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The nonuniqueness of the tangent cones at infinity
of Ricci-flat manifolds

KOTA HATTORI

Colding and Minicozzi established the uniqueness of the tangent cones at infinity of
Ricci-flat manifolds with Euclidean volume growth where at least one tangent cone at
infinity has a smooth cross section. In this paper, we raise an example of a Ricci-flat
manifold implying that the assumption for the volume growth in the above result is
essential. More precisely, we construct a complete Ricci-flat manifold of dimension 4

with non-Euclidean volume growth that has infinitely many tangent cones at infinity
where one of them has a smooth cross section.

53C23

1 Introduction

For a complete Riemannian manifold .X;g/ with nonnegative Ricci curvature, it is
shown by Gromov’s compactness theorem that if one takes a sequence

a1 > a2 > � � �> ai > � � �> 0

such that limi!1 ai D 0, then there is a subsequence fai.j/gj such that .X; ai.j/g;p/

converges to a pointed metric space .Y; d; q/ as j !1 in the sense of the pointed
Gromov–Hausdorff topology; see Gromov [9; 10]. The limit .Y; d; q/ is called the
tangent cone at infinity of .X;g/. In general, the pointed Gromov–Hausdorff limit
might depend on the choice of faigi or its subsequences.

The tangent cone at infinity is said to be unique if the isometry classes of the limits are
independent of the choice of faig and its subsequences, and Colding and Minicozzi
showed the next uniqueness theorem under the given assumptions.

Theorem 1.1 [6] Let .X;g/ be a Ricci-flat manifold with Euclidean volume growth,
and suppose that one of the tangent cones at infinity has a smooth cross section. Then
the tangent cone at infinity of .X;g/ is unique.

Among the assumptions in Theorem 1.1, the Ricci-flat condition is essential since
there are several examples of complete Riemannian manifolds with nonnegative Ricci
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curvature and Euclidean volume growth where one of the tangent cones at infinity has
smooth cross section, but the tangent cone at infinity is not unique; see Perelman [12]
and Colding and Naber [7].

Here, let T .X;g/ be the set of all of the isometry classes of the tangent cones at infinity
of .X;g/. In this paper, an isometry between pointed metric spaces means a bijective
map preserving the metrics and the base points. It is known that T .X;g/ is closed
with respect to the pointed Gromov–Hausdorff topology, and has the natural continuous
RC–action defined by the rescaling of metrics. The uniqueness of the tangent cone at
infinity means that T .X;g/ consists of only one point.

In this paper, we show that the assumption for the volume growth in Theorem 1.1 is
essential. More precisely, we obtain the next main result.

Theorem 1.2 There is a complete Ricci-flat manifold .X;g/ of dimension 4 such
that T .X;g/ is homeomorphic to S1 . Moreover, the RC–action on T .X;g/ fixes
.R3; d1

0
; 0/, .R3; h0; 0/ and .R3; h1; 0/, where h0 D

P3
iD1.d�i/

2 is the Euclidean
metric, d1

0
is the completion of the Riemannian metricZ 1

0

dx

j� � .x˛; 0; 0/j
� h0;

h1 D .1=j�j/h0 , and RC acts freely on

T .X;g/nf.R3; d10 ; 0/; .R
3; h0; 0/; .R

3; h1; 0/g:

Here, � D .�1; �2; �3/ is the Cartesian coordinate on R3 .

Here, we mention more about the metric spaces appearing in Theorem 1.2. For
0� S < T �1, denote by dT

S
the metric on R3 induced by the Riemannian metricZ T

S

dx

j� � .x˛; 0; 0/j
� h0:

For .X;g/ in Theorem 1.2, we show that T .X;g/ contains f.R3; dT
0
; 0/ W T 2RCg,

f.R3; d1
S
; 0/ W S 2RCg and f.R3; h0C �h1; 0/ W � 2RCg. Here, we can check easily

that dT
0

and d1
S

are homothetic to d1
0

and d1
1

, respectively. We can show that

.R3; dT
0 ; 0/

GH
����!
T!1

.R3; d10 ; 0/; .R3; dT
0 ; 0/

GH
���!
T!0

.R3; h1; 0/;

.R3; d1S ; 0/
GH
����!
S!1

.R3; h0; 0/; .R3; d1S ; 0/
GH
���!
S!0

.R3; d10 ; 0/;

.R3; h0C �h1; 0/
GH
����!
�!1

.R3; h1; 0/; .R3; h0C �h1; 0/
GH
���!
�!0

.R3; h0; 0/:
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Both .R3; h0/ and .R3; h1/ can be regarded as the Riemannian cones with respect to the
dilation � 7! �� on R3 . Although the dilation also pulls back d1

0
to �.˛C1/=.2˛/d1

0
,

.R3; d1
0
/ does not become the metric cone with respect to this dilation since l D

f.t; 0; 0/ 2 R3 W t � 0g is not a ray. In fact, any open intervals contained in l have
infinite length with respect to d1

0
.

In general, tangent cones at infinity of complete Riemannian manifolds with nonnegative
Ricci curvature and Euclidean volume growth are metric cones; see Cheeger and
Colding [4]. In our case, it is shown in Section 9 that .R3; d1

0
; 0/ never becomes the

metric cone of any metric space.

The Ricci-flat manifold .X;g/ appearing in Theorem 1.2 is one of the hyper-Kähler
manifolds of type A1 , constructed by Anderson, Kronheimer and LeBrun in [1]
applying Gibbons–Hawking ansatz, and by Goto in [8] as hyper-Kähler quotients.
Combining Theorems 1.1 and 1.2, we can see that the volume growth of .X;g/ should
not be Euclidean. In fact, the author [11] has computed the volume growth of the
hyper-Kähler manifolds of type A1 and showed that they are always greater than
cubic growth and less than Euclidean growth. To construct .X;g/, we “mix” the
hyper-Kähler manifold of type A1 whose volume growth is ra for some 3< a< 4,
and R4 equipped with the standard hyper-Kähler structure. Unfortunately, the author
could not compute the volume growth of .X;g/ in Theorem 1.2 explicitly.

In this paper, we can show that many metric spaces may arise as the Gromov–Hausdorff
limit of hyper-Kähler manifolds of type A1 . Let

I 2 BC.RC/ WD fJ �RC W J is a Borel set of nonzero Lebesgue measureg;

and denote by dI the metric on R3 induced by the Riemannian metricZ
I

dx

j� � .x˛; 0; 0/j
� h0:

Then we have the following result.

Theorem 1.3 There is a complete Ricci-flat manifold .X;g/ of dimension 4 such that
T .X;g/ contains

f.R3; dI ; 0/ W I 2 BC.RC/g=isometry:

Since d1
S

and dT
0

are contained in T .X;g/ in the above theorem, their limits h0 and
.1=j�j/h0 are also contained in T .X;g/. The author does not know whether any other
metric spaces are contained in T .X;g/.

Theorems 1.2 and 1.3 are shown along the following process. The aforementioned
hyper-Kähler manifolds are constructed from infinitely countable subsets ƒ in R3
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such that
P
�2ƒ 1=.1C j�j/ <1. We denote such a manifold by .X;gƒ/ and fix

the base point p 2 X . From the construction, .X;gƒ/ has a natural S1 –action
preserving gƒ and the hyper-Kähler structure; then we obtain a hyper-Kähler moment
map �ƒW X ! R3 such that �ƒ.p/ D 0, which is a surjective map whose generic
fibers are S1 . There is a unique distance function dƒ on R3 such that �ƒ is a
submetry. Here, submetries are the generalizations of Riemannian submersions to the
category of metric spaces. For a> 0, we can see agƒ D gaƒ ; hence by taking ai > 0

such that limi!1 ai D 0, we obtain a sequence of submetries �aiƒW X !R3 . Now,
assume that f.R3; daiƒ; 0/gi converges to a metric space .R3; d1; 0/ for some d1 in
the pointed Gromov–Hausdorff topology, and the diameters of fibers of �aiƒ converge
to 0 in some sense. Then we can show that .R3; d1; 0/ is the Gromov–Hausdorff
limit of f.X;gaiƒ;p/gi . We raise a concrete example of ƒ and sequences faigi , then
obtain several limit spaces. Among them, it is shown in Section 9 that .R3; d1

0
/ is

not a polar space in the sense of Cheeger and Colding [5].

This paper is organized as follows. We review the construction of hyper-Kähler mani-
folds of type A1 and the hyper-Kähler moment map �ƒ in Section 2. Then we review
the notion of submetry in Section 3, and the notion of Gromov–Hausdorff topology
in Section 4. In Section 5, we construct a submetry �a from .X;gaƒ/ to .R3; da/

by using �ƒ and dilation, where da is the metric induced by the Riemannian metric
ˆa.�/h0 . Here, ˆa is a positive valued harmonic function determined by ƒ and
some constants. Then we see that the convergence of f.X;gaiƒ/gi can be reduced
to the convergence of f.R3; dai

/gi . In Sections 6 and 7, we raise concrete examples
of ƒ and fix a > 0, and then we estimate the difference of ˆa and another positive
valued harmonic function ˆ1 , which induces the metric d1 on R3 . In Section 8, we
observe some examples by applying the results in Sections 6 and 7, and then we show
Theorems 1.2 and 1.3. In Section 9, we prove that .R3; d1

0
/ is not a polar space.

Acknowledgments The author would like to thank Professor Shouhei Honda who in-
vited the author to this attractive topic, and also for advice on this paper. The author also
would like to thank the referee for careful reading and several useful comments. Thanks
to these, the author could make the main results much stronger. The author was sup-
ported by Grant-in-Aid for Young Scientists (B) Grant Number 16K17598. The author
was partially supported by JSPS Core-to-Core Program, “Foundation of a Global Re-
search Cooperative Center in Mathematics focused on Number Theory and Geometry”.

2 Hyper-Kähler manifolds of type A1

Here we review briefly the construction of hyper-Kähler manifolds of type A1 ,
along [1].
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Let ƒ�R3 be a countably infinite subset satisfying the convergence conditionX
�2ƒ

1

1Cj�j
<1;

and take a positive valued harmonic function ˆƒ over R3nƒ defined by

ˆƒ.�/ WD
X
�2ƒ

1

j� ��j
:

Then �dˆƒ 2 �2.R3nƒ/ is a closed 2–form, where � is the Hodge star operator
of the Euclidean metric. We have an integrable cohomology class Œ1=.4�/� dˆƒ� 2

H 2.R3nƒ;Z/, which is equal to the 1st Chern class of a principal S1 –bundle �D
�ƒW X

�!R3nƒ. For every �2ƒ, we can take a sufficiently small open ball B�R3

centered at � which does not contain any other elements in ƒ. Then �W ��1.Bnf�g/!

Bnf�g is isomorphic to the Hopf fibration �0W R
4nf0g ! R3nf0g as principal S1 –

bundles; hence there exists a C1 4–manifold X and an open embedding X � �X ,
and � can be extended to an S1 –fibration

�D .�1; �2; �3/W X !R3:

Moreover, we may write XnX � D fp� W � 2 ƒg and �.p�/ D �. Next we take an
S1 –connection � 2 �1.X �/ on X � ! R3nƒ, whose curvature form is given by
�dˆƒ . Then � is uniquely determined up to an exact 1–form on R3nƒ. Now, we
obtain a Riemannian metric

gƒ WD .�
�ˆƒ/

�1�2
C��ˆƒ

3X
iD1

.d�i/
2

on X � , which can be extended to a smooth Riemannian metric gƒ over X by taking �
appropriately.

Theorem 2.1 [1] Let .X;gƒ/ be as above. Then it is a complete hyper-Kähler
(hence Ricci-flat) metric of dimension 4.

Since S1 acts on .X;gƒ/ isometrically, it is easy to check that

�W .X �;gƒ/! .R3
nƒ;ˆƒ � h0/

is a Riemannian submersion, where h0 is the Euclidean metric on R3 .
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Next we consider the rescaling of .X;gƒ/. For a> 0, put aƒ WD fa� 2R3 W � 2ƒg.
Then it is easy to see

ˆaƒ.�/D
X
�2ƒ

1

j� � a�j
D a�1

X
�2ƒ

1

ja�1� ��j
D a�1ˆƒ.a

�1�/;

and �aƒ D a�ƒ ; hence ��
aƒ
ˆaƒ D a�1��

ƒ
ˆƒ holds. Thus we have

gaƒ D .�
�
aƒˆaƒ/

�1�2
C��aƒˆaƒ

3X
iD1

.d�aƒ;i/
2

D a.��ƒˆƒ/
�1�2

C a��ƒˆƒ

3X
iD1

.d�ƒ;i/
2
D agƒ:

3 Submetry

Throughout this paper, the distance between x and y in a metric space .X; d/ is
denoted by d.x;y/. If it is clear which metric is used, we often write jxyj D d.x;y/

The map �W X!R3 appearing in the previous section is not a Riemannian submersion
since d� degenerates on XnX � and ˆƒ � h0 is not defined on the whole of R3 .
However, we can regard � as a submetry, which is a notion introduced in [3].

Definition 3.1 [3] Let X;Y be metric spaces and �W X ! Y a map which is not
necessarily continuous. Then � is said to be a submetry if �.D.p; r//DD.�.p/; r/

for every p 2X and r > 0, where D.p; r/ is the closed ball of radius r centered at p .

Any proper Riemannian submersions between smooth Riemannian manifolds are known
to be submetries. Conversely, a submetry between smooth complete Riemannian
manifolds becomes a C 1;1 Riemannian submersion [2].

Now we go back to the setting in Section 2. Denote by dƒ the metric on R3 defined as
the completion of the Riemannian distance induced from ˆƒ�h0 . Since �W .X �;gƒ/!
.R3nƒ;ˆƒ � h0/ is a Riemannian submersion, we have the following proposition.

Proposition 3.2 Let .X;gƒ/ be a hyper-Kähler manifold of type A1 . The map
�W .X; dgƒ/! .R3; dƒ/ is a submetry, where dgƒ is the Riemannian distance induced
from gƒ . Moreover, for any p0 2 �

�1.q0/, we have

dƒ.q0; q1/D inf
p12��1.q1/

dgƒ.p0;p1/:
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4 The Gromov–Hausdorff convergence

In this section, we discuss the pointed Gromov–Hausdorff convergence of a sequence
of pointed metric spaces equipped with submetries. First we review the definition
of pointed Gromov–Hausdorff convergence of pointed metric spaces. Denote by
B.p; r/D BX .p; r/ the open ball of radius r centered at p in a metric space X .

Definition 4.1 Let .X;p/ and .X 0;p0/ be pointed metric spaces, and let r and " be
positive real numbers. Then f W B.p; r/! X 0 is said to be an .r; "/–isometry from
.X;p/ to .X 0;p0/ if

(1) f .p/D p0 ,

(2)
ˇ̌
jxyj � jf .x/f .y/j

ˇ̌
< " holds for any x;y 2 B.p; r/, and

(3) B.f .B.p; r//; "/ contains B.p0; r � "/.

Definition 4.2 Let f.Xi ;pi/gi be a sequence of pointed metric spaces. Then we
say f.Xi ;pi/gi converges to a metric space .X;p/ in the pointed Gromov–Hausdorff
topology, or f.Xi ;pi/gi

GH
��!.X;p/, if for any r; " > 0 there exists a positive integer

N.r;"/ such that an .r; "/–isometry from .Xi ;pi/ to .X;p/ exists for every l �N.r;"/ .

For metric spaces X , Y , a map �W X!Y and q 2Y , define ıq;�.r/2R�0[f1g by

ıq;�.r/ WD sup
y2B.q;r/

diam.��1.y//D sup
y2B.q;r/

x;x02��1.y/

jxx0j:

Proposition 4.3 Let .X;p/ and .Y; q/ be pointed metric spaces equipped with sub-
metries �W X ! Y satisfying �.p/D q , and let .Y1; q1/ be another pointed metric
space. Assume that ıq;�.r/ < 1 and we have an .r; ı/–isometry from .Y; q/ to
.Y1; q1/. Then there exists an .r; ıCıq;�/–isometry from .X;p/ to .Y1; q1/.

Proof There is an .r; ı/–isometry f from .Y; q/ to .Y1; q1/. It is easy to check that
the composition yf WD f ı� is an .r; ıCıq;�/–isometry from .X;p/ to .Y1; q1/.

5 Tangent cones at infinity

Let .X; d/ be a metric space and faigi a decreasing sequence of positive numbers
converging to 0. If .Y; q/ is the pointed Gromov–Hausdorff limit of f.X; aid;p/gi ,
then it is called an tangent cone at infinity of X . It is clear that the limit does not
depend on p 2X , but may depend on the choice of the sequence faigi .

In this paper, we are considering the tangent cones at infinity of .X; dgƒ/. In Section 2,
we have seen that

p
adgƒ D dgaƒ

for a> 0; hence �aƒW .X;
p

adgƒ/! .R3; daƒ/

Geometry & Topology, Volume 21 (2017)
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is a submetry. By taking N 2RC and the dilation IN W R
3!R3 defined by IN .�/ WD

.1=N /� , we have another submetry

�a WD I�1
N ı�aƒW .X;

p
adgƒ/! .R3; da WD IN

�daƒ/:

Here, IN
�daƒ is the completion of the Riemannian distance of

IN
�.ˆaƒ � h0/D IN

�ˆaƒ �
1

N 2
h0 DNˆNaƒ �

1

N 2
h0 D

1

N
ˆNaƒ � h0:

Thus we obtain da , which is the completion of the Riemannian metric ˆa � h0 , where

ˆa WD
1

N
ˆNaƒ:

In other words, da is given by

(1) da.x;y/D inf
2Path.x;y/

la. /;

where Path.x;y/ is the set of smooth paths in R3 joining x;y 2R3 , and

(2) la. /D

Z t1

t0

p
ˆa. .t// j

0.t/j dt:

By the definition of gƒ , one can see that the diameter of the fiber ��1
ƒ
.�/ is given by

�=
p
ˆƒ.�/. Accordingly, the diameter of ��1

a .�/ is given by �=.N
p
ˆa.�//.

For a metric d1 on R3 and constants r; ı; ı0 > 0, we introduce the next assumptions.

(A1) The identity map idR3 W .R3; da; 0/! .R3; d1; 0/ is an .r; ı/–isometry.

(A2) sup
�2Bda .0;r/

�

N
p
ˆa.�/

< ı0:

Then we obtain the next proposition by Proposition 4.3.

Proposition 5.1 Let .X;gƒ/ and �a be as above, p 2X satisfy �ƒ.p/D 0 and d1
be a metric on R3 . If (A1) and (A2) are satisfied for given constants r; ı; ı0 > 0, then
�a is an .r; ıCı0/–isometry from .X; agƒ;p/ to .R3; d1; 0/.

6 Construction

Fix ˛ > 1, and let
ƒ˛ WD f.k˛; 0; 0/ W k 2 Z�0g:

Take an increasing sequence of integers 0<K0 <K1 <K2 < � � � .
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In this paper, many constants will appear, and they may depend on ˛ or fKng. However,
we do not mind the dependence on these parameters. Put

ƒ2n WD f.k
˛; 0; 0/ 2ƒ˛ WK2n � k <K2nC1g; ƒ WD

1[
nD0

ƒ2n:

Since ƒ � ƒ˛ , we can see that
P
�2ƒ 1=.1C j�j/ <1; accordingly, we obtain a

hyper-Kähler manifold .X;gƒ/.

From now on, we fix a> 0, n2N and P > 0, then put N WD a�1=.1C˛/P1=.1C˛/ and

ˆa.�/ WD
1

N
ˆNaƒ.�/D

X
�2ƒ

1

N j��PN�˛�j
:

Let l WD f.t; 0; 0/ 2R3 W t � 0g, and put

K.R;D/ WD
n
� 2R3

W j�j �R; inf
y2l
j� �yj �D

o
:

Here, infy2l j� �yj is given by

inf
y2l
j� �yj D

(p
j�Cj2 if �R � 0;

j�j if �1 < 0

for �D .�R; �C/2R3DR˚C . For 0�S <T �1, define a positive valued function
ˆT

S;P
WR3nl !R by

ˆT
S;P .�/ WD

Z T

S

dx

j� �P .x˛; 0; 0/j
:

Throughout this section, we put

Sn WD
K2n

N
D a

1
1C˛P

�1
1C˛K2n; Tn WD

K2nC1

N
D a

1
1C˛P

�1
1C˛K2nC1:

Proposition 6.1 For any � 2K.R;D/, we haveˇ̌̌̌
ˆa.�/�

1X
nD0

ˆ
Tn

Sn;P
.�/

ˇ̌̌̌
�

2

ND
D

2

D

�
a

P

� 1
1C˛

:

Proof Since
ƒ2n D f.k

˛; 0; 0/ WK2n � k <K2nC1g;

we have X
�2ƒ2n

1

N j��PN�˛�j
D

K2nC1�1X
kDK2n

1

N j��PN�˛.k˛; 0; 0/j
:
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Then we obtain

(3)
ˇ̌̌̌ 1X
nD0

� X
�2ƒ2n

1

N j��PN�˛�j
�

Z K2nC1=N

K2n=N

dx

j� �P .x˛; 0; 0/j

�ˇ̌̌̌
�

2

ND
:

The above inequality holds since the function x 7! 1=j� �P .x˛; 0; 0/j has at most one
critical point, and for all � 2K.R;D/,

sup
x2R

1

j��P .x˛; 0; 0/j
� inf

x2R

1

j��P .x˛; 0; 0/j
�

1

D
:

Next we obtain the lower estimate of ˆa as follows.

Proposition 6.2 We have

ˆ
Tn

Sn;P
.�/�

�Z Tn

Sn

dx

1CPx˛

�
min

n
1

j�j
; 1
o
;(4)

ˆa.�/�

� 1X
nD0

Z Tn

Sn

dx

1CPx˛
� 2.aP�1/

1
1C˛

�
min

n
1

j�j
; 1
o
;(5)

1X
nD0

ˆ
Tn

Sn;P
.�/� P�

1
˛
˛2

1
˛

˛� 1

j�j
1
˛

j�Cj
;(6)

1X
nDn0

ˆ
Tn

Sn;P
.�/�

2S�˛C1
n0

P .˛� 1/
if Sn0

�

�
2j�j

P

� 1
˛

;(7)

n0X
nD0

ˆ
Tn

Sn;P
.�/�

Tn0

D
if � 2K.R;D/:(8)

Proof First of all, one can see

ˆ
Tn

Sn;P
.�/�

Z Tn

Sn

dx

j�jCPx˛
�

1

j�j

Z Tn

Sn

dx

1CPx˛

if j�j � 1, and

ˆ
Tn

Sn;P
.�/�

Z Tn

Sn

dx

j�jCPx˛
�

Z Tn

Sn

dx

1CPx˛

if j�j � 1. Next we have

ˆa.�/�

1X
nD0

K2nC1�1X
kDK2n

1

N.j�jCPN�˛k˛/
;
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and a similar argument to the proof of Proposition 6.1 givesˇ̌̌̌ 1X
nD0

�K2nC1�1X
kDK2n

1

N.j�jCPN�˛k˛/
�

Z Tn

Sn

dx

j�jCPx˛

�ˇ̌̌̌
�

2

N j�j
:

Combining these inequalities, one has the second assertion if j�j � 1. If j�j � 1, then

ˆa.�/�

1X
nD0

K2nC1�1X
kDK2n

1

N.1CPN�˛k˛/
;

and by a similar argument, we obtain the assertion.

Next we consider (6). If t � .2j�j=P /1=˛ , then

(9)
Z 1

t

dx

j� �P .x˛; 0; 0/j
�

Z 1
t

2dx

Px˛
D

2

P .˛�1/
t�˛C1

holds. Hence one can see
1X

nD0

ˆ
Tn

Sn;P
.�R; �C/�

Z 1
0

dx

j� �P .x˛; 0; 0/j

D

Z � 2j�j
P

� 1
˛

0

dx

j� �P .x˛; 0; 0/j
C

Z 1�
2j�j
P

� 1
˛

dx

j� �P .x˛; 0; 0/j

�
.2j�j=P /

1
˛

j�Cj
C

2

P .˛�1/

�
2j�j

P

�1
˛
.�˛C1/

D P�
1
˛

�
.2j�j/

1
˛

j�Cj
C
.2j�j/

1
˛

˛� 1

1

j�Cj

�
:

The statement (7) follows from (9), and (8) is obvious.

Put

AT
S;P WD

Z T

S

dx

1CPx˛
:

By Proposition 6.2, we have the following.

Proposition 6.3 Let ˆa be as above. Then for every R� 1,

sup
j�j�R

1

N
p
ˆa.�/

�

�
a

P

� 1
1C˛

� 1X
nD0

A
Tn

Sn;P
� 2

�
a

P

� 1
1C˛

�� 1
2p

R:
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7 Distance

In the previous section, we estimated
ˇ̌
ˆa�

P
nˆ

Tn

Sn;P

ˇ̌
on K.R;D/.

In this section, we introduce more general positive functions ˆ and ˆ1 , and induced
metrics d and d1 on R3 , respectively. What we hope to show in this section is that
if we fix a very large R� 1 and assume that supK.R;D/jˆ�ˆ1j � "=D holds for a
very small " and every D� 1, then the identity map of R3 becomes an .r; ı/–isometry
from .R3; d; 0/ to .R3; d1; 0/ for a large r and a small ı . Here, we explain the
difficulty in showing it.

We hope to show that supK.R;D/ jd�d1j is small for every R� 1 and 0<D� 1. By
the estimate of supK.R;D/ jˆ�ˆ1j, it is easy to see that supK.R;D/ jdR;D�d1;R;D j

is small, where dR;D (resp. d1;R;D ) is the Riemannian distance of the Riemannian
metric ˆh0jK.R;D/ (resp. ˆ1h0jK.R;D/ ). However, dR;D may not equal d in general
since the geodesic of ˆh0 joining two points in K.R;D/ might leave K.R;D/. To
see that supK.R;D/ jdR;D � d j is sufficiently small, we have to observe that a path
joining two points in K.R;D/ which leaves K.R;D/ can be replaced by a shorter
path included in K.R;D/.

In this section, we consider positive valued functions ˆ;ˆ1 2 C1.R3nl/ satisfying
the following conditions for given constants R� 1, m; ";C0;C1 > 0 and � � 0:

(A3) jˆ.�/�ˆ1.�/j �
"

Dm
and jˆ.�/�ˆ1.�/j �

C1

D

hold for any D � 1 and � 2K.R;D/.

(A4) Along the decomposition R3 DR˚C , put � D .�R; �C/ 2R˚C . Then

ˆ.�R; e
i��C/Dˆ.�R; �C/; ˆ.�R; �C/�ˆ.�R; �

0
C/;

ˆ1.�R; e
i��C/Dˆ1.�R; �C/; ˆ1.�R; �C/�ˆ1.�R; �

0
C/

hold for any ei� 2 S1 , if j�Cj � j�0Cj.

(A5) minfˆ.�/;ˆ1.�/g �
�

C0=j�j if j�j � 1;

C0 if j�j � 1:

(A6) For any u� 1 and � 2R3nl with j�j � u,

ˆ1.�/�
C1u�

j�Cj
:

Remark 7.1 Let ˆ D ˆa and ˆ1 D ˆT
S;P

be as in Section 6. Then they satisfy
(A4), and also satisfy (A3), (A5) and (A6) for appropriate constants ", C0 and C1

given by Propositions 6.1 and 6.2.
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From now on, let ˆ;ˆ1 satisfy (A3)–(A6) for constants R; ";C0;C1; � . Denote by
d , d1 the metrics on R3 induced by ˆ �h, ˆ1 �h, and by l , l1 the lengths of paths
with respect to d , d1 , respectively.

7.1 Estimates (1)

Let B.u/ WD f� 2R3 W j�j< ug and Path.u;x;y/ be the set of smooth paths in B.u/

joining x;y 2B.u/; then put

du.x;y/D inf
2Path.u;x;y/

l. /; d1;u.x;y/D inf
2Path.u;x;y/

l1. /

By the definition, d.x;y/� du.x;y/ and d1.x;y/� d1;u.x;y/ always hold. How-
ever, the opposite inequality may not hold since the minimizing geodesic  joining
x;y 2 B.u/ may leave B.u/. The goal of this subsection is to show d�.u/.x;y/ �

d.x;y/ and d1;�.u/.x;y/� d1.x;y/ for a sufficiently large �.u/.

Proposition 7.2 Suppose ˆ and ˆ1 satisfy (A3)–(A6). Let Du and Du;u0 be the
diameters of B.t/ with respect to d and du0 , respectively, where 0 < u � u0 . De-
fine D1;u and D1;u;u0 in the same way. Then the inequality

2
p

C0.
p
j�j � 1/�minfd.0; �/; d1.0; �/g

holds for all � 2R3 , and

d.0; �/�Du �Du;u � C2u�
0

; d1.0; �/�D1;u �D1;u;u � C2u�
0

hold for all � 2R3 and u� 1 with j�j � u�R, where C2 is the constant depending
only on C1 and �0 D 1

2
.1C �/.

Proof First we show the first inequality. Let  W Œa; b�!R3 be a smooth path such
that  .a/D 0 and  .b/D � . We may suppose j�j � 1 since it is obviously satisfied
when j�j < 1. Then there is s 2 Œa; b� such that j .s/j D 1 and j .t/j � 1 for any
t 2 Œs; b�. Then by the assumption (A5), one can see

l. /D

Z b

a

p
ˆ. .t// j 0.t/j dt �

Z b

s

p
ˆ. / j 0j dt �

Z b

s

s
C0

j j
j 0j dt:

Since we have j 0j � j j0 , we obtain, for all � 2R3 with j�j � 1,

l. /�

Z b

s

s
C0

j j
j j0 dt � 2

p
C0

Z b

s

d

dt

p
j j dt � 2

p
C0.

p
j�j � 1/:
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By the definition, d.0; �/�Du �Du;R1
�Du;R0

always hold for any u�R0 �R1

and � 2R3 with j�j � u. Next we estimate Du;u from the above. For every � , we will
prepare the piecewise smooth paths � in B.u/ joining 0 and � as described below.
Then we will have an upper bound

Du;u � 2 sup
�2B.u/

l.�/:

Here we define � as follows. We have the isometric S1 –action on R3 with respect
to d and d1 by (A4). By supposing ei�� D ei�� , it suffices to consider � in the
case of � D r.sin s;� cos s; 0/, where r > 0 and �� < s � � . Let

� jŒ0;1�.t/ WD .0;�r t; 0/;

� jŒ1;2�.t/ WD r
�
sin.s.t � 1//;� cos.s.t � 1//; 0

�
:

Since � 2K.R; j�Cj/ holds, (A3) gives jˆ.�/�ˆ1.�/j � C1=j�Cj, and (A6) gives
ˆ1.�/� C1u�=j�Cj. Then we can see

l.� jŒ0;1�/D

Z 1

0

p
ˆ.�/ j

0
� j dt

�

Z 1

0

r
p
jˆ.�/�ˆ1.�/j dt C

Z 1

0

r
p
jˆ1.�/j dt

�

Z 1

0

r

r
C1

r t
dt C

Z 1

0

r

r
C1u�

r t
dt

� 2
p

C1uC 2
p

C1 u
�C1

2 :

Simultaneously, we also have

l.� jŒ1;2�/�

Z 2

1

j 0� j
p
jˆ.�/�ˆ1.�/j dt C

Z 2

1

j 0� j
p
jˆ1.�/j dt

�

Z 1

0

r jsj

r
C1

r jcos st j
dt C

Z 1

0

r jsj

r
C1u�

r jcos st j
dt

�
p

C1uC
p

C1u1C�

Z jsj
0

r
1

cos t
dt:

Here,
R �

0

p
1=cos t dt is finite. Since u � 1 and � � 0, we may suppose that

maxf
p

u;
p

u1C�g D u1C� . By combining these estimates and putting

C2 D

�
2C

Z �

0

r
1

cos t
dt

�p
C1;

we have the assertion. We also obtain the estimate of D1;u;u by the above argument.
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Proposition 7.3 Suppose ˆ;ˆ1 satisfy (A3)–(A6), and for t > 0, let

�.t/ WDmaxft � 1; .1CC3t�
0

/2g;

where C3D3C2=.2
p

C0/ and C2 is the constant in Proposition 7.2. Then d�.u/.x;y/D

d.x;y/ and d1;�.u/.x;y/D d1.x;y/ for any x;y 2B.u/ and 1� u�R.

Proof By the definition, d.x;y/� d�.u/.x;y/ always holds. We assume d.x;y/ <

d�.u/.x;y/ for some x;y 2B.u/. Then there is a smooth  W Œa; b�!R3 joining x

and y such that d.x;y/� l. / < d�.u/.x;y/, which implies the existence of c 2 Œa; b�

satisfying j .c/j D �.u/. Then one can see

l. /� l. jŒa;c�/� d.0;  .c//� d.0;  .a//

� 2
p

C0.
p
�.u/� 1/�Du;u

� 2
p

C0

�p
.1CC3u�

0

/2� 1
�
�C2u�

0

� 2C2u�
0

by Proposition 7.2. On the other hand, we have

d�.u/.x;y/�Du;�.u/ �Du;u � C2u�
0

by Proposition 7.2. Therefore, we obtain

2C2u�
0

� l. / < d�.u/.x;y/� C2u�
0

;

a contradiction. We can show d1.x;y/D d1;�.u/.x;y/ in the same way.

7.2 Estimates (2)

In this subsection, let  W Œa; b�! B.u/ be a smooth path joining x;y 2 R3nL.D/,
where

L.D/ WD f� 2R3
W j�Cj<Dg:

Now, we are going to show that if  is a minimizing geodesic joining x and y , then
it never approaches the axis f.t; 0; 0/ 2 R3 W t 2 Rg. To show this, if the given 
invades L.D/, then we modify  and construct the new path c to not invade L.D/.

Lemma 7.4 Suppose ˆ;ˆ1 satisfy (A4). Let  D .R; C/W Œa; b�!R3 DR˚C
be a smooth path satisfying jC.a/j D jC.b/j DD and jC.t/j �D for any t 2 Œa; b�.
Define P W Œa; b�!R3 by

P .t/ WD .R.t/; C.a//:

Then l.P /� l. / and l1.P /� l1. / hold.
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Proof Since ˆ. .t//�ˆ.P .t// holds by the second inequality of (A4), and

j 0j2 D j 0Rj
2
Cj 0Cj

2
� j 0Rj

2
D jP 0 j

2

holds, we can deduce

l. /D

Z b

a

p
ˆ. .t// j 0.t/j dt �

Z b

a

p
ˆ.P .t// jP

0
 .t/j dt � l.P /:

Let  W Œa; b� ! R3 be a smooth path joining x;y 2 R3nL.D/, and assume that
jC.a

0/j D jC.b
0/j DD and that  ..a0; b0// is contained in L.D/ for some a� a0 <

b0 � b . Then define a new path �.; Œa0; b0�/W Œa; b�!R3 by connecting

 jŒa;a0�; P jŒa0;b0� ; ei� jŒb0;b�:

Here, by choosing ei� appropriately, �.; Œa0; b0�/ is continuous and piecewise smooth.
By Lemma 7.4, the length of �.; Œa0; b0�/ is not longer than that of  since S1–rotation
preserves d and d1 .

Put J WD �1.L.D//\.a; b/. Since J is open in .a; b/, it is decomposed into disjoint
open intervals

J D
G
q2Q

.aq; bq/

for some aq; bq 2 Œa; b� and countable set Q. If q 2Q, then jC.aq/j D jC.bq/j DD

holds. Then we have 1 WD �.; Œaq; bq �/ for a fixed q 2 Q; moreover, we obtain
2 WD �.1; Œaq0 ; bq �/ for another q0 2 Q, and repeating this process for all q 2 Q
we finally obtain the piecewise smooth path cW Œa; b�! R3 such that c.a/ D  .a/,
c.b/D ei� .b/ for some ei�0 and

l.c/� l. /; l1.c/� l1. /:

Here, we have to modify c so that the terminal points of both paths coincide. Put
xb WD supft 2 Œa; b� W jC.t/jDDg. Then define a path y by connecting cjŒa;xb� and  jŒxb;b� .
Here, to connect c.xb/ and  .xb/, we add the path c�0

W Œ0; �0�! @L.D/ defined by
c�0
.t/D eit .xb/. Then by (A6), we obtain

l.c�0
/�

p
C1.1Cu�/

p
D and l1.c�0

/�
p

C1u�
p

D

if j .xb/j � u�R. Hence we have the following proposition.

Proposition 7.5 Let D � 1 and 1 � u � R, and let x;y; ; y be as above. If the
image of  is contained in B.u/, then we have

l.y /� l. /�
p

C1.1Cu�/
p

D; l1.y /� l1. /�
p

C1u�
p

D:

Geometry & Topology, Volume 21 (2017)



The nonuniqueness of the tangent cones at infinity of Ricci-flat manifolds 2699

Proposition 7.6 Let x;y; ; y be as above. If the image of  is contained in B.u/,
then the image of y is contained in B.uCD/nL.D/.

Proof It is obvious by the construction that the image of y is contained in R3nL.D/.
Since S1 –action preserves B.u/, and

jP j
2
� j j2CD2;

ˇ̌̌̌�
R.t/;

DC.t/

jC.t/j

�ˇ̌̌̌2
� j j2CD2

hold, we have the assertion.

7.3 Estimates (3)

Let
Path.u;D;x;y/ WD f 2 Path.x;y/ W Im. /�K.u;D/g;

du;D.x;y/ WD inf
2Path.u;D;x;y/

l. /;

d1;u;D.x;y/ WD inf
2Path.u;D;x;y/

l1. /:

for x;y 2 K.u;D/. By the definition, d.x;y/ � du;D.x;y/ always holds. In this
subsection, we consider the opposite estimate.

Lemma 7.7 Let y� WD .�R;D�C=j�Cj/ if �C¤0, and y� WD .�R;D/ if �CD0. Suppose
ˆ;ˆ1 satisfy (A3)–(A6), and 1� u�R.

(1) If � 2L.D/\B.u� 1/ and 0<D � 1, then

du.�; y�/� 2
p

C1.1Cu�/D; d1;u.�; y�/� 2
p

C1u�D:

(2) If � 2L.D/\K.u� 1;D/ and 0<D � 1, then

du;D.�; y�/� 2
p

C1.1Cu�/D; d1;u;D.�; y�/� 2
p

C1u�D:

Proof Let  .t/D .�R; ty�C/ for t 2 Œj�Cj=D; 1�. Then  is joining � and y� , and the
image of  is contained in B.u� 1CD/�B.u/. Then by (A3) and (A6), we have
ˆ. .t//� C1.1Cu�/=.tD/. Then we have

du.�; y�/� l. /� 2
p

C1.1Cu�/D:

Moreover, if � 2K.u�1;D/, then the image of  is contained in K.u;D/; therefore,

du;D.�; y�/� l. /� 2
p

C1.1Cu�/D:

The estimates for d1;u.�; y�/ and d1;u;D.�; y�/ follow in the same way.
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Proposition 7.8 Suppose ˆ;ˆ1 satisfy (A3)–(A6) and let � be as in Proposition 7.3.
If �.uC 1/C 1�R, then

jd�.uC1/C1;D.x;y/� d.x;y/j � �.u/
p

D;

jd1;�.uC1/C1;D.x;y/� d1.x;y/j � �1.u/
p

D

hold for any x;y 2K.u;D/ and 0<D � 1, where

�.u/ WD
p

C1.1C .�.uC 1/C 1/�/C 8
p

C1.1C .uC 1/�/C 2;

�1.u/ WD
p

C1.�.uC 1/C 1/� C 8
p

C1.uC 1/� C 2:

Proof Since d.x;y/ � d�.uC1/C1;D.x;y/ always holds, it suffices to show that
d�.uC1/C1;D.x;y/� d.x;y/ � �.u/

p
D . Let x;y 2 K.u;D/ and 0 < D � 1. By

the assumption �.uC 1/C 1 � R and the definition of � , we have that uC 1 � R.
Define yx 2 R3 as in Lemma 7.7 if x 2 L.D/, and yx WD x if x 62 L.D/. Define yy
in the same way. Then we can see yx; yy 2 B.u C 1/nL.D/ and duC1;D.x; yx/ �

2
p

C1.1C .uC 1/�/D by Lemma 7.7; consequently, we obtain

(10) duC1;D.x; yx/C duC1;D.y; yy/� 4
p

C1.1C .uC 1/�/D:

For any  2 Path.yx; yy/, we construct F. / 2 Path.�.uC 1/C 1;D; yx; yy/ as follows.
By Proposition 7.3, we can see

l. /� d.yx; yy/D d�.uC1/.yx; yy/D inf
c2Path.�.uC1/;x;y/

l.c/:

Accordingly, we can take c 2 Path.�.u C 1/;x;y/ such that l.c/ � l. / C
p

D .
Then we can apply the argument in Section 7.2 to yx; yy and c so that we obtain a
piecewise smooth path yc whose image is contained in B.�.uC 1/C 1/nL.D/, hence
in K.�.uC 1/C 1;D/. Then we have

lim inf
k!1

l.yc/� l.c/�
p

C1.1C .�.uC 1/C 1/�/D

by Proposition 7.5. Therefore, there is a sufficiently large k , which may depend on n

and D , such that l.yc/� l.c/ �
p

C1.1C .�.uC 1/C 1/�/DC
p

D . Put F. / D yc .
Then we can see

l.F. //� l. /� l.F. //� l.c/C l.c/� l. /

�
p

C1.1C .�.uC 1/C 1/�/DC
p

DC
p

D

D
�p

C1.1C .�.uC 1/C 1/�/C 2
�p

D:

Thus we obtain F. /2 Path.�.uC1/C1;D; yx; yy/ for every  2 Path.yx; yy/ such that

(11) l.F. //� l. /�
�p

C1.1C .�.uC 1/C 1/�/C 2
�p

D:
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By taking the infimum of (11) for all  2 Path.yx; yy/, we obtain

(12) d�.uC1/C1;D.yx; yy/� d.yx; yy/C
�p

C1.1C .�.uC 1/C 1/�/C 2
�p

D:

Since �.uC 1/� uC 1, we have

jd�.uC1/C1;D.yx; yy/� d�.uC1/C1;D.x;y/j � d�.uC1/C1;D.yx;x/C d�.uC1/C1;D.yy;y/

� duC1;D.yx;x/C duC1;D.yy;y/

� 4
p

C1.1C .uC 1/�/D;

jd.yx; yy/� d.x;y/j � d.yx;x/C d.yy;y/

� duC1;D.yx;x/C duC1;D.yy;y/

� 4
p

C1.1C .uC 1/�/D

by (10); hence

d�.uC1/C1;D.x;y/� d�.uC1/C1;D.yx; yy/C 4
p

C1.1C .uC 1/�/D;

d.yx; yy/� d.x;y/C 4
p

C1.1C .uC 1/�/D

hold. By combining these inequalities with (12), we obtain

d�.uC1/C1;D.x;y/� d.x;y/C �.u/
p

D:

The second inequality can be shown in the same way.

7.4 From (A3)–(A6) to (A1) and (A2)

Proposition 7.9 Suppose that ˆ;ˆ1 satisfy (A3)–(A6), and let  W Œa; b�!K.u;D/

and 1� u�R. Then

jl. /� l1. /j �

r
"u

C0Dm
l1. /:

Proof Since l. /D
R b

a

p
ˆ. .t// j 0.t/j dt , one can see

jl. /� l1. /j �

Z b

a

p
jˆ. /�ˆ1. /j j

0
j dt

�

Z b

a

s
jˆ. /�ˆ1. /j

ˆ1. /

p
ˆ1. / j

0
j dt

�

Z b

a

s
"maxfj j; 1g

C0Dm

p
ˆ1. .t// j

0.t/j dt
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by (A3) and (A5). Since we have assumed j j � u and u� 1, we have

jl. /� l1. /j �

r
"u

C0Dm
l1. /:

Proposition 7.10 Suppose that ˆ and ˆ1 satisfy (A3), (A5) and (A6). Then

jdu;D.x;y/� d1;u;D.x;y/j �

r
"u

C0Dm
d1;u;D.x;y/

holds for all 1� u�R.

Proof Put ı D
p
"u=.C0Dm/. Then Proposition 7.9 gives

(13) .1� ı/l1. /� l. /� .1C ı/l1. /:

Then by taking the infimum of (13) for all  2 Path.u;D;x;y/, we can see

.1� ı/d1;u;D.x;y/� dn;u;D.x;y/� .1C ı/d1;u;D.x;y/

for all u� 0.

Proposition 7.11 Suppose that ˆ;ˆ1 satisfy (A3)–(A6) and u � 1. Let u.2/ WD

�.uC 2/C 1�R. Then for all x;y 2B.u/, we have

jd.x;y/� d1.x;y/j

� 26
p

C1.1CR�/DC 4
p

DC

r
"R

C0Dm

�
C2R�0

C .9
p

C1R� C 2/
p

D
�
:

Proof Put u.1/D�.uC1/C1 and let x;y 2K.u;D/. Then u.1/�R. By combining
Propositions 7.8 and 7.10, we have

jd.x;y/�d1.x;y/j � jd.x;y/�du.1/;D.x;y/jCjdu.1/;D.x;y/�d1;u.1/;D.x;y/j

Cjd1.x;y/�d1;u.1/;D.x;y/j

� �.u/
p

DC�1.u/
p

DC

r
"u.1/

C0Dm
d1;u.1/;D.x;y/

� 2�.u/
p

DC

r
"u.1/

C0Dm
.d1.x;y/C�1.u/

p
D/:

By Proposition 7.2, D1;u < C2u�
0

holds if u � 1; consequently, d1.x;y/ is not
more than C2u�

0

. Therefore, for all x;y 2K.u;D/, we obtain

jd.x;y/� d1.x;y/j � 2�.u/
p

DC

r
"u.1/

C0Dm
.C2u�

0

C �1.u/
p

D/:
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Next we consider the case of x2B.u/, but x 62K.u;D/. In this case, x2B.u/\L.D/

holds, hence we can apply Lemma 7.7. Let yx be as in Lemma 7.7. Then we can see

d.x; yx/� 2
p

C1.1C .uC 1/�/D;

and yx is contained in K.uC 1;D/. Here we suppose that y is also contained in
B.u/\L.D/ and follow the same procedure. If y is in K.u;D/, then suppose y D yy

in the following discussion. Now we have

jd.x;y/� d.yx; yy/j � d.x; yx/C d.y; yy/� 4
p

C1.1C .uC 1/�/D:

Hence we can see

jd.x;y/�d1.x;y/j

� 8
p

C1.1C.uC1/�/DCjd.yx;yy/�d1.yx;yy/j

� 8
p

C1.1C.uC1/�/DC2�.uC1/
p

DC

r
"u.2/

C0Dm

�
C2.uC1/�

0

C�1.uC1/
p

D
�
:

Since �.u/ is monotonically increasing and uC 2� u.2/ �R holds, we have

�.uC 1/� 9
p

C1.1CR�/C 2; �1.uC 1/� 9
p

C1R� C 2:

Corollary 7.12 Suppose that ˆ and ˆ1 satisfy (A3)–(A6) and that " � 1, and let
u.2/ WD �.uC 2/C 1 � R. Then there exists a constant C independent of any other
constants such that, for all x;y 2B.u/,

jd.x;y/� d1.x;y/j< C.1C
p

C1/.1CC
� 1

2

0
/R1C�

2 "
1

2.1Cm/ :

Proof In Proposition 7.11, let D D "1=.1Cm/ � 1. As described in the proof of
Proposition 7.2, C2 is linearly dependent on

p
C1 . Then assertion follows by using

R� 1, "� 1 and unifying constants.

Proposition 7.13 Suppose that ˆ.�/ � A=j�j holds for some A > 0 and all � with
j�j � 1, and let u.r/ WD

�
1C 1

2
A�1=2r

�2. Then B.0; r/�B.u.r// holds for all r > 0,
where B.0; r/ is the metric ball with respect to d .

Proof Let � 2B.0; r/. Then by the same argument as in the proof of the first inequality
of Proposition 7.2, we have

2
p

A.
p
j�j � 1/� d.0; �/ < r;

which gives j�j<
�
1C 1

2
A�1=2r

�2
D u.r/.
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Proposition 7.14 Suppose that ˆ;ˆ1 satisfy (A3)–(A6), and suppose "� 1. Then
the identity map of R3 is an .r; ı/–isometry from .R3; d; 0/ to .R3; d1; 0/, where
r; ı > 0 are defined by

�.u.r/C 2/C 1DR; ı D C.1C
p

C1/.1CC
� 1

2

0
/R1C�

2 "
1

2.1Cm/ :

Proof Let x;y 2 B.0; r/. Then x;y 2B.u.r//; hence

(14) jd.x;y/� d1.x;y/j< C.1C
p

C1/.1CC
� 1

2

0
/R1C�

2 "
1

2.1Cm/

holds. Next we show B1.0; r � ı/ � B.B.0; r/; ı/. If x 2 B1.0; r � ı/, then
x 2B.u.r// holds; therefore, (14) gives

d.0;x/ < d1.0;x/CC.1C
p

C1/.1CC
� 1

2

0
/R1C�

2 "
1

2.1Cm/

< r � ıCC.1C
p

C1/.1CC
� 1

2

0
/R1C�

2 "
1

2.1Cm/ D r;

which implies B1.0; r � ı/� B.0; r/.

By Propositions 7.13 and 6.3, the following estimate is obtained.

Proposition 7.15 Let ˆa be as in Section 6 and assume
P1

nD0 A
Tn

Sn;P
�2a1=.1C˛/>0.

Then sup�2B.0;r/ 1=.N
p
ˆa.�// is not more than

.a=P /
1

1C˛qP1
nD0 A

Tn

Sn;P
� 2.a=P /

1
1C˛

 
1C

r

2

qP1
nD0 A

Tn

Sn;P
� 2.a=P /

1
1C˛

!
:

Combining Propositions 7.14 and 7.15, we obtain the following theorem.

Theorem 7.16 Let ai ;Pi ; ni > 0, limi!1 ai D 0 and limi!1 ni !1. Put Si;ni

and Ti;ni
as in Section 6. Suppose that there are constants "D "i.R/, C0 , C1 , � , m

for all R� 1 such that ˆDˆai
and ˆ1 satisfy (A3)–(A6). If

lim
i!1

"i.R/D lim
i!1

ai

Pi
D 0; lim inf

i!1

1X
lD0

A
Ti;ni

Si;ni
;Pi
> 0

and C0;C1; �;m are independent of i;R, then

f.X; aigƒ;p/gi
GH
����!
i!1

.R3; d1; 0/:
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Proof Fix r > 0 and ı > 0 arbitrarily. Put R.r/D �.u.r/C 2/C 1, and let C > 0

be the constant in Corollary 7.12. By the assumption, there exists i.r; ı/ > 0 such that

C.1C
p

C1/.1CC
� 1

2

0
/R.r/1C

�
2 "i.R.r//

1
2.1Cm/ < 1

2
ı

holds for all i � i.r; ı/. Then by Proposition 7.14, idR3 is an
�
r; 1

2
ı
�
–isometry from

.R3; dai
; 0/ to .R3; da1 ; 0/. By Proposition 7.15, we can take i 0.r; ı/� i.r; ı/ such

that sup�2B.0;r/ 1=.N
p
ˆa.�// <

1
2
ı for all i � i 0.r; ı/. Then Proposition 5.1 gives

the assertion.

8 Convergence

In this section, we consider the convergence of f.X; aigƒ/gi , where ƒ is as defined in
Section 6, and faigi is a sequence with ai > 0 and limi!1 ai , applying Theorem 7.16.
To apply them, we have to estimate constants ";C0;C1 in (A3)–(A6) uniformly with
respect to i 2 N , and show that "! 0 as i !1. In Section 8.1, we consider the
uniform estimate for the case of P D 1, which is the simplest case. In Sections 8.2
and 8.3, we suppose P is depending on some parameters. Then we apply them to show
Theorems 1.2 and 1.3 in Sections 8.4 and 8.5.

Put Sa;n WD a1=.1C˛/K2n and Ta;n WD a1=.1C˛/K2nC1 . We take a subsequence

fKn0
<Kn1

<Kn2
< � � � g � fK0 <K1 <K2 < � � � g:

We are now going to consider the convergence (in several cases according to the rate
of the convergence of faigi ) or the divergence of fKngn .

From now on, we put

ˆT
S .�/ WDˆ

T
S;1.�/D

Z T

S

dx

j� � .x˛; 0; 0/j
; AT

S WDAT
S;1 D

Z T

S

dx

1Cx˛
:

8.1 Convergence (1)

Fix a> 0, n and 0� S < T �1, and put P D 1.

Proposition 8.1 Let R � 1 and D � 1. There exists a constant C˛ > 0 depending
only on ˛ such that

jˆa.�/�ˆ
T
S .�/j �

C˛"n

D

holds for any � 2K.R;D/, where

"a;n D a
1

1C˛ C
K2n�1

K2n

Sa;nC

�
K2nC2

K2nC1

Ta;n

��˛C1

CjSa;n�S jC jT �˛C1
a;n �T �˛C1

j:
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Proof By combining Proposition 6.1, (7) and (8), we have

ˇ̌
ˆa.�/�ˆ

Ta;n

Sa;n
.�/
ˇ̌
�

2a
1

1C˛

D
C

Ta;n�1

D
C

2S�˛C1
a;nC1

˛� 1

if Sa;nC1 � .2j�j/
1=˛ . Here j�j �R, and

Sa;nC1 D a
1

1C˛K2nC2 D
K2nC2

K2nC1

Ta;n;

Ta;n�1 D a
1

1C˛K2n�1 D
K2n�1

K2n

Sa;n:

On the other hand, we can seeˇ̌
ˆ

Ta;n

Sa;n
.�/�ˆT

S .�/
ˇ̌
�
jSa;n�S j

D
C

2jT �˛C1
a;n �T �˛C1j

˛� 1
:

Thus we obtain the assertion.

Now, we put ˆDˆa; ˆ1 Dˆ
T
S

, and suppose a, jSa;n�S j and jT �˛C1
a;n �T �˛C1j

are sufficiently small. Then the constants in (A3)–(A6) can be taken uniformly as

C0 D
1

2
AT

S ; C1 D
˛2

1
˛

˛�1
; mD 1; � D

1

˛
:

Then by Proposition 8.1, if limn!1K2nC1=.2n/ D1, then we have "a;n ! 0 as
a! 0, n!1, jSa;n�S j! 0 and jT �˛C1

a;n �T �˛C1j! 0. Hence by Theorem 7.16,
we have the next results.

Theorem 8.2 Let .X;gƒ/ be as in Section 6 and suppose limn!1K2nC1=K2nD1.
Assume that faigi �RC and

fKn0
<Kn1

<Kn2
< � � � g � fK0 <K1 <K2 < � � � g

satisfy

lim
i!1

a
1

1C˛

i K2ni
D S � 0; lim

i!1
a

1
1C˛

i K2niC1 D T �1; S < T:

Then f.X; angƒ;p/gn
GH
��! .R3; dT

S
; 0/, where dT

S
is the metric induced by ˆT

S
� h0 .

8.2 Convergence (2)

Let .X; dX ;p/, .Y; dY ; q/ be pointed metric spaces and suppose limn!1 an D 0.
Assume that f.X; andX ;p/gn

GH
��! .Y; dY ; q/. It is easy to check that we have
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f.X; sandX ;p/gn
GH
��! .Y; sdY ; q/ for any s > 0. Moreover, if fan;mgn;m2N satisfies

limn!1 an;m D 0 for every m, and

f.X; an;mdX ;p/gn
GH
��! .Ym; dYm

; qm/; f.Ym; dYm
; qm/gm

GH
��! .Y; dY ; q/

hold for every m, then by the diagonal argument one can show there exists a subset
fan;m.n/gn � fan;mgn;m such that limn!1 an;m.n/ D 0 and

f.X; an;m.n/dX ;p/gn
GH
��! .Y; dY ; q/:

Now, let T .X; d/ be the set of isometry classes of tangent cones at infinity of .X; d/.
From the above argument, one can see that T .X; d/ is closed with respect to the pointed
Gromov–Hausdorff topology, and if .Y; d 0/ 2 T .X; d/, then its rescaling .Y; ad 0/ is
also contained in T .X; d/.

From Section 8.1, .R3; dT
S
; 0/ may appear as the tangent cone at infinity of some

.X;gƒ/, where ƒ is as in Section 6.

Let � > 0, 0� S < T �1 and I� W � 7! ��1� be the dilation. Then we have

I�
P

1
1C˛

.ˆT
S h0/D P

�1
˛ ˆT 00

S 00 .�/h0 Dˆ
T 0

S 0;P .�/h0;

where

(15) S 0 D P
�1

1C˛S; T 0 D P
�1

1C˛T; S 00 D P
1

˛.1C˛/S; T 00 D P
1

˛.1C˛/T:

Hence if .R3; dT
S
; 0/ 2 T .X;gƒ/, then f.R3; d�T

�S
; 0/g�2RC is also contained in

T .X;gƒ/.

Fix a constant � > 0, put P1=.1C˛/ D �
p

S�˛C1�T �˛C1 > 0, and let S 0;T 0 be
defined by (15).

Proposition 8.3 Let R� 1. There is a constant C > 0 depending only on ˛ such thatˇ̌̌
ˆT 0

S 0;P .�/�
1

�2.˛�1/

ˇ̌̌
�

CR

�3S˛
p

S�˛C1�T �˛C1

holds for any � 2K.R;D/ if �S˛
p

S�˛C1�T �˛C1 � 2R.

Proof Let S 00 and T 00 be defined by (15). Note that

ˆT 0

S 0;P .�/D P
�1
˛

Z T 00

S 00

dx

j� � .x˛; 0; 0/j
:
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By the assumption, we have P1=.1C˛/S˛D�S˛
p

S�˛C1�T �˛C1�2R; then we seeˇ̌̌̌Z T 00

S 00

dx

j� � .x˛; 0; 0/j
�

Z T 00

S 00

dx

x˛

ˇ̌̌̌
�

Z T 00

S 00

ˇ̌̌
1

j��.x˛; 0; 0/j
�

1

x˛

ˇ̌̌
dx

�

Z T 00

S 00

2x˛j�jC j�j2

j� � .x˛; 0; 0/jx˛.j� � .x˛; 0; 0/jCx˛/
dx

�

Z T 00

S 00

8R

x2˛
dxC

Z T 00

S 00

4R2

x3˛
dx

�
8RP

�2˛C1
˛.1C˛/

2˛� 1
.S�2˛C1

�T �2˛C1/C
4R2P

�3˛C1
˛.1C˛/

3˛� 1
.S�3˛C1

�T �3˛C1/:

Since we have Z T 00

S 00

dx

x˛
D

P
�˛C1
˛.1C˛/

˛� 1
.S�˛C1

�T �˛C1/D
P

1
˛

�2.˛� 1/
;

we obtainˇ̌̌
ˆT 0

S 0;P .�/�
1

�2.˛�1/

ˇ̌̌
�

8RP
�3

1C˛

2˛� 1
.S�2˛C1

�T �2˛C1/C
4R2P

�4
1C˛

3˛� 1
.S�3˛C1

�T �3˛C1/:

Using the assumption 2R� P1=.1C˛/S˛ once more, we haveˇ̌̌
ˆT 0

S 0;P .�/�
1

�2.˛�1/

ˇ̌̌
�

8RP
�3

1C˛

2˛� 1
.S�2˛C1

�T �2˛C1/C
2RP

�3
1C˛

3˛� 1
.S�2˛C1

�S˛T �3˛C1/

� ��3C˛RS�
1C˛

2
1� .S=T /3˛�1

.1� .S=T /˛�1/
3
2

:

Now, put f .x/ WD .1� x3˛�1/=..1� x˛�1/3=2/ for 0 � x < 1. Then there exists
a constant C 0˛ > 0 such that f .x/ � C 0˛.1 � x˛�1/�1=2 holds for all 0 � x < 1.
Consequently, by replacing C˛ larger if necessary, we can seeˇ̌̌

ˆT 0

S 0;P .�/�
1

�2.˛�1/

ˇ̌̌
�

C˛R

�3S˛
p

S�˛C1�T �˛C1
:
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Proposition 8.4 Suppose �S˛
p

S�˛C1�T �˛C1 � 2R for R� 1. Then

AT 0

S 0;P �
1

2�2.˛�1/
; ˆT 0

S 0;P .�R; �C/�
2j�j

�2.˛� 1/j�Cj

holds for any � D .�R; �C/ 2R3 DR˚C with j�j �R.

Proof We have 1� S�˛x˛ for all x � S , then we can see

AT 0

S 0;P � P�
1

1C˛

Z T

S

dx

S�˛x˛CP
1

1C˛ x˛

D
1

P
1

1C˛ .S�˛CP
1

1C˛ /

Z T

S

dx

x˛

D
1

P
1

1C˛S�˛.1CS˛P
1

1C˛ /

S�˛C1�T �˛C1

˛� 1
:

Since we have
S˛P

1
1C˛ D �

p
S�˛C1�T �˛C1 � 2R� 1;

we obtain

AT 0

S 0;P �
S�˛C1�T �˛C1

2.˛� 1/P
1

1C˛S�˛ �S˛P
1

1C˛

D
1

2�2.˛�1/
:

Next we consider the upper estimate of ˆT 0

S 0;P
.�/. Take � such that j�j �R; then we

have 2j�j � P1=.1C˛/S˛ by the assumption. Then one can see

ˆT 0

S 0;P .�/� P�
1

1C˛

Z T

S

2dx

P
1

1C˛ x˛
D P

�2
1C˛

2.S�˛C1�T �˛C1/

˛� 1

�
2

�2.˛� 1/
�

2j�j

�2.˛� 1/j�Cj
:

Proposition 8.5 Let ˆDˆT 0

S 0;P
and ˆ1 � 1=.�2.˛� 1//. Then there exists C > 0

such that ˆ;ˆ1 satisfy (A3)–(A6) for R� 1, and

"D
CR

�3S˛
p

S�˛C1�T �˛C1
; C0 D

1

2�2.˛�1/
;

C1 D
1

�2
max

n
1

˛�1
;
C

2

o
; mD 1; � D 1

if �S˛
p

S�˛C1�T �˛C1 � 2R.
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Proof It is obvious that (A4) holds. Proposition 8.4 gives (A5) for C0D1=.2�2.˛�1//

if we take �S˛
p

S�˛C1�T �˛C1 � 2R. (A6) holds for C1 D 1=.�2.˛� 1// since

1

˛�1
D

1

˛�1

j�j

j�j
�

1

˛�1

j�j

j�Cj
:

Combining �S˛
p

S�˛C1�T �˛C1 � 2R and Proposition 8.3, we can see that " �
C=.2�2/.

Now, Propositions 7.14 and 8.5 with � D 1 give the following theorem.

Theorem 8.6 Let fSigi and fTigi be sequences such that 0 � Si < Ti � 1 and
limi!1 S˛i

p
S�˛C1

i �T �˛C1
i D1. Then f.R3; d

Ti

Si
; 0/gi converges to .R3; h0; 0/

in the pointed Gromov–Hausdorff topology.

Next put P1=.1C˛/D � jT �S j for 0� S < T and � > 0, and let S 0;T 0 be as in (15).
Then we can show the following similarly to Proposition 8.9.

Proposition 8.7 Let D � 1. For all � 2K.R;D/, we haveˇ̌̌
ˆT 0

S 0;P .�/�
1

� j�j

ˇ̌̌
�

2

�D
;

ˇ̌̌
ˆT 0

S 0;P .�/�
1

� j�j

ˇ̌̌
�

1C �T ˛.T �S/

D3
T ˛.T �S/:

Proof Let S 00 and T 00 be defined by (15). The first inequality is obviously shown by
ˆT 0

S 0;P
.�/� 1=.�D/ and 1=j�j � 1=D . The second inequality follows fromˇ̌̌̌Z T 00

S 00

dx

j� � .x˛; 0; 0/j
�

Z T 00

S 00

dx

j�j

ˇ̌̌̌
�

Z T 00

S 00

2x˛j�jCx2˛

j� � .x˛; 0; 0/j j�j .j� � .x˛; 0; 0/jC j�j/
dx

�

Z T 00

S 00

2x˛

D2
dxC

Z T 00

S 00

x2˛

D3
dx

� C˛
P

1
˛ .T ˛C1�S˛C1/CP

2˛C1
˛.1C˛/ .T 2˛C1�S2˛C1/

D3

D C˛�
1C 1

˛T ˛C1.T �S/1C
1
˛

1� .S=T /˛C1C �.T �S/T ˛.1� .S=T /2˛C1/

D3
:

By the similar argument to Proposition 8.3, we can replace either 1� .S=T /˛C1 or
1� .S=T /2˛C1 by 1�S=T ; hence we obtain the assertion.
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Proposition 8.8 For any � D .�R; �C/ 2R3 DR˚C ,

AT 0

S 0;P �
1

�.1C�T ˛.T �S//
; ˆT 0

S 0;P .�R; �C/�
1

� j�Cj
:

Proof One can see

AT 0

S 0;P D P�
1

1C˛

Z T

S

dx

1CP
1

1C˛ x˛
� P�

1
1C˛

Z T

S

dx

1CP
1

1C˛T ˛

�
T �S

P
1

1C˛ .1CP
1

1C˛T ˛/

D
1

�.1C �T ˛.T �S//
:

We can also obtain
ˆT 0

S 0;P .�/�
T �S

P
1

1C˛ j�Cj
D

1

� j�Cj
:

Combining Propositions 8.7 and 8.8, the next proposition is obtained.

Proposition 8.9 Let ˆDˆT 0

S 0;P
and ˆ1.�/D 1=.� j�j/. Then ˆ;ˆ1 satisfy (A3)–

(A6) for R� 1, and

"D .1C �T ˛.T �S//T ˛.T �S/; C0 D
1

�.1C�T ˛.T �S//
;

C1 D
2

�
; mD 3; � D 0

for any 0� S < T .

By Propositions 7.14 and 8.9 for � D 1, we have the next result.

Theorem 8.10 Let fSigi and fTigi be a sequence such that 0 � Si < Ti and
limi!1 T ˛

i jTi � Si j D 0. Then f.R3; d
Ti

Si
; 0/gi converges to .R3; .1=j�j/h0; 0/ in

the pointed Gromov–Hausdorff topology.

8.3 Convergence (3)

Here, we fix a > 0 and n, and suppose that Ta;n D a1=.1C˛/K2nC1 is sufficiently
small and that Sa;nC1 D a1=.1C˛/K2nC2 is sufficiently large. Fix P and � such that

P
1

1C˛ D �.Ta;n�Sa;n/D

q
S�˛C1

a;nC1
�T �˛C1

a;nC1
:

Put S 0
l
D P�1=.1C˛/Sa;l and T 0

l
D P�1=.1C˛/Ta;l .
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Proposition 8.11 Let R � 1 and D � 1, and let P be as above. Assume that
P1=.˛.1C˛//Sa;nC2 � .2R/1=˛ . Then there exists a constant C˛ > 0 depending only
on ˛ such that ˇ̌

ˆa.�/�ˆ
T 0n
S 0n;P

.�/�ˆ
T 0

nC1

S 0
nC1

;P
.�/
ˇ̌
�

C˛"a;n

D
;

for any � 2K.R;D/, where "a;n is the constant defined by

"a;n D
1CK2n�1

�.K2nC1�K2n/
C

K�˛C1
2nC4

K�˛C1
2nC2

�K�˛C1
2nC3

:

Proof By Proposition 6.1, (7) and (8), we have

jˆa�ˆ
T 0n
S 0n;P
�ˆ

T 0
nC1

S 0
nC1

;P
j �

2.a=P /
1

1C˛ CP
�1

1C˛Ta;n�1

D
C

2S�˛C1
a;nC2

P
2

1C˛ .˛� 1/

if P1=.˛.1C˛//Sa;nC2 � .2R/1=˛ . Since we have�
a

P

� 1
1C˛
D

1

�.K2nC1�K2n/
;

P
�1

1C˛Ta;n�1 D
K2n�1

�.K2nC1�K2n/
;

S�˛C1
a;nC2

P
2

1C˛

D
K�˛C1

2nC4

K�˛C1
2nC2

�K�˛C1
2nC3

;

we have the assertion.

Here, the assumption P1=.˛.1C˛//Sa;nC2 � .2R/1=˛ can be replaced by�
K2nC4

K2nC2

�̨
S˛a;nC1

q
S�˛C1

a;nC1
�T �˛C1

a;nC1
� 2R:

We can apply Propositions 8.3 and 8.7 to ˆT 0n
S 0n;P

and ˆ
T 0

nC1

S 0
nC1

;P
. If we put

S D Sa;nC1; T D Ta;nC1; � D 1; P
1

1C˛ D

q
S�˛C1

a;nC1
�T �˛C1

a;nC1

in Proposition 8.3, then we haveˇ̌̌
ˆ

T 0
nC1

S 0
nC1

;P
�

1

˛�1

ˇ̌̌
�

CR

S˛
a;nC1

q
S�˛C1

a;nC1
�T �˛C1

a;nC1
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for any � 2K.R;D/ if S˛
a;nC1

q
S�˛C1

a;nC1
�T �˛C1

a;nC1
� 2R. If we put

S D Sa;n; T D Ta;n; P
1

1C˛ D �.Ta;n�Sa;n/

in Proposition 8.7, then we haveˇ̌̌
ˆ

T 0n
S 0n;P
�

1

� j�j

ˇ̌̌
�

2

�D
;ˇ̌̌

ˆ
T 0n
S 0n;P
�

1

� j�j

ˇ̌̌
�

1C �T ˛
a;n.Ta;n�Sa;n/

D3
T ˛

a;n.Ta;n�Sa;n/:

Now, we put ˆDˆa , ˆ1 D 1=.˛� 1/C 1=.� j�j/. Combining the above arguments
and Proposition 8.11, we can describe ";C1 in (A3) explicitly with mD 3. Moreover,
by Propositions 8.3, 8.7, 8.4 and 8.8, we obtain C0;C1 in (A5) and (A6), and � D 1.
Fix a constant A> 0, suppose that

A�1
� � �A; S˛a;nC1

q
S�˛C1

a;nC1
�T �˛C1

a;nC1
� 2R;

and take P as above. Then we can take these constants in (A3)–(A6) being only de-
pending on ˛ , A and R, if "a;n , S�˛

a;nC1
.S�˛C1

a;nC1
�T �˛C1

a;nC1
/�1=2 and T ˛

a;n.Ta;n�Sa;n/

are sufficiently small. Therefore, we obtain the following result.

Theorem 8.12 Let .X;gƒ/ be as in Section 6, take a subsequence

fKn0
<Kn1

<Kn2
< � � � g � fK0 <K1 <K2 < � � � g;

and suppose

(16) lim
i!1

�
K2ni�1

K2niC1�K2ni

C
K�˛C1

2niC4

K�˛C1
2niC2

�K�˛C1
2niC3

�
D 0:

If a sequence faigi �RC satisfies

lim
i!1

q
S�˛C1

ai ;niC1
�T �˛C1

ai ;niC1

Tai ;ni
�Sai ;ni

D � > 0;

lim
i!1

S�˛ai ;niC1.S
�˛C1
ai ;niC1

�T �˛C1
ai ;niC1

/
�1
2 D lim

i!1
T ˛

ai ;ni
.Tai ;ni

�Sai ;ni
/D 0;

then f.X; aigƒ;p/gn
GH
��!

�
R3;

�
1=.˛�1/C 1=.� j�j/

�
h0; 0

�
.
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Next we estimate ˆa� 1=.˛� 1/ in the same situation, as � !1. We haveˇ̌̌
ˆa�ˆ

T 0
nC1

S 0
nC1

;P

ˇ̌̌
�

2.a=P /
1

1C˛ CP
�1

1C˛Ta;n�1CP
�1

1C˛ .Ta;n�Sa;n/

D
C

2S�˛C1
a;nC2

P
2

1C˛ .˛�1/

�
C˛

D

�
1CK2n�1

�.K2nC1�K2n/
C

1

�
C

K�˛C1
2nC4

K�˛C1
2nC2

�K�˛C1
2nC3

�
:

Applying Propositions 8.3 and 8.4 with � D 1 and (5), we haveˇ̌̌
ˆa�

1

˛�1

ˇ̌̌
�

C˛

D

�
1CK2n�1

�.K2nC1�K2n/
C

1

�
C

K�˛C1
2nC4

K�˛C1
2nC2

�K�˛C1
2nC3

C
R

S˛
a;nC1

q
S�˛C1

a;nC1
�T �˛C1

a;nC1

�
;

ˆa �

�
A

T 0
nC1

S 0
nC1

;P
�

2

�.K2nC1�K2n/

�
min

n
1

j�j
;1
o

�

�
1

2.˛�1/
�

2

�.K2nC1�K2n/

�
min

n
1

j�j
;1
o

if D � 1, R� 1 and j�j �R. Therefore, we can take C0 , C1 , � and m in (A3)–(A6)
depending only on ˛ and R if "! 0, where ˆDˆa and ˆ1 D 1=.˛� 1/. Hence
we have the following theorem.

Theorem 8.13 Let .X;gƒ/ be as in Section 6 and suppose fKni
gi satisfies (16). If a

sequence faigi �RC satisfies

lim
i!1

q
S�˛C1

ai ;niC1
�T �˛C1

ai ;niC1

Tai ;ni
�Sai ;ni

D1; lim
i!1

S�˛ai ;niC1.S
�˛C1
ai ;niC1

�T �˛C1
ai ;niC1

/
�1
2 D 0;

then f.X; aigƒ;p/gn
GH
��! .R3; h0; 0/.

By the similar argument, we have the following.

Theorem 8.14 Let .X;gƒ/ be as in Section 6 and suppose fKni
gi satisfies (16). If a

sequence faigi �RC satisfies

lim
i!1

q
S�˛C1

ai ;niC1
�T �˛C1

ai ;niC1

Tai ;ni
�Sai ;ni

D 0;

lim
i!1

S�˛ai ;niC1.S
�˛C1
ai ;niC1

�T �˛C1
ai ;niC1

/
�1
2 D lim

i!1
T ˛

ai ;ni
.Tai ;ni

�Sai ;ni
/D 0;

then f.X; aigƒ;p/gn
GH
��! .R3; .1=j�j/h0; 0/.
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Proof Put

P
1

1C˛ WD .Ta;n�Sa;n/D �

q
S�˛C1

a;nC1
�T �˛C1

a;nC1
;

S 0l D P
�1

1C˛Sa;l ; T 0l D P
�1

1C˛Ta;l :

An argument similar to (7) gives

ˆ
T 0

nC1

S 0
nC1

;P
.�/�

2..S 0
nC1

/�˛C1� .T 0
nC1

/�˛C1/

P .˛� 1/

if P .S 0
nC1

/˛ � 2R, which is equivalent to �S˛
a;nC1

q
S�˛C1

a;nC1
�T �˛C1

a;nC1
� 2R. Then

an argument similar to Proposition 8.11 givesˇ̌
ˆa.�/�ˆ

T 0n
S 0n;P

.�/
ˇ̌
�

C˛"a;n

D
C

2

.˛�1/�

for any � 2K.R;D/, where "a;n is the constant defined by

"a;n D
1CK2n�1

K2nC1�K2n

C
K�˛C1

2nC4

�2.K�˛C1
2nC2

�K�˛C1
2nC3

/
:

Moreover, Proposition 8.7 with � D 1 givesˇ̌̌
ˆ

T 0n
S 0n;P

.�/�
1

j�j

ˇ̌̌
�

2

D
;ˇ̌̌

ˆ
T 0n
S 0n;P

.�/�
1

j�j

ˇ̌̌
�

1CT ˛
a;n.Ta;n�Sa;n/

D3
T ˛

a;n.Ta;n�Sa;n/:

Then we can see jˆa � 1=j�jj � "=D3 for some " > 0 if D � 1 and � 2 K.R;D/.
Here, " goes to 0 as

"a;n!0; �!1; S˛a;nC1

q
S�˛C1

a;nC1
�T �˛C1

a;nC1
!1 and T ˛

a;n.Ta;n�Sa;n/!0:

Since one can take C0;C1;m; � in (A3)–(A6) depending only on ˛ if " is sufficiently
small, by Proposition 8.8 with � D 1 and (5), we obtain the result.

8.4 Example (1)

Let ƒ be as in Section 6. Moreover, we take an increasing sequence fKngn such that

lim
n!1

Kn

Kn�1

D1:

In this situation, we observe which pointed metric spaces can be contained in T .X;gƒ/
and prove Theorem 1.2.
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Take S > 0 and put ai WD K�1�˛
2i

S1C˛ . Then we have a
1=.1C˛/
i K2i D S and

limi a
1=.1C˛/
i K2iC1D1. Hence Theorem 8.2 implies .X; aigƒ;p/

GH
��! .R3; d1

S
; 0/.

Similarly, if we take ai WDK�1�˛
2iC1

T 1C˛ for T > 0, then we obtain .R3; dT
0
; 0/ as the

pointed Gromov–Hausdorff limit.

Next we fix � >0 and put aiD�
�1K�2

2iC1
K�˛C1

2iC2
. Then one can check that the assump-

tions of Theorem 8.12 are satisfied; hence one obtains
�
R3;

�
1=.˛�1/C1=.� j�j/

�
h0; 0

�
as the pointed Gromov–Hausdorff limit. By taking the limit � ! 0 or � !1, we
obtain .R3; h0; 0/ or .R3; .1=j�j/h0; 0/ as the pointed Gromov–Hausdorff limit. In
fact, we obtain the next result.

Theorem 8.15 Let ƒ; fKngn satisfy limn!1Kn=Kn�1 D 1. Then T .X;gƒ/ is
equal to the closure of

f.R3; sd11 ; 0/ W s > 0g [ f.R3; sd1
0 ; 0/ W s > 0g [

n�
R3; s

�
1C

1

j�j

�
h0; 0

�
W s > 0

o
with respect to the Gromov–Hausdorff topology. Moreover, we have

lim
s!1

.R3; sd11 ; 0/D lim
s!0

�
R3; s

�
1C

1

j�j

�
h0; 0

�
D .R3; h0; 0/;

lim
s!0

.R3; sd1
0 ; 0/D lim

s!1

�
R3; s

�
1C

1

j�j

�
; 0
�
D

�
R3;

1

j�j
h0; 0

�
;

lim
s!0

.R3; sd11 ; 0/D lim
s!1

.R3; sd1
0 ; 0/D .R

3; d10 ; 0/:

Proof We have already shown that the pointed metric spaces in the above list are
contained in T .X;gƒ/. Accordingly, what we have to show is that any other pointed
metric spaces may not arise as the tangent cone at infinity of .X;gƒ/.

Suppose that a sequence faigi �RC is given such that .X; aigƒ;p/
GH
��! .Y; d; q/ as

i !1. It suffices to show that .Y; d; q/ is one of the metric spaces in the list.

First of all, we may assume that for any large M > 0, there exists i.M / such that

˚
a

1
1C˛

i Kn 2RC W n 2N
	
\ ŒM�1;M �

is empty for any i � i.M /. If not, there is an M > 0 and a map i 7! ni such that
M�1 � a1=.1C˛/

i Kni
�M holds for infinitely many i . Then by taking a subsequence

faij g � faigi , we may suppose that M�1 � a1=.1C˛/
ij

K2nij
�M holds for any j or

that M�1 � a1=.1C˛/
ij

K2nij
C1 �M holds for any j . If the former case holds, then
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by replacing with a subsequence, we may suppose

lim
i!1

a
1

1C˛

i K2ni
D S 2 ŒM�1;M �;

lim
i!1

a
1

1C˛

i K2niC1 D S lim
i!1

K2niC1

K2ni

D1;

and we can apply Theorem 8.2; hence we obtain .Y; d; q/D .R3; d1
S
; 0/. If the latter

case holds, then we have .Y; d; q/D .R3; dT
0
; 0/ for some T > 0.

We may suppose that there exists li 2N for each i such that limi!1 a1=.1C˛/
i Kli

D 0

and limi!1 a1=.1C˛/
i KliC1D1 hold. If fi 2N W li is eveng is an infinite set, then we

can apply Theorem 8.2 again and obtain .Y; d; q/D .R3; d1
0
; 0/. Therefore, replacing

with a subsequence, we may suppose

lim
i!1

a
1

1C˛

i K2niC1 D 0; lim
i!1

a
1

1C˛

i K2niC2 D1:

Now, we have q
S�˛C1

a;nC1
�T �˛C1

a;nC1
�

1
2
S
�˛C1

2

a;nC1
; Ta;n�Sa;n �

1
2
Ta;n

holds for sufficiently large n. Hence if

0< lim inf
i!1

S
1�˛

2

ai ;niC1

Tai ;ni

� lim sup
i!1

S
1�˛

2

ai ;niC1

Tai ;ni

<1;

then Theorem 8.12 can be applied to this situation by taking a subsequence. Then we
obtain .Y; d; q/D .R3; .1C�=j�j/h0; 0/ for some � >0. Hence the remaining cases are

lim
i!1

S
1�˛

2

ai ;niC1

Tai ;ni

D 0 or lim
i!1

S
1�˛

2

ai ;niC1

Tai ;ni

D1:

In both of the cases, we can apply Theorems 8.13 or 8.14, and then obtain .Y; d; q/D
.R3; h0; 0/ or .R3; .1=j�j/h0; 0/.

One can also see that there are no nontrivial isometries between two pointed metric
spaces appearing in the list of Theorem 8.15. Here, an isometry of pointed metric
spaces means a bijective morphism preserving the metrics and the base points.

Obviously, there is no isometry between .R3; h0; 0/ and .R3; .1=j�j/h0; 0/. In the
next section, we will show that .R3; d1

0
; 0/ is isometric to neither .R3; h0; 0/ nor

.R3; .1=j�j/h0; 0/.
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metric tangent cone at 0 tangent cone at1

dT
S
.S < T / h0

1
j�j

h0

d1
S

h0 d1
0

dT
0

d1
0

1
j�j

h0

d1
0

d1
0

d1
0

h0 h0 h0

1
j�j

h0
1
j�j

h0
1
j�j

h0�
1C �

j�j

�
h0

1
j�j

h0 h0

Table 1: Tangent cones (0< S;T; � <1)

Then Table 1 implies that nontrivial isometries may exist between

.R3; d1S ; 0/ and .R3; d1S 0 ; 0/ for S ¤ S 0;

.R3; dT
0 ; 0/ and .R3; dT 0

0 ; 0/ for T ¤ T 0;�
R3;

�
1C

�

j�j

�
h0; 0

�
and

�
R3;

�
1C

� 0

j�j

�
h0; 0

�
for � ¤ � 0:

Suppose .R3; d1
S
; 0/ is isometric to .R3; d1

S 0
; 0/ for some S ¤ S 0 . Then the topolog-

ical space
f.R3; d1S ; 0/ W S 2RCg

with respect to pointed Gromov–Hausdorff topology is homeomorphic to S1 or 1–point;
hence it is compact. Then its closure is itself; therefore .R3; h0; 0/ is isometric to some
.R3; d1

S
; 0/, which is a contradiction by Table 1. Similarly, we can show that there are

no isometries between .R3; dT
0
; 0/ and .R3; dT 0

0
; 0/, or between .R3; .1C�=j�j/h0; 0/

and .R3; .1C � 0=j�j/h0; 0/.

8.5 Example (2)

Next we suppose that fKngn satisfies

lim
n!1

K2n

K2n�1

D1;
K2nC1

K2n

D ˇ > 1:

Take S > 0 and put an WD K�1�˛
2n S1C˛ . Then we have a1=.1C˛/

n K2n D S and
a1=.1C˛/

n K2nC1DˇS . Hence Theorem 8.2 implies that .X; angƒ;p/
GH
��! .R3; d

ˇS
S
/.

By arguing similarly to the proof of Theorem 8.15, we obtain the following.
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Theorem 8.16 Let ƒ; fKngn satisfy

lim
n!1

K2n

K2n�1

D1; lim
n!1

K2nC1

K2n

D ˇ > 1:

Then T .X;gƒ/ is equal to the closure of

f.R3; sd
ˇ
1
; 0/ W s > 0g [

n�
R3; s

�
1C

1

j�j

�
h0; 0

�
W s > 0

o
with respect to the Gromov–Hausdorff topology. Moreover, we have

lim
s!1

.R3; sd
ˇ
1
; 0/D lim

s!0

�
R3; s

�
1C

1

j�j

�
h0; 0

�
D .R3; h0; 0/;

lim
s!0

.R3; sd
ˇ
1
; 0/D lim

s!1

�
R3; s

�
1C

1

j�j

�
; 0
�
D

�
R3;

1

j�j
h0; 0

�
:

By a similar argument to Section 8.4, we can see that .R3; d
ˇS
S
; 0/ is isometric to

neither .R3; h0; 0/, .R3; .1=j�j/h0; 0/ nor .R3; d
ˇS 0

S 0
; 0/ for S 0 ¤ S .

8.6 Example (3)

For I �RC , denote by dI the metric on R3 induced byZ
x2I

dx

j� � .x˛; 0; 0/j
� h0:

Denote by BC.RC/ the set consisting of all Borel subsets of RC of nonzero Lebesgue
measure. In this subsection, we show the next theorem.

Theorem 8.17 There is a sequence fKngn such that T .X;gƒ/ contains

f.R3; dI ; 0/ W I 2 BC.RC/g=isometry:

Proof Put

O0 WD fI �RC W I is nonempty and openg;

O1 WD

� k[
iD1

.Sl ;Tl/�RC W
Sl ;Tl 2Q; 1� k <1;

0< Sl < Tl < SlC1 <1

�
:

Then one can see O1 �O0 � BC.RC/. Since O1 is countable, we can label the open
sets in O1 as follows:

O1 D fI1; I2; I3; : : :g; Im D

km[
lD1

.Sm;l ;Tm;l/:
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Now we fix a bijection F W N!N�N and write F.q/D .i.q/;m.q//. Define Lq > 0

inductively by

LqC1 WD 2i.q/Ci.qC1/Lq �
Tm.q/;km.q/

Sm.q/;1

; L0 WD 1:

Then we can define 0<K0 <K1 < � � � such that

fK0 <K1 < � � � g D

�
Lq

Sm.q/;l

Sm.q/;1

;Lq

Tm.q/;l

Sm.q/;1

W 1� l � km.q/; q D 0; 1; : : :

�
:

First we show that .R3; dIm
; 0/2 T .X;gƒ/ for every Im 2O1 . Fix m. For any i 2N ,

we can take a unique q such that i.q/D i and m.q/Dm. Put a1=.1C˛/
i WDL�1

q Sm;1 ;
then we have

a
1

1C˛

i Lq

Sm;l

Sm;1

D Sm;l ; a
1

1C˛

i Lq

Tm;l

Sm;1

D Tm;l :

Note that LqC1 � 2i.q/Ci.qC1/Lq implies Lq !1 as i !1, hence ai ! 0 as
i !1. Here, we put ˆDˆai

and ˆ1D
Pkm

lD1
ˆTm;l

Sm;l
. By applying Proposition 6.1

and (4)–(8) with P D 1, the constants appearing in (A3)–(A6) are given by

"D 2a
1

1C˛

i C 2�iSm;1C
21�.˛�1/iT �˛C1

m;km

˛� 1
; C0 D

1

2

kmX
lD1

A
Tm;l

Sm;l
;

C1 D
˛2

1
˛

˛� 1
; mD 1; � D

1

˛

if we suppose " is sufficiently small. One can see "! 0 as i !1, so we obtain
f.X; aigƒ;p/gi

GH
��!.R3; dIm

; 0/.

Next we show that .R3; dI ; 0/ 2 T .X;gƒ/ for any I 2 O0 . To show it, we apply
Vitali’s covering theorem. Fix I 2O0 and put I WD f.a; b/ 2O0 W Œa; b�� Ig. Then I
is a Vitali cover of I ; hence there exists fJngn2N � I such that

Jn ¤ Jn0 if n¤ n0; m

�
I n

G
n2N

Jn

�
D 0;

where m is the Lebesgue measure. Put yJn WD
Fn

kD1 Jk . Since yJn 2 O1 holds, we
have .R3; d yJn

; 0/ 2 T .X;gƒ/. If we put

ˆJ .�/ WD

Z
x2J

dx

j� � .x˛; 0; 0/j
;

then we can see

jˆ yJn
.�/�ˆI .�/j �

m.In yJn/

D
! 0 as n!1;
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and we can take the constants in (A3)–(A6) independent of n by using Proposition 6.2.
Therefore, we obtain f.R3; d yJn

; 0/gn
GH
��!.R3; dI ; 0/.

Finally, let I 2 BC.RC/. Since the Lebesgue measure is the Radon measure, there
exists Un �O1 for any n such that I � U and m.U /�m.I/C 1=n. Then we have
jˆI .�/ �ˆUn

.�/j � 1=.nD/, and thus f.R3; dUn
; 0/gn

GH
��!.R3; dI ; 0/ by a similar

argument. Here, the positivity of m.I/ is necessary since, by (4), C0 in (A5) is given byZ
I

dx

1Cx˛
> 0:

By Theorem 8.17, we can see that .R3; h0; 0/ and .R3; .1=j�j/h0; 0/ are also contained
in BC.RC/. The author does not know whether any other metric spaces may appear
as the tangent cone at infinity of .X;gƒ/ or not.

9 On the geometry of the limit spaces

In this section, we study the geometry of .R3; d1
0
/ and conclude that there is no isom-

etry between .R3; d1
0
/ and .R3; h0/, nor between .R3; d1

0
/ and .R3; .1=j�j/h0/.

Proposition 9.1 .R3; .1=j�j/h0/ is the Riemannian cone S2 �RC , where the Rie-
mannian metric on S2 is the homogeneous one whose area is equal to � .

Proof Put � D .�1; �2; �3/¤ 0 and r D
p
�2

1
C �2

2
C �2

3
, and let gS2 be the standard

Riemannian metric on S2 with constant curvature and volume 4� . Then by putting
R WD 2

p
r , we have

1

j�j
h0 D

1

r

�
.dr/2C r2gS2

�
D .dR/2CR2

�
gS2

4
:

Next we review the notion of polar spaces, introduced by Cheeger and Colding in [5],
and then we show that the metric space .R3; d1

0
/ is never a polar space.

Let Y be a metric space, and suppose that there is a tangent cone Yy at y 2Y . Then we
can consider tangent cones at any points in Yy . The tangent cones obtained by repeating
this process are called iterated tangent cones of Y . A point x in a length-space X

is called a pole if there is a ray  W Œ0;1/! X and t � 0 for any x ¤ x such that
 .0/D x and  .t/D x . Here, the ray  W Œ0;1/!X is a continuous curve such that
the length of  jŒt0;t1� is equal to j .t0/ .t1/j.

Definition 9.2 [5] The metric space Y is called a polar space if all of the base points
of the iterated tangent cones of Y are poles.
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For example, let C.X / be a metric cone of a metric space X . Then every  defined by
 .t/ WD .x; t/ 2X �RC D C.X / is a ray; hence the base points of any metric cones
are poles. Now, since .R3; .1=j�j/h0/ is a Riemannian cone of a smooth compact
Riemannian manifold, then all of the iterated tangent cones are .R3; .1=j�j/h0/ itself
or .R3; h0/. Consequently, we can conclude that .R3; .1=j�j/h0/ is polar. Obviously,
.R3; h0/ is also polar. We can also see in the similar way that .R3; .1C �=j�j/h0/ is
polar. On the other hand, we can show the next proposition.

Proposition 9.3 The origin 0 2 R3 is not a pole of the metric space .R3; d1
0
/. In

particular, .R3; d1
0
/ is neither a polar space nor a metric cone of any metric spaces.

Proof First of all we show that 0 2 R3 is not a pole with respect to d1
0

. Put
p WD .1; 0; 0/2R3 , and suppose that there is a ray  W Œ0;1/!R3 such that  .0/D 0

and  .t0/D p for some t0 > 0. Then we have

d10 . .s0/;  .s1//D

Z s1

s0

p
ˆ10 . .t// j

0.t/j dt

for any 0� s0 < s1 . For ı > 0, let

Aı WD ft 2R W jC.t/j � ıg:

Then there is a sufficiently small ı such that Aı \ .0; t0/¤∅ and Aı \ .t0;1/¤∅.
This is because the length of  jI becomes infinity for any small interval I � R if
not. Since Aı is closed and does not contain t0 , we can take a connected component
.a0; a1/ of RnAı containing t0 . Then we can see that jC.a0/j D jC.a1/j D ı and
jC.t/j< ı for any t 2 .a0; a1/. Now define z W Œ0; a1�!X by

z .t/ WD

�
.R.t/; e

i�C.t//; 0� t � a0;

ei�P jŒa0;a1�
.t/; a0 � t � a1;

where � is defined by ei�C.a0/D C.a1/. Recall that P jŒa0;a1�
is already defined

in Lemma 7.4. Then by applying Lemma 7.4, we can see that the length of z is strictly
less than the length of  jŒ0;a1� ; therefore,  is not a ray, which is a contradiction.
Hence 0 2R3 is not a pole.

Now we can check that the RC–action on R3 defined by scalar multiplication is
homothetic with respect to d1

0
; thus the tangent cone of .R3; d1

0
/ at 0 is itself.

Consequently, .R3; d1
0
/ is not a polar space.

Suppose that .R3; d1
0
/ is the metric cone of some metric space X ; then the origin 0

is nothing but the base point of the metric cone. Since the base point of the metric cone
is always a pole, we have a contradiction.
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Corollary 9.4 There is no isometry between .R3; d1
0
/ and .R3; h0/, nor between

.R3; d1
0
/ and .R3; .1=j�j/h0/.
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