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Cross-effects and the classification of Taylor towers
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MICHAEL CHING

Let F be a homotopy functor with values in the category of spectra. We show that
partially stabilized cross-effects of F have an action of a certain operad. For functors
from based spaces to spectra, it is the Koszul dual of the little discs operad. For
functors from spectra to spectra it is a desuspension of the commutative operad.
It follows that the Goodwillie derivatives of F are a right module over a certain
“pro-operad”. For functors from spaces to spectra, the pro-operad is a resolution of the
topological Lie operad. For functors from spectra to spectra, it is a resolution of the
trivial operad. We show that the Taylor tower of the functor F can be reconstructed
from this structure on the derivatives.

55P65, 55P48; 18D50

Let € and & each be either the category of based topological spaces, or the category
of spectra. Let F': € — % be a homotopy functor. Goodwillie’s homotopy calculus
provides a systematic way to decompose F' into homogeneous pieces which are
classified by certain spectra with X, actions, denoted d, F and, by analogy with
ordinary calculus, called the derivatives or Taylor coefficients of F .

A key problem in the homotopy calculus is to describe all the relevant structure on
the symmetric sequence d4 F, and to reconstruct the original functor F' (or at least its
Taylor tower) from this structure. In [2] we gave a general description of this structure.
In this paper we give an alternative description of the structure on d F' in cases when F
takes values in the category of spectra. We interpret this structure as that of a “module
over a pro-operad”. The structure arises from actions of certain operads on the partially
stabilized cross-effects of F. Thus we connect the module structure on d« F with
Goodwillie’s presentation of d4« F as stabilized cross-effects of F.

Let us review briefly our previous results on the subject. Let /g, be the identity
functor on the category of based spaces. It was shown by the second author in [6]
that d4/g,p, has an operad structure. In fact, d«/g,p, is a topological realization of
the classical Lie operad, and we refer to 04«/g,,, informally as the topological Lie
operad. In [1] we showed that for a functor F: Jopf, — ¥p, the symmetric sequence
04 F is a right module over 04 /g, . We also remarked in [1] that the module structure
was not sufficient for recovering the Taylor tower of F, and therefore there had to be

Published: 4 July 2016 DOI: 10.2140/gt.2016.20.1445


http://msp.org
http://www.ams.org/mathscinet/search/mscdoc.html?code=55P65, 55P48, 18D50
http://dx.doi.org/10.2140/gt.2016.20.1445

1446 Gregory Arone and Michael Ching

additional structure, that still had to be described. In [2] we gave a description of this
extra information. Specifically, we constructed a comonad C, defined on the category
of right 04 /g, —modules, which acts on the derivatives of a homotopy functor F. We
showed that the Taylor tower of F' can be recovered from this action.

The methods of [2] were quite general (applying to functors between any combinations
of the categories of based spaces and spectra). The comonad C has the form 0, P,
where 04 is Goodwillie differentiation, and @ is a functor right adjoint to 0. In this
paper we provide a more concrete description of this comonad, for functors that take
values in Sp.

To understand our results, recall that the Goodwillie derivatives of F can be recov-
ered from the cross-effects of F' via “multilinearization”. Explicitly, for a functor
F: Jopf, — $p we have

dnF ~ hocolimy oo "L cr, F(SE, ..., 81,

where cr, F denotes the n'" cross-effect of F and ST is the topological L—sphere.
We show in Proposition 3.54 that, for fixed L, the symmetric sequence of partially
linearized cross-effects

dL[Fl:= s *Ler, F(SE,.... 8D

naturally forms a right module over an operad KEj, that is given by the Koszul dual
of the stable little L—discs operad Er . (Strictly speaking, this is true when F is
polynomial, or when F is analytic and L is sufficiently large.)

Our construction of the right modules dZ[F] is quite complicated: see the sequence of
steps listed just before Definition 3.11 for a summary. A key role here is played by a
version of Koszul duality that relates comodules over the operad Ey, to modules over
the Koszul dual operad KEy, . This is described further in Propositions 3.44 and 3.67.

The Koszul dual operads KEz, form an inverse sequence
0.1) -+ —>KEp+1 > KEp — --+ — KE; = KE; — KE,.

We refer to such an inverse sequence as a pro-operad. We denote the above pro-operad
by KE,. Note that the homotopy inverse limit of the sequence KE, is KE, which is
equivalent to the topological Lie operad d4«/g,,, . Therefore we refer to the sequence
KE, as the Lie pro-operad.

For polynomial functors F', we construct a model for the maps

dL[F] = dE T F)
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between the partially linearized cross-effects that respects the operad maps
KEr+1 — KEf.

It follows that the symmetric sequence of derivatives 94 F ~ d[F] := hocolimy, dL[F]
inherits a limiting structure. We refer to this structure as a right module over the Lie
pro-operad. This structure includes, but contains strictly more information than, a right
module over the topological Lie operad by itself.

More precisely, we define modules over a pro-operad as coalgebras over a certain
comonad, constructed as follows. First note that the category of right modules over
any operad P can be identified with the category of coalgebras over a certain comonad
Cp on the category of symmetric sequences. The sequence (0.1) of operads induces a
directed sequence of comonads

Ckegy — Cke, = Cke, = -+

If we write
CKE. = hOCOlimL CKEL y

then Ckg, has a canonical comonad structure, and we define a module over the pro-
operad KE, to be a coalgebra over Ckg, .

Remark 0.2 Our notion of a right module over a pro-operad is modelled on that of a
discrete set with a continuous action of a profinite group. In particular, a module over
a pro-operad is (for us, in this paper) not an object in the pro-category of symmetric
sequences. Rather, it often can be presented as a filtered colimit of symmetric sequences.
This is analogous to the fact that a discrete set X with a continuous action of a profinite
group G is the union (ie colimit) of sets with actions of finite quotients of G.

Ultimately, we show (Proposition 3.54) that d[F] has a natural KE,—module structure
for all pointed simplicial functors F' from Jop, to ¥p. Our Theorem 3.64 then says
that Ckg, is equivalent to the abstract comonad C considered in [2]. It follows that the
Taylor tower of a functor F' can be recovered from the KE,—module structure on d[F].
We show in Theorem 3.75 that there is an equivalence between the homotopy categories
of polynomial functors and bounded KE,—modules. We also show (Theorem 3.92)
that there is an equivalence between the homotopy categories of analytic functors
(up to Taylor tower equivalence) and KE,—modules satisfying suitable connectivity
conditions.

There are other approaches to the classification of polynomial functors from based
spaces to spectra, most notably by Dwyer and Rezk (unpublished) in terms of functors
on the category of finite sets and surjections. Polynomial functors from based spaces
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to spectra are also equivalent to their left Kan extensions from the full subcategory of
finite pointed sets. In Theorem 3.82 we describe how our approach is related to these
others.

The story for a functor F: ¥p — Ip is quite analogous. The derivatives d4 F are again
the homotopy colimit, over L, of partially linearized cross-effects

dL[F) = =7 er, F(E°SE, ..., z®sT)

and again these cross-effects, for fixed L, form a right module over a certain operad
S=L. The operad S™% can be thought of as the L—fold desuspension of the commutative
operad, and all of its terms are sphere spectra of varying dimensions. Again there is an
inverse sequence

(0.3) s sTEAD gL 672 5,571 60~ Com.

We refer to this sequence as the sphere pro-operad. Note that the homotopy inverse
limit of this sequence is equivalent to the trivial operad.

We show that the derivatives 04 (F) ~~ d[F] := hocolimz dZ[F] form a coalgebra over
the corresponding comonad

Cs, :=hocolimy Cq-1.

We show in Theorem 4.27 that the comonad Cs, is equivalent to that constructed in [2].
The Taylor tower of F: ¥p — ¥p can then be recovered from the Cs, —coalgebra d[ F]
and there is an equivalence between the homotopy categories of polynomial functors
and bounded coalgebras, as well as between analytic functors and suitably connected
coalgebras.

There is some connection and overlap between our results on functors from ¥p to
Sp and work of Randy McCarthy [16] which involves a right Com—module structure
on the symmetric sequence cry F(S®SL, ... £%°5L). The S~L—module structure
that we use is equivalent to a desuspension of McCarthy’s structure. Ultimately,
McCarthy classifies n—excisive endofunctors of ¥p in terms of structure on the spectrum
F(\/, S°). Namely, he shows that if F is n—excisive, then the spectrum F(\/, S°)
is a module over a certain ring spectrum, and that the functor F can be recovered from
this module structure.

Since F (\/n S 0) is equivalent to a wedge sum of copies of cross-effects cry F, ..., crp F
evaluated at S, it seems likely that McCarthy’s result can be rephrased in terms of
structure on the sequence of cross-effects of F'. In this form, it would be analogous to
the result of Dwyer and Rezk that classifies polynomial functors from Jop, to $p in
terms of structure on the cross-effects.
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As far as we know, until now all work on classifying polynomial functors approached
the problem via describing the structure on the sequence of cross-effects of a functor.
Our approach focuses instead on the derivatives of a functor. For functors from Jop,
to Ip we have a good understanding of the relationship between the structure on the
cross-effects and the structure on derivatives: it is given by a form of Koszul duality
between comodules over the commutative operad, and divided power modules over the
Lie operad. It would be interesting to find a similar connection in the ¥p to ¥p case
and for other classes of functors.

Some open problems, possible directions for future research

Do something similar for space-valued functors Consider, for example, functors
F:9op, — Jop, . By results of [1], 4 F is a bimodule over 04« /g, , and we seek to
describe the additional structure on d4 F. One answer is given in [2], which says that
0« Iy, is a coalgebra over a certain comonad in the category of 94 /g,, —bimodules.
But it seems desirable to have a more concrete description of the additional structure,
perhaps in the form of a compatibility condition between the left and right module
structures on d4 F'. At the moment we are unable to provide such a description. We
also do not know how to relate the module structure on d4 F with the view of 04 F as
the stabilized cross-effects of F'.

Give an explicit description of KE; , and use it to understand the connection be-
tween the two classes of functors Let F: Jop, — $p be a functor. Then FX° is
a functor from ¥p to ¥p. There is an equivalence of symmetric sequences 0 F >~
d+« FX%°. This means that there should be a forgetful functor from modules over
the sphere pro-operad to modules over the Lie pro-operad. Presumably, the forgetful
functor is induced by maps of operads KE; — S™L. It does not seem obvious how to
construct such a map of operads. This is partly because we do not have a geometric
model for KEy, .

This question ties in with another conjecture about the operad KEy . Namely, it is
conjectured that there is an equivalence of operads KE; ~ X LE; . Corresponding
results on the level of homology are due to Getzler and Jones [11], and on the chain
level are due to Fresse [10]. Assuming this conjecture, notice that the obvious map
of operads E; — Com induces a map KE; ~ X~LE; — S~L. We speculate that the
KE,-module structure on d4 F X°° is equivalent to the pullback along this hypothetical
map of operads.

If this speculation is correct, we would obtain a new proof of the well-known fact that
the Taylor tower of the functor Q% X% gsplits as a product of its layers. Indeed,
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we show in Example 4.33 that the action of the pro-sphere operad on 04 X°Q is
pulled back from an action by the single operad Com = S°. It would follow that the
KE,—module structure on 0, 2°°Q% X is pulled back from a KEg—module structure.
But KEj is the trivial operad, so it would follow that the Taylor tower of Q%X
splits.

Describe the chain rule for functors from ¥p to ¥p on the level of modules over
the sphere pro-operad Let F, G be functors from spectra to spectra. By the results
of [7], there is an equivalence of symmetric sequences, where the right-hand side is the
composition product of d, F and 0,G:

95(FG) ~ 8, F 095G

By our present results, d«F, 0+G and d«(FG) are modules over the sphere pro-
operad. This suggests that there should be a composition product in the category of
such modules, refining the composition product of symmetric sequences. Moreover,
we speculate that the product can be made associative (or at least A —associative),
and that the chain rule can be made associative as well.

Outline

In Section 1 we review basic facts about Taylor towers and derivatives, and also about
symmetric sequences, operads and modules. We also review our construction of the
homotopy category of coalgebras over a comonad. The construction that we use here
is a slight variation of the one in [2]. In Section 2 we introduce pro-operads, and we
define the category of modules over a pro-operad as the category of coalgebras of an
associated comonad. In the long Section 3 we analyze functors from Jop, to ¥p. In
Sections 4 and 5 we do the same from functors from Sp to Sp.
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1 Background

1.1 Taylor towers and derivatives

Definition 1.1 (Categories) Let Jop, be the category of based topological spaces
and let ¥p be the category of S'—modules of Elmendorf, Kriz, Mandell and May [9].
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We refer to the objects of ¥p as spectra to avoid confusion with the other uses of
the term “module” in this paper. Each of the categories Jop, and $p is enriched in
simplicial sets and we write Home (X, Y') for the simplicial set of maps from X to
Y in the category €. The category ¥p is closed symmetric monoidal and we write
Map(X, Y) for the internal mapping spectrum in Sp.

The suspension spectrum and zeroth space functors give us the standard adjunction:
% Jop, = Fp QX

Let Jop', denote the full subcategory of Jop, consisting of finite based cell complexes,
and let $pf denote the full subcategory of ¥p consisting of finite cell spectra (with
respect to the usual generating cofibrations for the stable model structure on ¥p; see
[9, VII]).

Definition 1.2 (Functors) Let € be either Jop, or ¥p, and consider a functor
F: € — ¥p. We say that F is a homotopy functor if it preserves weak equivalences,
is simplicial if it induces maps Home (X, Y) — Homg, (FX, FY') of simplicial sets,
is finitary if it preserves filtered homotopy colimits, and is pointed if F(x) = *, where
* denotes either a one-point space in Jop,, or a trivial spectrum in Fp.

Definition 1.3 (Categories of functors) For € equal to either Jop, or Ip, let
[6f, #p]« denote the category whose objects are the pointed simplicial functors F: ¢f —
Ip, and whose morphisms are the corresponding simplicially enriched natural transfor-
mations. Since €' is skeletally small, [€f, #p]« is a locally small category. Also note
that any simplicial functor preserves simplicial homotopy equivalences. Since every
object of €’ is both cofibrant and fibrant (in the standard model structure on either
Jop, or ¥p), it follows that any object in [€F, Fp]« also preserves weak equivalences.

We can extend a pointed simplicial functor F: € — $p to all of € by (enriched)
homotopy left Kan extension along the inclusion ¢ — €. The result of this construction
is a reduced finitary homotopy functor. Moreover, any reduced finitary homotopy
functor F: € — ¥p arises, up to natural equivalence, in this way. We therefore view
[€f, $p]« as a model for the collection of reduced finitary homotopy functors € — ¥p.

For a functor F € [€f, #p], we say that F is n—excisive if it takes a strongly cocartesian
(n+1)—cube in 6f to a cartesian cube in ¥p. We say F is polynomial if it is n—excisive
for some 7.

The category [€f, p]« has a projective model structure in which weak equivalences
and fibrations are detected objectwise. We denote the associated homotopy category
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as [€F, #p]7. This homotopy category has subcategories given by restricting to func-
tors satisfying various conditions; for example, we have the homotopy categories

[6f, #plh n of n—excisive functors, and [¢f, #p|" of all polynomial functors.

—exc *,poly

Definition 1.4 (Taylor tower and derivatives) For a pointed simplicial functor F: ¢f —
Sp there is a Taylor tower of pointed simplicial functors P, F: €F — ¥p of the form
F—»...>P,F—>P, F—>---— P, F— P F— PyF = %,

where P, F is n—excisive in the sense of [12]. The /ayers of the Taylor tower are the
functors D, F: €" — ¥p given by the objectwise homotopy fibres

Dy F := hofib(P, F — P,_; F).

Goodwillie showed that for each n > 1 there is a spectrum d, F with X, —action such
that
D, F(X) >~ (0, F A XA”)th

for X € 6f. We refer to 9, F as the n™ derivative of F.

Definition 1.5 (Cross-effects and co-cross-effects) The n™ derivative of a functor
can be calculated using cross-effects. The n™ cross-effect of F: € — ¥p is the functor
of n variables cr, F: €*" — $p given by

ety F(X1, ..., Xn) = thoﬁb{F( \/ X,-)}.

ScCn ids
This is the iterated (or total) homotopy fibre of an n—cube formed by applying F to
the wedge sums of subsets of X1, ..., X, where the morphisms in the cube are given

by the relevant collapse maps X; — .

For spectrum-valued functors, the cross-effect can also be calculated by taking a total
homotopy cofibre. The n co-cross-effect of F: €' — ¥p is the functor cr” F: €*" —

Sp given by
o F(Xy,..., Xy) = thocoﬁb{ (\/X)}
ieS

The morphisms in this n—cube are given by the inclusion maps * — X;. For any
F: € — ¥p, there is a natural equivalence

cry F(Xy,...,Xp) ~c” F(Xq,..., Xp).

In particular, taking cross-effects commutes with both homotopy limits and homotopy
colimits.
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One of Goodwillie’s main results is that the derivatives of a functor can be recovered
by multilinearizing the cross-effects. Specifically, [13, Theorem 6.1] implies that for a
functor F: € — $¥p, we have a natural equivalence

InF = P 1)(cry, F)(S°,..., 89,

where the right-hand side is the multilinearization of the n'" cross-effect of F. The
multilinearization P(; . 1)(cr, F) is the homotopy colimit of maps

..... H

..........

where, for a functor G: 6" — ¥p that is reduced in each variable, there are natural
equivalences

DG(X1, ..., Xp) ~ ST"G(TX1, ..., SXy).

.....

Thus we can express Goodwillie’s result as an equivalence

(1.6) du F ~ hocolimy, L cr, F(SE, ..., ST).

The maps in this homotopy colimit take the form

(1.7) s L, F(SE, ... STy > "I+ D o p(SLHL gL,
In building our models for the derivatives of F', we need models for these maps.

Definition 1.8 When the functor H: € — ¥p is pointed and simplicial, it determines
natural maps

tx: X AH(Y)— HX AY)

for a based simplicial set X and Y € €. We refer to this as the tensoring map for H.

Lemma 1.9 Let G: €" — $p be a model for the n'" cross-effect of a functor F: € —
Sp that is pointed simplicial in each variable. Then the map (1.7) is, up to equivalence,
given by the tensoring map

E—n(L-‘rl)EnG(SL SL) ﬁ_ Z_n(L+1)G(SL+1 SL+1).

Proof It is sufficient to do the case 6 = Jop, since the result for G: $p" — Fp
follows from that for G(X>°—, ..., X°—): Jop} — Fp. We illustrate with the case
n = 1. In this case, we have the following diagram. For X € Jop, , with CX denoting
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the (reduced) cone on X and QX = holim(* — X < %) = Homg,,, (S!, X):

G(X)
G(Q2TX) = G(holim(CX — X « CX))
QG(TX) = holim(G(CX) — G(2X) < G(CX))

The vertical maps come from the fact that G is pointed simplicial, and the bottom
square commutes by naturality of that enrichment. The composite of the right-hand
two maps is the canonical map G(X) — T7G(X), and the composite of the left-hand
two is adjoint to the tensoring map 7g1 for G. It is sufficient then to show that the top
triangle commutes up to homotopy. Since G is simplicial, it is therefore sufficient to
show that the underlying triangle of spaces

X

/\

QXX holim(CX — XX <« CX)

commutes up to homotopy. A point in this homotopy limit consists of a path y: [0, 1] —
2 X from a point in one cone to a point in the other cone. Writing

SX =[0,2]/{0~2}A X

with cones [0, 1] A X and [1, 2] A X, where 0 and 2 are treated as the basepoints, the
required homotopy

H: X x[0,1] - holim(CX — XX < CX)

is given by
x, ) > (s (t+2s(1 —1),x)). O

Definition 1.10 We refer to the terms X "L cr, F(SL, ..., SL) in the homotopy
colimit (1.6) as the partially stabilized cross-effects of the functor F.

1.2 Symmetric sequences, operads, modules and comodules

Definition 1.11 (Symmetric sequences) We write [, Ip] for the category of sym-
metric sequences in ¥p, that is, the category of functors X — $p, where X is the
category of nonempty finite sets and bijections. Given A € [Z, ¥p] we often write
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A(n) := A(n), where n = {1, ...,n} and consider A as the sequence of spectra A(n),
for n > 1, each with an action of X,,.

We also define a bisymmetric sequence to be a functor B: ¥ x ¥ — Ip, so that B
consists of spectra B(m, n) for m,n > 1 with commuting actions of ¥,, and X,.

The category [X, ¥p] has a cofibrantly generated model structure in which weak equiv-
alences and fibrations are detected termwise. A symmetric sequence is X —cofibrant if
it is cofibrant in this model structure. The category [X, Fp] is also enriched in ¥p: the
spectrum of maps between two symmetric sequences A and A’ is given by

Mapy; (A, A) := [ [Map(A(n). A’ (n))™".

The model structure respects this enrichment, making [X, ¥p] into a ¥p—enriched
model category.

A symmetric sequence A is n—truncated if A(m) = «x for all m > n. We say that A is
bounded if it is n—truncated for some 7. For any symmetric sequence A we have its
n—truncation A<, , which is the symmetric sequence given by

A(l) if|I| =Zmn,
* otherwise.

A<n(l) := {

Associated to A is its truncation sequence consisting of maps of symmetric sequences

A—)--'—>A5n—)AS(n_l)—>-~~—>A51.

Definition 1.12 (Operads of spectra) An operad of spectra is a monoid in the category
[X, Ip] with respect to the composition product of symmetric sequences (see, for
example, [6, 2.11]). Explicitly, an operad P consists of a symmetric sequence together
with

e a composition map

k
Po: P(k) A /\ P(nj) —> P(n)

j=1

for each surjection o: n — k of nonempty finite sets, where n; := la= ()],
and

e aunitmap n: S — P(1),

that satisfy associativity, unitality and equivariance conditions.
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An operad of spectra is reduced if the unit map n: S — P(1) is an isomorphism. We
consider only reduced operads in this paper.

There is a cofibrantly generated model structure on the category of reduced operads
of spectra, described in [1, Appendix], in which weak equivalences and fibrations
are detected on the underlying symmetric sequences, ie termwise. An operad is
Y —cofibrant, n—truncated or bounded if its underlying symmetric sequence has the
corresponding property. The truncation sequence associated to an operad is a sequence
of operads.

Note that by design our operads do not include a term P(0) so that they describe only
non-unital structures.

Definition 1.13 (Modules over operads of spectra) Given an operad P of spectra, a
(right) P—module consists of a symmetric sequence M together with a right action of P
with respect to the composition product. Explicitly, such an M has a structure map

k
Ma: M(k) A /\ P(n;) — M(n)
j=1

for each surjection «: n —> k, which satisfy appropriate conditions.

Since we only consider right modules over operads in this paper, we refer to these just
as P-modules and write Mod(P) for the category of P-modules (whose morphisms
are maps of the underlying symmetric sequences that commute with the structure maps).
The category Mod(P) has a cofibrantly generated stable model structure that is enriched
in p, in which weak equivalences and fibrations are detected termwise. Note that all
homotopy limits and colimits of diagrams of P—modules are also computed termwise.
A P-module is ¥ —cofibrant, n—truncated or bounded if its underlying symmetric
sequence has the corresponding property. The truncation sequence of a P-module is a
sequence of P—modules.

In this paper we consider also what we call a “comodule” over an operad. In order to
say what this means, we recall that a module can be interpreted as a spectrally enriched
functor P — p for a particular category P associated to the operad P.

Definition 1.14 For an operad P of spectra we define a ¥p—enriched category P as
follows:

e The objects of P are the nonempty finite sets.
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¢ For two nonempty finite sets / and J, the morphism spectrum P(/, J) is given

by
Py =\ /\ PU).

I—>J jeJ

where the wedge product is taken over all surjections «: I — J and we write
Ij:= a~1(j).

e The composition and identity maps for the category P are determined by the
operad multiplication and unit maps, respectively.

The category P is also known as the PROP associated to the operad P.

Lemma 1.15 Let P be an operad of spectra. There is an equivalence between the
category Mod(P) of (right) P—modules and the category of ¥p—enriched functors
PP — ¥p (with morphisms the ¥p —enriched natural transformations).

Proof A Yp-enriched functor M: P°P — Sp consists of objects M(/) for each finite
set I, and (suitably associative and unital) maps

P(I,J) — Map(M(J). M(1)).
Equivalently, for each surjection I — J, there is a map
M(I) A /\ P(Ij) — M(I).
jeJ

These maps form precisely the data for a P—module. a
Lemma 1.15 inspires the following definition.

Definition 1.16 Let P be an operad of spectra. A (right) P—comodule is a ¥p—enriched
functor P — ¥p. More explicitly, a P—comodule consists of objects N(/), one for
each nonempty finite set I, and maps

N() A /\ P(Ij) — N(J),
jeJ
one for each surjection «: I — J. In particular, a P—comodule N has an underlying
symmetric sequence.

We write Comod(P) for the category of P—comodules, with morphisms given by the
Ip—enriched natural transformations. The category Comod(P) is enriched over ¥p and
has a cofibrantly generated model structure in which weak equivalences and fibrations
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are detected termwise, and homotopy limits and colimits are computed termwise. We
say that a P—comodule is X—cofibrant, n—truncated or bounded if its underlying
symmetric sequence has the corresponding property.

Example 1.17 A right Com—comodule can be identified with a functor 2 — ¥p,
where €2 is the category of nonempty finite sets and surjections. A right Com—module
can similarly be identified with a functor Q°° — $p.

The dual definitions of module and comodule permit a natural “coend” construction
between a module and comodule. We require a homotopy-invariant version of this
construction which we now describe.

Definition 1.18 Let P be a reduced operad of spectra, N a P—comodule and M a
P—module. We define the spectrum N Ap M to be the realization of the simplicial
spectrum given by

[\~ \/ N(mo) Az, Pro.n1) A, - As, _ Ptr—1.nr) Ag,, M(ny),
nQ,... Ny

where the wedge sum is taken over all sequences of positive integers ng, . . ., 71, (though
only the non-increasing sequences contribute non-trivial terms) and with face maps

e dy given by the comodule structure maps N(7) Ay P(ng,n1) = N(ny),
e d;fori=1,...,r—1 given by the operad composition maps P(n;_1, ;) Ay,
P(ni,nit1) = P(ni—1,nit1),

* d, given by the module structure maps P(n,—1,n,) Ag, M(n,) = M(n,-1),
and degeneracy maps

e s; for j =0,...,r given by the operad unit map S = E(nj,nj)gnj.
Lemma 1.19 Let P be a ¥ —cofibrant operad of spectra and N a X —cofibrant P—
comodule. Let M =>M’ be a weak equivalence of P—modules. Then the induced

map
N7\pM—)N7\pM/

is a weak equivalence of spectra. Similarly, let M be a ¥ —cofibrant P—module and
N =>N’" a weak equivalence of P—comodules. Then the induced map

NKPM—>N,7\PM

is a weak equivalence of spectra.
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Proof The simplicial spectra involved here are all proper in the sense of [9, X.2.2].
The conditions imply that the induced maps of simplicial spectra are levelwise weak
equivalences. Then [9, X.2.4] implies that the given maps are weak equivalences. O

Lemma 1.19 tells us that when P is ¥ —cofibrant, the homotopy coend N Ap M has the
“correct” homotopy type if either N or M is X —cofibrant.

1.3 Coalgebras over comonads and their homotopy theory

In this paper we are concerned with comonads on the category [X, ¥p] of symmetric
sequences of spectra.

Recall that a comonad C on [X, ¥p] is an endofunctor C: [X, Fp] — [Z, ¥p] equipped
with natural transformations v: C — CC (the comultiplication) and €: C — I[x gp)
(the counit) that make C into a comonoid with respect to composition of functors. For
a comonad C: [Z, ¥p] — [2, ¥p], a C—coalgebra is a symmetric sequence A together
with a structure map 6: A — CA that forms a coaction of the comonoid C. Morphisms
of coalgebras are maps in [X, ¥p] that commute with the structure maps, and we have
a category Coalg(C) of coalgebras over C. We say that a C—coalgebra is X —cofibrant,
n—truncated or bounded if its underlying symmetric sequence has the corresponding

property.

Our main examples of comonads arise from operads.
Definition 1.20 For an operad P of spectra, we define an endofunctor
Cp: [Z,9p] = [Z, 9p]
by
X
Ce(A) (k) :=]] [ [T Map(P(ny) A+ AP(ny). A(n))} :

n =n—>k

where ¥, acts on the set of surjections n — k by pre-composition, and X acts by
post-composition.

The operad structure on P determines a comonad structure on Cp with the operad
composition determining the comultiplication, and the operad unit map determining
the counit. Note that the functor Cp is enriched in Ip.

Lemma 1.21 The comonad Cp is that associated to an adjunction
Up: MOd(P) = [E, yp] ‘Rp,

where Up is the forgetful functor. In particular, for any P—module M, the symmetric
sequence Up(M) has a canonical Cp—coalgebra structure.
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Proof The right adjoint Rp is defined by the same formula as Cp. The P—-module
structure on Rp(A) is determined by the operad composition map for P. It is easy to
check that Rp so defined is right adjoint to Up, and then Cp = UpRp is the associated
comonad. The Cp—coalgebra structure on Up(M) is given by the unit map

UP(M) — UPRPUP(M)
for the adjunction (Up, Rp). O

Definition 1.22 We refer to the P-module Rp(A) as the cofree P—module associated
to the symmetric sequence A.

Lemma 1.23 The functor M +— UpM determines an equivalence of categories
Mod(P) ~ Coalg(Cp).

Proof Since Up is right adjoint to the free P-module functor Fp, the composite
UpRp is right adjoint to the functor monad UpFp whose algebras are the P—modules.
The structure maps for a right P—module correspond precisely under this adjunction to
the structure maps for a Cp—coalgebra structure on the same symmetric sequence. O

Definition 1.24 Suppose that ¢p: P — P’ is a morphism of operads of spectra. There
is an induced map of comonads

C¢I Cp/ — Cp.
If M is a Cpr—coalgebra with structure map 6 then the composite
9 Co
M — CpM — CpM

gives M the structure of a Cp—module. This corresponds to pulling back the P’—module
structure on M along the map ¢. This construction makes P — Cp into a contravariant
functor from the category of operads in ¥p to the category of comonads on [X, ¥p].

Lemma 1.25 Let P be a cofibrant operad (in the projective model structure on the
category of reduced operads of spectra). Then the comonad Cp preserves all weak
equivalences.

Proof We can rewrite Cp(A4)(k) as

1_[ |: 1_[ Map(P(ni) A--- A P(nk),A(}’l))Enl x...xgnr]

n “=n=ni+--+ng

Since P is cofibrant, each P(n;) is a cofibrant X, —spectrum, and hence P(nj) A--- A
P(ny) is a cofibrant X,, X ---x X,, —spectrum. It follows that Cp preserves weak
equivalences (since all objects in [X, ¥p] are fibrant). |
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We now turn to the homotopy theory of coalgebras over comonads. This topic was
studied in detail in [2, Section 1] and we first recall some definitions and results from
there, though with one change. In this paper we work with comonads on the category
of symmetric sequences that respect the spectral enrichment of that category. In this
case we are able to define mapping spectra for coalgebras as well as mapping spaces.

Definition 1.26 Let C: [X, $p] —[X, Ip] be a Fp—enriched comonad on the category
of symmetric sequences. We define the derived mapping spectrum for two C—coalgebras
A, A’ to be the spectrum

Map (A, A') := Tot[Mapy (A, A') = Mapy (A, C(A))3 -+ ].

This is the (fat) totalization of a cosimplicial spectrum constructing using the comonad
structure on C, the coalgebra structures on A and A’, and the spectral enrichment of C.

As in [2], though with mapping spectra instead of mapping spaces, the derived mapping
spectra l\//E&)C (A, A’) determine an A.,—%p—enriched category with composition maps
parametrized by a certain Asc—operad si. We obtain the homotopy category of C—
coalgebras, which we denote Coalg(C)", with objects the X —cofibrant C—coalgebras,
and morphism sets

[A, Alc := 1o Map (A, A).

A morphism f: A— A’ in this homotopy category is determined by a derived morphism
of C—coalgebras which consists of compatible maps of symmetric sequences

fi: AX AA = CRA.

By [2, Proposition 1.16], such a morphism induces an isomorphism in the homotopy
category if and only if the map fo: A — A’ is an equivalence of symmetric sequences.

In our classifications of analytic functors, we require a slight modification of the
homotopy category constructed in Definition 1.26.

Definition 1.27 Let C: [X, $p] — [, Ip] be a Fp—enriched comonad on the category
of symmetric sequences. We say that C preserves truncations if whenever A is n—
truncated, then C(A) is also n—truncated. In this case, for every C—coalgebra A and
each n, there is a unique C—coalgebra structure on the truncations A<, such that the
truncation sequence for A consists of (strict) maps of C—coalgebras.

We define the pro-truncated mapping spectrum for two C—coalgebras A, A’ to be the
spectrum

Map' (A, A') := Totholim, Mapy, (A, C*A,).
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The homotopy limit is taken over the maps of cosimplicial spectra induced by the

. / / . . .
truncation maps A_, — A_ (-1 which, we note, are strict morphisms of C—coalgebras.

Since totalization commutes with homotopy limits, this definition is weakly equivalent
to holim, Map¢(A, AL,), the homotopy limit of the corresponding derived mapping
spectra of Definition 1.26.

Proposition 1.28 Suppose that C: [X, $p] — [, Fp] is a Sp—enriched comonad
that preserves truncations and weak equivalences between X —cofibrant objects. Then
the pro-truncated mapping spectra of Definition 1.27 are the mapping spectra in an
Ao —Fp—enriched category whose objects are the ¥ —cofibrant C—coalgebras.

Proof Since C preserves truncations, we have isomorphisms
Maps (A, C*(AL,)) = Mapg(A<n, C*(AL,)).
We therefore have maps
Mapy (A, C*(AL,)) OMapy (A, C*(AL,)) — Mapx (A, C*(AL,)),

where [ denotes the box-product of [18] applied to cosimplicial spectra. The box-
product is enriched over spaces in each variable and so we have canonical, and suitably
associated maps of the form

(holim, X,;) O (holim, ¥,}) — holim, (X, OY,’).
Combining these with those above we get
holim, Mapy; (A, C*(AZ,,)) O holim, Mapy, (A", C*(AZ,))
— holim, Mapy, (A, C*(AZ,)).

Taking totalizations, and applying the arguments of [2, Proposition 1.14], we get
composition maps for the desired spectral 4,—category. O

Definition 1.29 With C as above, we define the pro-truncated homotopy category
of C—coalgebras, which we denote as Coalg"(C)", to have objects the X —cofibrant
C-—coalgebras and morphism sets

[A, Al := moMap® (A, A').

A morphism f: A — A’ in this homotopy category is determined by what we call a
pro-truncated derived morphism of C—coalgebras. This consists of maps of symmetric
sequences

Sim: A A A CR(AL,)
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that are compatible both with the truncation sequence for A’, and with various cosim-
plicial structure maps.

In particular, the maps fo , together make up a morphism of symmetric sequences
f 0: A— A,,
and the maps fj , ensure that the large rectangle in the diagram

A fo A’ —— holim, A,

;
cia) —Y L oy —— holim, C(AL,)

commutes up to homotopy, though this does not in general imply that the left-hand
square commutes up to homotopy.

Remark 1.30 The pro-truncated homotopy category is in general coarser than the
homotopy category of C—coalgebras defined in [2]. The subcategories of bounded
coalgebras are equivalent in both homotopy categories, but, when C does not commute
with homotopy limits, the pro-truncated category can have more equivalences between
unbounded coalgebras.

Proposition 1.31 A pro-truncated derived morphism of ¥ —cofibrant C—coalgebras
f: A— A, in the sense of Definition 1.29, induces an isomorphism in the pro-truncated
homotopy category if and only if the underlying map

f 0- A— A
is a weak equivalence of symmetric sequences.
Proof The argument is almost identical to that of [2, Proposition 1.16] using the fact

that a map fo: A — A’ of Y —cofibrant symmetric sequences is a weak equivalence if
and only if for every bounded symmetric sequence X, the induced map

S Mapy (4', X) — Mapy (4, X)

is a weak equivalence. |

Lemma 1.32 Let P be a X—cofibrant operad of spectra. Then the comonad Cp
preserves truncations and the following categories are equivalent:

(1) The homotopy category associated to the projective model structure on Mod(P).
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(2) The homotopy category of Cp—coalgebras of Definition 1.26.
(3) The pro-truncated homotopy category of Cp—coalgebras of Definition 1.29.

Proof Let M, M’ be X—cofibrant P-modules (ie Cp—coalgebras). Then the homotopy
category associated to the projective model structure on Mod(P) is determined by the
mapping spectra

Mapp (M, M') = TotMaps; (UpFp)* (M), M),

where Fp: [, $p] = Mod(P) is the free P-module functor. Applying the adjunc-
tions (Up, Rp) and (Fp, Up), this is equivalent to the derived mapping spectra of [2,
Definition 1.10]:

Map, (M, M') = Tot Maps, (M. (UpRp)*M).
Finally, notice that Cp commutes with homotopy limits, from which it follows that
Map, (M, M) =~ Map* ¢, (M, M").

The homotopy categories associated to these three mapping spectrum constructions are
therefore equivalent. O

2 Pro-operads and their modules

We now consider inverse sequences of operads and sequences of modules over them.
In this section we develop some theory for these objects and see how they are related
to coalgebras over associated comonads.

Definition 2.1 (Modules over pro-operads) A pro-operad is a cofiltered diagram in
the category of operads of spectra. The only pro-operads that we consider in this paper
are straightforward inverse sequences of operads so we focus on these. Let P, denote
a sequence of operads of the form

-t > Py > Py — Py.

A module over the pro-operad P, is a direct sequence M*® of symmetric sequences
MO > Ml > M?2 ...

together with a Pz —module structure on ML for each L, such that the map
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is a morphism of Py _;-modules. Here, ML inherits a P L+1—module structure via
the operad morphism Py — Pr.

A morphism of P,—modules f: M} — M} consists of maps fL MIL — MZL for
each L such that each diagram

ML — mEH!

.

L L+1
MZ MZ

commutes. There is a category Mod(P,) whose objects are the P,—modules, with
morphisms as defined above. By recent work of Greenlees and Shipley [14], the
category Mod(P,) can be given a strict projective model structure arising from the
projective model structures on the categories Mod(Py ), in which a morphism f is a
weak equivalence (or a fibration) if and only if each map fL is a weak equivalence
(or, respectively, a fibration) of Py —modules.

Remark 2.2 More generally, given a pro-operad P, indexed by an arbitrary (small)
cofiltered category I, we can define a P,—module to be a diagram of symmetric
sequences M* indexed by I° such that each M’ is a P;—module, and, for each
morphism i — i’ in T, the map M — Ml is a morphism of P;—modules.

We now consider the structure that is inherited by the homotopy colimit of a module
over a pro-operad. The main result we need for this is that the homotopy colimit of a
diagram of comonads (calculated objectwise) inherits a canonical comonad structure.

Definition 2.3 (Colimits of comonads) Let C, be a diagram in the category of
comonads on [X, ¥p] indexed by a small category 1. We define the colimit colim; C;
objectwise, that is,

(colim; C;)(A) := colim; (C; (A)).

Then colim; C; has a canonical comonad structure with comultiplication given by the
composite

colim; C;(A) — colim; C;(C;(A)) — colim; C;(colim;s C;s(A)),

in which the first map is built from the comultiplication maps for the comonads C;
and the second is induced by the natural maps C; — colim;s C;/, and counit given by

colim; C;(A) — A

is built from the counit maps C;(A) — A for the individual comonads C;.
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Definition 2.4 (Tensoring of comonads) Let C be a simplicially enriched comonad
on the category [X,¥p] and let X be a simplicial set. We define the objectwise
tensoring of C by X to be the functor X ® C given by

(X ® C)(A) := X4 A C(A).

Then X ® C inherits a canonical comonad structure with comultiplication given by
the composite

X+ /\C(A) - Xy A X4 /\C(C(A)) - X4 /\C(X+ /\C(A)),

in which the first map is built from the diagonal on X and the comultiplication for C,
and the second is given by the simplicial enrichment of C, and counit map given by

X+ AC(A) - C(A) — A,

where the first map is induced by the collapse map X — * and the second is the counit
for C.

Definition 2.5 (Homotopy colimits of comonads) Let C, be a diagram of simplicially
enriched comonads on [X, ¥p] indexed by a small category 1. We define the homotopy
colimit hocolim; C; objectwise by the coend

(hocolim; C;)(A) := hocolim; (C;(A)) = A" ®,ca [ \/ G, (A):|,
ig——>Iy

where we use the standard model for the homotopy colimit of a diagram of spectra as the
geometric realization of a simplicial object: A is the simplicial indexing category and
this is a coend over A . Notice that the homotopy colimit is defined by a combination
of tensoring with the simplicial sets A” and taking colimits. Using the constructions
of Definitions 2.3 and 2.4 we thus obtain a canonical comonad structure on the functor
hocolim; C;.

Definition 2.6 Let P, be an inverse sequence of operads in ¥p as before. By the
construction in Definition 1.24 we obtain a corresponding sequence of comonads
Cp, > Cp, > Cp, > +--.
We define a new comonad
Cp,: [2,9p] = [2,9p], Cp,(A) :=hocolimg Cp, (A),

with comonad structure given by the construction of Definition 2.5. Note that the
functor Cp, is enriched in ¥p since each individual Cp, is.
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We now show that when M* is a module over the pro-operad P,, the homotopy colimit
of the sequence M* becomes a coalgebra over the comonad Cp, of Definition 2.6. The
coalgebra structure map can be built from corresponding maps for tensors and strict
colimits, just as is the comonad structure on Cp, .

Definition 2.7 (Colimits of coalgebras) Let C, be a diagram of comonads on [X, $p]
indexed by a small category I, and let M*® be a diagram of symmetric sequences indexed
by I°P such that, for each morphism i — i’ in I, the map

M s Ml

is a morphism of C;/—coalgebras, where the coalgebra structure on M’ is given by the
composite M! — C;(M?) — C;/(M?). So M* is a “module” over the diagram C, in
the sense of Remark 2.2.

Then we define a (colim; C;)—coalgebra structure on the symmetric sequence colim; M’
with structure map

colim; M? — colim; Ci(Mi) — colim; C;(colim;/ Mi/).

Definition 2.8 (Tensoring of coalgebras) Let C be a simplicially enriched comonad
on [X, ¥p], M a C—coalgebra, and X a simplicial set. Then we make X M := X1 AM
into a (X ® C)—coalgebra via the structure map

X+/\M—>X+/\X+/\C(M)—>X+/\C(X+/\M).

Definition 2.9 (Homotopy colimits of coalgebras) Suppose that C, and M*® are as
in Definition 2.7. We then get a (hocolim; C;)—coalgebra structure on the homotopy
colimit

hocolim; M? = Al Area [ \/ Miri|

io —>-~-—>ir

by combining the constructions of Definitions 2.7 and 2.8, as in Definition 2.5.

Definition 2.10 Let P, be an inverse sequence of operads and M* a P,—module in
the sense of Definition 2.1. Let M be the homotopy colimit symmetric sequence

M := hocolimy, mE.

By the construction of Definition 2.9, M inherits the structure of a Cp, —coalgebra.
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Remark 2.11 If M® is a P,—module, then each term ML is a module over the operad
lim P, given by the inverse limit (in the category of operads) of the sequence P,. It
follows that the homotopy colimit M also has a canonical structure of a module over
lim P, . In general, the structure of a Cp, —coalgebra includes and extends that of a
lim P,—module. Another way to see this is via the existence of a canonical map of

comonads
Cp, — Ciimp,

which is typically not an equivalence.

There is one technical construction that we need for modules over inverse sequences of
operads. That is, we need to be able to construct a replacement for a given module in
which all terms are X —cofibrant. We show how to do this now.

Definition 2.12 Let P, be an inverse sequence of reduced operads in ¥p such that
each Pr is cofibrant in the projective model structure on reduced operads of spectra.
Let

M*: MO Mo M2

be a P,—module. We recursively construct a commutative diagram of the form

M° m! M?
(2.13) ~ ~l ~
M° Mm! M?

in which ML =5 M7 is a weak equivalence of Py —modules, and each ML is X—
cofibrant.

First, let M® =5M? be a cofibrant replacement for M® as a Po—module. Note that
M? is then ¥ —cofibrant because a cofibrant module over the cofibrant operad Py is
Y —cofibrant by [1, Proposition 2.3.14]. Now, suppose that we have built the diagram
as far as the weak equivalence ML =M% . We can factor the composite

ML %ML . ML+1

in the category of Py 4 —modules as a cofibration followed by a trivial fibration which

we write as
ML ML+ 3 ML+1-

Then ML > ML+! s a cofibration of P 1.+1—modules with X —cofibrant domain,
hence is a ¥ —cofibration by [1, Lemma A.0.11]. It follows that ML+ is T —cofibrant
as required. Recursively this defines the diagram (2.13).
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We refer to the P,—module M*® as a X —cofibrant replacement for M*. Notice that
because each ML is S —cofibrant, it follows that the homotopy colimit

M := hocolimy, ML

is a X —cofibrant Cp, —coalgebra. In particular M determines an object in the homotopy
category of Cp, —coalgebras described in Definition 1.26, as well as in the pro-truncated
homotopy category of Definition 1.29.

3 Functors from based spaces to spectra

We now take up the study of homotopy functors from based spaces to spectra. Recall
that we are writing Jopf, for the full subcategory of Jop, consisting of the finite
cell complexes, and that [Jopf,, #p]« is the category of pointed simplicially enriched
functors F: Jop, — ¥p.

In [2] we proved that the Taylor tower (expanded at the one-point space *) of a functor
F € [Jopl,, Ip« is determined by the action of a certain comonad C on the symmetric
sequence d« F formed by the derivatives of F (at x). The comonad C = 0,® arises
from an adjunction

3.1 0x: [Jopl,, Ipl, 2 [E.9p] : @

in which the left adjoint d4 is a model for the functor taking a (cofibrant) F to
its symmetric sequence of derivatives. The main result of this section is a separate
description of C as the comonad associated to an inverse sequence of operads via the
constructions of the previous section. We start by describing that sequence.

3.1 Koszul duals of the stable little disc operads

The little disc operads of Boardman and Vogt [5] were introduced to classify iterated
loop spaces, but have since been seen to arise in a variety of other contexts in algebraic
topology: for example, Ayala and Francis show in [4] that algebras over the little
n—discs operad classify certain types of homology theory on n—dimensional manifolds;
the Deligne conjecture (proved by McClure and Smith [17] and others) shows that the
Hochschild complex on an associative algebra forms an algebra over the chain model
for the little 2—discs operad.

In this paper we show that the sequence of operads of spectra given by the suspension
spectra of the topological little disc operads captures the information needed to recover
the Taylor tower of a functor F: Jopf, — ¥p from its derivatives. More precisely, the
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Koszul duals of this direct sequence form an inverse sequence KE, whose associated
comonad Ckg, coacts on the derivatives of any such F.

Throughout this paper we use the Fulton—MacPherson models for the little disc operads,
as described by Getzler and Jones [11]. The only place where the precise model matters
is in our proof of Lemma 3.31.

Definition 3.2 For a fixed non-negative integer L, we write £y for the operad of
unbased spaces in which

Er(r)
is given by the Fulton—MacPherson compactified configuration space of r points in RL .
Recall that a point in E (r) includes an r—tuple y = [y, ..., y,] of points in RL

defined up to translation and positive scalar multiplication. When two or more of the
points y; are equal, the point y also includes information about the relative directions
and distances between these “equal” points. More details on the definition of E can
be found in [21].

There is a sequence of operads of the form
E0—>E1 —)—)EL —)IEL+1 —> e

where the map
Er(r) > Ep41(r)

extends points in RZ to RET1! via the standard inclusion. Note that E is the trivial
operad of unbased spaces which we also denote by 1.

We write Com for the commutative operad of unbased spaces with Com(r) = * for
all » > 1. Since Com is terminal among operads of unbased spaces, there are operad
maps E; — Com that are compatible with the maps in the above sequence.

Definition 3.3 The stable little L—discs operad is the reduced operad Ey, of spectra
given by
Er(n) :=X%EL(n)+,

with operad structure maps induced by those of [E7 . There is a corresponding sequence
of operads of spectra of the form

(34) E0—>E1—>---—>EL—>EL+1—>---.
Note that Eq is the trivial operad of spectra which we also denote by 1.
Let Com be the commutative operad of spectra, given by

Com(n) := Z®°Com(n)+ = S,
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the sphere spectrum. There are then operad maps E;, — Com that are compatible with
the maps in the sequence (3.4). The induced map

Eco := colimEy — Com

is a weak equivalence of operads.

Definition 3.5 (Koszul dual) Let P be a reduced operad of spectra. Then the Koszul
dual of P is a cofibrant replacement (in the projective model category of reduced
operads of spectra) for the Spanier—Whitehead dual of the reduced bar construction
on P. We denote such a replacement by KP. The construction K is a contravariant
functor from the category of reduced operads of spectra to itself, and for operads formed
from finite spectra, there is an equivalence of operads KKP ~ P described in [8].

Definition 3.6 Applying the Koszul duality functor to the sequence (3.4), we obtain

an inverse sequence of operads of spectra

3.7 KE,: ---— KE; - KE; — KEy.

Associated to the pro-operad KE, we have a comonad Ckg, given as in Definition 2.6.

Explicitly, for a symmetric sequence A and positive integer k, we have an equivalence

(3.8)  Cke. (A) (k) hE,
~ hocolimy, 1_[ |: 1_[ Map(KEL(nl) A+ ANKEL (ng), A(n)):| .

n>k ~n—>»k

Remark 3.9 It is conjectured that the operad KEy, is equivalent to an L—fold desus-
pension of Ej itself. Corresponding results on the level of homology are due to Getzler
and Jones [11], and on the chain level are due to Fresse [10].

Remark 3.10 Recall from Remark 2.11 that a Ckg, —coalgebra forms, in particular, a
module over the operad lim KE;, which is equivalent to K Com, and hence to 04 /g, ,
the operad formed by the derivatives of the identity on the category of based spaces,
described in [6]. We therefore have a forgetful functor

CO&]g(CKE.) — MOd(a* Igap*)
associated to the comonad map Ckg, — Ck com-
The main goal of the rest of this section is to prove that the comonad Ckg, acts on

(a suitable choice of model of) the derivatives of a functor F: Jop, — Sp, that Ckg,
is equivalent to the comonad C constructed from the adjunction (3.1), and hence that
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the Taylor tower of F' can be recovered from the derivatives of F together with their
structure as a Cgg, —coalgebra.

We should remark here that the construction of models for the derivatives of a functor
F: 9019‘; — ¥p on which Ckg, acts is rather involved (see steps (1)—(5) described
below), as is the proof of Theorem 3.64 that Ckg, is equivalent to C. The reader who
wishes to skip some of the technical constructions is advised to turn to Theorem 3.75
and following, where the main results of this section are laid out.

3.2 Models for the derivatives of functors from based spaces to spectra

Let F: Jop!, — ¥p be a pointed simplicial functor. In this section we construct a
module d*[F] over the sequence of operads KE,, such that the homotopy colimit
d[F] = hocolim d£[F] is equivalent to the symmetric sequence 94 F of Goodwillie
derivatives of F'. It then follows that these derivatives form a Cgg, —coalgebra by the
construction of Definition 2.10.

When F is a polynomial functor, the term dZ[F] in the module d*[F] (which is a KEf, —
module) is equivalent to the symmetric sequence of partially stabilized cross-effects
of F, that is,

dL[F)(n) ~ =L cr, F(SE, ..., ST).

More generally, when F is p—analytic in the sense of [12], this equivalence holds for
L>p.

Here is an outline of the construction of d[F] for a given F: Jopf, — ¥p:

(1) Construct a Com—comodule N[F] (and hence, by pulling back, a E; —comodule
for each L) that models the cross-effects of F evaluated at S, and show that a
polynomial functor F' can be recovered from N[F] (Proposition 3.15).

(2) Show that the “derived indecomposables” of N[F] as a E; —comodule (which
can be described as a homotopy coend of the form N[F] Ag, 1) recover the
partially stabilized cross-effects of a polynomial functor F' (Proposition 3.24).

(3) Construct a model for the derived indecomposables of an E; —comodule that
has a KE; —module structure (Proposition 3.44) and thus obtain the required
construction for polynomial functors (Proposition 3.47).

(4) Generalize the construction of these models to analytic functors F using the
Taylor tower (Lemma 3.49).

(5) Produce the necessary models for any functor by left Kan extension from repre-
sentables (Proposition 3.54).
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We start then with (1).

Definition 3.11 For each positive integer 7, the construction Y — Y M defines a
pointed simplicial functor Jopf, — ¥p. Let Y " denote a (functorial) cofibrant
replacement of this in the category [Jop%,¥pl«. A surjection n —> k determines a
natural transformation

300 Y/\k _, Yooy An

by way of the diagonal on a based space Y, and hence, via naturality of the cofibrant
replacement, a natural map
STk L ST,

For each Y, these maps make %Y A* into a Com-module, naturally in Y € Jop,.

Definition 3.12 For F € [Jop,, ¥p]« and n € N we define
N[F](n) := Naty cg,,¢ (ECY N, FY).

This is the spectrum of natural transformations between two functors in [Jop',, #p]«,
that is, the enrichment of [Jopf,, ¥p]« over ¥p. The Com—module structure maps on
Y0 Y~* make the symmetric sequence N[F] into a Com—comodule (naturally in F').

Lemma 3.13 For any F < [Jop',, ¥p]«., there is a natural equivalence
N[F](n) ~ cr, F(S°,...,S9),

where the right-hand side is the n'" cross-effect of F, evaluated at the zero-sphere in
each variable.

Proof We can write °Y """ as the total homotopy cofibre of the n—cube of spectra
given by
J > X*Homg ¢ (J+,Y)

Jops
for subsets J C n, and whose edges are determined by the maps Jy — I for I C J
that collapse J — I to the basepoint. Applying Nat(—, F') to this total homotopy cofibre
n—cube, and using the Yoneda lemma we get the total homotopy fibre of the n—cube
that defines the given cross-effect. a

Corollary 3.14 The construction F +> N[F] preserves homotopy colimits (defined
objectwise on both sides).

Proof The cross-effects in Lemma 3.13 are equivalent to the corresponding co-cross-
effects. It is easy to see that taking co-cross-effects preserves homotopy colimits. [
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The next result is unpublished work of Bill Dwyer and Charles Rezk. It says that the
value F(X) of a polynomial functor F at a based space X can be recovered from the
Com—comodule N(F) by way of a homotopy coend with the Com—module XX "*,

Proposition 3.15 Let F: Jop, — $p be a polynomial functor and let N[F] denote a
¥ —cofibrant replacement for the Com—comodule N[F|. Then the canonical evaluation
map

€: N[F] Acom E®XA* —s F(X)

is a weak equivalence for each X € Jop", .

Proof Since both sides preserve objectwise (co)fibration sequences in F', we can use

the Taylor tower to reduce to the case that F is n—homogeneous, that is, of the form
F(X)=(EAX")3,

for some spectrum E with X,—action. Both sides also commute with the homotopy
orbit construction, the left-hand side by Corollary 3.14, and with smashing with a fixed
spectrum so we can reduce to the case that

F(X)=X®x",
For this case, we first claim that there is an equivalence of Com—comodules
(3.16) ¢: Com(n, ¥) ~>Naty cgs (ECVAF, ZRYA),

The map ¢ is constructed as follows. Notice that Com(n, k) = \/,_,; S. Then for
each surjection «: n — k, we have a corresponding natural transformation

Tooyak > yooysk B pooyan

where A, is the diagonal map X ~e s X associated to . It is clear from the
definition that ¢ is a morphism of Com—comodules, where Com(n, *) has the free
comodule structure built from the composition maps in the category Com.

To see that ¢ is an equivalence, we consider the following commutative diagram:

¢
\/ S NatYegop;(EooY/\k , EOOY/\n)

n—>k

~

thofib= 7 > thofibNaty ¢g,,; (2 Homayy, (4, Y), 5V ™)
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The right-hand vertical map is the equivalence described in the proof of Lemma 3.13.
The left-hand vertical map is given as follows: a surjection n —> k determines an
element of k" that maps to the basepoint in J for any proper subset J C k. There is
therefore an induced map into the total homotopy fibre. It is easy to check that this map
is an equivalence. The bottom horizontal map is induced by a levelwise equivalence of
k —cubes by the enriched Yoneda Lemma, so is an equivalence. It follows that ¢ is an
equivalence.

Now consider the diagram

Co_m(n, *) xCom 300 Y A* 300 Y An

(3.17) ¢l ~ ~
Natyé%pg(zooy/\*’ 3100 Y/\n) R Com S0 X A _€ . 300 y AR

where the bottom map is the evaluation map that we want to show is an equivalence,
the left vertical map is induced by ¢ and so is an equivalence, the right-hand map is the
fixed equivalence used in the construction of ¢, and the top horizontal map is induced
by the augmentation of the simplicial object underlying

Com(n, %) Rcom DOX A *,

that is built from the composition maps

\/ Com(n, ng) ASpy " NBu,_, Com(ny—1,nr) Ax,, ZPXNMr — 30X

nQY,...,.Ny

This simplicial object has extra degeneracies and so the augmentation map is an
equivalence. It can be checked that the diagram (3.17) is commutative and so it follows
that the evaluation map is an equivalence as required. |

Remark 3.18 The equivalence of Proposition 3.15 is part of a classification of reduced
polynomial functors Jopf, — ¥p in terms of Com—comodules (also from unpublished
work of Dwyer and Rezk) to which we return in Theorem 3.82.

We now turn to part (2) of our construction of d[ F]. We start by taking derivatives of
each side of the equivalence in Proposition 3.15 to get models for the derivatives of a
polynomial functor F. To state this result we use the following definition.

Definition 3.19 Let 1 be the bisymmetric sequence given by

1.0):=\/s.
I=J
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where S is the sphere spectrum and the wedge sum is taken over the set of bijections
from I to J. Thus 1(/,J) is trivial if |/| # |J|. Notice also that this notation is
consistent with that of Definition 1.14 applied to the trivial operad 1.

Corollary 3.20 Let F: Jopf, — ¥p be a polynomial functor. Then there are natural
3, —equivariant equivalences

N[F] Acom L(*,n) =50, (F),
where, for each n, the symmetric sequence 1(x,n) is given a trivial Com—module

structure.

Proof This follows from Proposition 3.15 by applying d« to each side, using the fact
that taking derivatives commutes with arbitrary homotopy colimits (for ¥p—valued
functors) and that there are equivalences of Com-modules

O (TP XN ~ 1(x,n). |
Notation 3.21 Let P be an operad, N a P—comodule, and B a bisymmetric sequence

that has a P—module structure on its first variable. We then write N Ap B for the
symmetric sequence given by

(NAp B)(n) := N(x) Ap B(¥,n).

Remark 3.22 For a P—comodule N, the symmetric sequence
NAp1

is a model for the “derived indecomposables” of N, that is, for the left derived functor
of the adjoint to the trivial comodule structure functor [X, ¥p] — Comod(Com). We
can rephrase Corollary 3.20 as saying that, for a polynomial functor F: Jopf, — ¥p,
the derived indecomposables of the Com—comodule N[F] recover the derivatives of F'.

Now recall from Definition 3.2 that we have a sequence of operads
Eo—)El —)EZ—)

and an equivalence of operads hocolimy, E; —>Com. Using Definition 1.18 (and the
fact that homotopy colimits commute with each other), one can show that there is a
corresponding equivalence

(3.23) hocolimy, N[F] Ag; 1 =>N[F]Acom 1 = 05 F,
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where N[ F] is given an Ey —module structure by pulling back the Com—module structure
along the operad map E; — Com. This expresses the derivatives of F' as a homotopy
colimit of the derived indecomposables of N[F] as an E; —comodule, as L — co.

We now prove that these derived indecomposables recover the partially stabilized
cross-effects of F, thus completing part (2) of our construction.
Proposition 3.24 Let F be a polynomial functor. Then there are equivalences of
symmetric sequences

N[F]Ag, 1~ X *Ler, F(SE, ... ST

that are natural in F and make the following diagrams commute in the homotopy
category of symmetric sequences:

N[F]Ag, 1 s*Ler, F(SE, ..., ST
(3.25) l
N[FIAg 4 1 —— g*U+D o p(sLtt gL+l

Here the left-hand vertical map is induced by the operad map E;, — Ef. 1, and the
right-hand map is that of (1.7).

Proof Our strategy is to use Proposition 3.15 to reduce to the case that F is one of the
functors X°° X, Proving the result in those cases seems to require some significant
geometric input about the relationship of the operad Ej. to the sphere S . For us, this
input is contained in the construction of the equivalence in Lemma 3.31 below.

By Proposition 3.15, we can write
F(X) = N[F] X com T X .
Since taking cross-effects commutes with homotopy colimits, this gives us
(3.26) =KLy F(SL, ..., ST) ~ N[F] Acom T KL crp (X M) (SE, ..., 81,

where the Com-module structure on the right-hand side comes from that on XX "*,
The cross-effects of the homogeneous functors X X* are easily calculated: we have

rp(EPX (XL X)) ERXT A ADPXE,

a:n—»>k

where, as usual, we write 7; := |~ (i)| for a surjection a: n — k.
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This model for cry (X°°X"") is pointed simplicial in each variable with tensoring
maps

SEA N\ ERX A ADPXE >\ ZREXDM A A DR (SXG) N

n—>k n—>k

Ay . ..
induced by the diagonal maps S¥ = (§1)"* =2 (S1)"" associated to the surjections
n —> k. By Lemma 1.9, the map (1.7) for the functor X°° X" is modelled by the map

\/ E_kLEOO(SL)An—) \/ E_k(L+1)ZOO(SL+1)An
n—>k n—>k

induced also by the diagonal maps Ay . For each fixed k, we therefore have a com-
mutative diagram in the homotopy category of Com-modules (with variable 7) of the
form

\/ Z_kL(EOOSL)An % E_kL CI'k(EOOXAn)(SL, e SL)

n—>k

(3.27)

\/ E—k(L+1)(2wsL+l)An ~ E—k(L-l—l) Crk(ZOOX/\n)(SL+1, o, SL+1)

n—»k

The Com-module structure on the left-hand side terms in (3.27) is given by composition
of surjections combined with the diagonal maps for S* and SE+1.

The next step is to construct a diagram (in the homotopy category of Com-modules)
of the form

Com(n. *) Ag, 1. k) ——— \/ m7kE(zooghyr
n—>k
(3.28)
Com(n, ) Ay iy L0x. k) ——= \/ g7k (geogltiynn
n—>k
Combining (3.28) with (3.27) and applying N[F] Acom — to the resulting diagram,

we get, by (3.26), the required diagram (3.25). Note that there are equivalences
N[X° X ] ~ Com(n, *), which preserve both the Com—comodule structure and the
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Com-module structure on the variable n, so the construction of diagram (3.28) amounts
to proving the proposition in the case F = Z®° XM,

To get (3.28) we first note that there are natural isomorphisms of Com-modules

k
(3.29) Com(n. ) Ag, 1(+.k) = \/ /\ B(L.EL. Com)(n:).

n—>ki=1

where the right-hand side is the two-sided operadic bar construction, as described in [6].
The above isomorphism can be identified by comparing the structure of the simplicial
spectra underlying the homotopy coend and the bar construction.

The most significant part of the proof now concerns the construction of equivalences
of Com-modules

(3.30) B(L, Ez, Com) = S~ L(z®sin*,

We make this construction at the unstable level. For an operad P of unbased spaces, let
us write P4 for the corresponding operad of based spaces given by adding a disjoint
basepoint to each term. The following lemma is the key calculation underlying the
proof of Proposition 3.24.

where we identify ST~V with the one-point compactification of (RL)" /RL (the
space of n—tuples [y1, ..., ya] of vectors in RL defined up to translation) and give the
collection SL*~1 3 Com, —module structure via the diagonal map RL — RL x RL .
These maps make the following diagrams commute:

B(14.Ey . Comy) — 75 o GLG+-1)

B(L4.Ez i1y, Comy) ZEHL (@11

where the right-hand vertical map is induced by the fixed inclusion RL — RL+1,
which induces the operad map E; — Er ;1.

Proof Write E; for the symmetric sequence (of unbased spaces) given by

{EL(V) ifr >2,

Er(r):= ifr=1

Geometry € Topology, Volume 20 (2016)



1480 Gregory Arone and Michael Ching

Note that [ 1, has a right E; —-module structure coming from the operad structure
on E and that there is a homotopy cofibre sequence

IEL+ —>EL+ — 1+

of right E7 , —modules. Applying the bar construction, we obtain a homotopy cofibre
sequence

(332) B(Er4.Er,,Comy)—B(E ., Er ., Comy) —B(1y,Ep ., Comy)
of right Com4 —modules.

Now let SL=1D=1 denote the sphere in the vector space (RL)"/RL, or equivalently,
the space of n—tuples [yi,..., yn] of vectors in RL, not all equal, defined up to
translation and positive scalar multiplication. Notice that SL®=1 s the unreduced
suspension of SL@=D=1 g4 that we have a homotopy cofibre sequence of right Comy —
modules

(3.33) SECDTL comy — s,

The second map here sends the non-basepoint of Com (n) to the point in SL—1
that represents the n—tuple [0,...,0].

Our goal now is to construct an equivalence between the sequences (3.32) and (3.33)
of which the required equivalence f7 will be part.

Notice first that
B(EL+.Er4.Comy) =B(EL, Er,Com),.

We now claim that E 1 is cofibrant as an [E; —module (in the projective model structure
on right modules over an operad in the category of compactly generated spaces). To
see this, suppose we are given a diagram of E 7 —modules

M
(3.34) ~
]EL — M’

where the right-hand vertical map is a trivial fibration in the projective model structure
on modules over the operad E; (ie each map Mi(n) — M'(n) is a Serre fibration and
weak homotopy equivalence). We recursively construct a lifting /: [ L — M as follows.
Suppose we have constructed maps

lr: EL(r) = M(r),
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for each r < k, that commute with the relevant E; —module structure maps. Together
the /, determine the top horizontal map in a commutative diagram

R (k) — M(k)
(3.35) ~
Er(k) — M'(k)

where JE . (k) denotes the boundary of the manifold with corners Er (k). (Recall that
this boundary is identical to the union of the images of the non-trivial module structure
maps

Er(r) xEg (k1) x - x EL(ky) > EL(K).)

Since the inclusion 9K (k) — Ef (k) is a relative cell complex, we can choose a lift
le: B (k) — M(k)

for the diagram (3.35) which continues the recursion. Together the maps /. determine
the required lift for the diagram (3.34). It follows that [E is a cofibrant E; —module,
as claimed.

It then follows that there is an equivalence of Com—modules
yL: B(EL,Er,Com) =>E o, Com.
We claim that there is then an isomorphism of Com-modules
(3.36) £y og, Comz= SLG=D-1,
To see this we first define a map of Com-modules
g: Bz oCom — SLG+=D-1

The n'™ term on the left-hand side can be written as

1 [ I EL<k>]

k=2 “n—>k Zk
Given an integer k£ and surjection «: n — k, we can define a map

ga: Er (k) — sH0=D!
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as follows. A point x in [z (k) consists of a k—tuple [xi,...,xg] of vectors in R
defined up to translation and scalar multiplication, together with extra information if
some (but not all) of the x; are equal. We set

Za(X) = [Xa(1) - - - Xam] € SEOTDTL
Together the maps g, determine the required map g. We now show that g induces an
isomorphism of the form (3.36).

First note that the two composites in the following diagram are equal:
E; oE; oCom= E; o Com — SLG—D-1
so that g determines a map
g: By og, Com — SLG=D=1,
To see that each g is a bijection, we construct its inverse which we denote }7,,.

A point y € SE@®=D=1 5 represented by an n—tuple [y1, ..., yn] of vectors in RL,
not all equal, defined up to translation and positive scalar multiplication. We can
write y; = Xq(;) for a k—tuple x = [x1, ..., xx] of distinct vectors, also defined up
to translation and positive scalar multiplication, where k > 2 is a positive integer
and o: n — k is a surjection. Note that k and « are uniquely determined, up to
action of Xy, by the condition that all x; are distinct. This data determines a point in
[k 1 o Com (where, in particular, the k—tuple x represents a point in the interior of the
space IEL (k)), and hence a point in (IEL ok, Com)(n) which we take to be . ().

It is now relatively easy to see that hy is inverse to gn and so that g, is a continuous
bijection. The space &L o, Com)(n) is compact (since each E (k) is for 2 <k <n)
and SL=D=1 j5 Hausdorff. Therefore g, is a homeomorphism, and we obtain the
required isomorphism (3.36). We then have a commutative diagram of Com_ —modules

B(Er+,Ery,Comy) — B(EL;,Ery,Comy)

YL | ~ ~
S—I;(*—l)—l C0m+

where the right-hand map is the standard bar resolution map. We therefore get an
induced equivalence between the homotopy cofibres which provides the required
equivalence

fr: By, Ep 4, Comy) =5 LG,
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It is easy to see that the maps gy commute with the maps induced by the inclusion
RL — RL*! | and hence the maps f7 do too, completing the proof of Lemma 3.31. O

Remark 3.37 Low-dimensional calculations suggest that the based space
B(1+,Ep+,Comy)(n)

is actually homeomorphic to S L(n—1) though we do not need that claim here.

Proof of Proposition 3.24 (continued) We now get the required stable equivalences
(3.30) from the maps f7, of Lemma 3.31 by the composite

B(1,Ez, Com) =~ ¥®°B(14+,E; 4+, Com,) = 2R §LO—D >y 3L (500 gLynx
The final equivalence is adjoint to the map
SL(k—l) A SL N (SL)/\k
that is the one-point compactification of the map of Com-modules (in the k variables)
(RL)k/RL % RL _ (RL)k
given by
(1.l (i —m~+u, ...,y —m+u),

where m is the coordinate-wise minimum of the vectors yq,..., yx. (Thatis, m; :=
ming << (;)i-)

Using (3.29) we then get the required diagram (3.28). This completes the proof of
Proposition 3.24. a

We now turn to part (3) of the construction of d[F]: showing that the derived inde-
composables N[F] Ag, 1 can be given the structure of a KE; —module. Behind this
construction is a form of derived Koszul duality for comodules and modules over an
operad P and its Koszul dual KP. For any operad P of spectra and P—comodule N,
we construct a model for the symmetric sequence

NApl

that is a module over the Koszul dual operad KP. At the heart of our construction is a
particular bisymmetric sequence Bp, equivalent to 1, that has a P—module structure in
one variable, and a KP—module structure in the other. We define this now.
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Definition 3.38 For an operad P of spectra, let Bp be the bisymmetric sequence given
on finite nonempty sets I, J by

Be(Z,):= [ /\ BA.P.P)T)),
I—>J jeJ
where the product is indexed by the set of surjections from I to J. Recall from [6]
that the symmetric sequence B(1, P, P) has both a right P-module structure and a left
BP—comodule structure (where BP = B(1, P, 1) is the cooperad given by the reduced
bar construction on P). We use these structures to produce the required operad actions
on Bp.

We make Bp into a right P—module in its first variable as follows. For each surjection
a: I — I’ we have to describe a map

ra: Be(I'.J) A J\ P(Li) > Bp(1.]).
i’el’
The target here is a product indexed by surjections 8: I — J and we define each
component individually. There are two cases. If 8 does not factor as y« for some
surjection y: I’ — J then we take the relevant component of 7o to be the trivial map.

If B does factor in this way then y is uniquely determined. We then build the relevant
component of r, from the projection map

py:Be(I'.J) > /\ B(L.P.P)I))
jeJ
and by taking the smash product, over j € J, of the maps
B(L.P.P)I))A /\ P(Ii) = B(L.P.P)(I))

oy
ZEI]-

associated to the right P—action on B(1, P, P) and the surjections I; — I J’ given by
restricting o .

We also make Bp into a right KP—module in its second variable as follows. For each
surjection a: J — J’ we have to describe a map

(3.39) sa: Be(I.J) A [\ KP(Jj) = Be(I.J).
j/e]/
The target is still indexed by surjections 8: I — J and again we define each component

individually. Let y = aff: I —» J'. Then we build the relevant component of s, from
the projection

py:Be(.J)— /\ B P.P)Uj)
j/ej/
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and by taking the smash product, over j' € J’, of maps

B(1.P.P)(Iy)) AKP(Jj) > /\ B(L.P.P)(I))
Jj€djs

associated to the left coaction by the cooperad BP on B(1, P, P). Recall that the Koszul
dual KP is the Spanier—Whitehead dual of BP and the above map is adjoint to the
coaction map associated to the surjection /;» — Jj- given by restricting f.

Lemma 3.40 The constructions of Definition 3.38 make Bp into a spectrally enriched
functor P°P x KPP — ¥p, that is, a bisymmetric sequence with commuting right module
structures for the operads P and KP on the first and second variables respectively.

Proof We have to check associativity and unit conditions for each of the actions, and
then a commutativity condition between them. For the P—action on the first variable,
the unit condition is that the map r, associated to the identity a: I —> I be the identity
on Bp (7, J), which it is.

The associativity condition concerns the maps ry, ro/, F'o’q for surjections a: I —> I’
and a’: I’ — I". The key point is then the following: a surjection B: I — J factors
via o'« if and only if B factors as y«, and then y factors via «’. If these factorizations
do not exist, then the components of 7y, and of 741, corresponding to B are both
trivial. If the factorizations do exist, then those components are equal by the associativity
of the right P—action on B(1, P, P).

For the KP—action on the second variable, the corresponding checks are similar, but
they are easier since there are no separate cases in the construction of the maps s .
The associativity condition follows from the coassociativity of the coaction of BP on
B(1,P,P).

To see that the two actions commute, suppose we have surjections «: I — I’ and
8: J — J'. We have to show that the following square commutes:

/\ KPi)ABp(I YA N PU) 2=\ KP(Jj) ABe(I,J)
J'eJ’ irel’ jredJ’

(3.41) Ssl s

Be(I".J) A /\ PULi) = Be(1.J)

i’el’
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Since the target is a product, we can check commutativity by considering the components
of the composite maps corresponding to each surjection 8: I —> J in turn. There are
three cases.

If B = ya for some y: I’ — J then also 68 = (§y)a. In this case, the relevant
components of the horizontal maps in (3.41) are given by the P—action on B(1, P, P).
The required commutativity then follows from the commutativity of the corresponding
diagram

B(L.P.P)(Ij) A /\ PUi) B(1,P,P)(I;/)

L el

BP(Ji) A \B(LP.PYUI)A A\ PUi) —= BP(Jj) A [\ B(L.P.P)(I))

jeJ]-/ i’EI]{, jer/

where the vertical maps are given by the BP—coaction maps on B(1, P, P) associated
to the restrictions of B to I/ for j' € J'.

Secondly, suppose that 8 does not factor via «, but that §8 = y’« for some y': I’ — J'.
Then the relevant component of the bottom horizontal map in (3.41) is trivial. We need
to show that the other composite in (3.41) is trivial. This composite is given by the
smash product, over j’ € J’, of the following part of the previous diagram:

B(L.P.P)I})A \ PUir) —= B(1.P.P)(Ij)

el

BP(J;/) A /\ B(1,P,P)(Z))
jEJj/

The only obstruction to factoring 8 via « is that there must be some two elements
i1,ip € I with a(i1) =a(iy) but B(i1) # B(i»). Inthis case, let j' =y a(i;) =y a(i,)
and consider the above diagram for this particular j’. To see that this composite is
trivial, we recall from [6, Definition 7.8] the structure of the bar construction B(1, P, P).
In particular, B(1, P, P)(1 Jf,) is stratified by trees with leaves labelled surjectively by
the set 7 Jf,. Since a(i1) = a(i,), these two elements must label the same leaf of such
a tree. It follows that the image of the top horizontal map is contained in the strata
corresponding to trees (with leaves labelled by I;/) where i and i, label the same
leaf. But then according to the definition of the vertical map, since B(i1) # B(i»), each
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such stratum is mapped to the basepoint in the bottom-right corner. It follows that the
above composite is trivial as required.

Finally, suppose that neither B nor 38 factors via «. In this case, the relevant compo-
nents of both horizontal maps in (3.41) are trivial and the square commutes. |

Lemma 3.42 There is an equivalence of bisymmetric sequences
Bpx1

that preserves the P—module structure on the first variable.

Proof For finite sets I, J, the equivalence of right P-modules B(1,P,P) =1
determines a natural equivalence

[T Asa.pr.piup— [T A,

I—JjeJ I—>JjeJ

and this preserves the right P-module structures in the I variable (with that on the
right-hand side the trivial structure). The right-hand side is the same as 1(/, J) but
with \/y S replaced by the equivalent [y S (when n = |I| = [J]). O

Remark 3.43 Lemma 3.42 tells us that the P—-module structure on each symmetric
sequence Bp(—, J) is equivalent to the trivial structure. The same is true about the
KP-module structure on each Bp(/, —). This is proved via equivalences

1~Bp

that preserve the KP—module structure on the second variables. The essential point,
however, is that these two structures are not equivalent when taken together. That
is, the bisymmetric sequence Bp is not equivalent to 1 in the category of functors
PP x KPP — ¥p. There is no zigzag of equivalences between Bp and 1 that preserves
both structures simultaneously.

Proposition 3.44 Let P be an operad of spectra and N a = —cofibrant P—comodule.
Then the symmetric sequence
N Ap Bp

is equivalent to N Ap 1, and has a canonical KP—-module structure.

Proof The only part to prove is the equivalence to N Ap 1, which follows from
Lemmas 3.42 and 1.19. |

We now consider the naturality of the construction of Bp in the operad P.
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Lemma 3.45 Let ¢: P — P’ be a morphism of operads in $p. The induced natural
transformation of bisymmetric sequences

Bg: Bp — Bpr

is a morphism of P—modules (in the first variables, with the P—action on Bp/(—, J)
given by pulling back along ¢ ), and of KP’—modules (in the second variables, with the
KP’—action on Bp (I, —) given by pulling back the KP—action along the operad map
Kg: KP" — KP).

Proof This is an easy but lengthy diagram chase. m|

We are now in position to describe models for the partially stabilized cross-effects of a
polynomial functor that have the desired KEr —module structure.

Definition 3.46 For a polynomial functor F € [Jopl,, $pl«, write N[F] for a (func-
torial) X —cofibrant replacement of the Com—comodule N[F] of Definition 3.12. We
then define a KEz —module dZ[F] by

d“[F]:= N[F] g, B, .

with KEz —module structure arising as in Proposition 3.44. We also have, for each L,
a map of symmetric sequences

m*: dL[F] — a1 F]

given by the composite

N[F] 7\EL BEL - N[F] KEL BEL+1 - N[F] 7\EL+1 BEL+1,

in which the second map is induced by the operad map E; — E7 41 and the first is the
corresponding map of Ez —modules Bg, — Bg, ,, from Lemma 3.45. The map mt
is also a morphism of KEy, 4 ;-modules by Lemma 3.45.

The sequence
d°[F]: d°[F]—>d'[F] > d’[F] >+

is therefore a module over the pro-operad KE,, in the sense of Definition 2.1. It follows
that the homotopy colimit

d[F] := hocolimz, d*[F]

is a coalgebra over the comonad Ckg, .
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Proposition 3.47 Let F € [Jop',, ¥p]« be polynomial. Then we have natural equiva-
lences of symmetric sequences

s~*Ler, F(SE, ..., 8T) ~dL[F)

such that the following diagrams commute in the homotopy category of symmetric
sequences, where the left-hand maps are those of (1.7):

~

s7*Ler, F(SE, ... ST dL[F]

| g

E—*(L-i—l) Cr'y F(SL+1,...,SL+1) _~ gL-i—l[F]

Taking homotopy colimits as L — oo we get an equivalence

0% (F) >~ d[F].
Proof This follows from Propositions 3.44 and 3.24. |

We have therefore constructed models for the partially stabilized cross-effects of
a polynomial functor as a module over the sequence of operads KE,, and for the
Goodwillie derivatives as a coalgebra over the associated comonad Cgg,. We now
extend these constructions to analytic functors by taking the inverse limit over the
Taylor tower (part (4) of our overall construction).

Recall that a functor F: Jop', — p is p—analytic if it satisfies Goodwillie’s condition
for being stably n—excisive in a way that depends in a controlled manner on p. Specif-
ically, there should exist a number ¢ such that F satisfies condition E,(np—q,p+1)
of [12, Definition 4.1]. We say that F is analytic if it is p—analytic for some p.

Definition 3.48 For an analytic functor F € [Jop',, ¥p]«, we define
d*[F] := holim, d*[P, F],

where the homotopy inverse limit is formed in the category of KE; —modules (or,
equivalently, in the underlying category of symmetric sequences). The maps in the
inverse diagram for the homotopy limit are those induced by the maps in the Taylor tower
of F. The maps m™ for each P, F induce corresponding maps (of KEz 1 ;—modules)

m*: d[F] - d" U F),
and hence we obtain a KE,—module d*[F] and hence a Cgg, —coalgebra

d[F] := hocolimy, dX[F].
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(If F is polynomial, this new definition of d*[F] is termwise equivalent to that of
Definition 3.46.)

Lemma 3.49 For a p-analytic functor F: Jop', — p and positive integer L, there
are natural maps in the homotopy category of symmetric sequences of the form

s *Ler, F(SE, ..., 81) = dL[F)

that are equivalences when L > p + 1, and such that the following diagrams commute,
where the left-hand maps are those of (1.7):

s~*Ler, F(SE, ..., 8T dE[F]
mL
Z_*(L+1) Cr'y F(SL+1,...,SL+1) S gL+1[F]

Taking the homotopy colimit as L — oo, we obtain an equivalence of symmetric
sequences

0% (F) > d[F].
Proof By Proposition 3.47 we have
d[P,F]~ S* L cro (P, F)(SE, ... ST).

Therefore
dE[F] ~holim S *L cry (P, F)(SE, ..., ST

~ S *L cry(holim P, F)(SE, ..., 1),

since taking cross-effects commutes with taking homotopy limits. The required map is
then induced by the natural transformation

F — holim P, F.

Since F' is p-—analytic, the natural map F — holim P, F is an equivalence on p—
connected spaces. It follows that we have an equivalence

s *Ler, F(SE, ..., STy =7 *L cry (holim P, F)(SE, ..., ST)
when L —1 > p, which yields the first claim. Taking homotopy colimits over the L

variable on each side then gives the second claim. |
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The final goal of this section (part (5)) is to extend our constructions to arbitrary
(ie non-analytic) functors from based spaces to spectra. For this, we recall from [2,
Proposition 4.3] that the derivatives of an arbitrary functor F' can be obtained by
forming the coend between the values F(X) and the derivatives of the representable
functors X°° Homg,, (X, —). Since the functor represented by a finite spectrum X
is analytic, we can use the models for derivatives from Definition 3.48, and since the
comonad Ckg, is enriched in spectra, its coaction on those derivatives extends to the
coend.

Definition 3.50 For X € gop‘;, we write
Ry: ffop‘; —Ip
for the representable functor given by
Ry (Y) := X*° Homg,, (X,Y).
Definition 3.51 For X € Jop’,, we now apply the construction of Definition 2.12 to
the module d*[Ry] of Definition 3.48 to get a KE,—module d*[Ry] and a morphism

of KE,—modules
d*[Rx] — d°*[Rx]

formed from weak equivalences
d*[Ry] =>d"[Rx]
and such that each dZ[Ry] is T—cofibrant. In particular, the homotopy colimit
d[Rx] := hocolim d“[Ry]
is a X —cofibrant Ckg,—coalgebra that is equivalent, as a symmetric sequence, to
dx(Rx).
Remark 3.52 It is important that the functor
(Topl)™ — [B.9pl: X > d[Rx].

be simplicially enriched in order to make Definition 3.53 below. The reader can check
that we have built d[Ry] from a succession of simplicially enriched constructions,
including: applying Goodwillie’s construction Py ; forming the natural transformation
objects N[ F]; taking cofibrant replacements (which can be done simplicially by work of
Rezk, Schwede and Shipley [20]; forming homotopy coends over Ey ; taking homotopy
limits; applying functorial factorizations as in the construction of Definition 2.12; and
taking homotopy colimits.
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Finally, then, we obtain models for the derivatives of any pointed simplicial functor
F: Jop', — ¥p by enriched left Kan extension from our models for the representable
functors.

Definition 3.53 For any F € [Jop’., #p]« and each L, define a KEz —module dZ[F]
by taking the enriched coend

dE[F]:= F(X) Ayegyy, d¥[Rx]
over the simplicial category Jop’,. We then obtain a Ckg, —coalgebra d[F] given by
d[F] := hocolimy, d"[F] 2 F(X) Ay cq,t d[Rx].

Notice that, by the dual Yoneda Lemma, we have Ry (X) Ay d[Ry] = d[Ry] so
that this definition of d[F] is consistent with that already made for the functors Ry
themselves.

Note that in Definition 3.53 we use a strict (not homotopy) coend which typically only
has the correct homotopy type when F is a cofibrant object in the projective model
structure on [Jop’,, Fpl«.

Proposition 3.54 Let F: Jop, — ¥p be pointed simplicial and let ¢ denote an arbi-
trary cofibrant replacement functor for the projective model structure on [Jop',, Ip]«.
There are natural maps (in the homotopy category of symmetric sequences)

nL(F): S7*Ler, F(SE, ..., 8T) = dE[cF]
such that the diagrams

nr(F)

>*Ler, F(SE, ..., ST dL[cF]

Z_*(L+1) Crs F(SL+1,...,SL+1) dL+l[cF]

commute, where the left-hand maps are those of (1.7) and the right-hand maps are
those that form the KE,—module d*[cF]. Taking the homotopy colimit as L — co we
therefore get a map

N(F): 3x(F) —>d[cF],

and this is an equivalence for all F'.
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Proof From Lemma 3.49 we have a zigzag of maps (in which all the backwards maps
are equivalences)

(3.55) S7* er (Ry)(SE, ..., ST) > dE[Ry].

Since ¢F is a cofibrant functor, the coend construction ¢ F(X') Ay — preserves weak
equivalences between objectwise Y —cofibrant diagrams (Jopf)® — [Z,¥p]. So
applying this coend construction to the zigzag of maps (3.55), we obtain a corresponding
zigzag

(3.56) cF(X)Ax TG (Ry)(SE, ..., ST) > deF),

where cr«(Ry) denotes a X —cofibrant replacement of the cross-effects of Ry . The
strict coend on the left-hand side is equivalent to the corresponding homotopy coend
since ¢ F is cofibrant. Therefore, because taking cross-effects commutes with homotopy
colimits, the left-hand term in (3.56) is equivalent to

S7*L er (e F(X) Axy Ry)(SE, ... ST,

which is equivalent to
S e (F)(SE, ..., 81

by the dual Yoneda Lemma. It follows that the zigzag (3.56) represents the required
map 17, (F) in the homotopy category of symmetric sequences.

It remains to show that n(F) = hocolim 7z (F) is an equivalence. We know from
Lemma 3.49 that the homotopy colimit of the maps (3.55), as L — 00, is an equivalence
for each X . Since this homotopy colimit commutes with the homotopy coend, we
deduce that n(F) is an equivalence as required. O

This completes the construction (started in Definition 3.11) of a model for the derivatives
of a pointed simplicial functor F: Jop’, — ¥p that form a Ckg, —coalgebra.

Note that for an analytic functor F € [Jop',, p]« we have now defined two different
Cke, —coalgebra models for the derivatives of F': the object d[F] of Definition 3.48
and the object d[F] of Definition 3.53. It is important to know that these objects are
actually equivalent as Ckg, —coalgebras.

There is a small technical obstacle to constructing an equivalence of Ckg, —coalgebras
between d[F]| and d[F], which is that the construction F +— d[F] is not enriched in
spectra. (In particular, we do not have a natural map (of Ckg, —coalgebras) of the form
X Ad[F] — d[X A F] for a spectrum X .) The underlying reason for this is that the
cofibrant replacement in the category of Com—comodules used to form the object N[F ]
is not enriched in spectra. The following lemma shows that there is at least a zigzag of
coalgebra maps (which are, in fact, equivalences).
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Lemma 3.57 For p-analytic F € [Jop',, ¥p]«, cofibrant X € $p, and L > p + 1,
there are, naturally in L, zigzags of equivalences of KEy, —modules

dL[X A F]l~ X AdE[F]
and a zigzag of equivalences of Ckg, —coalgebras
d[X A F]>~ X Ad[F].
The Ckg, —coalgebra structure on the right-hand side relies on the fact that the comonad

Cke, itself is enriched over spectra.

Proof Consider first the case that F' is polynomial. Then there is a zigzag of equiva-
lences of X —cofibrant Com—comodules

(3.58) X AN[F] <= [X AN[F]] = [X AN[F]] =>N[X A F],

where the tildes denote a fixed cofibrant replacement functor in the category of Com—
comodules. The final equivalence is induced by the natural map of Com—comodules

X ANaty cqp (E°VA*, FY) = Naty cg,,0 (S®VA*, X A FY),
and is an equivalence by Lemma 3.13.
We get from (3.58) the required chain of equivalences of KE; —modules
X AdE[F):= X AN[F]Ag, Be, ~ N[X A F]Ag, Bg, =dE[X A F).

It is important for this that each term in the chain (3.58) is X —cofibrant. Note that these
equivalences are compatible with the operad maps KEy | — KE and thus induce a
corresponding chain of equivalences of Ckg, —coalgebras

X Ad[F]~dX A F].

Now suppose that F is p—analytic with L > p + 1. Then we have a sequence of
maps/equivalences of KEy —modules of the form

(3.59) X AdL[F]= X Aholim, d5[P, F] — holim, X A dE[P, F]
~ holim, d¥[X A P, F]
~ holim, d¥[P,(X A F)] = dE[X A F].

By Lemma 3.49 the composite can be identified (in the homotopy category of symmetric
sequences) with the map

XAz er, Bt 8h) — S e (X A F)(STL. L ST,
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which is an equivalence since cross-effects are equivalent to co-cross-effects, and hence
commute with smashing by X . Taking the homotopy colimit of the equivalences (3.59)
as L — oo we get the required equivalence

X Ad[F]~d[X A F]. d

Lemma 3.60 For a cofibrant p—analytic functor F € [Jopl,,¥p]x and L > p + 1,
there are, naturally in L, zigzags of equivalences of KE;, —modules

and a zigzag of equivalences of Ckg, —coalgebras

d[F] ~ d[F].

Proof In the case F = Ry, the required equivalence follows immediately from the
construction of d*[Rx] from d*[Rx] in Definition 3.51. For arbitrary F, we have

d[F]= F(X) Ax d[Rx] >~ F(X) Ax d[Rx] = d[F(X) Ax Rx]=d[F],
and similarly for d instead of d, with the penultimate equivalence arising from
Lemma 3.57. |
Corollary 3.61 If F is p—analytic and L > p + 1, then the map
nL(F): S7*Ler, F(SE, ..., ST) > dL[cF]

of Proposition 3.54 is an equivalence.

Proof The map 1z (F) is equivalent to the composite
s7*er (e F)(SE, ..., STy 25 dheF] =5 dEeF]

given by the equivalences of Lemmas 3.49 and 3.60. O

3.3 Classification of polynomial functors from based spaces to spectra

The main goal of this section is to prove Theorem 3.75, which provides an equivalence
between the homotopy theory of polynomial functors from based spaces to spectra and
the homotopy theory of bounded Ckg, —coalgebras. Our approach is to make use of
the general theory of [2] in which we have already constructed another comonad C
whose coalgebras classify polynomial functors.
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Definition 3.62 The functor
d: [Jop, Fpls — [Z, 9]
constructed in Definition 3.53 has a right adjoint & given by
®(A)(X) := Mapy (d[Rx]. A).

Since d[Ry] is a X —cofibrant symmetric sequence, the right adjoint ® preserves
fibrations and acyclic fibrations, so that (d, ®) is a Quillen adjunction (with respect to
the projective model structures on both sides).

We can now apply the work of [2] to the adjunction (d, ®). This gives us a comonad C
on the category of symmetric sequences that acts on d[F] for any F € [Jop’, ¥p]«.
According to [2, Theorem 3.13], the Taylor tower of a functor F can then be recovered
from d[F] by a cobar construction, and the homotopy theory of pointed simplicial
polynomial functors Jopf, — ¥p is equivalent to the homotopy theory of bounded
C—coalgebras. Here we show that C is equivalent, as a comonad, to Ckg,, and we
deduce that the Taylor tower of F can be recovered from the Ckg, —coalgebra structure
on d[F] constructed in Definition 3.53.

Definition 3.63 The comonad C: [X, ¥p] — [Z, ¥p] can be written as

C:=dc?,

where ¢ is a cofibrant replacement comonad for the category [Joph, ¥pl«. See [2,
Section 3] for more details.!

The functor C takes values in Ckg, —coalgebras (since d does) and so we get a morphism
of comonads
0: C— CKE.

given by the composite
C(A) = Cke. (C(A)) — Cke. (A),

where the first map is given by the Ckg, —coalgebra structure on C(A) and the second
by the counit for the comonad C. The map 6 respects the comonad structures because
the comultiplication for C is a natural map of Ckg, —coalgebras.

"More precisely, we constructed C in [2] using a Quillen equivalence u: [Jop,, $p]c 2 [Fop. Fpl« :c,
where [?Topi, ¥p]c is a model category in which every object is cofibrant. The comonad C is then given
by duc®. In this case the composite uc provides a cofibrant replacement comonad for the category
[Fop'., Fp]« which we denote by c.
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Theorem 3.64 The comonad map
Oa: C(A) — Ckg, (A)

is an equivalence for any symmetric sequence A.
Proof Our proof is based on the construction, for bounded symmetric sequences A,
of natural zigzags of equivalences of KEy —modules
(3.65) dLe®@A] ~ Cke, (A)
that commute with the KE,—module structure maps

dE[e®A] — dE T [cDA]
on the left-hand side, and the comonad maps

Cke, (A) = Cke, o (A)
on the right-hand side.
We start by noting that there are equivalences of Com—comodules

(O~ DA(Y))

Jop.

= Mapz (d[EOOY/\*]’ A)
>~ Mapy, (1(—, *), A(—))
~ A,

where A has the trivial Com—comodule structure. We therefore get, using Lemma 3.60,
an equivalence of KEz —modules

(3.66) dL[e®A] ~ N[®A] A, Be, ~ AR, B,

where A is given the trivial Ez, —comodule structure. Note that ®A is analytic because
A is bounded and so Lemma 3.60 applies here.

We next claim that when A is bounded, A Ag, Bg, is equivalent to the cofree KEy —
module generated by A. This is part of a version of Koszul duality between Ej —
comodules and KEy —modules under which trivial E; —comodules correspond to cofree
KEz —modules. We record this claim as a separate proposition.

Proposition 3.67 Let A be a bounded trivial ¥ —cofibrant Ey —comodule. Then there
is a zigzag of equivalences of KEy —modules

A Ag; Be; =~ Cke, (A).
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In other words, the derived indecomposables of a bounded trivial E; —comodule form a
cofree KE;, —module.

Proof To define the required zigzag, we introduce a symmetric sequence equivalent
to A, but that accepts a natural map from A Ag, Bg, . We define

A(n) :=Am) As, [ ]S
X
Note that there is an isomorphism A(n) = A(n) Ag, \/y, S and that, since A is
3 —cofibrant, the map
A— A,
induced by the map from coproduct to product, is an equivalence.

We can now define a map of symmetric sequences A Ag, Bg, — A as follows. For
given n, we have a map

(3.68) [ARe. Be l(n) — [A=n Ag, Be, ](n)

induced by the projection A — A—,, where A—, is the symmetric sequence with A(n)
in the n™ term and trivial otherwise. The right-hand side in (3.68) is the geometric
realization of a simplicial spectrum that is constant with terms

A(n) As, B, (n.n) = A(n)
since Bg, (n,n) =[] 5, S by Definition 3.38. It follows that we have isomorphisms
(3.69) [A=n Ag, Be, 1(n) = A(n).
Composing (3.68) and (3.69) we get the required map of symmetric sequences
€: ARg, Bg, — A.

We can now define the zigzag of maps required by the proposition. We have maps of
KEz, —modules

(3.70) A Ag; Be; — Cke, (AAg, Bg,) 5 Cke, (A) < Ckg, (A),

where the first map is given by the KE; —module structure on Bg, . It is now sufficient
to check that this composite is an equivalence.

We start by reducing to the case that A = 1(n, *), ie A consists of only a free X,—
spectrum concentrated in arity n. Since A is a trivial Ef —comodule, we have an
equivalence of E; —comodules

A~ \/A(n) Aps, 1(n, *).
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To reduce our claim to the case A = 1(n, *) it is sufficient to check that the functors
— 7\EL Bg; and Ckg, commute with: (1) smashing with a cofibrant spectrum; (2)
taking homotopy orbits with respect to %,—action; and (3) finite coproducts. For
— AE ; BE; these are clear and for Ckg, they follow from the next lemma.

Lemma 3.71 For bounded symmetric sequences A, there is a natural equivalence of
spectra

Cre, (A)K) >~ \/  [BEL(m1) A+ ABEL(mE) AAMMhD,, xSy, »

m=mj+--+my

where the coproduct is taken over all ordered partitions of a positive integer m as a sum
of positive integers my, ..., mMg.

Proof From Definition 1.20 we have

2:Wl
cKEL(A)(k)=1"[[ [ Map(KELwl)A---AKEL(mk),A(m»] :

m =m—>k
First note that the terms in the outer product can be written as

Sy XX Sy,
b

[T  [Map(KEL(my) A+ AKEL(mg). A(m))]

m=mj+--+my

where the product is taken over all ordered partitions as in the statement of the lemma.
Since each KEp (mj) is cofibrant as a ¥,,, —spectrum, the strict fixed points here
are equivalent to the corresponding homotopy fixed points. Furthermore, we have
equivariant equivalences

(3.72) Map(KEg (m)A---AKEp(my), A(m)) ~BEp (m{)A---ABEL (my) AA(m),

and each of the products involved here is finite (since A is bounded), so altogether we
can write

hZm, XX T

Cue, (M)~ \/  [BELOM) A+ ABEL(mg) AA(M)]

m=mj+--+my

All that remains is to show that the homotopy fixed points here are equivalent to the
corresponding homotopy orbits. To see this we note that the X,,—spectrum BEy, (m)
can be built from finitely many X,,—free cell spectra (because each space Ej (k) is
a finite free Xz —cell complex). Therefore the norm map from homotopy orbits to
homotopy fixed points is an equivalence. |
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Continuing with the proof of Proposition 3.67, this completes the reduction to the
case A = 1(n, *), so we now consider this case. Recall that we have to prove that the
composite

(3.73) 1(n, %) Ag; B, — Cke, (1(n, %) Ag, Be,) — Cke, (1(n, %))

is an equivalence. For this we really need to get our hands on the definition of Bg, in
Definition 3.38, including the E;, and KEy —module structures described there.

The k™ term in this map of symmetric sequences takes the form

l(}/l, *) 7\EL BEL (*9 k)

Zn
— [ 1_[ Map(KEg (n1) A--- AKEL (ng), 1(n, *) 7\EL EEL(*,n))}

n—>k

Xn
= | [T Map(KEL (1) -+ A KEL ) T |

n—>k

where the first map comes from the right KE; —module structure on Bg, . The only
relevant structure map is that of the form

k
Be, (n.k) A /\ KEL(n:) — Be, (n.n),

i=1
which, by (3.39), is built from the smash product of the maps
B(L,Er, Er)(n:) AKEL(n;) = B(1,EL,EL)(1) A--- AB(L,EL,EL)(1) = S
that are dual to the left BE; —comodule structure maps for B(1,Er,Eyr).

Now notice that by analyzing the homotopy coend we get equivalences

k
1(n. %) Re, Be, (+.k) = ] /\ BA.EL. D(my).

n—>ki=1

(This amounts to the fact that B(1, Ez,, 1) is equivalent to the derived indecomposables
of the Ez —module structure on B(1,Er,Er).) Putting this together with the KEy —
module structure from above, we have to show that the maps

B(1,Ez, 1)(n;) — Map(KEL (n;), B(1,EL, 1)(1) A... AB(1,EL, 1)(1))
>~ Map(KEy, (n;), S),

given by the cooperad structure on BEy , are equivalences. But these are just evaluation
maps for the Spanier—Whitehead duals of the finite spectra BEy (n;) and hence are
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indeed equivalences. It follows that (3.73) too is an equivalence as required. This
completes the proof of Proposition 3.67. |

We return now to the rest of the proof of Theorem 3.64. Together with (3.66), the
equivalence of Proposition 3.67 forms the required equivalences (3.65) of the form
¢L: dE[edA] ~ Cke, (A)

for bounded symmetric sequences A. Note that taking homotopy colimits over L gives
us an equivalence of Ckg, —coalgebras C(A) >~ Ckeg, (A).

Suppose now that A is an arbitrary symmetric sequence. We then have a zigzag of
equivalences of Ckg, —coalgebras

¢: hocolimy, holim, dL[CCDAg,,] =~ hocolimy, holim, Ckg; (A<n).

where we take the homotopy limit along the truncation maps A<, — A<(,—1) and the
homotopy colimit as L — co. Now the right-hand side above is equivalent to Ckg, (A)
(because the homotopy limit commutes with Ckg, and holim, A<, =~ A). For the
left-hand side, we have a diagram (in the homotopy category of symmetric sequences)

hocolimz, T 7*F cry (PA)(SE,...) —> hocolimy, holim, ¥ ~*f cre (PA<,)(SE .. )

~ ~

hocolimy, d¥[c®A] hocolimz, holim,, dZ[c®A<,]

in which the vertical maps are the equivalences of Proposition 3.54. The top horizontal
map is an equivalence because cross-effects commute with homotopy limits, so we
deduce that the bottom horizontal map is an equivalence. It therefore follows that ¢ is
a zigzag of equivalences of Ckg,—coalgebras

§: C(A) =~ Cke, (A).
Finally, we consider the following diagram (in the homotopy category)

C(A) Cke. (C(A)) —=— Cke, (A)

g~ ¢~ ¢~

Cke,(A) —— Ckg,(Cke,(A)) e Cke, (A)

where the left-hand horizontal maps are given by the Ckg, —coalgebra structures on C
and Ckg, , respectively.
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The composite of the bottom row is the identity, and the composite of the top row
is 6. To show that # is an equivalence, it is sufficient then to show that this diagram
commutes in the homotopy category. The left-hand square commutes because ¢ is a
zigzag of equivalences of Ckg, —coalgebras. To see that the right-hand square commutes
(in the homotopy category) it is sufficient to show that

C(A)

ec
4 \A

Cke, (A)

commutes up to homotopy. This follows by comparing the description of ec given in
[2, Lemma 4.10] with that of the counit for Ckg, in Definition 1.20: in each case the
counit map is, up to homotopy, a projection on the summand of the respective comonad.
This completes the proof of Theorem 3.64. a

Remark 3.74 Theorem 3.64 provides an alternative proof of the result of [2, Proposi-
tion 6.1] that describes the comonad C up to homotopy in terms of “divided power”
module structures for the operad 0/ formed from the derivatives of the identity on
based spaces. For a bounded symmetric sequence A we have, using Lemma 3.71,

C(A)(k)
>~ Cke, (A) (k)
~ hocolimg, \/ [BEL(m1) A--- ABEL(my) AA(m)] 5,
m=my—+-+my
\/  [hocolimy (BEL(m1) A--- ABEL (m)) A A |15, 0% Zo
m=mi+-+my
\/ [B Com(my) A--- ABCom(my) AA(m)], 5

m=mj+--+my

1—[ [Map(amll/\"'/\8mk19A(m))]hzmlx...xzmk’

m=mj+--+my

m XX By

[

12

mlx...xzmk

[

where the last equivalence is given by the equivalence 04/ >~ K Com of [6].

We showed in [2] that the functor d induces an equivalence between the homotopy
theory of polynomial functors in [Jopf,, #p]« and the homotopy theory of bounded
C—coalgebras. Using Theorem 3.64 we can now replace C with Ckg, in that statement.
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Theorem 3.75 The functor d induces an equivalence
[gopfk’ g)p]::,poly L)Coalgb(CKEo)h

between the homotopy category of polynomial pointed simplicial functors Jopf, — ¥p
and the homotopy category of bounded KE,—coalgebras of Definition 1.26. Moreover,
for cofibrant polynomial functors F, G € [Jop',, ¥p]«, we have equivalences of mapping
spectra

(3.76) Naty, s (F. G) =~ Mapg, ., (d[F],d[G)).

Jop

Proof We prove (3.76) first. This is made more difficult by the fact that the comonad C
is not enriched in ¥p and so we are unable to define mapping spectra for C—coalgebras.
Instead we have only mapping spaces ﬁS;nc(—, —) defined as in [2, Definition 1.10].
We do then have a sequence

Q% Naty, (F. G) = Homc(d[F], d[G]) => Q% Map,, (d[F]. d[G)).

Jop
where the first equivalence is [2, Corollary 3.15] and the second equivalence follows
from Theorem 3.64. This implies that the map

Natg, i (F,G) — Mapc,., (d[F].d[G])

Jop
induces an isomorphism on homotopy groups 7z for k > 0. For k < 0, we can apply
the result just proved to see that

Natg,,: (F, ¥ G) - Mapc,. (d[F].d[=7*G))

Jop

is an equivalence on my and hence so is the equivalent map

=% Natg,s (F, G) — S *Mapc,. (d[F]. d[G)).

Jop

Therefore the map (3.76) induces an isomorphism on 73 for all k, so is an equivalence
of spectra.

It now follows that d determines a fully faithful embedding of the homotopy theory
of polynomial functors in [Jopf,, ¥p]« into the homotopy theory of bounded Ckg, —
coalgebras. To complete the proof, we must show that every bounded Ckg, —coalgebra A
is in the image of this embedding.

Given a bounded Cyg, —coalgebra A, we define a functor Fa: Jopf, — $p by
FA(X) := Mapc,. (d[Rx], A) = Tot(®Cye A),

with the asterisk denoting the cosimplicial variable. We then claim that Fj is polyno-
mial, and that d[c Fa] is equivalent to A in the homotopy category of Ckg, —coalgebras.
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If A is N -truncated, then so is Cig, (A) for any r. Therefore, each term in the
cosimplicial object CIDC;E.A is N —excisive, by [2, Remark 3.10]. It follows that the
(fat) totalization Tot(PCyg A) = Fp is also N —excisive.

Since d is a simplicial functor we have natural maps
fri AL Adle Tot(PCie, A)] = de®C A — Cig A,

where the first map is the projection from the totalization, and the second is the counit
associated to the comonad C = de®. These commute with coface maps in the relevant
way and determine a derived Cgg, —coalgebra map f: d[cFa] — A (in the sense of
Definition 1.26).

By [2, Proposition 1.16], it is sufficient to show that fy is an equivalence of symmetric
sequences. We can write fp, up to equivalence, as a composite

dle Tot(®@Cje, A)] — Tot(de®@Ciie, A) ~>Tot(Ct ! A) = A,

where the second map is induced by the equivalence of Theorem 3.64 and the third is the
coaugmentation equivalence associated to the extra codegeneracies in the cosimplicial
object C:;EIA. It remains then to show that the first map is an equivalence; that is,
d commutes with the totalization of the cosimplicial object ®Cg A. The proof of this is
virtually identical to that of [2, Corollary 3.16], using the equivalence 0: de® =>Ckg,

of Theorem 3.64. O

3.4 Comparison of classifications of polynomial functors

We take this opportunity to describe how the result of Theorem 3.75 is related to other
approaches to the classification of polynomial functors from based spaces to spectra.
We have already mentioned the work of Dwyer and Rezk in which a polynomial
functor F: Jopf, — ¥p corresponds to the bounded Com—comodule N[F]. One half
of this equivalence was observed in Proposition 3.15 where we showed that F can be
recovered from N[F] via a homotopy coend with ¥*° X”*. In Theorem 3.82 below
we show the other half: that any bounded Com—comodule is equivalent to N[F] for
some polynomial functor F.

Another classification of polynomial functors from based spaces to spectra follows
from the observation that such a functor F is determined, by left Kan extension, by
its values on the full subcategory of finite pointed sets. In fact, an n—excisive F is
determined by its values on sets of cardinality at most # (not including the basepoint).
This fact can be related to the classification described in the previous paragraph via a
homotopical version of an equivalence of Pirashvili [19].
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Definition 3.77 Let Q2<, denote the category whose objects are the non-empty finite
sets of cardinality at most 7, and whose morphisms are the surjections. Notice that
an n—truncated Com—comodule can be identified with a functor Q<, — ¥p. Also,
let I'<;, denote the category whose objects are the pointed finite sets of cardinality at
most 7 (not including the basepoint), and whose morphisms are functions that preserve
the basepoint. We write €2 and I" for the corresponding categories of finite sets without
restriction on the cardinality.

In [19] Pirashvili showed, among other things, that there is an equivalence of categories
[Q<p, AD] >~ [['<y, Ab]«

between the category of functors from Q<, to the category of abelian groups s{b, and
the category of pointed functors from I'<;, to b (ie those that send the one-point set
to the zero group). In fact, if one includes the empty set as an object of 2<;, then one
can remove the pointedness restriction on the right-hand side.

A homotopical version of this equivalence for contravariant functors was constructed
by Helmstutler in [15] but the covariant version does not appear to be in the literature,
so we prove it now. This result includes the case n = oo where there is no restriction,
beyond finiteness, on the cardinality of the sets involved.

Theorem 3.78 Foreach 1 <n < oo, there is a Quillen equivalence of the form

(3.79) L: Comod<,(Com) = [Q2<u, ¥p] 2 [['<n. Iplx ‘R,

where [Q <y, Ip] is the category of functors Q<, — Ip, and [['<,, $pls« is the category
of pointed functors I'<, — ¥p (ie those which take the one-element set to the trivial
spectrum). Each of these functor categories has the projective model structure in which
weak equivalences and fibrations are detected objectwise, and the Quillen functors are
given by

L(N)(J+4) := N Acom Z°(J)1*

and
R(G) :=Mapy, cr_, (Z®(J)N*, G(J4)).

Here EW is as in Definition 3.11.

Proof The same proof works for all #; we describe it for n = co.

First note that for each k, the functor I' — ¥p given by

J1 > DR(J )Nk
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is cofibrant in the projective model structure. It follows that R preserves fibrations and
trivial fibrations, so (L, R) is a Quillen adjunction.

We now identify the right adjoint R in terms of taking the cross-effects of a functor
G: ' — Ip, just as in Pirashvili’s original result. First observe that there is an
equivalence of spaces, natural in J4 € I', of the form

(3.80) thocofib T'(I 4, J4) =>(J4)K,
ICK

given by identifying a pointed function /4 — J4 with an I/ —tuple in J. (The left-
hand side is the total homotopy cofibre of a cube of discrete spaces indexed by subsets
I € K where, for I C I, the map T'(I+, J4+) — (I, J4) is given by extending
a function by the basepoint on I’ — I. The total homotopy cofibre of this cube is
equivalent to the strict total cofibre, ie (J4 )X, since, for each face, the map from its
pushout to terminal vertex is an inclusion of discrete spaces, hence a cofibration.)

Applying Map ;e (—, G(J4+)) to (3.80) we get an equivalence
(3.81)  R(G)(K) —>t}121;1(bMapJ+er(F(1+, J1+).G(J4)) = t}lgfl‘l(b G(Iy),

and the right-hand side here is the definition of the K™ cross-effect of G evaluated at
4. . 15).

An important consequence of (3.81) is that the right derived functor of R preserves
homotopy colimits. This follows from the fact that the total homotopy fibre of a cube
of spectra can be calculated via the corresponding total homotopy cofibre. Another
consequence is that a natural equivalence between functors I' — ¥p can be detected
by R, in the following sense.

Let G — G’ be a natural transformation between pointed functors I' — ¥p such that
the induced map R(G) — R(G”’) is a weak equivalence of Com—comodules. We prove
by induction on | K| that G(K+) — G’'(K4) is a weak equivalence of spectra for any
finite set K. For | K| = 0 this follows from the fact that G and G’ are pointed. For
arbitrary K, consider the following diagram of spectra:

R(G)(K) —— hofibG(I+)

R(G')(K) — GO G(I+)

The horizontal maps are the equivalences of (3.81) and the left-hand vertical map is an
equivalence by hypothesis. It follows that the right-hand vertical map is an equivalence.
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Now note that we also have the following diagram of spectra in which the rows are
fibration sequences:

t?gf}l{b G(1y) G(Ky) —— holimlg[( G(14)

/ .
t}lgl}]{bG (I+) G’(K+) — hohn’llg[( G/(I+)

where the right-hand vertical map is an equivalence by the induction hypothesis. It
follows that G(K+) — G’(K+) is also an equivalence, as desired.

Using these preliminary results, we now turn to showing that the adjunction (L, R) is
a Quillen equivalence, which we do by showing that the derived unit and counit are
both equivalences.

Consider first the derived unit map nn: N — RLN for a Com—comodule N. We
prove that this is an equivalence by using the cofibrantly generated model structure
on Comod(Com) to reduce to the case where N is the source or target of one of the
generating cofibrations, ie is of the form

N(Z) := E A Com(n, I)
for some finite spectrum E and some n > 1. In this case, we have
LN(J4) = E A Com(n, ) Acom S®°(J3)A* 2 E A 590(J5)M

and hence

RLN (k) = Mapp (S (J4)M, E A S0 (J)An),

Since FE is finite, it is sufficient to show the canonical map

Com(n, k) — Mapp (S0 (J 1)k, 590(J5)An),

that takes a surjection n — k to the map induced by the diagonals on the pointed finite
sets (J4), is an equivalence. This follows by the argument used to prove that (3.16) is
an equivalence, relying on the equivalence (3.80) from above.

Now recall that any Com—comodule N is a retract of a cell complex, which is in
turn formed by taking (homotopy) pushouts and sequential colimits, starting from the
generating cofibrations. Since these homotopy colimits commute with both L. and R,
we deduce that ny is an equivalence for any N.
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Finally, consider the derived counit map €g: LRG — G for pointed G: I' — ¥p. We
know that the map

nrG: RG — RLRG
is an equivalence, and so by the triangle identity, we deduce that
R(eg): RLRG — RG

is an equivalence. But since we have shown that R reflects equivalences, it follows that
€¢ is an equivalence too. This completes the proof that (L, R) is a Quillen equivalence.
O

Theorem 3.82 There is a diagram of functors, as follows, which commutes up to
natural equivalence and in which each functor determines an equivalence of homotopy
categories:

Coalg, (Cke.)

hocolimy, _7\EL Bep, \

—AcCom EOOX/\*

(3.83) Comod<, (Com) [Top,, PPl n—exc

In this diagram,

e Coalg, (Ckg,) is the category of n—truncated Cgg, —coalgebras;
¢ Comod<y,(Com) is the category of n—truncated Com—comodules;

o [Toph, Fplsn—ex is the category of n—excisive pointed simplicial functors
Jopt, — Ip;

e [['<y, $pl« is as in Theorem 3.78;
and

e L is the left adjoint of the Quillen equivalence in Theorem 3.78;
o LKan denotes left Kan extension along the inclusion I'<,, — Jop', ;

e d is as in Definition 3.53.
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Proof Theorem 3.75 implies that d determines an equivalence of homotopy theories.
The top triangle commutes up to natural equivalence by the construction of d. We turn
then to the horizontal functor in diagram (3.83).

We have already shown in Proposition 3.15 that the evaluation map
Naty ¢, (SRY A%, FY) Rcom SCX M — F(X)
is an equivalence when F is polynomial. We now show that the unit map
N(r) — NatYe%p;(f]‘”\Y/\/’, N R com Y A%)

is an equivalence when N is a cofibrant Com—comodule. To see this, note that by
Corollary 3.14, it is sufficient to show that, for each r, the map

N(r) = N Rcom Naty ¢g,t (ERVAT TRYA)

induced by the identity on XY * is an equivalence. But by (3.16) there is an
equivalence

Naty g (SRY AT, TROYA%)  Com(, 7).

and the map
N(r) = N Rcom Com(, r)

is an equivalence because the right-hand side is a simplicial object with extra degen-
eracies. It now follows that the horizontal map in (3.83) induces an equivalence of
homotopy theories. It then also follows that the top-left map induces an equivalence.

By Theorem 3.78, L also induces an equivalence, so it only remains to show that the
bottom triangle commutes up to natural equivalence. Notice that we have a commutative
diagram

——
—Acom DO X A*

Comod<y(Com) [9‘019;, FPls n—exc
— Acom Eoo(.m\ res

where res is restriction to the subcategory I'<,, € Jop’,. Since the other two functors
induce equivalences, it follows that res does too. Since LKan is left adjoint to res, it
induces the inverse equivalence to res on the homotopy category and hence the bottom
triangle in the original diagram commutes up to natural equivalence. |
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3.5 Classification of analytic functors from based spaces to spectra

One of the main advantages of using Ckg, —coalgebras to classify polynomial functors
from based spaces to spectra (over the other categories appearing in Theorem 3.82) is
that this approach generalizes, to some extent, to non-polynomial functors.

Here we consider functors that are “analytic at the one-point space *” in the sense
described below. This condition is weaker than Goodwillie’s notion of analyticity since
it only concerns the values of a functor in a “neighbourhood” of x, that is, only on
highly connected spaces.

Definition 3.84 We say that a homotopy functor F: Jopf, — ¥p satisfies condition
E}(c, k) if for any strongly cocartesian (n + 1)—cube X: P(S) — Jopf, such that
X (@) — X(s) is a ky—connected map between x —connected spaces for any s € S, the
cube F(X) is (—c + ) _ kg)—cartesian.

We say that F: Jop', — 9p is p—analytic at * if there is a constant ¢ such that F
satisfies

E (np—q,p+1)

for all n > 1. We say that F' is analytic at * if it is p—analytic at * for some number p.

Remark 3.85 These conditions should be compared to those of Goodwillie [12,
Definition 4.1]. Since a map between k—connected spaces is kK —connected, it is easy
to see that Goodwillie’s condition E,(c, k) implies our E;(c,«). It follows that a
functor that is p—analytic in the sense of Goodwillie is, in particular, p—analytic at .
More generally, we can say that F is p—analytic at X, for some based space X, if
it satisfies the analyticity condition on cubes of spaces that are (p + 1)—connected
over X.

Definition 3.86 Let A be a symmetric sequence of spectra. We say that A is p—
analytic if there is a constant ¢ such that A(n) is (—pn + ¢)—connected for all n. We
say A is analytic if it is p—analytic for some p.

Lemma 3.87 Let F: Jop\, — ¥p be a functor that is p—analytic at . Then the
symmetric sequence 0y F is p—analytic in the sense of Definition 3.86.

Proof For each n > 2, we apply the condition £ ((n—1)p—q, p+1) to the strongly
cocartesian n—cube with initial maps * — S~ for L > p+2. These maps are (L —1)—
connected and so we deduce that the cube 7" +— F(\/T SL) is (gq—(n—1)p+n(L—-1))-
cartesian. It follows that the total homotopy cofibre of this cube of spectra, which is
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precisely the n™ co-cross-effect cr”” F(SL, ..., SL),is (g—(n—1)p+n(L—1)+n—1)-
connected.

Since the cross-effect is equivalent to the co-cross-effect, we deduce that the desus-
pended cross-effect
s, F(SE, ..., 81

is (—np + p+ g — 1)—connected. Taking the homotopy colimit as L — oo, we deduce
that d, F' has this same connectivity, and so the symmetric sequence d« F is p—analytic,
with the constant ¢ in Definition 3.86 equalto p+¢q — 1. a

Lemma 3.88 Consider a sequence of functors
(3.89) i By Fyoy = Fy

that looks like a Taylor tower in the sense that it induces equivalences Py(Fy41) —
Py (Fy) >~ F, foreach n. Suppose that the symmetric sequence {0, (Fy)} is p—analytic
for some p > 0. Then

F :=holim, F,

is p—analytic at *, and the sequence (3.89) is equivalent to the Taylor tower of F.

Proof Let us write D, for the homotopy fibre of the natural transformation F;, —
F,,_1. Then we have
Du(X) = (An AX")pz,,

where A, := d,(F;). Choose a constant ¢ such that A, is (—pn + ¢)—connected for
all n.

To show that F is p—analytic at *, consider a strongly cocartesian (n 4 1)—cube
X of (p + 1)—connected based spaces with each initial map X (&) — X(s) being
ks—connected. In particular, then, the cube (X7°X%°X) is a strongly cocartesian cube
of 1—connected spectra with each initial map being (—p + ks)—connected. We can
apply a version of [12, Example 4.4] for cubes of spectra to deduce that, for each m,
the cube (Z7PMEZCXANM) is (—p(n + 1) + Y kg)—cartesian.

Since A, is (—pm + c)—connected, it therefore follows that the cube Dy, (X) is

(pm—pM+c—p(n+1)+st) = (—pn—p+c+zks)

—cartesian. By induction on m, using the fibre sequences Dy, — Fy, — Fp,—1 we
deduce that each cube F,(X) is (—pn—p+c+)_ ks)—cartesian, and so the homotopy
limit F(X) is (—pn—p+c—14)_ kg)—cartesian. This verifies that F is p—analytic
at * with the number ¢ in Definition 3.84 equal to c —p— 1.
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Now suppose that X is a k—connected based space. Then D, (X) = (Ay AX )5, is
[(k — p)n + c]—connected. As long as k > p, it follows that the map F(X) — F,(X)
is [(k —p)(n + 1) 4+ ¢ — 1]—connected, for each n. This means that F and F, agree to
order n in the sense of Goodwillie [13, Definition 1.2] from which it follows by [13,
Proposition 1.6] that P, F ~ P, F,, >~ F),. O

Corollary 3.90 If F: gopfk — $p is analytic at *, then Pso F := holim, P, F is
analytic at * and the map F — P F induces an equivalence of Taylor towers.

Definition 3.91 Let us say that a functor F: Jopf, — ¥p is strongly analytic at * if
F is analytic at * and the map F — Poo F :=holim P, F is an equivalence. It follows
from Corollary 3.90 that, for any F: Jopf, — ¥p that is analytic at *, the functor
P F is strongly analytic at *, and the map F' — P F' determines an equivalence of
Taylor towers. We can therefore think of the category of functors strongly analytic at
as a model for the category of all functors that are analytic at x up to equivalence of
Taylor towers.

We write [Jopt,, Ef’p]:’an *) for the subcategory of the homotopy category [Jop',, #p.
consisting of the functors that are strongly analytic at .

Now consider the restriction of d: [Jopf, #p]« — Coalg(Ckg,) to strongly analytic
functors. Firstly, the argument of Theorem 3.75 implies that d determines weak
equivalences

Natg, s (F, G) —>Mapc,., (d[F].d[G])

Jop

for any F, G € [Jopl,, Ipl« such that G ~ PooG. It follows that d is a fully faithful
embedding of [Jopt,, Sf’p][;’an ) into the homotopy category of Cyg, —coalgebras. We
have not been able to explicitly identify the image of this embedding. Instead, however,
by considering the “pro-truncated” version of the homotopy theory of Ckg, —coalgebras,

as constructed in Definition 1.29, we have the following result.

Theorem 3.92 The functor d sets up an equivalence

[gopfk’ ‘(fp]h = Coalg;n(CKEo)h

*,an(x) —

between the homotopy category of functors Jop', — ¥p that are strongly analytic at *,
and the pro-truncated homotopy category of analytic Ckg, —coalgebras. Moreover, for
cofibrant F, G € [Jop,, Fpls,an(x)» we have equivalences

Nty (F, G) <> Mapc,., (d[F], d[G]) = Map' ¢,.., (d[F], d[G]).

Jop
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Proof For two functors F, G strongly analytic at * we have already noted that there
is an equivalence of spectra

Natg, « (F,G) =>Mapc,., (d[F].d[G]).

Jop
Since the map

Nat.. ¢ (¥, G) — holim, Nat

Jop

(F. PnG)

Jop,
is an equivalence, so too is the map
Map,, (d[F]. d[G]) — holim, Mapc,,, (d[F). d[Gl<n) = Map' ¢,.., (d[F]. d[G]).

So, between Ckg, —coalgebras of the form d[G] where G is strongly analytic at *,
pro-truncated mapping spectra are equivalent to ordinary mapping spectra. In particular,
then, the functor d is an embedding of the homotopy category of strongly analytic
functors into the pro-truncated homotopy category of analytic Ckg, —coalgebras.

To see that this embedding is an equivalence, let A be an arbitrary analytic Ckg, —
coalgebra. Let F be the functor given by

F :=holimy, Fa_,,

where Fa_, is as in the proof of Theorem 3.64. Then F' is strongly analytic at * by
Lemma 3.88.

We claim that there is a derived equivalence, in the pro-truncated sense of Definition 1.27,
of Ckg,—coalgebras f: d[cF]— A. This consists of the maps

Sim: AE Adleholim, Fa_,] — A% Ad[eFa_,]— CKe. (A<n)

constructed by projecting from the homotopy limit, together with the corresponding
maps from the proof of Theorem 3.64. It is sufficient then to show that the composite

Jo: d[cholim,, Fa_,] — holim, d[¢Fa_,] — holim, A<, >~ A

is an equivalence. The first map is an equivalence by Lemma 3.88, and the second map
is an equivalence by Theorem 3.64, so the required result follows. a

Examples 3.93 Under the equivalence of Theorem 3.92, we can identify the analytic
functors with split Taylor tower with those Ckg, —coalgebras A whose structure is
induced via the map of comonads (of symmetric sequences)

I[E,gfp] = Cl = CKEO — hocolim CKEL = CKE.-
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More generally, it is possible to characterize those functors whose corresponding
Ckg, —coalgebra is induced via the map of comonads

Cke; — Cke,

for some fixed L, ie those functors whose derivatives possess a KEz —module structure
from which the Taylor tower can be constructed. We leave this analysis to a future

paper.

4 Functors from spectra to spectra

We now turn to pointed simplicial functors $pf — ¥p, where ¥pf is the category of
finite cell spectra. We denote the category of such functors by [¥pf, #pl«. As with
the spaces to spectra case there is an inverse sequence of operads that acts on the
sequence of partially stabilized cross-effects of a functor F € [¥pf, #p]«. We start by
constructing this sequence.

4.1 Desuspensions of the commutative operad

Underlying the sequence of operads we are interested in is a notion of “desuspension”
for operads of spectra. This uses a certain cooperad S, in the category of based spaces,
whose terms are homeomorphic to spheres. The structure maps for this cooperad
are homeomorphisms and so S is also an operad in a canonical way. This operad is
isomorphic to the operad S of [3].

Definition 4.1 For a nonempty finite set I we set
Rl :={reR! | miny; =0}.
0:=1{ €R | mins; = 0]
We then write
S(I):= RH™T.

This is the based space given by the one-point compactification of Ré . Note that S(7)
is homeomorphic to S1=!. The permutation action of the symmetric group X; on
R restricts to an action on Ré and hence on S(/). This makes S into a symmetric
sequence of based spaces.

Definition 4.2 We construct a cooperad structure on the symmetric sequence S as
follows. It arises from a cooperad structure on the unbased spaces R{ of Definition 4.1.
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For a surjection of nonempty finite sets a: I — J, writing [; := a~1(j), there is a
continuous map

do: RE —RY x [T Ry

jeJ
given by
do((t))ier := ((vj)jer, {(uj.i)ier; tjer);
where
vj 1= :161111]1 t;
and

uji:=ti—v; forielj.

The condition that the minimum of the #; is zero implies that the minimum of the v; is
zero. For each j € J, we clearly have min;ey; uj ;i = 0.

The functions d, extend to the one-point compactifications to give maps

do: S(I) = S() A J\ SU)).
jeJ

Example 4.3 If «: {1,2,3} — {1,2} is the map given by «(1) = 1, a(2) = 2,
a(3) =2, then

do (11,12, 13) = [(t1.m), (0), (12 —m. 13 —m)],
where m = min{t,, #3}.
Lemma 4.4 Each map dy of Definition 4.2 is a homeomorphism, and together they

make S into a reduced cooperad of based spaces. (The inverses d;! thus make S into
a reduced operad.)

Proof We define an inverse to d, on non-basepoints by
dy () jes Ajiier; ties) = (t)iel.
where
li *= Ug(i),i T Va(i)-

The map d ! is continuous and inverse to d,. We leave the reader to check the unit
and associativity conditions for S to be a cooperad. O
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Definition 4.5 Let A be a symmetric sequence of spectra. We define the desuspension
of A to be the symmetric sequence S™'A given by

(ST'A)(n) := Map(S(n). A(n))

with the diagonal X, —action. Here Map(—, —) denotes the cotensoring of ¥p over
based spaces.

Now suppose that P is an operad of spectra. Then we make S™!P into an operad of
spectra by convolving the operad structure on P with the cooperad structure on S in
the following way. For a surjection o: I — J we have structure map

Map(S(J). P(J)) A /\ Map(S(I}). P(I}))
jeJ

— Map(S(J) A /\ S(1;),P(J) A /\ P(1;))

JjeJ jeJ
— Map(S(I), P(1)),

where the first map is the canonical smash product of mapping spectra and the second
employs the cooperad structure on S and the operad structure on P. We refer to S™!P
with this structure as the (operadic) desuspension of P.

We can iterate the desuspension process to get operads S™LP given by
STEP(I) = Map(S(I)"E, P(I)).
Definition 4.6 For each nonempty finite set /, we define a map
nr: S®—S(I)
by sending the non-basepoint in S to the point in S() given by the origin 0 € R(I).
Lemma 4.7 The maps ny together form a morphism of cooperads (of based spaces)
n: ComS — S,

where Com¢,_ is the commutative cooperad in based spaces (given by S 0 in each term
with trivial ¥, —actions and homeomorphisms as structure maps).

Proof It is sufficient to check that for each surjection a: I — J, we have

do(0) = (0.{0}jer).

which follows from the definition of d,. O
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Definition 4.8 For any operad P of spectra, the map 1 of Lemma 4.7 induces a natural
map of operads
n: STIP — P.

Iterating this construction, we get, for each operad P of spectra, an inverse sequence
S*P: .. >S2PSTIP P

The example we are concerned with in this paper is the sequence of desuspensions of
P = Com, the commutative operad of spectra.

Definition 4.9 We write S~Z for a (functorial) cofibrant replacement (in the projective
model structure on operads) of S~ Com. Applying this cofibrant replacement to the
sequence in Definition 4.8 gives us an inverse sequence of operads

Sy: -»—>52_ 551 6% >~ Com.

Associated to this sequence, by the construction of Definition 2.6, is a comonad Cs,
on the category of symmetric sequences given by

Cs, (A)(k) :=hocolimy, Cs—r (A) (k)

Zn
= hocolimy [ | [ [T Map(s~*(ny) /\---/\S_L(nk),A(n))i| .

n =n—>k

4.2 Models for the derivatives of a functor from spectra to spectra

Our next task is to construct models for the partially stabilized cross-effects of a pointed
simplicial functor F € [¥pf, $p]s that admit the structure of a S™%—module. From
these we obtain models for the derivatives of F' that form a Cs, —coalgebra. We focus
first on the representable functors.

Definition 4.10 Let X € ¥pf. The functor represented by X is the pointed simplicial
functor Ry: $pf — ¥p given by

Rx(Y):=X*°Homg, (X, Y).

A significant difference from the case [Jop',, #p]« is that there are simple models for
the cross-effects of the representable functors from spectra to spectra.

Lemma 4.11 The n'" cross-effect of Ry is given by

crp Ry (Yy,....Y,) >~ % Homg, (X, Y1) A--- AHomg, (X, Yy).

Geometry € Topology, Volume 20 (2016)



1518 Gregory Arone and Michael Ching

Proof Finite coproducts of spectra are equivalent to the corresponding products.
Therefore, the co-cross-effect (and hence the desired cross-effect) is given by the total

homotopy cofibre
oo .
thggﬁb{i) Homg, (X, 1_[ Y,) } ,
ieS
which is equivalent to

SCn

DI thocoﬁb{ 1_[ Homg, (X, Y,-)}.
- ieS

The total homotopy cofibre of the cube of simplicial sets whose terms are [ [;c¢ Z; is
equivalent to the smash product Z; A--- A Z,. We thus obtain the required formula
for the cross-effect. O
Corollary 4.12 The partially stabilized cross-effects of Ry are therefore given by
S e (Ry)(SE, ..., 8T) ~ "L £ Homg, (X, ST)M,

with the stabilization maps of (1.7) given by the maps

Map(S”L, X Homgy, (X, SL)’\”) — Map(S”(L+1), X Homgy, (X, SLH)’\”)
induced by the n—fold smash power of the canonical map

S A 2% Homy, (X, ST) — £ Homg, (X, STH1).

Proof The models for cr, Ry in Lemma 4.11 are pointed simplicial in each variable

and so, by Lemma 1.9, the maps (1.7) are given by the relevant tensoring maps, which
are as shown. O

We now construct models for these partially stabilized cross-effects that admit actions
of the operads S™Z. The key is to identify the desuspension spheres with terms of the
cooperad S.

Definition 4.13 For X € ¥pf and a non-negative integer L, we define a symmetric
sequence dX[Rx] by
dE[Rx](I) :=Map((S' ASI)"E, £ Homg, (X, STHM).

We then make the symmetric sequence dZ[Ry] into a right S~L Com—module (and
hence a L —module via pullback) by combining the cooperad structure on S with the
right Com—module structure on X°° Homg, (X, S L)"* described in Definition 3.11
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(ie that given by the diagonal on the space Homg, (X, S Ly). Explicitly, for a surjection
o: I — J, we have a map

ve: dX[Rx)(I) A N STEI) — dE Ry (1)
jeJ

given by the composite

Map((S")"E AS(NHME, =% Homy, (X, SY)M) A\ Map(S(Ij)", Com(I)))
jedJ
- Map((Sl)AL ASHOM A N SUIHM 2% Homg, (X, ST A N cOm(IJ-))
jeJ jeJ
— Map((SH AS(DHME, 2% Homg,, (X, ST)M),

where the first map is the canonical smash product of mapping spectra, and the second
is induced by the L —fold smash power of the cooperad structure map

do: S(I > S() A /\ SU))
jeJ

and the right Com-module structure map
Ag: 2% Homg, (X, ST — £°° Homy, (X, ST)M

associated to «.

Lemma 4.14 We have equivalences of symmetric sequences (natural in X )

S ere (Ry)(SE, ..., ST) ~ dX[Rx].
Proof This follows from Corollary 4.12. a

Our next task is to provide models for the maps between the desuspended cross-effects
that respect these operad actions.

Definition 4.15 There are homeomorphisms
hr: RxRI S RI

given by
(¢, (ti)ier) = (t +ti)ier,

which extend to homeomorphisms (which we also call /)

STAS(I) S (SHM,
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where we identify (S1)*! with the one-point compactification of RZ. The following

diagram of homeomorphisms then commutes:

J 1; —1
RxRy x [[ Ry 4o R xR}

jeJ
4.16) hjl/ hr
I; hr.
RY x l_[ ROJ [Thi; Y
jeJ

Definition 4.17 We construct a map of symmetric sequences
my: d*[Ry] — d**'[Ry]
as follows. For a positive integer n the required map my (n),

Map((S' AS(m)™E, £°° Homg, (X, ST)")
— Map((S' A S(m)MET!, 2% Homg, (X, SEHHM),

is adjoint to a composite of the homeomorphism given by applying /i, to the final copy
of S'AS(n),
(S'ASm)MNEFD Z (ST ASm)ME A ST,

and the n—fold smash power of the canonical map

S A 2% Homg, (X, Sty yoo Homgyy, (X, SL+ly,

Lemma 4.18 The homotopy colimit of the sequence

m>

m m
d°[Ry] —— d'[Ry] —— d*[Rx]

is naturally (in X ) equivalent to the symmetric sequence 0«(Rx ) of derivatives of the
representable functor Ry .

Proof It follows from the definition of miy , and Corollary 4.12, that m2; models the
stabilization map

S e (Ry)(SE, ... STy > =¥ EHD o (Ry)(SEHY, ..., ST

of (1.7). The claim follows. O
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Unfortunately the map my, is not a morphism of S~(LA+D _modules. (We explain why
not in Section 5; see diagram (5.2) and after.) We therefore cannot apply our general
theory to produce a Cs, —coalgebra structure on the homotopy colimit in Lemma 4.18.

However, we show in Section 5 that it is possible to extend my to a morphism of
S—(L+D _modules of the form

m’y: B(dE[Ry), STETD s=(LHDy  gLH1 Ry,

(L+1)

where the left-hand side is the standard bar resolution of d“[Ry] asa S~ —module.

Recall that for any operad P and P—-module M, the bar resolution is a weak equivalence
of P—modules

p: B(M,P,P) =>M.

The map p has a section
s: M =>B(M,P,P)

that is a morphism of symmetric sequences, but not of P-modules. The map s is given
by the composite

M- MoP — B(M,P,P)

of the unit map for the operad P with the inclusion of the O0—simplices into the bar
construction. We then have the following proposition.

Proposition 4.19 There is a natural morphism of S~ +1D _modules
},_n/L: B(QL[RX], S—(L-‘rl)’ S—(L+1)) s dL-‘rl[RX]

such that the following diagram commutes:

B(dL[RX], S_(L‘H), S—(L-H))

R

d“[Rx]

dE Ry

The construction of the map m1'; is quite involved; we defer the proof of Proposition 4.19
to Section 5.

We now use the maps »1; to construct a sequence of S~L _modules whose actions do
commute with the operad maps s—(L+D gL,

Geometry € Topology, Volume 20 (2016)



1522 Gregory Arone and Michael Ching

Definition 4.20 For X € ¥pf, we construct the diagram
2 3 <3 )
B(d“[Rx].S77.57°) ——— -+
~|p

m/
B(d'[Rx].572.57%) — d*[Rx]

~|p
0 ety Mo
B(d"[Rx],.S™'.S7") — d [Rx] ~
~ p ~
d°[Rx] d'[Rx] d*[Rx]

mo

mj ma

so that each rectangle is a homotopy pushout in the category of S~—modules for
respective values of L. We thus obtain a sequence

m>

mo m
d°[Rx] = d"[Ry] — d'[Rx] ——= d’[Ry] — -+
such that gIL[R x] is an S™L—module, and such that the map
my: d*[Ry] — d"*'[Ry]

is a morphism of S~(L+1D _modules that is equivalent (in the homotopy category)
to my,. In other words d*[Rx] is a module over the pro-operad S,.

Finally, by applying the construction of Definition 2.12, we obtain a diagram

ma

mgo mi
d°[Rx] — d'[Rx] — d*[Rx]

4.21) ~ ~ ~

ms

0 Mo 4 L) n
d[Rx] — d'[Rx] — d°[Rx]

in which each vertical map is an equivalence of S~%—modules for the appropriate L,
and each dL[Ry] is —cofibrant.

We are now in a position to choose models for the derivatives of representable functors
as Cs, —coalgebras.
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Definition 4.22 For X € $pf, we define
d[Rx] := hocolim;, dX[Ry].

As in Definition 2.10, this symmetric sequence has the structure of a Cs, —coalgebra,
where Cs, is the comonad of Definition 4.9. Moreover, d[Rx] is ¥ —cofibrant and the
functor X +— d[Ry] is simplicially enriched.

Lemma 4.23 The Cs, —coalgebra d[Ry] is naturally equivalent to the symmetric
sequence d+(Ry) of derivatives of the representable functor Ry = ¥°° Homg, (X, —).

Proof By Proposition 4.19, the homotopy colimits of the horizontal sequences in
(4.21) are equivalent to the homotopy colimit in Lemma 4.18. O

Having established a Cs, —coalgebra structure on the derivatives of the representable
functors, we left Kan extend to all pointed simplicial F: $pf — ¥p.

Definition 4.24 For an arbitrary pointed simplicial functor F: $pf — ¥p, we define
dL[F] by the enriched coend

d*[F]:= F(X) Axegpr d"[Rx]
over the simplicial category ¥pf, and
d[F]:= F(X) Axegp d[Rx] = hocolimy, d“[F].
The diagram d*[F] is a module over the pro-operad S, and its homotopy colimit d[ F]

is therefore a Cs, —coalgebra.

Proposition 4.25 For F € [¥pf, ¥p]. cofibrant, we have natural equivalences of
symmetric sequences

s7*Ler, F(SE, ..., ST) =dL[F]
and, taking the homotopy colimit as L. — oo, an equivalence
0x(F) =>d[F].

Proof Since taking cross-effects commutes with homotopy colimits, this follows from
Lemmas 4.14 and 4.23. |

Note that we have a stronger result than in the case of functors from spaces to spectra:

the terms dL[F] are equivalent to the partially stabilized cross-effects without any
analyticity condition on F.
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4.3 Classification of polynomial functors from spectra to spectra

We now turn to the classification of polynomial functors from spectra to spectra. The
structure of this section is similar to the corresponding section for functors from spaces
to spectra. The main result is that the comonad Cs, is equivalent to the comonad C
constructed in [2] which is known to act on the derivatives of such a functor, and from
which the Taylor tower can be recovered.

Definition 4.26 The functor d: [¥pf, #p]« — [, ¥p] is simplicially enriched and has
a simplicial right adjoint ®: [, $p] — [¥pF, Fp]« given by
®(A)(X) := Mapx (d[Rx]. A).
We then define a comonad C on [X, $p] by
C =dc?,

where ¢ is a comonad cofibrant replacement functor for [¥pf, #p]«. Since d takes
values in Cs, —coalgebras, so too does C and the comonad structure map C — CC is
a map of Cs,—coalgebras. Therefore we obtain a map of comonads 6: C — Cs, given
by the composite

Oa: C(A) = Cs,(C(A)) — Cs, (A),
in which the first map is given by the Cs, —coalgebra structure on d[c®PA], and the
second by the counit for C.
Theorem 4.27 For any symmetric sequence A, the comonad map
Oa: C(A) — Cs, (A)
is a weak equivalence.
Proof We follow a similar approach to the proof of Theorem 3.64. The main step is
to construct, when A is bounded, equivalences of S~L _modules of the form
¢l dL[edA] ~ Cs-(A)

that commute with the maps d& — dZ+! on the left-hand side, and those induced by
the operad morphisms S+ 5 5L op the right-hand side. The remainder of the
proof of Theorem 3.64, the part starting after the proof of Lemma 3.71, then applies in
the same way to deduce Theorem 4.27.
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Since both sides of the required equivalence commute with products, we can reduce
to the case that A is concentrated in a single term, say the n™. Recall that by [2,
Corollary 5.11] there is then a natural equivalence

DA(X) ~ (A(n) A XN)En,
Then there is a X, —equivariant equivalence

dL[c@A|(n) ~ =7"F cr, (@A) (ST, ..., ST)

hX,
~ z—"L[ \Vi A(n)/\(SL)A"} ~ A(n).

n—»n
It is therefore enough to show that there is an equivalence of S™Z—modules
dLfe®@A] ~ Co— (dE[c @A),

or alternatively that the S~Z—module structure map

Z:n
dLlecdA](k) — [ [ [ Map(s™2 (1) A+ ASTE(mp), dL[c<I>A](n))]

n—>»k
is an equivalence for each k.

Since the functor d& (which computes partially stabilized cross-effects) commutes
both with taking homotopy fixed points and with smashing with a fixed spectrum, it is
then sufficient to show that the S~ —action map

X
dL[c(X’\”)](k)—>[ I1 Map(S_L(nl)/\.../\S_L(nk),dL[c(X’\")](n)):|

n—>k
is an equivalence.
Recall that we have

dEfe(X"M)](k) =~ (X ™M) Axegys Map((ST A S(K))"E, £°° Homg, (X, ST)"K).

Considering the definition of the S™%—module structure here, and consolidating the
sphere factors on one side, it is sufficient to show that there is an equivalence

(4.28) (X)) Axegpr B°° Homg) (X, SE)M =5 TT 57,
n—>k
where the component corresponding to a surjection «: n — k is given by the composite
Ay
c(X™) Axegpt £°° Homgy (X, STYM 22 XA Ay e £°° Homy, (X, ST)M

. (SL)/\n ~ SIIL’
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where the first map is given by the diagonal map associated to the surjection ¢, and the
second is the canonical evaluation map. To see that (4.28) is an equivalence, consider
the commutative diagram

AR

. |N
7 s

XM Axegpr % Homgp (X, SE)N
n—>k

where the top map is an equivalence by the enriched co-Yoneda Lemma, the left-
hand map is an equivalence because for any based space Y, the smash power Y1k s
equivalent to the total homotopy cofibre of the k—cube with terms [[; Y for I C k,
and the right-hand map is an equivalence by direct calculation. |

Theorem 4.29 The functor d induces an equivalence

[Fp". Iplh oy = Coalg,(S,)"

*,poly

between the homotopy category of polynomial pointed simplicial functors $pf — ¥p
and the homotopy category of bounded Cs, —coalgebras of Definition 1.26. Moreover,
for cofibrant polynomial functors F, G € [¥p, $p]«, we have equivalences of simplicial
mapping objects

(4.30) Naty, (F, G) ~ Map,, (d[F]. d[G)).

Proof The proof is entirely analogous to that of Theorem 3.75, using Theorem 4.27
instead of Theorem 3.64. d

4.4 Classification of analytic functors from spectra to spectra

As in the case of functors from spaces to spectra, the classification result of the previous
section extends naturally to analytic functors in the following way.

Definition 4.31 The notions of analytic at * and strongly analytic at = from Defini-
tions 3.84 and 3.91 generalize immediately to functors from spectra to spectra. We
therefore have a category [#p, Fplx,an(x) of pointed simplicial functors F: Ipf = Ip

that are strongly analytic at *, and an associated homotopy category [¥p°, SPp]: an(#)”
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Theorem 4.32 The functor d sets up an equivalence

[P P} ey = Coalgl (Cs,)"

*,an(k) —

between the homotopy category of pointed simplicial functors $pf — Sp that are
strongly analytic at * and the pro-truncated homotopy category of analytic Cs, —
coalgebras. Moreover, for cofibrant F, G € [¥p, FPls,an(x) We have equivalences

Naty,(F. G) ~>Mapc,, (d[F1.d[G]) > Map'c,, (d[F].d[G]).
Proof This is analogous to the proof of Theorem 3.92. |

Example 4.33 The derivatives of the functor X°°Q*°: ¥p — Fp are given by
04 (Z°Q>) ~ Com.

The symmetric sequence Com has a canonical right Com-module structure coming
directly from the operad structure, and hence Com is a Ccom = Cgo—coalgebra. The
comonad map

Cso — hocolimy _, o, Cs—1 = Cs,

then endows Com with a Cs, —coalgebra structure. It follows from [2, Lemma 5.19]
that this structure encodes the Taylor tower of X°Q>°.

S Proof of Proposition 4.19

The goal of this section is to prove Proposition 4.19; that is, to construct a map
(5.1 mf: B(d"[Ry], 5D, s7EAD) - gEH Ry,

where the source is the standard simplicial bar resolution of d“[Ry] as a s+ _
module.

First recall that S™% is a cofibrant replacement for the desuspension S™Z Com and the
S~L _module structure on dZ[Ry] is pulled back from a S~Z Com-module structure
along the equivalence S™L — S~L Com. It is therefore sufficient to construct maps of
the form m, with s—(L+D) replaced with s+ Com. To keep the notation under
control we will just write S~(L+D in this section, but we mean S+ Com.

We construct the map ', by defining, for each non-negative integer N, a map of
S~(&+1D _modules

mY: AN Ad Ryos”EH Do 057D, gEHIRy ).
N + 1 terms
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We then show that these maps commute with the face and degeneracy maps in the
simplicial bar construction and the coface and codegeneracy maps on the simplexes A™.
For example, m? is the S~ _module map

mj: d¥[Ry]oS™EFY — a5 ¥ [Ry]

which is induced by the map of symmetric sequences my of Definition 4.17. At the

next stage, m ]ld is an S™LAD _module map

mi: A—li- /\QL[RX] os—(L+l) os—(L+1) _>QL+1[RX]
which is induced by a map of symmetric sequences
AL AdF[Ry]oSTEFY — dEH[Ry]

that forms a homotopy which measures the failure of m;, to be a map of S™(+1)_
modules on the nose. For larger N, the maps m]LV form a set of higher coherent
homotopies.

To illustrate the situation, we can give an explicit description of the two composites in
the following (non-commutative) diagram

gL[RX]OS—(L-H) ®r gL—H[RX]OS—(L-H)

n

(5.2) QL[RX] oS~k HL41
nr
d*[Rx] d"*H[Ry]

where 7 is the map of Definition 4.8, 17 denotes the S~L _module structure on d“[Ry]
and my is the map of Definition 4.17. Each of these composites is built from maps
indexed by surjections «: I — J of finite sets, with the component corresponding
to o taking the form

Map((S1 /\S(J))/\L’ X Homg, (X, SL)AJ) A /\ Map(S(I,-)’““,S)
jeJ
(5.3) l j

Map((S' AS(I) "t 5% Homg, (X, SEH1)A)
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The components of the two composites in (5.2) share some features: both can be
expressed using

(i) the diagonal map Homg, (X, S LynT Homg, (X, S LA and
(i) a homeomorphism
(S'ASUNMEA N SUNNE = (ST ASI)ME
jeJ

coming from the L —fold smash product of the one-point compactification of the
homeomorphism d, ! of Lemma 4.4. The map (5.3) then arises by combining the
maps (i) and (ii) with

(iii)) a map
(5.4) STAS() = (SHM A \SW)),

jeJ
and

(iv) the I-fold assembly map

(SH™ AHomy, (X, ST)M — Homg, (X, SETHM,

It is the map (5.4) in which the two composites of (5.2) differ:

e the composite my prn is determined by the smash product (over j € J) of the
maps
n: S° — S(I;)
of Definition 4.6, combined with the homeomorphism A7: ST AS(I) = (SH)M
of Definition 4.15;
e the composite (r41my, is determined by the composite
dy
STAS(D = S'ASW) A N SU)
jeJ
h
= (SHM A N sy
jeJ
Asl 1Al
= (SHM A N\ s
jeJ
It is the difference between these two maps which implies that (5.2) does not commute

and hence that my, is not a map of s~ (L+1 _modules. However, the two maps are
homotopic and we use a homotopy

Fle ALAST ASU) = (SHM A A SUT))
jeJ
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to construct the map mi which forms the first stage in the construction of the map 1 .
The map 7! is the map induced on one-point compactifications by an underlying
homotopy of the form

b AU - UxU;  (tu) v~ (tu, (1 —t)u),
where U =[];¢; ]Réj.
In order to build the map m’; on all levels of the bar construction, we need “higher

coherent” versions of the homotopy r!. These take the following form.

Definition 5.5 Let Vj, ..., V be finite-dimensional real vector spaces, and for each
i =0,...,N suppose U; C V; is a subset that is closed under non-negative scalar
multiplication. Then we define continuous functions

P ANonx'nxUN—)on-~~xUNxU0x---xUN

by identifying a point in the simplex AN as a sequence ¢ = (fo, . . ., ty) with all ti=0
and Zj'\;o t; =1, and then by setting

rN(t,uo,...,uN)
to be equal to
(144 tN)ugs ..o, tj1+- -+ INUj, ..., 0, toug, ..., (fo+- -+t uj, ... . un).

Note that the Uy term does not really feature in the homotopy. This term corresponds
to the “free” copy of S™(L+1) that appears when we take a map of symmetric sequences
with target dLT1[Ry] and extend it to a map of S™(E+1 _modules. Including this
term in the homotopy also makes the interactions with coface and codegeneracy maps
more clear. Those interactions are described by the following result.

Lemmas5.6 (a) Let Uy,...,Un be asin Definition 5.5. For an integer 1 < j < N,
the following diagram commutes:

N—1
AN U5 Uy x - x (Uj—y x Uj) x -+ x Uy —= Ugx+--x Uy xUp x+--x Uy

5jl =

N
AN x Uy x-+-x Uy Upx--xUyxUyx---xUy

where §7: AN~1 — AN s the coface map given by

(Z(),...,IN_I) = (Zo,...,lj_l,O,fj,...,tN_l).
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(b) For j =0, the following diagram commutes:

N—1
AN XU x---x Uy ! U x---xUyxU; x---xUpn

50xtl lLXL
N

AN xUgx Uy x---x Uy L UyxUpx--xUyxUyx Uy x---x Uy

where 1: Uy X---x Uy — Uy x Uy xX---x Up is the inclusion (uq,...,uy)
O,uy,...,un).

(c) For an integer 0 <i < N, the following diagram commutes:

AN+1XU0X"' pPNFL UgX oo X0 X -
oo X Ui x0x U x---xUpn cox Uy xUyx---xUpn

O‘ll >~

N
AN><Uo><"'><UN Upx---xUnyxUyx---xUpn

where 0 is a zero-dimensional vector space and o': ANt! — AN js the code-
generacy map given by

(to, - tIN+1) > (T0s oo s tim1, ti F ik 15 tik2s - - IN+1)-
Proof Each of these is easily checked directly from the definitions. |

We now show how to construct the maps Il/lLN that generalize the map mi described
before Definition 5.5, and from which the desired map m/, is built.

Definition 5.7 Now let /, J be nonempty finite sets and suppose that

AT = JWNHD _EN_ p(N) AN 4 () %0 p(0) _ g

is a sequence of surjections (which determines a sequence of partitions of 7). We apply
the construction of Definition 5.5 to the sets
Ifk-i—l)
U, k= l_[ Roj s
jerw

(k+1)

which are subsets of the vector spaces Vx = [[;c w0 R/ that are closed under

J
non-negative scalar multiplication. This gives us a map

i AN xUpx---xUyn = Uy x -+ x Uy x Uy x+--x Uy

Geometry € Topology, Volume 20 (2016)



1532 Gregory Arone and Michael Ching

A

We can now compose r* with various homeomorphisms as follows:

da
ANXRXR(I)L-ANXRXROJXUOXH-XUN
A
T > RxRY xUpx---xUyxUyx---xUy
dy!
1_[—>IR><IR(I)onx-nxUN

h
! ]RIXUOX---XUN.

Taking one-point compactifications, we get
N
P AN ASTAS() — (SO A NN suEY).
k=0 jert
We now combine (ie smash/compose as appropriate) this with
(i) the diagonal map Homg, (X, SN Homg, (X, SEHNL
(i) the homeomorphisms
(ST AS(INE A 7\ N\ st RICTN (ST AS(I)NE
j ,
k=0jert

(iv) the I—fold assembly map (S')" AHomg, (X, ST)" — Homg, (X, SEFHN

to get a map
N
Map((S A S(J)ME, £ Homg, (X, STYN) A /\ /\ Map(S(Z;) 11, 5)
k=0jel®

my
Map((S" AS(I)MH!, 5% Homg, (X, SEHHM),

That is, we have a map

N
m%‘: A]_?_]/\QL[RX](J)/\ /\ /\ S_(L+1)(1j(k+l))—>QL+1[RX](1).
k=0jer®)

Putting these together for all sequences of surjections A we get the desired map

mp s AN A [RyloSTEH V0. o5 EAD o gEHI Ry,
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In order to show that the maps mILV fit together to the desired map (5.1), we have to

check that the maps m}i respect the face and degeneracy maps in the bar construction.

Lemma 5.8 Let I, J be nonempty finite sets and suppose that as before A is a
sequence of surjections

[= 0D SN, B, Oy

(a) Foraninteger 1 <r < N, let d,(A) denote the sequence of surjections

(0, s Ay 1 OOy, .., ON).

Also write

I~j(r) = (@r—100,)7" ().

Then the following diagram commutes:

AV AGHRAD Aon N STEIDT) A
jerr=n

‘|
AN AL RN Aven N\ s—(L+1>(1j(’))

jel(r—D

’ AN STEDEETD) AL d"HRx)()
J

|

AI_XAQL[RX](J)/\/\ /\ S_(L+1)([j(r))/\ /\ S_(L+1)(Ij(r+l))/\"'

dr (1)
my

jer

jerr="n jer®
where
. —(L+1)7(r) —(L+1) 7 (r+1) —(L+1) 7
wo N\ S A N\ s - A s (")
jeIrtr—=n jeIrm jeIrtr="n

is the smash product of operad composition maps for S~(&+D and §/ is induced
by the corresponding coface map AN~ — AN,
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(b) For the case r = 0, let dy(A) denote the sequence (ay,...,ay). Then the
following diagram commutes:
N
— — k+1
AT AR A N\ N\ STED D)
k=1jer®
y
N k
- - 1
AV AdE RN A N\ N\ STEDEERY) L+1
TAWAY d“H Ry (D)

N k
- 1
AY ARy I A N\ N STED D)
k=0 jer®
where
vid R A N\ STEDU) - d Ry D)
jel®
is the S~ _module structure map on d-[Ry], pulled back from the S~L -

module structure of Definition 4.13 along the operad map 7: s—(L+D gL

(c) Foraninteger 0 <r < N, denote the sequence (xg, ..., 0r—1, ljo),0r ..., 0N)
by s»(A). Then the following diagram commutes:

N
Aﬁ-ﬁ-l /\gL[RX](J)/\ /\ /\ S_(L+1)(Ij(k+l))/\ /\ S—(L+1)(1)
k=0jer® jerm

5; (0
n mp
N

AV AMRAIND A N\ STEDUEY) AR
AN d“ Ry 1(D)

~+

N
— k
AYAd Ry)) A NN\ STEREY)
k=0je1®

where 1: S© =S+ (1) is the unit map for the operad S~ L+ and o7 is
induced by the corresponding codegeneracy map ANt1 — AN |
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Proof Working through the definitions of the maps m)L‘ , and the relevant operad and
module structure maps, each of these claims follows from the corresponding part of
Lemma 5.6. d

The following result is then a restatement of the required Proposition 4.19.

Proposition 5.9 The maps n_flé of Definition 5.7 together define a morphism of
S~(L+D _modules

m'y: B(dL[Ry], s7EFD s=(L+Dy L1 Ry]

such that the composite

7
my

d*[Ry] == B(d"[Ry],SHHD, s7E4D) —L gl HI[Ry]
is equal to the map mj of Definition 4.17.

Proof The existence of a map m’; follows from Lemma 5.8. To see this is a morphism
of S~(L+D _modules, it is sufficient to show that each map m]LV is a morphism of

S~(L+1D _modules. Let A = (g, ...,on) be a sequence of surjections of finite sets

J=JN+D) 2N % 0 _ g

and let A’ = (g, ...,an—_1). Then it is sufficient to show that the following diagram
commutes:

gL+1[RX](I(N))/\ /\ S—(L+1)(IJ(N+1))

jer™)
}\./
L

N M/7

A
_ k m
AVAAE R DA N\ STEDEEY) B2 gLt Ry ()
k=0 eIt

VL+1

where vz 1 is the STEFD _module structure map for dL+1[Ry] associated to the
surjection ay (from Definition 4.13). This follows from the fact that in the map rN
of Definition 5.5, the term Uy is mapped by the identity into the first copy of Uy in
the target, and by zero into the second copy.

Finally, the composite 1 os is equal to the composite
A
m
dLRYI(D) = dERx 1D A N\ STEFD (1) =5 dEHRYI(D),
iel
where A is the sequence consisting just of the identity map / — I. Following through
the definitions we see that this is precisely my. . |
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