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Quantum periods for 3—dimensional Fano manifolds
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ALEXANDER KASPRZYK

The quantum period of a variety X is a generating function for certain Gromov—
Witten invariants of X which plays an important role in mirror symmetry. We
compute the quantum periods of all 3—dimensional Fano manifolds. In particular we
show that 3—dimensional Fano manifolds with very ample anticanonical bundle have
mirrors given by a collection of Laurent polynomials called Minkowski polynomials.
This was conjectured in joint work with Golyshev. It suggests a new approach to the
classification of Fano manifolds: by proving an appropriate mirror theorem and then
classifying Fano mirrors.

Our methods are likely to be of independent interest. We rework the Mori—Mukai
classification of 3—dimensional Fano manifolds, showing that each of them can be
expressed as the zero locus of a section of a homogeneous vector bundle over a
GIT quotient V /G, where G is a product of groups of the form GL,(C) and
V' is a representation of G. When G = GL;(C)", this expresses the Fano 3—
fold as a toric complete intersection; in the remaining cases, it expresses the Fano
3—fold as a tautological subvariety of a Grassmannian, partial flag manifold, or
projective bundle thereon. We then compute the quantum periods using the quantum
Lefschetz hyperplane theorem of Coates and Givental and the abelian/non-abelian
correspondence of Bertram, Ciocan-Fontanine, Kim and Sabbah.

14J45, 14J33; 14N35

A Introduction

The quantum period of a Fano manifold X is a generating function for Gromov—Witten
invariants. It is a deformation invariant of X that carries detailed information about
quantum cohomology. In this paper we give closed formulas for the quantum periods
for all 3—dimensional Fano manifolds. As a consequence we prove a conjecture,
made jointly with Golyshev, that identifies Laurent polynomials which correspond
under mirror symmetry to each of the 98 deformation families of 3—dimensional Fano
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manifolds with very ample anticanonical bundle. We also exhibit Laurent polyno-
mial mirrors for the remaining 7 deformation families. Our arguments rely on the
classification of 3—dimensional Fano manifolds, due to Iskovskikh, Mori and Mukai;
this is a difficult theorem whose proof, even today, requires delicate arguments in
explicit birational geometry. On the other hand our mirror Laurent polynomials have
a simple combinatorial definition and classification. Given a suitable mirror theorem
this classification would give a straightforward, combinatorial and uniform alternative
proof of the classification of 3—dimensional Fano manifolds. The general outlines of
such a mirror theorem are beginning to emerge — see Kontsevich [41], Strominger,
Yau and Zaslow [70], Auroux [2; 3] and Katzarkov, Kontsevich and Pantev [39] —as
are some promising approaches to proving it; see Kontsevich and Soibelman [43; 44],
Gross [26] and Gross and Siebert [27; 28; 29].

Let X be a Fano manifold, that is, a smooth projective variety such that the anticanonical
bundle —Kx is ample. The quantum period Gy (¢) of X, defined in Section B, is a
generating function for certain genus-zero Gromov—Witten invariants of X. It satisfies
a differential equation,

M (Z rkpk(D)) Gy =0,

k=0

where D =t d/dt and the pj are polynomials, called the quantum differential equation
for X. The quantum differential equation carries information about the quantum
cohomology of X: the local system of solutions to the quantum differential equation
is an irreducible piece of the restriction of the Dubrovin connection (in the Frobenius
manifold given by the quantum cohomology of X') to the line in H*(X) spanned
by ¢1(X). In Sections 1-105 below we give closed formulas for the quantum periods
of the 105 deformation families of 3—dimensional Fano manifolds.

In joint work with Golyshev [11] we introduced Minkowski polynomials: these are a
collection of Laurent polynomials f in three variables such that the Newton polytope A
of f is a reflexive polytope, defined! in terms of Minkowski decompositions of the
facets of A. Given a Laurent polynomial f', one can define the period of f by

1y 1 dx,  dxp
2mi Ix1|==|xnl=1 1 =2/ (X1, ..., Xn) Xi Xn

ISome of these Laurent polynomials correspond under mirror symmetry to 3—dimensional Fano
manifolds which admit a small toric degeneration; see Batyrev [4]. These Laurent polynomials were
considered earlier by Galkin [20; 21].
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and this satisfies a differential equation called the Picard—Fuchs equation,

r
o) ( > z"Pk(D)) 7y =0,
k=0

where the Py are polynomials. There are 3747 Minkowski polynomials (up to mono-
mial change of variables) but Akhtar, Coates, Galkin and Kasprzyk [1] showed that
these Laurent polynomials together generate only 165 periods. That is, Minkowski
polynomials fall into 165 equivalence classes, where f and g are equivalent if and
only if they have the same period. The quantum differential equation (1) of a K&hler
manifold has the property that every complex root of the polynomial pg is an integer —
this reflects the fact that the quantum cohomology algebra of X carries an integer
grading — and we say that a Laurent polynomial f is of manifold type if the Picard—
Fuchs operator (2) has the property that every complex root of Py is an integer. Coates,
Galkin and Kasprzyk [14] have computed the Picard—Fuchs operators for the Minkowski
polynomials numerically. Their results, which are computer-assisted rigorous and pass
a number of stringent checks, show that exactly 98 of the 165 Minkowski periods are
of manifold type.

We conjectured, jointly with Golyshev [11], that the 98 Minkowski periods of man-
ifold type? correspond under mirror symmetry to the 98 deformation families of
3—dimensional Fano manifolds with very ample anticanonical bundle. That is, there is a
one-to-one correspondence between deformation families of 3—dimensional Fano man-
ifolds X with very ample anticanonical bundle and equivalence classes of Minkowski
polynomials £, such that® the Fourier—Laplace transform G\X of the quantum period
of X coincides with the period 7y of f. Assuming the numerical calculations of
Minkowski periods in [14], our results here prove this conjecture.

The classification of Fano 3—folds

There are exactly 105 deformation families of Fano 3—folds. Of these, 17 parameterise
3—folds X with Picard rank p(X) = b,(X) = 1. All but one of these 17 families were
known to Fano himself. The first modern rank-1 classification, in the style of Fano’s
double projection from a line, is due to Iskovskikh [36; 37; 38]. More recently, Mukai,
in a program announced in [54] and still ongoing, re-proved the rank-1 classification
from the study of exceptional vector bundles; see [55; 56; 57; 58; 59; 60] and Mukai,

2We expect that the remaining Minkowski periods correspond to smooth 3—dimensional Fano orbifolds.

3This is a very weak notion of mirror symmetry. It is natural to conjecture much more: that the
Minkowski polynomials f give mirrors to the Fano manifolds X in the sense of Kontsevich’s homological
mirror symmetry program.
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Reid and Takagi [61]. In particular, Mukai gave new model constructions for some of
the rank-1 Fano 3—folds as linear sections of homogeneous spaces; we make use of
these models below. Mori and Mukai [50; 51; 52; 53] proved that there are precisely
88 families of nonsingular Fano 3—folds of rank > 2; their proof was a spectacular
display of the power of Mori’s then-new theory of extremal rays.

The model constructions given by Mori and Mukai are, however, not well suited for
the calculation of quantum periods. Indeed, these model constructions are in terms of
extremal rays: typically X is constructed by giving an extremal contraction f: X — Y,
for instance the blow up of some curve in Y. For example, consider family number 13
in the table of 3—dimensional Fano manifolds of Picard rank 3 in [53]:

Rank 3, number 13: Mori-Mukai construction X is the blow-up of a hypersurface
W C P? x P? with centre a curve C of bidegree (2,2) on it such that

C(—)W—)]PZXIP’zﬁ)IP’Z

is an embedding for both i = 1, 2, where p; is the projection to the i factor of the
product P2 x P2,

This construction, elegant though it is, and natural from the point of view of extremal
rays, is not well adapted for doing calculations in Gromov—Witten theory. There are
procedures for computing Gromov—Witten invariants of blow-ups — see Gathmann [22],
Hu [33; 34], Lai [45] and Manolache [48] — but, because they are not based on a
satisfactory structural understanding of blow-ups on the Gromov—Witten side, they are
very difficult to use. Instead, our preferred tools are those for which we have a good
structural understanding on the Gromov—Witten side: Givental’s mirror theorem [24],
the quantum Lefschetz theorem of Coates and Givental [16], and the abelian/non-
abelian correspondence of Bertram, Ciocan-Fontanine, Kim, Sabbah [8]. These tools
require that X be constructed inside the GIT quotient ¥ = V /G of a vector space
V' by the action of a complex Lie group G as the zero-locus of a general section
of a homogeneous vector bundle £ — V/G. Thus we rework the Mori—-Mukai
classification of 3—dimensional Fano manifolds, proving:

Theorem A.1 Let X be a 3—dimensional Fano manifold. Then there exist

e a vector space V = C",
e arepresentation of G = [[;_, GLy, (C) on V, and

e arepresentation p of G,
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such that X is the vanishing locus, inside a GIT quotient F' =V J/G with respect to a
suitably chosen stability condition, of a section of the vector bundle E — F determined

by p.

We think of F as what Miles Reid would call a key variety: by construction, F is
endowed with a universal property characterising the embedding X < F. Both the
algebraic geometry and the Gromov—Witten theory of X are inherited from F through
the universal property.

The proof of Theorem A.1 occupies a substantial portion of this paper. For many of
the 105 families the proof is straightforward; for a few families it is rather tricky. In
the majority of cases, G = GL{(C)” and so X is a complete intersection in a toric
variety (and in practice a complete intersection of codimension at most 3). Here is a
typical example:

Rank 3, number 13: our construction X is the codimension-3 complete intersec-
tion in P2 x P2 x P2 of general sections of the line bundles O(1,1,0), O(1,0,1)
and O(0,1,1).

An immediate consequence of Theorem A.1 is that the moduli space of 3—dimensional
Fano manifolds is unirational: the obvious map from P(H°(F, E)) to the moduli
space of X is dominant.

Highlights

With our model constructions in hand, we then compute the quantum periods. Most of
these calculations are routine, but a number are more interesting. The varieties MM,_,
MM;3_, (Example D.8), MM3_s and MMy_, require sophisticated applications of the
quantum Lefschetz theorem. Challenging (and new) applications of the abelian/non-
abelian correspondence include Theorem F.1, which gives a uniform treatment of
seven of the 17 3—dimensional Fano manifolds of rank 1 and the varieties MM,_;7,
MM; 20, MM 21, MM; 3, and MM;_ 5.

We draw the reader’s attention, too, to Section 106, where we exhibit an example of a
high-dimensional Fano manifold with non-unirational moduli space. In essence, this
means that there is no explicit* way to write down a general Fano n—manifold for n
large.

4Our work here relies on the explicit construction of 3—dimensional Fano manifolds given in
Theorem A.1. But we hope that, in the future, a more conceptual approach will be possible. Such
an approach is likely to construct Fano manifolds via deformation methods, as in the Gross—Siebert mirror
symmetry program [27; 28; 29], as opposed to explicit descriptions in the style of Theorem A.1.
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Perspectives and future directions

As discussed above, Minkowski polynomials have a combinatorial definition and are
classified directly from this definition. Given an appropriate mirror theorem, therefore,
we could reverse the perspective of this paper and recover the classification of 3—
dimensional Fano manifolds from the classification of their mirror Laurent polynomials.
Even once such a mirror theorem has been proved, the calculations in this paper are
likely to remain a very efficient way in practice to determine the mirror partner to
a 3—dimensional Fano manifold. Our results suggest, too, that one should search
for higher-dimensional Fano manifolds systematically by searching for their Laurent
polynomial mirrors. This is discussed in our joint work with Golyshev [11], where we
outline a program to classify 4—dimensional Fano manifolds using these ideas.

We know of no a priori reason why every 3—dimensional Fano manifold admits a
construction as in Theorem A.1. At present this can be proven only post-classification,
by a case-by-case analysis. The obvious generalization of Theorem A.1 fails in high
dimensions (see Section 106 for an example in dimension 66) but it may still hold
in low dimensions. In particular, does the generalization of Theorem A.1 hold in
dimension 4? For now perhaps the following remarks are not out of place. Since
the beginning of the subject people have asked what can birational geometry do for
Gromov—Witten theory. For instance a natural question that was asked early on was how
do Gromov—Witten invariants transform under birational maps, for instance crepant
birational morphisms or blow-ups of nonsingular centres. By now we have learned that
these questions are often very subtle; in the case of blow-ups of a smooth centre we
have a procedure but not a good structural understanding of the problem. On the other
hand, in some areas, we have made good progress in Gromov—Witten calculus, the
abelian/non-abelian correspondence being the most general and best example. Perhaps
now is the right time to ask what can Gromov—Witten theory do for birational geometry:
what view of birational classification do we get if we take seriously” the perspective of
the abelian/non-abelian correspondence? Does something like Theorem A.1 hold and,
if so, why?

Remarks on the rank 1 case

As far as we know, most of our constructions of 3—dimensional Fano manifolds of
Picard rank > 2 are new. In Picard rank 1 this is not the case: all of the models
that we give are either already in the literature or were known to Mukai. As we have

SFor instance, our model constructions of the 3—dimensional Fano manifolds of Picard rank > 2 can be
used to better organise the calculations of Matsuki [49], which we found very helpful on many occasions.
We do not pursue this line here, apart from a few scattered comments in the text below.
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said, Mukai gave model constructions for some of the rank-1 3—dimensional Fano
manifolds X as linear sections of homogeneous manifolds G/ P in their canonical
projective embedding. In other words, X is the complete intersection of G/P C PV
with a linear subspace of the appropriate codimension in P, Mukai’s models are not
always the best for our purposes. The abelian/non-abelian correspondence is currently
known to hold only for Lie groups of type A, so we prefer to exhibit X as a subvariety
of F = A//G, where G is a product of groups of the form GLj(C). Our rank-1
models are thus in some sense simpler than Mukai’s; in each case they either occur as
an intermediate step in Mukai’s published construction or were known to Mukai.

Remarks on quantum periods of Fano manifolds

Golyshev [25], based on a heuristic involving mirror symmetry and modular forms, gave
a conjectural form of the matrices of small quantum multiplication by the anticanonical
class for each of the rank-1 Fano 3—folds, and verified it by explicit calculation of
Gromov—Witten numbers (unpublished). This work is the fundamental source of the
perspective taken in this paper; it is also an important antecedent to the more precise
conjecture (joint with Golyshev) that we prove here. The regularized quantum period
of rank-1 Fano 3—folds was computed by Beauville [5], Kuznetsov (unpublished) and
Przyjalkowski [64; 65; 66]. Ciolli [10] has computed the small quantum cohomology
rings of 13 higher-rank Fano 3—folds.

Plan of the paper

Sections B—G are devoted to some preliminaries and examples, mostly to fix our
notation. In particular we summarise all the results from Gromov—Witten theory that
we need. The subsequent Sections 1-105 are self-contained essays, one for each
of the deformation families of 3—dimensional Fano manifolds, giving: the standard
known model construction; our model construction; a proof that the two constructions
coincide; the calculation of the regularized quantum period; and — where appropriate —
a match with a Minkowski period of manifold type. In more detail: Section B gives
the definition of and basic facts about quantum periods; Section C treats toric Fano
manifolds and Givental’s mirror theorem; Section D introduces notation for Fano
complete intersections in toric varieties and discusses the quantum Lefschetz theorem;
Section E provides some geometric constructions and notation that are used in our
model constructions; Section F summarizes the abelian/non-abelian correspondence;
and in Section G we compute the quantum periods for Fano manifolds of dimensions 1
and 2. The appendix describes a table, given in an online supplement [12], that exhibits
Laurent polynomial mirrors for each of the 105 deformation families of 3—dimensional
Fano manifolds.
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B The J-function and the quantum period

Let X be a smooth projective variety over C. For B € Hy(X:Z), let Xy 1 g denote
the moduli space of degree-f stable maps to X from genus-zero curves with one
marked point (see Kontsevich [40] and Kontsevich and Manin [42]); let [X{ ; B]V" in
H,(Xo,1,: Q) denote the virtual fundamental class of X ; g (see Li and Tian [47]
and Behrend and Fantechi [7]); let ev: X( 1 g — X denote the evaluation map at the
marked point; and let ¥ € H?(X, 1, g: Q) denote the first Chern class of the universal
cotangent line at the marked point. The J—function of X is a generating function for
genus-zero Gromov—Witten invariants of X:

: 1
3) Jx(o+71)= e"/ze’/z(l + Z 0BeBT) ey, ([Xo,l,ﬁ;]“r N —))

BeH,(X:Z) 2E=y)
p£0

Here 0 € HO(X;Q), © € H3(X;Q), QP is the representative of § in the group
ring Q[H,(X;Z)] and we expand 1/(z(z — 1)) as the series ) ; z7h=2yk Let
Ay denote the completion of Q[H,(X;Z)] with respect to the valuation v defined by
v(0P) = (B, w), where w is the Kihler class of X. The J—function is a function on
H%(X:;:Q)® H?*(X:;Q) that takes values in H*(X; Ay)[z"!]. It plays a key role in
mirror symmetry; see Givental [23; 24] and Cox and Katz [18]. We have

4) Jx(c+1)=1+(0c+1)z7 "+ 0(z72),
where 1 is the unit element in H*(X).

Suppose now that X is a Fano manifold, ie a smooth projective variety over C such
that the anticanonical line bundle —Kx is ample. Consider the component of the
J—function Jy (0 + 7) along the unit class 1 € H*(X;Q). Setc =7 =0 and z = 1
and replace 0P e Ay by 1\8=Kx) The resulting formal power series in the variable ¢
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is called the quantum period of X,

Gx) =1+ > Y v 4
d>2 BeH>(X;Z)
(B.—Kx)=d
where ¢y is a top-degree cohomology class on X such that | ¥ $vol = 1 and the
correlator denotes a Gromov—Witten invariant:

<¢V01 . wd_2>([)‘j],ﬂ = / eV*((ﬁvol) U wd—Z.

[Xo.1.8]"FF

Write the quantum period as

Gx(t)=1+ Z Cdld.
d=2

The regularized quantum period of X 1is

Gx() =1+ dlcgt?.
d=2

B.1 The big J—function and the small J-function

Our J-function Jy (¢) is sometimes called the “small J—function”; it coincides with the
J—function defined by Givental [24]. For the small J—function Jy (), the parameter ¢ is
taken to lie in H°(X)@® H?(X). Other authors consider a “big J-function” J(¢), where
the parameter ¢ ranges over all of H*(X). The big J—functions J(¢) considered by
Coates and Givental, and Ciocan-Fontanine, Kim and Sabbah, coincide with our Jx (¢),
except for an overall factor of z, when 7 is restricted to lie in H%(X)@® H?(X): to see
this, apply the string equation and the divisor equation — see Pandharipande [63, Sec-
tion 1.2] — to the definition of the big J—function [16, Equation 11; 9, Equation 5.2.1].
The overall factor of z here comes from an unfortunate mismatch of conventions.

C Fano and nef toric manifolds

Let T = (C*)". Write . = Hom(C*, T') for the lattice of subgroups of 7' and write
LY for the dual lattice Hom(7', C*). Elements of IV are characters of 7. Consider
an r X N integer matrix M of rank r whose columns span a strictly convex cone
C in R”. The columns of M define characters of T, via the canonical isomorphism
LY =~ Z” and hence determine an action of 7 on C¥. Given a stability condition
w € LY ® R we can form the GIT quotient:
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Any smooth projective toric variety X arises via this construction for some choice
of M and w; we refer to the matrix M as weight data for X and to w as a stability
condition for X.

There is a wall-and-chamber decomposition of C C LY ® R, called the secondary fan,
and if stability conditions w; and w; lie in the same chamber then the GIT quotients
Xy, and X, coincide. Write ¢; € LY for the i column of M and {c;,,...,c;, ) for
the R>o—span of the columns ¢;,, ..., ¢;, . The walls of the secondary fan are given
by all cones of the form (c;,, ..., c;, ) that have dimension r — 1. The chambers of the
secondary fan are the connected components of the complement of the walls; these are
r—dimensional open cones in C C LY ® R. We always take our stability condition @
to lie in a chamber. Given such an w, the irrelevant ideal 1, C C[x1,...,xpn] is

Iy = (X, Xip -+ Xi, | @ € (Ciys. ... Ci)))

and the unstable locus is V(I,) C CN. The GIT quotient X, is

) Xo = (CY\V(1))/T.
The variety X, is nonsingular if and only if {¢;,...,¢; } is an integer basis for IV
for each {iy,...,i,} suchthat w € (¢j;,...,ci,).

Suppose now that M and w are weight data and a stability condition for X, respec-
tively. A character £ € LY defines a line bundle L¢ on X and hence a cohomology
class ¢;(Lg) € H 2(X;Q). Thus the columns of M define cohomology classes
Dy....,Dy € H*(X;Q). Define the I-function of X by

N
Ix(r) = etz Z: Qﬂe(ﬂ,t) [T;5, ]_[mfo D; +mz
N .
BeH>(XZ) Hi:l Hmf(BsDi) D; +mz

Here, 1 € H*(X;Q) and Q/3 is, as before, the representative of 8 in the group
ring Q[H,(X; Z)]. The I-function Iy is a function on H?(X; Q) that takes values in
H*(X:;Ax)[z~"']. Note that all but finitely many terms in the infinite products cancel
and that
1 1 D; D}
Di+mz mz (mz)®2  (mz)3

is well defined as an element of H*(X)[z~].

Theorem C.1 (Givental) Let X be a toric manifold such that — K x is nef. Then

Jx (0(1)) = Ix (1)
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for some function 0: H*(X;Q) — H%(X;Ax) ® H>(X; Ay). Furthermore, the
function 6 is uniquely determined by the expansion

Ix(t) =140z + 0(z7?).

If X is Fano then 6(t) = 7.

Proof This follows immediately from Givental’s mirror theorem for toric varieties [24].
O

Corollary C.2 Let X be a Fano toric manifold and let D1, ..., Dy € H*(X;Q) be
the cohomology classes of the torus-invariant divisors on X. The quantum period of
X is

t{B,—Kx)

Gx (1) = Z —.
BeH>(X;7Z) [T;2,(B. D;)!
Vi({B,D;)=0

Proof The quantum period Gy is obtained from the component of the J—function
Jx () along the unit class 1 € H*(X; Q) by setting t =0, z=1 and Qﬂ = {B—Kx),
Now apply Theorem C.1. a

Example C.3 (number 36 on the Mori—-Mukai list of 3—dimensional Fano manifolds
of rank 2) Here X is the projective bundle P (O @ O(2)) over P2, This is a toric
variety with weight data

11120 L

00011 M
and nef cone Nef X' spanned by L and M. The L and M next to the weight data
here denote the line bundles associated to the standard basis of LY = Z2; we use
this notation, and its natural extension to the case where LY = Z” with r # 2, freely
throughout the paper. Corollary C.2 yields

Idl +2d>

Gx(l)=z Z (d1")3(dy —2dy)\d>!

d1=0d>,=2d,

and regularizing gives

G(t) =1+26%+6t* + 6015 +20¢° + 84017 + 7028 + 7560° + - - - .
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D Fano toric complete intersections

Assumptions D.1 Throughout Section D, take Y to be a smooth projective toric
variety such that —Ky is nef and take X to be a smooth Fano complete intersection
in Y defined by a sectionof E =L &---® Ly, where each L; is a nef line bundle.
Let p; =c1(L;) and let A = py +--- + ps. By the adjunction formula,

—Kx = (—KY - A)|x-

We assume that the line bundle —Ky — A on Y is nef on Y, that is, we assume that
(B,—Ky — A) >0 for all B in the Mori cone of Y.

D.1 The quantum Lefschetz theorem

We will compute the quantum period of X by computing certain twisted Gromov—
Witten invariants of the ambient space Y using the quantum Lefschetz theorem of
Coates and Givental [16]. Consider the C* —action on the total space of E given by
rescaling fibres (with the trivial action on the base). Let A denote the first Chern class
of the line bundle O(1) over C P*° =~ BCX, so that the C* —equivariant cohomology
of a point is Q[A], and let e(-) denote the C* —equivariant Euler class. Coates and
Givental [16] define a complex of C*—equivariant sheaves E¢; g on Y ;5. In
this case Eg 1 g is a C*—equivariant vector bundle over Y ; g, and there is a C*—
equivariant evaluation map E¢ ; g —ev*E. Let E 6,1’ 8 be the kernel of this evaluation
map. The twisted J—function is

(6) Je,E(O-f-‘L')
o/z t/z T vir / —1
=14 3 QP (Mol el 90 )

BeH>(Y:Z)
B#0
Here 0 € H(Y;Q), t € H*(Y;Q), Qﬁ is the representative of f in the group
ring Q[H,(Y; Z)] and we expand 1/(z(z —v)) as the series ) ;- z7%=2yk  The
twisted J—function is® a function on H°(Y; Q) @ H?*(Y;Q) that takes values in
H*(Y; Ay[AD[z7"]. It satisfies

@) Jep(o+1)=1 +(o+1)z '+ 072,

6Coates and Givental consider a “big twisted J—function” Je,E(?), where the parameter ¢ ranges over
all of H*(X). Exactly as in Section B.1, this coincides with our twisted J—function, up to an overall
factor of z, when ¢ is restricted to lie in H%(X) & H?(X).
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where 1 is the unit element in H*(Y'). The twisted J—function admits a non-equivariant
limit Jy, x, which satisfies

®) JIx(G*o+1)=Jrx@+)U] ] pi.

i=1

Here, j: X — Y is the inclusion and the equality holds after applying the homomor-
phism between Ay and Ay induced by j. Since we can determine the quantum
period Gx from the component of Jy along the unit class 1 € H*(X), we can
determine Gy from the component of Jy,x along the unit class 1 € H*(Y).

The quantum Lefschetz theorem determines the twisted J—function J, g from the
twisted /-function

s (B.pi)
Le@= Y 0@ [ *+pi+ma),
BeH>(Y;Z) i=1 m=1

where

Jr(m= Y 0P

BeH>(Y;Z)

and so, in particular, Jo(1) = /%,

Proposition D.2 Under Assumptions D.1, we have
L e(r) = A(1) + B(r)z~' + 0(z7?)
for some functions
A: H*(Y:Q) — H°(Y: Ay).
B: HX(Y:Q) — H°(Y; Ay[A]) @ H*(Y; Ay[A)).

If —Ky is the restriction of an ample line bundle on Y, ie if (8,—Ky — A) > 0 for
all B in the Mori cone of Y, then A is the constant function with value the unit class
1e H°(Y;Q) and B(r) =t + C(x)1 with

C(‘L’): Z nﬂQﬂ€<ﬁ’t)
BeH>(Y;Z)
(B,—Ky—A)=1

for some rational numbers ng. In general we have

A=1 mod {Qﬂ | B # 0, B in the Mori cone of Y'}.
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Proof Combine the fact that Jo(7) = e™/? = 1 + 127! + O(z~2) with the fact that
I, g is homogeneous of degree zero with respect to the grading

deg O = (B.—Ky—A), degz=1, degh=1, degp=4k if ¢ H*(Y;Q).

With respect to this grading, A(t) is homogeneous of degree zero and B(t) is homo-
geneous of degree one. a

Theorem D.3 Under Assumptions D.1, with A, B and C as in Proposition D.2, we

have I 5(0) B()
e, ET . T
A0 where 0(t) = A0

Je.£(0(7)) =
If =K is the restriction of an ample class on Y then J, g(t) = e_c(’)/zle,E(f).

Proof The first statement is a slight generalization of Corollary 7 in Coates and
Givental [16] and is proved in exactly the same way. When — K is the restriction of
an ample class on Y, combining the first statement with Proposition D.2 gives

Je.e(t+C(D)1) = I, E(7).
The string equation [63, Section 1.2] now implies that
Je.p(t+C@1) =), p(0),

completing the proof. a

The twisted /—function admits a non-equivariant limit,

s (B.pi)
Iyxm= Y P[] [] (bi +m2).
BeH>(Y;Z) i=1 m=1

Corollary D.4 Under Assumptions D.1, with A, B and C as in Proposition D.2, we
have
Iy x(t) = A(t) + B'(0)z ' + 0(z72),

where B'(t) = B(1)|j=¢, and

Iy, x (1) _ B'(v)
A0 where 0(t) = A0

Jy,x(0(7)) =
If —Kx is the restriction of an ample class on Y then Jy, x(t) = e_C(’)/ZIY,X(r).

Proof Take the non-equivariant limit A — 0 of Proposition D.2 and Theorem D.3. O
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Corollary D.5 Let the toric complete intersection X and the toric variety Y be such
that Assumptions D.1 holds. Let Dy, ..., Dy € H*(Y;Q) be the cohomology classes
of the torus-invariant divisors on Y and let the classes p; and A = p; + -+ + ps be
as in Assumptions D. 1. Suppose that the line bundles —Ky and —Ky — A on Y are
ample. Then the quantum period of X is

s Y
Gy(t)=e"¢ Z t(B’_KY—A)M

N ’
BeH,(Y:Z) [T;Z:(B. Di)!
Vi (B,D;}=0

where ¢ is the unique rational number such that the right-hand side has the form
14 0(t?).

Proof Recall that Gy is obtained from the component of the J—function Jy (o + 1)
along the unit class 1 € H*(X;Q) by setting 0 =t =0, z =1 and QF = ({f—Kx),
In view of (8), we need the component of Jy, x (0) along 1 € H*(Y; Q). Computing
Jy () using Theorem C.1, we see that

(B.pj)

T [1,<0 Di + mz &

Iyx(my=e’? > Qfelhn _J=100m=0 7 [T ] e +mo.
BeH>(X;Z) =1 Tlm=(p.0,) Di +mz j 1 ey

Applying Corollary D.4, we see that the component of Jy,x(7) along 1 € H*(Y; Q)
is

s (B.oj)
e~ C@)/z Z Qﬂe(ﬂ,r) l_[j=1 [1,=1 (mz)

N 9
BeH,(Y;Z) Hi:l HISmS(B,Di)(mz)
Vi{B,D;)=0

C(r)= Z nﬂQﬁew’r)

BeH>(Y;Z)
(B,—Ky—A)=1

where

for rational numbers ng as in Proposition D.2. Setting t = 0, z = | and QB =
1{B-=Ky—=A) yields

s Y
Gy =e Y (—ky—n) LL=1(B P!

N
BeH,>(Y;Z): Hi:l (:3’ Di>!
Vi {(B,D;)=>0

for some rational number ¢. We saw in Section B that the right-hand side has no linear
term in ¢; this determines c. O
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Remark D.6 Comparing Corollary D.5 with Corollary C.2, we see that if each of the
line bundles L1, ..., Ls in Corollary D.5 is a tensor power or fractional tensor power
of —Ky then we can compute the quantum period Gy from the quantum period Gy
and the line bundles L; alone, without needing to know the full J—function Jy.

Example D.7 Let X be the divisor on ¥ = P2 x P2 of bidegree (2,2). The toric
variety Y has weight data

=~

and the nef cone NefY is spanned by L and M. The variety X is a member of the
ample linear system |2L +2M |, and —(Ky + X) ~ L + M is ample. Corollary D.5
yields
20 + 2m)!
Gx(n) =3 Y em GLE 2!

| N3
I=0m=0 (1) (m!)
and regularizing gives

Gy (1) = 1 4 441% + 52813 + 11292¢* + 22800077 + 4999040¢°
+ 11265408017 + 261362038078 + 618858038407° + - - - .

Example D.8 Let F be the toric variety with weight data

1 1.0 0-1 00 L

001 1-1 00 M

0000111 N
and nef cone Nef F' spanned by L, M and N. Let X be a member of the nef linear
system |M + 2N|. We have that —Kr = L + M + 3N is ample, so F is a Fano
variety, and that —Kr — A ~ L + N is nef but not ample on F. As is discussed in
detail in the section on MM3_,, even though —K g — A is not ample on F, it becomes
ample when restricted to X; thus the variety X is Fano.

Write py, pa, p3 € H*(F;Z) for the first Chern classes of L, M and N, respectively;
these classes form a basis for H2(F;Z). Identify the group ring Q[H,(F; Z)] with
the polynomial ring Q[Q, Q2, Q3] via the Q—linear map that sends the element
0P € Q[H,(F:Z)] to Q(lﬂ’pl)Q(zﬁ’pZ)Qgﬂ’M). Theorem C.1 gives

(B,7) [he—oo(P1 +k2)2 TTR——oo (P2 + k2)?

J _ n
rm=¢ Z Q o5 Ot ﬂi:_oo(pl + k2)? [e=—co (P2 + k2)?

(I,m,n)eZ3

nk__oo(Ps +k2)2 [The—oo(P3 — P2 — p1 +k2)
Hk——oo(p3 +kz)? Z_l £(p3 —p2—p1+kz)
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and, since p% = p% = p%(pg, — p> — p1) = 0 in the cohomology of F, this reduces to
Z Ql1 leﬂ lee(ﬂ,r)
I
Lmmzo [ le=1(P1+ kz)2 [Ti=1(p2 + k2)? [T=1 (p3 +k2)?

]_[k—_oo p3—p2—pi1+kz)
Hk——oo(p3 —p2—p1+kz)

Jp(t) = e/?

Thus
fes@mets Y — A0TO3 PO TR0+ pa t 2ps k)
€ - I
l,m,n>0 l_[k=1 (pl + kZ)Z HkZI (p2 + kZ)z Hk_l (p3 + kZ)2

l_[k——oo(p3 —p2—p1+kz)
HZ—_OO (p3 —p2—p1+k2)

We now apply Theorem D.3. Setting 7 = 0, we find that

I, g(0)=A+ Bz"' +0(z7?),

where
B B (—nm-ton
A=1 and B=(203+60:0)1+(ps—pa—p1) ) ———=
m>0 m
=(203+60,03)1 + (p3 — p2 — p1) log(1 + Q02).
Thus

Je,E(B) = e,E(O)-
The string equation gives

Je.g(cl + 1) =e%J, g(2),
SO
Je.£((p3 — p2— p1)log(l + Qy)) = e~ (2Q3762203)/2 1, 1 (0).

The twisted J—function satisfies

Je,E(tip1 +12p2 +13p3)
SCAME Rl (FRD DY R

l,m,n>0

for classes ¢, € H*(F; QI[A]D[z~] that do not depend on 1, , or t3. So, substi-
tuting ¢y =t = —log(1 4+ Q») and #3 = log(1 + Q,), we see that

Je,e((p3 — p2— p1)log(1 + Q)
— e(Ps—Pz—pl)10g(1+Q2)/Z[Je’E(0)]

o o .
éza Q2=ﬁ7 Q3=Q3(1+Q2)
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The change of variables

0 0, = 0>

Q1=1+Q2’ _1+Q2’

03 =031+ 07)

is called the mirror map; the inverse change of variables is

0 %)
o0, £T1_g

©) 0= 03 = 03(1 = 0»),

and so

Je £(0) = [e—(P3—P2—p1)10g(1+Q2)/Z

xJe,g((p3—p2—p1)log(1+ Q7)) ] 0

— o(P3—p2—p1)log(1-02)/z

_Q27Q = ,Q%—Q%(l 0>)

x [e7(2Q3+60203)/2 1 1(0)]
’ 0=

1257+ 02=185,03=03(1-0)’
Taking the non-equivariant limit yields

Jrx(0) = e(P3—P2—p1)log(1-02)/z ,—203-40203

0! OO (1— Q)" T2 " (p2 + 2p3 + k2)
Lo Tkt (1 + k22 TT7Z (2 + k)2 T2y (p3 + k2)?

]_[k__oo(m — p2—p1+kz)
Hk__oo(Pa —pr—p1+kz)

X

Recall that the quantum period Gy is obtained from the component of Jx (0) along
the unit class 1 € H*(X;Q) by setting z =1 and 0F = 1{B-=Kx) Consider (8). To
obtain Gy, therefore, we need to extract the component of Jg x(0) along the unit
class 1 € H*(F;Q),setz=1, Q1 =t, O, =1 and Q3 =t. This gives

e em (21 + 3m)!
Gx(t)=e IXEWZO (IN2(mH2(( +m)H?

Regularizing gives

Gy (1) = 14 5812 + 600> + 131821 + 247440¢° + 521230076
+ 11183592027 + 248074771018 + 56184565920¢° + - - -
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D.2 Weighted projective complete intersections

We will need also an analogue of Corollary D.5 when the ambient space is weighted
projective space, regarded as a smooth toric Deligne-Mumford stack rather than as a
singular variety.

Proposition D.9 Let Y be the weighted projective space P(wg, ..., wy), let X be
a smooth Fano variety given as a complete intersection in Y defined by a section of
E=0d)® ---®0(dy),andlet =k =wo++--+w, —d; —---—dy, . Suppose that
each d; is a positive integer, that —k > 0 and that

(10) w; divides dj forall i and j suchthat0 <i <nand1=<j <m.

Then the quantum period of X is

Gy()=e"" > "1

d>0

—kd ]—[;nzl(ddj)!
[Ti=i (dwi)t

where ¢ is the unique rational number such that the right-hand side has the form
14+ 0(t?).

Proof This follows immediately from [17, Corollary 1.9]. Corollary 1.9 as stated
there is false, however, because it omits the divisibility hypothesis (10). This hypothesis
ensures that the bundle E is convex and hence ensures both (a) that the twisted J-
function denoted by J" in [13, Corollary 5.1] admits a non-equivariant limit Jy, x
and (b) that this non-equivariant limit satisfies (8); see [15, Section 5]. Both (a) and (b)
are used implicitly in the proof of [17, Corollary 1.9]. Under the additional divisibility
assumption (10), however, the proof of [17, Corollary 1.9] goes through. This proves
the proposition. a

E Geometric constructions

Lemma E.1 Let G be a nonsingular algebraic variety, let V"1 and W" be locally
free sheaves on G of ranks n + 1 and n, respectively, and let f: V — W be a
homomorphism of sheaves. Denote by w: P(V) — G the projective space bundle of
lines in V, so that there is a tautological exact sequence

0>S—>nV—->0-0

with S* := O(1). Recall that elements of V*, being linear functions on V, define
canonical sections of the line bundle O(1) on P(V') and that the corresponding ho-
momorphism n*V* — O(1) induces an isomorphism V* =~ 7,O(1). The section
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f € Homg (V, W) determines a section f e HY(P(V),n*W ® O(1)) by means of
the canonical identifications

Homg (V, W)=H%(G, WeV*)=H*(G, Wm,0(1)) = H(P(V), n*W®0(1)).

Let F = Z(f) C P(V) be the subscheme of P(V) where f vanishes. Denote by
Z C G the subscheme where f drops rank, that is, the ideal of Z is the ideal defined
by the n + 1 minors of size n of f. Assume (a) that f has generically maximal rank;
(b) that it drops rank in codimension 2 (this is the expected codimension); and (c) that
Z is nonsingular.” Then F is the blow-up of G along Z .

Proof The statement is local on G, so fix a point P € Z C G and a Zariski open
neighbourhood P € U = Spec A with trivializations V |y = A1 and W |y = A™
The morphism f'|y is given by an n x (n + 1) matrix M with entries in A. Because
Z is nonsingular, at least one of the (n — 1) x (n — 1) minors of A4 is non-zero at P
and then, after changing trivializations and shrinking U if necessary, we may assume
that

10--- 000
01-.---000
M=\
00---100
00---0xy

It is clear that the ideal generated by the n x n minors of M is the ideal generated
by the two rightmost minors x and y (and, since Z is nonsingular, x and y form
part of a regular system of parameters at P). Denoting by xg, ..., X, the dual basis
of V*, Fly = FNa Y (U) CP(V]|y) = U xP" is given by the n equations in n + 1
variables

X0
M-| :|=0.
Xn
The first n — 1 equations just say xo = -+ = x,—» = 0, while the last equation states
that F|y is the variety (xx,—1 + yx, =0) CU x Py _ . thatis, F is the blow-up
of ZCG. |

We will need the following well-known construction:
Lemma E.2 Let G be a complex Lie group acting on a space A, X = AJ/G a

geometric quotient and p: G — GL, (C) a complex representation. Then:

"The last assumption (c) is probably not necessary.
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(1) p naturally induces a vector bundle E = E(p) on X. Explicitly, E(p) =
(AxC")) G, where G acts as
g: (a,v) = (ga. p(g)v).

(2) Let F =P(E) be the bundle of 1-dimensional subspaces of the vector bundle
in (1). Then F = (Ax C") /(G x C*), where G acts as in (1), and C* acts
trivially on the first factor and by rescaling on the second factor.

(3) Let F =P(E) be asin (2). The tautological line bundle O(—1) on F is induced
as in (1) by the 1—dimensional representation of G x C* that is trivial on the
first factor and standard on the second.

We will also need to know how to compute the quantum period of a product in terms
of the quantum periods of the factors.

Proposition E.3 (The small J—function of a product) Let X and Y be smooth pro-
jective varieties over C . Recall that there is a canonical isomorphism H®*(X xY; Q) =~
H*(X;Q)® H*(Y;Q) and that Axxy is a completion of Ay ® Ay. Let ty € H*(X)
and ty € H*(Y). Then

Jxxy(tx ® 1 +1® 1y) = Jx(tx) @ Jy (ty).

Proof Combine

e the differential equations [16, Equation 16] that characterize the J—function;

o the fact that the small quantum product *,, T € H?, is uniquely determined by
three-point Gromov—Witten invariants and the divisor equation;

e the product formula for Gromov—Witten invariants [42; 6] relating three-point
Gromov—Witten invariants of X x Y to those of X and of Y. a

Corollary E.4 (The quantum period of a product) Let X and Y be smooth projective
varieties over C. Then

Gxxy (1) = Gx (1) Gy (1).

Notation for Grassmannians

We denote by Gr = Gr(r, n) the manifold of r —dimensional vector subspaces of C”.
Notation for the universal sequence is

0—-S—>C"->Q0—0,
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where S is the rank-r universal bundle of subspaces and Q is the rank-n—r universal
bundle of quotients. If A = (A; > A, > ---) is a partition or Young diagram, we denote
by Z; C Gr the Schubert variety corresponding to A and by o) € H*® (Gr; Z) its class
in cohomology. It is well known that ¢;(S*) =0y and ¢;(Q) =o0; fori =1,2,3,....

We will need:

e The Pieri formula: if A is a partition and k > 0 an integer then

O\ O = Z Ou-

n=A
adds k boxes,
no two in a column

¢ The following elementary facts for Gr(2, 5):
— The Pliicker embedding sends the Schubert variety

Zy ={W | W N (e, e1) # {0}

to the subset of P? defined by the equations zy3 = z34 = z34 = 0 and

Z Z Z
rk( 02 203 04)<2.
Z12 Z13 Z14

— The Pliicker embedding sends the Schubert variety
Z11 ={W | W C (e, e1,e2,e3)} = Gr(2,4)

to a nonsingular quadric.

F The abelian/non-abelian correspondence

Our other main tool for computing quantum periods is the abelian/non-abelian cor-
respondence of Ciocan-Fontanine, Kim and Sabbah [9]. This expresses genus-zero
Gromov—Witten invariants (or twisted Gromov—Witten invariants) of X /G, where G
is a complex reductive Lie group and X is a smooth projective variety, in terms of
genus-zero Gromov—Witten invariants (or twisted Gromov—Witten invariants) of X /T,
where 7' is a maximal torus in G. The computations for X/ T are typically much
easier — the methods of Sections C-D often apply, for example — so the abelian/non-
abelian correspondence is a powerful tool for calculations. Ten of the seventeen smooth
Fano 3—folds of Picard rank 1 are toric varieties or toric complete intersections and
thus can be treated using the methods of Sections C-D; the following theorem allows a
uniform treatment of the remaining seven cases.
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Theorem F.1 Let Gr denote the Grassmannian Gr(r,n) of r —dimensional subspaces
of C", let S — Gr denote the universal bundle of subspaces, and let E — Gr denote
the vector bundle

E = (et S*)®? @ (det S* ® det $*)®° & (S* @ det $*)®¢
® (S ®det ) @ (N2 5*)%°
Let X be the subvariety of Gr cut out by a generic section of E and suppose that
k=a+2b+(r+)c+@F—-1Dd+(r—1)e—n

is strictly negative. Consider the cohomology algebra H*((P"~1)"; Q). Let p;
in H*((P"™')") for 1 <i < r denote the first Chern class of w}O(1), where
7 (P — P"1 js projection to the i'h factor of the product. Let py.., =
p1+--+prand, for (I1,....1,)eZ" let|l| =11 +---+1,. Let

|| 21| ro 1+
O (H(m r+k)) (H(zpl...,+k)) (H I1 . r+p,+k))
k=1 =1 k=1

ro =l li+1;

(H [T p1er p,+k)) (H H 1‘[(p,+p,+k))

j=1 k=1 i=1j=i+1 k=1

r—1 r
=[] [T wi-r

i=1j=i+1

and let

The element

o &2 (Cylle=nkip,

an oy - H H(p, pi+ (= 1)

=0 1,=0 H_IH V(D + R i =i

of H*((P"~1)"; Q) ® Q[¢] is divisible by Q. Let I(¢) be the scalar-valued function
obtained by dividing (11) by Q and taking the component along H°((P"~1)"; Q).
Then the quantum period Gx of X satisfies

Gx (1) = e* I (1),

where « is the unique rational number such that the right-hand side has the form
14 0(t?).

Proof The expression (11) is divisible by €2 because it is totally antisymmetric in
Pis-... pr. We know a priori that Gy (1) = 1 4+ O(t?), so if there exists @ € Q
such that Gy (t) = e*' I,,(¢) then this « is uniquely determined by the condition

Geometry & Topology, Volume 20 (2016)



126 Tom Coates, Alessio Corti, Sergey Galkin and Alexander Kasprzyk

e I, (t) = 1 + O(t?). For the rest we use the abelian/non-abelian correspondence.
Consider the situation as in [9, Section 3.1] with

e the space that is denoted by X in [9] set equal to A = C"", regarded as the
space of r x n matrices;

e G =GL,(C), acting on A by left-multiplication;
e T = (C*)’, the diagonal torus in G;
e the group that is denoted by .S in [9] set equal to the trivial group;

e )V equal to the representation

(det Via)®? & (det Vi ® det Veg)®? @ (Vi ® det Veg) ¢
® (Vg ® det V)2 @ (A? Vara) .

where Vg4 is the standard representation of G .
Then A/ G is the Grassmannian Gr = Gr(r,n) and A// T is (P"~!)". The Weyl group
W =S, permutes the r factors of the product (P”~!)”. The representation V induces

the vector bundle Vg = E over A//G = Gr and the representation V induces the
vector bundle

r &c
Vr = (0(1,1,...,1))®“@(0(z,2,...,2))®b@(@0(1,1,...,1)@:1;0(1))
j=1

r dd r=1 r Ge
® (@0(1, 1,...,1)®71j*(’)(—1)) ® (@ P n,.*oa)@nj*oa))
j=1 i=1j=i+1

over AJ) T = (P" 1.

We fix a lift of H*(A/G;Q) to H*(A)T,Q)" in the sense of [9, Section 3];
there are many possible choices for such a lift and the precise choice made will
be unimportant in what follows. The lift allows us to regard H*(A/G;Q) as a
subspace of H*(A/ T, Q)" , which maps isomorphically to the Weyl-anti-invariant
part H*(A)T,Q)* of H*(A)T,Q) via

HY (AT, Q)" 2~ H*(4) T, Q).

We compute the quantum period of X by computing the J—function of Gr = 4/ G
twisted [16] by the Euler class and the bundle Vg, using the abelian/non-abelian
correspondence [9].

We begin by computing the J—function of 4/ T twisted by the Euler class and
the bundle V7. As in Section D.1, and as in [9], consider the bundles V7 and Vg
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equipped with the canonical C* —action that rotates fibres and acts trivially on the
base. We will compute the twisted J—function Je y, of A/ T using the quantum
Lefschetz theorem; J, ), was defined in (6) above and is the restriction to the locus
v € H(A)T)® H*(A//T) of what was denoted by J;3*C" () in [9]. The toric
variety A// T is Fano, and Theorem C.1 gives

y Z i er lity ..
Jayr(v) =e"* ,
h=o fL=o0llj=1 1_[ (pj +kz)"

where T = 1 p; +--- + 7 p» and we have identified the group ring Q[H, (A T; Z)]
with Q[Q1,...,Q,] via the Q-linear map that sends QF to Q(lﬂ’m)--- Qﬁﬂ’p’).
Each line bundle summand in V7 is nef, and the condition k& < 0 ensures that
c1(A)T)—ci(Vr) is ample, so Theorem D.3 gives

. elr Tr

(12) Ty, (1) = eSQ1ET 1+ 0re™) 2 1)z

SIS

=0 1L,—=0 [Ti= l_[kzl(Pj + kz)n

for some rational number ¢, where

Qlrehmehrtry ()

.....

7] a , 2l b
Fll,...,lr ()\., Z) = ( 1_[ ()\ + Prer + kZ)) ( 1_[ ()\ +2p1.r +k2))
k=1 k=1
r |+l c, r -
x(l_[ I1 (k+p1...,+pj+kz)) (]‘[ ]‘[(le r PH—kz))
Jj=1 k=1 j=1 k=1
ro L+l
(]_[ I1 H(k+p,+pj+kz))
i=1j=i+1 k=1

The prefactor e€(Q1€"1+++Qre™)/z iy (12) comes from the prefactor e~ C(/Z in
Theorem D.3.

Consider now A/ G and a point t € H*(A//G). In [9, Section 6.1] the authors consider
the lift Jg GXCX (z) of their twisted J—function J{,g GXCX (¢) determined by a choice of
lift

H*(4)G:Q) — H (4)T.Q)".

We restrict to the locus t € H(A4/G; Q) ® H*(A// G;Q), considering the lift

Jeve () =T (1), 1€ HY(A4)G:Q)® H*(4/G:Q),
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of our twisted J—function J, ), determined by our choice of lift
H*(A4)G;Q) — H*(4)T,Q)".

Let p be the ample generator for H?(A//G;Z) = 7Z and identify the group ring
Q[H»(A ) G; Z)] with Q[g] via the Q—linear map which sends Q” to ¢‘#-?). Theo-
rems 4.1.1 and 6.1.2 in [9] imply that

je’VG(Q(t))UQ=|:(1_[ l_[ (ZE_Z 07 ))Je,vT(T):L =t,01=-=0,=(-1)""1q

i=1j=i+1

for some® function 0: H*(A)/G;Q) — H*(A4)/G; A4/ G) such that 6(0) = ¢’q is in
H°(A)G;Q)® Ayyq. Setting 1 = 0 gives

je,VG (C/Q) U

o 00 \lHr=1)lilp a
zeicrq/zz.”z (=1 q Ii,..., l( Z)l_[ 1—[ (P] ]71+(l _1)2).
L1=0 [,=0 1_[ =1 l_[k 1( ]+kz) i=1j=i+1

The string equation gives

je,vc (c'q) = ec/q/zje,vg 0)
and therefore

(13) Jeve(O)URQ
(—DE=DGlT, () =

“WZ Z H [T (pi—piti—i2).

;=0 [,=0 Hj:lHk:l(pj +kz)" i=1j=i+1

where o = —c¢’ £ c¢r. Note that if k¥ < —1 then o = 0, for in that case both ¢ and ¢’
are zero. Note also that I'y, i, in the
statement of the theorem.

..........

We saw in Example D.8 how to extract the quantum period Gy from the twisted
J—function Je y,; (0): we take the non-equivariant limit A — 0, extract the component
along the unit class 1 € H*(4//G;Q), set z = 1 and set Q8 = ¢{B-—Kx) Thus
we consider the right-hand side of (13), take the non-equivariant limit, extract the
coefficient of €2, set z =1 and set ¢ = t~*. The theorem follows. a

8The map @ here is the inverse to the map denoted by ¢ in [9]; it is grading-preserving, where
cohomology classes have their usual degree and ¢ has degree —2k. Furthermore, 6 is the identity
map modulo ¢. It follows that 8(0) = ¢'q € H(4/G; Q) ® A4y for some ¢’ € Q and that ¢’ = 0
whenever k < —1.
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G Fano manifolds of dimension 1 and 2

As a warm-up exercise, and because we will need some of these results in the 3—
dimensional calculation, we now compute the quantum periods for all Fano manifolds
of dimension 1 and 2.

Example G.1 There is a unique Fano manifold of dimension 1: the projective line P!,
This is the toric variety with weight data

11

and nef cone given by the non-negative half-line in R. Corollary C.2 gives
©  s2d

G]Pal(l) == Z (d')2

d=0

Del Pezzo surfaces

There are 10 deformation families of Fano manifolds of dimension 2: these are the
del Pezzo surfaces. It is well known that, up to deformation,
e there is a unique smooth Fano surface of degree 9, being the projective plane P2;

¢ there are two smooth Fano surfaces of degree §, being the Hirzebruch surface [y
and the product of projective lines P! x P!;

e there is a unique deformation class of smooth Fano surfaces S; of degree d,
1<d=T.

Given this, it is easy to see that the del Pezzo surfaces can be constructed, and their
quantum periods calculated, as follows.

Example G.2 The del Pezzo surface P2 is the toric variety with weight data
111

and nef cone equal to the non-negative half-line. Corollary C.2 gives

GPZ(Z) - Z (d')3 .

d=0

Example G.3 The del Pezzo surface P! x P! is the toric variety with weight data

Geometry & Topology, Volume 20 (2016)



130 Tom Coates, Alessio Corti, Sergey Galkin and Alexander Kasprzyk

and nef cone equal to (L, M'). (Here and henceforth, (L{,..., L) denotes the cone
spanned by Lq,..., L;.) Corollary C.2 gives

oo t21+2m

GPIXPI(I) = Z Z W

[=0m=0
Example G.4 The del Pezzo surface [F; is the toric variety with weight data

1 1-1 0 L
0011 M

and nef cone equal to (L, M). Corollary C.2 gives

Zl+2m

0= 2 2 Gt

Example G.5 The del Pezzo surface S is the toric variety with weight data

1 01-1 0 L
01101 M
00-111 N

and nef cone equal to (L, M, N). Corollary C.2 gives

00 l+m (+mn

Gs:0=2_0_ D T Ememia=Dim=i

=0 m=0 n=max(l,m)

Example G.6 The del Pezzo surface S is the toric variety with weight data

1 000 1-1 A4
010010 B
001001 C
000 1-11 D
and nef cone equal to (A+ B, B+C,C+ D, A+ B+ C, B+ C + D). Corollary C.2

gives

00 00 0 atb a+2b+2c+d

Gs)=D_2.2. D Jalbleldi(a+b—d)!(c+d—a)l

a=0b=0c=0 d=max(a—c,0

Example G.7 The del Pezzo surface S5 is a hypersurface of bidegree (1,2) in P! xP2.
The ambient space P! x P2 is the toric variety with weight data

000 L
1
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and nef cone equal to (L, M), and S5 is a member of |L 4+ 2M| on P! x P2,
Corollary D.5 gives

Gy =3 Y hem (L2

onzo (I)2(m)3

Example G.8 A complete intersection of type (2,2) in P* is a del Pezzo surface Sy.
Proposition D.9 gives

X 2d)(2d)!
GS4(t):€ 4td§)[dw.

Example G.9 A cubic surface in P? is a del Pezzo surface S3. Proposition D.9 gives

_ Bd)!
Gsi0) =™ Z e

Example G.10 A quartic surfacein P(1, 1, 1, 2) is a del Pezzo surface S, . Proposition
D.9 gives

(4d)!
Gs, (1) = 71 Z Pt

Example G.11 A sextic surface in P(1, 1, 2, 3) is a del Pezzo surface .S . Proposition
D.9 gives

e (6d)!
Gs, (1) =e dgt (d)2(2d)!(3d)!’

H Notation for 3—dimensional Fano manifolds

We fix notation for 3—dimensional Fano manifolds as follows:

o P3 denotes 3—dimensional complex projective space.
o (03 denotes a quadric hypersurface in P*.

eV} denotes the 3—dimensional Fano manifold of Picard rank 1, Fano index 1
and degree k.

e By denotes the 3—dimensional Fano manifold of Picard rank 1, Fano index 2
and degree 8k .
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e MM, 4 denotes the kth entry in the Mori—-Mukai list [53] of 3—dimensional
Fano manifolds of Picard rank p, with the exception of the case p = 4, where
we place the 13" entry in Mori and Mukai’s rank-4 list [53, pages 48—49] in
between the first and second elements of that list. This reordering ensures that,
for each p, the sequence MM,,_1, MM, », MM, 3, ... is in order of increasing
degree.

1 The Fano manifold P3

Iskovskikh classification This is case 1 in [37, Table 6.5].

Construction The Fano toric variety X with weight data

1111 L
and Nef X spanned by L.

The quantum period Corollary C.2 yields

Gx()=>_ @

d=0

and regularizing gives

Gy (1) = 1 + 2414 + 252018 + 369600712 + - |

Minkowski period sequence 1

2 The Fano manifold Q3

Iskovskikh classification This is case 2 in [37, Table 6.5].
Construction A divisor X of degree 2 on F = P*,

The quantum period The toric variety F has weight data

11111 L
and Nef F = (L). We have:
e [F is a Fano variety.
e X ~2L is ample.
e —(Kr+ X)~3L is ample.
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Corollary D.5 yields

)
Gx (1) = Z (3 (3,))5

and regularizing gives

Gx(f) =1+ 126> + 5401 + 33600¢° + 242550072 +

Minkowski period sequence 3

3 The Fano manifold B,
Iskovskikh classification This is case 3 in [37, Table 6.5].
Construction A sextic hypersurface X in P(1,1,1,2,3).

The quantum period Proposition D.9 yields

S L, ()
GX(’)—;)t (d)3Q2d)!(3d)!

and regularizing gives

Gy (1) =1+ 120¢% +83160¢* + 81681600° + 936990054007°
+117386113965120¢1° +

Minkowski period sequence None. Note that the anticanonical line bundle of By is
not very ample.

4 The Fano manifold B,
Iskovskikh classification This is case 4 in [37, Table 6.5].
Construction A quartic hypersurface X in P(1,1,1,1,2).

The quantum period Proposition D.9 yields

2d (4d)'
Gx(t) = ;01 @rad)
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and regularizing gives

Gy (f) =1+ 241% +2520¢* + 3696007° + 6306300078 + 1173274502470 ...

Minkowski period sequence 140

5 The Fano manifold B;
Iskovskikh classification This is case 5 in [37, Table 6.5].
Construction A divisor X of degree 3 on F = P4,

The quantum period The toric variety F has weight data
11111 L
and Nef F = (L). We have:
e [F is a Fano variety.
e X ~3L is ample.
e —(Kr+X)~2L isample.

Corollary D.5 yields

Goiny— 3 24 GD)!
x (1) E)z @0

and regularizing gives

Gx (1) =1+ 1262 + 5401* + 33600£° + 242550078 + 190702512110 + -+ .

Minkowski period sequence 106

6 The Fano manifold B4
Iskovskikh classification This is case 6 in [37, Table 6.5].

Construction A codimension-2 complete intersection X of type (2L) N (2L) in the
toric variety F = P>,

Geometry & Topology, Volume 20 (2016)



Quantum periods for 3—dimensional Fano manifolds 135

The quantum period The toric variety F' has weight data

111111 L
and Nef F = (L). We have:

e F is a Fano variety.
e X is the complete intersection of two ample divisors on F.
e —(Krp+A)~2L isample.

Corollary D.5 yields

@d)!@2d)!
Gx(t) = Z 124 @y

and regularizing gives

Gy (1) =1+ 812 +216¢* +80007° + 34300078 + 1600300870 +

Minkowski period sequence 75

7 The Fano manifold Bs

Iskovskikh classification This is case 7 in [37, Table 6.5].

Construction A complete intersection X in Gr(2, 5) cut out by a section of O(1)®3,
where O(1) is the pullback of O(1) on projective space under the Pliicker embedding.

The quantum period The line bundle O(1) is the ample generator of Pic(Gr(2, 5)),
hence O(1) coincides with det S*, where S is the universal bundle of subspaces
on Gr(2,5). We apply Theorem F.1 with ¢ =3 and b = ¢ = d = e = 0, obtaining

oo 00 3
Gx(0) =3 3 (pytmteam D sy,

NS (mN3
[=0m=0 (7> (m1)
where H,, is the m™ harmonic number. Regularizing yields

Gy (t) =1+ 612 + 1141* + 294015 + 87570¢8 + 2835756110 +

Minkowski period sequence 46

8 The Fano manifold V>

Iskovskikh classification This is case 8 in [37, Table 6.5].

Geometry & Topology, Volume 20 (2016)



136 Tom Coates, Alessio Corti, Sergey Galkin and Alexander Kasprzyk

Construction A sextic hypersurface X in P(1,1,1,1,3).

The quantum period Proposition D.9 yields

(6d)!

_—120¢ - d
Gy =) 1 @V (3d)!

d=0
and regularizing gives
Gy (1) =1 + 6876012 + 552000007> + 61054781400¢% + 71591389125120¢°
+ 888088279788144007° + 114426010259814758400¢7
+151686694219076253783000¢8

4 205548259807393951744128000¢° 4 - - .

Minkowski period sequence None. Note that the anticanonical line bundle of V; is
not very ample.

9 The Fano manifold V,

Iskovskikh classification This is cases 9 and 10 in [37, Table 6.5]. These cases
are deformation equivalent: they can both be described as complete intersections of
type (2,4) in P(1,1,1,1,1,2).

Construction A divisor X of degree 4 on F = P4,

The quantum period The toric variety F' has weight data

11111 L
and Nef F = (L). We have:

e F is a Fano variety.
e X ~4L is ample.
e —(Kr+ X)~ L isample.

Corollary D.5 yields

Coar o g (4d)!
GX(I)=€ 24th:;)tdW

Geometry & Topology, Volume 20 (2016)



Quantum periods for 3—dimensional Fano manifolds 137

and regularizing gives

Gx (1) =1+ 194412 +215808:% + 35295192¢* + 5977566720¢°
+10734911395202° 4 199954313717760¢”
+ 38302652395770840¢% + 7497487505353251840¢° + - - -

Minkowski period sequence 165

10 The Fano manifold Vg

Iskovskikh classification This is case 11 in [37, Table 6.5].

Construction A codimension-2 complete intersection X of type (2L) N (3L) in the
toric variety F = P>,
The quantum period The toric variety F has weight data

111111 L
and Nef F = (L). We have:

e [F is a Fano variety.
e X is the complete intersection of two ample divisors.

e —(Kr+A)~ L isample.

Corollary D.5 yields

iy (2d)!(3d)!
GX(t):e 12¢ ;tdW

and regularizing gives

Gy (1) =1+396:% +17616¢% + 1217052¢* + 85220640¢°
+ 63498124801° 4 490029523200¢
+ 38883641777820¢% + 31520203672540801° + - - - .

Minkowski period sequence 164

11 The Fano manifold Vg

Iskovskikh classification This is case 12 in [37, Table 6.5].
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Construction A codimension-3 complete intersection X of type (2L)N(2L)N((2L)
in the toric variety F = P®.

The quantum period The toric variety F' has weight data

1111111 L
and Nef F = (L). We have:
e [F is a Fano variety.
e X is the complete intersection of three ample divisors.
e —(Kr+A)~ L isample.

Corollary D.5 yields

e e g 2d)Q2d)!(2d)!
Gx(t)=e 8’;)#’ @

and regularizing gives

Gy (1) = 1+ 152¢% + 38407% + 1576561* + 6428160¢° + 280064960¢°
+ 1261876224017 + 5845794866808 + 27660007173120¢° + --- .

Minkowski period sequence 163

12 The Fano manifold V;

Iskovskikh classification This is case 13 in [37, Table 6.5].

Construction A complete intersection X in Gr(2, 5), cut out by a section of
o) & 0(2).
where O(1) is the pullback of O(1) on projective space under the Pliicker embedding.

The quantum period We apply Theorem F.1 witha =2, b=1and c =d =e = 0.
This yields

_ ,—6t o _1\[+m l+m((l+m)!)2(2l+2m)! _ _
Gy(t)=e 1=20mz=0( D senys (LSt = D) Hy).

where Hy, is the m™ harmonic number. Regularizing gives

Gy (1) = 14 78:% + 132043 + 377461* + 1051920¢° + 3146478076
+971757360¢7 + 3085980597078 + 1000739433120¢° + - - - .
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Minkowski period sequence 160

13 The Fano manifold V;,

Iskovskikh classification This is case 14 in [37, Table 6.5].

Construction A subvariety X of Gr(2,5) cut out by a generic section of
(S* ®@det S*) ddet S™,

where S is the universal bundle of subspaces on Gr(2, 5).

A remark on the construction Mukai [58] is devoted to this case and it is shown there
that X is a complete intersection of 7 hyperplane sections of the (10—dimensional)
orthogonal Grassmannian OGr(5, 10) in its spinor embedding in P13, This model
contains X as a linear section and, perhaps more important, is the largest hyperplane
“un-section” of X. Our construction, on the other hand, is better suited for the fast
calculation of the quantum period of X.

Write V = C3; in what follows, for ease of notation, we denote by (1) the line bundle
det S* on Gr(2, V) =Gr(2,5). Let ¥ C Gr(2, V) be the vanishing locus of a general
section s of the vector bundle S* ® O(1). Below we sketch a general construction
of a natural linear embedding X C OGr(5, 10); this shows that our construction and
Mukai’s construction coincide. To compute the quantum period of X, however, we
need rather less. Gromov—Witten invariants are deformation-invariant so, since there is
a unique deformation family of manifolds of type Vi, [36; 37], it suffices to show that
our construction gives a smooth member of this family. In other words, it suffices to
prove that X is a rank-1 Fano 4—fold of Fano index 2 —hence coindex 3 in Mukai’s
terminology — and degree 12.

The Picard rank of ¥ is 1 by Sommese’s theorem — see Lazarsfeld [46, Theorem
7.1.1]— and, from the exact sequence

0— TE — TGr(2,5)‘Z —> S* ®0(1)|E —0
we get that

—Ks = (—Kgr.5® N (S ® O(-1))|5 = 0x(2).

That is, X is a Fano 4—fold of Fano index 2. It remains to show that 3 has degree 12;
this 1s a small calculation in Schubert calculus,

[E]=c2(S*®detS*) =014 +2012 =301,1 + 20,
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and, therefore,
deg T =[Zo} = 0y,10f +20] =2+ 10 = 12.

We next sketch the promised construction of a linear embedding ¥ C OGr(5, 10).
The first task is to construct a rank-5 vector bundle on X; the bundle that will be the
pull-back of the tautological sub-bundle of OGr(5, 10).

We claim that Ext;: (S*, Q) = C and take E to be the unique nontrivial extension. To
calculate this Ext group consider the Koszul resolution of Oy,

0— O(=3) = S®0(—1) = Ogi(2,y) = Ox — 0.

Tensoring by S ® O and using H'(Gr(2,V); S ® Q) = H*(Gr(2,V); S ® Q) = {0}
and H*(Gr(2,V); S ® 0 ® O(=3)) = H*(Gr(2,V); S ® O ® O(=3)) = {0} (both
due to the Borel-Weil-Bott theorem) we get

Exty(S*, Q)= H'(Z;S® Q) = H*(Gr(2,V); S® 0 ® S ® O(-1)) =C,
again by Borel-Weil-Bott.
As anticipated, denote now by E the unique nontrivial rank-5 extension,
0->Q0—E—S*—0.
The bundle FE fits into a natural self-dual “diagram of 9”:

0 0 0

0 S E* 0* 0

0—=0 E S* 0

0 0 0

where W =V @ V*. The diagram makes it clear that £ C V & V™ is isotropic when
V @ V™ is equipped with the canonical nondegenerate symmetric bilinear form. Thus
E induces a map X — OGr(5,V @ V?*).
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The quantum period We apply Theorem F.1 witha=c=1and b =d =e = 0.
This yields

Gx()=e"" ) (- ””’"Z Z (L +m)! 2l +m)!( +2m)!

5 5
I,m=0 [=0m=0 (l') (m')

X (1+ (m—=1)(Hy4m + 2H 1 2m — SHm)).

where Hj denotes the k™ harmonic number. Regularizing gives

Gy (t) =1+ 4812 + 60073 + 131761* + 2764807° + 6259800¢° + 1460642407
+ 350528220078 + 858821308807° + - - -

Minkowski period sequence 150

14 The Fano manifold V4
Iskovskikh classification This is case 15 in [37, Table 6.5].

Construction A complete intersection X in Gr(2, 6), cut out by a section of O(1)®3,
where O(1) is the pullback of O(1) on projective space under the Pliicker embedding
[57; 30; 31].

The quantum period We apply Theorem F.1 witha =5and b =c=d =e = 0.
This yields

/ N3
Gy(t)y=e% IZ (_1)l+mzl+m%(l —6(m—1)Hy),
,m=>0

where H,, is the m™ harmonic number. Regularizing gives

Gx(t) = 143262 + 31213 4 5520¢* + 916807° 4 16516407° + 306045607
+ 5834365607% + 11352768000¢° + - - -

Minkowski period sequence 147

15 The Fano manifold V¢

Iskovskikh classification This is case 16 in [37, Table 6.5].
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Construction The vanishing locus X of a general section of the vector bundle
A2 S* @ (det $*)®3
on Gr(3,6).

A remark on the construction Mukai [60] is devoted to this case and it is shown
there that X is a complete intersection of 3 hyperplane sections of the (6—dimensional)
symplectic Grassmannian SpGr(3, 6) of complex Lagrangian 3—dimensional subspaces
W C C®, where C® is equipped with the standard symplectic form w € N>C6*,
in the Pliicker embedding inherited from Gr(3,6). Indeed, the natural surjection
A2C6* — A2S* induces an isomorphism

H°(Gr(3,6); A>C°*) = H(Gr(3,6); \°S™*)

that allows us to view @ as an element of H° (Gr(3, 6); /\2S *) with zero locus
SpGr(3, 6). Thus the construction given above coincides with that given by Mukai [60].

The quantum period We apply Theorem F.1 witha =3, b=c=d =0and e = 1.
This yields

Gy (1) =1+120243207 1211433617 +- 2518164188877 80381 /8 . 185330,9 1. ..
Regularizing gives

Gx(t) = 1+24t% + 19263 +29041* + 40320° + 6115201 + 951552077
+ 15241212078 + 24911040007° + - - -

Minkowski period sequence 143

16 The Fano manifold Vg
Iskovskikh classification This is case 17 in [37, Table 6.5].

Construction The vanishing locus X of a general section of the vector bundle

(S ®det S*) @ (det $*)®?
on Gr(5,7).
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A remark on the construction The paper [61] is devoted to this case and it is shown
there that X is a complete intersection of 2 hyperplane sections of a (5—dimensional)
homogeneous space X = G,/ P for the exceptional Lie group G, . Itis not hard to argue
from first principles that ¥ is the vanishing locus of a general section of S* ® det S™*.
We sketch this here, assuming that the reader is acquainted with basic facts about the
geometry of the Lie group G,. Fix a 7—-dimensional complex vector space V = C’
and a 3—form ¢ € A3V* in the generic GL7(C)—orbit; we may take

0= dx 124 1 x235 4 4y 346 4 g 45T 4 43561 4 g1 672 4 g, 713
where dx* = dx! A dx? A dxk. Then
YX={WeGr(2,V) | p(wy,ws,-) =0 for all wy, w, € W}.

As usual denote by 0 — S — V — O — 0 the tautological sequence on Gr(2, V).
Note that rk S* = 2, hence /\3 S* =0, and therefore there is a natural homomorphism
ANV - 0*® (/\ZS*). This homomorphism allows us to

 view ¢ as an element s, € H%(Gr(2,7); 0* ® det S*); and
 identify X with Z(syp).

Finally, we get our construction upon identifying Gr(2, V') with Gr(5, V'*).

The quantum period We apply Theorem F.1 witha =2, d =1and b=c=e =0.
This yields

Gy (1) = 1+907 42003 + 28114 41535 + B0 4 62107 ST251 8 4 3580 ...
Regularizing gives

Gy (t) =1+ 182+ 12073 4+ 15661 + 183601 + 2370607° + 3129840¢7
+ 4257603018 4+ 590756880¢° + - - -

Minkowski period sequence 124

17 The Fano manifold V>,

Iskovskikh classification This is case 18 in [37, Table 6.5].

Construction The vanishing locus X of a general section of the vector bundle

(S ®@det S*)®?3
on Gr(3,7) (cf [56; 59)).
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The quantum period We apply Theorem F.1 with d =3 anda=b=c =¢ = 0.
This yields

Gx(t) = 14602+ 1013 + 2% +48¢5 + 2116 + 12007 + 211748 4 321049 4 ..
Regularizing gives

Gx(t) =14 12> +601° + 6361* + 5760¢° + 5862015
+ 60480077 + 644742018 + 700224007° + - - - .

Minkowski period sequence 113

18 The Fano manifold MM,_;

Mori-Mukai construction The blow-up of B; with centre an elliptic curve which
is the intersection of two members of }—%K B, | .

Our construction A divisor X of bidegree (1, 1) in the product P! x B;.
The two constructions coincide Apply Lemma E.1 with V = Opg, & Op,, W =
—%K B, and f: V — W the map given by the two sections of —%K B, that define the

elliptic curve.

The quantum period Combining Example G.1, the calculation for B and Corollary
E.4, we have

m (6m)!
GIP’le](t)_ZZ e (IN2(m")3(2m)! 3m)!

=0 m=0

Applying Remark D.6 yields

_ —6lt (A+m (©m)!(I + m)!
Gx (1) =e 120,11220 (IN2@m"H32m)!\(3m)!

and regularizing gives

Gy (1) =1+ 1038072 + 20828407> + 6505997407* + 199351017360¢°
+ 64604751907800¢° 4- 21521865311226000¢
+ 7344504146141322300¢8 + 2554251417295177437600¢° + - - - .

Minkowski period sequence None. Note that the anticanonical line bundle of X is
not very ample.
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19 The Fano manifold MM,_,

Mori-Mukai construction A double cover of P! x P2 branched along a divisor of
bidegree (2,4).

Our construction A member X of |2L + 4 M| in the toric variety F with weight
data

Xo X1 Yo V1 V2 W

1 1.0 0 01 L

0o 01 112 M

and Nef F = (L, L +2M ). We have:

e —Kp=3L+5M isample, thatis, F is a smooth Fano orbifold.?
e X ~2L +4M is nef.
e —(Krp+X)~L+ M isample.

The two constructions coincide Consider the defining equation of X tobe w? = f; 4,
where f3 4 is a bihomogeneous polynomial of degrees 2 in xo and x; and 4 in yg, y;
and y,. Let p: F -——> P! x P? be the rational map which sends (contravariantly)
the homogeneous co-ordinate functions [x¢, X1, Yo, V1, ¥2] on P;O’xl X Pfo’ yy,y, O
[x0, X1, Vo, V1, ¥2]. The restriction of p to X is a morphism, which exhibits X as a

double cover of P! x P2 branched over the locus (f3,4 =0) C Py xP} .

Remarks on our construction Next we make some comments on the geometry of X
and the embedding X C F that are not logically necessary for the computation of
the quantum period; this subsection can safely be skipped by the impatient reader. In
particular we explain why in this case Nef F is a proper subset of Nef X. The toric
variety F' is defined by the requirement that Nef F' = (L, L +2M); the unstable locus
is (xo=x1 =0)U(yo=y1 =y2=w=0) and

F =[(C*)>x(C)*/T?].

Note that F is itself a Fano variety — or, more precisely, a smooth Fano orbifold — and
X is a nef divisor on F such that —(K g + X) is ample, so the given model is well
adapted for computing the quantum cohomology of X via quantum Lefschetz. The

linear system |L| = |x¢, x1| defines a morphism f: F — IP’;O, x, With fibre the weighted

By “smooth orbifold”, we mean “smooth Deligne-Mumford stack over C ”. Excellent introductions
to Deligne-Mumford stacks can be found in [19; 72, Appendix]; note that in the latter reference Deligne—
Mumford stacks are called “algebraic stacks”. By “smooth Fano orbifold”, we mean “smooth orbifold
such that the coarse moduli space is a Fano variety”.
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projective space P(1, 1, 1, 2); the restriction f|y: X — P! is one of the two extremal
contractions of X. On the other hand, the linear system |M | = |yg, V1, 2| is not
basepoint-free on F': the base locus is a section C of the morphism f. When restricted
to X, however, this linear system is free and it defines the “other” extremal contraction
X — P2 In particular, we see that (L, L +2M) = Nef F C Nef X = (L, M). How
can we see the rest of Nef X' ?

Let us denote by F’ the toric variety corresponding to the “other” chamber, so that
Nef F'=(L+2M, M) and the unstable locus is (yo=y1 =y, =0)U(xo=x; =w =0).
Note that F’ is the flip of F along the curve C = (yo=y; =y, =0)C F. X is
a member of |2L + 4M |, a nef linear system on F’, but —(K g/ + X)) is not nef
on F’ and so this construction of X is not well adapted for computing the quantum
cohomology of X via quantum Lefschetz. Nevertheless, Nef X = Nef F + Nef F”, so
we need F’ to see all of Nef X. The linear system |yg, y1, y2| is free on F’ and it
defines an extremal contraction g: F’ — P2 with fibre IP2; this also gives the missing
extremal contraction of X.

The quantum period If we assume a mirror theorem for toric orbifolds in the form
[35, Conjecture 4.3] then we can apply the quantum Lefschetz theorem for orbifolds [13],
exactly as in Proposition D.9, to obtain

o0

_ 14t . I+m (2 +4m)!
Gx(t) =e lg(:)mX::ot (IN2mN3( +2m)!

Regularizing gives
(14)  Gy(r) = 1+470¢% + 2121617 + 1562778+
+ 114717120¢° + 90031831407 + 731280419520¢7
+61092935052730¢8 + 5214279501137280¢° + - - - .

Minkowski period sequence None. Note that the anticanonical line bundle of X is
not very ample.

The quantum period, alternative construction There is as yet no proof of [35,
Conjecture 4.3] in the literature, so we give an alternative calculation of the quantum
period for X. This uses a different model of X, as a member of |2N| in the toric
variety F with weight data

X0 X1 Yo V1 )2 W Z

1 1.0 0 0-10 L
0 01 1 120 M
0 000 011 N
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and Nef F = (L, M, N). The variety F is the projective bundle
P(Opiyp2(—1,-2) ® Opiyp2)

over P2. Let p: F — P! xP? be the projection map and consider the defining equation

of X to be
22 —w?f4=0,

where f3 4 is a bihomogeneous polynomial of degrees 2 in x¢ and x; and 4 in yo, y;
and y;. The restriction ply: X — P! x IP’Z exhibits X as a double cover of P! x P2

2
branched over the locus (f2.4 =0) CP xO x1 X P s

We now compute the quantum period of X. Let py, ps, ps € H*(F;Z) denote
the first Chern classes of L, M and N, respectively; these classes form a basis
for H>(F;Z). Write t € H>(F;Q) as t = 1y p1 + 12 p2 + 13 p3 and identify the
group ring Q[H,(F; Z)] with the polynomial ring Q[Q1, O», O3] via the Q-linear
map that sends the element Qf € Q[H,(F;Z)] to Q(lﬁ’p‘)Qgﬂ’M)Qgﬂ’m). The toric
variety F is Fano; Theorem C.1 gives

I e S 0l 0y Qe
I,m.n>0 l_[;c:l(l’l +kz)? [Te=1(p2 + k2)3 [Ti= (p3 + k2)
l_[k_—oo(l’3 P1—2p2+kz)

n—Il—2m

k=—oo (P3—DP1—2p2+kz)

and hence

Lep(— el Y — QTR Ok 2ps k)
e, -
toer o Tiem1 (P1 + k22 TTp=y (P2 + k2)* TThey (p3 + k)

9 Mhe_oo(P3— p1 —2p2 +k2)

n—Il—2m

k=—o00 (P3—P1—2p2+kz)

We have
I g(t) = A(t) + B()z~' + 0(z7?),

where

2 1
A(x) = Z Q3¢ ”“E ',1))2 = (1-4Q3e™)72,
n=0

e
nl(n—1)!

_@m!

+2Q R

B(‘L’) Z Q etl Qn nt3

n=1

+ Z Qje ! |)2 (()\ +2p3)Hyy — p3Hy — (p3 — p1 —2p2) Hy)
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and H,, is the m™ harmonic number. In the notation of Corollary D.4, we have

A(r) =(1-403¢™) 72,

B'(r) = Z 01em gger 21

nt(n—

_@m!

+ZQ e Q%e"™ wl(n—2)!

+ Z Qfe e § ,)2 O 3@ Hay — Hy) — (p3 — pr— 2p2) H)

=201¢" 03¢5 (1 —4Q3¢™) 77 + 120,e™ 0225 (1 —4Q;3¢™) 3
— p3(1—403¢™) 2 log(1 —4Q3e™)

@n)! ety

—(p3—p1—2p2) Z Q5" (n)2

Corollary D.4 gives

Ty x(0(x) = (1 —4Q3¢%) 2 Iy x (),

where 5 5
0(r) = 2017 Qze™ 120e™ Qe
P= 1 —403em | (1—405e%)?
— p3log(1 —4Q3e™) —(p3— p1 —2p2)F,
2
F=(1-40:e%)t ZQ” ey
and

Iyxm=ets Y QAL Cp+ k)
| L,m,n=0 Hi:l(pl +k2)? [Ti=1(p2 + k2)3 [Ti=1 (p3 + k2)
Hk——oo(p3 2p2 +kZ)

n—Il—-2m

k=—oo (P3—DP1—2p2+ kz)

From (8), we have that

Jadx (*0(0)) = 2p3(1 —403¢™) 2 Iy x (v),

where j: X — F is the inclusion map and equality holds after applying the map
of coefficient rings Ay — A p induced by j. Note that j*(p3; — p1 —2p>) = 0;
this reflects the fact that X is disjoint from the divisor w = 0. Consider the classes
py = j*p1 and p) = j*p>. These form a basis for H*(X), and we identify the
group ring Q[H, (X ; Z)] with the polynomial ring Q[q1, ¢>] via the Q—linear map
that sends the element Q8 € Q[H,(F;Z)] to q%ﬁ’pﬂqéﬂ’pé). The map Ay — Af

Geometry & Topology, Volume 20 (2016)



Quantum periods for 3—dimensional Fano manifolds 149

induced by j sends g¢; to Q1Q3 and ¢g; to O Qg. We have
201 Q3ze® L 120,e™ Q%™

1—4Q3e’3 (1—4Q3€r3)2
—(p] +2py)log(l —4Q3e™)

J¥0() = (11 + 3)p) + (2 +213) py +

and thus, from (3)

Jx (j*0(1))

201" Q3ze® n 120,e™ Q3™ _,
= €X z
PN\ TT=4305en 7 (1-405em)?

x Jx((t1 + 13) p] + (2 + 273) p3)

— 0O _ Os
Ql— 174Q3(,r3 s QZ— (1—4Q3er3 )2

Making the inverse change of variables Q1 = Q(1—403e™), 0, = Q0,(1-403e%)?,
we see that!?

(15)  juJx(0) = e~ (2Q1Q3+120:0))/z
x2p3(1—4Q3)2IYX(0)}Q1 01(1-403). 02=0>(1—403)2"

Recall that the quantum period Gy is obtained from the component of Jy (0) along
the unit class 1 € H*(X;Q) by setting z = 1 and Qf = 1{#=Kx) To obtain Gy,
therefore, we need to extract the coefficient of 2 p3 on the right-hand side of (15) and
set z =1,

010,=t and Q,0i=t

(this amounts to setting g1 = ¢, =t and then applying the map of coefficient rings
Ax — A r induced by the inclusion j). Observe that p3(p3—p1—2p,) =01in H*(F).
Taking the coefficient of 2 p3 on the right-hand side of (15) and setting z =1 thus gives

00 0 00
e—(2Q1Q3+12Q2Q%)Z Z Z Qll Qrang(l_4Q3)l+2m+%

|
1=0 m=0 n=I+2m 2n)!

X
MH2mY3n!(n—1-2m)!
Q42" (1 —4Qy)!H2m

> ol om
_ e—(2Q1Q3+12Q2Q )Z Z

P (l!)z(m!)so
n—Il—-2m (271)!
Xn:%:zmQ3 nl(n—10—2m)!

10The right-hand side of (15) depends on Q;, O, and Q3 only through the products Q; Q5
and O, Q% , but this is not manifest from the formula. We will see it explicitly below for the coefficient of

2p3 in (195).
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Ql+2m(1 40,)IF2m+3
(112 (m!)3

2 0} 0%
— ¢ (20103+1202 03 )Z Z

[=0m=0

[+2m .
E) (1-403)72

0o oo
— 2 2/ + 4m)!
— ¢ (20103+120>053) § E Qll or Qé+2m

=0 m=0 (IN2(m")3 (I +2m)!

Setting Q103 =1¢, Q1Q§ =t yields

_ —l41 (+m (21 4 4m)!
Gx()=e IZMZO IN2(mY3 (I + 2m)!

and regularizing gives (14), as before.

20 The Fano manifold MM,_3

Mori-Mukai construction The blow-up of B, with centre an elliptic curve that is
the intersection of two members of !—%K B> ‘ .

Our construction A divisor X of bidegree (1, 1) in the product P! x B,.

The two constructions coincide Apply Lemma E.1 with V = Op, ® Op,, W =
—%K B, and f: V — W the map given by the two sections of —%K B, that define the
elliptic curve.

The quantum period Combining Example G.1, the calculation for B, and Corollary

E.4, we have
2l+2m%
Gpixp, () = Z Z ! (IN2(mH*2m)!

[=0m=0

Applying Remark D.6 yields

Gx(t)y=e 1 i i Jrm (@M m)!

Tomzo  UD2mbrem)!

and regularizing gives

Gy (1) = 14 300¢% + 847213 + 4385881% +21183120¢° + 1115221080¢°
+ 6051223080077 + 3385779824700 + 1936812829224007° + - - -
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Minkowski period sequence None. Note that the anticanonical line bundle of X is
not very ample.

21 The Fano manifold MM,_4

Mori-Mukai construction The blow-up of P3 with centre an intersection of two
cubics.

Our construction A member X of |L + 3M | in the toric variety F = P! x P3,

The two constructions coincide Apply Lemma E.1 with V = Op3s @ Op3, W =
Op3(3) and f: V — W given by the two cubics that define the centre of the blow-up.
The quantum period The toric variety F has weight data
110000 L
6001111 M
and Nef F = (L, M). We have:
e [ is a Fano variety.
e X ~L+3M isample.
e —(Krp+X)~L+ M isample.

Corollary D.5 yields
[ + 3m)!
GX(t) e—7t § § l+m ( )

N2 (mN4
[=0m=0 l) m)

and regularizing gives

Gy (1) = 149072 + 151813 + 46086¢* + 13273207° + 4138335076
+ 132944238017 + 4394431503078 + 1483208104560¢° + - - - .

Minkowski period sequence 161
22 The Fano manifold MM,_5
Mori-Mukai construction The blow-up of B3 with centre a plane cubic on it.
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Our construction A member X of |[3M | in the toric variety F with weight data

So §1 X X2 X3 X4

1 1-1 0 0 0 L
o 011 1 1 M

and Nef F = (L, M'). We have:

e —Kr=L+4M isample, thatis, F is a Fano variety.
e X ~3M is nef.
e —(Kr+X)~L+ M isample.

The two constructions coincide The notation makes it clear that sy and s; are
sections of L; xso, X851, X2, x3 and x4 are sections of AM; and F is a scroll
over P! with fibre P3. The morphism F — P* that sends (contravariantly) the
homogeneous co-ordinate functions [xg, ..., x4] to [XSg, X851, X2, X3, X4] is the blow-
up along xo = x; =0.

The quantum period Corollary D.5 yields

6 e N (3m)!
Gxy=e"> ) i UD2(m =)l (m))?

I=0m=l

and regularizing gives

Gy (1) = 14 6612 +8161° +202141* + 4496401 + 1105050076
+278336520¢7 4+ 722917503018 + 191680807920¢° + - - -

Minkowski period sequence 158

23 The Fano manifold MM,_g

Mori-Mukai construction Either

(a) a divisor of bidegree (2,2) on P2 x P2; or

(b) a double cover of W C P2 x P2 (the divisor of bidegree (1,1) on P2 x P?)
whose branch locus is a member of |—Kpy|.

Our construction A member X of |2L + 2M | in the toric variety F = P2 x P2,

The two constructions coincide Obvious.
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The quantum period This is Example D.7. We have
Gy () = 1 4 441% + 52813 + 11292¢* + 22800077 + 49990407°
+ 112654080t + 261362038078 + 61885803840¢° + - --

Minkowski period sequence 149

24 The Fano manifold MM,_~

Mori-Mukai construction The blow-up of a quadric 3—fold Q C P# with centre

the intersection of two members of |Og(2)].

Our construction A codimension-2 complete intersection X of type
CM)N(L+2M)

on the toric variety F = P! x P4,

The two constructions coincide Apply LemmaE.1 with V=0p®0g, W =0 (2)

and f: V — W given by the two sections of Og(2) that define the centre of the blow-

up. This shows that X is a divisor of bidegree (1,2) on P! x Q or, in other words, a

complete intersection of type (2M) N (L +2M) on P! x P4,

The quantum period The toric variety F has weight data

1100000 L
oorrrri1 M

and Nef F = (L, M). We have:

e [F is a Fano variety.
e X is the complete intersection of two nef divisors on F'.

e —(Krp+A)~L+ M isample.

Corollary D.5 yields
2m)I(I + 2m)!
G (Z) e—Sf E § l+m( ) ( )

TonZo (D2 (m!)?

and regularizing gives

Gy (1) = 14 3612 +3481% + 65161* + 1108807° + 20698201°
+ 3960600077 + 78053010028 + 156971068807° + - - -
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Minkowski period sequence 148

25 The Fano manifold MM,_g

Mori-Mukai construction

(i) A double cover of B (the blow-up of P3 ata point) with branch locus a
member B of |—K .| such that BN D is nonsingular, where D is the exceptional
divisor of the blow-up B; — P3.

(ii) A specialization of (a) where B N D is reduced but singular.

Our construction A member X of |2L + 2M | in the toric variety F with weight

data
S0 S1 2 X X3 W

1 1 1-1 0 1 L
00011 1 M

and Nef F = (L, L + M'). We have:

e —Kp=3(L+ M) is nef and big but not ample, so that F' is not a Fano variety.
X ~2(L+ M) is nef.
e —(Kfr+ X)~ L+ M is nef and big but not ample.

The two constructions coincide Consider the equation of X in the form
w? = x%az + x3xb3 + x2cy,

where a,, b3, and ¢4 are generic homogeneous polynomials in sg, 57 and s, of
degrees 2, 3 and 4, respectively. The locus (w = 0) C F is a copy of B; and the
branch locus meets the exceptional divisor D = (x = w = 0) = P? in a nonsingular
conic.

Remarks on the birational geometry of X Next we make a few comments on the
geometry of X and the embedding X C F that are not logically necessary for the com-
putation of the quantum period. The discussion is similar to the discussion of MM, _»
above; it in particular shows that X is a Fano variety, which is not immediately clear
from our construction.

The secondary fan manifestly has three maximal cones. By definition, Nef F' =
(L,L + M). The irrelevant ideal is (ws;, x35;, xs;) and the unstable locus is

(sp=851=5=0U(w=x=x3=0).
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The linear system |L| = |sq, 51, 52| defines a morphism f: F — P2 with fibre P2
and f|x is a conic bundle (in particular, an extremal contraction in the Mori category).
The linear system |L + M| = |w, x3s;, xs;s;| gives a flopping contraction of IT =
(x = x3 = 0) = P2 with normal bundle O(—1) & O(=2). Note, however, that
X NII = &: this contraction maps X isomorphically onto its image.

Denote by F’ the toric variety such that Nef F’ = (L + M, M'). The irrelevant ideal is

(X3w, Xw, X35;, X5;)
and the unstable locus is

(x=x3=O)U(s0=s1=sz=w=O).

The linear system |L + M| defines the flop of F. On the other hand, |M | defines a
contraction g: F — P(1,1,1,1,2) which sends (contravariantly) the homogeneous
co-ordinate functions [xg, X1, X2, x3, y] on P(1,1,1,1,2) to [sox, s1X, $2X, X3, WX].
The restriction g|y maps X to the variety Y with equation

2 2
y* = x3a3(x0, X1, x2) + x3b3(x0, X1, X2) + c4(xg, X1, X2),

so Y is the double cover of P3 branched along a general quartic surface B with an
ordinary node at (0,0,0,1) and g|y: X — Y is an extremal divisorial contraction
contracting X N (x = 0) = (w2 = x%az(so,sl,sz)) ~ P! x P! to the node just
mentioned.

It follows from the preceding discussion that Nef X = Nef F + Nef F/ = (L, M'); in
particular, therefore, X is Fano.

Finally the chamber (M, M — L) is “hollow”, that is, taking the GIT quotient with
respect to a stability condition from the interior of this chamber leads to a rank-1 toric
variety.

The quantum period Let p;, p, € H*(F; Z) denote the first Chern classes of L and
L ® M , respectively; these classes form a basis for H2(F;Z). Write t € H*(F; Q)
as T = 11 p1 + 12 p2 and identify the group ring Q[H,(F; Z)] with the polynomial
ring Q[Q1, Q5] via the Q-linear map that sends the element Qf € Q[H, (F;Z)] to
Q(lﬂ,m) Qgﬂ’“). We have

I _ 1)z Qll Qrznelrl et
F(T) =e Z l 3 m
1m0 k=11 +k2)* [Tg=1 (p2 + k2)

5 Mhe—oo(P2— P1 +k2) [The—oo (P2 —2p1 +k2)

ml o (pa—p1+ k) T2 (p2—2p1 + k2)

=1+1z7' +0(:72).
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Assumptions D.1 hold and, in the notation of Proposition D.2, we have A(t) = 1 and
B(t) = t. We now proceed exactly as in the proof of Corollary D.5, obtaining

Irx(@=e" 3 0 Q5™ [ 2p1 +2p2 +K2)
. I
immo =1 (p1 + k23 TI7= (P2 + k2)

= oo(P2 = P1 +k2) TTh— oo (P2 =2p1 +k2)
7 o (p2— p1+k2) TTFZ20 (2 = 2p1 + k2)

and

e Qm)!
Gx(t)=e Z Z ! (IN3m!(m =10 (m—=21)"

=0 m=2l
Regularizing gives
Gy (1) = 1+2612 +2161% + 3582¢* + 54480¢° + 874700¢°
+ 1500072017 425696531018 + 4576672800¢° + - - - .

Minkowski period sequence 144

26 The Fano manifold MM,_g

Mori-Mukai construction The blow-up of P3 with centre a curve I" of degree 7

and genus 5 that is an intersection of cubics.

Our construction A codimension-2 complete intersection X of type
(L+M)YNQRL+ M)

in the toric variety F = P3 x P2,

The two constructions coincide The curve I' is cut out by the equations:

rk(lo h 12)<2,
q0 491 42

where the /; are linear forms and the ¢; are quadratic forms. Lemma E.1 implies that
X is the complete intersection given by the two equations

{ loyo+liy1 + 1y, =0,
qoYo +¢q1y1 +q2y2 =0,

in P3 x P2, where the first factor has co-ordinates xq, Xi, X2, x3 and the second
factor has co-ordinates yqy, )1, 2. In other words, X is a complete intersection of
type (L+ M)N QL+ M) in P3 x P2
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The quantum period The toric variety F' has weight data

and Nef F = (L, M). We have:

e [ is a Fano variety.
e X is the complete intersection of two ample divisors on F.

e —(Krp+A)~L+ M isample.

Corollary D.5 yields
0o 00
Gr()= e Y Y pm A mICL 4 m)!

I=0m=0 (I (m!)?

and regularizing gives

Gy (1) =1+ 2262 + 17413 4 25141* + 342001 + 501070¢°
+ 758688077 + 11785837018 + 18708110407° + - - - .

Minkowski period sequence 139

27 The Fano manifold MM,_;

Mori-Mukai construction The blow-up of B, C P° with centre an elliptic curve
that is an intersection of two hyperplane sections.

Our construction A codimension-2 complete intersection X of type M )N (2M)
in the toric variety F with weight data
So S1 X X2 X3 X4 Xs

1 1-1 0 0 0 0 L
o011 1 1 1 M

and Nef F = (L, M'). We have:

e —Kp=L+45M isample, thatis, F is a Fano variety.
e X is the complete intersection of two nef divisors on F'.

e —(Krp+A)~L+ M isample.
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The two constructions coincide The notation makes it clear that sy and s; are sec-
tions of L; xsg, X571, X2, X3, X4 and x5 are sections of M; and F is a scroll over P!
with fibre P*. The morphism F — P* that sends (contravariantly) the homogeneous co-
ordinate functions [xg, X1, X2, X3, X4, X5] to [XxSg, XS1, X2, X3, X4, X5] is the blow-up
along (xo = x; = 0) C P4

The quantum period Corollary D.5 yields

oo

Gy(t)=e* Z i (+m 2m)!(2m)!

L 2R = Dl

and regularizing gives

Gy (t) =1+ 282 +2161% +3516¢* +49680¢° + 783640¢°
+ 1259496077 + 20889862078 + 3533634720¢° + - - - .

Minkowski period sequence 145

28 The Fano manifold MM,_;;

Mori—Mukai construction The blow-up of B3 C P# with centre a line on it.

Our construction A member X of |L +2M | in the toric variety F' with weight data
So S1 S22 X X3 X4

1 1 1-1 0 0 L
o0 011 1 M

and Nef F = (L, M). We have:
e —Kr=2L+43M isample, that is, F is a Fano variety.
e X ~L+2M isample.
e —(Krp+X)~L+ M isample.

The two constructions coincide The notation makes it clear that sg, s; and s, are
sections of L; xS, X851, X852, X3 and x4 are sections of M; and F is a scroll over P2
with fibre P2. The morphism F — P# that sends (contravariantly) the homogeneous co-
ordinate functions [xg, X1, X2, X3, X4] to [xSg, XS1, X2, X3, X4] is the blow-up along
the line £ = (xo = x| = x, = 0) C P* We construct X as the proper transform of a
general cubic B3 C P* containing the line £. This B3 has an equation of the form

on+xlB+sz =0,
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where A, B and C are homogeneous quadratic polynomials in the variables xy, ..., x4.
Thus X is given in F by the equation:

S0 A(S9X,51X,52X,X3,X4)+51B(S0X,51X,52X,X3,X4)+52C(50X,51X,52X%,%X3,X4) =0

The quantum period Corollary D.5 yields

o0

Gx()=e2Y i dam_ (42m)!

i () Pm=Dim)?

and regularizing gives

Gy (1) =1+ 14¢% +108% + 1074¢* + 134401° + 154760¢°
+ 195132017 + 2499973018 + 3253219207° + - - - .

Minkowski period sequence 120

29 The Fano manifold MM,_;,

Mori-Mukai construction The blow-up of P3 with centre a curve I' of degree 6
and genus 3 that is an intersection of cubics.

Our construction A codimension-3 complete intersection X of type
(L+M)N(L+M)N(L+M)
in the toric variety F = P3 x P3,

The two constructions coincide The curve I' C P3

Xo0.x1,x3 18 given by the condition

loo lo1 loa lo3
tk | lio 11 lip i3 | <3,

0 I21 [ [33

where the /;; are linear forms in Xx¢,...,x3. Lemma E.1 implies that X is a co-

dimension-3 complete intersection in P3 X ) 1 .y, given by the three

X0,X1,X2,X3 0

equations

looyo +lo1y1 +1lo2y2 +1lozy3 =0,

loyo +111y1 +1hay2 +113y3 =0,

Loyo +21y1 +1hay2 +123y3 =0.
In other words, X is a complete intersection of type (L +M)N(L+ M)N(L+ M)
in P3 x P3. An equivalent description of this variety was given by Qureshi [67,
Proposition 6.4.1].
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The quantum period The toric variety F' has weight data

11110000 L
oooo1rririr M

and Nef F = (L, M'). We have that:

e F is a Fano variety.
e X is the complete intersection of three ample divisors on F.

e —(Krp+A)~L+ M isample.

Corollary D.5 yields
Gx(t) = e 2t Z Z [Am (l +m)')3

oo AIH*mh*

and regularizing gives

Gx(t) =1+ 14> + 721 + 8821* 4 84007° 4 9518016
+ 106008077 + 1238965018 + 146472480¢° + - - - .

Minkowski period sequence 118

30 The Fano manifold MM,_;3

Mori-Mukai construction The blow-up of a quadric 3—fold Q C P* with centre a
curve I' of degree 6 and genus 2.

Our construction A codimension-3 complete intersection X of type
(L+M)N(L+M)N2M)

in the toric variety F = P2 x P4,

The two constructions coincide Let [sq,s1, y] be homogeneous co-ordinates on

P(1,1,3). We have that I' = P(1, 1, 3) N Q, where the embedding P (1, 1, 3) < P*
sends (contravariantly) the homogeneous co-ordinate functions

2 2
[x0,...,Xx4] [sg,sosl,sosl,sf, ).

Thus P(1,1,3) C P* is given by the condition
Y R )
X1 X2 X3 '
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By Lemma E.1, the blow-up G of P* along P (1, 1,3) is the complete intersection in
IPyZO’m’yz X P;o,...,X4 cut out by the equations
{Xoyo —Xx1y1+x2y2 =0,
X1yo—xX2y1+x3y2 =0.

Our Fano variety X is the complete intersection of G with a quadric g (xg,X1,X2,X3,X4).
Thus X is a complete intersection of type (L +M)N (L + M)N(Q2M) in P? x P4,
The quantum period The toric variety F has weight data

11100000 L
ooo011111 M

and Nef F = (L, M). We have that:

e [F is a Fano variety.
e X is the complete intersection of three nef divisors on F'.

e —(Krp+A)~L+ M isample.

Corollary D.5 yields

A A 1 o)+ m)N)?
Gx(t)=e I=ZOmZ=0Z D)

and regularizing gives
Gy (1) =1+ 14¢% +84r% + 9301 4+ 9720¢° + 108680¢°
+1259160¢7 + 14951650¢8 + 181377840¢° + - - - .

Minkowski period sequence 119

31 The Fano manifold MM,_;4

Mori-Mukai construction The blow-up of Bs C P® with centre an elliptic curve
that is an intersection of two hyperplane sections.

Our construction A divisor!! X of bidegree (1,1) on Bs x P,

UThis is one of six cases of families of rank-2 Fano 3—folds (MM,_14, MM,_17, MM, 5,
MM 51, MM5_ 55, MM, _5¢) where the generic member is not a complete intersection in a toric
variety. Of these, four (MM;,_14, MM5_50, MM5_55, MM;_5¢) are blow-ups of Bs along a curve: a
complete intersection, a twisted cubic, a conic and a line. Fano 3—folds in families MM,_;7 and MM, _5
are blow-ups of a quadric 3—fold.
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The two constructions coincide Let [xg, ..., xs] be homogeneous co-ordinates on
P6 and let F — IP% be the blow-up in the complete intersection (xo = x; = 0). Our
Fano variety X is the proper transform of Bs C P under the blow-up. Applying
Lemma E.1 with V = Ops @ Ops, W = Ops(1) and f: V — W the map given by
(x0,x1) shows that F is the subvariety of P;?O,...,x o X ]P’ylo, y, given by the equation
XoYo +x1y1 =0.

The quantum period Combining Example G.1, the calculation for Bs and Corollary
E.4, we have

Gpopr () =3 3 3 (= 1)+l +2m+2n (I +m))? MDY sy Hy.

I=0m=0n=0 (Z') (Wl') ( ')2

where H,, is the m™ harmonic number. Applying Remark D.6 yields

(o NN oo o]

Gr(=et Y 30 Sy AN iy

/=0 m—0n—=0 (113 (m!)>(n!)?

and regularizing gives

Gy (1) =1+ 16:2+90¢> + 1104¢* + 1146075 + 13399076
+ 158886077 + 1946392018 + 242996040¢° + - - -

Minkowski period sequence 122

32 The Fano manifold MM,_;5

Mori-Mukai construction The blow-up of P3? with centre the intersection of a
quadric 4 and a cubic B.

Our construction A member X of [2L + M | in the toric variety F with weight data

So S§1 S2 S3 X X4

1 11 1-1 0 L
0 0 001 1 M

and Nef F = (L, M). We have:

e —Krp=3L+42M is ample, thatis, F is a Fano variety.
* X ~2L+ M isample.
e —(Krp+X)~L+ M isample.
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The two constructions coincide Apply Lemma E.1 with V = Ops(—1) & Ops,
W = Op3(2) and f: V — W the map given by the matrix (B A).

The quantum period Corollary D.5 yields

xto = T3

ING (o N ot
1=0m=1 ()% 0m —Dlm!

and regularizing gives
Gy (1) =1+ 1262 + 361 + 5641* 4+ 36001 + 4170076
+ 36036077 + 383922078 + 37749600¢° + - - -

Minkowski period sequence 109

33 The Fano manifold MM,_;¢

Mori-Mukai construction The blow-up of B, C P> with centre a conic on it.
Our construction A codimension-2 complete intersection X of type (L+M)NQ2M)
in the toric variety F with weight data

So 81 S22 X X3 X3 X5

11 1-1 0 0 0 L
o0 o011 11 M

and Nef F = (L, M). We have:

e —Kp=2L+44M is ample, that is F is a Fano variety.
e X is the complete intersection of two nef divisors on F.

e —(Krp+A)~L+ M isample.

The two constructions coincide The morphism F — P3 that sends (contravariantly)
the homogeneous co-ordinate functions [xg, X1, ..., X5] to [SoX, S1X, $2X, X3, X4, X5]
blows up the plane IT = (xg = x1 = x, =0). We realise X as the complete intersection
of the proper transform of a quadric containing IT and a generic quadric.

The quantum period Corollary D.5 yields

Gx(t)=e % i i A+m (I +m)!(2m)!

oo D m=Dlomh?
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and regularizing gives

Gx(t) = 1+102 +607° + 5101 4 49201° 4 4708016
+473760¢7 + 490819078 + 51641520¢° + --- .

Minkowski period sequence 104

34 The Fano manifold MM,_;~

Mori-Mukai construction The blow-up of a quadric 3—fold Q C P* with centre an
elliptic curve I' of degree 5 on it.

Our construction The vanishing locus X of a general section of the vector bundle
(S*XOp3(1)) @ (det S* X Op3(1)) B (det S* X Op3)
on the key variety F = Gr(2,4) x P3, where S is the universal bundle of subspaces

on Gr(2,4).

The two constructions coincide First consider Gr(2, 4) with tautological rank-2 sub-
bundle S C C*: it is well known that the vanishing locus Z = Z(s) of a general
section s € I'(Gr(2,4); E), where

E=S"®detS*

is a del Pezzo surface of degree 5. Indeed, this can be shown as follows: the adjunction
formula immediately implies that —K 7 = —(Kxy ®det E)|z = det S* is ample, that is,
Z is a del Pezzo surface, and a small exercise in Schubert calculus shows that K ZZ =5.

Next we blow up Z C Gr(2,4). Consider the P! -bundle p: P(E*)— Gr(2,4) of lines
in E*: under p*E — O(1) we can identify s € I'(Gr(2,4); E) = T'(P(E™), O(1))
with a section § of O(1) on P(E™) and, by Lemma E.1,

p:Y=ZGB)CP(E*) —Gr(2,4) blowsup Z = Z(s) C Gr(2,4).

Next, identify:

e P(E*)=P(S ®detS) with P(S). Write V = C* with basis e, ..., e; and
note that the tautological sequence

0->S—->V->0-0

on Gr(2,4) identifies V* with I'(Gr(2,4); S*). In this notation, we can now
also identify

P(S)=Z(c) CcGr2, V) xP(V?"),
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where 0 = egxg + ---e3x3 € ['(Gr(2, V) x P(V*); $* K O(1)) is a general
section.

e The line bundle O(1) on P(E™) with the line bundle det S*(1) on P(S) and
s with a section that, abusing notation, we still denote by §:

5 e T(P(S): det S*(1)).

Combining all of the above we identify the blow-up Y of a del Pezzo surface of
degree 5, Z C Gr(2,4), with the vanishing locus of a general section (o, §5) of the
bundle

(S* X Op3(1)) @ (det S* X Op3(1))

on Gr(2,4) x P3. It follows easily from this that our construction and the Mori—-Mukai
construction coincide.

Abelianization Consider Gr(2,4) as the geometric quotient C®/ GL,(C), where
we regard C® as the space M (2,4) of 2 x 4 complex matrices and GL,(C) acts by
multiplication on the left. The universal bundle S of subspaces on Gr(2,4) is the

bundle on C? // GL»(C) determined by V7, where Vg is the standard representation

of GL,(C). Consider the situation as in [9, Section 3.1] with

e the space that is denoted by X in [9] set equal to A = C!2, regarded as the
space of pairs

{(M,w)| M is a 2 x4 complex matrix and w € C* is a vector};
e G =GL,y(C)xC*, actingon A as
(g, A): (M, w) > (gM,Aw);
o T = (C*)3, the diagonal subtorus in G ;
e the group that is denoted by S in [9] set equal to the trivial group;
e V equal to the representation of G given by
(Vara ® Via) @ (det Vg X Via) @ det Viga B Visiv,

where Vi, is the trivial 1-dimensional representation of C*.

It is clear that A/ G = F, whereas A/ T = P3 x P3 x P3. The non-trivial element
in the Weyl group W = Z /27 permutes the first and second factors in the product
P3 x P3 x P3. The representation V' induces the vector bundle Vg = E over F,
whereas the representation V' induces the vector bundle

Vr=0(1,0,1)®00,1,1) ®0(1,1,1) ® O(1, 1,0)
over AJT.
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The abelian/non-abelian correspondence Let p; € H*(A//T;Q), 1<i <3, denote
the first Chern class of 7/ Ops(1), where m;: A)T — P3 is projection to the i™
factor of the product AT = P3 x P3 x P3. Set Q = (p> — p1). We fix a lift of
H*(A)G;Q) to H*(A)T,Q)" in the sense of [9, Section 3]. As in the proof of
Theorem F.1 there are many possible choices for such a lift and the precise choice made
will be unimportant in what follows. The lift allows us to regard H*(A4/G;Q) as a
subspace of H*(A/ T,Q)", which maps isomorphically to the Weyl-anti-invariant
part H*(A)T,Q)% of H*(A) T, Q) via

HA)T.QY — 20 me(4)T, Q).

We compute the quantum period of X by computing the J—function of F = A)/G
twisted [16] by the Euler class and the bundle Vg, using the abelian/non-abelian
correspondence [9]. An alternative method of calculation has been given by Andrew
Strangeway [69].

We first compute the J—function of A/ T twisted by the Euler class and the bundle Vr.
As in the proof of Theorem F.1, consider the bundles Vr and Vg equipped with the
canonical C*—action that rotates fibres and acts trivially on the base, and consider
the twisted J—function Je v, of A/ T. J. v, was defined in (6) above, and is the
restriction to the locus 7 € H°(A ) T)® H?(A// T) of what was denoted by J{fTXCX (7)
in [9]. The toric variety A/ T = P3 x P3 x P3 is Fano and Theorem C.1 gives

o0 o0 o0 Qlll lez Ql33ellr1€lzr2813r3

CRAREIAE B D Dcirci: Loy
11=01,=013=0 l—[jzl Hk=1(PJ +kz)

where © = 11 p; + 12 p2 + T3 p3 and we have identified the group ring Q[H,(A )/ T; Z)]

with Q[Q1, Q2. O3] via the Q-linear map that sends Q” to Qgﬂ’Pl)Qgﬁ’p2>Qg5’P3).

Each line bundle summand in V7 is nef and ¢y (A T)—c1 (V1) is ample, so Theorem

D.3 gives

(17) ey (z) = e (@17 +0262405¢)/z 7/

Qlll 122 Qé3ellrlelzrzel3r3
I:

2\ e e Xl_[1<i<j<3 H2:11(1+Pi+17j +kz)
x2 2.2 .

3 l
1,=0 ,=0 ;=0 [Ti=1 [Tz (pj +k2)*
L +1+13
x l_[ A+ p1+p2+p3+kz).
k=1

Consider now F = A//G =Gr(2,4) xP3 and a point t € H*(F). Let €; € H*(F; Q)
be the pullback to F (under projection to the first factor) of the ample generator
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of H*(Gr(2,4)) and let €, € H*(F;Q) be the pullback to F (under projection
to the second factor) of the ample generator of H?(P3). Identify the group ring
Q[H(F; Z)] with Q[q1,¢>] via the Q-linear map which sends QF to g{f-€1)g{f-<2).
In [9, Section 6.1] the authors consider the lift J; S *C* (1) of their twisted J— functlon
JSX(C (t) determined by a choice of lift H* (A//G Q)— H*(A) T, Q). We restrict
to the locus t € HY(A)/G;Q) @ H?*(A)/G;Q), considering the lift

Jevo )= JC @), 1€ H(4)G:Q) & HY(4/G: Q).
of our twisted J—function J, . determined by our choice of lift
H*(A)G;Q) — H (A T.Q)".
Theorems 4.1.1 and 6.1.2 in [9] imply that

- 0 J
Jeys (0(1)UQ = [(z——z—)]ﬁ (‘L’)i|
¢:Ve k) 0ty evr =t,01=02=—q1,03=q2

for some!? function 0: H?(A4)/G;Q) — H*(A)G;A4q)G) such that 6(0) is in
H%(A)G:Q)® Ay Setting 1 =0 gives

(18) Je,VG (0(0)) U Q (_l)ll+lz ll+12qé3

[+l
_ o—Cai+a2)/z i i i Xl—[1<l<,<3l—[ i A+ pitpj+kz)

11=01,=013=0 G Ty, (ps + ko)
L+1+1;
( [T C+pi+p2+ps +k2))(l?2 —p1+ (L2 —1)2).
k=1

The left-hand side here takes the form

(p2—p)(1+6(0)z7" + 0(z7%))

whereas the right-hand side is

(19) (p2—p)(—qiz7' + 0(z7%)).

12 A5 in Theorem F.1, the map 6 is grading-preserving and satisfies 6 = id modulo ¢y, ¢, . We will
need only that 0(0) € HO(A4/G; Q) @ Ay /G » however, and we will see this explicitly below.
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We conclude that 6(0) = —g; and hence, via the string equation, that

(20)  Jeye (0) UL
o (=D Hhg it

0o 00 o0 li+1; . .
— o~ @1+a2)/z Z Z Z X[Ti<i<j<3 =i A +pitpj+kz)
3 lj AL
11=01,=013=0 nj:l Hk:](p] + Z)

1 +la+15
X ( l_[ A+ p1+p2+p3 +k2))(P2 —p1+(—1)2).
k=1

We saw in Example D.8 how to extract the quantum period Gy from the twisted
J—function Je v, (0): we take the non-equivariant limit A — 0, extract the component
along the unit class 1 € H*(A4//G;Q), set z = 1 and set Qf = {B=Kx) Thus
we consider the right-hand side of (20), take the non-equivariant limit, extract the
coefficient of €2 and set z =1 and q; = g» = t. This yields

PPN I+0)! (L + 1) +1) (41 +13)!
Gy (1) = 2t -1 ll+12lll+12+13(1
x()=¢130 303D (L) 12)* (1))

x(1+(l=1) (Hpy 41, —4H,)),

where Hj, is the k™ harmonic number. Regularizing gives

11=01,=013=0

Gy (1) =1+ 10¢2 + 4263 + 4141* 4 33001 + 2989076
+ 27594017 + 260827018 + 25305000° + - - .

Minkowski period sequence 101

35 The Fano manifold MM,_;g

Mori-Mukai construction A double cover of P! x P2 with branch locus a divisor
of bidegree (2, 2).

Our construction A member X of |2L + 2M | in the toric variety F with weight
data

Xo X1 X2 Yo V1 W

1 1.1 0 0 1 L

0o 00 1 1 1 M

and Nef F = (L, L + M). We have:

e —Kr =4L+43M is ample, thatis F is a Fano variety.
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e X ~2L+2M is nef.
e —(KF+X)~2L+ M isample.

The two constructions coincide The defining equation of X is

2 .
w” = f2,.2(x0,X1.X2; Y0, V1)

and so the morphism X — P2 x P! which sends the point [xg : X1 : X2 : yo : y1 : w]
of X to the point [xo: X1 : X2 : yo : 1] of P2 x P! exhibits X as a double cover of
P2 x P! branched over a divisor of bidegree (2,2).

The quantum period Corollary D.5 yields

oo

_ ot o 2i4m (21 +2m)!
Gxl)=e g};f I3 (ml)2 (L +m)!

and regularizing gives

Gx(t) =1+ 612 + 481> +282* + 24007 + 22020¢°
+ 18480077 + 16844108 + 15798720¢° + - - -

Minkowski period sequence 74

36 The Fano manifold MM,_;9

Mori-Mukai construction The blow-up of B, C P> with centre a line on it.

Our construction A codimension-2 complete intersection X of type
(L+M)N(L+ M)
in the toric variety F with weight data

So §1 S2 S3 X Xg4 X5

1 11 1-1 0 O L
00 0 011 1 M

and Nef F = (L, M). We have:

e —Kr =3L+3M isample, that is, F is a Fano variety.
e X is the complete intersection of two ample divisors on F.

e —(Krp+A)~L+ M isample.

Geometry & Topology, Volume 20 (2016)



170 Tom Coates, Alessio Corti, Sergey Galkin and Alexander Kasprzyk

The two constructions coincide The morphism F — P> that sends (contravariantly)

the homogeneous co-ordinate functions [xg, ..., X5] to [xsg, ..., X3, X4, X5] blows up
the line (xo =--- = x3 = 0) in P>. Now take the proper transform of a B, containing
this line.

The quantum period Corollary D.5 yields

Gy()=e"' i i (+m (I +m)! (I +m)!

1=0m=I (IN*(m =D (m!)?

and regularizing gives

Gy (1) =1+ 82+ 30¢% 4 2407 + 1920¢° + 13490¢°
+ 12180077 + 95368078 + 8465520¢° + - - - .

Minkowski period sequence 86

37 The Fano manifold MM,_,,

Mori—Mukai construction The blow-up of Bs C P® with centre a twisted cubic on

it.

Our construction The vanishing locus X of a general section of the vector bundle
E =(S*XOp2(1)) @ (det S* K Op2)®3

on the key variety F = Gr(2, 5) x P2, where S is the universal bundle of subspaces

on Gr(2,5).

The two constructions coincide Consider C> with basis eg, ..., es. Let M(2,5)%
denote the space of 2 x 5 complex matrices of full rank. As is customary we represent
a point W in Gr(2,C?) by a matrix

do dp dz dasz dg X
(bo by by bs b4) €M2.5)

up to the action of GL,(C) from the left. A basis element ¢; of C> gives a section of
the rank-2 vector bundle S™* that evaluates as

ei(W) = (‘bl;)

s = egxg + e1x1 + exx, € T(Gr(2,5) x P2: S* K O(1)).

Consider now the section
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Let Y C Gr(2,5) x P2 be the vanishing locus of s and let p: Y — Gr(2,5) be the
projection. Y consists of pairs (W, x) € M(2,5)* x P2 such that x = (x¢, X1, X) is
a solution of the system

X0

X1

thatis, p: ¥ — Gr(2, 5) blows up the locus Z C Gr(2, 5) consisting of those W such

that
dog dp dp
k 2.
! (bo by bz) =

R aj dj
Xjj = det (bi bj)’

this is the locus where xg; = X9 = x12 = 0. Thus, Z is the cubic scroll defined by

X X X
X01 = X02 = X122 = 0 and I‘k( 03 13 14) < 2.
X04 X14 X24

In Pliicker co-ordinates

Intersecting with 3 more hyperplane sections in the Pliicker embedding, we get the
blow-up of Bs along a twisted cubic.

Abelianization Consider Gr(2, 5) as the geometric quotient C'°/ GL,(C), where
we regard C10 as the space M (2, 5) of 2 x 5 complex matrices and GL,(C) acts by
multiplication on the left. The universal bundle S of subspaces on Gr(2,5) is the
bundle on C1°/ GL,(C) determined by Vs Where Vg is the standard representation
of GL5(C). Consider the situation as in [9, Section 3.1] with

e the space that is denoted by X in [9] set equal to A = C!3, regarded as the
space of pairs

{(M,w)| M isa 2x5 complex matrix and w € C? is a vector};

G = GL,(C) x C*, acting on A as

(g, 1): (M, w) — (gM, Aw);

T = (C*)3, the diagonal subtorus in G;

the group that is denoted by S in [9] set equal to the trivial group;
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e ) equal to the representation of G given by
(Vaa B Vi) @ (det Vg B Viriy)®,

where Vi, is the trivial 1-dimensional representation of C*.

It is clear that A /G = F, whereas A/ T =P*xP*xP?2 The Weyl group W =7Z/27
permutes the first and second factors of the product P# x P4 x P2 The representation

V induces the vector bundle Vg = E over F, whereas the representation V induces
the vector bundle

Vr=0(,0,1)®00,1,1)®0O(1,1,0)®3
over A T.

The abelian/non-abelian correspondence We proceed exactly as for MM,_;7, re-
placing:

o P3xP3xP3 by P*x P*x P2 throughout.

e Equation (16) by

Jayr (1) o
— ot/ i i i Qll 2?Q33611r1elzrze]3;3 |
11=01=01s=0 | Lg=1 (P1+k2)> [T (p2+kz)> T, (p3+k2)?

e Equation (17) by
Je,VT ('L') = €_(Qlerl +Q22T2+Q3e73)/zer/z
Qlll 122Ql33611r1 lzrzlel—:g
x i i i <[Te2* A+ pi+patko)’
[,=01,=013=0 _,(p1+kz)? 1_[ [(p2tkz)?
[
Xnk3=1(173+k2)3

L+1; L+13
< [T O+pi+ps+kz) [ O+ p2+ ps+ko).

e Gr(2,4) x P3 by Gr(2, 5) x P2, throughout.
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e Equation (18) by

Jeve (0(0) UQ
(1)1 Flg g

— ¢~ Qa1tq2)/z i i i anl+lz(k+P1+P2+kZ)3
11=01=013=0 1(P1+k2) l_lkzl(lﬂz-i-kZ)5
x[Ti_, (p3+kz)?
li+l3 L+l

< [ G+pi+p3+kz) [] A+ patps+k)(pa—pi+—11)2).
k=1 k=1

e Equation (19) by
(p2— p1)(1+0(z"2)).
e The conclusion 6(0) = —¢g; by 6(0) = 0 and (20) by

Jeve (0)UQ

e VG (_l)ll-i-lzqil—i-lzqég
00 00 00 L+ 3

— o Qa1ta)/z Z Z Z X[ 12> A+ p1+patkz)
1,=01,=013=0 1(P1+kz) szl(l?z-l-kz)s

<[ Ti (p3+kz)?

1 +13 413
< [ +pi+p3+kz) [] A+ patps+k)(p2—pi+—11)2).

k=1 k=1
This yields

o0 o o
_ (11 + 1N Uy + )N + 13)!
Gx(t)=e ¥ E: 2: }:(_1)11+lzlll+lz+z3
* [1=01,=0135=0 (ll!)s(l2!)5(l3!)3

X (1 + (12 - ll)(le+l3 - 5H12))7

where Hj, is the k™ harmonic number. Regularizing gives

Gy (1) =1+ 8% 4 3613 + 288¢* + 222017 + 18260¢°
+ 15456077 + 13484808 + 11977560¢° + - - .

MinkowskKi period sequence 87
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38 The Fano manifold MM,_,;

Mori-Mukai construction The blow-up of a quadric 3—fold Q C P* with centre a
rational normal curve of degree 4 on it.

Our construction The vanishing locus X of a general section of the vector bundle
E =(S*ROps(1)®? @ (det S* ¥ Opa)

on the key variety F = Gr(2,4) x P4 where S is the universal bundle of subspaces
on Gr(2,4).

The two constructions coincide Consider C* with basis e, ..., e;. Let M(2,4)*
denote the space of 2 x 4 complex matrices of full rank and represent a point W in
Gr(2,C*) by

__[@o0 ay az as X
W_(b0 by by b3)eM(2,4)

up to the action of GL,(C) from the left. A basis element e¢;, 0 <i <3, of C* gives
a section of the rank-2 vector bundle S* that evaluates as

ei(W) = (Zz) .

Let xg, ..., x4 be homogeneous co-ordinates on P4 and consider the two sections
S| =egXg+e1x1 +eyxy+e3xs and s, =egxy +e1Xy +exx3 +e3xa

in I'(Gr(2,4) x P4; S*KO(1)). Let Y C Gr(2,4) x P* denote the locus on which s,
and s, both vanish, and let p: ¥ — Gr(2,4) and ¢: Y — P# denote the projections to
the two factors of Gr(2,4)xP4. The locus Y consists of pairs (W, x) € M(2,4)* xP*
such that
Xo X1

W C Ker X
X2 X3
X3 Xg

It follows that ¢: ¥ — P*# blows up the locus Z given by the condition
k (XO X1 X2 X3) < 2’
X1 X2 X3 X4
that is, the rational normal curve. Intersecting with p*(H), where H € |det S*|, gives

the proper transform of a quadric 3—fold containing Z .
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Abelianization Consider Gr(2,4) as the geometric quotient C®/ GL,(C), where
we regard C® as the space M(2,4)x of 2 x 4 complex matrices and GL,(C) acts
by multiplication on the left. The universal bundle S’ of subspaces on Gr(2, 4) is the
bundle on C3/ GL,(C) determined by V> where Vi is the standard representation

of GL,(C). Consider the situation as in [9, Section 3.1] with

the space that is denoted by X in [9] set equal to 4 = C!3, regarded as the
space of pairs

{(M,w)| M is a 2 x4 complex matrix and w € C° is a vector};

G = GL,(C) x C*, acting on A as

(. 1) (M, w) — (gM, Aw);

T = (C*)3, the diagonal subtorus in G;

the group that is denoted by S in [9] set equal to the trivial group;
e YV equal to the representation of G = GL,(C) x C* given by
(Vita & Vira) ®2 @ (det Vg B Viriv),
where Vi, is the trivial 1-dimensional representation of C*.
It is clear that 4G = F, whereas A/ T =P3xP3 xP* The Weyl group W =7 /27
permutes the first and second factors of the product P3 x P3 x P#. The representation

V induces the vector bundle Vg = E over F, whereas the representation )V induces
the vector bundle

Vr =0(1.0,D*2 @00, 1,)*? ® 0(1.1,0)
over AT =P3 xP3 x P4
The abelian/non-abelian correspondence Again we proceed as for MM, _; 7, replac-
ing:
o P3xP3xP3 by P3xP3 xP* throughout.
e Equation (16) by

Jayr(7)
_et/z i i i Qlll 122Ql33e11t16121'2€l3t3
1 l ’
[, =01,=0l3= 1(p1+kz)4 H/le(P2+kZ)4H;§:1(P3+kZ)5
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e Equation (17) by

Jevr ()= e_(Qlerl+Q2€T2+Q3€T3)/Zer/z
Qlll Q122 QéSell T] elztzel'gt'g
11=01,=013=0 1(P1+k2)41_[k=1(p2+kz)4
/
Xl_[k3=1(p3+k2)5

L1 +13 I+

x [T+ pi+ps+kz)® [T O+ patps+k2)
k=1 k=1

o Gr(2,4) x P3 by Gr(2,4) x P4, throughout.
e Equation (18) by
Jevg (0(0)UQ
(- l)ll—i-lqul‘i‘lzq?
00 00 o L+
— o~ Qa1+a2)/z Z Z Z X[T2 (A4 p1+patkz)
1,=01,=013=0 1(P1+k2)4 l_[kzl(Pz+kZ)4
I
X]_[k3=1(p3—|—k2)5

l1+13 Ih+13

x [T A+pi+ps+k)? T (+patps+k2)*(pa—p1+—11)2).
k=1 k=1

e Equation (19) by
(p2—p1)(1=2q1z27" + 0(z?)).
e The conclusion 6(0) = —¢g; by 8(0) = —2¢, and (20) by
Teve (0)UQ

o o0

_ e—qz/Z Z i ( l)ll—i—lqul-i-lz I3 Hll+lz()»+p1+pz+kz)
11=01,=013=0 1(p +kZ)4 k=1(p2+kz)4
XH?=1(P3+/€Z)5

1+l
< [T G+ p1+ ps+kz)?
k=1
L+
x [T O+ p2+ p3+k2)?*(p2—p1+ (2 —1)2).
k=1
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This yields

R & & it U DN D2+ 15)D?
Gy =e 37 30 Y (=Dt ) () ()3

X (1 + (12 - ll)(2H12+l3 _4H12))7

[1=01[,=01[3=0

where Hj, is the k™ harmonic number. Regularizing gives
Gy (1) = 1+ 8% 4 241 + 2401 + 14401 + 11960¢°
+ 8904077 4 731920¢% 4 59136007° + - - - .

MinkowskKi period sequence 84

39 The Fano manifold MM,_,,

Mori-Mukai construction The blow-up of Bs C P with centre a conic on it.

Our construction A complete intersection X of type LN M N M N M in the flag
manifold FI = FI(1,2; C?), where p: Fl - P* and ¢: F1 - Gr = Gr(2, 5) are the
natural projections, L = p*O(1), M = q*detS* and S is the universal bundle of
subspaces on Gr.

The two constructions coincide Note that FI = P(S) is the projectivization of the
universal bundle S of subspaces on Gr. On Fl we have a natural surjection of vector
bundles:

q*S* — L inducing H°(Fl,¢*S*) =~ HO(FI, L)

Let s € HO(Fl, L) be a general section and Y be the locus (s = 0) C Fl. It is clear
that g: Y — Gr blows up Z = (5§ = 0) C Gr, where § “is” s, now thought of as
an element of H%(Gr, S*). We are done, as Z = Z;,; maps to a quadric under the
Pliicker embedding.

Abelianization Consider the situation as in [9, Section 3.1] with

o the space that is denoted by X in [9] set equal to 4 = C'2, regarded as the
space of pairs

{(v,w) | veC? isarow vector and w is a 2 x 5 complex matrix};
e G =C*xGLy(C), actingon A as

(. g): (v.w) > (Avg~ ', gw):
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o T = (C*)3, the diagonal subtorus in G ;
e the group that is denoted by .S in [9] set equal to the trivial group;

e V equal to the representation of G given by the direct sum of one copy of the
standard representation of the first factor C* and three copies of the determinant
of the standard representation of the second factor GL;(C).

Then A//G is the flag manifold Fl = FI(1,2; C?), whereas A/ T is the toric variety
with weight data

1 1111000 0 O0-1 0 L,
0000011111 0-1 Ly
00 00O0O0O0O0OO0OO0O0O0OT11 1 H

and Nef= (L1, L,, H); thatis, A/ T is the projective bundle P (O(—1,0)O(0, —1))
over P4 xP*# The non-trivial element of the Weyl group W = Z /27 exchanges the two
factors of P4 x P4, The representation ) induces the vector bundle Vg = L @ M ®3
over A//G = Fl, whereas the representation ) induces the vector bundle Vr =
H@(Ly+ Ly)®3 over A T.

The abelian/non-abelian correspondence Let p;, ps, p3 € H>(A/ T;Q) denote
the first Chern classes of the line bundles L, L, and H, respectively. We fix a lift of
H*(A)G;Q) to H*(A) T,Q)" in the sense of [9, Section 3]; there are many possible
choices for such a lift and the precise choice made will be unimportant in what follows.
The lift allows us to regard H*(A//G:;Q) as a subspace of H*(A4//T,Q)", which
maps isomorphically to the Weyl-anti-invariant part H*(A) T, Q)% of H*(A) T, Q)
via
U(p2—p1)

H*(A) T, QY ————— H*(4/T,Q)".
We compute the quantum period of X by computing the J—function of Fl= 4/ G
twisted [16] by the Euler class and the bundle Vg, using the abelian/non-abelian
correspondence [9].

Our first step is to compute the J—function of A/ T twisted by the Euler class and
the bundle V7. As in Section D.1, and as in [9], consider the bundles Vr and Vg
equipped with the canonical C* —action that rotates fibres and acts trivially on the
base. We will compute the twisted J—function Je y, of A/ T using the quantum
Lefschetz theorem; J, ), was defined in (6) above and is the restriction to the locus
1€ HY(A)T)® H*(A) T) of what was denoted by JSTXCX(I) in [9]. The toric
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variety A// T is Fano, so Theorem C.1 gives

JA//T(-L—) _ ef/z Z Ql Qm Qn Ity eMT2 pMT3 ng__m(p3 I +kZ)
1,m,n>0 =1 (1 +k2)3 TTF=y (P2 + k)5 T oo (p3 — p1 +k2)

Hk_—oo(P3 P2+ kz)
Hk_—oo(P3 —p2+kz)’

where T = 11 p1 + 12 p» + 73 p3 and we have identified the group ring Q[H, (A4 T'; Z.)]
with Q[Q1, 02, Q3] via the Q-linear map that sends Q” to Qgﬂ’pl)Qéﬂ’pZ)Qgﬂ’P-‘).
The line bundles L, L, and H are nef, and ¢;(A/T) — c¢;(Vr) is ample, so
Theorem D.3 gives

Je,VT (‘L’) — e—Q3ef3/zer/z Z Ql1 Qrzn Q’;elrl eMT2,MT3
I,m,n>0

Hk L Ot p3+ ) TR Ot pr 4 pa 4k 2)3
Hk 1 (p1+kz)’ TTx=: (p2a+kz)?

l_[k——oo(p3 P1+kZ)]_[k__oo(p3 partkz)
Hk_—oo(p3 p1+kz) [Tim oo (P3—p2tkz)

Consider now F = A//G =Fl and a point t € H*(F'). Recall that F1=P(S) is the pro-
jectivization of the universal bundle S of subspaces on Gr. Let €; € H?(F; Q) be the
pullback to F (under the projection map ¢: F1— Gr) of the ample generator of H?(Gr)
and let €, € H?(F; Q) be the first Chern class of Op(s)(1). Identify the group ring
Q[H,(F; Z)] with Q[q;, ¢2] via the Q—linear map which sends Q” to q(ﬂ <1lg (’3 €),
In [9, Section 6.1] the authors consider the lift J3; SXC (¢) of their twisted J— functlon
Jy S *C* (1) determined by a choice of lift H*(A// G Q)— H*(A)T,Q)". We restrict
to the locus t € HY(A))G; Q) ® H?*(A/ G;Q), considering the lift

Teve ) =TS (1), 1e H'(4)G:Q)& H*(4/G:Q),
of our twisted J—function J, y, determined by our choice of lift
H*(A)G;Q) — H (A T.Q)".
Theorems 4.1.1 and 6.1.2 in [9] imply that

= ad ad
Texe @)U (2= p1) = | (255 =55 ) dey (0]
2 u 1=1,01=02=—¢1,03=4>
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for some!? function 0: H?>(A4)/G;Q) — H*(A)G;Ag). Setting t = 0 gives

je,VG (0(0)U(p2—p1)
— ¢ 92/7 Z (_1)l+mql+m nl_[2=1()\+l73+k2) Hiinll()‘+pl+p2+kz)3
- 1

2
Lm0 Tz (p1+kz)S T (pa+kz)S

l_[k——oo(p3 P1+k2) Hk__oo(p3 p2+kz)
nl (p3—p1+kz) [Tk="oo(P3—p2+k2)
X(p2—p1+(m—I)z).

For symmetry reasons the right-hand side here is divisible by p, — p;; it takes the form

(P2—pD)(L+q1z7" + 0(z7?),
whereas
Tewe (0(0) U (p2— p1) = (p2— p1)(1 +6(0)z"" + O(="2)).
We conclude that 8(0) = ¢, and hence, via the string equation, that

Je v (0(0)) = €917 T, 1,0 (0).
Thus

Q1 Jevs (0)U(pa—p1)
— o~ @1ta2)/z Z (_1)l+m I+m

l,m,n>0

75

e VOt P+ k2) TTRET Ot p1+ pa+k2)?
[The i (p1+k2)S TR (p2+k2)S

1_[k——o<>(1”3 P1+k2) [[Re—oo(P3—p2+k2)
k——oo(P3—P1 tkz) [Thim oo (P3—p2+k2)

X(p2—p1+(m—I)z).

We saw in Example D.8 how to extract the quantum period Gy from the twisted
J—function J, y (0): we take the non-equivariant limit, extract the component along
the unit class 1 € H*(A//G;Q) and set z =1 and QF = ¢{B-—Kx) Thus, we consider
the right-hand side of (21), take the non-equivariant limit, extract the coefficient of

131n fact the mirror map 6 takes values in HO(4/G;Ag) ® H*(A//G; Ag). This follows from
homogeneity considerations, as in the proof of Proposition D.2. We will see explicitly that 6(0) € HO@® H>.

Geometry & Topology, Volume 20 (2016)



Quantum periods for 3—dimensional Fano manifolds 181

p2—p1 and set z =1 and ¢; = g, = ¢, obtaining

_ =2t — o - _1\/+m n!((l+m)!)3 I+m+n
Gx=e3 3. 2, D D3 (=) (=)l

=0 m=0 n=max(l,m)

+e_2,i i i(—l)””’ n! (I +m))3 (m—1)

=0 m=I[+1n=m (113 ()3 (n—1)! (n—m)!

X(SH;—5Hm+ Hp—m— n—l)[l+m+n

oo oo m—1
-y M m)) =D (m=n=1)!
e ,ZZM;) ;( D oy =iy -

Regularizing yields
Gx(t) = 14 612 + 2413 + 138¢* + 10801 + 65407°
+ 5040017 + 36225028 +2713200¢° + - - - .

Minkowski period sequence 69

40 The Fano manifold MM,_,;

Mori-Mukai construction The blow-up of a quadric 3—fold Q C P# with centre an
intersection of 4 € |Og(1)| and B € |Og(2)| such that either
(a) A is nonsingular, or

(b) A is singular.

Our construction A codimension-2 complete intersection X of type (L+M)N(2L)
in the toric variety F with weight data

So S1 S2 S3 S4 X Xj5

111 1 1-1 0 L
0000 011 M

and Nef F = (L, M'). We have:

e —Kr=4L+2M is ample, thatis F is a Fano variety.
¢ X is the intersection of two nef divisors on F'.

e —(Krp+A)~L+ M isample.
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The two constructions coincide Apply Lemma E.1 with V =0¢p(=1)®Og, W =
Op(1) and f:V — W given by the matrix (B A). This exhibits X as a mem-
ber of |7*W(1)| on P(V) or, in other words, as a complete intersection of type
(L + M)N (2L) on the toric variety F.

The quantum period Corollary D.5 yields

Gy = e 303 fem (LEmICDL

Py (l') (m—10)!m!

and regularizing gives

Gy () =1+ 812+ 1243 +2161* + 720° + 854046
+42000¢7 4 41020078 + 25032007° + - - -

Minkowski period sequence 78

41 The Fano manifold MM,_,4

Mori-Mukai construction A divisor of bidegree (1,2) on P? x P2,
Our construction A member X of |L +2M | in the toric variety F = P2 x P2,
The two constructions coincide Obvious.

The quantum period The toric variety F has weight data
111000 L
06000111 M
and Nef F = (L, M). We have:
e [F is a Fano variety.

e X ~L+2M isample.
e —(Krp+X)~2L+ M isample.

Corollary D.5 yields

GX(t) = e_Zf Z Z 21+m (l +2m)!

(N3 (N3
[=0m=0 l') (I’}’Z')
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and regularizing gives

Gy () = 14412 +247% + 132¢* + 78017 + 5800¢°
+ 4032077 + 28378078 +2105880¢° + - - -

Minkowski period sequence 44

42 The Fano manifold MM,_,5

Mori-Mukai construction The blow up of P3 with centre an elliptic curve that is
an intersection of two quadrics.

Our construction A member X of |L +2M | in the toric variety F = P! x P3,

The two constructions coincide Apply Lemma E.1 with V = Op3 & Op3, W =
Op3(2) and f: V — W the map given by the two quadrics that define the elliptic
curve.
The quantum period The toric variety F' has weight data
110000 L
06001111 M
and Nef F = (L, M). We have:
e F is a Fano variety.
e X ~L+2M isample.
e —(Krp+X)~L+2M isample.

Corollary D.5 yields

Gx(t)=e tz Z Jam (£ 2m)!

oo I)2(m)*

and regularizing gives

Gy (t) =1+ 412 +2413 +601* + 72017 + 364076
42184017 4 175420¢% +1024800¢° +--- .

Minkowski period sequence 43
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43 The Fano manifold MM,_,¢

Mori-Mukai construction The blow-up of Bs C P® with centre a line on it.

Our construction Let S be the universal bundle of subspaces over Gr = Gr(2, 4)
and let E be the rank-3 vector bundle £ =C @& S™ on Gr. Let ¢g: P(E) — Gr denote
the projection. Then X is the vanishing locus of a general section of

¢* det S* @ ((¢* det S*) ® Op((1))®
on the key variety F = P(FE).
The two constructions coincide Write V = C> with basis ey, ...,es and write

C* = V/Ceqy. Consider Gr as the Grassmannian of 2—dimensional subspaces of
this C*. There is an exact sequence

0T =g E*— Opg)(1) =0
on F =P (E), where T is a rank-2 vector bundle.

First we construct a morphism p: F — Gr(2,V) = Gr(2,C?). Let U denote the
universal bundle of subspaces on Gr(2, 5). The morphism p arises, by the universal
property of Gr(2, C?), from the inclusion

TCq'E*=Co®q¢*SCcCP®q*C*=Cey@C*=C?,
ie there is a unique p: F — Gr(2, C?) such that S = p*U.

Next we claim that the morphism p: F — Gr(2,5) that we just constructed is the
blow-up of Gr(2, 5) along the locus

Z ={W,CC?>|eyec W}

of 2—dimensional vector subspaces that contain ey. Denote by 7: C> — C>/Ce the
natural projection. Indeed, for W, € Gr(2, 5), either

o ¢o & W,, in which case m(W,) =V, C C* is a 2—dimensional subspace and p
is an isomorphism above W,, or

e ¢9 € W,, in which case 7 (W) is a 1-dimensional subspace and

q(p~'Wa) = {V, € Gr(2,4) | n(W,) C V2 }.

The statement follows easily from the claim just shown. Indeed, on the one hand
Z >~ P3 and the Pliicker embedding of Gr(2, 5) embeds Z linearly in P°. In other
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words, p: F — Gr(2,5) is the blow up of Gr(2,5) C P? along a P3 C Gr(2,5). On
the other hand, the rational map

gp~': Gr(2,5) --> Gr(2,4) C P?,

where Gr(2,4) C P? is the Pliicker embedding of Gr(2, 4), is the map corresponding to
the linear system of hyperplane sections of Gr(2, 5) C P — in its Pliicker embedding —
that contain Z.

In other words, let Y C Gr(2, 4) be a general hyperplane section and Hy, Hy C Gr(2, 5)
be two general hyperplane sections of Gr(2, 5); then

piq (V)N pT (Hi N Hy) — pg~ ' (Y)N Hy N Hy
is the blow-up of Bs = pg~'(Y)N H; N H, C Gr(2, 5) along the line Z N Bs.

Abelianization Consider the situation as in [9, Section 3.1] with

o the space that is denoted by X in [9] set equal to 4 = C!!, regarded as the
space of pairs

{(v,w) | visa2x4 complex matrix and w € C* is a column vector};

G = GL,(C) x C*, acting on A as

(. 4): (v, w) = (gv, Ap(g)w),

where GL,(C) acts by left multiplication on M (2,4) and p = pgq @ 0 is the
direct sum of a copy of the standard representation of GL,(C) and a copy of
the trivial representation;

o T = (C*)3, the diagonal subtorus in G ;
e the group that is denoted by S in [9] set equal to the trivial group;

e ) equal to the representation of G given by

v @ (x3 ® ¥) %2,

where ¥: G — C* is det pyq on the first factor and trivial on the second factor,
and x3: G — C* is trivial on the first factor and the identity on the second
factor.

Then, by Lemma E.2, 4/ G is the key variety F = IP(FE) introduced above, whereas
A/ T is the toric variety with weight data

00

—

1111 00100
0000 11010
0000 00111

el
w N

11
00
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and Nef = (L, Ly, L1+ Ly + L3), thatis, A/ T is the projective bundle

over P3 x P3. The Weyl group W = Z /27 exchanges the first and second factors
of P3 x P3, that is, it exchanges the first set of four co-ordinates with the second
set of four co-ordinates in the table giving the weight data. The representation V
induces the vector bundle ¢* det S* @ ((¢* det S*)(1))®2 over A//G = F, whereas
the representation ) induces the vector bundle

(L1 +Ly)® (Ly + Ly + L3)®?
on AJT.

The abelian/non-abelian correspondence Let p;, p,, p3 € H*(A)/ T:;Q) denote
the first Chern classes of the line bundles Ly, L, and L; ® L, ® L3, respectively.
We fix a lift of H*(A4)G;Q) to H*(A/T,Q)" in the sense of [9, Section 3]; as
before there are many possible choices for such a lift and the precise choice made
will be unimportant in what follows. The lift allows us to regard H*(A/G;Q) as a
subspace of H*(A// T, Q)" , which maps isomorphically to the Weyl-anti-invariant
part H*(A)T,Q)* of H*(A)T,Q) via
H(4) T.Q)" 2P (4 T.Q)",

We compute the quantum period of X by computing the J—function of Fl= A4/ G
twisted [16] by the Euler class and the bundle Vg, using the abelian/non-abelian
correspondence [9].

We begin by computing the J—function of 4/ T twisted by the Euler class and the
bundle V7. Consider the bundles V7 and Vg equipped with the canonical C*—action
that rotates fibres and acts trivially on the base. We will compute the twisted J—function
Je,yr of AJ/T using the quantum Lefschetz theorem; J, ), was defined in (6) above
and is the restriction to the locus v € H%(A4/T)@® H?*(A// T) of what was denoted
by J{fTXCX () in [9]. The toric variety A/ T is Fano, so Theorem C.1 gives

Jayr(v) =e? Z 0105 Qfe’f e e e —oo(P3—p2+k2)
1,m,n>0 [Teei (p1+hk2)* TTre (P2 +k2)* TTk=" oo (P3— P2 +k2)
Hk——oo(p3_1’1 +k2) [Re—oo (P3—P1—P2+k2)

Hk——oo(PS—Pl +kz) nk—_oo(m—]?l —patkz)

where T = 11 p1 + 12 p2 + 73 p3 and we have identified the group ring Q[Hz (A)T; Z)]
with Q[Q1, 05, Q3] via the Q—linear map that sends Q” to 0, (B.p1 Qzﬂ pZ)Q(B P3),
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The line bundles L; + L, and Ly ® L, ® L3 are nef, and ¢1(A)T)—c1(Vr) is
ample, so Theorem D.3 gives

Jeyp (1) = o—Q3¢73/z,7/2 Z Ql1 Qm Qnelrl M2 M3
l,m,nZO l+m 2
= "(A+p1+pat+kz) [They A+ p3+kz)
nk=1(P1+kZ)4 [Ti=i(p2+kz)*

[The—oo(P3—P2+k2) [TRe—oo(P3—p1+k2)
ke oo (P3=D2Fk2) [0 (p3—p1+k2)

Hk__oo(Pa P1—pa2+kz)

n—Il—-m

k=—oo(P3— D1 —patkz)

Consider now F = A/G = P(F) and a point t € H*(F). Let ¢ € H*(F;Q)
be the pullback to F (under the projection map ¢: P(E) — Gr(2,4)) of the am-
ple generator of H?(Gr(2,4)), and let €, € H*(F;Q) be the first Chern class
of (¢*detS™) ® Op(g)(1). Identify the group ring Q[H>(F;Z)] with Q[q1,q2]
via the Q-linear map which sends Qf to q(ﬂ 61) (ﬁ €2). In [9, Section 6.1] the
authors consider the lift J; S *C* (1) of their tw1sted J—function J3 S *C* (1) deter-
mined by a choice of lift H (A)G:Q) — H*(A)T,Q)". We restrlct to the lo-
cus 1 € HO(A)/G; Q) ® H%*(A//G;Q), considering the lift J, Ve (1) = JSX(C 1),
te H'(A)G;Q)® H?*(4//G;Q), of our twisted J—function Je v, determmed by
our choice of lift H*(A/G; Q) — H*(A//T,Q)" . Theorems 4.1.1 and 6.1.2 in [9]
imply that

. 9 9
Jeo 0D U (p2=p1) = | (250 =50 ) Jewr (0]
2 u t=t,01=02=—9¢1,03=q>

for some!* function 0: H?(A4)G;Q) — H*(A)G; A4yG)- Setting 1 =0 gives

Teve (0(0)U(p2—p1)
— s Y ()t l+mqn1_[k A p1+part+kz) [T (M4 p3+kz)?

2
I,m,n>0 l'lk V(p1+k2)* [Tz (pa+kz)*

nk——oo(p?) P2+kZ) Hk——oo(p?) p1+kZ)
Hk_—oo(P3 P2+k2) [T (p3—p1+kz)

Hk——oo(p3 D1 —P2+kz)
HZ—’_£(p3 —p1—p2+kz)

(p2—p1+(m—I)z).
14 A5 in Theorem F.1 and note 12, the map 6 is grading-preserving and satisfies # = id modulo ¢1, ¢5.
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The left-hand side here takes the form
(p2—p1)A+6(0)z"" + 0(z7%)),
whereas the right-hand side is

(p2—p)(1+0(z72)),

and therefore 6(0) = 0. Thus

22)  Jevs (0)U(pa—p1)

— ¢ 92/ Z (— 1)l+m I+m ;,H ()~+P1+P2-:k2)
I,m,n=0 l_[k 1 (p1+kz)

[Th— O+ p3+k2)? [Tp—_oo(p3—patk2)
[Te=i(p2+k2)* TTiZloo(p3—patkz)
]_[k——oo(p3 P1+k2) [Ti=—oo(P3—P1—P2+k2)
Hk_—oo(P3 p1+kz) TTIRZ 2 (p3—p1—pa+k2)
X(p2—p1+(m=1)z).

We saw in Example D.8 how to extract the quantum period Gy from the twisted
J—function Je . (0): we take the non-equivariant limit A — 0, extract the component
along the unit class 1 € H*(4//G;Q), set z = 1, and set QF = t{B=Kx)  Thus
we consider the right-hand side of (22), take the non-equivariant limit, extract the
coefficient of p, — p; and set z =1 and g; = g, = ¢. This yields

I+m I+m-+n (I +m)!(n!)?
Gx)=e Z Z Z =D IN*mHY*(mn—m)!(n—D'(n—1—m)!

I=0m=0n=I+m

X (1 + (m—1)(Hyp—m —4Hp)),
where Hj, is the k™ harmonic number. Regularizing gives

Gy (1)=1+612+123+1141%+5401°+348015+22680¢7+137970£8+9786007°+- - -

MinkowskKi period sequence 58
44 The Fano manifold MM,_,~
Mori-Mukai construction The blow up of P? with centre a twisted cubic.
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Our construction A codimension-2 complete intersection X of type
(L+M)N(L+ M)
in the toric variety F = P3 x P2,

The two constructions coincide The twisted cubic in P? with co-ordinates X0, X1,
X3, X3 is given by the condition

rk (XO “ xz) <2
X1 X2 X3
Applying Lemma E.1 with V' = (’)]?33, W = Op3(1)®? and the map f: V — W given
by

Xo X1 X2

Xy x2 x3)’
we see that X is cut out of P(V) by a section of 7*W ® Op(g)(1). In other words,
X is a complete intersection in P3 x P2 of type (L + M) N (L + M).

The quantum period The toric variety F' has weight data

1111000 L
0000111 M

and Nef F = (L, M). We have that:
e [F is a Fano variety.

e X is the intersection of two ample divisors on F.
e —(Krp+A)~2L+ M isample.

Corollary D.5 yields

o N 20w (LML A+ m)!
Gx(t)=e ZZZMX::O: D)

and regularizing gives

Gy (1)=1+212+18:>+301*+2401° +173015+ 588017 +41230¢% +2620807° +- - -

Minkowski period sequence 19

45 The Fano manifold MM,_,g

Mori-MukKai construction The blow-up of P3 with centre a plane cubic.
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Our construction A member X of |L + M| in the toric variety F with weight data

So S1 S2 S§3 X Y
1 11 12 0 L
0 00 011 M
and Nef F = (L, M). We have:
e —Kr=2L+2M isample, thatis, F is a Fano variety.
e X ~L+ M isample.
e —(Kr+X)~L+ M isample.

The two constructions coincide Suppose that the centre of the blow-up is defined by
the simultaneous vanishing of 4 and B, where A4 is a member of Op3(3) and B is
a member of Ops(1). Apply Lemma E.1 with V = Op3(—2) ® Ops, W = Ops(1)
and the map f: V — W given by (4 B).

The quantum period Corollary D.5 yields

GX(t):e_ti i m Lt m)

4(m —
1=0 m=21 (IN*m —=21)'m!

and regularizing gives

Gy (r) =14 18> +241* + 13501 + 378017 + 25206 + 141120° + -+ .

Minkowski period sequence 5

46 The Fano manifold MM,_,9

Mori-Mukai construction The blow-up of a quadric 3—fold Q C P? with centre a
conic on it.

Our construction A member X of |2M | in the toric variety F with weight data

So ST X X2 X3 X4
1 1-1 0 0 0 L
oo 11 1 1 M
and Nef F = (L, M'). We have:
e —Kp=L+44M isample, thatis, F is a Fano variety.
e X ~2M is nef and big.
e —(Krp+X)~L+2M isample.
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The two constructions coincide The morphism F — P# that sends (contravariantly)
the homogeneous co-ordinate functions [xg, ..., x4] to [xsg, X571, X2, X3, X4] blows up
the plane (xo = x; = 0) in P*. Thus a generic member of [2M| on F is the blow-up
of a quadric 3—fold with centre a conic on it.

The quantum period Corollary D.5 yields

m 2m)!
ox0 = Z Z a (ID2(m — 1)} (m!)?

I1=0m=I

and regularizing gives

Gy (1) =144124+121>4+361*+3601° +940¢° + 84001 43850078 +2100007° +- - - .

Minkowski period sequence 35

47 The Fano manifold MM,_j

Mori-Mukai construction The blow-up of P3 with centre a conic.

Our construction A member X of |L + M| in the toric variety F with weight data

So S1 Sz S§3 X X4
1 11 1-1 0 L
0 0 001 1 M
and Nef F = (L, M'). We have:
e —Kr=3L+2M isample, that is, F is a Fano variety.
e X~ L+ M isample.
e —(Kr+X)~2L+ M is ample.

The two constructions coincide Suppose that the centre of the blow-up is defined by
the simultaneous vanishing of 4 and B, where A4 is a member of Op3(2) and B is
a member of Ops(1). Apply Lemma E.1 with V = Op3(—1) ® Ops, W = Ops(1)
and the map f: V — W given by (4 B).

The quantum period Corollary D.5 yields

m [+ m)!
Gx(1)=e" tZ Z I (Z')4(m—l)'m'

and regularizing gives

Gx(t) =1+ 1263 +241* + 5401 4 252017 + 252018 + 33600¢° + - - -
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Minkowski period sequence 4

48 The Fano manifold MM,_3;

Mori-Mukai construction The blow-up of a quadric 3—fold Q C P* with centre a
line on it.

Our construction A member X of |L + M| in the toric variety F with weight data

So S1 S22 X X3 X4

1 1 1-1 0 0 L
o0 o011 1 M

and Nef F = (L, M). We have:

e —Kp=2L+43M isample, that is, F is a Fano variety.
e X~ L+ M isample.
e —(Krp+X)~L+2M isample.

The two constructions coincide The morphism F — P# that sends (contravariantly)
the homogeneous co-ordinate functions [xg, ..., x4] to [xsg, X851, X532, X3, X4] blows
up the line (xg = x; = x, = 0) in P4 and X is the proper transform of a quadric
containing this line.

The quantum period Corollary D.5 yields

[e.°]

Gx()=>_ > t’“’”( (¢ & m)!

1=0m=1 103 (m —1)! (m!)>2

and regularizing gives

Gx (1) =142:24+1213 +61* +1801° + 5601 + 168017 + 1687018 +462001° +- - - .

Minkowski period sequence 15

49 The Fano manifold MM,_3, (also known as W)

Mori-Mukai construction The divisor W of bidegree (1,1) on P2 x P2,

Our construction A member X of |L + M| on the toric variety F = P2 x P2,
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The two constructions coincide Obvious.

The quantum period The toric variety F' has weight data

111000 L
06000111 M
and Nef F = (L, M'). We have that:
e F is a Fano variety.
e X~ L+ M isample.
e —(Kr+X)~2L+2M isample.

Corollary D.5 yields

Grn =3 3 e Lem!

[=0 m=0 (103 (m')3

and regularizing gives

Gy () = 14412 + 60r* + 1120° + 2422018 + 567504110 + - .-

Minkowski period sequence 24

50 The Fano manifold MM,_3;

Mori-Mukai construction The blow-up of P3 with centre a line.
Our construction The toric Fano variety X with weight data

So S1 X X2 X3

1 1-1 0 0 L
0 01 1 1 M

and Nef X = (L, M).

193

The two constructions coincide The blow-up X — P3 sends (contravariantly) the

homogeneous co-ordinate functions [xg, X1, X2, X3] to [X$g, X517, X2, X3].

The quantum period Corollary C.2 yields

tl+3m

GX(Z) Z Z (1|)2(m_[)|(m|)2

and regularizing gives

Gx(t) =14 61> +24r* + 9015 4 126017 +2520¢% + 16807° + - --
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Minkowski period sequence 2

51 The Fano manifold MM,_34

Mori-Mukai construction P! x P2,
Our construction P! x P2,

The quantum period X = P! x P? is the toric Fano variety with weight data
11000 L
00111 M
and Nef X = (L, M). Corollary C.2 yields

o o0 t21+3m

0=2 2 Gy

[=0m=0
and regularizing gives

Gy (1) =1+2t2+66> +6:* +120¢° + 1102% + 126077 + 511018 + 117607° + - - - .

Minkowski period sequence 10

52 The Fano manifold MM,_35 (also known as B7)

Mori-Mukai construction B, the blow-up of P3 at a point; equivalently, the P —
bundle P(O + O(1)) over P2,

Our construction The toric Fano variety X with weight data

So S1 S22 X X3

1 1 1-1 0 L
00 011 M

and Nef X = (L, M).

The two constructions coincide The blow-up X — P3 sends (contravariantly) the
homogeneous co-ordinate functions [xg, X1, X3, X3] to [xsg, X1, X852, X3].
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The quantum period Corollary C.2 yields

[2l+2m

Gx (1) = 1_2; z_:l N3 (m —1)lm!

and regularizing gives

Gx(t) =1+21%+30r* 4+ 380° + 59508 + 101052410 + - - .

Minkowski period sequence 7

53 The Fano manifold MM,_3¢

Mori—Mukai construction The blow-up of the Veronese cone W, C P® with centre
the vertex; equivalently, the P! —bundle P(O & O(2)) over P2

Our construction The toric Fano variety X with weight data

So S1 S22 X )
1 1 12 0 L
0 0 01 1 M
and Nef FF = (L, M).
The two constructions coincide Obvious.
The quantum period Corollary C.2 yields
© fl+2m
Gx(t) =
x(0=2 ), ()3 (m —21)!m!

I=0m=2]
and regularizing gives

Gy () =1+4212+6:* +60t° + 201 + 84017 + 7018 + 75601 + - .

Minkowski period sequence 6

54 The Fano manifold MM;_,;

Mori-Mukai construction A double cover of P! x P! x P! branched along a divisor
of tridegree (2,2,2).
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Our construction A member X of |2L + 2M + 2N| in the toric variety F with
weight data

Xo X1 Yo V1 Zo Z1 W

1 1.0 0 0 01 L
0O 011001 M
O 000111 N

and Nef ¥ = (L, M,L + M + N). The secondary fan for F has three maximal
cones; the corresponding three toric varieties are isomorphic. It is easy to see that
Nef X = (L, M, N). We have:

e —Kr=3(L+ M + N) is nef and big but not ample.

e X ~2(L+ M + N) is nef and big but not ample.

e —(Kr+X)~L+ M + N is nef and big but not ample.

The two constructions coincide Consider the equation w? = f(x0,X1,Y0,V1,20,21) >
where f is a generic polynomial of degree 2 in x( and x;, degree 2 in yo and yy,
and degree 2 in zy and z;j.

The quantum period Let py, py, p3 € H*(F;Z) denote the first Chern classes of
L, M and L ® M ® N, respectively; these classes form a basis for H2(F;Z). Write
T € H*(F;Q) as t = 1y p1 + 12 p2 + 13 p3 and identify the group ring Q[H,(F; Z)]
with the polynomial ring Q[Q1, O,, O3] via the Q-linear map that sends the element
0P € Q[H,(F;Z)] to Q(lﬂ,pl)Q(zﬂ,pz)Qgﬂ,ps)_ We have

= Y 0} 07 Qlelm emrzers
p o M=t (P1 + k22 TR (p2 + k2)2 TTioy (p3 + k2)

Hk__oo(m — pa+kz)?
l_[k——oo(P3 —p1—p2+kz)?

=1+t '+ 0(:72).
Theorem C.1 gives
Jr(t) =1fp(7)
and hence
lep@m=cs Y Q! Q™ Qlel T oMot [T2L, (A + 2ps + k2)
’ 1,m,n>0 H§c=1 (p1+kz)?[lhei (P2 +k2)2 [Tz (p3 + k2)
Hk_—oo(P3 —p2+kz)?
k——oo(P3 — p1— p2+kz)?

Geometry & Topology, Volume 20 (2016)



Quantum periods for 3—dimensional Fano manifolds 197

Since
L p(t) =14+ (+203+20103+20,03)z"" + 0(z7?),

applying Theorem D.3 yields

Je,E(T+203+20103+20,03) = I, E(7).
The string equation now implies that

Jo £(7) = e (Q3120103420203)/7 (1)

and taking the non-equivariant limit A — 0 gives
—(2034+20103+20203)/2 ,7/2
0l 07 0%e!mem e [[gL (2p3 + k2)
/
I,m.n>0 [Tizi (P +k2)? [Ti= 1 (P2 + k2)? [Ti=1 (p3 + k2)
y [Th—oo(P3— p1 — P2+ k2)?

n—Il—-m

k——oo(P3—P1— P2 +k2)?

Jrx(t)=e

X

We now proceed exactly as in the proof of Corollary D.5, obtaining

_ 6NN N (2n)!
Gy(=e®) > D 1 (IN2(m)2n! ((n—1 —m)H)?2

=0 m=0n=I+m

Regularizing gives
Gy (1) =1+ 54t% + 67213 +156421* + 3369607° + 791946076
+191177280¢7 + 475127289018 4 120527514240¢° + - -- .

Minkowski period sequence 154

55 The Fano manifold MM3;_,

Mori-Mukai construction A member of |E.®2 Q0pi1,p1 Orixp1(2,3)| on the P2-
bundle

P(Opixpt & Opixpi (—1,—1)%?)

over P! x P! such that X NY is irreducible, where L is the tautological line bundle
(that is, the fibrewise O(1) on the P2—bundle) and Y is a member of |E|.
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N—-L-M

L M
Figure 1: The M secondary fan for F in MM3_,.

Our construction A member X of |M + 2N| in the toric variety F with weight
data

Xo X1 Yo y1 t lo I

1 1.0 0-10 0 L

0 0 1 1-100 M

0o 0 0 0111 N
and Nef F = (L, M, N).

We have:

e —Kr =L+ M 43N is ample, that is, F' is a Fano variety.
e X ~M +2N is nef and big.

e —(Kr+X)~ L+ N is nef and big but not ample on F (it is ample when
restricted to X).

The two constructions coincide Mori and Mukai use different weight conventions
to ours, so their construction exhibits X as a member of [2L’ +3M’ + 2N’| in the
toric variety with weight data

and Nef F = (L', M', L’ + M’ + N’). Changing basis yields our construction.

Remarks on our construction Note that the secondary fan for F' has three maximal
cones, as in Figure 1.

The following table gives more detail about the irrelevant ideal, unstable locus and
quotient variety corresponding to each of the maximal cones of the secondary fan:
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Chamber Irrelevant ideal Unstable locus C")oT

(L,M,N)  (xiyjtg,xiyjt) (Xo =x1 =0)U(po=y1 =0U(t =1o=1,=0) F
(LN, N—L—-M) (xitxt,xipjt) (t=0)U(xo=x1=0U(Qo=y1=t0=0t=0 G
(M,N,N—L—M) (yjtxt,x;iyjt) (t =0)U(yo=y1 =0)U(xo=x; =t =1t; =0) G

The shape of the unstable locus shows that the second and third maximal cones are
“hollow”, that is, taking the GIT quotient with respect to these stability conditions leads
to toric varieties of Picard rank 2. We discuss briefly the variety G, which is the most
relevant for understanding the geometry of X. Since ¢ # 0, we can use the M—torus to
reduce to ¢ = 1 and eliminate ¢. We are left with the toric variety G with weight data

Xo X1 Ug up ly 4

1 1 -1 -1 00 L
o o 1 1 11 N’

and Nef G = (L', N’). The morphism f: F — G is given (contravariantly) by
[X0, X1, U0, U1, 0, 1] = [X0, X1, Y0, 1y1,T0, 11]

and we have L = f*L’ and N = f*N’.

The divisor that Mori and Mukai denote by Y is, in our notation,

t=0x=P; . xP) , xP. .

X0,X1 Yo,¥1

The complete linear system |—(K g + X)| defines the morphism f: F — G, which
(a) contracts the divisor Y to ]P’;O,x X IP’,IO,, . and (b) is an isomorphism of X to its
image. Under f: F — G, X maps isomorphically to a member X’ of |—L’+ 3N’|
on G. This makes it clear that X is Fano, because —(Kg + X’) = L’ + N’ is ample
on G ; however, because X' is not nef on G, this construction, economical though it is,
is useless for calculating the quantum cohomology of X, as the convexity assumption

on the bundle in quantum Lefschetz is not satisfied.

The quantum period This is Example D.8. We have

Gy (1) =14 58:2 +6007% + 131821 + 2474405 + 5212300¢6
+ 11183592077 + 24807477103 + 56184565920¢° + - - - .

MinkowskKi period sequence 157
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56 The Fano manifold MM3;_;

Mori-Mukai construction A divisor of tridegree (1,1,2) on P! x P! x P2,

Our construction A member X of |L+ M +2N| on the toric variety F with weight
data

1100000 L
0011000 M
0000111 N

and Nef F = (L, M, N).
The two constructions coincide Obvious.

The quantum period We have:

e [F is a Fano variety.
e X~L+M+2N isample.
e —(Krp+X)~L+ M+ N isample.

Corollary D.5 yields

Gy()=e* > >
=0

l
m=0n=0

o0

i (LHm 4200
IHZmhZ(nt)>

and regularizing gives

Gy (1) =1+20:2 + 1323 + 1812¢* + 21720¢° + 28910076
+ 392784017 + 5499970078 + 785606640¢° + - - -

Minkowski period sequence 135

57 The Fano manifold MM;_4

Mori-Mukai construction The blow-up of the variety MM,_;g with centre a smooth
fibre of the composition

double cover projection

MM,_g —oublecover_ 2 1 PR p2
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N-—-M

L M M—-L
Figure 2: The secondary fan for F in MM3_4.

Our construction A member X of |2/NV| on the toric variety F with weight data

fo 1T X X2 Yo )1 Z

1 1-1 0 0 0 0 L
001 1 -1 -1 0 M
O 00 0 1 1 1 N

and Nef F = (L, M, N). The secondary fan has four maximal cones, as in Figure 2.
We have:

e —Kpr =L+ 3N is nef and big but not ample.
e X ~ 2N is nef and big but not ample.
e —(Kr+X)~ L+ N is nef and big but not ample.

The two constructions coincide Recall!® that MM,_;g is a member of |N| in the
toric variety G with weight data

Xo X1 X2 Yo V1 Z
1 1 1 -1 -1 0 M
o 0 0 1 1 1 N

and Nef G = (M, N). The unstable locus is (xg =x; =x; =0)U(yo = y; =z =0).
The linear system |M | = |xg, X1, x| manifestly defines a morphism G — IP’)%O,X X

with fibre P2. If F is the blow-up of G along (xo = x; = 0) then X is the proper
transform of MM,_;g. It is clear that F is a toric variety with the weight data given

above and that the morphism F' — G is given by xo = xfo, x; = xtj.

15The description here differs from the weight data MM,_;g by a change of lattice basis and by
relabelling of co-ordinates.
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The quantum period Let py, p,, p3 € H*(F;Z) denote the first Chern classes
of L, M and N, respectively; these classes form a basis for H?(F;Z). Write
T € H*(F;Q) as t = 1y p1 + 12 p2 + 13 p3 and identify the group ring Q[H,(F; Z)]
with the polynomial ring Q[Q1, O,, O3] via the Q-linear map that sends the element
0P € Q[H,(F; Z)] to Q{f-P1) 0if-P2) 0(B-P3). We have

, o Ql1 Qrzn Qr;eltlemrzenm
F(t)=e Z ] 5 T n
I,m,n>0 nk:l(p1+kz) nk:l(pZ +kZ)l_[k:1(p3 +kZ)

o MR e_oo(p2— p1 +k2) Hgf—oo(ps — p2 +kz2)? .
mol (p2—p1+kz) [Ti="oe(P3 — P2 + k2)?

Since
Ip(t)=1+1z""+0(z7?),
Theorem C.1 gives

Jr(t) = Ip(7).

We now proceed exactly as in the case of MM3_;, obtaining

Cw 00 00 n Lin 2n)!
Gx =<2 2 D i amtatin — D (=)

1=0n=0m=I

Regularizing gives

Gy () = 14 241% + 15613 +2280¢* + 279607° + 387060¢°
+ 545076017 + 792464408 + 1175608560¢° + - - - .

Minkowski period sequence 142

58 The Fano manifold MM3;_5

Mori-Mukai construction The blow-up of P! x P? with centre a curve C of bi-
degree (5,2) such that the composition C < P! x P? — P2 with projection to the
second factor is an embedding.

Our construction A codimension-2 complete intersection X of type

(M +N)N (M + N)
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in the toric variety F with weight data

fo 11 Yo Y1 V2 X Xo X1
1 1.0 0 0-1 0 O L

6001 1 1-1 0 0 M
o000 0 o011 1 N

and Nef F = (L, M, N). The secondary fan for F is the same as for the toric variety
in Section 55 (ie our ambient toric variety for MM3_; ) and is in Figure 1. We have:

e —Kr=L+4+2M +3N is ample, thatis F is a Fano variety.
e X is complete intersection of two nef divisors on F.
e —(Kpg+ A)= L+ N is nef and big but not ample on F.

The two constructions coincide Apply Lemma E.I with G = P! x P? and
V =0piyp2(—=1.—1) @ Opiyp2 ® Opixp2.
W = Opiyp2(0,1) ® Opi,p2(0, 1),

with f: V — W given by the matrix

(loAz(y) Yo yl)
nB(y) y1 »2)°

where [fo : ¢1] are homogeneous co-ordinates on P! and [yg : y; : »] are homogeneous
co-ordinates on P2. This exhibits X as the blow-up of P! xP? in the locus Z defined
by the condition
k (foAz(J/) Yo yl) <
nBa2(y) y1 y2
and it is easy to see that C is described in this way. For instance, it is immediate that
Z projects isomorphically to a conic in P2 and that the projection to P! has degree 5.

The quantum period We proceed as in Example D.8. Let py, pa, p3 € H*(F;Z)
denote the first Chern classes of L, M and N, respectively; these classes form a basis
for H2(F;Z). Write T € H*(F; Q) as T = 1; p; + 12 p» + 73 p3 and identify the group
ring Q[H,(F; Z)] with the polynomial ring Q[Q1, O», Q3] via the Q—linear map that
sends the element Of € Q[H,(F:Z)] to Q(lﬂ’pl) (B.p2) Q3ﬂ *P3) Theorem C.1 gives

; ( ) oz Z Ql Qan lrlemrzenr3
F\T)=e¢
I,m,n>0 Hk 1(P1 +kZ)2 Hk 1(1’2 +kz)3 nk 1(1’3 +kZ)2

l_[k__oo(m — pa+kz)
n T (s — pi— pa+kz)
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and hence
Lep(r) =l Y QTR TGt pact ps k)
. —

1o Tt (P + kD2 TR (p2 + k2)3 [They (p3 + k2)?

l_[k——oo(p3 —p2—p1+kz)
k—_oo(Pa — pr—p1+kz)

Note that
I g(0)=A+ Bz 4+ 0(z7?),
where
(—pm-toh
A=1 and B=(Q3+40209)1+(ps—p2—p) ), — >

m>0

= 03(1+402)1+ (p3— p2—p1) log(1 + Qo).
Arguing exactly as in Example D.8, we find that

Je.£((p3 — p2— p)log(l + 0y)) = e~ LU FT4I/z 1, 1 (0)

and

Je,e((p3 — p2— p1)log(l + Q2))

— ,(P3—p2—p1)log(1+Q2)/z
=¢ e, £(Oy, =1 2h. 0o=11%;,03=03(1+02)’

Hence, using the inverse mirror map (9), we have
Jo g(0) = [e_(PS_PZ_Pl)IOg(1+Q2)/Z
X Je,g((p3—p2—p1)log(1+ Qz))]Q

— o(P3—=p2—p1)log(1-02)/z

91 -
=05° 0>= —0

=03(1-0>)

x [e—Q3(1+4Q2)/Z]e E(O)]

= _QZ ,Qo=1= 3=03(1-02)°
Taking the non-equivariant limit yields
Jr.x(0) = o(P3—=p2—p1)log(1=02)/z ,—Q3(14+3Q>)
0107 051 Q)" " [[Z2]' (p2 + p3 + kz)?
Lmn=0 [Tee1(p1 + k22 TI7= (P2 +k2)3 TTi—y (p3 + k2)?
l_[k__oo(m — pa—p1tkz)
k__oo(P3 —p2—pi+kz)

X
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Recall that the quantum period Gy is obtained from the component of Jx (0) along
the unit class 1 € H*(X;Q) by setting z = 1 and Qﬂ = ¢{B:=Kx) Tn view of (8),
therefore, to obtain Gy we extract the component of Jr x(0) along the unit class
le H*(Y;Q) andset z= Q, =1 and Q1 = Q3 =¢. This gives

D i U+ 2m) (1 2m))
Gx(t)=e lzzomzzot 23 (L F D2

Regularizing gives

Gy (1) =1+22:2 +126% + 1722¢* + 1878075 + 23647046
+299838077 + 3944017078 + 528743880¢° + - - .

Minkowski period sequence 138

59 The Fano manifold MM;_¢

Mori-Mukai construction The blow-up of P with centre a disjoint union of a line
and an elliptic curve of degree 4.

Our construction A member X of |[2M + N| in the toric variety with weight data

So S1 X X2 X3 Yo )1

1 1-1 0 0 0 O L
o 0 1 1 1 0 0 M
o 0 0 0 0 1 1 N

and Nef F = (L, M, N). The secondary fan for F has two maximal cones, as in
Figure 3.

We have:
e —Krp=L+3M +2N isample, thatis, F is a Fano variety.
e X ~2M + N is nef.
e —(Krp+X)~L+ M + N is ample.

M—L M L
Figure 3: The secondary fan for F in MM3 .
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The two constructions coincide An elliptic curve I' C P3 is a (2,2)—complete
intersection in P3, so X is constructed by applying Lemma E.1 twice. In more detail,
the equation of X has the form

VoA (Sox, 51X, X2,x3) + y1 B(sox, 51X, x2,x3) =0,

where A and B are homogeneous quadratic polynomials in the variables xy = s¢Xx,
X1 = $1x, x3 and x3. The obvious morphism X — ]P);C’O:XI,XZ,XS blows up the line
Xo = x1 = 0 and the elliptic curve A = B = 0.

The quantum period Corollary D.5 yields

[o <l ol o}

. vomin  @mtn)!
Gx()=e7") ) ) D2 (m = 1) (mh)2(n!)2

=0 n=0m=I

and regularizing gives
Gx(t) = 1+ 141% + 661% 4+ 7621* + 69601° + 734907°
+ 78036017 4 857857018 + 960960007° + - - - .

Minkowski period sequence 117

60 The Fano manifold MM3;_;

Mori-Mukai construction The blow-up of W C P2 x P? with centre an elliptic
curve which is an intersection of two members of }—%K W‘ . Here W is a divisor of
bidegree (1,1) in P2 x P2,

Our construction A complete intersection X of type (M + N)N(L+ M + N) in
the toric variety F = P! x P% x P2,

The two constructions coincide Apply Lemma E.1.

The quantum period The toric variety F' has weight data

11000000 L
00111000 M
00000111 N

and Nef F = (L, M, N). We have:

e [ is a Fano variety.

e X is the complete intersection of two nef divisors on F'.
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e —(Kp+A)=L+ M+ N isample on F.
Corollary D.5 yields

xS 0 0

Gx(t)=e ¥ Z Z Z A+mtn (I +m +n)!(m+n)!

1=0 m=0 n=0 (/N2 (m!)3(n)3

and regularizing gives

Gy (1) = 14 1012 + 4813 + 438:* + 37201° + 339407°
+320040¢7 + 309631078 + 305810407° + - - - .

Minkowski period sequence 103

61 The Fano manifold MM3;_g

Mori-Mukai construction A member of the linear system |p7g*O(1) ® p;O(2)|
on F; x P2, where p; (i = 1,2) is the projection to the i™ factor and g: F; — P? is
the blow-up.

Our construction A member X of |[M + 2N| in the toric variety F with weight
data

So S1 X X2 Yo V1 )2

1 1-1 0 0 0 0 L

o011 0 0 0 M

o 000 1 1 1 N

and Nef F = (L, M, N). The secondary fan for F is the same as for the toric variety
in Section 59 (ie our ambient toric variety for MM3_g ) and is in Figure 3. We have:

e —Krp=L+4+2M +3N is ample, that is, F is a Fano variety.
e X ~M+2N is nef.
e —(KFp+X)~L+ M + N is ample.

The two constructions coincide Obvious.

The quantum period Corollary D.5 yields

xR0 o

_ man___(m+2m)!
SIOEEEDID IS M ak (ID2(m —D)lm!(n!)?

=0 m=I[n=0

and regularizing gives

Gy (1) = 14 1262 + 541% + 5401* + 462015 + 43770¢°
+ 42588017 +4256700¢8 + 43462440¢° + - -
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Minkowski period sequence 112

62 The Fano manifold MM3;_o

Mori-Mukai construction The blow-up of the cone W, C P% over the Veronese
surface R4 C P with centre a disjoint union of the vertex and a quartic in R, = P2,

Our construction A member X of [2M | in the toric variety F with weight data

So S§1 S22 X Yo N
1 1 1-2 0 O L
0o 0 0o 1 1 1 M

and Nef F = (L, M).

We have:
e —Krp=L+3M isample, so F is a Fano variety.
e X ~2M is nef.
e —(Kr+X)~L+ M isample.

The two constructions coincide The variety X is cut out by
yoy1 +x% A4(s0.51.52) =0,

where A4 is a generic homogeneous polynomial of degree 4 in s¢, s; ands,. Note the
morphisms 7: F — P2, given by the linear system |L|, and f: F — P(1,1,1,2,2),
given (contravariantly) by [Xo, X1, X2, Yo, ¥1] = [Soa/X, 51+/X,524/X, Y0, y1]. The
exceptional set of f is the divisor £ = (x = 0) = ]P’szo,s 15y X IP’}}O, y, that maps to
IPJ}O,}’I cP(1,1,1,2,2). Note that ENX is mwo copies of P2, one above [yg: y1]=[1:0]
and one above [y : ¥1] = [0: 1]. This explains how X has rank 3 when F has rank 2.
To see that our construction coincides with the construction of Mori and Mukai, set

W = f(X), note that
W = (yoy1 + Aa(x0.x1.x2) =0) CP(1,1,1,2,2)

and note that the morphism f: X — W contracts one copy of P2, with normal bundle

O(—2), to each of the two singular points W N IF’yl . Consider the rational projection

0,1

g:P(1,1,1,2,2) -—> P(1,1, 1, 2) xo,x1,x2,50

which omits the homogeneous co-ordinate y;. Itis clear that g|,,: W -->P(1,1,1,2)
extends to a morphism after blowing up the singular point [0:0:0:0: 1] € W, and
that this morphism contracts the surface (yo = A4(xg, X1, X2) = 0) C W to the curve
(yo = A4(x0,x1,x2) =0) CP(L, 1, 1,2).
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The quantum period Corollary D.5 yields

_ =2t — I+m @m)!
Gx(1)=e Z Z t (N3 (m =20 (m!)?

=0 m=2]

and regularizing gives

Gy (1) = 14262 +361% 4+ 198:* + 840¢° + 9200¢°
+79800¢7 + 52087078 + 4289040¢° + - - - .

Minkowski period sequence 22

63 The Fano manifold MM;_;

Mori-Mukai construction The blow-up of a quadric 3—fold Q C P* with centre a
disjoint union of two conics on it.

Our construction A member X of |2/V| in the toric variety F' with weight data

So S1 I I3 X Y X4
1 1.0 0-1 0 0 L

0 011 0-10 M
0000111 N

and Nef F = (L, M, N). The secondary fan for F has 4 maximal cones, as in Figure 4.
We have:

e —Kr =L+ M 43N isample, so that F is a Fano variety.

e X ~2N is nef.

e —(KFr+X)~L+ M + N is ample.

N — M N —-L

L M

Figure 4: The secondary fan for ' in MM3_jg.
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The two constructions coincide We take Q to be the locus xgx1 +x3x3 —I—xf =0in
P 0.x1.%2.x3.x, and take the conics to be cut out of Q by the two complete intersections
(xo = x1 = 0) and (x, = x3 = 0); note that the intersection of these two planes

misses Q. The morphism F — P# given (contravariantly) by
[X0:X1:X2:X3:X4] > [SoX 181X 1ty 113 & X4]
blows up the planes (xo = x; = 0) and (x, = x3 = 0). Taking the proper transform
of Q yields X.
The quantum period Corollary D.5 yields

-2t — — - l+m-+n (2n)!
Gx =) 3, 2 T D

[=0 m=0 n=max(l,m)

and regularizing gives

Gx(t) = 14 10> +361% + 3661* 4 2640¢° + 2332016
+20076077 + 181531078 + 166118407° + --- .

Minkowski period sequence 99

64 The Fano manifold MM3;_;;

Mori—-Mukai construction The blow—up of B7 (see MM,_35) with centre an elliptic
curve that is the intersection of two members of !—%K B, ‘ .

Our construction A member X of |L + M + N| in the toric variety F with weight
data

So §1 S22 X X3 Yo 1

1 1 1-1 0 0 0 L

0 001 1 0 0 M

00000 I 1 N

and Nef F = (L, M, N). In other words, F 2 B; x P. The secondary fan of F is the
same as that of the toric variety in Section 59 (ie our ambient toric variety for MM3_¢)
and is shown in Figure 3 .
We have:

e —Krp=2L+2M 42N is ample, so F is a Fano variety.

e X~L+ M+ N isample.

e —(Kp+X)~L+ M+ N is ample.

Geometry & Topology, Volume 20 (2016)



Quantum periods for 3—dimensional Fano manifolds 211

The two constructions coincide Recall that B; (MM;_35) is the toric variety with
weight data
So S1 S22 X X3

1 1 1-1 0 L
00 011 M

and Nef B; = (L, M). Now apply Lemma E.1 with V = Op, @ Op,, W = —%KB7
and f: V — W given by (4 B), where A and B are the sections of —%K B- that
define the centre of the blow-up.

The quantum period Corollary D.5 yields

oo 0 XX

~ n (L +m+n)
Gy()=e ) Yy d+m* (IN3(m —1)!m! (n!)2

[=0n=0m=|

and regularizing gives

Gx (1) =1+ 6124307 + 186¢* + 138075 + 102307°
+ 78540t" + 62097028 + 5020680¢° + - - - .

Minkowski period sequence 72

65 The Fano manifold MM3_;,

Mori-Mukai construction The blow-up of P? with centre a disjoint union of a line
and a twisted cubic.

Our construction A codimension-2 complete intersection X of type
(M+N)N(M+N)
in the toric variety F with weight data

So S3 X X1 X2 Yo V1 W2

1 1-1 0 0 0 0 O L
0o 011 1 0 0 0 M
o 000 0 1 1 1 N

and Nef F = (L, M, N). The secondary fan of F' is the same as of the toric variety in
Section 59 (ie our ambient toric variety for MM3_g ) and is in Figure 3. We have:

e —Krp=L+4+3M +3N isample, so F is a Fano variety.
e X is the complete intersection of two nef divisors on F'.
e —(Kp+A)~L+ M+ N is ample.
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The two constructions coincide The twisted cubic T is cut out of P2 0.....x3 DY the

equations
X0 X1 X
15 I )
X1 X2 X3

By Lemma E.1 the blow up of P3 along I is cut out of IP’gO

equations
Xg X1 X2 Yo -0
xpxp oxs) \ 2T
Y2

Observe that I' is disjoint from the line (xog = x3 = 0). We therefore blow up
Pgo,...,m X Pﬁo,yl,yz along the locus x¢ = x3 = 0, obtaining the toric variety F. The
equations defining X inside F are

SoX X1 X2 Yo -0
X1 X2 S3X 1

2
----- X3 X IFDJ’O:}’] »Y2 by the

and so X is a complete intersection of type (M + N) N (M + N).

The quantum period Corollary D.5 yields

x o0 0

Gx(t)=e 233 3 flmtn : (m +n)!(m + n)!

1=0n=0m=I I)2(m — Dl (m)? (n!)?

and regularizing gives

Gy (1) = 14 8% 4307 + 2407 + 174075 + 13130¢°
+ 10668077 + 86296028 + 72483607° + - - - .

Minkowski period sequence 85

66 The Fano manifold MM3_;3

Mori-Mukai construction The blow-up of W C P2 x P2 with centre a curve C of
bidegree (2, 2) on it such that C < W — P2xP2 25 P2 js an embedding for i =1, 2.
Here W is a divisor of bidegree (1, 1) in P2 xP? and p;: P2 xP? — P2 is projection
to the i™ factor.

Our construction A codimension-3 complete intersection X of type

(L+M)N(L+N)N(M +N)
in P2 xP%x P2
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The two constructions coincide First choose co-ordinates xg, X1, X2, Yo, V1, V2
on P2 x P2 such that the curve C is contained in the surface ¥ given by the condition

rk (X" N XZ) <2.
Yo Y1 »2
Note that ¥ is just P? embedded diagonally in P? x P2 In these co-ordinates,
Wi1 = {f1.1(x,y) = 0}, where f1; € [(P? x P2;0(1,1)) is a general section
and C = X-W; ;. By LemmaE.1, X is given by the equations
X0zZo + X121 + X222 =0,
Yozo+ yiz1+ y222 =0,
fl,l(x’y) = 0’

2 2 2
in Peo i X P10 X P21z

The quantum period F = P2 x P2 x P? is the toric variety with weight data

111000000 L
000111000 M
000000111 N

and Nef F = (L, M, N). We have:
e [ is a Fano variety.

e X is the complete intersection of three nef divisors on F.
e —(Kp+A)~L+ M+ N isample.

Corollary D.5 yields

xS x0 x©

GX(I) —e —3t Z Z Ztl+m+n (l +Wl)'(l —|—n)'(m —|—I’l)'

[=0m=0n=0 l') (Wl') (}’l!)?’

and regularizing gives

Gy (t) =1+ 612+ 2413 +162¢* +10807°
+7620¢% + 55440¢7 + 41517028 + 31668007° + - - -

Minkowski period sequence 70

67 The Fano manifold MM3;_;4

Mori-Mukai construction The blow-up of P3 with centre a union of a cubic in a
plane S and a point not in S.
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—2L+ N —L+M
—2L+2M + N

L

Figure 5: The secondary fan for ' in MM3_14.

Our construction A member X of |M + N| in the toric variety F with weight data

So S1 S22 X X3

u v
1 1 1-1 020 L
0 001 1 00 M
0 0000 I'1 N

and Nef F = (L, M, N). The secondary fan of F is shown in Figure 5.
We have:

e —Kr =2M + 2N is nef and big but not ample.
e X ~ M + N is nef and big but not ample.
e —(Kr+X)~ M + N is nef and big but not ample.

The two constructions coincide The variety X is cut out by

vx3 + uxAsz(sg, s1,52) =0.

Note the obvious morphism 7: F'— B7 with fibre IP’MI,U, where B is the toric variety

with weight data
So §1 S22 X X3
1 1 1-1 0 L
0 001 1 M

and Nef B; = (L, M'). (The weight data and co-ordinates for B; here are exactly
as in Section 52.) The birational morphism B; — P3 given (contravariantly) by
[X0.,....x3]— [s0x,s1X, 52X, x3] identifies B; with the blow-up of P at the point
[0:0:0:1]. The equation defining X is of degree 1 in P;,v ; it follows that the morphism
7|y: X — By is birational and blows up the locus'® (x3 = A3(sg, 51, 52) =0) C B7.

16With our choice of stability condition for F, (x3 = x = 0) C C” is part of the unstable locus.
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The quantum period Let py, p,, p3 € H*(F;Z) denote the first Chern classes
of L, M and N, respectively; these classes form a basis for H*(F;Z). Write
T € H*(F;Q) as t = 1y p1 + 12 p2 + 13 p3 and identify the group ring Q[H,(F; Z)]
with the polynomial ring Q[Q1, O,, O3] via the Q-linear map that sends the element
0P € Q[H,(F; Z)] to Q{f-P1) 0if-P2) 0(B-P3). We have

; s Ql1 Qrzn Qr;elrl eMT2 pNT3
F(T) =e Z / 3 m n
Lm0 L ke=1(P1 +k2) [Te=1(p2 + k2) [Tx=1(p3 + k2)

» Mhe—oo(P2— P1 +k2) [Th——oo(p3 —2p1 +k2)?
Z:ioo(m —p1+kz) 1_[%;2_100(173 —2p1 +kz)?

Since
Ir()=14+1z"1+ 072
Theorem C.1 gives
Jr(t) =1IF (7).
We now proceed exactly as in the case of MMj3_;, obtaining:

x 0 0

L men (m +n)!
Gx()=e ZZ Z ! N3mn!(m—10)!(n—2I)!

=0 m=I[ n=21

Regularizing gives

Gy (1)=1+212+1813+102*+42015+2810:°4+210007 7 +1294301 8+ 8139607+ - -.

Minkowski period sequence 21

68 The Fano manifold MM3_;5

Mori-Mukai construction The blow-up of a quadric 3—fold Q C P* with centre a
disjoint union of a line and a conic on it.

Our construction A member X of |L + N| in a toric variety F' with weight data

So S1 S2 I3 l4 y zZ

1 1.1 0 0-1 0 L
0o 0 01 1 0-1 M
00 0 0011 N

and Nef F = (L, M, N). The secondary fan for F is the same as that for the toric
variety in Section 63 (ie our ambient toric variety for MM3_;¢ ) and is shown in Figure 4.
We have:
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e —Krp=2L+ M +2N is ample, that is, F is a Fano variety.
e X ~N+ L isnef.
e —(Kp+X)~L+ M+ N isample on F.

The two constructions coincide The morphism F — P* given (contravariantly) by
[x0, X1, X2, X3, x4] > [Soy. S1V, 820,132, 147]

is the blow-up of P2 along the disjoint union of the line (xo = x; = x, = 0) and the
plane (x3 = x4 = 0). X is the proper transform of the (nonsingular) quadric defined
by the equation:

xé +Xx1x3+x2x4=0

Note that this quadric contains the line xy = x; = x, = 0.

The quantum period Corollary D.5 yields

v v = I+m+n (7 +n)
Gx=e¢"d 3 T s i

[=0 m=0 n=max(l,m)

and regularizing gives

Gy (1) =1+ 61>+ 1813 4+ 138:* + 7801 + 53707°
+36120¢7 425305078 + 18118807° + - - - .

Minkowski period sequence 67

69 The Fano manifold MM;_;¢

Mori-Mukai construction The blow-up of B7; (MM,_35) with centre the strict trans-
form of a twisted cubic passing through the centre of the blow-up B7 — P3.

Our construction A complete intersection X of type N N N in the toric variety F
with weight data

Sy §2 83 X Xo Yo V1 I2

1 1.1-1 0 0 -1 -1 L

0001 1 -1 0 0 M

0 0000 I 1 1 N

and Nef F = (L, M, N). The secondary fan for F is shown schematically in Figure 6.
We have:
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L -M+ N

—L+N

-L+M

Figure 6: The secondary fan for F' in MM3_;¢.

e —Kr =M 43N is nef and big but not ample.
e X is the complete intersection of two nef divisors on F.

e —(Kr+X)~ M + N is nef and big but not ample on F.

The two constructions coincide Consider the rational normal curve

r= {rk (XO M xz) < 2}
X1 X2 X3
in Pgo,xl,xz,ﬂ and note that P =[1:0:0:0] lies on I". Recall that B is the toric
variety with weight data

S1 S2 S3 X Xo

1 1 1-1 0 L
00 011 M

and Nef B; = (L, M), and that the blow-up morphism B; — P3 is given (contravari-
antly) by [xg, X1, X2, X3] = [X0, 51X, 52X, s3x]. The proper transform of the curve I"
is the curve IV defined by the condition:

rk(xo o1 Sz) <2

X851 S2 83

Now apply Lemma E.1 with G=B7, V=M@ L '@ L™, W =05 ® Og and
the map f: V — W given by the matrix:

Xo S1 S2
X851 S2 83
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The quantum period Let py, p,, p3 € H*(F;Z) denote the first Chern classes
of L, M and N, respectively; these classes form a basis for H*(F;Z). Write
T € H*(F;Q) as t = 1y p1 + 12 p2 + 13 p3 and identify the group ring Q[H,(F; Z)]
with the polynomial ring Q[Q1, O,, O3] via the Q-linear map that sends the element
0P € Q[H,(F; Z)] to Q{f-P1) 0{f-r2) 0F:-P3) _ We have

Ir@=c" Y Q107 052" TR _oo(p2—p1 +52)
— l =
om0 | lk=1(p1+ kz)3 [Ti=1(p2 + k2) [TR=loo(p2 — p1 + k2)

Hl(z:—oo(p3 —p2+ kZ) Hl(i:—oo(p?’ — D1 +kZ)2

k=oo(P3 = P2+ K2 TTRTL (p3 — p1 +k2)?

=—00

and, since Ig(t) =1+ 1z~! 4+ O(z2), Theorem C.1 gives

Jr(t) = Ip(7).

We now proceed exactly as in the case of MM3_;, obtaining

L 00 00 N i n'n!
Gx(t) =e ZZZf IN3mrm—D!(n—m)((n—10))2"

[=0n=Im=lI

Regularizing gives

Gy ()=1+412+18¢% +841*+5401°+31907°+2016077 +13090078 48593201+ - - -.

Minkowski period sequence 42

70 The Fano manifold MM3_;~

Mori-Mukai construction A nonsingular divisor on P! x P! x P2 of tridegree
(1,1,1).

Our construction A member X of |L 4+ M + N| on the toric variety F' with weight
data

1100000 L
0011000 M
0000111 N

and Nef F = (L, M, N).

The two constructions coincide Obvious.
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The quantum period Corollary D.5 yields

xn 0 o0

Gx(t) =e %! Z Z Z,l+m+2n (! +m+n)!

Py ) (D2 (m!)?(n))?

and regularizing gives

Gy (1) =144t>+126%+841*+3601° +238015+ 1344017 +-8386078 +512400¢°+ - - -

Minkowski period sequence 39

71 The Fano manifold MM;_;3

Mori-Mukai construction The blow-up of P3 with centre the disjoint union of a
line and a conic.

Our construction A member X of |M + N| on the toric variety F' with weight data

So S1 X X2 X3 Yo )1
1 1-1 0 0 0 O L

0o o1 1 1-1 0 M
0 000 0 1 1 N

and Nef F = (L, M, N'). The secondary fan of F is the same as that of the toric variety
in Section 57 (ie out ambient toric variety for MM3_4 ) and it is shown in Figure 2. We
have:

e —Krp=L+4+2M + 2N ample, that is, F is a Fano variety.
e X ~M+ N is nef.
e —(Krp+X)~L+ M+ N isample.

The two constructions coincide We construct X, for example, as the blow-up of
IPJ%O,XI,X2:X3 along the (disjoint) union of the line (xo = x; = 0) and the conic
(xox1 + x% = x3 =0). Thus X is given in F by the equation

Yo(sos1x% +x3) + pix3 =0,
where the morphism F — P? is given (contravariantly) by

[X0, X1, X2, X3] > [S0X, 51X, X2, X3].
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The quantum period Corollary D.5 yields

oo 0 0

o I+m+n (m +n)!
Gx()=¢ 3 ) N D i 2 tn i

I=0m=] n=m

and regularizing gives

Gy (1) =1441>+181>+601* +4801° +24701°+1428017+947807% + 5644801 +- - - .

Minkowski period sequence 41

72 The Fano manifold MM;_;9

Mori-Mukai construction The blow-up of a quadric 3—fold Q C P* with centre
two points P; and P, on it which are not collinear.

Our construction A member X of |2M | in the rank-2 toric variety F with weight
data

So §1 S22 X X3 X4

1 1. 1-1 0 0 L

0o 0011 1 M

and Nef F = (L, M'). We have:

e —Kr=2L+43M isample, that is, F is a Fano variety.
e X ~2M is nef.
e —(Krp+X)~2L+ M is ample.

The two constructions coincide [ is manifestly the blow-up of IP’;‘O,X | X2.X3.X4

along the line (xg = x; = x, = 0), and X is the strict transform of a general quadric.

The quantum period Corollary D.5 yields

o0

Gy(t)y=e% Z Z t21+m( (2m)!

1=0m=I 113 (m —1)!(m!)?

and regularizing gives

Gy (1) =1+4202+126%+541* +2401°+128015 4+ 756017 +42070¢8 +2352001° +- - - .

MinkowskKi period sequence 18
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73 The Fano manifold MM3;_,

Mori-Mukai construction The blow-up of a quadric 3—fold O C P* with centre
two disjoint lines on it.

Our construction A member X of |L + M| in the toric variety F with weight data

So S1 1 I3 uUug x Yy

00 1-1 0 L
11 1 0-1 M
0 0-1 11 N

and Nef F = (L, M, N). The secondary fan of F is the same as that for F' in MM3_;¢;
it is shown schematically in Figure 7.

We have:

e —Kp=2L+2M + N is ample, that is, F is a Fano variety.
e X ~L+ M isnef.
e —(Kp+X)~L+ M + N is ample.

The two constructions coincide We blow up the disjoint union of the two lines
— vh — v, — v v — () in P4

(x2=x3=x4=0) and (xo=x1 =x4 =0) in Py . . ., andtake X to be the

proper transform of the quadric xgx3 + x1Xx2 + x f = ( constructed to contain the two

lines. The morphism F — P*# is given (contravariantly) by

[X0, X1, X2, X3, X4] > [SoX, 81X, 12y, 13y, ugxy].

~M +N —~L+N

L+M-N

Figure 7: The secondary fan for F' in MM3_5.
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The quantum period Corollary D.5 yields

[ I+m

B l4+m+n (l+m)!
Gxy=) ) ) ¢ (N2 (m)2( +m—n)!(n—1)! (n —m)!

=0 m=0 n=max(l,m)

and regularizing gives

Gy (1) =1+412+12634+60¢*+3601° +16607%+10920¢7 +57820¢8 +361200£°+ - - -.

Minkowski period sequence 38

74 The Fano manifold MM3_,;

Mori-Mukai construction The blow-up of P! x P2 with centre a curve of bi-
degree (2,1).

Our construction A member X of |M + N | on the toric variety F' with weight data

Xo X1 Yo Y1 Y2 s 1

1 1.0 0 0 0-1 L
0 01 1 1 0-1 M
0 0 0 0 0 1 1 N

and Nef F = (L, M, N). The secondary fan of F is the same as of the toric variety in
Section 55 (ie our ambient toric variety for MM3_, ) and is shown in Figure 1. We have:
e —Krp=L+4+2M +2N is ample, that is, F is a Fano variety.
e X ~M+N isnef.
e —(Kr+X)~L+ M+ N isample.

The two constructions coincide A complete intersection of type (0,1) N (1,2) on
P! x P2 is a curve of bidegree (2,1). Apply Lemma E.1 with G = ]P)-;nyl X Pyzo,yl,yz’
V =0piyp2 ®Opiyp2(—1,—1), W =Op1,p2(0,1) and f: V — W given by the
matrix (yo Xoqo + X1¢1), where go and ¢; are homogeneous quadratic polynomials

in yo, y1 and y,.
The quantum period Corollary D.5 yields
o0 o0 o0
_ + n)!
G (1) = o~ (lm+n (m
x () 2.2 X (IN2(m!)3n! (n — 1 —m)!

I=0m=0n=I4+m
and regularizing gives

Gy (1)=1+612+613+114:*+24015 4303054966017 +959707% +3948007° +- - - .
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Minkowski period sequence 49

75 The Fano manifold MM3;_,,

Mori-Mukai construction The blow-up of P! x P? with centre a conic in ¢ x P2
(tePl).

Our construction A member X of |/N| on the toric variety F with weight data

X0 X1 Yo Y1 Y2 8§ 1

1 1.0 0 O0-1 0 L
o o 1 1 1 0-=2 M
0 0 0 0 0 1 1 N

and Nef F = (L, M, N). The secondary fan of F is similar to that of our ambient
toric variety for MM3_¢; cf Figure 4. We have:

e —Krp=L+ M + 2N is ample, that is, F' is a Fano variety.
e X ~ N isnef.
e —(Kr+X)~L+ M+ N isample.

The two constructions coincide Apply Lemma E.1 with G = Py . x P} .

V =0Opixp2(—1,0) ® Opiyp2(0,=2), W = Opi1yp2 and f: V — W given by the
matrix (xg—tx1 Voy2 — ylz).
The quantum period Corollary D.5 yields
o0 o0 o0 p n'
Gy (1) = e—t t +m—+n :
x(® Z Z Z IN2m")3(n—D(n—2m)!

[=0m=0 n=max(l,2m)

and regularizing gives

Gy (1) =142 461> +54:* +1807° +830¢° +4620¢7 42695078 +1402807° +- - - .

Minkowski period sequence 13

76 The Fano manifold MM3_,;

Mori-Mukai construction The blow-up of B7 (MM,_35) with centre a conic passing
through the centre of the blow-up B; — P3.
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Our construction A member X of |L + N| in the toric variety F with weight data

S1 S2 S§3 X Xo U

v
1 1 1-1 0 0 O L
0 0 01 1-1 0 M
0 0 000 I I N

and Nef F = (L, M, N). The secondary fan for F is the same as that of the toric
variety in Section 57 (ie our ambient toric variety for MM3_4) and is shown in Figure 2.

We have:

e —Kp=2L+ M +2N is ample, that is, F is a Fano variety.
e X ~L+ N isnef.
e —(KFp+X)~L+ M + N is ample.

The two constructions coincide Consider the conic I" given by (x3 = xpx; —|—x§ =0)
in ]P’;’O,m,x3 and note that P =[1:0:0:0] lies on I'. Recall that B is the toric variety
with weight data

§1 S22 83 X Xp

1 1 1-1 0 L
00 011 M

and Nef B; = (L, M), and that the blow-up morphism B; — P3 is given (contravari-
antly) by [xg, X1, X2, X3] — [X0, 51X, 52X, s3Xx]. The proper transform of the curve I"
is the curve T’ defined by the equations

53 = X051 —i—xsg =0.
Now apply Lemma E.1 with G = B;, V = M~ ! @ Og, W = L and the map

f: V. — W given by the matrix (x¢s; + xsg 53).

The quantum period Corollary D.5 yields

NN N s U +m)
Gy()=e') D >t (113 (m —D)!m! (n —m)!n!

=0 m=[n=m

and regularizing gives

Gy (1) =1426>+126>+30r* + 1801 +9201% + 420017 +227508 +1218007° +- - - .

MinkowskKi period sequence 17
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77 The Fano manifold MMj3_,4

Mori-Mukai construction The fibre product W xp2 Fy, where W — P2 isa P! -
bundle and p: F; — P2 is the blow-up. Here W (MM,_3,) is a divisor of bidegree
(1,1) on P2 x P2

Our construction A member X of |M + N | on the toric variety F x P2, where M
is the line bundle p*O(1) on F; and N = O(1). In other words, X is a member of
|M + N | on the toric variety F with weight data

So §1 X X2 Yo V1 )2

1 1-1 0 0 0 O L
0o o1 1 0 0 0 M
0 0 00 1 I 1 N

and Nef F = (L, M, N). We have:
e —Krp=L+2M +3N is ample, that is, F is a Fano variety.
e X ~M+ N is nef.
e —(Krp+X)~L+ M +2N is ample.

The two constructions coincide First we show that X is the blow-up of P! x P2
along a curve of bidegree (1, 1). Note that X is cut out of P)%o,xl X XP)%OJ’I,J’Z X}P’Slo’s1
by the equations
{J/oxo + y1x1+ y2x2 =0,
SoXo +s1x1 =0.

The first equation here cuts W out of IP’)%O, X105 X ]P’fm y1,y, > the second equation cuts

Fi outof PZ . . x P ¢, asitis the equation defining the blow-up of P* at the

point [0:0: 1]. We now exhibit X as the blow-up of a curve in ]P’yzo, Y12 X IP’SIO’ s;- The

projection to P2 xPl _isanisomorphism away from the locus where the matrix

Y0,¥1,¥2 50,51
Yo V1 )2
So S1 0

{ y2 =0,
Yos1 — Y180 =0,
ie a curve in of bidegree (1, 1), as claimed. We can further simplify things by writing

X as a hypersurface in F; x P2: the two equations defining X (given above) reduce
to the single equation

drops rank. This locus is

SoXYyo +51xXy1 +x2y2 =0
in F! x P2,
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The quantum period Corollary D.5 yields

x 0 X

B o (mAn)!
Gx(y=eT Y 37y aHms ()2 (m —1)!m! (n!)3

=0 m=I[n=0

and regularizing gives

Gy (1) =1+412 461 +601* +1801° + 12101 4 546017 +30940¢8 +165480° +- - - .

Minkowski period sequence 31

78 The Fano manifold MM3_,5

Mori-Mukai construction The blow-up of P? with centre two disjoint lines; equiv-
alently,!” P(O(1,0) & 0(0, 1)) over P! x P,

Our construction The toric variety X with weight data

So St fr 13 x

0O 0-1 0 L
1 1 0-1 M
0 01 1 N

and Nef X = (L, M, N).

The two constructions coincide The morphism X — P that sends (contravariantly)
the homogeneous co-ordinate functions [xg, X1, X2, X3] to [soXx, s1X,?V, t3y] mani-
festly blows up the union of the line (xq = x; = 0) and the line (x, = x3 = 0). These
lines are disjoint.

The quantum period Corollary C.2 yields

tl+m+2n

xO=22. 2 Gre =i

=0 m=0 n=max(l,m)

and regularizing gives

Gy (1) =1+4262+1213 +306* + 1207 +9201° + 336017 + 1603073 +991207° +- - - .

Minkowski period sequence 16

17Note that Mori and Mukai use different weight conventions for projective bundles than we do.
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79 The Fano manifold MM3_,¢

Mori-Mukai construction The blow-up of P3 with centre a disjoint union of a point
and a line.

Our construction The toric variety X with weight data

So S1 Il usz x Yy

1 1.0 1-1 0 L
001 1 0-1 M
0 0 0-1 11 N

and Nef X' = (L, M, N). The secondary fan of X is the same as that of the toric
variety in MM3_,¢ and it is shown in Figure 7.

The two constructions coincide The morphism to P3 is given by the complete
linear system |N| on X; it sends (contravariantly) the homogeneous co-ordinates
[x0, X1, X2, X3] to [soXx, 81X, 2y, usxy]. The divisor (x =0) C X contracts to the point
[0:0:1:0]P? and the divisor (y =0) C X contracts to the line (x, = x3 = 0) C P>,

The quantum period Corollary C.2 yields

0 [+m (2l +m+n

GX(Z)ZZ Z Z IN2m'( +m—n)(n—D)!(n—m)!

[=0 m=0 n=max(l/,m)

and regularizing gives

Gy (1) =1+212+61% +30:% 4+ 12015 +470¢° +2520¢7 + 1099078 + 57120¢° +- - - .

Minkowski period sequence 12

80 The Fano manifold MM3_,~

Mori-Mukai construction P! x P! x P!,

Our construction The toric variety X with weight data

110000 L

001100 M

000011 N
and Nef X = (L, M, N).
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The two constructions coincide Obvious.

The quantum period Corollary C.2 yields

o o0 o t21+2m+2n

Gx (=2 2. 2 Giemin?
=0 m=0n=0 (IN*(mhH2(n!)
and regularizing gives

Gy (1) =1+ 612 +90* + 18607° + 4473018 + 1172556110 + - -

Minkowski period sequence 45

81 The Fano manifold MM3;_,g

Mori-Mukai construction P! xT;.

Our construction The toric variety X with weight data

1 0000 L
01 1-1 0 M
00011 N

S O =

and Nef X = (L, M, N).
The two constructions coincide Obvious.

The quantum period Corollary C.2 yields

© o0 0 121+m+2n

Gx (1) = Z Z Z (I)2(

m!)2(n—m)!n!

and regularizing gives

Gy (1) =14412+61%+361*+1801° +49015 +4200¢7 4+ 116207% +898807° +- - - .

MinkowskKi period sequence 28

82 The Fano manifold MM3_,9

Mori-Mukai construction The blow-up of B7; (MM,_35) with centre a line on the
exceptional divisor D = P2 of the blow-up B7 — P3.
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—2M + N —-L+N

L+M-—-N

Figure 8: The secondary fan for X in MM3_59.

Our construction The toric variety X with weight data

Xo S§1 S2 I3 x )y

0 0-1 0 1 L
1 1 02 1 M
0 01 I-1 N

1
0
0
and Nef X = (L, M, N). The secondary fan of X is shown schematically in Figure 8.

The two constructions coincide The morphism X — IP3 sends (contravariantly) the
homogeneous co-ordinate functions [xg, X1, X2, X3] to [Xo, S1XV, $2Xy, 13xp2].

The quantum period Corollary C.2 yields

I+m (+m+n

=3, > ) IN(mY2(n—D(n—2m)(I +m—n)!

=0 m=0 n=max(/,2m)

and regularizing gives

Gy (1) =1+262+306* + 601 + 38028 + 84017 + 595028 + 226801 +--- .
Minkowski period sequence 8
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83 The Fano manifold MM3_j3

Mori-Mukai construction The blow-up of B7; (MM,_35) with centre the strict trans-
form of a line passing through the centre of the blow-up B; — P3.

Our construction The toric variety X with weight data

fo I1 X 852 ¥y X3
1 1-1 0 0 0 L

001 1-1 0 M
0000 1 1 N

The two constructions coincide The morphism X — P3 sends (contravariantly) the
homogeneous co-ordinate functions [xq, X1, X2, X3] to [toxy, 1 XYy, $2 ), X3].

The quantum period Corollary C.2 yields

00 0 %0 +m+2n

Gx(t) = Z Z Z MH2(m—D'm!(n —m)'n!

|=0m=[ n=m

and regularizing gives

Gy (1) =142+ 613 +30r* +60° +4701° + 168017 + 76301 + 344401° + - - - .

Minkowski period sequence 11

84 The Fano manifold MM;_3;

Mori-Mukai construction The blow-up of the cone over a nonsingular quadric sur-
face in P? with centre the vertex; equivalently, the P! —bundle P(O & O(1, 1)) over
P! xP

Our construction The toric variety X with weight data

1 1 0 0-1 0 L
001 1-1 0 M
00 0011 N

and Nef X = (L, M, N).

The two constructions coincide Obvious.
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The quantum period Corollary C.2 yields

tl+m+2n

GX(t):ZZ Z IN2(mNH2(m—1—m)!n!

I=0m=0n=I[+m

and regularizing gives

Gy (1) =1+26>+ 1263 + 61* +1201° + 5601 + 84077 4 1015078 + 386407° + - - - .

Minkowski period sequence 14

85 The Fano manifold MM,4_,;

Mori-Mukai construction A divisor of multidegree (1,1,1,1) in P! xP!xP!xP1L

Our construction A member X of |4 + B 4+ C + D| in the toric variety F with
weight data

c oo~
c oo~
c o~ o
c o~ o
o~ oo
o~ oo
—_ o oo
—_ o oo
RGN I

and Nef X = (4, B,C, D).
The two constructions coincide Obvious.

The quantum period Corollary D.5 yields

oo 0 0 X

~ . . (a+b+c+4d)!
Gy(n)=eT ) 3 3y rerorerd (a)?(bH2(ch*(dh)?

a=0b=0c=0d=0

and regularizing gives

Gy (1) =1+ 1262 + 4843 + 540¢* + 4320¢°
+42240¢% + 40320077 + 403830028 + 409584007° + - - - .

MinkowskKi period sequence 111

86 The Fano manifold MM,_,

Mori-Mukai construction The blow-up of P! x P! x P! with centre a curve of
tridegree (1,1, 3).18

18Mori and Mukai initially missed this variety [50; 53]. We put it where it belongs in their scheme.
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Our construction A member X of |B + C + D] in the toric variety F with weight
data

X0 X1 Yo Y1 Zo Z1 u v

1 1 0 0 O O0-1 0 A4
o o 1 1 0 O0-1 0 B
o 0o 0 o0 1 1 0O C
o 0 0 0 O o 1 1 D

and Nef F = (4, B, C, D). We have:
e —Krp=A+ B+2C +2D is ample, that is, F' is a Fano variety.
e X~ B+ C+D isnef.
e —(Kr+X)~ A+ C + D is nef and big but not ample.

The two constructions coincide The curve is a complete intersection of type
(1,2,1)N(0,1,1)

in P! xP! xP! so X is constructed by applying Lemma E.1 with

G=P!'xP!xP!,

V =Opiypixpi(—1,—1,0) ® Opipiyp1,

W = Opiypixp1(0,1,1),
and f: V — W given by the matrix (4 B), where
AeT(P'XPIxPL; Opiypispi(1,2,1), BET(PIXPIXP; Opiypiypi (0,1,1)),
are the sections that define the centre of the blow-up.
The quantum period Let py, ps, p3, ps € H*(F; Z) denote the first Chern classes
of A, B, C and D, respectively; these classes form a basis for H*(F;Z). Write
T € H*(F;Q) as T = 11 py + taps + 13p3 + 14p4 and identify the group ring
Q[H,(F; Z)] with the polynomial ring Q[Q1, O2, O3, Q4] via the Q-linear map that
sends the element Q8 € Q[H,(F; Z)] to Qgﬁ’Pl)Qgﬂ’PZ) Qgﬂ’m) fo’l"*) . Theorem C.1
gives
Jr(7)
oty 010405 0fem et

b d

o 1_[2:_00 (pa—p1—pa+kz)
4= b (= pr1—pr+kz)
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and hence
Ie,E(T)
—etr Y 04080509 ebr2ecmedw [ECH (0t py+ s+ pathz)
b d
a,b,c,d>0 HZ:I (p1+kz)? l_[k=1 (p2+kz)? l_[lcc—l (p3+kz)? l_[k—1 (patkz)

Hk—_oo (pa—p1—p2t+kz)
HZ_"_oi(p4—p1—pz+kz)

Note that, much as in Example D.8, we have
Le,p(0) =1+ ((Q3+ Q4 +20304)1 + (pa— p1— p2) log(1+ 02)z7' + 0(=72).
Arguing exactly as in Example D.8, we find that

Je.E((pa— pa— p1)log(l 4+ Q,)) = ¢7(Q3+Q4+20200/2 ], 1 (0)
and

Je,E((p3 — p2— p1) log(1 + Q2))

— o(Pa—p2—p1)log(1+0>)/z
¢ UerOly,_ 0 0,19 0.-0,.0:~0401+02)

Hence, using the inverse mirror map

0, O
0, 2T1_¢g

we have that J, g(0) is equal to

0=

03=03 and Q4= 04(1-0>),

[e_(PA_PZ_Pl )log(1+Q>»)/z

X Je.g((pa=p2=pi)log(l + QZ))]Q1=—1_Q;32,Q2=—IE’(§2,Q3=Q3,Q4=Q4(1—Q2)

— o(Pa=p2—p1)log(1-02)/z
x [e —(Q3+04+20:04)/2 ], E(O)]

_Q25Q2__725Q3=Q35Q4=Q4(1_Q2).
Taking the non-equivariant limit yields
Jy,x (0)
— oPa=p2—p1)log(1-02)/2 ,—(Q3+ Q4+ 0204)
§ 09030504 (1— 0)" " T L{™ (p2 + p3 + pa +k2)
a,b,c,d>0 Hk 1(171 +kZ)2 Hk 1(1’2 +kZ)2 l_[k 1(P3 + kz)z Hk 1(1’4 +kz)
l_[k__oo(m —p2+kz)
W (pa—p1—p2tikz)
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We saw in Example D.8 how to obtain the quantum period Gy from Jy, x(0): we ex-
tract the component along the unit class 1 € H*(Y; Q) and set z=1 and Qf =¢{f-—Kx)
(ieset Q1 = Qr= Q3 =t and Q, = 1). This yields

o0 o0 o0

L, rarbie  (@+2b+0)
Gy =e) ) ) 1 (@)2(B)2(ch2(a + b)!

a=0b=0c¢=0

Regularizing gives

Gy (1) =1+ 1262 + 4263 + 468¢* + 336075 + 313507°
+ 27594077 + 25993808 + 24566640¢° + --- .

Minkowski period sequence 110

87 The Fano manifold MM,_3

Mori-Mukai construction The blow-up of the cone Y over a smooth quadric surface
S in P? with centre the disjoint union of the vertex and an elliptic curve on S.

Our construction A member X of |2/V| in the toric variety with weight data

So St fo L1 X Yo )i
1 1.0 0-1 0 0 L

0 01 1-1 0 0 M
0 0001 1 1 N

and Nef F = (L, M, N). The toric variety F is the same as for MMj3_3 and the
secondary fan for F is shown in Figure 1.

We have:
e —Krp=L+ M+ 3N isample, so F is a Fano variety.
e X ~2N isnef.
e —(Kr+X)~L+ M+ N isample.

The two constructions coincide The variety X is cut out by

yoy1 +x2A2.2(50, 513 L0, 11) = 0,

where A, » is a generic bihomogeneous polynomial of degrees 2 in s and s, and 2
in 79 and ;. Note the obvious morphism 7: F — P§, o x P ; and the morphism
f: F — G to the double cone G C P> over P! x P! given (contravariantly) by

[Y0, V1, Y2. V3, Va, Y5l = [Vo. V1, SotoX, Sot1X,s1toX, s111x]. The exceptional set of
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- i —(x=0)=P! 1 1 1
S is the divisor £ = (x =0) =Py, xP; , xP, . thatmapsto P, , CG. Note

that E N X is two copies of P o xP[ ;. one above [yo : y1]=[1: 0] and one above

[0 : ¥1] =[0: 1]. This explains how X has rank 4 when F has rank 3.
To see that our construction coincides with the construction of Mori and Mukai, set
W = f(X), note that

W = (yoy1 + A2(y2. y3. ¥4, ¥5) =0) C G

for some degree-2 homogeneous polynomial A, and note that the morphism f: X - W
contracts one copy of IP’SIO, s X IP’,IO’ fo with normal bundle O(—1, —1), to each of the two
singular points W N IP’J}O’ y,- Consider next the rational projection g: G --»> IP’)‘,‘ o
which omits the homogeneous co-ordinate yo. It is clear that g, W --> P4 is
birational onto its image Y (the cone over P! x P1), that it extends to a morphism
after blowing up the singular point [1 : 0: 0 : 0: 0 :0] € W and that this mor-
phism contracts the surface (y1 =4, (2, V3, V4, V5) = O) C W to the elliptic curve

(1 = A2(y2.y3.74.¥5) =0) C Y.
The quantum period Corollary D.5 yields

NN N lmen (2n)!
Gxy=eD > > 1 A2 (m)2(n—1 —m)l (n))?2

I=0m=0n=I[+m

and regularizing gives

Gx(t) = 14 10> + 2413 + 318:* 4 16807° + 1630016
+ 11592077 + 104083028 + 84033607° + - - .

Minkowski period sequence 88

88 The Fano manifold MM, 4

Mori-Mukai construction The blow-up of P! x P! x P! with centre a curve I" of
tridegree (1,1, 2).

Our construction A member X of |4+ B + D| in the toric variety F with weight
data

Xo X1 Yo Vi Zo z1 UV

1 1.0 0 0 0 0 O0 A4
o 0 1 1 0 O O O B
o o 0 01 1-1 0 C
O 0 0o 0 0 0 1 1 D
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and Nef F = (A4, B, C, D). We have:
e —Kr=2A+42B+ C+2D is ample, thatis, F is a Fano variety.
e X~A+ B+ D isnef.
e —(Kr+X)~A+4 B+ C+ D is ample.

. . . 1 1 1
The two ?onstructlons coincide We can take I' C P, . x Py, , xP,  tobe
parameterised as

[xX0:X1:Y0:y1:20:z1]H> [S0: 51 :sozslzsg:sf],

so I is the complete intersection in P! x P! xP! given by the equations xqy;—x; yo =
z1X0Yo —ZoX1y1 = 0. Now apply Lemma E.1 with

G=P'xP!'xP!,
V = Opi1ypixp1(0,0,—1) ® Opiypixpl.
W = Opiypixpi(1,1,0),

and f: V — W given by the matrix (z1x¢)o— ZoX1¥1 XoV1 —X1)0)-

The quantum period Corollary D.5 yields

3 N T TN oA gt he (a+b+4d)!
Gx(t)=eT Y % % Y uetbrerd (@)2(b)2(ch2(d —¢)\d!

a=0b=0c=0d=c

and regularizing gives

Gy (1) = 14 8% 4 241> +216:* + 13201 + 101607°
+74760t" + 58492018 + 45981601° + - - - .

Minkowski period sequence 83

89 The Fano manifold MM,_s

Mori-Mukai construction The blow-up of MM3_;9 — which is the blow-up of a
quadric 3—fold Q C P# with centre two points P; and P, on it which are not collinear —
with centre the strict transform of a conic containing P; and P,.
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Our construction A member X of |2/V| in the toric variety F' with weight data

So S1 X X2 YV X3 )4
1 1-1 0 0 0 O

L
001 1-1 0 0 M
0 0001 1 1 N

and Nef F = (L, M, N). We have:

e —Kr =L+ M 43N is ample, that is, F' is a Fano variety.
e X ~2N is nef.
e —(Kr+X)~L+ M+ N isample.

The two constructions coincide The complete linear system |N| defines a mor-
phism F — P*# which sends (contravariantly) the homogeneous co-ordinate functions
[0, X1, X2, X3, x4] to

[soxy,s1Xp, X2y, X3, X4].
This morphism identifies F with the blow-up of the line (x, = x3 = x4 = 0) C P*
followed by the blow up of the proper transform of the plane (x3 = x4 = 0). The

variety X is the strict transform of a general quadric in P#; in other words, X is a
general member of the linear system [2N| on F.

Remark Note that X has rank 4 even though the ambient space F has rank 3; there
is no contradiction here because 2N is not ample on F.

The quantum period Corollary D.5 yields

00 00 00 2n)!

_ =2t l+m+n
Gx =) ) 2 G n ~ D (1 = m i)

and regularizing gives

Gy (1) =14 612 +24¢% +138:* + 96075 + 618076
+ 4368077 4+ 311850¢8 +2274720¢° + - - - .

Minkowski period sequence 68

90 The Fano manifold MM, ¢

Mori-Mukai construction The blow-up of P2 x P! with centre two disjoint curves,
one of bidegree (1, 2) and the other of bidegree (0, 1).
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Our construction A member X of |C + D] in the toric variety with weight data

So St fo L1 X X u v

1 1 0 0-1 0-1 0 4
0 0110 0-1 0 B
0 0001 1 00 C
0 0000 0 1 1 D

and Nef F = (4, B, C, D). We have:

e —Kr = B+2C+ 2D is nef and big but not ample.
e X ~ C + D is nef and big but not ample.
e —(Kr+ X)~ B+ C+ D is nef and big but not ample.

The two constructions coincide The variety X is cut out by

vXp +uxAsz,1(s0,81:t0,11) =0.

1
U,

Note the obvious morphism n: ' — G with fibre [P
with weight data

where G is the toric variety

1 1 0 0-1 0 A4
0 01 10 0 B
0o 00011 C
and Nef G = (4, B,C). The birational morphism G — PQ%()’XI,XZ X Ptlo,tl given

(contravariantly) by [xgo, X1, X2, %0, 1] —> [SoxX, $1X, X2, 9, ?1] identifies G with the
blow-up of the curve {[0:0: 1]} x P! € P2 x P!; this curve has bidegree (0, 1). The
equation defining X has degree 1 in Pul,v; it follows that the morphism 7|y: X — G
is birational and blows up the locus!® (x, = A 1(S0.815t0.11) =0) CG.

The quantum period Let py, py, p3, ps € H*(F;Z) denote the first Chern classes
of A, B, C and D, respectively; these classes form a basis for H 2(F ;7). Write
T € H>(F;Q) as © = 1y p; + 1ap2 + 13p3 + 14p4 and identify the group ring
Q[H,(F; Z)] with the polynomial ring Q[Q1, Q», O3, Q4] via the Q-linear map that

19With our choice of stability condition for F, (x; = x = 0) C C8 is part of the unstable locus.
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sends the element Of € Q[H,(F:;Z)] to Q(lﬂ’pl)Q(zﬁ’pZ)Qg'B’P3)Qgﬂ’P4). We have

Ip(7)
I 0104050 chrecred
a.b,c,d=0 [Ti=1(p1+kz)? Hi:l (p2+kz)? [Th=1(p3+kz) chcl=1 (patkz)
8 [The—o0(P3—P14k2) [TRe—oo(Pa—P1—P2+k2)
[Th=too(P3=P1+k2) TT{Z 2 (pa—pi—par+k:)
Since

Ir(t) =141z + 072,
Theorem C.1 gives
Jr(t) = IF (7).
We now proceed exactly as in the case of MM3_;, obtaining

ey b+c+d
Gr=eD > ) ) I e —a @ —a =B

a=0b=0C¢=ad=a+b

Regularizing gives

Gx(t) = 14812 4+ 181> + 1921* + 9607 + 7550¢°
+ 4998017 4 3740801 +27417601° + - - - .

Minkowski period sequence 81

91 The Fano manifold MM, -

Mori-Mukai construction The blow-up of P! x P! x P! with centre the curve of
tridegree (1,1,1).

Our construction A codimension-2 complete intersection X of type D N D in the
toric variety F with weight data

Xo X1 Yo V1 Zo Z1 Uo U1 Up

1 1.0 0 0 0-1 0 0 A4
o o0 1 1 0 0 O0-1 0 B
o 0 0 011 0 O0-1 C
o 0 0 0 00 1 1 1 D

and Nef F = (A4, B, C, D). We have:
e —Kr=A+4 B+ C+3D is ample, that is, F is a Fano variety.
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e X is complete intersection of two nef divisors on F.

e —(Kp+A)~A+ B+ C+ D is ample.

The two constructions coincide Without loss of generality, the curve to be blown up

is defined in Pﬁlo,m X IP)J}OJI X ]P’ZIO’Z1 by the condition

rk(xo Yo ZO) <2.
X1 V1 21

Now apply Lemma E.1 with

G=P'xP!'xP!,
V= Oplx]plxpl(—l,o,()) D Oplxplxpl(o, —1,0) @O]plx]plxpl(o, 0,—1),

W =Opiypixpt © Opixpixpt,

and the map f: V — W given by the matrix

(Xo Yo Zo)
X1 V1 Z1

The quantum period Corollary D.5 yields

00 00 00 0 (d!)z

. a+b+c+d
Gx=e"D > >, 2. ! (@)2(bY)2(c)2(d—a)! (d—b)!(d —c)!

a=0b=0 c=0 d=max(a,b,c)

and regularizing gives

Gx(t) = 14612 + 18> + 1141* 4+ 7201 + 4290¢°
+ 2898077 4+ 1934108 + 1320480¢° + - - - .

Minkowski period sequence 65

92 The Fano manifold MM, _g

Mori-Mukai construction The blow-up of W (or MM,_3,, a divisor of bidegree
(1,1) in P2 x IP?) with centre two disjoint curves on it of bidegrees (0, 1) and (1,0).
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Our construction A member X of |B + D| in the toric variety F with weight data

So S1 X X2 lo 1 Y »2

1 1-1 0 000 0 4
0011 000 0 B
0o 000 11-1 0 C
00 00001 1 D

and Nef F = (A4, B, C, D). We have:
e —Kr=A+2B+ C+2D is ample, that is, F is a Fano variety.
e X~ B+ D isnef.
e —(Krp+X)~A+4 B+ C+ D is ample.

The two constructions coincide We take W to be the divisor:

W = (xoyo + X191+ X292 =0) C P?%o,xl,xz X PJ%anlayZ

It is clear that the morphism f: F — P2 x P? which sends (contravariantly)
[x0, X1, X2, Y0, ¥1, V2] > [s0X, s1x, X2, t0y, 117, ¥2]
blows up the disjoint union of (xo = x; = 0) and (y¢ = y; = 0) in P2 x P2 This

morphism induces the required blow-up of W.

The quantum period Corollary D.5 yields

_ 2t o VL a+b+c+d (b+d)!
Gri =MLY Y e

a=0b=ac=0d=c

and regularizing gives

Gy (1) =1+ 612+ 1263 + 114r* + 48015 + 3480¢°
+19320¢7 4+ 13125078 + 8198407° + - - - .

MinkowskKi period sequence 57

93 The Fano manifold MM,_o

Mori-Mukai construction The blow-up of P! x P! x P! with centre a curve of
tridegree (0,1, 1).
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Our construction A member X of |D| in the toric variety F with weight data

Xo X1 Yo V1 Zo z21 u v

1 1 0 0 0 0 0-1 A4
0 0 1.1 0 0 O0-1 B
0 0 0 01 1-1 0 C
0 0 06 0 0 01 1 D

and Nef F = (A4, B, C, D). We have:
e —Kr=A+4 B+ C+2D is ample, that is, F is a Fano variety.
e X ~ D is nef.
e (Kr+X)~A+ B+ C+ D is ample.

The two constructions coincide The curve to be blown up is the complete intersection

1 1 1
(20 = Xoyo +x1y1 =0) C Py, X Py X Pz,

We apply Lemma E.1 with
G=P!'xP!xP!,
V = 0pixpixpi (0,0, —1) @ Opiypixpi(—1,—1,0),
W = Opixpixpi.

and the map f: V — W given by the matrix (z9 X¢yo+X1)1).

The quantum period Corollary D.5 yields

o a+b+c+d :
Gx=e"> 2.2, 2 ! (@202 ()2(d — o) (d —a—b)!

a=0b=0 c=0 d=max(a+b,c)

and regularizing gives

Gy (1) =1+61241213+901*+4807° 4240076 +168007 7 +884107° +608160¢°+ - - .

Minkowski period sequence 54

94 The Fano manifold MM4_;

Mori-Mukai construction The blow-up of MMj3_,5 — which is the blow-up of
P3 with centre two disjoint lines— with centre an exceptional line of the blow-up
MM3_25 ad P3.
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Our construction The toric variety X with weight data

So 81 I I3 X Yy zZ

1 1. 0 0-1 0 0 4
0 011 0-1 0 B
00 0-1 011 C
0 001 1 0-1 D

and Nef X = (4, B,C, D).

The two constructions coincide The morphism X — P3 is given by the complete
linear system |C|. It sends (contravariantly) the homogeneous co-ordinate functions
[x0, X1, X2, X3] to [soxz,81Xz,6y,t3yz]. The morphism blows up first the lines
(xo = x1 = 0) (the image of the divisor x = 0 in X') and (x, = x3 = 0) (the
image of the divisor y = 0 in X), and then the fibre over the point [0:0: 1 : 0] (the
image of the divisor z =0 in X').

The quantum period Corollary C.2 yields

00 00 00 b+d ra+b+e+d

Gx=3 2.2, 2 (@)2b!(b—c+d)!(d —a)!(c —b)!(c—d)!

a=0b=0d=a c=max(b,d)

and regularizing gives

Gy (1)=1+4124+126° +60:*+3007° 4166075 +882017 +51100¢% +2931607° +- - - .

Minkowski period sequence 37

95 The Fano manifold MMy_;;

Mori-Mukai construction S; x P!,
Our construction S; x P!,

The quantum period Combining Corollary E.4 with Examples G.1 and G.5 yields

a+b (a+b+c+2d

Gx=3 % > X albl(a+b—c)l(c—a)(c—b)!(d)?

a>0b>0 c=max(a,b) d>0

Regularizing gives

Gx(t) = 146124613 +907*+24075+195015 4840077 +5313078 +2889607°+ - - -.
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Minkowski period sequence 48

96 The Fano manifold MMy_;,

Mori-Mukai construction The blow-up of P! x F; with centre ¢ x e, where ¢ € P!
and e is the exceptional curve on [Fy.

Our construction The toric variety X with weight data

/ /
Yo Yy So S1 X X W

1 0 0 0-1 0 1 A4
o 0 1 1-1 0 O B
0-1 0 0 01 1 C
010 01 0-1 D

and Nef X = (4, B,C, D).

The two constructions coincide Let [y : y1] be homogeneous co-ordinates on P,
and recall that IF; is the toric variety with weight data:

S0 §1 X Xo

1 1-1 0 L
0011 M
The morphism X — P! x F; is given (contravariantly) by

[yOaJ/laSO’SlvxyleH[yOvy;w»SO’Slvx/w’XZ]-

The quantum period Corollary C.2 yields

00 00 a+tc Za—i—b—}-c—l—d

GX(I)=ZZZ Z al(d —c)!(b)2(d —a—b)!c!(a+c—d)

a=0b=0c=0 d=max(a+b,c)

and regularizing gives

Gy (t)=1+4r24+126% +361* +3001° +9407° 4630077 +31780¢5 +1570807° +- - - .

Minkowski period sequence 34

97 The Fano manifold MM4_;3

Mori-Mukai construction The blow-up of MM,_33 — which is the blow-up of P
with centre a line — with centre two exceptional lines of the blow-up MM,_33 — P3.
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Our construction The toric variety X with weight data

So S1 X Y2 y3 u v
1 1-1 0 0 0 O
0 0-1 0 O 1 1
0O 0 1 1 0-120
0 01 0 I 0-1

SR I-IN

and Nef X = (4, B,C, D).

The two constructions coincide Recall that MM, _33 is the toric variety with weight
data
S0 1 X Xz X3
1 1 -1 0 0
0 0 1 1 1

and the morphism MM,_33 — P3 sends (contravariantly) the homogeneous co-ordinate
functions [xg, X1, X2, x3] on P3 to [sox, 51X, X2, x3]. The blow-up X — MM,_33 is
given (again contravariantly) by [sg, S1, X, X2, X3] = [Sg, 51, UvX, UX2, VX3].

The quantum period Corollary C.2 yields
0 oo b atbtctd

GX(I)_ZZZ Z (@)?(c+d—a—>b)lcld!(b—c)(b—d)!

a=0b=0c¢=0 d=max(0,a+b—c)

and regularizing gives

Gy (1) =1+41>+61%+60:* +1201° + 121015 +336017 +27580¢8 +974401° +- - - .

Minkowski period sequence 29

98 The Fano manifold MM5_,

Mori-Mukai construction The blow-up of MM,_,9 — which is the blow-up of a
quadric 3—fold O C P? with centre a conic on it— with centre three exceptional lines
of the blow-up MMj_59 — Q.
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Our construction A member X of |24 +2B + C + D + E| in the toric variety F
with weight data

Zo Z1 Z2 §3 S4 X l12 lo2 loi

1111100 0 0 4
1110010 O O B
1 000O0O0OT1 0 0 C
0601 0000O0OT1O0 D
001 00O0O0OTO0O 1 E

and
Nef F=(A, A+ B+D+E, A+B+C+E, A+B+C+ D,
A+B+C+D+E,2A+2B+C+ D+ E).

We have:

e —Kp=54A+4B+2C+2D+2E=2(2A+2B+C+ D+ E)+(A) is nef

and big but not ample.
e X~24+2B+C+ D+ E isnef.
e —(Kr+X)~34+42B+ C+ D+ E is nef and big but not ample.

The two constructions coincide There is a morphism?® F — P# given by the com-
plete linear system |A + B+ C + D + E|; it sends (contravariantly) the homogeneous
co-ordinate functions [xg, X1, X2, X3, x4] on P# to

[zoto2%01, Z1t12t01. 22812802, S3XT12t02t01, S3XE12802701]-

This morphism can be factorized by first blowing up the plane IT = (x3 = x4 =0) C P4,
and subsequently blowing up the three fibres over the co-ordinate points

Py=[1:0:0:0:0], P;=[0:1:0:0:0] and P, =[0:0:1:0:0]

in T1. Thus we can take X to be the proper transform of any quadric Q C P* containing
the three points Py, P; and P, but not containing the plane IT, for instance the quadric
given by the equation

2 2
XoX1 + X1X2 + X2x9 + x5 + x5 = 0.

20The class —K F belongs to 7 simplicial cones and a non-simplicial cone (the one that we chose to
be Nef F). It turns out that the class 24 + 2B + C + D + E also belongs to all of these cones. However,
only one of these cones contains 4 + B + C + D + E; this is the cone that we chose to be Nef F.
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The quantum period Corollary D.5 yields

0 0 X 0

Gy (t) = e—szZ Z Z Z Z (dat2bretdte

a=0b=0c=0d=0e=0 (2a+2b+c+d+e)!

" atbto) (atb+d) (atb+e) (a)2blcldle!

and regularizing gives

Gy (t) =1+ 1062 + 4213 +3421% + 264015 + 2125046
+ 18060077 + 1562470¢8 + 13851600¢° + - - - .

Minkowski period sequence 100

99 The Fano manifold MM5_,

Mori-Mukai construction The blow-up of MMj3_,5 — which is the blow-up of P3
with centre two disjoint lines — with centre two exceptional lines £ and ¢’ of the
blow-up f: MMj3_55 — P3 such that £ and ¢’ lie on the same irreducible component
of the exceptional set of f.

Our construction The toric variety X with weight data

So §1 b 13 X Yy u

1 1.0 0-1 0 O
01 1 0-1 0
001 1 0-1
01 0 1 0 0-1
0-1-1-1 1 1 1

oo oo
coc o<
Mo QW

and Nef X = (4, B,C,D,E,B+C + D—E).

The two constructions coincide Consider the morphism f: X — P3 given by the
complete linear system E. The morphism f sends (contravariantly) the homogeneous
co-ordinate functions [xg, X1, X2, X3] on P3 to [soxuv, s{xuv, t2 yv, t3 yu]; it contracts

e the divisors (x = 0) and (y = 0) to the lines xog = x; =0 and x, = x3 =0,
and

e the divisors (# = 0) and (v = 0) to the points Pp =[0:0:0:1] and P, =
[0:0:1:0].
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The quantum period Corollary D.5 yields

oo oo oo oo min(b+c,b+d,c+d—a) (a+b+c+d

Gx=) > > > > (ah)2(b+d—e)! (b+c—e)!(c+d—a—e)!

a=0b=0c=0d=0 e=max(b,c,d)

y 1
(e=b)!(e—c)!(e—d)!

and regularizing gives

Gy (1) =14 612+ 18¢> + 1141* + 66075 + 393076
+ 25620t + 1631708 +1101240¢° + - - - .

Minkowski period sequence 64

100 The Fano manifold MM5_;

Mori-Mukai construction S¢ x P!.
Our construction SgxP!.

The quantum period Combining Corollary E.4 with Examples G.1 and G.6 yields

00 00 atb o0 (a+2b+2c+d+2e

Gx=3_22 2. 2 albleld(@+b—d)!(c+d—a)!(e)?

a=0b=0 c=0 d=max(a—c,0) e=0

Regularizing gives

Gy (1) =14 8% 4 124 + 1681* + 600¢° + 53007°
+27720¢7 4+ 210280¢8 + 1308720¢° + - - - .

Minkowski period sequence 76

101 The Fano manifold MMj_;

Mori-Mukai construction SsxP!.

Our construction SsxP!.
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The quantum period Combining Corollary E.4 with Examples G.1 and G.7 yields

oo 0 o0

(! —I— 2m)'
GX([) —e —3t tl+m+2n
Regularizing gives

Gx(t) = 14 122 +307% +396:* 4 21607° + 2037016
+ 14952017 4 131502028 + 108645607° + - - -

Minkowski period sequence 107

102 The Fano manifold MM-_,;

Mori-Mukai construction S, x P!.
Our construction Sy xP!.

The quantum period Combining Corollary E.4 with Examples G.1 and G.8 yields

Gy(t)=e " Z Z J+2m GDIEDY

ZonZo (13 (m)?>

Regularizing gives

Gy (1) =1+22:%+961 + 14341* + 1248015 + 14890076
+ 160608077 + 189055308 + 2206176007° + - - -

Minkowski period sequence 136

103 The Fano manifold MMg_,

Mori-Mukai construction S; xP!.
Our construction S; xP!.

The quantum period Combining Corollary E.4 with Examples G.1 and G.9 yields

m D!
Gx(t)=e" 6’22 1112 e

[=0m=0
Regularizing gives

Gy (1) = 14 5612 + 49213 + 10536¢* + 1686007° + 3180980°
+ 5875380077 + 1129788520¢% +219551589607° + - - -
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Minkowski period sequence 155

104 The Fano manifold MMy_,

Mori-Mukai construction S, xP!.
Our construction S, x P!,

The quantum period Combining Corollary E.4 with Examples G.1 and G.10 yields

_ —12t fl2m (41)'
Gx(1)=e ;E%)EE% (I3 (m!)?

Regularizing gives

Gy (1) = 14 278¢% + 6816¢° + 3178501* + 12989760¢° + 578870180¢°
+ 2607452064017 + 12020387455307% + 561889330464007° + - - -

Minkowski period sequence None. Note that the anticanonical line bundle of S, x P!
is not very ample.

105 The Fano manifold MM, _;

Mori-Mukai construction S; xP!.
Our construction S; xP!.

The quantum period Combining Corollary E.4 with Examples G.1 and G.11 yields

s . (61)!
Gx () =e"* ZZ o (IN2QNH1 (31! (m!)?

[=0m=0

Regularizing gives
Gy (1) =1+ 1026212 + 20212807 + 618997146¢* + 1844908521607°
4 57894898611620¢° 4 18577980262739520¢”
+ 6078628630941923770¢8 + 2017980469547810194560¢° +- - - -

Minkowski period sequence None. Note that the anticanonical line bundle of S; xP!
is not very ample.
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Conclusion

This completes the calculation of the quantum periods for all 3—dimensional Fano
manifolds, and the proof of Theorem A.1. It also completes the proof of our conjecture
with Golyshev [11]: there is a one-to-one correspondence between deformation families
of smooth 3—dimensional Fano manifolds X with very ample anticanonical bundle
and equivalence classes of Minkowski polynomials f of manifold type such that the
regularized quantum period @X of X coincides with the period 7y of f.

106 A Fano manifold with non-unirational moduli space

We conclude by giving an example of a Fano manifold X such that the moduli space
of X is not unirational. The manifold X has complex dimension 66 and, since
unirationality of moduli spaces is a straightforward consequence of Theorem A.l,
this example shows that the analogue of Theorem A.1 fails in dimension 66. The
same technique allows one to construct Fano manifolds X33 of dimension 3k, for
every k > 22, such that the moduli space of X3 is not unirational. Let C be a smooth
curve of genus 23, let L be a line bundle of degree 1 on C and let X be the moduli
space of stable vector bundles over C of rank 2 with fixed determinant L. It is known
that X is a non-singular projective variety [62] which is Fano [68]. The moduli space
of X is isomorphic to the moduli space of curves of genus 23 [71, Section 2], which
has non-negative Kodaira dimension [32] and thus is not unirational.

Appendix: Laurent polynomial mirrors for 3-dimensional
Fano manifolds

A table given in an online supplement [12] exhibits Laurent polynomial mirrors for
each of the 105 deformation families of 3—dimensional Fano manifolds. The “Method”
column summarizes the method by which we computed the quantum period in each
case: “quantum Lefschetz” means “quantum Lefschetz with Fano ambient space and no

99, ¢

mirror map”; “quantum Lefschetz with weak Fano ambient” means “quantum Lefschetz
with non-Fano but weak Fano ambient space”; “quantum Lefschetz with mirror map”
means “quantum Lefschetz with non-trivial mirror map”; the other entries should be
self-explanatory. The “Minkowski ID” column records the ID in the Graded Ring
Database [14] of the corresponding Minkowski period sequence of manifold type; there
are only 98 non-trivial entries in this column as only the 98 deformation families

of 3—dimensional Fano manifolds with very ample anticanonical bundle give rise to
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Minkowski polynomial mirrors. There are in general many Minkowski polynomials
(and infinitely many other Laurent polynomials) mirror to a given 3—dimensional Fano
manifold, but we have listed only one such Laurent polynomial in each case.
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