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An algebraic approach to virtual fundamental cycles
on moduli spaces of pseudo-holomorphic curves

JOHN PARDON

We develop techniques for defining and working with virtual fundamental cycles
on moduli spaces of pseudo-holomorphic curves which are not necessarily cut out
transversally. Such techniques have the potential for applications as foundations
for invariants in symplectic topology arising from “counting” pseudo-holomorphic
curves.

We introduce the notion of an implicit atlas on a moduli space, which is (roughly)
a convenient system of local finite-dimensional reductions. We present a general
intrinsic strategy for constructing a canonical implicit atlas on any moduli space of
pseudo-holomorphic curves. The main technical step in applying this strategy in any
particular setting is to prove appropriate gluing theorems. We require only topological
gluing theorems, that is, smoothness of the transition maps between gluing charts
need not be addressed. Our approach to virtual fundamental cycles is algebraic rather
than geometric (in particular, we do not use perturbation). Sheaf-theoretic tools play
an important role in setting up our functorial algebraic “VFC package”.

We illustrate the methods we introduce by giving definitions of Gromov—Witten
invariants and Hamiltonian Floer homology over QQ for general symplectic manifolds.
Our framework generalizes to the S —equivariant setting, and we use S ! —localization
to calculate Hamiltonian Floer homology. The Arnold conjecture (as treated by Floer,
by Hofer and Salamon, by Ono, by Liu and Tian, by Ruan, and by Fukaya and Ono)
is a well-known corollary of this calculation.
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1 Introduction

In this paper, we develop a collection of tools and techniques for defining and working
with virtual fundamental cycles on compact moduli spaces of pseudo-holomorphic
curves (in the sense of Gromov [36]) which are not necessarily cut out transversally.
Such techniques have a myriad of potential applications in symplectic geometry by pro-
viding foundations for invariants obtained by “counting” pseudo-holomorphic curves:

(1.0.1) Symplectic Moduli space(s) of VFC  Desired
e manifold pseudo-holomorphic curves invariant
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In this paper, we build a general framework which can potentially be applied to give
rigorous foundations for the wide variety of invariants defined using (1.0.1). We hope
that this framework may also be applicable to moduli spaces of solutions to other
nonlinear elliptic PDEs which give rise to interesting invariants.

When a moduli space is not cut out transversally, its topological structure does not
determine its virtual fundamental cycle; rather it must be endowed (canonically) with
some additional extra structure. We introduce the notion of an implicit atlas on a
compact Hausdorff space, which serves as this extra structure on moduli spaces of
pseudo-holomorphic curves. We use implicit atlases as a layer of abstraction between
the two steps in (1.0.1), making them logically independent.

Our notion of an implicit atlas and our constructions of implicit atlases on moduli spaces
of pseudo-holomorphic curves constitute a reworking of existing ideas, with convenient
canonicity and functoriality properties. Our construction of virtual fundamental cycles
from implicit atlases is more novel (using algebraic rather than geometric methods), and
also has good functoriality properties which are useful in applications. It is noteworthy
that this algebraic VFC setup requires only topological gluing theorems as input.

The basic idea of using an atlas of charts of the form (1.1.1) on a moduli space to
construct its virtual fundamental cycle has existed since the inception of this problem;
see for example Li and Tian [53], Liu and Tian [54], Fukaya and Ono [33], Ruan [71],
Lu and Tian [56], Fukaya, Oh, Ohta and Ono [29; 30; 31; 32] (the theory of Kuranishi
structures), and McDuff and Wehrheim [63; 60]. The polyfolds project of Hofer,
Wysocki and Zehnder [41; 42; 43; 44; 45; 46; 47] gives another method for defining
virtual fundamental cycles by describing moduli spaces via a generalized infinite-
dimensional Fredholm setup.

1.1 Implicit atlases

An implicit atlas organizes together a collection of local charts for a compact moduli
space X . A local chart for X is a diagram

open Sa

(1.1.1) X s o-1(0) oy s Eq.

where Ey is a finite-dimensional vector space (called the obstruction space), Xy is an
auxiliary moduli space (called the a—thickened' moduli space), and s is called the
Kuranishi map. For the purpose of constructing the virtual fundamental cycle of X,

Iperhaps a better name would be “a—stabilized moduli space”, though we have decided not to risk

confusing this notion of stabilization (ie product with a vector space) and the notion of stabilizing a
Riemann surface (ie adding marked points).
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such a local chart (1.1.1) is useful over X N X (;eg, where X;eg C X, (called the regular
locus) is the locus where X, is cut out transversally (and thus, in particular, X, isa
finite-dimensional manifold).

An implicit atlas is an index set A (whose elements are called thickening datums)
along with obstruction spaces E, (for all « € A) and /—thickened moduli spaces X;
(for all finite subsets I C A) fitting together globally in a natural generalization of
(1.1.1), where the @—thickened moduli space X g is identified with the original moduli
space X . An implicit atlas also includes the data of open subsets X;eg C X; which
are manifolds and are required to cover all of X . In particular, an implicit atlas carries
a parameter d € 7, the virtual dimension, and we require that dim X;eg =d +dim Ey
forall 1 € A (where Ey := @, c; Eo). Implicit atlases also allow charts (1.1.1) which
incorporate the action of a finite group I',, (so that such charts exist on spaces X with
nontrivial isotropy), though we will introduce the necessary notation later in the paper.

There is a natural notion of an “implicit atlas with boundary” (or corners) and of the
“product implicit atlas” on a product of spaces equipped with implicit atlases (with
boundary/corners). These notions enable us to treat Floer-type homology theories via
implicit atlases.

We use only “topological” implicit atlases in this paper (ie we only require that the
X ;eg are topological manifolds), since the topological structure is sufficient to construct
virtual fundamental cycles. There is, of course, a parallel notion of a smooth implicit
atlas, which we will not need here.

Remark 1.1.1 From a theoretical standpoint, it would be desirable to endow the
moduli space X with the canonical structure of a “derived manifold” (a notion which
should be more intrinsic than the notion of an implicit atlas on X). A good notion of a
“derived smooth manifold” exists (due to Spivak [75], Borisov and Noel [10] and Joyce
[50; 49]), and it is reasonable to expect that a parallel topological theory exists as well.
By nature, the theory of derived manifolds uses the language of higher category theory.
An implicit atlas on X may be thought of as giving a “presentation” of X as a derived
manifold (just as a collection of open sets of R” and gluing data can be used to present
an ordinary manifold).

The “atlas” approach which we follow here, while being less intrinsic, has the advantage
of being more concrete and more elementary. We believe that a more intrinsic approach
is unlikely to lead to any simplification in the construction of this extra structure (implicit
atlas or derived manifold structure) on moduli spaces of pseudo-holomorphic curves.
However, it would likely make it easier to work with (and, in particular, calculate)
virtual fundamental cycles on such spaces.
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1.2 Construction of implicit atlases

Implicit atlases are designed to encode a system of charts which can be constructed
naturally and intrinsically on moduli spaces of pseudo-holomorphic curves in wide
generality. Moreover, the basic ingredients which go into the construction of implicit
atlases are all familiar in the field. We think of our specific examples of constructions
of implicit atlases as special cases of a general strategy which produces on any moduli
space of pseudo-holomorphic curves a canonical implicit atlas. For this general strategy
to succeed, there are (essentially) two steps which require setting-specific arguments.

The first step requiring setting-specific arguments is domain stabilization. For any
pseudo-holomorphic curve u: C — M in X, we must show that there is a smooth
codimension-two submanifold (possibly with boundary) D € M which intersects it
transversally such that adding u~!(D) as added marked points on C makes C stable.?
This is an important ingredient in verifying the covering axiom of an implicit atlas.
The second step requiring setting-specific arguments is formal regularity implies topo-
logical regularity. For the I—thickened moduli spaces X, we denote by X;eg CX;
the locus where the relevant linearized operator is surjective. We must show that X;eg
is open and is a topological manifold of the correct dimension (we also need a certain
topological submersion condition on how X;eg is cut out inside X }eg for I € J).
These are the openness and submersion axioms of an implicit atlas. This is the step
where we must appeal to serious analytic results (in particular, this is where gluing of
pseudo-holomorphic curves takes place). Note, though, that we only require topological
gluing results (ie smoothness of transition maps between gluing charts need not be
addressed). We should also point out that these axioms are local statements about the
spaces X;eg, and hence are independent of any auxiliary group action.

Our general strategy constructs an implicit atlas on X which is canonical (in the sense
that we do not need to make any choices during its construction). This is achieved
simply by defining A to be the set of all possible thickening datums (of which there are
uncountably many), where a thickening datum is a choice of divisor D, an obstruction
space E, plus some additional data. Note that it is nontrivial to formulate a notion of
“atlas” which allows this type of “universal” construction. Having such a canonical
procedure is very useful in a number of places, and this aspect of our approach appears
to be new.

Our general strategy works well for the construction of S!-equivariant implicit atlases
on the moduli spaces of stable Floer trajectories for S!—invariant Hamiltonians (a key

20ne can sometimes get away with a little less if this specific form of domain stabilization does not
hold. We will encounter such a situation when constructing S !—equivariant implicit atlases on moduli
spaces of stable Floer trajectories for S!—invariant Hamiltonians.
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step towards the Arnold conjecture). The domain stabilization step is harder in the
equivariant setting (we must use a divisor inside M instead of inside M x S, and we
must be satisfied with not stabilizing Morse-type components of trajectories), but is
not difficult. That formal regularity implies topological regularity is the same as in the
non-equivariant case: the analysis is independent of the S'—equivariance, and thus is
(essentially) identical to that in the non-equivariant case. In particular, we never need
to check that S! acts smoothly on anything.

1.3 Construction of virtual fundamental cycles

We develop a “VFC package” for any space X equipped with an implicit atlas A.
The tools we develop are primarily algebraic (chain complexes and sheaves) rather
than geometric or topological. Furthermore, these tools have nice functorial properties
which allow them to be applied essentially independently of how their internals are
constructed. As mentioned earlier, this set of tools does not require a smooth structure
on the atlas A.

Let us now discuss the components of the VFC package. The main object we develop
is the virtual cochain complex CJ, (X ; A) defined whenever A is finite.3 Tt comes with
a canonical isomorphism*

(1.3.1) H*(X) = H,
(H,

vir

(X:4)

is the homology of C

v) and with a canonical map

° Sk

(132) CiF (X2 4) = Caimps—o(Ea. E4 )\ 0)

(where E4 1= @,c4 Ex and d is the virtual dimension of A). Since
HgimE4(Ea, E4\0) = Z,

combining (1.3.1) and (1.3.2) yields a map H d(X ) = Z. We define the virtual
fundamental class to be this element [X ]Xr e HY (X)V;if X is cut out transversally
(that is, X = X"¢), then it agrees with the usual fundamental class of X as a closed
manifold. This complex Cg, generalizes naturally to “implicit atlases with boundary’
as well.

’

We use C. for much more than just defining the virtual fundamental class. Since it is
a complex (rather than just a sequence of homology groups), it is sufficiently rich to
provide a useful notion of virtual fundamental cycle (more precisely, the map s« (1.3.2)

3 l . . . Y : : :

If A C A’, then CJ(X;A) and CJ; (X; A’) are equivalent for the purposes of defining virtual

fundamental cycles, so given an infinite implicit atlas we can just work with any choice of finite subatlas.
“#In the present discussion, we ignore issues about orientations.

Geometry € Topology, Volume 20 (2016)



784 John Pardon

can be thought of as the chain-level virtual fundamental cycle). This enables us to use
the VFC package to treat Floer-type homology theories, which requires something like
a “coherent system of virtual fundamental cycles” over a large system of spaces (a
“flow category”) equipped with implicit atlases.

Let us now explain and motivate the definition of Cy; .. First, let us imagine we have
a single chart (1.1.1) which is global (ie X = s,1(0)) and 5,1(0) € X4*. Then we
consider the diagram

(133) HOmXe—dmEe(xX) 2= Hyp g, (Xe®, X5\ X)

O, Hym £, (Ea. Ea \0) = Z.
The first isomorphism is Poincaré—Lefschetz duality. The virtual fundamental class is
the resulting element [X]"" € H4(X)V (recall d = dim X4 ® —dim Eg) which is easily
seen to agree with the class defined via perturbation. Thus in this case the complex
Ciim X&eg_.(X;eg, X2\ X) plays the role of C2 (X; A).

vir
In general, CJ (X:A) (which may be thought of as a “global finite-dimensional
reduction up to homotopy”) is built out of the singular chain complexes of the X;*
(or, more accurately, of some auxiliary spaces X7 j 4 defined from the X;eg using a
deformation to the normal cone). We glue together these singular chain complexes
using an appropriate homotopy colimit (a generalized sort of mapping cone); this is
technically more convenient than gluing together the spaces themselves. The latter
could probably be made to work as well, as long as one is careful to glue using homotopy
colimits® (one can run into point-set topological issues with certain natural topological
gluings).®

We use the language of sheaves to give an especially efficient construction of the key
isomorphism (1.3.1). In particular, we reduce (1.3.1) to a statement which can be
checked locally on X . In a word, we define a “homotopy K—sheaf” K - C2 (K; A)

vir
on X, and we show that the stalk cohomology H ({p}; A) is isomorphic to Z
concentrated in degree zero. The isomorphism (1.3.1) then follows from rather general

sheaf-theoretic arguments (and in fact there is a corresponding map of complexes). It

SHere is a baby example of how one may use mapping cones to bypass point-set topological issues.
The long exact sequence of the pair - -- — He(A) & He(X) — Ho(X, A) — --- is valid for an arbitrary
pair (X, A) of topological spaces (meaning A C X has the subspace topology), and relative homology
H,(X, A) is always naturally isomorphic to the reduced homology of the mapping cone (cAU X)/ ~. On
the other hand, understanding Ho(X/A) usually requires some niceness assumptions on (X, A) (to ensure
that the natural map He(X, A) — He(X/A, pt) is an isomorphism). On the other hand, if one is content
working with He(X, A) or with the mapping cone, then such niceness assumptions are unnecessary.

SMcDuff and Wehrheim [63, Examples 3.1.14 and 3.1.15] give examples of natural topological
quotients which fail to be Hausdorff, fail to be locally compact, or fail to be locally metrizable.
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should not be surprising that sheaves can be used effectively in this setting, since the
problem we are facing is precisely to patch together local homological information
(from charts (1.1.1)) into global homological information.

Moreover, we find in this paper that this sheaf-theoretic formalism continues to play a
key role in the study and application of the complexes Cy; , beyond simply constructing
the fundamental isomorphism (1.3.1). Hence we believe that the sheaf-theoretic formal-
ism is of more importance than the precise manner of definition of Cy,. In particular,
checking commutativity of certain diagrams of homology groups can often be reduced
to checking that a certain corresponding diagram of sheaves commutes (which is then
just a local calculation). This is a key proof technique in many places where we use
the VFC package. This is perhaps surprising since the virtual fundamental class itself

has no local homological characterization (though see Remark 1.3.3).

Remark 1.3.1 Though our definition of the virtual fundamental cycle does not involve
perturbation, we do in some sense show that perturbation is a valid way to compute
the virtual fundamental class (in fact, this is an easy corollary of some of its formal
properties).

Remark 1.3.2 In this paper, we only construct virtual fundamental cycles in ordinary
homology, which is thus inadequate for applications of moduli spaces of pseudo-
holomorphic curves involving their fundamental class in smooth (or framed) bordism
(eg as in Abouzaid [1] or Ekholm and Smith [20]). However, in discussions with
Abouzaid, we realized that by working on the space level, one can probably upgrade
our construction to yield a virtual fundamental cycle in the (Steenrod) framed bordism
group of X, twisted by a certain “virtual spherical normal bundle”.

Remark 1.3.3 In broad philosophical outline, the strategy we follow to define the
virtual fundamental cycle is the following. The functor U +— C,(U rel dU) (or Borel—
Moore chains CBM(U)) is a homotopy sheaf on X, and the virtual fundamental cycle
is a global section thereof. Hence we may define the virtual fundamental cycle by
specifying it on a convenient finite open cover and giving patching data on all higher
overlaps (in our case, the particular cover being X = (J;c 4 Vo1 ((s1 |X;eg)_1 (0)) for
finite A). This philosophy is very natural and could apply quite generally.

Remark 1.3.4 The language of co—categories as developed by Lurie [57] seems to be
a natural setting for the VFC package and, more generally, for a good theory of derived
manifolds and their virtual fundamental cycles (indeed, the existing theory of derived
smooth manifolds is by necessity written in the language of higher category theory).
We have avoided oco—categories in this paper for the sake of concreteness (though at
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the cost of needing to use lots of explicit homotopy colimits). However, we expect
that in this more abstract framework, one could ultimately develop the most flexible
calculational tools (computing virtual fundamental cycles directly from our definition
seems rather difficult, due to the inexplicit nature of the isomorphism (1.3.1)).

1.4 Example applications

We use the framework developed in this paper to give new VFC foundations for
classical results which rely on virtual moduli cycle techniques. We define Gromov—
Witten invariants for general symplectic manifolds (originally due in this generality to
Li and Tian [53], Fukaya and Ono [33] and Ruan [71]). We define Hamiltonian Floer
homology over Q for general closed symplectic manifolds, and we use S !—localization
methods to calculate Hamiltonian Floer homology (originally due in this generality to
Liu and Tian [54], Fukaya and Ono [33] and Ruan [71]). The Arnold conjecture on
Hamiltonian fixed points is a standard corollary of this calculation.

We hope that the examples we treat here may persuade the reader that it is reasonable to
expect to be able to construct implicit atlases on moduli spaces of pseudo-holomorphic
curves in considerable generality, and hence that our VFC package is applicable to
other curve counting invariants in symplectic topology.

1.5 How to read this paper

The rough logical dependence between the sections of this paper is illustrated in Figure 1.
Solid arrows indicate a strong dependency (logical and conceptual); dashed arrows
indicate isolated logical dependence (quoting results as black boxes). Obviously, the
choice of solid/dashed is rather subjective. In the bottom row, we develop the VFC
package and apply it abstractly to spaces equipped with implicit atlases. In the middle
row, we construct implicit atlases on various moduli spaces of pseudo-holomorphic
curves and define the desired invariants by applying the abstract results developed in
the bottom row. The top row contains gluing results necessary to prove certain key
axioms for the implicit atlases constructed in the middle row.

We now summarize the contents of each section, from which the reader may decide
which sections to read in detail.

Section 2 is of an introductory flavor (it does not contain any definitions or results to be
used elsewhere); it aims to develop technical intuition for our approach without getting
bogged down in details. We give a simplified definition of an implicit atlas, and we give
some simple examples. We give some prototypical constructions of implicit atlases in
simplified settings. We define the virtual fundamental class algebraically from some
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Figure 1

simple implicit atlases. We also give a simplified outline of how we apply the VFC
package to construct Floer-type homology theories from moduli spaces equipped with
implicit atlases.

In Section 3, we give the definition of an implicit atlas (and its variant with boundary).

In Section 4, we construct the VFC package. For a space X equipped with a finite
implicit atlas A with boundary, we define and study the virtual cochain complexes
C;.(X:A) and C; (X rel 9; A). The algebraic and sheaf-theoretic foundations from
Appendix A play a key role.

In Section 5, we use the VFC package to define the virtual fundamental class. We also
derive some of its basic properties and provide some calculation tools.

In Section 6, we introduce and study implicit atlases with stratification. We use the
VFC package to obtain an inductive “stratum-by-stratum” understanding of virtual
fundamental cycles.

In Section 7, we use the VFC package to define homology groups from a suitably
compatible system of implicit atlases on a “flow category”. We also use the results
concerning stratifications from Section 6.

In Section 8, we construct an S !—equivariant VFC package and use it to prove some S!—
localization results for the virtual fundamental classes of Section 5 and the homology
groups of Section 7.

In Section 9, we construct Gromov—Witten invariants by constructing an implicit atlas
on the moduli space of stable pseudo-holomorphic maps and using the results of
Section 5.
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In Section 10, we construct Hamiltonian Floer homology by constructing implicit atlases
on the moduli spaces of stable Floer trajectories and using the results of Section 7.
We also construct S!'—equivariant implicit atlases on the moduli spaces for time-
independent Hamiltonians. Applying the results of Section 8, we calculate Hamiltonian
Floer homology and thus deduce the Arnold conjecture.

In Appendix A, we review and develop foundational results about sheaves, homotopy
sheaves, Cech cohomology, Poincaré duality, and homotopy colimits.

In Appendix B, we prove the gluing theorem needed in the construction of implicit
atlases on Gromov—Witten moduli spaces in Section 9.

In Appendix C, we prove the gluing theorem needed in the construction of implicit
atlases on Hamiltonian Floer moduli spaces in Section 10.
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2 Technical introduction

We now give a more technical introduction to the main ideas of this paper. We feel
free to make simplifying assumptions for the sake of clarity of exposition, though we
do aim to highlight some important technical points. A full treatment is deferred to the
body of the paper, where everything is properly defined.

In Section 2.1, we familiarize the reader with the notion of an implicit atlas. In
Section 2.2, we give some prototypical constructions of implicit atlases. In Section 2.3,
we explain how to construct the virtual fundamental cycle from an implicit atlas in
some simple cases. In Section 2.4, we show how our methods can be applied to
construct Floer-type homology theories. In Section 2.5, we explain a rudimentary
S 1-localization result for virtual fundamental cycles.
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2.1 Implicit atlases

2.1.1 Implicit atlases (proto version) We now introduce (a simplified version of)
implicit atlases and give some intuition for what they mean geometrically. The impatient
reader may also wish to refer to the true definition of an implicit atlas in Section 3
(Definition 3.1.1). Here we have simplified things by assuming 'y, = 1 (“trivial
covering groups”™), X, = X for #I > 1, and X* = @.

After the giving the definition (which appears rather complicated at first), we explain it
further with examples.

Definition 2.1.1 (Implicit atlas (proto version)) Let X be a compact Hausdorff space.
A (proto) implicit atlas of dimension d on X is an index set A along with the following
data:

(i) Obstruction spaces A finite-dimensional R vector space E, forall @ € A (let
Ep:= @ae] Eq).

(i) Thickenings A Hausdorff space X; for all finite / C A, and a homeomorphism
X—>X .

(iii) Kuranishi maps A function sq: X7 — Ey foralla € I C A (for I C J, let
s;: Xj — Ey denote P, s Sa)-

(iv) Footprints An openset Uyy € X7 forall I CJ C A.
(v) Footprint maps A function ¥7y: (sy\7|Xs)71(0) > Uyy forall I € J C A.

These data must satisfy the following “compatibility axioms™:

(i) Yrvsk =¥k and Y7 =id.

() sryrr=sr.

(i) Ury, NUps, = Ur jyus, and Upp = X7 .
(V) ¥} (Uik) = Usk 0 (s7\11X)7H0).

(v) Homeomorphism axiom 177 is a homeomorphism.

=

They must also satisfy the following “transversality axioms:

(vi) Submersion axiom s;\7: X; — Ej\; is locally modeled on the projection
RAFTImME; _, RAimEN; gyer () € E j\; for #1 > 1 (in particular, taking [ = J
implies that X7 is a topological manifold of dimension d + dim Ej for #1 > 1).

(vii) Covering axiom Xg =Jg.7c4Vor((s1 1X7)71(0)).
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Figure 2: Illustrations of implicit atlases. Left: 4 = {a},d =1, E, =R.
Mlustrated are X (black) and X, (red; light/dark according to the sign of sy, ).
Right: A ={a,B},d =1, Ey = Eg = R. Illustrated are X (black), X,
(red; light/dark according to the sign of 54 ), Xg (blue; light/dark according
to the sign of sg), and X,g (green boundary).

Let us unpack this definition a bit. We have manifolds X, (meaning X; for I =
{a}) indexed by o € A. Each is equipped with a function s4: X, — Eo and a
homeomorphism Vg s5,1(0) — Uy (meaning Vi) (5| Xa)"1(0) — Ug{a}) Where
X = UJyeu U« is an open cover. Thus so far this is nothing more than a set of charts
(the “basic charts”) of a particular form (1.1.1) covering X and indexed by o € A.
If A = {«a}, then the implicit atlas is simply a single global chart (1.1.1), and this is
illustrated in Figure 2, left.

Now for every pair of basic charts o, 8 € A, there is an “overlap chart” X,g with
footprint Uy N Ug and obstruction space Eq @ Eg. Furthermore, (open subsets Uy aﬂ
and Ug, aﬂ of) the original charts Xy and Xg are identified (via inclusion maps t/fa op
and w ﬂ) as the zero sets of sg and sq, respectively. Note that they are cut out
transversally by the submersion axiom, though they may not intersect each other
transversally (they do so at precisely those points where X is cut out transversally).

Such a system of charts in the case A = {«&, B} is illustrated in Figure 2, right.

More generally, we have charts indexed by the lattice of finite subsets of A. The
compatibility axioms relating Uyy, Y15, and s are all just various aspects of the
charts being suitably compatible with each other. The submersion axiom is the precise
property (which in practice would follow from every X7 being cut out transversally for
#I > 1) we need in order to glue together the “local virtual fundamental cycles”. The
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covering axiom simply says the charts cover all of X, so we have enough information
to recover its global virtual fundamental cycle.

Remark 2.1.2 The basic charts of a Kuranishi structure are indexed by the points
of X. Hence to define a Kuranishi structure on a space X, one must make a choice
for each p € X. The charts of an implicit atlas are indexed by an abstract set A, and
hence we can define implicit atlases without making any choices (see Section 2.2).

Remark 2.1.3 Most of the axioms of an implicit atlas are stated without reference to
whether [ is empty or nonempty. This contrasts with other approaches, where there
is an axiomatic and notational distinction between the X7, Y75, or Uyy depending
on whether [ is empty or nonempty. We believe that our uniform treatment makes
implicit atlases simpler notationally and conceptually, and this is a novel aspect of our
approach.

Remark 2.1.4 The requirement that X; be a manifold whenever I is nonempty is
rather unnatural (see Remark 2.1.3) and is too strong of an assumption for two different
reasons. First, we do not know how to construct implicit atlases with this property on
moduli spaces of pseudo-holomorphic curves (it is a subtle question of choosing good
neighborhoods to ensure transversality over all Xy if #/ > 1). Second, with this axiom
we cannot form the “product implicit atlas” (Definition 6.3.1) which is crucial for
understanding coherence of virtual fundamental cycles between moduli spaces when
treating Floer-type homology theories. Thus in the real definition of an implicit atlas
(Definition 3.1.1), there is no such requirement on X7 . Rather, we specify open subsets
X;eg cX; for all 1 € A (morally, this is the locus where X7 is cut out transversally),
and we modify the transversality axioms appropriately.

Remark 2.1.5 The most natural notion of “equivalence” between two implicit atlases
A and B on a space X seems to be the existence of a chain of inclusions of implicit
atlases A € Cy 2 --- C C, 2 B. It is common to speak of “cobordisms” between
Kuranishi structures or Kuranishi atlases; the analogous notion of cobordism between
implicit atlases (say on the same index set A) on a space X is an implicit atlas with
boundary on X x[0, 1] whose restriction to the boundary coincides with the first implicit
atlas on X x {0} and with the second on X x {1}.

It is an easy consequence of the VFC machinery that the virtual fundamental class is
invariant under both notions of equivalence.

2.1.2 Implicit atlases on spaces with nontrivial isotropy We now give a simple
construction of a convenient system of charts on any smooth orbifold. This system
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of charts is a special case of (and motivates the definition of) an implicit atlas (with
nontrivial covering groups, so as to apply to spaces with nontrivial isotropy).

Fix a smooth orbifold X and let {Xy/ Ty = Vo € X}qeq be an open cover, where
each X, is a smooth manifold with a smooth action by a finite group I'y, (let us call
this the “covering group”). Then for any finite subset / = {®1,...,0,} C A, there is
an “overlap chart”

(2.1.1) X7 = Xg, X+ % Xa, .
X X
(2.1.2) Ty :=Ty X+ x Ty,

(where (2.1.1) is the “orbifold fiber product”; see Remark 2.1.6 below). It is easy to
check that X7 is a smooth manifold with a smooth action by I'; and that

(2.1.3) X1/Tr=Vo, N---N Vg, €X.

As an exercise, the reader may check that this system of charts described above gives
an implicit atlas in the sense of Definition 3.1.1 where every E, = 0.

Remark 2.1.6 (Orbifold fiber product) Let X,Y, Z be orbifolds, and fix maps of
orbifolds X,Y — Z. Then the orbifold fiber product X x2,Y is simply the categorical
2—fiber product in the weak 2—category of orbifolds. It exists whenever X xY — Z x Z
is transverse to the diagonal Z — Z x Z (in particular, it exists if at least one of the
maps X,Y — Z is étale as in the above example of X, — X).

Thurston [78, Proof of Proposition 13.2.4] gives an explicit hands-on definition of
X x2Y in the case X, Y — Z are both étale by working locally on Z and then gluing.
In a more modern perspective (defining orbifolds as certain stacks on the site of smooth
manifolds), we may define the orbifold fiber product by the universal property

(2.1.4) Hom(S, X x2 Y) := Hom(S, X) Xgom(s,z) Hom(S,Y)

for any smooth manifold S. The right-hand side denotes the 2—fiber product in the
weak 2—category of groupoids, which admits the explicit description

(2.1.5)  Gixg G2:=1{(g1.82.9) | g1 € G1, g2 € G2, 0: f1(g1) — f2(g2)}

(with the obvious notion of isomorphism between triples (g1, g2, 6)) for groupoids
G1, Gy, H and functors f;: G; — H .

The orbifold fiber product usually does not coincide with the fiber product of the under-
lying topological spaces X Xy Z , though there is at least always amap Xx2Y — X xzY .
The construction (2.1.1) would not work if we used the fiber product of topological
spaces.
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2.2 Constructions of implicit atlases

2.2.1 Zero set of a smooth section We now give a simple example of the construction
of an implicit atlas. This example is also universal in the sense that all constructions of
implicit atlases in this paper are to be thought of as generalizations of this construction.

Suppose we have a smooth manifold B, a smooth vector bundle p: E — B, and a
smooth section s: B — E with s~1(0) compact. Let us now construct an implicit
atlas A of dimension d :=dim B—dim E on X :=s71(0). We will revisit this example
in Section 5.3, so the reader may also refer there for more details.

We set A to be the set of all thickening datums, where a thickening datum « is a triple
(Va, Eq, Aq) consisting of:

(i) Anopenset Vy C B.
(i1) A finite-dimensional vector space Ey.

(iii) A smooth homomorphism of vector bundles Ay: Vo X Ey — p_l(Va).

Now our thickenings are

(22.1) Xp:= {(x,{ea}ael)e () Ve x P Ea s(x)+ZAa(x,ea)=o}.

ael acl ael

The function sy: X7 — Eg is simply projection to the E, component. The set
Urs € Xp is the locus where x € (),c; Vi, and the footprint map 7y is simply the
natural map forgetting e, for o € J \ I. It may be a good exercise for the reader to
verify the compatibility axioms in this particular case.

The transversality axioms as we have stated them in Definition 2.1.1 do not hold because
X7 might not be cut out transversally for #/ > 1. The best way to fix this is to use
the real definition of an implicit atlas (Definition 3.1.1) where we keep track of the
locus X;eg C X, where it is cut out transversally and modify the transversality axioms
appropriately (see Remark 2.1.4).

Remark 2.2.1 The reader may rightfully object that the index set A defined above
is not a set but rather a groupoid (just as there is no “set of all finite sets” or “set of
all compact smooth manifolds™). There are two ways of resolving this issue. The
simplest solution is to add appropriate “rigidifying data” to turn A into a set (eg we
could add the data of an isomorphism E, <> RY™Ee to the definition of a thickening
datum). Another (more cumbersome, and ultimately unnecessary) solution would
be to just check that the notion of an implicit atlas and the accompanying theory of
virtual fundamental cycles remains valid for A a groupoid instead of a set (see also
Remark 3.1.5 for more details).
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Remark 2.2.2 The index set A consists of all possible thickening datums. It is thus
canonical in the sense that it does not depend on any auxiliary choice. For the purposes
of extracting the virtual fundamental cycle from an implicit atlas, the only choice we
will need to make is that of a finite subatlas; the independence of this choice is part of
the VFC machinery.

Remark 2.2.3 To construct the overlap charts X7, it is crucial that we are able to
take the abstract direct sum of the obstruction spaces E, . Hence, it is better to think
of them as abstract vector spaces equipped with maps to E over V,, rather than as
trivialized subbundles of E over V, (which also imposes the unnecessary restriction
that A, be injective), since the latter category is not closed under direct sum.

To illustrate this distinction further, let us mention a problematic alternative version of
(2.2.1):

(2.2.2) Xy = {x € () Ve

ael

s(x) € (@ka)(El)}.

ael

This definition agrees with (2.2.1) if the map

(2.2.3) Pro: (| Vax P Ea—p! (ﬂ Va)

ael ael ael ael
is injective, but in general it can be different, and indeed, if (2.2.3) fails to be injective,
the definition (2.2.2) isn’t particularly useful. Note that this can occur even if we add
the requirement that each A, be injective.

The importance of using the direct sum was independently observed by McDuff and
Wehrheim [63], and it is implicit in Fukaya, Oh, Ohta and Ono [31].

2.2.2 Moduli space of pseudo-holomorphic curves We now give an example of
the construction of an implicit atlas on a moduli space of pseudo-holomorphic curves.
This construction can be fruitfully interpreted as a generalization” of the construction
from Section 2.2.1.

Specifically, we construct an implicit atlas A on the moduli space of stable maps
Mo,0(X, B) (we fix a symplectic manifold X, a smooth w—tame almost complex

7Moduli spaces of pseudo-holomorphic curves do not fit literally into the setting of Section 2.2.1
(generalized appropriately to Banach manifolds/bundles) because of three main issues: gluing (nodal
domain curves), orbifold structure (nontrivial isotropy groups), and varying complex structures on the
domain (nondifferentiability of the reparametrization action). The polyfolds project of Hofer, Wysocki
and Zehnder aims to set up an infinite-dimensional Fredholm framework in which moduli spaces of
pseudo-holomorphic curves may be described.
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structure J, and a homology class B € Hy(X;Z)). The reader impatient for the full
details may also wish to refer to Section 9 where we give a full treatment. Here we
have simplified things by assuming that (g,n) = (0,0), 'y = S,, and My = J\_/Eo,ra
(which is a smooth manifold!).

We define A to be the set of all thickening datums, where a thickening datum is a
4—tuple (ro, Do, Eq, Aq) consisting of:
(i) Aninteger rq > 2;let I'y := S, .
(i) A smooth compact codimension-two submanifold D, € X with boundary.
(iii) A finite-dimensional R[S, ]-module E, .

(iv) A S;,—equivariant map

AO(: ED( —> Coo(éo,ro( X X’ Q%,OTFO(/JV[O”‘& ®(C TX)

(where g, — Mo, is the universal family over the Deligne-Mumford moduli
space) supported away from the nodes and marked points of the fibers.

Let us remark that the analogue of the open set V, from Section 2.2.1 is the set of
maps u: C — X satisfying the conditions appearing in (i) below.

Now our thickening J\_/[O,O(X , B)r (any finite I C A) is defined as the set whose
elements consist of:

(i) A smooth map u: C — X, where C is a nodal curve of genus 0, so that for all
a €1, wehave u h Dy (meaning u=!(dDy) = @ and for all p cu~1(Dy), the
differential (du)p: TpC — Ty(p) X/ Ty(p) De is surjective and p is not a node
of C) with #u~1(Dy) = re such that adding these r, intersections as marked
points makes C stable.

(i) Elements ey € Ey forall o € 1

(iii) Labelings of u=1(Dgy) by {1,...,rq} forall a € I.

These data must satisfy the equation
(2.2.4) M+ Y Aa(ea)(pa.u) =0,
ael

where ¢y: C — éO,ra is the unique isomorphism onto a fiber respecting the labeling
of u=1(Dg). There is an action of Ty = Sy, on Mo o(X, B)y (for o € I) given by
changing the labeling of u~1(Dg) and by its given action on ey € Ey.
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There are obvious projection and forgetful maps
sa: Mo,o(X, B); = Eq and  ¥yy: (sy\71X0)~10) — Uy,

respectively, where Uy C JVEO,()(X , B)1 is the locus of curves satisfying the condition
in (i) above for all @ € J . Thus we have specified the atlas data for A. The compatibility
axioms are rather trivial (as in Section 2.2.1), though the homeomorphism axiom
requires a bit of thought.

Now let us discuss the transversality axioms, which have much nontrivial content. To
verify the covering axiom, we need to show domain stabilization, namely that for any
J-holomorphic u: C — X, there is a divisor Dy with u h Dy and so that adding
u~1(Dy) to C as marked points makes C stable. Given domain stabilization, the rest
of the proof of the covering axiom is rather standard (choose (Ey, Ay) big enough to
cover the cokernel of the linearized operator D39 at u). The submersion axiom asserts
(in particular) that the regular locus JV(O,O(X , B)rIeg - J\_/[O,O(X , B)r is a topological
manifold. Proving the submersion axiom is not too difficult over the locus where the
domain curve C is smooth (it follows immediately from the implicit function theorem
for Banach manifolds), but to show it near a nodal domain curve amounts to proving a
gluing theorem (which we do in Appendix B).

Remark 2.2.4 The thickened moduli spaces J\_/EO,O(X , B); are defined as moduli
spaces of solutions to the *“I—thickened 5—equation” (2.2.4). With this intrinsic defini-
tion, the convenient overlap properties of the charts (the compatibility axioms) follow
rather trivially. The atlas also clearly does not depend on any choice of Sobolev norms
or “gluing profile”.

On this point, it is useful to compare with other approaches, which often take the
perspective of defining thickened moduli spaces as subsets of some particular Banach
manifold of maps. In this context, achieving good overlap properties seems to be
more difficult and less conceptual. Another inconvenience of this setting is the lack of
differentiability of the reparametrization action (and large reparametrization groups for
bubbles).

Remark 2.2.5 In our approach, the most serious analytic questions are encountered in
verifying the openness and submersion axioms (that is, in proving the necessary gluing
theorems). We remark that these only concern the local properties of the thickened
moduli spaces, and, in particular, are separated from the other technical aspects of
the construction of the implicit atlas (eg the compatibility axioms, the action of the
groups [y, or the action of a larger symmetry group on the entire atlas).
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Remark 2.2.6 Standard gluing techniques suffice to verify the openness and sub-
mersion axioms for the implicit atlases we construct on moduli spaces of pseudo-
holomorphic curves. In fact, the transition maps between gluing charts are clearly
smooth when restricted to each stratum (ie for a fixed topological type of the domain),
and this yields a canonical “stratified smooth structure” on each X;eg. If one wanted
to obtain a smooth structure on the X;eg, one would need to construct gluing charts
whose transition maps are truly smooth. This would require a choice of “gluing profile”
(on which the resulting smooth structure would depend) and is slightly more delicate
(see Fukaya, Oh, Ohta and Ono [30; 31] or Hofer, Wysocki and Zehnder [46]). Such

methods might yield smooth implicit atlases (see Definition 3.1.3).

2.3 Construction of virtual fundamental cycles

Let us now describe concretely some simple cases of our algebraic definition of the
virtual fundamental class of a space X with implicit atlas A. While the cases we treat
(one chart and two charts) are admittedly rather basic, they nevertheless illustrate the
main ideas necessary to deal with arbitrary implicit atlases. We will see that certain
chain complexes play a key role; they will turn out to be the virtual cochain complexes
C:. _, which are the central objects of the “VFC package”.

vir?
The reader interested in the details of our treatment in full generality should refer to

Section 4 (where we construct the VFC package) and Section 5 (where we define the
virtual fundamental class).

For the purposes of this section, we use implicit atlases in the sense of Definition 2.1.1.
We will ignore issues about orientations (as they can be dealt with rather trivially by
introducing the relevant orientation sheaves/groups).

Here we work over Z; in the main body of the paper we consider any ground ring in
which the orders of all relevant “covering groups” are invertible. It seems plausible
that, with some more work, this could be weakened to assuming only invertibility of
#I'y for all x € X, where I'y denotes the isotropy group of x € X (ie the stabilizer of
any inverse image of x under ¥/  lying in X;eg).

2.3.1 What “homology group” does the virtual fundamental class live in? Since
X is just a compact Hausdorff space,® we must be careful about what homology theory
we use to house the virtual fundamental class (Example 2.3.1 below shows that the
singular homology H.(X) of X is insufficient for this purpose).

8The existence of an implicit atlas on X does impose some additional restriction on the topology
on X . For example, if X admits an implicit atlas then it is locally metrizable and hence metrizable by
Smirnov’s theorem (a paracompact Hausdorff locally metrizable space is metrizable).
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Figure 3: The union of {(x sin %) 0<x< 1} and a path from (0, 0)
to (1,0), known as the Warsaw circle W C R2.

The dual of Cech cohomology I-VI'(X)V = Hom(I-VI‘(X), 7) is a good candidate (and it
is what we choose to use, though see Remark 5.0.2 for further discussion). For example,
amap of spaces f: X — Y induces a pushforward f: ﬁ‘(X)V — ﬁ’(Y)V (defined
as the dual of pullback f*: H *'Y)— H *(X)). Moreover, for a finite CW-complex Z,
we have I:I'(Z) = H*(Z), so I:I‘(Z)V = H,(Z)/tors. It follows that (for many
purposes) a virtual fundamental class [X ]Zlir € H4(X)V can be used in the same way
one would use the fundamental class [X] € Hy(X) if X were a closed manifold of
dimension d .

Example 2.3.1 (Insufficiency of singular homology) Consider the Warsaw circle
W C R? as illustrated in Figure 3; note that singular H; (W) vanishes. Now R2\ W
has two connected components; let s: R? — R be positive on one component and
negative on the other; this gives the data of an implicit atlas on W = s~1(0). Using
any reasonable definition, we certainly want [W]'I" e H! (W)Y == Z to be a generator,
however this is clearly not in the image of singular homology under the natural map
H,(W)— H*(W)Y — H *(W)V. Alternatively, the pushforward of [W]'I" to a small
annular neighborhood A € R? of W should be a generator of Hi(A) = Z (as one can
see by perturbing s).

2.3.2 Virtual fundamental class from a single chart We have a space X, and
the implicit atlas A = {«} consists of the following data. We have a topological
manifold X, (not necessarily compact), a vector space E,, and a continuous function
Sq: Xo — Eq. We also have an identification X = s, 1(0) (see Figure 2, left).

We define the virtual fundamental class via the diagram

~d (sa)+ [Eql1
(2-3-1) H (X) = HdimEa (Xau Xa \X) E— HdimEa(Eaa E(x \0) —Z,
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which we explain below (recall that dim X, = d + dim E ). Poincaré duality gives
a canonical® identification H *(X) = Hgim x,—e(Xa. Xo \ X), which gives the first
equality in (2.3.1) (this is a rather strong version of Poincaré duality, valid for any
compact subset X of a manifold X,; we will say more about how to prove it in
Section 2.3.5). We think of the composite of the maps in (2.3.1) as an element [X ]Xr €
H4 (X)V, which we call the virtual fundamental class.

In this setting, one can also define the virtual fundamental class using perturbation
(under the additional assumption that X, carries a smooth structure). Specifically, one
can perturb sy to Sq so that it is a submersion over 0 € E,; we consider 5, 1(0) as a
“perturbed moduli space” near X . Using the continuity property of Cech cohomology,
one can then make sense of limg, ¢ [So 1(0)] as an element of H d(x)V.

The algebraic approach is more general (it does not require a smooth structure on Xy ),
and it is easy to see that it gives the same answer as the perturbation approach when
X has a smooth structure.

Example 2.3.2 Let X = {0}, Xq = E4 = R, and sy (x) = x" (n > 1). The reader
may easily check that with our definition, the virtual fundamental class is 1 if n is odd
and O if n is even (as is consistent with the perturbation picture).

Let X = {0}, Xq = Eq = C (considered as an R—vector space), and s4(z) = z"
(n > 1). The reader may check that in this case, the virtual fundamental class is 7.

2.3.3 Virtual fundamental class from a single chart (with covering group) We
now describe how the construction from Section 2.3.2 must be modified in the presence
of nontrivial covering groups (as in Section 2.1.2). We have not yet introduced implicit
atlases with nontrivial covering groups, so we will simply say explicitly what this means
in the present situation of a single chart (the reader may also refer to Definition 3.1.1).

We have a space X, and the implicit atlas A = {«} consists of the following data.
We have a topological manifold X, (not necessarily compact), a vector space Eq,
and a continuous function s,: Xq — E. We have a finite group 'y, acting on X,
and (linearly) on Ey so that s, is I'y—equivariant. Finally, we have an identification
X =s;,1(0)/T. We must now work over the coefficient ring R = Z[1/#T,].

To define the virtual fundamental class we consider
232) HYs;'(0): B™ = Haim g, (Xa. Xa \ 551 (0); R)T

(sot)* Ty [Ea]|—>1

E— HdimEa(Eou Ey \0, R) R.

9For the moment, we ignore the necessary twist by the orientation sheaf.
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Now it is a general property of Cech cohomology that H ‘(Y:R)I = H *(Y/T;R)
for a compact Hausdorff space Y acted on by a finite group I' as long as R is
a module over Z[1/#I']. We precompose (2.3.2) with the canonical isomorphism
H d(X:R) —> HA (s, 1(0); R)Te given as 1/#T, times the pullback. This gives an
element [X ]Zlir € H4(X: R), which we call the virtual fundamental class.

2.3.4 Virtual fundamental class from two charts Generalizing the approach in
Section 2.3.2 to multiple charts leads immediately to the heart of the problem of
defining virtual fundamental cycles. Namely, we must figure out how to glue together
the information contained in each local chart to define the global virtual fundamental
class. We explain our solution to this problem in the simple case of A = {«, §}, which
nevertheless illustrates most of the ideas necessary to deal with the general case (which
in addition just requires good organization of the combinatorics). Since the problem
we are facing is precisely to glue together local homological information into global
homological information, it should not be surprising that sheaf-theoretic tools and
homological algebra are useful.

Our space is X, and the implicit atlas A = {«, 8} amounts to the following data:

(2.3.3) So: Xog = Eq, sgl(O) = Uy C X (open subset),
(2.3.4) sg: Xg — Eg, s3'(0) = Ug € X (open subset),
(235)  sa®sg: Xap = E« ® Eg, (sa ®s5p) ' (0)=Uyg = Uy NUpg C X,

which fit together as outlined in Section 2.1.1 (and as illustrated in Figure 2, right).

We would like to generalize the approach in Section 2.3.2, specifically Equation (2.3.1).
For this, we need a replacement for the group H.(Xy, Xy \ X). To construct such a
replacement, we would like to “glue together” Co(Xq, Xo \ Uy) and Co(Xg, Xg \ Up)
along C,(Xyg. Xy \ Uyp) (as remarked earlier, it is easier to glue together these
complexes rather than glue together the corresponding spaces). The resulting complex
should calculate the Cech cohomology of X (by some version of Poincaré duality) and
also have a natural map to C,(Eq @ Eg, Eq ® Eg \ 0). If we can construct a complex
with these two properties, then we can define the virtual fundamental class just as in
(2.3.1). This complex we construct will be called the virtual cochain complex.

Remark 2.3.3 The complex Ciim x,,—e(Xa, Xo \ Uy) calculates PVIC‘(UO,), and the
map sx: Co(Xg, Xo \ Uy) = Co(Eq, Eq \ 0) should be thought of as the chain-level
“local virtual fundamental cycle” [X]¥r € H3mXe=dimEa (7 )V which we would like

to glue together into the global virtual fundamental cycle.
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Remark 2.3.4 Technically speaking, it is very important to have a uniform functorial
definition of the virtual cochain complexes (one which does not require making any
extra choices).

As a first try towards gluing the desired complexes together, let us consider using the
mapping cone of the chain map

nisz' @lenlsy' @) CdimXo—e(Xa, Xo \ Ua)
(23.6) Caim Xup—o(Xap Xap \ Unp) ®
CdimXB—o(Xﬂv Xﬂ \ Uﬂ)

where the maps are intersections of chains with the (transversely cut out!) submanifolds
sEl (0) and s, 1(0) of Xop - There is the question, though, of how these maps are to
be defined on the chain level. There are various direct ways to define these maps,'°
however (at least when attempted by the author) the multitude of “choices” one has to
make invariably leads to a big mess.

As a second try, let us try to glue together the complexes

(237) CdimXaﬁ—o(XO! X Eﬂv [XO! \ UO!] X Eﬂ),
(2.3.8) Ciim Xop—e(Ea X Xg, Eq x [Xg \ Ug]),
(2.3.9) Cim Xgq5—e(Xap» Xap \ Unp).

This should let us let us avoid the cap-product maps (since there is no “dimension
shift” between these complexes). Each of these complexes has a canonical map to
Clim Xop—e(Ea ® Eg, Eo ® Eg \ 0), but it is not clear how to glue them together in a
manner compatible with this map. In particular, there is no reason for there to exist
commuting diagrams:

Ua,aﬂ X Eﬂ _— Xaﬂ E, x Uﬂ,a'g _— Xotﬂ
(2.3.10) \ / \ /
Sqo Did Sap id®sg SapB
Eq® E/; Ey® Eﬂ

Moreover, it is technically very inconvenient (functoriality of the construction is a
mess) to have a complex which depends on a choice of maps (2.3.10) (even if this turns
out to be a contractible choice, and thus morally irrelevant).

100ne could use very fine chains, do a (chain-level) cap product with a choice of cochain-level Poincaré
dual of the relevant submanifold and then project “orthogonally” onto the submanifold. Alternatively, one
could just use “generic” chains (or perturb the chains) so they are transverse to the submanifold, and then
triangulate the intersection in a suitable way.
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As a third try (which ends up working nicely), let us consider the following “deformation
to the normal cone”:

(2.3.11)  Yap :={(ea.€p.1,x) € Ea x Eg x[0,1] X Xy |

Sa(X) =1-eq, sg(x) = (1—1)-eg}.
We think of Y,g as a family of spaces parametrized by [0, 1] (via the projection
Yop — [0, 1]). Observe that if 7 € (0, 1), then ey, eg are determined uniquely by x.
Therefore, over the open interval (0, 1), we see that Y,g is a trivial product space
Xop % (0,1). Over the point ¢ = 0, though, the fiber is Ey x Ug o, Which is the
“normal cone” of the submanifold Ug o € Xop cut out (transversally!) by the equation

sq = 0. Similarly, over the point 7 = 1, the fiber is Uy o X Eg. Also observe that
Yyp is a manifold by the submersion axiom.

Now we consider the mapping cone of
CdimXag—-(Ua,(xﬂ XEﬂ, Ua,aﬁ XEﬁ \ Uq x0)
(2.3.12) 2]
Caim Xop—e (EaXUp op, Ea xUp g \ 0xUp)
CdimXaB—o(Xa xEg, XoxEg \ Uyx0)
@
— Cdimeg—o(Y(xﬂv Yaﬂ \ 0x][0, I]XUaﬂ)
@
Ciim Xop—e(Ea x X g, Eo xXg \ 0xUp)

The maps are simply pushforwards along the maps of spaces (with appropriate signs)

(2.3.13) Uyop X Eg — Xo X Eg,
(2.3.14) Uy,ap X Eg > Yyp (isomorphism onto ¢ = 1 fiber),
(2.3.15) Eo xUgap = Yop (isomorphism onto ¢ = 0 fiber),
(2.3.16) EqxUgapg — Eq x Xg.

There is also an evident map from (the mapping cone of) (2.3.12) to
Cu(Eq ® Eg, Eq ® Eg \ 0)

(namely pushforward on the three factors on the right-hand side and zero on the left-hand
side).

Now to complete the definition of the virtual fundamental cycle of X using the mapping
cone of (2.3.12), we need an argument to show that its homology is canonically
isomorphic to the Cech cohomology of X (a sort of Poincaré duality isomorphism).
We discuss this next in Section 2.3.5.
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2.3.5 Homotopy K-sheaves in the theory of virtual fundamental cycles As we
have already mentioned, the central objects we use to understand virtual fundamental
cycles are the virtual cochain complexes CJ, (X A) (for example, the mapping cone
of (2.3.12) plays the role of the virtual cochain complex in Section 2.3.4). A crucial
ingredient in this approach is an isomorphism

(2.3.17) H: (X:A) = H*(X).

In Section 2.3.2, where we used C.(X: A) := Cim x4 —o(Xo. Xo \ X), this isomor-

phism was simply (a strong form of) Poincaré duality.

Let us now discuss our general approach to the isomorphism (2.3.17), which we think
of as a generalized form of Poincaré duality. An efficient approach (in fact, the only
approach known to the author) to constructing this isomorphism is through the language
of homotopy K-sheaves, and so this is the way we present it. We develop the necessary
sheaf-theoretic foundations in Appendix A, so the reader may also wish to refer to that
section for more details.

As an introduction to the language of sheaves and homotopy sheaves, let us first use
it to give a proof of ordinary Poincaré duality (in fact, a strong version for arbitrary
compact subsets of a manifold).!! The following argument appears in full detail in
Lemma A.6.4.

Fix a closed manifold M of dimension n. For any compact subset K € M, let F*(K)
denote the complex C,,_.(M, M \ K). This object F* is a K—presheaf'? of complexes
(or complex of K—presheaves) on M , which just means that we have natural maps
F*(K) — F*(K’) for K 2 K’, which are suitably compatible with each other. Now
F* satisfies the following key properties:

(i) F* is a homotopy K—-sheaf The total complex of the double complex
(2.3.18) F(K1UKy) —» F(K1) DT (Kz) — T (K1 NK»)

is acyclic. This is essentially a restatement of the Mayer—Vietoris exact sequence.

(i) F*ispureand H%F* =0y, Thehomology of F*({p}) (ic Hy—.(M, M\ p))
is concentrated in degree zero, where it can be canonically identified with the
fiber of ops (the orientation sheaf of M) at p e M.

11 Ap easier proof (using the fact that Cech cohomology satisfies the “continuity axiom”) is available if
M has a smooth structure (along the lines of [68, pages 887-888, Lemmas 3.1 and 3.3]). This approach
does not seem to apply to the more general setting we need to treat here.

12The prefix “K—" indicates sections are given over compact sets instead of open sets. For technical
reasons, it is more convenient to work with K—presheaves rather than presheaves, though at the conceptual
level, the reader may safely ignore the difference.
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(The precise notions of a homotopy K—sheaf and of purity are given in Definitions
A.2.5 and A.5.1; in the above statements they have been simplified for the sake of
exposition.) A formal consequence (Proposition A.5.4) of the fact that F* is a pure
homotopy K—sheaf with H?J* = 0y is that there is a canonical isomorphism

(2.3.19) Hy_i(M,M\K)=H F(K)= H (K;op).

Specializing to K = M , we have derived the Poincaré duality isomorphism H,—; (M) =
H'(M:op).

This argument generalizes as follows to prove the isomorphism (2.3.17). For the sake
of concreteness, let us take C (X: A) to be the mapping cone of (2.3.12), though
the general case is not much different. First of all, we observe that there is a natural
complex of K—presheaves F* on X whose complex of global sections is C; (X; A).
Namely, to get F°*(K) we simply replace every occurrence of Uy, Ug, or Uyg in
(2.3.12) by its intersection with K. Now J* is a homotopy K-sheaf (extensions of
homotopy K—sheaves are homotopy K—sheaves by Lemma A.2.11, and each of the
individual complexes appearing in (2.3.12) gives a homotopy K-sheaf by Mayer—
Vietoris). To prove that F* is pure and to identify its H°, we can calculate H'F*({p})
using a spectral sequence which degenerates at the E, term (this is the argument in
Lemma A.8.2). It is this second step where it matters that we glued the complexes
together “correctly”. Since F* is a pure homotopy K—sheaf and we have identified
its H, this gives the desired isomorphism.

Let us also mention that the fact that the virtual cochain complex C, (X; A) is naturally
the complex of global sections of a homotopy K—sheaf on X plays a key role in proving

other crucial properties in addition to (2.3.17).

2.4 Floer-type homology theories

In this section, we introduce the basic ideas needed to apply our methods to construct
Hamiltonian Floer homology in the setting of non-degenerate periodic orbits and
non-transverse moduli spaces of Floer trajectories. A toy example of the same flavor
(which we mention only for the sake of analogy) is the problem of defining Morse
homology from a Morse function with gradient-like vector field which is not necessarily
Morse—Smale.

The methods developed thus far (the VFC package and the framework for constructing
implicit atlases) are robust in that they apply to moduli spaces of Floer trajectories
without much modification. The main task is to add a layer of (rather intricate) combina-
torics and algebra to properly organize together the information they yield. Essentially
what we must do is execute the key diagram (1.3.1)—(1.3.2) on the chain level.
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We approach the problem in two logically separate steps. In Section 2.4.1, we describe
the implicit atlases we put on the moduli spaces of Floer trajectories. In Section 2.4.2,
we describe how to use the VFC package to define Floer-type homology groups from
an appropriate abstract collection of “flow spaces” equipped with implicit atlases.

2.4.1 The system of implicit atlases We describe the “compatible system of im-
plicit atlases” we put on the moduli spaces of Floer trajectories relevant for defining
Hamiltonian Floer homology. For the sake of exposition, we will imagine we are in an
artificially simplified setting (the reader may refer to Section 10 for the full details).

We assume there are just three periodic orbits p < g < r (ordered by action). Hence
there are just three moduli spaces we have to deal with: M(p, q), M(q, r), and M(p, r)
(which are all compact). There is a single concatenation map

24.1 JVE(p, q) X JV[(q, r)— J\_/E(p, )

and it is a homeomorphism onto its image. We describe the construction of implicit
atlases ((i)—(iv) below) which are enough to provide a robust notion of “coherent system
of virtual fundamental cycles” with which we can define Floer homology.

The moduli spaces M(p.q) and M(q, r) do not contain any “broken trajectories”.
There is thus a straightforward generalization of the construction in Section 2.2.2 by
which we may define:

(i) An implicit atlas A(p,q) on M(p.q).
(ii) An implicit atlas A(q,r) on M(q,r).

Now since M(p, r) contains the codimension-one boundary stratum M (p, ¢)xM(q, ),
we cannot expect to equip it with an implicit atlas in the sense of Definitions 2.1.1
or 3.1.1. Rather, we would like to equip it with an implicit atlas with boundary. Such an
atlas on a space X is given by the same data as an implicit atlas, except that in addition
we specify closed subsets dX7 € Xy for all / € A which are compatible with the 77,
and we modify the transversality axioms to assert that X;eg is a manifold with boundary
X, NX ;eg. In particular, there should already be a natural choice of 0X C X, which
in the present case is simply the definition dM(p, r) := M(p, q) x M(g, r). The notion
of an implicit atlas with boundary is formulated so that the natural generalization of
the construction in Section 2.2.2 defines:

(iii) An implicit atlas with boundary A(p,r) on M(p,r).

For this atlas, the closed subsets dX; € X; are simply the loci where the thickened
trajectory has a break at ¢.
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Of course, to have any reasonable notion of “coherent virtual fundamental cycles” for
the spaces M(-,-), we need to “relate” the atlases (i)—(iii). It turns out that there is a
natural way to do this “over M(p, q) x M(q, r)” which we now describe.

First, let us observe that (i) and (ii) naturally give rise to an implicit atlas on J\_/[( p.q) %
JT/E(q, r). This is a special case of a general observation: implicit atlases 4 on X and
A" on X’ induce an implicit atlas A LI A" (disjoint union of index sets) on X x X’,
simply by defining (X x X")jup =X XX }, . Hence there is a “product implicit atlas”
A(p,q)U A(g.r) on M(p.q) x M(q,r).

Second, let us observe that (iii) naturally gives rise to an implicit atlas on dM(p,r) =
M(p, q)xM(q, r). This is also a special case of a general observation: an implicit atlas
with boundary on X induces an implicit atlas (with the same index set) on dX , simply
by defining (0X); := dX7. Hence there is a “restriction to the boundary” implicit atlas

A(p.r) on M(p,q) x M(q.r).

Now, a good notion of “compatibility” between two implicit atlases A and B on
a space X is the existence of an implicit atlas on X with index set A U B, whose
subatlases A and B coincide with the given atlases. More importantly, this seems to
be the notion of compatibility which arises most naturally in practice (in particular,
there is usually a canonical choice for the atlas A LI B which does not depend on any
“extra choices”). Hence the final implicit atlas we need is:

(iv) An implicit atlas A(p,q) U A(g,r) U A(p.r) on M(p,q) x M(q,r) whose
subatlas A(p,q)U A(g, r) coincides with the “product implicit atlas” above and
whose subatlas A(p, r) coincides with the “restriction to the boundary” above.

This atlas (iv) is constructed essentially using the same ideas from Section 2.2.2,
however a few remarks are in order about its definition.

The thickened moduli spaces for the atlas (iv) are defined in the usual way, as moduli
spaces of broken Floer trajectories u: C — M x S! with some intersection conditions
with divisors Dy, satisfying a “thickened 5—equati0n”. Let us discuss these conditions
more precisely. The broken Floer trajectories in question are trajectories from p to r
broken at ¢, or, equivalently, a pair of trajectories, one from p to ¢ and one from
g to r. Let us denote the entire broken trajectory as u: Cp, — M x § 1. and let us
use Cp 4, Cy.r € Cp, to denote the closed subcurves representing the portions of the
trajectory from p to ¢ and from ¢ to r, respectively (so Cp, = (Cp g UCyr)/ ~,
where ~ identifies a point on Cp 4 with a point on C ;). Then the important points are:

(i) For thickening datums « € A(p, g) we require that (u|Cp,4) h Dy, and we label
the intersections with {1, ..., rq}, inducing a unique map ¢o: Cp,g — Co,24r, -
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(ii) For thickening datums o € A(g, r) we require that (u|Cg,,) th Dy, and we label
the intersections with {1,...,ry}, inducing a unique map ¢o: Cy,r — Co,24r, -

(iii) For thickening datums o € A(p, r) we require that (u|Cp ;) th Dy, and we label
the intersections with {1, ..., 7y}, inducing a unique map ¢q: Cpr — Co,2+4r, -

(iv) The thickened 5—equation we impose is still written in the form (2.2.4), though
the term Ay (eq)(@q, u) is defined to be zero outside the domain of ¢, (namely
Cp,q> Cq.r,or Cp,r, depending on whether o comes from A(p,q), A(q,r) or

A(p,r)).

A good exercise in understanding this definition is to check that the subatlases A(p, g)U
A(g,r) and A(p,r) are the “product implicit atlas” and “restriction to the boundary”,
respectively (this is just a matter of matching up definitions).

Remark 2.4.1 In theory, there is no way to go from a pair of implicit atlases A and B
on a space X to an implicit atlas A1 B on X whose subatlases A and B coincide
with the given atlases (and there is no uniqueness for atlases A LI B with this property).
However, in practice there is often a natural choice of such an atlas, which moreover is
essentially the only reasonable choice. The atlas (iv) is a good example of this.

The main ideas necessary to define the compatible system of implicit atlases in the
general case are all present above; the only real difference is that there are more moduli
spaces and more atlases to keep track of.

2.4.2 Applying the VFC package We now explain how to use the VFC package
to define homology groups from a system of moduli spaces (equipped with implicit
atlases) such as appear in a Morse-type setup. The extra complicating factor in this
construction (compared with constructing virtual fundamental classes) is that we must
make “coherent” choices for each moduli space (ie choices with certain compatibility
properties with respect to the maps between moduli spaces). Such choices give rise
to “counts” for the O—dimensional moduli spaces and thus to a differential. Thus we
must show that such choices always exist and that the resulting homology groups are
independent of this choice.

In our presentation here, we make a number of simplifying assumptions (which we
try to point out when relevant) for the sake of exposition. The full details appear in
Section 7.

Let us begin by fixing some notation. We fix a finite set P (the “set of generators”)
equipped with a partial order < and a grading gr: P — Z. For all pairs p < ¢ in P,
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we fix a compact Hausdorff space X(p, g) (the “space of broken trajectories from p
to ¢”). These spaces X(p, q) are also equipped with “concatenation maps”

(24.2) X(p,q)xX(g,r) = X(p,r)
which satisfy some natural properties, in particular associativity.

We call such a pair (P, X) (when defined precisely) a flow category. This terminology
is due to Cohen, Jones and Segal [14], who used it to mean something closer to what
we prefer to call a Morse—Smale flow category, namely a flow category in which
every X(p,q) is a manifold with corners of dimension gr(g) — gr(p) — 1 in a manner
compatible with the concatenation maps (2.4.2). The basic example of a flow category
is the flow category of a Morse function: P is the set of critical points, and X(p, q)
is the space of (broken) Morse trajectories from p to ¢; if the Morse function is
Morse—Smale, then this flow category is Morse—Smale.

Given a Morse—Smale flow category (P, X), one can construct a map d: Z[P] — Z[P]
by counting those X of dimension 0, and one can prove that ¢2 = 0 by considering
those X of dimension 1. Our goal is to generalize this construction to flow categories
equipped with implicit atlases (meaning the spaces X(p, ¢) carry suitably compatible
implicit atlases with boundary, with dimension gr(g) — gr(p) — 1). Specifically, let us
assume that we have fixed implicit atlases A(p, g) on X(p,q) and that

A(p,q) U A(g,r) = A(p,r)

forall p<g<re?P.

Remark 2.4.2 There are many different choices for what one could mean by a “com-
patible system of implicit atlases” A(p, g) on the spaces X(p,q). For the sake of
exposition, we have chosen here the structure for which it is easiest to apply the VFC
package. In the actual construction in Section 7, we use the structure which is the
easiest to construct in practice (via the natural generalization of Section 2.4.1). As a
result, various complexes that here coincide are only canonically quasi-isomorphic in
Section 7. Basically, this means that in Section 7, we will have to take lots of homotopy
colimits to make certain maps well-defined on the chain level. A systematic use of
oo—categories of complexes would tame the resulting explosion of notation, at the cost
of relying on that more abstract language/machinery.

We now review what the VFC package gives to us for a flow category (P, X) equipped
with a compatible system of implicit atlases. For a space X equipped with an implicit
atlas with boundary, the VFC package provides virtual cochain complexes C (X rel 0)
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and C? (X) (defined using the ideas from Section 2.3). Moreover, giving dX the

vir
“restriction to the boundary” implicit atlas, there is a natural map

(2.4.3) C:19X) > C2 (X rel )

vir vir

whose mapping cone is C* (X) (by definition). There are canonical isomorphisms

vir

24.4)
(2.4.5)

H (X))~ H* (X:o0x),
> (X reld) = H (X:0xre1d)

VlI'

where oy is the “virtual orientation sheaf” of X . There is also a map

(2.4.6) * (X 1el ) 2> Ciim E4—o(E4, E4 \ 0)

v1r

(which, when combined with (2.4.5), can be thought of as pairing against the virtual
fundamental cycle of X). Now, there are also product maps

247 C;.(X(p,q)rel d) ® Cy..(X(g, r)rel ) — Ci . ([X(p, q) x X(g.,r)]rel 9),
which, when combined with the concatenation maps (2.4.2), induce maps

(2.4.8) Cyi(X(p, ) rel 9) ® Cy (X(g, r) rel 3) — CJ . (0X(p, r)).
From construction, it is clear that the diagram

Co (X (p, q) el ) ® Co(X(g, r)rel ) — 2y €2 (9X(p, 1)

(2.4.9) ls*@’s* ls*

C. (Efl(p,q)’ EA(p,q)\O)

C.(E.A ,r)» EA s \0)
®C°(Eﬂ(q,r)» EA(q’r)\O) (p r) (P r)

commutes, where the bottom map is simply the cartesian product on chains (recall that
A(p,r) = A(p,q) UA(g, ).

Now, let us describe the construction of a boundary operator d: Z[P] — Z[P] given
the flow category (P, X) and its system of implicit atlases. To define d, we need to
choose:!3

(i) Chain-level coherent orientations Cochains A(p,q) € C\gr(DC( p,q)rel d) sat-
isfying the following property. Define

(2.4.10) p(p.r):= Y Ap.q)-Mg.r) € CLEX(p.r)

p=g=<r

13That these should be contractible choices is suggested by the Dold—Thom—Almgren theorem [4; 37,
page 430].
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(where we implicitly use (2.4.8) on the right-hand side). We require that
dA(p,r) equal (the image under (2.4.3) of) u(p,r). Thus (u(p,r),A(p,r))
defines a cycle in the mapping cone of (2.4.3), and thus a homology class in
Hv({r(f)C(p, r)) = I:IO(T)C(p, r), 0x(p,r)) (by (2.4.4)). We require that this homol-
ogy class coincide with the (given) orientation on X(p, r).

(i) Thom cocycles Cocycles

[Eap.gl € CM™ Baw.ar (Ea(p.g): Eap.g) \ 0)

whose pairing with [E4(p, )] is 1 and which are compatible in the sense that
the following diagram commutes:

C(Ea(p.g): Eatp.a) \ 0)
® CO(EA(q,r)v EA(q,r) \O) — C, (Eﬂ(p,r)s EA(p,r) \0)

[[Eﬂ(p.q)]]‘x’[[EA(q.r)]]l
7 [[Eﬂ(pwr)]]

Given such choices, we define the boundary operator d: Z[P] — Z[P] to have “matrix
coefficients” [E4(p,q)(sxA(p.q)). One can show that d? =0 by using dA(p,q) =
w(p,q) and the compatibilities (2.4.9) and (2.4.11).

(2.4.11)

Let us now sketch the proof of the existence of A and [E] as above. We will work
by induction on (p, g); that is, we show that valid A(p, q) and [E4(p, 4] exist given
that we have fixed valid A(p’,¢’) and [E 4(p 4] forall p < p’ < ¢’ < g (other than

(»'.q4") = (p.9)).

To construct A(p, q), argue as follows. Notice that u(p, g) is automatically a cycle
(apply (2.4.10) to expand its boundary and everything cancels). Now from a general
statement about cycles in mapping cones, the existence of A(p, q) inducing the correct
homology class in Hvoir(DC(p, q)) = I-VIO(DC(p, q); 0%(p,q)) reduces to showing that the
homology class

[1(p.q)] € HO.(0X(p. q)) = H°(9X(p, ). 09x(p.q))

is correct (namely, that it coincides with the image of the desired class under the
coboundary map I-VIO(DC(p, q);9%(p,q) — ﬁO(SX(p, 4),99x(p,q)))- The key observa-
tion is that this can be checked locally since 0yx(p.q) 1 @ sheaf. Over the top strata
of dX(p, q) (that is, those trajectories that split only once), the agreement is clear by
the induction hypothesis on A and the compatibility of the given coherent orientations.
Unfortunately, the top strata may not be dense in dX(p, q), so we need to work harder
(see Proposition 6.2.3). In the end, we must use the induction hypothesis for all

AP q).
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To construct [[E 4(p, ], argue as follows. First, observe that the “homology diagram”

Ho(En(p.g): Eatp.g) \ 0)
02y HO(EA(q,r)a EA(q,r) \0) — HO(EA(p,r)’ EA(p,r) \0)

[EA(p,q)]®[EA(q.r)]'_’1l
7 [Eap.mn]—1

trivially commutes. If the horizontal map in (2.4.11) were a cofibration (think “injec-
tive”) in a suitable sense, then the commutativity of (2.4.12) would be sufficient to
imply the existence of [E 4(p,,)]]. Unfortunately, it is far from clear that this map is a
cofibration; moreover, its failure to be a cofibration is a genuine obstruction to defining
[E4(p,»] inductively. For the correct inductive construction, we must use “cofibrant
replacements” for the system of complexes Co(E 4(p,q): EA(p,g) \ 0) (the details of
which we leave for Section 7).

(24.12)

Finally, we should argue that the homology groups defined via a choice of (A, [E])) are
in fact independent of that choice. For this, we use the usual strategy of constructing a
chain map between (Z[P],d) and (Z[P],d’) for any d and d’ arising from (A, [E])
and (A/,[[E])) respectively (plus appropriate chain homotopies). To construct such
a chain map, we use a similar inductive procedure, starting from the base choices
(A, [E]) and (A/,[[E]). Note that for this argument for independence of choice to
work, the inductive nature of our construction is crucial.

2.5 S1]ocalization

We now explain our strategy for proving S !—localization results for virtual fundamental
cycles. The full details of our treatment appear in Section 8.

The most basic setting in which our results apply (and are interesting) is that of a free
S1_space X (ie a space with a free action of S!) equipped with an S!—equivariant
implicit atlas A. Such an atlas is simply an implicit atlas where all the thickenings Xy
are equipped with an action of S so that the functions ¥ are S'—-equivariant and
the functions s; are S!—invariant. This last point bears repeating: S! does not act on
the obstruction spaces Ej (or, alternatively, it acts trivially on them).

In the above setup, our S '—localization result states that .[X]" = 0, where 7: X —
X/S1 is the quotient map and 7y: H*(X)Y - PVI'(X/S 1)V is the dual of the pullback
a*: I—VI'(X/SI) — I-VI'(X). Observe that 74 is an isomorphism for ¢ = 0 (since S!
is connected), hence this implies that if the virtual dimension d of X is zero, then
X" =0.
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One should expect this result to be true if one believes that one can choose a “chain
representative” of [X]''" which is S!—invariant (as the pushforward of such a chain
representative is clearly null-homologous). For instance, in the perturbation approach,
this result would follow if one could construct S!—invariant transverse perturbations.
Conversely, one can interpret our vanishing result 7,[X]"' = 0 as a sense in which
our [X]V"" is S!—invariant at the chain level.

Remark 2.5.1 A natural strategy for proving S !—localization results is to consider
X7/S?' as forming an atlas on X/S! of virtual dimension one less, and then “pulling
back” to X the virtual fundamental cycle on X/S! (this is the approach taken by
Fukaya, Oh, Ohta and Ono [33; 31]). In the general setting where the S!-action
is merely continuous, the implicit atlas on X does not induce an implicit atlas on
X/S! because of the existence of free S!'-actions on topological manifolds whose
quotients are not manifolds,'# though we still consider this “quotient implicit atlas” in
spirit. This extra generality is convenient, since it means we do not need to construct
an S'-equivariant gluing map (providing the local slice necessary to show that the
“quotient implicit atlas” exists).

Let us now prove our assertion 4 [X]*'" = 0 in the simple case of a single chart (for
which we defined [X]"' in Section 2.3.2). In this case, the implicit atlas 4 = {a}
consists of a topological manifold X, , a function sy: Xo — Ey, and an identification
X = 5,1(0). This atlas being S'-equivariant means that X, is equipped with an
S-action for which s, is S!-invariant and which induces the given action on X . The
desired statement follows from the following diagram, as we explain below:

. 1 o)y 1,81
HY(X/S') — Hy g 1 (Xa, Xg \ X) == HJ o (Eq, Eo \0)

b ¥ :

(Sar) =

) [Eql—1
Hd(X) e HdimEa(Xa, Xa \X) —_— HdimEa(Ea, Eq \0) — Z
The map 7* is pullback under 7: X — X/S!. The maps 7' are the maps from the
Gysin long exact sequence for an S '—space:

(2.5.1) S S () 2 S () S HS ) s

14Such an action may be constructed out of any non-manifold X for which X x R is a manifold
(namely the obvious action on X x S1). Many examples of such spaces are known, the first being due to
Bing [9]; see also Cannon [11].
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The two leftmost horizontal identifications are a form of Poincaré duality (which can
be proven, along with the commutativity of the square, with homotopy K—sheaves as
in Section 2.3.5); it is at this step where we use the fact that S! acts freely on X .

Now [X]"" is by definition the composition of the bottom row. Hence m,[X]"" is the
map from the upper left corner to the bottom right. On the other hand, the rightmost
vertical map ' HﬁrLEa—l(Ea’ Ey\0) - Hgim E, (Eq, Eq \ 0) vanishes since St
acts trivially on E. It follows that 7. [X]"" = 0 as desired.

To generalize this approach to arbitrary implicit atlases, we introduce “S !'—equivariant
virtual cochain complexes” which play the role of H cﬁ nln Ea—l(Xa’ Xo \ X) above.
Morally speaking, these S!—equivariant virtual cochain complexes play the role of the
virtual cochain complexes of the (non-existent; see Remark 2.5.1) induced implicit
atlas on X/S!. To define the S'—equivariant virtual cochain complexes, we use the
same definition as for the ordinary virtual cochain complexes, except with (shifted)
S 1—equivariant chains C.S_1 | in place of chains C,.

Remark 2.5.2 We do not construct an S !—equivariant virtual fundamental class, nor
do we address S!—localization for actions which are not free or almost free (having
finite stabilizer at every point). However, the machinery we develop could potentially
be used for these purposes; see Remark 8.6.3.

3 Implicit atlases

3.1 Implicit atlases

Definition 3.1.1 (Implicit atlas) Let X be a compact Hausdorff space. An implicit
atlas of dimension d = vdimg4 X on X is an index set A along with the following data:

(i) Covering groups A finite group I'y forall @ € A (let I'7 := [, 7 Ta)-
(i) Obstruction spaces A finitely generated R[Iy]-module Ey for all « € A (let
Ep:= @oge] Eq).
(iii)) Thickenings A Hausdorff [';—space X; for all finite / C A, and a homeomor-
phism X — Xg.

(iv) Kuranishi maps A ['y—equivariant function sy: X7 — E, forallae I C A
(for I € J,let s;: Xy — Ej denote P, c; Sa)-

(v) Footprints A I'y—invariant open set Ury € Xy forall I € J C A.

(vi) Footprint maps A I'j—equivariant function ¥77: (s7\7|X 7)~10) = Uy for
all I CJ C A.

(vii) Regularlocus A I'y-invariant subset X, C X, forall / C 4.
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These data must satisfy the following “compatibility axioms™:

() Yryvsk = ¥k and ¥ =id.

(i) sryrr =sr.
(i) Upy, NUpy, =Ur 00, and Upp = X7
(v) ¥ (Uik) = Uk N (sy\|X )71 0).1°

(v) Homeomorphism axiom The map (sj\7|X 7)~H0)/T J\1 — Uy induced by
Y17 is a homeomorphism.

They must also satisfy the following “transversality axioms™:
vi) Y (XF) C XTE

(vii) T'y\s acts freely on WI_JI (X;eg).

(viii) Openness axiom X,* C X, is open.

(ix) Submersion axiom The map s;\;: X; — Ej\; is locally modeled on the
projection RE+HAmE; y RdmEy\; _, RAMES\ gyer WI_Jl (X;eg) cX;.

(x) Covering axiom Xg =J;c4 Vor((s11X;%)71(0)).

Remark 3.1.2 The VFC machinery in this paper would go through admitting a slight
weakening of the axioms of an implicit atlas. For example, we only ever use the fact
that the openness and submersion axioms hold in a neighborhood of (s7|X7)~1(0).
We will not make this precise here, however, since the constructions of implicit atlases
we know of would not be made any easier by such a weakening of the axioms.

Definition 3.1.3 (Smooth implicit atlas) A smooth structure on an implicit atlas
consists of a smooth structure on each X}eg such that:

reg

(i) I’y acts smoothly on X;™=.
(i1) sy is smooth over X;eg.
(iii) sy\s: Xy — Ej\7 is a smooth submersion over ¥} (X, ).

(iv) s is alocal diffeomorphism over wl_Jl (X;eg).

Remark 3.1.4 The VFC machinery in this paper applies to implicit atlases (without a
smooth structure), though the notion of a smooth implicit atlas may be useful for other
applications of implicit atlases.

15 Added in proof: Abouzaid recently pointed out that this axiom is superfluous; it is implied by the
other axioms.
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Remark 3.1.5 (Using finite / — A instead of finite / € A) An implicit atlas
consists of data parametrized by the category of finite subsets of A (objects: finite
subsets, morphisms: inclusions). A direct modification of the definition allows one to
instead use the category of finite sets over A (objects: finite sets I — A, morphisms:
injective maps I — J compatible with the maps to A). In fact, all constructions of
implicit atlases we know of yield implicit atlases in this generalized sense. We won’t
need this generalization in this paper, but let us point out some reasons why it may be
useful to keep in mind.

With the definition as it stands now (using finite subsets of A), we can “pull back” an
implicit atlas along any injection B — A. If we instead use finite sets over A, then we
can pull back an implicit atlas along any map B — A (in fact, we can pull back along
any coproduct-preserving functor from finite sets over B to finite sets over A, which
amounts to the specification of a finite set /g — A for all 8 € B). Also, in the category
of finite subsets of A we can only take the disjoint union of subsets which are already
disjoint; however in the category of finite sets over A there exist arbitrary abstract
finite disjoint unions. This allows some extra (though currently unneeded) flexibility in
certain constructions, since we do not need to ensure certain sets are disjoint or that
certain maps are injective.

Using the category of sets over A is also the natural perspective to take if we wanted
to allow A to be a groupoid instead of a set (then an object is a finite set / along with
a collection of objects {«;};cs of A, and a morphism (/,{;}ier) = (J,{tj}jey) is
an injection j: I < J along with isomorphisms a; = «;(;) in A).

3.2 Implicit atlases with boundary

Definition 3.2.1 (Implicit atlas with boundary) Let X be a compact Hausdorff space
together with a closed subset denoted dX C X . An implicit atlas of dimension d with
boundary on X consists of the same data as an implicit atlas, except that in addition we
specify a I'7—invariant closed subset dX; € X7 for all / C A, such that 0Xg = 0X .
We add the following “compatibility axiom”:

(i) ¥ 0Xp) = (sp\710X7)7H0).

We also modify one “transversality axiom™:

(ii) Submersion axiom We allow an additional local model

R>OXRd+dimE1—l deimEJ\] _)]RdimEJ\]’

and 90X ;eg cX Seg must correspond to the boundary of the local model.
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Remark 3.2.2 Just as a manifold is a special case of a manifold with boundary,
an implicit atlas is a special case of an implicit atlas with boundary (namely where
0X; =@ forall I).

Definition 3.2.3 (Restriction of implicit atlas to boundary) Let X be a space with
implicit atlas A of dimension d with boundary. Then this induces an implicit atlas A
(the same index set) of dimension d — 1 on 0X, simply by setting (dX); := dX; and
restricting the rest of the data to these subspaces.

4 The VFC package

In this section, we develop the VFC package, which is the algebraic machinery we
will apply in later sections to work with virtual fundamental cycles. The reader should
be comfortable with the material from Appendix A, where we recall and develop the
necessary foundational language of sheaves and homological algebra.

Convention 4.0.1 In this section, we work over a fixed ground ring R, and everything
takes place in the category of R—modules. We restrict to implicit atlases A for which
#I'y is invertible in R for all o € A.

Let us now introduce the formalism of our VFC package.

For any space X equipped with a finite locally orientable implicit atlas A of dimension
d with boundary, we define virtual cochain complexes CJ, (X ; A) and CJ, (X rel 9; A).
We construct canonical isomorphisms

(4.0.1) H: (X:A) = H*(X:ox).
(4.0.2) H? (X reld; A) => H*(X:0xe19)
(Hg,. denotes the cohomology of Cy,.) for certain virtual orientation sheaves ox and

0x re19 On X . There is a canonical map

4.0.3) CIF* (X 1el 8; A) > Cyim Eg—e(Eas Ea \ 0: 0% )14

vir
which can be thought of as the (chain-level) virtual fundamental cycle.

To study the virtual cochain complexes (in particular, to construct the isomorphisms
(4.0.1)-(4.0.2)), we define complexes of K—presheaves on X

(4.0.4) K> C:(K: A),

vir

(4.0.5) K~ C: (Kreld; A)

vir
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whose global sections are the virtual cochain complexes.!® 17 We show that they are
pure homotopy K—sheaves, and that there are canonical isomorphisms of sheaves on X
(4.0.6) HY(—: A) = oy,

4.0.7) 0 (—rel 3; A) = 0x re1 5.

The isomorphisms (4.0.1)—(4.0.2) then follow from Proposition A.5.4.

VlI‘

The fact that the virtual cochain complexes are the global sections of pure homotopy
K-sheaves with known H° will also play a key role in the applications of the VFC
package.

Another useful fact we prove here is that the isomorphisms (4.0.1)—(4.0.2) are compati-
ble with the long exact sequence of the pair (X, dX) in H* and a corresponding long
exact sequence of H, .

4.1 Orientations

Recall the notion of the orientation sheaf of a topological manifold (possibly with
boundary) given in Definition A.6.2.

Definition 4.1.1 (Orientation module of a vector space) Let E be a finite-dimensional
vector space over R. We let o = Hgim g (E, E \ 0) denote the orientation module
of E (afree R—module of rank 1).13

Definition 4.1.2 (Locally orientable implicit atlas) Let X be a space with implicit
atlas A with boundary. We say that A is locally orientable'® if and only if for every
I C A and every x € (s1 |X;eg)_1 (0), the stabilizer (I'7)x acts trivially on (oX;eg) x®o\él
(this action is always by a sign (I'7)x — {%1}). This notion is independent of the
ring R (due to our restriction that #I'y, be invertible in R).

Definition 4.1.3 (Virtual orientation sheaf ox of a space with implicit atlas) Let X be
a space with locally orientable implicit atlas A with boundary. Then there exists a sheaf
ox,4 on X equ1pped with I'7—equivariant isomorphisms 7, 0x,4 => oxree ® o) E
over (s7]X; 8)~1(0) for every I C A, which are compatible with the maps w 177 . We

16Note that this is a certain abuse of notation, as A is not an implicit atlas on K cX.

17Note that the map s« (4.0.3) is global; it does not exist on C; (Kreld; A) for K S X oron any
Cr(K;A).

18 According to the previous definition, we should really call this (0 )¢ (the stalk at 0 € E of the
orientation sheaf of £ considered as a manifold), though we do not anticipate this abuse causing any
particular confusion.

19This is analogous to the notion of an orbifold being locally orientable.
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call ox 4 the virtual orientation sheaf of X (it is unique up to unique isomorphism);
it is locally isomorphic to the constant sheaf R. We write ox for ox 4 when the atlas
is clear from context. We let 0y 019 := j1j *ox where j: X \ 0X — X.

4.2 Virtual cochain complexes C*

vir

(X;A4) and C; (X reld; A)

Definition 4.2.1 (Deformation to the normal cone) Let X be a space with finite
implicit atlas A with boundary. For I € J C A, we define

tq =0forae A\ I
X1.7.4:=14(e,t,x) € Eg ngo x X8| sa(x) = taey fora € J
W{aeA:la>0},J(x) € X;deA:ta>0}
The third condition ensures that we only deform to the normal cone of those zero sets
s;\l ;+(0) which are cut out transversally (/ "CI). Clearly (0X)r.7,4 € X1,7.4 is the
subset where x € 0X ;eg (the former being with respect to the restriction of A to dX).
There are compatible maps

“4.2.1) X],J,AXEA/\A%XI/,J/’A/ for ICI’'cJ CcJCACA

given by 741 4 =0 and x — ¥/ s (x). For K C X, we let XIKJ 4 € X1,7,4 denote
the subspace where e = 0 and x € wg; (K). Note that I'4 acts on X7 s 4 (acting
on X;eg via the projection I'y — I'y and on Ey).

Remark 4.2.2 (Chains and cochains) We use C,(X) and C*(X) to denote singular
simplicial chains and cochains on a space X, respectively, and we use C,(X,Y) to
denote the cokernel of C,(Y) — C,(X) for Y C X (“relative chains”).

Let us also recall the “Eilenberg—Zilber map” Co(X) Q@ Co(Y) — Co(X xY) for spaces
X and Y, corresponding to the standard subdivision of A” x A™ into ('H,;m) copies
of A"*™ The Eilenberg—Zilber map is associative (in the sense that it gives rise to
aunique map Co(X)® Co(Y) ® Co(Z) = Co(X x Y x Z)) and commutative (in the
sense that the diagram

Co(X)® Cu(Y) — Co(X X Y)

4.2.2) l L

C.(Y)®Co(X) — C.(Y x X)

commutes for all X and Y ). We should point out that this commutativity fails for
some other common models of singular chains, for example singular cubical chains
(modulo degeneracies).
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Remark 4.2.3 (Independence of chain model) The particular choice of singular
simplicial chains is not particularly important. The virtual fundamental classes, etc,
resulting from our theory should be unchanged by using any other model of singular
chains. This independence would follow immediately (and all issues about finding
chain models with good chain-level functoriality properties would go away) if we set
up the VFC package using co—categories.

Definition 4.2.4 (Fundamental cycles of vector spaces) Let [ be a finite subset of
an implicit atlas A. We define

4.2.3) Cu(E: 1) := CaimE;++(Er. Er \ 0;0% ).

There is a canonical isomorphism H,(E; ) = R (concentrated in degree zero), and
we denote the canonical generator by [Ef] € Ho(E; ).

Definition 4.2.5 (Partial virtual cochain complexes C, (—;A4)7s and CJ, (—rel 9; A)1y)
Let X be a space with finite implicit atlas A of dimension d with boundary. For any
compact K C X, we define

(4.2.4) Cp(Kreld: A) 1y = Caaim Es—e(X1,0,4. X174\ X[y 4105 ),
4.2.5) Co(K;A)ps

Caydim Ea—1—+((0X)1,7,4, 0X)1,7,4 \ OX)KPUL; 0}, YT
= |

K .. v I
Ca+dimEs—o(X1,0.4. X1,7,4\ X[ 5 430F )4

It is clear that K — C>.

v (K:A)y and K — C,
K—presheaves on X .

vir

(K rel 9; A)yy are both complexes of

There are canonical maps

(4.2.6) Co(Kreld; A)ry — Cy (K A) 1y,
4.2.7) Cote(Xreld: A) g 2> C_u(E: A),
(4.2.8) Co(— Ay —>Co(— Ay forIcI' cJ cJ

((4.2.7) is induced by the projection X7 y 4 — E4, and (4.2.8) is induced by (4.2.1)
with A = A’). These are compatible with each other in that certain obvious diagrams
commute.

Definition 4.2.6 (Virtual cochain complexes C. (—; A) and CJ, (—reld; A)) Let X

be a space with finite implicit atlas A of dimension d with boundary. For any compact
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K C X, we define

4.2.9) s (K;A):= hocohm Co(K;A) 1y,

Vll'

s (Kreld; A) .= hocohm (O

vir

(4.2.10) (Kreld; A) gy,

v1r

where hocolimj ¢ yc 4 is the homotopy colimit (Definition A.7.2) over 24 with structure

maps given by (#I'j\j/)~ ! times (4.2.8). It is clear that K > C;.(K;A) and K —
* (K reld; A) are both complexes of K—presheaves on X .

v1r

There are canonical maps

4.2.11) * (Kreld; A) — C*

vir

(K; A),

v1r

(4.2.12) CAte(Xrel 9; A) 2> C_o(E: A)

vIr

(induced by (4.2.6)—(4.2.7)). More precisely, (4.2.12) is given by (4.2.7) onthe p =0
part of the hocolim and is zero on the rest.

Definition 4.2.7 (Maps C? (— A) — C2 (—; A’)) Let X be a space with finite

vir vir
implicit atlases A C A" with boundary. There are canonical maps
(4.2.13) Cor(= A1y ® C—o(E; A\ A) — (= ANy

for I CI'"CJ' CJ C AC A induced by (4.2.1) (of which (4.2.8) is a special case).
These are compatible with each other, and thus extend to the homotopy colimit over
I € J € A. Hence we get canonical maps

(4.2.14) Ch(—A)R®C_(E; A"\ A) = C:(— A
which are compatible with (4.2.11)—(4.2.12).

Note that all of the complexes defined here are free R—modules (this follows from our
assumption that #I',, is invertible in R) and that everything in sight is compatible with
base change ® g.S for ring homomorphisms R — §.

4.3 Isomorphisms H: (X;A) = H* (X;0x) (also rel d)

vir

Lemma 4.3.1 (C; (—; A);s are pure homotopy K-sheaves) Let X be a space

with finite locally orientable implicit atlas A with boundary. Then Cp (—; A)1s

vir

and C; (—reld; A);y are pure homotopy X—sheaves on X . Furthermore, there are

canonical isomorphisms of sheaves on X

(4.3.1) HY (= A) 1y = j1j *ox,

(4.3.2) HJ (—rel3: A) g = jij*ox reld-

where j: ViNVy— X for Vi .= ¥g1((sy |X;eg)_1(0)) C X (an open subset).
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Proof Applying Lemmas A.6.3 and A.2.11, we see that both CJ (—:; A4)yy and
* (—reld; A)yy are homotopy K—sheaves.

VlI'

Now let us calculate H (K: A)7y and H} (K reld; A)yy. It follows from the submer-
sion axiom that X7 j 4 is a topological manifold of dimension vdimy X +dim E4 +#/
with boundary (not necessarily second countable or paracompact).?® The boundary
0(X1,7,4) is a (not necessarily disjoint) union of two pieces, namely the locus where
x €dX rJeg (which is precisely (0X)z,7,4) and the locus where 7, = 0 for some o € .
It is easy to see that the first piece (0X)7, 7,4 € 9(X1,7,4) is a closed tamely embed-
ded codimension-zero submanifold with boundary. Hence we may apply Poincaré—

Lefschetz duality in the form of Lemma A.6.4 to see that

(4.3.3)  H:(Kreld; A) gy
— H°+#I(ww(1< NV NVy)x ]R>0, o]R ® oEJ ® eregrela)
(4.34) H:(K; A

= M (Y L (Knvinvy) xRL, o]R ®op, ® Oxree ) Ta

(the orientation sheaf of X7 s 4 is given by o X' Qog, ® O%J ® 0% ). Now we apply
the Kiinneth formula to conclude that

(4.3.5) Hj . (Kreld; A) g = H® (ng(K NVrNVy), OEJ & o re1a)
(4.3.6) Hy(K;A)y = Hc (1,0@](1( NVrnVy), OEJ ® OXrJeg) Ta

Since X is locally orientable, we have o & o\él = Y ;0x , SO We can write
(4.3.7) H; . (Kreld; A)py = H (wgJ(K NViNVy), ¥g0x o194
(4.3.8) He (K Ay = HX (W5 (KN VNV, vk ox)T™.
Now I'y4 acts through the projection 'y — I'y, and

Ve Y (KNViNVy) = KNV NVy
is exactly the quotient by I'y. Hence by Lemma A.4.9 we get isomorphisms

(4.3.9)
(4.3.10)

Vlr(K rel 0; A)[J = ;(K nNvinvy, UXrela)v
" (K; Ay = HXKNViNVy, ox).

VlI'

201y fact, it carries a natural structure of a manifold with corners, which for the present purpose is
mostly irrelevant.
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Now use Lemma A.4.7 to write this as

(4.3.11) Hy (K rel9; A)pg = H* (K., jij*ox e12).
(4.3.12) Hy (K: A)py = H (K. jij *ox).
Thus C (—: A)ys and C (—reld; A) 7y are both pure, and we manifestly have the

desired isomorphisms (4.3.1)—(4.3.2). O

Lemma 4.3.2 (Local description of isomorphisms Hvoir(—; A)ir = jrj*ox) Let X
be a space with finite locally orientable implicit atlas A of dimension d with boundary.

Consider the maps of complexes of X—presheaves on X
(4.3.13) C3(K: A
Cataim Ea—1—o(Ea\s X 0X[ 5, Eq\1 X (30X 2\ Y57 (K)); 0% )14

Catdim Eg—e(Eai X X775, Eqvy X (X 5\ Y51 (K)); OEA)FA

(4.3.14) C& (Kreld; A) g

vir
— Cypaim Ea—e(Eavt X X5 Eqv < (X 5\ Yg7 (K)): o) )14

(induced by the corresponding maps on spaces). These maps are quasi-isomorphisms,
and the isomorphisms (4.3.1)—(4.3.2) from Lemma 4.3.1 coincide with the Poincaré
duality isomorphisms for the complexes on the right above.

Proof Clear from the proof of Lemma 4.3.1. O

Proposition 4.3.3 (C, (—; A) are pure homotopy K-sheaves) Let X be a space
with finite locally orientable implicit atlas A with boundary. Then CJ, (—; A) and
C;.(—r1el 0; A) are pure homotopy K—sheaves on X . Furthermore, there are canonical

isomorphisms of sheaves on X
(4.3.15) Hy (= 4) = ox,
(4.3.16) HO (—rel 3; A) = oy e19-

vir
Proof This is a special case of Lemma A.8.2; we just need to make sure all of the
hypotheses are satisfied. The open cover in question is V := ¥ ((sy |X;eg)_1(0));
it follows from the axioms of an implicit atlas that V; N Vg C Vy for I € J C K
and V; N Vp C Vyyp forall I,1’. Now we just need to check that the system of
isomorphisms from Lemma 4.3.1 is compatible with the maps of the homotopy diagram.
These being maps of sheaves, it suffices to check compatibility locally (on stalks) and
thus is a straightforward calculation (this is where the extra normalization factor of
(#Ty\s/)~! in Definition 4.2.6 is important). m|
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Theorem 4.3.4 (Calculation of HJ ) Let X be a space with finite locally orientable

implicit atlas A with boundary. Then there are canonical isomorphisms

(4.3.17) H? (X:A) = H*(X;oy),
(4.3.18) H: (X reld; A) = H* (X 0x e15)-
Proof By Proposition A.5.4, this is a consequence of Proposition 4.3.3. |

4.4 Long exact sequence for the pair (X, dX)

In this subsection, we compare two long exact sequences for the pair (X, 0X), namely
the one in Cech cohomology and one coming from the virtual cochain complexes.

It follows from the definition that CJ; (K A); is the mapping cone of the obvious
map Cv'ir_1 (KNoX;A)ry — C.(Kreld; A)1y . Since homotopy colimit commutes
with the formation of mapping cones, we see that the same is true dropping the 1J

subscript. Hence there are natural maps

(4.4.1) o> CTYKNOX; A) > Co (K el d; A) —> C (K A) — -+

vir vir vir
and they induce a long exact sequence on cohomology.
Similarly, there is a sequence of sheaves on X which is exact on stalks:
4.4.2) 0— 0x 119 = 0x — ix09x — 0

(where i: X <> X). This induces a long exact sequence on Cech cohomology
(Lemma A.4.20). Note that H*(X;ix05x) = H*(0X;05x) (Lemma A.4.8).

Remark 4.4.1 To be slightly pedantic about orientations, it would be more precise to
say that C (—: A) =[C .(—N0X; A)®or — C;, (—r1el ; A)], where we identify og
canonically with the orientation line of the normal bundle of 8X;eg - X;eg. Also,
note that we should either say that the last map in (4.4.2) is odd or that it is really

ox — ix0yx ® or (and is even).

Proposition 4.4.2 (Compatibility of long exact sequences of the pair (X, dX)) The
following diagram commutes:
(4.4.3)

H.

vir

(X reld; A) w) H

vir

(X;A) (4.4.1) He

vir

0X: 4) D gl X rel 9; A)

vir
HThm 4.3.4 HThm 4.3.4 HThm 4.3.4 HThm 4.3.4

S @42) x. o @42) s~ oo @42) ~. .
H*(X;0x9) —— H*(X;0x) —— H*(0X;09x) —— H*T1(X;0xa19)
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Proof By the definition of the vertical identifications, the commutativity of the first
two squares of (4.4.3) reduces to the commutativity of the diagram of sheaves:

(4 4.1) (4 4.1)
v1r( rel 0; A) v1r(_ A) v1r(_ A)
“4.44) Prop 4.3.3 Prop 4.3.3 Prop 4.3.3
(4.4.2) @442 .
0X rel d 7 0x 7 Lx0jx

It suffices to check commutativity on stalks, and to do this, we can work with the
complexes on the right in Lemma 4.3.2, for which the commutativity is clear.

In fact, the commutativity of the last square of (4.4.3) is also a consequence of the
commutativity of (4.4.4). To see this, consider the diagram:

s (0X;A) < H*[C:H (X reld; A) — C

* (X:A4)] — HS (X reld; A)

v1r vir vir

Prop A.5.4 Prop A.5.4

H (aX v1r( i A)) Prop A.5.4 I:I._H(X
~ H* (X [HO, (~rel 3; A)[1] — HO\(—; A)]) ~

vir vir

H*(0X;0px) +—— H*(X:[oxmall] = ox]) ———— H*T'(X, 0x 1e15)

0 (—rel d; A))

v1r

The middle vertical arrow is defined because of the commutativity of the left square
in (4.4.4). The top left horizontal arrow is a quasi-isomorphism, and thus every left
horizontal arrow is a quasi-isomorphism. The bottom left square is commutative
because of the commutativity of the right square in (4.4.4); the other squares are
trivially commutative. Reversing the left horizontal arrows, we see that the outermost
square commutes, and this is exactly the last square in (4.4.3). |

5 Virtual fundamental classes

In this section, we use the technical results of Section 4 to define the virtual fundamental
class of a space with implicit atlas and derive some of its properties. We also show how
these properties can be used to calculate the virtual fundamental class in some special
situations (calculation directly from the definition seems prohibitively complicated
in all but the simplest of cases). The properties we prove here are sufficient for
some rudimentary purposes, and we think they at least demonstrate that the virtual
fundamental class we have defined is the “right” one.
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For more sophisticated applications than those considered in this paper, one would
certainly like to have more properties than those proven here. For example, one would
very much like to prove the expected formula for [X x3s Y]'" in terms of [X]'"
and [Y]V" (given some natural “fiber product implicit atlas” on X xj7 Y, where X, Y
are spaces with implicit atlases and M is a manifold).

Convention 5.0.1 In this section, we work over a fixed ground ring R, and everything
takes place in the category of R—modules. We restrict to implicit atlases A for which
#I'y is invertible in R for all o € A.

Remark 5.0.2 (Comparison of homology theories) There are (at least) three natural
“homology groups” which one can assign to a compact Hausdorff space X :

() Dual of Cech cohomology H*(X)V (V denotes dual, ie Hom(—, R)).

(ii) Cech homology H. (X) (the inverse limit of the homology of nerves of finite
covers).

(iii) Steenrod-Sitikov homology H,(X) (the homology of the homotopy/derived
inverse limit of nerves of finite covers; see Section A.9).

These are successively more refined, in the sense that there are natural maps

(5.0.1) H.(X)— Ho(X)—> H*(X)V.

If X is homeomorphic to a finite CW-complex, then there are natural isomorphisms
(5.0.2) H.(X)=H.(X), H.(X)=H.(X), H'(X)"=H(X)".

It follows that a virtual fundamental class in any of these groups can be used for all the
applications we are aware of. On the other hand, there are some potential advantages
to working with the more refined homology groups:

(i) H, and I—VI. retain torsion information.

(ii) H, and H, have a natural “extension of scalars” map for any map of rings
R—S.

(iii) H, has the expected long exact sequence for pairs of spaces.

We first define the virtual fundamental class as an element of H, (X)V (with appropriate
twisted coefficients) and derive some properties. At the end, we indicate how to define
a canonical lift to H,(X) by working at the level of the derived category.
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5.1 Definition

Definition 5.1.1 (Virtual fundamental class [X]"') Let X be a space with locally
orientable implicit atlas A of dimension d with boundary. Let B € A be a finite
subatlas (which exists by compactness). We consider the composite

4.2.12 E 1
GAD) HYT (X oy a) = HET* (X rel 9: B) 22 m_ (£ By 2274 R,

vir

where the equahty is the canonical isomorphism from Theorem 4.3.4. We thus get
a map H4 (X;0xre19) — R. Now suppose B C B’ are two finite subatlases. Then
the following diagram commutes (it suffices to check commutativity on stalks, and to
do this, we can work with the complexes on the right in Lemma 4.3.2, for which the
commutativity is clear):

Thm 4.3.4
0X rel 9 == HVOH( rel d; B)
<4.z.14>lx[EBf\B]

Ox ey 2223t HO (—rel 3; B')

vir

(5.1.2)

Hence the following diagram commutes (the first square following from (5.1.2), the
rest being clear):
(5.1.3)

HAF(X: 0y ) 2d34 grdte x e 9: By Y22 g (E; B) B8

vir

[EB]'—>1 R

H (4.2.14)lx[E3/\B] x[Epn Bl

Ep/
HAT* (X oy ) 22434 prd e x el 9. gy S22 g (g gy I3 R

vir

This shows that the maps HY (X:;0xre19) — R induced by B and B’ coincide. Since
any two Bj, By € A are contained in a third B; U B, C A, we see that the resulting
element

(5.1.4) (X147 € HY(X; 0x re19)”

is independent of B. We write [X]"I" for [X ]Vlr when the atlas is clear from context.

5.2 Properties

Lemma 5.2.1 (Passing to a subatlas preserves [X]V'") Let X be a space with locally
orientable implicit atlas A with boundary. If B C A is any subatlas, then [X ]Vlr [X ]V“.

Proof This follows immediately from the definition. O
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Lemma 5.2.2 (Shrinking the charts preserves [X]''') Let X be a space with locally
orientable implicit atlas A with boundary. Let A’ be obtained from A by using instead
some open subsets UIJ C Uy, X cC Xy, Xreg/ - Xreg and restricting V¥yy, Sy to
these subsets, so that A’ is also an 1mp11c1t at]as Then [X ]"lr [X ]le,r .

Proof We may assume that A is finite. Certainly there is a map C? (X rel9; A”) —

vir
C;.(X rel 9; A) which respects the map (4.2.12). Hence it suffices to show that the
diagram
H® (X rel 9; A') 22234 Fre (X 0y o)

vir

(5.2.1) l H

H® (X rel §; A) D434 fre( X0y 1)

vir

commutes, where the left vertical arrow is induced by the obvious pushforward on
chains. By definition of the isomorphisms above, it suffices to check commutativity of
the corresponding diagram of sheaves with ¢ = 0. This can be checked locally, where
it is clear. |

Lemma 523 ([XUY]" = [X]""&®[Y]'") Let X and Y be spaces equipped with
locally orientable implicit atlases with boundary, on the same index set A and of
the same virtual dimension. Let us also denote by A the resulting implicit atlas on
XUY (et (XUY)r:=XyuYr). Then A on X UY is locally orientable with

oxuy = (ix)«0x @ (iy)«0y and
[X L] Y]vir — [X]vir ey [Y]vir
in
H.(X uy; 0XLIYrelB)V = H.(X; UXrela)V S H.(Y; UYrela)v-

Proof We may assume that A is finite. There is a natural isomorphism

(5.2.2) * (X UYreld; A) = Co (X rel 8 A) @ C2 (Y rel 3; A)

Vlr Vlr vir

compatible with the map to C_,(E; A). Thus it suffices to show that the following
square of isomorphisms commutes:

(X UY reld; A) 22222 (X UY;oxuy rerd)

Vll’

(5.2.3) H ‘
H? (X rel 9; A) Thm 434 H*(X:0xe15)

vir

@ Hy, (Y rel d; A) ® H*(Y;0ye13)
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By definition of the horizontal maps, it suffices to check the commutativity of the
corresponding diagram of sheaves on X LI Y, which is clear. |

Lemma 5.2.4 (3[X]V'=[0X]"') Let X be a space with locally orientable implicit at-
las A with boundary. Then the dual connecting homomorphism § . H* (X:;0xe19)” —
H*"1(0X;05x)" sends [X]''" to [0X]".

Proof We may assume that A is finite. The map C% (3X; A) - C2H1(X rel 3; A) in

vir vir
(4.4.1) commutes with the maps from both of these groups to C;_,(E; A). Hence the
result follows from the commutativity of the last square in Proposition 4.4.2. O

Lemma5.2.5 ((0X — X)+«[0X]""=0) Let X bea space with locally orientable im-
plicit atlas with boundary. Then the pushforward map H;lr(ax 09x)Y = H*(X;0x)V
annihilates [0X]".

Proof The composition H* ' (X 0x9)Y — H*(0X:;05x)" — H*(X;ox)Y is
zero, and [0X]""" is in the image of the first map by Lemma 5.2.4. a

Lemma 5.2.6 (If X = X™¢ then [X|''" = [X]) Let X be a space with locally
orientable implicit atlas A with boundary. If X™ = X (so in particular, X is a
compact topological manifold with boundary of dimension d = vdimy X ), then [X ]Vlr
is the usual fundamental class of X .

Proof We may replace A with the finite subatlas @ € A. Now in this case, we have

(5.2.4) s (Kreld; @) =C. (Kreld; @) gy

VII' VlI'

=Ci-e(Xz.0,0. X2,0,5 \ Xg,z,z)
=Cy_.(X, X\ K).

It follows that the identification
H*(X; 0x 1) = H3i (X 1e19; @) = Hy—o(X)
is simply the usual Poincaré duality isomorphism, and the map
H_,(X)—> H_,(E;J)—> R

is the usual augmentation on Hy. Hence the composition H *(X;0xe19) — R is the
pairing against the usual fundamental class of X . O
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Remark 5.2.7 (Calculating [X]"'" using perturbation) The properties from this sec-
tion can be used to calculate the virtual fundamental class in the following sense.
Let us suppose we are given an “explicit” implicit atlas A on a space X. We may
always (for convenience) replace A by a subatlas and/or shrink the charts of A and the
virtual fundamental class is preserved (Lemmas 5.2.1 and 5.2.2). Now suppose we can
extend A to an implicit atlas with boundary on a space Y with dY = X U X’ where
X’ = (X')* (if A is a smooth implicit atlas, then such an extension is obtained if one
can “coherently perturb” the Kuranishi maps s, so they become transverse to zero).
Then X’ is a closed smooth manifold, and [X']V'' = [X] is the naive fundamental class
(Lemma 5.2.6). Now Y is a cobordism between X and X', so we have [X]"' = [X']
as homology classes in ¥ (Lemmas 5.2.3 and 5.2.5). This allows us to understand the
pushforward of [X]"'* under any map f: X — Z which extends continuously to Y.
We do not claim such perturbations always exist; an affirmative answer is provided in
very similar, though not identical, contexts by Fukaya and Ono [33], Fukaya, Oh, Ohta
and Ono [30; 31] and McDuff and Wehrheim [63].

5.3 Manifold with obstruction bundle

A natural “test case” (beyond Lemma 5.2.6 and Remark 5.2.7) for our definition of
the virtual fundamental class is that of the natural implicit atlas on a “manifold with
obstruction bundle” (the expected answer being the Poincaré dual of the Euler class).
More generally, there is a natural implicit atlas on the zero set of a section of a vector
bundle over a manifold (the “manifold with obstruction bundle” case is when the section
is identically zero), and again the expected answer is a type of Euler class.

In this section, we show that our definition of the virtual fundamental class indeed
agrees with this expected answer. To prove this, we use only the properties of the
virtual fundamental class from Section 5.2.

Definition 5.3.1 (Implicit atlas on the zero set of a smooth section) Let B be a
smooth manifold with boundary, let p: E — B be a smooth vector bundle, and let
s: B — E be a smooth section with s~!(0) compact. We define an implicit atlas of
dimension dim B —dim E with boundary on X :=s~1(0) as follows. The index set A
consists of all triples (Vy, Eq, Ay) (called thickening datums) where:

(i) Vy € B is an open subset.

(i) Eq is a finite-dimensional vector space.

(1) Ag: Eg X Vy — p_1 (Vy) is a smooth homomorphism of vector bundles.

Geometry € Topology, Volume 20 (2016)



830 John Pardon

The thickened spaces are defined as follows:

(53.1)  Xp:= {(x,{ea}ag) €[ Vax &P Ea

ael ael

s(x) + Z Ao(x,eq) = O} .
ael

The Kuranishi map s: X7 — E,, is the obvious projection map, the footprint Uy is the

locus where x € Vy forall « € J, and the footprint maps ¥77: (sy\7 1X7)~1(0) = Uy

are the obvious forgetful maps. The compatibility axioms are an easy exercise.

The regular locus X;eg C X, is the locus where X; is “cut out transversally”; more
precisely, (x,{eq}aer) € X is in X;* if and only if the map

(5.3.2) (ds+dea(-,ea))@@Aa(x,.): TxB & @D Eoy — Ex
ael ael ael

is surjective. The transversality axioms are an easy exercise. Thus A is indeed an
implicit atlas on X .

Since everything here is in the smooth category, A4 is in fact a smooth implicit atlas.

Definition 5.3.2 (Euler class) Let B be a space equipped with a vector bundle
p: E — B of rank k. This induces a canonical locally constant sheaf o on B whose
stalk at b € B is 0g, . Let 1g € HK(E,E\0; p*og) denote the Thom class of E
(characterized uniquely by the property that its restriction to any local trivialization
R™ x U — U is the pullback of the tautological class in H”(R”,R” \ 0; or~n)).

The Euler class e(E) € H¥(B;og) is s*tg, where s: B — E is any section. Any
two sections are homotopic, so e(F) is well-defined. For any section s: B — E with
s~1(0) compact, the Euler class with compact support ec(E, s) € HC{‘ (B;og) is s*1g.
If 59 and s; are homotopic through a section §: B x [0, 1] — E with compact support,
then e.(E,so) = ec(E, s1). The natural map HL],‘(B; 0g) — H¥(B;og) sends the
Euler class with compact support to the Euler class.

Remark 5.3.3 The Euler class with compact support can be nonzero even for the
trivial vector bundle.

Proposition 5.3.4 Let B be a smooth manifold, let p: E — B be a smooth vector
bundle, and let s: B — E be a smooth section with s~1(0) compact. Consider the
implicit atlas A on X := s~1(0) from Definition 5.3.1. Then there is a canonical
isomorphism of sheaves ox = op ® oé on X (in particular, A is locally orientable),
and the image of the virtual fundamental class [X]|"" in H9mB—dmE(B-op @ 0p)Y
equals e.(E,s) N[B].
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Note that H *(X:ox) = lim, cU H*(U;op ® o‘é} (direct limit over open neighbor-
hoods U € B of X), by the continuity axiom of Cech cohomology. The proposition
applies equally well with U in place of B, and thus determines [X]¥" € H*(X;o0x)V

uniquely (note the use of either Lemma 5.2.1 or Lemma 5.2.2).

Proof The statement about orientation sheaves is a straightforward calculation which
we omit.

Choose some smooth family of sections §: B x [0, 1] — E with §71(0) compact, so
that §(-,0) = s and s1 :=5(-, 1) is transverse to the zero section.

Now B x [0, 1] is a smooth manifold with boundary, so let A be the implicit atlas
on X := 571(0) from Definition 5.3.1. Similarly, let A’ be the implicit atlas on
X" = (s")"1(0).

Now we have two implicit atlases on X, namely A and (the restriction to the boundary
of) A. On the other hand, we can exhibit A as a subatlas of A4 by the map on thickening
datums sending Vy to V4 %[0, 1] and A, to its obvious extension. Hence they induce the
same virtual fundamental class (Lemma 5.2.1), so we may just write [X]"'" (dropping
the subscript indicating which atlas we use). The same reasoning applies to X'.

Now 89X = X U X’, so we have [X]"" = [X']'" as homology classes on X (Lem-
mas 5.2.3 and 5.2.5). Hence we have

(5‘3‘3) [X]vir — [X/]vir
as elements of H4MB—dmE(B: o5 @ oY)V,
We know X’ = (X')™8 (it is cut out transversally), so X’ is a closed smooth manifold

and [X']'' = [X'] (Lemma 5.2.6). But now [X'] = e.(E,s) N [B] by elementary
Poincaré duality. a

Remark 5.3.5 Proposition 5.3.4 in its present form is useless in practice, because the
implicit atlases which arise in interesting examples are not literally isomorphic to the
one given in Definition 5.3.1. One could, though, hope to show that they are equivalent
(see Remark 2.1.5) and then apply Proposition 5.3.4.

5.4 Lift to Steenrod homology

We now define a Virgual fundamental class in Steenrod homology H, (X, dX: 0)\?)
refining the class in H*(X; 0x o19)" constructed in Section 5.1. To do this, it suffices
to lift our earlier reasoning at the level of homology groups to the level of objects in
the derived category. We will be using the notation and results from Section A.9.
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Remark 5.4.1 The natural map H,(X, 0X; oy)— H *(X;0xe19)" isanisomorphism
if the base ring R is a field (this follows from Lemma A.9.12), but for R = 7Z the
kernel can be substantial (in particular, it contains all torsion).

Definition 5.4.2 (Virtual fundamental class in Steenrod homology) Let X be a space
with locally orientable implicit atlas A of dimension d with boundary. Let B C A be
a finite subatlas. By Propositions 4.3.3 and A.5.4, there is a canonical isomorphism
C *(X:o0x ) = Cy (X reld; B) in D(R) (observe that the isomorphisms in the proof
of Proposition A.5.4 all come from canonical quasi-isomorphisms on the chain level).
There is also a canonical isomorphism C_,(E; B)= R in D(R). Since C? (X rel 0; B)

vir
is free and bounded above, we have

(5.4.1) Hompg(C; (Xreld; B),C_,(E; B)) = RHomD(R)(é'(X; 0x re19), R).

vir

Cd+o

Thus the map sx: C;"*(X rel 9; B) — C_,(E; B) gives rise to an element

(542)  [X]4":= [s«] € Homp(ry(C*(X; 0x re1), R[~d]) = H 4(X,9X; 0%),

where the equality is the canonical isomorphism from Lemma A.9.12. The commuta-
tivity of (5.1.2) implies that this element is independent of the chosen finite subatlas
BCA.

By definition, this fundamental class (5.4.2) projects to the fundamental class of
Definition 5.1.1 under the map H,(X, 3X;0)\£) — I:I’(X;erela)V. By chasing
the various isomorphisms involved in its definition, it can be checked that [X]"" €
H;(X,0X; oy) is preserved under extension of scalars.

The statements and proofs of Lemmas 5.2.1-5.2.6 and Proposition 5.3.4 generalize
readily to the case of [X]|'" € H;(X,0X; oy). Note that (the generalization of)
Proposition 5.3.4 does not determine [X]"" € H4(X,0X;o0y) uniquely since the
map from the Steenrod homology of X to the inverse limit of the homology of its
neighborhoods is not necessarily an isomorphism (see [64, page 87, Theorem 4]).
However, it does at least determine the image of [X]" under any map from X to a
finite CW-complex, since any such map extends to some neighborhood of X .

6 Stratifications

In this section, we introduce implicit atlases with cell-like stratification. Roughly
speaking, an implicit atlas with cell-like stratification is an implicit atlas on a stratified
space, along with suitably compatible stratifications on each of the thickenings. We
show how to apply the VFC package in this setting to obtain a “stratum-by-stratum”
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understanding of virtual fundamental cycles. We also define the product implicit atlas,
a natural implicit atlas on X x Y induced from implicit atlases on X and Y .

Convention 6.0.1 In this section, we work over a fixed ground ring R, and everything
takes place in the category of R—modules. We restrict to implicit atlases A for which
#I'y is invertible in R for all o € A.

6.1 Implicit atlas with cell-like stratification

Definition 6.1.1 (Stratification) Let X be a topological space and let 8 be a poset.
A stratification of X by § is a lower semicontinuous function X — 8. We let
X=*°, X* and X=° denote the inverse images of 8=°, {s} and 8§=°, respectively; lower
semicontinuity of X — 8 means by definition that every X=* is open.

For a pair of spaces (X, 0X), a stratification (X, 0X) — (8, 8) shall mean a stratifi-
cation X — § along with a downward closed (ie closed under taking smaller elements)
subset 38 C 8 such that X% = 3X (note that this implies automatically that 9X € X
is closed).

Definition 6.1.2 (Cell-like stratification) Let (M, dM) be a topological manifold
with boundary and stratification by (8, d8), and fix a map dim: § — Z. This stratifica-
tion is called cell-like if and only if each pair (M=%, M =°) is a topological manifold
with boundary of dimension dims.

If (M,0M) — (8, 38) is cell-like, then so is IM — 98 (with empty boundary) and
(M=%, M=°) — (8=*,8<%).

Example 6.1.3 Let 7 be a simplicial complex, and suppose that its geometric re-
alization M := |T| is a topological manifold with boundary (then dM necessarily
corresponds to a subcomplex 97 C T'). Let (8, d8) := (F(T), F(dT)) consist of the
face posets of T and dT . Then the stratification (M, dM) — (8, 38) is cell-like (note
that 7 need not be a PL manifold).

Example 6.1.4 The natural stratification R’;O xR" K — {(0, 00) > {0}}¥ is cell-like.

The natural stratification R’;O x R"% — 7 given by (n minus) the number of zeros
in the first k coordinates is not cell-like for k > 2.

Lemma 6.1.5 (Some local properties of cell-like stratifications) Let (M,dM) —
(8, 08) be cell-like. Then:

(i) Ifs <t then M* C dIM=t.

(i) If M* # @, then dims < dim M .
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(iii) Ifdims = dim M, then M* C M is open.
(iv) Ifdims =dimM —1, s € 8, and M*® # &, then #8° = 1.

(v) Ifdims =dimM —1, s ¢ S, and M*® # &, then #8™° = 2, and these M =
give collars on either side of M® C M (so in particular M® C M is locally flat).

Proof Since s < t, we have M*® C M ~'* = M =!, giving (i).

Recall Brouwer’s “invariance of domain”, which implies that if a subset X € R” is
(in the subspace topology) locally homeomorphic to R, then m < n, with equality if
and only if X is open. This immediately gives (ii), (iii).

We prove (iv). Fix p € M®. A neighborhood of p is covered by strata > s, so
since M*® C M is not open, there exists a stratum t > 5. Now M*® C dM =! is open
by (iii) (applied to M <t — 8§<*). A doubling argument (and invariance of domain) near
p € OM shows that MS U M* contains a neighborhood of p. Since we have exhausted
a neighborhood of p € M*, it follows using (i) that there is no other stratum > s.

We prove (v). Fix p € M*. A neighborhood of p is covered by strata > s, so since
M* C M is not open, there exists a stratum t > 5. Now M*® C M =% is open by (iii),
asis M*'C M. This gives a collar on one side of M* C M . This still does not fill out
a neighborhood of p, so there exists t' # t with t' > s, giving a collar on the other side
of M*® C M. Now by invariance of domain, we have thus exhausted a neighborhood
of p € M”® inside M, and hence it follows using (i) that there are no more strata > s
other than ¢, t. m]

Definition 6.1.6 (Implicit atlas with cell-like stratification) Let (X, dX) be a pair of
compact Hausdorff spaces equipped with a stratification (X, dX) — (8, d8) (8 finite)
along with a map dim: § — Z. Also fix “orientation data”:

(i) For every s € 8, an orientation line o5 (ie a free Z/2—graded Z—module of
rank one).

(i) For codim(s < t) =1, an odd “coboundary” map o5 — 0.

Animplicit atlas of dimension d with boundary and cell-like stratification on (X, 0X)—
(8, d8) consists of the same data as an implicit atlas with boundary, except that in addi-
tion we specify a I'7—invariant stratification (X7, 0X7) — (8, d8) forall 1 C A, whose
restriction to X g is the given stratification. We add the following “compatibility axiom™:

(i) The restriction of the stratification on Xy to (sy\7|X 7)~1(0) coincides with
the pullback of the stratification on X; via ¥y.
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We also modify one “transversality axiom™:

(ii) Submersion axiom In the local model R4 HdmEr o RdimEy\; _, RdimEy\;
(or (R>9 xREHAmE; =1y RAimEy\s _, RAME\1) e require the stratification
on the domain to be pulled back from a cell-like stratification on the first factor
(for s > dims + dim Ey).

We also specify isomorphisms of sheaves o Xiet)=s R0 == Oxiee OVer (X;eg)f5 which
are compatible with ¥;; and such that the diagram

U(X;eg)gs (%) 0 E— UX;eg

(6.1.1) l H

U(X;Cg)ft ® 0{ —_— Ux;Cg

commutes for codim(s < t) = 1 (the left vertical map is the tensor product of the
coboundary map 0, — o0 and the inverse of the boundary map o0 yre)<c — 0 X)=s ).
In other words, we identify o; with the orientation line of the normal bundle of
(X;eg)55 C X;eg, so that the coboundary maps o — 0 coincide with the geometric
coboundary maps on normal bundles.

Given an implicit atlas with boundary and cell-like stratification A4 on (X, dX) —
(8,08), we may obtain by restriction to the corresponding strata an implicit atlas
with cell-like stratification on dX — 08 (empty boundary, tensor every orientation
line with or) and an implicit atlas with boundary and cell-like stratification on
(X=%,X=%) — (8=°,8~°) (tensor every orientation line with 0,).

Remark 6.1.7 There should be a slightly more general setting for the results of this
section (and their proofs), which takes as input a weakened version of Definition 6.1.2.
For example, it is probably enough to require that in a neighborhood of any p € M, the
closure of any (local) component of M* is a manifold with boundary whose interior is
this local component (this is satisfied by both stratifications in Example 6.1.4); basically
this allows “non-embedded faces”.

6.2 Stratified virtual cochain complexes

In this section, we apply the VFC package to obtain a “stratum-by-stratum” under-
standing of virtual fundamental cycles on a space with implicit atlas with cell-like
stratification. To do this, we build a complex out of the virtual cochain complexes
associated to each stratum and then study the properties of this larger complex. This
construction can be viewed as a generalization of the definition of C3 (X A) as the
mapping cone [C (0X; A) — C (X rel d; A)], and the main result here can be viewed
as a generalization of Proposition 4.4.2.
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Example 6.2.1 As a first step towards understanding the main construction of this
section, let us first describe a similar construction in a more familiar setting. Let M be
a topological manifold with cell-like stratification by &. Define

(6:2.1) Co(M:8) := D Comim M—dime) (M =1 041 ® 0} <2,

5€8

equipped with the differential given by the sum over codim(s < t) = 1 of the pushfor-
wards C,(M =*) — C,(M =) (covered by the dual of the boundary map op7<t — 0p7=s)
plus the internal differential. This differential squares to zero by Lemma 6.1.5 (the
square of the differential is a sum over codim(s < t) =2 of maps C,(M =*) — C,(M =!),
each of which can be seen to vanish by applying Lemma 6.1.5(v) to M <* — §<!).
Now there is a natural map

(6.2.2) Co(M;8) — Co(M),
(6.2.3) Br— D>
SES SES
dim s=dim M

(it follows from Lemma 6.1.5 that this is a chain map) which we claim is a quasi-
isomorphism.

To see that (6.2.2) is a quasi-isomorphism, observe that it is the map on global sections
of a corresponding map of complexes of K—presheaves

C.(M, M\ K:8) — Co(M, M \ K)

on the one-point compactification My of M. Both are homotopy K-sheaves by
Lemma A.6.3. Thus by Corollary A.4.19, it suffices to show that the map

CaM, M\ p:8) - Co(M, M\ p)

is a quasi-isomorphism for every p € M . This holds by the following local argument.
Note that H,(M, M \ p;8) is isomorphic to Z (to see this, consider the filtration by
dim s), so it suffices to construct a cycle in Co(M, M \ p;8) representing a generator
of Z and show that its image in H.(M, M \ p) = Z is a generator. Such a cycle may
be constructed by induction on 8 (starting from the stratum containing p and going
up), and its image in H,(M, M \ p) generates since its degree at p coincides with its
degree at any nearby point in an open stratum, which is one by construction. A similar
argument appears in Barraud and Cornea [6, page 670, Lemma 2.2].

Thus we can think of C,(M;8) as a model for chains on M (the reader should make
sure they understand what this means geometrically).
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Definition 6.2.2 (Stratified virtual cochain complexes C. (—, 8; A)) Let (X,0X) —
(8, 38) be equipped with a finite implicit atlas with boundary and cell-like stratifica-
tion A. For any compact K C X, we define

(6.2.4) Cyi (K. 8: A) := P C3 (K N X=°rel 0: A) ® o

5€8

(on the right, A refers to the restriction of the atlas to X =*) equipped with the differential
given by the sum over codim(s < t) = 1 of the pushforwards

(6.2.5) C: (KNX=reld; A) > C2HU(K N X=trel 9; A)

vir vir

tensored with the specified coboundary map o; — o¢ (plus the internal differential).
The fact that this differential squares to zero follows from Lemma 6.1.5 and the
compatibility of the coboundary maps o, — o with the geometric boundary maps

U(X;eg)st — O(X;eg)ss .

There is a natural map

(6.2.6) C2 (K. 8: 4) = C*(K; A),
(6.2.7) {Vs)ses > ( Z Vs» Z Vs)-
5€08 5€8

dims=d—1 dims=d

Note that for dim s = d , the identification 0(x¥e)=s Qo;=0 X gives a (locally constant)
isomorphism 0; = Z over (X;eg =% (and similarly for s € 8 with dims =d —1;
see also Remark 4.4.1) which is used implicitly in (6.2.7). This is a chain map by

Lemma 6.1.5.

Proposition 6.2.3 (C (-, 8:4) — CJ (—; A) is a quasi-isomorphism) Suppose
(X,0X) — (8,08) is equipped with a finite locally orientable implicit atlas with
boundary and cell-like stratification A. Then (6.2.6) is a quasi-isomorphism, and the
following diagram of sheaves on X commutes:

(6.2.6) Prop 4.3.3
(—,8; A) > HO (= A) > oy

! |

o o<s 6.2.6 Prop 4.3.3
H2 (—NX=%8="4)® o, (020 HO (—NX=%A)® 0, ——% ox=s ® 0,

I I

Prop 4.3.3
(—NX=°reld; A) ® o, > Ox=sre]d ® 05

HO

vir

HO

vir
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Note that C3 (K N X=*rel 9; A) — C2 (K N X=%,8=%; A) is an isomorphism for
K C X~.

Proof Filter C (—,8; A) by dim s; the associated graded of this filtration is the direct
sum of Cg (—N X=*rel 9; A). Each these is a homotopy K—sheaf on X (pushforward

from X=% to X preserves homotopy K-sheaves by Definition A.3.4), and hence
* (—,8; A) is also a homotopy K-sheaf (Lemma A.2.11).

v1r

Now the map (6.2.6) is a map of homotopy K—sheaves, so to check that it is a quasi-
isomorphism, it suffices to check it is a quasi-isomorphism on stalks (Corollary A.4.19).
For this, we may use the argument from Example 6.2.1 (adapted to the case with
boundary) along with Lemma 4.3.2. Moreover, this local construction also gives us the
desired commutativity of the diagram of sheaves on X . |

6.3 Product implicit atlas

Definition 6.3.1 (Product implicit atlas) Let X; and X be spaces with implicit
atlases A; and A, respectively. The product implicit atlas A1 U Ap on X1 x X5 is
defined by setting

(X1 xX2)rup, = (X1, Xx(X2)7, and (X7 X Yz)rflgub (Xl) X (X2 )reg

with the rest of the data extended in the obvious manner. Of course, this extends
naturally to the setting of implicit atlases with boundary and cell-like stratification
(given X7 and X, stratified by 8; and 85 respectively, their product X; x X» is
stratified by 81 X 85, with 8(81 X 8y) 1= (881 X 82) U (81 X 852))

Definition 6.3.2 Let X; and X, be spaces with finite implicit atlases A; and A;;
equip X1 x X, with the product implicit atlas A1 U A, . Let us define a canonical map

6.3.1) (Xqreld; A1) ® C8(Xp1el 3; Ay) —

vir

v1r v1r(X1 X Xoreld; A U Ap)

which is compatible with the maps (4.2.12) and (4.2.14) and is associative.

There are isomorphisms (X1)7,,7,,4; X (X2)1,,75,4, = (X1 X X2)1,ul,,J,UJ5,4,UA>
which are compatible with the maps (4.2.1). This induces maps

(6.3.2) s (Xyrelo; Al)I] 1 QR C

vir

(X2 rel 0; A2)1,.7,
vr(X1x Xorel 9; Ay U A2) 1, uly, 0,0, -

VlI'

v1r

These maps are compatible with the maps (4.2.13) (note that this compatibility uses
the commutativity of (4.2.2)). It follows using Definition A.7.5 that they induce the
desired map (6.3.1).
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Note also that (6.3.1) extends to a collection of maps

(6.3.3) Cv.ir(Kl rel 0; A1) ® Cy, (Kz rel 0; Ap) — C. (Kl x Korel d; A1 U A3)

vir vir
for compact K; € X; and K> C X5, which are compatible with restriction, thus
inducing a map of sheaves pfox, ® p>ox, — 0x,xX, - It can be checked that this is

the tautological such map by checking locally (ie for K1 and K, single points) using
Lemma 4.3.2.

7 Floer-type homology theories

In this section, we define Floer-type homology groups from a collection of “flow spaces”
(equipped with appropriately compatible implicit atlases) such as arise in a Morse-type
setup. The necessary VFC machinery has already been set up in Section 4 and Section 6.
The main task in this section is to correctly organize everything together algebraically.

Convention 7.0.1 In this section, we work over a fixed ground ring R, and everything
takes place in the category of R—modules unless stated otherwise. We restrict to implicit
atlases A for which #I',, is invertible in R forall o € A.

The main object of study is a flow category diagram X/ Z,, where Z, is a semisimplicial
set. Roughly speaking, this consists of a set of generators P, for every vertex z € Zj,
along with a collection of spaces X(o, p, q), which are to be thought of as the spaces
of flows from p € P, to g € P;, over o € Z, spanning vertices Zo, ..., z,. Given a
flow category diagram X/Z,, our goal is to construct:

(i) Forevery o € Zg, a boundary map R[P;,] = R[P;,].

(i) Forevery o € Z1, achain map R[P;,] — R[P;,].
(iii) For every o € Z,, a chain homotopy between the two maps R[P;,] = R[P,].
(iv) Forevery o € Z3, ...

We will refer to such data as a diagram H: Z, — Ngg(Chg) (see Definition 7.6.5).

Indeed, when the flow spaces X(o, p, q) are compact oriented manifolds with corners
of dimension gr(g) — gr(p) + dimo — 1 in a compatible manner (that is, X/Z, is a
Morse—Smale flow category diagram), one may obtain such a diagram H by counting
the O—dimensional flow spaces (one may see that the maps satisfy the required identities
by considering the boundary of the 1-dimensional flow spaces).

Our goal is to generalize this construction to the setting where the spaces X are equipped
with compatible implicit atlases. In this generalization, the diagram H: Z, — Ngg(Chg)
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is not determined uniquely. Rather, its construction depends on making a certain set
of “coherent choices” (of virtual fundamental cycles) for the spaces X. Hence, the
main steps we must take are: formulating precisely what “coherent choices” mean,
proving such choices always exist, and proving that the diagram is (in a suitable sense)
independent of the choices. Let us now comment briefly on the latter two steps.

2

Given a flow category diagram X/Z, with an implicit atlas, we encode the “space
of coherent choices via a map 7: Ze— Z. Namely, m: Z. — Z, is defined by
the property that giving a section s: Z, — Z. of m is the same as making coherent
choices over all of Z,. Now, the statement that coherent choices give rise to a diagram
H: Z, — Ngg(Chpg) translates into a canonical diagram H: Z, —> Ngg(Chg) (defined
essentially by the property that the set of coherent choices over Z, corresponding to a
section §: Zy — Z, gives rise to the diagram H := Ho s). Thus, we have constructed

7, B Neg(Chg)

(7.0.1) H‘L
Z,

Now, the key result we prove is that m: 7 o« —> Z, is a trivial Kan fibration (think: “is a
bundle with contractible fibers”). From this, we obtain (mostly formally) that coherent
choices exist and that the resulting diagram is (up to quasi-isomorphism) independent
of the choice (both are incarnations of the fact that “the space of sections of a trivial
Kan fibration is contractible™).

Remark 7.0.2 (Restricting to the 2—skeleton of Z,) If one is satisfied with working
in the homotopy category (ie constructing a diagram Z, — H%(Chg)), then one needs
only the 2—skeleton of Z,. On the other hand, there is little simplification to be gained
by using 2-truncated semisimplicial sets instead of semisimplicial sets. Moreover,
the “higher homotopies” which are kept track of in Ngg(Chg) are known to contain
interesting information in certain settings (for example, they can be used to obstruct
isotopies between symplectic embeddings, as in Floer, Hofer and Wysocki [26]).

7.1 Sets of generators, triples (o, p, q), and F-modules

Definition 7.1.1 (Simplicial set and semisimplicial set) Let A be the category of
finite nonempty totally ordered sets with morphisms weakly order-preserving maps.
Let Ajy; be the subcategory of injective morphisms. A simplicial set Z, is a functor
Z: A°° — Set, and a semisimplicial set Z, is a functor Z: Aﬁg — Set. In both
cases, we write Z, for Z({0,...,n}). Forc € Z, and 0 < jo <--- < jy, <n, we
denote by o|[jo - .. jm] the image of o under the map Z, — Z,, induced by the map
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{0,...,m} = {0,...,n} given by i — j; (a|[jo---Jm] is called a facet of o); if
m = 0 we also write o(j) for a|[j].

Definition 7.1.2 (Set of generators) Let Z be a set. A set of generators P/Z is a
collection of sets {P,},ez, each equipped with a grading gr: P, — Z and an “action”
a: P; — R. Given a set of generators P/Z and amap f: Y — Z, we can form the
pullback set of generators f*P/Y defined by (f*P)y := Pr(y).

Definition 7.1.3 (Triples (o, p,q)) Let Z, be a semisimplicial set, and let P/Z be
a set of generators. The notation (o, p, q) always means a triple where o € Z, is an
n-simplex and (p, q) € Py (0) X Py(n), Where either dimo > 0 or a(p) <a(g). We
say that (o/, p’,q’) < (0, p,q) (“strictly precedes”) if and only if one of the following
two conditions holds:

(i) o’ S o (ie o’ is a facet of positive codimension of o).
(i) o’ =0 and a(p) <a(p’) and a(q’) < a(g) with at least one inequality being
strict.

It is easy to see that < is a partial order.

Definition 7.1.4 (F-module) Let Z, be a semisimplicial set, and let P/Z be a set
of generators. Let C® be a monoidal category with an initial object 0 € € such that
X®0=0=0Q® X forall X €C.

An F(P/Z.)-module W (often abbreviated “F-module”) in C is a collection of objects
W ={W(o, p.q) € C}(s,p,q) €quipped with product maps

(7.1.1) W(ol[0...k], p,g) ®W(ollk...n],q,r) > W(o, p,r) for 0<k <n
and face maps
(7.1.2) W(o|[0.. .é...n],p,q) —W(o, p,q) for 0<k <n

which are compatible in a sense we will now describe. Note that for both (7.1.1) and
(7.1.2), the triples indexing the domain strictly precede the triple indexing the target
(because we always restrict to triples (o, p, ¢) with dimo > 0 or a(p) < a(q)).

Now given any o € Z, spanning vertices 0, ...,n and a choice of
(7.1.3) O=jo<---<jyp=n,

(7.1.4) O=ap<---<au=1¢,

(7.1.5) pi € {Pa(jai) for0<i <m,
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we can apply the product map m — 1 times and the face map n — £ times in some order
to obtain a map

(7.1.6) W(olljao - - - Jarl- Po- P1) @ --- @ W(O[Japu—y - - - Jam]- Pm—1. Pm)
- W(U’ pPo, Pm)
We say that the product/face maps are compatible if and only if this map is indepen-

dent of the order in which they are applied (this reduces to three basic commutation
identities).

Given an F(P/Z,)-module W and a map f: Y, — Z,, we can form the pullback
f*W, which is an F( f*P/Y,)-module defined by ( f*W)(a, p,q) :=W(f(0), p.q).

The categories C relevant for this paper are:

(i) The category of spaces with the product monoidal structure (““F—module space”).
(i1) The category of posets with the product monoidal structure (“F—module poset”).

(iii) The category of chain complexes with the tensor product monoidal structure
(“F-module complex”).

All are in fact symmetric monoidal (noting that the relevant symmetric monoidal
structure on complexes is the super tensor product).

Example 7.1.5 Let Z, be any semisimplicial set, and let us take as set of generators
P:= Zy (ie a single generator over every vertex of Z,). We define an F(P/Z,)-module
space W by W(a, p, q) := F(0), where JF is the space of broken Morse trajectories
from Definition 10.1.4. The reader may easily verify that this forms an F-module
space, with product/face maps given by (10.1.3)—(10.1.4).

Definition 7.1.6 (Support of an F-module) Let W be an F—-module. We define the
support of W, denoted supp W, as the smallest collection of triples containing those
for which W(o, p, q) # 0 that is closed under product/face operations (meaning that
if the triples on the left side of (7.1.1) or (7.1.2) are in the set, then so is the triple
on the right). Equivalently, (o, p,q) € supp W if and only if there is some choice
of (7.1.3)—(7.1.5) for which pg = p and p,; = ¢ and for which every factor on the
left-hand side of (7.1.6) is # 0.

Definition 7.1.7 (Strata of an F~module) Let W be an F-module. We let Sy (o, p. q)
denote the set of choices of (7.1.3)—(7.1.5) for which pg = p and p,, = ¢ and for
which every factor on the left-hand side of (7.1.6) is in supp W. We equip Sw(o, p,q)
with the partial order induced by formally applying product/face maps. The reader may
easily convince themselves that Sy is itself an F-module poset.
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There is an order-reversing map codim: Sw(o, p,q) — Z>o defined by codims :=
(m—1)+ (n—£) for s € Sw(o, p,q). We let s°P € Sy (o, p,q) denote the unique
maximal element (the only element s with codims = 0; it is given by £ = n and
m=1).

For s € Sw(o, p,q), we let W(a, p,q,s) denote the left-hand side of (7.1.6). The
boundary inclusion map

(7.1.7) colim W(o, p,q,5) — W(a, p,q)
5688W(O-aprq)

(where 38w (0, p,q) denotes Sy (o, p,q) \ s'°P) will play an important role.

7.2 Flow category diagrams and their implicit atlases
Definition 7.2.1 (Flow category diagram) Let Z, be a semisimplicial set. A flow
category diagram X/Z, (read “X over Z,”) is:

(1) A set of generators P/Zj.

(ii) An F-module space X where each X(o, p, q) is compact Hausdorff and each
Sx (o, p,q) is finite.

(iii) A stratification of each X(o, p,q) by 8x(o, p,q) which is compatible with the
product/face maps and so that X(o, p,q,s) — X(0, p,q) is a homeomorphism
onto X(o, p,q)=*.

The following finiteness properties must also be satisfied:
(iv) Forall o, p,and M < oo, we have
#{q:X(0, p.q) Z D and a(q) <a(p) + M} < co.
(v) For all o, we have inf{a(q) —a(p) : X(0, p,q) # T} > —oc0.
Let H be a group. An H—equivariant flow category diagram is a flow category diagram
along with:

(vi) A free action of H on P.
(vii) Anaction of H on X (meaning compatible maps h: X(o, p,q) — X(o, hp, hq)).

(viii) Homomorphisms gr: H — Z and a: H — R such that gr(hp) = gr(h) + gr(p)
and a(hp) =a(h) +a(p) forall he H and p € P.

Given an H—equivariant flow category diagram X/Z, and a map f: Y, —> Z,, we
can form the pullback H-equivariant flow category diagram f*X/Y,.
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Remark 7.2.2 (Morse—Smale flow category diagram) A Morse—Smale flow category
diagram is one in which each X(o, p,q) is a (compact) topological manifold with
corners of dimension gr(q) —gr(p) + dimo — 1 (the corner structure being induced by
the stratification by Sx(a, p, q)).

Remark 7.2.3 (oco—category FlowCat) Let FlowCat be the semisimplicial set which
represents the functor Z, — {Flow category diagrams over Z,}. The reader familiar
with co—categories may wish to think of FlowCat as an co—category of flow categories
(though only in a vague sense, since we have not given it the structure of a simplicial
set, nor have we verified the weak Kan condition). All of the constructions in this
section involving flow category diagrams over a semisimplicial set Z, are compatible
with pullback, and thus can be equivalently thought of as “universal” constructions
over FlowCat"” (which represents the functor of flow category diagrams equipped with
implicit atlases).

Definition 7.2.4 (Implicit atlas on flow category diagram) Let X/Z, be a flow
category diagram. An implicit atlas A on X/Z, consists of the following data. We
give index sets A(0, p,q), and we define?!

(7.2.1) Ao, p.q)=* := ]_[ Aolio...iml. p'.q").
0<ip<-<im=<n
(P",4") €6 (i) %P (im)
te8x (0, p,g)=* containing ([ig...im],p"»q")
We explain the notation: recall that Sy (o, p, ¢) parametrizes the “possible left-hand
sides” of (7.1.6); the coproduct is over all ([ig .. .im], p’,q’) which appear as a factor
in some t € Sx (o, p,q) with s < t.

For all (o, p,q) and s € 8x(o, p,q), we give an implicit atlas with boundary with
cell-like stratification A(co, p,q)=° on X(o, p,q)=° (stratified by 8x(o, p,q)=°, of
virtual dimension gr(g) — gr(p) + dimo — 1 — codim s), for which the stratification
conforms to the following local model. Given s’ < s, let G = G(s', 5) denote the set
of possible product/face operations which may be applied to s’ for which the result
is still < s. There is a tautological isomorphism of posets 26 — 8x(o, p. g)§="=s
sending a given set of product/face operations to the result of applying them to s’.
Now the local model for the stratification on (regular thickened moduli spaces of)
X(o, p,q)=* near a pomt of type s’ is given by RGO x RN | stratified in the obvious
way by 8x(o, p q)¥="=5. Clearly this stratification is cell-like. Moreover, the normal
bundle to the s’ stratum is canonically identified with 0®G(§ %) , and the implicit atlas
should use this as the orientation data.

21Warning: a particular set Ao, p’,q’) may appear many times on the right-hand side.
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In addition, we give compatible identifications between these atlases as follows:

®

(i)

(ii1)

Let s <te Sx(o, p,q). Then by definition
Ao, p.q)*' € A(o. p.q)>*.

Both are implicit atlases on X(o, p,q)=*° (the former by restriction to this sub-
stratum of X(o, p,q)=!), and we identify the former with the subatlas of the
latter corresponding to this tautological inclusion of index sets.

Let s € Sx(a|[0... k.. .nl], p,q) € 8x(o, p,q). Then by definition
A@I[0...k...n], p.q)>* € Ao, p.q)>".

Both are implicit atlases on
X(@|[0...k...n], p.q)= = X(o, p,q)=",

and we identify the former with the subatlas of the latter corresponding to this
tautological inclusion of index sets.

Let 51 X855 € Sx(al|[0...k], p,q)x8x(o|[k...n],q,r) CSx(o, p,r). Then by
definition

A@][0...k], p.g)>* WAk ...n],q, )= C A(o, p, r)=E1%52)
Both are implicit atlases on
X(o|[0...k], p.q)=*' x X(o|[k ...n].q.r)=%2 = X(o, p,r)=E1%e2)

and we identify the former with the subatlas of the latter corresponding to this
tautological inclusion of index sets.

An implicit atlas on an H—equivariant flow category X/Z, is an implicit atlas along
with a lift of the action of H to the implicit atlas structure.

Given an implicit atlas A on X/Z, and a map f: Y, — Z,, we can form the pullback
implicit atlas f*A on f*X/Y,.

Remark 7.2.5 The above definition has been formulated to reflect the collection
of atlases which is the simplest to construct, yet still sufficient to define Floer-type
homology groups.

Definition 7.2.6 (Coherent orientations) Let X/Z, be a flow category diagram with
locally orientable implicit atlas A. A set of coherent orientations w is a choice of
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global sections w(o, p,q) € H 0(X(o, p.q); 0%(s,p,q)) With the following property.
Note that covering each of the product/face maps

(7.2.2) X(@a|[0...k], p.q) xX(o|[k ...n]l.q,r) = 0X(0, p,r),
(7.2.3) X(a|[0.. k.. .n], p,q) = 0X(o, p,q)

is an isomorphism of orientation sheaves. We require that @ transform in the following
way under this isomorphism:

(7.2.4) w@|[0...k], p.q) xw(o|[k...n],q.r) = (=D)*TEP) gu (o, p, r),
(7.2.5) ~w(@[0...k...n], p,q) = ()P dw (o, p,g),
where dw € H 0(9X; 05) is the boundary orientation induced by . Each of

(7.2.6) w(@|[0... k], p.p) xw(o|k... 0, p, p")xw(@]|[L...n], p". q),

A

(7.2.7) w@|[0...k... L], p.p)yxw(|[t...n), P q).
(7.2.8) w@l|[0...k], p. Py xw(ol|lk...£...n],p'.q),
(7.2.9) w(a|[0...l€...f...n],p,q)

can be expressed in terms of w(o, p, ¢) in two different ways using (7.2.4)—(7.2.5). One
can easily check that with the choice of signs in (7.2.4)—(7.2.5), these two expressions
coincide for each of (7.2.6)—(7.2.9) (the Koszul rule of signs applies to calculating
the boundary of a product of orientations, which means that this coherence condition
involves vdim X(a|[0...k], p, p’) for both (7.2.6) and (7.2.3)).

Coherent orientations on an H—equivariant flow category diagram with implicit atlas
are coherent orientations which are invariant under the action of H .

Given coherent orientations w on X/Z, and a map f: Y, — Z,, we can form the

pullback coherent orientations f*w on f*X/Y,.

Remark 7.2.7 One can obtain alternative sign conventions in (7.2.4)—(7.2.5) by “twist-
ing” w(o, p, q). For example, multiplying w(o, p,q) by (—1) flips the sign of (7.2.4),
multiplying by (—1)%™¢ flips the sign of (7.2.5), and multiplying by (—1)&(®) or
(—1)&@ multiplies (7.2.4) by (—1)&@

7.3 Augmented virtual cochain complexes

We would like to endow Cg (X (0, p,q)reld) with the structure of an F-module

complex. More precisely, we would like to construct product maps

(7.3.1) C;.(X(o][0...k], p,g)rel 0) ® Cy (X (o|[k ...n],q,r)rel 9)
— (i, (30X (0, p. 1))
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and face maps

(7.3.2) Ce(X(0|[0...k...n], p.q)reld) — C2.(0X(0. p.q))

vir

(induced by the corresponding product and face maps of the spaces X(a, p, q)). How-
ever, to obtain maps (7.3.1)—(7.3.2) defined on the chain level, we must replace the
virtual cochain complexes with certain augmented virtual cochain complexes (which
are canonically quasi-isomorphic to their “non-augmented” counterparts).

In this subsection, we build the augmented virtual cochain complexes (using a homotopy
colimit construction) and then we define the F—module structure on them. We also
define the analogue of the map si for the augmented virtual cochain complexes.
We remark that the proliferation of homotopy colimits could probably be abated (and,
indeed, this entire subsection eliminated) at the expense of using more abstract language
(specifically, working in a symmetric monoidal co—category of complexes).

Definition 7.3.1 (Augmented virtual cochain complexes CJ (—; A)T) Let X/Z, be
a flow category diagram with implicit atlas A, where every A_(o, P, q) is finite and we
have fixed fundamental cycles [Ey] € C.(E; ) for all « € A(o, p, q). We define the

complexes

(7.33) C:(Xreld; At (o, p.q) =
hocolim  C%°°%™M*(X (0, p, ¢)=*rel 3; A(0, p,q)=").
s=Xt€8x(0,p,q)

(13.4) CHOX; A) T (o, p.q) =

C:H(X(0, p.q): Ao, p. @)=Y, 5 =t=s"P,

Cg—codims(x(o, 12 q)Sﬁ rel d; A(o, p, q)zt), otherwise.

vir

hocolim
s=<te8x(0,p,q)

The structure maps of the homotopy diagrams come from the obvious pushforward
maps (for increasing s) and the maps (4.2.14) using the fixed fundamental cycles [E]
(for decreasing t). These are compatible because of the commutativity of (4.2.2).

Next, let us observe that we have a natural commutative diagram:

top

Co 1 (9X(0. p,q): Ao, p, )>*") —— C7 (9 A) T (0, p.q)

vir vir

(7.3.5) l l

Ce.(X(0, p,q) 1el 3; Ao, p, q)=*") <~ C& (Xreld;A) ¥ (0, p,q)

vir

The horizontal maps (inclusions of the s = t = 5P subcomplexes) are quasi-iso-
morphisms by Lemma A.7.3 (which morally says that P € Sx (o, p,q) acts as a final
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object in the homotopy colimits (7.3.3)—(7.3.4)), which applies because each of the
structure maps from (s, t) to (s,t’) is a quasi-isomorphism.

Note that by definition, the support of C? (Xrel 0; A)T and of C: . (0X; AT are
contained in the support of X.

Definition 7.3.2  (Product/face maps for CJ; (— ;A)T) Let X/Z, be a flow category
diagram with implicit atlas A, where every A(o, p, ¢g) is finite and we have fixed fun-
damental cycles [Eq]. Let us now define face and product maps for C; (X rel 9; AT,

These will be of degree 1 and will be equipped with a canonical factorization through

cC X, At — C;:.(Xrel 9; A)T. In other words, we really are going to construct

vir vir

maps
(7.3.6) C;.(Xrel0; A)+(0|[ .. k], p.q) ® Cg, (Xrel 0; A)+(0|[ .nl,q,r)

— €5 (0X; ﬂ)+(0 pir),s
(7.3.7) Cor(Xreld: A) T (a][0.. .k ...n], p.q) > Cy.(3X: A) ¥ (0. p.q).

We construct (7.3.7). The corresponding face map for Sy is covered by a corre-
sponding morphism of the homotopy diagrams (7.3. 3) (7.3.4) (namely (4.2.14) using
the fixed fundamental cycle [EA((I P D)ZNAG[On o] . q)>t]) This gives rise to a
corresponding map (7.3.7) on homotopy colimits.

We construct (7.3.6). We construct a morphism of homotopy diagrams (7.3.3)—(7.3.4)
covering the corresponding product map for 8x. Using the product operation on
homotopy diagrams (Definition A.7.5), it suffices to construct compatible maps

(138)  Co (XG0, ....k]. p.q)=" rel 8; A(a ][0, ....k]. p.q)=")
®Cvir(f)C(U|[k,... nl,q,r)=2rel 9; A(o|lk, ..., n],q,r)=%2)

— Cg (X(o, p, q)Sslxsz rel 3; A(o, p, q)ztl xtz)

vir

Vlr

for 571 <t; € 8(a|[0,...,k], p,q) and s, < t; € S(0|[k,...,n],q,r). By definition,
the subatlas

A(o][0,....k], p.g)= " UA(o|[k, ... ,n],q,r)=2 C A(o, p,q)=""""2
is identified with the product implicit atlas on
X(0, p,@)="1"%2 = X(a|[0, ..., k], p, @)= x X(o|[k, ...,n],q,r)=2.

Thus the desired map is constructed in Definition 6.3.2.
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Definition 7.3.3 (Complexes C,(E :A)T) Let X/Z, be a flow category diagram
with implicit atlas A, where every A(a, p, q) is finite and we have fixed fundamental
cycles [Ey]. We define

(7.3.9) C.(E;:A)T(0,p,q):= hocolim C,(E;A=(0,p.q)),
s=t€8x(0,p,q)

where the maps in the homotopy diagram are — X [Ey4(q, p,q.t)\A(0,p.q,0]- We equip
C.(E;A)t with product/face maps just as in Definition 7.3.2. Now there are natural
maps

(7.3.10) CaimX@2DFe (5 161 9;.4)* (0, p,q) 2> C—o(E;A) (0, . q)

vir
(induced by (4.2.12)), which are maps of F-modules (that is, they respect the prod-
uct/face maps).

Note that by definition, the support of C,(E;.A)" is contained in the support of X.

7.4 Cofibrant F-module complexes

We introduce the notion of an F-module complex being cofibrant, and we introduce a
cofibrant replacement functor Q for F-module complexes. The machinery we set up is
used only for technical reasons in Definition 7.5.3 so that the proof of Proposition 7.5.5
works correctly.

Recall that an injection of modules with projective cokernel automatically splits.

Definition 7.4.1 (Cofibrations of complexes) We say a complex is cofibrant if and
only if it is projective (as a module). We say a map of complexes is a cofibration if and
only if it is injective and its cokernel is cofibrant; we use the arrow > to indicate that
a map is a cofibration. It is easy to check that a composition of cofibrations is again a
cofibration.

Definition 7.4.2 (Cofibrant F-module complex) Let W, be an F-module complex.
We say that W, is cofibrant if and only if for all (o, p,q):

(i) W.(o, p,q) is cofibrant.
(i) The map

(7.4.1) colim  W.(o, p,q,5) = W.(0, p,q)
5€38w (0,Pp,q)

is a cofibration.
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Lemma 7.4.3 Let W, be a cofibrant F-module complex. Then the map

(7.4.2) colim W(a, p,q,s) > W(o, p,q,50)

s€8w(o,p,q)
5<50

is a cofibration for all so € $(o, p,q).

Proof Write s¢ in the form (7.1.3)—(7.1.5). Then we have

(74.3) Swl(o, p,q)=*
=8w(o|[jag - - - Jar ] Pos P1) X === X 8W(O|[Jap_1 - - - Jam)s Pm—1, Pm)-

Now we consider the m—cubical diagram given by @, of
(7.4.4) _colim We(ollja;—y - - Ja;)s Pi—1. Di 5)
s€38w(ollja;_; ---Ja;1-Pi—1.Pi)

—> We(o|lja;_y - - Ja;)s Pi—1, Pi)
Now (7.4.2) is simply the map to the maximal vertex of the m—cube from the colimit
over the m—cube minus the maximal vertex. This is a cofibration for any cubical
diagram of the form ®);—,[4; >> B;] where each A; >> B; is a cofibration. To
see this, write B; = A; & P;, where P; is projective, and then the map is obviously
injective with cokernel 7. P;. A tensor product of projective modules is projective,
as can be seen using either the tensor—-hom adjunction or the fact that a module is
projective if and only if it is a direct summand of a free module. |

Lemma 7.4.4 Let W, be a cofibrant F-module complex. Let § C T C Sw(o, p,q)
be finite downward closed subsets. Then the map

(7.4.5) colim W, (o, p, ¢q,s) > colim'W, (o, p,q,5)
5€§ s€T
is a cofibration. In particular, colimges W, (0, p, g, s) is projective (take 8 = & above).

Proof Let us abbreviate A, := W,(0, p,q,5).

We proceed by induction on the cardinality of T, the case T = & being clear. Using
the fact that a composition of cofibrations is again a cofibration, it suffices to consider
the case (8,7) = (8 \ s0,8), where sg € S is a maximal element. Now colimgeg As is
the colimit of the diagram

/ ASO
(7.4.6) colimA,
SES
5<850 .
colim A
5€8\s0
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where the top arrow is a cofibration by Lemma 7.4.3 and the bottom arrow is a cofibration
by the induction hypothesis. It follows that colimgegy s, As —> colimseg A5 18 injective,
with cokernel isomorphic to the cokernel of the top map above. Hence it is a cofibration
as needed. i

Definition 7.4.5 (Cofibrant replacement functor Q) Let W, be an F—-module com-
plex. Suppose that W, satisfies the following properties:

(i) Each W,(o, p, g) is cofibrant.
(i) Each Sw(o, p,q) is finite.

In this case, we define (functorially) an F-module complex QW, (called the cofibrant
replacement) with the following properties:

(i) QW, is cofibrant.
(i) supp OQW, =supp W,.

(iii) There is a (functorial) surjective quasi-isomorphism QW, =» W, (compatible
with product/face maps).

We define QW, (o, p, q) and the product/face maps with target (o, p, ¢) by induction on
the set of triples (o, p, ¢), equipped with the partial order <yy in which (¢’ p’, ¢") =w
(0, p,q) if and only if (¢o”, p’, q’) appears as a “factor” of some element of Sy (0, p,q).
This partial order is well-founded (ie there is no strictly decreasing infinite sequence)
since each Sy(o, p,q) is finite, and thus it is valid for induction. The inductive
step for (o, p,q) works as follows. By the induction hypothesis, we have defined
OW. (o, p,q,s) for all s € dSw(o, p,q). Hence it suffices to construct (functorially)
OW, (o, p, q) fitting into the following commutative diagram:

colim  OW. (0. p.q.5) 2" 93 0W. (0, p.q)
s€d8w(o,p,q) |
(7.4.7) l &
. product/face
colim W,(o, p,q,5) W, (o, p,q)

$5€d8w(0,p,q)

Now we define QW, (o, p, q) to be the mapping cylinder of the diagonal composition.
Since the domain and codomain of this map are both cofibrant (for the domain, use
Lemma 7.4.4, which applies since Sy(a, p, ¢) has been assumed to be finite), it follows
that the top map is a cofibration and that QW,(a, p, q) is cofibrant. The product/face
maps with target QW, (o, p, q) are defined using the top horizontal map; they are
compatible since by construction they factor through the colimit in the upper left corner.
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Certainly supp QW, 2 supp W, . Conversely, suppose OW,(a, p, q) is nonzero. Then
either W, (0, p,q) # 0 (so (o, p,q) € suppW,), or OQW, (0, p,q,s) # 0 for some
5 € 08(0, p,q) (so by induction, the triples comprising s are in supp W,, and hence
sois (0, p,q)).

Lemma 7.4.6 Let {CF %= be cofibrant complexes over Z such that H; Ck =0 for
i <0. Then fori <0 we have H;(®}_, C¥)=0.

Proof Since the tensor product of projective modules is projective, we may use
induction to reduce to the case k = 2.

Thus, we have two cofibrant complexes A, and B, with H; A, = H; B, =0 fori <0
and we would like to conclude that H; (A4, ® B,) = 0 for i < 0. This follows from
the Kiinneth theorem, specifically in the form of [67, page 301, Theorem 9.16] or [70,
page 679, Theorem 10.81] (both of which apply because ToriZ( +,-)=0fori>1)22 o

Lemma 7.4.7 Let W, be a cofibrant F-module complex over Z such that H;W, = 0
for i < 0. Then for any finite downward closed subset 8 C Sw(o, p,q), the map

(7.4.8) Hi D W.(0. p.q.5) — Hi colimWa(0, p.q.5)

s€8

is surjective for i < 0. Moreover, both sides vanish for i < 0.

Proof Let us abbreviate A; := W,(0, p,q,5). Since A; is a tensor product of various
W, (o', p’,q), it follows (using Lemma 7.4.6) that H; A; for i <0, so the left-hand
side of (7.4.8) vanishes for i < 0. Hence it remains just to show that (7.4.8) is surjective
fori <O0.

We proceed by induction on the cardinality of S, the case § = & being clear. Let
50 € 8 be any maximal element. Now colimgeg A, is the colimit of (7.4.6); it follows
that we have the exact sequence

(7.4.9) 0 — colim A; — A;, @ colim A; — colim A; — 0.
555;30 s€8\s0 5€8

By the induction hypothesis, it suffices to show that the second map above is surjective
on H; for i <0. By the long exact sequence induced by (7.4.9), it suffices to show that

H; colim ;es A; =0 for i < 0. Now this follows from the induction hypothesis. O
5<50

221f we were assuming A, and B, to be bounded below, then we could apply the Kiinneth spectral
sequence EBi+j=q Torp(H; Ae, Hj Bs) = Hp1q(Ae ® Bs) (see [70, page 686, Theorem 10.90]) to
reach the desired conclusion without any assumptions on the ground ring.
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Lemma 7.4.8 (Lifting cycles along a fibration) Let A* — A° be surjective. Fix a
cycle a € A° and a homology class @ € H® A* whose images in H® A* coincide. Then
there exists a cycle @ € A° which maps to a and which represents @.

Proof Pick any cycle @’ € A° representing . Then @' —a € A° is a boundary db,
and lifting he A~V tobe A7, weletd:=a’ —db. ad

Lemma 7.4.9 (Representing homology classes in mapping cones) Fix f: A* — B*
and w € H°[A* — B*7']. Let a € A° be a cycle representing §w € H°(A*). Then
there exists b € B~! with db = f(a) such that a ® b represents w.

Proof This is a special case of Lemma 7.4.8 for the surjection [4* — B*~1] — A*. O

Lemma 7.4.10 (Universal coefficient theorem) Let A, be a cofibrant complex
over Z . Then there is a natural short exact sequence

(7.4.10) 0 — Ext' (H;_1A4..72) — H' Hom(A., 7Z) — Hom(H; A,, Z) — 0.
Proof Well-known. |

Lemma 7.4.11 (Extending cocycles along a cofibration) Suppose we have the fol-
lowing commuting diagrams (solid arrows) of complexes over Z. and their homology
(where 7 is concentrated in degree zero):

Ao >_> szo H. H.A. —> H.IZ.

(7.4.11) l = l /
¢
z

Z

where A, and /Flv. are cofibrant and H_1A. = 0. Then there exists a dashed arrow
compatible with the rest of the diagram.

Proof By Lemma 7.4.10, we have

(7.4.12) H°Hom(A.,Z) =~ Hom(HoA.,7Z),

(7.4.13) H°Hom(A,, Z) — Hom(HyA,, Z).

Let f: A9 — Z denote the vertical I map in the first diagram. Using the surjectivity
of (7.4.13), there exists a cocycle f Ao =7 giving the desired map on homology.
Denote by i: Ay > A: the inclusion. Now by the commutativity of the second diagram,
the difference f — fi acts as zero on HgA,. Since (7.4.12) is an isomorphism,
this difference is thus a coboundary 8g for some g: A_; — Z. Now extend g to

g A_ 1 — Z (using the fact that A_; »— A_ 1 splits) and let the dotted arrow be
f+63. O
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7.5 Resolution Z. — 7.

We now introduce the space : Ze— Z. (depending on a flow category diagram
X/Z, equipped with an implicit atlas and coherent orientations) which one may think
of as parametrizing coherent choices of virtual fundamental cycles over all of the flow
spaces X(o, p,q).

The main result is that 7: Z. — Z, is a trivial Kan fibration.

Definition 7.5.1 (System of chains) Let W* be an F-module complex with each
Sw(a, p,q) finite. A system of chains A € W* (of degree d(o, p,q)) is a collection of
elements Ay p 4 € WHOPD (a0, p, q) satisfying d g, p.g = Ho,p.q» Where

n
750 popr=2_ >, D P00 kpq - Aolk.nlar
k=0 q€Ps k) n—1
o Z(_1)k+gr(p)kc|[0...l€...n],p,r € W.(O" p r)
k=1
(using the product/face maps on the right-hand side). Note that this sum is finite
since Sw(o, p, q) is finite. Also, note that the triples on the right-hand side all strictly
precede the triple on the left-hand side. We also require that the parity (in the sense of
Convention A.0.3) of A4, , 4 equals gr(q)—gr(p)+dimo —1 € Z/2. This ensures (via
the Koszul rule of signs) that expanding d g, p,4 using the identity dAs, p.g = o, p.q
yields zero (the signs work out correctly as a consequence of the discussion surrounding
(7.2.6)—~(7.2.9)). In practice the degrees d (o, p, q) are chosen so that (i, 4 (as defined
by (7.5.1)) is formally homogeneous of the same degree as dAq, p g .

Remark 7.5.2 There is a natural bijection between systems of chains A € W* and
maps of F-modules R[Syw] — W*, where R[Sw](o, p,q) is the free R—module on
Swlo, p,q) with differential ds := ) jin(<s=15 (With appropriate signs) and
equipped with the obvious product/face maps coming from the F-module structure
on 8y (more intrinsically, R[Sw](o, p, q) is the direct sum over s € Sw(o, p,¢q) of
the orientation lines from Definition 7.2.4). This perspective is relevant for the key step
of the proof of Proposition 7.5.5 below.

Definition 7.5.3 (Resolution 7: Z, — Z,) Let X /Z, be an H-equivariant flow
category dlagram with implicit atlas A and coherent orientations w. We construct a
resolution 7: Z, — Z. (which depends on X, A, w) as follows. A simplex A" — Z,
consists of the following data:

(1) Amap f: A" - Z, (where A" is the semisimplicial n—simplex).
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(i) An H-invariant finite subatlas B C f*A (meaning choices of finite subsets
B(0, p.q) S A(f(0), p.q)).

(iii) An H-invariant collection of fundamental cycles [Eq] € C.(E; ) for all « € B.

(iv) An H-invariant system of chains A € C} (f*Xrel 0; B)T (degree zero and

supported inside supp X) with the following property. Note that (u, A) is a cycle
in the mapping cone

[C@f "X B)T — C(f *Xrel 3: B) ],

vir

whose homology is identified with He( f*X:0pxy). We require that the homol-
ogy class of (11, 1) equal f*w € HO(f*X; 0f*x).

(v) An H-invariant system of chains A for QC,.(E;B)* (degree gr(q) —gr(p) +
dim o — 1 and supported inside supp X) whose image in C,(E;B)™ coincides
with s A (recall (7.3.10)).

(vi) An H-invariant map of F—modules [[E]: QC.(E; TB)E — Z which sends the
fundamental class to 1. The left-hand side QC,(E; B)% is defined over Z,
and the right-hand side is the F-module which for every (o, p,q) is Z concen-

trated in degree zero (with the product/face maps being multiplication/identity,
respectively).

Remark 7.5.4 (Resolution commutes with pullback) Let X/Z, be an H—equivariant
flow category diagram with implicit atlas A and coherent orientations w. Let f: Y,—Z,
be a map, and consider f*X/Y, with implicit atlas f*A and coherent orienta-
tions f*w. Then there is a canonical fiber diagram relating the resolutions:

Y, >~ Z.
(7.5.2) \L
Y. — Z,

Proposition 7.5.5 (x: Z+— Z. is a trivial Kan fibration) The map r: Ze— Z.
has the right lifting property with respect to the boundary inclusions 0A"™ < A" for
all n > 0 (where A" is the semisimplicial n—simplex). In other words, given any
commuting diagram

N — 7.,

(7.5.3) l * l

A" —— Z,

of solid arrows, there exists a dashed arrow making the diagram commute.
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Proof It is equivalent to show that, given any f: A" — Z, along with data (ii)—(vi)
over dA", the data can be extended over A”. For ease of notation, let us rename

(f*X, f*A, f*w) as (X, A, w).

We construct (ii)—(vi) via H-equivariant induction on the set of triples (o, p,q),
equipped with the partial order <y in which (o/, p’,q’) <x (o, p.q) if and only if
(o', p’.q’) appears as a “factor” of some element of Sx(o, p,q). This partial order is
well-founded (ie there is no strictly decreasing infinite sequence) since each Sy (o, p, q)
is finite, and thus it is valid for induction. The induction works H —equivariantly since
the action of H on P is free, and (o, p, q) and (o, hp, hq) are always incomparable for
h € H (so we may henceforth ignore the action of H ). The inductive step is as follows.

Choosing B(o, p,q) We must choose a finite B(o, p,q) C.A(o, p.,q) so that the cor-
responding subatlas of A(o, p,¢)=*" =A(0, p,q) on X(o, p.q) satisfies the covering
axiom (and thus is an implicit atlas). This is possible by compactness.

Choosing [E,] Trivial.

Choosing [E]ls,p,q: OC.(E; B)—Zi_(O', p.q) — Z We need to construct [E]lg, p,q fit-
ting into the following diagram:

colim QC,(E; B)Z(a P.q,5) productfface QC.(E;B)%(U,p,q)
5€08x(0,p,q) -
[[E]]\L /”’/""EI’[[’I;];’
Z %—” : o.p.9
(7.5.4)
product/face

H, colim QC,(E; B)Z(a p.q,5

H,0C.(E:B
sepionm OC.(E;B)4 (0, p,q)

[[E]]l %

Since QC.(E; B)Zr is cofibrant, it follows that the top horizontal map is a cofibration
between cofibrant complexes (this uses Lemma 7.4.4). Now Lemma 7.4.7 tells us that
the direct sum of HyQC,(E; TB)%(U, P.q,s) surjects onto Ho on the left, and this
makes it easy to check that the second diagram commutes. Lemma 7.4.7 also tells us
that H_; on the left vanishes. Hence we may apply Lemma 7.4.11 to conclude the
existence of a suitable [Els, p.q-

Choosing A, , 4 (the key step) According to Lemma 7.4.9, we may choose a A4, 5 4
with the required property if and only if the homology class of

Hao,p.q € v1r(ax B)+(0 P, Q)
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coincides with
dow(o, p,q) € Ho(ax(@ D:9q); Uax(a,p,q))-

Let us now prove this desired statement [iig, p,q] = dw(o, p,g). Let us fix g €
d8x (o, p,q) and verify equality over X(a, p,g)* (this is clearly enough).

We consider the following diagram, where X=°, Bzt cht, a8y, E)SDSCt stand for
X(o, p.q9)=*, B(o, p,q)=", 8x(o, p,q)=*, 38x(0, p.q), 08x(0, p,q)=", respectively:

(7.5.5) Ho.p.q € Co(0X; B) Y (0, p,q)
T
(7.5.6) P ropgr € @D hocolim €y, (X=° rel 9: BZ)

<t
t€08y t€08y s<teSy

I
(7.5.7) P rvoparc E hocolim Cg (X=* rel 9; B=")

<0 =0 s=<tesz’
t€085 t€A8y

T
(7.5.8) Mo, p.q.xo € hocolim C;

vir
<t
s<tesy 0

(X=*rel 9; B=")

The differentials in (7.5.6)—(7.5.7) are given by the sum over codim(x < t') = 1 of the
obvious pushforward maps (plus the internal differentials of each hocolim). The first
vertical map is the sum over codimt = 0 (ie over maximal elements of 08y (o, p, q));
clearly this is a chain map. The remaining vertical maps are clear. The easiest way to
keep track of signs in the present discussion is to use the orientation lines associated
to elements of Sx (o, p, ), as in Definition 6.2.2, though we will suppress them from
the notation. Note that there is a natural diagram of complexes of K—presheaves on
0X (o, p,q) whose diagram of global sections is (7.5.5)—(7.5.8). We will see below that
these complexes of K—presheaves are in fact pure homotopy K-sheaves and that the
induced diagram of sheaves (obtained by taking H ) is given by the tautological maps

(7.5.9) 09X (0, p.q) <~ 99X(0,p.q) — 9X(0,p.g)=*0 <~ OX(0,p.q)="0rel 3-

First, though, let us argue that this claim implies the desired result. The cycle

Io,p,q € (7.5.5) lifts to a cycle Dieps. (o, p.q) Ho.p.ax € (7.5.6), where fig p g.c is
obtained by applying the product/face maps to the tensor product of the various A

corresponding to the factors on the left-hand side of (7.1.6) corresponding to t (this
is a cycle by (7.5.1)). Obviously

@ Mo,p,q,c € (7.5.6) maps to @ Mo, p,g.c € (1.5.7).
t€38x (0,p,q) t€d8x (o, p,q)="0
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On sections over K € X(a, p,q)™, the last vertical map is an isomorphism, and (the
restriction to K of) EBte 38 (0, p,q)=*0 Mo,p.q.c € (7.5.7) lifts to (the restriction to K of)
Mo, p,q.vo € (7.5.8). Finally, observe that over any K € X(o, p, ), the homology class
of e, p,q.t0 € (7.5.8) coincides with the restriction of dw(o, p,q) to the vy stratum
(this follows from the induction hypothesis, using the fact that the orientations are
coherent and the observation at the end of Definition 6.3.2). Clearly this implies that
Mo, p,q coincides with dw(o, p, q) in homology over X(o, p,q)*.

Thus it remains only to show that (7.5.5)—(7.5.8) are pure homotopy K-sheaves and that
the induced maps on H coincide with the tautological maps on orientation sheaves
(7.5.9). Note that by Proposition 6.2.3, the following closely related diagram (using
similar simplified notation as in (7.5.5)—(7.5.8)) satisfies all of the desired properties
(ie is a diagram of pure homotopy K—sheaves inducing (7.5.9) on H?):

top

(7.5.10) Co.(3X; B=)
/r
(7.5.11) P Co(x=reld; B=")
t€I8y
\
(7.5.12) P C(x=rreld; B=")
re35§’°
1
(7.5.13) Ce (X=%0rel §; BZ")

Hence it is enough to relate this diagram to (7.5.5)—(7.5.8) via quasi-isomorphisms. The
diagram obtained from (7.5.5)—(7.5.8) by replacing every occurrence of B(o, p,q)=*
with B(o, p,q)=*" maps quasi-isomorphically to (7.5.5)—(7.5.8) (by pairing with the
fixed fundamental cycles), and it also maps quasi-isomorphically to the diagram above
(use the obvious pushforwards on the p = 0 level of the homotopy colimits, and zero
for p > 0), thus giving the desired result.

Choosing Ig,p,q We must find ngp,q lifting s«Aq,p,q and satisfying dxg,p’q =
Ho,p,q- Now we know that [is, 54 is a cycle (see Definition 7.5.1); furthermore, its
image in C,(E;B)T is sx/lo,pq = d(5xAo,pq), Which is null-homologous. Since
OW, = W, is always a quasi-isomorphism, it follows that [ig, p,q is null- homologous.

Hence there exists A/, p.g With dx, p.q = Ho,p,qs now we must modify /\Up g SO
that it lifts s«A4,p,4. The difference of sxAq,p,4 and the image of )LU D is a cycle

in C,(E;B)™. It can be lifted to a cycle in QC,(E; B)™ using Lemma 7.4.8 (again
using that QW, = W, is a quasi-isomorphism), which is enough. |
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7.6 Categories of complexes

We review various categories of complexes over graded rings. We use these categories
as targets for the Floer-type homology groups we construct.

Definition 7.6.1 (Complexes over graded rings) Let S be a graded ring. A differential
graded S—module is a graded module A* over S along with a map d: A®* — A°**!
satisfying d? = 0.

Definition 7.6.2 (Category Chg) Let S be a graded ring. We let Chg denote the
category whose objects are differential graded S—modules and whose morphisms are
chain maps.

Definition 7.6.3 (Category H°(Chg)) Let S be a graded ring. We let H%(Chg)
denote the category whose objects are objects of Chg and whose morphisms are chain
maps modulo chain homotopy.

Definition 7.6.4 (oco—category Ngg(Chg)) Let S be a graded ring. We let Nyg(Chg)
denote the differential graded nerve of Chg (see Lurie [58, Construction 1.3.1.6] or
Definition 7.6.5 below).

Let us now discuss the relationship between these three categories and in particular
explain the definition of Ngg(Chg) in concrete terms. Despite appearances, the reader
need not be familiar with co—categories to understand Ngg(Chg).

Recall that if € is a category and X, is a simplicial set, a diagram X, — C is a map of
simplicial sets X, — N,C where N,C denotes the nerve®3 of C. Concretely, a diagram
F: X, — C is the data of:

(i) For every vertex v € Xy, an object A, € C.

(ii) For every edge e € X1 from vg to v1, a morphism fe: Ay, — Ay, in C.

Moreover, the following conditions must be satisfied:

(iii) For every degenerate edge e € X over a vertex v, we have f. =idy, .

(iv) For every face in X5 spanning edges eo1, €12, €02, we have fe,, 0 feg; = feos-

Sn—1,
23An n-simplex A" — N,C is a diagram Ag & Ay g LN

N,C is not a simplicial set unless C is small.

Ap in C. Strictly speaking,
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We often speak of a diagram X, — C where X, is only a semisimplicial set, in which
case we ignore condition (iii).

It should now be clear what we mean by a diagram X, — Chg or X, — H 0(Ch s)if X,
is a (semi)simplicial set. Let us now say what we mean by a diagram X, — Ngg(Chg).
Such a diagram is similar to a diagram X, — Chg, except that we only require condition
(iv) to hold “up to coherent higher homotopy™.

Definition 7.6.5 (Diagram X, — Ngg(Chg) [58, Construction 1.3.1.6]) Let S be a
graded ring and let X, be a simplicial set. A diagram X, — Ngg(Chg) consists of:24

(i) Forevery v € Xo, a graded S—module A3 .

(ii) For every o € X, spanning vy, ..., v, € Xo,amap fs: Ay, = Ay, of degree
1 —n, such that

n n—1
(7.6.1) > D foem o foroiy = Y (=D Joit0iony
k=1

k=0
and if o is degenerate, then

id, dimo =1,
(7.6.2) fo = {

0, otherwise.

If X, is only a semisimplicial set, then we ignore (7.6.2).

Let us now explain this definition by examining what (7.6.1) says for low-dimensional
simplices 0: A" — X, (following [58, Example 1.3.1.8]).

(i) Letn=0.Then fo: Ay — Af has degree 1, and (7.6.1) asserts that foo fo =0.
Thus (Ao, fo) is a chain complex.

(i) Let n = 1. Then fo1: Ay — A} has degree zero, and (7.6.1) asserts that
foro fo— fio for =0. Thus for: (Ay. fo) = (A3, f1) is a chain map. For
a degenerate 1-simplex, (7.6.2) asserts that fo1: (43, fo) — (A3, f1) is the
identity map.

(iii) Let n = 2. Then fo12: Ay — A5 has degree —1, and (7.6.1) asserts that
fo12.fo— f12 fo1 + f2 fo12 = — fo2. Thus fo12 is a chain homotopy between
fo2, fi2 fo1: Ay — A5.

24For the reader familiar with co—categories: the notion of a diagram X, — Ngg(Chg) suffices to
define Ngg(Chg) by Yoneda’s lemma.
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We can now relate Ngg(Chg) to the more familiar categories Chg and H O(Chg) by
introducing natural forgetful functors

(7.6.3) Chs — Ngg(Chg) — H%(Chg),

which should be clear given the above interpretation of diagrams to Ngg(Chg). More
precisely, a diagram X, — Chg gives rise to a diagram X, — Ngg(Chg) where the
higher homotopies { f5 }dimo>2 are all zero. A diagram X, — Ngg(Chg) gives rise
to a diagram X, — H?(Chg) which forgets about the choice of higher homotopies
{ fo }dimo>2 . remembering only the existence of { f5 }dimo=2 satisfying (7.6.1).

7.7 Definition

We now define the Floer-type homology groups of an H—equivariant flow category
diagram X/Z, with implicit atlas and coherent orientations. More precisely, given
such data we construct a diagram H(X): Z, — HO(ChR[[H]]).

We first define a diagram IF]I(DC): Z,—> Nag(Chgpay) (this is straightforward from the
definition of Z,). Schematically:

5 HE)

Lo —= ng(ChR[[H]])
(7.7.1) HJ/

Z,

We then use Proposition 7.5.5 (that : Z. — Z, 1s a trivial Kan fibration) to show that
H(X) descends uniquely to a diagram H(X): Z, — HO(ChR[[H]]).

For the descent argument, we need to assume that Z, is a simplicial set. The main
nontrivial step is to show that certain lifts of degenerate edges in Z, to Z, are sent by
H(X) to the identity map in HO(ChR[[H]]).

Remark 7.7.1 There should also be a (more refined) descent with target Ngg (Chrpa7)
(see also Remark 7.0.2), though we have decided to omit this for the sake of brevity
(the correct uniqueness statement is more complicated to state).

Definition 7.7.2 (Novikovrings) Let 7" be a setequipped with a “grading” gr: T —Z
and an “action” a: T — R. We let R[[T]] denote the graded R—module consisting of
formal sums ),y c; ¢ with ¢; € R, satisfying the following two finiteness conditions:

(i) #{n €Z:3t suchthat c¢; # 0 and gr(t) =n} < oo.
(i) #reT:c;#0and a(t) <M} < oo forall M < oo.
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In other words, R[T] is the graded completion of R[T] with respect to the non-
archimedean a—adic norm |t], := e¢~@® . If T is a group and gr, a are group
homomorphisms, then R[[T] is a graded ring.

Definition 7.7.3 ((Co)homology groups ]ﬁl(%): Z,— Nag(Chgrpay)) Let X/Z, be
an H—equivariant flow category diagram with implicit atlas A and coherent orienta-
tions w. We define a diagram

(1.7.2) H(X) 4,00 Zo — Nag(Chrpay)-
We will write IFH(DC) for ]ﬁl(.’)C) A, When the atlas and orientations are clear from context.

To a vertex of Z, we associate R [P;], where z is the corresponding vertex in Z,.
This is clearly a graded R[H ]]-module.

Now for a simplex o € Z,,, we aim to define the map fy: R[[Ps0)] = R[Psm)ll by
the formula

(7.7.3) fo(p) =Y ([Elo,pq ®idr) (Ao p.g) 4.
d€Psmn)

Let us now argue that (7.7.3) makes sense and that the resulting maps f; satisfy (7.6.1).

First, observe that since Io, p.q 18 of degree gr(q)—gr(p)+dimo—1 and [E]ls, p,q has
degree zero, all terms on the right-hand side of (7.7.3) are of degree gr(p) + 1 —dimo.
Now, XU, p.g =0 if X(o, p,q) = @. Hence finiteness condition Definition 7.2.1(iv)
implies that (7.7.3) converges in the a—adic topology, and hence defines an R-linear
map fo: R[Ps0)] — R[Ps(oyll- Finiteness condition (v) implies that there exists
M < oo such that | f5(p)la < M|pla. Thus f5 extends uniquely to a continuous (in
fact, bounded) R-linear map f5: R[Ps(0)]] = R[Ps(0)ll. Clearly fo is R[H]-linear
since [E] and A are both H—invariant.

Now it remains to verify that the f, defined by (7.7.3) satisfy (7.6.1). To see this, write

0= (—l)gr(p) : ﬂE]]o,p,r(dIa,p,r)
= (‘Dgr(p) . [[E]]U,p,r(ﬁo,p,r)

n
= [[E]]a,par(z Z (_l)kAUI[O...k],p,q 'AO'|[k...n],q,r

k=0 g€Po 1) (S A
— Z (_1)k/\0|[0...]€...n];P’r)
k=1
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n
=Y > D![Elojo..k1p.qRolf0..k1.p.0)  [EDo|k...n).qr Pollk...n).q.r)
k=09€P5 k)

n—1
) -
- Z (=D [[E]]o|[0...1€...n],p,r(AOI[O.-Jen-n],PJ‘)
k=1
n n—1
= coefficient of 7 in ) (=1)* foipk.n1 folto..c1(P) = D (=D £ 10 g (P)-
k=0 k=1

The first equality follows because [E]s,p,» is a chain map, the second equality follows
from the definition of a system of chains, the third equality is (7.5.1), the fourth equality
follows from the fact that [E] is compatible with the product/face maps, and the fifth
equality follows from the definition of f5 (7.7.3).

Proposition 7.7.4 (Degenerate edges in Z. give the identity map up to homotopy)
Let Z, = * be the semisimplicial set with a single simplex o' in dimension i for all
i > 0 (ie the simplicial O—simplex). Let X/Z, be an H—equivariant flow category
diagram with implicit atlas and coherent orientations. Suppose that:
() X(ol, p,p)=X(ol, p, p)e is a single point and w(c'!, p, p) =1, for all p.
(i) X(0° p.q) =2 = X(o', p.q) =@ foralli andall p #q.

Then for any o € Z1 whose two vertices coincide, the associated map in IF]I(DC) is
homotopic to the identity map.

Proof Let d: R[P]] — R[[P]] denote the boundary operator associated to the vertex
of o, and let 1 —e: R[[P]] = R[[P] denote the chain map associated to o. We must
show that € is chain homotopic to the zero map. Since Z. — Z, is a trivial Kan
fibration (Proposition 7.5.5), there exists a 2—simplex in Z. all of whose edges are o.
Associated to this 2—-simplex is a chain homotopy /: R[[P] — R[[P]] between (1 —¢)
and (1 —¢€) o (1 —¢); in other words,

(7.7.4) e=dh+hd + €.

Now we claim that the only nonzero “matrix coefficients” ¢, 4 of d, €, h are those for
which X(c°, p,q) # @. By definition, f, can have nonzero matrix coefficients cp 4
only for X(o, p, q) # @. Hence hypothesis (ii) gives the desired claim as long as p #q.
For the diagonal matrix coefficients ¢, ,, we argue separately as follows. By degree
considerations, only € can have nonzero ¢, , . It thus suffices to show that the matrix co-
efficient ¢, p = [[E]]O-I’p’p(zo-l,p,p) of f;1 =1—¢€ equals 1. Note that no product/face
maps have target (!, p. p),so Agi ,p,p 18 @cycle representing w(o!, p, p)=1. Hence
Ag1,p,p 18 a cycle representing [E], and so [E]l;1 , (Ao, p,p) =1 as needed. Hence
the claim is valid. From the claim, we make the following two observations:
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(i) We have |d(p)la.l€(P)la.1h(P)]a < |Pla-

(i) For all M < oo and p € P, there exists N < oo such that any length- N
composition of d, €, h applied to p has a—adic norm < e™M .

(The second observation also uses Definition 7.2.1(iv).)

Now iterating the identity € = dh + hd + €2, we are led to the infinite series?>
o0
_ 1/2n-2 n
(171.5) 6—21;( o )(hd+dh) ,
n=

which by observations (i)—(ii) converges in the a—adic topology when applied to any
element of R[[P]]. Now we have

n
(hd +dh)" =Y (d)*(hd)"™* = Hyd + dH,,
k=0

where H, =Y _, h(d h)k=1(hd)"—* . This gives the desired chain homotopy between
€ and zero (again using observations (i)—(ii) to justify convergence of infinite sums). O

Lemma 7.7.5 (Criterion for descent along a trivial Kan fibration) Let r: 7 e —>"Ze
be a trivial Kan fibration of semisimplicial sets, and let H: Z, — € be a diagram in
some category C. A descent of H to Z, isa diagram H: Z, — C along with an
isomorphism H—>Hon:

Z., ——=¢
b
(7.7.6) nl ///];41
Z,
Suppose that:
(i) Z. is a simplicial set.
(i) For any edge o! in Z. whose endpoints coincide and which projects to a
degenerate edge in Z., the associated map in C is the identity map.
Then a descent exists and is unique up to unique isomorphism.
Proof The proof below shows that we may define H := Hos for any section

S: Ze—>7Z,.

25The coefficients %(2,1"__12) are integers (Catalan numbers Cp—1 ), so writing this expression does not

make any implicit assumptions on the ring R.
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Defining H over 0-simplices Fix some O-simplex v of Z,. For every lift v, we
have an object H(v). Furthermore, for every lift e of the degenerate 1-simplex e
over v, we get a map

~  HE) ~
H(@1) — H(v2),
which is the identity map if v; = v,. Finally, for every lift ]7 of the degenerate

2-simplex f over v, the diagram

(7.7.7) ]ﬁl(zlz)/ H@2) _ fieyy)
H(vy) S H(T3)

HE3)

commutes, where €12, €23, €13 are the edges of f . Using that Z, — Z, is a trivial Kan
fibration to conclude that we can always find lifts with specified boundary conditions,

it follows that all IF]I(ﬁ) are canonically isomorphic. Thus there exists a unique choice
for H(v).

Defining H over 1-simplices Fix some 1-simplex e of Z, with vertices vy, vy. If €
is any lift of e, then we get a map

H(vy) = B@) = fli(5,) = H(vy).

Furthermore, this map H(v;) — H(v2) is seen to be independent of the choice of lift €
by lifting degenerate 2—simplices over e. Thus there exists a unique choice for H(e).

Defining H over n—simplices for n > 2 We just need to check that the diagram

(7.7.8) He) s, B2 He
H(v1) > H(vs)

H(e13)
commutes for all 2-simplices f in Z,, where e1z, €23, €13 are the edges of f. This

follows from lifting f* and the commutativity of (7.7.7). |

Definition 7.7.6 ((Co)homology groups H(X): Z, — H%(Ch rH])) Let Z, be a
simplicial set. Let X/Z, be an H—equivariant flow category diagram with implicit
atlas A and coherent orientations . Suppose that for any vertex o® of Z,, we have:

i) X(cl, p, p) =X(cl, p, p)*8 is a single point and w(c!, p, p) =1, for all p.
(i) X(0° p.q) =2 = X(o',p.q) =@ foralli and p #gq.
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(Here ¢’ denotes the completely degenerate i—simplex over ¢°.) We have
5 H(x
Zo 2O HO(Chppap)

(7.1.9) ”l
Z.

(abusing notation and using ]ﬁI(DC): Z,—>H O(Ch R[H]) to denote the composition of
H(X) with the forgetful functor Nygg — H 0). The hypotheses of Lemma 7.7.5 are
satisfied by Propositions 7.5.5 and 7.7.4, and hence we get a canonical descent

(7.7.10) H(X)4,0: Zo — H°(Chgrpay)-

We will write H(X) for H(X)4,, when the atlas and orientations are clear from context.

7.8 Properties

Lemma 7.8.1 (Passing to a subatlas preserves H(X)) Let Z,, X/Z,, A and @ be
as in Definition 7.7.6. If B C A is any subatlas, then there is a canonical isomorphism
H(X)4 = HX)s.

Proof Indeed, we have Z.B cZ A compatibly with ]ﬁl(f)C) |

Lemma 7.8.2 (Shrinking the charts preserves H(X)) Let Z,, X/Z,, A and w be
as in Definition 7.7.6. Let A’ be obtained from A by using instead some open subsets
Uy, U, X; X, X;eg/ C X;eg, and restricting Yy, sy to these subsets, so that
A’ is also an implicit atlas. Then there is a canonical isomorphism H (X) 4 = H(X) 4.

Proof There is a natural map ZA — Z/ for which the pullback of H(X)y4 is
canonically isomorphic to H(X)4 . This is enough. m|

Lemma 7.8.3 (Universal coefficients) Let Z,, X/Z,., A, @ be as in Definition 7.7.6.
Let R — S a homomorphism of base rings. Then there is a canonical isomorphism

H(X)* = HO® @y S[H]
(denoting — @ rpay STH]: H®(Chggay) — H®(Chspay)).
Proof There is a natural base change map b: V4 R_ 7 5 and a canonical isomorphism

]ﬁI(T)C)S ob = ]ﬁI(DC)R ®prpay SI[H]. Now the result follows since ﬁl(%)s ob and
H(X)S have the same descent to Z,. |
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Proposition 7.8.4 (If X = X8, then H(X) is given by counting 0—dimensional
flow spaces) Let Z,, X/Z,, A, and w be as in Definition 7.7.6. Suppose that
X(o, p,q) = X(o, p,q)™8 for all (o, p,q) (so, in particular, X/Z, is Morse—Smale in
the sense of Remark 7.2.2).

Define a diagram H'(X): Z, — Ngg(Chgpay) as follows. The graded R[[H ]]-module

associated to a vertex z of Z, is R[P;]|. For a simplex o € Z,, we define the map
Jo: R[Ps0)]l = R[Pg )]l by the formula

(7.8.1) fo(p):= Y. (. p.9).[X(0, p.9)) .

q4€Psmn)
gr(g)—gr(p)=1—dimo

It is easy to verify that the maps f, are well-defined and satisty (7.6.1).

Now there is a canonical isomorphism H(X) = H'(X) (where on the right-hand side
we implicitly compose with the forgetful functor Ngg — H 0).

Proof We will show an equality of “matrix coefficients”

(7.8.2) ([EDo,p.q ® idR) (Ao, p.q) = (@(0, p,q), [X(0, p,q)])

for (o, p,q) € Z. with vdim T)C(o p,q) = 0. Thus comparing (7.7.3) and (7.8.1), it
follows that the two diagrams Z, — Ngg(Chrpay) in question, namely H(DC) and

H'(X) o 7, coincide. The desired isomorphism thus follows from the definition of
HI(X) as the descent of H(X).

To prove (7.8.2), argue as follows. Since X(o, p,q) = X(o, p,q)™8, we know that
if vdim X (o, p,gq) < 0 then X(o, p,q) = @ and hence A4 p 4 = 0 and Xg,p,q = 0.
Now when vdim X(o, p,q) = 0, we see that (g, p,q =0 and [ig, p,q = 0 (because all
of the terms defining them involve a triple with negative dimension), so A4, 4 and
IU, p.q are cycles. Since the homology class of A4, , 4 coincides with w(o, p, q), the
left-hand side of (7.8.2) coincides with the evaluation of w (o, p, ¢) on [X(o, p,q)]'" €
I-VIO(DC(G, P:4);0%(s,p.q)) " - Now we are done since [X(o, p, I = [X(o, p.q)] by
Lemma 5.2.6. |

8 S!l-localization

In this section, we prove vanishing results for virtual fundamental cycles on almost
free?® S'-spaces equipped with an S'—equivariant implicit atlas.

Convention 8.0.1 In this section, we work over a fixed ground ring R, and everything
takes place in the category of R—modules. We restrict to implicit atlases A for which

26 An “almost free” action is one for which the stabilizer group of every point is finite.

Geometry € Topology, Volume 20 (2016)



868 John Pardon

#T,, is invertible in R for all & € A. We restrict to S !—equivariant implicit atlases for
which #(Sl)p is invertible in R forall p € Xg.

For this purpose, we introduce the S'—equivariant virtual cochain complexes C ST vir?
which enjoys properties similar to those of Cy;.. There are canonical “comparison maps”

(8.0.1) (X; A) = C(X; A),
(8.0.2)

3‘1 VlI'
(Xreld; A) —> C

vir

vir

S1 ,vir (X rel 9; A)

and a canonical commutative diagram
cd+' (X rel 9; A) % CdlmEA_._l(EA, E4\0;0) )™

(8.0.3) J i
Cd+.(X rel 0; A) L>' CdimEA—-(EA’ Eq \O’ O%A)FA

vir

(S acting trivially on E4). Furthermore, if X is an almost free S'-space and 4 is
locally S'—orientable, then there are canonical isomorphisms

(8.0.4) Hg, ,(X:A4) = H*(X/S": meox),
(8.0.5) (Xreld; A) = H*(X/S': mw0x re19)-

S1,vir
The construction of Cg, . and the proof of these properties are the main technical
ingredients for the S!—localization statements we prove.

To prove the desired vanishing results, we consider using C 1 yir in place of C to
define virtual fundamental cycles. The properties and compatlblhtles above then show
that the desired statements follow essentially from the vanishing (on homology) of
the right vertical map in (8.0.3). This basic strategy works easily to give the desired
vanishing results for the virtual fundamental classes from Section 5. We also apply
this strategy to prove results for the Floer-type homology groups from Section 7 in the
presence of an S!—action on the flow spaces (to the effect that flow spaces on which

the action is almost free may be ignored).

We do not construct an S '—equivariant virtual fundamental cycle, though the machinery
we set up is a step in this direction (see Remark 8.6.3).

8.1 Background on S!-equivariant homology

Definition 8.1.1 (Gysin sequence) Let 7: E — B be a principal S!-bundle. Analy-
sis of the associated Serre spectral sequence gives the Gysin long exact sequence

! 1

8.1.1) 0 (B D HU(E) DS HU(B) S He o (B) S
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The Ne map is cap product with the Euler class e(E) € H?(B). To see this, observe
that the sequence (8.1.1) coincides with the long exact sequence of the pair for (the
mapping cone of) m: E — B, and that there is a natural isomorphism

Hoy2(B.E) 25 H.(B).

where t = t(E) € H?(B, E) is the Thom class (eg as argued in [39, page 444] for
the corresponding sequence in cohomology).

For any S!-space X, there is a principal S!-bundle 7: X x ES! — (X x ES!)/S!,
and thus a long exact sequence

(8.1.2) S ES S HO DS S XS BSL0 S

fore(X)e H ;1 (X). The same reasoning applies for pairs of spaces, so the same exact
sequence exists for relative homology as well.

Lemma 8.1.2 Let X be a trivial S'—space. Then the 7' map in the Gysin sequence
vanishes, turning it into a short exact sequence

(8.1.3) 0— Ho(X) 2 HS'(x) 2% S, (X) > 0.

The same statement applies to relative homology of trivial S'-spaces.

Proof The composition H,(X) — H.(X x BS') — H,(X) is the identity map, and
so the first map is injective. On the other hand, this map is precisely m4: Ho,(X) —
HS : (X) since the S'-action is trivial, so 4 is injective, which is sufficient. The
same argument applies in the relative setting as well. |

Lemma 8.1.3 Let X be a locally compact Hausdorff S'—space which is almost free
at p € X, and suppose that the order of the stabilizer #(S'), is invertible in the ground
ring R. Then there exists an S'—invariant neighborhood S'p € K C X so that the
Euler class e(K) € H;l (K) vanishes.

Proof Apply the Tietze extension theorem to the identity map S!'p — S!p to obtain
an §'-invariant neighborhood K of S!p and a retraction r: K — S!p. By averaging
and passing to a smaller neighborhood, we may assume without loss of generality that r
is S'—equivariant. Now by the naturality of the Euler class, we have e(K) =r*e(S!p).
Thus it suffices to show that e(S1p) € H ;1 (S1p) vanishes. Now we have

H3(S'p) = Hgr) ()= H>((S")p).
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where the latter is the group cohomology of the finite stabilizer group (S!) p-Itisa
standard fact that the group cohomology of a finite group is annihilated by the order of
the group. Hence our assumption that #(S!) p is invertible in R guarantees that this
cohomology group vanishes. O

Lemma 8.1.4 Let M be a topological S'—manifold of dimension d which is almost
free near p € M . Suppose that #(S1),, is invertible in the ground ring R. Then there
is a canonical isomorphism

HY(S'p;opy), o=d—1,

0, e#d—1

(note also that H'(S'p;op) = HO(S'p; oy ® o\S’,p)).

(8.1.4) HS' (M, M\ S'p) =

Proof By Poincaré duality, we have canonical isomorphisms
HO(S'pioy), o=d.

(8.1.5) H. (M, M\S'p)={H (S 'p;op), e=d—1,
0, otherwise.

By excision and Lemma 8.1.3, the Gysin sequence reduces to a short exact sequence

8.1.6) 0— HS' (M, M\ S'p) 2> H.(M. M\ S p) =5 HS' (M, M\ S p) — 0.
Combining this with (8.1.5), we see that HS' (M, M\ S'p) =0 for » #d — 1, and
that both maps in the sequence

8.1.7)  Hg_y(M.M\S'p) > HF (M. M\ S'p) "> Hy(M. M\ 5" p)

are isomorphisms, which yields the desired result. a

8.2 Sl-equivariant implicit atlases

Definition 8.2.1 (S!—equivariant implicit atlas) Let X be an S!'-space. An S'—
equivariant implicit atlas A on X is an implicit atlas A along with an action of S
on each thickening X7 (commuting with the I'y—action) such that each map ;s is
S 1_equivariant, each function s, is S '—invariant, and each subset X;eg is Sl-invariant.

Similarly, we define an S!—equivariant implicit atlas with boundary and/or stratification
by in addition requiring that the boundary loci dX; and/or stratifications X; — 8 be
S1_invariant.

Note that in the above definition S! does not act on any of the obstruction spaces Eq
(or, alternatively, it acts trivially on them).
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8.3 S!_equivariant orientations

We begin with the trivial observation that if X is equipped with a locally orientable
S1_equivariant implicit atlas A, then the S'-action on X lifts canonically to the
orientation sheaf oy .

Definition 8.3.1 (Locally S!—orientable implicit atlas) Let X be an S'-space with
S 1_equivariant implicit atlas with boundary. We say that A is locally S'-orientable if
and only if it is locally orientable and for all p € X, the stabilizer (S1), acts trivially
on (0x), (this action is always by a sign (S!), — {Z£1}). This notion is independent
of the ring R (due to our restriction that #(S!), be invertible in R).

It is easy to see that if A is locally S!—orientable, then w40y is locally isomorphic to
the constant sheaf R (where n: X — X/S ).

Remark 8.3.2 If A is locally orientable and oy has a global section, then A is
automatically locally S!—orientable (S! is connected, so the section must be S'—
invariant, hence the claim).

8.4 S!-equivariant virtual cochain complexes C S1 v (X;A) (also rel 9)

. . . . 1
To define the S'—equivariant virtual cochain complexes, we must first fix a model CS
of S!—equivariant chains to work with.

Remark 8.4.1 If we used the language of oco—categories, there would be no need
to construct models of chains with good (chain-level) functoriality properties (see
Remark 4.2.3).

We begin by stating the (chain-level) properties we would like our model C.Sl to satisfy.
We want a functor C,S ' from spaces to chain complexes of free Z—modules (and then
we can tensor up to any base ring R); we also demand that C5 : (A) = CS 1 (X) be
injective for A C X (and then we define relative chains C5 : (X, A) as the cokernel).
Now we need there to be functorial maps

(84.1) ' (X) 55 Copr (X),
(8.4.2) CS'(X)®C(Y) = CS' (X x Y),

realizing (respectively) the Gysin map and the obvious product map. The map (8.4.2)
must be compatible with the Eilenberg—Zilber map on C, in that the two ways of
building up the map

(8.4.3) CS' (X)®C(Y)®Cu(Z) — C5' (X x Y x Z)
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coincide. Moreover, (8.4.1) and (8.4.2) must be compatible in that the diagram

CS'(X)®C(Y) —= CS' (X x Y)

(8.4.4) \L l

C.+1(X) ®C.(Y) —> C._|_1(X X Y)

1 . . .
commutes. To define S~ with the aforementioned properties, let us recall the construc-
tion of the Serre spectral sequence due to Dress [17]. For a Serre fibration n: £ — B,
we consider diagrams of the form:

AP x A1 —~ E

(8.4.5) l ln

AP —> B

Let Cp 4(m: E — B) denote the free abelian group generated by such diagrams. Then
the direct sum of all of these C, .(7: E — B) is a double complex (differentials
corresponding to the two pieces of boundary dA? x A9 and AP x dA?). We let
C.(m: E — B) denote the corresponding total complex. There is a natural map
C.(m: E - B) — C,(E), where we subdivide A? x A? in the usual way. By
considering the spectral sequence associated to the filtration by ¢, Dress showed
that this map is a quasi-isomorphism. Dress also showed that the spectral sequence
associated to the filtration by p is the Serre spectral sequence; in particular, the £ g,q
term is Hy(B, Hy(F)).

To define C,S ! , fix once and for all an ES'. Then for any space X, the map
7 X x ES' > (X x ES1) /8!
is a principal S'-bundle, so a fortiori it is a Serre fibration. We define

8.4.6) C5(X):={yeCur: X x ES' - (X x ES')/S") |

y, dy have no component with g—degree < 1}.

The inclusion C.S_l1 (X) = Co(m: X x ES' — (X x ES1)/S1) is compatible with the
p—grading on each. Let us consider the associated morphism of spectral sequences
(induced by the p-filtration). The latter has F 1%’ g term H 1§ : (X, Hy(S1)) by Dress [17].
It follows from the definition (8.4.6) that the E ;3 g term of the former is the same in
degrees ¢ > 1 and zero otherwise. Since Hy(S 1) is nonzero only for ¢ < 1, it follows
that the former spectral sequence has no further differentials, and we conclude that the
homology of C,S : (X) is indeed H,S : (X) as needed.
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Now let us define the maps (8.4.1) and (8.4.2) and verify the required properties. The
map (8.4.1) is obtained by the standard subdivision of A? xA? into simplices along with
the projection map X x ES! — X . The map (8.4.2) is defined as follows. Given maps
AP x A9 — X x ES' and AP’ — Y, we obtain amap A? x AP x A9 — Y x X x ES!
and we subdivide A?" x A? . The required properties are then straightforward to verify.

Definition 8.4.2 (S!-equivariant virtual cochain complexes C 51 Vir(—; A) (and 7y))
Let X be an S!-space with finite S'—equivariant implicit atlas with boundary A. For
any S!—invariant compact K C X, we define

(8.4.7) 51 vir(K; A)]J, Sl v1r(K rel 8 A)]_],
(8.4.8) (K; A), Sty (K el 3; A)

Sl ,Vir

as in Definitions 4.2.5-4.2.6, except using C; s! > ; in place of C, in (4.2.4)—(4.2.5). It is
clear that (8.4.7)—(8.4.8) are complexes of K—presheaves on X /S 1 (replace K with
7 1 (K), where 7: X — X/S!). The Gysin map (8.4.1) induces “comparison maps”

(8.4.9) Csi (= D an = Co(= A
for all flavors (8.4.7)—(8.4.8)

Analogously with (4.2.6)—(4.2.8) and (4.2.11)—(4.2.12), there are natural maps (com-
patible with (8.4.9))

(8.4.10) Cy1 (K 1el9: )1y — Cg1 i (K3 Ay
(8.4.11) C‘”’ (X 1el3; A) gy 2 5. (E: A),
(8.4.12) Sl,v1r( A)]J — CS1 Vlr( ,A)[/’J/,
(8.4.13) Cs1 (K 1el 9; ) — C3, .(K;A),
(8.4.14) cd+v' (X rel 9; 4) 25 C5)_(E; A).

Analogously with (4.2.13)—(4.2.14), there are natural maps (compatible with (8.4.9))

(84.15) (1A ® CLu(E AN\ A) > Cgy (= Ay,
(8.4.16) S (A ®C(E: A\ A) - C5y (= A).
8.5 Isomorphisms H (X A) = H* (X/S';m.0x) (also rel d)

Lemma 8.5.1 (Cg, Vir( ; A) 17 are pure homotopy K—sheaves) Let X be an almost
free S'—space with finite locally S'-orientable S'-equivariant implicit atlas with
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boundary A. Then Cg, ,vir(—; A)py and Cg, ,vir(— rel d; A)yy are pure homotopy K-
sheaves on X /S . Furthermore, there are canonical isomorphisms

(8.5.1) HY, s A 1 =i Tox,
(8.5.2) Hg, | (—1eld: )1y = 1 j1j " 0x re1

of sheaves on X/S', where j: Vi NVy < X for Vi := Vg ((s1|X;eg)_1(O)) cX
and r: X — X/S.

Proof As in the proof of Lemma 4.3.1, we use Lemmas A.6.3 and A.2.11 to see that
Cs v1r( ;A)py and Cg, it (—reld; A) 7y are homotopy K-sheaves. More precisely,
in the present context we need the statement of Lemma A.6.3 for C; 5" in place of C,.

The proof of this lemma applies equally well to C.S , noting that since C.S is a
model of S!-equivariant chains, it in particular satisfies Mayer—Vietoris in that the

total complex
(8.5.3) cS'unu)—cslwyecs'wy—cswuu

is acyclic. Now let us show purity. By Lemma A.5.5, it suffices to show that the
restrictions of CSl Vlr( ;A)rs and C it ( rel 9; A)zy to (V7 N Vy)/S! and to
X/SY\ (Vi nVy) / S1 are pure. The latter restriction is trivially pure, since both
complexes are simply zero for K N V; N Vy = &. Hence it suffices to show that the
restrictions of both complexes to (V7 N'Vy)/S! are pure.

We consider the comparison maps

(K;A)py — Hy (K A)gy,
> (Kreld; A)gy.

(8.5.4) Hy
(8.5.5) Hyy o (Kreld; Ay — H

vir

These are Gysin maps 7', and hence by the Gysin sequence their kernels coincide
(respectively) with the images of

(8.5.6) H3 (K A) 1y -, Hgy ; (KiA)1,
(8.5.7) H 3 (Kreld; A) gy ™ He, (K 1eld; )y,

where e is (the pullback of) e € H 1(Xreg/ I'y). Pickany p € Vj € X. By
Lemma 8.1.3, this e vanishes when restrlcted to small S '—invariant compact neighbor-
hoods of

S'pcVy=(ss1X75710)/ Ty € X75/T,.
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It follows that (8.5.6)—(8.5.7) vanish for small S!—invariant compact neighborhoods
K of S'p € V;. Hence (8.5.4)—(8.5.5) are injective for such K. Now, using this
injectivity and the fact that CJ, (—; A);y and CJ (—reld; A)yy are pure homotopy

X-sheaves (Lemma 4.3.1), it follows that C¢ Vir( ; A)ry and Cs Vir(— reld; A)ry
are pure on Vy/S!, and hence on all of X/S1

It remains to identify H9
parison maps

(—; A)ry and H r(— rel 9; A) 7. Consider the com-

S vir

(8.5.8) Hg (= Ay — muHg (= A) 1y
(8.5.9) HQ, . (—reld; A)py — mu HY (—1el 0; A) gy,

vir

which are maps of sheaves on X /S!. It suffices (by Lemma 4.3.1) to show that these
are isomorphisms (which we will check on stalks, ie for K = S!p). Now this is just a
calculation, similar to that in the proof of Lemma 4.3.1, except using an S !—equivariant
version of Poincaré—Lefschetz duality based on Lemma 8.1.4 in place of Lemma A.6.4
(and it is in this calculation where we use the local S 1—orientability of A). O

Proposition 8.5.2 (C .;l,vir(_; A) are pure homotopy K-sheaves) Let X be an al-
most free S'—space with finite locally S'—orientable S'—equivariant implicit atlas
with boundary A. Then C 51,vir(_; A) and C .;'l,vir(_ rel d; A) are pure homotopy
K—-sheaves on X /S . Furthermore, there are canonical isomorphisms

(8.5.10) HY, (= A) = meox,
(8.5.11) Hgl’vir(— rel 9; A) = 740x re19

of sheaves on X /S, where m: X — X/S!.

Proof This is exactly analogous to Proposition 4.3.3 and has the same proof (using
Lemma 8.5.1 in place of Lemma 4.3.1). |

Theorem 8.5.3 (Calculation of Hg, .) Let X be an almost free S 1_space with
finite locally S'-orientable S'—equivariant implicit atlas with boundary A. Then there
are canonical isomorphisms fitting (as the top horizontal maps) into commutative di-
agrams:

Hy o(X:A) — > H*(X/S". mox)

(8.4.9)\L w* ‘L

Thm 4.3.4 I-VI'(X, ox)
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and

Hg (X rel 9; 4) —— H*(X/S", 740 re19)

(8.4.9)\L a* l,

. Thm 4.3.4 -
Hvir(X rel 0; A) = H (X’ Ox rela)

Proof Consider the following diagram:

(8.4.9)

Hy, | (X:4) > HS(X:A)

~ ~
~

Ao (x/ShC (=A) 2 B XS m (=i A) —s B (X:Ch(—A)

S vir
H* (XS t20C3, | (=4) =5 H (XS 7200 (=4) 5 H* (X700 (=)

vir

N N

TN ~

H(X/SYHY, (—A) 22 Ho(X/S' mHO(—1A) " H*(X:H,(—1A))

~ ~ ~
~ v

H*(X/S ;mp0x) =——— H*(X/S",m00x) — =+ H*(X:0x)

5

where the vertical isomorphisms are by Propositions 8.5.2 and 4.3.3 (see also (A.5.3)).

Now each small square of this diagram commutes (only the bottom left requires an
argument; one shows that the corresponding diagram of sheaves commutes by checking
it locally, where it is just a calculation). Now the first square in Theorem 8.5.3 is the
same as the big square above, which commutes by a diagram chase (for which one
should be careful of the fact that one of the vertical arrows is not an isomorphism).

An identical argument applies to the second square in Theorem 8.5.3. |

8.6 Localization for virtual fundamental classes

Theorem 8.6.1 (S!—localization for [X]'") Let X be an almost free S'—space
with locally S'-orientable S'—equivariant implicit atlas with boundary A. Then
n*[X]Vir =0, where 7y = (ﬂ*)V: H*(X: OXrela)V - H.(X/Sl; T[*OXrela)V .
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Proof We may assume that A is finite. Now by Theorem 8.5.3, we have a commutative
diagram:

- . 8.4.14
HAF (X /S a0y i) "2 H it (Xreld: d) S8 HS, | (E:A)

ir

ln* l(8.4.9) l,,!
[Eq]l—1

By definition, [X]"I" is the total composition of the bottom row for ® = 0. Now the
desired statement follows since the rightmost vertical map is zero (by Lemma 8.1.2,
because S acts trivially on E4). O

Corollary 8.6.2 Let X be an almost free S'—space with locally S'—orientable S'—
equivariant implicit atlas with boundary A of dimension 0. Then [X]''" = 0.

Proof This follows from Theorem 8.6.1 since the map 7 *: H O(X/SY; maox 1) =
HO%(X;0x5) is an isomorphism (since S! is connected and the atlas A is locally
S1_orientable). O

Remark 8.6.3 We expect that the machinery of this section can be used to define an
S1_equivariant virtual fundamental cycle

. “ ()Y~
[X]S i o prd I(X/Sl;n*gxrela)v—>Hd(X;0Xre18)V

lifting [X]'", via the diagram

HAV (X oy ) =434 prd+e yrer g 4y 4212 g (g g) Al p

vir

b B
g l i [Ea]l—1

A1 (XS moxag) 22823 g dbe—I(xrel 9;4) 4% S (E;4) Z25 R

where the second vertical map is induced by pushforward m, on chains. Note that
we would need to show that the first square commutes. This would provide another
proof of Theorem 8.6.1. This should also be applicable without any restriction on the
S1_action on X (provided we use S'—equivariant (co)homology in the appropriate
places).

8.7 Localization for homology

To prove the desired localization result for Floer-type homology groups, the chain
models used in Section 8.4 are inadequate. Specifically, the fact that we need to consider
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product maps X(p, q) x X(g,r) — X(p,r) between flow spaces with an S!—-action
means that we need a corresponding map C.S1 (X) x C.Sl Y) —» C.S_i:l(X xY) on
S _equivariant chains. To obtain such a map, we will end up using different models
of chains for every (o, p, q). We first introduce the models of chains we will use, we
then describe how to use these chain models for the constructions of Section 7, and
finally we prove the localization result for homology groups.

Remark 8.7.1 If we used the language of oco—categories, there would be no need
to construct models of chains with good (chain-level) functoriality properties (see
Remark 4.2.3).

8.7.1 MF-sets and S 1-MF-sets

Definition 8.7.2 A PL manifold with cells (M, §) is a compact connected nonempty
orientable PL-manifold with boundary M with stratification by a finite poset & (see
Definition 6.1.1) such that:

(i) M=® is a connected nonempty orientable PL-submanifold with boundary.
(i) (M=%)°=M*.
(iii)) 8 has a unique maximal element.

For every s € 8, there corresponds a face (M =*°,8=%), which is also a PL manifold
with cells.

Definition 8.7.3 An MF-set is a set Y along with:
(i) For every i €Y, a PL manifold with cells (M;,S;).

(i) Face identifications For every i € Y and every s € §;, an index j € Y and an
isomorphism (M~*,83°) => (M;, 8;). These indices and isomorphisms must

be (strictly) transitive in the following obvious sense. If s € § is maximal, then
j =1 and

(M;,8i) = (M, 87%) = (M;.,8;) = (M;.§;)
is the identity map. If s’ < s is a nested pair of faces with identifications
(M7, 859 = (M;,8;) and (M, S5) = (M;1,8;),
and the s face of (M;,§;) is identified
(M 85) = (My. 8),

then k = j’ and the two identifications of (Mfﬁ/,Sl.fs/) with (Mg, 8y) =
(Mj:,8;) are the same.
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A morphism of MF-sets f:Y — Y is a map of sets covered by isomorphisms
(M;,8;) = (My@y, 8¢y)» compatible with the face identifications for Y and Y’ in the
obvious way.

The category of MF-sets has a natural symmetric monoidal structure: given MF-sets
{M;}icy and {M]{}jey’, their product is defined to be {M; x M;}(i,j)e}jxy” which is
again an MF-set.

For an MF-set Y, let CJ(X) denote the complex freely generated?” by maps M; — X
(for i €Y), with differential given by the obvious sum over all codimension-one faces.
Note that there is a natural map

(8.7.1) clxyeed (x)—cYx x x.

Remark 8.7.4 It would perhaps be more natural to work with MF-sets in the DIFF
category, although in that case it is not clear precisely what sort of stratifications and
corner structure one should allow so that the proof of Lemma 8.7.7 goes through.

Example 8.7.5 The collection of standard simplices {A"},>0 equipped with their
standard simplicial stratifications and the standard identifications of the faces of A”
with the various A!, forms an MF-set.

Definition 8.7.6 An MF-set Y is called saturated if and only if for every PL manifold
with cells (M, 8) along with, for every s € 8§ of positive codimension, an index
J €Y and an isomorphism (M;,8;) = (M=°,8=°), such that these indices and
isomorphisms are (strictly) transitive in the obvious sense, there exists i € Y and an
isomorphism (M;,8;) => (M, 8) respecting these given face identifications.

Every MF-set Y embeds into a saturated MF-set Yo,, which may be constructed (non-
canonically) as follows. We define a sequence of inclusions Y =Y_1 —>Yo—>Y; -,
and we let Y := li_n)l‘dn . To define Y,,, we consider all PL manifolds with cells of
dimension n with face identifications to elements of Y,,_; as in Definition 8.7.6. The
collection of isomorphism classes of such data (manifold along with face identifications)
forms a set, so we may choose (non-canonically) a set Z, parametrizing all of them.
We then set Y, :=Y,—1 UZ,. Now it is easy to check that Y, is saturated.

Lemma 8.7.7 LetY be a saturated MF-set. Then there is a canonical isomorphism
between singular homology H,(X) and H?(X) (the homology of C¢(X)).

27A given map M; — X contributes a copy of the orientation module of M; , which is isomorphic
to Z but not canonically so.
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Proof Since Y is saturated, there exists a morphism of MF-sets {A”},>0 — {M, }iey
(where {A"},>¢ is as in Example 8.7.5). Since

C.(x) = cl=0(x)
by definition, we obtain a chain map C,(X) — CJ(X). The resulting map
(8.7.2) HJ(X)—> H)(X)

is independent of the choice of morphism {A"},>0 — {M,};ey, as can be seen as
follows. There is an MF-set

{An}nzo U{A" x [0, }n>oU {An}nzo

where each {A"}, > is as in Example 8.7.5, where A" x [0, 1] is given the product
stratification ([0, 1] stratified by {{0}, {1}, (0, 1)}), and A" x {0} (resp. A" x {1}) is
identified with the first (resp. second) copy of A”. Since Y is saturated, it follows that
for any pair of morphisms {A"},>0 — {M;}iey there is a morphism

{A" =0 U{A" X [0, 1]} nz0 U{A" }uz0 = {Mi}iey

whose restriction to the two copies of {A"},>¢ are the two given morphisms. From this
data one easily constructs a chain homotopy between the two maps C,(X) — CJ(X).
Hence the map (8.7.2) is canonical.

Now let us show that (8.7.2) is an isomorphism. Fix a map {A"},>0 — {M,}iey.
Fix triangulations 7; of M; for which each Mfﬁ is a union of simplices, which
are compatible with the face identifications, and which restrict to the tautological
triangulation of {A”},>¢. Such triangulations may be constructed by induction. By
triangulation, we mean a triangulation in which each simplex is equipped with a total
order on its set of vertices, compatible with its faces (ie a semisimplicial set rather than a
simplicial complex). Such triangulations induce a map of complexes C?(X) — C,(X),
and the composition C,(X) — CJ(X) — C,(X) is clearly the identity map. It suffices
to show that the other composition is chain homotopic to the identity map.

Now let us define a new MF-set in terms of the map {A"},>0 — {M;}iey and the
triangulations 7;. Note that the stratification of M; by the face poset F(7;) of T;
refines the stratification by §;; in other words, we have maps M; — F(T;) — §;.
The objects of the new MF-set are {M; };ey L {M; x [0, 1]};ey, where M; x [0, 1] is
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stratified by the following strata:

(8.7.3) M x {0}, se8;,
(8.7.4) M?x(0,1), s€8;,
(8.7.5) M!x{1}, teF(T).

Thus the poset of strata of M; x [0, 1] is 8; U S; U F(T;). For the face identifications,
M; x {0} is identified tautologically with M;, and each of the closed strata Ml.St x {1}
(te F(T;)) is identified with the corresponding A" (considered as an object of {M; }; ey
via the inclusion {A"},>0 — {M;}iey).

Now we have a chain of inclusions
{A" >0 > AMitiey = {Mi}iey U{M; x [0, 1]}iey.
Since Y is saturated, there in fact exists a map backwards
{Mi}iey U{M; x [0, 1]}iey > {Mi}iey

(acting identically on {M;};cy). Using this map, we obtain a chain map CJ(X) —
C f’_H(X ) (precompose chains with the projection M; x [0, 1] — M;). This map is a
chain homotopy between the identity map and the composition CJ(X) — C,(X) —
CJ(X), so we are done. a

Equip S! with its standard PL structure, for which the group operations are PL.

Definition 8.7.8 An S'-MF-set is an MF-set Y along with a principal S!'-bundle
(ES')y — (BS')y where (BS')y (and hence also (ES!)y) is an increasing union of
compact polyhedra (we do not require (ES!)y to be contractible), and for every i € Y,
a pullback diagram

M; —— (ESh)y

(8.7.6) l l

N; —— (BSh)y

with PL maps where N; (and hence also M; ) is a PL manifold, and where the stratifi-
cation on M; is pulled back from N;, such that these diagrams are compatible with
the face identifications. A map of S!'-MF-sets Y — Y’ is said to be injective if and
only if it is injective as a map of sets and the map (ES')y — (ES!)y is injective.

There is a forgetful functor from S!-MF-sets to MF-sets, where we remember M;
(of course, there is another natural forgetful functor remembering N;, though we will
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never use it). When speaking of a morphism Y — Y" where Y is an S 1_MF-set and Y’
is an MF-set, we implicitly apply the forgetful functor to Y.

The category of S!-MF-sets has a natural symmetric monoidal structure: given S!—
MF-sets {M; };cy and {M }jey . we may define their product {M; x M }(l eyxy
which is again an S 1—MF—set via the diagonal S!—action on M; x M ! and

(ESDyxy := (ES")y x (ES")y

with the diagonal action. The forgetful functor from S!-MF-sets to MF-sets is clearly
a symmetric monoidal functor. It also makes sense to take the product of an S '-MF-set
and an MF-set.

For an S!-MF-set Y, let C.Sl *9(X) (for X an S'-space) denote the complex generated

by commuting diagrams of S!—equivariant maps

M; —— X x (ES')yy —— (ES')y

(8.7.7) l l l

Ni — (X x(ES')y)/S! —— (BS)y

(i €Y), where the outer square coincides with (8.7.6), with differential given by the
obvious sum over all codimension-one faces. A generator (8.7.7) resides in degree
dim N; . Note that there are natural compatible maps

(8.7.8) eSY(X') - ¥ (X),
(8.7.9) cIx)y®eS' V' (x') = ¢SV (x x X,
(8.7.10) Sy eeS Y (x) - 3P (x x x).

Definition 8.7.9 An S'-MF-set Y is called saturated if and only if (ES!)y is con-
tractible and every pullback diagram

M —— (ESY)y
(8.7.11) l l
N —— (BSh)y

where N (and thus M) is a PL manifold with cells, along with strictly transitive identi-
fications of the faces of positive codimension with elements of Y (as in Definition 8.7.8),
is isomorphic to some i € Y.

Note that the notions of saturation for MF-sets and S!-MF-sets are different: an
S1_MF-set is never saturated as an MF-set.
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Every S 1_MF-set Y embeds into a saturated S'-MF-set Yoo, which may be constructed
(again, non-canonically) by first embedding (ES!)y into something contractible, and
then proceeding as in the case of MF-sets.

Lemma 8.7.10 Let Y be a saturated S'-MF-set. Then there is a canonical isomor-
phism between S'—equivariant singular homology H2 1 (X) and HS LY (X) (the ho-
mology of C5'¥(X)). Furthermore, the natural map C5"9(X) — CY ,(X) induces
the Gysin map on homology, for Y’ a saturated MF-set.

Proof All S!-MF-sets in this proof will share the same (ES!)y — (BS!)y, so we
will omit the subscript Y from the notation.

Let {A"},50, f: An—ps1 denote the S 1_MF-set indexed by pairs (1, f) consisting
of an integer n > 0 and a PL map f: A" — BS!, where the stratifications and face
identifications are as in Example 8.7.5. Now the complex

C.Sl’{An}nzo,f:A”eBSI (X)

is freely generated by maps A” — (X x ES')/S! whose composition with the pro-
jection (X x ES1)/S' — BS! is PL. A straightforward approximation argument
shows that the inclusion of this complex into the complex generated by all maps

A" — (X x ES1)/S! is a quasi-isomorphism. Hence there is a canonical isomorphism
Sl’ A" > AN —
(8.7.12) gD A nzo.r an—pst (X) = H.(X x ESYH)/SY) = HS' (X).

As in the proof of Lemma 8.7.7, since Y is saturated, there exists a morphism of
S1-MF-sets {A"},>0, f: An—>ps1 — Y. This induces a chain map

St {An (AN
c A" 20,70 %BSI(X)—>C,S1’H(X)’

which as before induces a canonical map on homology
Sl, A" an
(8.7.13) Y A zoran—nst () St (x),

which is independent of the choice of morphism {A"}, - ¢. An_, g1 — Y. It suffices
to show that this map is an isomorphism.

Fix a map {A"}, 5o r.an_ps1 — 4, which we observe is necessarily injective. Fix
triangulations 7; of M; as in the proof of Lemma 8.7.7. Such triangulations induce a
map of complexes

SVAA™Y o coan_s
C.S',%(X)_)Co { }nfo,f.A BSI(X)‘
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The composition

Sl, A" an Sl, A n
C. { }nzo,f.A _)BSI(X)—>C.S1’9(X)—>C. { }nzo,j.A —>BSI(X)

is clearly the identity map. It thus suffices to show that the reverse composition is chain
homotopic to the identity.

As in the proof of Lemma 8.7.7, we construct a new S!'-MF-set, namely
{M;}iey U{M; < [0, 1]}iey,
from the inclusion {A"}, ¢ . an_pst > {M;}iey and the triangulations 7;. There
are inclusions
{A" 50, f:an—sBst > {Mi}iey = {Mi}iey U{M; x [0, 1]};ey.
The desired chain homotopy may then be constructed as in the proof of Lemma 8.7.7.

That the induced map H2S ! (X) = Hey1(X) is the Gysin map is left to the reader. O

8.7.2 F-modules valued in MF-sets and S1-MF-sets Plugging the category of
MF-sets into Definition 7.1.4, we may talk about F-modules valued in MF-sets. In
other words, an F—module MF-set is a collection of MF-sets Y(o, p,q) along with
product/face maps

(8.7.14) Y@l[0...k...n], p.q) = Y(o. p.q),
(8.7.15) Yol|[0...k], p.q) xY(al|lk ...n].q.r) = Y(o, p, 1),

which are compatible in the sense of Definition 7.1.4. Similarly, we may talk about
F—modules of S!-MF-sets. We may also talk about morphisms from F—module S!-
MF-sets to F-module MF-sets using the forgetful functor described earlier.

Proposition 8.7.11 Let XX/Z, be a flow category diagram. There exists an F-module
of MF-sets Y and an F—module of S'-MF-sets Y1 (both supported inside supp X )
along with a morphism Y g1 — Y, satisfying the following property. For all (o, p.q) €
supp X, both Y(o, p,q) and Y1 (0, p,q) are saturated, and the tautologous maps

(8.7.16) colim Y(o, p,q,5) — Y(o, p,q).
5€asx(07p:q)
(8.7.17) colim Yg1(o, p,q,5) — Ys1(0, p,q)
5€08x(0,p,q)

are injective (and the colimits on the left exist). Moreover, such Yg1 — Y may be
constructed by induction on (o, p, q), partially ordered by <x (which is well-founded;
see Definition 7.4.5 or the proof of Proposition 7.5.5).
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Note the similarity of (8.7.16)—(8.7.17) with Definition 7.4.2. One should think of
these conditions as being: “Y and Yg¢1 are both cofibrant”.

Proof It suffices to perform the inductive step for a given (o, p, ¢). First, we show that
the colimits (8.7.16)—(8.7.17) exist, essentially by rewriting the proofs of Lemmas 7.4.3
and 7.4.4 in the present context. We actually show the more general statement that the
colimits

(8.7.18) colimY(o, p,q,t) and colimYgi(o, p,q,1)
teT teT

exist for any T C d8x(a, p,q) which is downward closed. We show this by induction
on the cardinality of J. If T = &, existence is trivial. For T nonempty, let to € T be
any maximal element, and observe that (8.7.18) can be written as the colimit of the
diagram:

(/ y(O’, P49, t0)

1. 9, b 7t
(8.7.19) ccgegn*é(a P-4,

t<tg .
colimY(o, p.q.1)
teT\to

Let us show that the top arrow is injective. Write tg in the form (7.1.3)—(7.1.5). Then
we have

(8.7.20) Sx(o.p.q)=*
= 8x(0|[Jag - - - Jar - Po. p1) X+ X 8x (0| [Jay 1 - - - Jam]> Pm—1. Pm)-
Now we consider the m—cubical diagram given by

m

(8'7’21) colim 1J(O—HJ i— ] ,-]vP‘—l,p',ﬁ)
l.=1_[15easx<a|[ja,._1...ja,.],pi_l,pi) Gt mm e

— ‘9(0-|[ja[_1 AR jai]’ pl—lv pl)

Now the top arrow of (8.7.19) is simply the map to the maximal vertex of this m—cube
from the colimit over the m—cube minus the maximal vertex (this is where we use
the fact that J is downward closed). This is injective for any cubical diagram of the
form ]_[;"=1[A,~ <> B;j] where each A; — B; is injective. Now that the top arrow
in (8.7.19) is injective, the existence of the colimit is clear (first take the colimit of
underlying sets and then the rest of the structure extends in an obvious way), and hence
the colimit in (8.7.18) exists. This reasoning applies equally well to Y1 (including
(ESY)y — (BSh)y).
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Now that we have shown that the colimits on the left-hand side of (8.7.16)—(8.7.17)
exist, it remains to define Y(o, p,q) and Yq1 (o, p,q).

We observed earlier that any S!-MF-set injects into a saturated S'-MF-set. Let
Ys1(0, p,q) be any saturated S'-MF-set with an injection (8.7.17). Note that with
this definition, the product/face maps with target Y41 (o, p, g) are obvious, as is their
compatibility.

To define Y(o, p, q), consider the following diagram:

colim Y(o, p,q,5)
5€08x(0,p,q)

(8.7.22) T

colim Ygi(o, p,q,5) —— Yg1(0, p.q)
5€38x(0,p,q)

The lower colimit is in the category of S!-MF-sets. It is clear from the inductive
proof of its existence that this particular colimit commutes with the forgetful functor
to MF-sets. Hence we may equally well think of this colimit as taking place in the
category of MF-sets, and with this perspective the definition of the vertical map is clear.
Now since the horizontal map is injective, the colimit of this diagram (in the category
of MF-sets) clearly exists (first take the colimit in sets and then the rest of the structure
is obvious). We pick any saturated MF-set into which the colimit of (8.7.22) embeds,
and we call this saturated MF-set Y(o, p, g). Via the embedding of the upper colimit
into Y(o, p, q), it is tautological that the face/product maps with target Y(o, p, q) exist
and are compatible. The map Y1 (o, p,q) — Y(o, p, q) is similarly tautological, as is
the fact that it is compatible with the product/face maps. a

8.7.3 Augmented virtual cochain complexes from F-module MF-sets and S1-
MPF-sets We now describe a modified version of the complexes from Definitions
7.3.1 and 7.3.3 and their S!—equivariant versions using a choice of Yg1 — Y as in
Proposition 8.7.11.

Let us give alternative definitions of the complexes

(8.7.23) Cy(Xrel i A) (0, p.q), Co(@X:A)T(0,p.q), Cu(E;A) (0, p,q).
The “fixed fundamental cycles” [Ey] € C,(E; &) still live in ordinary singular simplicial
chains. Now (8.7.23) are defined in terms of the (relative) singular chains on certain
spaces; the modification we make is just to use a different model of singular chains
(depending on (o, p, g)) which we now describe. Our model of chains on a space X
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is generated by the set of maps

(8.7.24) M; x ]_[ Ale 5 X,
o€l [A(o’,p,q")

where i €Y(0, p,q), ia € Z>o (all but finitely many must be zero), and | | Ao, r.q)
stands for

(8.7.25) 11 Ao lio - ..im]. P q)
0<ip<--<im=<n
(P4 €P53i0) XPo(im)
3te8x (o, p,q) containing ([io...im],p",q")

(this is very similar to (7.2.1)). We define relative chains as usual: C,(X;Y) :=
Co(X)/Co(Y) for Y C X. Itis a straightforward (though tedious) exercise to verify
that with this definition of singular chains, the structure maps for the homotopy colimits
used to construct (8.7.23) are all well-defined and appropriately compatible. We
define the product — x [E,] via the Eilenberg—Zilber subdivision of A? x A? (as in
Remark 4.2.2) at the index «. It may also be verified in a similar manner that the
product/face maps for (8.7.23) as defined in Definitions 7.3.2 and 7.3.3 make sense and
are compatible given this model of chains. For these maps, we use the product/face
maps of Y along with Eilenberg—Zilber (separately at each index «).

We also define S!—equivariant versions

(8.7.26) gl’vir(f)Crela;A)Jr(o, 7.9, él’vir(BDC; AT (o, p.q),
CS(E:A) (0. p.q)

of (8.7.23) using C¢, . in place of CJ (and C,S1 in place of C,). The fixed fun-

damental cycles [Ey] again live in ordinary singular simplicial chains. We use the

following as our model for (relative) S 1—equivariant chains (for C 51 Vir). Our model

of S!-equivariant chains on an S!—space X is generated by the set of commuting
diagrams of S!-equivariant maps

M; x nae]_[ﬁ(a’,p’,q’) Ale —— X x (ESl)lf’sl (©.p.9)

(8.7.27) l l

M; ’ (ESI)Hsl (0.1,q)

where i € Y51 (0, p, q), the vertical maps are the projections, the bottom horizontal map
is the given structure map, and | | Ao’ p’.q’) is as before. It is then a straightforward
(though tedious) exercise to verify that with this definition of S'-equivariant chains,
the complexes (8.7.26) are well-defined, have well-defined product/face maps, and that
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the obvious forgetful maps to their non-equivariant versions (8.7.23) are well-defined
and compatible with the product/face maps.

Now it remains only to show that our models of chains and S'-equivariant chains
described above do actually calculate singular homology and S !—equivariant singular
homology.?® Note that once we do this, we can use our alternative definitions of
(8.7.23) and (8.7.26) in place of the originals in all the arguments of Section 7.

We show that our model of chains (generated by diagrams (8.7.24)) calculates singular
homology as follows. Let us abbreviate Y = Y(ao, p, ¢). Our complex generated by
maps (8.7.24) is in fact a double complex with bigrading p =), iq and ¢ = dim M;.
Now let us consider the associated spectral sequence. We calculate the E ;,q term as
follows. By definition E ;, ¢ 18 simply the homology of the complex with only the
differentials decreasing ¢g. Clearly this breaks up as a direct sum over tuples {iq € Z>0}.
For a given tuple {iy € Z>0}, we must calculate the homology of the complex

(8.7.28) @ 7.
i€y
M;x[], Ale—X

We claim that this is the same as the homology of the complex

(8.7.29) EB Z.
i€y
M[—)X

There is a clearly a map (8.7.29) — (8.7.28), given by precomposing with the projection

M; Xl_[Ai"‘ — M;,
o

and picking a point x € [ [, A« gives a map in the opposite direction. The composition
(8.7.29) — (8.7.28) — (8.7.29) is clearly the identity. The other composition is chain
homotopic to the identity by the following argument. Since Y is saturated, we can
choose a map /: Y — Y and isomorphisms (M. 87i)) = (M; x[0,1],8; x 8)
compatible with the face identifications, where ([0, 1], 8) is the PL manifold [0, 1] with
strata {{0}, {1}, (0, 1)}, and M; x {0}, M; x {1} have the obvious face identifications
with M; (construct I and the isomorphisms by induction on dimension). Using this
coherent choice of “cylinder objects”, it is easy to define a chain homotopy between
the identity map and the composition (8.7.28) — (8.7.29) — (8.7.28) (using the fact
that ]_[a Al is contractible). It follows that the canonical map (8.7.29) — (8.7.28)

28Technically speaking, we must also show that the pushforward maps, product maps, and Gysin maps
have the expected action on homology, though this verification is safely left to the reader.
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is a quasi-isomorphism. By Lemma 8.7.7, the complex (8.7.29) calculates singular
homology. Hence we conclude that the E! term is

(8.7.30) E), = EB Hy(X).
Za lC(:p
The differentials on the E! page are easy to understand (essentially we have H,(X)
tensored with the restricted tensor product &), C.(pt)). We conclude that
Hy(X), p=0,
Hence there are no further differentials and we are done.

2 _
(8.7.31) E2, = %

We now use a similar argument to show that our model of S!—equivariant chains
calculates S!'—equivariant singular homology. Let us abbreviate Y = Y1 (0, p,g). Our
complex generated by maps (8.7.27) is a double complex as before, and we consider
the associated spectral sequence. As before, £ ;’ 4 SPblits up as a direct sum over tuples
{ia € Z>o}. For a given tuple {iy € Z>o}, the corresponding direct summand is the
homology of the complex freely generated by diagrams
M; x Ty Ae —— X x (ESh)y,
(8.7.32) l l with i €Y.
M; ————— (ES')y,,

As in the non-equivariant case, this is canonically quasi-isomorphic to the complex
freely generated by diagrams

M; —— X x(ESh)y,
(8.7.33) l | with i €Y.
M; — (ESl)ySl
Thus by Lemma 8.7.10 the E! term is
(8.7.34) El,= @ HSX).
Y ia=p
The differentials on the E! page are as before, and thus
1
HS (X), p=0,

D.q 0, p 75 0’

(8.7.35) E? = {

so we are done.
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8.7.4 Floer-type homology groups from F-module MF-sets and S!-MF-sets
We now give a new definition of Floer-type homology groups identical to Definition 7.7.6
except using the chain models from Section 8.7.3. Precisely, we define a new resolution
Z. — Z, by including the data?® of F—module (S 1—)MF—sets Yg1 = Y over A"
for f*X satisfying the conclusion of Proposition 8.7.11. Now Proposition 8.7.11
implies that this new resolution is still a trivial Kan fibration, and thus the rest of the
construction of Floer-type homology groups in Section 7 applies as written.

Remark 8.7.12 These Floer-type homology groups are a priori different from the
ones constructed in Section 7. However, they share all the same properties, and we
certainly expect them to be canonically isomorphic (see Remark 4.2.3). We won’t
pursue this here, though, since it is not necessary for our intended application.

8.7.5 Localization The following localization result concerns the Floer-type homol-
ogy groups from Section 8.7.4.

Theorem 8.7.13 (S !—localization for H(X)) Let X/Z, be an H—equivariant flow
category diagram with implicit atlas A and coherent orientations w, satisfying the
hypotheses of Definition 7.7.6. Suppose that S acts compatibly on this entire structure
(S-actions on X(o, p,q) and S'—equivariant implicit atlases, so that all the relevant
structure maps are S'—equivariant).

Fix partitions (into disjoint closed subsets)

(8.7.36) X(0. p.q) = X(o, p.q)° UX(0, p.q)"

where S acts almost freely on X(o, p,q)', and suppose that the product/face maps
specialize to maps

(8.7.37) X(][0...k], p.q)° x X(ol|[k ...n].q.7)° = X(0. p.r)°,
(8.7.38) X(a|[0...k], p,q)o x X(o|[k .. .n],q,r)1 — X(o, p,r)l,
(8.7.39) X(@|[0...k], p.@)! xX(ol|[k ...n].q.7)° = X(o, p.7)},
(8.7.40) X(@|[0...k], p.@)! xX(ol|[k ...n].q.r)' = X(o, p.r)},
(8.7.41) X(o][0... k.. 1], p.q)° = X(o, p.q)°,
(8.7.42) X(o|[0...k...nl. p.q)" = X(o, p.q)".

29For the reader concerned with set-theoretic issues: so that the collection of all possible choices of
this data forms a set, one may add “rigidifying data” to the definition of an (S '-)MF-set, eg require Y to
be countable, equip Y with an injection into w; (the first uncountable ordinal), and equip each M; and
(ES 1)9 with an embedding into R®® (note that this rigidifying data is not required to be compatible in
any way with the rest of the structure, and thus it does not affect any of our previous arguments).
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Assume in addition that for any vertex 0% e Z,, we have
X% p.q)’ =0 = X.pg)°’=0
foralli and p #q.

Then there is a canonical isomorphism H(X)4 = H(X°)4, where X° is the H-
equivariant flow category diagram with product/face maps given by (8.7.37) and (8.7.41),
equipped with the implicit atlas obtained by removing X' from every thickening.

Proof PartI We begin by reducing to a situation in which the partition (8.7.36) is
extended to every thickened moduli space, so that the product/face maps on thickened
moduli spaces also take the form (8.7.37)—(8.7.42). Precisely, consider a new implicit
atlas A (on the same index set A ) in which the thickened moduli spaces are

(8.7:43) X(0,p,q)3" = [X(0, p.9)7"\ X(0, p, ) 1U[X(0. p. )T \ X(0. p.9)°].

Now these thickened moduli spaces are by definition equipped with a partition

X(0, p. )3 = (X(o. p.9)3)° U (X(0, p. )3

(namely the partition (8.7.43)), and the natural product/face maps for the implicit
atlas A take the form (8.7.37)—(8.7.42).

The thickened moduli spaces of A are equipped with natural maps to those of A
(compatible with the product/face maps); these maps are not open embeddings, but
nevertheless the proof of Lemma 7.8.2 applies to give a canonical isomorphism
H(X) A= H(X) 7. Thus it suffices to produce an isomorphism H(X) 7 = H (%) 70>
where A is the implicit atlas on X° with thickened moduli spaces

(X p.9)F")".
From now on, we will work exclusively with the atlas A, which we now rather abusively
rename as A.
Part I We will define an isomorphism H(X) 4 = H(X°) 40, where A° is the implicit

atlas on X° with thickened moduli spaces

(X0, P, 9)7)°.

Note that since we have coherent orientations  and S is connected, it follows that
all the flow spaces are locally S!—orientable (see Remark 8.3.2), so we may use the
S1Jocalization machinery freely.

Let Z « = Z, denote the resolution (as in Section 8.7.4) associated to X/Z, with the
implicit atlas A, and let Z? — Z. denote the resolution associated to X° /Z, with the
implicit atlas A°.
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We will construct a diagram of the following shape:

Z,+ 28 — 20+ Z¢ — 70

(8.7.44) \\ //

and natural diagrams ]ﬁI ]ﬁ[a, ]ﬁlb, ]ﬁ[c, HO from Z., Z.“, Zf’, Zf Z? to Nag(ChrpaT) -
respectively. We will also construct natural isomorphisms relating these and their
pullbacks under the horizontal maps in (8.7.44). Finally, we will show that each of the
vertical maps (8.7.44) satisfies the conclusions of Propositions 7.5.5 and 7.7.4. The
desired result follows easily from these statements; let us now start on the proof.

We may consider A(o, p,q) as a system of implicit atlases on X (o, p,q)° and on
X(o, p.q)" separately. Now consider the following maps (where the complexes on the
left are defined analogously to those on the right as in Section 8.7.3):

(8.7.45)
(8.7.46)

Cr(X°, AT @ Cy (9 A) 7,
5 (X0rel 9, )T @ Cg, Vir(x rel 3, A)T — C2 (Xrel 3; A) .

vir

v1r (axl ‘A)+ g Cv1r

VlI'

We give Cv’ir(ﬁ)CO reld, )T @ C _;l’vir(xl rel 9, A)" the structure of an F-module with
product/face maps

(8.7.47) C(X%rel 0; ) (--) @ Co (X rel 9, A) T (-- )
— C (0X%A)F (),
(8.7.48) Co(XOrel ;)T (-)® Cél,vir(xl rel 3; A)T ()
— Cg1 4, (X AT (),
(8.7.49) o ’Vir(xl rel 9; A) T () @ Co (X0 rel 3;.A)T(--+)
— Cg1 (X A)T(-),
(87.50) Cgy (X' reld; A)F () ®Cgy (XN rel 8;A4)F(---)
— Cg1,;, (OX AT (),
(8.7.51) Co(XOrel ;) (o) = Co(0X% AT (),
(8.7.52) Sl,vir(x reld: A)T(---) > Csi, Vlr(axl;Aﬁ(...),

just as in Definition 7.3.2 (and using the chain models from Section 8.7.3). These are
compatible with (8.7.45)—(8.7.46) and (7.3.6)—(7.3.7).
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Next, we consider C,(E; A)T @ CSII(E A)T (as in Section 8.7.3). Now, there are
two natural maps

id !
(8.7.53) C.(E: At @ CS' (E: A)* ?‘;} C.(E; A)*.

We give C.(E; A)T & C; S 11 (E;A)T the structure of an F-module with product/face
maps of the shape (8.7.47)—(8.7.52) just as in Definition 7.3.3. Then both maps (8.7.53)
are maps of F—modules. There is also a pushforward map

Cofimare (00 rel 9, A) T @ CYImIF (X! rel 9, A) T — C_u (B3 A) T C5,_ (B3 A)T,

vir

which is a map of F-modules.

Now let us define Z“ Zb, and Z ¢. We modify the definition of Z, — Z. (ie
Definition 7.5.3 as amended in Sectlon 8.7.4) as follows. For Z.“ = Zf we replace
Definition 7.5.3(iv)—(v) with (1)—(ii) below, and for Z f’ we replace Definition 7.5.3(iv)-
(vi) with (i)—(iii) below.

(i) An H-invariant system of chains

A=At ec,

(X°rel 3, B)T @ Cgy (X! rel 9, B)F

(degree zero and supported inside supp X) with the following property. Note
that (u, A) is a cycle in the mapping cone
s (Af*X0;B)T Ce (f*X%rel 9; B)*
@ — @
Cé m(af*xl B)* C‘;,l’vir(f*f)C1 rel 9; B)T

v1r

whose homology is identified with

H*(f*X% 0px0) ® H((f*X1) /ST a0 pemn),
which in degree zero simply equals H O(f*X;0 #+x). We require that the ho-
mology class of (u,A) equal f*w € Ho(f Xiogpxy).

(i) An H-invariant system of chains X for Q[C.(E; A)t @ C! s! > (E;A)T] (de-
gree gr(q) —gr(p) +dimo — 1 and supported inside supp X) whose image in
C.E: AT & CSII(E A)T coincides with the image of A.

(iii)) An H-invariant map
1
[E]: QIC.(E: A)F @ CY (E; A)f]— 7

of F—modules which sends the fundamental class in H,(E;.A)+} 7 to 1 and is zero
on HS' (E; A)}.
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The maps Z, < Z% — Zb « 7¢ — Z9 are defined as follows:

A — y Zb < Z¢ y 70
(8.7.46) A=20@2!
(8.7.54) A A Rty L
1 M. 1 7 Lldeol, 7o
oQid®n'] oQ[id ®0]
[E] =5 [E] | LE]

Lemma 8.1.2 shows that the map Z% — ZP above produces an [[E] satisfying (iii).

Now ]ﬁl ﬁl", b , ﬁc, O are defined via the matrix coefficients Co,p,q - defined as

([ED6,p.q ® idR)(IG,p,q) for IFH,
([ETo,p,q ®idg)(id @ﬂ!)(xg,p,q) for I[T]Ia,
co.pa = 1 ([Elo.p.q ®idR) (Ao, p.q) for P,
([EDo,p.q ® idR)(id ®0)(Ro,pq)  for HE,
(IE]o,p.g ®idR) (Ao, p.q) for O,

These matrix coefficients give rise to diagrams in Ngg(Chgpgy) since [E] is a map
of F-modules. The isomorphisms between these diagrams and their pullbacks under
the maps (8.7.54) are evident.

It now remains to show that each of the maps Z A 75 Z ¢ > 7, satisfies the conclusions
of Propositions 7.5.5 and 7.7.4. The proof of Proposition 7.5.5 applies to these maps as
written (for Z f), the extension of [[E] step uses the fact that H,(E; A) & H.S_1 ((ESA)
is concentrated in degrees > 0 so that Lemma 7.4.7 still applies). The proof of
Proposition 7.7.4 also applies to these maps as written. Now the uniqueness of descent
from Lemma 7.7.5 shows that there are canonical isomorphisms of the descents H =
H* = H? = H¢ = HO. O

9 Gromov—Witten invariants

In this section, we define Gromov—Witten invariants for a general smooth closed
symplectic manifold (X, w) (which we now fix). This has been treated in the literature
by Li and Tian [53], Fukaya and Ono [33] and Ruan [71].

More specifically, the main subject of this section is the constructlon of an implicit
atlas on the moduli space of stable J —holomorphic maps Jv[g »(X); the same method
also yields an implicit atlas on Mg n(X, Jio,11) (the moduli space ass001ated to a
family of J parametrized by [0, 1]). Hence the virtual fundamental class [J\/[g 2 (X
(Definition 5.1.1) is defined, and the properties derived in Section 5 show that its image
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in H, (J\_/[g’n x X™) is independent of J . The necessary gluing results (which we isolate
in Proposition 9.2.6) are proved in Appendix B.

It would be interesting to use implicit atlases to prove that the invariants defined here
satisfy the Kontsevich—-Manin axioms [52], as proved in Fukaya and Ono [33] for
their definition (to do this, one would need to show additional properties of the virtual
fundamental class, eg as suggested in Section 5).

9.1 Moduli space M ,(X)
Let us now fix a smooth almost complex structure J on X which is tamed by .

Definition 9.1.1 (Nodal curve of type (g,n)) A nodal curve of type (g,n) is a
compact nodal Riemann surface C of arithmetic genus g along with an injective
function [: {1,...,n} — C (the “n marked points”’) whose image is disjoint from
the nodes of C. An isomorphism (C,1) — (C',1l") of curves of type (g,n) is an
isomorphism of Riemann surfaces t: C — C’ such that [’ = (o [. We usually omit /
from the notation. Such a curve is called stable if and only if its automorphism group
is finite.

We denote by M ¢,n the Deligne—-Mumford moduli space of stable nodal curves of type
(g,n), and we denote by @g,n — JT/[g,n the universal family (which coincides with the
“forget the last marked point and stabilize” map JT/[g,,H_l — J\_/[g,n ). The moduli space
JT/Eg,n is a compact complex analytic orbifold.

Definition 9.1.2 (J-holomorphic map) A J-holomorphic map of type (g,n) is a
pair (C,u) where C is a nodal curve of type (g,n) and u: C — X is smooth and
satisfies 0u = 0. An isomorphism (C,u) — (C’,u’) of J—holomorphic maps of type
(g,n) is an isomorphism t: C — C’ of curves of type (g,n) such that u = u’ or. We
say a J—holomorphic map is stable if and only if its automorphism group (ie group of
self-isomorphisms) is finite.

Definition 9.1.3 (Moduli space of stable maps; introduced by Kontsevich [51]) Let
B € Hy(X,Z). We define J\_/[g,n (X) as the set of stable J-holomorphic maps of type
(g,n) for which u«[C] = B. We equip JVEQ,, (X) with the Gromov topology, which is
well-known to be compact Hausdorff.

For completeness, let us recall the definition of the Gromov topology on J\_/Eg,n (X). A
neighborhood base3? at a pair (C,u) may be obtained as follows. We choose some

30 A neighborhood of a point x in a topological space X is a subset N € X such that x € N° (the
interior). A neighborhood base at a point x € X is a collection of neighborhoods {Ny} of x such that
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additional £ marked points on C so that it has no automorphisms f fixing these points,
and we consider the graph [, € X x Gg n+t, where e g+l = Mg n+¢ denotes the
universal curve. A neighborhood base at (C, u) is obtained by taking all J—holomorphic
maps from curves in J\_/[g,nM whose graph is close to I'y, in the Hausdorff topology
(and forgetting the £ extra marked points). Choosing different £ marked points yields
an equivalent neighborhood base.

9.2 Implicit atlas on 37(55,, (X)

We define an implicit atlas AV on Mg’n (X), proceeding in several steps. Note
that the space on which we will define an implicit atlas is no longer denoted X , and
this leads to a few (evident) notational differences from the earlier sections where we
considered implicit atlases abstractly.

Definition 9.2.1 (Index set ASY) A (Gromov—Witten) thickening datum o is a 6—
tuple (Dgy, 7y, Tas My, Eq, Ay), Where:
(i) Dg — X is a compact smooth embedded codimension-two submanifold with
boundary.

(i) rg >0 is an integer such that 2g +n +ry > 2.

(iii)) Ty is a finite group.

(iv) Mg is a smooth I'y—manifold3! equipped with an isomorphism of orbifolds
between My /Ty and an open subset of Mg n+ry/Sr, (let Coy — M, be the

pullback32 of the universal family; the action of Ty on My lifts canonically
to Gy by the universal property of the pullback).

(v) Eg is a finitely generated R[I'y]-module.

(Vi) Ag: Eq — C®(Cy x X, Q% ! I ®c TX) is a I'y—equivariant linear map sup-
ported away from the nodes and marked points of the fibers of Cq — My .

Let ASY denote the set33 of all thickening datums.

for every open U C X containing x, there exists some Ny C U. A neighborhood base is necessarily
nonempty and filtered, ie for all «, B, there exists y with Ny € Ny N Ng. Conversely, given a set X
and for every x € X a nonempty filtered collection of subsets {N;} each containing x, there is a unique
topology on X such that {NJ} is a neighborhood base at x for all x € X .

31Note that we do not assume Ty acts effectively on Mg, . Indeed, 37[1,1 and JTftz,o are ineffective
orbifolds, so we must allow ineffective actions if we want Mg/ Ty to be isomorphic to an open subset of
one of these spaces.

32pyliback here means the orbifold fiber product (see Remark 2.1.6). Note that the fibers of Coq — My
are nodal curves of type (g,n + ry) (not quotiented by their automorphism group).

33The reader concerned with set-theoretic issues may wish to add “rigidifying data” to the definition
of a thickening datum as in Remark 2.2.1.
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Definition 9.2.2 (Transversality of smooth maps) Let u: C — X be a smooth map
from a nodal curve of type (g,n), and let D C X be a smooth codimension-two
submanifold with boundary. We say u is transverse to D (written u M D) if and only
if u=1(dD) =0 and for all p € u~!(D), the derivative du: T,C — Tyy(p) X/ Tu(p) D
is surjective and p is neither a node nor a marked point of C.

Definition 9.2.3 (/-thickened J-holomorphic map) Let / € ASW be a finite subset.
An I —thickened J—holomorphic map of type (g,n) isatuple (C,u,{¢a}act, {€atacl),
where:

(i) C is anodal curve of type (g,n).

(ii)) u: C — X is a smooth map such that u h D, with exactly r, intersections for
allael.

(iil)) ¢g: C — Cy an isomorphism between C (with r, extra marked points u~1(Dy))
and some fiber of Gy — M.
(iv) eq € Eq.
(v) The I—thickened 5—equati0n
9.2.1) N+ Y Aa(eq)(@ou) =0
ael

is satisfied. This equation takes place in
Cc>®(C, 5205’1 ®c u*TX).

Certainly du is a smooth section of QOCJI ®c u*TX over C. To interpret
Aa(eq)(¢o, 1) as such a section, consider the composition

(9.2.2) W) G x 2 Qg;l i, ®cTX.
This sends a point p € C to an element of
(Q%;l/ﬁa)(ﬁa » ® Tup) X,
which we identify via ¢, with (Qg.’l ®c u*TX),. This is what we mean by

Ag(eq) (P, 1t).

An isomorphism t: (C,u,{pa}acr. {€a}acs) = (C' . u' {@} }acr. {€f}acr) between
two I—thickened J-holomorphic maps of type (g,n) is an isomorphism ¢: C — C’
of curves of (g,n)-type such that u = u’ o, ¢y = ¢, ot and eq = €/,. We say an
I—thickened J—holomorphic map is stable if and only if its automorphism group (ie
group of self-isomorphisms) is finite.
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Definition 9.2.4 (Atlas data for AV on 37(5,,, (X)) We define ﬁg,n (X)y as the set
of isomorphism classes of stable I—thickened J-holomorphic maps of type (g,n)
such that u«[C] = B. Equip Mg »(X)r with the Gromov topology34 for (u, ¢o) and
with the obvious topology for e, . It is clear by definition that Mg n(X) = g 2n(X)z.

There is an evident action I'; on Mg,n (X)s, namely

{8ataer - (U, {da}acr {€atact) = (U, {8 " Patacl {8a €atacl),
which works since Ay (eq) (P, 4) = Aq(ga - €a)(ga - Po, u) by I'q—equivariance.
There are evident maps sq: JVEg,n (X); — E4 simply picking out e .

For I € J € ASW, there is an obvious forgetful map
Vi gl ME (X)) 7 0) = M, (X)r.

Let Ury C J\_/[g »(X)r consist of those elements such that u th D, with exactly rg
intersections for all ¢ € J \ I and such that adding these extra marked points makes C
isomorphic to a fiber of G, — M. It’s not too hard to see that this is an open set
(using elliptic regularity).

The compatibility axioms are all immediate, though let us justify the homeomorphism
axiom. First, we claim that the map

(s 7IME (X)) "1 0)/T g — Uy S ME L (X);

induced by 7y is a bijection. This is more or less clear: fixing an element of Uy, an
inverse image must have e, = 0 for « € J \ 1, and by definition of Uy, there exists
a suitable ¢, which is clearly unique up to the action of I'y, for @ € J \ I. That the
topologies coincide can be checked directly from their definitions.

Deﬁnltlon 9.2.5 (Regular locus for AW on Mg 2 (X)) We define J\/[ (X )reg C
g n (X )I

Let (C uo, {¢a Yaers{€otact) € J\/[g »(X)1. Roughly speaking, this point is contained

in J\/[g n(X ) if and only if it has trivial automorphism group and the “vertical” (ie

from a fixed domain curve) linearized version of the /—thickened 5—equation (9.2.1) is
surjective. Let us now make this precise.

Consider the smooth Banach manifold W*-?(C, X) for some large integer k and some
p € (1,00). Note that the condition u th Dy with exactly ry intersections making C

34When I # @, this topology is easy to define: it is simply given by using the Hausdorff distance on
the image C € X x[[,e7 Ca-
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isomorphic to a fiber of Cq /Mg (for all « € I') forms an open subset of W57 (C, X)
containing uo. Furthermore, there is a unique continuous choice of

(9.2.3) C x WkP(C,X)— Cq

over C times a neighborhood of 1y which extends ¢ on C x{u} (this holds because
Mg = Mg ntry/Sr, is an étale map of orbifolds). One can also check that this map
(9.2.3) is highly differentiable (this depends on k being large).

Now we consider the smooth Banach bundle whose fiber over a pair (u, {eq}aer) €
wkp(C, X)x Ej is

wk=1p(C, Q%’l ®c u*TX)
(where C is the normalization of C ). Now the left-hand side of (9.2.1) (using
(9.2.3) in place of ¢4 ) is a highly differentiable section of this bundle. We say that

(C,uo, {Pa}acr {eatact) € JV[g,n (X );eg if and only if the following two conditions
hold:

(i) This section is transverse to the zero section at (ug, ey).

(i) The automorphism group of (C, uo, {¢a}tact {€atacr) is trivial.

It is an easy exercise in elliptic regularity to show that the first condition is independent of
the choice of (k, p) (aslong as k is sufficiently large so that the condition makes sense).

Let
9.2.4) VdimJ\_/[g,n (X):= dimJ\_/[g,n +(1—g)dim X + 2(c1(X), B).

Let us now verify the transversality axioms. Freeness of the action of I'y\; on
wl_Jl (X;eg) follows from the fact that points in X;eg have trivial automorphism group.
The openness and submersion axioms follow from the following result, whose proof is
given in Appendix B.

Proposition 9.2.6 (Formal regularity implies topological regularity) Forall I € J C
ASY | we have:
@) J\_/Eg,n (X)rIeg - J\_/['g,n (X); is an open subset.

(i) The map sy\g: J\_/[gn (X)g — Ej\1 is locally modeled on the projection

(925) R\’dimﬁg,n (X)+dim E; % Rdim Ej\g s Rdim Ejg
over Y7 (MG n (X)) € ME 1 (X),
(iii)) There is a canonical identification of the orientation local system 058 (x)<e
g.n 1

with og, (by the standard reduction to the canonical orientation of a complex
linear Fredholm operator as in McDuff and Salamon [61; 62]).
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Near points of J\_/Eg,n (X )rIeg with smooth domain curve, the proposition follows from
standard techniques (implicit function theorem, elliptic regularity, and an index theorem).
The real content of the proposition is that it holds near points with nodal domain curve.

Finally, let us verify the covering axiom.

Lemma 9.2.7 Let f: N® — M™ be a smooth map of smooth manifolds withn <m.
Then for every p € N with df, injective and every neighborhood U of f(p), there
exists a codimension-n smooth submanifold with boundary D € M contained in U
such that f t D and f~'(D) contains a point arbitrarily close to p.

Proof After possibly shrinking U, choose a local projection 7: U — T, N . Then
let D be 7~ of a regular value of 7 o f (which exists by Sard’s theorem). |

Lemma 9.2.8 (Domain stabilization for stable J—holomorphic maps) Letu: C — X
be a stable J—holomorphic map. Then there exists a smooth codimension-two submani-
fold with boundary D C X such that u h D and adding u='(D) to C as extra marked
points makes C stable.

Proof Let us observe that if Cyp € C is any unstable irreducible component, we must
have u: Cyp — X is nonconstant. Hence since u is J-holomorphic, it follows that
there is a point on Cy (which is not a node or marked point) where du is injective.
It follows using Lemma 9.2.7 that there exists D C X such that u h D and adding
u~1(D) to C as marked points makes C stable. a

Lemma 9.2.9 (Covering axiom for A%V on JV[g,n (X)) We have

9.2.6) MEL, () = | ver (1M 007571 0)).

IEAGW

Proof Fix a point in J\_/[g,n (X) (that is, a curve u: C — X ). We will construct

o € ASY so that this point is contained in wg{a}((salJ\_{g,n (X)Eff})_l(O)).
First, pick Dy € X satisfying the conclusion of Lemma 9.2.8.

Now let rq = #u~1(Dg). Adding u~!(Dy,) as extra marked points to C gives a point
in Mg n4r,/Sr,, and we pick some local orbifold chart My /Ty = Mg ntr,/Sr,
covering this point.

Now let us consider the linearized 9 operator

9.2.7) D(u,-): C®°(C,u*TX) — c°°(€,sz°csl ®c u*TX)
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(C being the normalization of C) where C°(C,u*TX) € C®(C,u*TX) is the
subspace of functions descending continuously to C. If (k, p) € Z>1 x (1, 00) with
kp > 2, then we get a corresponding Dd(u,-) map Wk-? — WKk=L.P (the restriction
on (k, p) comes from the need to define W52 (C,u*TX) C Wk-P(C,u*TX)). This
operator is Fredholm; in particular its cokernel is finite-dimensional.

Suppose we have a finite-dimensional vector space E¢ equipped with a linear map
(9.2.8) Xo: Eog — C®(C, sz%l ®c u*TX)

supported away from (the inverse image in C of) the nodes and marked points of C.
Then the following conditions are equivalent (exercise using elliptic regularity):

(i) (9.2.8) is surjective onto coker(Dg(u, ): C® = C™).
(i) (9.2.8) is surjective onto coker(Dd(u,-): W*? — Wk =1.P) for some (k, p).
(iii) (9.2.8) is surjective onto coker(Dd(u, -): Wk:P — Wk=1.P) for all (k, p).

There exists such a pair Ey and Io satisfying these conditions since we may choose
k =1 and p > 2 and then remember that C*° functions supported away from the
nodes and marked points are dense in W%? = LP.

Now pick any isomorphism to a fiber ¢o: C — C, and extend 7&0 to a map

Ao Eg = C®(Cy x X, szg 1/M ®c TX)

supported away from the nodes and marked points of the fibers. Define Ey = E¢[I']
and define

Aot Eq = C®(Cy x X, Qe I ®c TX)
by I'y —hnear extens1on from Ag. Itis now clear by definition that u: C — X is covered
by M (X )oE ()’ where o € A%V is the element just constructed. |

We have now shown the following.

Theorem 9.2.10 ASY is an implicit atlas on M 2(X).

9.3 Definition of Gromov—Witten invariants

Definition 9.3.1 (Gromov—Witten invariants) Fix nonnegative integers g and n with
2g+n>2,and fix B € Hy(X;Z). By Proposition 9.2.6, the virtual orientation sheaf
induced by A%V is canonically trivialized. Thus the implicit atlas ASY induces a
virtual fundamental class

VB (X" e H*ME ,(X): Q).
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We define the Gromov—Witten invariant
(9.3.1) GW2 ,(X) € H.(Mgn x X"; Q)

as the pushforward of [Mg 2 (X)]VI" under the tautological map M n(X)— Mg axX X"
This is well-defined by the next lemma.

Lemma 9.3.2 ng,n (X)eH, (J\_/[g,n x X™) is independent of the choice of J .

Proof Let Jj and J1 be any two smooth w—-tame almost complex structures on X .
We denote by Mg #(X, Jo) and Mg n(X, J1) the corresponding moduli spaces of
stable maps (denoted earlier by simply Jvtg,n (X) when we considered just a fixed J).

There exists a smooth path of w—tame almost complex structures Jjo,1] = {J¢}z¢[0,1]
connecting Jo and Jy. Let us consider the corresponding “parametrized” moduli space
of stable maps Mg n (X, Jpo, 1]) The construction from Section 9.2 gives an implicit
atlas with boundary ASY on Mg n(X, J[o,1]) whose restriction to

ME (X, Jpo17) = ME (X, Jo)uME (X, J1)
agrees with A9V on these spaces. Hence it follows using Lemmas 5.2.3 and 5.2.5 that
MG (X, Jo)]'™ = VG, (X, JDP™ in H* (M, (X. Jo,11) "

which is enough. m]

10 Hamiltonian Floer homology

In this section, we define Hamiltonian Floer homology for a general closed symplectic
manifold M (which we now fix). We also calculate Hamiltonian Floer homology
using the S!—localization idea of Floer, and we derive the Arnold conjecture from this
calculation. These results (in this generality) are originally due to Liu and Tian [54],
Fukaya and Ono [33] and Ruan [71]. For a general introduction to Hamiltonian Floer
homology, the reader may consult Salamon [72] (we assume some familiarity with the
basic theory).

The main content of this section is the construction of implicit atlases on the relevant
spaces of stable pseudo-holomorphic cylinders. Once we do this, the definition from
Section 7 gives the desired homology groups. We also construct S ' —equivariant implicit
atlases on the moduli spaces for time-independent Hamiltonians. This allows us to
use the S '-localization results of Section 8 to show that Hamiltonian Floer homology
coincides with Morse homology (a standard corollary of which is the Arnold conjecture).
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The necessary gluing results are stated in Propositions 10.3.3 and 10.6.2 and are proved
in Appendix C.

It would be interesting to define this isomorphism as in Piunikhin, Salamon and
Schwarz [69] using their moduli spaces of “spiked disks” (this route avoids the use of
S 1 Jocalization).

10.1 Preliminaries

Definition 10.1.1 (Abelian cover of free loop space) Let LoM denote the space
of null-homotopic smooth maps S! — M, and let ml denote the space of such
loops together with a homology class of bounding 2—disk. Then ZIM — LoM isa
mw—cover, where w = im(m2(M) — Ho(M ;7)) .3

Definition 10.1.2 (Hamiltonian flows) For a smooth function H: M x S! — R,
let Xyp: M x S' — TM denote the Hamiltonian vector field induced by H, and
let ¢p: M — M denote the time-1 flow map of Xg. A periodic orbit of H is a
smooth function y: S — M satisfying /(1) = X (y(t)). Let C°(M x Slyree
C®(M x S1) denote those functions H for which ¢z has non-degenerate fixed points.

Definition 10.1.3 (Simplicial sets of H and J) Define the simplicial set H.(M),
where H, (M) is the set of smooth functions H: A" — C®(M x S') which are
constant near the vertices and send the vertices to C (M x S!)™2. Define the simplicial
set Jo(M) where J, (M) is the set of smooth functions J: A" — J(M) which are
constant near the vertices (J(M) is the space of smooth almost complex structures
tamed by w) and which send the vertices to almost complex structures which are
w—compatible.

It is easy to see that H,(M) and J,(M) are both contractible Kan complexes. A
semisimplicial set Z, is a contractible Kan complex if and only if every map A" — Z,
can be extended to a map A" — Z, for all n > 0 (where A" is the semisimplicial
n—simplex).

Let JH,(M) = J,(M) x H,(M), which of course is also a contractible Kan complex.
Definition 10.1.4 (Standard Morse function on A”) For this definition, let us view
the n—simplex A" as

(10.1.1) A" = {x [0, 1" 0=xp<--- < xp < 1.

35We could as easily work on the smaller cover corresponding to the image of @ @ c1(M): (M) —
R @ Z. The corresponding equivalence relation is that fi, fo: D2 — M with fi] s1 = f2|g1 are
equivalent if and only if @ and c¢; (M) both vanish on “ f1 — f2” € m(M).
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The i vertex of A” is given by x,—; =0 and x,—;+; = 1. We now consider the
Morse function on A” given by f(x):= Y 7_, cosmx;. Its gradient

n
. d
(10.1.2) Vfx)= Z}nsm(nxi)a—m
1=
is tangent to the boundary of A”, and its critical points are precisely the vertices of A",
the index at vertex i being n —i . Note also that for any facet inclusion A¥ < A",
the pushforward of Vf is again Vf .

Let us consider the space F(A") of broken Morse flow lines from vertex 0 (index n)
to vertex n (index 0). This space is homeomorphic to a cube [0, 1]”~!, the factors
[0, 1] being naturally indexed by the “middle vertices” 1,...,n—1 of A”™. A flow line

is broken at a vertex i € {1,...,n — 1} if and only if the corresponding coordinate in
[0, 11"~ equals 1. For any simplex o there are canonical compatible product/face maps
(10.1.3) F@o|[0... k) xF(o|lk...n]) = F(o),
(10.1.4) Fo|[0...k...n]) = Fo).

See also Section C.13.1 for more details. Adams [3] considered spaces of paths on A”
with the same key properties (though it is important that our flow lines are smooth,
whereas Adams’ are not).

10.2 Moduli space of Floer trajectories

Let us now define the flow category diagram (Definition 7.2.1) which gives rise to
Hamiltonian Floer homology.

Definition 10.2.1 For H € C®(M x S1H)™2 let Py C 11074 denote the set of null-
homotopic periodic orbits equipped with a homology class of bounding 2—disk.

In the following definition, the reader may prefer to focus on the cases n = 0 (Floer
trajectories relevant for the differential), n = 1 (Floer trajectories relevant for the
continuation maps), and n = 2 (Floer trajectories relevant for the homotopies between
continuation maps).

Definition 10.2.2 (Floer trajectory) Let 0 € J,(M) x H,(M) be an n—simplex; we
denote by H%: A" x M x S — R and J: A" — J(M) the corresponding smooth
families. Let p € Py, and g € Py, be periodic orbits, where H; = HO (i € A",-,-) is
the Hamiltonian associated to the i vertex of A™. A Floer trajectory of type (o, p, q)
is a triple (C, £, u), where:
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(i) C is anodal curve of type (0,2). Let us call the two marked points x~,x* € C,
and let k = k(C) be the number of vertices (irreducible components of C) on
the unique path from x~ to x™ in the dual graph of C.

i) ¢: ]_[{;1 R — A" is a broken Morse flow line from vertex 0 to vertex n (for
the Morse function in Definition 10.1.4). Let 0 = vg < --- < v = n be the
corresponding sequence of vertices. We allow £ to contain constant flow lines,
ie we allow v; = v;41.

(iii) u:C - M xS x ]_[{;1 R is a smooth building of type (o, p,q), by which
we mean the following. Let C° be C punctured at {x~, x T} and at the nodes
corresponding to the edges in the unique path in the dual graph of C from
x~ to xT. The connected components {Cy,..., C.} are naturally ordered
(x~ on the first component and xT on the k™ component). There must be
periodic orbits {yo,..., Y} where y; € iPHvi with yo = p and y; = ¢. Then
the negative and positive ends of C;” must be asymptotic to (y;—1(¢),t) and
(vi(2), 1), respectively (with multiplicity one). We also require that u have “finite
energy”. In addition, u|C;”> must be in the correct homology class: the element
of w2 (M) obtained by gluing together u|C;” (resolving any nodes of C;>) with
the given disks bounding y; and y;—; must vanish in homology.

(iv) u is pseudo-holomorphic with respect to the almost complex structure on M x
ST ][, R defined as follows. Use coordinates (7,s) € ' x [[*_, R. Fix
the standard almost complex structure on ST x ]_[f;l R, namely

Tsnap z(m) =2
SI]li=1 R\ g ot
Also fix the (s—dependent) almost complex structure J? (£(s)) on M. We let
A: T[S [*_, R]— TM be defined by A(3/ds) = XHo(¢(s).r,-) and extended
anti-holomorphically. Now we use the following almost complex structure on
M xSTx][F_ | R:

(10.2.1) J= (JU(E(S)) 4 ) .

0 JS]X]_[{'C=1 R

Note that the projection M x S x ]_[;;1 R— ST x ]_[f-;l R is holomorphic.

An isomorphism 1. (C,€,u) — (C’,¢',u’) of Floer trajectories is an isomorphism
t1: C — C’ of curves of type (0,2) and an isomorphism ¢5: ]_[{;1 R — ]_[f-;l R
(acting by translation on each factor and respecting the ordering of the terms; note that
the existence of ¢; implies that k(C) = k(C’)) such that u = (idysy g1 XL2_1) ou' oy
and £ = ¢/ o1,. We say a Floer trajectory is stable if and only if its automorphism
group (ie group of self-isomorphisms) is finite.
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Definition 10.2.3 We define a w—equivariant flow category diagram M/JH,(M) as
follows.
(i) Foravertex (J,H) € Jo(M)x Ho(M), we let Py gy =PpH.

(ii)) The grading gr: P — Z is the usual Conley—Zehnder index, and gr: m — Z is
given by gr(h) =2(c1(TM), h).

(iii) The action a: P — R is the usual symplectic action, and a: = — R is given by
ath) = (w,h).

(iv) Welet M(o, p, ) be the set of stable Floer trajectories of type (o, p, ¢), equipped
with the Gromov topology. It is well-known that M(o, p, ¢) is compact Haus-
dorff. The finiteness conditions required on M(a, p, ¢) also follow from Gromov
compactness. The product/face maps on M(o, p.q) are evident.

(v) The action of 7 on everything is clear.

10.3 Implicit atlas

Let us now define an implicit atlas on the flow category diagram M/JH,(M) (recall
Definition 7.2.4). This construction follows the same outline as the construction of an
implicit atlas on the moduli space of stable maps in Section 9.2 (the main difference
being that here there is more notation to keep track of). Note that the flow category
diagram on which we will define an implicit atlas is no longer denoted X/Z,, and this
leads to a few (evident) notational differences from Section 7, where we considered
implicit atlases on flow category diagrams abstractly.

Definition 10.3.1 (Index set AHF(A™)) A (Hamiltonian Floer) thickening datum o
on the simplex A” is a quadruple (Dy, o, Eq, Ao), Where:

(i) Dg € M x S' x A™ is a compact smooth submanifold with corners locally
modeled on
RY) xRY cRY xRY'*2 or RYFI xRN c RY) x RV'+3,

Let us denote by 0° Dy C 3Dy the closure of dDg \ [M x S x JA"] (which is
precisely the set of points with local model of the second type).

(ii) re > 1 is an integer; let 'y = Sy, .

(ili) Eg is a finitely generated R[S, ]-module.

(iv) The map

. 0P 0,1
Aa: Eq = C(Co24r, X M, Q@o,2+m [0 sre QrTM)
is an Sy, —equivariant linear map supported away from the nodes and marked

points of the fibers of @0,2““ — Mo,24r, (the universal family).
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Let AMF(A™) denote the set of all thickening datums on A”.

We define a w—equivariant implicit atlas A on the flow category diagram M/JH,(M)
as follows. We set A(o, p,q) := A" (0). Let us now define the implicit atlas on
M(o, p,q)=* with index set A(o, p,¢)=* (built from A(o, p,q) asin (7.2.1)).

Definition 10.3.2 (Atlas data for A(o, p,q)=°* on M(o, p,q)=°*) For a subset I C
Ao, p,q)=*, an [—thickened Floer trajectory of type (o, p,q)=* is defined to be a
tuple (C, €, u,{$a}aer. {€atacr), Where:

(1)
(i)
(iii)

(iv)

(v)

C is a nodal curve of type (0,2).
¢ ]_[{F=1 R — A" is a broken flow line from vertex O to vertex 7.

u: C > MxS!x ]_[f-‘:1 R is a smooth building of type (o, p, g) (in the sense of
Definition 10.2.2(iii)), with combinatorial type of u belonging to 85(o, p,q)=*.
Recall that by definition (see (7.2.1)), A(o, p,q)=* is a disjoint union of various
A(ollio...inl, p'.q") := AP (o][ig . ..in]). Hence any given o € I comes
from one of these, say f[(a|[i8‘ 0%, pl.ql)- Let Cq € C denote the union
of irreducible components corresponding to this triple, which exists because the
combinatorial type of u belongs to 85;:(0, p,q)=° (this Cy is a key notion for
the present construction of an implicit atlas).

For all « € I, we must have u|c, h Do with exactly ry intersections. By
ulc, M Dy, we mean that under the map

(idpsust x€)ou: Cy — M x St x AClio-im]

we have3¢ C, N 3D, = @ and for every point p € C, mapping to Dy, the
derivative

d((idpgus1 x€) ou): TyC — Ty [M x St x A°lo-iml) /7, D,

is surjective and p is not a node or marked point of C.

Po: Co — @0,2_”& is an isomorphism with a fiber (where C,, is considered to
have two marked points x~, x corresponding to p},, g, plus the r, marked
points (1|Cq)~1(Dg)).

(Vi) eq € Eqy.

(vii) The I-thickened 5—equation

(10.3.1) M+ Y Aa(ea)(pa.u) =0
ael

36The closure of the image C is precisely the image of C,, union the asymptotic periodic orbits.
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is satisfied, where we use the almost complex structure on M x S x ]_[f;l R
defined in (10.2.1). The term Ay (eq)(¢po,u) only makes sense over Cy; we
interpret it as zero over the rest of C. Note that for (10.3.1), we project Ay onto

0,1
Co.24r4/Mo.2+4r4 ®c TMjos))-

An isomorphism between two I —thickened Floer trajectories (C, £, u, {ey}, {¢o}) and
(C" ' {el,}, {¢L}) is an isomorphism ¢;: C — C’ of curves of type (0,2) and
an isomorphism ¢;: ]_[f;l R — ]_[;;1 R (acting by translation on each factor and
respecting the ordering of the terms; note that the existence of ¢; implies that k(C) =
k(C’")) such that

u = (idprugt Xt ou'oty, L=L0t, ¢g=¢,ot1, eq=el, forallael.

We say an I—thickened Floer trajectory is stable if and only if its automorphism group
(ie group of self-isomorphisms) is finite.

Let M(o, p,q)lSﬁ denote the set of stable /—thickened Floer trajectories of type
(0, p,q)=*, and equip it with the Gromov topology. The actions of I'; on the thickened
moduli spaces, the functions sy, the projections ¥;s, and the sets Uy; are all defined
as in Definition 9.2.4 from the Gromov—Witten setting.

The stratification of M(o, p, q)I55 by 85:(0, p.q)=* is evident.
The compatibility axioms for A(o, p,q)=* on M(o, p,q)=* are all immediate; the
homeomorphism axiom can again be verified directly as in the Gromov—Witten setting.

The regular loci for A(o, p, q)Z* on M(o, p, q)=° are defined as in Definition 9.2.5,
meaning that a 5-tuple (C, ¥, u, {pq}acr,{€a}aecr) is regular if and only if it has
trivial automorphism group and the linearized operator (fixing C and varying u, ¢,
and {ey }qer) is surjective (see Section C.1.6 for more details). Let

vdim M(a, p, q)=* := gr(¢q) — gr(p) + dimo — 1 — codim s.

Let us now discuss the transversality axioms for A(o, p, ¢)=* on M(o, p,q)=%. The
openness and submersion axioms follow from the following result, whose proof is
given in Appendix C.

Proposition 10.3.3 (Formal regularity implies topological regularity) For all I <
J C A(o, p,q)=*, we have:
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i) (M(o, p, q)lfﬁ)reg c M(o, p. q)l55 is an open subset.

(i) Themap s;\;: M(0. p.q)5° — Eyyy over the locus ¥ (VM(0. p. )F°)8) €
M(o, p, q)§5 is locally modeled on the projection

(1032) Rvdimﬁ(a,p,q)55+dim E; x Rdim Ejs N Rdim Ej\g

over the top stratum s € 85;(0, p,q)=°. More generally, the local model (com-
patible with stratifications) is given by replacing the first factor on the left by
RY 4 x R"" stratified appropriately by 85:(0, p.q).

(iii) There exist w—invariant coherent trivializations of the local systems OE[ ®
0 (M0, p.q))e (in the sense of Definition 7.2.6).

Finally, to verify the covering axiom, we use the general strategy from Lemma 9.2.9
in the Gromov—Witten case. To apply this in the present setting, we just need the
following stabilization lemma to take the place of Lemma 9.2.8.

Lemma 10.3.4 (Domain stabilization for stable Floer trajectories) Suppose that
¢ ]_[f-;l R — A" andu: C — M x S! X]_[f;l R is a point in M(o, p, q). Then there
exists D € M x S' x A" as in Definition 10.3.1(i) such that C th D in the sense of
Definition 10.3.2(iv) and so that adding the intersections to C as extra marked points
makes C stable.

Proof As in the proof of Lemma 9.2.8, we use (an appropriate variant for manifolds
with corners of) Lemma 9.2.7 (which we may also use to avoid the periodic orbits in
question). It thus suffices to show that for any unstable component Cy of C, there exists
apoint p € Co where d((idysy g1 x€)ou): TCo — TM x TS x TA" is injective. To
find such a point, we split into two cases.

First, suppose u: Co — S' x R is constant. Then u: Cy — M is a (nonconstant!)
J—holomorphic sphere, and thus has a point of injectivity of du.

Second, suppose u: Co — S! x R is not constant. Then u: Co — S! x R is an
isomorphism; let us use (¢, s) € S xR as coordinates on Co. Now du /0t € TM x TS
has nonzero coordinate in the 7S! component (everywhere), and du/ds € TM x TS
has zero coordinate in the 7S! coordinate (everywhere). Hence if du is everywhere
noninjective, we find that du/ds = 0 € TM x TS! everywhere. It follows that
u: Co — M x S is independent of the R coordinate, and thus is simply a trivial
cylinder mapping onto a periodic orbit. Now the stability condition (the automorphism
group being finite) implies that the corresponding (piece of a) flow line £: R — A" is
nontrivial. It follows that we have the desired injectivity. |
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Theorem 10.3.5 A is a m—equivariant implicit atlas on M/ JH,(M).

Proof We have shown above that each individual A(o, p, g)=*° is an implicit atlas on
M(o, p,q)=*. The required compatibility isomorphisms between these implicit atlases
follow directly from the definition. |

10.4 Definition of Hamiltonian Floer homology

Definition 10.4.1 (Hamiltonian Floer homology) We have a w—equivariant flow
category diagram M/ JH,(M) equipped with an implicit atlas A . Moreover, we obtain
coherent orientations @ from Proposition 10.3.3. Hence according to Definition 7.7.6,
we get a diagram FH: JH,(M) - H O(ChQ[[,,]]) (the hypotheses of Definition 7.7.6
can be easily verified). Since JH,(M) is a contractible Kan complex, this is really
just a single object FH*(M) € HO(ChQ[[n]]) which we call the Hamiltonian Floer
homology of M .

Remark 10.4.2 Thering Q[[z] is the graded completion of Q[r]; see Definition 7.7.2.

10.5 S!—invariant Hamiltonians

To calculate the Hamiltonian Floer homology FH*®(M) as defined above, we consider
the case when H is a (time-independent) Morse function on M .

Fix a smooth almost complex structure J on M compatible with w. This induces a
metric on M, so there is a notion of gradient flow line for smooth functions on M .

Let H: M — R be a Morse function for which the time-1 Hamiltonian flow map of H
has non-degenerate fixed points, all of which are critical points of H (for example,
H =¢€-H)j is such a function for any Morse function Hyp: M — R and sufficiently small
€ > 0). Consider the inclusion * — JH,(M) (where * is the simplicial O—simplex, ie
the simplicial set with a single n—simplex for all n) defined by mapping everything
to the constant families of almost complex structures and Hamiltonians given by J
and H . We will restrict attention to the (pullback) flow category diagram M /. With
our assumptions on H , the set of generators is P = crit(H) x 7 canonically, and the
grading on P is given by the Morse index on crit(H) plus gr: m — Z.

Now there is a canonical S !—action on the spaces of stable Floer trajectories in M/ x
(postcompose u with a rotation of S!) which is compatible with the product/face
maps (this action exists since H is independent of the S!—coordinate). It follows that
MS! /x is also a flow category diagram (defined using the fixed locus M(o, p, ¢)S 1 -

M(o. p.q)).

Definition 10.5.1 (Morse trajectory) Let o € * be the n—simplex, and let p,g € P =
crit(H) x w. A Morse trajectory of type (o, p,q) is a triple (k, £, u), where:
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(1) k =1 is a positive integer.

(i) < ]_[f-cz1 R — A" is a broken Morse flow line from vertex 0 to vertex n (for
the Morse function in Definition 10.1.4). Let 0 = vg < --- < v = n be the
corresponding sequence of vertices. We allow £ to contain constant flow lines,
ie we allow v; = v;41.

(i) u: ]_[ff=1 R — M is a broken Morse flow line from p to g for the function H .
We allow u to contain constant flow lines.

(iv) The mw—components of p and g agree.

An isomorphism . (k,€,u) — (k’,¢,u’) of Morse trajectories is an isomorphism
L ]_[f-czl R— ]_[f‘/:1 R (acting by translation on each factor and respecting the ordering
of the terms; we require k = k’) such that u = u’o¢ and £ = £/ o 1. We say a Morse
trajectory is stable if and only if its automorphism group (ie group of self-isomorphisms)
is finite.

Let Mumorse (0, . g) denote the space of stable Morse trajectories.

Proposition 10.5.2 (Formal regularity implies topological regularity) Suppose H
is Morse—Smale. Then with the stratification by k, the spaces Muyorse (0, p, q) are
compact topological manifolds with corners.

For the case of the zero simplex o = ¢, this is proved by Wehrheim [80]. In fact, the
general case also follows from [80] since JV[morse (o, p, q) is the space of broken Morse
flow lines on M x A" from p x 0 to g x n for the Morse function H + f (and f is
defined and smooth on a neighborhood of A" C R™). Alternatively, one may restrict
to H which have a particular normal form near each critical point in which case this
result holds by more elementary arguments (see also [80]).

Lemma 10.5.3 There is canonical homeomorphism M(o, p, q)S Minorse (T, P, q).

Proof Suppose a stable Floer trajectory (C,{,u) is S'—invariant. Then each of
the components {C7, ..., CZ} must be smooth (no nodes) and hence 1s0m0rphlc to
S1xR. Using the holomorphlc projection M x S x ]_[1_1 R— Stx ]_[1—1 R, we get
holomorphic identifications Cl° =S1xR. Since (C,l,u)is S 1_jnvariant, the function
u: C7 — M must be independent of the § !_coordinate, and hence (examining the
d—equation) is simply a Morse flow line of H . Running this argument in reverse, we
also see that every stable Morse trajectory gives rise to a stable Floer trajectory which
is S1-invariant. i
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We will also need the following deeper fact (and henceforth we assume that H is
defined as in Lemma 10.5.4):

Lemma 10.5.4 Fix a Morse function Hy: M — R whose gradient flow is Morse—
Smale and suppose H = ¢ - Hy with € > 0 sufficiently small. Then M(o, p, q)S1 C
M(o, p.q) is open and cut out transversally (meaning M(o, p, q)S1 C M(a, p.q)*e).
Hence we have a partition into disjoint closed subsets

(10.5.1) M(o, p.q) = M(0, p.q)5" UIDV(a, p,q) \ M(0, p.q)5"]

Proof Salamon and Zehnder [73, Theorem 7.3(1)] show that JV[(JO, p,q)Sl C
M(c®, p,q)™e for the O—simplex ¢° and sufficiently small € > 0. Since we only
consider constant families of J and H , the linearized operators for the higher o’ can

be written in terms of the linearized operators for 09, and it follows that JV[(U, D, q)S ! C
M(o, p,q)e for all o.

Now we have Muorse (0, p. q) = M(0, p. q)S1 C M(o, p,g)™e. It remains to show
that this is an open inclusion. This can likely be seen by following closely the gluing
argument used to prove Propositions 10.3.3 and 10.5.2, however we can argue directly
as follows. Both Mumorse (0, p,¢) and M(o, p, q)™¢ are topological manifolds with
corners, and the stratification for the former is the pullback of the stratification for the
latter. Their dimensions are dictated by the Morse index and the Conley—Zehnder index
respectively, which in this case coincide. Hence we are done by Lemma 10.5.5 below. O

Lemma 10.5.5 Let M be a topological manifold with corners and K € M a closed
subset. Suppose that the restriction of the corner stratification on M induces a topologi-
cal manifold with corners structure on K of the same dimension. Then K € M is open.

Proof The question is local on M, so we may assume that M = R" x R”. Let
K CR" x R™ be obtained by reflecting K across the last m coordinate hyperplanes.
The hypotheses then imply that K is a manifold of dimension 7 +m. Now we have
that K € R"*+m ig open by Brouwer’s “invariance of domain”. This is enough. a

10.6 S!-equivariant implicit atlas

We constructed in Section 10.3 an implicit atlas A on M/JH,(M), and thus in
particular on M /. In this subsection, we modify this construction to define another
implicit atlas BS ' on M/, one which is S!'—equivariant in the sense that the S'—
action on M(o, p, ¢) extends canonically to all the thickenings M(o, p, q)I55 in BS'
The key technical step is to perform domain stabilization with S!—invariant divisors
(Lemma 10.6.4).
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Let us first motivate the definition of BS' by describing a “first attempt” at defining an
S1_equivariant implicit atlas on M/ . We consider the subatlas A% l C A consisting
of those thickening datums « for which Dy, is S!—invariant. Now there is clearly a
canonical S!—action on the thickenings M(a, p, q) 7 (postcomposition of u with a
rotation of S1) for I C AS! (0, p.¢)=*.37 Now AS' C A forms an implicit atlas if and
only if it satisfies the covering axiom. However, the covering axiom for AS" fails: we
cannot stabilize the domains of Morse flow lines (points of M* 1 ) using S !—invariant
divisors D, (more generally, we cannot stabilize the domain of any broken trajectory
containing a Morse flow line).

To fix this issue, we first modify the definition of A to allow Morse components of
Floer trajectories which do not get stabilized.

Definition 10.6.1 (Implicit atlas B on M/%) We define an implicit atlas B on M/
as follows. On the level of index sets, we define B := A. However, we modify
the definition of an /-thickened Floer trajectory as follows. We require that when
Cy is considered with the r, extra marked points (1|Cy)~!(Dy), the only unstable
components are mapped by u to Morse flow lines; let C,, — C5' be the map contracting
all such unstable components. Now instead of ¢q: Cy — éo,zﬂa, we use @y : C;‘ —
Co,24r -

The rest of the atlas data is defined analogously with that of A without any serious
difference. Note, however, that to verify that the locus Uyy € X; is open, we must
appeal to Lemma 10.5.4.

Note that the thickened moduli spaces for A are open subsets of those for B, so the
covering axiom for A implies the covering axiom for B. Now to verify that B is an
implicit atlas, everything is the same as for A except for the openness and submersion
axioms, which follow from the following result (identical to Proposition 10.3.3), whose
proof is given in Appendix C.

Proposition 10.6.2 (Formal regularity implies topological regularity) For all I C
J CB(o, p.q)=*, we have:

i) (M(o, p, q)?;)reg c M(o, p. q)I55 is an open subset.
(i) The map sy\;: M(o, p,q)3° — Ej\s over the locus

Vi (Mo, p.q)T)™) € Mo, p.q)F

37Note that we do not need to put any restrictions on Ag .
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is locally modeled on the projection

(1061) RVdimJV[(O‘,p,q)ﬁs—i-dimE] % Rdim Ej\g — RdimEJ\I

over the top stratum s € 85;(0, p, q)=°. More generally, the local model (com-
patible with stratifications) is given by replacing the first factor on the left by
RY 4 x R"" stratified appropriately by 85:(0, p.q).

(iii)) There exist w—invariant coherent trivializations of the local systems UEI ®
O (Vi(o,p,q) E5)re (in the sense of Definition 7.2.6), agreeing by restriction with
those for A, and coinciding with the usual orientations from Morse theory on
JV[Inorst;-:(odv P, Q) = JV[(O’ P, Q)Sl - ]V[(Gv P, q)reg .

Thus B is an implicit atlas on M /.

Definition 10.6.3 (S !—equivariant implicit atlas B "on M /%) Let BS 1 C B consist
of those thickening datums « for which Da is S'-invariant. There is a canonical
S1_action on the thlckenlngs M(o, p,q)5" 7 (postcomposition of u with a rotation
of S1)for I C BS' (0, p,q)=*, and this S!-action is compatible with the rest of the
structure.

To verify that BS : C B is an implicit atlas, we just need to verify the covering axiom.
We follow the usual proof of the covering axiom as in Lemma 9.2.9 and use the fact
that Morse components are already cut out transversally (Lemma 10.5.4). To complete
the proof, we just need Lemma 10.6.4 below, which says that for any stable Floer
trajectory, we can stabilize the domain using S'—invariant divisors (except, of course,
for any irreducible components mapping to Morse flow lines).

Lemma 10.6.4 (S'—equivariant domain stabilization for stable Floer trajectories of
M/*) Let£: [[*_{ R— A" and u: C — M xS'x[[*_, R be a pointin M(o. p.q).
Then there exists D C M xS x A" as in Definition 10.3.1(i) which is S —invariant with
C t D in the sense of Definition 10.3.2(iv) and so that adding these intersections to C
as extra marked points makes C stable, except for irreducible components S! xR € C
on which u is independent of the S'—coordinate (“Morse flow lines”).

Proof Instead of finding an S 1 invariant D C M x S1x A" ,wefinda D C M x A"
(which is clearly equivalent) and we ignore the S! factor in the codomain of u.
As in Lemma 10.3.4, it suffices to show that for any unstable component Cy C C,

either Cp is a Morse flow line or there exists a point (other than a node) where
d((idps x€)ou): TCy — TM x TA"™ is injective.
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If the projection Co — S 1 % R is constant, then u: Cy — M is a (nonconstant!) J—
holomorphic sphere and we are done as in Lemma 10.3.4. Hence it suffices to treat the
case when u: Co — S xR is not constant. Thus u: Cy — S xR is an isomorphism,
so we can use (¢,5) € S! xR as coordinates on Cy. Now we split into two cases.

First, suppose £: R — A" is not constant. If u: Co — M is independent of the S
coordinate, then it is a Morse flow line, and we do not need to stabilize. Otherwise,
there is a point where du/dt # 0, and since £: R — A" has nonvanishing derivative
everywhere, it follows that du is injective at this point.

Second, suppose £: R — A" is constant. Then our map u: Co — M satisfies

(10.6.2) 88—1; +Jo g—? =VH.

Certainly u: Co — M is not constant; otherwise it would be unstable (infinite auto-
morphism group). Thus du is nonzero somewhere. If du has rank two somewhere,
then we are done. Thus let us suppose that this is not the case and show that u|Cy
is independent of the ¢ coordinate (and thus is a Morse flow line). Thus there exists
some open set U C Cy = S! x R where du has rank 1. Inside U, we have that
kerdu € TCy = T(S' x R) is an (integrable!) 1—-dimensional distribution, so U is
equipped with a 1-dimensional foliation and u is constant on the leaves. Thus we have
(locally) a factorization u: S' xR —2> (—e, €) > M, the leaves of the foliation being
given by r~1(§) for § € (—e, €). Now (10.6.2) becomes

(10.6.3) Fte J) W' (r(s, 1)) = (VH) w(r (s, 1))).

Since du has rank 1, we know that w’(r(s,7)) # 0. Hence the value of r(s,?)
determines the value of its derivative uniquely, ie dr is constant along the leaves
r~1(8) of the foliation. It follows that the foliation is (locally) linear(!) and that we
can follow any leaf infinitely in both directions and it never exits U (since dr = 0
outside U). Now if any leaf had nonzero slope, it would force u: Co — M to
be constant, a contradiction. Thus all leaves have slope zero; in other words u is
independent of the S!—coordinate over U = S! x U’. But now we see that U’ = R,
since if U’ had boundary, it would imply that we have a Morse flow line reaching a
critical point in finite time. Thus u is (globally) a Morse flow line. O

10.7 Calculation of Hamiltonian Floer homology
and the Arnold conjecture

Arnold conjectured that the minimal number of fixed points of a non-degenerate
Hamiltonian symplectomorphism M — M enjoys a lower bound similar to the minimal
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number of critical points of a Morse function on M (known as the Morse number
of M ). It remains an open problem to obtain a sharp bound on the minimal number of
symplectic fixed points, though much progress has been made.

Arnold’s conjecture was proved for surfaces by Eliashberg [21] and for tori by Conley
and Zehnder [15]. The existence of at least one fixed point was shown by Gromov [36,
page 331, 2.3.B} ] under the assumption w|,p) =0.

A major breakthrough was made by Floer [24], who introduced Hamiltonian Floer
homology and showed (under some assumptions) that it is isomorphic to singular
homology. Floer’s work provides a lower bound on the number of symplectic fixed
points of the type predicted by Arnold. Indeed, if Hamiltonian Floer homology can be
defined and shown to be isomorphic to singular homology, then we get a lower bound
towards the Arnold conjecture of the form

(10.7.1) min{rk D, | (D,,d) afree differential graded A—-module
homotopy equivalent to C,(M; A)},

where A is the Novikov ring

c1(M)

(10.7.2) A = Zfim(r(M) 222 g @ 72

completed with respect to w and graded by 2c¢; (note that if the grading on A is
nontrivial, a “differential graded A-module” is not the same as a “complex of A—
modules”). One can also adjoin 71 (M) to the coefficient ring (as in Fukaya [28] or
Abouzaid [2]) to obtain a sharper lower bound in (10.7.1), and furthermore the methods
of Sullivan [77] allow one (at least in many cases) to replace “homotopy equivalent” in
(10.7.1) with “simple homotopy equivalent”. Note that for A = Z[71(M)] and “simple
homotopy equivalent” in place of “homotopy equivalent”, the lower bound (10.7.1) is
precisely the stable Morse number of M (see Damian [16, page 424, Corollary 2.6]).

Floer’s original work [24] covered the case of monotone symplectic manifolds (ie
w = Acy on mp(M) for some A > 0), and the work of Hofer and Salamon [40] and
Ono [66] extended this to semipositive symplectic manifolds (ie there do not exist classes
A € (M) with w(A) >0 and 3—n < c¢1(A) < 0). The case of general symplectic
manifolds is due to Liu and Tian [54], Fukaya and Ono [33] and Ruan [71], using
virtual techniques (which require rational coefficients) to resolve lack of transversality.
We reprove their results below using the VFC machinery developed in this paper.

In the following result, we use the definition of Floer-type homology groups from
Section 8.7.4.

Theorem 10.7.1 FH*(M) is isomorphic to H*(M;Z) ® Q[x] as modules over
Q=]
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Proof We use the setup of Section 10.5-10.6.

The homology groups associated to the flow category diagram M /% and the implicit
atlas A are by definition FH*(M). Now, as we observed previously, the thickened
moduli spaces of A are open subsets of those of B, so by Lemma 7.8.2, FH*(M)
may also be defined using the implicit atlas B on M/*. Now BS l C B is a subatlas,
so by Lemma 7.8.1 it may also be used to define FH*(M).

Thus let us restrict attention to the atlas BS' on M /. Recall that by Lemma 10.5.4,
there is a partition into closed subsets

(10.7.3) Mo, p.q) = M(o, p.q)S UM(a, p.q) \ M(0, p,9)5'].

Now we apply S!-localization to B ' on M/* in the form of Theorem 8.7.13,
which applies since S! acts with finite stabilizers on M(o, p.q) \M(o, p.q)° " and
our coefficient group is Q. It follows that FH®(M) may be defined using the flow
category diagram M5 : /% with the implicit atlas obtained from BS : by removing
M\ M3 ' from every thickening.

All the flow spaces of MS : /% are cut out transversally by Lemma 10.5.4, so by
Proposition 7.8.4, the homology groups of M5 : /* can be defined by simply counting
the O—dimensional flow spaces according to the orientations w. Now M5 " coincides
with the Morse flow category diagram J\_/[morse /* of H by Lemma 10.5.3 (with the
same orientations by Proposition 10.6.2), and this gives the desired isomorphism. O

Remark 10.7.2 One expects to be able to show that the isomorphism in Theorem 10.7.1
is canonical by considering continuation maps and chain homotopies associated to
families of Morse functions.

Corollary 10.7.3 (Arnold conjecture) Let H: M x S' — R be a smooth function
whose time-1 Hamiltonian flow ¢g: M — M has non-degenerate fixed points. Then
#Fix ¢ > dim H,(M; Q) (in fact, we may replace Fix ¢ with those fixed points
whose associated periodic orbit is null-homotopic in M ).

Proof Pick any w—compatible almost complex structure J and consider the vertex
(J,H) e JH,(M). Over this vertex, pick any complex FC*(M) which calculates
FH*(M). Then FC*(M) is a free Q[[]]-module of rank

(10.7.4) ko FC*(M) < #Fix ¢p

(its rank equals the number of null-homotopic periodic orbits). By Theorem 10.7.1, the
homology FH*®(M) is free of rank

(10.7.5) tkorg FH*(M) = dim Ho(M; Q).
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Now by definition, there is a Q[[]-linear boundary map d: FC*(M) — FC*T1(M)
and by definition rkgp,y FH*(M) = kerd/imd. Now apply Lemma 10.8.1 to
conclude that

(10.7.6) kg FH*(M) <1kq[.y FC*(M).

Thus we are done. O

10.8 A little commutative algebra

Lemma 10.8.1 Let M be a free module over a commutative ring R, andletd: M — M
satisfy d?=0.IfH = kerd/imd is free, thentk H <tk M .

Proof Since H is free, it is projective, so the surjection kerd — H has a section
H < kerd C M . Hence there is an injection H — M . Now use Lemma 10.8.2. O

Lemma 10.8.2 Let ¢: R®4 < R®B pe an inclusion of free modules over a commu-
tative ring R. Then A < B.

Proof This is a standard yet tricky exercise. We recall one of the (many) standard
proofs.

The map ¢ is described by some matrix of A x B elements of R. Certainly the kernel
of this matrix remains zero over the subring of R generated by its entries. Thus we
may assume without loss of generality that R is a finitely generated Z—algebra. Now
localize at a prime ideal p C R of height zero. Localization is exact, so again ¢ remains
injective. Thus we may assume without loss of generality that R is a local Noetherian
ring of dimension zero, and thus R is an Artin local ring [5, Theorem 8.5]. Since R is
Artinian, all finitely generated modules have finite length [5, Propositions 6.5 and 6.8],
and hence there is a length homomorphism K¢o(R) — Z [5, Proposition 6.9] (which is
clearly an isomorphism since R is local). It thus follows from the short exact sequence

0— R®4 g R®B coker¢p — 0
that A < B. m|
Appendix A: Homological algebra
In this appendix, we collect some useful facts concerning sheaves, homotopy sheaves
and their Cech cohomology. We assume the reader is familiar with most elementary

aspects of sheaves. Many of the results in this appendix are also elementary, though
for completeness we give most proofs as we do not know of a good reference.
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In Section A.1, we recall presheaves and sheaves. In Section A.2, we introduce
homotopy sheaves. In Section A.3, we list standard pushforward and pullback operations
on (homotopy) sheaves. In Section A.4, we introduce and prove basic properties of
Cech cohomology. In Section A.5, we introduce the central notion of a pure homotopy
sheaf. In Section A.6, we prove a version of Poincaré—Lefschetz duality using pure
homotopy sheaves. In Section A.7, we introduce a certain relevant type of homotopy
colimit. In Section A.8, we prove an easy lemma about homotopy colimits of pure
homotopy sheaves. In Section A.9, we review the definition of Steenrod homology.

Convention A.0.1 In this appendix, by space we mean locally compact Hausdorff
space.

Convention A.0.2 By a complex C* we mean a Z-graded object P, .5 C ! (in some
abelian category) along with a degree-1 endomorphism d with d? = 0. The homology
of a complex C* is denoted H*C*, defined by

. . d . . d .
H'C*:=ker(C' = C'T1)/im(C'™! = CY).

A complex is called acyclic if and only if its homology vanishes. A map of complexes
f: A®* — B* is a called a quasi-isomorphism if and only if it induces an isomorphism
on homology. We will often use the fact that a map of complexes is a quasi-isomorphism
if and only if its mapping cone is acyclic.

The shift of a complex C*[n] is defined by (C*[n])' := C'*". We use the truncation
functors defined by

Cc/, j>i,
(1:C*) 1= L coker(Ci1 & 1), j =i,
0, j<i,
0, J >,
(1<iC* = Lker(Ci & CitYy, =i,
Cc/, j<i.

Given a sequence of maps of complexes Ay — --- — A;, such that adjacent maps
compose to zero, we denote by [4f — -+ — A; "] the associated total complex of
this double complex. For example, f: A* — B® denotes a map, and [A°® J. B o1
denotes its mapping cone.

Convention A.0.3 We fix sign conventions by making everything Z/2—-graded and
always using the super tensor product ® (so the isomorphism A® B = B ® A is
given by a @ b > (—=D1Plp @ ¢, and (f @ g)(a ® b) := (=1)'&!14l f(a) ® g(b)).
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We fix Hom(A4, B)® A — B as given by f ® a+— f(a). Complexes are (Z,7Z/2)-
bigraded; differentials are always odd and chain maps are always even. Note that the
7./ 2—grading of a complex is often, but not always, the reduction modulo 2 of the
Z—grading.

Convention A.0.4 Direct and inverse limits always take place over directed sets.

A.1 Presheaves and sheaves

Definition A.1.1 (Presheaf and K—presheaf8) Let X be a space. A presheaf (resp.
K—presheaf) on X is a contravariant functor from the category of open (resp. compact)
sets of X to the category of abelian groups. A morphism of presheaves is simply a
natural transformation of functors. The categories of presheaves and K—presheaves are
denoted Prshv X and Prshvg X, respectively.

Definition A.1.2 (Stalk) For a presheaf J, let J), := li_r)np cy F(WU), and for a K-

presheaf J let I, := F({p}). In both cases we say J, is the stalk of F at p.

Definition A.1.3 (Sheaf) A sheaf is a presheaf J satisfying the following condition:

(Sh) 0—>S"(U Ua) - [[FW)— [] FWanUp) isexact V {Uy € X }aea.
acA a€A a,feAd

The category of sheaves on a space X is denoted Shv X (a full subcategory of Prshv X,
meaning a morphism between sheaves is the same as a morphism of the corresponding
presheaves).

Definition A.1.4 (K-sheaf) A K—sheaf is a K—presheaf J satisfying the following
three conditions:3°
(Shx1) F (@) =0.
(Shy2) The sequence
0—->F(K1UKy) = F(Ky) D F(Ky) > F(K1NK?)
is exact for all K{, K, C X.

(Shy3) The map
lim F(U) - F(K)

KcU
U open

is an isomorphism for all K € X .

38 Terminology “X-" following Lurie [57, Definition 7.3.4.1].
39 A similar set of axioms appears in Lurie [57, Definition 7.3.4.1].
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The category of K—sheaves on a space X is denoted Shvy X (a full subcategory of
Prshvy X).

Remark A.1.5 It is always the case that K = () kcu U for compact K C X.

U open
Definition A.1.6 We define functors
(A1) Prshvs X 7—= Prshv X
a*
by the formulas
(A.1.2) (@*F)(K) := h_n)q FU),
KcCU
U open
(A.1.3) () U):= lim TF(K).
KCU
K compact

It is easy to see that there is an adjunction Hompyghy,. x (¢*F, §) = Homprshy x (F, 004 G)
(giving an element of either Hom-set is the same as giving a compatible system of
maps F(U) — G(K) for pairs K C U).

Lemma A.1.7 Let Ki,..., K, € X be compact. Then {Uy N -+ N Uy }open U; DK;
forms a cofinal system of neighborhoods of K1 N---N K.

Proof We may assume without loss of generality that X is compact. By induction,
it suffices to treat the case n = 2. The rest is an exercise (use the fact that a compact
Hausdorff space is normal). a

Lemma A.1.8 We have

O

(A.1.4) Shvy X Z—= Shv X,
a*

and this is an equivalence of categories.*°

Proof Suppose F is a sheaf, and let us verify o*F is a K—sheaf. Axiom (Shy1) is
clear (take A = @ in (Sh)). Axiom (Shg2) follows from (Sh) and Lemma A.1.7 since
direct limits are exact. Axiom (Shg3) is clear from the definition also.

40 A similar result appears in Lurie [57, Corollary 7.3.4.10].
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Suppose T is a K—sheaf, and let us verify that «+J is a sheaf. Let us first observe
that (by induction using (Shg 1) and (Shx2)) if {Ky € X}qe4 is any collection of
compact sets, all but finitely many of which are empty, then the following is exact:

(A.1.5) 0— ?(U Ka) - [[FKa) — [] F(KanKp).

acA acA a,feAd

Let us now verify axiom (Sh) for a.F for open sets {Uy C X }qc 4. Certainly (Sh) is
the inverse limit of (A.1.5) over all collections of compact subsets {Ky € Uy }qea for

which K, = @ except for finitely many « € A. This is sufficient since inverse limit is
left exact.

Now to see that the adjoint pair o™ - a4 is actually an equivalence of categories,
it suffices to show that the natural morphisms F — axa*F and a*w«G — G are
isomorphisms. In other words, we must show that the natural maps

(A.1.6) FU)— lim  lim FU),
KcU KcU’
K compact U’ open

(A.17) lim  lim  §(K') - §(K)

KCU K'cU
U open K’ compact

are isomorphisms. The right-hand side of (A.1.6) can be thought of as the inverse
limit of F(U’) over all open U’ C U with U’ C U and U’ compact. It is easy to see
that the map from F(U) to this inverse limit is an isomorphism if F is a sheaf. The
left-hand side of (A.1.7) can be identified with the left-hand side of (Sh3), and thus
the map to G(K) is an isomorphism if F is a K—sheaf. m|

Convention A.1.9 In view of the canonical equivalence of categories Shv X =
Shvy X from Lemma A.1.8, we use the single word “sheaf” for an object of either
category.

Lemma A.1.10 Let {Ky}qca be a filtered directed system of compact subsets of X
(ie for all a, B € A there exists y € A with K, C Ko N Kg ). Then for any 3 satisfying
(Shy3), the following is an isomorphism:

(A.1.8) lim F(Kq) — 3"( N Ka).
a€A acA
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Proof Write K :=(),c4 K«. Now consider the diagram

lim lim F({U) — lim JFU) — lim FO)
— —> — —

acA Ko cU dacA:KyCU KcU
U open U open U open
(A1.9) l l
lim F(Ko) » T(K)
acA

The vertical maps are both isomorphisms by (Shx3). The first horizontal map is
an isomorphism since {Ky}qec4 is filtered. It thus remains to show that if K C U
and U is open, then there exists o € A such that K, C U. Since K C U, we have
(X\U)NK =3,50 (yesa(X \U) N Ky = . This is a filtered directed system
of compact sets, and so the intersection being empty implies that one of the terms
(X \U)N K, is empty, so Ko C U as desired. m|

A.2 Homotopy sheaves

Convention A.2.1 Let F°* be a complex of (K-)presheaves. The notions from
Convention A.0.2 are applied “objectwise”, that is, to each complex F*(U) (resp.
F*(K)) individually. For example, the homology H’J* is again a ()K-)presheaf,
and a map of (K—-)presheaves f: F* — G°* is a quasi-isomorphism if and only if it
induces an isomorphism of (KX-)presheaves H'J* — H'G* for all i. The homol-
ogy (K-)presheaves H'F* should not be confused with the various flavors of Cech
(hyper)cohomology H'(X:F*) we introduce in Section A 4.

Definition A.2.2 (Homotopy sheaf) A homotopy sheaf is a complex of presheaves
JF* satisfying the condition

(hSh) [9(U Ua) >[5 W) > [] 7 2WunUp) — ]

acA acA o,feA
is acyclic for all {Uy C X }gea.

The category of homotopy sheaves on a space X is denoted hShv X (morphisms are
morphisms of complexes of presheaves).

Remark A.2.3 The definition above is given for illustrative purposes only. It is
probably only a good definition for J* which is bounded below, and it would perhaps
be better to impose (hSh) for all hypercovers of open subsets U C X .
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Example A.2.4 A sheaf J is flasque if and only if all restriction maps F(U) — F(U’)
are surjective. It is easy to see that any bounded-below complex of flasque sheaves F*
is a homotopy sheaf. For example, let 3*(U) := C*(U) be the presheaf of singular
cochain complexes. Then the sheafification of J* is a complex of flasque sheaves, and
thus is a homotopy sheaf. One can show (using barycentric subdivision) that the map
from F*° to its sheafification is a quasi-isomorphism, and hence F* is a homotopy sheaf
as well.

Definition A.2.5 (Homotopy K—sheaf) A homotopy K—sheaf is a complex of K—
presheaves F* satisfying the following three conditions:

(hShg1) F*() is acyclic.
(hShx2) The complex
[F(K1UKy) > F 1K) @ T (K2) > F2(K1 N K>)]
is acyclic for all K1, K> € X.
(hShx3) The map
lim F(U)— T°(K)
KcU
U open

is a quasi-isomorphism for all K C X .

The category of homotopy K-sheaves on a space X is denoted hShvy X (morphisms
are morphisms of complexes of K—presheaves).

Remark A.2.6 Note that (hShy2) gives rise to a “Mayer—Vietoris” long exact se-
quence in cohomology.

Example A.2.7 A K-sheaf JF is soft if and only if all restriction maps F(K) — F(K’)
are surjective. It is easy to see that any complex of soft K—sheaves J* is a homotopy
K—sheaf.

Remark A.2.8 In analogy with Definition A.1.6, we expect there are functors

Rox
(A2.1) hShvg X Z——= hShv X,

a*
where o™ is the direct limit (A.1.2) and R is the homotopy (or derived) version
R Lﬁl of the inverse limit (A.1.3) (the naive inverse limit functor o4 is the “wrong”
functor since inverse limit is not exact).
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In analogy with Lemma A.1.8, it seems likely#! that there is an adjunction a* — Rotx
which is an equivalence (in the sense of model categories or co—categories), though
perhaps only after restricting to the (possibly better-behaved) subcategory of homotopy
(X—-)sheaves which are bounded below.

Remark A.2.9 Guided by the needs of the rest of the paper, we proceed to focus on
homotopy K—sheaves rather than on homotopy sheaves.

Lemma A.2.10 Properties (hShgc1)—(hShy3) are preserved by quasi-isomorphisms.

Proof For (hShy 1) and (hShgc3) this is trivial. For (hShy2), suppose F* = G°
is a quasi-isomorphism. Now the sequence (hShx2) applied to the mapping cone
[F* — G*~1] is certainly acyclic (since it has a finite filtration whose associated graded
is acyclic). Thus (hShx2) holds for F* if and only if it holds for G°. |

Lemma A.2.11 (Extensions of homotopy K—sheaves are homotopy K—sheaves) Let
F* be a complex of KX—presheaves. If F* has a finite filtration whose associated graded
is a homotopy X —sheaf, then F° is a homotopy X—sheaf.

Proof This follows from the fact that if a complex C* has a finite filtration whose
associated graded is acyclic then C* is itself acyclic. O

Lemma A.2.12 (Lowest nonzero homology K-presheaf of a homotopy K—sheaf is a
K—sheaf) If F* is a homotopy K—sheaf and H~'F* =0, then H°F* is a K—sheaf.

Proof Properties (Shx1) and (Shgc3) follow directly from (hShy 1) and (hShgc3).
To show (Shy2) for H%F*, use the long exact sequence induced by (hShy2) and the
vanishing of H~1F*(K; N K3). |

Lemma A.2.13 Let {Ky}qca be a filtered directed system of compact subsets of X
(ie for all o, B € A there exists y € A with K;, C K4 N Kg ). Then for any F* satisfying
(hShgc3), the following is a quasi-isomorphism:

(A.2.2) lim *(Ka) — ff'(ﬂ K(,).
a€A acA
Proof Same as for Lemma A.1.10. O

41 A similar result appears in Lurie [57, Corollary 7.3.4.10].
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A.3 Pushforward, exceptional pushforward, and pullback

Definition A.3.1 (Pushforward of (K-)presheaves) Let f: X — Y be a map of
spaces. We define functors:

() fi: Prshv X — PrshvY by (fuF)(U) :=F(f~1({U)).
(i) fi: Prshvge X — Prshvy Y by (foF)(K) := F(f~1(K)) (if f is proper).

(The action of fi on morphism spaces is obvious.)

Lemma A.3.2 Let f: X — Y be proper. Then { f ~1(U)}xcy is a cofinal system of
neighborhoods of f~1(K) for any compact K C X .

Proof Exercise (use the fact that a compact Hausdorff space is normal). O
Lemma A.3.3 f. preserves (Sh), (hSh), (Shx1)—(Shx3), and (hShg 1) —(hShgc3).
Proof These are trivial except for (Shy3) and (hShy3), which use Lemma A.3.2. O

Definition A.3.4 (Pushforward of (X-)sheaves and homotopy K-sheaves) Let
f: X — Y be a map of spaces. By Lemma A.3.3, Definition A.3.1 gives rise to
functors:

(1) f«:ShvX — ShvY.

(ii) f«: hShv X — hShvY.
(iii) fi: Shvg X — Shvg Y (if f is proper).
(iv) fx: hShvg X — hShvg Y (if f is proper).

(The action on morphism spaces is induced from the f at the level of (complexes of)
(KX-)presheaves.)

It is easy to see that fix commutes with the equivalence Shv X = Shvy X (if f is
proper).

Definition A.3.5 (Pullback and exceptional pushforward of sheaves) Let f: X — Y
be a map of spaces. We define:

(i) f*:ShvY — Shv X, the standard sheaf pullback (namely, f*J is the sheafifi-
cation of the presheaf U — li_n}f(U)gV FV)).

(i) fi: Shv X — ShvY by (/(F)(U) C (f«F)(U) being the subspace of sections
which vanish in a neighborhood of Y \ X (if f is the inclusion of an open set).
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Definition A.3.6 (Pullback of homotopy K—sheaves) Let f: X — Y be an injective
map of spaces. We define:

(i) f*: hShvx Y — hShvk X by (f*F*)(K) := F*(f(K)).

We check the properties: (hShg1) is clear, and (hShg2) follows since f is injective.
For (hShy3), use Remark A.1.5, the injectivity of f, and Lemma A.2.13.

A4 Cech cohomology
We introduce various flavors of Cech (hyper)cohomology relevant to our situation.

Remark A.4.1 A refinement of a cover {Uy}qeq is a cover {Ug}gep along with a
map f: B — A such that Ug C Uy(y). Refinements are the morphisms used in the
directed systems used to define (all flavors of) Cech cohomology. Different refinements
{Ua}aca — {Ug}pe p induce different maps on Cech complexes, but they all agree after
passing to cohomology (more precisely, the “space” of such refinements is contractible
or empty). In particular, it follows that the directed systems used in defining Cech
cohomology are filtered.

Remark A.4.2 The empty covering is a final object in the category of coverings of &,
so we always have H*(g;—) = 0.

A.4.1 ...of sheaves

Definition A.4.3 (H* and FI; of sheaves) Let J be a sheaf on a space X. We
define the Cech cohomology

(A4.1) H(X:9):=  lim H[ED I1 9(““’!)[_1’]]

X=Ugea Uq p>0 SCA N
open cover |S|=p+1

with the standard Cech differential.*?> For any compact K € X, define I-VII} (X:;9)
(Cech cohomology with supports in K) via (A.4.1) except replacing every instance of
F(U) with ker[F(U) — F(U \ K)]. We let H(X: ) :=lim, Hy(X:F) (Cech
cohomology with compact supports).

KCX

Lemma A4.4 (H® ona compact space needs only finite open covers) If X is

compact, then the natural map H¢ (X:JF) — H*(X;J) is an isomorphism, where the

left-hand side is defined as in (A.4.1) except using only finite open covers.
#2Technically speaking, so that the signs in the differential can be defined canonically, we should really

tensor each term of the direct product with (Zo1 @ Zo3)/(01 + 02) = Z where 01, 02 denote the two
orientations of the p—simplex on vertex set S'.
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Proof Since X is compact, it follows that finite open covers are cofinal (every open
cover has a finite refinement). O

Lemma A.4.5 (H, .= H* on compact space) If X is compact, then the natural map
H}(X;3)— H*(X;J) is an isomorphism.

Proof Trivial. O

Definition A.4.6 (Pullback on H* and I—VIC') Let f: X — Y be a map of spaces. An
open cover of Y pulls back to give an open cover of X, and this gives an identification
of the Cech complex for the cover of ¥ with coefficients in f;F with the Cech complex
for the cover of X with coefficients in J. Hence we get natural maps:

i) f* H(Y; fF) > H*(X;F) for Fe Shv X .

(i) f* H(Y: fuF) — H3(X:F) for F e Shv X (if f is proper).

Lemma A.4.7 (H * commutes with f;) Let f: X < Y be the inclusion of an open
subset. Then there is a natural isomorphism fy: H (X;F) — H Y5 HF)

Proof For K C X, there are natural maps

(A4.2) Hy(Y; /iF) <—T> Hy(X:;5)

(for f*: pull back the open cover; for fi: add Y \ K to the open cover and extend by
zero). It is easy to see that f; and f™* are inverses. The desired map fi: H2(X;F) —
HZ(Y; 1T) is defined as the composition

(A43) lim Hy(X;3) "2 lim Hy(V; AF) - lim Hy(Y: /i)

KCX KCX KCY

We must show that the second map is an isomorphism; to see this, it suffices to show
that the following is an isomorphism for all K C Y:

(A.4.4) lim  Hy (Y: AF) > Hg(Y; AF).
K'CXNK

We claim that for any Cech cochain 8 for £iF with supports in K subordinate to an
open cover of Y, there is a refinement on which the restriction of B has supports in
some K’ € X N K. It follows from the claim (using a cofinality argument) that (A.4.4)
is an isomorphism. To prove the claim, argue as follows.

First, choose a refinement for which only finitely many open sets Uy, ..., U, inter-
sect K and for which the remaining open sets cover Y \ K. Pick open sets V; C U;
which cover K and for which V; is compact and V; C U; (this is always possible).
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Now S is a finite collection {,81 € (ﬁ&')(ﬂie[ Ui)}@;élcu ) We have
(A4.5) supp (ﬁzl N Vz) < supp B N () Vi.
iel iel

Since supp 1 € ();e7 Ui is (relatively) closed and (); ¢, V; C iy Ui is compact, it
follows that the right-hand side is compact. Also, we have supp 87 € X (by definition
of fiF). Hence the right-hand side of (A.4.5) is a compact subset of X . It follows that
the restriction of § to the refinement obtained by replacing U; with V; fori =1,...,n
has support in a compact subset of X . O

Lemma A.4.8 (/™ is an isomorphism if f has finite fibers) Let f: X — Y be
proper with finite fibers. Then f*: H*(Y; f«F) — H*(X;F) is an isomorphism, as is
[ H(Y; fxF) — H(X: F).

Proof Given an open cover containing U = Uy U--- U U, (finite disjoint union), we
get a refinement by replacing U with {U,..., U,}. A partition of an open cover is a
refinement obtained by doing such a replacement on some (possibly infinitely many)
open sets of the cover. Note that a partition induces an isomorphism on Cech cochains
since J is a sheaf.

We claim that partitions of pullbacks of open covers of ¥ form a cofinal system of
open covers of X . This is clear using Lemma A.3.2 and the fact that f* has finite fibers.
It follows from this cofinality that f* is an isomorphism. O

Lemma A4.9 (H*® and H « commute with finite quotients) Let X be a space and
let m: X — X /T be the quotient map under a finite group action. Let F be any sheaf
of Z[1/#T']-modules on X /T". Then the following maps are all isomorphisms:

H*(X/T:%) > H*(X/T; (men*F)T) > H (X /T o * )T - B (X n*F)T,
H:(X/T:F) - HJ(X/T; (e *FT) > HN(X /T murn* T - HX (X 2*F)T
(here we note that by functoriality, 7*F is I'—equivariant, and thus T acts on .« *F).
Proof Isomorphism one: the natural map F — (w47 *)! is in fact an isomorphism
of sheaves (check on stalks). Isomorphism two: obvious since taking ["—invariants

is exact on Z[1/#I']-modules. Isomorphism three: use Lemma A.4.8, which applies
since 7 is automatically proper. |
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A.4.2 ...of complexes of I —presheaves

Definition A.4.10 (H* of complexes of K—presheaves) Let F* be a complex of
K—presheaves on a compact space X . We define

)4
(A46) H*'(X:F°):= lim [EB &y ?"P(ﬂ K,,)]
X=U’_, K; p>0 1<ip<-<ip<n j=0
finite compact cover
with the standard Cech differential (plus the internal differential of F°). We also
define H *(X; F) for any K—presheaf F by viewing it as a complex concentrated in
degree zero.

Lemma A.4.11 (Two definitions of H* on Shv X = Shvy X agree) Let F be a sheaf
on a compact space X . Then there is a natural isomorphism H*(X;F) — H*(X;a*F)
(a*F is a K—sheaf: see Definition A.1.6).

Proof Let us denote by I-VI’(X;CT"; {Uy}aca) and I-?‘(X;oz*&"; {K;}7_,) the argu-
ments of the direct limits (A.4.1) and (A.4.6), respectively.

Since X is compact, every open cover has a finite compact refinement. This gives a
map H* (X:;F) — H* (X;a*F). To show that this map is an isomorphism, it suffices

to show that for any fixed finite compact cover {K;}7_,, the map
(A4.7) lim H*(X:;F:{Ug}qen) > H*(X:a*F; {K; W

X=Ugea Ua
open cover refined by {K; }7_;

is an isomorphism. By a cofinality argument, we can change the directed system on
the left side to be open covers {U;}_, with U; 2 K;. Hence it suffices to show that

(A4.8) lim  H(X;F AU ) — H (X o F (K ))
WUi2K; ¥,

is an isomorphism. This is clear from the definition of «* and from Lemma A.1.7. O

Lemma A4.12 (H* preserves quasi-isomorphisms) Suppose F°* — G° is a quasi-
isomorphism of complexes of X—presheaves. Then the induced map H*(X;JF*) —
H*(X,3*) is an isomorphism.
Proof There is clearly a long exact sequence
(A49) = H I (X:8Y) > H*(X:[F° > G

— H*(X;9*) — H*(X;G") —--- .
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Hence it suffices to show that if F* is acyclic then H *(X;3*) =0. This is true because
then each Cech complex has a finite filtration whose associated graded is acyclic. O

Lemma A.4.13 (Hypercohomology spectral sequence) Let 3* be a bounded-below
complex of K—presheaves. Then there is a convergent spectral sequence E 1p 4 =
HY(X;FP)= HPTI(X:;T°).

Proof This is just the spectral sequence of the Cech double complex. a

Proposition A.4.14 (A homotopy K-sheaf calculates its own H *) If F* satisfies
(hShgc1) and (hShyc2), then the canonical map H*F*(X) — H*(X;F*) is an isomor-
phism.

Proof We prove that F*(X) — (Vf‘(X; F*; K1, ..., K,) (the right-hand side denotes
the Cech complex for the finite compact cover X = K; U --- U K},) is a quasi-
isomorphism by induction on n. The base case n =1 is obvious since C (X;7%X)=
JF*(X) by definition. For the inductive step, it suffices to show that the natural map

C*(X;T% K1 UKz, Ks,...,Ky) = C*(X; 5% K1, K2, K3, ..., Kn)

is a quasi-isomorphism. We will show that the mapping cone is acyclic; to see this,
let us filter it according to how many of the K3,..., K, are chosen among ip,...,ip.
This is a finite filtration, so it suffices to show that the associated graded is acyclic.
The associated graded is a direct sum of complexes of the form [F*(K) — F*~1(K)]
(which is obviously acyclic) and

[TY(KN(K1UK2) - FHKNK)ST HKNKy) — T 2(KNK;NK>)]
(which is acyclic by (hShg2)).

The above argument works when X # &; if X = &, use (hShg1). |

Lemma A.4.15 (A K-sheaf calculates its own H®) If F satisfies (Shg 1) and
(Shg2), then the canonical map F(X) — H°(X; ) is an isomorphism.

Proof Use induction as in the proof of Proposition A.4.14. a

Lemma A.4.16 (H* is determined by stalks I) Let J satisfy (Sha3). If the stalks
of F vanish, then H*(X;F) = 0.
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Proof It suffices to show that for all @ € F(K), there exists a finite compact cover
X =J'_, Ki such that F(K) - @7_; F(K N K;) annihilates . We consider the
commutative diagram

limg s FU) — [lpexlim, , F(O)

— ——peU

(A.4.10) l l

FK) ————— [lpex T

where the vertical maps are both isomorphisms. Now the vanishing of J, and a
compactness argument shows that there are finitely many open sets U; € X covering K
such that @ vanishes in F(K N U;) for all i. Thus the compact cover

n
X:(X\UU,)U(TIU---U(T”

i=1

has the desired properties. |

Lemma A.4.17 (H* is determined by stalks IT) Let F* satisfy (hShy3) and H'F*=0
fori <« 0. If F* has acyclic stalks, then H*(X;3°) = 0.

Proof We show that for all i, the map H* (X;5%)— H* (X; 7>;3*) is an isomorphism
(this is sufficient since H/ (X;15;F*) =0 for j <i). We proceed by induction on i .

Since H!F* =0 for i <« 0, we have that F* — 7>;F* is a quasi-isomorphism, so
I:I‘(X; F*) — ﬁ'(X; 7>;J*) is an isomorphism for i <« 0 (Lemma A.4.12). Thus
we have the base case of the induction. For the inductive step, it suffices to show that
I-VI‘(X; H'=13*) = 0. This follows from Lemma A .4.16. a

Proposition A.4.18 (H* is determined by stalks III) Let F*, G* satisfy (hShgc3)
and H'F* = H'G* =0 fori < 0. If F* — G* induces a quasi-isomorphism on stalks,
then it induces an isomorphism H*(X;3*) - H*(X;G*).

Proof Recall the long exact sequence (A.4.9) and apply Lemma A.4.17 to the mapping
cone [F* — G*1]. m|

Corollary A.4.19 (A map of homotopy K—sheaves being a quasi-isomorphism can
be checked on stalks) Let F* — G°* be a map of homotopy K—sheaves which satisty
HiF*=H!G* =0 fori < 0. Then F* — G* is a quasi-isomorphism if and only if
J3 — Gy, is a quasi-isomorphism for all p € X .
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Proof For any K C X, we have a commutative diagram:
H*F*(K) > H*(K:5°)

(A4.11) l \L

H*$*(K) == H*(K;S")

The rows are isomorphisms by Proposition A.4.14. If F3 — G7 is a quasi-isomorphism,
then the right vertical map is a quasi-isomorphism by Proposition A.4.18. O

Lemma A.4.20 (Long exact sequence for H*) Let ¥,6,H satisty (Shg3). If
0—F — G — H — 0 is exact on stalks, then it induces a long exact sequence on H*.

Proof By Lemma A.4.17, we have I-VI'(X; [F — G[-1] = H[-2]]) = 0. Now
inspection of the hypercohomology spectral sequence (Lemma A.4.13) gives the desired
long exact sequence. d

Definition A.4.21 (Pullback on H*) Let f: X — Y be a map of compact spaces.
A finite compact cover of Y pulls back to give a finite compact cover of X, and this
gives an identification of the Cech complex for the cover of ¥ with coefficients in
f+F* with the Cech complex for the cover of X with coefficients in F*. Hence we
get a natural map:

i) f* H(Y: fF*) > H*(X;F*) for F € Prshvy X .
A.5 Pure homotopy K —sheaves

By Proposition A.4.14, a homotopy K—sheaf can be thought of as a resolution (that
is, its global sections compute the cohomology of some complex of sheaves). In this
section, we introduce the notion of a pure homotopy K-sheaf, which may be thought
of as a resolution of a sheaf (as opposed to a complex of sheaves). More specifically,
a pure homotopy K—sheaf F* “is” a resolution of H%JF* (which by Lemma A.5.3 is
always a sheaf).

Definition A.5.1 We say that a homotopy K—sheaf F* on X is pure if and only if:

(i) Stalk cohomology H iﬂ'; =0fori #0andall pe X.

(ii) Weak vanishing H'F* = 0 for i < 0 locally on X (meaning that for all
p € X, there exists an open set U € X containing p and an integer N > —o0
such that H!F*(K) =0 forall K CU and i < N).
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Remark A.5.2 It would be nice to know whether the stalk cohomology condition im-
plies the weak vanishing condition in general (it would be much easier to check purity).

Lemma A.5.3 Let F° be a pure homotopy K—sheaf. Then:
(i) Strong vanishing H'JF* =0 fori <0.
(i) HO°F* is a K-sheaf.

Proof By Lemma A.2.12, strong vanishing implies that H°J* is a K-sheaf. Now
let us prove strong vanishing. By restricting to a compact subset, it suffices to treat
the case when the underlying space is compact. Now from (hShx2), compactness,
and weak vanishing, it follows that H'J* = 0 for i <« 0. Now let us prove strong
vanishing by induction on i < 0 (we have just proven the base case). For the inductive
step, observe that HJ* is a sheaf by the induction hypothesis (H'~1F* = 0) and
Lemma A.2.12, and thus H'F5, = 0= H'F* =0. O

Proposition A.5.4 (H* of a pure homotopy K-sheaf) Let I* be a pure homotopy
K-—sheaf. Then there is a canonical isomorphism
(A.5.1) H*F*(X)=H*(X; H°F").

More generally, let [F§ — frr;_l — -+ — JF37""] be a complex of X—presheaves where
each 7 is a pure homotopy K—sheaf. Then there is a canonical isomorphism

(A52) HU[FH(X)— - = T (X)) = H (X:[H'Fy — --- — (HF)[-n])).

Proof The isomorphism (A.5.2) is defined as the composition of the following iso-
morphisms:

HA[FH(X) = - = T (X)]

\J
I:I.(X; [3:(') ORI 3";1—}1])
(A.5.3) |
FI'(X; [Tz()?(.) S > rzng:;l—n])
T

H*(X:[H°Fy—---— H"F3™))

The maps are isomorphisms for the following reasons. Map one: [F§ — --- — F;7"]
is a homotopy K-sheaf (Lemma A.2.11), and a homotopy K—sheaf calculates its
own H* (Proposition A.4.14). Map two: the map of coefficient K—presheaves is a quasi-
isomorphism (Lemma A.5.3) and thus induces an isomorphism on H* (Lemma A.4.12).
Map three: the map of coefficient K—presheaves is a quasi-isomorphism on stalks (by
purity), and thus induces an isomorphism on H* (Proposition A.4.18). |
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Lemma A.5.5 (Checking purity on a cover) Let F* be a homotopy KX—sheaf. Write
X =UUZ with U open and Z closed, and suppose that i *F* and j*J* are both
pure (i: Z — X and j: U < X ). Then J* is pure.

Proof 1t suffices to show the weak vanishing property for F°. Let « € H'F*(K) be
arbitrary with i < 0. By Remark A.1.5 and Lemma A.2.13, the map

(A.5.4) lim F*(KNV)—>F(KNZ)
VA4
V open

is a quasi-isomorphism. Since H'F*(K N Z) =0 by strong vanishing for i *F*, we see
that the image of o in H'F*(K N V) vanishes for some open V 2 Z. Now applying

(hShx2) to K = (KNV)U (K \ V), we see that the vanishing of the image of « in
H!F*(K NV) implies that  “comes from” the cohomology of

[FH(K\V)—=FHEKNVNK\V)).

On the other hand, this latter group vanishes in degrees i < 0 by strong vanishing for
J*F*. Thus a = 0, so we have even shown strong vanishing for F*. O

A.6 Poincaré-Lefschetz duality

We prove a version of Poincaré duality for arbitrary closed subsets of a topological
manifold. This proof is a good illustration of the tools we have developed concerning
pure homotopy K-sheaves (which arise naturally in the proof).

We observed in Example A.2.4 that U — C*(U) is a homotopy sheaf on any space
(and it should be thought of as a resolution of the constant sheaf). To prove Poincaré
duality for a topological manifold M of dimension n, we will show that K >
Cdim M—e(M, M \ K) is a pure homotopy K-sheaf and calculate its H? as ops (in
other words, it should be thought of as a resolution of the orientation sheaf of M).

Convention A.6.1 Throughout this paper, we make no second countability or para-
compactness assumptions on manifolds (topological or smooth).

Definition A.6.2 (Orientation sheaf of manifold) Let M be a topological manifold.
We let 0py denote the orientation sheaf*> of M (the corresponding K-sheaf is defined
by oar (K) := Hgim p (M, M\ K)); it is locally isomorphic to the constant sheaf Z (and

43Note that the fundamental class lies in homology twisted by UXJ .
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following Convention A.0.3, it has parity dim M € Z/2). Now let M be a topological
manifold with boundary, and define orientation sheaves on M

(A.6.1) OM ‘= JxOM\oM

(A.6.2) OM reld “= JIOM\OM >

where j: M \ OM < M . Then o)y is locally isomorphic to the constant sheaf Z, and
there is a sequence of sheaves

(A.6.3) 0— 0prre19g = O — ix0gpr — 0

which is exact on stalks, where i: dM < M, and the second map comes from the
boundary map in the long exact sequence of the pair (M, dM).

Lemma A.6.3 (Homotopy K-sheaf axioms for singular chains) Let X be a topolog-
ical space. Then we have:

(1) C.(X, X) is acyclic.
(ii) Let A, B C X be closed. Then the complex
[Co(X, X\ (AUB)) = Cot1 (X, X\ A) @ Cor1(X, X\ B) = Cot2(X, X \ (AN B))]
is acyclic.

(iii) Let K =(),ec4 Ko where {Ky}aeca is a family of closed subsets of X which

is filtered in the sense that for all a1, a, € A, there exists f € A with K [
Ko, NKg,. Thenlim,_ , Co(X, X\Ky) > Co(X, X\K) is a quasi-isomorphism.
Proof Statement (i) is obvious.

Statement (ii) can be deduced from Mayer—Vietoris using a form of the nine lemma,
as we now explain. Let us write U := X \ 4 and V := X \ B. Now consider the
following total complex:

C.UNV) —— Cor1(U)BCop1(V) —— Cog2(UUYV)

| | |

(A.6.4) Cot1(X) ——— Cop2(X) & Coq2(X) ——— Coq3(X)

| | |

Coi2(X,UNV) = Coy3(X,U)BCosi3(X, V) = Corg(X,UUYV)

The columns are acyclic (by definition of relative chains), and hence the total complex
is acyclic as well. The first row is acyclic by Mayer—Vietoris, and the second row is
obviously acyclic. Thus the third row is acyclic, as needed.
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Statement (iii) is true because the map is in fact an isomorphism on the chain level.
It is clearly surjective; to show injectivity we must show that a singular chain on X
which is disjoint from K is in fact disjoint from K, for some o € A. This follows
because the standard n—simplex is compact. O

Lemma A.6.4 (Poincaré-Lefschetz duality) Let M be a topological manifold of
dimension n with boundary. Let i: X — M be a closed subset. Let N € M (closed)
be a tamely embedded codimension-zero submanifold with boundary.** Then there is a
canonical isomorphism

(A6.5)  H'[Chi1—o(N, N\ X) = Cpeo(M, M\ X)] = H(X;i* j1j*opr),

where j: M° U N° < M. In particular, specializing to N = &, there is a canonical
isomorphism

(A.6.6) Hyo(M, M\ X) = H(X;i*0p1 e131)-

Proof Let X be the one-point compactification of X . Define a complex of K-
presheaves 7* on X+ by

(A.6.7) FHK) :=[Cr-1-e(N.N\ K) > Cp—o (M. M \ K)]

(where on the right-hand side by K we really mean K N X). Applying Lemmas A.6.3
and A.2.11, we see that F* is a homotopy K—sheaf.

We claim that F* is a pure homotopy K-sheaf. Certainly the homology of F* is
bounded below, because the singular chain complex of a topological manifold has
homology bounded above and J* is built out of these. Now, it is easy to calculate

z M°UN®
(A.6.8) Hege =12 P€ N7,
=0, p¢M°UN®,

concentrated in degree zero (see [39, page 231, Section 3.3] for the special case
N = 0M = &). Hence F* is a pure homotopy K-sheaf. In fact, it is not hard to
see (using the adjunction j; 4 j*) that (A.6.8) lifts to an isomorphism of sheaves
hi*jrj*oy — H°F®, where f: X — X+
Now we conclude

H.fTﬂ(X—i_) Prop:A.5.4 I:I'(X+; fll*jl]*UM) Lemé.4.7 ﬁg(X, l*jlj*UM)
Now observe that H*J*(X ™) is the left-hand side of (A.6.5). a

4#1n other words, N €M is a closed subset which locally looks like either @ C R” ™1, Rxo xR" 2 C
R"1 or R?~1 c RP1.

Geometry € Topology, Volume 20 (2016)



938 John Pardon

Remark A.6.5 (Why homotopy K—sheaves instead of homotopy sheaves?) The naive
modification of (A.6.7) substituting open U C X in place of compact K € X does
not yield a homotopy sheaf. To get a homotopy sheaf, one could apply the proposed
functor Ros: hShvy X — hShv X from Remark A.2.8 to the homotopy K-sheaf
(A.6.7). It is somewhat easier, though, to just work directly in the setting of homotopy
K—sheaves (which has some advantages, for example stalks of K—presheaves are easier
to define/understand). It is for this reason that throughout this paper we work with
homotopy K—sheaves instead of homotopy sheaves.

A.7 Homotopy colimits

We make common use of the following type of “homotopy diagram” and its corre-
sponding “homotopy colimit”.

Definition A.7.1 (Homotopy diagram) Let S be a finite poset. A homotopy diagram
over 8 is a collection of complexes {A; (}s<tes equipped with compatible maps A ( —

A;,’t/ for s < s’ <t <t (meaning that A;,t — A;,,t, — A?, ., and A;’t — A;,,,t,, agree).

L]
5//’t/

Definition A.7.2 (Homotopy colimit) Let 8 be a finite poset and let {A] (}s<tes be
a homotopy diagram over 8. We define the homotopy colimit

(A7.1) hocolim4; =) P 42

5<teS
P>0s50=<-<s5,€S

with differential (decreasing p) given by the alternating sum over forgetting one of
the s; (plus the internal differential).*> Loosely speaking, we are “gluing together” the
{A; ;}ses along the “morphisms” A , < A ( — A7 for s < t.

Lemma A.7.3 (Terminal object for hocolim) Let 8 be a finite poset with unique
maximal element s"°P, and let {A; (}s<tes be a homotopy diagram with the property
that every map A; — A;’t, (s <t < t) is a quasi-isomorphism. Then the natural
inclusion A;mp,smp — hocolimg<ies A;,t is a quasi-isomorphism.

Proof We filter hocolimg<¢es A;,t by the number of s, ..., s, which are not equal
to s'°P. The zeroth associated graded piece is the subcomplex A;mp 4op» SO it suffices to
show that all the other associated graded pieces are acyclic. Each of these is a direct

sum of mapping cones [A:;mlp — A (|, which are acyclic by assumption. m|

45This can be interpreted as the complex of simplicial chains on the nerve of § using a coefficient
system determined by {A] ,}.
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Lemma A.7.4 (hocolim preserves quasi-isomorphisms) Fix a finite poset & and let
{A; (Js<tes and { B }s<tes be homotopy diagrams over 8. Suppose that there are com-
patible quasi-isomorphisms Ag  — B¢ . Then the induced map hocolimg<es A; ( —
hocolimg<tes Bg ¢ is a quas1—1somozph1sm

Proof Since the functor hocolims<ies commutes with the formation of mapping
cones, it suffices to show that if each Ag ; is acyclic, then so is hocolims<es A; ;. This
holds since in this case it has a finite filtration whose associated graded is acyclic. O

Definition A.7.5 (Tensor product of homotopy diagrams) Let § and T be two finite
posets, and let {A‘ ,} and {Bt ¢} be homotopy diagrams over 8 and T, respectively.
Their tensor product {A2 oy ® B¢ B?,} is naturally a homotopy diagram over 8§ x T. Now
there is a natural morphlsm
(A.7.2) hocolim A; ., ® hocolim Bt ¢ — hocolim A? o ® Bt -

5<s'€§ ’ t<teT sxXt<e/ Xt/ €8XT
To define this morphism, we simply observe that the nerve of 8 x T is the standard
simplicial subdivision of the product of the nerves of & and T, and this is covered by a
morphism of coefficient systems.*6

A.8 Homotopy colimits of pure homotopy K -sheaves

We introduce a gluing construction for pure homotopy K-sheaves. The relevance
of this Lemma A.8.2 is best understood in its (only) intended application, namely
Proposition 4.3.3 (which is best understood in context).

Lemma A.8.1 (hocolim preserves homotopy K—sheaves) Let S be a finite poset and
let {3 {}s<tes be a homotopy diagram of homotopy KX—sheaves. Then the resulting
hocohmsﬁteg F; 4 is a homotopy K—sheaf.

Proof The associated graded of the pfiltration on hocolims<tes F3 ¢ is a homotopy
K—sheaf by assumption; now use Lemma A.2.11. O

Lemma A.8.2 (Gluing pure homotopy K-sheaves) Let A be a finite set. Let
{Ur}1c4 be an open cover of a space X satisfying:

G UrnUgCUyforl CJCK.
1)) U nNUp CUpyy forI,1' C A.

461n fact, from this perspective one easily sees that (A.7.2) is always a quasi-isomorphism.
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Let G be a sheaf on X and let 17 := (jis)(j1s)*S, where jrj: UyNUy — X.
By property (i), this gives rise to a homotopy diagram {Syj}rca over 24 of sheaves
on X.

Let {F5;}1csca be a homotopy diagram over 24 of pure homotopy K—sheaves on X,
and suppose we give a compatible system of isomorphisms Gy;5 = HOS—";J. Then
F* :=hocolim;csjc4 F7; is a pure homotopy K-sheaf and there is a canonical induced
isomorphism § => HOF,

Proof Certainly 3° is a homotopy K—sheaf by Lemma A.8.1. Since A is finite, it is
easy to see that H'J7; being bounded below implies that H'JF* is bounded below.

Now let us calculate 7, using the spectral sequence associated to the p-filtration.
The E; term is concentrated along the ¢ = 0 row since (H93%;)p is concentrated
in degree zero; thus there are no further differentials after the E; page. On the E;
page the differentials coincide precisely with the differentials in the definition of
hocolimycyjc4(G1s)p (regarding Gyy as complexes concentrated in degree zero).
Hence we have an isomorphism

(A.8.1) H*T; = H" hocolim($1,),.

To calculate the right-hand side of (A.8.1), let us start with the trivial observation that

(A.8.2) (S11)p = 0. peUNU,

Now consider (24) p =141 € A: p € U}, which satisfies the following properties:

i) 24 p has a maximal element (restatement of (ii)).
(i) I,K € (24), implies J € (24), for I € J C K (restatement of (i)).

These two properties imply that hocolim;cyc4(SG717)p is simply G, tensored with the
simplicial chain complex of the nerve of (2A) p (which is contractible). Hence (A.8.1)
gives a canonical isomorphism of stalks H 03";, = G, (and thus in particular F* is pure).

Now it remains to construct a canonical isomorphism of sheaves § = H%J*. Over
the open set Uy, we define this isomorphism to be the composition

S = HOC‘F;I — HOEF.
(the second map being the inclusion of a p = 0 subcomplex in the homotopy colimit).
At any point p € Uy, this specializes to the isomorphism of stalks G, = H 03';, defined

earlier. Hence since {Uf }1c 4 is an open cover of X, these isomorphisms patch together
to give the desired global isomorphism. |
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A.9 Steenrod homology

Steenrod homology H, is a homology theory for compact Hausdorff spaces. It is
characterized uniquely by a certain set of axioms due to Berikashvili [7; 8] (see
also Goldfarb [35, page 355, Section 7.4] and Inassaridze [48]); a simpler axiomatic
characterization of Steenrod homology on compact metrizable spaces is due to Milnor
[64]. Note that it follows as usual from these axioms that Steenrod homology coincides
with singular homology on finite CW-complexes. Steenrod homology is due to Steenrod
for compact metrizable spaces [76] and was later generalized to compact Hausdorff
spaces (some sources include Edwards and Hastings [18], Hastings [38], Carlsson and
Pedersen [12] and Goldfarb [35]). Another reference is MardeS$i¢’s book [59] (note
that Mardesi¢ studies the more general theory of strong homology, which coincides
with Steenrod homology on compact spaces).

A.9.1 Cech cochains The following definition is due to Carlsson and Pedersen [12].
The idea of using open covers indexed by the points of the space being covered goes
back at least to Godement [34, Chapter I, Section 5.8], and was also used by Friedlander
[27] in the context of étale homotopy theory.

Definition A.9.1 (Rigid open cover) A rigid open cover of a compact space X
consists of open sets {Uy € X}xex such that x € Uy, {x:Uy=U} C U, and
#U : U = Uy for some x} < oo. Warning: even if Uy = U, for some x # y, they are
still different elements of the cover; in particular, the nerve of a rigid cover is always
infinite unless X is finite.

For doing Cech theory, the category of rigid open covers is technically more convenient
than the usual category of open covers (as in Remark A.4.1). Specifically, the collection
of rigid covers forms a set, and there is at most one morphism between any pair of rigid
covers (we only consider refinements which act as the identity on the index set X ).

Definition A.9.2 (é * and ég of sheaves; compare Definition A.4.3) Let F be a
sheaf. We define the Cech cochains

(A9.1) C'x:%:= lim P ]—[&"(ﬂUx)[—p]

{UxSX}xex p>0 ScX xeS

rigid open cover |S|=p+1
with the standard Cech differential. For any compact K C X, define C: r(X;9) (Cech
cochains with supports in K) via (A 9.1) except replacmg every instance of F(U) with
ker[F(U) - F(U \ K)]. We let C (X;F):= thC (X F) (Cech cochains with
compact supports).

X
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It is clear that the homologies of C*(X: ), C‘I}(X; F) and C‘g(X; F) are H*(X:9),
Hg(X:3F) and HZ (X J), respectively.

Definition A.9.3 (C* of complexes of K—presheaves; compare Definition A.4.10)
Let F* be a complex of K—presheaves on a compact space X . We define

(A9.2) Cx:7y):= lim @ ] &""’(ﬂ ITx)

{UxSX}xex p>0 ScCX x€S
rigid open cover |S|=p+1

with the standard Cech differential (plus the internal differential of F*). We also define
C*(X; ) for any K—presheaf F by viewing it as a complex concentrated in degree zero.

The homology of C *(X;T°) is H *(X;3J*), as can be seen by applying the arguments
from the proof of Lemma A.4.11. Note that for a sheaf J, the complexes (A.9.1) and
(A.9.2) are canonically isomorphic.

Definition A.9.4 (Pullback on C* and é;; compare Definitions A.4.6 and A.4.21)
Let f: X — Y be a map of spaces. A rigid open cover {Uy },ex pulls back to a rigid
open cover { f (U #(x))}xex » and this gives natural maps:

i) f* C(Y; f+F) — C*(X:TF) for F € Prshv X .
(i) f*: é;(Y; f+F) —> C’g(X;ff) for F € Shv X (if f is proper).
(i) f*: C*(Y: fxT°) — C*(X:;F*) for ' € Prshvy X .

The actions of these maps on homology coincide with the maps f* defined earlier.
A.9.2 Derived inverse limits

Definition A.9.5 (Derived inverse limit Rlim) Let {C}})ea be an inverse system
of complexes. We define

(A.9.3) RimCy:=[] [[ cn?
A€A q=0 Ap<...<Aq

with differential obtained by viewing this as cochains on the nerve of A with a particular
coefficient system. See MardeSi¢ [59, Section 17] for more details on and basic
properties of R lim.
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Definition A.9.6 (Derived functors l(iLni ) Let {A)},ca be an inverse system of
abelian groups. We define

(A.9.4) lim A := H' [R liLnAx]
AEA AEA

(viewing A as an inverse system of complexes concentrated in degree zero). The
inverse limit functor lim from inverse systems of abelian groups indexed by A to
abelian groups is left exact, and Liﬂl’ are its right derived functors (see Mardesi¢ [59,
Corollary 11.47]). See Mardesié [59, Sections 11-15] for more details on and basic
properties of LiLni .

Lemma A.9.7 (Cofinality for Liili and Rlim) Let f: A’ — A be weakly increasing
(A1 <Ay = f(A1) < f(A2)) and cofinal ( f(A’) € A cofinal). Then the following
natural map is an isomorphism:

(A.9.5) lim' 4 = lim' Ag).
AEA AeN’

More generally, the following natural map is a quasi-isomorphism:

(A.9.6) RImC; = RUmCj; .
AEA %

Proof For l(iLni , see [59, page 291, Theorem 14.9], and for R l(iLn, see [59, page 349,
Corollary 17.18]. O

~

Lemma A9.8 If C; = Dj is a morphism of inverse systems which is a level-wise
quasi-isomorphism (ie for every A ), then the natural map

(A.9.7) RlimC; = Rlim D}
<~ <~
AEA AEA

is a quasi-isomorphism.
Proof See [59, page 348, Theorem 17.16]. O
A.9.3 Steenrod chains

Definition A.9.9 (Due to Chogoshvili [13]) A partition X = |_|;’=1 E; shall mean
an unordered partition into finitely many disjoint nonempty subsets E1,..., E, C X;
there is an associated finite closed covering X = |J7_; E;, whose nerve is denoted
N(X; {E}?zl) (the simplicial complex with vertices {1,...,n}, where S C{l,...,n}
spans a simplex if and only if ();cg E; # @). A partition {F; };”:1 refines {E;}7_, if
and only if for all ;j there exists a (necessarily unique) i with F; C E; . For a refinement
{Ei}T_, —{F) };":1 , there is an associated map of nerves N(X;{F;}) — N(X;{E;}).
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For doing Cech theory, Chogoshvili’s construction has exceptionally nice properties.
The collection of partitions is a set, and there is at most one morphism between any
pair of partitions. The poset of partitions is cofinite (a given partition refines only
finitely many other partitions). Each nerve N(X:{E;}) is a finite simplicial complex,
and the transition maps N(X; {171- 1) = N(X:{E;}) are all surjective. Also, any pair
of partitions has a minimal common refinement. Given a map f: X — Y, a partition
{E;} of Y pulls back to a partition { f "1 (E;)} of X, and there is an associated map
onnerves N(X:;{f~1(E;)}) — N(Y,{E;}).

Lemma A.9.10 Let X be compact. There is a natural map

(A.9.8) lim  N(X:{E})—> X
X=|_|;'1=1 E;

which induces an isomorphism on Cech cohomology.

Proof There is a natural correspondence C € X x N(X;{E;}), whose fiber over
x € X is the complete simplex on {i : x € E;}. Now it is not hard to check that the
inverse limit of these correspondences maps bijectively (and thus homeomorphically)

to l(iLnX:U:;:l E N(X:{E;}), thus giving rise to the desired map (A.9.8).

Now the inverse image of p € X under (A.9.8) is an inverse limit of complete simplices
with surjective transition maps (“the complete simplex on a profinite set”), and this has
the Cech cohomology of a point. Indeed, for any inverse system of compact spaces
{X«}, the natural map lim H*(Xy) > H *(lim, X¢) is an isomorphism (since open
covers of lim X, pulled back from some X, are cofinal among all open covers). Thus
it follows from the Leray spectral sequence that (A.9.8) induces an isomorphism on
Cech cohomology. a

Definition A.9.11 (Steenrod chains and homology) Let X be compact. We define

(A.9.9) C.x)== Rlim @ € z[-pl
X=_1/_, E; p>0 Sc{l,...n}
|S\=£—|—1
mieSEz‘?é@

For amap f: X — Y, there is an induced pushforward map fi: C.(X) — C.(Y).
We denote by H,(X:;JF) the homology of C,(X;J), and we define relative homology
H.(X,Y;9) as the homology of the relevant mapping cone.

More generally, let J be a locally constant sheaf of abelian groups on X. Fix a
partition X =| |, E IQ and trivializations of F |E,0 This gives rise to a local system F
on N({E_,-}l’.’zl) for any partition {E;} refining {Elp}. We now define C,(X;J) as
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in (A.9.9), restricted to partitions refining {El.0 } and using the coefficient system
on the nerve induced by J and the fixed trivializations of F |ETO. Since any two
choices of trivializations of J|g; become isomorphic (in the sense that their sets
of “constant sections” coincide) after pulling back to some common refinement, it
follows that C,(X; J) is well-defined up to essentially unique quasi-isomorphism (by
Lemma A.9.7). Foramap f: X — Y and ¥ — f*G, there is a pushforward map
Cu(X;F)— Cu(Y:9).

Although not logically necessary for our purposes, we now argue that Steenrod homol-
ogy as given in Definition A.9.11 coincides with the definition from MardeSi¢ [59]
(at least for constant coefficient systems). First of all, note that (a special case of)
Mardesié’s definition of strong homology is that if a compact space X is an inverse
limit of compact polyhedra X, over a cofinite index set, then

(A.9.10) H.(X) = H, Rlim C,(X¢)

(see [99, page 379, Section 19.1], and note that such an inverse system is a “cofinite
polyhedral resolution” of its inverse limit [59, page 103, Section 6]). In particular,
C.(X) as defined in (A.9.9) computes the Steenrod homology of

lim  N(X:{E;})
X:UIr'l:l E;
(using the morphism of inverse systems

CS™(N(X:{E;})) — CS"(N(X:{E;}))

given by barycentric subdivision, which is a level-wise quasi-isomorphism and thus
induces a quasi-isomorphism on derived inverse limits by Lemma A.9.8). Finally, note
that the map (A.9.8) induces an isomorphism on strong homology by Lemma A.9.10
and [59, page 446, Theorem 21.15].

Lemma A.9.12 (Steenrod homology is the derived dual of Cech cohomology) Let F
be a locally constant sheaf whose stalks are finitely generated free R—modules, and
let M be an R—module. Then there is a natural isomorphism

(A9.11) C.(X;Hom(F, M)) = RHomp gy (C*(X;F), M)

in the derived category D(R). The same holds for relative (co)chains of a closed
subspace Y C X, and the isomorphisms are compatible with the relevant exact triangles
relating Y, X and (X,Y).

Geometry € Topology, Volume 20 (2016)



946 John Pardon

This result is very similar to Milnor [64, page 92, Definition, Lemma 5] and Mardesi¢
[59, page 446, Theorem 21.15]. Note also that morally, the above result should be
thought of as following trivially from some derived universal property of the form

Rlim RHom(Ag, B®) = RHom(lim Ag, B®)

(hopefully this provides some motivation for the proof below).

Proof Let us relate C *(X;JF) as defined using rigid open covers to a version using
partitions. Specifically, we consider the following quasi-isomorphisms:

(A9.12) Cx:H= 1im P [] ?(ﬂUx)[—p]

{UxSX}xex p>0 SCX x€eS
rigid open cover |S|=p+1

(A.9.13) im @[] g(ﬂ U,-)[— ]
X=lI'_ Ei p>0 Sc{1,...n} “ieS
E;CU; |S|=p+1

i
(A.9.14) im P[] ?(ﬂfi)[—p]

X=_l'_, Ei p>0 Sc{1,....n} ‘€S

|S|=p+1
T
0
w1 @ @ @ I F(NE”)a-n
420 (gOn10 . rp@yta p=0 SC{l,...,n0} ies
i i=1 i i=1 |S|=p+l
N
0
wor @ @® @ I (NE)u-n
qu{EKO)}flo <._.<{E§q)}lfq p=0 SC{1,...,n0} ieS
i i=1— =Y i=1 |S|=p+1

The first map is induced by associating to a partition {£;} and E; C U; the rigid open
cover assigning U; to x € E;, and pulling back along the induced map on nerves; it
can be seen to be a quasi-isomorphism by a filtration argument (basically the Leray
spectral sequence). The second map is a quasi-isomorphism by Lemma A.1.7 and
the definition of o*. The third map is defined as the tautological map on ¢ = 0
direct summands and zero for ¢ > 0; it can be seen to be a quasi-isomorphism by
expressing the domain (resp. codomain) as the direct limit over partitions {E;} of the
corresponding complex (resp. direct limit) restricted to partitions refined by {£;} and
observing that for any fixed {£;} the map is a quasi-isomorphism by Lemma A.7.3.
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Finally, the last pair of maps consists of the natural inclusion (| ) and the retraction
annihilating any component with {El.(] )}7’= = {El.(] H)}:’i J{' for some j (1); one
can see that both are quasi-isomorphisms by filtering by {E;} (as before) and then by

the number of distinct {E l.(j )};.z 1

For any partition {E;} of X and collection of trivializations of JF |E-’ there is a
sub-K-presheaf FP C F whose sections over K are those sections of F whose
restrictions to K N E; are constant with respect to the specified trivializations. The
complex (A.9.14) calculates Cech cohomology (A.4.6) by a cofinality argument, and the
inclusion FP* — F induces an isomorphism on stalks and thus on Cech cohomology
by Proposition A.4.18. The third map above remains a quasi-isomorphism for FP*
(for the same reason), and furthermore we may restrict (A.9.16) to partitions refining
the fixed {E£;} by Lemma A.9.7.

The conclusion of the above discussion is that we have thus constructed a canonical
(and functorial) quasi-isomorphism between C*(X;JF) and

(1917 P ©® @ T 7(NE”)a-n

IZ0EN<(E[)]L, <-<(E[)]2, PZ0 Sé‘?l:’-l;flo} ies

(for any fixed partition {E;} and trivializations of | g; giving rise to P € F). Note
that C,(X,Hom(F, M)) is precisely Hom((A.9.17), M). Thus it suffices to show that
this particular Hom is in fact the R Hom.

Recall that R Hom in D(R) may be computed using a K—projective resolution of the
first argument (see Spaltenstein [74]), where a complex P° is called K—projective
if and only if Hom®*(P*, M*) is acyclic for every acyclic complex M* (note that a
bounded-above complex of projective modules is K—projective). Thus it suffices to
show that (A.9.17) is K—projective.

We consider subsets g of the poset of partitions of X with the property that any partition
refined by a partition in g also lies in g. Since the poset of partitions is cofinite,
we may use Zorn’s lemma to choose a directed system {g; };cs of such collections,
indexed by a well-ordered set I, with the following properties:

(i) o = 9, where 0 € [ is the least element.

(i1) |gi \gi—1|=11if i € I has a predecessor i — 1.

(1) g = Ui, <i 97 if i € I has no predecessor.

Now fori € I, let (A.9.17); € (A.9.17) denote the subcomplex generated by restricting
to partitions in ;. It follows that:
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(1) (A.9.17)¢g =0, where 0 € I is the least element.

(i) (A.9.17);—1 — (A.9.17); is injective and component-wise split with K—projective
cokernel if 7 € I has a predecessor i — 1 (this holds since the cokernel is a
bounded-above complex of free modules).

(ii1) li_I)nl.,<l. (A.9.17);7 = (A.9.17); is an isomorphism if 7 € I has no predecessor.

It follows that (A.9.17) = lim, (A.9.17); is K—projective by Spaltenstein [74, page 131,
Corollary 2.8].

Since the construction of the isomorphism (A.9.11) was given by a functorial chain-
level construction, it can be checked that it is natural, applies in the relative case, and
is compatible with exact triangles. |

Appendix B: Gluing for implicit atlases on Gromov—Witten
moduli spaces

In this appendix, we provide the gluing analysis used in Section 9 to verify that
the implicit atlases constructed there satisfy the openness and submersion axioms
(specifically, we prove Proposition 9.2.6).

The gluing theorem we prove here is of a very standard sort which has been treated
(in different related settings) many times over in the literature, and so we make no
claim of originality in this appendix. The methods used here are based on our partial
understanding of the treatments of gluing in Abouzaid [1] and McDuff and Salamon
[62], as well as conversations with Abouzaid, Ekholm, Hofer and Mazzeo (we also
thank the anonymous referee for their comments). We understand that there is work
in progress of McDuff and Wehrheim proving a similar result (keeping track of more
smoothness) in their (very similar) setting of Kuranishi atlases [63; 60]. We also refer
the reader to Ekholm and Smith [19], Fukaya, Oh, Ohta and Ono [31] and Hofer,
Wysocki and Zehnder [46] for related gluing results.

The essential content of our result is that, for a certain moduli space of holomorphic
curves M(X), the regular locus M(X)™8 € M(X) (ie the locus where a certain
linearized 5—0perator is surjective) is a topological manifold. We prove this by con-
structing local manifold charts covering M (X )™¢ (since being a topological manifold is
a property rather than extra structure, we need not address any question of compatibility
between different local charts or of their compatibility with any auxiliary group action).
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B.1 Setup and main result

We use new notation, unrelated to (and simpler than) that from Section 9.
Fix a smooth almost complex manifold

B.1.1) (X, J).

Fix codimension-two submanifolds with boundary

(B.1.2) D,Dq,....D,CX

(let D°:= D\ dD, and smmlarly for D;). Fix a smooth manifold M equipped with a
smooth étale map M — Mg a7 (in the orbifold sense). Denote by

eg,n—i—é - Mg,n—i—ﬁ

the universal family, and define a family of curves € — M via the following pullback
square:

C—> Cg pnie

(B.1.3) L |

M — Mg,n-i—ﬁ

Let €° C C denote the open subset where the fiber is smooth. Fix a finite-dimensional
vector space E and a linear map

times
~ r times _ B 1
(B.1.4) A E—>C®@E°x---xC xCxX, Q% _®cTX).
M M M e/M
Here ngl/ﬁ is the (0, 1)—part of the complexified vertical cotangent bundle
GO/M ®R C

of (the last factor of) €° — M, and C* means smooth sections. We require that A be
zero in a neighborhood of the nodes €\ C° of the last C° factor.

For a nodal curve C, we denote by C its normalization, ie the unique smooth compact
Riemann surface equipped with a map C — C which identifies points in pairs to form

4TWe give J\T[g,n +¢ the standard smooth structure from its structure as a complex analytic orbifold.
Every point in a smooth orbifold M is in the image of a smooth étale map M’ — M . Indeed, M is
covered by open sets each diffeomorphic to R” /G for some finite group G — GL, (R), and the map
R” — R"/G < M is smooth étale.
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the nodes of C. A function on C being smooth means (by definition) that its pullback
to C is smooth.

Fix a homology class 8 € Hy(X; Z). We are interested in the following moduli space:
(B.1.5)

seM u smooth and u«[Cs] = B
JVE(X) _JuC— X Uu(pn+i) € D°, 1 <i <¢
T )xjeC, 1<i<r u(xj)e Dy anduth D atx;, 1<i <r
ecE u+Ale)(xy,...,xp,u(-))=0
We let C; denote the fiber of € — M over s, with marked points pi1,..., py+e € Cs.

Here u M D; at x; means (by definition) that x; is not a node of Cs and the map

du®id
Tx,- Cs @ Tu(x,-)Di —_— Tu(xi)X

is surjective. Now A(e)(x1,...,xr,-,u(+)) is a smooth section of Q%! Qc u*TX
over Cs supported away from the nodes; hence the last equation makes sense. We give
M(X) the topology of uniform convergence (ie using the Hausdorff distance between
graphs C € x X to compare maps u).

We spend this appendix studying M(X), though the only reason to care about M(X)
itself is as an intermediate tool for proving the desired result for J\_/[ggn (X)r. Note that
M(X) is not necessarily compact, however this will be irrelevant since we are only
interested in its local properties.

Fix a subspace E' C E.

Let us now define the “ E’—regular locus” M(X )™ € M(X) (which for simplicity we
will just call the “regular locus”). Fix (so, uo, {x?}, eg) € M(X); we will describe
when (sg, Uo, {x?}, eg) € M(X)™&. We consider the smooth Banach manifold

(B.1.6) Bi={(u,e) € WEP(Cyy, X)X E | u(pn+i) € D° (1 <i < 0)}.

We consider the smooth Banach bundle € over B whose fiber over amap u: Cs) — X is
wk=1r(C,, sz%lo ®cu*TX)®E/E'.

Now suppose k is large; then there are unique continuous functions

(B.1.7) Xii: B—=>Csy (1<i<r)

defined in a neighborhood of (1, eg) € B, which coincide with xlp at (ug, eg), and
for which u(x;(u)) € D;. Moreover, (B.1.7) are “highly differentiable”, by which we
mean that for all £ < 0o, the function (B.1.7) is of class C* provided k > ko(£). In the
present situation, we can of course be more precise: x; is C ¢ as a function of u € C*
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(by the implicit function theorem), so (B.1.7) is C ¢ as long as wkp s ct (which
holds if and only if (k —£) p > 2). It follows that

(B.1.8) (u,e) > [Qu+Ale)(x1,....xr, - u(-))]®e

is a highly differentiable section of & over B (the only nonsmoothness comes from
how the x; depend on u). Assume 1 < p < oo. We say (s¢, Uo, {xlp}, e) € M(X)ree
if and only if (B.1.8) is transverse to the zero section at (uq, €g). It is an easy exercise
using elliptic regularity to see that this notion is independent of (k, p) (as long as k is
sufficiently large so that the condition makes sense).

For a topological manifold M, let ops denote its orientation sheaf (whose fiber at a
point p € M is canonically Hgimpm (M, M \ p;Z)). For a vector space E, let og
denote its orientation module (canonically Hgim g (E, E \ 0; Z)). The main result of
this appendix is:

Theorem B.1.1 In the above setup (from the beginning of Section B.1 until here), we
have:

(1) M(X)™e € M(X) is open.
(i) M(X)™e is a topological manifold of dimension
dim Mg 10 + (1 —g) dim X +2(c1(X), B) +dim E —2¢.
(iii) The projection M(X )™ — E /E’ is a topological submersion, ie Iocally modeled
on a projection R" x R — R”,
(iv) The orientation sheaf O3 (X yree is canonically isomorphic to

£
\Y
® 0“(Pn+i)*ND/X ®OE.-

i=1

Let us now explain how Theorem B.1.1 implies Proposition 9.2.6. Proposition 9.2.6 is
a local statement, so let us prove it in a neighborhood of a specific point

(C,u,{¢a}tacr teatact) € jV[g,n (X);eg'

We will construct data X, J, D, Dq,...,D,, 37[, E, A, E’ as in the above setup
and a point (s, u, {x;}, e) € M(X). It will be clear from the construction that there is
a natural homeomorphism between a small neighborhood of this point in M(X) and
a small neighborhood of the given point in ]T/[g’n (X)1, and using this we will infer
Proposition 9.2.6 from Theorem B.1.1.
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We claim that every unstable irreducible component of C has a point where du is
injective. If I = &, this follows from the domain stabilization step Lemma 9.2.9, and if
I # & then, picking any « € I, this follows from the fact that u h D, and adding the
intersections as marked points makes C stable. It follows from the claim that we may
pick D € X with u i D such that adding these intersections as extra marked points
makes C stable, and none of these points are nodes or marked points. We take £ to be the
minimum number of points in u~!(D) necessary to stabilize C, and we fix an ordered
{—tuple of such points, adding them as new marked points p,+1,..., pp4¢ € C, s0
now C isacurve of type (g, n+£). Nowweletr =), ;rq,welet Dy,....,D, CX
consist of ry copies of Dy (union over « € I), and we let the x; be the intersection
points u~1(Dg) (union over « € I). For the purposes of the present argument, let
us reindex {X;}1<i<r as {X{*}qer,1<i<r, - Now since C is a curve of type (g,n +{),
it corresponds to a point in M ,4¢. Choose an étale map M — My ,, 1 covering
this point, and choose a point s € M and an isomorphism ¢: C — Cs. Now for every
a € I, there is a unique map

ro times
e e

(B.1.9) Po: C° X+ X C° X €° — Cq
M M M
defined in a neighborhood of {x{'} x---x {x? } x Cs so that

Pa (XY x2 L 1(+)) = ()

and o (y1,.. ., Yrq» ) classifies the curve in the last factor after forgetting the last £
marked points and adding y1, ..., yr, as marked points (this follows from the fact that
Co = Mg ntry/Sr, is étale). We let E := Ef = @, s Eo. and we define

MBuaer ) WV actisizra ) = Laer *alea) @OV, V5 )e0)

in a neighborhood of {x%¥}yes,1<i<r, X Cs X X (and then we simply cut it off to be
zero elsewhere). Finally, we observe that with this definition, a neighborhood of

(S, uo L_1, {X?}ael,lgisrw @ael ea) € JV[(X)

coincides with a neighborhood of

(C.u {pu}acr {eatacr) € ME ,(X);

(note that the point

(C.u. {¢a}acr {€atuct) € ME , (X)T

has trivial automorphism group by definition of JV[g,n (X );eg).
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For E’ = E, under this identification of a small open set in J\_/Eg,n (X); and a small
open set in M(X), we have M(X)™e C J\_/[gn (X );eg (for this it is important that we
chose £ as the minimum number of points necessary to stabilize C). It follows that
parts (i) and (iv) of Theorem B.1.1 imply parts (i) and (iii) of Proposition 9.2.6 (note
that over this small open set, we have an identification

ou(Pn-H)*ND/X = OTanrl‘ Cs

and that the latter is canonically trivial using the complex structure on Cy). Taking
the above construction with J in place of I and setting E' := E; C Ejy = E, we get
Proposition 9.2.6(ii) from Theorem B.1.1(ii)—(iii) as well.

B.2 Local model for resolution of a node

The rest of this appendix is devoted to the proof of Theorem B.1.1. We now fix
(s0, U0, {x? },e0) € M(X)™8, and we prove the desired statements (i)—(iv) in a neigh-
borhood of this point.

Our first task is to fix a nice local coordinate system on M near so. Let d be the
number of nodes of Cq := Cs,.

On each side of each node of Cy, fix a “cylindrical end”, that is, a map
(B.2.1) [0,00) x ST — Cy

which is a biholomorphism onto some small neighborhood D2\ 0 of the node. We use
coordinates (s,7) € [0, 00) x S!, which is given the standard holomorphic structure
7 = pSTit

Let M4 € M denote the locus of curves with exactly d nodes. Pick a smooth family
of smooth almost complex structures j, on Co parametrized by y € Rdim M , where
Jo is the given almost complex structure on Co, which is constant over the cylindrical
ends (B.2.1), and such that the induced map R%™ M M9 s a diffeomorphism onto
its image.

Consider the following procedure, which takes a “gluing parameter” o = e %5 +i ¢ C
and two copies of the standard end [0, oo) x S! 1[0, 00) x S!. We first truncate both
ends, leaving just the subset [0,6S5] x S L1[0,6S5] x S!. We then identify (s,?) in
the first piece with (65 —s,6 —¢) = (s’, ') in the second piece. We call the resulting
cylinder a “neck”.
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Now given gluing parameters*® o = (ay,...,0y4) € C?, we may perform the gluing
operation above on Cy, using the chosen cylindrical ends (B.2.1). We call the resulting
curve Cy, and it is equipped with cylindrical ends (corresponding to those «; = 0) and
necks (corresponding to those a; # 0)

(B.2.2) [0,00) x S — Cy,
(B.2.3) [0,6S;]x St — Cq.

In each neck, we have coordinates (s,) € [0,6S;] x S and coordinates (s,¢) €
[0,6S5;]1x S, which satisfy s 45’ =6S; and t +t’ = 6; . The curve C, is also equipped
with n+¢ marked points py, ..., py+¢ € Co coming from the given py, ..., pryr€Co.
Since jy is constant over the cylindrical ends, it descends to give an almost complex
structure on Cy .

Now since M — JVEg’n+g is étale, there is an induced map

(B.2.4) Cd x RIMM _, 31,
(B.2.5) (o, y) = (Cq, jy: Pl Pntt)

which is a local diffeomorphism near zero. Using these local coordinates, we may
alternatively define M(X) as
(B.2.6)

d
axeC u smooth and u*[Ca] = 13

dim M4
= y €RTE u(pnti) €D°, 1<i <{
MX):=3u:Cy > X o .
, u(x;)e D?anduth D; at x;, 1 <i <r
Xi €Cqy, 1 <i<r|_ l
ccE dyu+Ale)(a, y, x1,....xp, -,u(+)) =0

and this coincides with the definition (B.1.5) in a neighborhood of (sg, ug, {x?}, eg) =
(0,0, uop, {x? }, eo) . For the purposes of (B.2.6), A denotes the function

r times

Y N ~
A E — C®(C x REMM 5 Tox -~ x Cp x Co x X, Homg (T Co, TX))

481n the present construction, and in many other constructions/definitions to come later, certain
expressions, equalities, etc, only make sense or only hold if the gluing parameters «; € C are sufficiently
close to zero (ie |o;| < € for some € > 0 depending only on data which we have previously fixed). We
will often leave this assumption implicit, since we only care about what happens for « in a neighborhood

of 0 e C4 anyway. The same goes for y € Rdim M
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for which A(-)(-, y,...) lands in Q%’lj ®c TX € Homg (T Cy, TX), defined in
O’
terms of the old A via g

A"V (e) (A, Y, X1, ..oy Xpy LX)
:=2%(e)(x1 € (Ca, jy) S C.....xr € (Ca, jy) € €. p € (Cq, jy) S €. xX).

We assume that the cylindrical ends were chosen disjoint from the support of 1°9, so
we can make sense of A" as giving sections on C.

Now to prove the main result, it suffices to study the local structure of M(X) (defined
as in (B.2.6)) near the basepoint

(B.2.7) (0,0,10: Co — X, {x1}, o),

which we are assuming lies in M(X )™,

B.3 Pregluing

Let exp: TX — X denote the exponential map of some Riemannian metric on X
for which D is totally geodesic. Let V denote any J-linear*® connection on 7X
(equivalently, a connection for which VJ = 0). Let PTy—: Tx X — T) X denote
parallel transport via V along the shortest geodesic between x and y (we will only
use this notation when it may be assumed that x and y are very close in X ); note that
PTx—y is J-linear.

Fix a smooth function y: R — [0, 1] satisfying

0, x<0
B.3.1 =" -
( ) x(x) Lox>1.

Definition B.3.1 (Flattening) For a gluing parameter o € C¢ , we define the “flattened”
map ugj: Co — X as follows. Away from the ends, ug, coincides with ug. Over an
end [0, 00) x S, we define it as

MO(Sst)s SES_I’
(B.3.2)  ugl(s,1) := {€xXpy o)X (S —s)-exp;ol(n) uop(s,t)], S—1<s<S§,
MO(n)v S =s,

where n € Cy denotes the corresponding node.

49Given any connection V?, the connection Vy Y := %(V}(} Y—-J (V)(} (JY))) is J-linear.
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Definition B.3.2 (Pregluing) ForaeC 4 we define the “preglued” map uy: Co —> X
as follows. Away from the necks, u, coincides with ug. Over a neck [0, 65] x S L
we define it as

uo(s, 1), s<S—1,
expuo(n)[X(S —) -exp;ol(n) uo(s, 1)], S—-1=<s=<8§,
(B.3.3) ug(s,t):=Jugp(n), S <s<58S,
€XPyyo(m) X (S —s’)-exp;ol(n) ug(s’,t")], 58 <s<58+1,
uo(s’. '), 58+1<s

(uq should be thought of as the “descent” of ug, from Cop to Cy).

Definition B.3.3 (Pregluing vector fields) For £ € C°°(Cyp,ujTX), we define
(B.3.4) €y € C®(CyuyTX)

as follows. Away from the necks, &, coincides with £. Over a neck [0,6S] x S!, we
define it as

(B.3.5) &u(s,t):=

S(S,[), SSS—I,
PTuo(s,t)—ma(s,t)S(S» t), S—1 <s< S,
(1—x(s— S))PTuo(s,t)%ua(s,t)E(s’ 1)+ x(s —S)E(n), S<s<S+1,
€(n), S+1<s<55—1,
(1= x(" = S)PTug(s 1) >ua(s’ (' 1) + x(s" = S)E(m), 58 —1<s <58,
PTug(sr,t)—uq (s § (8", 1), 58 <s <55 +1,
(s 1), 58 +1<s.

B.4 Weighted Sobolev norms

Fix k € Z>¢ and fix § € (0,1). Fix a metric on 7X for the purposes of defining
Sobolev norms of sections; this could be the same as the metric used to define exp,
though there is no need for it to be.

We denote by WK2(Cy,u TX) the space of sections of u TX over C, whose
pullback to (,N’a is wk:2 (since Wwk2 s C0 a5 k > 6, this is the same as wks2
sections over éa which coincide on each pair of points identified in 50, — Cq, Where
50, denotes the normalization of C, ). Similarly we denote by

WET2(Co. Q) ®cugTX)

the space of sections of class Wk=1.2 Note that both W2 and Wk—1.2 refer to
spaces of functions on the compact Riemann surface C, . The specific choice of metric

Geometry & Topology, Volume 20 (2016)



An algebraic approach to VFC on moduli spaces of pseudo-holomorphic curves 957

on Cy used to define the norms || - [[x 2 and || - |[x—1,2 will be of little importance
(they will matter only up to commensurability).

We now define certain weighted Sobolev spaces Wwk2:8 and Wk=1.28 on the possibly
non-compact Riemann surface C, minus the nodes. The specific choice of norms
|| - llk,2,s and || - |x—1,2,5 (not just their commensurability classes) will be of great
importance.

To make calculations in ends/necks easier, for each node n € Cy we fix the local
trivialization of 7X given by parallel transport

(B.4.1) PTuot—>p: TugmyX — TpX

over p contained in a small ball centered at ug(n). We assume that the ends (B.2.1)
were chosen small enough so that u¢ maps each end into a compact subset of the small
ball associated to the corresponding node.

Definition B.4.1 For o € C?, we define a weighted Sobolev space

(B.4.2) Wk (Co. ug, TX)

using the following norm. We use the usual (k,2) norm away from the ends. Over an
end [0,00) X S 1 c €y, we consider the local trivialization (B.4.1), in which a section
of uaaTX simply becomes a function &: [0, 00) x ST — Tyom)X . In terms of this
function, the contribution from the end to the norm squared is

k
(B43)  [Em*+ / [|s(s,r)—s(n>|2+2lDf'S(s,r)P]ez“ ds dt.
[0,00)xS! i=1
The derivatives of £ are measured with respect to the standard metric on [0, co) x S1.

By the Sobolev embedding of W22 into C? in two dimensions, in any end we have
a uniform bound on |£(s, 1) — £(n)]e®S and | D/ (s, 1)|e% (1 < j <k —2) linear in
1€ 1l,2,5 -

Definition B.4.2 For o € C¢, we define a weighted Sobolev space

(B.4.4) Wk28(Cy ukTX)

using the following norm. We use the usual (k, 2) norm away from the ends/necks. Over

an end, the contribution to the norm squared is (B.4.3). Over a neck [0, 6S]x S C Cy,
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we again think of a section as a function £: [0, 6S]xS! — Ty (n)X , and the contribution
to the norm squared is

‘/ £(3S,1)dt
Sl

o
[0,6S]xS1

Of course, for fixed & € C¥, this norm is equivalent to not weighting the necks, though
the two norms are not uniformly equivalent as « — 0. The weight in the necks is

2

k
2 , .
g(s,z)—/ 5(3S,t)dt‘ +Z|ng(s,z)|2]e25mm<s:65—s)dsdz.
St .
j=1

important since the key point is to establish certain estimates which are uniform as
a—0.

By the Sobolev embedding of W22 into C? in two dimensions, in any neck we have
a uniform bound on

68 min(s,6S —s) and |Dj§(s, l‘)|68 min(s,6S5—s)

g(s,z)—/s1 £(3S,1)dt

(1<j<k-—2)linearin ||§x2.5-

Definition B.4.3 For o € C¢, we define a weighted Sobolev space

(B.4.5) wk=1.28C, Q%!

*
Cou]y ®(C ua TX)

as follows. We use the usual (k — 1,2) norm away from the ends/necks. Over an end
or neck, we trivialize (7'Cy, Jy) over C by the basis vector d/ds, and we trivialize
TX via (B.4.1), and hence the section is simply a function 7 from the end/neck to
Ty X - In terms of this function, the contribution to the norm squared is (for end/neck,
respectively)

k—1
(B.4.6) / > D7 n(s. 0)]?e* ds
[0,00)xS1 “—
j=0
k—1 . _
(B.4.7) f > D (s, )PP min665 =) gs gy
[0,651xS! =0

By the Sobolev embedding of W?2:2 into C? in two dimensions, in any end or neck
we have a uniform bound on | D7 7(s, t)|e%S or | D7 n(s, t)|e® ™n(s:65=5) respectively
(1=j =k=3), linear in |||k,
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B.5 Based d-section F, , and linearized operator D, ,

Fix a norm on E. On direct sums of normed spaces we use the direct sum norm
la @b := llall + [I2]-

We consider the partially defined function
Fay: C¥(Co u TX)p ® E — C®(Cy, QOCJI , ®cuTX),
osJy
§ > PTexp,,, £—uq [0y €XPy, § +A(eo +projg £)(@. y. x1, ... xp. -, (expy, £)(+))].

This function g, is defined for £ in a C !-neighborhood of zero; for these & we define
x; = x; (£) as in (B.1.7). The subscript D indicates restriction to sections which are
tangentto D at pyt1,..., Ppis. Itfollows that for £ contained in a C ®—neighborhood
of zero, exp,,, & sends pp+1,..., pptg to D°.

Now we observe that F , extends continuously to a map

(B.5.1)  Fyp: WS (Co uTX)p @ E — WE129(C,, 9%1 , ®cugTX)
asJy

which is defined for [|£][x 2.5 < ¢’ (some ¢’ > 0). Moreover, this map is highly
differentiable (see (B.1.7)—(B.1.8) and the surrounding discussion; recall we have fixed
k > 6). We denote by

(B.5.2) Dy WE23(CouuTX)p @ E — WE128(C,, Q%' @cuiTX)
sy o Cu,j a

asJy

the derivative of Fy ) at zero.

Let Ty(X,Y) := VxY — Vy X —[X, Y] denote the torsion of V. Let (-)g’1 denote
the projection
Homp (T Cy, uiTX) — Q(’Jj Qc uiTX,

SO (V)g’1 = %(V +JoVoyjy).
Lemma B.5.1 The linearized operator D,y is given by
(B.5.3) Dayk = (VE + Ty (E.dug)),"
P IOy - ta D)= profpes, £Gx0)

dx;
i=1

+V$[)L(e0)](a,y,xl, v Xpy o Ug(4))
+ A(projg E)(a, y, X1, ..., Xp, -, ug(+)),
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where proj: u;, TX — T C, denotes the projection associated to the splitting

Ty )X =Ty Di @ T, Ca,

o (x;

and Vg[A(eo)] means covariant derivative in the direction of § along the X factor.

Proof The first term (Vé + Ty (&, duO,))g’1 comes from differentiating

(B.5.4) PTexpua E—>uUqy [5)/ €XPuy E]
The second two terms come from differentiating
(B.5.5) PTeXpua tsuglA(eo)(@, ¥, X1,..., Xr, -, (expy,, §)(-))],

where we use the fact that (d/dr)x;(exp,, (t§)) = —projrc, §(xi). The last term
comes from differentiating

(B.5.6) PTexpua E—uqy [A(prOJE E)(Ol, Vi X15eeos Xrs 0, (eXPua E)())]

‘We leave the calculations to the reader. O

Lemma B.5.2 Consider the following commutative square:

Dy ~
Wh23(CoufTX)p @ E —2 Wh125(Cy, Q2!

(B.5.7) ] I

Dy ~
Wk2(Cy uiTX)p ® E —2» Wk—lﬂ(ca,sz"csl

. ®c u;TX)
Jy

s

. Qcu ; TX )
»Jy
Both horizontal operators are Fredholm, and the induced maps from the kernel and
cokernel of the bottom horizontal map to the kernel and cokernel of the top horizontal
map, respectively, are isomorphisms.

Let us remark on the reason for the vertical inclusions in (B.5.7). For the leftmost
vertical inclusion, one just needs to check that for a function f: D? — R, the wk:2.8
norm of its pullback to [0, c0) x S is bounded linearly by its W*2 norm on D?. For
the rightmost vertical inclusion, one checks the same property for 1-forms. In both of
these calculations we use the fact that § < 1.

Proof The operator Dy, , equals (VS)S’I plus compact terms (by Lemma B.5.1), so
it is equivalent to show that & — (V& )2’1 is Fredholm (and we may forget about FE).
Here V is really the pullback of V via uy. Thus it suffices to show that if V' is
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a smooth complex vector bundle over a nodal Riemann surface C equipped with a
smooth connection V, then the horizontal maps

0.1 ~
wh23(c,v) U ko128 0% @c V)

(B.5.8) ] T

0.1 ~
whk2(c.vy SO0 w12 E % o 1)

are Fredholm. For the bottom map, the Fredholm property is standard. Indeed,
Wk2(C, V) lies inside Wk-2(C, V) as a closed subspace of finite codimension, and

VOl wk2(C,v) - WA, e% ec V)

is Fredholm by elliptic regularity on the compact Riemann surface C . For the top map,
the Fredholm property follows from results of Lockhart and McOwen [55] concerning
the Fredholmness (in weighted Sobolev spaces) of elliptic operators on manifolds with
cylindrical ends. Specifically, WX-2:8(C, V) lies inside Wk-2:8(C, V) as a closed
subspace of finite codimension, and the map

VoL wh2S(C, vy > wE2A(C et @c V)

is Fredholm by the theory of Lockhart and McOwen [55]. This uses the fact that the
weight & € (0, 1) is not an eigenvalue of the asymptotic linearized operator in any end
(the set of eigenvalues in any end is precisely Z, corresponding to the powers {z"}, <z
on D2\ 0). Let us also remark that both of these Fredholmness statements are easier
at p = 2 than for general p € (1, 00), since for p = 2 one can use Fourier analysis
(after localizing the problem with a partition of unity).

Now it remains to show that the induced maps on kernel and cokernel are isomorphisms.
The map on kernels is obviously injective, and the map on cokernels is easily seen to
be surjective (use the fact that the image of the top horizontal map is closed and the
fact that the rightmost vertical inclusion is dense).

For the surjectivity of the map on kernels and the injectivity of the map on cokernels,
it suffices to show that if Dy & =n for § € Wk2:8 and n e Wk=1.2 then £ € Wk2,
To show & € Wwk:2 it suffices to argue locally on one side of a given node.

Certainly (the vector field part of) & extends continuously to Cy (by definition of
Wk:2:8) "and this continuous extension satisfies Dq,y& =n+e€, where € is a distribution
on Cy valued in

0,1 *
Q2 RQcuTX
Corjy ~C e
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and supported inside the (inverse images of the) nodes. By elliptic regularity, it suffices
to show that € = 0.

Now for smooth test functions ¢ supported inside a small neighborhood of the support
of €, we have

(B.5.9) (€.9) = (Da,y€ —n.9) = (. Dy ,0) — (1. ¢).

We thus obtain the bound |(€, ¢)| < c|¢]|1,1 since D;’y is a first-order operator and
&, n are bounded (as they are continuous). On the other hand, € is supported at a finite
set of points, so it is a linear combination of §—functions and their derivatives. Hence ¢
does not satisfy the bound |(€, )| < cl|l¢|1,1 (recall that W1 < C? since we are in
two dimensions) unless € = 0, as desired. O

We denote the kernel of Dg o (Whose meaning is unambiguous by Lemma B.5.2) by
(B.5.10) K :=ker Dg,0 € C*®°(Co,usTX)p ® E.

Note that our assumption (0, 0, ug, {x? 1, e0) € M(X)™ is equivalent to saying that
Dy, is surjective and K — E/E’ is surjective.

B.6 Pregluing estimates

. . ard
Fix norms on K, (Cd, and RAmM*

Lemma B.6.1 (Estimate for map pregluing) We have

d
(B.6.1) H dyug+A(eo)(, y, X, x0 “a('))Hk—l,z,s Sc-[lyl-i-z e_(l_g)sl}

i=1

uniformly over (c, y) in a neighborhood of zero, for ¢ < oo depending on data which
has been previously fixed.

Data which has been previously fixed includes (so, o, {xlp }.€o), the cylindrical ends, jy,
the metrics used to define exp and Sobolev norms, k, §, the cutoff function y, the
normson E, K, Cd, Rdide , etc.

Proof Away from the ends/necks of C,, the expression is zero when y = 0 (since
(0,0, ug, {x? },e0) € M(X)) and more generally it follows easily that its j th derivative
is bounded pointwise by ¢;|y|. In the ends of Cg, the expression is zero.
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In a given neck [0,6S5] x S L cc,, argue as follows. Recall that A vanishes in
the ends/necks, so we just have to bound 5yua. Now gyua is only nonzero over
[S —1,S]U[5S,5S5 + 1]; by symmetry we may just work over [S — 1, S]. Now
since ug is smooth, it and all its derivatives decay exponentially in any cylindrical end
[0, 00)x S (since every end is holomorphically conjugate to the map [0, c0)x St — D?
given by z = e ~57i?). Precisely, we have the following pointwise bound over [S—1, S]:

(B.6.2) |D7ug(s,1)| < cje™S

(derivatives with respect to s and ¢). It follows from the definition of uy t_hat the
same bound holds for uy . Thus the contribution of [S — 1, §] to the norm of 9yue is
bounded by a constant times e® §e=5. |

Lemma B.6.2 (Estimate for kernel pregluing) For all k € K, we have
d
(B.6.3) | Daykallitzg <c- [|y| T Ze—“—mf} Il
i=1
uniformly over (c, y) in a neighborhood of zero, for ¢ < oo depending on data which
has been previously fixed.
Proof Away from the ends/necks, the norm is bounded by c¢ - |y|||«||. In the ends, the

expression is zero. In the necks, argue as follows.

The expression is only nonzero over [S — 1,5 + 1JU[58 — 1,58 + 1]; by symmetry
we may just work over [S — 1,8 + 1]. Then since uy and k are smooth, we have
(by the same reasoning used to justify (B.6.2)) the following pointwise bound over

(B.6.4) 1D k(5. 1)] < cje™5 ||

(derivatives with respect to s and ¢, in local coordinates (B.4.1)). Thus the overall
contribution of [S — 1, S + 1] to the total norm of the expression is bounded by a
constant times eS%e=S ||« ||. |

B.7 Approximate right inverse

Recall that by assumption, the linearized operator

(B.7.1)  Doo: WE2(Co,ui TX)p @ E — Wk=1.28(C, sz"cslj ®c ugTX)
0,J/0
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is surjective (even if we replace E with E’). We now proceed to fix a bounded right
inverse

(B72) Qoo WH3(Co.QF!  ®cugTX) — Wh¥ (Co.us TX)p & E'

whose image admits a simple description (the description of the image will be important
for the proof that the gluing map is continuous (Proposition B.10.4)). Fix a collection
of points ¢; € Co (1 <i < h) not contained in any of the cylindrical ends, subspaces
Vi € Tyo(q) X » and a subspace E” C E’ so that the natural evaluation map

h
(B.7.3) Lo: K = (EB Tuo(q,.)X/Vi) ®E/E"

i=1

is an isomorphism (such choices exist since K — E/E’ is surjective and elements
of K satisfy unique continuation). Now we can consider the same evaluation map on
the larger space:

h
(B.7.4) Lo WE25(Co,u TX)p ® E — W := (@ Tuo(qi)X/Vl-) SE/E".

i=1

Since Lg sends K = ker Dy ¢ isomorphically to W, it follows that the restriction of
Do, to ker Lo is an isomorphism of Banach spaces. Hence there is a unique right
inverse

Qo.0: WE=123(C, 9%01 J, ®cugTX) > kerLo € wk28(Co, ulTX)p ® E,

and it is bounded. Since E” C E’, ker L is in fact contained in the right-hand side of
(B.7.2). We fix once and for all this Q0.

Definition B.7.1 (Approximate right inverse Ty ;) We define a map

(B.7.5) Ty WEL23(C,, Q%’l , ®cugTX) > Wk28(Co u*TX)p & E
asJy

9
as the composition

(B.7.6) Tw,y :=glueoPToidoQg,g0 I, o PT obreak

of maps in the following diagram, to be defined below:
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Dy ~
Wk,Z,S(Ca’ u(’;TX)D @ E _y> Wk—l,Z,S(Ca, Q%’l ; e u;TX)
asJy

glueT break
~

Do\ -
WE25(Co.ufy TX)p @ E =% WE125(Co. Q' ®c ufy, TX)
Ola 0>Jy Ola

(B.7.7) PTI Tor

~

e}

D ~
WG TR B E 2 WA s
sJy

/\Iy

Do.o ~ o

Wk,2,8(co’ uSTX)D DE (_Q—) Wk—l,Z,S(CO, Q%’Ol i ®cC u:;TX)
0.0 ’

id

(Dy|q,y denotes the linearized operator at ug)q ).

We fix once and for all a smooth family /y: (Téo, jo) — (T(,~’0, Jy) of (jo. jy)-linear
identifications which are the identity over the ends/necks. This gives rise to the bottom
right vertical map in (B.7.7).

We define the middle vertical maps in (B.7.7) using parallel transport (equivalently,
using the local trivializations defined by (B.4.1)).

We define the map

(B7.8) W123(Co, 28! @cuyTX) ek k=128 (6 Qg ®cug,TX)
osJy ’

as follows. Fix a smooth function y: R — [0, 1] such that

(B.7.9) 7o) =11 =L

and y(x)+ y(—x) =1.
o e 76+ 7(=)

Let
k—1,2.8 ([~ 0,1
new (C"’Qéa,jy Rc u;TX).

Away from the ends with o # 0, break(n) is simply 7. In any particular end [0, co) x
St c Cy with « # 0, we define

n(s,t), s <38-1,
(B.7.10) break(n)(s,t) := 1 x(s —38)-n(s,1), 3S—1<s <3S +1,
0, 3S+1<s

(noting the corresponding neck [0, 65] x S C Cg).
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We define the map

1
(B.7.11) Wk28(Co.uf TX)p —> WK (CoulTX)p.

Let £ € Wk2:3(C,, ”;|a TX)p. Away from the necks of Cy, glue(§) is simply &. In
any particular neck [0, 65] x S 1 c C,, we define
£(s,1), 5 <28,
E(n) + x(4S —s)-[E(s, 1) —§(n)]

+ x(4S —5')-[E(s", 1) —EMm)], 28 <s5<4S,
E(s', 1)), 48 <s,

(B.7.12) glue(§)(s.t) :=

noting the corresponding ends
(s.1) €[0,00)x ST CCy and (s',¢") €]0,00) x S C Cy.

The cutoff of £(s,¢) occurs around 4S € [0, 6S], where the weight ¢20 min(s,65—s)
is much smaller than the weight 2% at 4S € [0, 00). We will see in the proof of
Lemma B.7.4 that this makes it easy to derive the desired estimates on 9 glue(£). This
trick was explained to us by Abouzaid and attributed to Fukaya, Oh, Ohta and Ono [31].

Let us make the elementary observation that the definition of Lo extends perfectly
well to give an analogous bounded linear map
(B.7.13) Lo: WE23(Co uTX)p ® E — W.

Since im Qg0 € ker Ly, it follows from the definition of 74, that im Ty, C ker Ly
as well. This is a key ingredient in the proof that the gluing map is continuous
(Proposition B.10.4).

Lemma B.7.2 Let

(B.7.14) GT \LB
X =Y

denote the bottom square in (B.7.7). Then for § € X' and n € Y with D'¢€ = Bn,
we have

(B.7.15) IDGE—nl <c-[&lly]

uniformly over («, y) in a neighborhood of zero, for ¢ < oo depending on data which
has been previously fixed.
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Proof In simpler terms, we have || Do,y — Iy, 0 Do o|| < c-|y| (calculation left to the
reader) and this trivially implies the claimed statement. |

Lemma B.7.3 Let
(B.7.16) GT \LB

denote the middle square in (B.7.7). Then for £ € X' and n € Y with D'§ = Bp,
we have

d
(B.7.17) IDGE—nl| <c-||E] Y e
i=1

uniformly over («, y) in a neighborhood of zero, for ¢ < oo depending on data which
has been previously fixed.

Proof In simpler terms, we bound the operator norm of the difference between the
two diagonal compositions:

d
(B.7.18) IPT o Do,y — Doja,y o PT|| <c- Y e~
i=1
(this trivially implies the claimed statement). To show (B.7.18), observe that the two

operators only differ over the [S — 1, co) subset of each end [0, c0) x S € Cy. Using
estimates (B.6.2) arising from the smoothness of 1, we obtain the desired bound. O

Lemma B.7.4 Let

(B.7.19) GT lB
x' 2oy

denote the top square in (B.7.7). Then for § € X' and n € Y with D'§ = Bn, we have
d
(B.7.20) IDGE—nl| <c-|IE] Y =25
i=1

uniformly over (c, y) in a neighborhood of zero, for ¢ < oo depending on data which
has been previously fixed.

Geometry € Topology, Volume 20 (2016)



968 John Pardon

Proof The difference DGE& — 5 is only nonzero in the necks over s € [2S5,2S + 1]
and s € [4S — 1,4S]. By symmetry, we may just do the bound over s € [4S — 1,4S].
Over this region, one calculates that the norm of the difference is bounded as claimed.
The factor of e=23S comes as the ratio between the 205 weight given to

[48 —1,48]x S € [0,6S]xS! C C,
and the ¢*%S weight given to

[48 —1,48]x S' C[0,00) x ST C Cy. o

Lemma B.7.5 Let X and Y be Banach spaces, let D: X — Y and T: Y — X be
bounded, and suppose € := | DT —1y|| < 1. Then

(B.7.21) Q:=T-) (ly—DT)"
n>0
converges and satisties DQ = 1y . In addition, we have the following estimates:

€
1—

(B.7.22) 10l < ——|T|l. |0-T]| <

T|.
<L 17|

Proof Use the telescoping sum (1—A4) » ", ., A" =1 for [|A]| < 1. m|

Lemma B.7.6 Suppose we have a diagram of Banach spaces as follows:

X1L>Y1

G B
B.7.23 4
( ) Gn—Z Bn—2
D . ~N-
Xn—l L> Yn—l
Gn—1 B,
Dn ~N-
—

where | D; ||, |Gi ||, || Bill, | Onll < ¢ and D, O, = 1. Then for all § > 0 there exists
€ =¢€(n,c,8) > 0 such that if

(B.724) Di§=Bi-1n = |Di-1Gi—1§—nl <e-|§| forall 1<i=<n
then we have

(B725) ||D1G1Gn—1Qan—1Bl_1Y1 ” 58
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Proof We work by induction on n. The case n =1 is clear: €(1,¢,§) = co.

Now assume n > 2. Let us also assume without loss of generality that ¢ > 1. Applying
(B.724)to i =n and £ = O, By—11, we see that

(B.7.26) |Dn=1Gn-10nBn—1— lYn_l | <e-|OnllllBn-1ll < ec?.

Let us require that € < %c“z, so the above bound is < % . Then by Lemma B.7.5 applied
to ' = Gy—10nBn—1, we see that there exists 0,1 with D, _1Qp,—1 =1y,_, and

(B.7.27) 1Qn-1ll £2¢,  Qn—1—Gno1QnBn_1ll <2ec’.
Now we see that

(B-7-28) ”DlGl "'Gn—2Gn—1Qan—an—2"'Bl
—D1G1++-Gp—20n-1Bn—2-+- By

<" 3|Gp-10nBn—1— On-1|

S 2€C21’l+2‘

Let us require that € < %80‘2"_2, so the above bound is < %8 . Let us also require that
€ <e(n—1,2¢3, 48) (which exists by the induction hypothesis), so that

(B.7.29) ID1G1 -+ Gn20n-1Bp—-+-B1 — 1y, | < 36.

Combining (B.7.28) and (B.7.29), we get the desired bound (B.7.25). O

Proposition B.7.7 (Approximate right inverse Ty,,,) We have

(B.7.30) [To,yll <c,
(B.7.31) | Da,yTw,y —1|| = 0,
(B.7.32) im Ty, C ker Ly

as (o, y) > 0, for ¢ < oo depending on data which has been previously fixed.

Proof It is easy to see that all the maps in (B.7.7) are uniformly bounded. Hence
| Ta,yll <c as («,y) = 0. Now Lemma B.7.6 combined with Lemmas B.7.2, B.7.3,
B.7.4 show that for (cr, y) — 0, we have || Dg,y T,y —1|| — 0. We observed earlier
that im 7y, C ker Ly . O

Definition B.7.8 (Right inverse Qg,,) We define a map

(B.7.33) Qg WE123(C,, sz‘gl , ®cugTX) > Wk28(Co u*TX)p & E
asJy

s
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as the sum
o0
(B.7.34) Quy:="Tay Y (1= DayTay)*.
k=0
Proposition B.7.9 We have
(B.7.35) [Qa.yll <c.
(B.7.36) Da,y Qa,y =1,
(B.7.37) im Qq,y Cker Ly

uniformly over (&, y) in a neighborhood of zero, for ¢ < oo depending on data which
has been previously fixed.

Proof Apply Lemma B.7.5 and Proposition B.7.7. O

B.8 Quadratic estimates

Proposition B.8.1 (Quadratic estimate) There exist ¢’ >0 and ¢ < oo (depending on
data which has been previously fixed) such that for ||&1 |1k 2.5. [|62]lk.2,5 < ¢’ we have

(B.8.1) ||Doz,y($l - 52) - (EFoc,yél —?a,ygz)”k—l,z,&
<c-l51—&llk2,sUE k2,8 + 152]k,2,8)
(and Ty y&1 and Ty, &> are both defined), uniformly over («, y) in a neighborhood

of zero.
Proof This is similar to McDuff and Salamon [62, page 68, Proposition 3.5.3].
We have already remarked that Fo & is defined for [|§|x 5 <.

Let ?&,y(f, &) denote the derivative of Jy ), at { applied to §. So, for instance,
Dy,y(§) := T4, ,(0,8). It suffices to show that

(B.8.2) 196,50, 6) = T4y (6. )llk—1,2,5 =< ¢ ICllk,2,51lk,2,5

for ||¢]lk.2,6 < ¢’ uniformly as («,y) — O (one recovers (B.8.1) by integrating
&2 Tay (0.8) = T4, (4. dD))

For ¢ € Wk’z"g(Ca, uyTX)p ® E, let

(B8.3) Ty i W2 (Cy, (exp,, O*TX)p ® E
- WE28(Co. Qg ®c (exp,, ) TX)
asJy
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denote the d—section based at expy,, §: Ca — X and e + projg ¢ (so, for example,
g'a,y = g’a’y,()). Let
(B.8.4) Dy et W28 (Cy, (exp,, O)*TX)p @ E
- W23(Co. 3! @c (expy, O TX)
asJy

denote the derivative of JFy ) ¢ at zero. Of course, Dy , ¢ may be calculated as in
Lemma B.5.1, and the result is the same (ie we just substitute (exp,,, ¢, eo + projg ¢)
in place of (uqy, €p)).

Now the first step in proving (B.8.2) is to express S’Q,y (6,€) interms of Dy y ¢. To
do this, we observe that

(BSS) ?a,y ((1) = [PTexpu(X a—>Ugy o PTexpuO{ {'—)expua a]

[Fo i ((ex0), XDy, @) @ (projg a —proj; ).

We now differentiate with respect to a and evaluate at ¢ = ¢ and a = £. We find

B86) 5,5 =[L

a=t (PTexpua a—ugy © PTexpua {—>expy,, a):l(gjoe,y,é‘ 0))
a=§

d - .
+ PTexpua LUy [Dot,y,§ ( da |a=¢ (expex;ua ¢ XDy, a) @ projg S)]
a=¢

We rewrite the first term as

(B.8.7) [;’—a

a=¢ (PTeXpua a—uq ° PTexpua {—expy, a)] PTua—>expua ;‘(got,y(é‘))-
a=¢

We know that [|Fe,y(¢)|lk—1,2,5 is bounded uniformly for (o, y) —0 and ||{||x 2.5 <¢’
(Lemma B.6.1 implies that || Ty, (0)[|x—1,2,5 is bounded as (o, y) — 0, and from this
one may derive a bound on |[Fy,y({)|lx—1,2,5 in terms of |{|x2.5). The operator
[(d/da)(PT o PT)]PT in front is of the form H (¢, &) for a smooth (non-linear) bun-
dle map H: TX & TX — End(TX) (defined in a neighborhood of { = & = 0).
Since H satisfies H(0,-) = H(-,0) =0, it follows that || H({, §)||x 2,5 is bounded by
¢ ¢lk2.81E k2.8 for [Ellk2,5, llk,2,5 <c'. Hence the || - [|x—1,2,6—norm of the
first term in (B.8.6) is bounded by ¢ - [|{||x.2.5 I ||k,2.5 > so for the purposes of proving
(B.8.2) it may be ignored.

The second term in (B.8.6) is approximated by

PTexpua Uy [D(x,y,{'(PTua—)expua CS)]
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with error

(B.8.8) PTexpua t—uy I:Dot,y,f (I:PTua—wxpua §é

d _
~ da| ezt @05, cewu, 0] @0) |
a=¢
which we may write as

(B.8.9) PTeXpua {—>uy I:Da,y,é' (PTua—mxpua 4

d _
(6= PTewn £ g | =t @0, e i, 0| @0) |
a=§

Now the | - |l(x=1,2,8)—(k—1,2,5) norm of the outer PT is bounded uniformly for
(o, y) = 0 and ||¢||k,2,5 <, asisthe || - [[(k,2,6)—(k—1,2,6) Norm of Dy, ;, » and the
I - Il(k,2,6)—(k,2,5) norm of the following PT. The difference & — PT(d/da)(-) is of
the form H (¢, &) for a smooth (non-linear) bundle map H: TX & TX — TX (defined
in a neighborhood of { = & = 0). Since H satisfies H(0,-) = H(-,0) =0, it follows

that [|H(,€)k,2,s is bounded by ¢ - [¢llk,2,616llk,2,6 for [Clk2,s. 1€lk,2,8 < ¢
Hence the error (B.8.8) has || - ||x—1,2,s bounded by ¢ - [|{lx.2.5 1§ llk,2,5 -

Thus we have reduced the estimate (B.8.2) to proving
(B.8.10)  [|Da,y =PTexp,,, t—>u © Day,t ©PTugy—exp,,, tll(k,2,6)>(k—1,2,5)
<c-[8lle,2,5-

We calculated Dy, in Lemma B.5.1, and D, , ¢ may be expressed in exactly the
same way (specifically, it is obtained by taking the expression for Dy , and replacing
every occurrence of uy with exp,, ¢ and eg by eg + projg ¢). Now we compare term
by term to prove (B.8.10). We omit the details of this calculation. a

B.9 Newton-Picard iteration

Lemma B.9.1 There exists ¢’ > 0 (depending on data which has been previously
fixed) such that for sufficiently small («, y):

(i) The map Fg,y is defined for ||£||x,2.5 < c'.

(i) For &1 —&> €im Qq,y and [§1llx,2,5. 1€21lk,2,6 < ', we have

(B-9-1) ”(51 _52) - (Qa,y?a,ygl - Qa,ygja,ygz)”k,z,é’ = %”gl _é§_2||k,2,8~

Geometry & Topology, Volume 20 (2016)



An algebraic approach to VFC on moduli spaces of pseudo-holomorphic curves 973

Proof The first assertion has been shown earlier. For the second, write

(B.9.2) (61 —&2) — (Qa,yffa,ygl - Qa,y?a,ySZ)”k,z,S
= [|Qa,y Da,y (61— §2) — (Qa,yFa,y1 — Qa,y%,yéz)ﬂk,z,s
< Qa,yllDa,y(E1 —§2) = (Fa,y61 — Fa,y62) lk-1,2.8
<c- [ Qaylll§r —&2lk2.5IE11k,2,6 + 152]lk,2,6)

by Proposition B.8.1. Since ||Qq,y | is uniformly bounded, this is enough. |
Proposition B.9.2 (Newton-Picard iteration) There exists ¢ > 0 (depending on data

which has been previously fixed) so that for («, y,k € K) sufficiently small, there
exists a unique Kq,y € wk28(c,, uyTX)p @ E satisfying

(B.9.3) Ko,y € Ko +1m Qg y,
(B.9.4) I,y k2,8 <c',
(B.9.5) Foykay = 0.

Proof In fact, we will show that kq 5 is given explicitly as the limit of the Newton
iteration

(B.9.6) o0 1= Ka,
(B.9.7) En = gn_l — Qa,y\ffa,yén_l.

By Lemma B.9.1, the map & — § — Qg yFo,y§ is a %—contraction mapping when
restricted to

(B.9.8) {6 exa+imQq,y: [§llk2,s < c'}.

To finish the proof, it suffices to show that (for sufficiently small (¢, y, x)) (B.9.8) is
nonempty and is mapped to itself by & = & — Qg y T,y E.

We know that ||k ||x,2,s — 0 as « — 0 (uniformly in (o, y)), so (B.9.8) is nonempty.
By using Proposition B.8.1 with (£1, &) = (0, k) and Lemmas B.6.1 and B.6.2, we
conclude that

(B.9.9) 1Fa,ykallk—1,2,6 = 0

as (a, y, k) — 0. Since the operator norm of Q) is bounded uniformly as (&, y) — 0,
we see that ky is almost fixed by & = & — Oy, y T4,y € as («, y, k) — 0. It then follows
from the contraction property that § — & — Qg ¢, y§ maps (B.9.8) to itself. O
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B.10 Gluing

Definition B.10.1 (Gluing map) We define

(B.10.1) Ug,yk ‘= €XPy,, Ka,ys
(B.10.2) €a,y,k ‘= €0+ PIOj g Ka,y,

where K,y is as in Proposition B.9.2, and we consider the map

(B.10.3) C9 x RIMMY o g M (X),
(B.10.4) (@, y,6) = (0, ¥, Ua,yic: €a,yic)

(with {x;} understood). It follows from the definition that (B.10.3) commutes with the
projection from both sides to M x E/E’.

Lemma B.10.2 The gluing map (B.10.3) maps sufficiently small (a, y, ) to M(X)™e.

Proof This is true since Qg,y gives an approximate right inverse at (Uq,y . €a,y )
(use (B.8.2) with { = «q,y). O

Let Ko € C%®(Cq,uyTX)p @ E denote the image of k > kg . It is clear by definition
that K — K, is an isomorphism, and the respective Wk2:8 norms are uniformly
commensurable. It is also clear that the diagram

K—>Ko

K%Ka

(B.10.5) Lk /
Lk

commutes (all maps being isomorphisms). Since im Q4. C ker Ly, it follows in
particular that im Q4,y N K = 0. On the other hand, an index calculation shows that
ind Dy, =ind Do ¢ (note that by Lemma B.5.2, it suffices to calculate their indices
as operators wk2  wk=1.2 o5 C, and Cy respectively, and this is a standard
calculation as in McDuff and Salamon [62]). Both are surjective, and hence we have
dimcoker Qy,y = dimker Dy, y = dimker Do, o = dim K = dim K. It follows that
im Qg4,y = ker Ly and that

(B.10.6) im Qg ® Ky = WE23(Cop uTX)p ® E

is an isomorphism of Banach spaces. We claim that in fact the two norms are uniformly
commensurable as (¢, y) — 0. The map written is clearly uniformly bounded, so we
just need to show the same for its inverse. It suffices to show that the projection from
the right-hand side to Ky is uniformly bounded, but this is nothing other than L,
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(clearly uniformly bounded) composed with the inverse of the isomorphism in (B.10.5)
(also uniformly bounded).

Lemma B.10.3 The map (B.10.3) is injective in a neighborhood of zero.

Proof Suppose that

(B.10.7) (0, . Uay e €a,yuc) = (@' Y o,y s €y )
We see immediately that (o, y) = (¢, y"). Now we see that
(B.10.8) expy,, Ka,y = expy,, (K')a,y.

(B.10.9) Projg Ka,y = Proj g (k' )a,y-

Since the norms of kg, and K{x,y go to zero as (o, y,x,k’) — 0 (in Wk’z"g, and
hence in C?) and the injectivity radius of the exponential map is fixed, we see that
Ka,y = (k")q,y. It follows that ko — (k")g €im Qg ), but since Ko Nim Qy,, =0 we
conclude kxy = (k’)q and hence k = «’. O

Proposition B.10.4 The map (B.10.3) is continuous in a neighborhood of zero.

Proof The key ingredient in this proof is our precise control of the image of the right
inverse (q,y (specifically, that im Qg , = ker Ly).

Suppose (e, yi, ki) — (a, y, k) is a convergent net.>® We will show that

(B.10.10) (Uaj,y; ki Caj,yiki) = (Ua,yics €a,y i)-

First, we claim that [|(ki)q;,y; — Ke;,y; loo = 0. In fact, we will show the stronger
statement that ||(«;)a;,y; — Ka;,y; lk,2,6 — 0. Since the Newton iteration converges
uniformly, it suffices to show that ||(xi)g, y, —Kg, 5,
Kg’y denotes the n™ step of the Newton iteration converging to Ka,y. It is easy to
verify this for n = 0:

k2,5 — 0 forall n > 0, where

(B.10.11) I(ki)as = Kes s 2,8 = (ki = K)ay llic,2,6 = 0.

The inductive step follows from the fact that Qg y, is uniformly bounded and Jy; 5,
is uniformly Lipschitz (eg as a consequence of Proposition B.8.1). Now from the claim,
we see that it suffices to show that

(B.10.12) (Uaj,yi s €ai,yine) = (Ua,y s €y i)

. . im Vid .
50We could restrict to sequences rather than nets since C4 x RIMM 5 K is first countable. However,
this would not make the argument any simpler.
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Recall that, by definition,

(B.10.13)  uq,y,c = €xpy, Ka,y, Ka,y =koq +&  forsome £ €im Qg y,

(B.10.14) uq; .y, uc = XDy, Koy Kayy; = Ke; +E&  for some & €im Qg ,y, -

Now we define &, € wk:2,8 (Ca;uy, TX)p @ E by “pregluing” & from Cy to Cy,
as follows. Note that we may assume without loss of generality that at the nodes where
a # 0 we also have «; # 0. Away from the ends/necks of Cy, , we set &, = §. Over
the ends of Cy; , note there is a corresponding end of Cy, so we may also simply set
£y; = & over the ends of Cy; . Over the necks of Cy; for which o = 0, we define
€, via (B.3.5) (note that this is reasonable since & is smooth on Cy ). Over the necks
of Cy,; for which a # 0 we define &, as

(B.10.15) §oi (5.1) 1= PTug (f;(s).)>ua, (s [ (i (5). )],

where fi: [0,6S;] — [0, 65] is defined as
S, N S S _27

(B.10.16) fi(s):=1{s5—3S; +3S, 35, —2S+2<s5<3S;+25-2,
s—6S; +6S, 6S;—S+2<s,

(B.10.17) £i(IS—2,35 —2S+2]) C[S—2,S +2],

(B.10.18) fi(3Si +28—2,68; —S +2]) S [55 —2,55 + 2],

and is smooth with absolutely bounded derivatives of all orders. More informally,
fi is smooth and matches up [0, S —2],[S + 2,55 —2],[5S +2,6S5] € [0, 65] with
corresponding intervals of the same length inside [0, 6.5;], symmetrically.

Now the C°%—distance between
(B.10.19) uq,y« = exp,, (kg +£): Co —> X and eXPy,,. (ka; +&a;): Coy > X

goes to zero (this is easy to see from (B.3.5) and (B.10.15)). Hence it suffices to show
that ||§; — &g, [|loo — 0. In fact, we will prove the stronger statement that

(B.10.20) 1€ —Ea; llk,2,6 — O.

First, we claim that we may assume that

(B.10.21) limsup [, [I&,2,5

1

is arbitrarily small by taking («, y,«) sufficiently close to zero. We know that
| Fa,ykallk—1,2,6 = 0 as (&, y, k) — 0 by (B.9.9). Now since the Newton iteration is
uniformly convergent and Qg y is uniformly bounded, it follows that ||£]/x 2 s — O as
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(e, y, k) — 0. We may easily bound ||&y; [|x,2,s in terms of |[£]/x 2 s and the desired
claim follows.

Now since the limsup (B.10.21) can be assumed to be arbitrarily small, we may, in
particular, assume that for sufficiently large i, ||ko; + &o; lx,2.6 < ¢’ for the constant
¢’ >0 from Lemma B.9.1 for which (B.9.8) is a domain of contraction. By construction,
the fact that £ € im Qq,, = ker L, implies that &, € ker Ly; = im Qy; 5, . Hence
Ka; + &q; lies in the domain of contraction (B.9.8) for («;, y;, k) where the Newton
iteration applies. By definition, we have Jy; y,; (ko; +&;) = 0 and kq; + & is in the
same domain of contraction. Since the Newton iteration is a %—contraotion on this
domain and Qy; y, is uniformly bounded, to show (B.10.20), it suffices to show that

(B1022) ”gjot,‘,y,‘ (Ka[ + Eoti)||k—1,2,5 — 0.
To prove (B.10.22), first recall that F 5 (ko + &) = 0.

Away from the ends/necks of C,, the expression JFy, y,; (ko; + ;) differs from
Fa,y(koq + &) = 0 only in terms of the complex structure jy,, in place of j,. Clearly
this difference goes to zero as y; — y.

Over the ends of Cy; , the expression Fy; y,; (Ke; +&; ) coincides with Fy ), (kg +§) =0.

Over the necks of Cy,; , we bound Fy; y,; (ko; +&a; ) as follows. Fix aneck [0, 65;] € Cy, .
If a # 0 for this neck, then the desired estimate follows easily from the definition
of &y, ko;, and ug, , and the fact that Fy y (kg + &) = 0. If o = O for this neck,
then we argue as follows. The expression Jy; y, (ko; + §¢;) is only nonzero over
[S;—1,S; +1]U[5S;—1,58;4+1]; by symmetry we may just bound it over [S;—1, S; +1].
As in the proof of Lemma B.6.1, we win because of the weights: the expression in
question has derivatives bounded by e~ and is weighted by %S |

B.11 Surjectivity of gluing

We identify R?” = C" via z; = x; +iy; . Let gya denote the standard metric on R?",
and let Jyq denote the standard almost complex structure on C”.

The following proposition is well known, and is essentially contained in McDuff and

Salamon [62].

Proposition B.11.1 (A priori estimate on long pseudo-holomorphic necks) For all
n < 1, there exists € > 0 with the following property. Let J be a smooth almost
complex structure on B?"(1) € R?" satistying |J — Jgallc2 < € (measured with
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respect to gqq). There exists ¢ < oo depending only on ||J ||cx with the following
property. Let u: [-R, R] x S — B?"(1) be J-holomorphic. If

2
(B.11.1) / d—u dt < ¢
J[—R.R]xs1! dt
then
5 \1/2
(B.112) (DK (s, )] < e - e 0s1=B) (/ du dt)
J[—R.R]xs1 | dt
for |s| < R—1.

Proof First, apply Lemma B.11.2 to get an exponential decay bound on the W 1:2
norm of u restricted to [—r, 7] x S1. Second, apply Lemma B.11.3 to conclude that the
bound on the W12 norm implies a similar bound on the W 1>* norm. Finally, apply
elliptic bootstrapping Lemma B.11.4 to conclude that the bound on the W 1> norm
implies a similar bound on the C k norm for all k < oco. |

Lemma B.11.2 (W12 norm decays exponentially) For all 1 < 1, there exists € > 0
with the following property. Let u: [-R, R] x S' — B?"(1) be J—holomorphic for an
almost complex structure J on B?"(1) C R?" satistying ||J — Jgq| < € (measured

with respect to ggq). Then
5 A\1/2
d_u’ dl)
dt

1/2
(/ [‘_du ‘z—i- du ’2} dsdt) Sc-e“'(r_R)(/
[—rrxst ! ds dt 3[—R,R]xS!

for0<r <R.

Proof This proof is essentially lifted from McDuff and Salamon [62, page 99, Lemma
4.7.3].

Let dgyq := %Z] x; dy; — y;j dxj. Note the identity
_ 1 .
(B.11.3) Y zjdzy = EZd|zj|2—mstd.
J J

Let y: S —R2" be a smooth loop. Write the Fourier series y () = Y, age'*’ e C",
where a; € C". Now using (B.11.3), we see that

[raa=4 [ Sreaz =4 [ S aai-ined 0 i =x Y al.
§! s STk 3
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We may also calculate

dy |* ;. _ N () YR 2 2
(B.11.4) /Sl‘ dt‘ dz_/Sl gakag(lk)( i0)e dt_Zn;k lag |2,

Hence we conclude that

. 1 d_V|2
(B.11.5) ‘/Sl Y Aad| < 5 /Sl r dt.
Let
2
(B.11.6) E(r):=/ d—”‘ dsdm/ u*a)stdz/ W Aga
[—r.r]xst | dl [—r.r]xS! o[—r,r]xS!

(~ means equality up to a factor which can be made arbitrarily close to 1 by taking
€ > 0 sufficiently small). Applying (B.11.5), we conclude that

(B.11.7) E(r) < l/
2 A[—r,r]xS1

(< means inequality up to a factor which can be made arbitrarily close to 1 by taking
€ > 0 sufficiently small). The right-hand side above equals %E’ (r), so we have
E’(r) 2 2E(r), and hence E'(r) > 2uE(r) (for € > 0 sufficiently small), from which
we conclude that E(r) < e2* (=R E(R). Using (B.11.7) to bound E(R), we see that

fl—Ltl‘Zdt

(B.11.8) E(r) <er-R L1 / d—”lzdz.
2 Joi=Rr.Rixs1! dt
We have
(B.11.9) E(r) ~ l/ [)d—”(z n d—”ﬂ ds d.
2 Jl—rxst Ll ds dt
Hence we conclude that
(B.11.10) [)d—“‘z 1| 4u 2} dsdt < eZ”'(r_R)/ d—“fdz,
[—rrixstLl ds dt d—R,R]xs1| dt
which is the desired estimate. O

Lemma B.11.3 (W12 controls W1*) Let J be an almost complex structure on
B2"(1) € R?"; there exist € > 0 and ¢ < 0o, depending only on ||J ||c2 (measured
with respect to gyq) with the following property. Let u: [0,1] x [0, 1] — B?"*(1) be
J —holomorphic, and suppose that

(B.11.11) / [
[0,1]2
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Then we have

du (1 1 du (1 1

JE— — - - A~ A < :
(B.11.12) |dx(2,2))+)dy(2,2)‘—c (/[0,1]2[

Proof This proof is essentially lifted from McDuff and Salamon [62, page 80, Lemma
4.3.1].

du |?> | | du |? 1/2
E‘ -I-‘E i|dxdy) .

Let w := %ui + %ui (using the standard inner product ggq), so w: [0, 1]2 — R>o.
Now we calculate
(B.11.13)  wyxx + wyy

= [uyzcx + 2”)2cy + uiy] + [ux - (Uxxx +uxyy) +uy - (Uxxy +uyyy)].

Now differentiating (B.11.20) yields

Uxxx +Uxyy = J"(u,ux,uy)ou)C + j(u,uxy)oux + j(u,uy)ouxx
—f(u,ux,ux)ouy —j(u,uxx)ouy —j(u,ux)ouxy,

Uxxy +Uyyy = J (U, Uy, uy) oty 4+ J (U, Uyy) 0ty 4+ J (U, Uy) O lxy
—f(u,ux,uy)ouy —j(u,uxy)ouy —j(u,ux)ouyy.

Now we conclude that

|10 - (exx + Uxyy) + 1ty - (Uxxy +yyy)|
<20/ llc2 - (uxlPluy| + [ux|Juy *)
+ 20 er - (ux Pyl + |y |+ Ty Py | [y [y y])
<clJllc2w® + el lerw- (uxxl + luxy| + luyy])
< clJlle2w? + el G 1w? + 1o iy +2u%, +u3y).
Plugging this into (B.11.13), we conclude that
(B.11.14) Aw = wyx +wyy = —c- ([ llc2 + 120 w?.

Now we may apply a mean value inequality (see McDuff and Salamon [62, page 81,
Lemma 4.3.2] or Wehrheim [79, page 306, Theorem 1.1]) to see that there exist € > 0
1

and ¢ < oo such that if f[0,1]2 wdx dy < €, then w(i, %) < c'f[0,1]2 w dx dy . Thus

we are done. O

Lemma B.114 (W' controls W*?) Let u: [0,1] x [0,1] — B?"(1) be J—
holomorphic for an almost complex structure J on B?"(1) CR?". For all k > 1, there
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exists ¢y < oo depending only on ||J ||cx such that if

(B.11.15) sup [Z_M‘JF‘Z_“}Q
(x.y)el0,12L" X Y
then
du du
(B.11.16) (DFuy(E 1Y <cp- sup [_‘Jr_]
‘ (2 2)| (x,y)e[o’l]z dx dy

Proof For more details see McDuff and Salamon [62, page 533, Section B.4].
The d—equation for u may be written as

(B.11.17) uy =J(u)ouy.

Differentiating with respect to x and to y, we conclude that

(B.11.18) uxy=j(u,ux)oux+J(u)ouxx,
(B.11.19) Mxx:j(u,uy)oux+J(u)ouxy.

Combining these and using the fact that J and J anticommute, we conclude that
(B.11.20) AU = Uy +1yy = J (U, uy) 0ty — J (U, ux) 0 Uy

Now a standard elliptic bootstrapping argument based on (B.11.20) gives the desired
result. By hypothesis, we have an L°° bound in terms of ||J||c1 on the right-hand
side of (B.11.20), which gives a W2:? bound (2 < p < 00) on u in terms of ||J | c1.
Now we have a W17 bound on the right-hand side of (B.11.20) in terms of ||/ |2,
which gives a W37 bound on u in terms of ||J 2. Iterating, we get a W¥-P bound
on u in terms of ||J ||cx—1, which is enough. There is no need to worry about elliptic
regularity estimates near the boundary since we can shrink the domain slightly after
each iteration. |

Proposition B.11.5 The restriction of (B.10.3) to any neighborhood of zero is surjec-
tive onto a neighborhood of (0,0, ug, eg) € M(X).

Proof Let (o;, yi,u;, {x} },e;) e M(X) be asequence converging to (0,0,ug, {x;)}, o).
We must show that for i sufficiently large, (o, y;, u;, {xJ’.}, ¢;) is contained in the
image of the map (B.10.3). We may restrict to sequences rather than nets since the
topology on M(X) is first countable (recall the definition of the topology following
(B.1.5); it is even a metric topology). This is convenient when we apply Arzela—Ascoli.
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Let us define & € C*°(Cy;, uy, TX)p @ E by the property

(B.11.21) Ui =expy, §is
(B.11.22) ej =eo + projg &

(and the exponential follows the shortest geodesic). Obviously projg & — 0 and
i lloo — O.

Now we claim that #; — u in the C°° topology away from the nodes, or equivalently,
that £ — 0 in the C®° topology away from the nodes of Cy. To see this, argue as
follows. The thickened holomorphic curve equation from (B.2.6) is equivalent to an
honest holomorphic curve equation for the graph u: C — C x X, where the almost
complex structure on C x X is defined in terms of A(e). Hence the Gromov—Schwarz
lemma (see [36, page 316, 1.3.A] or [65, page 223, Corollary 4.1.4]) applies and we
conclude that ||du;| s is uniformly bounded on compact sets away from the nodes
(equivalently, the same for ||d&; o). Now elliptic bootstrapping (as in the proof of
Lemma B.11.4) implies that all derivatives are bounded uniformly on compact sets
away from the nodes. Using Arzela—Ascoli and diagonalization, we conclude that
there exists a subsequence of u; which is convergent in the C*° topology away from
the nodes. Since we know that u; — u in the C° topology, the limit of this C*®
convergent subsequence must be . This argument can be applied to any subsequence
of u;, so we conclude that every subsequence of u; has a subsequence which converges
to u in C°° away from the nodes. It follows that in fact u; itself converges to u in
C > away from the nodes.

In the ends/necks of Cg;, note that u; is genuinely J-holomorphic (the A term
vanishes), so we may apply Proposition B.11.1 to conclude that ||&; /¢ 2,s — O (here
using the fact that § < 1). We should remark that to apply Proposition B.11.1, we need
to be able to choose some M < oo such that for any neck [0, 6S5] x S2 C Cy, , the
derivatives of u; restricted to d[M,6S — M] C Cy, are bounded by § (the constant in
Proposition B.11.1). Such an M exists because of our earlier observation that u; — u
in C°° on compact sets away from the nodes, and we can certainly choose a large M
such that the derivatives of u over {M} x S! C [0,00) x S! € Cy (any end) are
arbitrarily small.

Let us define k; € K by the property that & € (kj)o; + im Qg;,y;. Now since
k2,6 — O and the norms on the left and right of (B.10.6) are uniformly com-
mensurable, we see that «; — 0. Now the uniqueness in Proposition B.9.2 shows that
& = (Ki)a;,y; for i sufficiently large. Thus we are done. O
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B.12 Conclusion of the proof

Lemma B.12.1 Let X be a Hausdorff topological space and let f: R" — X be
continuous. Suppose that:
(i) f is injective.
(ii) The restriction of f to any neighborhood of zero is surjective onto a neighbor-
hood of f(0).

Then there is an open set 0 € U CR" such that f(U)C X isopenand f: U = f(U)
is a homeomorphism.

Proof Let B(1) CR” denote the closed unit ball and B(1)° its interior. We know that
f(B(1)) is compact (since f is continuous) and Hausdorff (since X is Hausdorff).
We know that f: B(1) — f(B(1)) is bijective (since f is injective), so it is in fact a
homeomorphism.

Now choose an open subset V' C X with f(0) € V C f(B(1)°) (which exists by
assumption). Set U = f~1(V) N B(1)°, which is clearly open. Now f: U — f(U)
is a homeomorphism onto its image (since U € B(1)),and f(U)=V isopen. O

Proof of Theorem B.1.1(i)-(iii) We have shown that the map g :=(B.10.3) is contin-
uous, injective, and that its restriction to any neighborhood of zero is surjective onto a
neighborhood of the image of zero. The target M(X) is Hausdorff, and thus it follows
from Lemma B.12.1 that for some open neighborhood of zero U € C% x R4m M K ,
we have that g(U) isopen and g: U => g(U) is a homeomorphism. Since g respects
the projection map from both sides to M x E/E’, we obtain the desired conclusions
(1), (ii) and (iii). |

B.13 Gluing orientations

To show Theorem B.1.1(iv) (the statement about orientations), observe that since
M(X)™e — M is a submersion, and M is canonically oriented as a complex manifold,
it follows that we can canomcally identify 05y With the orientation sheaf of the
fibers of M(X )™ — M. Now orienting a fiber is the same as orienting the kernel K.
It is standard to see that
)2
_ \2
0K =0EQ® ® Ou(pnti)*Npyx*
i=1
This argument gives an identification of OE(X e with

L

v
0F ® ® ou(pn+i)*ND/X
i=1
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at every point in M(X)™2. Via the gluing map, we get an identification of O3t x)ee With

L
v
0F ® ® Ou(Pn+i)*ND/X

i=1

over a small neighborhood of every point in M(X)™¢. It is probably straightforward
to check that these identifications agree on overlaps (this is a concrete question about
whether the projection map K — Ky — ker Dg, is orientation-preserving; a similar
question is dealt with in Floer and Hofer [25]).

This is the best way to prove the desired result, but we can actually get away with a less
technical argument. Namely, it is easy to see that the identifications induced by points
with smooth domain curve agree on overlaps (since then there is no gluing and we have
a nice smooth Banach bundle picture). Since the nodal locus is codimension-two inside
M(X )™ (this follows from the gluing map constructed previously), the identification
L
— — \4
o3y = 08 8 Q) 0y, N

i=1

away from the nodal locus extends uniquely to all of M(X)™e.

Appendix C: Gluing for implicit atlases on
Hamiltonian Floer moduli spaces

In this appendix, we supply the gluing analysis which was quoted in Section 10 to
justify our assertions that the implicit atlases constructed there satisfy the openness and
submersion axioms and to identify their orientation local systems (specifically, we prove
Propositions 10.3.3 and 10.6.2). Our arguments here are very similar to those used in
Appendix B to prove the analogous results for the implicit atlases on Gromov—Witten
moduli spaces, and Appendix B should be read first. As in Appendix B, our work here
is little more than an appropriate combination of already existing techniques.

C.1 Setup for gluing

The goal of this subsection is to reduce Propositions 10.3.3 and 10.6.2°! to a single
concrete gluing statement concerning a new moduli space M(M). We then spend the
rest of the appendix proving this statement.

51The moduli spaces in Proposition 10.6.2 carry a natural S!—action, and following our arguments
carefully may lead to the construction of an S!—equivariant gluing map. However we do not need such an
§1—equivariant gluing map, so henceforth we will ignore this S!—action.
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Fix a symplectic manifold (M, ®), an integer n > 0, and a simplex 0 € JH, (M), ie
maps H: A" — C®(M x S') and J: A" — J(M) as in Definition 10.1.3. Also fix
Y~ € Pu(o) and yt e PH®M)-

Since Propositions 10.3.3 and 10.6.2 are local statements, it sufﬁces to prove thern ina
neighborhood of a given point. Thus fix a basepoint (Co, Lo, U, {¢0 YBel s {eo }per) €
M(o,y~ y+) in the setup of either Proposition 10.3.3 or 10.6.2. This point consists
(in particular) of the following data:

(i) Co, a Riemann surface of genus zero w1th marked points g~ gt e Cop. Note
that Cp may be written uniquely as ]_[1—1 Co @ /~, where each C is a nodal
Riemann surface with marked points g;—1, g; (contained in the same irreducible
component), the equivalence relation ~ identifies g; € Cél) with ¢g; € C(?H)

and ¢~ =qq, ¢ = qj . We call any irreducible component containing some ¢; a

main component, and we call all other irreducible components bubble components.

The nodes other than ¢y, ...,qr—1 € Co will be called bubble nodes.

>

(i) £o = {Ef): R — A"} <i<k, where Ef) is a (possibly constant) Morse flow line
(for the flow from Definition 10.1.4) from vertex v;_; to vertex v;, for vertices
O=v9g=<:--<Zv; =n.

(ili) Ao= {AB: Céi)\{qi_l,qi} — STxR}<j<k, where Ai, is holomorphic, sends
gi—1 and g; to —oo and oo, respectively, and restricts to a biholomorphism
on the main component of Cél). Recall that we always use (f,5) € S! xR as
coordinates, and that we equip S! xR (and any subset thereof) with the standard
complex structure z = e+ We may identify each main component of Cy with
S1 xR via Ay, and thus we have coordinates (¢, s) on each such component.

(iv) up= {ué: Céi) \ {qi_l,.q,-} — M} <<k, where uf) is a smooth map with finite
energy, converging to ug(f, —00) = y;—1(t) and u(t, 00) = y;(t), for periodic
orbits y; € Pr(y,) with yo =y~ and yx =y

V) eo:=Dpes¢h € Dpes Eg = Er = E.

We require that

(C.1.1) (duo +2d(projg1 Ag) ® XH((eoxidSI)(AO(.))) (ug)
0,1

- Z)“ﬂ(eg)(d’g('),uo('))) _o.

Bel J(£o(40(+)))

There are a few differences (of an essentially self-explanatory nature) between our
notation here and the notation from Section 10. Note that Ag is holomorphic even
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when eg # 0, since Ag lands in

Q¥ ®gTM,
Co.2+4rg/Mo.2+4rg

as opposed to

0,1 .
Qe0 2475/ Mo.24rg QrT'(M xS xR).

We now proceed to formulate an alternative description of the moduli space of interest,
M(o,y~, )/"‘)155, in a neighborhood of (Co, £o, uo, {qﬁg YBel {eg }per)- This descrip-
tion will be tailored specifically for the present goal of proving a gluing theorem, and
we will give a more manageable repackaging of the set of thickening datums € I.

C.1.1 Points {x(’;}lsiﬁr and submanifolds {Dili<i<r €M x ST x A" Letus
consider the intersections {xg’l}ﬂel,lfifrﬁ of (idprxs1 x€o)(uo x Ao)l(cy), With
Dy (recall from Definition 10.3.2(iii) that (Co)g € Co denotes the union of the CO’
corresponding to B, and that there are exactly rg such intersections, all of which are
transverse). We immediately reindex these intersection points as {x¢}1<;<r (defining
ri=7) gerrp)- Now

Dy S M x §1 5 Alio-im]

(for [ig . ..im] dictated by B), and a neighborhood of Alio-iml € A" may be naturally

parametrized by
A[io...im] % [O, E){l,...,n}\{io,...,im}

Let

Dﬂ — (D,B \86“D5) x [0 E){1 ..... nI\{ig,--sim} C M x Sl x An
and define Dy,..., D, C M x S! x A” as the reindexing of {Dﬂ}ﬁel l<i<rg COITE-
sponding to our earher remdexmg of {xo }ﬂe] 1<i<rg (O {x0}1<, < (thus Dq,..., Dy,

contains rg copies of Dﬂ) In particular, (idys, g1 x€o)((uo X AO)(xO)) € D; with
transverse intersection (this intersection is transverse, rather than merely “transverse
when viewed inside M x S x Alio--im]” gince we replaced Dg with ﬁ,g : we made
this replacement purely for the sake of this linguistic convenience).

C.1.2 Points {p;}1<i<L, {p; }1<i <’ € Cp and submanifolds D, H € M We
claim that every unstable bubble component of Cy has a point where duy is injective.
Indeed, on any unstable bubble component which is not contained in (Co)g for any
B € I, the map uy is a (nonconstant!) J(£o(Ao(-)))-holomorphic sphere in M, and
thus has such a point of injectivity. Any unstable bubble component contained in (Co)g
for some B € I is stabilized by its intersections with the corresponding Dg. Since
these intersections are transverse (and Ag is constant on the bubble), it follows that dug
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has a point of injectivity on such bubble components as well. Hence the claim is valid.
Let us now choose points pi,..., pr € Co (a minimal set of distinct non-nodal points
stabilizing all bubble components of Cp) and a codimension-two submanifold with
boundary D € M such that ug(p;) € D with transverse intersection for 1 <i < L.

We claim that every unstable main component of Cp over which £¢ is constant has a
point where (d/9s)ug is nonzero. Indeed, this holds because such an unstable main
component cannot be a trivial cylinder (otherwise the trajectory would be unstable).
Let us now choose points pj,..., p;, € Cp (consisting of exactly one non-nodal point
in every unstable main component over which £ is constant) and a codimension-one
submanifold with boundary H C M such that uo(p;) € H with (9/ds)ug transverse
to H for 1 <i < L’. We assume that D and H are disjoint: this can be achieved
by first perturbing D (and correspondingly p1, ..., pr) so that on each of the main
components under consideration here, there exists a point where (d/ds)u¢ is nonzero
and which is not mapped to D.

C.1.3 Gluing Cy, ]_[f-‘=1 R and varying jg, Ag, {9 A subsetof the Riemann sphere
C U {oo} homeomorphic to S is called a circle if and only if its intersection with C
is either a straight line or a circle (in the usual sense). It is well-known that this
notion is invariant under biholomorphisms of the Riemann sphere. For any Riemann
surface C biholomorphic to the Riemann sphere minus finitely many points, a subset
of C homeomorphic to S! is called a circle if and only if its image under such a
biholomorphism is a circle.

On both sides of every bubble node of Cy, fix cylindrical ends
(C.1.2) S %[0, 00) = Co

which are circular, in the sense that every (equivalently, some) cross-section S! x {s}
is a circle (inside the corresponding irreducible component of Cy). We will call the
ends (C.1.2) the bubble ends. We also fix some large N < oo, and we call the subsets
S1x[N,o0) and S! x (=00, —N] of the main components of Cy the main ends (which
come in two types: positive and negative). At a few later points in the gluing argument,
we will need to assume that the bubble ends were chosen sufficiently small and that N
was chosen sufficiently large.

We now fix a smooth family of (necessarily integrable) almost complex structures jy,
on Co and a smooth family of j,—holomorphic maps

(C.13) AL ¢\ {gi-1.qi} — ST xR

parametrized by y € R* (for an integer * > 0 to be specified shortly), specializing to
(jo, Ao) at y =0 (where jo denotes the given almost complex structure on Cp). We
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require that this family (j,, Ay)yer~* satisfy the following conditions. The family jy
must be constant over the bubble ends, and A, (and hence j,) must be constant over
the main ends. The bubble ends (C.1.2) must also be circular with respect to every jy .
Now, for each stable bubble component of Cg (say, with v > 3 special points), the
family j, induces a map R* — M, . For each main component of Cy (say, with
v > 0 bubble nodes), the family A4, induces a map R* — (S! x R)” (namely taking
the images of the bubble nodes under A, ). We require that the resulting map

R*— [ Monx [] G'xr¥x J] G'xRYR

bubble components main components main components
withv >3 with £ non-constant with £¢ constant
andv >1

be a diffeomorphism onto its image (in particular, this determines * € Z>¢). We
fix, once and for all, a family (jy, Ay),er* satisfying these properties (such a family
always exists).

Given a set of gluing parameters®? « € Cc? x RI;BI (where d is the number of bubble
nodes of Cp), we may glue Cyp to obtain a curve Cqy as follows. At a bubble node
with gluing parameter o = ¢S +10 ¢ C, we truncate both bubble ends (C.1.2) from
S1x[0,00) to S1x[0,6S], and we identify them via the map s’ =65 —s and t’ =6 —¢
(if « =0, then we do nothing). At each main node ¢; with gluing parameter o« = e‘?s €
Rg, we truncate the main ends S! x [N, 00) C Cél) and S! x (—o0, —N] C Célﬂ)
incident at ¢; to S x [N,6S — N] and S! x [-6S + N, —N], and we identify them
via s’ =5 —68 and t' =t (if @« = 0, then we do nothing). The curve Cy now has
main ends and bubble ends (those where no gluing was performed), as well as bubble
necks S' x [0, 6S] and main necks S' x [N, 6S — N].

We perform a similar gluing operation to ]_[;;1 R, and we denote the result by
(]_[f;l R)q. Namely, for the gluing parameter o = ™5 € R>¢ associated to g;,
we truncate the i copy of R to (—oo, 6S], we truncate the (i + 1)* copy of R to
[—6S, 00), and we identify [0, 6S] in the i™ copy with [-6S, 0] in the (i 4+ 1)** copy
via s’ =5 — 68 (if @ = 0, then we do nothing).

The almost complex structure j, clearly descends to Cy, since it is constant over the
ends of Cy. Furthermore, the maps (C.1.3) induce j,—holomorphic maps

k
(C.1.4) Ay: Ca\{qo,...,qk}eSlx(L[R)a

i=1

52We only care about what happens for gluing parameters « in a neighborhood of zero, and many
constructions will only make sense (and many statements will only be true) for sufficiently small gluing
parameters o, even though this assumption is not always explicitly stated. The same goes for the
parameters w (introduced below) and y.
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characterized uniquely by the property that they agree with (C.1.3) over the images of
the truncated main components of Cy (the existence of such amap A, follows from our
assumption that the bubble ends (C.1.2) are circular with respect to every jy, ). The points

Pl.---.PL.PY.---. Py, € Co clearly descend to points py,..., pr, pj.....pr, €Ca,
and there is a node ¢g; € Cy whenever the corresponding gluing parameter is zero.

Eventually, only a subset of C¥ x R’;Bl will be relevant for us, namely the subset
4% (REGH= c C? xRE!

cut out by the requirement that if the break in the trajectory at (v;, y;) is dictated by

the stratum s, then the gluing parameter at g; is zero.

For every nonconstant £ ¢ choose a local hypersurface H' C Ali—1-vil trangverse
to ¢4 at £5(0). For w € ]_[,_1 H' (where ]_[fll denotes the product over those i for
whrch E’ is nonconstant), let £, ]_[fc_1 R — A" denote the unique traJectory satisfying

1_1 Z’ (0) =w and broken at the same sequence of vertices 0 = vg <--- < v =n.
We let 0:=[]¥., ¢ 0(0) € [T, H', so in this notation £, = £o for w = 0.

Now choose a neighborhood parametrization

A[v,-_l...v,-] % [0, 6){1 ..... n\{vi_1,...,0; } N An’
and define a local hypersurface

H Hl [0 E){l ..... n\{vi—1,... v; } C Al’l

and a projection map H' — H'. For « € R’;OI et £y e (]_[l_1 R)q — A" denote
the trajectory characterlzed uniquely by the property that ]_[ Low(0;) € ]_[ H
projects to w € ]_[1_1 H', where 0; € (]_[ _1 R)y denotes the image of 0 in the it
copy of R. In this notation, £ = €o for « = 0 and w = 0. The existence and
uniqueness of £, for (o, w) close to (0, 0) follows simply by explicitly integrating
the Morse flow on A" from Definition 10.1.4.

Eventually, only a subset of ]_[l_1 H' will be relevant for us, namely the subset
]_[l_l(H =8 C ]_[ | H', where (H')=* C H' is the intersection of H' with

A[io...im] N A[vi_l...v,'] — A[io...im]ﬂ[v,’_l...v,’]’
where (0|[ig .. .iml, Va, Yp) is the part of the stratum s containing Kf).

C.1.4 Linear map A Recall that for all 8 € I, we have a linear map

. 00 @ 0,1
(C.1.5) /\ﬂ Eﬂ —C (80’24_”3 XM, QGO 2+rﬂ/MO 2iry Qr TM).
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We now repackage these Ag into a single linear map
(C.1.6) A E = C®(CY x (REGH™ x R* x Cf x Co x M, Q¢ ®r TM)

which vanishes over the ends of (the last factor of) Cy. We will actually only define A
in a small neighborhood of {0} x {0} x {xé} X oo x{xg} X Co x M, as this is the only
part of the domain which will be relevant.

Suppose we are given ¢ € E = EBﬂeI Eg,ac€ C9 x (Iliilégl)s5 and y € R*, along

with points x!, ..., x” € Cy, each in a small neighborhood of the corresponding xé;
let us define A(e)(a, y,xl, ...,x",-,-) as a section
0,1 1
CoxM — Qe ; ®rTM S Qe Or TM.

Consider the glued curve Cy equipped with the almost complex structure jy and the
marked points x!, ..., x" € Cy (descended from Cp). Since o € C d (R’;gl)fﬁ, there
is a subcurve (Cy)g € Cy corresponding to any given B € 1. If we equip it with the g
marked points from x!, ..., x” corresponding to B (with respect to the reindexing from
Section C.1.1), then this induces a unique map ¢‘8: (Ca)p — é0,2+rﬂ (isomorphism
onto a fiber) which is close to the given map ¢, : (Co) g 80,2+rﬁ (this assumes we are
in the setting of Proposition 10.3.3; in the setting of Proposition 10.6.2, we instead have a
map ¢#: (Ca)p)— @0,2+rﬁ close to the given map d)g: ((Co)p)* — éo,2+rﬁ , where
(Ca)g — ((Ca)p)™ contracts those components all of whose constituent components
of (Cp)p were contracted by (Co)g — ((Co)g)*"). Now the pullback of Ag(projg 5 e)
under ¢’3 gives us a section

CO(xM—>§20’1

Col’jy ®R TM

(defined to be zero at those points not contained in (Cy)g). We may assume without
loss of generality that the ends of Cp were chosen small enough so that this section
vanishes over the ends/necks of Cy, and hence gives rise to a well-defined lift to a
section

0,1
CoxM — Qco’jy Qr TM.

We declare A(e)(«, y, x!,...,x",-,-) to be the sum of these sections over all Bel.
This defines the function A, which is indeed of class C*° since the partially defined

composition Co — Cy — (Co)pg — éo,2+r,3 depends smoothly on o, y, x!, ..., x".

C.1.5 A new moduli space J\_/[(M ) Let M(M) denote the moduli space of tuples
(,w,y,u,e, {xi}1555r), where:
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(i) aeCdxREGH=.

(ii) we]_[l_l(Hl )=5.
(iii) y e R*.
(iv) u: Cy\{qo,...,qr} — M is smooth with finite energy, is asymptotic to y; at

gi € Cy (whenever the gluing parameter « at g; € Cy is zero), and u(p;) € D°
(I<i<L)andu(p))e H° (1<i <L").

v) eeE.

(vi) x! € Cy (not nodes) satisfy (idpgxst X€o,w)((u xAy)(xi)) € D; with transverse
intersection (1 <i <r).

(vii) We require that
(C.17)  (du+2d(projg1 Ay) ® XH((Uy . xidg1)(Ay ()

0,1
FM@@. 5w o = O

We equip M(M) with the topology of uniform convergence. More precisely, let
M:=C%x (]R’;gl)f5 ,and let % — M be the bundle whose fiber over « is Cg , obtained
from Cy by replacing each g; (0 <i < k) with a copy of S! (thus u as above extends
continuously to C, $ and equals y;(¢) onthe S over ¢; whenever the correspondlng o
is zero). We equip J\/[(M) with the obvious topology on w € ]_[l_l(H =5y e R¥,
e€E, {x'}1<i<r € C", and the Hausdorff topology on the graph of u inside C% x M .

Note that there is a distinguished basepoint (0, 0, 0, ug, e, {xé}lsisr) € J\_/[(M ). Fur-
thermore, a neighborhood of this basepoint in M(M) is canonically homeomorphic
to a neighborhood of the given basepoint in M(o, y~, )/JF)I55 (as long as the given
basepoint in M (o, y~, y+)155 has trivial automorphism group). Note that to justify this
statement in the setting of Proposition 10.6.2, we must appeal to Lemma 10.5.4.

C.1.6 The regular locus 3\_/[(M )" We now define a subset M(M)™ ¢ € M(M),
depending on a choice of subspace E’ C E. Fix a point (o, w, y,uy,eq, {xi}lsisr) €
M(M), and we will describe when it lies in M(M )"™g.

Fix an integer k € Z>¢ (not to be confused with the number k of main components
of Cp) and a small real number § € (0, 1) (we will be precise about how small § must
be shortly). Let k2.6 (Cy, M) denote the smooth Banach manifold consisting of
maps u: Cq \ {go. . ...qx} — M which are of locally of class W¥-2 such that for all
positive main ends of C, with corresponding node ¢;, we have

k

(C.1.8) / DY [exp2t ult, )]|%e25% dt ds < oo
SIX[N/ Oo);)| [ Py ) (t. 9]l
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for sufficiently large N’ < oo (along with the analogous condition over negative main
ends); this definition is independent of the choice of metric and connection used in
(C.1.8). Over Wk-2:8(C,, M), we consider the smooth Banach bundle & whose fiber
over u: Co, —> M is

Wk—1,2,8(5a’ Q%’: i Xc M*TMJ(Ea’w(Ay(.)))),
namely the space of sections
L~ 0,1 *
N Ca >Rz BCU TMy(tyu(4y(-))

which are locally of class W*=1.2 and which satisfy
k—1
(C.1.9 / Z |Dj[PTu(,,S)_>yi(,)77(t, $)]12e2*8 dt ds < oo
Slx[N’,oo)j=0
over positive main ends (along with the analogous condition over negative main ends);
this definition is independent of the choice of metric and connection used in (C.1.9).

It is well-known (see Proposition C.11.1 below) that for every non-degenerate periodic
orbit ¥ of a smooth Hamiltonian H: M x S! — R and every smooth w—compatible
almost complex structure J on M, there exists dg,7, > 0 such that for every
u: S1x[0,00) = M of finite energy satistying (du+2dt®X 1.1)(}’1 =0 and asymptotic
to u(t, 00) = y(t), all derivatives of u decay like =55 for any § < 8H,J,y (precisely,
8H,J,y is the smallest magnitude of any eigenvalue of the asymptotic linearized operator,
which depends only on w, H, J, and y), and likewise for every u: S!x(—o00,0] > M
satisfying (du +2dt ® X H)(}’1 = 0 and asymptotic to u (¢, —oo) = y(¢). In particular,
for 0 <i <k, there is a corresponding 6; := S (v;),J(v;),y; > 0. We fix § € (0, 1) with
8 < §; forall i;thus u; € Wk’2’8(Ca, M).

Now since k > 6, there are unique continuous functions
(C.1.10) Xt WE2S(Cy. M) > Cy (1<i<r)

defined for u in a neighborhood of u; € W*-2:8(C,, M), coinciding with the given
xi € Cy at uy, and which satisfy (idps,g1 x€a,y)((u x Ay)(x' (u))) € D (the inter-
section is automatically transverse for u close to ;). Moreover, (C.1.10) are of class
ck—2 (see the discussion following (B.1.7)). It follows that the left-hand side of (C.1.7)
is a C*=2 section of & over W52:8(C,, M)x E . By results of Lockhart and McOwen
[55], this section is Fredholm for § > 0 as above (note that over each end, the almost
complex structure on M is constant and w—compatible). Let wk:2.8 (Co.M)p.H
denote the subspace cut out by the requirements u(p;) € D and u(p;) € H. We
say that the given point (o, w, y,u1,e1, {x] h1<i<r) € M(M) lies in M(M)™® if and
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only if the section (u,e) > (C.1.7) @ e of E@® E/E' over Wk2:8(C,, M)p . xE
is transverse to the zero section at (11, e7) (it follows from elliptic regularity theory
that this condition is independent of the choice of k, § as above).

Now suppose that we take E’ := Ej, for I’ C I and that the given basepoint in
M(o,y~, y+)155 was chosen inside the inverse image of (M(o, y ™, )/"')IS,5 ). Then,
the basepoint of M(M) lies in M(M )™ (this uses the fact that L, L’ were chosen to
be minimal), and furthermore M(M )™ N projil/ g(0) is contained inside the inverse
image of (M(o,y ™, yT)77)ee.

C.2 Our goal: the gluing map

We henceforth assume that the basepoint in M(M) lies in M(M)™2. The remainder
of this appendix is devoted to the construction of a germ of a local chart

kr
(C.2.1) (ccd x (REGH=* xR* x [ [(H)=* x K, (0,0,0,0))
i=1
— (M(M), (0,0,0,uo, €0, {xp}1<i<r))
which respects the natural projection from both sides to
kr
C4x REGH= xR* x [ [(H)=* x E/E’
- i=1
and whose image is contained in M(M )™ (K denotes the kernel of the linearization
of (C.1.7) at the distinguished basepoint of J\_/[(M ); see (C.5.9)). We will also discuss
the compatibility of gluing with orientations, and more generally we will discuss how
to define coherent orientations on the moduli spaces of Floer trajectories. Propositions
10.3.3 and 10.6.2 follow from the existence of such a chart (C.2.1) and our earlier
observations relating M(M) to M(o, y~, y+)155.

C.3 Pregluing

Let exp: TM — M denote the exponential map of some Riemannian metric on M for
which D and H are totally geodesic (such a metric exists since D and H are disjoint).
Recall that J is a smooth family of almost complex structures on M parametrized by
A" which is constant near the vertices. Let V denote a smooth family of J-linear
connections on M parametrized by A” which is constant near the vertices (for instance,
we could take VxY := %(V)(}Y — J(V)(}(J Y))) for any fixed connection V°). Let
PTx—y: TxM — Ty M denote parallel transport via V along the shortest geodesic
between x and y (we will only use this notation when it may be assumed that x and y
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are very close in M ); note that PT_,, is J-linear, and that PTx_,y is a family of
maps parametrized by A”.

Fix a smooth function y: R — [0, 1] satisfying

0, x<0
C.3.1 =" -
( ) x(x) Lox>1.

Definition C.3.1 (Flattening) For o € Cc4 x R’gl , we define the “flattened” map
Ugle: Co — M as follows. Away from the ends, ug), coincides with ug. Over a

bubble end S! x [0, 00), we define Ug|q 88

up(t,s), s<S-1,
(C32) uOIO{([?S) = expuo(n) [X(S _S) 'exp;ol(n) MO(Z,S)], S - 1 E N E S7
ug(n), S <y,

where n € Co denotes the corresponding node. Over a positive main end S! x [N, 00),
we define ug|q as

uo(t,s), s<S—1,
(C.3.3) Ugla (2, 5) := | expy ) [X(S —) 'exp;(lt) up(t,s)], S—1<s<8,
y(1), S <y,

where y(¢) = ug(t, 0c0) denotes the corresponding periodic orbit; an analogous defini-
tion applies over the negative main ends.

Definition C.3.2 (Pregluing) For o € C¥¢ x R’;Bl, we define the “preglued” map
Uy: Cq = M as follows. Away from the necks, u, coincides with ug. Over a bubble
neck S' x [0,6S8], we define ugy as

uo(t,s), s<S—1,
€XPyom) X (S — ) -exp;ol(n) up(t, s)], S—1<s<8,
(C3.4) ugl(t,s):=Jup(n), S <s <58,
eXPy(my X (S — ) 'exp;Ol(n) up(t’,s’)], 58 <s<585+1,
ugp(t', s, 58 +1<s,
and over a main neck S! x [N, 6S — N], we define u, as
uo(t,s), s<8§-—1,
expy ) X (S — ) -exp;(lt) uo(t, s)l, S—1<s<8§,
(C.3.5)  ugl(t,s):=3y(@), S <s <58,
expy, i X (S +5) 'exp;(lt) uog(t’,s’)], 58 <s<5S8+1,
uo(t',s'), 58 +1<s

(ug should be thought of as the “descent” of ug|q from Co to Cy).
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C.4 Weighted Sobolev norms

Recall that we have fixed k € Z>¢ and § € (0, 1) smaller than 6; >0 for 0 <i <k.

We now introduce new weighted Sobolev spaces Wk2.8.8 (with weights over all ends
and necks) which we will work with from now on. The specific choice of norms (not

just their commensurability classes) on these Wk-2.8.8 spaces is crucial.

Definition C.4.1 We define the weighted Sobolev space Wk:2.8.8 (Co,uyTM) using
the usual (k,2)-norm away from the ends/necks, and using the following weighted
(k, 2)-norms over the bubble ends/necks and main ends/necks, respectively (we will
write the contribution to the norm squared):

k
(C41) Ié(n)|2+/sl o )[|é(r,s)—é(n)|2+z|Df'$(r,s)|2]e2“dtds,
x[0,00 j=1

2

cf o= [ sessa
S1x[0,65] P S1

+ Z |Dj€:(l,S)|2]€28min(s’6s_s) dt dS,

:

(C4.2) ’/ £(1,35)dt
Sl

j=1
k
(C.4.3) / > IDE(. )X N dr ds,
Sl x[N,oo)j=0
k . .
(C.4.4) / Z |D/E(1, 5) |22 min(s=N.6S=N=9) g g
S

'x[N.65—-N] i =g

These are to be interpreted as follows. For each bubble node n € Cy, we fix, once
and for all, a small trivialization of TM in a neighborhood of u¢(7n); this allows us to
view & as a function (rather than a section) for the purposes of the integrals over the
bubble ends/necks. For each i =0, ..., k, we fix, once and for all, a smooth family of
trivializations of TM near y;(t) (parametrized by ¢ € S!); this allows us to view £
as a section of y*T'M for the purposes of the integrals over the main ends/necks. We
also fix, once and for all, a connection on each such bundle yi* TM over S'. The
derivatives in the integrals above are measured with respect to the standard metric on
S1 x R. The case of negative main ends is completely analogous to that of positive
main ends.

By the Sobolev embedding of W?2:2 into C? in two dimensions, we get uniform bounds
linear in [|§|x 2,55 on |§(2,5) — £(n)|e%s in the bubble ends, |£(, 5)|e%S in the main
ends, and |D7£(z, 5)|e% (1 < j <k —2)in all ends (as well as similar estimates in
the necks).
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We will occasionally use other weighted Sobolev spaces (eg wk2:8.8(C,, uaaTM ),
and we leave it to the reader to make the necessary adjustments to the definition (which

is essentially identical to the above).

Remark C.4.2 The particular choice of trivializations and connections in the definition
above is not crucial: any other (fixed) choice would lead to a uniformly commensurable
norm (this holds because u¢ satisfies the exponential decay estimates (C.6.1), (C.6.3),
and because § < 1 and § < §;).

Definition C.4.3 We define the weighted Sobolev space
whk=1.2.88(C, T*Co QR uiTM)

using the usual (k — 1, 2)-norm away from the ends/necks, and using the following
weighted (k — 1, 2)-norms over the bubble ends/necks (we will write the contribution
to the norm squared):

k-1

(C.4.5) f > D (. 5) P dt ds,
S

1><[0,oo)j=0
k—1

(C.4.6) / > DTyt 5)| 22 mnE6575) gt g
$1x[0,651 i 5

(for the main ends/necks, simply make the obvious replacement of [0, co) with [N, co)
and ¢2%5 with ¢26G6—N) etc.). These are to be interpreted as follows. We trivialize
T Cq over any end/neck with the basis vectors /7, d/ds. We trivialize TM as in
Definition C.4.1, and hence the section 7 is simply a pair of functions n = (11, 12).

By the Sobolev embedding of W22 into C? in two dimensions, we get uniform
exponential decay bounds on 7 up to k — 3 derivatives in any end/neck, linear in

I7llx—1,2,8,6 -
We are actually interested in certain closed subspaces of
Wwhk=1.2.88(C, T*Co QruiTM),

for example
WE208(Co 3! @cugTMy)

for certain almost complex structures j, J on C,, M respectively, which we equip
with the restriction of the norm defined above. We will occasionally use other very
similar weighted Sobolev spaces, and we leave it to the reader to make the necessary
adjustments to the definition (which is essentially identical to the above).
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Henceforth, we will work exclusively with the weighted Sobolev spaces defined above,
rather than those from Section C.1.6. The Fredholm index and the kernel/cokernel of
the relevant linearized operators are unchanged by the placement of weights in the
bubble ends/necks (the argument from Lemma B.5.2 applies without modification).

C.5 Based section F, ,,, and linearized operator D 4y

We consider the partially defined function
Faw,y: C(CarugTM)p 1t & E — C¥(Cor. Qg ®CULTM 1 (ty 1 (4s(-))
given by

(C5.1) Fgw,y§):=
PTeoz.w(Ay('))

eXpyq §Ua

(d expy, £+2d(projst Ay)® XH (b, xidg1)(Ay () (€XPy,, £)
. 0,1
+A(eo +projg E) (e, yox o T @Dy O)CD) S 10 s ()

(recall that PT and (-)%! commute). This function Fg 4,y is defined for & ina C!-
neighborhood of zero; for these £ we define x’ = x’(£) as the unique intersection of
(idpsxs1 XLa,w) o (exp,,,, § X Ay) with D; close to the image of xf) € Cyp in Cy (note,
however, that even x'(0) may not coincide exactly with the image of x{, € Co in Cy);
as before, these functions x’ are of class C¥~2. The subscript p, g indicates restriction

to sections which are tangent to D at py,..., pr and tangent to H at p|,..., P
Thus for & contained in a C %-neighborhood of zero, exp,,, £ sends pi,..., pL to D°
and sends pi,....p;, to H®.

Now we observe that Fy ., induces a continuous map

(C52) Fouw.y: WE2SS(Cu ulTM)p g ® E
- W2 (G Q7! ®cugTM e, (4, ()

O[a]y

which is defined for ||£||x,2.5.6 < ¢’ (some ¢’ > 0) and small o, w. Moreover, this map
is of class C¥~2. We denote by

(C.53) Dgw.y: WE25S(Cop u TM)p  ® E

— wk=1.288(C,, Q%: ;, ©¢ Ug TM 1(, (A, (-)))

s

the derivative of JFy 4,y at zero.

Let Ty(X,Y) := VxY — Vy X — [X, Y] denote the torsion of V.
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Lemma C.5.1 The linearized operator Dy y,y is given by

. Lo w(Ay(-
(C54) Da,w,yé — (VEa,w(Ay( ))S_l_ TV aw (Ay( ))(E’ dua)

(C5.5) +2d(projgi Ay) ® V:f"“w(Ay('))XH((ea.wxidsl><Ay(->))

(C.5.6) + Xr: %(a, yox' X7 ug(4)) (= projpe, £(x1))
i=1

(C.5.7) + Ve O o)) (e y.xt L xT  ua ()

(€5.8) Aprojg )@y, xt . ", "”"‘(')))(j)';l,f(ea.w(Ay(-))>’

where

projrc,: T(M x ST x A") — TCqy
denotes the projection associated to the splitting
T(MxS'xA")=TD; & TC,
at the point
x'€Cy and (idpryg1 XLow) (e X Ay)(x")) € M x ST x A",

and Vg[A(eo)] denotes the derivative in the direction of § along the M factor with
respect to the connection V.

Proof Calculation as in Lemma B.5.1. Note that PT and (-)%! in (C.5.1) commute,
since PT is J-linear. O

We denote the kernel of Dg 9,0 by
(C.5.9) K := keI’D()’()’() - COO(C(),M?;TM)D,H@E.

Note that our assumption that (0,0, 0, ug, eo, {xé}) e M(M)™¢ is equivalent to the
statement that Do, is surjective and K — E/E’ is surjective.

Definition C.5.2 (Kernel pregluing) For k € K € C*°(Co,ugTM), we define kq €
C®(Cy,uyTM) as follows. Away from the necks, ko coincides with k. Over a
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bubble neck S x [0, 65], we define «, as
(C.5.10) kq(t,s):=

Kk(t,s), s<S—1,
PTu()(t,S)—Hla(I,S)K(t’ s), S—-1=<s<S,
(1 - )((S - S))PTuo(t,s)%ua(t,s)K(l’ S)

+ x(s = 8)(n), S<s<S§+1,
k(n), S+1<s=<58-1,
(= x(s"— S))PTuo(t’,s’)—ma(t’,s’)’(([/, s")

+ x(s" = S)x(n), 58§ -1<s<58S,
PTuo(,s")>uq (@ ,sHK (', s"), 58 <s <55 +1,
k(t',s"), 58 +1 <y,

and over a main neck S! x [N, 6S — N], we define ky as

(C5.11) Kkalt,s):=

K(t,s), s<S—1,
PTuo(t,5)>uq (6,5)K (1, 8), S—1<s5s<8§,
(1—x(s— S))PTuo(t,s)—ma(t,s)K(t’S)a S<s=<S+1,

0, S+1<s<55-1,
(1 - X(_S/ - S))PTug(t’,s’)—)ua(t’,s’)K(t/v S/), 58§ -1=<s <58,
PTuo(t/,s’)—ma(t/,s’)K(t/aS/)» 58 <s <55 +1,
k(t',s), 58 4+1<s.

C.6 Pregluing estimates

Fix norms on E and K, and equip C?¢ x R¥~1 and R* with their standard norms.
Equip each H' (and hence ]_[f“:1 H') with the pullback of the standard norm under a
fixed choice of local diffeomorphism to R” x R’;’O sending 0 to 0.

Note that we have the following estimates on ug and k € K :

(C.6.1) inbubbleends: |D’ exp;Ol(n) uo(t,s)| <cje,

(C.6.2)  in bubble ends: |D7 [k (t,s) —k(n)]| < cie x|l
(C.6.3)  in main ends: |D/ exp;il(t) uo(t,s)| < Cje_a/s for §' < §;,
(C.6.4) in main ends: |D7k(t,5)] < Cje_‘g/s || for 8" <§;.

The estimates in the bubble ends hold simply because u( and « are smooth on Cp \
{q0, - ..,qr}. The estimates in the main ends hold for uo by Proposition C.11.1 and
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for « since K =ker Dy, o,0 remains the same for any choice of k > 6 and any collection
of end weights &, each of which is less than the corresponding &; .

Lemma C.6.1 (Estimate for map pregluing) We have the following estimate on
?a’w ,y (0) N

(C6.5)  ||(dua +2d(projs1 Ay) @ Xr((£y xidg1)(Ay(-)) (Ua)

1 0,1
+ /\(60)(0[, YV, X ..., Xra ) Mot( : )))J'ya-](goz,w(Ay('))) Hk—1,2,8,8
<c-(lef +wl+1y)
uniformly over (o, w, y) in a neighborhood of zero, for ¢ < oo and € > 0 depending
on data which has been previously fixed.

Proof Recall that
(C.6.6) (duo+2d(projg1 Ag) ® XH((to,0xidg1)(4o(-))) (H0)

0,1
—i—l(eo)(0,0,xé, ... ,x(r), ., uO(')))jO,J(eO’O(AO(.))) =0.

We estimate Fy 4,y (0) over the main ends/necks. Note that over this region, the A
term vanishes, j, = jo,

J(low(Ay(+))) = J(Lo,0(40(-))).
H((ba,w xidg1)(Ay(+))) = H((£o,0 xidg1)(4o(-))).

Now due to (C.6.6), it follows that in this region, Fy, y,,(0) is supported inside the
subsets S! x ([S —1,S]U[5S,5S + 1]) of the main necks S! x [N,6S — N]. The
contribution of such a region to the norm of Fy,y,,(0) is bounded above by a constant
times |«|€, as follows from the estimate (C.6.3) on the derivatives of u( and the fact
that § < §;.

We estimate J,y,,(0) away from the ends/necks. Note that £y 4, is close to {0,
in the sense that they differ over ]_[f-czl [—N, N] (which may be viewed as a subset
of ]_[f-‘z1 R and of (]_[f?:1 R)q ) by a constant times |«|€ + |w]| in C*¢ for some fixed
€ > 0 (depending on the flow on A” from Definition 10.1.4) and any £ < co. It follows
that away from the ends/necks, the C¢ distance between J (ba,w(Ay(-))) on Cy and
J(£o,0(Ao(+))) on Cy is bounded by a constant (depending on £) times ||+ |w]|+|y],
where we identify Cp and C, away from the ends/necks in the canonical way (any
{ < 00). The same holds for H ((£e,» xidg1)(Ay(-))) and H((£o,0 xidg1)(Ao(-))).
It also follows that the distance between x’ € Cy and (the image in C,, of) x(i) € Cy
is bounded by a constant times |«|¢ + |w|. Hence we conclude that away from the
ends/necks, Fy 1,y (0) differs from the left-hand side of (C.6.6) in C ¢ by a constant
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times |«|€ + |w| + |y| for any £ < co. It follows that the contribution of this region to
the norm of Fy 4,5 (0) is bounded by a constant times |«|€ + [w| + [y].

We estimate JFy 4, (0) over the bubble ends. The reasoning above applies as written
to imply that Fy 4,y (0) is bounded in C ¢ (with respect to the usual metric on Cy) by
a constant times |«|€ + |w| + |y| for any £ < co. Since § < 1, the weighted Sobolev
norm over the bubble ends is also bounded by a constant times |«|€ + |w| + |y].

We estimate T,y (0) over the bubble necks S1 x [0,6S]. The argument for the
bubble ends applies to show that the contribution outside S! x [S — 1,55 + 1] is
bounded by a constant times |«|€ 4 |w| 4 |y|. Over S' x ([S — 1, SJU[5S,5S + 1]),
we bound the expression termwise: both 1y and A, are O(e™") in all derivatives, so
the contribution of this region is bounded by |«|€. Over S! x [S,5S], only the term
involving Xg is nonzero, and since 4, = O(e™*) in all derivatives, its contribution
to the norm is bounded by a constant times |¢|€ since § < 1. |

Lemma C.6.2 (Estimate for kernel pregluing) For all k € K, we have
(C.6.7) 1Da,w,yKalli—1,2,8,6 < ¢ (| + [w|+ |y Dll]

uniformly over (o, w, y) in a neighborhood of zero, for ¢ < oo and € > 0 depending
on data which has been previously fixed.

Proof Recall that Do g,0k = 0; we will use this to estimate Dy q,ykq Vvia the explicit
expression for Dy 4., from Lemma C.5.1.

We estimate Dy ,ykq Over the main ends/necks. Over this region, the A terms vanish,
and J, H are the same for («,w,y) as they are for (0,0,0). Thus Dy, yke is
supported inside S! x ([S — 1,8 + 1JU[55 — 1,58 + 1]) in the main necks, and
vanishes in the main ends. From the exponential decay estimates (C.6.3)—(C.6.4), we
obtain that the contribution to the norm of Dy 4, yke over the main ends/necks is
bounded by a constant times |&|€||«]|.

We estimate Dy, ykq away from the ends/necks. As in the proof of Lemma C.6.1, the
difference between J, H for (o, w, y) and for (0,0, 0) is bounded in C* by a constant
times || + |w| 4 || for any £ < oo; similarly for the distance between x’ and xf).
It thus follows from the explicit form in Lemma C.5.1 that the contribution to the norm
of Dg,w,yke over this region is bounded by a constant times (J|€ + |w| + |y|)|«].

Over the bubble ends, the same reasoning applies, and we obtain the desired bound
since § < 1.

We estimate Dy 4 ykq Over the bubble necks. Outside S I x [S—1,55 + 1], the
reasoning for the bubble ends applies to show that the contribution is bounded as
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desired. Over S x ([S —1,5 4+ 1JU[55 —1,5S +1]), the exponential decay estimates
on ug and k, along with similar estimates on Ay, show that the contribution of this
region is bounded by |«|€||« || for some € > 0 since § < 1. Over S! x [S + 1,55 —1],
only the term involving X g is nonzero, and its contribution is bounded by a constant
times |a|€||«|| since § <1 and A, decays like O(e™") in all derivatives. O

C.7 Approximate right inverse

Recall that by assumption, the linearized operator
(C.7.1) Do,o,oi Wk’2’8’8 (CO, USTM)D,H ®F
- WETL238(Co. Q' ®c U5 TM o o0(- )

is surjective (even if we replace E with E’). We now proceed to fix a bounded
right inverse

— ~ 0,1
(C72) Qo0 WF 1’2"3’5(Co,825w.0 ®c ugTM 1ty o(40(-)))

— Wk288(Co, u TM)p 1y & E'

whose image admits a simple description. Fix a collection of points z; € Co (1 <i <h)
not nodes and not contained in any of the ends, subspaces V; C T, ;)M , and a
subspace E” C E’ so that the natural evaluation map

h
(C.7.3) Lo: K = (@ Tuo(zi)M/Vi) S E/E"
i=1
is an isomorphism (such choices exist since K —» E/E’ is surjective and we may

shrink the ends without loss of generality). Now we can consider the same evaluation
map on the larger space:

h
(C.7.4) Lo: Wh283(Co, ul TM)p gy ®E — W := (@ Tuo(zi)M/Vi) ®E/E".
i=1
Since Lo sends K = ker Dy 0,0 isomorphically to W, it follows that the restriction
of Dg,0,0 to ker Lo is an isomorphism of Banach spaces. Hence there is a unique
right inverse

(C75) Qoo WHTH299(Co. Q% ®cugTM ey o(o(- )

— Wk288(Co ug TM)p g & E

with image ker Lo, and it is bounded. Since E” C E’, im Q0,0 = ker L¢ is in fact
contained in the right-hand side of (C.7.2). We fix once and for all this Qg,0,0.
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Definition C.7.1 (Approximate right inverse Ty 4,y) We define a map

(CT7.6) Ty WE1288(C, Q%!

*
Ca,jy ®(C ua TMJ(ea,w (Ay())))

— Wk238(Co uXTM)p g & E
as the composition
(C.7.7) Taw,y = glueo PTo Q0.0 0PTo (id}? ®id!"%) ™! o break

of maps in the following diagram, to be defined below:

D ~
w288 (Ca, MZTM)D,H ®FE s Wk—l,Z,S,S(Ca’ Q%’; iy Xc M;TMJ(Za,w(Ay('))))

glueT lbreak

D ~
k,2,8,8 Ole.0 17k —1,2,8,8 0,1 *
Wk2.88(C,, ”;mTM)D,H @ E =5 wk1.288(C,, Qfo,jy Xc u0|aTMJ([0,0(Ay('))))
’ Tid}k'()@idl'o

Dojx.0.0 _ ~
Wh23(Co.ug TM)p, & E =5 WK1255(Co. Q) - @c 1, TM 1ty 00 1)

(C.7.8)

0l

Al Tor

k,2.8,8 * M k=1,2.88 (5 0.1 %
W222(Co,ugTM)p, g ® E o W20 (CO’Qfo,jo ®c ugTM g o(40(-))))

The top and bottom horizontal maps Dg 4,y and Dg,o,0 are the linearized operators
defined earlier. The third horizontal map Dgj4,0,0 is the linearized operator at the
flattened map u¢)q (its definition is identical to that of Dg,g,0 except for using ug|q in
place of ug). Similarly, the second horizontal map Dg|q4,0,y is the linearized operator
at the flattened map gy, using (jy, Ay) in place of (jo, Ao).

The vertical maps PT are simply parallel transport pTt0.0(40()); this is valid since
PT is J-linear.

The vertical map idi’0 ®id"? denotes the tensor product of
id"0: TMj(uy — TM )
(the (1,0)—component of the identity map) and
R

(the map induced by id!-%: (T Co, jio) — (T Co, jy)).

We define the map

1
(C.7.9) Wk288(Co,uly, TM) .1y —> W53 (Co usTM)p 1.
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Let £ € Wk:2:8:8(C, uzlaTM)D,H. Away from the necks of Cg, glue(§) is simply £.

In any particular bubble neck S! x [0, 6S] C Cy, we define
§(@s. 1), 5 <28,
§(n) + x(4S —s)-[§(s. 1) —=E(n)]
C.7.10) gl 1) =
(C7.10) glue(§)(s. 1) F A4S —5) - [E('. ) —Em)]. 28 <5 <4S.
E(s’, 1)), 45 <s
(noting the corresponding ends (¢, s) € S x[0, 00) € Cy and (¢, s") € S x[0, 00) € Cp);
this definition also applies over the main necks with the obvious adjustment (and no
&(n) terms).

We define the map

(€711 WE20(Co, QF - ®CUGTM sty (4, ()

break _ ~ 0,1

—— WTL288(Co, QT @ g1 TM g 04y (1)
as follows. Fix a smooth function y: R — [0, 1] such that
1, x<-1,

(C.7.12) ¥x)=1"

= 7 7(—x) = 1.
0. x> 41, 1(x) + x(=x)

Let
— ~ 0,1
ne Wk 1,2,6,6 (Cq., Qéa,jy e M;TMJ(fa,w(Ay('))))'

Away from the ends with « # 0, break() is given by (id"'?)~1(), where

:11,0.
id> TM p(eo.004, () = TM (0.0 (45 ()))

denotes the (1, 0)—component of the identity map. In any particular bubble end [0, co) X
S1 c Cy with a # 0, we define

(d"0) =1 (n(,5)), s<38—1,
(C.7.13) break(n)(t,s) := 4 x(s —38)-(d"")"1(n(r,s)), 35—1<s5s<35+1,
0, 354+1<s

(noting the corresponding neck [0, 6S] x S! € C,); this definition also applies over
the main ends, with the obvious adjustment for negative main ends.

Let us make the elementary observation that the definition of Lo extends perfectly
well to give an analogous bounded linear map

(C.7.14) Lo: WK233(Coy u*TM)p. g @ E — W.

Since im Qo,0,0 € ker Lo, it follows from the definition of Ty ),y that im Ty 4, C
ker Ly as well.
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Lemma C.7.2 Let
(C.7.15) GT ‘LB

denote the bottom square in (C.7.8). Then for § € X’ and n € Y with D'§ = Bp,
we have

(C.7.16) IDGE—nll < c-lal|§]l

uniformly over («, w, y) in a neighborhood of zero, for ¢ < oo and € > 0 depending
on data which has been previously fixed.

Proof In simpler terms, we bound the operator norm of the difference between the
two diagonal compositions:

(C.7.17) IPT 0 Do,0,0 — Doja0.,0© PT| < cler|

(this trivially implies the claimed statement). To show (C.7.17), observe that the two
operators only differ over the S! x [S — 1, 00) subset of each end. Now it follows
from Lemma C.5.1 that the contribution to the operator norm over S x [S — 1, 00) is
bounded by a constant times the C k_distance between uq and Ug|q Over S 1% [0, 00).
The estimates (C.6.1), (C.6.3) imply that this distance is bounded by a constant times
|a|€ (to be precise, the bubble ends contribute |or|'/®~# and each main end contributes
|a|%/6=¢ for any p > 0). m|

Lemma C.7.3 Let
(C.7.18) GT \LB

denote the middle square in (C.7.8). Then for £ € X’ and n € Y with D'§ = Bp,
we have

(C.7.19) IDGE—nl <c-|y[l&ll

uniformly over (o, w, y) in a neighborhood of zero, for ¢ < oo and € > 0 depending
on data which has been previously fixed.
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Proof In simpler terms, we have
- 11,0 o ¢ 11,0
[ Doja,0,y — (idy” ®1d™7) 0 Dgjg0,0ll < c-|y],
which trivially implies the claimed statement. To prove this, argue as follows.

We are comparing two first-order differential operators. Appealing to their explicit form
from Lemma C.5.1, we see that their coefficients differ by a constant times |y| in C ¢
for any £ < oo (measuring with respect to the cylindrical coordinates S! x [0, o) in
the ends). It follows that we have the desired estimate. O

Lemma C.7.4 Let

(C.7.20) GT ‘LB
x' Ly
denote the top square in (C.7.8). Then for £ € X’ and n € Y with D’§ = Bn, we have
(C.7.21) IDGE —nll < c- (le] + [w] €]l
uniformly over (o, w, y) in a neighborhood of zero, for ¢ < co and € > 0 depending

on data which has been previously fixed.

Proof We consider the following diagram, which is a copy of the top square in (C.7.8)
with one extra vector space and some extra maps (to be defined below).

- 5~ 601
Wh=1.288(, Qéa,jy ®c uyTM 1y 4y () —

Dawy 4+
Wk2:88(Co,u TM)p.y ® E glue | | break/ break
(C722)  eme Wh=L283(Co. Q! . ®C U5, TM s (tg a(ay ()
Doy R

Wk288(Co,u¥, TM)p.u @ E

0la idl:0 || Gal-0)=1

Doja.0.y

~

k—1,2,8,8 0,1
Wk=12.8.8(C,, Qéo,jy ®c u;laTMJ(ZO,O(Ay(')))) <

Since the almost complex structure J (£, (Ay(+))) is a function of a point in Cy, we
should remark immediately on what we mean by

k—1,2,8,8 (7 0,1
w (Co. Q7 ®c Ugie TM ey (4, ()

Away from the ends, the curve Cy is identified canonically with Cy, and this identifica-
tion extends holomorphically to a (non-injective) map from Cp to C, defined outside
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the S! x [4S, 00) subsets of the ends. Thus there is a well-defined such wk=1.2.8.8
space of sections on Cy defined outside the S x [4S, o) subsets of the ends, valued in

0,1
Qéo,jy ®c MSIaTMJ(ea,w(Ay(-)))-

Now, for instance, the middle horizontal map Dy 4,y can be seen as giving a section
in this Wk—1.2.6.6 space defined outside S! x [4S,00). In the proof below, it is
convenient to use this Wk—12.6.8 space of sections defined outside S! x [4S, c0),
though we must be careful that the expressions we write are well-defined.

Let us define the rest of the maps in (C.7.22). The vertical map break has been factored
as (id"?)~! obreak’ in the obvious way. Finally, let us define the map

- ~ 50,1
(C.7.23) Wk 1’2’8’8(Co,§250’jy ®C Ug1g TM 1ty (A, (1))

glue _ ~
AN Wk 1,2,6,6 (Cq, QOC«’: i Rc “;TMJ(ﬁa,w(Ay(J)))-

Let
k—1,2,8,8 (/~ 0,1
new (Co. Q7 ®c Ugie TM ey (4, ()

Away from the necks of Cg, glue(n) is simply 7. In any particular bubble neck
S1x[0,68] € Cq, we define

n(t.s). 5 <28,
(C.7.24) glue(n)(t,s):= 3 x(4S —s)n(t,s) + x(4S —s")n(t',s"), 28 <s<4S,
n(t',s"), 48 <s

(this definition also applies over the main necks with the obvious adjustment). Note
that glue o break’ is the identity map.

Now suppose that Dy)q,0,,& = break(n); we must show that

(C.7.25) I Dew,y (glue(€)) = nlli—1,2,6,8 < ¢ (| + [wDlI€llk,2,6.5-

Using the fact that n = glue(break’(n)) = glue(idl’O(Dma,O,yS)) and the triangle
inequality, we conclude that || Dg, .y (glue(§)) — n|| is bounded above by

1 Det,w,y (glue(€)) — glue(Da,uw,y ()| + || glue[Da,w,y () —id"* (Doje 0,y (EN]II
We now estimate each term separately.

To estimate || Dg,w,y(glue(§)) —glue(Dy,w,y(§))]l, argue as follows. The difference
is only nonzero over the regions S! x ([2S,2S5 4+ 1]U[4S —1,4S]) of each neck. Now
the norm is bounded by ||€]|e~25% (calculation left to the reader), where the factor of
e258 comes as the ratio of the weight given to S x [4S — 1, 45] inside a neck vs
inside an end; this gives the desired bound since § > 0.
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To estimate |[glue[Dy 1w,y (§) — idl’O(D0|a,0,y$)] ||, argue as follows. This is bounded
by a constant times the (k — 1,2, 8, 5)—norm of Dgy 4,y (§) — idl’O(D0|a,0,y§) over
the complement of the subsets S! x [4S, 0o) of the ends. Now this is bounded by
(lee|® +w])||€]lk,2,8,5 using the reasoning from Lemma C.7.3. a

Proposition C.7.5 (Approximate right inverse Ty ,,) We have

(C.7.26) ”T(x,w,y” <c,
(C.7.27) 1 Daw,y Tow,y — 1| =0,
(C.7.28) im Ty .y C ker Ly

as (o, w,y) — 0, for ¢ < co depending on data which has been previously fixed.

Proof It is easy to see that all the maps in (C.7.8) are uniformly bounded. Hence
| Ta,w,yll <c as (¢,w,y) — 0. Now Lemma B.7.6 combined with Lemmas C.7.2—
C.7.4 show that for («, w,y) — 0, we have || Dg,w,y To,w,y — 1| — 0. We observed
earlier that im 7Ty 4,y C ker Lgy. O

Definition C.7.6 (Right inverse Qg 1,y) We define a map
(C729) Quuw.y: WKT1288(C,, 905: , ®C Uy TM ey (4, ()

— Wk283(Cp utTM)p y ® E

as the sum
o0
(C.7.30) Qa,w,y = Ta,w,y Z(l - Da,w,yTa,w,y)k-
k=0
Proposition C.7.7 We have
(C.7.31) | Oa,w,y | <c,
(C.7.32) Dow,y Qaw,y =1,
(C.7.33) im Qg,w,y Cker Ly

uniformly over («,w, y) in a neighborhood of zero, for ¢ < co depending on data
which has been previously fixed.

Proof Apply Lemma B.7.5 and Proposition C.7.5. O
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C.8 Quadratic estimates

Proposition C.8.1 (Quadratic estimate) There exist ¢’ > 0 and ¢ < oo (depending
on data which has been previously fixed) such that for |1k 2.5.5. 162lk2.5.5 < ¢,
we have

(C-S-l) ”Da,w,y(él - 52) - (?a,w,yél _?a,w,y§2)||k—l,2,8,5
<c &1 —&lk2.58U1 k2,88 + 11521lk,2,8.5)

(and Fo,yp,y&1 and Ty, &> are both defined), uniformly over (o, w, y) in a neighbor-
hood of zero.

Proof The proof is identical to the proof of Proposition B.8.1, with the evident
notational differences, Fy 4,y for Fy,y, and Lemma C.5.1 for Lemma B.5.1. As with
Proposition B.8.1, we actually prove the stronger statement that

(C.8.2) 1F60.50.8) =F 4 0y CEk—1268 <c-ICllk2,551Elk 285 O

C.9 Newton-Picard iteration

Lemma C.9.1 There exists ¢’ > 0 (depending on data which has been previously
fixed) such that for sufficiently small (a, w, y):

(i) The map Fo v,y is defined for ||€|k 255 <.
(i) For &1 —&; €im Qqw,y and ||£1llk,2,8,5. 1621lk,2,5,6 < ¢’, we have
(C-9-1) ”(51 _52)_(Qu,w,y?a,w,yél_Qa,w,yg:a,w,ySZ)||k,2,8,8 = %”gl_é§2”k,2,8,8'

Proof The proof is identical to the proof of Lemma B.9.1, using Proposition C.8.1 in
place of Proposition B.8.1. O

Proposition C.9.2 (Newton—Picard iteration) There exists ¢/ > 0 (depending on data
which has been previously fixed) so that for (o, w, y, k € K) sufficiently small, there
exists a unique Ko,y,y € Wwk2.,8.8 (Coq . uyTM)p g @ E satisfying

(C9.2) Kaw,y € Ko + im Qa,w,y:
(C.9.3) e, llk,2,6.5 < ¢,
(C94) ?a,w,y/((x,w,y =0.
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Proof The proof is essentially identical to the proof of Proposition B.9.2; we write it
out anyway.

In fact, we will show that k¢, 1s given explicitly as the limit of the Newton iteration
(C.9.5) €0 = Ka»
(C.9.6) En :=&n—1— Quw.yTauw,ybn—1.

By Lemma C.9.1, the map § = § — Qg w,yFa,w,yE is a %—contraction mapping when
restricted to

(C.9.7 {E kg +1im Quup,y : ”$||k,2,8,8 =< C,}

To finish the proof, it suffices to show that (for sufficiently small (o, w, y,«)) (C.9.7)
is nonempty and is mapped to itself by £ = & — Qo w,y Fa,w,y§-

We know that [|kqllx 2,55 — 0 as k — 0 (uniformly in (o, w,y)), so (C.9.7) is
nonempty. By using Proposition C.8.1 with (£1, &) = (0,ky) and Lemmas C.6.1
and C.6.2, we conclude that

(C.9.8) 1Fa,w,ykallk—1,2,5,6 = 0

as (o, w,y,k) — 0. Since the operator norm of Qg y,y is bounded uniformly
as (¢,w,y) — 0, we see that ky is almost fixed by & — § — Qg w,yFa,w,y§ as
(o, w, y, k) — 0. It then follows from the contraction property this map takes (C.9.7)
to itself. O

C.10 Gluing

Definition C.10.1 (Gluing map) We define

(C.10.1) Ua,w,yk = CXPy, Ka,w,ys
(C.10.2) Ca,w,y.k = €0+ Proj g Ko,w,y-

where k¢ 1,y 18 as in Proposition C.9.2, and we consider the gluing map

ks

(C.10.3) C4 x REGH= xR* x [ [(H)=* x K — M (M),
i=1

(C.10.4) (0, w,y, k)~ (o,w, Yy, Ua,w,y,k» ea,w,y,/c)

({xi}lfifr are determined uniquely by @, w, y, Ug,w,y i, SO we omit them from the
notation). It follows from the definition that the gluing map commutes with the
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projection from both sides to
k!
C/x REGH= xR*x [[(H)=*x E/E'.

i=1

Lemma C.10.2 The gluing map (C.10.3) maps sufficiently small (¢, w,y,k) to
M(M)ree.

Proof The statement holds since Qg,.,y gives an approximate right inverse at
(Ua,w,y ks €a,w,yic) (use (C.8.2) with & = kg w,y)- m|

Let Ky € C®(Cq,ulTM)p.g @ E denote the image of k +— kq. It is clear by
definition that K — K, is an isomorphism and that the respective Wk:2:8:8 norms are

uniformly commensurable. It is also clear that the diagram

KKy

K 25 K,

(C.10.5) L& /
Lok

commutes (all maps being isomorphisms). Since im Qg w,y < ker L, it follows in
particular that im Q4 4,y N Kg = 0. On the other hand, an index calculation shows
that ind D,y = ind Do 0,0 (note that by the argument for Lemma B.5.2, it suffices
to calculate their indices as operators wk2.8 _ wk=12.8 e with no weights at the
bubble nodes, on C, and Co respectively; the calculation of such indices is originally
due to Floer [24; 22] and is by now standard). Both are surjective, and hence we have
dim coker Qg ,y = dimker Dy 4, = dimker Do 9,0 = dim K = dim K, . It follows
that im Q4 v,y = ker L and that

(C.10.6) im Quu.y ® Ky => WE2S3(Cp uTX)p ® E

is an isomorphism of Banach spaces (an alternative justification for this is to use an
argument similar to the proof of Propositions B.11.5/C.11.3 to show that the natural

projection
ka>ka—Qa,w,y Da.w.yka
o ker Dy w,y

is surjective, and thus bijective). We claim that in fact the two norms are uniformly
commensurable as («, w, y) — 0. The map written is clearly uniformly bounded, so
we just need to show the same for its inverse. It suffices to show that the projection
from the right-hand side to K is uniformly bounded, but this is nothing other than L,,
(clearly uniformly bounded) composed with the inverse of the isomorphism in (C.10.5)
(also uniformly bounded).
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Lemma C.10.3 The gluing map (C.10.3) is injective in a neighborhood of zero.

Proof The proof is identical to the proof of Lemma B.10.3, with the obvious notational
differences. o

Proposition C.10.4 The gluing map (C.10.3) is continuous in a neighborhood of zero.

Proof The proof follows the same basic outline as the proof of Proposition B.10.4;
some parts of the proof are identical, and we will omit these. The key ingredient
is our precise control of the image of the right inverse Qg w,y (specifically, that
im Qgw,y =ker Lg).

Suppose (e, w;, yi, ki) — (o, w, y, k) is a convergent net.>> We will show that
(C.10.7) (Ua; i,y ki > €azwi,yiii) = (Uaw,y e €aw,y i)-

First, observe that the argument from the proof of Proposition B.10.4 applies verbatim
to give that in fact it suffices to show that

(C.10.8) (Ua;,wi,y; k> €apwi,yine) = Ua,w,y e €aw,y i)

Now recall that, by definition,
(C.10.9) uq,w,y.xc = €Xpy, Ka,w,ys Kaw,y =Ko +& forsome § €im Qg .-

Now we define &, € Wk.2.8.8 (Cq;, u;l_ TX)p @ E by “pregluing” § from Cy to Cy,
as follows. Note that we may assume without loss of generality that at the nodes where
a # 0, we also have o; # 0. Away from the ends/necks of Cy;, we set &, = §.
Note that for every end of Cy; , there is a corresponding end of Cy, so we may also
simply set &, = & over the ends of C,,; . Over the necks of Cy; for which o = 0,
we define &, via (C.5.10)—(C.5.11) (note that this is reasonable since § satisfies the
estimates (C.6.2), (C.6.4) as a consequence of Proposition C.11.1). Over the necks of
Cy; for which o # 0, we define &, as

(C.10.10) Eot,' (s,1):= PTua(t,f,-(s))—ma[ (t,s)[g (@ fi()I,

33We could restrict to sequences rather than nets since 4 x (Rﬁgl)fﬁ x R* x ]_[5‘;1 (HH=5 x K is
first countable. However, this would not make the argument any simpler.
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where f;: [0,6S;] — [0, 6S] is smooth and satisfies

S, SSS_zv

(C.10.11) fi(s) :=35—38; +3S, 35;—28+2<s<38;+25-2,
s—6S; +6S5, 65;i—S+2<s,

(C.10.12) fi([S—2,35—-25+2)C[S—2,5+2],

(C.10.13) fi([3Si +25 -2,6S8; —S +2]) C[55—-2,55 +2],

so that f; — id uniformly in all derivatives as S; — S. More informally, f; is smooth
and matches up [0, S —2],[S + 2,55 —2],[55 +2,65] C [0, 65] with corresponding
intervals of the same length inside [0, 65;], symmetrically.

Now at this point we appeal to the corresponding arguments from the proof of
Proposition B.10.4, which apply as written (using the fact that im Q4 4,y = ker Ly)
and imply that it suffices to show that

(C.10.14) 1 Fa; wi,y; (Key + Eai)llk—l,z,S,S — 0.
Recall that Fy i,y (ko + &) = 0; we will use this to estimate Ty, w,,y, (Ke; + &a;)-

Away from the ends/necks of Cy; , it is clear by definition that Fy; v, .y, (Ke; + &a;) =
Fa,w,y (ke + &) uniformly in all derivatives. Thus the contribution to the norm of
Fa; wi,y; (Ka; + &a;) over this region approaches zero.

Over the necks of Cy; which correspond to necks of Cy, we again have uniform con-
vergence in all derivatives, so the contribution of these regions approaches zero as well.

We estimate the contribution over the ends of Cy; (recall that these necessarily corre-
spond to ends of Cy ). Over main ends, we have Fy; w,,y; (ko; +E&a;) = Ta,w,y (Ka +§).
Now the convergence Jy,; w,,y; (ka; +8a;) = Ta,w,y (kg +§) uniformly in all derivatives
is valid near the bubble nodes in the usual metric on Cy; = Cy. It follows that we
also have convergence in the relevant 6—weighted Sobolev norm since § < 1. Thus the
contribution of this region to the norm approaches zero.

Finally, let us estimate the contribution to the norm over the necks of Cy; which
correspond to ends of C,. We treat main necks and bubble necks separately. Over main
necks, Fo; w;.y; (Ka; + &a;) is supported inside S x ([S—1,S +1],[55 — 1,55 +1]).
The contribution of this region to its norm goes to zero, as follows using the exponential
decrease on « and ¢ from Proposition C.11.1 and the fact that § < §;. Over bubble
ends, Fo; w;,y; (Ke; + Ea;) converges to Fy .y (ko + &) uniformly in all derivatives
over the complement of S x [S — 1,58 + 1] (measured with respect to the usual
metric on Cyp), and hence the contribution of this region to the weighted norm goes
to zero since § < 1. Over S! x ([S — 1,8 + 1JU[55 —1,5S + 1]), the smoothness
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of x and & over C, and the fact that § < 1 shows that the contribution of this region
to the norm goes to zero (since S — oo). Finally, over Stx [S 41,55 —1], both ug,
and ky; + &y, are constant, so Fy; w,,y; (Ke; + &q;) 1s simply

Kot,-,w,- (Ayi () .
Xy ) +E (1) o () (24 (PTOT 51 Ay)

0,1
® XH ((bay 0y xid51)(Ay,; (-)»)j,J(ea,. i (Ay; ()

The norm of this expression over S! x [S + 1,58 — 1] approaches zero since Ay, =
O(e™®) in all derivatives and § < 1. |

C.11 Surjectivity of gluing

We recall a well-known principle of exponential decay for Floer trajectories converging
to non-degenerate periodic orbits; this has appeared in many forms in the literature, for
example in Floer [23, pages 801-802].

Proposition C.11.1 (A priori estimate on decay of connecting cylinders) Let (M, w)
be a symplectic manifold, J an w-—compatible almost complex structure on M,
H: M x S'! — R a Hamiltonian, and y: S' — M a non-degenerate periodic orbit
of H. We consider the (unbounded) asymptotic linearized operator

(C.11.1) L2(S',y*TM) — L*(S',y*TM),

(C.11.2) § > JLxy.

where Ly,, denotes the symplectic connection on y*TM induced by Xpg , and we
use the standard inner product g(-,-) := w(-,J-) on y*TM for the inner product

on L?(S',y*TM). This operator is self-adjoint; we denote by § > 0 the smallest
magnitude of any of its eigenvalues (§ is positive since the orbit is non-degenerate).

We consider (partially defined) sections £: S' x R — y*TM with |£(t,s)| < € such
that u := exp,, §: S xR — M satisfies (du + 2dt ® XH(u))(}’1 = 0. Now for all
W < 1, there exists € > 0 such that we have the following estimates.

Suppose that £ as above is defined on S x [0, 00). Then

1/2
(C.11.3) |DFg| sck-e“””s(/s1 Ié(t,O)Izdt)

fors>1 all k >0. A symmetric statement holds for u and £ defined over S'!x(—o0, 0].

Suppose that £ as above is defined on S x [0, N]. Then

1/2 1/2
k | ,—uds 2 —uS(N—s) 2
|D*E| < ¢ [e (/Sl}g(t,O)\ dz) +e (/SJS(LN)} dt) ]

forl <s<N-—1andallk >0.
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Proof This proof is adapted from Salamon [72, page 170, Lemma 2.11].
We have by assumption that
Isu + J()(9:u — Xp (u)) =0,

where u(t,s) = exp, ) §(¢,s). Now we may rewrite this equation in exponential
coordinates in terms of £ as follows. Denote by d; the connection Lx,, on y*TM,
which is given by the Lie derivative with respect to Xz . Now the equation for u is
equivalent to

(C.11.4) 0sE+J0: 6+ A)0:E+Q(8)=0
for certain smooth (non-linear) bundle maps
A: y*TM — End(y*TM) and Q:y*TM — y*TM.

We have A(0) =0, Q(0)=0 and Q’(0,-) =0 (we denote by A" and Q' their “vertical”
derivatives).

Now we let
C115) rori= [ letoae = 1gl

and we will show that f”(s) > (1 —o0(1))482 f(s), where o(1) denotes a quantity
which can be made arbitrarily small by choosing € > 0 sufficiently small. We have

€116 116 =2 [ 10s6Pdr+2 [ (6.0:0:6) dr = 200:613 +2(6.0:0:6)
and we will now prove the estimates
1956013 = (1—0(1)82 f(s) and (£, 8505€) = (1 —0(1))8? £ (s).
Recall that J 9, is self-adjoint and that ||Jd:&|]2 > §||&]|2.
To bound |95 (|3, we write
(CIL7)  [[9sEll2 = [[J9:6 + A(§)0:5 + Q(§)ll2
= [[J0:5l2 = 1 A€)3:E N2 — 12 ()2
= [/ 9:€ll2 = 1AE) looll0e&ll2 — clIE oo ll€ 12

=[|J3:&ll2 —o(D)|J0:€ ]2 —o(D[IEll2 = (1 —0(1))]€]|2,
and thus [|95£(12 > (1—0(1))82 £ (s).
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To bound (&, d505&), we write

(C.11.8) (§.05055) = —(£.95[J8:§ + A(§)9:E + Q(§)])

—(J0:£.05) — (£, A" (€, 05€)0,§)

— (£, A(£)0,058) — (€. Q'(£. 058)).

Now substituting in 056 = —J ;& — A(£)d:& — Q(§), we obtain
(C.11.9) (£, 95958) = 17 :E15 + (J 3£, A(£)§)
(J9:§,0(8))
(€. A'(E [ + A£)]0:£)0:§)
(€. A'(5, 0(6))9:8)
(6, A(5)9:([J + A(§)]9:8))
(§, A(5)9:(Q()))
(€. Q'(5. [/ + A(§)]9:8))
+ (6, Q€. 0(5))).

The first term ||J9;£||3 is the main term; let us estimate the remaining error terms. In
order, they are bounded by:

@) [€lloollJ0:E3
Qi) [€lloollEl2]1T9:£] 2.
(i) [|€]looll 7 9:£113-
(V) ENZIIENNT0:€ ]2

™) 1EloollJ3:E01* + lIElloolIll2llJ 3:€ 2 (integrate by parts to move the outer-
most d; onto &, A(), and (-,-)).

vi) [IENZNIE 2T 0:& .
viD) [|ElloollElI211T 3:£ 2.
(vii) [|E[IZ1IE]3

+
+
+
+
.
4

All of these are o(1)||J 9;£]|3, so we conclude that (£, 9595&) > (1—0(1))82 f(s). Com-
bining the above estimates, we obtain the desired inequality 1 (s) > (1—o0(1))482 f(s).

Now we have the following maximum principle for the differential inequality g”(s) >
r?g(s). Namely, suppose that g: [a,b] — Rxq satisfies g”(s) > r?g(s) and that
G: [a,b] — Ry satisfies G”(s) = r2G(s); if g < G at the endpoints a, b, then it
follows that g < G over the whole interval [a, b] (one may easily derive a contradiction
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by assuming that, on the contrary, g = G at a;,b; and g > G on (aj,by) for
a <aj < by <b). Specializing to the case at hand, we have

F(s) < e~ 170N28s £ in the case of S! x [0, 00),
f(s) < e_(l_"(l))z‘gsf(O) + e_(l_o(l))z‘g(N_s)f(N) in the case of S! x [0, N].

Now Lemma C.11.2 below asserts that for a J—holomorphic curve 1o and a sufficiently
small perturbation thereof u = exp,,, § which is also J-holomorphic, we have uniform
bounds on all derivatives of £ (away from the boundary) in terms of the L2-norm of &.
Applying this where ug is the trivial cylinder over y(¢), we conclude that our bounds
on f(s) imply the desired result. |

Lemma C.11.2 Let u: [0, 1] x [0, 1] — B?"(1) be J—holomorphic with respect to
some smooth almost complex structure J on the unit ball B>"(1) € R?". There exists
€ >0 (depending only on upper bounds on ||J || c¢ and ||ul||c¢ for some absolute { < c0)
with the following property. Suppose that &: [0, 1]x[0, 1] — R?" with |£| <€ pointwise
is such that u + £ has image contained in B?" (1) and is J—holomorphic. Then

1/2
(C.11.10) D¥E0,0)] < i ( / £ )2 dx dy)
[O,I]X[O,l]

for all k < oo for constants cj < oo depending only on upper bounds on ||J ||c¢ and
lullce for some £ = £(k) < co.
Proof By assumption, we have

(C.11.11) ux + J(w)u, =0,
(C.11.12) U+Ex+Ju+Eu+E), =0,

which together imply that

(C.11.13) Ex+Ju+86E =[Ju)—J(u+8E)uy,
which we prefer to write as

(C.11.14) (0x + Bdy)§ = A(§).

where B: [0, 1]*> — End(R?") denotes J(u +£) and A: [0, 1]> x R?" — R2" denotes
A(§) = [J(u) — J(u + §)]u, . By definition, we have A(0) =0 and

(C.11.15) |ID¥A| < ¢4

Geometry € Topology, Volume 20 (2016)



1018 John Pardon

for some ¢; < oo depending only on upper bounds on ||J||ce and |[u||ce for some
¢ = {(k) < co. By definition, we have B?> = —1; let us now argue that we also have

(C.11.16) |ID¥B| < ¢

for sufficiently small € > 0 and ¢; < oo as before. Indeed, for sufficiently small € > 0,
we may apply the Gromov—Schwarz lemma to u + £ and conclude that |[D&| <c¢ < oo
depending only on upper bounds on |J||c¢ and |[u| e for some { < co. Now
Lemma B.11.4 applied to u + £ gives | DFE| < ¢ < 0o, which implies the desired
bound on the derivatives of B.

Now we apply (dx — B0,) to both sides of (C.11.14) to obtain

(C.11.17) A§ = (3x — Bdy)A(§) — ((9x — Bdy) B)(§y).

For any smooth function ¢: [0, 1]> — Rx¢ supported in the interior of [0, 1]%, we

thus have

A(@§) = EAD + 2¢xEx + 2¢y8y + ¢ (0x — BIy)A(§) — b - ((9x — Bdy) B)(§y).

Now the desired result follows from the usual bootstrapping of the elliptic regularity
estimates for the Laplacian on R?, namely || f || ys+2 < ¢s||.f + Af || gs (the first step
being the case s = —1). We may shrink the support of ¢ slightly at each step, so there
is no need to worry about regularity near the boundary. a

Proposition C.11.3 The restriction of the gluing map (C.10.3) to any neighborhood
of zero is surjective onto a neighborhood of (0, 0,0, ug, eg, {xé}lfig) e M(M).

Proof The proof is identical to the proof of Proposition B.11.5, except for appealing
to Proposition C.11.1 in addition to Proposition B.11.1 in the appropriate places. O

C.12 Conclusion of the proof

We have shown that the map g :=(C.10.3) is continuous, injective, and that its restriction
to any neighborhood of zero is surjective onto a neighborhood of the image of zero.
The target M (M) is Hausdorff, and thus it follows from Lemma B.12.1 that for some
open neighborhood of zero

k!
UcC?xREH= xR* < [ [(H)* x K.
i=1
we have that g(U) is open and g: U => g(U) is a homeomorphism. Thus the gluing
map (C.10.3) satisfies the properties desired for the map (C.2.1).
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C.13 Gluing orientations

We now show the how to endow the moduli spaces M (o, p, ¢) with coherent orientations
using the results of Floer and Hofer [25].

C.13.1 Orientations on spaces of flow lines on A" For any simplex o, define the
orientation line>*
(C.13.1) g = | ®IET or dimo >0,

OR dimo = 0.
Let us construct an identification between o, and the orientation sheaf of the space of
flow lines on o (from Definition 10.1.4) for n = dimo > 0. Let f: R — [0, 1] be the
unique solution to the initial value problem f(0) = % and f/(x) =7 sin(zf(x)). Now
every flow line £: R — A" is of the form £(¢) = (f(t +a1), ..., f(t +ay)) for some
ay <---<a, which are unique up to the addition of an overall constant. Thus the space
of flow lines is parametrized by (b1, ...,b,—1) € [0,00)" "1, where b; = a; 11 —a;;
moreover, this parametrization extends continuously to a homeomorphism between
[0, 00]*~! and the space of broken flow lines on A”. In these coordinates, by = 0o
if and only if the flow line is broken at vertex k, and by = 0 if and only if the flow
line factors through Al0--k..nl c A" Now the coordinates b1, ..., b,—; determine an
identification between 0y, = ®::11 or and the orientation sheaf of the space of flow
lines on o, when dimo > 0.

For dimo = 0, let us simply remark that tensoring with 0, = OI\é is the effect on
orientation sheaves of quotienting by an R—action, and it will follow from this fact that
this is the correct definition of o, when dimo = 0 (morally speaking, we may think
of the space of flow lines on ¢ as the stacky quotient pt /R).

Now let us observe that there are natural (odd) “boundary” maps

(C.13.2) 0g —> 0g|[0...k] ® O¢|[k...n]

(C.13.3) 00 = O4[0...k...n]

induced by the geometric inclusions of boundary strata (10.1.3)—(10.1.4). Specifically,
the first map is induced by the inclusion of the space of pairs of flow lines on o |[0. . . k]
and o[k ...n] into the space of flow lines on ¢ (0 < k < n), and the second by the
inclusion of flow lines on ¢|[0.. k.. .n] into flow lines on o (0 <k < n). In fact,
the first map (C.13.2) admits the following alternative description, which shows that it
is in fact defined for 0 < k <n. Let @) (o) denote the moduli space of stable broken
Morse flow lines on a simplex o with i ordered marked points appearing in order

54 An orientation line is a Z/2—-graded free Z—-module of rank one.
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(this is defined in the expected way, allowing constant flow lines as long as they are
stabilized by the presence of at least one marked point). Denote the orientation module
of @ (5) by o), and note that there is a natural isomorphism 0{) = 0, ® 0% (even
for dim o = 0; this provides another justification of our definition of o, in this case).
Now there is a natural concatenation map

FO@G|[0...k]) x FD |k ...n]) — FE+ (o)

which is the inclusion of a codimension-one boundary stratum, thus giving rise to a
boundary map

G+)) @) ()
057" = 05010, ® O |lk...n
After factoring out o% (i+J ), this map coincides with (C.13.2) for 0 < k < n, and thus

may be used to define (C.13.2) for 0 <k <n.

Remark C.13.1 The standard orientation of R gives a standard generator
Rl ® - ®[R]n-1 € 00

for dimo > 0, and [R]" € o5 for dimo = 0, where [R]-[R]Y =1 (ie [R]" € oy is
the “right dual” of [R] € or). Using these generators to trivialize o, determines a sign
convention in which (C.13.2) is given by (—1)¥*1 and (C.13.3) is given by (—1)k.

C.13.2 Orientations of linearized operators of Floer equations Fix two Hamilto-
nians Hy, H;: M x S — R and two non-degenerate periodic orbits p,q: S' — M
of Hy, Hy, respectively. Now for any path of w—compatible almost complex structures
J: R— J(M) (constant near s = +00), any path of Hamiltonians H: M xS xR —R
(constant near s = +00) with H(s = —00) = Hp and H(s = o0) = Hy, and any map
u: S1xR — M in Wk23(§1 x R, M) (converging to ¢ at —oo and to p at co),
there is a natural linearized operator

(C.13.4) Dpioer: W3 (S'XR u*TM) —» W12 (STxR, QY o ®cu*TMy)

(we assume that § > 0 is less than the smallest positive eigenvalues of the asymptotic
linearized operators). Let us agree to define this linearized operator using the R—family
of J-linear connections on TM given by VxY := %(V)(}Y — J(V}(} (JY))), where
VO denotes the Levi—Civita connection of the metric associated to the compatible pair
(w, J). The results of Floer and Hofer [25] (see the remark after Theorem 2) imply
that the Fredholm orientation line of Dpjee, is a trivial bundle over the space of paths
H, J, and maps u. Thus if we fix p, ¢, and a homotopy class of maps u, there is a
well-defined orientation line 0, 4, canonically isomorphic to op,, ., for any choice of
H, J,and u.
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Floer and Hofer [25, Theorem 10] also construct natural associative (even) isomorphisms
(C.13.5) 0p,q ®0gq,r = 0pr

by a certain kernel gluing procedure. We refer the reader to [25] for the details of this
construction. Suffice it to say here that, after adding a finite-dimensional piece to the
domains of each of two linearized operators (C.13.4) (from p to ¢ and from ¢q to r,
respectively) so that they become surjective with kernels K; and K>, there is a natural
kernel pregluing map from K; @ K5 to the domain of certain glued operator (from p
to r); the L2—orthogonal projection onto the kernel K3 of the glued operator gives
an isomorphism K; @ K» => K3, and this induces the map (C.13.5), which may be
shown to be independent of the choices used to define it.

The coherent trivializations of o0, 4 resulting from the maps (C.13.5) are known to
coincide with the usual coherent orientations of Morse theory, when restricted to
S invariant Hamiltonians and their S !—invariant Floer trajectories; see eg Floer [24].

C.13.3 Orientations on thickened mgiuli spaces 3\_/[(0, D q);eg The existence of
the desired coherent orientations for M(a, p, ¢) follows easily from the following
result, which we spend the rest of this appendix proving.

Proposition C.13.2 The orientation sheaf (in the sense of Definition 4.1.3) of every
moduli space M(o, p, q) can be canonically identified with 05 ® 0 p.q - Moreover, under
these identifications, the boundary maps on orientation sheaves induced (as in (4.4.2))
by the structure maps

(C.13.6) M(@|[0...k], p.q) x M(c|[k ...n],q.r) = dM(0, p, r),

(C.13.7) M(|[0.. k.. .n], p.q) = IM(0, p.q)

coincide with the maps

(C.13.8) 05 ® 0p,r = 0g][0...k] ® 0p,g ® 0g|[k...n] ® Og,r

(C.13.9) 00 & 0p.g = 010, %..n] ® OPa

induced by (C.13.2)—(C.13.3) and (C.13.5).

Let us introduce various linearized operators which will play a role in the proof of

Proposition C.13.2 below. At any point in a thickened moduli space M(o, p, q)7, we
have a linearized operator

(C.13.10)  D: Er @ W23 (C.u*TM) — wk=128(C, Q%" @c u* TM s(y(.))
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More precisely, the operator D denotes the usual linearization of the /-thickened
holomorphic equation, eg as calculated in Lemma C.5.1 (corresponding to variations
of the map u and of the element e € Ej; we always keep £ fixed when defining
linearized operators). We will need to make use of this and other linearized operators
at maps ¥ which do not necessarily satisfy the relevant pseudo-holomorphic curve
equation, and for such u, the linearized operator D depends on a choice of (a family
of) J-linear connections on M . Let us fix the convention of always using the J-linear
connection VxyY := %(Vg, Y—J (V)(} (JY))), where V© is the Levi-Civita connection
of the metric associated to the compatible pair (w, J) (more precisely, this is a family
of connections parametrized by 0 = A").

We will make use of another linearized operator
(C.13.11) Dyoi: Ef @ WE2(Cou*TM) — WF128(C, Q%" @c u*TM ().

The operator Dy denotes the linearization of the usual holomorphic curve equation (ie
without the thickening terms A4 (ey)); thus it is given by the expression in Lemma C.5.1
without the terms (C.5.6)—(C.5.8). Clearly there is a natural isomorphism op = op,,
since the terms (C.5.6)—(C.5.8) are compact.

Proof of Proposition C.13.2 To identify the orientation sheaf of M(c, p,q) with
05 ® 0p 4, it suffices to identify the orientation sheaf of every M(o, p, q)r;’g with
0, ® 05 ® 0p,4 in a compatible way (for all finite subsets I < A(o, 2.9)=5").
Moreover, it suffices to make this identification over the open subset

M(o, p.q);2° S M(o, p.q)}®

where the domain curve is smooth (it then automatically extends uniquely to all of
M(o, p, q);eg, by virtue of the local topological description of M(a, p, q)r;’g given by
the gluing map); we may also check compatibility with the inclusions I € J over
M(o, p, q)reg Now the kernel K =ker D of the linearization (C.13. 10) forms a vector
bundle over M(o, p,q)7* ;- and the orientation sheaf of M(o, p.q)7¢ 7 1is isomorphic
to 05 ® 0 g (to see this, one must distinguish the two cases dimo > 0 and dimo = 0).
Now we have

0g =0p =0p,, =0E; ®0pgq;

this defines a fiberwise isomorphism of 0 z with 0, ® 0 4, and since the operators D
and Dy vary nicely over the base M(o, p, q)rlego , it is easy to see that this is in fact
an isomorphism of sheaves. Thus we have the desired identification.

Now let us show that the boundary map induced by (C.13.7) coincides with the tautolog-
ical map (C.13.9) (this just amounts to chasing definitions). Let s € 85;(0, p,q) denote
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the stratum (o|[0...k...n], p q) (ie the stratum consisting of trajectorles over o
which factor through 0|[0 ..n]). Now on the space M(o|[0.. ..nl, p,q) =
M(o, p.q)=*, we have three 1rnphclt atlases:

(C13.12)  A@I0...k...n], p.9)**" S A0, p.9)** 2 A0, p.9)>*"

(note that the two occurrences of s'°P refer to the top elements of two different strata
posets); in fact (the index set of) the middle atlas is the disjoint union of (the index
sets of) the atlases on the right and on the left. The reasoning used above to identify
the orientation sheaf of M(a|[0. k. n], p.q) = M(0, p,q)=° under the leftmost
implicit atlas applies equally well for all three atlases (and, in particular, the resulting
identifications coincide). Hence, for the purpose of identifying the boundary map on
orientation sheaves, it suffices to consider the single atlas A(o, p, ¢)=*" on M(o, p. q)
and the inclusion of the boundary stratum M(o, p.q)=* < M(o, p.q). Now it suffices
to check that the desired compatibility holds for the inclusion (M(o, p, q) o)reg s

M(o, p, q)reg (for all finite subsets I C A(o, p,q)=* "), and this follows by definition.

Now let us show that the boundary map induced by (C.13.6) coincides with the tau-
tological map (C.13.8). First, we chase definitions as above. Let s € S5;(0, p, 1)
denote the stratum (a|[0...k], p,q)—(o|[k ...n],q,r) (ic the stratum consisting of
Floer trajectories over o which are broken at vertex k and periodic orbit ¢ € Py x)).
Now on the space

M(a|[0...k], p,q) x M(al[k ...n],q,r) = M(a, p,r)=*,
we have three implicit atlases:
A@|[0...k]. p,9)**" UA(llk ... n).q,r)=*" € Ao, p,r)Z* 2 A(o, p.r)=*"

and in fact (the index set of) the middle atlas is the disjoint union of (the index sets
of) the atlases on the right and on the left. The reasoning used above to identify
the orientation sheaves of M(c|[0...k], p.q) and M(c|[k ...n], ¢, r) applies equally
well to identify the orientation sheaf of their product

M@I[0...k], p.q) x M(ol[k ...n],q,r) = M(a, p,r)=*

under all three atlases above (the fact that the thickening datums in the latter two atlases
do not treat the portions of the trajectories from p to ¢ and from ¢ to r “independently”
does not cause any problems). Hence for the purposes of identifying the boundary
map on orientation sheaves, it suffices to consider the single atlas .A(a, p, r)Zsmp on
M(o, p,r) and the inclusion of the boundary stratum M(o, p, r)=* < M(o, p. r).
As before, it suffices to check that the desired compatibility holds for the inclusion
M(o, p.1)F°)8 < M(o, p,r);* (for all finite subsets I C A(a, p,r)=*"), and
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moreover, this may be checked on the locus where the domain curve is smooth except
for the required node over k asymptotic to g € Py k).

It will be convenient to assume that 0 < k < n, so let us first deduce the case of
general 0 < k <n from the case 0 <k <n. Fix 0 and 0 <k <n =dimo. We
consider the degenerate simplex o’ — o given by “doubling vertex 0 if k = 0 and
“doubling vertex n” if k = n (ie if 0 = k < n, we consider A”T1 — A" given by
superimposing the first two vertices of A1 if 0 <k =n, we consider A”T1 — A”
given by superimposing the last two vertices of A”*! and if 0 = k =n we consider
A? 5> A%):letk’=1if k=0andlet k¥’ =n’—1 if k =n, where n’ = dimo’, and
note that 0 < k’ < n’. Now there is a natural map A(o, p,¢)=>" — A(o’, p.q)=*"
given by pulling back along 6/ — o, and ¢’ — o maps flow lines to flow lines (for the
flow from Definition 10.1.4). Hence, given any point x € M(o, p, r)rIeg with a single
node over k asymptotic to ¢ € Pg ), we may lift it (canonically, up to translating the
part(s) of the trajectory over 0 = k and/or over k = n) to a point x’ € M(c”, p, r);eg
with a single node over k’ asymptotic to g € Py k) = Pr k). Moreover, there is a
germ of a homeomorphism

M(o’, p.r)7E = M(o. p, )7 x RM*=0+1(k=n)

between neighborhoods of x” and x x 0. Now the desired compatibility of ori-

. W) <s\reg N reg PO
erltatl(l)ns forS g/ﬂ\/r[e(go, p, r_) 7 ? %re?g\/[(a, ].?, ) 7 follows frorln the/ compatibility for
Mo’ p.r)7" )€ < M(o’, p,r);~ (which has from 0 < k" <n’). Hence we may
assume without loss of generality that 0 < k <n.

Now we have come to the heart of the matter, where we will need to analyze the
gluing map. To review: we have identified the orientation sheaf of M(o, p, r);eg with
0, ®05 ® 0y, and we have identified the orientation sheaf of M(o, p, r)I55 )'® with
0E; ®0g[0..k] ®0p.g ® 0g|[k..n] ® 0g,r (recall that s denotes the stratum consisting of
trajectories broken at vertex k and periodic orbit ¢ € Py x)). We must show that the
boundary map on orientation sheaves induced by the inclusion (M(o, p, r)Ifs)reg >
M(o, p, r)rIeg is the expected map (C.13.8), and it suffices to check this over the locus
where the domain curve is smooth except for the required node over k asymptotic to
q € PH(k)- We may further assume that 0 <k <n.

We consider the gluing setup for M(a, p, r)rIeg at a point in (M(a, p, r)I55 )& where
Co is smooth except for the required node over vertex k asymptotic to g € Pg k). In
other words,

Co\{90.91.q2} = S' xRUS' xR,

and
up: SIXRUS!' xR —> M
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is a trajectory from p to ¢ and from ¢ to r. From Section C.1.2, we take L = L' =0
(ie no points p; or p;), and we may take D = H = @. From Section C.1.3, there is one
gluing parameter o € R, there is no nontrivial variation in (jo, 4¢) (ie y € R* =R?),
and there is some variation in £ parametrized by w € ]_[12;1 H'. As usual, we denote
by K € Wk:2:3((,, ug T M) the kernel of the linearized operator (we shall omit the sub-
script D, H since L = L’ = 0). Now the gluing construction gives rise to a gluing map

2/
(C.13.13) K xRsox [[ H — M(o. p.r)}",
i=1

(C.13.14) (K o, w) = (Ua,w,y ks Cayw,y k)

(y = 0). Now if we restrict to o = 0, this map realizes the identification of the
orientation sheaf of (M(c, p, r)ISﬁ)reg with 0g ® 04[0...k] ® Og|[k...n]- Thus it suffices
to show that for fixed (sufficiently small) o > 0 and fixed w = 0, the gluing map is
differentiable in the K direction, and that its derivative (a map from K to the kernel
of the linearized operator at the glued map 1y 1,y ) agrees (on orientation lines) with
the Floer-Hofer map (C.13.5) (recall that ok is identified with 0g, ® 05 4 ® 04, and
that the orientation line of the kernel at the glued map is identified with og, ® 0p ).

For fixed («, w, y), the gluing map is given by

KKy KoaH>Ko,w,y

(C.13.15) K Ko Foroy (0).

The second map is defined a priori by a Newton iteration, however a more natural
description a posteriori is that

{Kaw,y} = (ko +im Quw,y} h T3 L (0)

is the unique (necessarily transverse) intersection in a (k, 2, §, §)—neighborhood of
zero of fixed size. Note that in this neighborhood of fixed size, &, L, y(0) is a (highly
differentiable) submanifold, since Fy ),y is highly differentiable and Dy, ,, ,Fa,w,y
is surjective, as observed in the proof of Lemma C.10.2. From this description of the
second map, it is clearly differentiable. Thus the derivative of the restricted gluing map
(C.13.15) at a given « is given by

KKy PrOJ O w.y

(C.13.16) TiK — Ty Ko ——— Tieg 1y Fro.y(0) =ker Dyey, , Farwo,y-

The second map is “projection with respect to Q,w,y ", ie the map induced by identify-
ing both the domain and codomain with wk2:8:8(c,, uyTM)/im Qg w,y . It suffices
to study the derivative at k = 0, namely the first line of the following commuting
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diagram:

C PrOj 0y w
ToK m ToKqy gany ” kerD(O)a,w,ygja’w’y

(C.13.17) _ \ /
POy w.y PrOj O 1,y

ker Dy .y

The rightmost diagonal map is orientation-preserving (ie it commutes with the identi-
fication of the orientation lines of the domain and codomain with 0 g, ® 0, ), because
projg, ,,, gives a local trivialization of the bundle ker D3y w,y with respect to
which the orientation is constant by definition. Now the leftmost diagonal map is
just Ko = Kog — Qa,w,y Da,w,yka . Hence it suffices to show that the composition (note
that we have changed notation from « back to «)

KKy ko>Ka— Qo w.y Da,w.yKa

(C.13.18)  kerDggo=K Ky ker D .y

acts as (C.13.5) on orientations (with respect to the previously defined isomorphisms
0K =0E; ®0p,qg ®0g,r and OkerD, ,,., = OE; @ 0p,r).

We analyze (C.13.18) as follows. For convenience, we may as well assume that w = 0,
and recall that necessarily y = 0. Now let us consider the following diagram:
(C.13.19)

prOjTa,O’O
Ky &= Wk288(Co uTM) @ E;

— ~ 0,1
olue wk 1,2,8,8(Ca, Qéa,jo ®c ”;TMJ(fa.o(Ao(J)))
PrOITp1q,0,0
K0|€¥,0,0 —> Wk,2,8,8 (CO, Mz;l(x TM) @ EI break
W})
= — ~ 0,1
K—KQ| g T Wwk—1,2,6,8 (Co, QEOJO &c uzlaTMJ(lO.O(AO(‘))))
Ko0 T Wk233(Cy,ut TM) & E; PT
prOJQO’()’() W

_ ~ 0,1
Wk—1.2.8.8 (Co, Qéo,jo Qc M;TMJ(eO_O(AO(.))))

The right half is just a copy of (C.7.8) (with the middle square collapsed since y = 0).
The left half consists of the inclusions of the kernels of the operators on the right half,
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as well as the projection maps associated to the images of the (approximate) right
inverses Q0,0,0,

T0)a,0,0 == PT 0 Qo0,0,00PT,

and
Tw.0,0 = glueoPT o Qg,0,0 0 PT obreak

(recall that im T,0,0 = im Q¢,0,0). The diagonal map « > kg, is defined by cutting
off as in Definition C.5.2; thus kq = glue(kg|q)-

Now the map (C.13.18) which we would like to analyze may be written as the com-
position k > projr, ; . (glue(ko|q)) from (C.13.19). Now we know that

[ Doja,0,0€00allk—1,2.5,5 = [ Da,0,0€e lk—1,2,5,5»

which is small by Lemma C.6.2. It follows that the map we would like to analyze is
well-approximated (as o — 0) by the map

i€ 1> proj, o o (elue(projzy,, , , Koja))-
In particular, since we are only interested in its action on orientations, it suffices to
consider the latter map

ic > proj, o (glue(projz,,, , , Koja))-

Now we claim that the map Ko,0,0 = Ko|a,0,0 giVen by « —> projz, Kolo preserves
orientation (the orientation lines of the domain and codomain are both identified with
0E; ® 0p g ®0g,r). To see this, simply observe the maps (as well as their domains
and codomains and their orientations) vary continuously over « € [0, €), and that the
statement is true for o« = 0 because then the map is the identity map. Hence we have
reduced the problem to showing that the map

(C.13.20)  WH255(Co,uf, TM) 2 Koja,0,0

glue Proi7y 0.0
— Wk238(Cy uXTM) ® E; — Kq.0.0

acts by (C.13.5).

To analyze the map

projr, o, © glue: Kojo,0,0 = Ka 0,0,
argue as follows. For any finite-dimensional vector space F and a map

A F — WET288(Co, Q" @ ugTM (64 0(4o(-1)
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supported away from the ends, we may consider the following modified version of
(C.13.19):

(C.13.21)
proj_ At
A g Do k2,88 «
Kyoo &——= FoWrk23(Cy ulTM) & E;
w),o
id @ glue Wk—1,2,5,5 (60(, Q%’; i Qc M:; TMJ(Za,O(AO('))))
proj,_ A ¢
K ) 5 F @ Wh2B (Co iy TM) & E st
0la,0,0 — 0, Up|q I t rea
wj,ao
KK ~
Ol id ®PT Wk—1,2,5,8 (C07 Q%; jo ®C uaClTMJ(lO,O(AO('))))
Ar o k288 (00 y*
Kooo —— FeW (Co,ugTM) ® Ey PT
"oty A®D} o
0.0.0 0,

_ -~ 0,1
Wk—12.88 (Co, Qfo,jo Qc MSTMJ(ZO,O(AO('))))

Here ¢ € [0, 1] indicates that the terms (C.5.6)—(C.5.8) carry a factor of #. The estimates
from Lemmas C.7.2 and C.7.4 apply to this modified diagram as well. Thus as long as
we fix a bounded right inverse Q é\ E)t,o of Dét 6t,0’ the rest of the diagram makes sense
(and, in particular, To?&f 0.0 and Ta,(’)’, o are approximate right inverses) for sufficiently
small o > 0. Furthermore, in any family of (A, 7, Q) the kernels Ko0,0,0, Koja,0,0>
Ka,0,0 form vector bundles, and the identifications of their orientation lines with

0F ®0pqg ®0gr ®0E, and oF R0y, ® 0, (respectively) vary continuously.

Now the map

prOjTAbt OOglue
o0,

(C.13.22) KA

At
010.0.0 Ko 0,0

is exactly the map we wish to analyze when F =0, A =0, ¢t =1, and Qé\,bt’() =
0@ Qo,0,0- More generally, if we allow F nonzero (but still A = 0), this map is
simply our desired map plus the identity map on F. Since the space of acceptable
maps A is contractible, it suffices to show that (C.13.22) has the desired action on
orientations for any single pair (F, A), t =1, and Q(I)\,bt,o =0 Q0,0,0-

Now by compactness of [0, 1], there exists a pair (F, A) so that A EBD(t),o,o is surjective
for all ¢ € [0, 1]. Fix such a pair (F, A), and also fix a continuously varying family
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of bounded right inverses Qé\’ E)t,o with Qé 61’0 =0® Qo,0,0- Since the kernels form
a bundle over the base [0, 1] and their orientations vary continuously, it suffices to
analyze (C.13.22) for this (F,A), =0, and this Q'

Now the Floer—Hofer map (C.13.5) is defined (see [25, Proposition 9]) by the property
that it is induced by a certain map K(ﬁ(’x?o,o — K é\’ 6(?0 closely related to (C.13.22);
clearly it suffices to show that the difference between the Floer—Hofer map and (C.13.22)
is very small. Consider the map

At projLQOglue At
(C.13.23) K0|a,0,0 —> K, 00

in the setting of the above choices of (F, A), t = 0, and Qé\ 6’ o> Where instead of
projecting off of im Tof’\ 6?0, we use the L2—orthogonal projection. The difference

between (C.13.23) and (C.13.22) is exactly
projz2 o Qole\,b(),o o(A® Dg,o,o) o glue,

which has small norm by the estimate in Lemma C.7.4. Thus it suffices to compare
(C.13.23) to the Floer—Hofer map. Now the Floer—Hofer map is given by

: ’
A0 proj; 2 oglue A0
_—
(C.13.24) KOIa,O,O 2.0.0

for a certain map glue’ (see [25, Proposition 9]). However, the norm of the dif-
ference glue — glue’ is very small due to the exponential decay of elements of the
kernel (here, we may use the explicit description of Kg|q,0,0 @s the image of «x
kola — @0]a,0,0 Dola,0,0€0]c ). Thus we are done. O

References
[1] M Abouzaid, Framed bordism and Lagrangian embeddings of exotic spheres, Ann. of
Math. 175 (2012) 71-185 MR2874640

[2] M Abouzaid, Nearby Lagrangians with vanishing Maslov class are homotopy equiva-
lent, Invent. Math. 189 (2012) 251-313 MR2947545

[3]1 JF Adams, On the cobar construction, Proc. Nat. Acad. Sci. U.S.A. 42 (1956) 409412
MR0079266

[4] FJ Almgren, Jr, The homotopy groups of the integral cycle groups, Topology 1 (1962)
257-299 MRO146835

[5] MF Atiyah, I G Macdonald, Introduction to commutative algebra, Addison-Wesley,
Reading, MA (1969) MR0242802

[6] J-F Barraud, O Cornea, Lagrangian intersections and the Serre spectral sequence,
Ann. of Math. 166 (2007) 657-722 MR2373371

Geometry € Topology, Volume 20 (2016)


http://dx.doi.org/10.4007/annals.2012.175.1.4
http://www.ams.org/mathscinet-getitem?mr=2874640
http://dx.doi.org/10.1007/s00222-011-0365-0
http://dx.doi.org/10.1007/s00222-011-0365-0
http://www.ams.org/mathscinet-getitem?mr=2947545
http://dx.doi.org/10.1073/pnas.42.7.409
http://www.ams.org/mathscinet-getitem?mr=0079266
http://dx.doi.org/10.1016/0040-9383(62)90016-2
http://www.ams.org/mathscinet-getitem?mr=0146835
http://www.ams.org/mathscinet-getitem?mr=0242802
http://dx.doi.org/10.4007/annals.2007.166.657
http://www.ams.org/mathscinet-getitem?mr=2373371

1030

(7]

[10]

(11]

[12]

[13]

[14]

[15]

[16]

(17]

(18]

[19]

(20]

(21]

(22]

John Pardon

N A Berikashvili, The Steenrod-Sitnikov homology theory on the category of compact
spaces, Dokl. Akad. Nauk SSSR 254 (1980) 1289-1291 MR592491

N A Berikashvili, Axiomatics of the Steenrod-Sitnikov homology theory on the category
of compact Hausdorff spaces, Trudy Mat. Inst. Steklov. 154 (1983) 24-37 MR733823
In Russian; translated in Proc. Steklov Inst. Math. 154 (1984) 25-39

R H Bing, The cartesian product of a certain nonmanifold and a line is E*, Ann. of
Math. 70 (1959) 399412 MRO0107228

D Borisov, J Noel, Simplicial approach to derived differential manifolds, preprint
(2011) arXiv:1112.0033

J W Cannon, Shrinking cell-like decompositions of manifolds: codimension three, Ann.
of Math. 110 (1979) 83-112 MR541330

G Carlsson, E K Pedersen, Cech homology and the Novikov conjectures for K— and
L—theory, Math. Scand. 82 (1998) 5-47 MR1634649

G S Chogoshvili, On the equivalence of the functional and spectral theory of homology,
Izvestiya Akad. Nauk SSSR. Ser. Mat. 15 (1951) 421-438 MR0046649

RL Cohen, JDS Jones, GB Segal, Floer’s infinite-dimensional Morse theory and
homotopy theory, from: “The Floer memorial volume”, (H Hofer, CH Taubes, A
Weinstein, E Zehnder, editors), Progr. Math. 133, Birkhduser, Basel (1995) 297-325
MR1362832

C C Conley, E Zehnder, The Birkhoff-Lewis fixed point theorem and a conjecture of
VI Arnol’d, Invent. Math. 73 (1983) 33-49 MR707347

M Damian, On the stable Morse number of a closed manifold, Bull. London Math. Soc.
34 (2002) 420430 MR1897421

A Dress, Zur Spectralsequenz von Faserungen, Invent. Math. 3 (1967) 172-178
MRO0267585

D A Edwards, HM Hastings, Cech and Steenrod homotopy theories with applications
to geometric topology, Lecture Notes in Mathematics 542, Springer, Berlin (1976)
MRO0428322

T Ekholm, I Smith, Exact Lagrangian immersions with one double point revisited,
Math. Ann. 358 (2014) 195-240 MR3157996

T Ekholm, I Smith, Exact Lagrangian immersions with a single double point, J. Amer.
Math. Soc. 29 (2016) 1-59 MR3402693

Y Eliashberg, Estimates on the number of fixed points of area preserving transforma-
tions, preprint, Syktyvar University (1979)

A Floer, A relative Morse index for the symplectic action, Comm. Pure Appl. Math. 41
(1988) 393-407 MR933228

Geometry & Topology, Volume 20 (2016)


http://www.ams.org/mathscinet-getitem?mr=592491
http://www.mathnet.ru/php/getFT.phtml?jrnid=tm&paperid=2429&what=fullt&option_lang=eng
http://www.mathnet.ru/php/getFT.phtml?jrnid=tm&paperid=2429&what=fullt&option_lang=eng
http://www.ams.org/mathscinet-getitem?mr=733823
http://dx.doi.org/10.2307/1970322
http://www.ams.org/mathscinet-getitem?mr=0107228
http://arxiv.org/abs/1112.0033
http://dx.doi.org/10.2307/1971245
http://www.ams.org/mathscinet-getitem?mr=541330
http://www.mscand.dk/article/download/13823/11823
http://www.mscand.dk/article/download/13823/11823
http://www.ams.org/mathscinet-getitem?mr=1634649
http://www.mathnet.ru/php/getFT.phtml?jrnid=im&paperid=3323&what=fullt&option_lang=eng
http://www.ams.org/mathscinet-getitem?mr=0046649
http://www.ams.org/mathscinet-getitem?mr=1362832
http://dx.doi.org/10.1007/BF01393824
http://dx.doi.org/10.1007/BF01393824
http://www.ams.org/mathscinet-getitem?mr=707347
http://dx.doi.org/10.1112/S0024609301008955
http://www.ams.org/mathscinet-getitem?mr=1897421
http://dx.doi.org/10.1007/BF01389743
http://www.ams.org/mathscinet-getitem?mr=0267585
http://www.ams.org/mathscinet-getitem?mr=0428322
http://dx.doi.org/10.1007/s00208-013-0958-6
http://www.ams.org/mathscinet-getitem?mr=3157996
http://dx.doi.org/10.1090/S0894-0347-2015-00825-6
http://www.ams.org/mathscinet-getitem?mr=3402693
http://dx.doi.org/10.1002/cpa.3160410402
http://www.ams.org/mathscinet-getitem?mr=933228

An algebraic approach to VFC on moduli spaces of pseudo-holomorphic curves 1031

(23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

(31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

A Floer, The unregularized gradient flow of the symplectic action, Comm. Pure Appl.
Math. 41 (1988) 775-813 MR948771

A Floer, Symplectic fixed points and holomorphic spheres, Comm. Math. Phys. 120
(1989) 575-611 MR987770

A Floer, H Hofer, Coherent orientations for periodic orbit problems in symplectic
geometry, Math. Z. 212 (1993) 13-38 MR1200162

A Floer, H Hofer, K Wysocki, Applications of symplectic homology, I, Math. Z. 217
(1994) 577-606  MR1306027

EM Friedlander, Etale homotopy of simplicial schemes, Annals of Mathematics
Studies 104, Princeton Univ. Press (1982) MR676809

K Fukaya, The symplectic s—cobordism conjecture: a summary, from: “Geometry and
physics”, (J E Andersen, J Dupont, H Pedersen, A Swann, editors), Lecture Notes in
Pure and Appl. Math. 184, Dekker, New York (1997) 209-219 MR1423167

K Fukaya, Y-G Oh, H Ohta, K Ono, Lagrangian intersection Floer theory: Anomaly
and obstruction, I, AMS/IP Studies in Advanced Mathematics 46, Amer. Math. Soc.,
Providence, RI (2009) MR2553465

K Fukaya, Y-G Oh, H Ohta, K Ono, Lagrangian intersection Floer theory: Anomaly
and obstruction, II, AMS/IP Studies in Advanced Mathematics 46, Amer. Math. Soc.,
Providence, RI (2009) MR2548482

K Fukaya, Y-G Oh, H Ohta, K Ono, Technical details on Kuranishi structure and
virtual fundamental chain, preprint (2012) arXiv:1209.4410

K Fukaya, Y-G Oh, H Ohta, K Ono, Kuranishi structure, pseudo-holomorphic curve,
and virtual fundamental chain, Part 1, preprint (2015) arXiv:1503.07631

K Fukaya, K Ono, Arnold conjecture and Gromov—Witten invariant, Topology 38
(1999) 933-1048 MR1688434

R Godement, Topologie algébrique et théorie des faisceaux, Actualités Sci. Ind. 1252,
Hermann, Paris (1958) MR0102797

B Goldfarb, Novikov conjectures for arithmetic groups with large actions at infinity,
K -Theory 11 (1997) 319-372 MR1451760

M Gromov, Pseudoholomorphic curves in symplectic manifolds, Invent. Math. 82
(1985) 307-347 MR809718

M Gromov, Singularities, expanders and topology of maps, Part 2: From combina-
torics to topology via algebraic isoperimetry, Geom. Funct. Anal. 20 (2010) 416-526
MR2671284

H M Hastings, Steenrod homotopy theory, homotopy idempotents, and homotopy limits,
from: “Proceedings of the 1977 Topology Conference, II”’, (W Kuperberg, GM Reed,
P Zenor, editors), Topology Proc. 2 (1977) 461-477 MR540623

Geometry € Topology, Volume 20 (2016)


http://dx.doi.org/10.1002/cpa.3160410603
http://www.ams.org/mathscinet-getitem?mr=948771
http://projecteuclid.org/euclid.cmp/1104177909
http://www.ams.org/mathscinet-getitem?mr=987770
http://dx.doi.org/10.1007/BF02571639
http://dx.doi.org/10.1007/BF02571639
http://www.ams.org/mathscinet-getitem?mr=1200162
http://dx.doi.org/10.1007/BF02571962
http://www.ams.org/mathscinet-getitem?mr=1306027
http://www.ams.org/mathscinet-getitem?mr=676809
http://www.ams.org/mathscinet-getitem?mr=1423167
http://www.ams.org/mathscinet-getitem?mr=2553465
http://www.ams.org/mathscinet-getitem?mr=2548482
http://arxiv.org/abs/1209.4410
http://arxiv.org/abs/1503.07631
http://dx.doi.org/10.1016/S0040-9383(98)00042-1
http://www.ams.org/mathscinet-getitem?mr=1688434
http://www.ams.org/mathscinet-getitem?mr=0102797
http://dx.doi.org/10.1023/A:1007724711439
http://www.ams.org/mathscinet-getitem?mr=1451760
http://dx.doi.org/10.1007/BF01388806
http://www.ams.org/mathscinet-getitem?mr=809718
http://dx.doi.org/10.1007/s00039-010-0073-8
http://dx.doi.org/10.1007/s00039-010-0073-8
http://www.ams.org/mathscinet-getitem?mr=2671284
http://www.ams.org/mathscinet-getitem?mr=540623

1032

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

(48]

[49]

[50]

[51]

[52]

(53]

[54]

John Pardon

A Hatcher, Algebraic topology, Cambridge Univ. Press (2002) MR1867354

H Hofer, D A Salamon, Floer homology and Novikov rings, from: “The Floer memo-
rial volume”, (H Hofer, C H Taubes, A Weinstein, E Zehnder, editors), Progr. Math.
133, Birkhiuser, Basel (1995) 483-524 MR1362838

H Hofer, K Wysocki, E Zehnder, A general Fredholm theory, I: A splicing-based
differential geometry, J. Eur. Math. Soc. (JEMS) 9 (2007) 841-876 MR2341834

H Hofer, K Wysocki, E Zehnder, A general Fredholm theory, II: Implicit function
theorems, Geom. Funct. Anal. 19 (2009) 206293 MR2507223

H Hofer, K Wysocki, E Zehnder, A general Fredholm theory, I1l: Fredholm functors
and polyfolds, Geom. Topol. 13 (2009) 2279-2387 MR2515707

H Hofer, K Wysocki, E Zehnder, Integration theory on the zero sets of polyfold
Fredholm sections, Math. Ann. 346 (2010) 139-198 MR2558891

H Hofer, K Wysocki, E Zehnder, sc-smoothness, retractions and new models for
smooth spaces, Discrete Contin. Dyn. Syst. 28 (2010) 665-788 MR2644764

H Hofer, K Wysocki, E Zehnder, Applications of polyfold theory, I: The polyfolds of
Gromov—Witten theory, preprint (2014) arXiv:1107.2097

H Hofer, K Wysocki, E Zehnder, Polyfold and Fredholm theory, I: Basic theory in
M —polyfolds, preprint (2014) arXiv:1407.3185

H Inassaridze, On the Steenrod homology theory of compact spaces, Michigan Math.
J. 38 (1991) 323-338 MR1116492

D Joyce, D-manifolds and d-orbifolds: a theory of derived differential geometry,
Book manuscript (2012) Available at https://people.maths.ox.ac.uk/joyce/
dmbook. pdf

D Joyce, An introduction to d-manifolds and derived differential geometry, from:
“Moduli spaces”, (Cambridge, editor), London Math. Soc. Lecture Note Ser. 411,
Cambridge Univ. Press (2014) 230-281 MR3221297

M Kontsevich, Enumeration of rational curves via torus actions, from: “The moduli
space of curves”, (R Dijkgraaf, C Faber, G van der Geer, editors), Progr. Math. 129,
Birkhéauser, Boston (1995) 335-368 MR1363062

M Kontsevich, Y Manin, Gromov-Witten classes, quantum cohomology, and enumer-
ative geometry, Comm. Math. Phys. 164 (1994) 525-562 MR1291244

J Li, G Tian, Virtual moduli cycles and Gromov—Witten invariants of general symplectic
manifolds, from: “Topics in symplectic 4—-manifolds”, (R J Stern, editor), First Int. Press
Lect. Ser. 1, Int. Press, Cambridge, MA (1998) 47-83 MR1635695

G Liu, G Tian, Floer homology and Arnold conjecture, J. Differential Geom. 49 (1998)
1-74 MR1642105

Geometry & Topology, Volume 20 (2016)


https://www.math.cornell.edu/~hatcher/AT/AT.pdf
http://www.ams.org/mathscinet-getitem?mr=1867354
http://www.ams.org/mathscinet-getitem?mr=1362838
http://dx.doi.org/10.4171/JEMS/99
http://dx.doi.org/10.4171/JEMS/99
http://www.ams.org/mathscinet-getitem?mr=2341834
http://dx.doi.org/10.1007/s00039-009-0715-x
http://dx.doi.org/10.1007/s00039-009-0715-x
http://www.ams.org/mathscinet-getitem?mr=2507223
http://dx.doi.org/10.2140/gt.2009.13.2279
http://dx.doi.org/10.2140/gt.2009.13.2279
http://www.ams.org/mathscinet-getitem?mr=2515707
http://dx.doi.org/10.1007/s00208-009-0393-x
http://dx.doi.org/10.1007/s00208-009-0393-x
http://www.ams.org/mathscinet-getitem?mr=2558891
http://dx.doi.org/10.3934/dcds.2010.28.665
http://dx.doi.org/10.3934/dcds.2010.28.665
http://www.ams.org/mathscinet-getitem?mr=2644764
http://arxiv.org/abs/1107.2097
http://arxiv.org/abs/1407.3185
http://dx.doi.org/10.1307/mmj/1029004385
http://www.ams.org/mathscinet-getitem?mr=1116492
https://people.maths.ox.ac.uk/joyce/dmbook.pdf
https://people.maths.ox.ac.uk/joyce/dmbook.pdf
http://www.ams.org/mathscinet-getitem?mr=3221297
http://www.ams.org/mathscinet-getitem?mr=1363062
http://projecteuclid.org/euclid.cmp/1104270948
http://projecteuclid.org/euclid.cmp/1104270948
http://www.ams.org/mathscinet-getitem?mr=1291244
http://www.ams.org/mathscinet-getitem?mr=1635695
http://projecteuclid.org/euclid.jdg/1214460936
http://www.ams.org/mathscinet-getitem?mr=1642105

An algebraic approach to VFC on moduli spaces of pseudo-holomorphic curves 1033

[55]

[56]

[57]

[58]

[59]
[60]
[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

R B Lockhart, R C McOwen, Elliptic differential operators on noncompact manifolds,
Ann. Scuola Norm. Sup. Pisa CI. Sci. 12 (1985) 409-447 MR837256

G Lu, G Tian, Constructing virtual Euler cycles and classes, Int. Math. Res. Surv.
2007 (2007) MR2369606

J Lurie, Higher topos theory (2012) Updated online version of Higher topos theory,
Annals of Mathematics Studies 170, Princeton Univ. Press, 2009 Available at http://
www.math.harvard.edu/~lurie/papers/croppedtopoi.pdf

J Lurie, Higher algebra (2014) Available at http://www.math.harvard.edu/
~lurie/papers/higheralgebra.pdf

S Mardesié, Strong shape and homology, Springer, Berlin (2000) MR1740831
D McDuff, Notes on Kuranishi atlases, preprint (2015) arXiv:1411.4306v2

D McDuff, D Salamon, J —holomorphic curves and quantum cohomology, University
Lecture Series 6, Amer. Math. Soc., Providence, RI (1994) MR1286255

D McDuff, D Salamon, J —holomorphic curves and symplectic topology, Amer. Math.
Soc. Collog. Publ. 52, Amer. Math. Soc., Providence, RI (2004) MR2045629

D McDuff, K Wehrheim, Kuranishi atlases with trivial isotropy, preprint (2015)
arXiv:1208.1340v6

J Milnor, On the Steenrod homology theory, from: “Novikov conjectures, index
theorems and rigidity, Vol. 17, (S C Ferry, A Ranicki, J Rosenberg, editors), London
Math. Soc. Lecture Note Ser. 226, Cambridge Univ. Press (1995) 79-96 MR1388297

M-P Muller, Gromov’s Schwarz lemma as an estimate of the gradient for holomorphic
curves, from: “Holomorphic curves in symplectic geometry”, (M Audin, J Lafontaine,
editors), Progr. Math. 117, Birkhéuser, Basel (1994) 217-231 MR1274931

K Ono, On the Arnol’d conjecture for weakly monotone symplectic manifolds, Invent.
Math. 119 (1995) 519-537 MR1317649

MS Osborne, Basic homological algebra, Graduate Texts in Mathematics 196,
Springer, New York (2000) MR1757274

J Pardon, The Hilbert—Smith conjecture for three-manifolds, J. Amer. Math. Soc. 26
(2013) 879-899 MR3037790

S Piunikhin, D Salamon, M Schwarz, Symplectic Floer—Donaldson theory and quan-
tum cohomology, from: “Contact and symplectic geometry”, (CB Thomas, editor),
Publ. Newton Inst. 8, Cambridge Univ. Press (1996) 171-200 MR1432464

JJ Rotman, An introduction to homological algebra, 2nd edition, Springer, New York
(2009)

Y Ruan, Virtual neighborhoods and pseudo-holomorphic curves, from: “Proceedings
of 6th Gokova Geometry-Topology Conference”, Turkish J. Math. 23 (1999) 161-231
MR1701645

Geometry € Topology, Volume 20 (2016)


http://www.numdam.org/item?id=ASNSP_1985_4_12_3_409_0
http://www.ams.org/mathscinet-getitem?mr=837256
http://imrs.oxfordjournals.org/content/2007/rym001.full.pdf+html
http://www.ams.org/mathscinet-getitem?mr=2369606
https://doi.org/10.1515/9781400830558
http://www.math.harvard.edu/~lurie/papers/croppedtopoi.pdf
http://www.math.harvard.edu/~lurie/papers/croppedtopoi.pdf
http://www.math.harvard.edu/~lurie/papers/higheralgebra.pdf
http://www.math.harvard.edu/~lurie/papers/higheralgebra.pdf
http://dx.doi.org/10.1007/978-3-662-13064-3
http://www.ams.org/mathscinet-getitem?mr=1740831
http://arxiv.org/abs/1411.4306v2
http://dx.doi.org/10.1090/ulect/006
http://www.ams.org/mathscinet-getitem?mr=1286255
http://www.ams.org/mathscinet-getitem?mr=2045629
http://arxiv.org/abs/1208.1340v6
http://dx.doi.org/10.1017/CBO9780511662676.005
http://www.ams.org/mathscinet-getitem?mr=1388297
http://www.ams.org/mathscinet-getitem?mr=1274931
http://dx.doi.org/10.1007/BF01245191
http://www.ams.org/mathscinet-getitem?mr=1317649
http://dx.doi.org/10.1007/978-1-4612-1278-2
http://www.ams.org/mathscinet-getitem?mr=1757274
http://dx.doi.org/10.1090/S0894-0347-2013-00766-3
http://www.ams.org/mathscinet-getitem?mr=3037790
http://www.ams.org/mathscinet-getitem?mr=1432464
http://dx.doi.org/10.1007/b98977
http://journals.tubitak.gov.tr/math/issues/mat-99-23-1/mat-23-1-10-98066.pdf
http://www.ams.org/mathscinet-getitem?mr=1701645

1034

[72]

[73]

[74]

[75]
[76]

[77]

(78]

[79]

(80]

John Pardon

D Salamon, Lectures on Floer homology, from: “Symplectic geometry and topology”,
(Y Eliashberg, L Traynor, editors), IAS/Park City Math. Ser. 7, Amer. Math. Soc.,
Providence, RI (1999) 143-229 MR1702944

D Salamon, E Zehnder, Morse theory for periodic solutions of Hamiltonian systems
and the Maslov index, Comm. Pure Appl. Math. 45 (1992) 1303-1360 MR1181727

N Spaltenstein, Resolutions of unbounded complexes, Compositio Math. 65 (1988)
121-154 MR932640

DI Spivak, Derived smooth manifolds, Duke Math. J. 153 (2010) 55-128 MR2641940

NE Steenrod, Regular cycles of compact metric spaces, Ann. of Math. 41 (1940)
833-851 MRO0002544

M G Sullivan, K—theoretic invariants for Floer homology, Geom. Funct. Anal. 12
(2002) 810-872 MR1935550

W P Thurston, The geometry and topology of three-manifolds, lecture notes, Princeton
University (1979) Available at http://msri.org/publications/books/gt3m

K Wehrheim, Energy quantization and mean value inequalities for nonlinear boundary
value problems, J. Eur. Math. Soc. 7 (2005) 305-318 MR2156603

K Wehrheim, Smooth structures on Morse trajectory spaces, featuring finite ends and
associative gluing, from: “Proceedings of the Freedman Fest”, (R Kirby, V Krushkal, Z
Wang, editors), Geom. Topol. Monogr. 18 (2012) 369-450 MR3084244

Department of Mathematics, Stanford University
450 Serra Mall, Building 380, Stanford, CA 94305, USA

pardon@math.stanford.edu

http://math.stanford.edu/~pardon/

Proposed: Leonid Polterovich Received: 26 May 2014
Seconded: Richard Thomas, Ronald Stern Revised: 20 May 2015

Geometry & Topology Publications, an imprint of mathematical sciences publishers :.msp


http://dx.doi.org/10.1016/S0165-2427(99)00127-0
http://www.ams.org/mathscinet-getitem?mr=1702944
http://dx.doi.org/10.1002/cpa.3160451004
http://dx.doi.org/10.1002/cpa.3160451004
http://www.ams.org/mathscinet-getitem?mr=1181727
http://www.numdam.org/item?id=CM_1988__65_2_121_0
http://www.ams.org/mathscinet-getitem?mr=932640
http://dx.doi.org/10.1215/00127094-2010-021
http://www.ams.org/mathscinet-getitem?mr=2641940
http://dx.doi.org/10.2307/1968863
http://www.ams.org/mathscinet-getitem?mr=0002544
http://dx.doi.org/10.1007/s00039-002-8267-3
http://www.ams.org/mathscinet-getitem?mr=1935550
http://msri.org/publications/books/gt3m
http://dx.doi.org/10.4171/JEMS/30
http://dx.doi.org/10.4171/JEMS/30
http://www.ams.org/mathscinet-getitem?mr=2156603
http://dx.doi.org/10.2140/gtm.2012.18.369
http://dx.doi.org/10.2140/gtm.2012.18.369
http://www.ams.org/mathscinet-getitem?mr=3084244
mailto:pardon@math.stanford.edu
http://math.stanford.edu/~pardon/
http://msp.org
http://msp.org

	1. Introduction
	1.1. Implicit atlases
	1.2. Construction of implicit atlases
	1.3. Construction of virtual fundamental cycles
	1.4. Example applications
	1.5. How to read this paper

	2. Technical introduction
	2.1. Implicit atlases
	2.1.1. Implicit atlases (proto version)
	2.1.2. Implicit atlases on spaces with nontrivial isotropy

	2.2. Constructions of implicit atlases
	2.2.1. Zero set of a smooth section
	2.2.2. Moduli space of pseudo-holomorphic curves

	2.3. Construction of virtual fundamental cycles
	2.3.1. What ``homology group'' does the virtual fundamental class live in?
	2.3.2. Virtual fundamental class from a single chart
	2.3.3. Virtual fundamental class from a single chart (with covering group)
	2.3.4. Virtual fundamental class from two charts
	2.3.5. Homotopy K–sheaves in the theory of virtual fundamental cycles

	2.4. Floer-type homology theories
	2.4.1. The system of implicit atlases
	2.4.2. Applying the VFC package

	2.5. S^1–localization

	3. Implicit atlases
	3.1. Implicit atlases
	3.2. Implicit atlases with boundary

	4. The VFC package
	4.1. Orientations
	4.2. Virtual cochain complexes C_vir(X;A) and C_vir(X rel d;A)
	4.3. Isomorphisms H_vir(X;A)=H(X;o_X) (also rel d)
	4.4. Long exact sequence for the pair (X,dX)

	5. Virtual fundamental classes
	5.1. Definition
	5.2. Properties
	5.3. Manifold with obstruction bundle
	5.4. Lift to Steenrod homology

	6. Stratifications
	6.1. Implicit atlas with cell-like stratification
	6.2. Stratified virtual cochain complexes
	6.3. Product implicit atlas

	7. Floer-type homology theories
	7.1. Sets of generators, triples (sigma,p,q), and F-modules
	7.2. Flow category diagrams and their implicit atlases
	7.3. Augmented virtual cochain complexes
	7.4. Cofibrant F-module complexes
	7.5. Resolution tilde Z to Z
	7.6. Categories of complexes
	7.7. Definition
	7.8. Properties

	8. S^1–localization
	8.1. Background on S^1–equivariant homology
	8.2. S^1–equivariant implicit atlases
	8.3. S^1–equivariant orientations
	8.4. S^1–equivariant virtual cochain complexes C_S^1,vir(X;A) (also rel d)
	8.5. Isomorphisms H_S^1,vir(X;A)=H(X/S^1,pi o_X) (also rel d)
	8.6. Localization for virtual fundamental classes
	8.7. Localization for homology
	8.7.1. MF-sets and S^1–MF-sets
	8.7.2. F–modules valued in MF-sets and S^1–MF-sets
	8.7.3. Augmented virtual cochain complexes from F–module MF-sets and S^1–MF-sets
	8.7.4. Floer-type homology groups from F–module MF-sets and S^1–MF-sets
	8.7.5. Localization


	9. Gromov–Witten invariants
	9.1. Moduli space Mbar_g,n^beta(X)
	9.2. Implicit atlas on Mbar_g,n^beta(X)
	9.3. Definition of Gromov–Witten invariants

	10. Hamiltonian Floer homology
	10.1. Preliminaries
	10.2. Moduli space of Floer trajectories
	10.3. Implicit atlas
	10.4. Definition of Hamiltonian Floer homology
	10.5. S^1–invariant Hamiltonians
	10.6. S^1–equivariant implicit atlas
	10.7. Calculation of Hamiltonian Floer homology and the Arnold conjecture
	10.8. A little commutative algebra

	Appendix A. Homological algebra
	A.1. Presheaves and sheaves
	A.2. Homotopy sheaves
	A.3. Pushforward, exceptional pushforward, and pullback
	A.4. Cech cohomology
	A.4.1. …of sheaves
	A.4.2. …of complexes of K–presheaves

	A.5. Pure homotopy K–sheaves
	A.6. Poincaré–Lefschetz duality
	A.7. Homotopy colimits
	A.8. Homotopy colimits of pure homotopy K-sheaves
	A.9. Steenrod homology
	A.9.1. Cech cochains
	A.9.2. Derived inverse limits
	A.9.3. Steenrod chains


	Appendix B. Gluing for implicit atlases on Gromov–Witten moduli spaces
	B.1. Setup and main result
	B.2. Local model for resolution of a node
	B.3. Pregluing
	B.4. Weighted Sobolev norms
	B.5. Based del bar section F_alpha,y and linearized operator D_alpha,y
	B.6. Pregluing estimates
	B.7. Approximate right inverse
	B.8. Quadratic estimates
	B.9. Newton–Picard iteration
	B.10. Gluing
	B.11. Surjectivity of gluing
	B.12. Conclusion of the proof
	B.13. Gluing orientations

	Appendix C. Gluing for implicit atlases on Hamiltonian Floer moduli spaces
	C.1. Setup for gluing
	C.1.1. Points x^i_0 and submanifolds D_i subset MxS^1xDelta^n
	C.1.2. Points p_i, p_i' in C_0 and submanifolds D, H subset M
	C.1.3. Gluing C_0 and varying j_0, A_0, l_0
	C.1.4. Linear map lambda
	C.1.5. A new moduli space Mbar(M)
	C.1.6. The regular locus Mbar(M)^reg

	C.2. Our goal: the gluing map
	C.3. Pregluing
	C.4. Weighted Sobolev norms
	C.5. Based section F_alpha,w,y and linearized operator D_alpha,w,y
	C.6. Pregluing estimates
	C.7. Approximate right inverse
	C.8. Quadratic estimates
	C.9. Newton–Picard iteration
	C.10. Gluing
	C.11. Surjectivity of gluing
	C.12. Conclusion of the proof
	C.13. Gluing orientations
	C.13.1. Orientations on spaces of flow lines on Delta^n
	C.13.2. Orientations of linearized operators of Floer equations
	C.13.3. Orientations on thickened moduli spaces Mbar(sigma,p,q)_I^reg


	References

