on W such that
foQlw) =1,

e Fm,3(W) the real vector space of meromorphic functions f on W such that
[oQlw) =1,

e $25,5(W) the real vector space of holomorphic 1-forms ¢ on W such that

J*0) =90,
* SQn3(W) the real vector space of meromorphic 1-forms 6 on W' such that
J*O)=9.

Here, and from now on, -~ means complex conjugation. We also denote by
e G3(W) the family of meromorphic functions g on W satisfying go(J|p) = —%.

By elementary symmetrization arguments, it is easy to check Fy 5(W), Qp3(W) # @.
It is also known that G3(N) # @ when N is a compact Riemann surface (see
Martens [26]). As an application of Theorem 5.6, we will prove that in fact every open
nonorientable Riemann surface (N, J) carries conformal maps into the projective plane
omitting one point (see Corollary 6.10); in particular G3(N) # &.

Let us recall some well-known topological facts regarding nonorientable surfaces.
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In the remainder of this subsection, we will assume that W is a domain of finite
topology. Then (W, J|y) is topologically equivalent to

(S\{P1.. o Pey1. 3(P1), o TPy )} D),

where S is a compact surface of genus v, 3: S — S is an orientation reversing
involution without fixed points, and { Py, ..., Pry+1} C S, k € NU{0}.

As a consequence, the first homology groups Hi(W,Z) and H{(W,R) of W are
free abelian groups of dimension 2vy + 1, where vg := v + k. Furthermore, elemen-
tary topological arguments give that 7{; (W, R) admits an J-basis accordingly to the
following definition:

Definition 2.5 A basis B = {cp,c1,...,¢vy.d1,...,dy,} of Hi(W,R) is said to be
an J-basis if

L4 Cj :y]—j*(yj), j:O,l,...,UO,

for some closed curves {y; : j =0,...,v9} C H;(W,Z). Observe that
@) Js(cj) =—c; and J(dj)=d; forall j.

Let Hﬁol,j(W) be the first real de Rham cohomology group Q2 5(W)/ ~, where as
usual ~ denotes the equivalence relation “the difference is exact”. Recall that, on
an open Riemann surface, the first de Rham cohomology group is representable by
holomorphic functions (this is in fact a special case of the Cartan—Serre theorem on
Stein manifolds and affine algebraic manifolds). Notice that (1) gives that Re || ¢ T= 0

and Im |, 4 T= 0 for all j and t € Qp,5(W). Further, basic cohomology theory gives
that the map

..........

is a (real) linear isomorphism for any J-basis {co,ci,....Cvy, d1, ..., dy,} of
Hi(W,R).

2.2 Nonorientable minimal surfaces

In this subsection we describe the Weierstrass representation formula for nonorientable
minimal surfaces, and introduce some notation.
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Definition 2.6 A map X: A — R3 is said to be a conformal nonorientable minimal
immersion if the J—invariant map

X=Xom: N—>R3

(see Definition 2.4) is a conformal minimal immersion. In this case, X(M)=X(\) CR?
is a nonorientable minimal surface.

For any J—invariant subset A C A/, we denote by M5(A4) the space of J—invariant
conformal minimal immersions of J—invariant open subsets of A containing 4 into R3.

Let A C N be an J-invariant subset, and let X € M5(A4). We use the notation
¢ =0X;, j=1,2,3,and ® =0X = (¢;)j=1,2,3. The 1-forms ¢; are holomorphic
(on an open neighborhood of A4), have no real periods, and satisfy

3

3) > i =0,
j=1

4) J*d = P;

see [27]. The intrinsic metric in (an open neighborhood of) A4 is given by ds? =
3

3
5) Z |pj | does not vanish anywhere on A.
j=1

By definition, the triple @ is said to be the Weierstrass representation of X . The
meromorphic function

__#s
1 — 12

(here, and from now on, we denote 1 = +/—1) corresponds to the Gauss map of X up
to the stereographic projection, and

1/1 1 (1
2 o= (3(;2) 3(5 +¢) 1)es
(see Osserman [31]). It follows from (4) and (6) that the complex Gauss map g: A —
C :=C U{oo} of X satisfies

(6) g

1
8 o(J = ——=.
(®) go(Jla) z
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Remark 2.7 We denote by 2: C — C _the antipodal map 2(z) = —1/Z, by RP? =
C /2 the projective plane, and by my: C — RIP? the orientable 2—sheeted covering
of RP2.

Every meromorphic g in (an open neighborhood of) A4 satisfying (8) induces a unique
conformal map G: A — RP? such that G o (n|4) = g o0g.

Definition 2.8 The conformal map G: A — RP? induced by the complex Gauss
map g of X is said to be the complex Gauss map of the conformal nonorientable
minimal immersion X .

Conversely, any vectorial holomorphic 1-form ® = (¢;);=1,2,3 on (an open neighbor-
hood of) A without real periods, satisfying (3), (4) and (5), determines an J—invariant
conformal minimal immersion X: 4 — R by the expression

XzRe/CD,

hence, a conformal nonorientable minimal immersion X: 4 — R3; see [27]. By
definition, the couple (®, J) is said to be the Weierstrass representation of X .

Remark 2.9 A vectorial holomorphic 1-form & on (an open neighborhood of) A
satisfying (4) has no real periods if and only if

/<I>=0 for any y € H1(A, Z) with T« (y) = y.
Y

To finish this subsection we present the flux of a conformal minimal immersion.

Definition 2.10 Let A be an J—invariant subsetin ', X € M73(A4), (see Definition 2.6)
and y(s) be an arc-length parameterized curve in A. The conormal vector field
of X along y is the unique unitary tangent vector field i of X along y such that
{dX(y'(s)), u(s)} is a positive basis for all s.

If y is closed, px (y) := fy w(s) ds is said to be the flux of X along y.

Given an J—invariant subset A in N, and X € M5(A), it is easy to check that
px(y) =Im fy 0X and that the flux map

px: Hi(4,Z) > R3

is a group morphism. Furthermore, since X is J—invariant and J reverses the orienta-
tion, the flux map py: H1(A4,Z) — R? of X satisfies

©) px (3 (y)) = —px(y) forally € H,(4.7Z).
By definition, the couple (py,J) is said to be the flux map of X .
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3 Admissible subsets for the Mergelyan approximation

We begin this section by describing the subsets involved in the Mergelyan approximation
theorem in Section 5. Although there is room for generalizations, the sets considered
in Definition 3.2 are sufficient for our geometric applications.

Remark 3.1 From now on in the paper, N', A/, & and J will be as in Definition 2.2.
Also, aj%/ will denote a conformal Riemannian metric on A such that J* (oﬁ,) = oj%[.

First of all, recall that a subset 4 C N is said to be Runge (in N') if A"\ A has no
relatively compact connected components.

A compact Jordan arc in N is said to be analytical (smooth, continuous etc) if it is
contained in an open analytical (smooth, continuous etc) Jordan arc in A/,

Figure 1: An J-admissible set S C N

Definition 3.2 A (possibly nonconnected) J—invariant compact subset S C N is said
to be J—admissible in A if and only if (see Figure 1):

(i) S is Runge.
(i) Rgs:= S° is nonempty and consists of a finite collection of pairwise disjoint
compact regions in N with C° boundary.
(ili) Cg := S\ Rg consists of a finite collection of pairwise disjoint analytical
Jordan arcs.

(iv) Any component o of Cg with an endpoint P € Rg admits an analytical ex-
tension B in A such that the unique component of § \ & with endpoint P lies
in Rg.
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An J—invariant compact subset S C N satisfying (ii), (iii) and (iv) is Runge (hence
J—admissible) if and only if ix: H{(S,Z) - H1(N,Z) is a monomorphism, where
H1(-,Z) means the first homology group, i: S — N is the inclusion map, and i
is the induced group morphism. If S C N is an J—invariant compact Runge subset
consisting of a finite collection of pairwise disjoint compact regions with C° boundary,
then S is J—admissible; that is to say, we allow Cg to be empty. The most typical
J-admissible subsets S in A consist of a finite collection of pairwise disjoint compact
regions Rg with C! boundary, and a finite collection of Jordan analytical arcs Cg
meeting bR g transversally.

3.1 Functions on J-admissible subsets

From now on in this section, .S will denote an J—admissible subset in A/, in the sense
of Definition 3.2.

Definition 3.3 We denote by

e Fp,5(S) the real vector space of continuous functions f: S — C, holomorphic
on an open neighborhood of Rg in A, such that f oJ|g = 1,

e Fm(S) the real vector space of continuous functions f: S — C, meromor-
phic on an open neighborhood of Rg in N, satisfying that f oJ|g = f and
f_l(oo) C S°=Rg\bRg.

Likewise, we denote by

e G5(S) the family of continuous functions g: S — C, meromorphic on an open
neighborhood of Rg in A, satisfying that goJ|g = —1/g and g~ ({0, 00}) C

S°=Rgs\bRgs.
A 1-form 6 on S is said to be of type (1, 0) if for any conformal chart (U, z) in N,
O|luns = h(z) dz for some function 4: U NS — C. Finite sequences ©® = (01, ..., 0y,),
where 6; is a (1,0)-type 1-form for all j € {1,...,n}, are said to be n—dimensional

vectorial (1,0)—forms on S. The space of continuous n—dimensional (1, 0)—forms
on S will be endowed with the C° topology induced by the norm

" 12\ /2
(212

Definition 3.4 For any f € F, 5(S) we write (f)o, (f)oo and (f) for the zero
divisor (f'|rg)o, the polar divisor ( f|r¢)oo and the divisor (f'|rg), respectively; see
Farkas and Kra [13].

(10) 1©1lo,s = |

C)
oN

see Remark 3.1.
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Notice that all these divisors lie in Div;(Rg). Obviously, we have that supp(( f)eo) =
f~1(o0) C Rg and supp((f)o) = f~1(0)N R . Likewise we define the corresponding
divisors for functions g € G5(S), but in this case they do not lie in Div3(Rg) unless

(g) = 1. In fact, 3((g)o) = (£)oo-

The following Gunning—Narasimhan-type result for relatively compact J—invariant
domains is required for later purposes. A general theorem in this line for nonorientable
Riemann surfaces will be shown later in Section 6; see Theorem 6.4.

Proposition 3.5 Let W be a relatively compact J—invariant open subset in N'. Then
there exists a nowhere-vanishing holomorphic 1—form t on W such that 7*(t) =T.

Proof Since the same argument applies separately to each connected component, we
may assume that W is a domain.

Take a nowhere-vanishing holomorphic 1-form g on N (see [18]). If 79 + T*(zo)
vanishes everywhere on W, then it suffices to set t := 17|y . Otherwise, consider
71 := (19 + T*(19))|w . Since T is an antiholomorphic involution, 7; is holomorphic
and J*(t;) = 7y . By the identity principle 7; has finitely many zeros on the compact
set W ; hence on W . Denote by D the divisor associated to 7 77 - Since 11 € Qy5(W)
we can write D = D;J(D;), where supp(D;) Nsupp(J(D;)) = @. Since N'\ W is
a nonempty open set, the Weierstrass theorem furnishes a meromorphic function / on
N such that /| is holomorphic and (h|z;)o = Dy. Set H :=h hoJe Fi,3(N) and
observe that (H|p;)o = D. We finish by setting 7 := 7 /(H |w). o

From now on in this section, let W and 7 be as in Proposition 3.5 such that S C W'.
The following notions do not depend on the chosen W and t.

Definition 3.6 We denote by

e Qp,3(S) the real vector space of 1-forms 6 of type (1,0) on S such that
0/t € Fy5(S),

e Qn3(S) the real vector space of 1-forms 6 of type (1,0) on S such that
0/t € Fn3(S).

Define as above the associated divisors (8)¢ and (8) of zeros and poles, respectively,
for any 6 € Q4 5(S). Likewise, denote by () = (8)0/(0)o the divisor of 6, and
notice that all these divisors lie in Div;(S).
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Definition 3.7 We shall say that:

A function f € Fy3(S) can be approximated in the C° topology on S by
functions in Fy 5(W) if there exists { fn}nen C Fy,5(W) such that {|| f»|s —
Sllo,stnen — 0.

e A function f € Fun3(S) can be approximated in the C° topology on S by
functions in F, 5(W) if there exists { fn}neN C Fm,3(W) such that f,|s— f €

Fy(S) forall n and {[| fuls — f'llo,s }nen — 0 (in particular, (fz)oo = (/)0
on S° for all n).

e A l-form 6 € Q43(S) can be approximated in the C° topology on S by
1—forms in Q2 5(W) if there exists {0, }neN C Q24,5(W) such that {||0,|s —
Ollo,s}neNn — 0.

e A I-form 6 € Qu5(S) can be approximated in the C° topology on S by 1-
forms in Qp 5(W) if there exists {0,}peN C Q2m,3(W) such that 6,|s — 6 €
Qp,3(S) for all n and {||0x|s —Oll0,s}nen — 0 (in particular (65)o00 = (€)oo
on S° for all n).

* A function g € G5(S) can be approximated in the C° topology on S by functions

in G3(W) if there exists {gx}nen C G3(W) such that g, — g is holomorphic
on (a neighborhood of) Rg and {|gn|s — gllo,s}neN — 0.

We define the notions of approximation in the C° topology of vectorial functions and
I—-forms in a similar way.

Definition 3.8 A function f: S — C”", holomorphic on an open neighborhood of Ry,
is said to be smooth if there exists a holomorphic extension fo of f|g to an open
domain V in N containing Rg such that, for any component « of Cg and any open
analytical Jordan arc 8 in N containing o, f|, admits a smooth extension fg to B
satisfying that fglyng = folyng-

Likewise we define the notion of smoothness for functions S — C”, holomorphic
on an open neighborhood of Ry, and for functions S — R”, harmonic on an open
neighborhood of Rg.

Definition 3.9 A vectorial 1-form © of type (1,0) on S, meromorphic on an open
neighborhood of Rg, is said to be smooth if ®/t: S — C”" is smooth in the sense of
Definition 3.8.

Definition 3.10 Given a smooth function (in the sense of Definition 3.8) f € Fp, 5(S)U
G5(S), we denote by df the 1-form of type (1,0) given by

df|rs = 3(fIrs) and dflanu = (f o) (x)dzlenu
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for any component @ of Cg, where (U,z = x +1y) is any conformal chart on N
satisfying that z(« N U) C R = {y = 0} (the existence of such a conformal chart is
guaranteed by the analyticity of «). Notice that df is well defined and smooth in the
sense of Definition 3.9. Furthermore, df | () = (f o)’(¢) dt for any component «
of Cg, where ¢ is any smooth parameter along «.

If f € Fn3(S) is a smooth function, then df belongs to Qy 5(S) (to Q5 3(S) if
/€ Fp3(5)).

A smooth 1-form 6 € Qy5(S) is said to be exact if 6§ = df for some smooth
J € Fm3(S), or equivalently if fy 0 =0 for all y € H,(S,Z). The exactness of
vectorial 1—-forms in Qy5(S)", n € N, is defined in the same way.

3.2 Conformal minimal immersions on J—-admissible subsets

Let us begin this subsection by generalizing the notion of conformal minimal immersion
to maps defined on J—admissible sets; see Definition 3.2, and also Definition 2.3, for
notation.

Definition 3.11 A map X: S — R? is said to be a generalized nonorientable minimal
immersion if the J—invariant map

X:=Xon|s: S—>R?

(see Definition 2.4) satisfies the following properties:

* X|grs € M3(Rs) (see Definition 2.6).

e X is smooth in the sense of Definition 3.8 (observe that X is harmonic on an
open neighborhood of Rg since X|g, € M5(Ry)).

* X|cg isregular, ie X |y is a regular curve for all @ C Cg.

In this case, we also say that X is an J—invariant generalized minimal immersion, and

write X' € Mgy 5(S).

Notice that X'|g € My 5(S) for all X € M5(S).

Let X € My5(S), and let w be a smooth 3—dimensional real 1—form on Cg. This
means that @ = (w;);=1,2,3, Where @; is areal smooth 1-formon Cg, j =1,2,3.
For any o C Cg we write @ |y = @w(a(s)) ds, where s is the arc-length parameter of
X o«. By definition, 7 is said to be a mark along Cg with respect to X if for any
arc o C Cg the following conditions hold:
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o w(a(s)) € R3 is a smooth unitary vector field along o orthogonal to (X oa)’(s).
e @ extends smoothly to any open analytical arc 8 in A/ containing «.

e w(B(s)) is unitary, orthogonal to (X of)’(s), and tangent to X (Rg) at B(s) for
any B(s) € BN Rg, where as above s is the arc-length parameter of (X o 8)(s).

Let n: Rg — S? denote the Gauss map of the (oriented) conformal minimal immersion
X|Rg. The mark w is said to be orientable with respect to X if the orientations at the
two endpoints of each arc in Cg agree, that is to say, if there exists § € {—1, 1} such
that for any regular embedded curve o C S and arc-length parametrization (X o «)(s)
of Xou,

(X o) (so) x w(ax(s)) = dn(a(sg)) forall so € (CsNRy).

Orientable marks along Cg with respect to X always exist since N is orientable.
An orientable mark @ with respect to X is said to be positively oriented if § = 1.
Obviously, if @ is orientable with respect to X then either @ or —w is positively
oriented.

In the sequel we will only consider orientable marks.

If @ is a positively oriented mark along Cg with respect to X', we denote by ng: S —
S? C R? the map given by ng|ge = n and (ng 0 @)(s) := (X o)/ (s) x w(a(s)),
where « is any component of Cg and s is any arc-length parameter of X o«. By
definition, ng is said to be the (generalized) Gauss map of X associated to the
orientable mark w .

Definition 3.12 We denote by M;j(S ) the space of marked immersions X :=
(X, ), where X € My 5(S) and @ is a positively oriented mark along Cg with
respect to X satisfying the following properties:

e J*(w) = —w, or equivalently,

(1 Ny 0J = —Ng.

o If st: S2 — C is the stereographic projection, the function stong: S — C,
which is holomorphic on an open neighborhood of Rg, is smooth in the sense
of Definition 3.8.

Remark 3.13 Marked minimal immersions play the role of J—invariant conformal

minimal immersions of J—admissible subsets into R3. They will be the natural initial
conditions for the Mergelyan approximation theorem in Section 5.
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Let Xo € M7 5(S), and let 90X = (¢j)j=1.2.3 be the complex vectorial 1—form of
type (1,0) on S determined by

WX |rg = 0(X|Rs). X (e (5)) = dX (o (5)) + 170 (x(5)),

where o is a component of Cg and s is an arc-length parameter of X ox. If (U, z =
X +1y) is a conformal chart on NV such that « N U =z~ (R N z(U)), it is clear that
(0Xw)lanv = [dX (@' (5)) + 1 ((s))]s" (x)dz|anv , hence dXz € Q2p5(S)°.

Furthermore, the smooth function g := stong: S — C (see Definition 3.12) satisfies
3

¢1—1¢2

(see [31]) and formally meets (8); hence g € G3(S) provided that g7 ({0, 00}) C

Rs\bRs.

g=

Obviously, é; j issmoothon §, j =1, 2, 3, and the same occurs for g (see Definition 3.8
and Definition 3.9). In addition, X4 formally satisfies (3), (4), (5), and Re <,$ j is an
exactreal 1-formon S, j = 1,2, 3; hence we also have

P
X(P) = X(Q) +Re /Q @)j=123. P.OES.

For these reasons, (g, $3) will be said to be the generalized Weierstrass data of X .
Since 0X4 and g formally satisfy (4) and (8), one can introduce the generalized
complex Gauss map G: S — RIP? of X associated to w ; see Definition 2.8.

Notice that X |gg € M3y(Rs), hence (¢;)j=12,3 := ($j|rs)j=1.2.3 and g := g|Rs
are obviously the Weierstrass data and the complex Gauss map of X | g, , respectively.

The space M;’j(S ) is naturally endowed with the following C! topology.

Definition 3.14 Given X, Y¢ € ng(S ), we set
Xz —Yelli,s ==X —Ylo,s + [[0Xw — 0Y¢ll0,s:

see (10). Given F € M5(S), we denote by wr the conormal mark of F along Cg,
that is, the only positively oriented mark along Cg with respect to F satisfying
(noa)(s) ;= (Foa) (s) x wr(a(s)), where n: S — S? is the Gauss map of F, « is
any component of Cg, and s is the arc-length parameter of F o «. Notice that wp
satisfies (11) and 0F | s = 0F 4, Where Fg . := (F|s, @WF) € M;’B(S).

Given F, G € M5(S), we set
||F_Xw||1,S = ||FwF_Xw||1,S and ||F_G||1,S = ||FwF_GwG”1,S-
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Definition 3.15 We shall say that X4 € M;‘,j (S) can be approximated in the C!
topology on S by J—invariant conformal minimal immersions in M5(W) if for any
€ > 0 there exists ¥ € My(W) such that ||Y — X |15 <e€.

If Xor € M;’G(S ), then the group homomorphism

px,,: H1(S,Z) - R?3, pr(y):Im/ X g,
Y

is said to be the generalized flux map of X . Notice that py,  satisfies (9). Obviously,
PXp, = Py %, (s,z) provided that X = Y| for some ¥ € M5(S).

4 Approximation results

Throughout this section, S C A will denote an J—admissible subset, and W a relatively
compact J—invariant open subset of A/ containing S'.

In this section we state and prove several preliminary approximation results that will be
key in the proof of the main theorem, in Section 5. In particular, Lemmas 4.2 and 4.6
deal with functions in Fi,; 5(S) and G5(.S), respectively. We begin with the following:

Lemma 4.1 For any f € Fn3(S) and integral (or effective) divisor D € Divy(S)
with supp(D) C S°, there exists { fu}neN C Fm,5(W) such that fu|s — f € Fy,5(S)
and (fuls — f) = D foralln € N, and {[| fuls — fllo,s }nen — 0.

Proof By classical approximation results (see [6, Theorem 4.1] for details), there exists
a sequence of meromorphic functions {/,: W — C},en such that h,|s — f: S — C
is continuous on S and holomorphic in a neighborhood of Ryg, (h,|s— f) > D for all
n € N (see Definition 3.4), and {|/1,|s — flo,s}neN — 0. Since foJ = f and D is
J—invariant, the sequence {1, 0J: W — C},cn meets the same properties. Therefore,
it suffices to set f, := %(hn +hyoJ) forallneN. O

Let us prove the following deeper approximation result for functions in F, 5(S):
Lemma4.2 Let f € Fy5(S) vanishing nowhere on S\ S° = (bRgs) U Cg, and let
D € Div3(S) an integral divisor with supp(D) C S°.

Then there exists { fn}neN C Fm,3(W) satistying fn|s—f € Fy,5(S), supp((fx)) C S°,

(n)=(f), (fnls—f)= D foralln e N, and {[| fu|ls— f llo,s }nen — 0. In particular,
fn is holomorphic and does not vanish anywhere on W \ S° forall n € N.
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Proof Since the space of smooth functions (in the sense of Definition 3.8) is dense in
Fm,5(S) under the C° topology, we can assume that f is smooth. Furthermore, since
the same argument applies separately to each connected component, we may assume
that W is a domain.

Let us begin the proof with the following reduction:
Claim 4.3 It suffices to prove the lemma for nowhere-vanishing functions in Fy 5(S).

Proof Assume that the lemma holds for nowhere-vanishing functions in Fy 5(S).

Take any f € Fn5(S) and D € Divy(S) as in the statement of the lemma, and
write (f) = D1J(Dy), where supp(D;) Nsupp(J(D1)) = @. Since W is relatively
compact in the open Riemann surface A, the Riemann—Roch theorem furnishes a
meromorphic function /g on N with (/¢]7) = D1 . The function F':= f/ (ho(hg 07J))
lies in Fp 5(S) and does not vanish anywhere on S. By our assumption, there exists
a sequence of nowhere vanishing functions {Fy},eN in Fy5(W) approximating F
on S and satisfying (F — Fy) > D, , where D, € ©iv3(S) is any given integral divisor
with supp(D,) C S° and D, > DD7'3(Dy)~ 1.

If we choose f:= Fuho(ho ) € Frns(W), then fuls—f € Fy5(S), (fuls— /)= D
and (fy) = (f) forall n € N, and { f,},en approximates f on S. a

In the sequel we will assume that f € Fy 5(S) and has no zeros.

By the isomorphism (2), there exists T € 2y 5(W) such that

(12) [df/fz/r forall y e H1(S.Z).
Y Y
1
(13) — | te€Z forally e H{(W,Z).
2w J,y

Here we have taken into account that f is assumed to be smooth, H1 (S, Z) is a natural
subgroup of Hi(W,Z) (recall that S is Runge in W) and ﬁ fy df/f € Z for all
y € Hy (S s Z) .

We need the following:

Claim 4.4 There exist a nowhere vanishing function v € F, 5(W) and a function
u € Fy5(S) such that dlog(v) =7, du = f/df —t|s and f = ve".
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Proof To construct v, fix Py € W and notice that Re f JPo) o — ¢ independently on

the arc connecting Py and J(Pp). Indeed, take any orlented Jordan arc y C W with
initial point Py and final point J(Py), and simply observe that

/T=/?:/’J*(f)=/ ‘C:—/T—f—zkﬁl, kel.
y y Y T+ () 14

For the last equality, take into account that y + J«(y) € H{(W,Z) and (13).

Therefore, the well-defined function

1 j(P())
V= €exp (/ T— 5 / T)
Py Py

lies in Fy 5(W), and obviously satisfies d log(v) = 7.

To construct u, recall that df/f —t|s lies in Q 5(S) and is exact; see (12). For each
connected component C of S, fix Pc € C and set u|¢c := A¢ +fP (f/df —
where the constant A¢ € C is chosen so that ( f —ve*!€)(P¢) =0. Smce the functlon
Kk := f/(e*v) is locally constant on S (just observe that d log(k) =0) and «(Pc) =1
for any connected component C of S, we infer that k = 1, that is to say, f = ve*
on §.

Since f,v|s € Fp,5(S), we have that u 0 J = u 4+ 2mm1 for some m € Z. Up to
replacing u and v for u —mm1 and "' v, respectively, we get that u € Fy 5(S) and
the functions u# and v solve the claim. O

Let u € Fy5(S) and v € Fyy5(W) like in the previous claim. By Lemma 4.1, there
exists {/1yfneN C Fy,5(W) such that (h,—u)> D forall n, {||hn|s—ullo,s}nen — 0.
To conclude, it suffices to set fj := ey for all n. |

We now derive the analogous approximation result for 1—forms in Qy 5(5).

Lemma 4.5 Let 6 € Qy5(S) be nowhere vanishing on S \ S°, and consider an
integral divisor D € Div5(S) with supp(D) C S°.

Then there exists {0p}neN € Lm,3(W) satistying that 6, — 0 € Q2 5(S), (6,—0) > D,
supp((6r)) C S°, (6n) = (0) for all n € N, and {||0n|s — Olo,s}nen — 0. In
particular, 6, is holomorphic and does not vanish anywhere on W \ S° forall n € N.

Proof Let v € Qy5(W) having no zeros (see Proposition 3.5). Set f := 6/t €
Fm,5(S), and notice that (/) = (0); in particular f has no zeros on S \ S°. By
Lemma 4.2, there exists { f4}neN In Fiun,3(W) such that {|| fz|s — fllo,s}neny — 0
and (fz) = (f) and (f— f) =D on W forall n € N. It suffices to set 6, := f,7 €
Qum,3(W) forall n e N. a
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We finish this section by proving a similar approximation result for functions in G3(S).

Lemma 4.6 Let g € G5(S) be nowhere vanishing on S\ S°, and let D € Div;(S)
be an integral divisor with supp(D) C S°.

Then there exists {gn}neNn C G3(W) satistying that g, — g is holomorphic on Rg,

(gn—8) 2 D, supp((gn)) C S°, (gn) =(g) forallneN, and {||gn|s—¢llo,s inen —0.
In particular, g, is holomorphic and does not vanish anywhere on W\ S° foralln € N.

Proof Since smooth functions are dense in Gn5(S) with respect to the C° topology,
we can suppose without loss of generality that g is smooth. Furthermore, since the
same argument applies separately to each connected component, we may assume W is
a domain.

Claim 4.7 It suffices to prove the lemma for nowhere-vanishing functions in G3(S).

Proof Assume that (g) # 1. Then, consider a nonconstant meromorphic function /
on N satisfying hoJ=1/h and (hlz)=(g). To construct i, write (g) = D3(D)7 L,
where D is an integral divisor and supp(D;) N supp(J(Dy)) = &. Since N'\ W is
open, the Riemann—Roch theorem provides a meromorphic function H on A with
(H|z) = Dy. Setting h = H/H o3J we are done.

The function f = g/h: S — C lies in G5(S) and is nowhere vanishing. By our
assumption, there exists a sequence of nowhere vanishing functions { f; },,en in G5(W)
approximating f on S, and satisfying that f,|s — f is holomorphic on Rg and

(fa—f)= D(g)~" forall n.
Choosing g, := fuh € Gn3(W), one has that g,|s — g is holomorphic on Rg,

(gnls—g)= D and (g,) = (g) forall n € N, and {g, }neN approximates g on S. O
In the sequel we will suppose that g is nowhere vanishing.

Notice that 1dg /g € Qp,5(W). Reasoning as in the proof of Lemma 4.2, there exists a
holomorphic 1-form 7 € Q2 5(W) such that

(14) /zdg/g:/r forall y € H1(S, Z),
Y Y
1
(15) —/er forall y e H{(W, Z).
21 [y

We need the following:

Claim 4.8 There exist a nowhere vanishing holomorphic v € G5(W) and a function
u € Fy5(S) such that d log(v) = —it, du =1dg/g —t|s and g = ve™"*,
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Proof To construct v, fix Py € W and reasoning as in Claim 4.4 observe that
%Re / ;(EP")t € Z independently on the arc connecting Py and J(Pp). The function

;[P0
V= exp —l/ ‘L’+—/ T
Po 2 Jp,

is well defined (see (15)), nowhere vanishing and satisfies d log(v) = —it. Further,
JR— 1 j(PO)
(16) v(voJ) = £1 depending on whether P Re / T is even or odd.
Py

To construct u we proceed as in Claim 4.4. Take into account that :dg/g — t|s
lies in 25,3(S) and is exact; see (14). For each connected component C of S, fix
Pc € C and set u|c := A¢c + ch (tdg/g — 1), where A¢c € C is chosen so that
(g—ve™™)(Pc) =0. Since k := g/(ve ") is locally constant on S and «(P¢c) =1
for any connected component C of S, we infer that «k =1 and g = ve ™% on S.

The facts g € G3(S) and (16) imply that # o J = u + mm for some m € Z. Since J is
an involution, we infer that m = 0, u € 74 5(S), and v(v o J) = —1; see (16).

The functions u# and v solve the claim. O
By Lemma 4.1, there exists a sequence {/i,},eN C Fy,53(W) such that {||h,|s —

ullo,s}nen — 0 and (h, —u)o = D for all n € N. The sequence of nowhere vanishing
functions {g, := e "mv},en C Gp,3(W) proves the lemma. a

5 Runge-Mergelyan theorem for nonorientable minimal
surfaces

In this section we prove the main result of the paper (Theorem 5.6). Most of the technical
computations are contained in Lemma 5.1; Theorem 5.6 will follow by a recursive
application of it. In particular, Lemma 5.1 deals with the problem of controlling the
periods in the approximation procedure.

Lemma 5.1 Let S C N be an J—admissible subset, let W be a relatively compact
J—invariant domain in N with finite topology, containing S and let ® = (¢;);j=1,2,3 be
a smooth triple in Q,5(S)3 such that Z;Zlqﬁ]? =0 and Z;Zl |¢;|? does not vanish
anywhere on S .

Then ® can be approximated in the C° topology on S by a sequence

{®y = (¢j.n)j=1.2.3}neN C Ly 3(W)?

meeting the following requirements:
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(i) ¢3,, is nowhere vanishing on W \ Rg. Furthermore, (¢3,|E) = (¢3]E) €
Div(E) for any connected component E of Rg such that ¢3 does not vanish
everywhere on E .

(ii) Z;=1 ¢j2,n =0 and Z;=1 |¢j n|? does not vanishes anywhere on W .

(i) &, — P isexacton S foralln € N.

Proof We use the notation

_ P

C p1—14n

and recall that g 0o J = —1/g; see Section 3.2. This implies in particular that g|gg
is not constant, but it could be locally constant. We rule out this possibility in the
following claim.

g

Claim 5.2 Without loss of generality, it can be assumed that g|g is not constant for
any connected component E of Rg.

Proof Assume that the lemma holds when g is nonconstant on every connected
component of Rg, and let us show that it also holds in the general case.

We discuss first the following particular case.
Case 1 Assume g does not vanish identically on any connected component of Ry .

Let E be a connected component of Rg such that g|g is constant. By our assumption,
we have that

17) gl #0,00 and ¢3|g is nowhere vanishing.

Since goJ=—-1/g, ENJ(E) =@. Label E{,J(Ey),..., Er,I(E}) the family of
connected components £ of Rg such that g|g is constant.

We use the notation A; = U5'€=1 Ej andby Ay = Rg\ (A;jUJ(A;)). Let B; be a
homology basis of H1(A1,Z) and denote by v; € N the number of elements in 5.
Denote by O(A) the space of holomorphic functions Ay — C.

For each & € O(A1), consider the holomorphic function and 1-form on A; given by

h
(18) g(h):=(g+h) and ¢3(h):= 5

?3.

Let P: O(A;) — C?"1 be the period map given by

P(h) = ( [ stpsn - 65 —¢3>)

cEBy
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Notice that P(Ah) =0 for any A € C and any & € O(A ) with P(h) =0. Since O(A)
has infinite dimension, there exists a nonconstant function 2 € P~1(0) C O(A). Let
{Antnen C C\ {0} be any sequence converging to zero, and define

(19) hpi=hyh € P71(0) forall meN.

Obviously, {/,}nen — 0 in the C° topology on A ; hence without loss of generality
we can assume that

(20) g(hy) and ¢3(hy,) are nowhere vanishing on A for all n.
Choose smooth g, € G5(S) and ¢3 , € Q2 5(S) such that

gn|A1 :g(hn)v gn|A2 =4, ¢3,n|A1 :¢3(hn)’ ¢3,n|A2 :¢3,

and {Wy}pen C Q253(S) converges to ® in the C° topology on S, where W, are
the Weierstrass data associated to (g, ¢3,,) via (7). Notice that (¢3,) = (¢3) for
all n; see (17) and (20). Observe that (18) and (19) imply that ¥,, — ® is exact on
Rs = Ay UJ(A1) U A,. Furthermore, up to a slight smooth deformation of gy,
and ¢3 , over Cg, we can also assume that W, — ® is exact on S forall n € N.

By our assumptions, the lemma holds for the triple ¥,,, for all n € N. To finish, use a
standard diagonal argument.

Case 2 Assume that g vanishes everywhere on some connected components of Rg.

Call A # @ the union of those connected components of Rg on which g is identi-
cally 0 or oo, and notice that ¢3|5, vanishes everywhere and ®| 4, is exact. Take a
sequence { Ay }nen C O(3, R) converging to the identity matrix such that the third coor-
dinate of (®|4,)- A, vanishes everywhere on no connected component of Ag. Choose
a smooth O, € Q45(S)? such that ©,|a, := (P|ay) - 4n, Onlre\Ag = PlRs\ Ay
O, — ® is exact on S and {®,},eny — © in the C° topology on S. Since the
third coordinate of ®, vanishes everywhere on no connected component of Rg, the
conclusion of Lemma 5.1 holds for each ®,,; take into account Case 1. By a diagonal
argument, it also holds for ® and we are done.

This proves the claim. a

From now on, we assume that g is nonconstant on every connected component of Rg.
Let us check the following:

Claim 5.3 Without loss of generality, it can be assumed that ¢; and d(¢;/¢;) are

nowhere vanishing on (bRg)UCyg, forall i, j € {1,2,3}, i # j. In particular, g does
not vanish anywhere on Cg ; hence g € G3(S).
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Proof Let M; D M, D --- be a sequence of J—invariant compact regions in W
such that M, is a tubular nelghborhood of Rg in W forall n e N, M, C M,
forall n e N, (,enMn = Rs, ® holomorphically extends to M, 21—1 |<;5j|2 1s
nowhere vanishing on M, and ¢; and d(¢;/¢;) are nowhere vanishing on b M, for
alli, je{l1,2,3},i # j, neN (recall that g is constant over no connected component
of Rg by Claim 5.2). In addition, choose M, so that S, := M, UCg C W is an
J-admissible set in V" and y \ M,; is a nonempty Jordan arc, for any component y
of Cg. Observe that Cg, = Cs \ M,;, forall n € N.

Let (hn, ¥3,n) € G3(Sn) x R2,5(S,) be any smooth couple meeting the following
requirements:

(hns ¥3.n)|Rs, = (&, 93)|Rs, and Z;Zl |¥/j.n|* does not vanish anywhere on
Sn, where Wy, = (V) n)j=1,2,3 € Qh’j(Sn)3 are the Weierstrass data associated
to (hp, Y3,,) via (7).

* VYjnand d(Yin/Vjn) are nowhere vanishing on (bRg,) U Cs, forall i, j €
{1,2,3},i# .

e U,|g—disexacton S.

e The sequence {Wy|s}nen C Q5.3(S)* converges to @ in the C° topology on S.

The existence of such sequence follows from similar arguments as those in Claim 5.2;
just use classical approximation results by smooth functions to suitably extend the pair

(gv ¢3)|Rsn to CSn :

If we assume that the lemma holds for the triple W, and the J—admissible set Sy, for
all n € N, then, using again a standard diagonal argument, we conclude that it also
holds for the triple ®. |

From now on, we assume that ¢; and d(¢;/¢;) vanish nowhere on (bRgs) U Cg for
all i, j €{1,2,3},i #J.

Let Wg C W be a domain of finite topology such that S C Wy and ix: H1(S,Z) —
H1(Wg,Z) is an isomorphism, where as usual i: § — Wy denotes the inclusion
map. Denote by v =2vy + 1, vy € N, the number of generators of H(S,Z) of S.
Take an J-basis Bg = {co, Cly...,Cuy,d1,...,dy,} of the homology group with real
coefficients H (S, R) Hi(Ws, R) see Deﬁmtlon 2.5.

Recall that

21 J«(cj) =—c¢; and J(dj)=d; forall j.
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For any pair of functions (%1, h;) € fh,j(W)z, denote by ®(hy, h,) the Weierstrass
data on S associated to the pair (e!"1g, e#2¢5) by (7); that is,

(1 1 h 1 1 o h
qD(hl’hZ)_(E(elhlg_el 1g),§(elh1g'+ 1 ) ) 2¢3

Observe that ® (1, hy) € Qh’j(S)3, and so, by (21),

(22) /@(hl,hz)ez]R3 and /@(hl,hz)eR3 for all j and (hy,hs).
¢j dj

The same happens in particular to the triple ® = $(0, 0).
Denote by P: fh,j(V[_/)z — R6v0+3 = R3v0+3 x R3V0 the period map given by

(23) P(hy.h2)

:([Im/ Cb(hl,hz)—q):| ,|:[ q)(hl,hz)—cb] )
cj j€{0,...,v0} LJd; j€{l,...,vo}

Notice that ®(/i, ;) satisfies items (i) and (ii) in the lemma; if in addition P (%41, hy) =
0, then it also meets item (iii) (take into account (22)). On the other hand, endowing the
real space Fh,j(W)z with the maximum norm, one has that the period map P above
is Fréchet differentiable.

The key to the proof of Lemma 5.1 is to show that the Fréchet derivative of P has
maximal rank equal to 6vg + 3 at (0, 0).

Claim 5.4 The Fréchet derivative A: JFy, 5(W)? —R6"0F3 of P at (0, 0) has maximal
rank.

Proof We proceed by contradiction. Assume that A(]—"h,g(lfl_/)z) is contained in a
linear subspace

6v0+3 .
U= {([(ch,k)k=1,2,3]j=0,...,v0, [(Xd; ) k=1,2,3]j=1,....v,) € RO"OF:

Z (Z hej keXey ke + de, KkXdj k ) } C R6v0+3,

k=1 Yj=0

where A¢; x and Ay, i are real numbers for all j and &, not all of them equal to zero.
Let 'y be the element of the homology group with complex coefficients H; (S, C)
given by

0 Vo
(24) Te=—1> heiCi+ Y Agudi. k=123
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Since A(Fy5(W)?) C U,

(25) — | héy+ | héy =0 forall he Fys(W),
I s

(26) h¢1+/ h¢2+/ hgs =0 forall he Fy3(W).
Iy I I's

Let us show that I'y = 0.

Indeed, reason by contradiction and assume that I"; # 0. We use the notation X1 ={ f €
F, 3(W): (f) = (¢1)?}. By Claim 5.3, the function df/¢; lies in Fu,5(S). Therefore,
for any f € ¥, Lemma 4.1 applies and ensures that df /¢, can be approximated in
the C° topology on Fy 5(S) by functions in Fy, 3(W). As a consequence, equation
(25) can be applied formally to & = df /¢, implying that

Z24f =0 forall feX;.
I ¢1

By Claim 5.3 one can integrate by parts in the above equation and obtain that
7) / fd(¢>=0 forall fe3;.
1
Since I'; #£0, the isomorphism (2) gives a holomorphic 1-form TEQh’j(W) such that

28) /F r € R\ {0}:

taking into account (24) and (21).

On the other hand, since W is open and relatively compact in N, there exists
u€Fy, 5(W) such that (t+du)g > (¢1)%(d(¢2/$1)) by an application of the Riemann—
Roch theorem. Set

T+ du

d(¢2/$1)

(see Claim 5.3) and note that ( fy) > (¢1)%. By Lemma 4.1, £ can be approximated
in the C° topology on Fy 5(S) by functions in ¥ ; hence equation (27) can be applied
formally to /' = fo, giving that 0 = J. (v +du) = [, 7; contradicting (28).

Jo:i= € Fp,3(S)

Therefore I'y = 0 and equation (25) becomes

(29) hey =0 forall he Fyy(W).
Iy
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Next we show that I'; = 0. As above, reasoning by contradiction, we can find a 1-form
7 € Q,5(W) and a function u € Fy 5(W) such that

30) / T#0
)

and (t 4+ du)o > (¢»). In this case, we set

hzr—i-du

€ Fy5(S);

see Claim 5.3. By Lemma 4.1, one can approximate / in the C° topology on Fy,5(S) by
functions in Fy 5(W); hence (29) formally applies to / giving that 0 = fr2 (t+du) =
sz 7; which contradicts (30).

Finally, since I'y =", =0, (26) becomes fl’s h¢sz =0 forall h e }}),3(1/1_/). The same
argument as that in the previous paragraph gives that I's = 0 as well.

Since I'y =0 for all k = 1,2, 3, (24) implies that A¢; x =0 = Aq, x forall j and k.
This contradiction finishes the proof. a

Let {e1,...,€epy+3} be a basis of R®0*3 For any j € {1,...,6v9 + 3} choose
Hj = (hy,j.hy,j) € A~ (ej) C Fy5(W)?, and denote by Q: R®V0+3 — R6Y0+3 the
analytic map given by

6vo+3
Q((xj)j=1,....6v0+3) = 7’( > XjHj),
j=1
where P is the period map (23). Claim 5.4 guarantees that the differential of Q at
0 € R®¥0+3 js an isomorphism; hence there exists a closed Euclidean ball U ¢ R¢vo+3
centered at the origin, satisfying that Q: U — Q(U) is an analytical diffeomorphism.
In particular, 0 = Q(0) lies in the interior of Q(U).

On the other hand, taking into account Claim 5.3, Lemmas 4.5 and 4.6 furnish a
sequence {(0n, ¥3.1)}neN C G3(W) x Qy 5(W) such that

31) (on) =(g) and (Y¥3,) = (¢3) € Divg(Rg) forallneN,
(32) {(On. ¥3.n)|s}nen — (g.¢3) in the C° topology on S.

For any pair of functions (41, h;) € fh,j(W)z, we denote by W, (hq, hy) € Qh,g(WP
the Weierstrass data associated to the pair (e’h1 On, eh21//3,n) by (7); that is to say,

"pn(hl’hz): (%( ! _elhlan),%( I +elh10n),1>eh21p3,n-

e’hla,, e’hlon

Geometry & Topology, Volume 19 (2015)



1042 Antonio Alarcon and Francisco J Lopez

By (21), one has that f W, (hi,hy) € 1R? and fd W, (hy,hy) € R? forall j and
(h1,ha) € Fys(W)2. Denote by Pn: Fyos(W)? — ROVH3 = R3v0+3 5 R3V0 the
period map given by

(33)  Pulhy.h)

I([Im/ ‘I’n(hl,hz)—q>:| [/ ‘I‘n(hl,hz)—cb] )
cj j€{0,...,v0} d; je{l,...,vo}

and notice that P, is Fréchet differentiable if we endow the real space ]:h,j(W)z with
the maximum norm.

Denote by Q,,: R6V0+3 — R6v0+3 the analytic map given by

6vo+3
On((xj)j=1,...6v9+3) = Pn( Z xjHj) forall n e N.

j=1

Since {Qp}nen — Q uniformly on compact subsets of R®0F3 Q.- U — Q,(U) is
an analytical diffeomorphism and 0 € Q,(U) for all n > n( for some ny € N. Denote
by yun = (Vjn)j=1,..,6ve+3 the unique point in U mapped to 0 by Q,, n > ng. Since
Q(0) =0,

(34) the sequence {yn}n>n, converges to 0.

Set

6vp+3 6vo+3

gni=emimt MM, e Gy(W) and gy, = eBimt Mty e @ (W)

for all n > ny. Denote by ®, the Weierstrass data on W associated to the pair
(gn, ®3,n) by (7), n = ng, and let us check that the sequence {®;},>n, solves the
lemma. Indeed, {®,},>,, converges to ® in the C° topology on S by (32) and (34).
Since Q,(yn) =0, @, — ® is exact on S. Finally, conditions Lemma 5.1(i) and (ii)
are ensured by (31). m|

By a minor modification of the proof of Lemma 5.1, we can obtain the analogous
approximation result for Weierstrass data with a fixed component 1—form. This will be
very useful for applications; see Section 6.

Lemma 5.5 In Lemma 5.1 one can choose ¢3 ,, = ¢3 forall n € N, provided that ¢
extends holomorphically to W, vanishes everywhere on no connected component
of Rg, and does not vanish anywhere on Cg .
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Proof Reasoning as in the proof of Claim 5.3, it can be assumed without loss of
generality that ¢; and d(¢;/¢;) are nowhere vanishing on (bRs) U Cg forall i, j €
{1,2,3}, i # j. In this case, we take J—admissible sets .S), as those in the proof of
Claim 5.3, and replace the Weierstrass data (g, ¢3) on S, by suitable (%, ¢3) for all
neN.

As in Claim 5.4, one can now check that the Fréchet derivative A: Fy 5(W) — R40+2
of the period map P: F, (W) — R¥0+2 = R4vo+25 40y c ROV+3 | DP(h):=P(h,0),
at 1 = 0 has maximal rank, where P is the map (23). Then fix a basis {el veeeaChpgt2)
of R*0+2 and for any j e{l,...,4vy + 2} choose a function H] € A Yej) C
Fy3(77). Denote by 0: R+ — R0+ the analytic map O(())j=1..avy2) =
P(Zj=1 ..... 4vo+2 x;j Hj).

Write

(35) (¢3lw\s) = D13(Dy),

where supp(D1) N supp(J(D1)) = &. Since W is relatively compact in N, the
Riemann—Roch theorem provides a holomorphic function H;: W — C such that
(Hy)=D;. Set H:= H,/J(H,), and notice that H is a meromorphic function on W,
(H)=D13(D;)""' and HoJ=1/H. Since g does not vanish anywhere on S\ S°,
g/H € G3(S) does; hence Lemma 4.6 furnishes a sequence {o,}nen C G3(W) such
that () = (g) € Div(S°) forall n € N and {pu|s}nen — g/H in the C° topology
on S. Set 0, := py H € G3(W) and notice that

(36) (on) = (g)D13(Dy)~' forall n e N

and {o,|s}nen — g in the C° topology on S. Observe that (35) and (36) ensure
that three 1-forms of the Weierstrass data associated by (7) to the pair (o, ¢3) are
holomorphic and have no common zeros.

Denote by Py: Fys(W) — R*0+2 = R40+25 (0} c R6¥0+3 the period map given by
Pu(h) = Pu(h,0), where P, is the map (33), and denote by O,: R#"0+2 _ R4vo+2
the analytical map Qn((X;)j=1,... 4v9+2) = Pn(Z;L‘)l“xjHj) for all n € N. To
conclude the proof, we argue as in the proof of Lemma 5.1. a

We are now ready to state and prove the main result of this paper. Theorem 1.1 is a
particular instance of the following.

Theorem 5.6 (Runge—Mergelyan theorem for nonorientable minimal surfaces) Let
S C N be an J—admissible subset (see Definition 3.2), let X4 € M*j(S) (see
Definition 3.12) and let p: H{(N,Z) — R3 be a group homomorphism such that
p(J«(y)) = —p(y) for all y € Hi(N,Z), and ply,(s,z) is the generalized flux
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map py, of Xg. Write Xop = (X = (Xj)j=1,2,3, @), 0Xi = (¢j)j=1,2,3 and
p=j)j=1,.23-

Then the following assertions hold:

(i) Xz can be approximated in the C' topology on S by J—invariant conformal
minimal immersions Y = (Yj)j=12,3: N — R3 such that py = p and Y3
does not vanish anywhere on N'\ Rg. Furthermore, Y can be chosen so that
(0Y3|g) = (¢3|E) € Div(E) for any connected component E of Rg such
that ¢3 does not vanish everywhere on E.

(ii) If ¢3 is not identically zero and extends to N as a holomorphic 1-form without
real periods, vanishing nowhere on Cg, and satistying p3;(y) = Im f ¢3 for
all y € H{(N, Z), then X can be approximated in the C' topology on S by
J—invariant conformal minimal immersions ¥ = (Yj)j=12,3: N — R3 with
flux map py = p and third coordinate function Y3 = X3.

Proof We begin with the following assertion.

Claim 5.7 There exists a connected J—admissible subset S C N such that RS = Rg
and Cg D Cg; ie S is constructed by adding a finite family of Jordan arcs to S .

Proof If S is connected choose S = S .

Assume that S is not connected. We distinguish the following two cases. (See
Remark 3.1 and Definitions 2.2 and 2.3 for notation.)

Case 1: S is a connected subset of the nonorientable Riemann surface A/ In
this situation, any tubular neighborhood of §' is an orientable surface. Then take
any Jordan arc v C N in bRg and otherwise disjoint from S such that any tubular
neighborhood of S = S Uy is nonorientable. Since N\S S has no relatively compact
connected components, S meets the requirements of the claim.

Case 2: S is not connected Then consider a finite family I" of pairwise disjoint
Jordan arcs in A/ such that

 y has endpoints in bR and is otherwise disjoint from S forall y € T,

e S’:=SUT is connected,

e N\ S’ has no relatively compact connected components.

This reduces the proof of the claim to Case 1 applied to S”. a
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Let S be as in Claim 5.7. Let us prove assertion (i).

Fix € > 0. Fix Py € S and let ®g = (¢, j)j=1,2,3 be any extension of X7 to S
such that

(i) ¢o,; € Qh’j(s\) and is smooth forall j =1,2,3,
(i) ®¢ has no real periods, Z;:ﬁbg, ;= 0 and Z;:1|¢0, j|2 does not vanish

anywhere on S,
(iii) X(P) = X(Po)+Re [p ® forall P €S,
(iv) Imfy o = p(y) forall y € #,(S,Z).

To construct @, just define ®¢ on the arcs Cg \ Cg in a suitable way. Denote by
Fy € M;’j(Mo) the marked immersion with generalized Weierstrass data ®( and
Fo(Py) = Xz (Po)-

Set My := S and M 1 a tubular neighborhood of M. Let {M}},eN be an exhaustion
of N by Runge connected J—invariant compact regions such that the Euler characteristic
x(MJ\ M,_,)€{0,-2} for all n > 2. Existence of such an exhaustion is well known;
one can choose an exhaustion of A/ by Runge connected compact regions such that the
difference of two consecutive ones has Euler characteristic in {0, —1}, and pull it back
to \V by the covering projection. To be more precise, { My },en meets the following
topological description:

Remark 5.8 The region M), is obtained from M,_;, n > 2, by one of the following
four procedures:

(i) My is a tubular neighborhood of M,,_;. In this case x(M,  \ M,—;) =0.

(i) M, is a tubular neighborhood of M,_; Uy UJ(y), where y is a Jordan arc
in A/ with endpoints in a connected component ¢ of bM,_; and otherwise disjoint
from M,_,, such that y N J(y) = @ and M,_y Uy UJ(y) is an J—-admissible
subset in A. In this case, M, has the same genus as M,_; and two more boundary
components; hence x(M, \ M,—1) = —2. (See Figure 2.)

(iii) My is a tubular neighborhood of M,_; Uy UJ(y), where y is a Jordan arc in N’
with an endpoint in a connected component ¢ of bM,,_, the other endpoint in J(c),
and otherwise disjoint from M,_;, such that y N J(y) = @ and M, Uy UT(y)
is an J—admissible subset in N. In this case, M, has the same number of boundary
components as M,_; and one more handle; hence (M, \ M,_1) = —2. (See
Figure 3.)
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Figure 3: M,,; procedure 3

(iv) M,y is a tubular neighborhood of M,_; Uy UJ(y), where y is a Jordan arc
in A/ with an endpoint in a connected component ¢y of bM,,_;, the other endpoint in
a connected component ¢, # ¢ of bM,_1, and otherwise disjoint from M,_, such
that c, NJ(c1) =@, yNTI(y) =@ and My,_; Uy UT(y) is an J—-admissible subset
in V. In this case, M}, has two less boundary components than M,_; and two more
handles; hence y(M, \ M,—1) = —2. (See Figure 4.)

Figure 4: M, ; procedure 4

Let 0 <& < e be specified later and let us construct a sequence { Fy, = (Fp,j)j=1,2,3}neN»
where F,, € M7(My), such that:

(An) N Fn— Fn—ill,m,_, <&/2"F1.
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(Bn) 0Fy, 3 does not vanish anywhere on My, \ S, (0F, 3|g) = (¢3|E) € Divy(Rs)
for any connected component £ of Rg such that ¢3 does not vanish every-
where on E.

(Cn) vF, =9lu,m,,z) forall n e N,

We follow a recursive process. Set F; := Fy(Py)+Re fPo @, where ®; € Qb’g(M1)3
is a triple resulting from an application of Lemma 5.1 to the data

S = My, W atubular neighborhood of My, & = dF;= Dy,

close enough to dFy in the C° topology on My to ensure (A1). Recall that M is a
tubular neighborhood of My, hence ®; has no real periods and F; is well-defined.
Properties (By) and (C;) follow from (i)—(iv).

Let n > 2, assume that we have constructed Fy,..., F,_;, and let us construct F.
We distinguish the following two cases:

Case1 Assume that x(M,; \ M,—;) =0. Then M,’\ M,_ consists of a finite family
of pairwise disjoint open annuli and H{(My,7Z) = H{(M,—1,7Z); see Remark 5.8(1).
Applying Lemma 5.1 to the data

S =M,_y, W atubular neighborhood of M, & =0dF,_,

one obtains a triple &, € Qb,g(Mn)3 arbitrarily close to dF,_; in the C° topology
on M,_,. If this approximation is close enough, then F, := F,_1(P) +Re [ Po D,
clearly satisfies (A;). Further, since M, is a tubular neighborhood of M;,_;, ®, hasno
real periods and F;, is well-defined. Properties (B,) and (C,) follow straightforwardly
from (B;—1), (Cy—1) and Lemma 5.1.

Case 2 Assume that x(M,’ \ M,—;) = —2. In this case, there exists an analytic
Jordan arc y C M)\ M, , attached to bM,,—; atits endpoints and otherwise disjoint
to My_1, such that yﬂJ(y) =2,8:=M,_, Uy UT(y) is an J-admissible setin A/,
and x(M, \ S) = 0; see Remark 5.8(2-4). Extend F,_; to a generalized marked
immersion (in the sense of Definition 3.12) F € M*j(S ) such that p7 = p|y,(5,2)-
Up to approx1mat1ng F by a minimal immersion in Mj(Mn 1) via Lemma 5.1,
where M,, 1 C M, is a tubular neighborhood of S, one can reduce the proof to the
previous case.

This concludes the construction of the sequence {Fy,},eN -

By properties (A,), n € N, the sequence {Fy, },en converges in the C! topology on
compact sets of A to an J—invariant conformal harmonic map ¥ =(Y;)j=1,2,3: N —R3
such that ||Y — X ||1,5 <& < €; take also (iii) into account. From (ii), (B,), n € N,
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and Hurwitz’s theorem, it follows that dY3 does not vanish anywhere on '\ S and
(0Y3|E) = (¢3]E) € Divg(Rg) for any connected component £ of Rg such that ¢3
does not vanish everywhere on E. On the other hand, if £ is taken small enough from
the beginning, then Y is a conformal minimal immersion; indeed, it has branch points
neither on S (since 0Y is close to X4 on S) nor on A\ S (since dY3; does not
vanish anywhere on N\ ). Finally, (iv) and (C,), n € N, give py = p. This proves
Theorem 5.6(1).

In order to prove Theorem 5.6(ii) we reason analogously but use Lemma 5.5 instead of
Lemma 5.1. |

Notice that Theorem 5.6 is a general existence result for nonorientable minimal surfaces
in R3 with arbitrary conformal structure. In fact, in the next section we construct such
surfaces with additional geometrical properties; see Theorems 6.6 and 6.8.

6 Applications

We conclude the paper with some applications of the results in the previous section.
In Section 6.1 we will derive approximation theorems of Runge—Mergelyan type for
other objects than nonorientable minimal surfaces; see Corollary 6.1 and Theorem 6.3.
In Section 6.2 we will prove an existence theorem of Gunning—Narasimhan type on
nonorientable Riemann surfaces (see Theorem 6.4). Finally, in Sections 6.3 and 6.4
we show general existence results of nonorientable minimal surfaces in R3 with given
underlying conformal structure and additional topological or geometric properties.

6.1 Some Runge-Mergelyan-type results

We say a holomorphic immersion (F})j=12,3: N'— C? is anull curve if Z;zl (dFj)?
vanishes everywhere on the open Riemann surface A'. Minimal surfaces in R? are
locally the real part of null curves in C3. (See [31] for a good reference.)

We can now derive the analogous result to Theorem 5.6 for J—symmetric null curves.
Corollary 6.1 (Runge—Mergelyan theorem for J—symmetric null curves in C3) Let
S C N be an J-admissible subset and let F = (Fj)j=1.2.3: S — C* be a smooth func-

tion in Fy, 5(S)? such that Z;=1(dFj)2 vanishes everywhere on S and Z;=1 |dF;|?
does not vanish anywhere on S .

The following assertions hold:
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e F can be uniformly approximated in the C' topology on S by null curves H =
(Hj)j=123 N — C3 in fb’j(./\[)3 such that d H; does not vanish anywhere
on N'\ Rg. Furthermore, H can be chosen so that (dH3|g) = (dF3|E) €
Div(E) for any connected component E of Rg such that d F3 does not vanish
everywhere on E .

e If F3 is nonconstant and extends to N as a holomorphic function whose differ-
ential does not vanish anywhere on Cg , then F can be approximated in the C!
topology on S by null curves H = (H;)j=12,3: N = C? in 7y 5(\)3, where
H;y = F;3.

Proof Up to suitably extending F to a connected J—admissible subset of A contain-
ing S (see Claim 5.7), we assume without loss of generality that S is connected.

By Theorem 5.6, there exists a sequence {Y;, = (Yy,j)j=1,2,3}neNn C M3(N) with
py, = 0 for all n, approximating X = (X, w) = (Re F,ImdF) in the C! topology
on §, and whose third coordinates Y, 3, n € N, satisfy the required properties. If
we fix Py € S, the sequence of null curves {F(Py) + fPo 0Yy}nen on N proves the
corollary. a

We next point out that Theorem 5.6 is also valid for marked harmonic functions in the
following sense:

Definition 6.2 Let S C N be an J-admissible subset. By a marked J—invariant
harmonic function on S we mean a pair hy = (h,0), where h: S — R? is an J—
invariant function, harmonic on an open neighborhood of Rg, and smooth in the sense
of Definition 3.8, and 6 € Q2 5(S) is a 1-form such that 0|g equals the complex
derivative d(/1|gg) of hi|gg, 0 has no real periods, and 4 = Re f 0.

If hg is a marked J—invariant harmonic function we set d/y := 6. Analogously to
Definition 3.15, the space of marked J—invariant harmonic functions on S is endowed
with a natural C! topology.

If 0 €Qy5(S), y €H(S.Z),and T«(y) =y, then f 0 €R. Likewise, if J«(y) =
then f 0 € 1R. In particular, 6 has no real perlods if and only if f =0 for
all y € H(S,Z) with J.(y) = y, and in this case [; = f 6 € 1R for all
y €H(S.Z).

Theorem 6.3 (Runge—Mergelyan theorem for harmonic functions of nonorientable

Riemann surfaces) Let S C N be an J—admissible subset. Let hg be a marked J—
invariant harmonic function on S. Let p: H1(N,Z) — R be a group homomorphism
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such that p(J«(y)) = —p(y) for all y € H{(N,Z), and p(y) = Imfy dhg for all
y € Hi(S,Z).

Then hg can be approxunated in the C! topology on S by J—invariant harmonic func-
tions i on N, such that dh does not vanish anywhere on N'\ Rg and p(y) = Imf oh
for all y € H1(N,Z). Furthermore, h can be chosen so that (3h|E) = (3h9|E) €
®ivy(E) for any connected component E of Rg such that h|g is nonconstant.

Proof We assume without loss of generality that dhg does not vanish anywhere
on Cg (see Claim 5.3) and that S is connected (see Claim 5.7 and the proof of
Theorem 5.6). We use the notation ¢3 = dhg € Qp5(S). Let U C N be an J—
invariant relatively compact domain with finite topology, containing .S. Reasoning as
in the proof of Lemma 4.6, the Riemann—Roch theorem gives go € G5(U) such that
(931Rg) = (£0)0(g0)oo- Then one can easily extend go| g to a function g € G3(S)
such that the triple ® = (¢;);j=1,2,3, obtained from the pair (g, ¢3) via (7), satisfies
the requirements in Lemma 5.1.

Let My:=S andlet { M} },en be an exhaustion of A/ by Runge connected J—invariant
compact regions such that the Euler characteristic x(M,; \ M,—;) € {0, —2} for all
n € N; see Remark 5.8.

Let € > 0. Fix £ > 0 to be specified later. Arguing as in the proof of Theorem 5.6,
a recursive application of Lemma 5.1 gives a sequence {W, = (V¥,j)j=1,2,3}neN C
Qp,3(My)* such that ¥, 3 does not vanish anywhere on M, \ Rg, f Yn3 =1p(y)
for all y € H1(My,7Z), and {¥,},en converges in the C° topology on compact sets
of NV to atriple ¥ = ();=1,2,3 € Q,3(N)? with

(37) W —®llo,a, <E.

Therefore 3 does not vanish anywhere on N\ Rg (by Hurwitz’s theorem) and
fytﬁ3 = 1p(y) for all y € H;(N,Z). Furthermore, ¥, 3 can be chosen so that
(Un3|E) = (3] E) € Divy(E) for any connected component E of Rg such that ¢3
does not vanish everywhere on E, n € N. Therefore, Hurwitz’s theorem gives that
(W3lg) = (03| E) € Divg(E) as well for any such E.

By (37), the J—invariant harmonic function hi= h(Py) + Re fPo Y3, where Py € S,
satisfies ||h —hg||1,s < € if £ is chosen small enough. This proves the theorem. O

6.2 An application to Riemann surface theory

Gunning and Narasimhan [18] showed that every open Riemann surface carries exact
nowhere vanishing holomorphic 1—forms. This result was extended to the existence
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of holomorphic 1-forms with prescribed periods and divisor by Kusunoki and Sain-
ouchi [21]. Let us show the analogous result for nonorientable Riemann surfaces.

Theorem 6.4 Let D’ be an integral divisor on N, possibly with countably infinite sup-
port, such that supp(D’)Nsupp(J(D’)) = @ and supp(D’)NK is finite for any compact
K CN.Call D=D'UJ3(D’). Let p: H{(N,Z) — C3 be a group homomorphism
such that p(J«(y)) = p(y) forall y € Hi(N, Z).

Then there exists V¥ € Qy3(N) such that (}) = D and fy v = p(y) forall y €
HiWN,Z).

Proof Let My C N be a connected J—admissible set such that Ry, = U UTJ(U),
where U is a closed disc in V" and U NJ(U) = @, and supp(D) N (Mo \ M) = @.
Denote by Dy the restriction of D to My (that is, the unique integer divisor in M
such that supp(D/Dgy) N My = @), and recall that supp(Dg) consists of finitely many
points. Take ¢¢,3 € Q2p,5(Rps,) vanishing everywhere on no connected component
of Ry, and with (¢g,3) = Dg. As in the proof of Theorem 5.6, one can extend ¢ _3
to a smooth 1-form ¥ € Q4 5(Mp) vanishing nowhere on Mo\ M and satisfying
that fy Yo =p(y) forall y € H{(My,Z).

Let { M} },en be an exhaustion of A/ by Runge connected J—invariant compact regions
such that the Euler characteristic x(M,; \ M,—1) € {0, =2} and supp(D) NbM, = &
for all n € N; see Remark 5.8. Denote by D,, the restriction of D to M}, and recall
that supp(D,,) consists of finitely many points, n € N,

Assume that x(M}\ My) = 0. Let No C M\ My be a Runge J—invariant compact
region containing supp(D1)\supp(Dy), and consisting of a finite collection of pairwise
disjoint closed discs. Notice that MoU N is J—admissible. Take ¢ 3 € Qg 5(MoUNy)
vanishing everywhere on no connected component of Rpz, U Ny, and satisfying that
P1,3lM, = Vo, ($1,3)=Di,and [, ¢1,3=p(y) forall y € H (M1, Z) = H (M. Z).
As in the proof of Theorem 6.3, one can easily find a triple ®; = (¢1,j)j=1,2,3 €
Qp.5(Mo U Ng)* meeting the requirements of Lemma 5.1. Therefore, this lemma
furnishes Wy = (¥1,j)j=1,2,3 € Qp.5(M1)? as close as desired to @ in the C° topology
on My U Ny, satisfying that W — @, is exact on Mo U Ny and (¥1,3) = (¢1,3).
Call ¥y := VY13 € Qy,5(M;) and notice that (V1) = Dy, fy Y1 = p(y) for all
Yy € Hi1(My,7), and v is as close as desired to V¢ in the C° topology on M.

Assume that, on the contrary, x(M; \ My) = —2. Then take a Jordan arc « in
M?\ (Mg Usupp(D)), with endpoints in Rpg, and otherwise disjoint from Mp, such
that S := MoUaUJ(a) is J-admissible and x(M\ S) = 0; see Remark 5.8. Extend
(with the same name) ¢3¢ to a smooth 1-form ¢3 o € Q2 5(S) vanishing nowhere
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on « and satisfying that fy ¢3.0=p(y) forall y € H;(M;,Z) =H(S,Z). Then,
one can follow the argument in the above paragraph, replacing My by S, and obtain
as above Y| € Qy,3(M;) as close as desired to ¥ in the C° topology on M, with

(Y1) = Dy and [, ¥y =p(y) forall y € Hi (M}, Z).

Repeating this argument inductively, one constructs a sequence {¥, }neN C 2p,3(M;)
such that v, is as close as desired to v,,_; in the C° topology on M,_; forall n > 1,
(Yn) = Dy and fy Yn = p(y) forall y € H{(My,Z) for all n € N. Furthermore,
one can assume that {y,},en converges uniformly on compact subsets of N to a
holomorphic 1-form ¢ € Qy 5(N). Since Vg is not identically zero and ¥ can be
constructed as close as desired to Y9 on My, ¥ may be assumed to be nonidentically
zero as well. Obviously fy U =p(y) forall y € H{(N,Z). By Hurwitz’s theorem,
(¢) = D and we are done. a

Theorem 6.4 is of particular interest in the special case of the trivial divisor and zero
periods. We can prove the following Gunning—Narasimhan-type result.

Corollary 6.5 Every open Riemann surface N carrying an antiholomorphic involution
J: N = N without fixed points admits an J—invariant holomorphic function f: N'—C
with no critical points.

Proof Let ¥ € Qp 5(N) be given by Theorem 6.4 applied to D = & and p identically
zero. Choose Py € N'. The function f: N —C, f(P)= f Po ¥, satisfies the conclusion
of the corollary. a

6.3 Nonorientable minimal surfaces in R* properly projecting into R?

In this subsection we show that any open Riemann surface A" endowed with an antiholo-
morphic involution J: A” — A without fixed points, is furnished with an J—invariant
conformal minimal immersion A~ — R? whose image surface is a nonorientable
minimal surface properly projecting into a plane, contained in a wedge in R? of any
given angle greater than 7. Furthermore, the flux map of such surface can be prescribed
under the compatibility condition (9). This existence theorem links with a classical
question by Schoen and Yau [33, page 18]; see [6; 10] for a good setting on this
problem.

Theorem 6.6 Let p: #1(N,Z) — R3 be a group homomorphism satisfying
p(x(y)) =—p(y) forally € H,(N,Z),

and let 0 be a real number in (0, 7/2).
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Let M C N be a Runge J—invariant compact region, and consider Y € Ms(M) with
flux map py = ply, (m,z), satisfying

(x3 +tan(@)|xy|)oY > 1 everywhere on M .

Then for any € > 0 there exists a conformal minimal immersion X: N'— R3 satisfying
X oJ = X and the following properties:

* px =p.
e (x3+tan(f)|xy]) o X: N — R is a positive proper function.
o [[X=Ylim<e.

The corresponding theorem for orientable minimal surfaces was obtained by Alarcén
and Lépez in [6, Theorem 5.6], as application of the Runge—Mergelyan approximation
result [6, Theorem 4.9]. We adapt the proof in [6] to the nonorientable framework,
sketching the necessary modifications. In this case our main tool is Theorem 5.6. The
complete details could easily be filled in by an interested reader.

We denote by xi: R? — R the k™ coordinate function, k = 1,2, 3. Given numbers
0 €(—n/2,7/2) and § € R, we denote by

[s5(0) = {(x1, X2, x3) € R3 : x5 + tan(6)x; > §}.
Theorem 6.6 will follow from a standard recursive application of the following approx-
imation result.
Lemma 6.7 Let M, V C N be two Runge J—invariant compact regions with analyti-
cal boundary such that M C V° and the Euler characteristic y(V \ M°) € {—2,0}.

Let X € M3(M) and let p: H,(V,Z) — R be any homomorphism extension of the
flux map py of X, satistying

p(Ix(y)) = —p(y) forally € Hi(N,Z).
Let 6 € (0,7/4) and § > 0, and assume that
(38) X(bM) C Ig(0) UTls(—0).

Then, for any € > 0 there exists Y € M3(V') enjoying the following properties:

(i) The flux map py of Y equals p.
(i) Y —=Xlim <e.
(iii) Y(OV) C Ms41(0) Uls41(—0).
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@iv) Y(V\M)CTIlsg(0)UTlsg(—0).

Proof of Lemma 6.7 in the case y(V\M°)=0 Since M C V° and V°\ M has no
relatively compact connected components in V°, then V' \ M° = U}=1 (A4 UT(4;)),
where j € N denotes the number of boundary components of V' (hence, of M ) and
A1,T(A1), ..., A;,T(A;) are pairwise disjoint compact annuli.

Write bA; = aj U B;, where aj C bM and B; C bV forall j =1,...,j. Obviously,
J(aj) CcbM, I(Bj) CbV,and bI(Aj) =T(aj) UT(B)) forall j =1,...,]j.

From inclusion (38), it follows the existence of a natural number i > 2, a collection
of subarcs {a]’: (@, j)el =7Zyx{l,...,j}}, where a} Caj forall (i, j) € I and
Zi =10, ...,i— 1} denotes the additive cyclic group of integers modulus i € N, and
subsets I+ and I_ of I, such that

e I NI_=9,ILUl_=1,

o ol % and oz’+1 have a common endpoint Q’Jrl

. X(ozj)CH(g(:I:G) forall (i, j) € I+.

and are otherwise disjoint,

In particular, o; = | ;cz, a;'. forall j =1,...,j, and X(ﬁ(ocJ’:)) C Ig(£0) for all
(i, j) € Iy; recall that X is J—invariant.

Choose a family {r :(i, j) € I} of pairwise disjoint analytical compact Jordan arcs such
that rj is contamed in A;, has initial point Q’ € a;, final point P’ € Bj, is otherwise
disjoint from b A, and meets transversally a at the point Q’ for all (i, j)el. The set

S ::MU( U UJ(V;))
(i, )el

is J—admissible in the sense of Definition 3.2.
In a first step, we construct an J—invariant conformal minimal immersion H € M3(V)
meeting the theses of the lemma on points of S'; more specifically, satisfying

(lg) [H—-Xl1s <€/3,

Qr) HEiUak Ut CTs(+6) forall (i, ) € I,

(Gr) HWP}. P C sy (£0) forall (. ) € I+,

(4H) PH =p.
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Such an H is furnished by Theorem 5.6(i) applied to a suitable J—invariant extension X
of X to S, formally meeting properties (2g) and (3g) (cf [6, Subsection 5.1]). To
construct such an extension, we first define X over

i
U Ty

@, j)el

and then we extend it to S (that is to say; we define X over U(l- e Ij(r; )) to be
J—invariant.

Denote by Q’ the closed disc in 4; bounded by oz] u r] U r]’ *1 and the compact
Jordan arc ,B’ C Bj connecting P’ and P’+1 and containing no Pk for k #£i,i+1,
@i, j)el. Smce H is contlnuous propertles (2g) and (3g) extend to small open
neighborhoods of r# U ozji. U r} *1and {PI, P} th respectively; hence there exists a

J
closed disc

. o
K; CQi\(rjUajurith,

intersecting ; in a compact Jordan arc, such that

o H(Q,\K})Cs(£0) forall (i, j) € I+,

© H(B\K}) CTlsyy(+6) forall (i, )€ I+.

Assume without loss of generality that I+ # &; otherwise I_ = I # @ and we would
reason in a symmetric way. Consider the J—admissible set

Sy :=MU ( U < uj(sz;l)) U ( U K u’J(K;Z)).
@, j)el- G,j)els

In a second step, we construct an J—invariant conformal minimal immersion ZeMz(V')
meeting the theses of the lemma on points of Sy ; more concretely, satisfying

(1z) 12 = Hl1.MUWUg e @iuaei) <€/3,

(22) Z(sz;'. \KJ'I) C Mg(£0) forall (i, j) e I+,

(Bz) Z(Bi\K}) C sy (£0) forall (i, j) € I,
(4z) Z(K}) C sy (=) forall (i, j) eI+ =1\1-,
(5z) pz=p.
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The immersion Z is furnished by Theorem 5.6(ii) applied to a suitable J—invariant
extension H of H|MU(U(,-,,-)e1, Qj Uj(gzj_)) to S+ . The key point is to ensure that

39) (x3 +tan(f)x;) o Z = (x3 +tan(f)x;)o H everywhere on V,

which is possible by Theorem 5.6(ii) up to suitably rotating H ; see [6, Subsection 5.1].
As above, in order to construct H, we first define it over U, jer N KJ’:, formally
meeting (4z) and (39), and then we extend it to Sy (that is; we define H over
U(i,j)el+ j(K]’:)) as an J—invariant map.

If I_ = @ the proof is already done; otherwise we consider the J—admissible set
S_:=MU ( U < uj(szj.)) U ( U K uj(K;I)).
@ ))el+ G,j)el—

To finish the proof, we construct an J—invariant conformal minimal immersion Y €
M5 (V') satisfying the following properties:

(y) 1Y = Zll1.m0WUg jrer, Qi) <€/3.
Qy) Y(R2;\K}) C Tg(£0) forall (i, j) € L.
(By) Y(Bi\K}) C sy (£6) forall (i, j) € L.
(4y) Y(K}) C Ty (£0) forall (i, j) eI\ 1.
(5v) py =p.

Such Y is furnished by Theorem 5.6(ii) applied to a suitable J—invariant extension
of Z |MUU. e I Qiui@l) to S_, in a symmetric way to the previous step; see
again [6, Subsection 5.1].

The immersion Y meets all the requirements in Lemma 6.7. a
Proof of Lemma 6.7 in the case y(V \ M°) = =2 In this case, there exists an
analytical Jordan arc y C V°\ M°, attached to bM at its endpoints and otherwise
disjoint to M , such that y NJ(y) =2, S := M Uy UT(y) is an J-admissible set

in M, and x(V°\S) = 0; see Remark 5.8(2-4). Extend X to a suitable generalized
marked immersion X = (X, w) € sz(S ), satisfying

X (5\S° C Ig(0) UTIs(—6)

and p Ty = P, (s,z)- Applying Theorem 5.6 to X we then reduce the proof to the
case when x (V' \ M°) =0, and are done. |
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Proof of Theorem 6.6 Reasoning as in the proof of Theorem 5.6, we assume without
loss of generality that M is connected. Set My := M and let {M,},eNn be an
exhaustion of A/ by Runge connected J—invariant compact regions such that the Euler
characteristic x(M,’ \ M,_1) € {0, =2} for all n € N; see Remark 5.8. To prove the
theorem we follow the argument that shows [6, Theorem 5.6], using Lemma 6.7 instead
of [6, Lemma 5.1]. O

6.4 Nonorientable minimal surfaces in R3 and harmonic functions

Let N be an open Riemann surface endowed with an antiholomorphic involution
J: N — N without fixed points. In this subsection we show that every nonconstant
J—invariant harmonic function 4#: N' — R is a coordinate function of a complete
conformal J—invariant minimal immersion A" — R?; see Theorem 6.8. We then derive
existence of complete nonorientable minimal surfaces in R3, with arbitrary conformal
structure, whose Gauss map (see Definition 2.8) omits one point of the projective
plane RP?2; see Corollary 6.10. Recall that, by Fujimoto [17], the Gauss map of
complete nonorientable minimal surfaces in R misses at most two points of RP2.
Furthermore, there exist nonorientable Riemann surfaces which do not carry complete
conformal minimal immersions into R® with Gauss map omitting two points of RP2;
for instance, by Picard’s great theorem, those being parabolic and of finite topology.

The analogous results in the orientable framework were obtained by Alarcén, Ferndndez
and Lépez in [2] (see also Alarcén and Ferndndez [1] for a partial result). Again, we only
sketch here the necessary modifications to adapt the proof in [2] to the nonorientable
setting, by using Theorem 5.6.

Theorem 6.8 Let i: N — R3 be a nonconstant J—invariant harmonic function, and
let p: H{ (N, Z) — R? be a group homomorphism such that p(J«(y)) = —p(y) and
the third coordinate of p(y) equals Im | y oh forall y e H1(N,Z).

Then there exists a complete conformal J—invariant minimal immersion X =
(X1, X5, X3): N = R3 with X3 =h and py = p.

The proof of Theorem 6.8 relies on a recursive application of the following.

Lemma 6.9 Let M, V C N be two Runge J—invariant compact regions with analyti-
cal boundary such that M C V° and the Euler characteristic y(V \ M°) € {—2,0}.

Let h: V — R be a nonconstant J—invariant harmonic function, let X = (X1, X3, X3) €
Mz(M), and let p: H1(V,7Z) — R be a group homomorphism, satisfying X3 = h|as,
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px =Pl (m,z), P(I«(y)) = —p(y), and the third coordinate of p(y) equals Im fy oh
forally e Hi(N,Z).

Then, for any Py € M and € > 0, there exists Y = (Y1, Y,, Y3) € M3(V) enjoying
the following properties:

(i) The flux map py of Y equals p.
(i) [|Y = X|1,m <e.
(iii) Y; =h.
(iv) disty (Pg,bV)) > 1/€, where disty denotes the distance on V' in the intrinsic
metric of the immersion Y .

Proof of Lemma 6.9 in the case x(¥ \ M°) = 0 As in the proof of Lemma 6.7,
write V\ M° = U}:l (Aj UJ(Aj)), where j € N denotes the number of boundary
components of V and Ay,T(A4y),..., Aj,I(A;) are pairwise disjoint compact annuli.

On the interior of each annuli 4;, we define a labyrinth of compact sets K; adapted
to dh as that in the proof of [2, Claim 3.2] (this follows the spirit of Jorge and Xavier’s
original construction of a complete minimal surface in a slab of R3 [20]). We use the
notation K = U}:l K;j UJ(K;) and denote by S C N the J—admissible set

S=MUK.

To finish, we reason as in the proof of [2, Claim 3.2]. In a first step we extend X to .S
as an J—invariant conformal minimal immersion X = (A/} 1, X 2, X 3): S — R3, such
that X5 = 3= h| s and whose intrinsic metric is sufficiently large over /C. In order to find a
suitable X we first argue as in [2, Claim 3.2] to extend X to U’ —; Kj, and then we
define X over 9} j_lJ(ICJ) to be J—invariant. The proof now can be concluded by
applying Theorem 5.6(ii) to X see again the proof of [2, Claim 3.2]. |

Proof of Lemma 6.9 in the case x(V'\M°)=—-2 Let y C V°\ M° be an analytical
Jordan arc attached to M at its endpoints and otherwise disjoint to M, such that
yNI(y)=9,S:=MUyUIJ(y) is an J—admissible set in N, and )((V° \S) =

see Remark 5.8(2—4). Extend X to a generalized marked immersion Xw = (X =
(X~1,A72,A73),w) € /\/l’;,j(S), satisfying X3 = hls and p %, = plu,(s,z)- We then
reduce the proof to the case when y (V' \ M °) = 0, by using Theorem 5.6(ii). a

Proof of Theorem 6.8 Reasoning as in the proof of Theorem 5.6, we assume without
loss of generality M is connected. Set My := M and let { M} },cN be an exhaustion of
N by Runge connected J—invariant compact regions such that the Euler characteristic
X(M;\ My_) € {0, -2} for all n € N; see Remark 5.8. To finish we follow the
argument in the proof of [2, Theorem 4.1], replacing [2, Lemma 3.1] by Lemma 6.9. O
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Corollary 6.10 Let p: #;(N,Z) — R3 be a group homomorphism such that
p(Tx(y)) = —p(y) forall y € H1 (N, Z).

Then there exists a complete conformal J—invariant minimal immersion X: N' — R3
such that py = p, and the complex Gauss map of X: N — R3 (see Definition 2.8)
omits one point of RP2.

Proof By Theorem 6.4, there exists a nowhere-vanishing holomorphic 1-form %
on A such that J*¢ = 19 and [, 9 = p(y) for all y € #;(N,Z). Applying
Theorem 6.8 to /1 := Re f ¥, we get a complete conformal J—invariant minimal
immersion X: /' — R3 such that py = p, and whose complex Gauss map has neither
zeros nor poles. Therefore, the Gauss map of X: A’ — R? omits one point of RP?
(see Remark 2.7). This concludes the proof. |

In [3], Alarcén, Fernandez and Lopez extended the results in [2] to minimal surfaces
in R”, n > 3. The key tool was a Runge-Mergelyan-type theorem for minimal
surfaces in R”. In the forthcoming paper [5], we will show the analogous result in the
nonorientable framework; this will allow us to generalize the results in this subsection
to nonorientable minimal surfaces in R”.
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