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Tautological integrals on curvilinear Hilbert schemes

GERGELY BERCZI

We take a new look at the curvilinear Hilbert scheme of points on a smooth projective
variety X as a projective completion of the nonreductive quotient of holomorphic
map germs from the complex line into X by polynomial reparametrisations. Using
an algebraic model of this quotient coming from global singularity theory we develop
an iterated residue formula for tautological integrals over curvilinear Hilbert schemes.

14C05, 14N10, 55N91

1 Introduction

Let X be a smooth projective variety of dimension n and let F be a rank-r algebraic
vector bundle on X . Let X¥] denote the Hilbert scheme of length-%k subschemes
of X and let FI¥I be the corresponding tautological rank-7k bundle on X (k] whose
fibre at £ € X is HO(E, F¢).

Let Hilb]g (C™") be the punctual Hilbert scheme defined as the closed subset of (C")K] =
Hilb* (C™) parametrising subschemes supported at the origin. Following Rennemo [33]
we define punctual geometric subsets as constructible subsets Q C Hilb]g (C™) which
are unions of isomorphism classes of schemes, that is, if £ € Q and &’ € Hilblg (ch
are isomorphic (ie they have isomorphic coordinate rings), then ¢’ € Q. Geometric
subsets of X% are those generated by finite unions, intersections and complements
from sets of the form

P(Q1,....05) =t e XKl g = ¢ U... L for some & € Q;}.

For a geometric subset Z let Z denote its Zariski closure in X' (k] Let M (c1s v s Cri)
be a monomial in the Chern classes ¢; = ¢; (F [k]) of weighted degree equal to dim Z,
where the weight of ¢; is i. Let Q*(Z) denote the algebra of differential forms
supported on the smooth part of Z (see eg Remark 2.3). If aps € Q*(Z) is a closed
differential form representing the cohomology class of M (cy, ..., c,;) then the Chern
numbers

[E]HM(CI,...,c,k)zfzaM

are called tautological integrals of F (k1. Rennemo [33] shows that these integrals can
be expressed in terms of the Chern numbers of X and F.
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Theorem 1.1 (Rennemo [33]) Let M, , denote the set of weighted-degree-n mono-
mials in the Chern classes ¢{(F),...,c,(F) and c¢;(X),...,cn(X). For S € M, ,
let ag € QP(X) be a closed differential form representing the cohomology class of S
and let ys = |, 'y as denote the corresponding intersection number. Let Z C X %] pe a
geometric subset. Then for any Chern monomial M = M ((cy,...,c,;) of weighted
degree dim Z there is a polynomial Rys in | M, | variables depending only on M
such that

[ZINM(cy,. .. crk) = Rpu(ys 0 S € My p).

The proof in [33] is nonconstructive and based on constructing homology classes
supported on certain diagonals of X (see also Li [27]) and the fact that an element in
the cohomology ring of a Grassmannian is a polynomial in the Chern classes of the
universal bundle. Lacking a method of obtaining information about this polynomial,
there is no apparent way of turning this proof into an algorithm. Explicit expressions for
tautological integrals are not known in general. On surfaces the method of Ellingsrud,
Gottsche and Lehn [15] yields a recursion which in principle computes the universal
polynomial explicitly. The top Segre classes of tautological bundles over surfaces
provides an example of this problem and the conjecture of Lehn [26] has been recently
proved by Marian, Oprea and Pandharipande [29] for K3 surfaces using virtual locali-
sation. However, [15] and [29] deal only with surfaces and their authors integrate over
the whole Hilbert scheme rather than over geometric subsets. Our method works in any
dimension for integration over a geometric subset called the curvilinear component.

Let X be a smooth projective variety of dimension 7. This paper provides a closed iter-
ated residue formula for tautological integrals over the simplest geometric subsets P (Q)
where s = 1 and the punctual geometric subset Q is defined as

0 = {£ e Hilbk (C") : 0 ~ C[z]/2F}.

We will see that Q is an irreducible component of the punctual Hilbert scheme. Points
of P(Q) correspond to curvilinear subschemes on X, ie subschemes contained in the
germ of some smooth curve on X . In other words, these are the limit points on X ¥]
where k distinct points come together along a smooth curve. We denote this curvilinear
locus by CX* and its closure by CX <] which we call the curvilinear Hilbert scheme.

The main result of the present paper is the following explicit formula for tautological
integrals over curvilinear Hilbert schemes.

Theorem 1.2 Letk>1 and P(x)= P(x1....,X;k+1)) beapolynomial of weighted
degree dim CX Ve+1] = jy 4+ (n—1)k in the variables x; of weight [ for 1 </ <r(k+1).
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Letc; =c;(F [k+11) denote the I™ Chern class of the tautological rank-r (k+1) bundle
on X+11 Then

f P(e)
Cxlk+1] X X
_/ Res T Thisicjk (i = 2) Qk () Ple(6 — 2, 0))d = I (1)

B x(=—),

z=00 [litj<i<eGitzj =z z)" Zi

i=
where 01, ..., 0, are the Chern roots of F and c;(6 —z, ) denotes the ['" symmetric
polynomial in the formal Chern roots {0; —z;,0; : 1 <i <k,1 < j <r}. The iterated
residue is (—1)¥ times the coefficient of (zy -+~ z;)~! in the expansion of the rational
expression in the domain z1 < - -+ < zj and

1y s1(X) | s2(X) | osa(X
SX(Z,')_1+ Z + Zl.z +---+ 7

1

is the total Segre class of X at 1/z;. Finally Q(z) is a homogeneous polynomial
invariant of Morin singularities given as the equivariant Poincaré dual of a Borel orbit
defined in the following Remark.

Remark (explanation and features of the residue formula) e The iterated residue
gives a degree-n symmetric polynomial in Chern roots of F and Segre classes of X
reproving Theorem 1.1 This shows that the dependence on Chern classes of X in fact
can be expressed via the Segre classes of X . In particular, in Example 7.2 we give
a formula for the top Segre classes of tautological bundles over curvilinear Hilbert
schemes.

e For fixed k the rational expression
[Ti<icj<k(@i—z)Qk(2) P(c;(0 —z.0))dz
[litj<i<k(@i+zj—z1)

in the formula is independent of the dimension » and the iterated residue depends on n
only through the total Segre class sy of X . The iterated residue is then some linear
combination of the coefficients of (the expansion of) Ry multiplied by Segre classes
of X . By increasing the dimension, the iterated residue involves new terms of the
expansion of Ry, and we can think of R4 as a universal rational expression encoding
the integrals for fixed k but varying n.

Ry =

e The Chern class ¢;(0 — z, 0) is the coefficient of ¢/ in

r k r
[Ta+60 T[T -zt +060.

j=1 i=1j=1

that is, the /™ Chern class of the bundle with formal Chern roots 0, 0 —z;.

Geometry & Topology, Volume 21 (2017)



2900 Gergely Bérczi

e The quick description of Qj is the following; see Remark 6.2 for details. The
GL(k)-module of 3—tensors Hom(C¥, Sym?C¥) has a diagonal decomposition

Hom(C*, sym’C*) = € Cq)".

1<m,rl<k

where the Ty —weight of ¢;"" is (zm + zr —z;). Define € = ZI,;=1 Zf:lnq,’:’ir as a
point in the Bj—invariant subspace

Wy = @ Cq"" C Hom(Ck, Sym2C¥).

1<m+r=<I<k

Then Q(z) = eP[Bye, Wy] is the equivariant Poincaré dual of the Borel orbit Bje
in Wj.. The list of these polynomials begins as follows: Q1 = 0, = Q3 = 1,
Q4 =2z1 + z5 — z4. In principle, Q; may be calculated for each concrete k using a
computer algebra program, but at the moment, we do not have an efficient algorithm
for performing such calculations for large & and Qj is only known for k& < 6.

The main motivation for studying tautological integrals is their immediate applications in
enumerative geometry and in particular in counting hypersurfaces in sufficiently ample
linear systems on X with a prescribed set of singularities. Let X be a smooth, projective,
connected variety, L a sufficiently ample line bundle on X and let 74,..., 7 be
analytic singularity types. There are expected codimensions d; associated with each 77,
and we let d = )_d;. Rennemo [33] shows (see also Gottsche [20] and Kleiman
and Piene [24]) that there is an m and a geometric set W = W(Ty,...,Ts) C X [m]
such that a generic hypersurface containing a Z € W has the specified singularities.
Therefore in a general Pe c |L| the number of hypersurfaces containing a subscheme
Z € W isequal to f w Cdim(W) (L[m]); hence this tautological integral gives the number
of hypersurfaces in P¢ with singularities T}, ..., Ty.

In the forthcoming paper Bérczi and Szenes [6], we extend the methods of the present
paper to study tautological integrals over more general geometric subsets supported at
more than one point on X and develop residue formulae for counts of hypersurfaces
with given sets of singularities. As a special case we present a new formula for the
number of §—nodal curves on surfaces (and more generally §—nodal hypersurfaces on
projective varieties) different from the well-known Gottsche conjecture [20], which by
now has several proofs; see Kazarian [23], Kool, Shende and Thomas [25], Liu [28]
and Tzeng [36].

The intersection theory of the Hilbert scheme of points on surfaces has been extensively
studied and it can be approached from different directions. One is the inductive
recursions set up by Ellingsrud, Gottsche and Lehn [15], an other possibility is using
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Nakajima calculus (see Lehn [26] and Nakajima [32]). By these methods, the integration
of tautological classes is reduced to a combinatorial problem. Another strategy is to
prove an equivariant version of Lehn’s conjecture for the Hilbert scheme of points
of C? via appropriately weighted sums over partitions. More recently Marian, Oprea
and Pandharipande [29] proved a conjecture of Lehn [26] on integrals of top Segre
classes of tautological bundles over the Hilbert schemes of points over surfaces in the
K3 case via virtual localisation on the Quot schemes of the surface.

In this paper we suggest a new approach by taking a look at Hilbert schemes of points
from a different perspective. We work in arbitrary dimension, not just over surfaces.
For n > 3 not much is known about the irreducible components and singularities of the
punctual Hilbert scheme Hilbk (C") so we only focus on the curvilinear component.
The crucial observation is that for k£ = 1 the punctual curvilinear locus CX} [k+1]
at p € X can be described as the nonreductive quotient of k—jets of holomorphlc map
germs (C, 0) — (X, p) by polynomial reparametrisations of C at the origin.

Let J ,zegX denote the regular k—jet bundle over X whose elements are equivalence
classes of germs of holomorphic maps f: (C,0) — (X, p) with the equivalence
relation f ~ g if and only if the derivatives satisfy /) (0) = g(/)(0) for 0 < j <k
when computed in some local coordinate system of X near p € X and f/(0) # 0.
The reparametrisation group Diffy (1) formed by k—jets of regular reparametrisations
of C at the origin acts fibrewise on J ,ieg X and the curvilinear locus (as a set) can be
identified with the quasiprojective quotient

CxH ~ % X /Diffy (1).

Using an algebraic model coming from global singularity theory (we call this the
test-curve model) we reinterpret the natural embedding of the punctual curvilinear
locus CX} [k+1] jnto the Grassmannian of codimension-k subspaces in the maximal
ideal m = (xy,...,xp) as a parametrised map CXj; le+1] sy Grassk( ) where
Dk = pk y /Ox is the bundle of order-k dlfferentlal operators over X The punc-
tual curv1hnear Hilbert scheme CX Cx %+ s the closure of the image of this map
in Grassy (DX X, p), and moving the point p on X, this gives an embedding of the
curvilinear component

¢Grass: C_X[k‘H] N Grassk(Dll{;).

Integration on CX CXk+11 can be reduced to integration along the fibre CX [k+1]
see Section 7. We use equivariant localisation on CX Cx e+l following the strategy of
Bérczi and Szenes [7]. However, for tautological 1ntegrals we need to modify the proof
in [7] in two crucial points:
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e First, the main obstacle to applying localisation directly is that we don’t know
which fixed points of the ambient Grassmannian sit in the image C_Xg‘“] . However,
for k + 1 < n we prove in [7] a residue vanishing theorem which tells that after
transforming the localisation formula into an iterated residue only one distinguished
fixed point of the torus action contributes to the sum. This mysterious property remains
valid for tautological integrals but its proof needs a more detailed study of the rational
differential form.

¢ Second, we need to extend the formula to the domain where k + 1 > n, that is, the
number of points is not smaller than the dimension of X . The trick here is to increase the
dimension of the variety and study Hilb’g T1(C") as a subvariety of Hilb'g Tlckty,

The developed method reflects a surprising feature of curvilinear Hilbert schemes: in
order to evaluate tautological integrals and make the residue vanishing principle work
we need to increase the dimension of the variety first and work in the range where the
number of points does not exceed the dimension.

Acknowledgements [ warmly thank Frances Kirwan and Jgrgen Vold Rennemo for
the valuable discussions. I also thank the referee for the insightful comments and sug-
gestions. This paper has outgrown from [7] and my special thanks go to Andras Szenes.

2 Tautological integrals

Let X be a smooth projective variety of dimension n and let F be a rank-r bundle
(locally free sheaf) on X'. Let

X = (£ ¢ X : dim(£) = 0 and length(§) = dim H (&, O¢) = k}

denote the Hilbert scheme of & points on X parametrising length-k subschemes of X
and F¥] the corresponding rank-rk bundle on X1%1 whose fibre over £ € X! is
F®Os = HO(S, F|§).

Equivalently, F (k] — g« p*(F),where p and g denote the projections from the universal
family of subschemes ¢/ to X and X (k] respectively:

XK x Sy —9 . K]
|»
X

For simplicity let Hilblg (C™) denote the punctual Hilbert scheme of k points on C”
defined as the closed subset of Hilb¥ (C™) parametrising subschemes supported at
the origin. Following Rennemo [33] we define punctual geometric subsets to be the
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constructible subsets of the punctual Hilbert scheme containing all 0—dimensional
schemes of given isomorphism types.

Definition 2.1 A punctual geometric set is a constructible subset O C Hilblg (639
which is the union of isomorphism classes of subschemes, that is, if £ € Q and
& e Hilblg (C™) are isomorphic schemes then &’ € Q.

Definition 2.2 For an s—tuple Q = (Q1,..., Qs) of punctual geometric sets such
that Q; C Hilb]gi (C") and k = )_ k; define

P(Q)={$eX[k]:$=§1|_|- --LU& where éieXIEf_"']ﬂQ,' for distinct pq,..., ps}gX[k].
A subset ZC X (kT is geometric if it can be expressed as finite union, intersection and

complement of sets of the form P(Q).

A straightforward way to produce punctual geometric subsets is by taking a complex
algebra A of complex dimension k& and making the corresponding definition

04=1te XM .0~ 4.

When A = C[z]/z¥ then Q4 = CX, ng] is the punctual curvilinear locus defined in the

next section and
X = | ) cx !
PEX
is the curvilinear Hilbert scheme, the central object of this paper.

In this paper we work with singular homology and cohomology with rational coefficients.
For a smooth manifold X the degree of a class n € Hx(X) means its push-forward to
Hy(pt) = Q. By choosing oy € QP(X), a closed compactly supported differential
form representing the cohomology class 7, this degree is equal to the integral

nﬂ[X]=/on,,.

Let ZC Xkl bea geometric subset with closure Z and M (cy, ..., cy;) be amonomial
in the Chern classes ¢; = ¢; (F [k]) of weighted degree equal to dim Z, where the weight
of ¢; is i. By choosing aps € Q*(X [k]), a closed compactly supported differential
form representing the cohomology class of M(cy,...,c,k), the degree

(1) [ZmM@“qu=/aM
Z
is called a tautological integral of FIXI,

Remark 2.3 (1) In (1) the integral of aps on the smooth part of Z is absolutely
convergent and by definition we denote this by [’ ZOM -
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(2) Recall (see eg Bott and Tu [10]) that if f: X — Y is a smooth proper map
between connected oriented manifolds such that f restricted to some open subset
of X is a diffeomorphism, then for a compactly supported form w on Y, we have
[x f*1 = [y 1. The analogous statement for singular varieties is the following. Let
f: M — N be a smooth proper map between smooth quasiprojective varieties and
assume that X C M and Y C N are possibly singular closed subvarieties, such that
f restricted to X is a birational map from X to Y. If u is a closed differential form
on N then the integral of p on the smooth part of Y is absolutely convergent; we
denote this by [} y. With this convention we again have [y f*u = [}, u.

In particular this means that the integral |, y i of the compactly supported form p
on N is the same as the integral fY f*u of the pull-back form f™*u over any (partial)
resolution f: (Y M) — Y,™Mm).

3 Curvilinear Hilbert schemes

In this section we describe a geometric model for curvilinear Hilbert schemes. Let X
be a smooth projective variety of dimension #» and let

X = (£ ¢ X : dim(£) = 0 and length(§) = dim HO(£, O¢) = k}
denote the Hilbert scheme of k& points on X parametrising all length-k subschemes

of X.For pe X let
X9 = (& € X9 supp() = p)

denote the punctual Hilbert scheme consisting of subschemes supported at p. If
p: XK1 - Sk X given by £ Zpe x length(Og ,) p denotes the Hilbert—Chow
morphism then X}k] =p~ lkp).

Definition 3.1 A subscheme £ € X, ng] is called curvilinear if £ is contained in some
smooth curve C C X . Equivalently, & is curvilinear if Og is isomorphic to the C—
algebra C[z]/z%. The punctual curvilinear locus at p € X is the set of curvilinear
subschemes supported at p:

CXIEk] ={fe Xlgk] : & C Cp for some smooth curve C C X'}
={& e XM 0¢ ~ C[z]/25}.

If X is a surface (ie dim X' = 2), CXj (k] is an irreducible quasiprojective variety of
dimension k — 1 which is an open dense subset in X% and therefore its closure is the
full punctual Hilbert scheme at p, thatis, CXp, cxH = = X (k] When n > 3 the punctual
Hilbert scheme X; (k] is not necessarily 1rredu01ble or reduced but the closure of the
curvilinear locus is one of its irreducible components:
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Lemma 3.2 C_Xl[,k] is an irreducible component of the punctual Hilbert scheme X, ng]
of dimension (n —1)(k —1).

Proof Note that & € Hilb%k]((C") is not curvilinear if and only if O¢ does not contain
elements of degree k — 1, that is, after fixing some local coordinates xi, ..., x, of C"
at the origin we have

Og ~C[x1,...,xy4]/1 forsome I 2 (xl,...,x,,)k_l.

This is a closed condition and hence curvilinear subschemes can’t be approximated by
noncurvilinear subschemes in Hile)k] (C"). The dimension of CX I[,k] will come from
the description of it as a nonreductive quotient in the next subsection. O

Note that any curvilinear subscheme contains only one subscheme for any given smaller
length and any small deformation of a curvilinear subscheme is again locally curvilinear.

Remark 3.3 Fix coordinates x1,...,x, on C". Recall that the defining ideal /¢ of
any subscheme & € Hilb]g *T1(C") is a codimension-k subspace in the maximal ideal
m=(X1,...,Xy). The dual of this is a k—dimensional subspace S in m* ~ SymSk cn
giving us a natural embedding ¢: X ng +11 s Grassy (SymSk C™). In what follows, we
give an explicit parametrisation of this embedding using an algebraic model coming
from global singularity theory.

3.1 Test-curve model for C_X[k]

3.1.1 Jets of holomorphic maps If # and v are positive integers let J; (u, v) denote
the vector space of k—jets of holomorphic maps (C¥% 0) — (CV, 0) at the origin, that is,
the set of equivalence classes of maps f: (C* 0) — (CY 0), where f ~ g if and only
if £U)(0) =g (0) forall j =1,...,k. This is a finite-dimensional complex vector
space, which one can identify with Jy (1, 1) ® C?; hence dim Jy (1, v) = v(”;';k) —v.

We will call the elements of Ji (u, v) map-jets of order k, or simply map-jets.

Eliminating the terms of degree k + 1 results in an algebra homomorphism Jy (#, 1) —
Jir—1(u,1), and the chain Jy(u,1) = Jr_1(u,1) = --- = Ji(u, 1) induces the
following increasing filtration on Jy (u, 1)*:

(2) Jiw, D)* Cc Jo(u, )* C--- C Ji(u, 1)*.

Remark 3.4 The space J;(u, 1)* may be interpreted as set of differential operators
on C* of degree at most 7, and in particular, by taking symbols, we have

k
3) Je(u, 1)* ~ sym=kC* & P sym' €,
=1
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where Syml stands for the symmetric tensor product and the isomorphism is that of
filtered GL(n)—modules. Given a regular k—jet f: (C,0) — (C"* 0) in J ,ieg(l,n) we
may push forward the differential operators of order & on C (with constant coefficients)
to C™ along f which gives us a map

f+ Je(1,1)* = Grass(k, Ji(n, 1)*).

In Section 3.1.3 we describe a parametrisation of this map, and identify the image
in the Grassmannian with the punctual curvilinear locus CX, IE"“] using local coordi-
nates on X near p.

Choosing coordinates on C* and C? a k—jet f € Ji(u,v) can be identified with the
set of derivatives at the origin, that is, the vector (f/(0), f”(0),..., f®(0)), where
£ (0) e Hom(Sym’ C¥ CV). This way we get the identification

k
4) Jk(u,v):Jk(u,1)®(C”:@Hom(Symj(C”,(C”).
j=1
One can compose map-jets via substitution and elimination of terms of degree greater
than k ; this leads to the composition map

) Tk, v) x Jg (v, w) = Ji (u, w),

(W, ¥;) > W, o Wy modulo terms of degree > k.
When k = 1, the map-jets in Jq(«, v) may be identified with #-by-v matrices, and (5)
reduces to multiplication of matrices.

The k—jet of a curve (C,0) — (C", 0) is simply an element of Ji(1,r). We call such
a curve y regular if y'(0) # 0; introduce the notation J ,Zeg(l ,n) for the set of regular
curves:

Tt (n) = {y € J(1.n) 1 y'(0) # 0}.

Note that J ,ieg (u, u) with the composition map (5) has a natural group structure and
we will often use the notation

Diffy (u) = J; % (u, u)

and refer to this set as the k—jet diffeomorphism group to underline this property.

3.1.2 Jet bundles and differential operators Let X be a smooth projective variety.
Following Green and Griffiths [21] we let J; X — X be the bundle of k—jets of germs
of parametrised curves in X ; that is, Ji X is the of equivalence classes of germs of
holomorphic maps f: (C,0) — (X, p), with the equivalence relation f ~ g if and
only if the derivatives satisfy f)(0) = g (0) for 0 < j <k when computed in
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some local coordinate system of X near p € X. The projection map Jz X — X is
simply f +— f(0). If we choose local holomorphic coordinates on an open neighbour-
hood €2 C X around p, the elements of the fibre J; X, can be represented by Taylor
expansions

2 k
SO = p+1f' O+ 5 110+ + 75 PO + 0

up to order k at t = 0 of C"—valued maps f = (f1, f2,..., fn) on open neighbour-
hoods of 0 in C. Locally in these coordinates the fibre J; X}, can be identified with
the set of k—tuples of vectors (f/(0), ..., f®(0)/k!) = (C™)* which further can be
identified with Jj (1, n). These jet bundles and the corresponding jet differential bundles
play central role in the study of hyperbolic varieties and the Green—Griffiths—Lang
conjecture; see Demailly [11] and Green and Griffiths [21].

Remark 3.5 Note that J; X is not a vector bundle over X since the transition functions
are polynomial but not linear; see Section 5 of Demailly [11]. In fact, let Diffy denote
the principal Diff (n)—bundle over X formed by all local polynomial coordinate
systems on X . Then

JkX = DiffX XDifty, (n) Jk(l, n)

is the associated bundle whose structure group is Diffy (7).

Let J ,ieg X denote the bundle of k—jets of germs of parametrised regular curves in X,
that is, where the first derivative satisfies f’ # 0. After fixing local coordinates
near p € X the fibre J ,iegX » can be identified with J ]zeg(l,n) and

JEX = Diffy Xpigr, oy Jy (1, n).

Let D =k denote the bundle of k"—order differential operators over X . Then we have
D = Oy, and we let Dk DIk Y/ D<0 We have a filtration

(6) oxzpf"cp— c---CDFF

where the graded component Dy =i / D<’ '~ Sym’ Ty but this filtration is not split in

general, so Dk #£ Sym—k Ty ; see Sectlon 4.1 for details. Recall from Remark 3.4 that
after choosmg local coordinates on X near p the fibre Dk can be identified with
the space Ji(n, 1)* ~ Sym—k(C " of k™—order dlfferentlal operators on C” and the
filtration (6) restricted to this fibre is the one given in (2).

Remark 3.6 We have a description of Dﬁ‘( as an associated bundle similar to that
of Jr X in Remark 3.5 , namely

D), = Diffy Xpif, () Sym=¥C".
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Remark 3.7 Given a regular k—jet (C,0) — (X, p) we may push forward the differ-
ential operators of order £ on C to X and obtain a k—dimensional subspace of D}S(kp.
This gives the bundle map

(7 T X — Grassy (D),
which is the fibred version of the map in Remark 3.4. Note that Diffg (1) = J,"*(1,1)

acts fibrewise on the jet bundle J ,iegX via the composition map (5) and the map (7) is
Diffy (1)—invariant, resulting in an embedding

(8) T, X /Diffy (1) = Grassg (D).

In Section 3.1.3 we show that the set CX*+1] of curvilinear subschemes on X can
be identified with the nonreductive fibrewise quotient of J. ,iegX by Diffy (1):

cx+1 = g% x /Diff (1).
This, together with (8) gives an embedding
cxlet1l <, Grassy, (D;‘().

In the next subsection we describe a parametrisation of this embedding which turns out

to be crucial to control equivariant localisation on CX 1[,k+1] .

3.1.3 The test-curve model of CX 1 et feCX ng+ 11 be a curvilinear subscheme
supported at p € X. Then £ is (scheme-theoretically) contained in a smooth curve
germ Cp in X:

ECCpCX.

Let f¢: (C,0) — (X, p) be a k—jet of a germ parametrising C,. Then f € J,iegXp
is determined only up to polynomial reparametrisation germs ¢: (C,0) — (C, 0) and
therefore we get the following lemma.

Lemma 3.8 The punctual curvilinear locus CX, ng 11 jg equal (as a set) to the set of
k—jets of regular germs at p € X modulo polynomial reparametrisations:
CXIEkH] = {regular k—jets (C,0) — (X, p)}/{regular k—jets (C,0) — (C, 0)}
= J, X, /Diffy(1).
Therefore the curvilinear locus CX%+1 is the fibrewise quotient
cxE+11 = %8 x /Diffy (1).
Recall that after choosing local coordinates on X near p we can identify J ,zegX »

with J ,ieg(l ,n). We can explicitly write out the reparametrisation action (defined in (5))
of Diff (1) on Jlieg(l,n) as follows:
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Let
Je2)=zf" <0)+2, SO+ oy f“"((»efeg(l )

be the k—jet of a germ at the origin (ie it has no constant term) in C” with f@ e C”
such that /7 # 0 and let ¢(z) = ;2 4+ apz2 4+ -+ + agzk € J,ieg(l, 1) with o; € C
and oy # 0. Then

Jop(2) ) .
:(f'/(O)Oll)Z+(f (0)ara +f (0) 2) L +( 5 #%m%)zk’
i4eti=k
which equals
/Oll (6% o3 o \
0 alz 20010y o0 20010 —1 + -
3 ... 302
©) (f10),..., fO0)/k!)- 0 0 o 302ay 5+
Y 0 0 0o .- . )
00 0 - ok

where the (i, j) entry is p; j (&) = Za1+a2+-~-+a,~=j Og,Olg, * Qg -

Remark 3.9 The linearisation of the action of Diffz (1) on J ]zeg(l,n) given as the
matrix multiplication in (9) represents Diff; (1) as a group of upper triangular matrices
in GL(n). This is a nonreductive group so Mumford’s reductive GIT is not applicable
to study the geometry of the quotient J ,ieg(l ,n)/Diffy (1); see Bérczi, Doran, Hawes
and Kirwan [3; 4] for details. Note that our matrix group is parametrised along its first
row with the free parameters o, ..., o and the other entries are certain (weighted
homogeneous) polynomials in these free parameters. Itis a C* extension of its maximal

unipotent radical
Diffi (1) = U x C*,

where U is the subgroup we get via substituting «; = 1 and the diagonal C* acts
with weights 0, 1,...,n—1 on the Lie algebra Lie(U). In Bérczi and Kirwan [5] and
Bérczi, Doran, Hawes and Kirwan [3; 4] we study actions of groups of this type in a
more general context.

Fix an integer N > 1 and define

O ={V € Ji(n,N): Iy € J,*(1,n) such that Woy = 0},

that is, ®y is the set of those k—jets of germs on C” at the origin which vanish
on some regular curve. By definition, ®; is the image of the closed subvariety
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of Jy(n,N)x J ,ieg(l, n) defined by the algebraic equations W o y = 0, under the
projection to the first factor. If W oy =0, we call y a test curve of ®.

Remark 3.10 The subset ®, is the closure of an important singularity class in the jet
space Ji(n, N). These are called Morin singularities and the equivariant dual of ®
in Ji(n, N) is called the Thom polynomial of Morin singularities; see Bérczi and
Szenes [7] and Fehér and Rimanyi [16] for details.

Test curves of germs are generally not unique. A basic but crucial observation is
the following. If y is a test curve of ¥ € ®, and ¢ € Diff; (1) is a holomorphic
reparametrisation of C, then y o ¢ is, again, a test curve of W:

C&CLC" L CNwithWoy=0 = Wo(yoyp)=0.

In fact, we get all test curves of W in this way if the following property, open and
dense in ®y, holds: the linear part of ¥ has 1-dimensional kernel. Before stating this
in Theorem 3.12, let us write down the equation Woy = 0 in coordinates in an illustrative
case. Let y = (y',y",....y®) e J,zeg(l,n) and U= (W, 0", ... 9@y e J (n,N)
be the k—jets of the test curve y and the map W respectively. Using the chain rule and
the notation v; = y¥)/i!, the equation W oy = 0 reads as follows for k = 4:
@' (v) =0,
W' (v2) + 9" (v1,v1) = 0,
lIJ,(v3) + ZLIJ,/(UI s UZ) + \IJ”/(‘UI » U1, Ul) = 09
\IJ/(U4)—|-2‘-IJ//(U1 R U3)+\D//(U2, U2)+3\I’W(U1 , U1, U2)+lp////(v1 ,V1,v1,01)=0.

(10)

Lemma 3.11 (Gaffney [19]; Bérczi and Szenes [7]) Lety = (v',y",....y®) e
J8(1n) and W = (W, 07, W®) € J(n,N) be k—jets. Then substituting
vi =y @ /i, the equation Woy = 0 is equivalent to the following system of k linear
equations with values in C :
(1) Y W) =0 form=1.2,... .k

teP(m)
Here P(m) denotes the set of partitions T = 1*! ... m™ of m into nonnegative integers

T1

Tm
1 ..cvm .

andv; =v

For a given y € J ]zeg(l,n) and 1 <i <k let SJ’;’N denote the set of solutions of the
first 7 equations in (11), that is,

(12) SEN ={W e J(n,N): ¥oy =0 up to order i}.
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The equations (11) are linear in W, and hence
SEN C Je(n. N)

is a linear subspace of codimension i IV, ie a point of Grasscogim=i N (Jx (1, N)), whose
orthogonal, (S;';N )L, is an i N-dimensional subspace of Jx (1, N)*. These subspaces
are invariant under the reparametrisation of y. In fact, W o y has N vanishing
coordinates and therefore

(SIN)L (SII)L®CN

For W € Ji(n, N) let ¥! € Hom(C” C¥) denote the linear part. When N > n then
the subset .
gi’N ={Ve S”N dimker U! =1}

is an open dense subset of the subspace S’ N In fact it is not hard to see that the
complement S’ N \S’ ‘N where the kernel of \IJI has dimension at least two is a closed
subvariety of cod1mens1on N —n+2.

Theorem 3.12 (1) The map
¢: J; 5(1,n) — Grassg (Ji(n, 1)%)

defined as y +— (S,lf ‘1)L s Diffy (1) —invariant and induces an injective map on
the Diffy, (1)—orbits into the Grassmannian

¢Grass: leeg(l’n)/Diffk(l) < Grassg (Jx (1, 1)).

Moreover, ¢ and ¢S are GL(n)—equivariant with respect to the standard
action of GL(n) on J]zeg(l,n) C Hom(Ck, C") and the induced action on
Grassy (Ji (n, 1)*).
(2) Recall form Remark 3.4 that Jj(n,1)* = SymSk(C”. The image of ¢ and the
image of ¢ defined in Remark 3.3 coincide in Grassy, (Symfk(C ny:
Im(¢) = Im(¢) C Grassy (Sym=FC").

Proof For the first part it is enough to prove that for ¥ € ©; with dimker W! = 1
and y,§ € J,ieg(l,n),

Woy=Wod=0 < IAeJ 51, 1) suchthaty =§oA.

We prove this statement by induction. Let y =vt+-- +vpt® and S =wyr+- - Fwirk.
Since dimker W! = 1, we have v; = Awj, for some A # 0. This proves the k = 1 case.

Suppose the statement is true for k — 1. Then, using the appropriate order-(k—1)
diffeomorphism, we can assume that v, = w,, for m =1,...,k —1. It is clear then
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from the explicit form (11) (see (10)) of the equation Woy =0, that W1 (vy) = ¥ (wy),
and hence wy, = vy —Av; for some A € C. Then y = Ao§ for A =1+ Atk and the
proof is complete.

The second part immediately follows from the definition of ¢ and ¢. |

Remark 3.13 (1) Fora point y € J,ieg(l,n) let v; =¥ /il e C" denote the normed
i™ derivative. Then from Lemma 3.11 it immediately follows that for 1 <i <k (see [7]),

B S =S ik, T ) csmEker
teP(i)

This explicit parametrisation of the curvilinear component is crucial in building our

localisation process in the next section.

(2) Let {e1,...,e,} be abasis of C". Since ¢ is GL(n)—equivariant, for k <n the
GL(n)—-orbit of py , satisfies

n=d¢(er,....ex) = Span(c(el,ez —i—e%,..., > e,)
teP(k)

and forms a dense subset of the image J. ,ieg(l, n) and therefore
¢(J (1)) = GL(1) - pg -

Recall that after choosing local coordinates on X near p we can identify the fi-
bre J,iegXp with J,ieg(l,n) and the fibre D’/{,’p with Ji(n,1)*. Lemma 3.8 and
Theorem 3.12 therefore give us the following.

Corollary 3.14 We have an embedding of the punctual curvilinear locus CX, le+1],

pSrs: Cx 1 = 8 X, /Diffy (1) < Grass (D ).

into the Grassmannian bundle of k—dimensional subspaces of the fibre Dk X.p The
quotient J “8 X /Diffy (1) has the structure of a locally trivial bundle over X which has
a ho]omOIplnc embedding

¢Grass: CX[k—H] — J]zegX/Diffk(l) <> Grassy (’DIX/)

into the Grassmannian bundle of k—dimensional subspaces of Dﬁ‘( over X . The closure
of the image
Cx k+11 — d)Grass(leegX)

is the curvilinear component of the Hilbert scheme of k + 1 points on X .

Geometry & Topology, Volume 21 (2017)



Tautological integrals on curvilinear Hilbert schemes 2913

3.2 Tautological bundles over cx ™

Let F be a rank-r vector bundle over X. The fibre of the corresponding rank-rk
tautological bundle F (k] on CX X1 at the point £ is

k
F = HOE Flg) = H'(0s ® F).

On the level of bundles we have the following.

Lemma 3.15 There is an isomorphism of topological vector bundles F [k]|ﬁ[k] o~
(k]
(@)

k] © n*F where w: CX %] — X is the projection.

Proof This comes from Rennemo [33, Lemma 5.2] as follows. Let us adopt the
notations of [33] and denote by X IXT the Hilbert scheme of k ordered points on X and
let X (E[k]] c X UKD pe the set of pairs (£, (x;)) such that £ is supported at a single point,
thatis, x; =---=Xx;. Let TX = P(Ox & TX) denote the natural fibrewise compact-
ification of the tangent bundle. Let ﬁgk]] c TX UKD genote the set of pairs (&, (x;))
such that £ is supported at the O—section of 7X . Let g: X kK] > X be defined by
g(&, (xi)) = x; and let r: TX K] 5 X be defined by r((£, (x;))) = 7(x;). Let W
be the set of pairs (&, (x;)) € TX kD guch that x; lies in the O—section of TX .

Rennemo [33] shows that there is an open neighbourhood U of X, (E[k]] in XIkD an
open neighbourhood U/ of ﬁgk]] in W, and a homeomorphism f: U — U such
that ¢ =ro f and f|;-1(y) is holomorphic for all x € X . Furthermore, there is an
isomorphism of topological vector bundles f*(FIkll) ~ Flkl,

In particular, f is constructed using a similar but simpler statement about the neigh-
bourhood of the diagonal in X x X. Let p;, pa: X x X — X be the projections to
the first and second factors, and let 7: TX — X be the tangent bundle. There is an
open neighbourhood U; of the diagonal § C X x X, an open neighbourhood U/ of
the O—section X C TX and a homeomorphism fi: Uy — Uy, such that wo f; = p; and
such that f7|a is the identification between A and the O—section of 7X . Furthermore,
the restriction of f; to each fibre p~!(x) is holomorphic. There is an isomorphism
of topological vector bundles pi(E)|y — p;(E)|y, which is an isomorphism of
holomorphic bundles on the restriction to each fibre p~1(x).

Then f is given by
(& ))) = (D))} x &), fi(g(x), x1))

on a small neighbourhood U of X, gkﬂ and over a point (£, (x;)) € XI¥I we have

SHFEDY ey = HOUx1 ) X & pF(F)| e, ixe)
k
~ HO(x1} % &, p3(F)lxixe) = Flote,))-
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For (&, (x7)) € C_X[k] X[[k]] we have p = x; = --- = xy and therefore
k
FE = HO ({1} £, pT(F) ey yxe) = Fp ® HO ().
which gives the isomorphism of the lemma. O

Our embedding ¢G5: CX K+1] <, Grassy (D¥) then identifies the fibres of O[Iﬁ[lk] 1
over £ € CXJ[DkH] with
HO (OS) ~ Op ® 6¢Grass(é),

where £ is the tautological rank-k bundle over Grassy (Dk ). Hence the total Chern
class of FI¥*11 can be written as

(14) c(FUH1y = ]‘[(1+9)]‘[ ]‘[(1+n,+9)

i=1j=1

where ¢(F) = ]_[jr-=1 (1+6;) and c(&) = Hi=1 (1 + n;) are the Chern classes for the
corresponding bundles. In particular the Chern class

(15) ci(FF Y = ¢ (1 (&), ... cx (), er (F), ..., cr (F))

can be expressed as a polynomial function C; in Chern classes of £ and F'.

4 Partial resolutions of CX Ccx k+1

The structure group of the bundles Cx k1] and Grassy (D§,) is the polynomial
reparametrisation group Diffy (n). The subgroup GL(#n) of linear coordinate changes
sit in Diff (n) and using this in Section 4.1 we define the corresponding linearised
bundles W[lef e Grassy (Symfk Tx). In Section 4.2 we construct a fibrewise partial
resolution of the (highly singular) curvilinear component Cx e+l ¢ Grassg (Dé‘() and
also its linearised bundle Wg‘LH]. This resolution is defined for any choice of
parameters 7,k and it uses nested Hilbert schemes. In Section 4.3 we construct a
second partial resolution of C_Xg‘LH] under the very restrictive condition k < n, that
is, the number of points can’t exceed the dimension of the variety plus one. We will
see how to dispose this condition in Section 6.2.

4.1 Linearisation of CX le+1]

Recall from Section 3.1.1 the notation Diffy (n) = J ,ieg (n, n) for the group of k"—order
diffeomorphism germs of C” at the origin. Then Diffy (n) is the set of local (poly-
nomial) coordinate changes on C” at the origin. The set GL(n) of linear coordinate
changes forms a subgroup of Diffy (n).
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We have seen that after choosing local coordinates on X near p we can identify the
fibre Dﬁ‘(’ » of the bundle D;‘( with Ji (1, 1)* = Sym=KC" . Then Diff;, (and therefore
its subgroup GL(n)) acts on Dg‘(’ p = SymSk C™. Let Diffy denote the principal
Diffy (n)-bundle over X formed by all local polynomial coordinate systems on X .
Then D;‘( can be described as the associated bundle (see also Remark 3.4)

DII{/ = lefX XDiffy, (n) SymSk(C".

On the other hand, if GLy denotes the principal GL(n)-bundle over X formed
by all local linear coordinate systems on X then the vector bundle Symﬁk Ty =
@le Sym! Ty is associated to the same Sym=KC" considered as a GL(n)—module:

Sym=kTy = GLy XGL(n) Sym=kC™.

Therefore Dj{, and Symfk Tx are not isomorphic bundles and in particular the filtration
defined in (6) does not split. Hence there is no projection map Dé‘( — Tx but there is
a natural projection Sym=F Ty — Ty.

There is an induced Diffy (n)—action on Grassy (SymSk C"™) and the image Im(¢pSr)
in Theorem 3.12 is Diffy (n)—invariant subvariety of Grassy (SymSk C™). The curvi-
linear locus CX X +11 is the associated bundle

CX+1 = Diffy xpigg, () Im($52)
C Diffy Xpjgr, (n) Grassg (Sym=KC") = Grassy (Df,‘().
We can form the corresponding linearised bundle
C_X[({f;-l] = GLy XGL(n) Im(¢Grass)
C GLx X (n) Grassg (Sym=KC") = Grass; (Sym=FTy),

which is the linearised version of CX K+1] remembering the linear action on the
fibres. We will explain in Section 7 that for torus localisation purposes we can replace
CX %411 with its linearised version CX K11,

4.2 Completion in nested Hilbert schemes

Let
xlkrseoke] — (51 CE C-CE) ki€ X[ki]} c xlkil .o x xlkid
denote the nested Hilbert scheme defining flags of subschemes of length vector

(k1s. . ko).
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Curvilinear subschemes contain only one subscheme for any given smaller length.
Therefore £ € CX, ng +11 defines a unique flag

FE) =& C& Co C&) e CXPH oo x cx it ¢ xl2k41l,
where &; is the unique subscheme of & satisfying
O, = 0/ O} ~Clz] /2",
and therefore §; € CX, lgi +11_ This defines an embedding
¢ CXF ey YRk e (5 oo C i)

Fix local coordinates on X near p such that J; X), is identified with J(1,n) and
Dk is identified with Ji (n, 1)*. Let fz e J reg(1 n) denote the k—jet corresponding

to S e CX; [k+1] and let Sé = S}l C Jx(n, 1) be the solution space defined in (12)

where N = 1. Then ¢ can be equlvalently written as
ferm ((Sprt e (St c € (81 € Flagi (Sym=*C")

or, using coordinates, as

fe > (Span(/") € Span(f”, f"+(f")?) ©
- cspan( £ S+ T )-

Yai=k
Theorem 3.12 has the following immediate corollary:
Corollary 4.1 The map
¢: JE(1.n) — Flage (Sym=C").  y > Fy = ((§))F C---C (5N

is Diff} (1) —invariant and induces an injective map on the Diffy (1)—orbits into the flag
manifold
¢1e: J.*(1,n) /Diffy (1) = Flag (Sym=kC™).

Moreover, all these maps are GL(n)—equivariant with respect to the standard action
of GL(n) on J,ieg(l, n) C Hom(CX, C") and the induced action on Flag,, (SymSk(C”).

This implies that similarly to Remark 3.13, for any basis {ey, ..., en} of C"and k <n
the GL(n)—orbit of py , = ¢(ey, ..., ex), that is, in coordinates,
Pkn = (Span(el) C Span(ey, e +ef) Cc--C Span(el,ez + ef, cey DL ef)),
teP(k)

forms a dense subset of the image J lieg(l, n) and therefore

G(J (1, n)) = GL(n) - Py -
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Definition 4.2 We define the bundle
&[k-'_ 1] = lefX XDiffk n) g(leeg(l y l’l))
C Diffy Xpif, (n) Flagg (Sym=kC™) = Flag (Df{,),

which is a fibrewise partial resolution of CxXk+1] | The corresponding linearised
bundle is defined as

~lk+1 I .
CX%HN = GLy %G1y (21 1))
C GLyx XGL(n) Flagy (Sym=*C") = Flag; (Sym=*Tx).

4.3 Blowing up along the linear part

Assume k < n. Let J,?O“deg(l,n) cJ ,Zeg(l,n) denote the Zariski open set of jets
(o', y", ...,y with y,...,y® linearly independent. These correspond to the
regular 7 x k matrices in Hom(C¥, C"), and they fibre over the set of complete flags
in C":

J;clondeg(l,n) — Hom(Ck, C")/ By, = Flag; (C"),
where By C GL(k) is the upper Borel subgroup. Since J ]zeg(l, 1) C By this induces a
surjective fibration

(16) w: JR"E(1, ) /Diffy (1) — Flagy (C")
which factors through ¢&rss:

Flag
I (1 ) /Diff (1) 5 Flagg (Sym=kC")

a7 d |

4
Flagy (C")

Here the vertical rational map is induced by the projection SymSk(C " — C”" and the
image of ¢ sits in its domain.

Since J ;Clondeg(l ,n) C Ji(1,n) is GL(n)—invariant, we can form the associated bundle
J;ondegX = GLx XgL(n) J,ilondeg(l, n).

Note, however, that J ]SondegX is not a subbundle of Ji X' = Diffy xpjs, (n) Jk(1.7).

Similarly, we can form the bundle
CXYahidd = GLx XarLin) (I (1.n))) C GLy Xc1(s) Flage (Sym=+C")

nondeg

= Flag; (Sym=*Ty),
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which is a dense subbundle of CX ch+1] but not a subbundle of CX ¥+ The
projection Symfk Tx — Tx then induces the following diagram whose restriction to
the fibres over X was given in (17):

Flag

T X /Diffy (1) —— Flagy (Sym=FTy)

(8) \ |
4
Flag, (Tx)

The image of ¢ sits in the domain of the vertical rational map and therefore we
have a fibration
w: CxEH1T s Flag, (Ty)

nondeg

of the bundles.

Definition 4.3 Let CXF+11 Flag; (Tx) denote the fibrewise compactification of
the bundle 7: CXk+11 Flag; (Tx). In other words, if Py, C GL(n) denotes the

nondeg
parabolic subgroup which preserves the flag

f = (Span(e;) C Span(eq,e,) C--- C Span(eq,...,ex) C C").
and py , = ¢~5(el, ..., ex) denotes the base point in Flagy (SymSk(C”), then
CX ¥+ = GLy xgL(n) (GL(1) %P, ,, Peon*Phcn):
and we have a partial resolution map
p CXE = GLy XL (GL() Xy, Phcn~Phcn)
— GLx XgL(n) (GL(n) - Pre,n) = a’%ﬁ”-
Remark 4.4 Equivalently, let : Ji(n, 1)* ~ SymSk(C” = é Sym! C" — C” de-
note the projection to the first (linear) factor. Then i=1
GL %y, P Pim
— {((Shr - (SEY, (1 C oo C V) s (S C Vi) C Im() x Flag (C7).

5 Equivariant localisation on E‘\)?g""l]

In this section we fix a point p € X and a holomorphic coordinate system on X near p.
We identify the fibre Ji X, with Ji(1,n) and D;‘(p with Ji (n, 1)* = Sym=kC™.
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With these identifications we can use Theorem 3.12, Remark 3.13, Definition 4.2,
Definition 4.3 and the maps

¢Ors: J (1, n) /Diffy (1) < Grassy (Sym=FC")
and
o™¢: T (1, n)/Diffy (1) < Flagy (Sym=FC")

to describe the punctual curvilinear Hilbert scheme and its partial resolutions at p € X as

XU+ = Im(¢Gass) = GL(n) - pyy C Grassy (Sym=kC"),
C/vy;k—}—l] — Im(¢F]ag) = GL(n) Prn C Flag;, (SymSk(Cn),
CXU+1) = GL(n) xp, , Prn-Pkn — Flag; (C™).

Let F be a rank-r vector bundle over X and let FI¥+11 denote the corresponding
rank-(k+1)r tautological bundle over X [k+1]1  We use the same notation FLk+1]
for its pull-back along the partial resolution map p: CX Cx 1l — CX, Cx ¥ Then
CX, Cx e+l - Flag; (Sym= =k C™") is endowed with a natural GL(n) —action. In this section
we start developing an iterated residue formula for [~ cxua o for closed torus equivariant
forms «. This formula is attained via equivariant localisation process using the fibration
m: CXp Cx k1, Flag; (C") and it is crucially based on a vanishing theorem of residues.

5.1 Equivariant de Rham model and the Atiyah-Bott formula

This section is a short introduction to equivariant cohomology and localisation. For
more details, we refer the reader to Section 2 of Bérczi and Szenes [7] and Berline,
Getzler and Vergne [8].

Let G be a compact Lie group with Lie algebra g and let M be a C° manifold
endowed with the action of G. The G-equivariant differential forms are defined as
differential-form-valued polynomial functions on g:

Qe(M)={a: g—=>Q*(M):a(gX)=ga(X) for geG, Xeg}:(S'g*®Q‘(M))G,

where (g-a)(X) =g (¢(g~!- X)). One can define equivariant the exterior differen-
tial dg on (S°g* ® Q*(M))Y by the formula

(dga)(X) = (d — 1(Xp))a(X),

where ((X3s) denotes the contraction by the vector field Xps. This increases the
degree of an equivariant form by one if the Z—grading is given on (S°*g* ® Q*(M))¢
by deg(P ® @) = 2deg(P) + deg(x) for P € S°g* and o € Q*(M). The homo-
topy formula «(X)d + du(X) = L(X) implies that dé(a)(X) =—L(X)a(X)=0
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for any o € (S°g* ® Q*(M))?, and therefore (dg, Qg (M)) is a complex. The
equivariant cohomology HE (M) of the G—manifold M is the cohomology of the
complex (dg, Q2g(M)). Note that o € Qg (M) is equivariantly closed if and only if

a(X)=a(X) 4 ... o) such that (Xpp)e (X)) = da(x)l—2]

Here a(X)[ € Q(M) is the degree-i part of a(X) € Q*(M) and alil: g — Q1(M)
is a polynomial function.

The equivariant push-forward map |’ v Qe(M)—(S* g*)C is defined by the formula

(19) (fM a)(X) = /Ma(X) = fM o X).

When the n—dimensional complex torus 7" = (C*)" acts on M let K = U(1)" be
its maximal unipotent subgroup and t = Lie(K) its Lie algebra. We define the T—-
equivariant cohomology Hy.(M) to be Hg (M), the equivariant de Rham cohomology
defined by the action of K. If M(X) is the zero locus of the vector field Xz, then the
form a(X)! is exact outside Mo(X) (see Proposition 7.10 in [8]), and this suggests
that the integral | ar @(X) depends only on the restriction o (X)|az,(x)-

Theorem 5.1 (Atiyah and Bott [1]; Berline and Vergne [9]) Suppose that M is a
compact manifold and T' is a complex torus acting smoothly on M , and the fixed-point
set MT of the T—action on M is finite. Then for any cohomology class « € Hy (M),
)
o
/ “= 2 Euler? (Ty M)’
feMT S

Here Euler” (T, ¥ M) is the T—equivariant Euler class of the tangent space Ty M , and
al% js the differential-form-degree-0 part of .

The right-hand side in the localisation formula sits in the fraction field of the polynomial
ring Hy (point) = H*(BT) = S*t*. Part of the statement is that the denominators
cancel when the sum is simplified.

5.2 Equivariant Poincaré duals and multidegrees

The Atiyah—Bott formula works for holomorphic actions of tori on nonsingular pro-
L - o —k+1]
jective varieties. In our case, however, the punctual curvilinear component CX

is highly singular at the fixed points so the AB localisation does not apply directly as
the equivariant Euler class of the tangent space at a singular fixed point is not well
defined. But CX I[,kﬂ] sits in the nonsingular ambient space Grassy (SymSkC”) and
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an intuitive idea would be to put Euler! (T rGrassy (Sym—k C™)) into the denominator
on the right-hand side of the equation in Theorem 5.1 which we then compensate in
the numerator with some sort of dual of the tangent cone of C_X},kﬂ] at f sitting in
the tangent space of Grassy (SymSkC ™) at f. This idea indeed works and it becomes
incarnate in the Rossmann formula in Section 5.3.

Let T = (C*)" be a complex torus with K = U(1)" its maximal compact subgroup
and t = Lie(K) its Lie algebra. Let M be a manifold endowed with a T—action.
The compactly supported equivariant cohomology groups H K . pt(M ) are obtained
by restricting the equivariant de Rham complex to compactly supported (or quickly
decreasing at infinity) differential forms. Clearly Hg Cpt(M ) is amodule over Hy (M).
When M = W is an r—dimensional complex vector space, and the action is hnear
one has Hg (W) = S*t* and HI.(,cpt(W) is a free module over Hg (W) generated by
a single element of degree 2r called the Thom class of W':

(20) Hy (W) = Hy (W) - Thomg (W).

A T—invariant algebraic subvariety X of dimension d in W represents a 7T—equivariant
2d—cycle in the sense that

e a compactly supported equivariant form p is absolutely integrable over the
components of maximal dimension of X, and |. 5 1 E ST,

o if dgpu =0, then [y, 1 depends only on the class of p in Hg (W), and

K ,cpt
f): @ =0 if u = dgv for a compactly supported equivariant form v.

Definition 5.2 Let ¥ be an 7—invariant algebraic subvariety of dimension d in the
vector space W . Then the equivariant Poincaré dual of ¥ is the polynomial on t of
degree 2r — 2d defined by the integral

1

/ Thomg (W).

z

An immediate consequence of this definition is that for an equivariantly closed differ-
ential form p with compact support, we have

/Zu=/WeP[E,W]-u

This formula serves as the motivation for the term equivariant Poincaré dual. This
definition naturally extends to the case of an analytic subvariety of C” defined in
the neighbourhood of the origin, or more generally, to any T—invariant cycle in C”.
Note that we do not require for 3 to be smooth, and for singular ¥ integration on the
right-hand side means integration over the smooth part.
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The fibred version of Thom classes of vector spaces are the so-called equivariant Thom
classes of vector bundles. We recall the definition and basic properties from Section 2.3
of Duflo and Vergne [12] (see also Mathai and Quillen [30]). Let 7: £ — M be
a K-equivariant rank-r complex vector bundle and assume M is compact. Then
according to [12, Proposition 16], H pt(E ) is a free module over Hy (M) generated
by a single element of degree 2r called the equivariant Thom class of E':

22) Hy oy (E) = Hy (M) Thomg (E).

The multiplication map « + 7*(er) - Thomg (E) establishes an Hg (M )-module
isomorphism from Hg (M) to Hy cpt(E ). In particular

/ Thomg (E) =1
E/M

holds for the equivariant push-forward map | v Hy (E)— Hg " (M). In fact, there
is an equivariantly closed form with compact support on E representing Thomg (E).
By an abuse of notation let Thomg (E) € Qg pi(E) C (S*t* ® Q}(’Cpt(E))K denote
this compactly supported form.

Note that for nonsingular X the definition (21) can be rewritten using the equivariant
normal bundle Ny, of X in W as

eP[Z, W] = Thomg (Nx) € S°t*.

More generally, let Z C M be a T—invariant complex submanifold of codimension r
in the complex manifold M. Let Nz denote the normal bundle of Z in M. By
the equivariant tubular neighbourhood theorem there exists a K—invariant tubular
neighbourhood U of Z in M and a K—invariant diffeomorphism y: Z — U such
that y oig =i, where iy: Z <> Nz is the embedding of Z into Nz as the zero section.
Let Thomg (Nz) € Q% . (M) denote the extension by zero of the equivariant Thom

K ,cpt
form of Nz to M .

Definition 5.3 Let Z C M be a T—invariant complex submanifold of codimension r
in the (not necessary compact) complex manifold M . Let Nz denote the normal

bundle of Z in M . The equivariant Poincaré dual of Z is defined as
eP[Z, M] = Thomg (Nz) € Q¥ ., (M).

Then for any closed (not necessarily compactly supported) form u € Q% Cpt(M ) we

have
//L=/ eP[Z, M]- 1.
Z M
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More generally, for a vector bundle w: E — M over the compact variety M and
w € Qe (E) we have

(23) / M:/ Thomg (E) - i.
M E

The following lemma is a special case of Proposition 2.8 in [7].

Lemma 54 Let n: E — M be a complex vector bundle and s: M — E a smooth
section generically transversal to the zero section . M — E. Then the zero locus
sTV (M) C M of s defines a cycle and it is Poincaré dual to the K —equivariant Euler
class Eulerg (E) = ¢* Thomg (E) of E.

Let W be again a complex N —dimensional vector space. Note that eP[X, W] is deter-
mined by the maximal dimensional components of ¥ and in fact it can be characterised
and axiomatised by some of its basic properties. These are carefully stated in Bérczi
and Szenes [7, Proposition 2.3] and proofs can be found in Rossmann [34], Vergne [37]
and Miller and Sturmfels [31]. The list of these properties is the following: positivity,
additivity on maximal dimensional component, deformation invariance, symmetry
and finally a formula for complete intersections of hypersurfaces. These properties
provide an algorithm for computing eP[X, W] as follows (see Miller and Sturmfels [31,
Chapter 8.5], Bérczi and Szenes [7] and Bérczi [2] for details). We pick any monomial
order on the coordinates of W and apply Grobner deformation on the ideal of ¥ to
deform it onto its initial monomial ideal (see Eisenbud [14]). The spectrum of this
monomial ideal is the union of some coordinate subspaces in W with multiplicities
whose equivariant dual is then given as the sum of the duals of the maximal dimensional
subspaces by the additivity property. For these linear subspaces the formula for complete
intersections has the following special form. Let W = Spec(C|[y1, ..., yn]) acted on
by the n—dimensional torus 7' diagonally where the weight of y; is n;. Then for every
subset i C {1,..., N} we have

(24) eP[{y;=0.iei}. Wl=]]n.
i€i
The weights 1y, ..., ny are linear forms of the basis elements Ay, ..., A, of t*. Let

coeff(n;, j) denote the coefficient of A; in n; (for 1 <i <N and 1 < j <n) and
introduce the notation

deg(n1,...,nn:m) =#{i : coeff(n;, m) # 0}.

Let ¥ C W be a T—invariant subvariety. It is clear from the formula (24) that for
any 1 <m <n, the A,,—degree of eP[X, W] satisfies

(25) deg,,, eP[X, W] <deg(ni,...,nn:im).
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Example 5.5 Let W be C* endowed with a T=(C*)3-action, whose weights
N1, N2, n3 and 14 span t*, and satisfy 77 +n3 =12 +n4. Choose p=(1,1,1,1) e W,
then the affine toric variety

T-p={(r1,y2. 3. 74) €C*: p1y3 = yaya}

is a hypersurface and its equivariant dual is given by the weight of the equation
eP[T - p, W= +n3 =12+ 4.

Another way to see this is to fix the monomial order > induced by y > y, > y3 > y4;
then the ideal I = (y;y3 — ¥24) has initial ideal in; = (y;y3) whose spectrum is
the union of the hyperplanes {y; = 0} and {y3 = 0} with duals 1, n3; respectively.

Remark 5.6 An alternative and slightly more general topological definition of the
equivariant dual is the following; see the notes of Fulton [18], Kazarian [22] and Edidin
and Graham [13] for details. For a Lie group G let EG — BG be a right principal
G-bundle with EG contractible. Such a bundle is universal in the topological setting:
if £ — B is any principal G—bundle, then there is a map B — BG, unique up to
homotopy, such that E is isomorphic to the pull-back of EG . If X is a smooth algebraic
G—variety then the topological definition of the G—equivariant cohomology of X is

HE(X) = H*(EG xg X).

If Y is a G—invariant subvariety then Y represents a G—equivariant cohomology class
in the equivariant cohomology of X', namely the ordinary Poincaré dual of EG xg Y
in EG xg X . This is the equivariant dual of ¥ in X:

eP[Y, X] = PD(EG xg Y, EG xg X).

5.3 The Rossmann formula

Let Z be a complex manifold with a holomorphic 7—action, and let M C Z be
a T—invariant analytic subvariety with an isolated fixed point p € M T . Then one
can find local analytic coordinates near p, in which the action is linear and diagonal.
Using these coordinates, one can identify a neighbourhood of the origin in T, Z with
a neighbourhood of p in Z. We denote by 'T“pM the part of T, Z which corresponds
to M under this identification; informally, we will call TPM the T—invariant tangent
cone of M at p. This tangent cone is not quite canonical: it depends on the choice
of coordinates; the equivariant dual of ¥ = TPM in W =T,Z, however, does not.
Rossmann named this the equivariant multiplicity of M in Z at p:

(26) emult,[M, Z] & eP[T, M, T, Z].
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Remark 5.7 In the algebraic framework one might need to pass to the tangent scheme
of M at p (see Fulton [17]). This is canonically defined, but we will not use this
notion.

The analogue of the Atiyah—Bott formula for singular subvarieties of smooth ambient
manifolds is the following statement.

Proposition 5.8 (Rossmann’s localisation formula [34]) Let u € Hy(Z) be an
equivariant class represented by a holomorphic equivariant map t — Q°(Z). Then

emult,[M, Z]
27 = § : emulty[M, Z] 1 p),
&7 / = . Buler’ (T, Z) (?)

where ul%(p) is the differential-form-degree-0 component of ju evaluated at p.

5.4 Equivariant localisation on CcX g‘“l for k <n.

In this subsection we start to develop a two step equivariant localisation method
on CX E)kﬂ] using the Rossmann formula. As the partial resolution CX E,kH] described
in Section 4.3 is defined only for & < n we impose this condition in this section.

Recall from the introduction to Section 5 that we fix a holomorphic coordinate system
on X near p and using this we identify the fibre Ji X, with Ji(1,7n) and D§, » with
Jr(n, 1)* = SymSk(C”. With these identifications the partial resolution map

v Vab7d L3
p: CX ¥ = GL(n) xp,.,, Pion - Pien — GL(1) P = CX J 1
fits into the following diagram:

— P~
CX[;H] — CX[;CH] C Flagk(SymSk(C”)

lu
Flag; (C™)

The fibres of v are isomorphic to Py , - pg , C Flagy (SymSk(C”) and u is GL(n)—-
equivariant.

Let eq,...,en € C" be elements of an eigenbasis for the T'CGL(n)-action with
weights Aq,...,A, € t* and let

f =(e1) Cler.ex) C---Cleq,....ex) CCM)

denote the standard flag in C " fixed by the parabolic subgroup Py , C GL(n). Since
the torus action on CX'l; CX k+1] is obtained by the restriction of a GL(n)-action to its
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subgroup of diagonal matrices 75, the Weyl group of permutation matrices S, acts
transitively on the fixed-point set Flag, (C*)7 taking the standard flag f to o(f)
and for any closed equivariant form o € Q7. (CX g‘“]) Theorem 5.1 gives us

%o (f)
(28) /N o= ’
cx ity UGSnX/;S‘n_k [li<msk [Timmt1(Goi = Aoom)

where:

e o runs over the ordered k—element subsets of {1, ..., n} labelling the fixed flags
o(f) = ({ex1)) T+~ C{es(1)s - €ary) CC") in C".

o [Ti<m<i [Ti=m+1Po@) —Aoomy) is the equivariant Euler class of the tangent
space of Flag, (C") at o(f'). Note that A5 (1), ..., Ag(x) € S*t" can be identified
with the Chern roots of the tautological rank-k bundle £ at o (f).

o If C/'\)ch(;l)] = '(o(f)) denotes the fibre then

[0]
%o (f) = (/67([“11 oe) (0(f)) € St ® H*(X)

o(f)

is the differential-form-degree-0 part with coefficients in H*(X) evaluated
at o(f) and os(f) = 0 -ay with respect to the natural Weyl group action
on S°t*.

In particular, when P = P(cy,...,¢r(+1)) is a polynomial in the Chern classes
¢i = ¢;(F**1ly of the tautological rank-r(k+1) bundle on the curvilinear Hilbert
scheme then, according to Section 3.2, P is represented by a closed form o =
a(f1,...,0,,1n1,...,n,) which is a bisymmetric polynomial in the Chern roots 6;
of the pull-back of F over 6755“1 C Flag, (C") and the Chern roots 7; of the
tautological rank-k bundle £. Then a s is a polynomial in two sets of variables: the
basic weights A = (Aq,...,Ay) of T on C" and 6 = (64,...,6;). More precisely,
the Chern roots of the tautological rank-k bundle £ over a s correspond to the weights
A1, ..., A and therefore

af :Otf(el,...,er,)\l,...,)xk)ES't*®H*(X)
is a bisymmetric polynomial of these r + k variables. Then
29) Qg(f)y =0-0f =af(01,....0r, A(1)s -2 Ao(k) € St ®@ H*(X)

is the o —shift of the polynomial a s corresponding to the distinguished fixed flag f .
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5.5 Transforming the localisation formula into iterated residue

In this section we transform the right-hand side of (28) into an iterated residue. This
step turns out to be crucial in handling the combinatorial complexity of the Atiyah—Bott
localisation formula and captures the symmetry of the fixed-point data in an efficient
way which enables us to prove the vanishing of the contribution of all but one of the
fixed points.

To describe this formula, we will need the notion of an iterated residue (see Szenes [35])
at infinity. Let wq, ..., wy be affine linear forms on Ck; denoting the coordinates
by z1,..., zx, this means that we can write w; = a? —|—a}zl 4.+ af.‘zk. We will use
the shorthand /(z) for a function A(zy,...,z;), and dz for the holomorphic n—form
dzy N--- Adzy. Now, let i(z) be an entire function, and define the iterated residue at
infinity as follows:

k
(30) Res Res --- Res h(]\z[)dz déf( 1,) / / h(}i)dz’
n=o0z2=00 k=0 [T.0 | w; 2 lz1/=R, lzc|=Ri []iZ) @i

where | < Ry < --- < Rg. The torus {|z;y| = R, : m = 1,...,k} is oriented in
such a way that Res; —oo -+ Resz =00 dz/(z1 - 2) = (—l)k. We will also use the
simplified notation Res;—o = Resz;=co R€Sz,=c0 - " ReS;; =0 .

In practice, one way to compute the iterated residue (30) is the following algorithm:
for each i, use the expansion

o0 0 1 q(i)—1 j
a; +a;z1+---+a; Za(i)—
©1 j=0 (@i zq())’ T
where ¢(i) is the largest value of m for which af* # 0, then multiply the product of
these expressions with (=1)*h(zy....,zx), and then take the coefficient of zl_1 - 2;1

in the resulting Laurent series.

Proposition 5.9 [7, Proposition 5.4] For any homogeneous polynomial Q(z) on Ck
we have

A A Zm—2Z z)dz
DY o( o) (k) — Res HISm;lsk(nm NQ(z)dz.
Tliemztlizmt1Goi=hom) 7= T [T (li—z)

0ESH/Sn—i

Remark 5.10 Changing the order of the variables in iterated residues, usually, changes
the result. In this case, however, because all the poles are normal crossing, formula
(32) remains true no matter in what order we take the iterated residues.

Proposition 5.9 together with (28) and (29) give us the following proposition.
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Proposition 5.11 Letk <n anda=«(61,...,6,,101,...,n%) be a bisymmetric poly-
nomial in the Chern roots 0; of the pull-back of F over CX g‘“] C Flag, (Sym=kC™m)
and the Chern roots 1); of the tautological rank-k bundle £. Then

Zm—z)of(O01,...,0,,21,...,2)dz
/~[k+l]a= Res [T <m<i<k(Zm kl) fn( 1 re 21 Kdz
CXp 7= [Ti=1 [Tiz1 Qi = 20)
Next, we fix the T—eigenbasis {eq,...,e,} of C" and proceed a second localisation
on the fibre

—~—~— k _ —
CXYHN = =1 (f) 2 Picy - picn © Flagy (Sym=FC™)

to compute « ¢ (8, z). Recall from Corollary 4.1 that for kK <n

Pin = (Span(el) C Span(ey, e; + ef) C---C Span(el,ez + ef, ceey e,))
rep(k)

and Py, C GL(n) is the parabolic subgroup which preserves the flag
f = (Span(e;) C Span(ey,ez) C--- C Span(ey,...,ex) CTpX).
Here for the partition T = {t; <1, <--- < 15} € P(k) we use the notation
(1) k for sum(t) =11 +---+ 15,
(2) s for the length |7],
(3) e for eg e, -+~ eg, € Sym*(C").

We define the subspaces
W; = Spanc (e; : sum(t) < i) C Sym=¥C" for 1 <i <k.

These are invariant under the parabolic subgroup Py , C GL(n) which fixes the flag f .
Note that the fibre CX Cx k1l = Py - Pk,n sits in the submanifold

Flagk(Sym—k(C”) ={V; C---C Vi CSym=FC" : dim(V;) =i, V; C W}

of Flag; (Sym=¥C"). Moreover, Flagy (Sym=kcm) Flagy, (Sym=kC") is a Pin—
invariant subvariety.

As CX [;CH] is invariant under the 7—action on Flagy (Symfk C™), we can apply
Rossmann’s integration formula; see Proposition 5.8. More precisely, we apply the
Rossmann formula for M = Xy, Z = Flag}, (SymSk C™) and p = ay . The fixed
points on

Z = Flag} (Sym=¥C") ¢ @ Wi A AW,
i=1
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are parametrised by admissible sequences of partitions & = (7q,..., 7). We call a
sequence of partitions & = (7y,..., 7;) admissible if

(1) sum(m;) <[ for1 <[ <k,and
Q) m#Fa, forl <l#m=<k.

We will denote the set of admissible sequences of length k& by IT; . The corresponding
fixed point is then

k k
@em/\---/\em E@Wl/\"'/\VVi,

i=1 i=1
where ez =[] € € Sym*lc”,

Then the Rossmann formula (27) and Proposition 5.11 give us the following proposition.

Proposition5.12 Letk <n. Leta=«(61,...,0,,101,...,n) be a bisymmetric poly-
nomial in the Chern roots 0; of the pull-back of F over CX g‘*l] C Flag; (SymSk C™)
and the Chern roots 1; of the tautological rank-k bundle £. Then

(33) C’?A';E’I\'Jrl] o

— Z R_es - Qﬂ (f;jl;lmiz{l(zm - Zl)a(a;cznl ) n .y ZJTk) dZ,
ceinmoom =1 Ham@sr Ge=2m) [Ti=1 TTi= i = 20)

where
Ox(z) =emulty[ Xy Flagi] and z, = Z ;.
ienw
This formula reduces the computation of the tautological integrals |; Cxle+11 o to deter-
mining the fixed-point set II N CX ng] and determining the multidéjgree Ox(z)=
emult,[X s, Flagy] of the tangent cone of CX ng] in Flag} (Sym=kcC™n).

6 The residue vanishing theorem

The first immediate problem arising with our formula (33) is our not having a complete
description of the fixed-point set IT; N 6\)?5]@(+1], and i,ILfact deciding which torus
fixed points on Flagy (Symfk C™) sit in the orbit closure CX [jf“] = Pk n - Pk,n Seems
to be a hard question. The second problem we face is how to compute the multidegrees
O (z) = emulty[X s, Flag;] for those admissible sequences representing fixed points

in Py, - Pk, We postpone this second problem to the next section and here we focus
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on the first question which has a particularly nice and surprising answer. Namely, we do
not need to know which fixed points sit in Py , - px , because our limited knowledge
on the equations of the Py ,—orbit is enough to show that all but one term on the
right-hand side of (33) vanish. This key feature of the iterated residue has already
appeared in Bérczi and Szenes [7] but here we need to prove a stronger version where
the total degree of the rational forms are zero. We devote the rest of this section to the
proof of the following theorem.

Theorem 6.1 (residue vanishing theorem) Let k + 1 <n and let

a=a0,....0-,101,....08)

be a bisymmetric polynomial in the Chern roots 6; of the pull-back of F over
CX%‘“] C Flagk(Symfk(C”) and the Chern roots n; of the tautological rank-k
bundle £. Then:

(1) All terms but the one corresponding to mas = ([1],[2], ..., [k]) vanish in (33)
leaving us with

(34) / a= O (11,0 k) @) [Im<i (Zm —z)ex(8., 2)
CX U+ z=00 Hsum(t)flfk(zt —z7) ]_[5{:1 H?:l()hi —zj)

(2) If|t| = 3 then Q... k7 (2) is divisible by z; — z; for all [ > sum(z). Let

oq1,... 1k (2)
12123, sum(ey<1<k (Zr —21)

Ok(z) =

denote the quotient polynomial, and then we get the simplified formula

_ 9,
35) /~ &= Res Ok (2) Hm<l(Zm il)a( nZ)
cxy B0 ik Gm 20 — 20 i [y i = 21)

dz.

Remark 6.2 (1) Here we describe the geometric meaning of Qy(z) in (35); see
also [7, Theorem 6.16]. Let Ty C B C GL(k) be the subgroups of invertible
diagonal and upper triangular matrices, respectively; denote the diagonal weights
of Ty by zi,....z. Consider the GL(k)—module of 3—tensors Hom(Ck, Sym>Ck);
identifying the weight-(z,;+z,—z;) symbols ¢;*" and ¢;™, we can write this space
in terms of a basis as follows:

Hom(CX, Sym’C*) = @ Cqp".

1<m,r,l<k
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Consider the point € = an=1 ZI,:'I” g™ in the By—invariant subspace

Wi= €P Cq"" cHom(CK sym>C¥).

1<m+r=<Ii<k

Set the notation Oy, for the orbit closure Bye C Wy ; then Qy(z) is the Ty —equivariant
Poincaré dual Qy(z) = eP[Oy, Wi]r, , which is a homogeneous polynomial of degree
dim(Wy) —dim(Oy). For small k these polynomials are (see [7, Section 7])

0,=03=1, Q4=2z1+2zp—z4,

Os=02z1+2z,— 25)(2212 43212y — 22125 + 22523 — 2924 — ZpZ5 — 2324 + Z425).

(2) To understand the significance of this vanishing theorem we note that while the
fixed-point set IT; on Flagy (SymSk(C ™) is well understood, it is not clear which of
these fixed points sit in X'y . But we have enough information to prove that none of
those fixed points in X'y contribute to the iterated residue except for the distinguished
fixed point gy = ([1],[2],...,[k]). This simplification is dramatic: the number of
terms in (34) grows exponentially with k, and of this sum now a single term survives.

(3) The residue vanishing theorem is valid under the condition k 4+ 1 < n which is
slightly stronger than the condition k < n we worked with so far and which guaranteed
the existence of CX ¥<+1]. We will remedy this condition in Section 6.2.

Remark 6.3 Remark 2.3 for singular varieties and ordinary compactly supported
differential forms holds for compactly supported equivariant forms as follows. Let T
be a complex torus and f: M — N be a smooth proper T—equivariant map between
smooth quasiprojective varieties. Now assume that X C M and Y C N are possibly
singular T—invariant closed subvarieties, such that f restricted to X is a birational
map from X to Y. Next, let u be an equivariantly closed differential form on N
with values in polynomials on t. Then the integral of x on the smooth part of Y is
absolutely convergent; we denote this by [ y M. With this convention we again have

(36) / [ru= / ",
X Y

and we can define integrals of equivariant forms on singular quasiprojective varieties
simply by passing to any partial equivariant resolution or equivalently to integra-
tion over the smooth locus. In particular, applying this for the partial resolution
p: ’CT([;HI — C_XE,"H] we get

*
a=|__  pta
/(:X,Ek“] /CXE,"“]

for any closed compactly supported differential form o € Q*(ﬁl[,kﬂ]).
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6.1 The vanishing of residues

In this subsection, following Bérczi and Szenes [7, Section 6.2], we describe the
conditions under which iterated residues of the type appearing in the sum in (33) vanish
and we prove Theorem 6.1.

We start with the 1—dimensional case, where the residue at infinity is defined by (30)
with d = 1. By bounding the integral representation along a contour |z| = R with R
large, one can easily prove the following lemma.

Lemma 6.4 Let p(z) and g(z) be polynomials of one variable. Then

p(2)dz
2% 40

=0 if deg(p(z))+ 1 <deg(q).

Consider now the multidimensional situation. Let p(z) and ¢(z) be polynomials
in the k variables zy, ..., z;, and assume that ¢(z) is the product of linear factors
qg= ]_[l]\;l L;, as in (33). We continue to use the notation dz =dz; - - dz; . We would
like to formulate conditions under which the iterated residue

d
(37) Res Res ... Res 297

z1=00z3=00 zp=00 ¢(z)

vanishes. Introduce the following notation:

e When p(z) is the product of linear forms and 1 < m < k let deg(p(z);m)
denote the number of terms in p(z) with nonzero coefficients in front of z,,.

e For anonzero linear form L =ag+a;zy+---+ayzx , denote by coeff(L, z;) =a;
the coefficient in front of z;.

e Finally, for | <m <k, set
lead(q(z); m) = #{i : max{/ : coeff(L;, z;) # 0} = m},

which is the number of those factors L; in which the coefficient of z,, does not
vanish, but the coefficients of z,41,...,zx are 0.

We can group the N linear factors of ¢(z) according to the nonvanishing coefficient
with the largest index; in particular, for 1 < m < k we have

k
deg(q(z); m) > lead(q(z);m) and Z lead(g(z);m) = N.
=1
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Proposition 6.5 [7, Proposition 6.3] Let p(z) and q(z) be polynomials in the vari-
ables zy, ..., zy, and assume that ¢(z) is a product of linear factors: q(z) = ]_[l]il L;;
set dz =dzy---dzj. Then

d
Res Res --- Res p(z)dz =

Z]1=0023=00  Zj=00 q(z)

if for some | < k, the following holds:
deg(p(z):1) + 1 <deg(q(z): 1) = lead(q(z): /).

Note that the equality deg(¢g(z);/) = lead(¢(z);/) means that
(38) foreachi=1,..., N and m>1, coeff(L;, z;) #0 implies coeff(L;, z;;) = 0.

We are ready to prove the residue vanishing theorem. Recall that our goal is to
show that all the terms of the sum in (33) vanish except for the one corresponding
to mgse = ([1],...,[k]). The plan is to apply Proposition 6.5 in stages to show that
the iterated residue vanishes unless z; = [i] holds, starting with i = k and going
backwards.

Fix a sequence & = (71, ..., mx) € I, and consider the iterated residue corresponding
to it on the right-hand side of (33). The expression under the residue is the product of
two fractions:

PR pi@) pa)

q(z)  q1(2) q2(2)’

where
PI(Z): QI(Z)Hm<l(Zm_Zl) and PZ(Z):a(el’m’@rvzmw-»erk)
W& ™ ez 92(2)  TTio Tl Gi=z0)

Note that p(z) is a polynomial, while ¢(z) is a product of linear forms. As a first
step we show that if 7, # [k], then already the first residue in the corresponding
term on the right-hand side of (33) — the one with respect to z; — vanishes. Indeed,
if 7 # [k], then deg(q2(z); k) = n, while z; does not appear in p,(z). On the
other hand, deg(q;(z); k) = 1, because the only term which contains z; is the one
corresponding to / = k and t = [k] # m;. This also means that the only coordinate
on 7, ,,Flag;: which contains the z; coordinate of the torus is zx — zx, , and since
Ox(z) = emulty [X ¢, Flagy], (25) tells us that deg(Qx(z); k) < 1 holds. Collecting
this data gives

(40) deg(p1(z)p2(z):k) =k and  deg(q1(2)q2(2);k) =n+1,

and k <n—1, so deg(p(z)) <deg(q(z)) — 2 holds and we can apply Lemma 6.4.

(39)
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We can thus assume that 7 = [k], and proceed to the next step and take the residue
with respect to zx_;. If mx—; # [k — 1] then

(41)  deg(q2(z);k —1) =lead(q2(z);k—1)=n and deg(pa(z);k—1)=0.
In g1 (z) the linear terms containing zj_; are
42) Zk—1—Zk, Z1+Zk—1—2zx and Zx_q—Zg._,.

The first term here cancels with the identical term in the Vandermonde in p;. The
second term divides Qx, according to the following proposition from [7] applied
forl =k—1.

Proposition 6.6 [7, Proposition 6.4] Let ! > 1, and let & be an admissible sequence
of partitions of the form © = (my,..., 77, [l + 1],...,[k]), where m; # [l]. Then
for m > [, and every partition t such that [ € T, sum(t) <m, and |t| > 1, we have

(43) (ze—2zm) | Ox-

Therefore, after cancellation, all linear factors from ¢;(z) which have nonzero coeffi-
cients in front of both z;_; and z; vanish, and for the new fraction p}(z)/q}(z2),

deg(q(z);k —1) =lead(q)(z):k —1) = 1.
By (42) and (25), deg(Qx; k — 1) < 3 and therefore after cancellation we have
deg(pi(z);k—1) <k—-2+2=k.
Using (41) we get
deg(p| () p2(z):ik—1) <k
and

deg(q(2)q2(2): k — 1) =lead(q, (z)¢q2(2): k = 1) =n + 1,

so we can apply Proposition 6.5 with / = k — 1 to deduce the vanishing of the residue
with respect to k — 1.

In general, assume that
=y, w0, ..., [l +1],...,[k]) where m; #[/]

and proceed to the study of the residue with respect to z;. For the second fraction we
have again

(44) deg(q2(z):/) =lead(q2(z):/) =n and deg(p2(2);/) = 0.
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The linear terms containing z; in ¢;(z) are

(45) Z] —Zk, Z]—Zk—1s---» ZI—Z]+1,
(46) Zy— Zg with let, t#l, [4+1<s<k and sum(r) <y,
@7 Z] —Zmy.

The weights in (45) cancel out with the identical terms of the Vandermonde in p{(z),
and by Proposition 6.6, Q5 (z) is divisible by the weights in (46). Hence all linear
factors with nonzero coefficient in front of z; and at least one of z;41, ..., zx vanish
from ¢ (z). Let again p}(z)/q}(z) denote the new fraction arising from p;(z)/q,(z)
after these cancellations. Then in ¢|(z) only the term (47) contains z;, and

(48) deg(q)(z).1) = lead(q)(2).1) = L.
In p’1 (z) the linear terms which are left from the Vandermonde after cancellation
and contain z; are z;_y; —zj,...,z1 —z;. The reduced Q’ (z) which we get after

dividing by the terms in (46) is then a polynomial of the remaining weights, and the
only remaining weights which contain z; are

Z] —ZIm, and Z] —Zk, Z]—Zk—1s--+> Z]—Z]41-
This is because Q is the sum of monomials of the form I1,ec7;® where
I Clze—zgisum(n) </, t#my, ..., 1 <1 <k}

is a subset of the weights in ¢ (z) and therefore Q, does not contain repeated weights.
Then (25) tells us that deg(Q(z);/) <k — [+ 1. Therefore

(49) deg(pi(z);)<(—-1)+(k—1+1)=k.
Putting (48) and (49) together we get
deg(py(z)p2(2).1) <k and deg(q)(2)q2(z).]) = lead(q] (2)g2(2).]) = n+ 1.

Since kK <n— 1, by applying Proposition 6.5 we arrive at the vanishing of the residue,
forcing 7; to be [/]. This proves (1) of Theorem 6.1

The second part of the residue vanishing theorem is proved in Section 6.5 of [7] where
we show that for |7] > 1,

Ce—z) 1 Qquy,..tkp  if ((1L.12].....[[=1], 7, [[+1], ..., [k—1],[k]) is not complete.

We call an admissible sequence of partitions & = (7, ..., 1) complete if for every
[ € {1,...,k} and every nontrivial subpartition t C 7;, there is an m € {1,...,k}
such that 7, = t. Clearly, a sequence ([1],[2],...,[/ —1],z,[[ +1],... [k —1],[k])
is complete if and only if |7] = 2.
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6.2 Increasing the number of points

The residue vanishing theorem provides a closed iterated residue formula for tautological
integrals on CX [Ii“H] in the case when k + 1 < n, that is, the number of points does
not exceed the dimension of X . In this section we show how one can drop this very
restrictive condition.

Recall that after fixing local coordinates on X near p, the test-curve model in
Section 3.1 establishes a GL(n)—equivariant isomorphism of quasiprojective varieties

TE(1n)/ JE(1,1) = CX T € Grassy (Sym=F €™)

between the moduli of k—jets of regular germs and the curvilinear locus of the punctual
Hilbert scheme sitting in the Grassmannian of k—dimensional subspaces in Symfk cn.

Assume that k + 1 > dim(X) = n. Fix a basis {eq,...,ex41} of Ck+1 and let

Ck+1 Ck+1

Ciyy=Span(eq,....en) — and Cpgq1—py=Span(e,y1,....€x41) >

denote the subspaces spanned by the first # and last k + 1 —# basis vectors respectively.
These are Ty i—equivariant embeddings under the diagonal action of the maximal
torus 741 C GL(k +1).

We can write J ,Zeg (1,n) C J ,ieg(l,k + 1) as a zero locus of a smooth section of a
vector bundle over J ,Zeg(l, k + 1). Indeed, consider the projection

Tk + 1) > Ji(Lk +1—n) ~ Hom(CX, Cpgep1_n)

which sends a regular k—jet f: C — Ck*! to the composition C — Ck+1 —
CkH171/Cy = Ci41-n)- This map is Ty1q x J; %(1, 1)—equivariant and therefore
it defines a T} ;—equivariant section 7 of the bundle

E=J2(k+1) x ey Je(Lk+1—n).

This is a bundle over the quasiprojective base space J. ,ieg(l, k+1)/J ,ieg(l, 1) with
fibres isomorphic to Ji(1,k 4+ 1 —n) and the zero locus of the section 7 is

7 0) = JE (L) /JE (L) C TR k4 1)/ 75 .
Lemma 5.4 then suggests that for any 7% {—equivariantly closed form on the quasipro-

jective quotient i on J]zeg(l,k + 1)/J,ieg(1, 1) we have

MZ/ - EulerTk+1(E),
J

/;,ieg(l,n)/J,?g(Ll) i (LE+1)/J 52,

but our base space J lzeg(l,k +1)/J ,ieg (1, 1) is quasiprojective and not compact so
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Lemma 5.4 does not apply directly. Note, however, that E extends Ty ;—equivariantly
over the closure

JE(LK+1)/JE1 ) C Grassy (Sym=kCk+1)
in the Grassmannian, namely FE is the restriction of the bundle
E = Hom™(CK, Sym=FC¥*1) x5 () Hom(C¥, Ci11-n))

over the Grassmannian Hom"™2(CX, Sym—k Ck+1)/GL(k) = Grassy (SymSk Ck+1y,
That is, we have a Ty 4 1—equivariant embedding

Ec E

Grdss

T Lk + 1)/ 51 1) @, Grass; (Sym=kCk+1)

of E into £ and Lemma 5.4 gives us the following:

Proposition 6.7 Let £ = (¢Grass)*E denote the restriction of E to the closure
J,ieg(l,k + 1)/J]zeg(1, 1). Then for any T} —equivariantly closed form p on this
closure we have

= / - BulerTk+1(E).
JISEL,n) /(1,1 JIELk+1)/(1,1)

We are ready to prove the iterated residue formula on the domain n < k + 1.

Theorem 6.8 (extended residue vanishing theorem) Formula (35) remains valid for
any2<n<k+1.

Proof The embedding ¢F2e: Jreg(l k+ 1)/Jreg(1 1) < Flagy (Sym=kCk+t1) is
Tk +1—equivariant, and over the flag f; the weight of f [ s Aj—Ag(i)- In the iterated
residue formula of Proposition 5.11 we substitute ka(,) for z; over f, and therefore
Aj —z; for this weight and therefore the T} ;—equivariant Euler class transforms into

k k
Tit1, 7
Eulerz’ "' (E) =[] [] i—2)
i=1j=n+1
over the flag f, corresponding to an iterated pole z = (zy,...zg). If

a=a(b,....0,,n1,....,0%)

is a bisymmetric polynomial in the Chern roots 6; of the pull-back of F over CX'}) Cx k+11
Flag; (Sym—k C™) and the Chern roots n; of the tautological rank-% bundle &, then the
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trivial extension of « to Flagy (Sym=KCk+1) is closed and therefore Remark 6.3,
Proposition 6.7 and Theorem 6.1 tell us

[ a = Res Qk(2) [m<i(zm—z)(0.2) dz ﬁ ﬁ hi—zp)
cxm 2= [T g Cm+zr—z) [T T 0 —2)

_Rr O (2) [1n<i(zm—z)a (0, 2)
= _es % "
#Eee Hm+rslsk(zm +zr—z) [ 1= [Tiz1 (Ri —21)

dz. m|

7 Proof of Theorem 1.2 and examples

Let P = P(cy,...,¢r(k+1)) be a Chern polynomial of degree dim CX %+ which
equals 7 + (n — 1)k, where the ¢; = ¢; (F¥*11) are the Chern classes of the tautologi-
cal rank-7(k+1) bundle on the curvilinear Hilbert scheme. To evaluate the integral
fC—X[kH] P we can first integrate (push forward) along the fibres of 7: Cx e+l 5 x
followed by integration over X . By fixing local holomorphic coordinates on X near p
these fibres are canonically isomorphic to W;k +11 < Grassy, (SymSk (C™) endowed
with a natural GL(#n)—action induced by the standard GL(7n)-action on C". We can
use this action to perform torus equivariant localisation on C_X[k + o integrate
along the fibres. According to Remark 6.3, fCX[k+1] P= fCX[k+1] p* P holds, where
p: CXY Cx k+11 .64 CX +1] s the partial resolution constructed in Section 4.3. Applying
Theorem 6.1 and 1ts extension Theorem 6.8 and the expression in (14) for the Chern
classes of FIkH11 we get

—z))P 0,6
(50) /[k—i—l] P = Res Ok (@) [Tm<i(zm —21) k(Cl(Z:r )
cx, = Hm+r515k(zm+zr_zl) Hl:l Hi:l()‘i_zl)
where 0, ..., 6, are the Chern roots of F and c;(z + 6, #) denotes the /™ symmetric
polynomial in the formal Chern roots {z; +6;,0; : 1 <i <k,1 < j <r}.

oy k1] _

dz,

According to Corollary 3.14 CX, regX »/Diff (1), which sits in Grassk( )
By choosing local coordinates on X near p we identify Dk with Sym—k cn and the
weights Ay, ..., A, of the GL(n)-action on C” intu1tlvely correspond to the Chern
roots of D)S(’lp / D;Op = T, X . To finish the proof of Theorem 1.2 we simply substitute
the A; with the Chern roots of Ty . Indeed, this is what we have to do, but this intuitive
step needs further explanation.

The crucial observation is that GL(#n) is a (strong) deformation retract of Diff}, via the
homotopy

Diff), x [0, 1] — Diff

Geometry & Topology, Volume 21 (2017)



Tautological integrals on curvilinear Hilbert schemes 2939

which sends (¢, ) to the ¢, whose linear part is identical to the linear part of ¢ but
whose quadratic and higher order terms are those of ¢ multiplied by ¢. This homotopy
contracts the quadratic and higher order terms of ¢ to zero. This induces a retraction
of the classifying spaces

t: BDiff, — BGL(n)
which is a homotopy equivalence.

Given a Diffz—module V' the embedding GL (%) — Diff}, also defines a GL(n)—module
structure on V and the corresponding universal bundles

EDiffV = EDiffk XDiffk V  and EGL(n) V = EGL(n) XGL(n) Vv
are homotopy equivalent. In particular,

EDiffﬁgk—i_l] = EDiffk XDiffk ﬁl[)k—i_l]
and
EqL CX¥ 4 — EGL(n) xgp(ry CX 5T

are homotopy equivalent and therefore their pull-backs along the classifying map
&: X — BDiffy,

CX+1 = & Epig CXFY and CXE = rog)* Equex T,
are also homotopy equivalent. They sit in the corresponding Grassmannian bundles:
CX*+11 c £* Epig Grassy (Sym=¥C") = Grassy (Df(),
C_XgCLH] C (t 0&)* EgL Grassy (Sym=¥C") = Grassy (Sym=¥Ty).

If « is a polynomial in the Chern classes of the tautological rank-k bundle £ over
EqL Grassy (Sym=FC") then

* *
/CX([;IEH](toE) O{_/CX[kJrl]E o

holds, and therefore we can replace integration over CX (k411 with integration over
CX ([}kLH] . The commutative diagram

C_Xg{]j_l] — EGL C_X[Iic—i_l]

| |

Tof
X ——— BGL(n)
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induces a diagram of cohomology maps
H*(CX oty e— H*(EoL X5 Y)
l Iy JRes
H*(X) —a H*(BGL(n))

where:
e Res is the residue operator sending a polynomial P in the Chern classes of £ to

Res 01 (2) [Tn<iGm —z1) P(ci(2))
= k
= l_[m+r§l§k(zm +zr—27) Hl:] H?:l()\i —z7)
e Sub is the substitution of the Chern roots of X into the weights Ay,...,A,.

dz.

e |/ , is integration along the fibre.

Commutativity tells us that integration along the fibre C_XE,kH] of a class pulled
back from the universal bundle £ over EgL C_Xl[pk +1 g given by applying the residue
operation followed by the substitution of the Chern roots of X into the weights A; of
the torus action.

To get the final version of the iterated residue formula we replace the variables z;
by —z; for i = 1,...,k. This changes the sign of the iterate residue (50) with (—1)¥
as this substitution corresponds to changing the orientation of the contour circles. Then
the terms involving the A; in (50) can be rewritten as

1 B 1 _sx(1/z))
(= Qi+z)  Zfe(l/z) 2
where sy (1/z;) =14+s1(X)/z; —i—sz(X)/zi2 +-+-+5n(X)/z} is the total Segre class
of X . Next observe that the denominator and the numerator of the fraction
[licj(zi —2j) Ok (2)
[litj<i<k(Gi+zj—21)
are homogeneous polynomials of the same degree; hence this substitution will leave

this rational expression unchanged and only replaces z; by —z; in P(c;(z +6,6)). So
(50) can be rewritten as

| oen?
Cxlk+1]

_/ Res (D" [Ty <i < (zi = 2)) Qi (2) P(c1 (6 — 2, 6))d 2 ﬁSX(l)
X

e [livj<i<k(Gi+zj —zp)(1-z)"

Zi
i=1

and Theorem 1.2 is proved.
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Remark 7.1 (1) Note that if we give the z; and 6; degree 1 then the total degree of
the rational expression

(—D*[Ti<(zi =) Ok () P(c; (6 — 2. 60))

[livj<i<kGi+zj—zp) (1 z)"

in the formula is n — k, so taking the iterated residue indeed gives us a bisymmetric
homogeneous polynomial of degree 7 in the 6; and s;.

(2) The Chern class ¢;(6 —z, 0) is the coefficient of ¢/ in

r k r
c(F¥ Y@y =TTa+6;0 [ [T -zt +60).

that is, the i Chern class of the bundle with formal Chern roots 6;, 6; —z;. For

example,
k

c(@—z.0)=0k+1)D 6i—r> z

j=1 i=1
and in general ¢;(6 — z, 0) is a degree-/ polynomial of the form
(0 —z,0) = Ajci(z) + Aj—1¢j—1(z) + -+ + Ao,

where ¢j(z) is the j th elementary symmetric polynomial in zy,...,z; and A4 jisa
degree- (n—j) symmetric polynomial in 6y,...,60,.

In certain special cases, however, we do not need this expansions of the Chern classes.
We finish this paper with showing a particularly nice example of this, the Segre classes
of tautological bundles over the curvilinear Hilbert schemes.

Example 7.2 (top Segre classes of tautological bundles) Top Segre classes

sp (P11 = [

S(F[k+1])
Cx lk+1]

of tautological bundles have been long studied and they are of special interest because
of their role in Donaldson-Thomas theory of counting sheaves on surfaces; see Marian,
Oprea and Pandharipande [29] for details. Here s(F+11) = 1/c(Fk+1) s the total
Segre class of FIK+11 that is,

r k r k
s(F[k+1])=S(9—Z,9)=1_[ 1_:9]. 1_[ 1_[ H-Q;j—Zi:SF‘(Zl cezp) " 1_[8(%),
j=1 i=1j=1

i=1
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where sF is the total Segre class of F' and

r
1+6;  (146)? 146;)"
S(i):_n(l—i_ J+( i) +...+u)
Zi : Zj 22 44
J=1 ! 1 1

is a polynomial in 1/z; with coefficients polynomials in the Chern classes of F', that
is, S(x) € Cle1 (F), ..., cr(F)][x].

Substituting into Theorem 1.2 we arrive at the following expression:

Siop(F 1) =/ Res "V Tisicjsk(Gi=2) Qu@)srd: ]ﬁ[s(i)sx(l).

x 2= [l Gitzj—z) (2" 0
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