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Higher torsion and secondary transfer of unipotent bundles

BERNARD BADZIOCH
WOIJCIECH DORABIALA

Given a unipotent bundle of smooth manifolds we construct its secondary transfer
map and show that this map determines the higher smooth torsion of the bundle. This
approach to higher torsion provides a new perspective on some of its properties. In
particular it yields in a natural way a formula for torsion of a composition of two
bundles.

19J10; 55R10

1 Introduction

By a smooth bundle of manifolds we will understand here a smooth submersion
p: E — B where E and B are smooth compact manifolds. A smooth bundle with
the fiber F is unipotent if B is path connected and the graded vector space Hy(F;Q)
admits a filtration such that 771 B acts trivially on the filtration quotients. Igusa [10]
and J Klein [13] showed using fiberwise Morse theory that to any unipotent bundle one
can associate the higher torsion invariant which depends not only on the topological
structure of p, but also on its smooth structure. Higher torsion proved to be a useful
tool in the study of smooth bundles. In [9] Igusa showed, for example, that it can be
used to detect exotic disc bundles constructed by Hatcher.

In [2] and [1] the present authors in collaboration with Klein and B Williams extended
ideas of Dwyer, Weiss and Williams [7] to obtain an alternative construction of torsion
of unipotent bundles based on the machinery of homotopy theory. This construction
can be briefly described as follows. Let K(Q) be the infinite loop space underlying
the algebraic K—theory spectrum of the field of rational numbers. Given a smooth
bundle p: E — B we can construct a map c¢,: B — K(Q) which, roughly speaking,
assigns to each b € B the point of K(Q) represented by the singular chain complex
C«(p~1(b); Q). The smooth Riemann—Roch theorem of [7] implies that cp admits a
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factorization

O(E+)

K(Q)

AE

B

Cp
where Q(E4) = Q®X%®(E, ), the map p' is the Becker—Gottlieb transfer and A g is
the linearization map (Section 3.1).

If p is a unipotent bundle then the map ¢, is homotopic via a preferred homotopy to a
constant map. As a consequence we obtain a lift of p' to the space WhgI (E) which is
the homotopy fiber of A g:

Wh(E)

o(p) J
/ O(E4)

2
T

B K©

The lift ©5(p) is the smooth torsion of the bundle p.

The homotopy class of t%(p) is an invariant of the smooth structure of p in the
following sense. If p’: E/ — B is another smooth bundle and f: E’ — E is a smooth
bundle map then f induces a map

fe: WhQ(E") - WhQ(E).
The map fx7°(p’) need not be homotopic to 7°(p) in general, but this property does
hold provided that f is a fiberwise diffeomorphism of bundles.
The map t%(p) gives rise to a certain cohomology class
1*(p) e @ H*(B:R)
k>0

(see [1, Definition 4.10]), which we will call the cohomological torsion of the bundle p.

In [11, Section 9] Igusa showed that the cohomological torsion of the composition pg
can be, in some cases, computed from the torsion of the bundles p and ¢. Namely, if
q is an oriented linear sphere bundle then

(1-1) ' (pq) = x(Fg) t*(p) + 5 (t° ()
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Higher torsion and secondary transfer of unipotent bundles 1809

where x(Fy) € Z is the Euler characteristic of the fiber of ¢ and
uk: H*(E;R) - H*(B;R)

is the transfer map associated to p. In [11] Igusa calls the formula (1-1) the transfer
axiom and shows that taken together with a few other properties it uniquely determines
the cohomological torsion.

Igusa’s arguments can be used to show that the formula (1-1) holds under more general
conditions on p and ¢, eg if dimensions of fibers of these bundles have the same parity.
In [1, Theorem 7.1] we verified that the same is true in the case when p is an arbitrary
unipotent bundle and ¢ satisfies the assumptions of the Leray—Hirsch isomorphism
theorem. One of our goals in this paper is to show that this formula holds in general:

1.1 Theorem The formula (1-1) holds for any unipotent bundles p: E — B and
q: D—E.

In order to prove Theorem 1.1 we develop a new construction of smooth torsion based
on the notion of the secondary transfer of unipotent bundles. The starting point for this
construction is the following fact:

1.2 Theorem Given a smooth bundle of compact manifolds p: E — B with fiber F),
consider the diagram

o(ph

O(B+) — O(E4)

(1-2) AB AE
K K

(Q) ) (Q)

where the lower horizontal map is given by the multiplication by the Euler characteristic
x(Fp) € Z of Fy and the upper horizontal map is the Becker—Gottlieb transfer of p. If
p is a unipotent bundle then this diagram commutes up to a preferred homotopy

np: Q(B+) x[0,1] - K(Q).

As an intermediate step in the proof of this result it will be convenient to work in
a more general setting of unipotent fibrations, ie fibrations p: E — B satisfying
some finiteness assumptions and such that the action of 1 (B) on homology of the
fiber satisfies the same unipotency condition as in the case of unipotent bundles (see
Definition 3.4). We show (Theorem 3.5) that for any unipotent fibration an analog
of Theorem 1.2 holds, with spaces Q(B+) and Q(E4) replaced with Waldhausen’s
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1810 Bernard Badzioch and Wojciech Dorabiata

algebraic K-theory spaces A(B) and A(E), and with A-theory transfer taken in
place of the Becker—Gottlieb transfer.

For a unipotent bundle p: E — B the homotopy 7, defines a map of homotopy fibers
!
wh@(p"): WhQ(B) - WhQ(E).

We call this map the smooth secondary transfer of the bundle p. Likewise, for any
unipotent fibration p we construct its homotopy secondary transfer

Wh2(p'): Wh2(B) — Wh2(E)

where Wh2(B) = hofib(4(B) — K(Q)).
The smooth secondary transfer shares some of the basic properties of the Becker—
Gottlieb transfer. It is additive (Theorem 7.3) and it preserves composition of bundles:
1.3 Theorem If p: E — B and q: D — E are unipotent bundles then

WhE((pg)) = Wh(¢}) o W (p").
Analogous additivity and composition properties hold for the homotopy secondary
transfer (Theorem 7.1, Theorem 9.1).

The relationship between the smooth secondary transfer and the smooth torsion is as
follows. If B is a compact, smooth manifold then the identity map idg: B — B is a
unipotent bundle. We have:

1.4 Theorem If p: E — B is a unipotent bundle then

o'(p) = Wh(p') 0" (idp).
This shows that the smooth secondary transfer of a unipotent bundle determines the
smooth torsion of the bundle. Since smooth torsion can distinguish bundles that are
fiberwise homotopy equivalent, but not fiberwise diffeomorphic, Theorem 1.4 implies
that the smooth secondary transfer carries information about the smooth structure of a

bundle. In Proposition 6.1 we show that, in contrast, the homotopy secondary transfer
is invariant with respect to fiberwise homotopy equivalences of unipotent fibrations.

Combining Theorems 1.4 and 1.3 we obtain:

1.5 Corollary If p: E — B and q: D — E are unipotent bundles then

o (pq) =~ WhQ(g') o t° ().
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Higher torsion and secondary transfer of unipotent bundles 1811

Theorem 1.1 can be obtained as a direct consequence of this fact. Notice that in this
way we exhibit the simple principle underlying the formula (1-1): the torsion of a
composition of bundles p and ¢ is a composition of two maps, one depending on p
and the other on ¢.

1.6 Note As it was pointed out to us by the referee, the main results of this paper
bear some resemblance to the work of Lott and Bunke on the secondary K-theory
pushforward map. In [16] Lott constructed for a smooth manifold B the secondary
K —theory group K°(B) which is generated by flat complex vector bundles over B with
trivial Borel classes. He also constructed for a smooth bundle p: E — B a pushforward
map pi: K°(E) — K°(B). Just as the secondary smooth transfer considered in this
paper contains information about the smooth torsion of a bundle, the construction of the
pushforward map involves higher analytic torsion forms of Bismut and Lott [3]. Lott’s
pushforward map was studied by Bunke [6] who showed that it preserves composition
of bundles: if g: D — E and p: E — B are smooth bundles then (pq); = pig:. This
parallels our Theorem 1.3. Besides the difference in setting between Lott’s and Bunke’s
results and the ones described in this paper the direction of their work is opposite to
ours. While Lott’s construction of the pushforward map uses explicitly the analytic
torsion form, we construct the secondary transfer first and then show that the smooth
torsion of a bundle can be recovered from it. Also, while we use the composition
property of the secondary transfer to obtain the composition formula for cohomological
torsion (1-1), Bunke derives his result using a theorem of Ma [17] which states that an
analog of the formula (1-1) holds for higher analytic torsion.

1.7 Organization of the paper Section 2 contains a brief review of Waldhausen
categories which provide the technical setting for the majority of the constructions in
this paper. In Section 3 we take a closer look at the statements of Theorem 1.2 and
its analog for unipotent fibrations, Theorem 3.5. The proof of both of these facts uses
a theorem of Brown,! which states that the singular chain complex of the total space
of a fibration is quasi-isomorphic to a twisted tensor product of the chain complexes
of the base and the fiber. In Section 4 we give an overview of this result and describe
some properties of Brown’s quasi-isomorphism. In Section 5 we complete proofs
of Theorems 1.2 and 3.5, which lets us complete the construction of the secondary
transfers Wh;Q (p') and Wh}? (p). In Section 6 we show that the homotopy secondary
transfer is a fiberwise homotopy invariant. In Section 7 we obtain additivity formulas
for both smooth and homotopy secondary transfers, and in Sections 8 and 9 we study
secondary transfers of compositions of unipotent bundles and fibrations, which leads us

1 See also Igusa [12] for a nice description of the relationship of Brown’s work to the higher torsion of
Igusa and Klein.
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1812 Bernard Badzioch and Wojciech Dorabiata

to the proof of Theorem 1.3. Finally, in Section 10 we prove the relationship between
the smooth secondary transfer and the smooth torsion of a bundle p described by
Theorem 1.4. We also show that it implies the statement of Theorem 1.1. Several
arguments of the paper involve constructions of maps between homotopy fibers and
constructions of homotopies of such maps. The Appendix gives the basic outline of
such constructions.

Acknowledgement We would like to thank the referee for several useful comments
that helped us improve the presentation of this paper.

2 Technical setup

A great majority of constructions described in this paper are set within the realm of
Waldhausen categories [20], ie categories with distinguished classes of weak equiv-
alences and cofibrations that satisfy certain axioms. Our basic setup in this respect
will be largely the same as that of [1, Section 3], so we summarize it here only briefly.
Given a Waldhausen category C we will denote by K(C) the K-theory of C. The
standard construction of K(C) proceeds using Waldhausen’s S,—construction. For
our purposes it will be more convenient though to use its variant, the S.—construction
described by Blumberg and Mandell in [4, Section 2].

2.1 We will work mainly with two specific instances of Waldhausen categories.
For a topological space X the category R™(X) has as its objects homotopy finitely
dominated retractive spaces over X , while its morphisms are maps of retractive spaces.
It is a Waldhausen category with cofibrations given by closed embeddings having the
homotopy extension property and weak equivalences defined as homotopy equivalences.
The K —theory of R4(X) is the Waldhausen algebraic K —theory of X and it is denoted
by A(X).2

Next, by Ch'4(Q) we will denote the category of homotopy finitely dominated chain
complexes of Q-vector spaces. This is a Waldhausen category with degreewise
monomorphisms as cofibrations and quasi-isomorphisms as weak equivalences. We
will denote by K(Q) the K—theory of Ch'9(Q). This space describes the algebraic
K —theory of the field of rational numbers: K(Q) ~ QBGL(Q)*.

2If X is a path connected space then by abuse of notation by Rf(X) we will understand the
Waldhausen category of path connected retractive spaces over X . From the perspective of K —theory this
change is of little consequence: the functor that embeds this category into the category of all retractive
spaces over X induces a homotopy equivalence of the associated K —theory spaces.
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In order to obtain a convenient combinatorial model of the space Q(X+) we will use
one more instance of a construction of K—theory which, while it does not come from
a Waldhausen category, is very closely related to the S.—construction. We outline it
briefly here and refer to Waldhausen’s papers [19; 21] where it was originally developed
and [2] for details. Let X be a smooth compact manifold. A partition of X x [ is a
codimension-0 submanifold P € X x [ such that X x [0, %] C P and that satisfies
some further conditions. By Py (X x I') we will denote the poset of partitions ordered
by inclusion. Similarly, for £ > 0 we define Py (X x I) to be the poset of locally
trivial bundles of partitions over the standard simplex A*. These categories taken
together form a simplicial category P,(X x I). In each category Pr(X x I) we
can introduce an analog of the Waldhausen category structure where, roughly, every
morphism is a cofibration and weak equivalences are the identity morphisms. While
in general pushouts do not exists in P (X x I) and so the S,—construction cannot be
performed in this setting, it is possible to use its variant, the 7,—construction, to obtain
a space |TJPr(X x I)|. Denote by |T,P.(X x I)| the space obtained by applying
the 7,—construction to each category Py (X x I) and then taking the geometrical
realization of the resulting simplicial space. The final step in the construction of Q (X4 )
is stabilization. It is obtained by means of maps |ToPe(X X I™)| = | T Po(X x I™T1)]
that are induced by functors Py (X x I"™) — Pr(X x I"*1) that, roughly, send a
partition P C X x [ to PxI S X x1 m+1 yWaldhausen showed that there exists a
weak equivalence
0(Xy) ~ Qco}%im |TePo(X x I™)].

2.2 A functor F: C — D of Waldhausen categories is exact if it preserves weak
equivalences, cofibrations and pushouts of diagrams

(2-1) c<—c—c"

where one of the morphisms is a cofibration. Any such functor induces a map of infinite
loop spaces K(F): K(C)— K(D). The advantage of working with the S, —construction
is that we can obtain the map K(F) under more relaxed assumptions on the functor F.
Namely, following the terminology of [1, Definition 3.4] we will say that a functor F is
almost exact if it preserves weak equivalences and cofibrations and preserves pushouts
of diagrams (2-1) up to a weak equivalence. An almost exact functor induces a functor
of simplicial categories F: S.C — S.D, and so it yields a map K(F): K(C) - K(D).

2.3 As we have already mentioned exact and almost exact functors between Wald-
hausen categories define maps between their associated K —theories. We will frequently
need to construct homotopies of such maps. There are two main sources of such
constructions. First, if ', G: C — D are (almost) exact functors then a natural weak
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equivalence ¢: F = G defines a homotopy K(¢) between the induced maps K(F)
and K(G). Second, if F;: C — D are (almost) exact functors for i = 0,1,2 and
¢: Fo = F; and y: F{ = F, are natural transformations such that

Fo(c) % Fi(c) % Fy(c)

is a cofibration sequence for each ¢ € C, then the additivity theorem of Waldhausen
[20, Theorem 1.4.2] provides a homotopy O: K(C) x I — K(D) between the maps
K(Fy) and K(FyV F3). A convenient combinatorial construction of this homotopy
was given by Grayson in [8].

2.4 Our work will require us to go a step further beyond homotopies and consider
homotopies of homotopies. If fy, fi: X — Y are two maps between topological
spaces and hg, h1: X x I — Y are homotopies between fy and f; then by a homotopy
of homotopies we will understand a map H: X x I x I — Y such that for each t €
the map H; = H(—, —,t) is a homotopy between the maps fy and f; with Hy = hg
and Hy = . In our constructions of homotopies of homotopies we will almost always
have ¥ = K(Q). The homotopies of homotopies we will consider will be obtained as
an application of one of the following lemmas:

2.5 Lemma Let C be a Waldhausen category, let Fy, F5: C — Ch™(Q) be almost
exact functors, and let @1, ¢,: F1 = F, be natural weak equivalences. If ® is a natural
chain homotopy between ¢ and ¢, then ® defines a homotopy of homotopies K(®)
between K(¢1) and K(p;).

Proof We start with the following observation. Assume that we are given three
almost exact functors G;: C — Ch™(Q), i =0, 1,2 and two natural weak equivalences
Yo: Go = G1 and ¥1: G1 = G,. In such a situation we obtain a map

K(C) x A> > K(Q).

If we consider it as a family of maps K(C) — K(Q) parametrized by A? then ver-
tices of A2 correspond to the functions K(G;) and edges of A2 correspond to the

homotopies K (o), K(1) and K(¥1¥9).

For a chain complex C, let Cyl(C) denote the mapping cylinder of the identity
function id: C — C [22, Section 1.5.5]. We have Cyl(C), = C, & Cy—1 & Cy.
Let the maps jg, ji: C — Cyl(C) be the chain maps given by jo(c) = (¢, 0,0)
and j;(c) = (0,0, c). Recall that two chain maps fy, fi: C — D are chain homotopic
if and only if there exists a chain map /4: Cyl(C) — D such that 4j; = f; fori =0, 1.

Going back to the setting of the lemma the natural chain homotopy ® gives a natural
weak equivalence of functors ®: Cyl(F;) = F,. Let W: Cyl(F;) = F; denote the

Geometry & Topology, Volume 20 (2016)



Higher torsion and secondary transfer of unipotent bundles 1815

natural weak equivalence corresponding to the natural chain homotopy from the identity
natural transformation id: F; = Fj to itself. We obtain the following commutative
diagram:

Fy
id . @1
Jo
Fy Cyl(Fy) F,
\ J%
Fy

Each vertex of this diagram corresponds to a functor C — Ch™(Q) and edges are natural
weak equivalences of such functors. By the observation above each commutative triangle
in this diagram induces a map K(C) x A2 — K(Q). Taken together these maps define a
map H: K(C)x I* — K(Q). Considering H as a family of functions K(C) — K(Q)
parametrized by 72 we obtain that two adjacent edges of the square /2 parametrize
the homotopies K(¢;) and K(¢,) and each of remaining two edges parametrizes
the homotopy defined by the identity natural transformation id: F; = F;. Using the
identity ¢;id = ¢; we can further modify H to a homotopy of homotopies between
K(g1) and K(g2). o

2.6 Lemma Assume that F;,G;: C — Ch'(Q), for i = 0, 1,2, are almost exact
functors, and that we have a commutative diagram of natural transformations

Fop— F— F,

ST

G0:>G1:>G2

where both rows are cofibration sequences and vertical arrows are natural weak equiva-
lences. This yields a diagram:

K(Fy) —— K(Fy v Fy)
(2-2) K(n1) ‘ { K(no Vv n2)
K(G) —— K(GoV G)
In this diagram every vertex represents a map K(C) — K(Q) and each edge is a

homotopy of such maps. In this setting there exists a homotopy of homotopies that
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fills this diagram, ie a homotopy of homotopies between the concatenation of O
with K(ng Vv n,) and the concatenation of K(n1) with O.

Proof Let £CA™(Q) be the Waldhausen category of short exact sequences in Ch'4(Q).
The functors F; and G; define functors F, G: C — £Ch™(Q), and the natural weak
equivalences n; define a natural weak equivalence n: F = G. On the level of K—theory
this yields a homotopy

K(n): K(C)x I — K(ECh™(Q)).
Fori =0,1,2, let ev;: ECh'4(Q) — Ch™(Q) denote the functor given by
CVZ‘(C() — C] —> Cz) = Ci.

The Waldhausen additivity theorem can be equivalently stated by saying that there
exists a homotopy
EG: K(EChY(Q)) x I — K(Q)

between the maps K(evy) and K(evg Vev,). The homotopy of homotopies in the
diagram (2-2) is obtained by composing the map

K(n) xidy: K(©C)x I x I — K(ECh™(Q)) x I
with £3. 0

2.7 Lemma Consider the following commutative diagram of almost exact functors
C — Ch'(Q) and their natural transformations:

Ag — By — Gy

I

(2_3) Al —_— Bl —_— Cl

I

A2:>B2:>C2

Assume that each row and each column of this diagram is a short exact sequence of
functors and that the canonical natural transformation A1 U4, Bo = B is a cofibration.
In this situation we obtain two homotopies between the map K(B;) and the map
(1) the homotopy O, which is obtained by applying the additivity theorem to the
middle row, which produces a homotopy K(B1) >~ K(A;) + K(C1), and then
applying the additivity theorem to the left and right columns, which gives a
homotopy K(A;)+ K(Cy) ~ K(Ao) + K(4,) + K(Cy) + K(Cy);
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(2) the homotopy O, which is obtained in the same manner, but applying additivity
to the middle column first, and then to the top and bottom rows.

There exists a homotopy of homotopies between O and U,;.

Proof Let £Ch™(Q) be the Waldhausen category of short exact sequences in Ch™(Q)
and let £,Ch™(Q) be the Waldhausen category of short exact sequences in ECh(Q).
The diagram (2-3) can be interpreted as a functor F: C — £,Ch'(Q) while columns of
this diagram define functors 4, B, C: C — £Ch™(Q). The additivity theorem applied
to £ (Ch'4(Q)) gives a homotopy £,8: K(E,Ch™(Q)) — K(EChY(Q)) such that the
composition

K(F) X idy

KC)x1I K(&Ch4(Q)) x I K(ECh™(Q))

is a homotopy between the maps K(B) and K(A4) + K(C). Let
EB: K(ECHY(Q)) x I — K(ECh™(Q))

denote the additivity homotopy described in the proof of Lemma 2.6. The homotopy
of homotopies between O and O, is then given by the composition

K(F)xid,

K(C)xI? K(826hfd(Q))x12 &0 K(EChfd(Q))xl & K@Q). O

3 The linearization and transfer maps

3.1 In preparation for the proof of Theorem 1.2 we start this section by reviewing
briefly the construction of the linearization map Ag: Q(B+) — K(Q). For an arbi-
trary space B we have the assembly map ap: Q(B+) — A(B). The combinatorial
construction of this map can be outlined as follows. Recall (Section 2.1) that we
are working with a model of Q(B4) built using the category of partitions, and that
the space A(B) is constructed using the category R'4(B). By definition a partition
P C B x I contains B x {0} as a subspace which gives P the structure of a retractive
space over B. In this way we can regard P as an object of R'(B). It is possible to
extend this assignment to all parametrized and stabilized partitions (using parametrized
and stabilized retractive spaces over B as an intermediate step). The map ap is induced
by this assignment. We refer to [2, Section 3] for details.

Next, recall that K(Q) was constructed from the Waldhausen category of chain com-
plexes Ch'(Q). Consider the functor

Ag: RY(B) — ch™(Q)
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that assigns to a retractive space X the relative singular chain complex Cy (X, B).
This functor is almost exact, so it induces a map )‘1113: A(B) - K(Q). We will call )\}1’3
the A-theory linearization. The linearization map Ag: Q(B+) — K(Q) is given by
the composition

A B = )fl‘;a B-
3.2 Assume that we have a fibration p: E — B. For a retractive space X € R'(B)
let p* X denote the pullback
p*X :=lim(X - B<LE).

The assignment X +— p*X defines an exact functor R'4(B) — RY(E). We will call
the induced map A(p'): A(B) — A(E) the A—theory transfer of p.

If p is a smooth bundle of manifolds then in a similar way we can define a map

0(p"): O(B4) — Q(E4).

This map is induced by functors of categories of partitions P (B x I™) — P (E x I™)
that, roughly, associate to a partition P C Bx I™ the partition (p xid)~'(P) C E xI™.
The map Q(p') obtained in this way coincides with the Becker-Gottlieb transfer [2,
Section 4].

3.3 Let p: E — B be a fibration with a homotopy finitely dominated fiber F},. The
maps described above can be assembled into a diagram:

o) 2 oy
ap afg
(3-1) A8 2 4k
M Ak
K K
@ — = K@

The outer rectangle in this diagram coincides with the diagram (1-2). If p: E — B is
a smooth bundle then directly from the constructions described above it follows that
the upper square commutes up to a homotopy induced by the natural transformation
that for a partition P C B x I is given by the isomorphism (p x id)~!(P) — p* P
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of retractive spaces over £. We will denote this homotopy by i, .3 In order to obtain
Theorem 1.2 it is then enough to show that the lower square of (3-1) is homotopy
commutative. We will show that this fact holds for any unipotent fibration p:

3.4 Definition A fibration p: £ — B is unipotent if B is a path connected space,
both B and the fiber F}, of p have the homotopy type of a finite CW-complex, and
H,(Fp) admits a filtration by my B—modules such that the action of 7; B on the
filtration quotients is trivial.

3.5 Theorem Let p: E — B be a unipotent fibration with fiber F),. The diagram

amy Ay

62 xg\ H
K K

@ — 5 K@

commutes up to a preferred homotopy 17;’,: A(B)x I — K(Q).

In the next section we describe some technical tools that we will use in the proof of
this fact. The proof itself is given in Section 5.

4 Twisted tensor products

Consider the diagram (3-2). The lower horizontal map in this diagram can be described
combinatorially as follows. Let Hx(F)) be the chain complex of rational homology
groups of F), with trivial differentials. The functor

—® Hy(Fp): Ch'(Q) — ch™(Q)

is exact and x(Fp): K(Q) — K(Q) is the map induced by this functor. As a conse-
quence the map x(F, p)k’lf2 comes from the functor R(B) — Ch™(Q) that associates
to a retractive space X the chain complex Cx (X, B) ® Hx(Fp). On the other hand
the composition A%A( p') is induced by the functor R™(B) — Ch(Q) that assigns
to a space X the chain complex Cx(p*X, E). The main ingredient of the proof of
Theorem 3.5 is the fact that under the assumption that p: E — B is a unipotent fibration

3While all maps in the upper square of (3-1), ie the Becker—Gottlieb transfer, the 4 —theory transfer

and assembly maps, are defined for any fibration, smoothness of p is essential for commutativity. This
diagram does not commute, in general, when p is a fibration. See eg the proof of [14, Theorem F].
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1820 Bernard Badzioch and Wojciech Dorabiata

for any X € R™(B) we can construct a path in K(Q) joining the points represented
by these two chain complexes. This path is natural to the extent that it gives rise to a
homotopy filling the diagram (3-2). Our main tool in the construction of this path will
be the theorem of Brown [5] which shows that the chain complex of the total space of
a fibration is quasi-isomorphic to a twisted tensor product of the chain complex of the
base and the homology of the fiber. We begin this section by reviewing the relevant
notions in homological algebra. Subsequently we describe Brown’s result and develop
some of its properties that we will need later on.

4.1 Twisting cochains and twisted tensor products Let A be a differential graded
Q-—algebra with multiplication u: A @ A — A, and let K be a dg Q—coalgebra with
comultiplication V: K — K ® K. Given homomorphisms of graded vector spaces
@, ¥: K — A, the cup product ¢ Uy: K — A is given by the formula

pUY = pnlp®y)V.

If M is aleft A—module with multiplication v: A ® M — M then for ¢ as above
and ¢ € K ® M the cap product ¢ Nc € K ® M is given by

pNc:=({dg ®@v)(idg ® ¢ ®idar)(V ®idpr)(c).

For a fixed ¢ the map
pN— KQM > KM

is a homomorphism of graded vector spaces.
4.2 Definition Let A, K and M be respectively a dg Q—algebra, a dg Q—coalgebra
and a left A—module as above.

(i) A twisting cochain is a homomorphism of graded vector spaces ¢: K — A that
lowers grading by 1 and satisfies the identity

dp—pd+eUg@=0.

(i) If ¢: K — A is a twisting cochain then the twisted tensor product K ®, M
is a chain complex such that K ®, M = K ® M as a graded vector space, and the
differential in K ®, M is given by

“4-1) lp =0®id+id®d+¢N—.
4.3 Twisted chain complex of a fibration Let X be a topological space with a
basepoint xo. By C,(X) we will denote the subcomplex of the singular chain com-

plex C«(X) with coefficients in Q generated by all singular simplices o: A" — X
that send all vertices of A” into xo. If X is a path connected space then the inclusion
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C;(X) = C«(X) is a chain homotopy equivalence. The chain complex C,(X) can
be equipped with the usual dg coalgebra structure with comultiplication

V: CL(X) - CL(X) ® CL(X)
defined by

V(o) =) fi(0) ®bu—i(0)
i=0

where o € C, (X) is a singular n—simplex and f;(0) and b,—;(c) denote, respectively,
the front i™ face and the back (n—i)™ face of .

For a space X we can also consider its associated dg homology algebra End(Hx (X))
defined as follows. Let End, (H« (X)) denote the vector space of all maps of graded
vector spaces H,(X) — Hi«(X) that increase the grading by n, and let

End(Hx (X)) = D Endu(Hx (X)).
n=0

We view End(H«(X)) as a chain complex with trivial differentials. The dg algebra
structure on End(H« (X)) comes from composition of maps. Naturally Hx(X) is a
module over this dg algebra.

The main result of [5] says that given a fibration p: E — B with a path connected
base space and a fiber F, we can find a twisting cochain ¢,: Cj(B) — End(Hx(Fp))
such that the twisted tensor product C,(B) ®, Hx(Fp) is naturally quasi-isomorphic
to C«(E). For our purposes it will be convenient to state this fact in the following
form. Let S, denote the category of path connected, pointed spaces, and Sx | B be
the over category of Si over a space B. Given a fibration p: E — B and an object
X € 8« B denote by px: p*X — X the fibration induced from p.

4.4 Theorem Let p: E — B be a fibration with a path connected, pointed base
space B and a fiber F),.

(1) Forevery X € Six| B there exists a twisting cochain
@px: Ca(X) — End(Hy(Fp))
and a quasi-isomorphism
Bpx: Cx(p™X) => Ci(X) Qgpy Hy (Fp).
(2) On C{(X) the twisting cochain ¢p,: C{(X) — Endo(H«(Fp)) is given as

follows. If o is a singular simplex in C{(X) then o is a loop in X, and so it
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represents an element [o] € w1 X . For z € Hy(F)) we have

Ppx (0)(2) = o]z -z
where the product [o]z is defined by the action of w1 X on Hy(F)).
(3) The assignment X + C(X) Ry, Hx (Fp) defines a functor

F: Sul B — Ch(Q),

where Ch(Q) is the category of chain complexes over Q. If f: X — Y isa
morphism in Sy | B then F(f) = fx ® idg,(F,)-

(4) The quasi-isomorphisms B, define a natural transformation of functors.

4.5 Notation For simplicity from now on we will write C; (X)) ®, Hx(Fp) to denote
the complex C(X) ®g,, Hx(Fp).

4.6 While we refer to Brown’s paper [5] for the proof of Theorem 4.4, a few
comments will be useful later on. Brown constructs the quasi-isomorphisms f,, in
two stages. First, he shows that given a path connected space X one can construct
a twisting cochain Yx: CL(X) — Cx(R2X) [5, Theorem 4.1], where the dg algebra
structure on Cy(2.X) is obtained by composing the Eilenberg—Zilber map and the
map Cx(QX X QX) — C4x(2X) induced by the loop multiplication. The twisting
cochain Yy depends on the space X only, not on a fibration over X. Moreover,
the construction of Yy is natural on the category of path connected spaces. The
action of QX on the fiber F), of px defines a C«(£2X)—module structure on Cy(Fp).
Brown shows [5, Theorem 4.2] that the twisted tensor product C(X) ®y,, Cx(Fp)
is chain homotopy equivalent to Cx(p*X') via a chain homotopy equivalence natural
in X. A minor technical point here is that in order to get a suitable action of QX
on F, one needs to specify a weakly transitive lifting function for the fibration p.
This can be taken care of by first replacing the fibration p: E — B by the homotopy
equivalent fibration p: PB xp E — B where PB is the space of Moore paths in B.
The fibration p admits a canonical lifting function [5, page 225] which can be used to
get a chain homotopy equivalence

Cu(p*X) = Co(P™X) = Co(X) ®y Cu(Fp)

where Fj is the fiber of p. Since Fj ~ F) we have Cy(F5) ~ Cx(Fp) .

“In [5] Brown gives a quasi-isomorphism C.(X) ®yy Cx(Fp) =5 Cy(P* X) going in the opposite
direction. However, since his argument relies on the method of acyclic models it also produces a natural
homotopy inverse of that map, and we work here with this inverse for convenience.
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To complete the construction of B, it suffices to show that we have quasi-isomorphisms
Ci(X) ®yy Cu(Fp) = CL(X) @py Hy(Fp).

One can proceed as follows. Using the fact that we deal here with chain complexes
over a field we can find chain maps

such that for z € Hx(Fp) = H«(Fp) the element jF,(z) € Cx(F) is a chain repre-
senting z, the composition rf, jF, is equal to idg, (F,), and jF,7F, ~idc,(F;) - The
maps jF, and rg, define a strong deformation retraction of (untwisted) tensor products

id® jE,: CL(X) ® Hy(Fp) 2 CL(X) ® Ci(F5):id @ rF, .

The basic perturbation lemma (see eg [15, Lemma 2.6]) shows that in such a situation
there is a twisting cochain ¢, : C;(X) — End(Hx(Fp)) and a strong deformation
retraction of twisted tensor products

(d® jF,) ™ Co(X) ®py Hu(Fp) 2 CL(X) ®yy Cu(Fp) : ([d®1F,)™.

Following our convention (Notation 4.5) by C,.(X) ®py Hx(F,) we denote here the
complex C(X) gy, Hx(Fp). We define fp, as the composition

(id®rg,)*

Bpx: Ca(p*X) —— CL(X) ®yy Cu(Fp)

Ci(X) ®py H(Fp).

4.7 Homological filtration Let ¢: K — A be a twisting cochain and let M be an
A-module. Directly from the definition of a twisted tensor product it follows that the
chain complex K ®, M admits an increasing filtration

U()CU1C"'CK®¢M

where U, := (@an Kq) ®p M . In the case where M has trivial differentials we
have also a decreasing filtration

K®,M=LyDL;{D--

givenby Ly := K ®¢(@P,>, Mg). Since we will consider this filtration in the situation
where M is the homology of some chain complex we will call it the homological
filtration of K ®¢ M .

Let p: E — B be a fibration with fiber F),let X € Sx| B, and let {L,(px)} denote
the homological filtration of the chain complex Cy(X) ®,, Hx«(Fp). We will need

Geometry € Topology, Volume 20 (2016)



1824 Bernard Badzioch and Wojciech Dorabiata

an explicit description of the quotients L,(px)/Lu+1(px). On the level of graded
vector spaces we have isomorphisms

Lu(px)/Lu+1(px) = Co(X) ® Hy (Fp).
In order to describe the differential in the filtration quotients notice that the differential
in Cy(X) ®py H«(F)p) is given by
n
No®2)=00Qz+ Y fi(0) ® @py (bui(0))(2)
i=0
where o is a singular simplex in Cy(X), z € Hy(Fp), and f;(o) and b,—;(0) are,

respectively, the i™ front face and the (n—i)™ back face of o. Using part 2) of
Theorem 4.4 we get from here

Wo®2) =00z + fu-1(0) ®([b1(0)]z—2)  (mod Lpy1(px)).

As a consequence we obtain:

4.8 Proposition Let p: E — B be a fibration with a fiber F,. For X € Sy | B let
Ci(X) ®x,x Hy(Fp) denote the chain complex such that

(Co(X) ®ny x Hu(Fp))k = Cp_,(X) ® Hy(Fp)
with differential given by
Wo®z) =00Qz+ fu—1(0) ® ([b1(0)]z —2)
for a singular simplex o € Cy(X) and z € H,(Fp). We have a canonical isomorphism

C;(X) R X Hn(Fp) = Ly(px)/Ln+1(px)-

4.9 Maps of fibrations Assume that we have a map of fibrations over B:

g
E D

o

B
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For X € Sx| B let gx: p*X — ¢*X be the map of the induced fibrations over X .
Consider the diagram

8X

C«(p*X) Ci(q* X)
ﬂpx ﬁLIX
C;(X) Rpx H*(Fp) ””” ? C;(X) ®qXH*(Fq)

where F, and F; denote, respectively, the fibers of p and g. We would like to
construct a natural lower horizontal map such that the resulting diagram commutes
up to a homotopy. The obvious candidate for such map is id ® (g|F, )«, where the
homomorphism (g|fg,)«: Hx(Fp) — Hx«(Fy) is induced by restriction of g to the
fibers, but this map is not a chain map in general. We can, however, proceed as follows.
By the construction of quasi-isomorphisms B,, and B,, (Section 4.6) we have a
diagram:

X *
Ci(p*X) Ci(g*X)
4-2) d® (gl7,)«
Co(X) ®yy Cu(Fp) ————— Co(X) ®yy, Cx(F)
(id®rpg,)™ (d®rF,)>™

g
Ci(X) Qpy Hy(Fp) —--------- » C(X) Qqx Hx(Fy)

The compositions of the vertical maps give B,, and B, . The upper square commutes
by the naturality properties of Brown’s theorem [5, Theorem 4.2]. Recall that the map
(id® rF,)co is a part of the strong deformation retraction data

(d® jF,) ™ Co(X) @py Hx(Fp) 2 CL(X) ®yy Cu(Fp) : ([d @ 1F,)™.
Define a map g§: Cy(X) ®py Hy(Fp) = Ci(X) ®qy Hy(Fy) by
¢ = ([ ® rpy)® 0 (d® (8|7 )e) 0 (d® jr,).

The lower square in the diagram (4-2) commutes then up to a chain homotopy. The
basic perturbation lemma gives explicit formulas for this chain homotopy and for the
maps (id ® rpg)*> and (id ® jg,)*. Direct computations involving these formulas
yield the following fact:
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4.10 Proposition Let B be a pointed, path connected space. Let p: E — B and
q: D — B be fibrations, and let g: E — D be a map of fibrations.

(1) The maps g§° define a natural transformation of functors Sx| B — Ch(Q).

(2) The diagram

8X *
Cu(p*X) X Cu(q*X)

Brx | =~ ~ | Bay
gy

Co(X) ®py Ha(F)p) Ci(X) ®qy Hi(Fy)

commutes up to a chain homotopy that is natural in X .

(3) For X € S« B consider the homological filtrations {L,(px)} and {L,(qx)}
of the complexes CL(X) ®py Hyx(Fp) and Cy(X) ®g4y Hx«(Fy), respectively
(Section 4.7). The map g5° preserves these filtrations. Moreover, for every n
the following diagram commutes:

oo

La(px)/ Lnct (px) —— 5 Lo(@x)/ La1(@x)

d® (g]F, )«

C;«(X) ®n1X Hn(Fp) C:(«(X) ®n1X Hn(Fq)

The vertical isomorphisms in this diagram come from Proposition 4.8.

S The secondary transfer
We are now ready to give:

Proof of Theorem 3.5 Consider diagram (3-2). We want to construct a homotopy 172

between the maps )\%A(p!) and X(Fp))»é’;. Recall that the map )\}}EA(p!) is induced
by the functor

®: RY(B) > ch(Q)

that assigns to a retractive space X the relative chain complex C«(p* X, E), while the
map x(F p)k% is induced by the functor

v: RY(B) - ch™(Q)
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given by W(X) = C«(X, B) ® H«(Fp). We will build a sequence of intermediate
functors between © and ¥ and show that maps induced by these functors can be
connected by homotopies.

First, for X € R™(B) the inclusion iy: B < X induces an inclusion 7y: E < p*X .
The naturality of the quasi-isomorphisms f,, described in Theorem 4.4 implies that
we have a commutative diagram:

TX*

IBP ﬁPX

iys ®id
CL(B) ®p Hx(Fp) —

Ci(X) ®py Hu(Fp)

Define
Cy(X, B) ®py Hy(Fp) := coker(iy ® id).

The assignment X — C,(X, B) ®,, Hx«(Fp) defines an almost exact functor
®,: RY(B) — ch™(Q)
and the natural quasi-isomorphisms
Box: Cx(p* X, E) => Cy(X, B) ®py Hx(Fp)

define a natural weak equivalence B: ® = ®;. Denote by K(®;): A(B) - K(Q)
the map induced by ®. The natural weak equivalence 8 defines a homotopy

(5-1) A A(ph ~ K(®)).

Next, since the map iy« ® id preserves the homological filtration of twisted tensor
products we can define

Lu(px, p) := coker(Ly(p) Ln(px))-

The chain complexes L, (py. p) form a decreasing filtration of Cy (X, B) ®py H«(F)p).
Proposition 4.8 shows that the filtration quotient L,(px, p)/Ln+1(px, p) can be
identified with the chain complex

Ci(X, B) Qrx Hn(Fp) := coker(Cy(B) QB Hn(Fp) — Ci(X) Qun, x Hn(Fp)).
Since F), is a homotopy finite space we have Hy(F,) = 0 for g large enough, and

so {L,(px, p)} is in fact a finite filtration. The assignments X +— L,(px, p) and
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X CL(X, B)®xy, x Hy(F)p) define almost exact functors R™(B) — Ch'4(Q). These
functors are connected by natural short exact sequences

(5-2) 0— Lyy1(px.p)— Lu(px.p) — C;(X, B) Om X Hn(FP) — 0.

Let ®,: RY(B) — Ch'4(Q) denote the almost exact functor given by

®5(X) := P CL(X, B) @, x Hu(Fp)

and let K(®,): A(B) — K(Q) be the map induced by ®,. Applying repeatedly
Waldhausen’s additivity theorem to the sequences (5-2) we obtain a homotopy

(5-3) K(®1) ~ K(®y).

Assume now for a moment that p: E — B is a fibration with the trivial action of 7; B
on Hy(F). In this case the action of 71 X on Hx(F)) is trivial as well, so we have
isomorphisms

Oy (X) = C(X. B) ® Hy(Fp).

Since by assumption X and B are path connected spaces we also have natural quasi-
isomorphisms

CL(X, B) ® Hi(Fy) ~ Cx(X, B) ® Hy(F,) = W(X).

As a consequence, for every X € R4(B) we obtain ®,(X) ~ ¥(X), which induces a
homotopy

(5-4) K(®2) = X(Fp)Ap.
Concatenating the homotopies (5-1), (5-3) and (5-4) we get the desired homotopy nj’,.

If p is an arbitrary unipotent fibration we need an additional step to pass between
the maps K(®,) and X(Fp)kg. In this case the action of 7y B need not be trivial,
but H,(F),) admits a decreasing filtration {V'} such that V' is a 7; B—module and
the action of 1B on the quotients V+1/V? is trivial. This defines a filtration
{Ci(X.B)®r, x VY of the complex ®,(X). The quotients of this filtration are the
(untwisted) tensor products C.(X, B) ® (V!/Vi~1). Define a functor

®5: RY(B) — ch™(Q)

by
3(X) =P CL(X. By (V/ V7).

1

Naturally we also have a filtration {C.(X, B) ® V'} of the untwisted tensor product
C.(X,B) ® H«(Fp) and ®3(X) is the direct sum of the quotients of this filtration.
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This means that using Waldhausen’s additivity theorem (and the quasi-isomorphisms
C.(X.B) ® H«(Fp) ~ C«(X, B) ® H«(Fp)) we get homotopies

(5-5) K(®2) = K(®3) = x(Fp)Aj.
The homotopy r]f’, is then obtained as a concatenation of the homotopies (5-1), (5-3)

and (5-5). O

Proof of Theorem 1.2 The homotopy 7, is obtained by concatenating the above
homotopy r)z and the homotopy 1, described in Section 3.3. |

Let C € Ch'9(Q) be a chain complex. Notice that our construction of K(Q) lets us
identify C with a point of K(Q).

5.1 Definition Let B be a path connected space and let C € Ch'(Q). Denote the
homotopy fiber of the linearization map taken over the point C € K(Q) by Wh;Q (B)c,
that is,

Wh(B) := hofib(Ap: Q(B1) > K(Q))c.

For the zero chain complex 0 € Ch'(Q) we will write Wh;Q (B) to denote Wh;Q(B)O.

Let p: E — B be a unipotent bundle with a fiber F,. For any C € Ch'(Q) we have
by Theorem 1.2 a map

Whi(B)c — Wh(E)com.(r,).
This gives rise to the following:
5.2 Definition The smooth secondary transfer of a unipotent bundle p: £ — B is

the map
Wh2(p'): Wh@(B) — Wh2(E)

determined by the Becker—Gottlieb transfer Q(p') and the homotopy np given by
Theorem 1.2.

It will be convenient to consider a variant of this definition in the setting of unipotent
fibrations:

5.3 Definition For a path connected space B let

Wh2(B) := hofib(A%: A(B) — K(Q))o.
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The homotopy secondary transfer of a unipotent fibration p: £ — B is the map
Wh2(p'): Wh2(B) — Wh2(E)
determined by the transfer A(p') and the homotopy 17;’, given by Theorem 3.5.

5.4 Note Let p: E — B be a unipotent fibration with a fiber F},. The construction
of the homotopy n;’, described in the proof of Theorem 3.5 makes use of a choice
of a strong deformation retraction Hy(Fp) < C«(F)) and a choice of a unipotent
filtration {V?} of Hy(F »). One can check though that the homotopy class of the
map Wh}lQ (p') is independent of these choices, and so it depends on the fibration p
only. Likewise, if p is a unipotent bundle then the homotopy class of the smooth
secondary transfer Wh;Q (p") depends only on the bundle p.

6 Homotopy invariance of Wh}lQ (P
Let f: E1 — E, be a map of topological spaces. Such a map defines an exact functor
of Waldhausen categories

Je: RYUED) - RY(E)

given by fx(X) = X Ug, E; for X € RM(E/). This functor in turn induces a map
fx: A(E{) —> A(E,). Consider the diagram:

A(E)) e A(E,)
N\
K(Q)

Recall )‘]}51 is induced by the functor RU(E ) — Ch'4(Q) given by X — Cx(X, E}).
Similarly, )\’}52 J+ comes from the functor defined by X — Cy«(X Ug, E3, E;). The
natural quasi-isomorphisms Cx (X, E1) — C«(X Ug, E3, E;) define a homotopy /i
between )‘i;il and )‘i;iz fx. As a result we obtain a map

fi: Wh2(E}) — Wh2(E,).

Our goal in this section is to prove the following:

6.1 Proposition For i = 1,2, let p;: E; — B be a unipotent fibration, and let
f: E1 — E, be a fiberwise homotopy equivalence. There is a homotopy

S« Wh2(p}) >~ Wh2(p}).
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Proof Let F),; denote the fiber of p;. Using Section A.2 we see that in order to obtain
the desired homotopy it is enough to construct the following data:

(1) ahomotopy Hf43 A(B) x I — A(E,) between f*A(p!l) and A(p!z);
(2) ahomotopy Hf(: K(Q) x I — K(Q) between the maps x(Fp,) and x(Fp,);
(3) ahomotopy of homotopies that fills the diagram

M HA

M fd(ph) —L ol Aph)
hy o (A(p)) xidr)
6-1) Mo A(pY) nh,
Ty
X Ep My~ y(Fp )M

HE (M xidr)

where each vertex represents a map A(B) — K(Q) and edges represent homotopies
of such maps.

(1) Construction of H ;1 Note that the map fxA( p’l) is induced by the functor
RY(B) - RY(E,) given by X fxpTX while A(plz) comes from the functor
given by X — p; X . Since f is a fiberwise homotopy equivalence the natural
maps f«p; X — p3X induced by f are weak equivalences, and so they define the
homotopy H ;‘.

(2) Construction of H fK Recall for i =1, 2 the map x(F;) is induced by the functor
Ch™(Q) — Ch'(Q) given by C — C ® Hy«(F;). Since the map flp: F1— Fyisa
homotopy equivalence it induces an isomorphism of homology groups of the fibers

(f1F)x: He(F1) => Hi(Fy).
This gives a natural isomorphism of functors
—® Hy(F1) = — Q Hy(F>).

The homotopy H. fK is defined by this natural isomorphism.
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(3) Construction of the homotopy of homotopies Consider the following diagram:

Cu(fxpi X, E2) Ci(p3 X, Er)
®
fX*
Brax
C*(pTX’El)
@
Brix
/ /X /
C*(X’B)®P1XH*(FP1) C*(X’B)®P2XH*(FP2)
additivity ® additivity
C.(X, B) ® Hy(F, C.(X, B) ® Hy(F,
*( )® *( pl) id@(f|Fl)* *( )® *( pz)

Each vertex of this diagram represents a functor R%(B) — Ch'(Q). The edges
represent natural weak equivalences, with the exception of the lowest vertical edges
where the passage between functors is obtained using additivity. The maps fBp, ,
and Bp,, are the Brown quasi-isomorphisms (Theorem 4.4) and the maps f¢° come
from Proposition 4.10. On the level of K—theory each vertex of this diagram represents
amap A(B) — K(Q) and the edges represent homotopies of such maps. The outer
rectangle coincides with diagram (6-1).

In order to show that the diagram (6-1) can be filled by a homotopy of homotopies it is
enough to show that each of the subdiagrams @ through ® in the above diagram of
functors can be filled by a homotopy of homotopies. In the case of subdiagram @ such
a homotopy of homotopies exists since this subdiagram commutes. By Proposition 4.10
subdiagram @ commutes up to a natural chain homotopy, so it again can be filled by
a homotopy of homotopies. Proposition 4.10 says also that the maps f¢° preserve
the homological filtration of the twisted tensor products and that they induce the
map id ® (f|F,)« on the filtration quotients. This, together with the fact that the
map (f|F,)«: H«(F1) = Hx(F>) is an isomorphism of 7r; B—modules, implies that
we also have a homotopy of homotopies filling subdiagram ®. |
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7 Additivity of the secondary transfer

Our goal of this section is to prove that secondary transfer maps have additivity
properties that are analogous to additivity of the Becker—Gottlieb transfer and the
A-theory transfer. We start by considering additivity of the homotopy secondary
transfer:

7.1 Theorem Fori =0,1,2, let p;: E; — B be a unipotent fibration. Assume that

we have maps of fibrations

Ey Eq ! E,

S

where j is a cofibration over B. Let E := E{ Ug, E, and let p: E — B be the
fibration given by p := p{ Up, p>. Then p is a unipotent fibration and we have

(71 [Wh(pH] = [kt Whi (p0)] + k2 Whi (p2)] = [kox Wi (po)]-
Here kj4: Wh}lQ (E;) — Wh}lQ (E) is induced by the map k;i: E; — E.

Do
J4!

B

7.2 Lemma Consider a diagram of chain complexes

ALB

el ol
A/L)B/

that commutes up to a chain homotopy h. There exists a map g': Cyl(f) — B’ such
that the diagram

A — Cyl(f)
gl p l?’

A ——— B’
/
commutes. Moreover g’ is chain homotopic to the composition Cyl( /) — B -5 B’.

Proof Recall that Cyl(f), = A, ® Ay,—1 ® B,. The map g): Cyl(f), — By, is
given by
gnlar.az,b) = f'glar) +hiaz) +g'(b).
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The second statement of the lemma is easy to verify. |

Proof of Theorem 7.1 Let F denote the fiber of the fibration p and for i =0, 1, 2,
let F; be the fiber of p;. The fact that the action of 7{(B) on F = Fy Uf, F; is
unipotent can be obtained using the Mayer—Vietoris sequence for homology of the
fibers.

The strategy of the proof of additivity of the secondary transfer is as follows. We will
construct maps

Sl Wh(B) > Wh2(E) and  f}: Wh2(B) — Wh2(E,)
such that [ flh] = ko« fzh]. We will also show that
[Whi2 (p)] = (ki Wh2 (P + /1] and  [Whi2(p)] =[x Whid (pp)] + [ /']
Since kg = k, j the second of these equations will give
k2 Whi? (p3)] = [kox Whi? (p)] + k2. /7] = ko« WhE (pp)] + [/
which, combined with the first equation, will yield the formula (7-1).

The construction of the map flh will proceed following the scheme outlined in Sec-
tion A.1. First, we will construct a map flA: A(B) — A(E). Subsequently we will
consider the diagram:

1
A(B) A(E)
(7-2) Mp Mg
K(Q) K(Q)

x(Cone(ki|Fy«))

Here Cone(k|F,«) denotes the mapping cone of the map k| p,«: Hx(F1) = Hx(F),
and the map

x(Cone(k1[F+)): K(Q) — K(Q)

is induced by the functor Ch™(Q) — Ch™(Q) given by tensoring by Cone(k/ | Fi)-
We will show that the diagram (7-2) commutes up to a preferred homotopy /;. This
homotopy together with the map f’ IA will define the map f; lh .

In order to obtain the map flA recall that the map ki, A( p!l) is induced by the
functor that assigns to a space X € R (B) the space ks piX e RY(E), and that
the map A(p') is induced by the functor X — p*X . For X € RM(B) we have a
cofibration k14 py X — p*X . Let My € RI4(E) denote the cofiber of this map. The
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assignment X — My defines an exact functor R™(B) — R(E). The map flA
induced by this functor. The above constructions give a short exact sequence of functors

(7-3) kixpi X — p*X - My.
Applying Waldhausen’s additivity theorem we obtain a homotopy
(7-4) A(ph = ki A(p)) + S

Next, in order to describe a homotopy that fills the diagram (7-2) consider the following
diagram of functors:

C*(k1*PTX E) C*(MX7E)

:\/:

Ci(py X, Ey) 4> Ci(p*X,E) ——  coker(kys)

(7-5) C*(p’l"X,El) —————— Cyl(kys) ——— Cone(kyx)
IBPIX gx
C.(X.B)®

o1y Ho(F) ———— Cyl(k$) —————————— Cone(k$)

additivity additivity additivity

Cu(X.B)® Hy(F) — Cy(X.B)®Cyl(ky|F,») — Cx(X.B)®Cone(ky|F, )

The map ky in this diagram is induced by the map of fibrations kx: pfX — p*X
The complexes Cyl(ky,) and Cone(ky) are, respectively, the mapping cylinder and
the mapping cone of kx . Similarly Cyl(k%’) and Cone(k%’) are the mapping cylinder
and the mapping cone of the map

k: Co(X, B) ®p, x H(F1) = Ci(X, B) ®py Hx(F)

given by Proposition 4.10. Finally, Cyl(k;|F,«) and Cone(k;|F,«) are the mapping
cylinder and the mapping cone of the map k1| f,+: Hx(F;) — H«(F). The horizontal
maps are defined in the obvious way so that each row of the diagram forms a short
exact sequence.

All vertical maps are quasi-isomorphisms. They are defined in the obvious way with
the exception of the map gy, which is given as follows. By Proposition 4.10 we have
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a diagram

kX*

C*(pTX’ El)

Ci(p*X.E)

IBPIX ﬂPX

kx
Ci(X,B)®p,x Hx(F1) —— CL (X, B) Qpy H«(F)
that commutes up to a chain homotopy. Using Lemma 7.2 we obtain from here a
commutative diagram:

Cx(pi X, Ey) Cyl(kx«)

ﬂplX /3PX

kOO
CL(X. B) ®p,y H(F1) —— CL(X.B) ®py Hx(F)

The map gy is the composition of ,g px and the inclusion
Ci(X, B) ®py Hy(F) — Cyl(k).

The lowest vertical edges in the diagram indicate a passage between chain complexes
using additivity. This means the following construction. Since the map kg° preserves
the homological filtrations on Cj (X, B) ®, x Hx(F1) and C (X, B) Qp, H«(F), the
complexes Cyl(k3°) and Cone(k§°) are endowed with induced filtrations. Each lowest
vertical edge indicates a passage from the filtered chain complex to the direct sum of
the filtration quotients. As usual, after passage to the induced maps A(B) — K(Q)
each additivity edge gives a homotopy obtained using Waldhausen’s additivity theorem.
We note here that the additivity edges are related to one another as follows. The maps
in the short exact sequence

CL(X. B) ®p, y Hx(F1) —> Cyl(k$®) —> Cone (k)

preserve filtrations. Moreover, their restrictions to the filtration subcomplexes also form
short exact sequences, and so do the induced maps of filtrations quotients. The bottom
row of the diagram is the direct sum of the short exact sequences of these filtration
quotients.

Each vertex of the diagram (7-5) induces a map A(B) — K(Q). All vertical edges
define homotopies of such maps. Concatenation of homotopies defined by rightmost
vertical edges gives a homotopy filling the diagram (7-2). This homotopy, together
with the map flA, defines the map flh: Wh;lQ(B) — Wh}lQ (E).
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The existence of a homotopy between the maps Wh}lQ (p)) and kl*Wh}lQ ( pll) + flh
follows directly from the above construction. The map kl*Wh}? ( pll) is defined by
the map k4 A( p’l) and the homotopy induced by the leftmost vertical edges in the
diagram (7-5). The map Whg (p') is homotopic to the map defined by A(p') and the
homotopy induced by the middle vertical edges in (7-5). As we have already noticed
applying Waldhausen’s additivity theorem to the short exact sequence of functors (7-3)
defines a homotopy between A(p') and kq4A( p!l) + f IA . In order to lift this homotopy
to a homotopy between the maps Wh}lQ (p') and kl*Wh}lQ ( p!l) + flh it is enough to
apply the additivity theorem to the horizontal short exact sequences in the diagram (7-5).

Construction of the map fzh: Wh}lQ (B) —> Wh? (E,) proceeds in the same way as the
construction of flh, with the cofibration j: Eq— E; used in place of k;. By the same
argument as above we obtain a homotopy Wh}? ( P!z) ~ j,.:Wh;lQ ( pé) + fzh. Finally,
that the maps flh and kjy fzh are homotopic can be verified directly by inspecting the
construction of flh and fzh. |

A statement analogous to Theorem 7.1 holds for the smooth secondary transfer. Given
a smooth bundle p: E — B whose fibers are manifolds with boundary, by the vertical
boundary of p we will understand the smooth bundle 0Vp: dE — B obtained by
restricting p to the union of boundaries of its fibers. We have:

7.3 Theorem Let p: E — B be a smooth bundle with closed fibers, and fori =0, 1, 2,
let p;: E; — B be unipotent subbundles of p such that pq is the vertical boundary of
both p and p,, and that E = E1 Ug, E,. Then p is a unipotent bundle and we have

[Whe (ph)] = [k1sWh (p1)] + (k2 W (p2)] = [ko« Wh (po)].
Here kj4: Wh;Q (E;) — Wh(sQ (E) is induced by the map k;: E; — E.

7.4 Note Recall that the construction of the smooth secondary transfer we are
working with uses the combinatorial model of Q(E4) built using partitions (Sec-
tion 2.1). This model is functorial with respect to embeddings of submanifolds of
codimension 0. As a consequence, in the notation of Theorem 7.3, for i = 1,2 the
inclusion maps k;: E; < E induce maps k;«: Q(E;+) — Q(FE), which then lift to
maps Kjx: Wh?(Ei) — Wh?(E). The map kox: Q(Eo+) = Q(E4) is constructed
as follows. Let b: Eg x [—1,1] — E be a fiberwise bicollar neighborhood of Ej.
Thus, b is a smooth embedding of bundles over B such that b(Ey x {0}) = Ey,
b(Eqgx[—1,0]) € Eq1 and b(Egx][0, 1]) € E,. The inclusion ky: Eg < E coincides
with the composition

Eo— Eqx{0} € Egx[-1,1]-2 E.
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For a partition P € Ey x I the submanifold P x [—1,1] € Eg x [—1, 1] defines
(modulo permutation of coordinates) a partition of (Eq x[—1, 1]) x I. This assignment
induces a map Q(Eo+) = Q(Ey x[—1, 1]+) Furthermore, since b is an embedding
of codimension 0 it gives a map bx: Q(E¢ x[—1,1]+) = Q(E+). Composing these
two maps we obtain a map ko«: Q(Eo+) — Q(E4) which lifts to

kox: Wh2(Eq) — WhQ(E).

Proof of Theorem 7.3 The basic scheme of the proof is the same as that of the proof
of Theorem 7.1: it suffices to show that there exist maps f;’: Wh;Q (B) — Wh;Q (E)
and f3: Wh@(B) — Wh2(E,) such that

[Wh2(ph)] = [k1«WhQ(pD]+ /] and [WhQ(pb)] = [xWh2(pp)] + [ £5],

where j: Eg < E; is the inclusion map, and that [f] = [k2« f;]. Moreover,
the construction of the maps /7, f; and verification that they satisfy the above
identities also mimics the arguments we used in the proof of Theorem 7.1. Recall
that the map flh in that proof was defined using a map flA: A(B) — A(E) and
a preferred homotopy in the diagram (7-2). Similarly, to define the map [} we
need to construct a map le: QO(B+) — Q(EL) together with a preferred homotopy
AEle ~ x(Cone(ky|Fi4))Ap. To obtain a homotopy Wh®(p') ~ kl*Wh;Q(p!l)+fls
it suffices to construct a homotopy

(7-6) 0(p) =k Q(p}) + 2
together with an appropriate homotopy of homotopies.

The construction of the map le can be simplified in two ways. First, let S(B)
denote the simplicial set of smooth singular simplices of B. It will suffice to con-
struct a map le: |S(B)| = Q(E4). Since B >~ |S(B)| this map will extend to
a map of infinite loop spaces le: O(B+) — Q(E+). Second, the construction
of the map le: |S(B)| — Q(E+) can be reduced to the following combinatorial
construction. Let 7T7P.(E x I') be the simplicial category given by the first stage of
the 7,—construction. Thus for k > 0 the objects of 7;P;(E x I') are pairs (Py, P1)
where P; is a bundle of partitions of E x I over the standard simplex A and Py is
a subbundle of P;. Considering S(B) as a (discrete) simplicial category, it will suffice
to give a functor F IQ : S(B) = TiP.(E x I). Such a functor will determine the map
/2:1S(B)| — Q(E4) (see [2, Remark 2.5]).

In order to describe the functor F IQ we will use the setup of [2, Section 4.3]. Using
the notation introduced there for a k—simplex o € S(B), by 0*T B, we denote the

Geometry & Topology, Volume 20 (2016)



Higher torsion and secondary transfer of unipotent bundles 1839

disc bundle over A¥ induced by o from the disc bundle of the tangent bundle of B.
The exponential map defines a map of bundles

~N

which is a fiberwise embedding. Let % <a < b < 1. Define

X
o*TB, P B x Ak
Ak

Py :=0*TB, x[a,b]U (B x A¥) x[0,1].

This space admits a map Py — B X A¥x T which lets us consider it (modulo permutation
of factors) as a bundle of partitions of B x I over A¥ Foroes (B) we set

FR(0) = ((p1 xid) ' (Ps) U E x A*¥ x [0, 1], (p xid) ™ (P,)).

To describe the homotopy (7-6) we will use Waldhausen’s preadditivity theorem [1,
Section 3.6]. Let 7T, P, (E x I) be the second stage of the 7,—construction on P,(E xI).
This is a simplicial category with objects in the k" simplicial dimension given by
triples ( Py, Py, P») where P; is a bundle of partitions of E x I over Ak and P; isa
subbundle of P; . For 0<i < j=<2,let Djj: TaPs(ExI)— TiP.(ExI) denote the
functor given by D;;(Py, Py, P2) = (P;, Pj). For afunctor H: S(B) — ToaP.(E x 1)
the preadditivity theorem gives a homotopy between the map |S(B)| — Q(E+) induced
by the functor Dy, H and the sum of maps induced by the functors Dy H and D, H.
Consider the functor H given by

H(0):= (E x AF x[0, 1], (p1 xid) ™ (Py) U E x AF x[0, 1], (p xid) ™' (P5)).

Notice that D1, H = F IQ It remains to notice that by [2, Section 4] the maps induced
by the functors Doy H and Dy, H are, respectively, k. Q( p!l)r] and Q(p')n where
n: |S(B)| — Q(B+) is the coaugmentation map.

The above constructions of the map f; 1Q and the homotopy Q(p') ~ O( pll) + f IQ are
obtained by replicating the constructions from the proof of Theorem 7.1 of the map f lh
and the homotopy A(p') ~ A( pll) + f IA using partitions and the 7,—construction
in place of retractive spaces and the S,—construction. The arguments that show that
££ admits alift to f*: Wh@(B) — Wh2(E) and that the homotopy (7-6) lifts to a
homotopy Wh;Q (p') ~ kl*Wh;Q ( p!l) + /} involve constructions on the level of chain
complexes that duplicate the constructions from the proof of Theorem 7.1. The map /5
and the homotopy Wh;Q ( p’z) = j*Wh@sQ2 ( pé)) + /5 are obtained in an analogous way. O
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8 Composition of unipotent fibrations

Our next goal is to give a proof of Theorem 1.3. Recall that this theorem states that the
homotopy secondary transfer preserves compositions of unipotent fibrations, and the
smooth secondary transfer preserves compositions of unipotent bundles.

The statement of Theorem 1.3 relies on the fact that the composition of unipotent
bundles (or unipotent fibrations) is again unipotent. While this property is implicitly
present in the work of Igusa [11] we give its proof below for completeness, and also
because its main ingredient, Lemma 8.1, will be needed later on.

8.1 Lemma [11, Lemma 89] Let
F,—E-2B

be a unipotent fibration. There is a finite sequence of unipotent fibrations

Eo E, Ey

Pk

such that

(i) Eo=ZX}E forsomen>0;
(1) pg: Er — B is a rational homotopy equivalence;
(iii)) for every i we have a cofibration sequence
BxS" 25 B — Eiy g
over B (ie Eiy1 = E; Ugyxsn Bx D"T1),
We denote here by E’}RE — B the n—fold fiberwise suspension of the fibration p,

while B x S" — B and B x D"it! — B are, respectively, a product sphere bundle
and a product disc bundle.

8.2 Theorem (Igusa) If g: D — E and p: E — B are unipotent bundles (resp.
unipotent fibrations) then the composition pq: D — B is also a unipotent bundle (resp.
a unipotent fibration).
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Proof Let F), F;, Fp, denote the fibers of p, g, pg, respectively. Since the only
nontrivial property we need to verify is that the action of 1 B on Hy(Fp4) is unipotent,
it is enough to show that the statement of the theorem holds for unipotent fibrations.
We will split our argument into a few steps.

Step 1 The fibration pq is unipotent for an arbitrary unipotent fibration p and any
product fibration q: E X Fg — E.

Indeed, in this case we have an isomorphism of 71 B-modules
Hy(Fpq) = Hy(Fp) ® Hi(Fy)
where the action of 7; B on the right-hand side is given by ¢(x ® y) =ax ® y.

Step 2 The fibration pg is unipotent for an arbitrary unipotent fibration p: £ — B
and any fibration ¢: D — E with fiber F, such that Hy(Fy) = 0.

This holds since the map (¢|F,,)«: Hx(Fpq) — Hx«(Fp) is in this case an isomorphism
of 1 B—modules.

Step3 Fori =0,1,2, let p;: E; — B be a fibration with a path connected base
space B and fiber F; of a finite homotopy type. Assume that we have maps of fibrations

E, <L Ey—5 E,
where i is a cofibration over B. Let p: Ey Ug, E> — B be the pushout map. If three
of the fibrations pg, p1, p2, p are unipotent then so is the fourth.

This follows from the Mayer—Vietoris sequence for the homology of the fibers and the
fact that unipotent 7r; B—modules form a Serre category.

Step 4 As an application of Step 3 we obtain that if p and ¢ are unipotent fibrations
and Xgq: X gD — E is a fiberwise suspension of ¢ then pgq is a unipotent fibration
if and only if p3X gq is unipotent.

Step 5 Assume now that p and ¢ are arbitrary unipotent fibrations. Applying
Lemma 8.1 to ¢ we obtain a sequence of fibrations:

Do D, Dy
N

We will show that pg; is a unipotent fibration for all 7. In the case of i = k this is
a consequence of Step 2. Arguing inductively, assume that pg;y; is unipotent for

E
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some i . Since pg;4i is the pushout in the diagram of fibrations over B
Ex D"l « ExS§" — D;

and the fibrations E x D" ! — B and E x §" — B are unipotent by Step 1, we
obtain using Step 3 that pg; is also a unipotent fibration. As a consequence we get
that pqo is unipotent. Since ¢¢ is an iterated fiberwise suspension of ¢ by Step 4 we
obtain that pg is unipotent as well. O

9 Composition of secondary transfers

In this section we prove Theorem 1.3 as well as its analog for the homotopy secondary
transfer:

9.1 Theorem If p: E — B and q: D — E are unipotent fibrations then

Wh2((pg)") = Wh(g") o Wh2(p").

Our strategy will be as follows. First, in Lemmas 9.2 and 9.3 we show that Theorem 9.1
holds in two special cases, and then we will use an argument of Igusa to show that
its general statement follows from these special cases. Finally, we will show that
essentially the same reasoning can be used to obtain a proof of Theorem 1.3.

9.2 Lemma Let p: E — B and q: D — E be unipotent fibrations with fibers I},
and Fy respectively. If Hy(Fy) = 0 then

Wh2((pg)') = Wh(¢") o Wh2(p").

Proof Let F,, denote the fiber of pg. Recall (Definition 5.3) the map Whg ((p)H
is defined by the diagram

A(B) A((pq)) A(D)

K — K
@ — 7 K@

h
)‘B

which commutes up to the homotopy qu- One the other hand, the composition
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Wh}lQ (q!)Wh}lQ (p') is induced by the diagram:

A(p’) A(E) Ag’)

AL hxg

K K
x(Fp) @ X(Fg) @

The left square in this diagram commutes up to the homotopy nf,, and the right

A(B)

A(D)

A

K(Q)

square commutes up to the homotopy ng. It follows that the outer square, defining
the map Wh}lQ (q!)Wh}lQ (p'), commutes up to the homotopy obtained by concatenating

ng o (A(p') xidy) with x(Fy)n,.

By Section A.2 in order to obtain a homotopy between the maps Wh}l(;D (q!)Wh}lQ (p)
and Wh;lQ ((pq)") it is enough to construct the following data:

(1) ahomotopy Hy(p.q): A(B)x I — A(D) between A((pq)') and A(¢")A(p");
(2) ahomotopy Hg: K(Q)xI — K(Q) between the maps x(Fpq) and x(Fy) x(Fp);

(3) ahomotopy of homotopies that fills the following diagram:

Mo AgH AP RUR M A((pg)")
Mo (A(p') x idy)
©-D X(F)le A(ph) n,
xX(Fnl
X(F) x(Fp)\g K(Fpg)\l

Hyg (M x idp)
Each vertex of this diagram represents a map A(B) — K(Q) and edges represent
homotopies of such maps.

(1) Construction of H4(p.q) The map A((pq)): A(B) — A(D) comes from the
functor R(B) — R'(D) that assigns to a retractive space X the space (pg)*X,
while the composition 4(g')A(p') comes from the functor that sends X to ¢*p*X .
The canonical isomorphisms

(P9)*X = q*p*X

define a natural transformation of functors, and so they induce a homotopy between
A((pg)") and A(¢")A(p"). This is the homotopy H(p,q).
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(2) Construction of Hgx  Recall that the maps x(F)p), x(Fy) and x(Fpq) are
induced by functors C4™(Q) — Ch™(Q) that tensor a chain complex C by, respectively,
Hy(Fp), Hi(Fy) and Hy(Fpq). As a consequence the map x(Fy,)x(Fp) is induced
by the functor that tensors C € Ch'(Q) by the chain complex H,(Fp) ® He(Fy).
Since ﬁ*(Fq) = (0 we have an isomorphism

Hy(Fpq) U705 1, (F,) =5 Ho(Fy) ® Hy(F,).
This induces a natural isomorphism of functors
—® Hi(Fpq) = — @ (Hu(Fp) ® Hy(Fy)
which, in turn, defines the homotopy Hy .

(3) Construction of the homotopy of homotopies In order to show that the diagram
(9-1) can be filled by a homotopy of homotopies we will first replace it by the underlying
diagram of functors:

12

C«(q*p*X,D) Ci((pg)* X, D)
Baq

Co(p*X.E)QR H(Fy)

~

) Bra

Cu(p*X.E)Q Hy(Fy) C.(p*X,E) @

B,®id ® By

oo

~ q

additivity ® additivity

Cu(X, B)® Hy(Fp)® Hy(Fy) ——— Ci(X,B)® Hy(Fp) “d®a. Ce(X,B)Q Hy(Fpq)
= *

Each vertex of this diagram represents a functor R(B) — Ch'(Q). The edges
represent natural weak equivalences, with the exception of the lowest vertical edges
where the passage between functors is obtained using additivity. The outer edges of
this diagram correspond to the homotopies in the diagram (9-1). Since ﬁ*(Fq) =0
the twisted tensor product of the fibration ¢* p* X — p* X is just the untwisted tensor
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product Cyx(p* X, E) ® Hy«(Fy). In effect the homotopy ng o (A(p') xidy) in (9-1) is
induced simply by the quasi-isomorphisms

Ce(q*p* X, D) L% CL(p* X, E) ® Hu(Fy) => Cu(p* X, E) ® Hu(Fy)
without using additivity.

In order to show that the diagram (9-1) can be filled by a homotopy of homotopies it
is enough to show that each of the subdiagrams in the above diagram of functors can
be filled by a homotopy of homotopies. In the case of the subdiagrams © through @
such homotopies of homotopies exist since subdiagrams @ and ® commute strictly
and subdiagrams @ and @ commute up to natural chain homotopies. Homotopy
commutativity of the subdiagram @ follows from [5, (7.4)]. The subdiagram @ is
homotopy commutative since it is obtained by applying Proposition 4.10 to the map of
fibrations:

D 1 E
N
B

Finally, the subdiagram ® can be filled by a homotopy of homotopies since the maps

Ca(X. BY®(pg) 5 He(Fpg) > Cu(X, BY® py Hu(Fp) Z>Cie(X, B)® py Hi(Fp) ® Ha(Fy)

preserve the homological filtrations and induce isomorphisms on the filtration quotients.
O

9.3 Lemma Let p: E — B be a unipotent fibration and let g: E x S — E be the
product fibration with fiber S°. Then

Wh2((pg)") =~ Wh (') o Wh (p).

Proof The basic outline of our argument is the same as in the proof of Lemma 9.2. The
same construction as there gives a homotopy H4(p,¢) between the maps A((pq)')
and A(p')A(q"). Next, we need a homotopy Hg between the maps X(Fp x S°)
and x(S®)x(Fp). The first map comes from the functor C + C ® Hy(F, x S°)
while the second map is induced by the functor C > C ® Hy(Fp) ® Hx(S°). The
isomorphism H(F)) ® Hx (S =~ H, (Fpx S°) induces a natural isomorphism of the
above functors, which in turn defines the homotopy Hy .

As the result of these constructions we obtain a diagram of homotopies (9-1) (with
F,=S % and F, g = Fp xS 0). The remaining step is to show that this diagram can be
filled by a homotopy of homotopies. Existence of such a homotopy of homotopies can
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be verified in a straightforward manner using the fact that for X € R™(B) we have a
commutative diagram:

Ce(q*p*X,E xS?

C(p*X. E)® Hu(S°)
Brq By ®id
CLX. B) ®(pqyx H(E x §°) —== (C(X. B) ®py Ha(Fp)) ® Hu(S%) D

9.4 Igusa’s argument In [11], Igusa used Lemma 8.1 to show that two higher
torsion invariants of unipotent bundles coincide. We will adapt this argument to prove
Theorems 1.3 and 9.1. The main idea of Igusa’s proof is to define a “difference torsion”,
which is a new invariant that measures the difference between the given two invariants of
bundles, and then to show that this difference torsion vanishes for all unipotent bundles.
The essential properties of Igusa’s difference torsion are encapsulated in Definition 9.5.
Proposition 9.6 spells out the conditions that guarantee its vanishing.

9.5 Definition Let B be a space of the homotopy type of a finite CW-complex,
and let A be an abelian group. An additive homotopy B-invariant of unipotent
fibrations with values in A is an assignment & that associates to each unipotent
fibration p: E — B an element ®(p) € A and that satisfies the following conditions:

Additivity Given maps of fibrations over B

J
E, Eo E,

S

where p; is a unipotent fibration for i =0, 1,2 and j is a cofibration, we have

D(p1 Upy p2) = ®(p1) + D(p2) — P(po).

Homotopy invariance If unipotent fibrations p;: E; — B (i =1, 2) are fiberwise
homotopy equivalent then ®(p;) = P(p»).

Do

P1
B

9.6 Proposition Let ® be an additive homotopy B—invariant with values in A.
Assume that

e ®(p) = 0 for the product fibration p: B x S° — B;
e ®(p) =0 ifthe map p: E — B is a rational homotopy equivalence.

Then ®(p) = 0 for all unipotent fibrations p: E — B.
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Proof First notice that ®(p) =0 if p: B x F — B is a product fibration where F is
either a disc or a sphere. Indeed, in the first case p is a rational homotopy equivalence.
If F is a sphere we can argue inductively starting with F = S° and using additivity.

Next, let p: E — B be an arbitrary unipotent fibration. Applying Lemma 8.1 to p we
obtain a sequence of fibrations:

Eo E, Ej

9-2) \
Po

Since py is a rational homotopy equivalence we have ®(py) = 0. Next, since p; is
obtained as a pushout of p;_; and product fibrations with disc and sphere fibers we
can use additivity of ® to get that ®(p;) = ®(p;—1). This gives

Dk

0=®(pr) = P(pr—1) =--- = P(po).

Finally, since py is an n—fold fiberwise suspension of p we can use additivity of ®
again to get

@(p) = (=1)"®(po) = 0. |

9.7 Note Igusa uses a variant of Proposition 9.6 that will be also useful to us later on.
Namely, for a smooth compact manifold B consider an assignment & that satisfies
additivity and homotopy invariance properties as in Definition 9.5, but is defined only
for unipotent bundles over B. Then the statement of Proposition 9.6 still holds: if ®
vanishes on the product bundle B x S® — B and on bundles that are given by a rational
homotopy equivalence then it vanishes on all unipotent bundles. The proof of this fact
is essentially the same as the proof of Proposition 9.6 with two additional observations:

e The homotopy invariance of @ lets us define this invariant on all smoothable
unipotent fibrations over B, ie all fibrations that are fiberwise homotopy equivalent to
a unipotent bundle.

e If p: E — B is aunipotent bundle then all fibrations appearing in the diagram (9-2)
are smoothable [11, Lemma 8.6].

We are now ready to give:
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Proof of Theorem 9.1 Let p: E — B and ¢q: D — E be unipotent fibrations. We
have commutative diagrams:

Wh2((pq)") Wh (¢ YWh2 (p")

Wh2(B) Whi2(D) Wh2(B) Wh2(D)
iB h ip iB ‘ ip
A(B) A(D) A(B) A(D)

A((pg)) A(gHA(pY)

In the same way as in the proof of Lemma 9.2 we construct a homotopy H4(p, q)
between the maps A((pq)') and A(g')A(p'). By Section A.3 this data defines a
map ¢(p,q): Wh}lQ (B) — QK(Q) such that [¢(p, g)] = 0 if and only if H4 admits a
lift to a homotopy between the maps Wh? ((pg)") and Wh}? (q!)Wh}? (p).

Fix a fibration p: E — B. Let ®, be the assignment that associates to a unipotent
fibration ¢: D — E the homotopy class [¢(p, g)]. We claim that &, is an additive
homotopy FE —invariant with values in the group [Wh}lQ (B), 2K(Q)]; see Definition 9.5.
In order to verify homotopy invariance of ®, assume that we have a fiberwise homotopy
equivalence:

s

NP

We need to check that ¢(p, ¢1) and ¢(p, g») are homotopic. By Proposition 6.1 we
can construct a homotopy

D, D

H)" ) Wh (E) x I — Wh2 (D)
between the maps f*Wh}? (q!l) and Wh}lQ (q!z). As a consequence the map

ﬁ}Vh(E) = H}Vh(E) o (Wh?(p!) xidy)

is a homotopy between f,.<Wh}1Q (q!l)Wh}lQ (p') and Wh}? (q!z)Wh? (p'). On the other
hand f is also a fiberwise homotopy equivalence of the fibrations pg; and pg,, so
we have a homotopy

Wh(B
HY™®: Wh(B) x I - Wh(Dy)

between the maps ]’Q,;Wh? ((pq1)") and Wh}? ((pq2)"). By the proof of Proposition 6.1
we also have a homotopy

H®: 4(B)x 1 — A(Dy)
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between the maps fx A((pg1)") and A((pg2)') as well as a homotopy

H7® = H!P o (4(p") xidy)

between fi A (q!1 YA(p') and A(q!Z)A (p'). All these homotopies fit into commutative
diagrams:

HWh(B) ﬁWh(E)
Wh2(B) x I Wh2(D,) Wh2(B) x I Wh2(D)
ip xidy hl’Dz iBXid]h hiDz

Consider the diagram:

«Ha(p, ! !
Fed((pan)y ZHAPI) ity
9-3) H;I(B) H;(E)
A((pg2)) ————— A(g) AP

Hy(p.q2)

Each vertex of the above diagram represents a map A(B) — A(D;), and its edges
represent homotopies of such maps. The diagram is induced by a diagram of functors
RY(B) — R (D,) and natural equivalences of such functors. It is straightforward
to check that this underlying diagram of functors commutes. This implies that the
diagram (9-3) can be filled by a homotopy of homotopies. This homotopy of homotopies
can be interpreted as a homotopy between H ;1(3) and H f(E). By Section A.3 this
homotopy defines a map Wh}lQ (B) x I — QK(Q). One can check that this map
determines a homotopy between ¢(p,q1) and ¢(p,q>). Additivity of ®, can be
verified in a similar way, using additivity of secondary transfers.

By Lemma 9.2 and Lemma 9.3 we have ®,(q) = 0 if ¢ is a product fibration or a
rational homotopy equivalence. Proposition 9.6 implies then that [¢(p, q)] = ®,(q) =0
for any unipotent fibration g: D — E. |

Proof of Theorem 1.3 Let p: E — B and q: D — E be unipotent bundles. Recall
(Section 3.2) that the map Q( p') is induced by functors between categories of partitions
that assign to a partition P € B x I the partition (p x id)~!(P) € E x I. Since
(pg xid)~1(P) = (g xid)~(p xid) ™! (P) we obtain a homotopy Hg(p, q) between
the maps Q((pq)") and Q(¢')Q(p"). By Section A.3 the maps Wh;Q(q!)Wh;Q(p!),
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Wh(s@((pq)!) and the homotopy Hg(p, ¢) define amap ¥ (p, q): Wh(sQ (B)— QK(Q)
such that Wh (¢"YWh (p') = Whi2 (pg)") if [y (p. )] = 0.

It remains to show that [{(p,¢)] = 0 for all unipotent bundles p and ¢. Recall
(Section 3.3) that by 11, we denoted the homotopy between A(p')ap and ag Q(p').
Consider the diagram:

ap0((pg)) — 22D 0ho)
g 0 (Q(pY xid)
(9-4) I A(gHag0(ph
H4(p,q) o (ap xidy)
A((pq))asp A(gHA(pHap

Hy(p,q)o(apxidy)

Vertices of this diagram corresponds to a map Q(B4+) — A(D) and edges correspond to
homotopies of such maps. Each of these homotopies is induced by natural isomorphisms
between retractive spaces over D obtained from partitions P € B x [ :

(pg xid)~'(P) —— (¢ xid)~'(p xid)~1(P)

g*(pxid)~'(P)

|

(pg)* P q*p* P

Since this diagram commutes we obtain a homotopy of homotopies filling diagram (9-4).
Let bp: Wh;Q (B) —> Wh}lQ (B) be the map induced by the map of fibrations:

b
Wh@(B) ——2—— Wh(B)

| |

O(B+) A(B)

K(@Q)
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The construction of the map v (p, ¢) described in Section A.3 combined with existence
of a homotopy of homotopies in the diagram (9-4) gives

v(p.q) ~o(p.q)bp

where ¢(p, q) is the map defined in the proof of Theorem 9.1. In that proof we showed
that [p(p,q)] =0, so also [ (p,¢q)] =0. |

10 Secondary transfer and smooth torsion

In [2] and [1] (joint with Williams and Klein) we described a homotopy theoretical
construction of the smooth torsion of unipotent bundles and showed that it defines
characteristic classes which coincide with the higher torsion invariants of Igusa and
Klein. The construction of the smooth torsion of a bundle p: B — E proceeds as
follows. Let ng: B — Q(B4+) denote the coaugmentation map. By [2, Theorem 6.7]
the map

AEQ(P)np: B — K(Q)

is homotopic via a preferred homotopy w, to a constant map. This defines a map
%(p): B —> Wh?(E) which is a lift of Q(p")ng. The map °(p) is the smooth
torsion of the bundle p.

The secondary transfer of unipotent bundles described in this paper can be used
to construct another map 75(p): B — Wh;Q (E). Namely, since the identity map
idg: B — B can be considered as a unipotent bundle, it defines the smooth torsion
5(idg): B — WhQ(B). We set

#*(p) := WhQ(p")*(idp).

Our final goal in this paper is to prove Theorem 1.4, which says that for any unipotent
bundle p the maps t°(p) and 7°(p) are homotopic. We will also show that as a
consequence the statement of Theorem 1.1 holds: for any pair of composable unipotent
bundles p and ¢ the higher torsion cohomology classes of p, ¢ and pgq are related by
the formula (1-1).

The proof of Theorem 1.4 will use the same scheme as the proof of the composition
formula of unipotent fibrations (Theorem 9.1). We will first show that this theorem
holds when p is either a product bundle or it is a rational homotopy equivalence, and
then we will use Igusa’s argument (Section 9.4) to extend this result to all unipotent
bundles.

10.1 Lemma Let p: E — B be a unipotent bundle. If p is either the product bundle
with fiber S° or a rational homotopy equivalence then t°(p) =~ 7°(p).
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Proof This follows essentially from [1, Section 6]. We proved there that if p: £ — B
is a unipotent bundle that satisfies the assumptions of the Leray—Hirsch theorem then
the quasi-isomorphisms

C«(p*X) =S C(X)® Hy(Fp)
given for X € R™(B) by that theorem define a map
Wh,, (p): WhQ(B) — WhR(E)

and that 75(p) ~ Wh‘% u( pH)7*(idp). Itis straightforward to check that if p is a product
bundle B x S® — B or a rational homotopy equivalence then Wh% gl P~ Wh;Q2 (p).
O

Proof of Theorem 1.4 Both 7°(p) and 7°(p) are defined as lifts of the map Q(p')np.
As a consequence they define a map o(p): B — QK (Q) such that the homotopy class
of the composition

B 22, QK (Q) — WhQ(E)

coincides with the element [t*(p)]—[T*(p)] € B, Wh;Q (E)]. It suffices to show that
[o(p)] =0 in [B, QK(Q)].

We claim that the assignment p — [g(p)] is an additive homotopy B-—invariant of
unipotent bundles with values in [ B, Q2 K(Q)]; see Note 9.7. Indeed, additivity of this as-
signment follows essentially from the additivity of the secondary transfer (Theorem 7.3)
and the additivity of the smooth torsion [1, Theorem 5.1]. Homotopy invariance can
be verified using the fact that the construction of ¢(p) involves only chain complexes
associated to p. Using Lemma 10.1 we obtain that [o(p)] = 0 if p is either a product
bundle or a rational homotopy equivalence. By Proposition 9.6 and Note 9.7 we get
then that [o(p)] = 0 for all unipotent bundles p. |

Proof of Theorem 1.1 Combining Theorems 1.4 and 1.3 we obtain the statement
of Corollary 1.5: for any unipotent bundles p: £ — B and q: D — E there is a
homotopy

*(pq) ~ Wh2(¢")7* (p).

In [1, Theorem 7.1] an analogous decomposition of the smooth torsion of pg (in the
case where ¢ is a Leray—Hirsch bundle) was the main ingredient in the proof of the
fact that the cohomological torsion of p and ¢ satisfies the formula (1-1). The same
argument can be now used to obtain the formula (1-1) for arbitrary unipotent bundles
p and q. |
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Appendix: Maps of homotopy fibers

Multiple arguments in this paper involve constructions of maps between homotopy
fibers as well as constructions of homotopies between such maps. We summarize here
the basic scheme of such constructions.

A.1 Maps of homotopy fibers For a space X with a basepoint xq let B, X denote
the space of paths in X that start at xo. By the homotopy fiber of amap p: ¥ — X
over xo we understand the standard construction

hofib(p)x, 1= {(@. y) € By X XY [w(1) = p();}.
We will denote by iy: hofib(p)x, — Y the map given by iy (@, y) = y.

Assume that we have a diagram

such that f(xo) = x;. Given a homotopy / from fp to p’ / we obtain a map
£ hofib(p)x, — hoﬁb(p/)x(/) given by

F(@.9):=(foxhy, [().

Here /1, denotes the path in X" defined by /() = h(y.t), and * indicates concate-
nation of paths. We have

iy J = fiy.

A.2 Homotopies of maps of homotopy fibers Assume that we have two diagrams

YLY’ YLY’
(A-1) pJ J”/ pj JP'
XLX/ XLX/

that commute up to homotopies /1o and /1, respectively, with fo(xo) = f1(x0) = X;.
This gives two maps of the homotopy fibers:

Jo- Ji hofib(p).c, — hofib(p’) /.
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In order to obtain a homotopy between these maps it suffices to construct the following
data:

(1) ahomotopy H: Y x I — Y’ between ﬁ) and fi;
(2) a basepoint preserving homotopy H: X x I — X’ between fy and f;

(3) a homotopy of homotopies between the two homotopies p’ ﬁ) ~ f1p: the one
given as a concatenation of p’ H with /11, and the one obtained by concatenating /¢
with H(p xidy):

H(pxidr)

Jop 1P
h() ] hl
»'fo —— p'fi
P'H

Giving such a homotopy of homotopies is equivalent to giving a map
O: Y xIxI—X

such that ®|Y><{ii><1 =h; for£=0, 1,~®yX1X{0} =p’f-i and Oy rx¢1y = H(pxidy).
The homotopy H between f; and f, is defined by

H((@,y),1):= (Hio* Oy, H(y,1)

where H;: X — X' is given by H;(x) = H(t,x) and ©, ; is the path in X’ given
by Oy/(s) = O(y,1,5).

A.3 An obstruction to lifting a homotopy Assume again that we have two homotopy
commutative squares (A-1) with f, and f; the maps of homotopy fibers defined
by these squares. Assume also that we have a homotopy H between ]70 and fl , and
that we want to determine whether there exists a homotopy H between f; and f;
that fits into a commutative diagram:

hofib(p)xy X I -------- > hofib(p’) v
(A-2) iy xidy J ips
Y xI _ Y’
H

In Section A.2 we described data that suffice to construct such H , but here we are
interested in a condition that is equivalent to the existence of this homotopy. We can
describe such a condition as follows.>

3 See also [18, Lemma 4.1].
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Let Cp: hofib(p)x, x I — X be the map given by Cp((w, y),t) = w(t). Thisis a
homotopy between the constant map into x¢ and the map piy . Consider the following
diagram:

~ . P H(iyxigp) -
P/folY — p,fllY
ho(iy xidy) hi(iys xidy)
Jopiy Sipiy

PN
Xg

Each vertex of this diagram represent a map hofib(p)x, — X’ and edges represent
homotopies of such maps. Concatenating all homotopies appearing here we obtain a
homotopy from the constant map into x6 to itself, or equivalently a map

@: hofib(p)x, — QX'

It is straightforward to verify that the map ¢ is contractible if and only if there exists a
homotopy H such that the diagram (A-2) commutes. In other words the homotopy
class of ¢ is an obstruction to lifting the homotopy Htoa homotopy defined on the
level of the homotopy fibers.

Note Let p: (Y’, yy) — (X', x;) be a map of infinite loop spaces where x;, and y;
are the trivial elements in X" and Y. In this case the map ¢ has a simpler interpretation.
Namely, let jy: QX' — hoﬁb(p’)x(/) be the map given by jy/(w) = (w, yo). The set
of homotopy classes [hofib(p)x, . hofib(p’) x6] has a structure of an abelian group and
we have

Jrlel = A= 112
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