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A formula for the ® —invariant
from Heegaard diagrams

CHRISTINE LESCOP

The ®-invariant is the simplest 3—manifold invariant defined by configuration space
integrals. It is actually an invariant of rational homology spheres equipped with
a combing over the complement of a point. It can be computed as the algebraic
intersection of three propagators associated to a given combing X in the 2—point
configuration space of a Q—sphere M . These propagators represent the linking
form of M so that ®(M, X') can be thought of as the cube of the linking form
of M with respect to the combing X . The invariant ® is the sum of 6A(M) and
p1(X)/4, where A denotes the Casson—Walker invariant, and p; is an invariant of
combings, which is an extension of a first relative Pontrjagin class. In this article,
we present explicit propagators associated with Heegaard diagrams of a manifold,
and we use these “Morse propagators”, constructed with Greg Kuperberg, to prove a
combinatorial formula for the ®—invariant in terms of Heegaard diagrams.

57M27; 55R80, 57R20

1 Introduction

In this article, a Q—sphere or rational homology sphere is a smooth closed oriented
3—manifold that has the same rational homology as S3.

1.1 General introduction

The work of Witten [18] pioneered the introduction of many (Q—sphere invariants. The
Le—Murakami—Ohtsuki (LMO) universal finite-type invariant [9] and the Kontsevich
configuration space invariant [7], which was proved to be equivalent to the LMO
invariant for integer homology spheres by G Kuperberg and D Thurston [8], are among
them. The construction of the Kontsevich configuration space invariant for a Q-
sphere M involves a point co in M, an identification of a neighborhood of co with a
neighborhood of oo in §3 =R3U{oco}, and a parallelization t of (]\7 = M \{oo}) that
coincides with the standard parallelization of R3 near co. The Kontsevich configuration
space invariant is in fact an invariant of (M, 7). Its degree-one part ® (M, t) is the sum
of 6A(M) and % p1(7), where A is the Casson—Walker invariant and p; is a Pontrjagin
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number associated with t, according to a Kuperberg—Thurston theorem [8] generalized
to rational homology spheres by the author in [13]. Here the Casson—Walker invariant A
is normalized as in [1] by Akbulut and McCarthy, [3] by Guillou and Marin, and [15]
by Marin for integer homology spheres, and like %AW for rational homology spheres,
where Ay is the Walker normalization in [16].

The invariant ® (M, t) reads

O(M,7) = /V oM7)
M?2\diag(M)?

for some closed 2—form w(M, t), which is often called a propagator. As is shown
in [13, Section 6.5], ®(M, t) can also be written as the algebraic intersection of three
4—dimensional chains in a compactification C, (M) of M? \diag(]\? )2, for chains
that are Poincaré dual to w(M, ) in the 6—dimensional configuration space C,(M).
In this article, a propagator will be such a 4—chain. For more precise definitions, see
Section 2.2. A combing of a 3—manifold M as above is an asymptotically constant
nowhere-zero section of the tangent bundle to M.

In Theorem 2.1, we will prove that the invariant ® is an invariant of combed Q-
spheres (M, X) rather than an invariant of parallelised punctured Q—spheres, so that
(40(M, X)—241(M)) is an extension of the Pontrjagin number p; to combings. The
invariant p; of parallelizations coincides with the Hirzebruch defect of the paralleliza-
tion t studied by Hirzebruch in [5] and Kirby and Melvin in [6]. This invariant p
of combings is studied in [14], and it is shown to be the analogue of the Gompf 6 —
invariant [2, Section 4] of Q—sphere combings, for asymptotically constant combings
of punctured Q-spheres. The variations of ®, 6 and p; under various combing
changes are described in [14].

In Section 4, we describe explicit propagators associated with Morse functions or with
Heegaard splittings. These “Morse propagators” have been obtained in collaboration
with Greg Kuperberg. Then we use these propagators to produce a combinatorial
description of ® in terms of Heegaard diagrams in Theorem 3.8.

Our Morse propagators and our techniques could be applied to compute more con-
figuration space invariants, and they might be useful to relate finite-type invariants to
Heegaard Floer homology.

This article benefited from the stimulating visit of Greg Kuperberg in Grenoble in
2010-2011. It also benefited from the referees’ comments.
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1.2 Conventions and notation

Unless otherwise mentioned, all manifolds are oriented. Boundaries are oriented by
the outward normal first convention. Products are oriented by the order of the factors.
More generally, unless otherwise mentioned, the order of appearance of coordinates or
parameters orients manifolds or chains, which are linear combinations of manifolds. The
fiber of the normal bundle (V") to an oriented submanifold V is oriented so that the
normal bundle followed by the tangent bundle to the submanifold induce the orientation
of the ambient manifold, fiberwise. The transverse intersection of two submanifolds V'
and W is oriented so that the normal bundle to VN W is (U(V) & B(W)), fiberwise.
When the dimensions of two such submanifolds add up to the dimension of the ambient
manifold U, each intersection point x is equipped with a sign £1 thatis 1 if and only if
(B (V)BU(W)) (or equivalently (Tx (V)@ Tx(W))) induces the orientation of U .
When V' is compact, the sum of the signs of the intersection points is the algebraic
intersection number (V, W)y . For a manifold V', (—V) denotes the manifold V'
equipped with the opposite orientation.

2 The O —invariant

This section presents a complete definition of the invariant ®.

2.1 On configuration spaces

In this article, blowing up a submanifold V' means replacing it by its unit normal
bundle. Locally, R¢ x V is replaced with [0, oo x S¢~! x V', where the fiber R¢ of
the normal bundle is naturally identified with {0} U (]0, oo[ x S¢~1). Topologically,
this amounts to removing an open tubular neighborhood of the submanifold (thought
of as infinitely small), but the process is canonical, so that the created boundary is the
unit normal bundle to the submanifold and there is a canonical projection from the
manifold obtained by blow-up to the initial manifold.

In a closed 3—manifold M , we fix a point co and define the blown-up manifold Cy (M)
as the compact 3—manifold obtained from M by blowing up {oco}. This space C;(M)
is a compactification of M = (M \ {c0}).

The configuration space C,(M) is the compact 6—manifold with boundary and corners
obtained from M ? by blowing up (oo, 00), and the closures of {oo} x M, M x {oo}
and the diagonal of M2, successively.

Then the boundary dC, (M) of C, (M) contains the unit normal bundle to the diagonal
of M?. This bundle is canonically isomorphic to the unit tangent bundle UM of M
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via the map
T,, M2 -
e \10} T M \ {0}
[(x, )] € TR [y —x]€ TR+

When M is a rational homology sphere, the configuration space C, (M) has the same
rational homology as S? (see the proof of Theorem 2.1 below) and H,(C»(M); Q)
has a canonical generator [S] that is the homology class of a product (x x dB(x)),
where B(x) is a ball embedded in M that contains x in its interior. For a 2—component
link (J, K) of M, the homology class [J x K] of J x K in Hy(Cy(M); Q) reads
Ik(J, K)[S], where 1k(J, K) is the linking number of J and K, which is the algebraic
intersection number of J and a 2—dimensional chain bounded by K (see [11, Proposi-
tion 1.6] by the author).

2.2 On propagators

When M is a rational homology sphere, a propagator of C,(M) is a 4—cycle P of
(C2 (M), dC,(M)) that is Poincaré dual to the preferred generator of H?(C,(M); Q)
that maps [S] to 1. For such a propagator P, for any 2—cycle G of Cr(M),

[G] = (P, G)c,n[S]

in Hy(Cy(M);Q), where (P, G)c,(am) denotes the algebraic intersection of P and
G in C2 (M) .

Let B and 1 5 B be two balls in R3 of respective radii R and R /2, centered at the origin
in R3. Identlfy a nelghborhood of oo in M with S3\ (ZB) in (§3 =R3 U {c0})
so that M reads M = Bar UIR/2,RIxS2 (R3\ (23)) for a rational homology ball
Bjs whose complement in M is identified with R3 \ B. There is a canonical regular
map

Poo: (0C2(M) \UBp) — S?

that maps the limit in dC, (M) of a convergent sequence of ordered pairs of distinct
points of (M \ Bjs)? to the limit of the direction from the first point to the second
one; see [12, Lemma 1.1] by the author. Let

Ts: R3 xR?® - TR?

denote the standard parallelization of R3. In this article, a combing X of a Q—
sphere M is a section of UM that is constant outside B M , e that reads rs((M \ Bpr) X
{v(X)}) for some fixed v(X) € S? outside Byps. The propagator boundary 0Py
associated with such a combing X is the 3—cycle of dC, (M)

IPx = poo (U(X)) U X(Bp),
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where the part X (Bps) of dC,(M) is the graph of the restriction of the combing X
to Bps and a propagator associated with the combing X is a 4—chain Py of Cr(M)
whose boundary reads dPy . Such a Py is indeed a propagator (because for a tiny
sphere dB(x) around a point x, (x X dB(x), Px)c,(m) is the algebraic intersection
in UM of a fiber and the section X (]\7 ), which is one).

2.3 On the O -invariant of a combed Q-sphere

Theorem 2.1 Let X be a combing of a rational homology sphere M , and let (—X)
be the opposite combing. Let Px and P_x be two associated transverse propagators.
Then Py N'P_x is a two-dimensional cycle whose homology class is independent of
the chosen propagators. It reads ©®(M, X)[S], where ®(M, X) is therefore a rational
valued topological invariant of M and of the homotopy class of X .

Proof Let us first show that C, (M) has the same rational homology as S2. The space
C,(M) is homotopy equivalent to (]\7 2\ diag). Since M is a rational homology R?,
the rational homology of (M 2\ diag) is isomorphic to the rational homology of
((R%)2\ diag). Since ((R3)?\ diag) is homeomorphic to R3 x ]0, oo[ x S? via the
map

e (=l g o= ),

((R3)?2\ diag) is homotopy equivalent to S2.

In particular, since H3(C,(M); Q) = 0, there exist propagators Px and P_x with the
given boundaries 0Py and 0P_yx . By general position arguments (see Hirsch [4, Chap-
ter 3]), Px and P_x can be assumed to be transverse. (Explicit transverse propagators
will be constructed in Sections 6.2 and 6.3.) Without loss of generality, assume that
PixNdCy(M)=0PLyx. Since 0Py and dP_x do not intersect, Py NP_yx isa 2—
cycle. Since Hy(Cy(M); Q) =0, the homology class of Py NP_x in Hy(Cy(M); Q)
does not depend on the choices of Px and P_x with their given boundaries. Then it
is easy to see that @(M, X') € Q is a locally constant function of the combing X'. O

When M is an integer homology sphere, a combing X is the first vector of a
unique parallelization t(X') that coincides with g outside Bjps, up to homotopy.
When M is a rational homology sphere, and when X is the first vector of a such a
parallelization 7(X), this parallelization is again unique. In this case, the invariant
®(M, X) can be identified with the invariant ®(M, (X)) discussed in Section 1.1
using [13, Lemma 6.16].
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Let W be a connected compact 4—dimensional manifold with corners with signature 0
whose boundary is

W = Bas Uixog,, (=10, 1]x S?) Ugy g2 (—B?)

and that is identified with an open subspace of one of the products [0, 1[ x B? or
10, 1] x Bps near 0W . Then the Pontrjagin number p;(z(X)) is the obstruction to
extending the trivialization of T W ® C induced by 7(X) and 7 on dW to W. This
obstruction lives in H*(W, 0W; 73(SU(4)) = Z) = Z. See [12, Section 1.5] for more
details. In [8], G Kuperberg and D Thurston proved that
O(M, X) = 6).(M) + w

when M is an integer homology sphere. This result was extended to Q—spheres by the
author in [13, Theorem 2.6 and Section 6.5]. Setting p;(X) = (40(M, X)—24A(M))
extends the Pontrjagin number from parallelizations to combings so that the formula
above is still valid for combings.

The following theorem is proved by the author in [14].

Theorem 2.2 Let X and Y be two combings of M such that the cycle 0Py is trans-
verse to 0Py and to dP_x in dC,(M). Then the oriented intersection 0Px N 0Py
(resp. OPx N dP_y ) is the graph of the restriction of X to an oriented link L y—y
(resp. Lx=—_y)in UM and

O(M,Y)—O(M, X) = M — k(L y—y,Lx——y).

3 The formula for the © —invariant from Heegaard diagrams

3.1 On Heegaard diagrams

Every closed 3—manifold M can be written as the union of two handlebodies H 4
and Hp glued along their common boundary, which is a genus-g surface, as

M:HAUBHA Hp,

where 0H 4 = —dHpg. Such a decomposition is called a Heegaard decomposition or a
Heegaard splitting of M . A system of meridian disks for H 4 is a system of g disjoint
disks D(«;) properly embedded in H 4 such that the union of the boundaries ¢; of
the D(c;) does not separate dH 4. Let (D(c;));eq1,...,g) be such a system for H 4 and
let (D(Bj))jef1,....g) be such a system for Hp. Then the surface equipped with the
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collections of the curves o; and the curves f; = dD(f;) determines M . When the
collections (a;);e(1,....gy and (Bj)je(i,...,g) are transverse, the data collection

D = (0H4, (i)ie(1,...gy> (Bi)jedt,...q})

is called a genus g Heegaard diagram. Figure 1 shows two Heegaard diagrams of RP3
(or SO(3)).

Figure 1: Two Heegaard diagrams of RPP>

We fix a genus g Heegaard diagram D. A crossing ¢ of D is an intersection point of a
curve a;(c) and a curve f(). Its sign o(c) is 1 if dH 4 is oriented by the oriented
tangent vector of o;(.) followed by the oriented tangent vector of () at c. Itis (—1)
otherwise. The collection of crossings of D is denoted by C.

Fix a point a; inside each disk D(«;) and a point b; inside each disk D(8;). Then
join a; to each crossing ¢ of a; by a segment [a;, ¢|p(q;) oriented from a; to ¢
in D(w;), so that these segments only meet at ¢; for different ¢. Similarly define
segments [¢, bj(c)ID(B; () from ¢ to bj(cy in D(Bj(c)). Then for each ¢, define the

Jlow line 'y (¢) = [ai(c), 1D (@i () V¢ Lje)]D(B) 0

A Heegaard decomposition as above can be obtained from a Morse function fjs
on M with one minimum, one maximum, index-one critical points ¢; mapped to 1
and index-two critical points b; mapped to 5, by setting H4 = fA;I (]—o00, 3]) and
Hz=f ];[1 ([3, +o0[) [4, Chapter 6]. For an appropriate (generic) metric, the descending
manifolds of the b; intersect Hp as disks D(B;) and the ascending manifolds of the a;
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intersect H 4 as disks D(«;) so that the boundaries «; of the D(«;) are transverse to
the boundaries B; of the D(B;). The Morse function fs and such a metric g induce
a Heegaard diagram of M where the flow line y(¢) above can be chosen as the closure
of the actual flow line through ¢ for the gradient flow of f3s. Conversely, for any
Heegaard diagram, there exist a Morse function and a metric as above that produce
this diagram.

An exterior point of the diagram is a point of dH 4 \ ([[f=; @ U][%_, ;) as in
Figure 1. Pick an exterior point w of the diagram, and let y(w) be the closure of
the flow line through w with respect to g. It goes from the minimum of fjs to its
maximum. Identify a ball around y (w) with a neighborhood of oo in S?, so that the
restriction of fas to Bps extends to M as a Morse function f that is the standard
height function outside Bjs, that has no extremum, whose index-one critical points a;
are mapped to 1, and whose index-two critical points b; are mapped to 5.

In Section 4, we describe an explicit propagator P( f, g) associated with a Morse
function f of M that satisfies these properties, and with a metric g that is standard
outside By .

A matching in a genus-g Heegaard diagram (0H4,{@i}i=1,...g.{1Bj}j=1,.,¢) 15 a
set m of g crossings such that every curve of the diagram contains one crossing of m.
Thus a matching m can be written as m = {¢;;i € {1,2,...,g}}, where the ¢; are
crossings of «; N B,-1(;) for a permutation p of {1,2,..., g}.

The choice of a matching m and of an exterior point w in a diagram D of M equips M
with a combing X (w, m) = X (D, w, m), which is roughly obtained from the gradient
vector of f by reversing this singular field along the flow lines through the points of m.
The combing X (w,m) of M is precisely described in Section 5.1.' The propagator
P(f.9) is modified near dC, (M) to become a propagator Py, ) associated with
X (w,m) in Section 5.2.

Sections 6 and 7 are devoted to the computation of ®(M, X (w,m)), performed by
evaluating the homology class of the intersection of Py (y,m) and P_ x(y,m)» and by
applying the definition of Theorem 2.1. The current section is devoted to presenting
the combinatorial formula

OWM, X(D,w,m)) = {,(D) +1k(L(D,m), L(D,m)|) —e(D, w,m)
that we get from our computation.
IThe same data (D, w,m) can be used to define an Euler structure or a combing of the nonpunc-

tured M . Such a combing represents a Spin¢ structure. Matchings representing a given Spin€ —structure &
are the generators of a chain complex whose homology is a Heegaard Floer homology of (M, £).
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The three ingredients of our formula are completely combinatorial. They can be read
on the Heegaard diagram without referring to Morse functions. However, they also
have a topological meaning, which explains the chosen notation and which makes
them easier to comprehend. We first introduce the ingredients k(L (D, m), L(D,m)|)
and ¢, (D) with their topological interpretations in Sections 3.2 and 3.3, respectively,
before giving their combinatorial expressions in Corollary 3.5 at the end of Section 3.4.
The combinatorial definition of e(D, w, m) is given in Section 3.5.

Let
[Tiiljpyeq,...q2 = [(ai’ﬂj>aHA]_l

be the inverse matrix of the matrix of the algebraic intersection numbers («;, B;)af, :

1 if j =k,
0 otherwise.

g

iji(ai’ﬁk)aHA =6k = {

i=1

Let ¢
Lm)=LMD.m) =Y y() - Tii@o@y(c).

i=1 ceC

Note that L(m) is a cycle since

g
OL(m)=> "(bi—a)— Y Tjilei.Bi)om,(bj —ai) =0.
i=1 (@, )€El,....g}2
The term Ik(L(D, m), L(D, m)|) is the linking number of L(m) with a canonical
parallel L(m) of L(m) that is defined in Section 3.2 below.

Example 3.1 For the genus-one Heegaard diagram D; of Figure 1, where o(c) =1,
(a1, Bi1)or, =2, Ju1= % we choose {c} as a matching and L({c})= %(y(c)—y(d)).

For the genus-two Heegaard diagram D, of Figure 1, (a2, B1)om, = 1, J11 = %,
T =1, T2 =0, Jo1 = —%, we choose the matching {c,e} and L({c,e}) =
3(r(©) =y (d)).

3.2 Parallels of flow lines

For a crossing ¢ € o) NBj(c)» ¥ (c)) will denote the following chain. Consider a small
meridian curve m(c) of y(c) on 0H 4. It intersects Bj(.) at two points: cj on the
positive side of D(c;()) and ¢, on the negative side of D(c;(.)). The meridian m(c)
also intersects o () at c; on the positive side of D(B;(.)) and ¢ on the negative side

of D(Bj()). Let [c:[,cg], [cj,cg], [c;,c;{] and [c;, cg] denote the four quarters
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ole)=1 Bi . o(c)=—

C —
CarCn 4 [CI’CB]

Figure 2: The meridian curve m(c) and the points c;{, Chs CZ{ and cz

of m(c) with the natural ends and orientations associated with the notation, as in
Figure 2.

For each point a;, choose a point ai+ and a point a; close to a; outside D(a;) so
that al?L is on the positive side of D(w;) (the side of the positive normal) and a; is
on the negative side of D(«;). Similarly fix points bJ?L and bj_ close to the b; and
outside the D(B;).

Let v T(c) (resp. y 1 (¢)) be an arc parallel to [a;(c), ] D(oe, (o) from al(c) to ¢t 1 (resp.
from iy tO ¢4 ) that does not meet D(a,(c)) Let yg T(c) (resp. Y5 (¢)) be an arc
parallel to [¢,bj()Ip(8;(,) from cB to b ) (resp. from ¢z to b_ )) that does not

meet D(B;()). Then

J(c

V(O =304 ©+y1(©)) + 38 (©) +v5(©)
4([cA CB]+[CA,CB]+[CA,CB]+[CA,LB])

Since the superscripts + and — play the same roles in the above formula, y(c)| does
not depend on the orientations of the «; and the ;. Set a; = %(a;L +a;) and
bji = 3(b;" +b5). Then dy (¢} = bj(e)| — (e

Set L(m) = Zlgzl Y€)= cec Ti)i(e)o(¢)y(c)) and note that L(m) is a cycle
disjoint from L(m). The cycle L(m) depends neither on the orientations of the ¢;
and the f;, nor on their order. Permuting the roles of the «; and the roles of the B;
reverses the orientations of L(m) and L(m)| and leaves Ik(L(m), L(m)|) unchanged.

3.3 A 2-cycle G(D) of Cr(M) associated with a Heegaard diagram

The term {,(D) will be defined from the homology class of the 2—cycle G(D) of
C,(M) associated with the Heegaard diagram in Proposition 3.2, by the equality
[G(D)]=4£,(D)[S] in Hy(C,(M); Q). This term £,(D) can be thought of as the main
term of the formula; the other ones can be thought of as correction terms.
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Proposition 3.2 Set
GD) = Y TiwiaTi@ieo@od)(y(e)xy(d))
d)ec?
(cde ~ 3 F0io @@ x y©)y).

ceC
Then G(D) is a 2—cycle of C,(M). Its homology class [G(D)] depends neither on the
orientations of the «; and the B, nor on their order. Permuting the roles of the «; and
the roles of the B; does not change it either.

Proof Let us first prove that G(D) is a 2—cycle. Let d € C. For any j,
g
> Tiaio© =Y Tiayilei. Bi) =85
ceP; i=1

and, for any i, 3 .cq. Jj(0)i(d)0(¢) = Zle Jjia) (i, Bj) = bii(ay- Therefore, for
any d € C,

3(2 Tj @i Jj(@)i)0(€)y (C)) = Jj@i@)bj@) — ai@)) = Tj@yi@)dy(d).

ceC
SO
0G(D) = ) o(d)Tjayiay@y () x y(d)) = Y Tj(0io )@y (©)) x ()
dec ceC
- Z Jj @0 )y (c) xdy(c)) + Z Ji)ie)0(€)y(c) xdy(c)) = 0.
ceC ceC

Since changing the orientation of a; () leaves Jj(4)i(c)0 (¢) invariant and changing the
orientation of ;. leaves Jj(c)i(4)0 (¢) invariant, the cycle G(D) does not depend on
the orientations of the o; and the B; . It clearly does not depend on the numbering. It is
also easy to see that permuting the roles of the o; and the B; reverses the orientations of
the y(c), changes J to the transposed matrix and does not change the cycle G(D). O

Note that £, (D) is additive under connected sum of Heegaard diagrams, and therefore
it is invariant under stabilisation of diagrams, but, as Example 3.9 will show, it is not
an invariant of Heegaard splittings. In the next subsection, we state Proposition 3.4
that yields combinatorial formulae both for £, (D) and for k(L (D, m), L(D, m)).

3.4 Evaluating some 2—cycles of C>(M)

When d and e are (possibly equal) crossings of «;, [d, e]y; = [d, e]y denotes the set
of crossings from d to e (including them) along «;, or the closed arc from d to e
in ¢; depending on the context. Then [d, e[q = [d, e]q \ {€}.

Geometry & Topology, Volume 19 (2015)
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Now, for such a part I of «;,

(I.Bj)=Y_ o(c).

celnp;

We shall also use the notation | for ends of arcs to say that an end is “half-contained”
in an arc, and that it must be counted with coefficient % “ld,ela =[d,e]a \{e}/2”
and “|d,elq =[d,e|la \{d}/2” so that |d,d |, = @.)

We use the same notation for arcs [d,elg, = [d,e|g of B;. For example, if d is a
crossing of o; N B, then

(d.dla ) = T (e.dloledlg) = 2L+ 3 o
c€lc,d[oNle,d[g

Example 3.3 In the diagram D; of Figure 1,

(le.clasle.clp) = 4. (lesclasle.dlg) = ([c.dlas[c.clpg) = 3,
(le,dlale.dlg) =5, (leclasBr) =35, (e, dlasB1) =3

The following proposition is proved in Section 4.3.

Proposition 3.4 For every curve o; (resp. Bj), choose a basepoint p(a;) (resp.
p(Bj)). These choices being made, for two crossings ¢ and d of C, set

tle.d) = ([p(a(c)). cla.[p(B(d)). d]|p)
- Y Fillp@(©), cla. Bi) i, [p(B(d)). d|p),

(1,))efl,....g}2
where a(c) = a;() and B(c) = Bj(). Then, for any 2—ycle
G= Y gealy(©)xy(d))
(c,d)ec?
of Cr(M),
[Gl= ) geallc.d)S]= Y geal(d.c)[S].

(c,d)ec? (c,d)ec?

We have the following immediate corollary of Proposition 3.4.
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Corollary 3.5 For any choice of £ as in Proposition 3.4,

LD = > Tiei@Ti@ieo@oditc.d) =Y Tieieo @)L, o),

(c,d)ec? ceC
K(L(D,m), LO,m)p) = Y e )
G,)e{1,...g}?
+ Z Ti@ie)Tj@i@o(c)o(d)(c,d)
(c,d)ec?

- Z Ti@)ie)o () (L(ci, c)+L(c, ci)).

(i,c)e{1,..., gixc

Proof Recall that [L(m) x L(m)] = 1k(L(m), L(m))[S] in Hy(C2(M); Q). =

Example 3.6 Again, consider the diagram D; of Figure 1. Choose p(a1) = p(B1) =c.
Using Example 3.3, we get

leo)=F—%2=%. ldd)y=2-3=%. lcd)y=tdc)=3-3=4%.

For the diagram D, of Figure 1, choose p(a1) = p(B1) =c¢ and p(ay) = p(By) =e.
Then we still have £(c,c¢) =4L(c,d) =4(d,c) =4(d,d) = % Further, £(e, ¢) =0 and,
as a nonsymmetric example, £(c,e) =0 and £(e,c) = %. Then 1k(L({c}), L({c}))) =
Ik(L({c.e}), L({c.e})) =0, and £,(D;) = £,(D,) = 0.

3.5 Combinatorial definition of ¢ (w, m)

Recall that we fixed a matching m = {¢;;i € {1,2,..., g}} where the ¢; are crossings
of a; N B,—1(;) for a permutation p of {1,2,..., g}. Select an exterior point w of D.
These choices being fixed, represent the Heegaard diagram D in a plane by removing a
topological disk around w and by cutting the surface dH 4 along the «;. The boundary
of the removed topological disk will be pictured as a rectangle, and each «; gives rise
to two boundary components of the planar surface, which are copies of «; denoted
by o and «. They are drawn as circles. The crossing ¢; is located at the points
with upward tangents of o and ', while the other crossings are located near the
points with downward tangents as in Figure 3. The curves B; intersect this picture
as families of arcs, which begin and end at crossings with the «; and the o where
they are horizontal. A diagram with these properties is called a rectangular diagram of
(D, m,w).

The rectangle has the standard parallelization of the plane. Then there is a map “unit
tangent vector” from each partial projection of a beta curve f; in the plane to S L
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Figure 3: Rectangular diagram of (D, m, w)

The total degree of this map for the curve B; is denoted by d.(B;). For a crossing
c € B, de(|cocjy.clp) € %Z denotes the degree of the restriction of this map to the arc
lcp(j) ¢lg- This degree is the average of the degrees of this map at the upward vertical
vector and at the downward one. For every ¢ € C, define

de(c) =dellepGiey-clp)— Y. Tsrltrleoiicen-clp)de(Bs).
(r,s)€{l,....g}2
where |c, c|g = @. Then set

e(w.m) =e(D,w.m) = Y Tj()i()0 ()de(c).

ceC

In Section 7.1, e(w, m) will be identified with an Euler class; see Proposition 7.2.

Example 3.7 For the Heegaard diagram D; equipped with the matching m = {c},
there are two choices for an exterior point w up to isotopy, the choice w of Figure 1,
and the choice of a point w’ in the other connected component of dH 4 \ («; U B1).
These choices give rise to the two rectangular diagrams of (D, m, w) and (Dq,m, w’)
shown in Figure 4.

B

o

(D1, m, w)

Figure 4: Rectangular diagrams of (Dy, {c}, w) and (Dy, {c}, w’)

For both rectangular diagrams, we have d,(|c,c|g) =0, de(c) =0 and de(|c. d|g) = %
while d.(B1) = 0 for (Dy,{c}, w) and d.(B1) = 2 for (Dy, {c},w’) so that d.(d) =
% for (Dl,{(i}, w) and d.(d) = —% for (Dy,{c},w’). Thus e(w’, {c}) = —% and
e(w,{c}) = 7.
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3.6 Statement of the main theorem

The main result of this article is the following theorem.
Theorem 3.8 For any Heegaard diagram D of a rational homology sphere M , for
any exterior point w of D, and for any matching m of D,

O(M, X(D,w,m)) = £,(D) +Ik(L(D, m), L(D, m)}) —e(D, w, m).

Example 3.9 According to the computations of Examples 3.6 and 3.7,

O(RP?, X (w, {c})) = —
and O(RP?, X (w’, {c})) = 7. Since A(RP?) =0, this implies that p; (X (w’, {c})) =1
and py(X(w,{c})) =—1.

Let us now evaluate the ingredients of our formula for the rectangular genus-two diagram
(D3, {c, e}, w) of Figure 5. Recall from Example 3.6 that Ik(L({c,e}), L({c,e})|) =0
and £, (D;,) =0 and observe e(D,, w, {c,e}) = % so O(RP3, X(D,, w, {c,e})) = —%.

B

Figure 5: The diagram (D5, {c, e}, w)

Consider the diagram (D3, {c, e}, w) of Figure 6 obtained from (D,, {c, e}, w) by an
isotopy of B, on dH 4.

Figure 6: The diagram (D3, {c, e}, w)

The Jj; are the same as for Dy, and L(Dj3, {c,e}) = %(y(c)—y(d))%—%(y(g)—y(h)).
Again, choosing p(a1) = p(B1) = ¢ and p(az) = p(B2) = e, €(c,c) =(c.d) =
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ld,c) =1L(d,d) = % and {(e,e) = 0. For any crossing x € {c,d,e, [}, {(g,x) =
£(h,x) and £(x, g) = £(x, h). Furthermore, £(g,h) = l(h,g), L(g.g) =L(h, g) + %
and £(h,h) =L(h,g)— % so that

Ik(L(Ds. {c.e}). L(D3.{c.e}))) =0

and £, (D3) = To1(l(h,h)—L(g, g)) = %. Thus £, (D) is not an invariant of Heegaard
splittings. Since d.(g) = —%, e(D3,w,{c,e}) = %—i— % = % Again we have that
O(RP3, X (D3, w. {c,e})) = —7.

A systematic study of the variations of the three ingredients of the formula under the
moves that relate two Heegaard diagrams of a rational homology 3—sphere is performed
by the author in [10].

4 Propagators associated with Morse functions

In this section, we introduce a propagator P( f, g) associated with a Morse function f
without minima and maxima of M , and with a metric g that is standard outside Bjs.
This Morse propagator has been constructed in a joint work with Greg Kuperberg.
The pair (f, g) is supposed to give rise to the Heegaard diagram D of Section 3 as in
Section 3.1.

We use the propagator P(f, g) (whose boundary is not associated with a combing)
to prove Proposition 3.4. Similar propagators associated with more general Morse
functions have been constructed by Watanabe in [17], independently.

4.1 The Morse function f

Start with R3 equipped with its standard height function f; and replace the paral-
lelepiped [0, 2g] x [0, 4] x [0, 6] with a rational homology cube Cjs (which has the
rational homology of a point) equipped with a Morse function f that coincides with f
on d([0,2g] x [0, 4] x [0, 6]), and that has 2g critical points; g points ay,..., ag of
index 1, which are mapped to 1 by f, and g points by,..., bg of index 2, which
are mapped to 5 by f. Let M be the associated open manifold, and let M be its
one-point compactification. Equip M with a Riemannian metric g that coincides with
the standard one outside [0, 2g] x [0, 4] x [0, 6].

The preimage H, of |—o0,2] under f in Cps has the standard representation of the
bottom part of Figure 7. Our standard representation of the preimage Hj of [4, +o0]
under f in Cps is shown in the upper part of Figure 7. It can be thought of as the
complement of the bottom part in [0, 2g] x [0, 4] x [0, 6].
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Hy,

Figure 7: The handlebodies H, and Hj

The two-dimensional ascending manifold of «; is oriented arbitrarily, its closure is
denoted by A;. Its intersection with H, is denoted by D(c;). The boundary of D(«;)
is denoted by «;. The descending manifold of «@; is made of two half-lines £4 (a;)
and £_(a;) starting as vertical lines and ending at @;. The one with the orientation of
the positive normal to A; is called £4(a;). Thus L(a;) = L4 (a;) U(—L—(a;)) is the
descending manifold of «;.

Figure 8: The half-lines £ (a;), £_(a;), L+(bj), L_(b;)
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Symmetrically, the two-dimensional descending manifold of b; is oriented arbitrarily
and its closure is denoted by B;. The B; are assumed to be transverse to the .4; outside
the critical points. The ascending manifold of b; is made of two half-lines £4(b;)
and £_(bj) starting at b; and ending as vertical lines. The one with the orientation
of the positive normal to B; is called £ (bj). Thus L(bj) = L4 (bj) — L_(bj) is the
ascending manifold of b; ; see Figure 8.
Let

Hap=Cy 0 /7'
and similarly define Hp 4 =Cpr N f ~1(4). The preimage of [2, 4] in Cjy is the product
H,» x[2,4]. Its intersection with A; is —a; X [2, 4] and its intersection with B; is
Bj x[2,4]. Each crossing ¢ of ; N B; has a sign o(c) and an associated flow line
y(c) from a; to b; oriented as such.

Note the following lemma.

Lemma 4.1 Let ¢ € o; N Bj. Along y(c), A; is cooriented by o(c)B; and B; is
cooriented by o(c)w;. Then

BiNA; = Z a(c)y(c).

cea;NP;
4.2 The propagator P(f, g)

.....

directed by the gradient of /. This closure contains the restriction of the unit tangent
bundle to the critical points, up to orientation. Let ¢ be the flow associated with the
gradient of /. Let Py be the closure in C,(M) of the image of

(M \ {a;, bi;i € {1,...,g}}) x]0, +oo[ — C2(M),
(x, 1) > (X, ¢ (%)),

let ((Bj x A;) N C2(M)) denote the closure of ((Bj x.A;) N (MZ \ diag)) in Cr,(M),
and set

Pr = Z Jji(Bj x Aj)) N Cy(M)) and P(f,g) = Py + Pr.
@,)e{l,....g}?

Let U be the upward vector in S?2, and let

dod = Pae () N (IC2(M) \ UM)
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be a boundary part outside the diagonal of M?2. (If Voo denotes the upward vertical
vector in the boundary of the compactification Cy(M) of M, then doq contains
(=M X Voo — ((—Voo) x M)).)

Theorem 4.2 (Kuperberg-Lescop) The 4—chain P(f,g) is a propagator and its
boundary, which lies in dC, (M), is

IP(f.9) =doa + D Jj()ite)0 (UM y ) + 54 (M),

ceC

where s (M) is the closure of s4 (]\7) in 0Cy(M).

Proof The expression of dP( f, g) is the immediate consequence of the following two
lemmas. Then it is easy to see that, for a tiny sphere dB(x) around a point x outside
the y(c), ((x x 0B(x)). P(f, 9))c, () is the algebraic intersection in UM of a fiber
and the section s¢ (]\7 ), which is one. a

Note that UM ly(c) is diffeomorphic to S? x y(c). For simplicity, UM ly(c) Wil
sometimes be simply denoted by S%xy(c), or by S?x;y(c) when the parallelization ¢
that induces such a diffeomorphism matters.

Lemma 4.3 We have
g

g
0Py = doa + s(M) = Y L(a;) x Ai— > Bj x L(b)).
i=1 j=1

Proof The boundary of Py is made of

dod + S¢ (M)

and some other parts coming from the critical points. Let us look at the part coming
from a;, where the closures £y (a;) and £_(a;) of flow lines stop and closures of
flow lines of A; start. Consider a tubular neighborhood

D*x Ly (a;) = {(uexp(if), y) |u€[0,1], 0 €[0,2, y € L(a1)}

around L4 (a;), where ¢;((uexp(i0), y)) reads (u' exp(i6), y’) for some u’ > u, for
t > 0 and for u small enough, so that 6 is preserved by the flow. When u approaches 0,
the flow line through (1 exp(i6), y) approaches L4 (a;) U Lg(A;), where Lg(A;) is
the closure of a flow line in A; determined by 6 for generic 6 (which are 6 such that
this closure does not end at a b; ). In particular, Py contains +(L4(a;) X A;), and we
examine more closely what Py looks like near (L4 (a;) x f ({1, +o0q)).
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Blow up 0 in D? to obtain an annulus B{(D?,0). Blow up Ly (a;) in D? x
L4 (a;) to replace £ (a;) by its unit normal bundle S! x £ (a;) = {(exp(if), y)}.
Let B{(D?,0) x L4 (a;) denote the blown-up tubular neighborhood. Fix a fiber
BU(D?,0)¢ = {(u,exp(i0)) | u €0, 1],exp(if) € S} of BL(D?,0) x L4 (a;), and
its natural projection onto the disk Dé = {uexp(if)}. Then there are topological
embeddings
Ey: D x]—00,1[— f~!(~o0, 1]),
(uexp(if),x)—>m = Ej(uexp(if), x),

such that m is on the flow line through the point u exp(i 8) of Dé and f(m) = x, and

Ey: BU(D*,0) x]1,5[— f71(1, 3],
(u,exp(if),x) —>n = E,(u,exp(if), x),
such that f(n) = x, n is on the flow line through the point u exp(i ) of BL(D?,0),

if u#0,and E>(0,exp(i0),x) € Lg(A;). Then Py intersects 71 (Q—o0, 1) x
£71(1, 3]) near £4(a;) x f~1(]1, 5[) as the image of the continuous embedding

E: BU(D?,0)o x ]—o0, 1[x]1, 5[ > M?,
(u,exp(i0),x1,x3) = (E1(uexp(if), x1), E2(u,exp(i0), x3)),
and the boundary of Py contains E(d,BL(D?,0)¢ x ]—o00, 1[x]1, 5[), where
9, BL(D?,0)g = —S!

is the preimage of (0 € Dé). The closure of ]—oo, 1[ is naturally identified with
L+ (a;) via Eq, so that the boundary of Py contains £y (a;) x E> (S x]1,5) and it is
easy to conclude that the boundary part coming from a; near £ (a;) x f~1([1, +o0])
is (—L4(a;)) x A; (with a minor 2—dimensional abuse of notation around «;). We
similarly find £_(a;) x A; in 0Py, and the part of 0Py coming from a; is (L—(a;) —
Li(ai)) X A;.

For L4 (bj), we similarly get a part of 0P,

— |J flow line £g(B}) x L4.(b)).

exp(if)eS'!
locally oriented as (flow line L4 (B;)) x (S! x £4(b;)), where B; locally reads as
(—L4(Bj) x S1), and the boundary part coming from b; is B; x (L—(bj) — L1 (b})).
The two boundary parts (—L(a;)) x A; and Bj x (—£(b;)) intersect along a two-
dimensional locus, and the 3—cycle 9Py is completely described in the statement. [
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Lemma 4.4 We have

g g
0Pz = Lla)x Ai+ Y Bi x L) + Y Tje)i@o(©)(S? x y(c)).

i=1 j=1 ceC

Proof The interior of a figure similar to Figure 9 embeds in the closure A4; of the
ascending manifold of a; in M . The whole closure is obtained by attaching such an
open disk to the ascending manifolds (L(bj) = L1 (bj) — L_(bj)) of the b;.

Figure 9: The interior of A; (in the figure o(c;) = 1= —0(c2))

Recall that when the sign o(c¢) of a crossing ¢ € o; N B is 1, B; is positively normal
to A; and «; is positively normal to B; along the interior of y(c); see Lemma 4.1.

When A; arrives at b; by a line y(c), it opens to £(bj) and we find

g

9A; = Z > oL = Za,,ﬂ, Ho L)), 0B;=Y (ai. Bj)H, ,L(ar).

j=1cea;NB; i=1

Near a connecting flow line )/(c), B; is parametrized by B; x y(c)(]1,5[) and A;
is parametrized by y(c)(]1,5[) x ;. Near the diagonal of such a line, B; x A; is
parametrized by the height of the first point in [1, 5] followed by the tiny difference (sec-
ond point minus first point), which is parametrized by (height difference, ot;, —(—8;)),
where one minus sign in front of B; comes from the permutation of the parameters,
and the other one comes from the fact that 8; is now used to parametrize the difference,
so that we get ) .. ,7j(c),-(c)0(c)(S2 X y(c)) in the boundary. a
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4.3 Using the propagator to prove Proposition 3.4

Let ¢ denote the continuous involution of C, (M) that exchanges two points in a pair
of (M?\ diag). Note that ¢ reverses the orientation of C,(M).

Lemma 4.5 Forany 2—cycle G = }_ (. 4)ec2 &cd (¥ (¢c) X y(d))) of C2(M),

Kﬂ=[ > &ﬂwunxwww}

(c.d)ec?

Proof With the notation of Section 3.2, for ¢ = 4+ and n = =+, let

Y (©)veayns) = Ya(c) + [c5. 1+ va(c)

so that

V(O = 7 (@t o+ B) T VOt ayv-1) + Y (Ov=aw+ @) + ¥ (Ov-(aw-®)-
Then for any ¢ and for any 7,
Go= > geav(©) x y(d)vepns)
(c,d)ec?
is a 2—cycle homotopic to
Ge"= Y geav (v aypn) X ¥ (d).
(c.d)ec?
Now,

UGS == Y 8eav(d) Xy (©)v—s(p—1(8):
(c,d)ec?
and, since [tx(S)] = —[S], tx is the multiplication by (—1) in Hy(C,(M);Q), and
(—t(G3™)) is homologous to G®7. Since G is the average of the G®7, and since
(Z(c,d)ec2 gcay(d)xy(c))) is the average of the (—t (G2™)), the lemma is proved. O

In order to prove Proposition 3.4, we are now left with the proof that
[Gl= > geallc.d)[S].
(c,d)ec?

We prove this by transforming the y(¢) into

V(v = 3 (©)y+@) + V(©v-(5)):

where y(¢),+ ) (resp. y(¢),—()) is obtained from y(¢) by pushing it much less than
the distance between y(c),e(4)vn(5) and y(c), in the direction of the positive (resp.
negative) normal to Bj (), except in the neighborhood of a; (), where
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* y(c)y(p) is in A;(.) and it is transverse to the B;,

e the starting points near @; of all the y(c),+ ) and the y(c),—() for which
i(c) =i coincide, they are denoted by a; ,(5),

* this starting point a; ,,(z) does not belong to the sheets of the B; corresponding
to crossings of «; and the B;, (these sheets meet along L(a;)),

* the first encountered sheet from a; ,(;3) when turning around L(a;) like o; is
the sheet of p(c;).

See the local infinitesimal picture of Figure 10. Recall from Lemma 4.1 that ¢; is the
positive normal to B; along flow lines through positive crossings.

A RA L e

Figure 10: The y(c),+ ) and the y(¢)y—(5) near a; (where o (p(a;)) =
o(f)=1=-a(e))

We shall similarly fix the positions of the

y(d)) = 5 ( @)yt vt @) + VD)ot ap-@) + V(D)o yvt @) + V(Do)

by homotopies of the y(d)yeayvn(i) = ¥5(d) +[d5. dg] + yg(d), with the notation
of Section 3.2, so that

o forany d, 0y (d)ye(aypn ) = b}'}(d) —af(d) is fixed;

o y(d)yeayn(p) is on the & side of A;(4) except near b;(4) where its orthogonal
projection y(d),(4) on Bj(g) is shown in Figure 11;

e y(d)yeayn(p) is on the 7 side of B;(y4) except near a;(4) where its orthogonal
projection on A;(4) behaves like the projection of y(d),n(p) in Figure 10 at a
larger scale.
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In particular, the orthogonal projections on Bj(4) of b;f(d) and bj_( 4y both coincide
with the intersection point of the dashed segments in Figure 11, and the orthogonal
projections on A;(g) of alT’E d) and ) both coincide with the intersection point of
the dashed segments in Figure 10 at a larger scale.

y(e) Yty P, VO

y(f)v‘f‘(.A)‘/\ Y (p(B))) =7 (P(Bi))v=(

x+ y(p(ﬁ]))v"r(_A)

NI
v

Figure 11: The orthogonal projections of y(d) on B; near b; (where

a(p(B)) =o(f)=1=-a(e))

Since we have fixed these positions, we have the following proposition, which implies
Proposition 3.4.

Proposition 4.6 We have
(v (©)vi) X v(d)), P(f,9)) = Lt(c.d).

Recall P(f,g) = Py + Pz. We prove the proposition by computing the intersections
with Pz and Py in Lemmas 4.7 and 4.8 below.

Lemma 4.7 We have
(Y (v X v(d)), Bj x Ai) = —([p(a(c)), cla, Bj) e, [p(B(d)). d|p).

Proof In any case, (y(c)up) X v(d)). Bj X Ai)c,(m)y={y©v@). Bi)m (¥ (@), Ai)m -

The only intersection points of y(c),s) with B; are shown in Figure 10. Then since
the y(c)y(p) cross the B; like the o;, which are positive normals for B; along flow
lines associated to positive crossings, we have

(v (@), Bj)m = ([p(a(c)), clace) Bi)-
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The computation of (y(d)|,.A;i)a is similar since the position of the y(d); with
respect to B; does not matter. The only difference comes from the fact that the flow
lines are oriented towards bj(4) so that they cross the A; like (—f;), which is the
positive normal along flow lines associated to negative crossings (see Figure 11), so

(v(@d)y, Aiym = —{ai. [p(B(d)).d]|g(a))- a
Lemma 4.8 We have

(v xv(d)). Py) = {[p(a(c). cla. [p(B(d)).d|p).

Proof Assume ¢ € a; N Bj() and d € gy N Bj. When the first M —coordinate of
a point of Py is in y(c) \ @;, its second M —coordinate is in (y(c) UL(bj())), and
therefore it is notin y(d) . Since the first M —coordinate of a pointin y(c), @) Xy (d))
is very close to y(c), y(c)yp) X v(d)| intersects Py in a small neighborhood of
a; X Ai .

Thus, the intersection points will be very close to pairs of points on flow rays from a;
on A;, the closest point to @; being on y(c), () and the second one on y(d) . Then,
for a given y(c), the second point must be on the subsurface D(y(c)) of .A; made of
the points x such that the flow ray from a; to x intersects y(¢),+g) Or ¥(¢)y—(5)-
This interaction locus of y(¢),+(s), D(y(c)), is shown in Figure 12. The interaction
locus of y(c),-(p) is similar.

y(e) Z”(?)ﬁ(s)

Y (ot ) X y(p(ai))

‘é y(» (Ozi))v-i-(g)

v Lo

Figure 12: Interaction loci of y(e),+) and y(f),+) on A; (where

o(f)=1=—-0(e))

The only intersection points of y(d); with the domain D(y(c)) of A; are near the b;
and they are shown in Figure 11.

The curve y(d)| meets A; near a crossing line y(e), where near means in the sheet
of y(e) around L(b;),
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* with probability 1 if i(e) =i andif e € [p(B;), d[p;,

e with probability % (depending on the side of A; for y(d)| near b;)if i(e) =i
and if e = d, (this is also valid when e = p(B;) =d),

e with probability 0 in the other cases.

The corresponding intersection point is in D(y(c)) if e € [p(;), c[y;, orif e = ¢
and y(d)| is on the correct side of B; (the (—a;) side), that is with probability %
independent of the previous one.

Then M is oriented as (flow line X ¥ (¢), ) X v (A;)) near a; and Py is oriented as
(beginning of flow line x diag(y (¢)y () ¥ v T (A4;)) x end of flow line),
which is intersected negatively by y(c), ) X vT(A;), where vT(4;) is oriented like

o(e)B; and like (—o(e))y (d)) near a pointin (y(c), ) X y(d)) N Py corresponding
to a crossing e of [p(a(c)),cle N[p(B(d)).d|p. O

5 The combing associated with m and its associated
propagator

In this section, we first define the combing X (w,m) of M. Next we introduce
correction 4—chains Py, and Py in UM C dC,(M) such that the sum P = P(f, g) +
Py, + Py is a propagator associated with X (w, m).

5.1 The combing X(w, m)

Consider the matching m introduced in Section 3.5. Up to renumbering and reorienting
the B;, assume that ¢; € o; N B; and that o(c;) = 1. Set y; = y(c;).

There is a combing X = X(w,m) (section of the unit tangent bundle) of M that
coincides with the direction s4 of the flow (and the gradient of /') outside the union
of regular neighborhoods N (y;) of the y;, that is opposite to s, along the interiors
of the y; and that is obtained as follows on N(y;). Choose a natural trivialization
(X1, X5, X3) of TM ona regular neighborhood N (y;) of y;, such that

e y; is directed by Xi;
e the other flow lines never have X as an oriented tangent vector;

e (X1, X>) is tangent to 4; (except on the parts of A; near b; that come from
other crossings of «; N B;), and (X7, X3) is tangent to B; (except on the parts
of B; near a; that come from other crossings of «; N B;).
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This parallelization identifies the unit tangent bundle UN (y;) of N(y;) with S2xN (¥;).
There is a homotopy /: [0, 1]x (N (y;) \ ¥i) — S? such that

* hy is the unit tangent vector to the flow lines of ¢;
e /1y is the constant map to (—X7);

* h(y) goes from ho(y) = s4(y) to (—X7) along the shortest geodesic arc of
S? from s¢(y) to (—X71), which is denoted by [s¢(y), —X1].

Let 27 be the distance between y; and dN (y;) and X (y) =h(max(0, 1-d(y,¥i)/n), »)
on N(yi)\vi,and X = —X along y;.

Note that X is tangent to 4; on N(y;) (except on the parts of A; near b; that come
from other crossings of «; N B;), and that X is tangent to B; on N(y;) (except on
the parts of B; near a; that come from other crossings of «; N B;). More generally,
project the normal bundle to y; to R? in the X;—direction by sending y; to 0, A;
to an axis £;(A) and B; to an axis £;(B). Then the projection of X goes towards 0
along £;(B) and starts from 0 along £;(A), it has the direction of o4(y) at a point y
of R? near 0, where o, is the planar reflexion that fixes £;(A) and reverses £;(B);
see Figure 13.

L;(B) X3
vdN LA 2
R4 A

Figure 13: Projection of X

Then X () is on the half great circle that contains o,()), X7 and (—X7). In Figure 14
(and in Figure 7), y; is a vertical segment, all the other flow lines corresponding to
crossings involving «; go upwards from a;, and X is simply the upward vertical field;
see also Figure 20.

Figure 14: The flow line y;
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5.2 The propagator associated with a combed Heegaard splitting

Recall that UN(y;) is identified with S2 x N(y;). Let P, = Pj(m) be the closure
in dC,(M) of the image of {(¢, y);¢ € [0, max(0, 1 —d(y,y:)/n)].y € N(yi) \ yi} in
S2x (N(y)) under ((z, y) = (h(z, ), ¥)).

Lemma 5.1 We have 0Py, = X(M) —S¢(1\7) - Z,ﬂg:l U]\\/jh/,--

Proof We explain the (UMM = S? x y;) part of 3Py, with its sign. The homotopy A
naturally extends to [0, 1] x BL(N(yi), vi), where BL(N(y;),y;) is obtained from
N (y;) by blowing up y;, so that (—BL(N(y;), yi)) contains the unit normal bundle
S! x y; of y; in Cyz, in its boundary. Then 0P, contains

{(h(t, ), py; (1) € S*xyi |t €]0, 1], y € S" x i},

where S, which is the blown-up center of the fiber D? of N(y;), is mapped by o, to
the equator of S? so that the image of ([0, 1]x S!) covers a fiber S? of UM, ly; With
degree (—1). a

Recall the 1-cycle

g
L) =>"yi— Y Ji@i@o @y ().

i=1 ceC

Let ¥ (m) be a two—chain bounded by L(m) in M and let
Ps = UM|5(n).-

Note that Py, is homeomorphic to S? x X (m).

Proposition 5.2 The chain

P=P(f.9)+ P+ Px
is a propagator associated with the combing X (w,m).
Proof The boundary of P is (X (w,m) (1\7 )+ 0oq) - a
Recall that ¢ denotes the involution of C,(M) that exchanges two points in a pair.
Then ¢(P) is also a propagator associated with the combing (—X (w, m)). Theorem 2.1

defines ®(M, X(w,m)) from the algebraic intersection of P and ¢(P), which we
compute from now on in order to prove Theorem 3.8.
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6 Computation of [Pxw,m) N P-x(w,m)]

6.1 A description of [Pxw,m) N P-x@w.m)]

Fix w, m, X = X(w,m), L = L(m) and ¥ = ¥(m) such that 0¥ = L.

Consider a vector field ¥ of X1 on M such that

e Y vanishes outside Cpy;
e the norm of Y is one on the y(c);

e forevery i, Y(a;) is tangent to the line £(a;), which is the descending manifold
of a; (but Y (a;) does not necessarily direct the line),

e forevery j, Y (bj) is tangent to the line £(b;) (again, Y (b;) does not necessarily
direct the line).

Then Ly denotes the link parallel to L obtained by pushing L in the Y direction.
Along y(c), 0, is the symmetry of X with respect to A; (c) that preserves the vectors
tangent to A;(.) and reverses the vectors tangent to Bj (). Define y(¢) X ¥ (d) |, (-1)
as the product of y(c) and a parallel of y(d) “infinitely” close to y(d) in the direction
of 0,(—Y). This can be formalised as follows. When ¢ # d,

Y(©) X y(d)jo,(—y) =y (c) X y(d)

(away from the possibly coinciding ends). For x € y(c), let y.(c) denote the unit
tangent vector of y(c) at x that orients y(c), and let [y, (c), % (¢)]o,(~y) denote
the half great circle in the fiber U]\ZX through o4(—Y(x)) towards y,(c). Let
S[=y/ (€).' ()]og—1) (Y () be the total space of the bundle over y(c) of these half
circles. Then

Y (©) X ¥ (©)og(~¥) = v (0)* \ diag(y (©)?) = 5[~/ (c).1"(log -y, ¥V (€))-
Similarly, si—x, x7,,_y, (0%) is the total space of the bundle over 9% of the half circles

[~X, X]o,(—y)- In this section, we prove the following proposition.

Proposition 6.1 Let Y be a vector field of X1 as above. There exists a two-chain
O(0q(—Y)) in the hemispheres centered at 0,(—Y) in UM, a;u(U; b)) such that

G%¢(Y) = Z Tii Tek (B NV Ag) x (Bg N A,')”Ga(_y))
(i,j,k,0)e{l,..., g
Y Ti@i@0 (¥ (©) X Y (©)jou(-1)) + O0a(=Y))
ceC
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isa 2—cycle of Cy(M') whose homology class is unamb1guously defined. Let S be a
fiber of UM and let X(X) denote the graph of Xy, in UM . Set

GR, (X, Y) =1K(L, Ljy)S — (X(Z) = (= X)(D) = S[-X. X 1oy, (OD))-

Then the cycle
Gy =Gh (V) + G (X.Y)

represents the homology class of P x(y,m) N P—x (w,m) -

6.2 Introduction to specific chains Py and P_x

In this subsection, we deform the propagators P and ¢(P) constructed in Section 5.2
to propagators Py and P_yx that are transverse to each other, in order to determine
their algebraic intersection.

Let [—1,0] x 0C,(M) be a (topological) collar of dC, (M) in Cy(M). Then Cr (M)
is homeomorphic to

Co(M) = (M) \ (=3, 0] x IC> (M)
by the shrinking homeomorphism
hy: Co(M) — Cy(M),
(t,x)e[-1,0] x0C, (M) — ((t—1)/2,x) € [-1, —%] x dCy(M),

that is the identity map outside the collar. Identifying [—%, 0] with [0, 6] by the
appropriate affine monotonous transformation identifies C, (M) with

Co(M) Uyg, () ([0, 6] X IC2 (M),
which is our space C,(M) from now on.

Use /i to shrink P(f, g) and ((P(f, g)) into Co(M), and construct transverse Py
and P_yx with respective boundaries {6} x Py and {6} x 9P_x as

P_x = hs(P(f. ) + [0, 1] x d(P(f, 9))
{1 X u(Py) 4+ [1,3] X (1(=S2 X L + 8oq) + (= X) (M)
F 31 x(S? X B) +[3,6] x (= X)(M) + t(30a)),

while the following expression of Py, which is partially schematically drawn in
Figure 15, will require a perturbating diffeomorphism W of C,(M') isotopic and very
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close to the identity map in order to get transversality near the diagonal:

Px =hs(¥(P(f.9)) +10.2] x 0¥ (P(f.9))
+ {2} X W(Py) 4+ [2,4] x U(=S% x L + X(M) + doa)

{4 X U(SEX Z) + [4, 5] x W(X (M) + doa)
+ {5} X W[g,01(0Px) +[5,6] x IPyx,

where W[, 01(dPx) is the small cobordism between W (X (1\7 )+ 0oq) and 0Py induced
by the isotopy between W and the identity map. We describe W in the next subsection.

Py
[5, 6]x
‘II(X(M)) {5} X qj[&,O](aPX)
[2, 5]x
(4} x W(S? x z)g M xw(s2xx) (f

[2.41x {  W(UM_L)

{2}X\W(Pp)e—
WU, )

Figure 15: The chain Py N ([0, 6] x dC2(M)) and its horizontal pieces

6.3 The perturbating diffeomorphism ¥y . of C(M)

Recall that Y is a field like in Section 6.1. For n small enough, we have an isotopy
Yy: [0,n]x M — M such that %WY(Z, y) = Y(y) and yq is the identity.
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Let
Xe: [0,6] —>[0,¢], Or>e, &0,

be a smooth family of decreasing functions with horizontal tangents at 0 and & for
e €0, n].

Fix e. Consider the diffeomorphism ¥ = Wy . of C; (1\7 ) that is the identity outside
a neighborhood UM x [0, €] of the blown-up diagonal, where the second coordinate
stands for the distance between two points in a pair, and that reads

(v € UMy, u) > (Try (xe (), m)(0, v), u)

on UM x [0, €], so that it coincides with Ty on (UM = UM x {0}), where ¥ =
wY(Ss )
Define the flow Yoy ! ((¢,m) — ¢~ (m)) on M . Observe that

W (s4(M)) = 541 (M).

The projections of the directions of the flow lines of V4« (¢) = V¢! onto a fiber of
the tubular neighborhood of a line y(c) are shown in Figure 16. We shall refer to the
directions of these projections as horizontal directions.

-Ai W(Al) A Y

2T ¥y (B)
W B

Figure 16: Horizontal directions of the flow lines of ¥« (¢)

Without loss of generality, assume that the isotopy ¥y moves the critical points a;
along the lines £(a;) and the bj along the L£(bj) (recall that Y is tangent to these
lines). Let ¢ denote the flow ¢ reversed so that ¢(Pgy) = P¢7.

Lemma 6.2 For ¢ small enough, the direction of W« (¢) (which is the direction of
Sy.(¢)) along y(c) is very close to a geodesic arc between the direction of ¢ and
0a(=Y), so that its distance in S? from 0,(Y) is at least 7w /4.

The direction of ¢ along ¥ (y(c)) is very close to a geodesic arc between the direction
of (=T(¥(y(c)))) and 6,(—Y), so that its distance in S? from o,(Y) is at least 7w /4.

Furthermore, the direction of W« (¢) at the critical points and the direction of q_ﬁ at their
images under  coincide with o,(—Y).
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Proof Away from the ends of y(c), the direction of ¥« (¢) along y(c) is very close
to the tangent direction of y(c), and it is slightly deviated in the orthogonal direction of
04(—Y) since y(c) is obtained from ¥ (y(c)) by a translation of —Y ; see Figure 16
and Section 5.1. Near the critical points, the direction of V. (¢) approaches the direction
of 04(—Y), and it reaches it at the critical points. Similarly, the direction of ¢ along
¥ (y(c)) is very close to the direction of (=T (y(c))) away from the ends and it is
slightly deviated in the orthogonal direction of (—o,(Y")). Near the critical points, the
direction of q_b approaches the direction of o,(—Y), and it reaches it at the critical
points. |

Lemma 6.3 We have that lim;_,o W(Pg) N t(Py) is discrete located at the points
So.(—y)(@i) and s, (—y)(bj) of UM , which are the unit tangent vectors directed by
04(—Y) at the critical points.

Proof Observe that Py N i(Py) is supported on the restrictions of UM to the critical
points. Therefore, for & small enough, W(Pg) N t(Py) will be near the restrictions
of UM to the critical points. There are 4g points of type S(E(W(a,-)), Sy ) (@i)
sq;(w (bj)) and sy, (4)(bj) in the intersection. They have the wanted direction thanks
to Lemma 6.2. Except for those points we have to look for flow lines for ¢ and
flow lines for 1«(¢) that intersect twice and that connect the intersection points with
opposite directions. Under our assumptions, this can only happen on the lines £(c)
between ¢ and ¥ (c) for a critical point ¢. Indeed, outside £(c), ¢ and ¥(¢) both
escape from the neighborhoods of L(c¢) if ¢ = a;, or both get closer if ¢ = b;. On
these lines, the only parts where ¢ and ¥« (¢) have opposite directions is between ¢
and ¥ (c), and the tangent direction to ¢ is the direction of o4(—Y). a

6.4 Reduction of the proof of Proposition 6.1

Consider a regular neighborhood N of the union of the y(c) that contains the ¥ (y(c)),
and consider the fiber bundle over N whose fibers are the complement of an open disk
of radius /4 around o,(Y) in the fibers of UN . Let E be the total space of this
bundle and let N =[—1,0]x E C[—1,0]x dCy(M) C Ca(M). Then Hy(N;Z) =0.

Without loss of generality, the chains Py and P_x are now assumed to be transverse
so that their intersection /I is a 2—cycle of C,(M), which we are going to compute
piecewise. We shall neglect the pieces in A and write them as O(N) in the statements.
Sometimes, we shall also add arbitrary pieces in A in order to close some 2—chains
and find some 2—cycle I’ such that

I'=1+0W)
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so that /" will be homologous to 1.

We shall also consider continuous limits when possible to simplify the expressions as
in Lemma 6.3, which now reads

lim W(Py) N1(Py) = OWN)
or, for & > 0 small enough, W(P4) Ni(Py) = ON).
For example,
Px NP_x N([3,6]x IC2(M))
=[3.31x (Y (X)(L) = (=X) (Y (L)) + {3} X (=¥ (X) () + S* x (Y (L) N )
—[3. 4] x (=X) (Y (L)) + {4} x (=X) (¥ (%))
= {3} X (—Yx(X))(D) + {4} x (X)) (Y () + {3} x S* x (Y (L) N E) + O(N).

Then S? x (¥ (L) N X) is a disjoint union of spheres homologous to 1k(L, Lyy)[S].
Let

= lim (—{3} x (Y= (X))(Z) + 14} x O (D)),
=—-{3} xX(2)+ {4} x (=X)(2)

=—{3} x X(2) + {4} x (=X)(¥)

- [3’ 4] S (_X)(L) + {3} X S[—X,X]aa(_y) (L) + O(N)’
where the last equality comes from the fact that both
[3.4]x (=X)(L) and {3} X S[-X,X]o,y (L)

are in N'. Then Px NP_x N ([%, 6] x dC,(M)) is homologous to G%(X, Y) mod
N and the proof of Proposition 6.1 is reduced to the proof of the two following
propositions.

Proposition 6.4 We have
Px NP_y NCo(M) =Gh (Y) + OW).

Proposition 6.5 We have
Px NP_x N([0,3]xIC2(M)) = ON).

In particular, G’ (Y ) may be thought of as the intersection of P(f,g) N P(—f, g)
in the interior of C2 (M), while GT ¢(Y) collects the intersection coming from the
boundary corrections.
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6.5 Proof of Proposition 6.4
Lemma 6.6 We have

é}l_r)rb V(Pr) Nu(Pr) = Z Jji Tek (Bj N Ag) X (Bg NAi)jog(-1) + OWN).
Gj kDL, ...g}*

Proof The intersection B; x A; N (Ag x By) is cooriented by the positive normals of
Bj, A;i, Ax and By in this order. Therefore the intersection reads as in the statement
of the lemma away from the diagonal. Near the diagonal and away from the critical
points, A; and B; are moved in the direction of Y. If ¥ = d + b where a is tangent
to Ay and b is tangent to By, then abusively write A; = A +b and Bj = By +a and
see that the difference of the two points is moved in the direction (b —a) of o,(-Y),
so that the corresponding intersection sits inside the neglected part N'. (When two
points vary along the same y(c), the second one will be deviated in the direction of
04(—Y) so that the limit pairs of points describe an arc in UM, ly(c) from —y’(c) to
y'(c) through o,4(—Y), that is along the half great circle [—y’(c), ¥’ (¢)]o, (-¥)-)

Y
Aj \

Ay

B; By

S

QU

Figure 17: Deviation near the diagonal

Near a critical point, two points can come from different crossings. Then the direction
between them in (B; N Ag) x (Bg N A;) \ diag is orthogonal to Y = +0,4(Y). The
field Y can be assumed to preserve the 5—sheets near the a¢; and the .4—sheets near
the ;. Then the difference of the two points is moved in the direction of 04(—=Y) so
that it belongs to the hemisphere centered at o,(—Y). o

Lemma 6.7 We have
lim W(Py) Ne(Pr) = 3 Tj(eyito) (0 (@) v (@)t <12} + O(N).

ceC

Proof The intersection Py N (L(P1) = Y (i jye(1... g3 JjiAi X Bj) is supported on

.....

U@ @) y(©@):h <2}

ceC

away from the unit bundles of the critical points. It is transverse except near these unit
bundles.

Geometry & Topology, Volume 19 (2015)



1240 Christine Lescop

Let c €a;NB;. Along y(c), A; xB; is cooriented by B; xa;. Then PyN(A;xB;) will
be oriented as (—a (c)){(y(c)(t1),y(c)(t2));t1 < t2}. Since Y« (¢) is almost vertical
away from the critical points, we are left with the behavior near the critical points. Near
a; on A;, (or near bj on B;) the direction of /«(¢) is in the hemisphere centered at
04(—Y), according to Lemma 6.2, so that the pairs of points of .4; x B; connected by
flow lines of 1« (¢) near a critical point are in N . a

Similarly, we have the following.

Lemma 6.8 We have

lim W(P2) N1(Py) = Y Tjoi(e(~o (DI @),y @ @)1 > 2] + OW).

ceC

Proof Away from the unit bundles of the critical points, it is clear. According to
Lemma 6.2, the direction of ¢ on v (A;) near ¥ (a;) (or on Y (Bj) near ¥ (bj))isin the
hemisphere centered at 0,(—Y'), so that the pairs of points of (¥ (B;) XV (A;)) Nt(Py)
near the critical points are again in /. |

Proposition 6.4 is a direct corollary of Lemmas 6.3, 6.6, 6.7, 6.8. O

6.6 Proof of Proposition 6.5

We prove that (Px NP_x N ([0, %] x dCy(M))) isin N.

According to Theorem 4.2,
IP(f.9) =Doa+ Y Ti(ite)0 ()(S? X ¥(c)) + s4(M).

ceC

Therefore, according to Lemmas 6.3 and 6.2,

V(OP(f,9) NA(P(f,9) = OWN).
Let us now show that

V(OP(/f.9) Ni(Py) = ON).

According to the construction of Py, in Sections 5.1 and 5.2, ¢(P}) intersects

W(S?xy(e) = S? x Y (y(c))

on spz _ X](l/f (y(c)), where [¢, —X] is the shortest geodesic arc between the tangent to
¢ and —X , which is in the hemisphere centered at o,(—Y), according to Lemma 6.2.
Now look at the intersection of ¢(Py) and sy, (¢) (]\7 ), where the direction of ¥ (¢)
must belong to [¢, —X]. This can only happen in a tubular neighborhood of y; at a
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place where the flow lines of ¥4 (¢) and ¢ have the same horizontal direction. This only
happens between y; and v (y;), more precisely in the preimage of the rectangle shown
in Figure 18 under the orthogonal projection directed by X;. There the horizontal
direction is close to the direction of o4(—Y).

B; Y (B) / .
< $ Ny
,,,,,,, ,(_,, 7,,,
2 ;w*@s)

Figure 18: Tangencies of the flow lines of ¢ and V/x(¢) near some y(c)

Similarly,
W(Py) N (S®x L+ (—X)(M)) = ON).

Indeed, since the horizontal component of the direction of «(¢) along y(c) is in
the direction of o4(=Y), W(P) N (S? x L) = O(N). Now, (—X) can belong to
[V« (@), ¥« (X)] only if the direction of the horizontal component of (—X'), which is
the direction of the horizontal component of 55 is the same as the direction of the
horizontal component of sy, (4). This can only happen in the same rectangles as before
where (—X) is in the hemisphere centered at o,(—Y'). Finally,

W(—S2x L+ X(M))N(S*x L+ (~X)(M)) = O(N)

since it only consists of unit tangent vectors to M over LU ¥ (L) in the direction
of £X. a

7 Concluding the proof of Theorem 3.8

Recall that w, m, X = X(w,m), L = L(m) and X such that 0¥ = L are fixed. Note
that X depends neither on the orientations of the «; and the f;, nor on their order.
Furthermore e(w, m) is independent of the order of the ;. Thus, the permutation p of
{1,2,..., g} associated with m is assumed to be the identity, without loss of generality.
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7.1 Reducing the proof of Theorem 3.8 to an Euler class computation

Define four nowhere zero fields Y+*+, Y+t (Y "t =—Y T )and (Y~ =-Y*T)
of X1, up to homotopy among nowhere zero fields, over a neighborhood of the y(c),
so that

e Yt and YT are positive normals for A; on Hy <3 = Cpr N f~1(]—00, 3)).
(This means that Y ™% (or Y ™) followed by an oriented basis of the tangent
space to A; gives rise to an oriented basis of the tangent space to M .)

e Y*t and Y~ are positive normals for B; on Hp >3 =Cy N 713, +o0[).

Y++ Y+—

N AN

y—+ y—+ /ﬁ, Y~

o

/\
/\

Figure 19: The fields Y*7 on f~1'({3})

More explicitly, such fields Y®7 can be pictured on f~!({3}) as in Figure 19 and
the field YT becomes closer to the “actual positive orthogonal normal” to 4; as
we approach a;, and closer to the “actual positive orthogonal normal” to B; as we
approach b;, where Figure 19 cannot be drawn anymore. (In order to determine these
fields up to homotopy among nowhere zero fields, it is enough to determine an open
half-space where they lie, continuously.)

Then with the notation of Sections 3.2 and 3.5,
1
Ik(L(m). L(m)) = 5 > (L. Ljyen)
(3’77)6{4‘:_}2
and, with the notation of Proposition 6.1,
1 .
Gnl=5 > (G +GF (XY™,
(5777)6{4‘,—}2

where 0, (—Y &) = Y& 5o that the collection of the o4(—Y ") is the same as
the collection of the Y®" and, thanks to Lemma 4.1,

GDI=7 Y 16,0
(e.me{+,—}?

with the notation of Proposition 3.2.
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Therefore, thanks to Proposition 6.1, the proof of Theorem 3.8 is reduced to the proof
of the following equality in H, (UM ;Q):

[X@—(—X)(z)—% > S[_X,X]Yg.,,@z)]=e(w,m)[S1.

(85 77)6{4‘9_}2

Consider the rank-2 subvector bundle X+ of TM of the planes orthogonal to X .
Let X1 (X) be the total space of the restriction of X L to our surface =. Let Y be a
nowhere zero section of X+ on 9. The relative Euler class e(X+(2),Y) of Y in
XL(3) is the obstruction to extending ¥ as a nonzero section of X +(X) over . If Y
is an extension of Y as a section of X (X) transverse to the zero section so(X (X)),
then

e(XH(2).Y) = (Y(2). 50(X (D) x1(3)-

Lemma 7.1 Under the assumptions above,
[X (D) = (=X)(D) = sp-x.x1y, (0X)] = e(X-(2), Y)[S]
in Hy(C2(M)).

Proof If Y extends as a nonzero section of X+ (X) still denoted by Y, then the cycle
of the left-hand side bounds s;_ x x1, (¥). This allows us to reduce the proof to the
case when X is a neighborhood of a zero of the extension Y above, that is when X
is a disk A equipped with a trivial D?-bundle, and when Y: A — 3D? has degree
d==+1.Thend =e(X+(A),Y), and [X(A)—(=X)(A)—s—x,x]y (0A)]=d[S]. O

Thus
[X(D—(—X)(m—i 3 S[—X,X]YS,,,@E)]:% 3 e(xt(m), yens).

(€9U)€{+=_}2 (8=n)e{+a_}2
The proof of Theorem 3.8 is now reduced to the proof of the following proposition,
which occupies the end of this section.

Proposition 7.2 We have
1

e(w.m) =7 > e(X(w.m)H(2). YT,

(e.mef{+,—}2
Remark 7.3 Note that this proposition provides a combinatorial formula for the
average of the Euler classes on the right-hand side. In this formula, the d.(8;) and
de(|cj(c)- ¢|p) depend on our rectangular diagram of (D, m, w) in Figure 3. Thus, the
proposition implies that the sum e(w, m) is independent of our special picture of the
Heegaard diagram.
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7.2 A surface X (L(m))

Let Hp >, = Car N f71([2, +00]). For any crossing ¢ of C, define the triangle Tg(c)
in the disk (D>2(Bj(c)) = Bj(c) N Hp >>) such that

0Tg(c) = [cj(e).clp+ (v () N Hp >2) — (Vi) N Hp,>2).
Similarly, define the triangle Ty (c) in the disk (D<2(@;(c)) = Ai() N Hy) such that

0Ty (c) = _[Ci(c)v Cla + (y(c) N Hg) — (Vi(c) N Hy).

Proposition 7.4 Recall H, » = Cps N f~1(2). There exists a 2—chain F(m) in H, ,
such that the boundary of

S(Lm) = F(m) =Y Tj0ie)0 () (Tp(c) + Tu(c))
o< Y ) T @i, cjey.clp) D=2 (B))
UE....g12 €& —(lci(e)s clas Bj) D<2(ai))
is L(m).

Proof The boundary of the defined pieces reads (L (m) + u) where the cycle u is
U= Ji©i ) (i) cla —[cj(e)- lp)
ceC
+ Y D T @Ti(e. ¢ clp)Bi — (i) cla- Bi)e).
(],I)E{l a"'ag}z ceC
Compute (og,u) by pushing u in the direction of the positive normal to o and in
the direction of the negative normal, and by averaging. Since «y intersects neither the

pushed [¢;(¢), ¢]o nor the pushed «;, and since its intersection with the above average
of the pushed [cj (). clg is {ak. |cj(c). clp),

(1) == T ity Ok ¢j@y-clp) + D Tty (©) (e |¢j)-clp) = 0.

ceC ceC

Similarly, (u, B¢) = 0 for any £ so that (—u«) bounds a 2—chain F(m) in H,,. O

7.3 Proof of the combinatorial formula for the Euler classes

In this section, we prove Proposition 7.2.

Represent H, like in Figure 7, and assume that the curves f; intersect the handles as
arcs parallel to Figure 20, one below through the favorite crossing and the other ones
above.
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Figure 20: How the f; look near the handles’ cores

For each «;, remove the annular neighborhood of «; bounded by o U (—a}) in
Figure 20 from H, ;> to get the rectangular diagram of (D, m, w) of Figure 3, Section 3.5.

Let H(‘:z denote the complement of disk neighborhoods of the favorite crossings in
the surface H, . See H;"z as the surface obtained from the rectangle of Figure 3 by
adding a band of the handle’s upper part for each «;, so that the band of «; contains
all the nonfavorite crossings of «;. See Figure 21 for an immersion of this surface in
the plane.

..................................................... Y++ — Y+_
i o -
G ap = S ag ) Y=y
N o o o «—
1 1 g g

Figure 21: The punctured surface H",
Extend every Y = Y%7 on H, so that the fields Y'®" are horizontal and their projections
are the depicted constant fields in Figure 21.

Note that [0,2g] x [0, 4] X [—00, 0] is the product of Figure 22 by [—o0, 0] where all
the flow lines are directed by [—o0, 0].

...................................................... Y++ — Y+_
LSRR S -
Y=Yy °
oy oy o % <

Figure 22: A typical slice of [0,2g] x [0, 4] x [—0o0, 0]

Similarly, assume that the o —curves are orthogonal to the picture on the lower parts
of the handles in the standard picture of Hp in Figure 7, and draw a planar picture
similar to Figure 21 of H;: 4 (whichis f ~1(4) N Cps minus disk neighborhoods of
the favorite crossings), by starting with Figure 23 and by adding a vertical band cut by
a horizontal arc of B; oriented from right to left, for each ;.

Geometry & Topology, Volume 19 (2015)



1246 Christine Lescop

@ T ’39@\ Y=y

; [

Figure 23: A typical slice of [0,2g] x [0, 4] x [6, o]

Again, [0,2g] x [0, 4] x [6, oc] is the product of Figure 23 by [6, co] where all the flow
lines are directed by [6, oo|. Extend every Y = Y7 on Hj so that Y looks constant
and horizontal in our standard figure of Hp in Figure 7 and so that its projection on
Figure 23 is the drawn constant field.

Also assume that every Y = Y%7 varies in a quarter of horizontal plane in our tubular
neighborhoods of the y; in Figure 14. Similarly, extend every ¥ = Y7 in the product
by [2, 4] of the bands of Figure 21 so that Y*" is horizontal and is never a (—e&)—normal
to the A; there.

Let Hg , denote the punctured rectangle of Figure 3, which is a subsurface of Hy ;.
Now, Y is defined everywhere except in Hac2 x ]2, 4] so that, for the surface ¥ =
3 (L(m)) of Proposition 7.4,
e(XH(2).Y)

= e(XH(ZN(HS, x[2.4)).Y)

==Y Ji0i)0 (©e(X((¢je)- clg X [2.4]). ¥)

ceC

* Z ij(c)i(c)a(c)jji(ai,|Cj(c),c|ﬂ)e(XJ-(13j x[2,4]),Y).
(j,i)efl,...,g}2 c€C

Thus Proposition 7.2 will be proved as soon as we have proved the following lemma.

Lemma 7.5 With the notation of Section 3.5,

deBy=—5 Y e(X:(Bx[2.4),voM,

(8,77)5{4',_}2

1
de(lcje) clp) = =4 Z e(X+(Iej(e)-clp x[2,4). Y5).
(877’)6{+3_}2
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Proof Consider an arc [c, d]g between two consecutive crossings of . Let [¢/,d'] =
[e,d]gN Hg,z- On [¢/,d’] x[2,4], the field X is directed by [2, 4], the field Y*" is
defined on d([¢’, d’]x[2, 4]), and it is in the hemisphere of the n—normal to [¢, d']x[2, 4]
along d([¢/,d'] x [2,4]) \ [¢/,d'] x {2} (the n—normal is the positive normal when
n = + and the negative normal otherwise). Then e(X L ([c’,d’] x [2,4]), Y®") is
the degree of Y7 at the (—n)—normal to [¢/,d'] = [¢/,d’] x {2}, in the fiber of
the unit tangent bundle UH, » of H, trivialised by the normal to [¢/,d’]. Thus
e(X+(c',d'|x[2,4]), Y&") is the opposite of the degree of the (—n)—normal to [¢/, d']
in the fiber of UH, , at Y®" trivialised by Y*" (that is by Figure 3) along [¢’, d'].
This (—n)—normal starts and ends as vertical in this figure, and Y ®" is horizontal
with a direction that depends on the sign of &. The (—n)—normal to [¢/, d’] makes
(de(|c,d|pg) € %Z) positive loops with respect to the parallelization induced by Figure 3.
Therefore the sum of the degrees of the (—#n) normal at the direction of Y*" and at
the direction of Y87 is 2d,(]c, d|g).

This shows that

de(lc.dlp) = =3 (eCXH( dTx 2.4, Y*) + e(X (i d'] < 2, 4], Y )

=3 X e x4 Yo,

(e;mef+,—}2
The first equality of the statement follows since each side is the sum, over all the arcs
of B; between consecutive crossings, of the corresponding side of the equality above.
The second equality follows similarly. This concludes the proof of Lemma 7.5, and
therefore the proofs of Proposition 7.2 and Theorem 3.8. |
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