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Commuting symplectomorphisms
and Dehn twists in divisors

DMITRY TONKONOG

Two commuting symplectomorphisms of a symplectic manifold give rise to actions
on Floer cohomologies of each other. We prove the elliptic relation saying that the
supertraces of these two actions are equal. In the case when a symplectomorphism f
commutes with a symplectic involution, the elliptic relation provides a lower bound
on the dimension of HF*(f) in terms of the Lefschetz number of f restricted to
the fixed locus of the involution. We apply this bound to prove that Dehn twists
around vanishing Lagrangian spheres inside most hypersurfaces in Grassmannians
have infinite order in the symplectic mapping class group.

53D40; 14F35, 14D05

1 Introduction and main results

1.1 Overview

Let X be a symplectic manifold and Symp(X)/ Ham(X) be the group of all symplec-
tomorphisms of X modulo Hamiltonian isotopy. When X is simply connected, this
group is the same as o Symp(X). If one denotes by o Diff(X) the smooth mapping
class group, there is an obvious forgetful map

forgetful .
Symp(X)/ Ham(X) ——— mo Diff(X).

Paul Seidel in his thesis [33] found examples where this map is not injective: if X
is any complete intersection of complex dimension 2 other than P2 or P! x P!, and
7: X — X is a certain symplectomorphism called the Dehn twist, then 72 is smoothly
isotopic to the identity, but not Hamiltonian isotopic to the identity. Later Seidel proved
[35] that the kernel of the forgetful map is infinite for some K3 surfaces, again by
considering the group generated by a Dehn twist. Using a new technique, we study
Dehn twists in certain divisors (the main examples are divisors in Grassmannians) and
extend the range of examples where the forgetful map has infinite kernel.

Suppose X satisfies the so-called W condition, which is slightly stronger than weak
monotonicity. We define, for two commuting symplectomorphisms f, g: X — X, their
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3346 Dmitry Tonkonog

actions on Floer cohomology fher: HF*(g) — HF*(g2), gpoer: HF*(f) — HF*(f).
We then prove a theorem which was proposed by Paul Seidel (cf [39, Remark 4.1]),
who suggested it be called the elliptic relation.

Theorem 1.1 (Elliptic relation) If X is a symplectic manifold satisfying the W
condition and f,g: X — X are two commuting symplectomorphisms, then

STr( fficer) = STr(gfioer) € A.

Here A is the Novikov field. In the rest of the introduction, we explain the elliptic
relation, state its Lagrangian version, and consider applications to Dehn twists in
divisors. We begin by discussing our results regarding Dehn twists.

1.2 Order of Dehn twists in divisors

Let Gr(k,n) be the Grassmannian of k—planes in C”. Let O(d) be the line bun-
dle on Gr(k,n) which is the pullback of Opn~ (d) under the Pliicker embedding
Gr(k,n) PN . Consider a smooth divisor X C Gr(k, n) in the linear system |O(d)| =
PH(Gr(k,n), O(d)). The results below are interesting even for Gr(1,n) = P"~1,
so for simplicity one can take X C P! to be a smooth projective hypersurface of
degree d throughout this subsection.

For d > 2, X contains a class of Lagrangian spheres which we call |O(d)|-vanishing
Lagrangian spheres, which, briefly, are vanishing cycles for algebraic degenerations
of X inside the linear system |O(d)|. To every parametrised Lagrangian sphere L C X
one associates a symplectomorphism t7,: X — X called the Dehn twist around L.
(The definitions are given in Section 3.) We prove the following.

Theorem 1.2 Let X C Gr(k,n) be a smooth divisor in the linear system |O(d)|, and
L C X be an |O(d)|-vanishing Lagrangian sphere. Suppose

3<d<n or d>=k(n—k)+n-2.

Then the Hamiltonian isotopy class of Ty, is an element of infinite order in the group
Symp(X)/Ham(X).

When d =2 and k = 1 (X is a projective quadric), 77, has order 1 or 2 depending
on the parity of n; see Smith [42, Lemma 4.2]. While our proof crucially uses d > 3,
further restrictions on d are only needed to make X satisfy the W™ condition, so
that the “classical” definition of Floer cohomology of symplectomorphisms X — X
applies. There are techniques defining Floer cohomology of symplectomorphisms on
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arbitrary symplectic manifolds; see Fukaya and Ono [15]. With their help, it should be
possible to drop the W™ condition from Theorem 1.1, and the proof of Theorem 1.2
should work for all d > 3.

Recall the forgetful map Symp(X)/Ham(X) — o Diff(X). If dimc X is odd and
d > 3, the image of t7 has infinite order in mg Diff(X) by the Picard—Lefschetz
formula, so Theorem 1.2 becomes trivial. However, when dim¢ X is even, the image
of 77, has finite order in mo Diff(X) (see Section 3.4 for details), so Theorem 1.2 is
really of symplectic nature in this case. When X is Calabi—Yau (d = n), Theorem 1.2
follows from a grading argument of Paul Seidel [35]. Theorem 1.2 is new in all cases
when dim¢ X is even and d # n. For instance, it appears to be new even for the cubic
surface X C P3.

Let
A Cc PHO(Gr(k,n), O(d))

be the discriminant variety parametrising all singular divisors in |O(d)|. Theorem 1.2
implies a corollary about the fundamental group of the complement to the discriminant.
Fix a divisor X € |O(d)|. For any family X; C Gr(k, n) of smooth divisors in |O(d)|,
t €0, 1], there is a symplectic parallel transport map, a symplectomorphism X¢ — X
which depends up to Hamiltonian isotopy only on the homotopy class of the path X;
relative to its endpoints. Applied to loops, parallel transport gives the symplectic
monodromy map

monodromy

1 (PH®(Gr(k,n), O(d)) \ A) ———— Symp(X)/ Ham(X).

The discriminant complement contains a distinguished conjugacy class of loops y
called meridian loops. A meridian loop

y C PHO(Gr(k,n), 0(d))\ A

is the boundary of a 2—disk in PH%(Gr(n, k), O(d)) that intersects A transversely
once. The image of such a loop under the monodromy map is the Dehn twist t7,, where
L C X is an |O(d)|-vanishing Lagrangian sphere. Theorem 1.2 implies the following.

Corollary 1.3 If3<d <n ord >k(n—k)+n—2,and y CPH®(Gr(k,n), O(d))\ A
is a meridian loop, then

[y] € 71 (PH®(Gr(k,n), O(d)) \ A)

is an element of infinite order.
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3348 Dmitry Tonkonog

Note that [y] € H{(PH®(Gr(k,n),O(d)) \ A;Z) has finite order. For the projec-
tive space Gr(1,n) = P"~!, the fundamental group 1 (PH?(P"~!,0(d))\ A) is
computed by Lonne in [22] and implies Corollary 1.3 for k = 1. For k # 1, the
corresponding fundamental group seems not to be studied, but Corollary 1.3 should
allow a more straightforward proof, suggested to us by Dmitri Panov. Namely, assume
dimc X is even (otherwise the corollary follows from the fact that the Dehn twist
has infinite order topologically) and consider the d : 1 cover of Gr(k,n) branched
along X, which now has odd complex dimension. A nodal degeneration of X provides
an Agz—degeneration of the cover, and the monodromy around such a degeneration,
which is a composition of Dehn twists around a chain of Lagrangian spheres, has
infinite order in the smooth mapping class group (which uses the Picard—Lefschetz
formula and the fact that the spheres are now odd-dimensional). This observation is
enough to imply Corollary 1.3, bypassing the need to consider the Dehn twist in X
itself. However, we decided to keep Corollary 1.3 to add an additional context to the
main theorems.

We prove analogues of Theorem 1.2 and Corollary 1.3 for divisors in some very ample
line bundles £ — Y, where Y is a Kdhler manifold which carries a holomorphic
involution with certain properties. The precise statement is postponed to Section 1.7.

1.3 Elliptic relation for commuting symplectomorphisms

To prove Theorem 1.2, we use the elliptic relation (Theorem 1.1), which we now discuss.

Let X be a symplectic manifold satisfying the W condition explained in Section 2; for
example, X can be a Kihler manifold which is either Fano or whose canonical class Ky
is sufficiently positive. Given a symplectomorphism f: X — X, one defines its Floer
cohomology HF*( f). It is a Z,—graded vector space HF*( f) = HF?( f) @ HF!( f)
over the Novikov field

o0
A= {Zaiqwi 1a; €C, w;j €R, lim w; =4o00;.
i=0 e

For any two commuting symplectomorphisms f,g: X — X we define invertible
automorphisms

Ghioer: HF*(f) = HF*(f) and  fhoer: HF*(g) — HF*(g).

The construction of HF*( f') uses a time-dependent almost complex structure J and a
Hamiltonian H to define a vector space HF*( f'; J, H). This vector space is canonically
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isomorphic (on the chain level) to HF*(gfg~!; g*J, H o g) by composing all pseudo-
holomorphic curves with g. If f, g commute, gqoer iS the composition of isomorphisms

HF*(f;J. H) > HF*(gfg ', g*J. Hog) =HF*(f:g*J, Hog) - HF*(f;J, H),

where the last arrow is the continuation map associated to a homotopy of data from
(g*J,Hog)to (J,H).

The automorphisms ffeer, fioer have degree zero, and one can define their supertrace

STr(gﬂoer) = Tr(gﬂoer|HF0(f)) - Tr(gﬂoer|HF1(f)) €A.
Recall that Theorem 1.1 asserts that STr( foer) = STr(gfioer) -

Now suppose a symplectomorphism f commutes with a finite-order symplectomor-
phism ¢, ¢* = Id, with fixed locus X?. Then X is a disjoint union of symplectic
submanifolds. Using an argument reminiscent of the PSS isomorphism, we show that

STr( foer: HF*(¢) — HF*(¢)) = L(fIx2) - ¢°.

The right-hand side is the topological Lefschetz number

L(flxe) =Tr(f* | geen(xsy) — Tr(f ™| grosa(x o)),

where f*: H*(X?%) — H*(X?) is the classical action on the cohomology of X?.
On the other hand, using that ¢ has finite order, we show that

STr(¢noer: HF*(f) — HF*(f)) =a-q°,

where |a| < dimp HF*( /). Combining this with the elliptic relation, we obtain the
following corollary.

Proposition 1.4 Let X be a symplectic manifold satistying the W™ condition and
f.¢: X — X two commuting symplectomorphisms with d)k =1d. Then

dimp HF*(f) > |L(f|xe)l.

Remark 1.5 The fixed locus X? is allowed to be disconnected, with components of
different dimensions.

Remark 1.6 If f: X — X is a diffeomorphism with smooth fixed locus X/, such that
Id —df (x)|n,x is non-degenerate on the normal space NxX C Tx X to any connected
component ¥ C X f for every x € X, then

L(f)= ) sign(det(ld—df|n,))- 2(Z).

Tcx/
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Consequently, if ¢, ¥: X — X are finite-order symplectomorphisms, we get

L(¢lxv) = L(¥|xe) = x(X? N XY),

provided the latter intersection is clean. This agrees with the elliptic relation and the
topological interpretation of the Floer-homological actions for finite-order maps.

Remark 1.7 It is possible to give a more straightforward proof of Proposition 1.4
which does not appeal to Theorem 1.1, but still requires some analysis in the spirit of
Seidel [37, Lemma 14.11]. See Remark 2.23 for more details.

Remark 1.8 Theorem 1.1 holds when f, ¢ commute only up to Hamiltonian isotopy,
and more generally when fg~! is isomorphic to Id in the Donaldson category, whose
objects are symplectomorphisms of X and Hom(f,g) = HF*(fg~!); the proofs
require only minor modifications. In Proposition 1.4, f, g can also be allowed to

commute up to Hamiltonian isotopy.

1.4 Outline of proof of Theorem 1.1

The complete proof of Theorem 1.1 with all necessary definitions is found in Section 2;
here we provide a sketch, illustrated by Figure 1, and indicate the main technical issue
we have to solve.

(@ ( 0

N
&/

O

(d)

Y

0

Figure 1: Changing the base of a symplectic fibration in the proof of Theorem 1.1
Let f, g be two commuting symplectomorphisms. By our definition, the supertrace

STr(gfoer) is computed by counting certain solutions to Floer’s continuation equation,
or equivalently by counting holomorphic sections of a certain symplectic fibration

Geometry & Topology, Volume 19 (2015)



Commuting symplectomorphisms and Dehn twists in divisors 3351

Ef — S I x R; see Figure 1(a). This fibration has monodromy f along S!, and the
almost complex structure on E¢ differs by the action of g over the two ends of the
cylinder. We count only those sections whose asymptotics differ by the action of g over
the ends of the cylinder. One can therefore glue the fibration, together with the almost
complex structure, into a fibration Ez, — S! x S1. A gluing theorem in symplectic
field theory (SFT) gives a bijection between holomorphic sections S! xR — E # (with
asymptotics as above) and all holomorphic sections S! x S — E;,, where ST x S!
is endowed with the complex structure which is very “long” in the direction of the
second S!—factor; see Figure 1(b). We will refer to this bijection by (*) in the next
few paragraphs.

On the other hand, the count of holomorphic sections S' xS — E g does not depend
on the chosen complex structure on S!xS!. Take another complex structure on S!x S
which is “long” in the first S 1_factor instead of the second one; see Figure 1(c). The
same gluing argument as () above implies that the count of holomorphic sections

StxsSt' > E fg
is equal to the count of holomorphic sections
RxS!— E,

(with asymptotics differing by the action of f over the ends of the cylinder), where
Es ->RxS 1 is the fibration obtained by cutting E #.¢ along the first § _factor; see
Figure 1(d). Similarly to what we began with, the latter count of holomorphic sections
over R x ST gives STr( fiioer)-

The key difficulty in upgrading this sketch to a proof is to determine how the bijection
(*) behaves with respect to the signs attached to sections over the cylinder (which
in general depend on the choice of a “coherent orientation”, but are canonical for
sections contributing to the supertrace), and signs canonically attached to sections over
the torus. The outcome is that (x) multiplies signs by (—1)9%2*, where x is a +oo
asymptotic periodic orbit of the section over the cylinder. (The +o00 asymptotics differ
by g and thus have the same degree.) This is (2-27) in Section 2. It explains why
Theorem 1.1 is an equality between supertraces and not usual traces. (We have not
found (2-27) elsewhere in the literature. Coherent orientations in SFT are discussed in
Eliashberg, Givental and Hofer [12] and Bourgeois and Mohnke [8] (see especially [8,
Corollary 7]), but these works don’t seem to give the result we need).

Remark 1.9 As the proof uses the torus with different complex structures (ie elliptic

curves), this justifies the name “elliptic relation”. There is some categorical perspective
to the elliptic relation, as well: Ben-Zvi and Nadler [4, Theorem 1.2] obtained an
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equality between the so-called “secondary traces” in a 2-category, which also comes
from cutting the torus into pieces in two different ways (however, not into two different
cylinders as we do). To give another informal analogy, the Lagrangian elliptic relation
(which is the next thing we discuss) can be compared to an algebro-geometric result of
similar flavor proved by Polishchuk [28]; it is tempting to suggest that there is a mirror
symmetry connection between these two results.

1.5 Elliptic relation for invariant Lagrangians

Before explaining how the elliptic relation helps to prove Theorem 1.2, let us discuss
its Lagrangian version. The coefficient field is still A. Definitions and sketch proofs
are briefly presented in Section 2.13.

Let X be a connected monotone symplectic manifold (eg a complex Fano variety),
and L1, L, C X monotone Lagrangians (eg simply connected). Suppose there is
a symplectomorphism ¢: X — X such that ¢ (L) = Ly, ¢(L2) = L,. Under a
condition involving spin structures, formulated later as Hypothesis 2.24, a version of
the open-closed string map provides twisted cohomology classes [L1]? € HF*(¢),
[L,]¢"" € HF*(¢~!). Now consider the quantum product [L1]% % [L,]® ' € QH*(X)
and the map y: QH*(X) — A which is the integration over [X] (sending the volume
form to 1 and all elements of H <?*(X), seen as elements of QH*(X), to 0). Under
the assumptions of the next theorem, there is again an action ¢goer: HF* (L1, Ly) —
HF*(Lq, L;), with Floer cohomology taken over A.

Theorem 1.10 (Elliptic relation) Suppose (X, L1, L,) are monotone, ¢: X — X is
a symplectomorphism, ¢ (L;) = L; . If the base field has char # 2, suppose the L; are
orientable and Hypothesis 2.24 is satisfied (eg the L; are simply connected). Then

STr(Btoer) = x([L1]% % [L2]? ).

If d)k = Id and the fixed loci L¢ C X? are smooth and orientable, the g%—term of the
right-hand side equals the classmal homological intersection [L¢] [L¢] €Z inside X,
where [L¢] € Hgimg x/2(X:Z). On the other hand, eigenvalue decomposition of ¢ﬂoer
implies that the left-hand side equals a-¢° with a € C, |a| <dima HF*(L1, L,). The
elliptic relation yields the following analogue of Proposition 1.4.

Proposition 1.11 Under the assumptions of Theorem 1.10, if ¢* =1d and the fixed
loci L?, X? are smooth and orientable then

dimp HF*(L1, L) > }[L‘{’] : [Lg’]\-

Geometry & Topology, Volume 19 (2015)



Commuting symplectomorphisms and Dehn twists in divisors 3353

As our Lagrangians are monotone, we can pass from A—coefficients to the base field
(eg C or Z/27) without changing the dimensions of Floer cohomology; see eg
Wehrheim and Woodward [46, Remark 4.4]. So Proposition 1.11 gives the same
bound on dimHF*(L1, Ly;C) or dimHF*(Ly, L;7Z/27). However, the proof of
Proposition 1.11 crucially uses Theorem 1.10 over A, as can be seen from the sketch
we presented.

As a simple application of Proposition 1.11 we can recover the following known fact:
RP” C CP” is not self-displaceable by a Hamiltonian isotopy, as

dim HF*(RP", RP"; Z/27) > 1.

When n is even, this is true because the Euler characteristic of RP” equals 1 over a
characteristic-2 field. When n is odd, consider the hyperplane reflection ¢t on CP” so
that (RP”)* = RP*~! and apply Proposition 1.11.

In the appendix we provide a more interesting application of Proposition 1.11. Namely,
we prove that for L C X as in Theorem 1.2, and if X is in addition Fano and
even-dimensional, there is an isomorphism of rings HF*(L, L; C) = C[x]/x?. For
Lagrangian spheres in the cubic surface, this was proved by Sheridan [41], and after the
present paper had appeared, it was observed by Biran and Membrez [6, Section 1.3.2]
that for a Lagrangian sphere in a projective hypersurface, which is Fano and of degree at
least 3, the isomorphism HF*(L, L; C) = C[x]/x? follows from the known structure
of QH*(X), regardless of the complex dimension of X . Our method is completely
different: it does not use any knowledge of QH* (X)), and works for hypersurfaces in
Grassmannians as well as in some more abstract cases discussed in the appendix.

Remark 1.12 The action ¢goer on HF* (L1, Ly) (as well as the actions in the case
of two commuting symplectomorphisms) can be defined using functors coming from
Lagrangian correspondences; see Wehrheim and Woodward [44; 45]. It is possible
that the two versions of the elliptic relation admit a generalisation for Lagrangian
correspondences.

1.6 Outline of proof of Theorem 1.2

We have already mentioned that Theorem 1.2 holds for topological reasons when dim X
is odd. Suppose therefore that dimc Gr(k,n) is odd, so that dim¢ X is even. The
Grassmannian has an involution ¢ whose fixed locus contains an even-dimensional
connected component s c Gr(k,n). For example, when k = 1 we can take the
involution (X1 : X2 : X3 : X4 :...:Xp) > (—X1:—X2:—X3:X4:...:X,) and
S =P2(x1:x2: x3).
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The key idea of reducing Theorem 1.2 to Proposition 1.4 is the following construction
performed in Section 4. We construct a smooth divisor X C Gr(k,n) invariant under ¢
such that the fixed locus X* of the involution |y contains an odd-dimensional con-
nected component £ = ¥ N X . Next, we construct two (—invariant |O(d )|-vanishing
Lagrangian spheres L1, L, C X which intersect each other transversely once. Moreover,
the fixed loci Lﬁ. :=L; NX¥,i=1,2, are Lagrangian spheres in % which intersect
each other transversely once; see Figure 2. This is where we need d > 3.

Figure 2: Invariant Lagrangian spheres L and L, used in the proof of Theorem 1.2

Theorem 1.2 is proved in Section 5. Consider the product ti’l‘ rglzc of iterated Dehn
twists. Because L, L, are (—invariant, this product can be made (—equivariant. The

Lefschetz number of
( 2k 2k)|2 2k _2k

LT, = TL‘I ‘L’le
is equal to ¢ —4k?, where ¢ is a constant. This follows from the Picard—Lefschetz
formula and crucially uses the fact that dim X is odd. If dim ¥ were even, the trace
would be independent of k. Consequently, by Proposition 1.4, dim HF* (rz’f ri’;

grows with k.

Finally, we note that L, L, from our construction can be taken one to another by
a symplectomorphism of X . This means 77, and 77, are conjugate. If r]%’f was
Hamiltonian isotopic to Id, then rf’zc and the product rzlf TI%IZC would be as well. This
contradicts the growth of Floer cohomology from above, and proves Theorem 1.2 for the
specially constructed |O(d)|-vanishing Lagrangian sphere Ly C X . If X’ is another
smooth divisor linearly equivalent to X and L’ C X’ is another |O(d)|-vanishing
Lagrangian sphere, Lemma 3.8 says there is a symplectomorphism X — X’ taking L

to L’. This implies Theorem 1.2 in general.

1.7 An extension of Theorem 1.2

Theorem 1.2 is a particular case of the more general, but also more technical theorem
which we now state. Let £ be a very ample line bundle over a Kihler manifold Y. It
gives an embedding ¥ C PV := PHO(Y, £)*.
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Suppose ¢: ¥ — Y is a holomorphic involution which lifts to an automorphism of L.
The map ¢ induces a linear involution on H(Y, £)*, splitting it into the direct sum
of the +1-eigenspaces H(Y, L)} . Let It C PV be the projectivisations of these
eigenspaces. The fixed locus Y* C Y of the involution ¢ is

Y'={4Uullo)NY,

where the intersection is taken inside PV . It is automatically smooth, but can have
many connected components because the intersections IT4 NY, [I_ NY may be
disconnected.

Theorem 1.13 With notation and assumptions as above, fix d >3 and let HO(Y, £®4)
denote the =+ 1—eigenspace of the involution on H(Y, £24Y induced by . Further,
suppose one of the following holds:

(a) d iseven, and Y" contains a connected component 3 such that dimg ¥ is even.

(b) d is odd, there is a smooth divisor in the linear system PH 0(Y £84),  and
I+ NY contains a connected component S such that dimc S is even.

Let X C Y be a smooth divisor in the linear system |£®¢| and L C X an |£%¢|-
vanishing Lagrangian sphere. Denote by t;, the Dehn twist around L, and assume X
satisfies the W™ condition. Then the Hamiltonian isotopy class of Ty, is an element of
infinite order in the group Symp(X)/ Ham(X). The same is true if we replace symbols
+ with symbols — in case (b).

Like Theorem 1.2, Theorem 1.13 is new when dimc X is even and X is not Calabi—Yau.

In case (a), the existence of a smooth (—invariant divisor X follows from Bertini’s
theorem, so it is not included as a condition of the theorem. In case (b), an invariant
divisor can sometimes be found using a strong Bertini theorem [10, Corollary 2.4],
which gives the following.

Lemma 1.14 Under the conditions of Theorem 1.13, let d be odd. There is a smooth
divisor in the linear system PHO (Y, £8%) 1 if every connected component of TI+ NY
has dimension less than % dimY.

As in the beginning of the introduction, we have the following corollary.

Corollary 1.15 Under the conditions of Theorem 1.13, let y € PH®(Y, £29)\ A be
a meridian loop, defined analogously to one in the paragraph before Corollary 1.3. Then

[v] € m (PHO(Y, £L29)\ A)

is an element of infinite order.
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We prove these statements in Section 5. We have earlier explained the plan of proof of
Theorem 1.2; actually we follow this plan to prove the general Theorem 1.13 first, and
then derive Theorem 1.2 from it.

1.8 Equivariant transversality approaches

This subsection is not used in the rest of the paper. Computations of Floer cohomology
in the presence of a symplectic involution were discussed by Khovanov and Seidel [20]
and Seidel and Smith [40]. Both papers imposed restrictive conditions on the involution
which allow one to choose a regular equivariant almost complex structure for computing
Floer cohomology.

In [40], it is proved that
dimHF* (L1, L2;Z/2) > dimHF*(LY, L,; Z./2)

when there exists a stable trivialisation of the normal bundle to X* respecting the L;.
In particular, the Chern classes of this normal bundle should vanish. The right-hand side
is Floer cohomology inside X*, where L! are the fixed loci of L; and X" is the fixed
locus of X . Sometimes the right-hand side is easier to compute than the left-hand side
(eg when all intersection points L4 N LY, have the same sign). However, the condition
on the normal bundle makes this estimate inapplicable to divisors in Gr(k,n).

In a very special case, [20] proves that
dimHF*(Lq, Ly;Z/2) = |L{ N L5|,

where the right-hand side is the unsigned count of intersection points. The assumption
is, roughly, that the fixed locus X* has real dimension 2 and L‘l, L‘2 C X" are curves
having minimal intersection in their homotopy class. One could prove a C—version
of this equality if the L; admit (—equivariant Pin strictures, and apply it to divisors
in P"~! = Gr(1,n), ie projective hypersurfaces (thus giving an alternative proof
of Theorem 1.2 in this case). However, it cannot be applied to divisors in general
Grassmannians. When k > 2, Gr(k, n) has no holomorphic involution with a connected
component of complex dimension 2; this is easy to check because all holomorphic
automorphisms Gr(k, n) come from linear ones on C”, with a single exception when
n = 2k ; see Cowen [9, Theorem 1.1 (Chow)].
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2 The elliptic relation

This section proves the elliptic relation for symplectomorphisms (together with its
corollary, Proposition 1.4) and sketches a proof of the Lagrangian elliptic relation.

2.1 Floer cohomology and continuation maps

Definition 2.1 (The W™ condition) A symplectic manifold (X, @) of dimension 2n
satisfies the W1 condition [34] if, for every A € ma(X),

2—n<ci(4)<-1 = w(4)=<0.

Let (X, ) be a compact symplectic manifold satisfying the W™ condition. Fix a
symplectomorphism f: X — X. In this subsection we recall the definition of Floer
cohomology HF*( f); basic references are [24; 11; 34].

Take a family of w—tame almost complex structures Jg on X, and a family of Hamil-
tonian functions Hg: X — R, s € R. They must be f—periodic:

(2-1) Hy=Hgyq0 f, Jy = f*Js—H-

By Xpg, we denote the Hamiltonian vector field of Hy, and by ¥5: X — X the
Hamiltonian flow:

(2-2) dyrs/ds = X, os, Yo =1d.
The following equation on u(s,?): R? — X is called Floer’s equation:
(2-3) du/ot + Js(u)(0u/ds — Xg, (u)) =0.

This equation comes with the periodicity conditions

(2-4) us+1,t) = fu(s,t)).
Denote
(2-5) fr =1 " o f € Symp(X).
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(The correct notation would be fz, but we stick to fg for brevity). Suppose the fixed
points of fg are isolated and non-degenerate (that is to say, for every x € Fix fx,
ker(Id —dfg (x)) = 0). Then finite-energy solutions to Floer’s equation have the
following convergence property. There exist points x, y such that

@6)  lm u(s.n)=ys(0. L u(s.o)=vs(y). x.y Fix fy.

For x,y € Fix fg, let M(x,y; Js, Hs) be the moduli space of all solutions to Floer’s
equation (2-3) with limits (2-6). For regular Jg, Hy, the moduli space is a manifold
which is a disjoint union of the k—dimensional pieces MX (x, y; J;, Hy). They can be
oriented in a way consistent with gluings; such orientations are called coherent [13].
There is an R-action on M(x, y; Js, Hg), and once a coherent orientation is fixed,
MY(x, y: Js, Hs)/R is a set of signed points.

The Floer complex associated to ( f; Js, Hy) is the A—vector space generated by points
in Fix fg:
CF*(f:Js. Hs) = €P Alx).

x€Fix fr

The differential on CF*(f; Jg, Hy) is defined on a generator x € Fix fg by

2-7) A(x) = Z g0y,
yeFix fu
ueM! (x,y;Js,Hy) /R

Here the signs are those of the points in M!(x, y; Js, Hs)/R, and

(2-8) w(u) =/ / w*wdsdt.
s€[0,1] JteR

Suppose Jg, Hy and J|, H] are two regular choices of almost complex structures
and Hamiltonians that satisfy the f—periodicity condition (2-1). Choose a family of
w—tame complex structures Jg; and Hamiltonians H;, s, ¢ € R, such that for each ¢
the condition (2-1) is satisfied and

Js,t = Js/, Hs,t =H,

¢ for f near — oo,

(2-9)
Jsr=Js, Hyy = Hg for t near + oo.

We call Jy;, Hs; a homotopy from J{, H] to J,, Hy. Define M(x, y; Js;, Hs ) to
be the set of solutions to Floer’s continuation equation

(2-10) ou/ot + Js s (u)(0u/ds — Xpg, ,(u)) =0
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with periodicity condition (2-4) and asymptotic conditions
2-11) lim wu(s,t) =v¥s(x), lim u(s,t)=vs(y), xe€Fix fg/, y€Fix fg.
t—>—00 t—>—+00

If Js,, Hy; are regular, M(x, y; Js:, Hg ) is a manifold. Let MO(x, y; Jst. Hsp)
be its O—dimensional component, which is a collection of signed points once coher-
ent orientations (consistent with those for Jg, Hy and J{, H{) are fixed. Define the
continuation map Cy,, g, ,: CF*(f:J], Hj) > CF*(f: Js, Hs) by

(2-12) CyyuiHy (X)) = o £g@y,

yEeFix fg
ueMO(x,y;Js.1, Hyr)

Here x € Fix fg-. For regular J;;, Hy, it is a chain map inducing an isomorphism
on cohomology. So one can actually identify the homologies HF*( f; Js, Hy) for all
generic J, Hg to get a single space HF*(f). It is called Floer cohomology of f . It
is a 7 /2—graded vector space over A ; we will recall the grading later.

2.2 Commuting symplectomorphisms induce actions on Floer cohomology

As before, let X be a compact symplectic manifold satisfying the W condition. Let
f,g: X —> X be two commuting symplectomorphisms; we will now define an auto-
morphism ggoer: HF*(f) — HF*(f).

Pick generic Js, Hy that satisfy (2-1) to get the complex CF*( f'; Jg, Hy). Denote
(2-13) Ji:=g"Js, H):=Hsog.

This gives us another complex CF*(f; J/, H]). Note that g oyr; = v . Let us check
that fig = fgrog:

frarog(x) =D fg() = WD ef () =i f(x) = fu ().
Consequently, g induces a bijection Fix fg — Fix fg/. Extend it by A-linearity to
gpush: CF*(f1 Js, Hs) — CE*(f; Jg, Hy).
Similarly, the composition map u +— g ou is an isomorphism
M(x, yi Js, Hy) =5 M(g(x), g(»): Iy, Hy).

So gpush is tautologically a chain map inducing an isomorphism on cohomology. Now
fix a homotopy Js ¢, Hy,; from J{, H; to Js, Hy as in (2-9). Consider the composition

CF*(f: Ty, Hy) ™% CP*(f: 97, H!) 220 Cp*( £+ 0, Hy).
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Definition 2.2 (Action on Floer cohomology) We define
&floer- HF*(f: Js,t, Hs,t) - HF*(f, Js,t, Hs,t)

to be the map induced by the composition of chain maps Cy, , g, , © gpush. We will
frequently suppress the choice of Jg, Hy and simply write gpoer: HF*(f) — HF*(f).
Also, we will sometimes denote the chain-level map by the same symbol, gfoer =

CJy.i,Hys © &push-

As a part of this definition, the signs in formula (2-12) for Cy , g, , must come
from a coherent orientation, as explained in Section 2.8 below. In particular, for any
x € Fix fg, the sign of an element u € /\/lo(g(x),x; Jst, Hg ) is canonical — see
Definition 2.16 — and denoted by sign(u).

Remark 2.3 On the level of cohomology, gacer does not depend on the chosen
homotopy Js,, Hs,z; this follows from the fact that the continuation map Cy, , g, ,
does not depend on the choice of homotopy; see eg [24, Section 12.1].

Remark 2.4 (An analogue in Morse cohomology) A similar construction is known in
Morse cohomology [31, Section 4.2.2]. Suppose H: X — R is a Morse—Smale function
on a Riemannian manifold (X, g), and f: X — X is a diffeomorphism. Let C*(H)
be the Morse complex of X generated by points in Crit(H). Pick homotopies H;
from Ho f to H, and g; from f*g to g, and define f*: C*(H) - C*(H) as
follows. Take x,y € Crit(H) and let the coefficient of f*(x) on y be the signed
count of flowlines of the gradient Vg, H; going from f(x) to y. The chain map f*
induces an automorphism of H *(X) known from elementary topology.

In particular, let us note for future use that the Lefschetz number L( f) can be computed
as the sum over x € Crit(H) of Vg, H;—flowlines going from f(x) to x, counted
with signs.

Remark 2.5 (Relation to Seidel elements) If g is Hamiltonian isotopic to f through
symplectomorphisms commuting with ', then one can show ggoer: HF* (/) —HF*(f)
is the identity. If g is just Hamiltonian isotopic to f, ggoer Need not be the identity,
but can be understood as follows. Take a homotopy g:, go = &, g1 = f. The path
e := g7 ! fg; is actually a loop in Symp(X): y(0) = y(1) = f because g~ fg = f.
To this path one associates its Seidel element S(y) € QH*(M; A) [34]. Let * be
the quantum multiplication QH*(M; A) ® HF*(f) — HF*(f). One can check that
Zhioer(X) = S(y) * x for any x € HF*( /). We will not use this observation, so we omit
its proof.
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2.3 Iterations

If f, g commute then f, gk also commute for any iteration gk.

Lemma 2.6 The following two automorphisms of HF*( ) are equal:

(gﬂoer)k = (gk)ﬂoer-

Proof We prove the case k = 2; the general case is analogous Take Jg, Hs asin (2-1),
J{, H] pulled by g as in (2-13) and the homotopy Js;, Hs as in (2-9). Denote

J. =g*J = (g>»*J;, H, =H!og=Hsog>.

Compare the two compositions given below. The first one induces (gfoer)> on the
homological level:

CF*(f: Js. Hy) —— CF*(f: J{. H})
CJSJ,HS.Z
CF*(f; Js,H)
&push CF*(f;J/’ ) CF*(f JS7H)

The second composition gives (g2)foer, by a gluing theorem for continuation maps:

8push

CF*(f; Js, Hy) CF*(f:;J], H))

push CF* f J" H//)
CJ/ * / Crsi Hsy *

By definition of Jg ,, H , (2- 13) g maps Floer solutions (2-10) in M (x, y; Jsr, Hs 1)
to those in M(g(x), g(y); Js ;. Hy ;). This means

CJs/,thé,t © 8push = &push © CJs.t:Hs,l .

This proves Lemma 2.6. |

2.4 Supertrace

We continue to use notation from Section 2.1.

Definition 2.7 (Grading on Floer’s complex) Let x € Fix fi. We say degx =0 if
signdet(Id —dfg (x)) > 0 and deg x = 1 otherwise.
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This makes CF*(f; Js, Hy) a Z,—graded vector space over A. Floer’s differential has
degree 1, so the cohomology is also Z,—graded: HF*( ) = HF’( f) @ HF!(f).

Definition 2.8 (Supertrace) Let V = V%@ V! be a Z,—graded vector space and
¢: V — V an automorphism of degree zero, ie ¢p(V°) c V°, ¢(V1) c V1. Then

STe(¢) := Tr(¢lyo) = Tr(ply1).

The automorphism ggeer from Definition 2.2 has degree zero, so it has a well-defined
supertrace which is an element of A. Supertraces can be computed on the chain level,
since all our chain complexes are finite-dimensional. Therefore the following is just a
restatement of definitions.

Lemma 2.9 Let X be a symplectic manifold satisfying the W™ condition and
f.g: X = X be two commuting symplectomorphisms. Take J{, H] as in (2-13)
and a homotopy Js ¢, Hy; from J/, H] to Js, Hy as in (2-9). Then

STr(ggoer: HF*(f) — HF*(f)) = > (—1)%*e* - sign(u) - g™,
x€Fix fry
ueMO(g(x),x;J5.1,Hs.1)

where sign(u) = +1 is as in Definition 2.16.

Proof Pick a generator x € Fix f of CF*(f; Jy, Hy). Rewriting the definition of
Zfloer» WE get
Zhioer(¥) = > +g°0) . y.
ueMO(g(x),y;Js.,Hs.1)

When we put x = y, the sign + becomes sign(u) according to Definition 2.2. m]

2.5 Holomorphic sections

It is useful to reformulate the definition of Floer cohomology using holomorphic sections
asineg [38]. If f: X — X is a symplectomorphism, consider the mapping cylinder
X xR2,
Ef .= ’ .
(x,s,t) ~(f(x),s+1,1)

There is a closed 2—form w E, on Ey which comes from @ &0 on X x R?, and a
natural fibration p: Ef — § I x R whose fibres are symplectomorphic to X .

(2-14)

The f—periodicity condition (2-4) on u: R? — X means that it can be seen as a section
u: S'xR — E . Floer’s equation itself (2-3) is equivalent to u being a holomorphic
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section with respect to the standard complex structure jgi1,g on S' xR and an almost
complex structure J on Ey. In other words, Floer’s equation (2-3) becomes

(2-15) du+Joduo jgiyg =0.

The almost complex structure J:=17 (Js, Hy) is determined by Jg and Hy; see eg [24,
Section 8.1]. Analogously, if J; s, H; s is a continuation homotopy (2-9), the moduli
space M(x, y; Js . Hg ) consists of sections u: S IyR—>E ' that are holomorphic
with respect to jg1,g and an almost complex structure J(J s.t» Hsy) on Ef.

2.6 Asymptotic linearised Floer’s equation

Let Er be as in (2-14). We denote by
T"Ef =kerdp

the vertical tangent bundle of Ey. The almost complex structures Jg turn 7V E¢ into a
complex vector bundle. Take a solution u(s, t) to Floer’s equation, u € M(x, y; Js, Hy).
We regard it as a section u(s,t): S' xR — E # as explained above. The pullback
u*TYEy is a complex vector bundle over § 1 x R. By linearising Floer’s equation
(2-15), one gets a map

(2-16) Dy: HY"P(W*T Ef) — LP(Q%  (w* T Ey)).

Here Qo’l(u*T”Ef) consists of bundle maps T(S! x R) — u*TVEy which are
complex-antilinear with respect to J and the standard complex structure on S! x R.

We know from (2-6) that u extends to S x {d00}: u(s, —00) = ¥s(x), where Vg is
the flow (2-2) of Xpg, . (The same is true of  — 400 and the point y. We will now
speak of t — —oo only.) Choose a complex trivialisation

(2-17) Dyt U TV Ef|gixi_ooy = ' xR?".

We choose a single trivialisation for each point x; this is possible because u(s, —o0) =
Y¥s(x). The operator D,, is asymptotic, as t — —o0, to the operator

(2-18) L) = 9/0t + Jod/ds + A(s): HVP(S' xR, R*") — LP(S' xR, R?").

Here Jj is the standard complex structure on R?”, and A(s): S! — Hom(R?", R?")
is a map taking values in symmetric matrices. It is known that A(s) is determined by
Js, Hy, the point x and the chosen trivialisation ®(x). It does not depend on u as
long as the t — —oo asymptotic of u stays fixed. A reference for these facts is (among
others) the thesis of Schwarz [32, Definition 3.1.6, Theorem 3.1.31]. Although that
thesis only considers the case f = Id, the proofs of the results we use are valid for
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any f, as these are general results about certain Fredholm operators on bundles over
S!and S! xR.

Lemma 2.10 [32, proof of Lemma 3.1.33] Consider the operator
Jod/ds + A(s): C®(S1,R?") — C®(S!, R?™).
There is a family of linear maps W(s): [0, 1] — Sp(R?") such that
(2-19) (Jod/ds + A(s))¥(s) =0, ¥(0)=1d
and W(1): R?" — R2" coincides, under the trivialisation ® (2-17), with the differen-

tial dfy(x). |

Remark 2.11 We identify S! = R/Z, so the points s = 0 and s = 1 of the circle
are the same. The statement about W(1) in the lemma above makes sense because
u(0, —o0) = x for some x € Fix fg; see (2-6) and (2-2). So dfg (x) actson Tx X =
u*TVEfr|(0,—o00) - The trivialisation (2-17) identifies this space with R2",

Remark 2.12 Given ¥(s): [0, 1] — Sp(R?"), by solving (2-19) we get
(2-20) A(s) = —Jo(3/dsW(5)W(s) ™",
with symmetric A(s): [0, 1] — Hom(R?”,R?"). Conversely, we can go from A(s)

to W(s) by solving (2-19) as an ODE.

Remark 2.13 For the reader’s convenience, we include a correspondence between our
notation and that of Schwarz [32], our notation being on the left in each pair: s <> 7,
t <8, A(s) <> S®(t), W(s) < ¥(r), and D, in our notation corresponds to either
D,, or DFy, the latter being the linearisation of Floer’s equation at an 4 which is not
necessarily a solution. Equation (2-19) is [32, (3.23)].

2.7 An index problem on the torus

The operator L 4(s) (2-18) is Fredholm if and only if det(Id —W(1)) = det(Id —dfg (x))
is non-zero. Now, for later use, consider variables (s, #) belonging to the torus S x S
instead of the cylinder S x R. The same formula (2-18) gives the operator

Ly(s) = 9/0t 4 Jod/ds + A(s): C(S' x S R*") - C=(S! x ST R?>"),

which is now Fredholm of index zero for any family of symmetric matrices A(s): S' —
Hom(R?”, R?"). For the remainder of this subsection, L 4 (s) denotes the operator on
S1x S! and not on the cylinder.
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Lemma 2.14 Let A(s): S! — Hom(R?",R?") be a family of symmetric matrices.
Suppose A(s) and W(s) satisfy (2-19). Then dimker L 4(5) = dimker(Id —W(1)).

Proof Any &(s,1) € ker L4(5) must be independent of ¢ (for details see [32, proof of
Lemma 3.1.33]) so we write £(s,¢) = £(s). The equation on £(s) becomes

(Jod/ds + A(s))E(s) = 0.

This is an ODE whose solutions are of the form £(s) = W(s)v for some v € R?"
by (2-19). There are no other solutions by the uniqueness theorem for ODEs, as the
v € R?" sweep out all initial conditions. In addition, our solutions must close up on
the circle, meaning £(1) = £(0), which forces W(1)v = v. |

Let Ag(s), A1(s): S! — Hom(R?",R?") be two families of symmetric matrices with
L4o(s)» La,(s) injective. Choose a generic smooth homotopy A;(s) between them,
T € [0, 1]. Define sign(L4,s), L4, (s)) = (—1)¢ where

(2-21) e= Y dimgkerLy,(s).
t€[0,1]

This sum contains a finite number of non-zero terms as L4_(5) are generically injective,
and does not depend modulo 2 on the chosen homotopy.

Lemma 2.15 For Ay(s), A1(s) as above and Wy (s), V1 (s) satisfying (2-19), we have
sign(L 4. (s)» L4, (s)) = signdet(Id —Wo (1)) - sign det(Id —W¥1 (1)).
Proof Fori =0, 1 denote W;(s) = 10 ¥%i () 10, 1], so that ¥; (0) = ¥; (0) = Id
and W; (1) = ¥;(1). Let us compute A;(s) from W;(s) using (2-20):
Ai(s) = —Jo(3/3sWi () i (5) ™" = —Jolog W; (1).

We see that it is a constant s—independent symmetric matrix A; (s) = A; . Our first
claim is that

(2-22) sign(Ly; (s5). Lgi) =41
Indeed, choose the homotopy

(\I’i)t(s) — oS log ¥; (l)e(l—r) log ¥; (s)

from W;(s) to W;(s), where T € [0, 1], and observe that this homotopy has fixed
endpoints: we have (¥;).(0) = W; (0) for each t, and also (¥;)(1) = W;(1). Passing
from (W;).(s) to (4;)(s) by formula (2-19) we get the linear homotopy

(A)e(s) = TAi () + (1 = 1) 4
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from A;(s) to A;. The corresponding operator L(4;),(s) 18 injective for all T by
Lemma 2.14 because we are given ker(Id —W¥; (1)) = 0. This implies that

sign(LAi(S), Lgl_) =+1,
as desired.

Let us compute sign(L 7 A Lz ) for two constant matrices A; (s) A;,i=0,1. By
linear algebra, one can find a smooth path of matrices A from Ay to Ay such that

(—1)Xr dimker Ar _ signdet Ag - signdet A;.

We will now show that dim ker A, = dim ker L i for each 7, and this will immediately
imply that

(2-23) sign(L 7, L 5,) = signdet Ag - signdet 4.
For the rest of the paragraph, redenote A, (for some fixed 1) by A: this is an arbitrary

symmetric matrix, and if we consider it as an s—independent family and solve (2-20)
with respect to W, we get U(1) = e¢~/04 . By Lemma 2.14, we have

ker Ly = ker(Id —¥(1)) = ker(Id —e~704).
The latter equals ker A, as seen by bringing A to the Jordan normal form. So (2-23) is
now justified. Combining all the equations above, we get
sign(L 405y, L4, (s)) = sign(L g, (s) L/To) . sign(LZO, Lgl) . sign(Lg1 L4, (s)
= sign(det AVO) -sign(det /’lvl).
The first equality is true because we can regard the concatenation of three homo-
topies between the operators appearing in the middle expression as a single homo-
topy between the eventual endpoints Ly,s) and Ly, (s); the second equality fol-

lows from (2-22) and (2-23). Finally, recall 4; = —Jplog ¥;(1) and observe that
signdetlog W; (1) = signdet(Id —W¥; (1)). This completes the proof. |

2.8 Signs for the action on Floer cohomology

Let f, g be two commuting symplectomorphisms. We will now complete Definition 2.2
of the action ggoer: HF*(f) — HF*(f') by specifying the signs appearing there.

Pick regular Jy, Hy to define Floer’s complex CF*( f; Js, Hy). For each x € Fix fy,
pick a trivialisation ® (2-17). Then for each x we get a unique asymptotic linearised
operator L4 (s) (2-18).
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Let J{, H, be pulled by g (2-13) and J,;, Hs; be a homotopy (2-9). Let u €
M®(g(x), y; Jst, Hy,t) be a solution to Floer’s continuation equation, where x, y €
Fix fg so that g(x) € Fix fg. Consider the linearisation D,, of Floer’s continuation
equation at u; its properties are similar to those discussed in Section 2.6. As ¢ — +o00,
D,, is asymptotic to LAy(S) because, for ¢ close to 400, Js s, Hg; are equal to Jg, Hy.
On the other hand, as t — —o0, we can write down D, in the g—induced trivialisation
Oy odg of u*TEf|y(~c0,s)- We claim that D,, is asymptotic, as t — —00,to Ly _(s)-
Indeed, the asymptotic operator is determined by the following data: the fixed point
g(x), the chosen trivialisation ®, odg, and Js;, Hs; which equal g*Js, Hyo g for ¢
close to —oo. We see that all of this data is pulled by g from the data x, ®, Jg, Hy
which defines the asymptotic linearised operator A, (s). Clearly, pullback by g does
not change the linearised operator at all, so Dy, is asymptotic to Ly, (5) as ¢ — —00.

The outcome is that the set {L 4, (s)}xeFix f; Of asymptotic operators to D, for
u e M(x,y;Js, Hy) (these are solutions to Floer’s equations for the differential on
CF*(f), without the second symplectomorphism g involved) is identical to the set
of asymptotic operators to D,, for u € M(g(x).y; Jss, Hs,) (these are solutions to
Floer’s continuation equation), provided we use the described trivialisations.

Consequently, the usual definition of coherent orientations [13] on M(x, y; Jg, Hy)
can be applied without any change to orient M(g(x), y; Jsr, Hs¢), X,y € Fix fg. In
Definition 2.2, we pick such a coherent orientation on M(g(x), y; Js, Hs ). Instead
of repeating the complete definition of coherent orientations, we only recall a piece
relevant to the signs appearing in Lemma 2.9 regarding the supertrace of ggoer-

Coherent orientations are not unique, but the sign any coherent orientation associates to
apoint u € M%(g(x), x; Js s, Hy), x €Fix fg, is canonical. We explain its definition
following [13] and [24, Appendix A]. As we have seen, D, is asymptotic as ¢t — 00
to the same operator

L) = 0/t 4+ Jod/ds + A(s),

where A(s) = Ax(s) in the notation of the previous paragraphs. Choose a generic
homotopy L. from D, to Ly, T € [0, 1], such that the L. are Fredholm operators
which stay asymptotic to L) as t — F00.

Definition 2.16 For u € M%(g(x), x; Js ¢, Hy ), x €Fix fg, define sign(u) = (—1)¢,
where

€= Z dimp ker L.
t€fo,1]
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Because the operators L, have index zero, the sum is well-defined and does not depend
modulo 2 on the chosen path. Let us repeat that, as part of Definition 2.2, these signs
appear in Lemma 2.9.

2.9 Holomorphic sections over the torus

Section 2.5 explained that solutions to Floer’s equation are holomorphic sections of a
fibration Ef — § I xR, whose monodromy around S! equals f. Now, let £, g be
two commuting symplectomorphisms of X . In this subsection we define a fibration
p: EMR 5 TLR gyer a 2-torus T1'R. The monodromies of this fibration equal f
and g’ around the two basis loops of the torus. After that we recall how to count its
holomorphic sections; see [24] for details. We start by defining the torus

[0,1] X [-R, R]
(s.{=R}) ~ (s.{R}). ({0}.1) ~ ({1}.7)
and equipping TR with the complex structure j !*® which comes from the standard
one on [0, 1] x /—I1[-R, R] C C. Define

1.R X x[0,1] x [—R, R]
E k] :: .
18 7 (x5, {—R}) ~ (g(x), 5, {R}), (x,{0}, 1) ~ (f(x),{1},1)
Here x € X, s €[0,1], t € [—R, R]. Because fg = gf, there is a fibration

TLR .—

1,R 1.R
prEg, =T

and a fibrewise symplectic closed 2—form wg!-R coming from the one on X . Fix a
generic almost complex structure J on EL gR such that J is a)} ;—tame on the fibres
and the projection p is (J 7 1B)—holomorphic. Let

MR
be the space of all (j LR, J )-holomorphic sections u: TR — E}f satisfying
(2-24) du+ Jw)oduo jBR =0,

For generic J , this moduli space is a smooth manifold that breaks into components of
different dimensions. This manifold has a canonical orientation, and in particular its
0—dimensional part M°(j R, J ) consists of signed points. We will now describe how
these signs are defined. Let u € MO(j IR, J ). Consider the linearised equation (2-24)
at u,

Dy: C¥W* TV EpRy — @ TV EpF).

Here T”E}f = kerdp and u*T"E};fe is a complex bundle over the torus TR,

Because u has index zero, this bundle has Chern number zero and hence is trivial; fix
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its trivialisation. Together with the holomorphic coordinates (s, #) on 71® | it induces
a trivialisation of QO!(u*TE }?) = R?". In this trivialisation, D,, is a O—order
perturbation of the Cauchy—Riemann operator:

(2-25) Dy =9/t + Jod/ds + A(s,1): C®(THR R?") — C®(T R R?M),

where A(s,t): THR — Hom(R?",R?"). This is the same operator as considered in
Section 2.7, except that now A(s, t) can depend on ¢ as well as on s. The operator D,,
is always Fredholm of index zero.

Fix, once and for all, an injective operator of the above form, for example
Lyg=0/0t + Jod/ads +1d.

(This one is injective by Lemma 2.14, because ker(Id —e~/0) = 0.) Find a smooth
homotopy of operators L, t € [0, 1], from D,, to L4, by deforming the O—order part
A(s,t) to 1d.

Definition 2.17 (Compare [24, page 51 and Appendix A]) For u € M°(j R J),
define sign(u) := (—1)¢, where

€= Z dimp ker L.
t€fo,1]

For u € M°(j 1R, J), denote w(u) := [r1.R u*a)z’fl_zg. The following is well known.

Proposition 2.18 The signed count

pMOG PR ) = Y sign(u)-g@®
ueMO(j 1R, J)
is independent of the complex structure j'*R on the torus and of generic J. a

2.10 Gluing the fibration over the cylinder to the fibration over the torus

Given a symplectomorphism f: X — X, we have constructed a fibration p: Ef —
S1 xR (2-14); also, given two commuting symplectomorphisms f, g: X — X and a
parameter R € R, we have constructed a fibration E};2 — TR The fibres of both
fibrations are symplectomorphic to X . Now, there is a map

(2-26) Ef > p ' (S'x[-R.R) —» E; R,
It glues the boundary component p~1(S! x {R}) to the other boundary component

p~1(S! x {—R}) via the symplectomorphism g: X — X applied fibrewise along S!.
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Fix regular Jg, Hs (2-1). As in (2-13), set
J,=g"Js, H,=Hog.

Choose a homotopy Js s, Hy (2-9) between J/, H; and Jg, Hy. This homotopy must
be r—independent for large and small ¢; we assume for convenience that

Jst—J Hs,tEH,

N

for t <—R, and Js;=Js, Hyy = Hg fort>R.

Finally, let Ji=7 (Js,t, Hs,r) be the almost complex structure on E¢ from Section 2.5,
which has the property that solutions to Floer’s continuation equation are exactly
(js1xr»J)~holomorphic sections S! x R — Er.

By definition, J|p 1(S1x{R}) is the g—pullback of J|p 1(S1x{—R})> Which agrees with
the gluing (2-26). So J defines a glued almost complex structure glJ on E} fe Let
us recall our notation one more time. M(x,y; Js;, Hy ;) consists of holomorphlc
sections over S! x R which are solutions to Floer’s continuation equation (2-10), and
M LR, glf(Js,,, H; ;)) consists of holomorphic sections over the torus TR We
come to an important proposition, of which everything but formula (2-27) is well known.

Proposition 2.19 For each A > 0 there is R > 0 such that there is a bijection called
the gluing map and denoted by gl:

1-1 . ~
L] M), x; Js He) S — MOG PR, T (g, Hy )=,

x€Fix frr

Here the superscripts * <4 mean we are taking only those solutions whose w—area is

less than A. The gluing map preserves w—areas,

* = 1 * ,
/SlxR " wE, /TI,R elw) a)E}gR
and changes the signs from Definitions 2.16 and 2.17 by (—1)d¢&* :

(2-27) sign(u) = sign(gl(u)) - (—1)%&~.
Here u € M°(g(x), x; Js, Hs,t)<A, and deg x is as in Definition 2.7.
Proof The existence of the bijection gl is well-known. The map gl is constructed for

the case f = g =1Id in [32] (see also [5]) and that proof carries over to arbitrary f, g.
Alternatively, one can adopt general SFT gluing and compactness theorems [7].

Let u(s,t) € M(g(x),x; Jsr, Hg ). By a smooth homotopy this section can be made
t—independent for ¢ close to —oo and +o0o0. We can glue it into a smooth section over
TR by applying (2-26). The smooth section over T "R we obtained is smoothly
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homotopic to gl(u) and hence has the same w-area as gl(u); so gluing preserves
w-areas.

Let us explain why gl changes the sign by (—1)%°€* . We have illustrated our argument
by an informal diagram below; its arrows correspond to homotopies between Fredholm
operators, and its labels are the signs determined by the mod 2 count of the dimensions
of kernels appearing during the homotopies.

over sign(u)

SIXR Dy ————— /0t + Jod/ds + A(s)
gluingﬂ
over sign(u) (-1 )deg X

o Do) ——s 3/t + Jod/ds + A(s) ————— 8/t + Jod/ds +1d

N J

sign(gl(u))

Take u(s,t) € M°(g(x), x: Jsz, Hy,) and consider linearised Floer’s operators (2-16)
and (2-25):

Dy: HYP(S' xR, R?") — LP(S! xR, R?"),

Dyiqy: C®(THR R — (TR R?"™).

Take a homotopy L. from Dy, to the operator (2-18) L) = 9/0t + Jod/ds + A(s).
By Definition 2.16,

(2-28) sign(u) — (_1)2r dimker L ¢ )

Let L%l be a homotopy from Dy, to the analogous operator L,y = 9/0t +
Jod/ds + A(s) over the torus, considered in Section 2.7. It is well known that

(2-29) 3 dimkerL;= Y kerZ¥ mod 2.
z€f0,1] t€[0,1]

(This is a special case of the fact that orientations of moduli spaces of pseudo-
holomorphic sections before gluing canonically define orientations on moduli spaces
after gluing.)

Take a homotopy L4, (s) from Ly to Lig = 3/9t + Jod/ds + 1d. To compute the
kernels swept by this homotopy, we will use Lemma 2.15. First, let W(s) be the
matrix which solves (2-19) with respect to our given A(s); then ¥(1) = dfy(X)
by Lemma 2.10. By Definition 2.7, signdet(Id —W (1)) = degx. Second, let W(s)
instead be the matrix which solves (2-19) with respect to the s—independent matrix
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A(s) = Id; the solution is e ™70 and for it we obtain sign det(Id —¥ (1)) = +1. Now
by Lemma 2.15,

(2-30) Z dimker L4, (s) =degx mod 2.
t€fo,1]

The concatenation of homotopies L4, () and L%l is a homotopy from Dy, to
d/dt + Jod/ds +1d. So by Definition 2.17,

(2_31) Slgn(gl(u)) — (—I)ZT dimkerLAT(s) . (_1)21. dimkerL%l.

Combining (2-28)—(2-31) we get sign(u) = sign(gl(1)) - (—1)%&* | which completes
the proof. |

2.11 Proof of the elliptic relation

Proof of Theorem 1.1 We only need to compile the previous statements. It suffices
to prove that for each 4 > 0, the supertraces are equal up to order ¢4:

STr(fﬂoer)/qA = STr(gﬂoer)/qA'

By Lemma 2.9 and Proposition 2.19, for sufficiently large R we have

STr(gnoer) /4™ = > (—1)%*e* - sign(u) - g™
x€Fix fir
ueMO(g(x),x;Js.1 Hy 1)<4

= gMOG PR T (s Hea )™
One can repeat all constructions after swapping f and g to get
STi( fioer: HF*(g) — HF*(g)) = gM°(; 1, T4,

Here jR1 = L1/R 5 another complex structure on the torus (which is “long” in the s—

direction, while j 'R is “long” in the t—direction), and J1 is some other almost complex
structure on the total space. Now Theorem 1.1 follows from Proposition 2.18. a

2.12 Finite-order symplectomorphisms
We will now prove two lemmas about the action on Floer cohomology when one of the

two commuting symplectomorphisms has finite order, and derive Proposition 1.4. The
proof of the next lemma is an extension of [16, Lemma 7.1].
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Lemma 2.20 Let X be a symplectic manifold satisfying the W™ condition. Let
g,¢: X = X be two commuting symplectomorphisms. Suppose ¢* =1d and the fixed
point set X? is a smooth manifold (maybe disconnected, with components of different
dimensions). Then

STr(goer: HF* () — HE*(9)) = L(glxe) -¢° + Y ai ¢, i > 0.

1

In other words, STr(ggoer) € A contains only summands with non-negative powers
of ¢, and the g%—coefficient is the topological Lefschetz number of g|y«. Using the
elliptic relation we will later show that the higher-order terms a;g®! actually vanish;
this is however a separate argument and we first prove the lemma as stated.

Proof First we construct a Hamiltonian function on X of special form. Let U(X?)
be a ¢—equivariant tubular neighbourhood of X%, p: U(X?) — X¢ the projection
and dist a ¢—invariant function on U(X?) measuring the distance to X% in some
¢—invariant metric. Let Hy be an arbitrary function on X?. Define

H := Hyo p +dist>.

This is a function on U(X?). Extend this function to X in any way and then average it
with respect to ¢ (this will not change the function on U(X?)). We denote the result
by H again. Note that H|ys = Hy and Crit(Ho) = Crit(H) N X?. For the rest of
the proof, H will be a generic function constructed this way; in particular, H |ys is
also generic.

Because ¢ has finite order, we can choose a ¢—invariant compatible almost complex
structure J on X which preserves TX?, and such that J |y, is arbitrary. Since J, H
are ¢—invariant, they satisfy (2-1), with f = ¢. Thus Floer’s equation (2-3) makes
sense for such s—independent data J, H. Denote J' = g*J, H' = H o g as in (2-13).

Choose an s—independent homotopy (2-9) Hy, J; from H' to H (resp. from J' to J).
For every ¢, H¢, J; must be ¢—invariant, and, as earlier,

(2-32) H; = (Hyp); o p + dist?

on U(X?), where (Hy); = (H;)|xe can be arbitrary. Note that in general it might
not be possible to find s—independent J;, H; that would make all solutions of Floer’s
continuation equation (2-10) regular. However, using [16] we will now argue that some
solutions of (2-10) (namely the gradient flowlines of H;) are still generically regular.

Recall that J; induces the time-dependent metric (-, J;-) on X by definition of
a compatible almost complex structure. If H is a function on X, its gradient and
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Hamiltonian vector fields are related by the equation VH = J Xg . So s—independent
solutions u(s, ) = x(¢) of Floer’s continuation equation (2-10) are exactly w(-, J; - )—
gradient flowlines of H;:

dx(t)/dt —VH;=0.

The ¢—periodicity condition (2-4) now reads ¢ (x(¢)) = x(¢), so we are looking only
at gradient flowlines inside X¢. Note that every s—independent solution u(s, ) = x(t)
of (2-10) has zero area: w(u) = 0. Recall that solutions of (2-10) are elements
of M(x,y;J¢, Hy) where x € Fix¢pg and y € Fix ¢y . Also note that Fix ¢y =
Crit(H |x¢), and similarly Fix ¢/ = Crit(H'|xs).

The following two facts are proved in [16] when H;, J; are t—independent and ¢ = Id
(that paper is interested in the equations for Floer’s differential rather than continuation
maps). The proofs are valid in the general case. For example, one can track that the
periodicity condition (2-1), which is the only place where ¢ explicitly appears, is not
used in the proof of the facts below.

(1) Forany J;, H; as above, an s—independent solution u(s,?) = x(¢) of (2-10) is
regular, ie Dy, (2-16) is onto, if and only if the w(-, J; - )—gradient flow of H;
is Morse—Smale near X¢ [30, Corollary 4.3, Theorem 7.3]; compare [16, proof
of Theorem 6.1].

(2) There is € > 0 such that every solution u(s, ) of (2-10) with w(u) < € is
s—independent [16, Lemma 7.1].

We claim that the gradient flow of a generic H; constructed above is Morse—Smale
near X?. Indeed, we can choose H|ys freely, so we can make the flow of H;|yes
Morse—Smale. Because H; is quadratic in the normal direction to X ¢ (2-32), the stable
manifolds of H; are, near X%, normal disk bundles over those of H; |xe, and the
unstable manifolds of H, lie in X% and coincide with those of H;|ys. Consequently,
H; is Morse-Smale near X¢ if and only if H,|ye is Morse-Smale.

By Remark 2.4 or [31, Section 4.2.2],

(2-33) > (=% - sign() - ™ = L(g|xs) - q°.
x€Fix ¢y
ueMO(g(x),x;Js,Hg): 0(1)<0
Although the left-hand side looks exactly like the expression for STr(gfeer) from
Lemma 2.9, J;, H; need not be regular for all continuation equation solutions, while
Ziloer Must be computed using a regular Hamiltonian and almost complex structure.
To cure this, we slightly perturb J, H and J;, H; by allowing them to depend
on s, to get Jg, Hy and J;;, Hs ;. For a generic such perturbation, all solutions
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to (2-10) with respect to Jg;, Hy; become regular. Because s—independent solutions
in M(x,y; Js, Hy) were already regular, they are in 1-1 correspondence (via the
continuation map) with some solutions in M(x, y; Js;, Hs;) of zero w—area. By
item (2) above, every u € M(x,y; Jss, Hg;) with w(u) < € actually has zero area
and corresponds to an s—independent solution in M(x, y; J¢, Hy). (See [16, proof of
Proposition 7.4] for this argument.) In view of (2-33) this means

) (1% sign(u) -¢“® = L(glya)-¢°.
x€Fix ¢y
ueMO(g(x),x;Js.t,Hs.1): 0(u) <0

Lemma 2.20 follows from this equality and Lemma 2.9. |

Lemma 2.21 Let X be a symplectic manifold satisfying the W™ condition. Let
g,¢: X — X be two commuting symplectomorphisms. Suppose (j)k =1Id. Then

STr(pnoer: HF*(g) — HF*(g)) =a-¢°, wherea € C and |a| < dima HF*(¢).

Proof By Lemma 2.6 (¢ﬂoer)k = Id, so all eigenvalues of ¢qqer are among the roots
of unity 4/1-¢° € A. The signed sum of these eigenvalues gives STr(oer), and
Lemma 2.21 follows. O

The elliptic relation (Theorem 1.1) and Lemma 2.21 imply the following corollary.
Corollary 2.22 The terms a; -¢®!, w; > 0 from Lemma 2.20 actually vanish. a

Proof of Proposition 1.4 The proposition follows from Lemma 2.20, Lemma 2.21
and Theorem 1.1. |

Remark 2.23 As promised in Remark 1.7, we now sketch an alternative proof of
Proposition 1.4 which does not appeal to Theorem 1.1. Suppose for simplicity that
a symplectomorphism f: X — X commutes with a symplectic involution ¢ and f
has non-degenerate isolated fixed points. Note that, for general reasons, dt¢ acts by
—1Id on the normal bundle to its fixed locus X*. To compute HF*( /), choose the zero
Hamiltonian perturbation and an almost complex structure which is (—invariant at points
x € Fix f N X*. Then tqeer only counts constant solutions u(s,?) = x € Fix f N X*.
(Because f has isolated fixed points, the only zero-area solutions are constant, and
because Lﬁoer = Id, all positive-area solutions cancel.) However, the sign associated
to a constant solution u is not always positive. The reason is that we must write
the linearised Floer’s operator D, in a trivialisation of u*7T, X = § Ly Rx T X
which differs by d¢(x) over the two ends of the cylinder, according to the definition
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in Section 2.8. Consider the splitting Tx X = T, X' @ N, X' into the +1 and —1
eigenspaces of di(x). We can choose the constant trivialisation of u*7Tx X" and
get the R—-independent operator on this subspace, which by definition carries the
positive sign. However, we are not allowed to choose the constant trivialisation of
u*N, X" (instead, an allowed choice would be, for example, a rotation from Id to
— Id with parameter ¢ ), so D, will not be the canonical R—invariant operator on N, X
and can carry a nontrivial sign from Definition 2.16. We claim that this sign equals
signdet(Id —df (x)|n, x:). The computation can essentially be reduced to the index
problem considered in Section 2.7, since D,, can still be chosen independent of one
variable; a related Lagrangian version of this statement is [37, Lemma 14.11]. Once
the signs are known, it is easy to see that STr(tgoer) = L(f |Fix:) - ¢°:

STr(thoer) =y, (=1)**-signdet(Id —df (x)|n, x0) - ¢°
x€Fix fNX*

= Y signdetd—df(x)|r,x0) q° = L(fIrix) 4"
x€Fix fNXt

The bound dim HF*( f) > L(f |rix.) follows as in Lemma 2.21.

2.13 Lagrangian elliptic relation

In this subsection, we briefly explain Theorem 1.10 and Proposition 1.11. Let X be a
monotone symplectic manifold, ie [w(X)] = Ac1(X) as elements of H?(X;R), A > 0.
Let ¢: X — X be a symplectomorphism, and L; C X be two connected monotone
Lagrangian submanifolds such that ¢(L;) = L;.

In order to define the action ¢goer: HF* (L1, L2) — HF*(Ly, L) over a field of
characteristic not equal to two, we must fix the following additional data. First, L; must
be oriented, although ¢ need not preserve the orientations. (In the appendix we use
the orientation-reversing case.) Second, the hypothesis below must be satisfied.

Hypothesis 2.24 L; must be equipped with spin structures S; together with isomor-
phisms ¢*S; — S; if ¢|1, preserves orientation, and ¢*S; — S; if @[, reverses
orientation. Here S; is the following spin structure on L; (that is, on L; with the
opposite orientation). The original spin structure S; is a trivialisation of 7'L; over the
1-skeleton of L; which extends over the 2—skeleton and agrees with the orientation
on L;. By definition, S; is the composition of the trivialisation S; with a fixed
orientation-reversing isomorphism R” — R” , for example the one which multiplies the
first coordinate by —1. We note the desired isomorphisms ¢*S; — S; or ¢*S; — S;
always exist if the L; are simply connected.
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In [37, Section 14], similar data (defined only for an involution ¢, with an extra
condition on the “squares” of the above isomorphisms, but also allowing non-orientable
Lagrangians) was called an equivariant Pin structure.

Pick some Jg, Hg defining Floer cohomology HF* (L1, Ly; Jg, Hs, S;); see [26; 14]
for a definition in the monotone setting. We have included the choice of spin structures
in our notation. The action g, is the composition

HF*(L1, La; Js, Hs, Si) —> HF* (L1, La; ¢™ Js, Hs0 ¢, ¢™Si)
—> HF*(Ll, Lz; JS, Hs, Sl)

Here the first map is the tautological chain-level map that takes all chain generators
and Floer’s solutions to their ¢—images; we are using that ¢ L; = L;. The second one
is the continuation map. We skip the proof of the next lemma.

Lemma 2.25 (Cf [37, Sections (14a) and (14e)]) If ¢* =1d then (dgoer)® = £ 1d. O

Note that, unlike Lemma 2.6 and [37, top of page 310], we do not necessarily get
(¢rioer)® = Id, but having (¢goer)® = =+ Id is enough for future applications.

Choose Jg, Hg (2-1) to define Floer’s complex CF*(¢; Js, Hy). Take the fibration
p: Ep— S1x[0, +00) with monodromy ¢ around the circle as in (2-14), but now over
the semi-infinite cylinder S x [0, +-00) instead of S x R. It contains the “boundary
condition” manifold S! x L c p~1(§! x {0}). The symplectic form on X defines a
fibrewise symplectic form wg, on Eg. Choose a tame almost complex structure J
on Eg which, over STx [1, 4+00), equals f(JS, Hj) for some Jg, H (see Section 2.5),
and in particular is independent of ¢ € [1, +00).

Take x € Fix ¢y (2-5), that is, a generator of CF*(¢; J, Hy). We define M%(L, x)
to be the set of all zero-index J- —holomorphic sections u(s,?): S x [0, +00) — Eg
which are asymptotic, as ¢t — +00, to the Hamiltonian trajectory s(x) (2-2), and
satisfy the Lagrangian boundary condition u(s,0) € S' x L. Then we define

(L1P= 3 > *¢°™-[]cHF@).

x€Fix¢yg ue MO(L,x)

Here [x] € HF*(¢) is the cohomology class of the chain generator x, and

w(u) =/ u*wg,.
S1x[0,+00)

The signs are defined using the chosen spin structures on the L; and coherent orienta-
tions for ¢. This is a version of the open-closed string map; cf [29].
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Next we review the quantum product HF* (¢) ® HF*(¢~!) — HF* (Id) = QH*(X). It
counts holomorphic sections of a symplectic fibration over S? with three punctures
and monodromies ¢, ¢!, 1d around them. The first two punctures serve as inputs
for HF*(¢), HF*(¢'), and the third puncture is the output; see [24] for details.
If one caps the output puncture by a disk, the count of sections over the resulting
twice-punctured sphere (see the lower part of Figure 3(a)), gives the composition
HF*(¢) @ HF*(¢—1) — HF*(1d) X A of the product and the integration map y (once
we identify HF*(Id) with QH*(X)).

Ll L2
&’ Q
(b)
Ly
PR Ll PR
(c) (d)
L L, L L2

Figure 3: Proving the Lagrangian elliptic relation

Combining the definitions, y([L1]? * [L2]¢_l) counts holomorphic sections over two
cylinders and a twice-punctured sphere which have the same asymptotics over the
punctures in two pairs; see Figure 3(a). Here the cylinder S x [0, +-00) is seen as a
once-punctured disk. This count equals the number of sections of a glued fibration
over an annulus, with monodromy ¢ around the core circle, and Lagrangian conditions
S'x Ly, Sx L, over the boundary of the annulus. The annulus carries a fixed “long”
complex structure; see Figure 3(b).

On the other hand, STr(¢geer) counts sections of a trivial fibration over the strip
[0, 1] x R with Lagrangian boundary conditions R x L; and asymptotics differing by ¢
over t — +o00; see Figure 3(c). We can glue the fibration over the strip, twisting it
by ¢ to get a fibration over the annulus which we have already encountered: it carries
Lagrangian conditions S! x L; over the boundary and has monodromy ¢ around the
core circle; see Figure 3(d). By gluing, STr(¢aeer) is equal to the count of holomorphic
sections of this fibration, with a fixed (“long”, but in the other direction than before)
complex structure on the annulus. As the count of sections does not depend on the
complex structure on the annulus, we get Theorem 1.10. We omit the discussion of
signs, which was carried out in detail for the case of commuting symplectomorphisms.
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The signs in the present case can be studied by similar arguments if we superficially
deform the Lagrangians so that 7, L1 = T, L, for all intersection points p € L1 N L2,
keeping these points isolated, and then pick non-degenerate Hamiltonians Hy, H» to
compute HF*(Lq, L>).

Let us now explain Proposition 1.11. The most important step is to prove a Lagrangian
analogue of Lemma 2.20: if ¢ is a map of finite order with fixed locus X% and smooth
orientable Lagrangian fixed loci L? C X? then

(2-34) (L) % [L2]?) = (LT (15D 4%+ D Jai g™ wi >0,

i
Recall that [L‘f] . [Lg] € 7 is the homological intersection of the fixed loci LY, Lg
inside X¢. (Note that L? are automatically isotropic but not necessarily Lagrangian,
although we will only use the case when they are Lagrangian. One can get examples
of (¢ﬂoer)k = —1Id in Lemma 2.25 when the dimensions of L‘f s Lg are different.)

In order to count sections of the configuration on Figure 3(a), we must specify the data
Js,t. Hg s over our configuration consisting of two half-cylinders S I [0, +00) and
a twice-punctured sphere which we will now see as the cylinder S' x R. Similarly
to Lemma 2.20, we choose the data to be of special form, namely independent of the
basepoint: Js;, = J, Hy, = H (this forces J, H to be ¢—equivariant). With this data,
s—independent (s € S!) sections become gradient flowlines of the Morse function H
inside the fixed locus X ?. Rigid sections over S! xR are constant, while rigid sections
over S1 x [0, +00) are flowlines from L; to a critical point of H . This way, the count
of s—independent rigid configurations on Figure 3(a) is

> (ILY]-[Stab(x)]) ([LY] - [Stab(x)]),

X€Crit" (H| o)

where n = % dimg X ® _ Crit” are index-n critical points, and Stab are stable manifolds
in X?. This sum equals the intersection [L‘f] . [Lg].

Finally, one must argue that these configurations of flowlines are regular, and are the
only zero-area solutions. (There could be other positive-area solutions which are not
necessarily regular.) This is a variation on the lemmas cited in the proof of Lemma 2.20.
Then one makes the data J, H regular by allowing them to depend on s, ¢ and argues
that the count of zero-area solutions (which were already regular) is preserved.

On the other hand, if ¢ is of finite order then ¢goer: HF* (L1, L) — HF*(L1, L»)
is of finite order by Lemma 2.25, and the eigenvalues of ¢goer are among “v/1-¢°.
Consequently, STr(¢goer) = a-q°, |a| < dimp HF*(Ly, L,). Now Theorem 1.10 and
formula (2-34) imply Proposition 1.11.
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3 Vanishing spheres and Dehn twists

Let Y be a Kéhler manifold with a Kéhler form w, and £ — Y a very ample holo-
morphic line bundle. Let X C Y be a smooth divisor in the linear system |£|. In
this section we define |£|-vanishing Lagrangian spheres in the symplectic manifold
(X, w|x). They exist if the line bundle £ — Y has zero defect (see below) and are
then unique up to symplectomorphism. Throughout this section, we denote by D C C
the unit complex disk.

3.1 Lefschetz fibrations and vanishing cycles

This subsection reviews well known material; see eg [37].

Definition 3.1 (Lefschetz fibration with a unique singularity) Suppose E is a smooth
manifold, €2 aclosed 2—formon E, and w: E — D is a smooth proper map. The triple
(E, 2, ) is called a Lefschetz fibration with a unique singularity if there is a point
p € E (without loss of generality, we assume 7 (p) =0 € D), and a neighbourhood
U(p) such that:

e 7 is regular outside U(p), and the restriction of 2 on the regular fibres of 7 is
symplectic.

e There exists a complex structure on U(p) with a holomorphic chart x1, ..., x,
such that

n(xl,...,xn)=x%+--~+x,%.

*  Qly(p) is Kiahler with respect to this complex structure.

All smooth fibres E; := 7~ !(¢) contain a Lagrangian sphere, uniquely defined up to
Hamiltonian isotopy. Let us sketch its construction, as we will refer to it later in the
proof of Lemma 4.8. Because the smooth fibres E; are symplectomorphic to each
other by parallel transport with respect to the 2—induced connection on E, it suffices
to construct a Lagrangian sphere in E; for a small t € R. Define L C U(p) C E by
the equation

x%+---+x,% =t, x;eR.

Clearly L is contained in E; and is a Lagrangian sphere for ¢t € R4 with respect to
the standard symplectic structure Q4q on U(p) C C". However, it is generally not
possible to make our form 2[g;(,) standard by a holomorphic change of coordinates
preserving 7. Instead, we can follow the argument of [36, Lemma 1.6]: there is a
function f on U(p) such that Q|y(,) = Qa4 +dd€ f. We can deform f to 0 ina
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smaller neighbourhood U’(p) C U(p) while leaving f unchanged outside of U(p).
Let f, be such a homotopy and define 2, := 2 outside of U(p), and Q,|y(p) :=
Qga +dd€ fr. Observe that Qo = Q and Q1|y/(p) = Qua. For all r, the smooth
fibres (E;, 2,|Eg,) are symplectic and the cohomology class of ©2,|fg, is constant, so
by Moser’s lemma the smooth fibres are actually symplectomorphic to each other for
any r. In particular, the Lagrangian sphere L C (E;, Q4d|E,) constructed above can
be mapped by this symplectomorphism to a Lagrangian sphere in (E;, Q|E,).

Definition 3.2 (Vanishing Lagrangian sphere) A Lagrangian sphere in a smooth
fibre E; is called vanishing for the Lefschetz fibration £ — D if it is Hamiltonian
isotopic to the one constructed above.

3.2 Defect of a line bundle

Definition 3.3 (Defect of a line bundle) Let Y be a complex manifold and £ — Y a
very ample holomorphic line bundle, giving an embedding ¥ € (PV)* where PV =
PHO(Y, £). The discriminant variety A C P¥ is the dual variety to Y , parametrising
all hyperplanes in (P¥)* which are tangent to ¥ C P . Equivalently, it parametrises
all singular divisors in the linear system PH (Y, £). The defect of £ is the number

def C=N—-1—dimA >0.
Line bundles usually have zero defect; for us, it is useful to note the following.

Lemma 3.4 [3, page 532] Suppose L — Y is a very ample line bundle. If def £ > 1,
there exists a smooth rational curve [ C Y suchthat L -] = 1. O

For completeness, let us sketch a proof. Recall that points in A™® correspond to
generic hyperplanes H C (PV)* which are not transverse to Y. If def £ > 1, for
such a hyperplane H € A™2 the contact locus (H N Y)%"¢ is a linear P4 [43,
Theorem 1.18]. Take any line / 2 P! in H . Obviously it intersects a generic smooth
hyperplane section HNY transversely at a single point, which means £-/ = 1.

Corollary 3.5 Suppose L — Y is a very ample line bundle. Then def £®4 =0 for
any d > 2. |

3.3 |L|-vanishing spheres in divisors

Recall that D C C denotes the unit disk.

Geometry € Topology, Volume 19 (2015)



3382 Dmitry Tonkonog

Definition 3.6 (Total space of a family of divisors) Let Y be a Kéhler manifold
and £ — Y a very ample line bundle. Take a holomorphic embedding u: D —
PHO(Y, L) = |L£|; then each point ¢ € D defines a divisor Xu@y C Y. We call
{Xu@)}rep afamily of divisors. The total space of the family {X,,)}sep is

E:={(x,u(t)):xeX;, teD}CY xPHY,L).

The restriction of the product Kihler form from Y x PHO(Y, £) to E makes E a
Kéhler manifold. There is a canonical projection 7: E — D whose fibres are Xy, ().
In the future we shall write {X;},ep instead of {Xy()}rep -

Definition 3.7 (|£|-vanishing Lagrangian sphere in a divisor) Let Y be a Kidhler man-
ifold and £ —Y avery ample line bundle with zero defect, and with dim PH 0 (Y, L)=2.
Let A Cc PH(Y, L) be the discriminant variety from Definition 3.3. Let u: D —
PHO(Y, £) be a holomorphic embedding such that u(0) € A™2, u(t) ¢ A for t #0, and
the intersection of u(D) with A™® is transverse. Let w: £ — D be as in Definition 3.6.

By [23, 1.8], n: E — D is a Lefschetz fibration with a unique singular point over
t = 0 (in particular, X¢ has a single node). The vanishing sphere L C X; of this
fibration is called an |£|-vanishing sphere.

Obviously, every smooth divisor in the linear system |£| contains an |£|-vanishing
sphere, if £ has zero defect. Two different maps u,u’: D — H°(Y, £) with u(1) =
u’(1) can give two |L|-vanishing spheres in X; which are not Hamiltonian isotopic
and even not homologous to each other, such as in the case of Lemma 4.1. However,
| £|-vanishing spheres are unique up to symplectomorphism.

Lemma 3.8 Let L — Y be a very ample line bundle over a Kéhler manifold Y ,
def £ =0. Suppose X, X’ are two smooth divisors in the linear system |£| and L C X ,
L' C X’ are two |L|-vanishing Lagrangian spheres. Then there is a symplectomorphism
Y: X — X’ such that (L) = L’.

This lemma is probably well known, but we don’t have a clear reference for it, so we
prove it here. An auxiliary lemma is required.

Lemma 3.9 Letw: X — D x [0, 1] be a smooth proper map and 2 a closed 2—form
on X . Suppose that for every s € [0,1], Xp.s := 7~ 1(D x {s}), equipped with the
restriction of 2, is a Lefschetz fibration over D with a unique singularity over 0 € D .
(In particular, the fibres of w are symplectic.) Fort € D, s € [0, 1] denote by X;.s
the fibre 7~1({¢t} x {s}). Let Lo C X1;0 and L1 C X1.1 be vanishing spheres of the
Lefschetz fibrations X p.o and Xp.1, respectively. Then there is a symplectomorphism
Y¥: X1.0 = X1:1 such that Y (Lo) = L.
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Proof One can choose a smooth family of Lagrangian spheres Ly C X1,s such that
L is vanishing for the fibration on Xp s, and Lo, L are the given spheres. This is
easily seen from our definition or from [37, proof of Lemma 16.2].

Fix s € [0; 1] and let ¢¢: X1.5 = X1.5+€ be the parallel transport with respect to 2
[37, Section (15a)] along the s—direction. Look at ¢¢(L;s) and Lgs4.: these are two
Lagrangian spheres in X1.s4¢ which coincide when € = 0, so they remain sufficiently
close to each other for € small enough, say |€| < e(s). Being sufficiently close, the two
spheres are Hamiltonian isotopic inside Xi.5+¢. By composing ¢¢ with this Hamil-
tonian isotopy, we get a symplectomorphism V¢: X1,5 — X1;54¢ taking Ls to Lyye.

The open cover of [0, 1] consisting of the intervals {(s —€(s),s + €(s)) }se[o;1] admits
a finite subcover. We know that, for s, s’ within a single interval, Ly can be taken to
L, by a symplectomorphism X, — X, ; using the finite subcover, we are able to
find a finite composition of such maps which is a symplectomorphism Xj.0 — Xi:1
taking Lo to L. O

Proof of Lemma 3.8 Let u,u’: D — PH%(Y, £) be two holomorphic maps as in
Definition 3.7, and denote X = Xy,(1), X’ = X, (1). By Definition 3.7, u(0),u’(0) €
A™¢. Since A™¢ is connected, one can find a path a(s) € A™ from u(0) to u’(0),
s € [0, 1]. Next one can find an s—parametric family of holomorphic disks us: D —
PHO(Y, £) such that ug = u, u; = u’, us(0) € A™ and uz(D) intersects A™2
transversely. Consider the space

E:={(x,us(t)):t €D, se[0,1], x € Xy} CY xPH’(Y, ).

It carries a closed 2-form which is the restriction of the product Kihler form to Y
and PH(Y, £). There is also a canonical projection E — D x [0, 1]. With these
data, E satisfies the conditions of Lemma 3.9. This lemma provides the desired
symplectomorphism v¥: X — X' taking a given |£|-vanishing sphere in X to a given
one in X’. O

3.4 Dehn twists

We recall the definition of Dehn twists from [37, Section (16c¢)]. First, one defines the
Dehn twist as a compactly supported symplectomorphism of 7*S”. Fix the standard
round metric on S, and let |£| be the norm function on 7*S™. It is non-smooth at the 0—
section; away from the O—section, its Hamiltonian flow is the normalised geodesic flow.
Take a function b(r): R — R with compact support and such that b(r) —b(—r) = —r.
The Dehn twist 7: T*S" — T*S" is the 2n—flow of the Hamiltonian function b(|&]).
It extends smoothly to the O—section by the antipodal map, thanks to the special form
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of b(r). As result, 7 is a compactly supported symplectomorphism of 7*S”". Its
behaviour in 7*S” is well understood.

Theorem 3.10 (1) The map t has infinite order in Symp®(T*S")/ Ham®(T*S"),
the group of compactly supported symplectomorphisms of T*S" modulo com-
pactly supported symplectic isotopy.

(2) Ifn iseven, t has finite order in 7o Diff*(T*S™), the group of compactly sup-
ported diffeomorphisms of T*S™ modulo compactly supported isotopy [21]. O

When n = 2 it is further known that t generates o Symp®(7*S?) = Z, and 72 is
smoothly isotopic to Id in Diff® (7*S?) [38]; see also [2, Theorem 1.21].

Next, if L C X is a Lagrangian sphere in any symplectic manifold, a neighbourhood
of L in X is symplectomorphic to a neighbourhood of the O—section in 7*S™. So one
can pull back t using this symplectomorphism and then extend it by the identity to get
amap t7: X — X. It is a symplectomorphism uniquely defined up to Hamiltonian
isotopy (once a parametrisation of L is fixed), supported in a neighbourhood of L.

Definition 3.11 (Dehn twist) The symplectomorphism t7: X — X is called the
Dehn twist around L.

Lemma 3.12 (Picard—Lefschetz formula [23]) If dimgr X =2n and L C X is a
Lagrangian sphere, then (11 )« acts by Id on H; (X), i # n. For any [A] € H,(X),

(t)«[A] = [A] —€- ([L] - [AD[L].
Here € = (—1)%”(”_1). Consequently:

(1) Ifn iseven, then (t1)2 acts by Id on H.(X).

(2) Ifnisoddand [L] € H,(X;R) is non-zero, then (1)« is an automorphism of
infinite order of H(X). a

Summarising Theorem 3.10(2) and Lemma 3.12(2), we arrive at the following well
known statement.

Corollary 3.13 Let X be a compact symplectic manifold, dim Xg =2n,and L C X
a Lagrangian sphere non-zero in H, (X ;R).

(1) Ifn iseven, Tty has finite order in o Diff(X).
(2) Ifn is odd, t7, has infinite order in wwy Diff(X). O
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The next lemma relates Dehn twists and Lefschetz fibrations; see [37, Section (15b)]
for details.

Lemma 3.14 [36; 37] Let (E, 2, ) be a Lefschetz fibration with a unique singular-
ity. Let E; be its regular fibre and L C E a vanishing Lagrangian sphere. Then the
Dehn twist t7,: E1 — E; is Hamiltonian isotopic to the symplectic monodromy map
E{ — E obtained by applying symplectic parallel transport to the fibres E; along the
circlet € dD. m|

Remark 3.15 Let X be a symplectic manifold and L C X a Lagrangian sphere;
assume L is non-zero in Hy,(X). There are three main previously known cases
when 77, has infinite order in Symp(X)/Ham(X) (if X is non-compact, consider
Symp®(X)/ Ham®(X) instead):

(D) % dimp X is odd, as explained above.
(2) X is exact with contact-type boundary, and L is exact (Seidel, unpublished).

(3) X is Calabi-Yau, and there is another Lagrangian sphere L’ intersecting L once
transversely [35].

Let X = Bl; P? be the blowup of P2 in k generic points, 2 < k < 8, with the
monotone symplectic form, and L C X be any Lagrangian sphere. Seidel [38] showed
that 77, has order 2 in Symp(X)/Ham(X) when k = 2, 3,4 and has order greater
than 2 when k = 5, 6,7, 8, but did not prove it was infinite. Note that X = Blg P2 is
the cubic surface X C IP3, to which Theorem 1.2 applies.

4 Constructing invariant Lagrangian spheres

The aim of this section is to state and prove Proposition 4.2, which will later be used
to prove Theorem 1.13. We start by stating an essentially known lemma which can be
used to prove the simple case of Theorem 1.2 when dim¢ X is odd.

Lemma 4.1 Let £ be a very ample line bundle over a Kihler manifold Y. For
any d > 3, every smooth divisor X C Y in the linear system |£®%| contains two

|£®d |-vanishing Lagrangian spheres L1, L, that intersect once, transversely. a

The proposition below should be considered as an equivariant version of Lemma 4.1.
It will be used to prove the harder case of Theorem 1.13 when dim¢ X is even.
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Proposition 4.2 Let £ be a very ample line bundle over a Kdhler manifold Y , and let
t: Y — Y be a holomorphic involution which lifts to an automorphism of L. Fix d >3
and let H(Y, £84) 1 denote the + 1—eigenspaces of the involution on H°(Y, £84)
induced by t. Let I14+ be as in Theorem 1.13. Pick a connected component S of
Y'CY,dimE >2. Suppose one of the following holds:

(a) d iseven.

(b) disodd, £ C I, and the linear system PH®(Y, £%%) contains a smooth
divisor.

Then there is a smooth divisor X in the linear system |£®%| and two |£®% |-vanishing
Lagrangian spheres L1, Lo C X such that:

(1) «(X)=X,Z:=XNZ issmooth, dimE =dimE —1.

(2) «(L1)=L1,u(L2)=Lo.

(3) L1, L, intersect transversely at a single point which belongs to X.

(4) L:=L;NX are Lagrangian spheresin X, i =1,2.

(5) fori = 1,2 one can choose a symplectomorphism 1y, of X representing the
Hamiltonian isotopy class of the Dehn twist around L; such that T;,, commutes
with ¢, and T, |x. is the Dehn twist around L;.

The same is true if we replace symbols + with — in case (b).

4.1 A, chains of Lagrangian spheres from A, fibrations

Definition 4.3 (A, chain of Lagrangian spheres) Let X be a symplectic manifold.
A pair (L, L) of two Lagrangian spheres in X is called an A chainif L; and L,
intersect at a single point, and the intersection is transverse.

In Section 3 we have seen that one can construct Lagrangian spheres as vanishing
cycles of Lefschetz fibrations. Similarly, one can get A, chains of Lagrangian spheres
from fibrations with slightly more complicated singularities.

Definition 4.4 (A, fibration) Denote by D C C the open unit disk, and by B¢ C C
the open disk of radius €. Both disks are centred at 0.

Suppose E is a smooth manifold, €2 a closed 2—form on E and : E — D is a smooth
map. The triple (E, 2, ) is called an A, fibration if there is a point p € E (without
loss of generality, we assume 7 (p) = 0 € D), and a neighbourhood U(p) such that:
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e All but a finite number of fibres of & are regular, and the restriction of € is
symplectic on them.

e There exists a complex structure on U(p) with a holomorphic chart x1, ..., x,,
X; € B¢ such that

T(X1,.. .. Xp) = xf +----i—x,3_1 + h(xp),
where h(xy) is holomorphic.
* h(xy) has at least three roots within B/, , counted with multiplicities.

e Forany x, € Bejz, \/h(xn) € Bez.
* Qly(p) is Kihler with respect to the above complex structure.

Remark 4.5 The definition allows 7 to have singularities outside of U(p). Also, the
definition does not require p: £ — D to be a proper map, so the smooth fibres E;
need not be symplectomorphic, as we may not be able to integrate the parallel transport
vector fields. The generality of this definition is slightly unusual, but it makes no
difference to the local construction of A, chains of Lagrangian spheres, which is the
next thing we discuss.

In order to prove Proposition 4.2, we need to introduce A, fibrations with involutions.

Definition 4.6 (Involutive A, fibration) Let (E, 2, ) be an A, fibration. It is
called an involutive A, fibration with involution ¢: £ — E if in the holomorphic chart
from Definition 4.4 we have in addition

(X1 s XT X 10 e ey Xn) = (=X10 ooy —=X], X[ 415+ -+ » Xn)

for some [ < n. We denote by E* the fixed locus of ¢.

Remark 4.7 Tt follows from this definition that 7|g.: E* — D is also an A, fibration.
Note that x € E* is regular for 7 if and only if it is regular for 7 |g.. Indeed, we can
decompose Tx E = Ty E' & Ny where Ny is the (—1)—eigenspace of di(x). Since
mt=m, Ny Ckerdn(x). Sotkdn(x) =rkdn(x)|r, g:. Consequently, for a regular
fibre E;, the fixed locus E; is smooth.

The following is a slight refinement of [20, Lemma 6.12].
Lemma4.8 Letn: E— D bean A, fibration. Then for every sufficiently small t € D

such that the fibre E; := n_l(t) is smooth, E; contains an A, chain of Lagrangian
spheres.

Geometry € Topology, Volume 19 (2015)



3388 Dmitry Tonkonog

We will use the following equivariant analogue of this lemma.

Lemma 4.9 Let 7: E — D be an involutive A, fibration with an involution . Then
for every sufficiently small t € D such that the fibre E, := mw~'(t) is smooth, E,
contains an A, chain of Lagrangian spheres (L1, L,) which satisty properties (2)—(5)
from Proposition 4.2 with X := E;, and ¥ being the connected component of E;
which is a subset of the connected component of the point p in E*.

Remark 4.10 Note that dimX = [ — 1, where / is the number coming from the
coordinate chart in Definition 4.6.

Proof of Lemma 4.8 Let U’(p) C U(p) be the ball around p given by |x;| <¢€/2,
i =1,...,n. Asin Section 3.1, it suffices to assume that Q|g(,) is the standard
symplectic form in the holomorphic chart (xi,..., x,) from Definition 4.4.

The condition that E; is smooth means the equation /(x,) = ¢t has no multiple roots
with x, € B¢/>. Therefore by Definition 4.4, the equation /(x,) = 0 has at least three
roots with x € B¢/,. So for sufficiently small 7 the equation A(x,) = ¢ also has at
least three distinct roots with x, € B/, . Pick three such roots, say z1, 22,23 € B¢/s:
h(z;) =t. Let y12 C B¢/ be a path from z; to z5 whose interior avoids the roots of
h —t. Define

Ly:= | [ {G1....oxn) € Bana (1) 1 i € R+ =h(2)}.

ZE€Y12

This is a smooth Lagrangian sphere in 71 (¢) with respect to the restriction of the
standard symplectic form on C” to 7~ !(¢). Similarly, let y23 C Bejo C C be a
path from z5 to z3 and define L, by the same formula replacing y12 by y23. If y12
and Y53 are transverse at their common endpoint z,, then (L1, L) is an A, chain of
Lagrangian spheres by [20, Lemma 6.12]. Note that Ly, L, lie in U’(p) by the fourth
condition in Definition 4.4. O

Proof of Lemma 4.9 We use notation from the proof of Lemma 4.8. Arguing —
invariantly as in that proof, we can again assume € is standard on U’(p). The
formulas for Li, L, are invariant under the change x; — —x;, i <1, so L1,L»
are (—invariant. This proves property (2) from Proposition 4.2. Next, we already
know L intersects L, transversely at a single point. This point has coordinates
x1=0,...,xp,—1 =0, x, = z. (Recall z; is a root of h(x,) —¢.) This intersection
point is (—invariant, and it obviously belongs to the connected component of the point p
in E*, so property (3) from Proposition 4.2 holds. Property (4) is true because E*
locally around 7z is given by x; = -+ = x; = 0, and so L; N X are transverse
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Lagrangians for the same reason that the L; are. By their local construction, the L;
do not intersect the connected components of E; other than X.

It remains to explain property (5). Let S”~! C R” be the standard unit sphere. Let to
be the involution on S” which changes the sign of the first k coordinates on R”. Tt
naturally extends to an involution ¢p on 7*S". It is not hard to check that there is an
(¢, tp)—equivariant diffeomorphism V(L) — V(S"), where V(L) is an (—invariant
tubular neighbourhood of L; C X and V(S") is an (p—invariant tubular neighbourhood
of the O—section in 7*S™. Then there is also an (¢, tg)—equivariant symplectomorphism
V(L1) — V(S"), by an equivariant analogue of the Weinstein tubular neighbourhood
theorem. The Dehn twist in 7*S" is (p—equivariant by definition. Its pullback via the
equivariant symplectomorphism V(L) — V(S") is the desired (—equivariant Dehn
twist inside E;. O

4.2 A, fibrations of divisors from projective embeddings

One way of constructing an A, fibration is to embed all its fibres E; as divisors
E; = X; CY inasingle Kihler manifold Y . This idea can be used to prove Lemma 4.1,
and now we will run such an argument (—invariantly to prove Proposition 4.2.

Proof of Proposition 4.2 Let us recall the setting. We have a very ample line bundle
L — Y over a Kéhler manifold Y, and a holomorphic involution ¢: ¥ — ¥ which
lifts to an involution on £. This means ¢ induces a linear involution on H%(Y, £)*
splitting it into the direct sum of 1 eigenspaces, denoted by H°(Y, L)} . The
projectivisations of these eigenspaces are denoted by I1+ C PH?(Y, £)*. We also
denote PV :=PHO(Y, £)*, and the i—induced involution on P¥ by (p~ . The fixed
locus of tpy is T4 UTI_ C PV,

Because £ is very ample, we have an embedding Y C PV, £ = Oy (1) := Opn (1)y.,
Y is invariant under (p~ and (pn |y = ¢, and also

Y'=( NnIy)u NI).

Let S be the given connected component of Y'* (smooth by assumption), and dim S=1.
Then ¥ C Il¢, where € is one of the two symbols + or —. We will also denote by €
the correspondingly signed number +1.

Choose homogeneous coordinates (X : ... : X7 I X741 :...:XN) On PN with the
following properties:

(1) wpy(xo:e.ciXp X4 iXN) =(€xp:... €x7  EX 410 EXN41)-
2 (1:0:...:0)e%.
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(3) The plane spanned by (xo, ..., x;) (other coordinates are set to 0) is the tangent
planeto X at (1:0:...:0).
(4) For some n > [, the plane spanned by (xo, ..., X,) (other coordinates are set to

The third property implies that xo, ..., x;, seen as sections in H%(Opn (1)), belong
to the e—eigenspace of ¢. This is in agreement with the first property. So coordinates
with these properties exist.

I

Y

(L:ixq:o-eixy)

\ \ T

Figure 4: A divisor X from the family X; constructed in the proof of Proposition 4.2
In the affine chart xo = 1, the coordinates (x1,...,Xx,) are local coordinates for Y
near the origin. In the chart xo = 1, write (see Figure 4)
Xpi=x] + x5+ +x2—t.
We want X; to be a section of Opn~ (d), so in projective coordinates we set
X, = x873x3 4+ x8 202 4+ 4+ x2) —1x.

From property (1) of the coordinates x; , we see that X; ot = €% X; as polynomials. In
other words:

(a) If d iseven, X; € H*(Opn(d))+.

(b) If d is odd, X; € HO(Opn (d))e.

For all ¢, the divisors {X; = 0} and {X; =0} N Y are reducible and hence singular.
We want to smooth the family {X; = 0} N'Y so that a generic divisor in this r—family
becomes non-singular.

Suppose d is even. Then the linear system H(Opn (d))+ has no base locus as it
contains all monomials xl.d. Then H°(Oy(d))y = H°(Y, £8%) also has no base
locus. By Bertini’s theorem in characteristic 0, there exists F € H°(Opn(d))+ such
that the divisor {F =0} N Y is smooth.
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Suppose d is odd. Then the linear systems H°(Opn (d))+ have non-empty base loci,
namely ITx (see the proof of Lemma 1.14 below). Therefore it is not a priori clear
that these linear systems contain a smooth divisor. This condition is included in the
assumptions of Proposition 4.2, case (b). Let F € H%(Opn(d)), be a polynomial such
that {FF =0} NY is smooth.

The rest of the proof is the same for even and odd d. For all generic § € C, the
divisors {X; +6F = 0} NY are smooth except for a finite number of ¢’s. Recall that
(x1,...,Xxp) is a holomorphic chart for ¥ around (1:0:...:0). There is another
chart X1, ..., X, in which the divisors {X; +8F =0} NY are given by

WF)+ X34 +X2—t+c=0,

where h(X1) is close to 56% (when § is small) and ¢ is a small constant. Moreover, the
change of coordinates from x; to X; is t(—equivariant. This follows from an equivariant
version of the holomorphic Morse splitting lemma [1].

Consider the family {X; +§F =0} NY of divisorsin Y, ¢ € D. They are (—invariant
and belong to the linear system |L‘®d |. Let E — D be the total space of this family;
see Definition 3.6. It may be singular; if it is, remove its singular locus to get Eg. The
involution ¢ turns Eog — D into an involutive fibration in the sense of Definition 4.6.
So by Lemma 4.9 a smooth divisor in the family {X; +6F = 0} N Y has a pair of
Lagrangian spheres (L1, L) that satisfy properties (2)—(5) of Proposition 4.2. It is
easy to see that Lemma 4.9 constructs L1, L, which are |£®d |-vanishing.

It remains to check that ¢ satisfies property (1). We have to show that smooth divisors
{X,+8F =0}NY intersect ¥ = SNY transversely. Suppose X :={X;+8§F =0}NY
intersects X non-transversely at one point p, so T, % C Tp X (the tangent spaces are
taken inside Y'). This means 7, X contains dim X positive (4 1) eigenvalues of d.
Then the same must hold for all intersection points X N X, and hence T, X C Tp, X

is transverse, which is easily verified in the local chart (xq,..., x,) from above. So
X intersects X transversely everywhere. Similarly, every other connected component
of Y'! either intersects X transversely or is contained in X . a

5 Proofs of theorems about Lagrangian spheres in divisors

Proof of Theorem 1.13 Apply Proposition 4.2 to Y, L, ) given in the hypothesis of
Theorem 1.13. Proposition 4.2 returns an |£®¢|—divisor X C ¥ and |£®¢ |-vanishing
Lagrangian spheres L1, L, C X satisfying the conditions enumerated in the proposition.
Because |£®d |-vanishing spheres are unique up to symplectomorphism (Lemma 3.8),
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it suffices to show that 7z, has infinite order in Symp(X )/ Ham(X). To show this, we
compute the Lefschetz number of

2k| _ 2k _2k
1 X!

‘L'L ‘L'L[ ‘L'LL

on H*(X"), where X" is the fixed locus of the involution ¢ on X . Recall that £ = SNX
is a connected component of X*‘. We are given that dim X is even, so dim ¥ =dim X—1

is odd. Let X' = ¥ LU Xy where X¢ consists of all other connected components. We
identify H*(X") with H,(X") via Poincaré duality.

Consider the homology classes [L{], [L5] € H«(X), [L4]-[L%] = 1. Using the Picard—
Lefschetz formula (see Section 3.4) and property (5) from Proposition 4.2, we write
down the actions of Dehn twists on the 2—dimensional vector space span{[L}], [L5]} C
Hy«(X"). Let s =dimc X and € = (— 1)2S(s ) These actions are given by

k. (1 k(I+(=1)""De k. 1 0
(L)% ‘(o I ) (my)i (k(1+( 11 1)

Now since s = dimg¢ X is odd, we see that

STr((12)3 (12.0) ZF |spantire 1iLepy) = —4k> 2.

(The negative signs appear because we are computing the supertrace). If s were even,
we would get the constant 2 instead.

We can extend [L{], [L4] to a basis of Hx(X") in which all other elements have zero
intersection with [L‘], [L%]. By the Picard—Lefschetz formula, (rLL)* acts by Id on
the rest of such a basis. Consequently, the Lefschetz number is

L((tp)* (t0)*%) = —4k* + ¢,
where ¢ is a constant independent of k. By Proposition 1.4,
(5-1) dimp HF* (X 2%) > | - 4k? + ¢|.

Suppose k is Hamiltonian isotopic to Id for some k > 0. Then t L is also Hamilton-
ian 1sotoplc to Id, because by Lemma 3.8 there is a symplectomorphlsm of X taking
L1 to Ly. Then the product rzk rzk is also Hamiltonian isotopic to Id. Since k can
be taken arbitrarily large, this contradicts the growth of dimensions in Equation (5-1).
Consequently 7z, has infinite order in the group Symp(X )/ Ham(X). |

Next we prove Lemma 1.14. It follows from a strong Bertini theorem which we now
quote.
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Theorem 5.1 [10, Corollary 2.4] Let Y be a compact smooth complex manifold and
S an effective linear system of divisors on Y . Let B be the base locus of S . If B is re-
duced and non-singular, and dim B < % dim Y, then a generic divisor in S is smooth. O

If B is disconnected, the dimensional inequality must hold for every connected com-
ponent of B.

Proof of Lemma 1.14 We repeat the beginning of the proof of Proposition 4.2. We
have ¥ ¢ PV and £®4 = Opn (d)|y . The involution ¢ acts on sections of £ and
so acts on P¥ by a linear involution tpn, and ¥ C P¥ is invariant under it. Find
homogeneous coordinates (xg :...: xy) such that

tpN (X0 oo X7 I X gy et XN) = (X0 I X] =X 4 P —XN).

Recall that d is odd by assumption. Then H%(Opn(d))+ consists of degree-d
polynomials which are sums of monomials of the form

Here even or odd denote the parity of a power. The base locus of the linear system
PH®(Opn (d))+ is given by

XO=0, ey XZZO,

and so coincides with IT_. The base locus B of PH?(Y, £®d)+ is therefore II_NY . It
is smooth because Y* is smooth. We are also given that dim B < % dim Y by hypothesis.
Finally, we know that tp~ |;1_ = Id, so Y intersects [1_ cleanly (ie transversely in
the normal direction to II_NY), and hence B =I1_NY is reduced. Consequently,
Lemma 1.14 follows from Theorem 5.1. (The case when the sign symbols + and —
are interchanged is analogous.) O

We now return to divisors in Grassmannians and prove Theorem 1.2. Let Gr(k,n) C
P/ be the Pliicker embedding. Then the anti-canonical class of Gr(k,n) equals
Opn (1)|Ge(k,n) [25, Proposition 1.9]. Consequently, a smooth divisor X C Gr(k, n)
in the linear system Opn (d)|Gr(k,n) Satisfies the W condition (see Definition 2.1) if
and only if d <n ord >k(n—k)+n—2,and X is monotone (Fano) if and only if
d<n.

Proof of Theorem 1.2 We have already mentioned that this theorem is easy and
essentially known when k(n — k) is even. (The sphere L C X is non-trivial in H,(X)
by Lemmas 4.1 and 3.8. Then apply Corollary 3.13(2).) We will now prove the hard
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case when k(n — k) is odd using the general Theorem 1.13. Denote k = 2p + 1,
n=2q.

Consider a linear involution on C24 with g + 1 positive eigenvalues and g —/ negative
eigenvalues for some /. It induces a non-degenerate involution ¢ on Gr(2p + 1,2¢q)
whose fixed locus is

2p+1

Gr2p+1.29)' = | | Gr(t.q +1) xGr@p+1—1.q—1).
t=0

This fixed locus consists of (2p + 1)—planes that admit a frame in which ¢ vectors
lie in the positive eigenspace of the involution on €24, and the remaining 2p + 1 —¢
vectors lie in the negative eigenspace. We compute

(5-2) dimGr(t,q +1) +dimGr(2p + 1 —t,¢ — 1) — 3 dim Gr(2p + 1, 2q)
=—3(1+2p—21)(1+2p+2] —21).

For this paragraph, set [ = 0. Then the expression (5-2) is less than O for any ¢ € Z. This
means dim Gr(2p+1,2¢)' < % dim Gr(2p—+1, 2¢q). (The left-hand side is disconnected,
and we mean that the inequality holds for each of its connected components.) Therefore
we can apply Lemma 1.14 to either of the two linear systems PH (Y, £84) . In order
to apply Theorem 1.13, it remains to check that Gr(2p + 1, 2¢)" contains a connected
component of even dimension. A computation shows that a connected component of
Gr(2p + 1,2q)" has dimension of parity

dimGr(t,q) + dimGr2p+1—t,q) =g—1 mod 2

independently of 7. We will now consider the case when ¢ is odd, and will discuss
the case when ¢ is even in the next paragraph. If d is odd, apply Theorem 1.13(b)
taking either of the two sign symbols + or —. If d is even, apply Theorem 1.13(a)
(this case is easier and does not require the computation of dimensions we have made).
This proves Theorem 1.2 for Gr(2p + 1,2q) in the case when ¢ is odd.

Now suppose ¢ is even. Set [ = 1 until the end of the proof. Recall that
Gr2p+1,2¢) =M+ UTI-)NGr2p + 1,2¢q).
The only case when (5-2) fails to be less than zero is when
14+2p—-2t=-1.
This happens for a unique 7 € Z. So either

dimGr(2p +1,2¢9)NTI4 < %dimGr(Zp +1,2q),
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or the same holds with TI_ taken instead. (As above, we mean that the inequality
holds for each connected component of the left-hand side.) A computation shows that
a connected component of Gr(2p + 1,2¢)" has dimension of parity

dimGr(t,g + 1) + dimGr(2p +1—¢,g —1) =g mod 2 =0 mod 2.

Therefore we can apply Lemma 1.14 and Theorem 1.13 taking that symbol + or —
for which the inequality

dimGr(2p 4+ 1,2¢) N Tl < 4 dimGr(2p + 1,2¢)

holds. Theorem 1.2 is proved in all cases. O

Proof of Corollaries 1.3 and 1.15. These corollaries follow from Theorems 1.2
and 1.13 and Lemma 3.14. O

Appendix: Growth of Lagrangian Floer cohomology and ring
structures

A.1 Dehn twists around spheres with deformed cohomology

Keating [19] has recently obtained an exact sequence involving iterated Dehn twists
in the Fukaya category of a symplectic manifold, extending Seidel’s original exact
sequence [36]. In this subsection we use it to prove Proposition A.1, which is stated
below. Then we apply it to compute Floer cohomology rings of vanishing spheres in
some divisors.

Let X be a compact monotone symplectic manifold. Denote by F(X) its monotone
Fukaya category over C, which is a collection of As—categories F(X),, A € C,
corresponding to the eigenvalues of multiplication with ¢3(X) in QH*(X). The basic
language of A and Fukaya categories is explained in [37], and the monotone version
of the Fukaya category is discussed in [41]. Our aim is to prove the following.

Proposition A.1 Let X be a monotone symplectic manifold, dimgp X =4k, L; C X
be a Lagrangian sphere and L, C X another monotone Lagrangian which intersects
Ly once, transversely. Assume L1, L, are included into the same summand F (X)) .
Suppose that dim HF* (‘[f L2, L») > 2 for some k € N. Then there is an isomorphism
of rings HF* (L1, L1) = C[x]/x?.

All Ao—algebras and modules in this section are assumed to be minimal. We need to
introduce some notation.
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Definition A.2 Let A be a strictly unital Z /2-graded Aso—algebra with unit 1 € A4,
M aright Asc—module over A and N aleft Ao,—module over A. Fix an augmentation,
ie a vector space splitting A = (1) @ A. The k—truncated bar complex is the vector

space
k—1

M@sN) =PMoA® @N
j=0

with the differential that on the ;™ summand equals

(A-1) Y. EDFED PP @ut @1d%).

j+2=p+q+r

p,r=20, g=2
Here % € {0, 1} depends on the gradings of the arguments: if the input is m ® x; ®
- Q@ Xp_1®n,where me M, x;j € A, n € N, then " is the sum of gradings of the
last 7 elements of the input. If we put p = 0 in (A-1), we get the summand ;4 @ Id®”
which involves the module structure map u?: M ® A®E=D 5 pp Similarly, when
we put r = 0 in (A-1), u9 will be the module structure map u4: AU~V QN — N.
When p,r >0, u? denotes the algebra structure map A®? — A composed with the
augmentation A — A.

Theorem A.3 (Keating [19, Lemma 7.2 and Remark 6.6]) Suppose Li,L,L, C X
are three Lagrangian submanifolds which are objects of F(X), , and L is a sphere.
Then there is an exact sequence of vector spaces:

HF*(Ll, L2) HF*(‘Ele, L2)
H (Hom(L, L1) ®pom(z,z) Hom(L2, L)), 0

Note that [19] states this theorem for exact X and over Z/2; in particular, it does not
mention the signs in (A-1). The proof uses a theorem of Seidel [37, Corollary 17.17]
which says that 77 L is quasi-isomorphic to the cone of a certain evaluation map, as an
object of the (category of twisted complexes over the) Fukaya category. This allows one
to write rle as an iterated cone, which automatically provides some exact sequence
of the type above. Keating proves Theorem A.3 by simplifying the iterated cone in a
purely algebraic way: by identifying and killing some acyclic sub-complexes in it. We
know that the initial Seidel’s theorem holds for the monotone Fukaya category and
over C (see eg Oh [27] for the homological version), and the proof of Theorem A.3
works in the monotone case and over C by virtue of being purely algebraic. The signs
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in (A-1) will be enforced for algebraic reasons, and it is a matter of book-keeping to
check that they are the ones that we expect to see in a bar complex. In addition to
Theorem A.3, we will need some auxiliary lemmas.

Lemma A.4 (Formality) Every Aso—algebra with cohomology ring C[x]/(x?>—1)
is quasi-isomorphic to the Aoo—algebra C[x]/(x? — 1) with vanishing higher multipli-
cations 1/ =0, j > 2.

Proof This follows from [18, Corollary 4] and [17, Proposition 2.2]. O

Lemma A.5 Take the An,—algebra C[x]/(x? — 1) with vanishing i1/, j > 2. Every
strictly unital Aeoc—module M over this algebra with vanishing u'! necessarily has
vanishing u/, j > 2.

Proof Take the minimal j such that u/ (m,x®YU~D) £ 0 for some m € M. If
j > 1, the Ago—relation for the tuple (m,x®U =1 1) gives u/ (m,x®0 1) =0, a
contradiction. O

Lemma A.6 [19, Lemma 3.1] Let (M, A, N) be a c-unital As—category consisting
of an Ao—algebra A, a left Aoo—module M and a right Aoo—module N . Let A’ be
a strictly unital Ax—algebra quasi-isomorphic to A. Then there are strictly unital
Aso—modules M', N’ over A’ such that the category (M, A, N) is quasi-isomorphic
to (M, A’, N'). The underlying Hom-spaces of (M, A, N) and (M', A’, N') are
the same. O

Lemma A.7 (Cf [19, Lemma 7.3]) Let (M, A, N) and (M’, A’, N') be two strictly
unital Asc—categories consisting of an algebra, a left module and a right module. If they
are quasi-isomorphic, the associated bar complexes (M ®4 N); and (M’ @4 N')i
are quasi-isomorphic. a

Remark A.8 Let dimg X = 2n. Suppose L C X is a Lagrangian sphere. The Z/2-
graded Floer chain complex CF*(L, L) can be realised as a 2—dimensional vector
space C @ C with two generators: the unit 1, deg 1 = 0 and the second generator x,
deg x = n mod 2. The differential has degree 1.

If n is even, Floer’s differential must vanish and HF*(L, L) is a unital 2-dimensional
commutative algebra. Up to isomorphism, this leaves only two possibilities: C[x]/x?
or C[x]/(x*>—1).

If n is odd, HF*(L, L) is zero or 2—-dimensional. In the latter case, we necessarily
have x? = 0 because HF*(L, L) is graded commutative, so HF*(L, L) = C[x]/x2.
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The minimal Chern number of X is the maximal integer N such that ¢ (X) is divisible
by N in integral cohomology H?(X;Z). Floer cohomology of a Lagrangian sphere
can be made Z /2N graded, and our generators have gradings deg 1 = 0 and degx =
n mod 2N . If n is even and n # 0 mod N, for grading reasons we get x? = 0 and
HF*(L, L) = C[x]/x2.

Proof of Proposition A.1 We want to prove that HF*(L{, L) = C[x]/x?2. Suppose
this is not the case. Then by Remark A.8, HF*(L1, L1;C) = C[x]/(x?> —1). Recall
that n is even.

Inside F(X),, take the subcategory consisting of the Aoo—algebra Hom(Ly, Ly), its
left module Hom(L1, L) and its right module Hom(L», L1). Because |L1NLy| =1,
Hom(L, L;) and Hom(L,, L) are 1-dimensional as vector spaces. Denote their
generators by

Hom(L1, Ly) = (m), Hom(L,, L1)= (n).

By Lemma A.4, we see that Hom(L1, L1) is quasi-isomorphic to the associative algebra
C[x]/(x? — 1) with trivial higher multiplications. By Lemma A.6 and Lemma A.5,
modules Hom(L, L) and Hom(L,, L) are quasi-isomorphic to those with trivial
higher multiplications over C[x]/(x? —1). The module u?—operations, however, must
be non-trivial because x? = 1:

/Lz(m,x) = ¢,m, /Lz(x,n) =e¢,n, where €,,¢, = %1.
Lemma A.7 allows to compute the homology of the bar complex
By := (Hom(L1, L2) ®uom(L,,L,) Hom(L2, L1)),

using the simple associative model we obtained. In this model, the bar complex By is
based on the k—dimensional vector space

k—1
@m@x‘g/ Qn.
j=1

The differential comes only from Mz (m, x) and ,u2 (x,n):
9m © x® B1) = ((~1)) en + em)m @ 320~D .

Note that the sign (— 1)* from Equation (A-1) equals +1 because we are given deg x =
0 and may assume degn =0. We see that dim H(Bj) =0 or 1, depending on the parity
of k. By the exact sequence of Theorem A.3, we get dim HF* (rf1 Ly, Ly;C) <2,
which contradicts the hypothesis. a
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Remark A.9 If HF*(Ly, L; C) = C[x]/x?2, it might still happen that Hom(L{, L)
is formal, for example when X is exact. Running the above proof, from x? = 0 we
conclude that u?(m,x) = u?(x,n) = 0. So the differential on the k—dimensional
model for Bj written above vanishes, and dim H(By) = k. This agrees with the
growth of dim HF* (¢} L, La).

A.2 Floer cohomology rings of Lagrangian spheres in divisors

We now combine Proposition A.1 with previous results (Propositions 1.11 and 4.2) to
compute the ring HF* (L, L; C) for vanishing Lagrangian spheres L in certain divisors.
The statement uses notation from Section 1.7. We also provide a corollary which
specialises to divisors in Grassmannians.

Proposition A.10 In addition to the conditions of Theorem 1.13 (a) or (b), suppose
that X is Fano and dimc X is even. Then there is a ring isomorphism HF*(L, L; C) =
C[x]/x2.

Corollary A.11 Let X C Gr(k,n) be a smooth divisor of degree 3 <d <n, dim¢c X
even. Let L C X be an |O(d)|-vanishing Lagrangian sphere. Then there is a ring
isomorphism HF* (L, L; C) = C[x]/x2.

The possibility ruled out by these two statements is that the deformed ring HF* (L, L) is
isomorphic to C[x]/(x2—1). An example of a sphere with HF*(L, L) =~ C[x]/(x>—1)
is the antidiagonal L C P! x P!. Note that for this sphere 7z has order 2 in
7o Symp(P! x P1) [38]. It seems natural to ask whether there is a general relation
between the isomorphism HF*(L, L) = C[x]/(x?> —1) and 77 being of finite order
(both cases are rare). Observe that for many, but not all, pairs (k,n), Corollary A.11
follows from the grading consideration in Remark A.8.

Proof of Proposition A.10 As in the beginning of the proof of Theorem 1.13, take
X, Ly, L, as constructed in Proposition 4.2. By Lemma 3.8, it suffices to prove that
HF*(Ly, L) = C[x]/x2.

From the Picard—Lefschetz formula (Lemma 3.12), given that |L{ N L,| = 1 and
dim L! is odd, we get the equality

[t Lb] = [LY] — k(L]
in the homology of the fixed locus H«(X"). Consequently,
[cf: L5]-[L5] = —ek.
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By Proposition 1.11, dim HF* (rfl Ly, Ly) > k. By Proposition A.1, HF*(Ly, L) =
C[x]/x2. ad

Proof of Corollary A.11 Repeat the proof of Theorem 1.2 but refer to Proposition A.10
instead of Theorem 1.13. Recall the condition d < n means that X is Fano. |
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