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On the Fano variety of linear spaces contained in
two odd-dimensional quadrics

CAROLINA ARAUJO
CINZIA CASAGRANDE

We describe the geometry of the 2m—dimensional Fano manifold G parametrizing
(m—1)—planes in a smooth complete intersection Z of two quadric hypersurfaces
in the complex projective space P2 %2 for m > 1. We show that there are exactly
22m+2 distinct isomorphisms in codimension one between G and the blow-up of P2
at 2m + 3 general points, parametrized by the 22 +2
in Z, and describe these rational maps explicitly. We also describe the cones of nef,
movable and effective divisors of G, as well as their dual cones of curves. Finally,

distinct m—planes contained

we determine the automorphism group of G .

These results generalize to arbitrary even dimension the classical description of
quartic del Pezzo surfaces (m = 1).

14E30, 14J45; 14M15, 14N20, 14E05

1 Introduction

In this paper we describe the geometry of the 2m—dimensional Fano manifold G 2™
parametrizing (m—1)—planes in a smooth complete intersection of two quadric hyper-
surfaces in the complex projective space P22 for m > 1. The case m = 1 is classical:

1.1 The surface S = G® is itself a smooth complete intersection of two quadric hyper-
surfaces in P4, and hence a quartic del Pezzo surface. It is well-known that p(S) = 6,
and that the cone of effective curves of S is generated by the classes of its 16 lines.
These 16 lines have a very special incidence relation: each line intersects properly
exactly 5 lines. The del Pezzo surface S can also be described as the blow-up of P2 at
5 points in general linear position. In fact, there are 16 different ways to realize S as
this blow-up: For every line £ C S, there is a birational morphism my: S — P2, unique
up to projective transformation of P2, contracting the 5 lines incident to £ to points
pf, ey pﬁ € P2 in general linear position. The image of £ under 7y is the unique
conic through the p;, and the image of the other 10 lines are the 10 lines through 2
of the p; . Moreover, for any two lines £, £’ C S, the sets of points {pf e pg} and
{ pf/, cees pﬁ/} are related by a projective transformation of P2.
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The automorphism group Aut(S) of S is also well understood (see for instance
Dolgachev [12, Section 8.6.4]). In order to describe it, we view Pic(S) with the
intersection product as a unimodular lattice. Its primitive sublattice K é‘ isa Ds—
lattice. We denote by W(D5) the Weyl group of automorphisms of this lattice. For any
¢ € Aut(S), the induced isomorphism ¢*: Pic(S) — Pic(S) preserves the intersection
product and fixes Kg. This yields an inclusion of groups Aut(S) — W(Ds5) =~
(Z/2Z)* x S5, whose image contains the normal subgroup (Z/27)*. Moreover, if S
is general, then Aut(S) == (Z/27Z)*.

We will show that the picture described in Section 1.1 above generalizes to arbitrary
even dimension. We start by fixing some notation. Let m be a positive integer, set
n =2m and fix n + 3 distinct points in P!, up to order and projective equivalence,

A1:D,....(Apgs: ) ePl.
With this fixed data, we introduce the two main characters of this paper, G®™ and X™:

1.2 (G™) Let Z™ be a smooth complete intersection of the two quadric hypersur-
faces in P12

n+3 n+3
Q1:in2=0 and QZ:Z)L,-xizzo,

(Up to projective transformation of P”*2, any smooth complete intersection of two
quadric hypersurfaces can be written in this way; see Section 2.) Then consider the
subvariety G of the Grassmannian Gr(m — 1, P"+2) parametrizing (m—1)—planes
contained in Z™ . It is well known that G is a smooth n—dimensional Fano variety
with Picard number p(G™) = n + 4 (see Section 3 and references therein).

1.3 (X™) Fix a Veronese embedding v,: P! < P” and set p; = v,((A; : 1)) € P".
The points p1,..., pn+3 are in general linear position. (In fact, this gives a natural
correspondence between sets of 1+ 3 distinct points in P!, up to projective equivalence,
and n + 3 points in general linear position in P”, up to projective equivalence.) Let
X @ be the blow-up of P” at the points pi,..., pni3.

Our starting point is the following:

1.4 Theorem (Bauer [3], Casagrande [8]) The varieties G™ and X™ are isomor-
phic in codimension 1.

The proof of Theorem 1.4 makes use of moduli spaces of parabolic vector bundles.
By [8], G™ is isomorphic to the moduli space M® of stable rank 2 parabolic vector
bundles on (P!, (A1 :1),...,(A,43:1)) of degree zero and weights (%, e, %) On
the other hand, by [3] (see also Mukai [22, Theorem 12.56]), X (OEN isomorphic to the
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moduli space of stable rank 2 parabolic vector bundles on (P!, (A1:1),...,(Ap+3:1))
of degree zero and weights (%, ey %) , which is isomorphic to M® in codimension 1.

This proof, however, does not give much information about the possible isomorphisms
in codimension 1 between G™ and X . We call an isomorphism in codimen-
sion 1 a pseudoisomorphism. In this paper we describe explicitly the birational maps
G™ ——> P" inducing a pseudoisomorphism G® --> X As we shall see, up to
automorphism of P, there are exactly 2”12 distinct such birational maps, parametrized
by the 2"*2 linear copies of P™ contained in Z“ . In order to state this precisely,
we need to recall some facts about Z ™) (see Section 2 and references therein).

The set Fy (Z™) of m—planesin Z® has cardinality 2”2, Foreachi =1, ...,n+3,
consider the involution o;: Z" — Z® switching the sign of the coordinate Xx; .
The group generated by these involutions is isomorphic to (Z/2Z)"*2, and acts
on Fu(Z™) freely and transitively. For every subset I C {1,...,n + 3}, we set
o1 :=[lje; 0i = [1;ec 0j - Forevery M € Fm(Z®™) and I C{1,...,n+ 3} with
[I| <m+ 1, we have dim(M Noj(M)) = m — |I|. Consider the incidence variety
Z:={([L]. p) € G™ x Z™ | p € L} and the associated diagram:

A
N
G @) VAQ!
We show that for every m—plane M € Fm(ZM), Epr := my(e*(M)) is the class

of a unique prime divisor on G®™, which we denote by the same symbol (see
Proposition 5.5).

Now we can state our main result. See Theorem 5.7 for more details, including explicit
descriptions of the linear systems on G defining the birational maps G —-> P".

1.5 Theorem (Theorem 5.7 and Corollary 5.8) Let M € F,,(Z (), in the nota-
tion above. Up to a unique permutation of the p;, there is a unique birational map
om: G ——> P" inducing a pseudoisomorphism G ™ --> X ™) with the following
properties:
e The image of Eps under ppy is Secy,—1(C), the (m—1)% secant variety of the
unique rational normal curve C through p1, ..., pp+3 in P".
e The map ppy contracts Eq, (pr) to the point p; € P™.
e Foreach I C{l,...,n+ 3} of even cardinality |I| < n, the image of Eq, ()
under ppy is the join of (p;)icy and Secs—;(C), where s = %(n —|1]).

Moreover, any pseudoisomorphism between G™ and any blow-up X of P" atn + 3
points is of this form. In particular, X =~ X ™ |
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As immediate corollaries of Theorem 1.5, we obtain the following:

1.6 Corollary Let Py, P> C P" be subsets of n + 3 distinct points and let Xp, be
the blow-up of P" along P; fori = 1,2. Assume that the points in Py are in general
linear position. Then the following are equivalent:

1) Xp, = Xp,.
(i) Xp, and Xp, are pseudoisomorphic.

(iii) P1 and P, are projectively equivalent (as unordered sets).

1.7 Corollary Let S; ={(A}:1),..., (A}, 5: 1)} C P! fori =1,2 be subsets of
n + 3 distinct points. For each i € {1,2}, let Zs, C P"*2 be the smooth complete
intersection of the two quadrics

n+3 n+3

Q1:ijz=0 and Qé:ZA}xJ?:O,
J=1 Jj=1

and let Gs; be the variety of (m—1)—planes contained in Zs; . Then the following are
equivalent:

(1) Ggl = ng .
(i)) Gs, and Gg, are pseudoisomorphic.

(i) &1 and Sy are projectively equivalent (as unordered sets).

Notice that Corollary 1.6 is a classical result, originally due to Coble (see Dolgachev and
Ortland [14]). See also Biswas, Holla and Kumar [4] for a result related to Corollary 1.7,
in terms of moduli spaces of rank 2 parabolic vector bundles on P!.

To prove Theorem 1.5, we determine the nef cone of G explicitly, and then compare
it with the Mori chamber decomposition of the effective cone of X () described by
Mukai [23]. This decomposition encodes the nef cones of all varieties pseudoisomorphic
to X™ . In order to determine the cone of effective curves and the nef cone of G("),
we generalize to arbitrary dimension a construction of Borcea [6] in dimension n = 4.
We define isomorphisms

H>*2(G™,7) % H"(2™,7) L5 (6™, 7)

such that B(M) = Ep and o~ !(M) is the class of a line on the dual m—plane
M* C G™ for every M € Fpy(Z™). These isomorphisms are dual with respect to
the intersection products, ie x - B(y) = a(x) - y for every x € H2""2(G™ 7Z) and
yeH nzm, 7). They allow us to describe explicitly special cones of curves and
divisors on G
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1.8 Theorem (Theorem 5.1 and Proposition 5.5) Let £ C H"(Z,R) be the polyhe-
dral cone generated by the classes {M }prcx,, (z) and denote by £ C H"(Z,R) its
dual cone. Then £V C &, and the cones of nef and effective divisors of G™ and their
dual cones of effective and moving curves satisty

Nef(G™) = B(£Y) C (&) = ELH(G™),
Movi(G™) =a~1(EY) ca™l(€) = NE(G™).

We give a geometric description of the extremal rays and facets of these cones, and the
associated contractions in Section 6. In Proposition 6.6 and its following subsection, we
also describe the cone Mov! (G ™) of movable divisors of G and give a geometric
description of the curves corresponding to its facets.

We end this paper by determining the automorphism group of the Fano variety G™,
generalizing the description of the automorphism group of a quartic del Pezzo surface in
Section 1.1. In what follows, we write W(D,,43) for the Weyl group of automorphisms
of a D,3-lattice, and we denote by the same symbol the involution of G™ induced
by the involution o; of Z™).

1.9 Proposition (Proposition 7.1) There is an inclusion of groups

Aut(G™) < W(Dp43) 2= (Z/22)" 2 % Sy 3,

)n+2

whose image contains the normal subgroup (Z. /27, generated by the involutions

o; of GM

Moreover, if the points (A1 : 1),...,(Any3 : 1) € PL are general, then Aut(G™) ~
(Z.]27)" 2.

This paper is organized as follows. Section 2 is dedicated to smooth complete intersec-
tions Z C P"*2 for n = 2m of two quadric hypersurfaces in even-dimensional projec-
tive spaces. In particular, we investigate the set F,,(Z) of m—planes in Z, and the cone
it spans in H"(Z,R). In Section 3, we address the Fano variety G of (m—1)—planes
in Z. We construct the isomorphisms H2"~2(G,Z) %> H"(Z,7) s H2(G,7),
and determine some extremal rays of the cone of effective curves of G . In Section 4, we
consider the blow-up X of P" at n + 3 points in general linear position. We describe
the Mori chamber decomposition of Eff(X), following Mukai [23] and Bauer [3].
From this we can write the nef cone of G in terms of a natural basis for A'1(X). In
Section 5, we put together the results from the previous sections to prove Theorem 1.5.
In Section 6, we study cones of curves and divisors in G, giving a geometric description
of their facets and extremal rays. In Section 7, we describe the automorphism group of
the Fano variety G.
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Notation and conventions We always work over the field C of complex numbers.

Given a subvariety Z C P” and a nonnegative integer d < n, we denote by F;(Z)
the closed subset of the Grassmannian Gr(d, P") parametrizing d —planes contained
in Z.
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Simons Associateship. This work started during Araujo’s visit to Universita di Torino;
the authors are grateful to INAAM (Istituto Nazionale di Alta Matematica) for the
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2 Smooth complete intersections of two quadrics

In this section we describe the geometry of smooth complete intersections of two
quadric hypersurfaces in even dimensional complex projective spaces. Many of the
results are well known and can be found in Reid [25, Chapter 3] or Borcea [6, Section 1],
to which we refer for details and proofs. See also the recent paper by Dolgachev and
Duncan [13] for a study of these complete intersections over a field of characteristic 2.

Let n = 2m > 2 be an even integer, and let Z = Q1N 0, C P**2 be a smooth
complete intersection of two quadric hypersurfaces. Up to a projective transformation
of P**2_ we can assume that the quadrics have equations

n+3 n+3

(2.1) 01:) x7=0, 02:> Aix}=0,

i=1 i=1
with A; # A if i # j. Thus Z is determined by n + 3 distinct points
A1 D, ..., (Apas: ) e Pl

Acting on these points by permutations and projective automorphisms of P! yields
projectively isomorphic varieties Z C P*1+2,

2.2 (involutions and double covers) Foreachi =1,...,n+3,let g;: Z — Z be the
involution switching the sign of the coordinate x;. Then o7, ..., 0,43 commute and
have the unique relation o7 - - - 0,43 = Idz, so they generate a subgroup W’ of Aut(Z)
isomorphic to (Z/27)"*2. For every subset I C{1,...,n+3}, we set o7 :=[[;c; 0i -
Notice that oy = oyc.
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Foreach i =1,...,n + 3, the projection from the i coordinate point in P"*2 yields
a double cover 7;: Z — Q™, where Q" C P**1 is the smooth quadric having equation
> j2i(A) —/\i)xj? = 0 for projective coordinates (xy :---:X; i+ : Xp43) in P71,

The involution associated to this double cover is oj .

2.3 (the set of m—planes in Z) Consider the set F3,(Z) of m—planesin Z. Itis a
finite set with cardinality 2”*2. The group W' generated by the involutions o; acts
on F,(Z) freely and transitively.

Forevery M € F,(Z) and I C{1,...,n+ 3} with |I| <m + 1, we have
(2.4) dim(M Noy(M))=m—|I|.

2.5 Foreachi =1,...,n+ 3, the double cover 7;: Z — Q" induces a map
Fm(Z) = Fm(Q").

Recall that F;,(Q") has two connected components T% and TV, and that two
m-planes A, A’ C Q" belong to the same connected component if and only if
dim(A N'A’) = m mod 2 (see for instance Reid [25, Theorem 1.2(b)] or Harris [17,
Theorem 22.14)).

Let M € F,(Z). We have mj(0;(M)) = m;(M). On the other hand, if j is in
{1,...,n+3}~{i}, then M and o;(M) intersect in codimension one, by (2.4), and
the same holds for 7; (M) and m; (0; (M)). Therefore r; (M) and m; (o; (M)) belong
to different connected components of 7, (Q™). In general, if 1 € {1,...,n + 3} does
not contain i, then 7; (M) and 7; (o7 (M)) belong to the same connected component
of 7, (Q™) if and only if |7] is even. This shows that the image of F,(Z) in F,(Q")
consists of 2" *1 points, half in each connected component.

2.6 (the cohomology group H"(Z,7Z)) The cohomology group H"(Z,Z) is iso-
morphic to Z"*4, and is generated over Z by the classes of the m—planes in Z.
Moreover H"(Z,7Z) is a unimodular lattice with respect to the intersection form.

For every M € F,;,(Z) we denote by the same symbol M the corresponding funda-
mental class in H"(Z, 7). We denote by n € H"(Z, Z) the class of a codimension-m
linear section of Z C P**2_ so that

=4 and n-M =1 forevery M € Fp(Z).

The sublattice 7+ (namely the primitive part H"(Z,Z)o) is a D,43-lattice. We
denote by W(D,3) its Weyl group of automorphisms, which is generated by the
reflections in the roots of nt. It is the full group of automorphisms of the triple
(H™(Z,Z),-,n), and it is isomorphic to (Z/2Z)" T2 x Sy13.
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The group W’ = (Z/27)"*? generated by the involutions o; acts naturally and
faithfully on H"(Z,Z). We still denote by o7 the involution of H"(Z,7Z) induced
by o7: Z — Z. So we view W' as a subgroup of W(D,43). It is a normal subgroup
with quotient W(D,+3)/ W’ isomorphic to the symmetric group Sy, +3.

For every M € F,,(Z) and i, j € {1,...,n+ 3} with i # j, we have
2.7) n=M+o;(M)+o;(M)+o0;;(M).

2.8 Notation Fix Mg € F,,,(Z). Forevery i =1,...,n+ 3, we set M; := 0;(My).
More generally, for every subset I C {1,...,n 4+ 3}, we set My := o7(My). Notice
again that Mj; = Mjc. We also set

(2.9) gi:==Mo+M;—3ne H"(Z,R) forevery i=1,....n+3.

Then {n,é&1,...,en+3} is an orthogonal basis for H"(Z,R), which is useful for
computations. We have

(2.10) n? =4 and g2 = (—1)" forevery i =1,...,n+3.

In particular, the intersection form on H"(Z, R) is positive definite when n =0 mod 4,
and has signature (1,7 + 3) when n =2 mod 4. Notice that this basis depends on the
choice of Mj.

Let Go C W(Dy4+3) be the stabilizer of My. Then Gog = S,+3 and Gg acts by
(the same) permutations both on {M1,..., M,43} and on {¢1,...,ex4+3}. We have
W(Dy4+3) = W' xGgy. Moreover, for every I C{1,...,n+ 3} of even cardinality, we
have

& ifi¢l,
2.11 ) =
@D o1 (1) {—si itiel
Thus we see the usual action of W(Dy+3) on the linear span of &1,...,&,43 by
permutation and even sign changes of ¢1, ..., g,43 (see for instance Humphreys [19,

Section 12.1]).

We collect some identities in H”(Z,R) that we will use in later computations.

_N)HI
(2.12) M1=L—1tn+( 2) (Zq—Zs,) forevery I C {1,...,n+ 3},

jel iel
1 1
(2.13) My = m((” +2—|I|)(§7I—ZM1') +U1-n3" Mj)
iel iel€
forevery I C{1,...,n+ 3} with even cardinality,
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n+3

1 1 ZMj-i-Mi foreveryi =1,...,n+3.
j=1

2.14) ¢ = 2(n+l)n_n+l

Our next goal is to describe the polyhedral cone £ in H"(Z, R) generated by the classes
of m—planes in Z. As we shall see below, this is a cone over a (n+3)—dimensional
demihypercube. Before we start discussing the cone £, we gather some results about
demihypercubes.

2.15 (the demihypercube) Let N > 4 be an integer. Write (o, ...,oy) for co-
ordinates in RY . The vertices of the hypercube [—%, %]N C R¥ are the points of
the form v; = ((vy)1,...,(vi)N), where I C{1,...,N}, (vy); = % if i € I, and
(vr)i = —% otherwise. The parity of the vertex vy is the parity of |/|. For each subset

I C{1,..., N}, define the degree 1 polynomial in the «;

(2.16) Hp:=Y (5+e)+> (3 -a).

J¢l iel
Notice that, for any two subsets 7, J C {1,..., N},

(2.17) Hy(vy) =#(I ~J)+#(J ~ 1)

is the graph distance of vy and vy in the skeleton of the hypercube [—% %]N

The demihypercube is the polytope A C [—% %]N generated by the odd vertices of

the hypercube. The polytope A has 2V ~! 42N facets (see for instance Green [15,
Lemma 2.3]). More precisely, the polytope A is defined in a minimal way by the set
of inequalities

(2.18) A |"2Sei=5 i€fl... N}
‘ Hp =1, |1| even.

Notice that the facets of A supported on the hyperplanes (ai =+ %) are isomorphic to
the (N —1)—dimensional demihypercube. In particular, they are not simplicial. On the
other hand, the facet supported on the hyperplane (Hy = 1) for |/| even is the (N—1)—
dimensional simplex generated by the N vertices of [—%, %]N at graph distance 1
to vy.

The demihypercube can also be described as a weight polytope of the root system of
type Dy ; see Green [16, Example 8.5.13].

Now we go back to H"(Z,R) and consider the convex rational polyhedral cone

& :=Cone(M)pez,,(z) C H'(Z,R).
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It is the cone over the (n+3)—dimensional polytope

& = Conv(M)preF,,(z)

obtained by intersecting £ with the affine hyperplane H := {y | y - n = 1}. Note that
the Weyl group W(D, +3) preserves £, H and &.

We fix My € Fy,,(Z) and consider the orthogonal basis {1, €1, ..., &,+3} for H*(Z,R)

introduced in (2.9). Then %n € H and {e1,...,e,43} is a basis for nt, so that
(3n,{e1....,en+3}) induces affine coordinates
(2.19) (01, ..., 0n+3)

on the hyperplane H = R 3. With these coordinates, %r} is identified with the origin
and, by (2.12), for every I C {1,...,n+ 3} with || even, M is identified with vjc.
Thus the polytope & is identified with the demihypercube A described in Section 2.15,
and £ with the cone over A.

2.20 Example (the surface case) When n =2, Z C P# is a smooth quartic del
Pezzo surface (see Section 1.1). The cone £ C H?(Z,R), generated by the classes of
the 16 lines in Z, is the cone of effective curves of Z. In this case the polytope & is a
5—dimensional demihypercube, and coincides with the 5—dimensional Gosset polytope
(see Dolgachev [12, Sections 8.2.5 and 8.2.6]). In higher dimensions, demihypercubes
and Gosset polytopes are different polytopes.

Let us explicitly describe the facets of £, or equivalently the generators of the dual cone
&Y c H"(Z,R). Let (y,x1,...,Xn+3) be the coordinates on H"(Z,R) =~ R"*4
induced by the basis {1, €1, ..., én+3}. It follows from (2.18) that the cone £ is defined
in a minimal way by the set of inequalities

2y +x; >0, ie{l,...,n+3},
2.21) E=1{2y—x; >0, iefl,....n+3,
2+ Dy + D> x;— > x; >0, I C{l,...,n+3}even.
JEl iel

This is equivalent to saying that the dual cone £¥ C H"(Z,R) is the convex polyhedral
cone generated by the classes

%7]-1-81' and %7]—81', ie{l,...,n+3},

%(n +Dn+ D" e — (D)"Y e, I C{l....,n+3}, |I]|even.
J&l iel

2.23 Remark Using (2.7), (2.9) and (2.12), we can write the generators (2.22) of £Y

in terms of 1 and the M :

(2.22)
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%n—kei = Mo + M;,
%77—81' =M; +M;; forany j #1i,
s+ D+ (D" g — (=)™ Y& =2(|5(m + 1) |n+ (=) M;).
W3 iel
Note in particular that £¥ C £.
For I € {1,...,n+ 3}~ {i}, it follows from (2.10) and (2.12) that

1 if |[7] =m mod?2,
0 otherwise,
0 if |[I]=m mod2,
{ 1 otherwise.

(n-+20)- M1 =
(2.24)
(3n—ei)-Mr =

This describes the generators of the (nonsimplicial) facets of £, corresponding to the
extremal rays of £ generated by %n *e&.
For each M € F,,,(Z), set

Sm = L%(m + 1) |n+ (=1)"M.

The facet of the cone & corresponding to the extremal ray of £Y generated by 8y is
simplicial, and given by
Cone(0;(M));eq1,....n+3}-

Indeed, for I € {1,...,n + 3} with |/| odd, one computes, using (2.12),
Sp-or(M) = 3(1]—1).
Let (z,t1,...,ty+3) be the coordinates induced by the basis {n, M1,..., My 13}

on H"(Z,R). In the sequel we need equations for £ in these coordinates. Let
I C{1,...,n+ 3} be such that |/| = m mod 2. Using (2.12), one computes

n+3 n+3
(zn+ ZziMi)MI =2z—|—(|1|—m)2ti—221i.

i=1 i=1 iel

So we get the following:

2.25 Lemma An element zn + Z:’: 13 t;M; isin £ if and only if

n+3
(2.26) 224 (I =m) > t;i=2) 1;=0
i=1 iel

forevery I € {1,...,n+ 3} such that |I| = m mod 2.
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We conclude this section with the following elementary description of the symmetry
group of the cone &:

2.27 Lemma Let f: H"(Z,R) — H"(Z,R) be a linear map. The following are
equivalent:

1) f(E)=€&€and f(x)-n=x-n forevery x € H*(Z,R).
(i) f(€Y)=¢&Y and f(n) =n.
(iii) f € W(Dn+3).

Proof The implications (iii) => (i) and (iii) = (ii) are clear.

We prove (i) = (iii). Let f be an endomorphism of H"(Z,R) satisfying (i). Then
f permutes the vertices of &£y, and hence f(F,(Z)) = Fn(Z).
Recall Notation 2.8; let Mo € F, (Z). By Remark 2.23, 8pr, =| 2 (m+1) [n+(—1)"Mo
generates an extremal ray of £, and the corresponding facet of £ is simplicial, given
by

Cone(My, ..., My43).

Then f(Cone(My, ..., M,+3)) must be another simplicial facet of £, of the form
Cone(o1(Mj),...,0n+3(M1)) = 0o7(Cone(My, ..., My+3))

forsome I C{1,...,n+3}. By composing f with the involution o7 € W(D,+3), we
may assume that f fixes the facet Cone(M1, ..., My, +3) of £. In particular, f induces
a permutation on the set {M1,..., My13}. Let @ € W(D, +3) be the element in the
stabilizer of Mj inducing the same permutation as f on the set {My,..., M,4+3}.
Then, by composing f with @ ™!, we may assume that f fixes each of My, ..., My43.

We also have f(F(Z)~{M1,..., My+3}) = Fn(Z)~{My,..., My+3}, therefore
f must fix the point
vi= Z M.

MeFm(Z)~{M1,....My 43}
Since 8p, - v > 0, v is not contained in the linear span of My,..., My 13 (see

Remark 2.23). This implies that f = Idg»z r) € W(Dn+3).

Finally we prove (ii) => (iii). Let f be an endomorphism of H"(Z,R) satisfying (ii).
Then the dual map g := f': H"(Z,R) — H"(Z,R) satisfies (i), hence, by what
precedes, g € W(D,+3). In particular g is orthogonal, and f =g’ =g ' e W(D,43).

0

Geometry & Topology, Volume 21 (2017)



On the Fano variety of linear spaces contained in two odd-dimensional quadrics 3021

3 The Fano variety G of (m—1)-planesin Q;N Q, c P?"+2

Let n = 2m > 2 be an even integer, and let Z = Q1 N Q, C P”?*+2 be a smooth
complete intersection of two quadric hypersurfaces as in (2.1). In this section we
consider the variety G of (m—1)—planes in Z:

G:=Fm1(Z)={[L] € Gr(m —1,P"*2)| L C Z}.

This is a smooth n—dimensional Fano variety that has been much studied. In particular,
it is known that Pic(G) =~ H?(G,Z) = Z"t*, N (G) = H?*(G,R) and —Kg is
the restriction of O(1) on Gr(m — 1,P"*2) (see Reid [25, Theorem 2.6], Borcea
[5, Theorem 4.1 and Remark 4.3] and Jiang [20, Proposition 3.2]). Moreover G is
rational, hence H?"2(G,Z) is torsion-free (Artin and Mumford [2, Proposition 1])
and generated by fundamental classes of one-cycles (Soulé and Voisin [26, Lemma 1]).
Thus we also have H?""2(G,Z) = Z"** and N1(G) = H?*""2(G,R).

For each M € F,,(Z) we set
(3.1) M*:={[L]eG|LC M}

It is an m—plane in G (under the Pliicker embedding). Let £3; € H?>"~2(G, Z) be the
class of a line in M*. By (2.4), for every M, M’ € F,,(Z) we have

M*N (M #+2 = M’ =o0;(M) forsomei=1,...,n+3,
and M* No;(M)* is the point [M No; (M) €G.

3.2 (the fibrations ¢; and ¥; on G) We define 2(n+3) fibrations on G, generalizing
a construction by Borcea in the case n = 4 [6, Section 3]. Foreachi =1,...,n+ 3,
the double cover w;: Z — Q" introduced in Section 2.2 induces a map

I;: G — Fu—1(0").

Each (m—1)-plane in Q" is contained in exactly one m—plane of each of the two
families 7% and TV of m—planes in Q" (see for instance Harris [17, Theorem 22.14]).
This yields two morphisms

Fm_1(Q") » T? C Gr(m,P"*Y) and F,_1(Q") — TV C Gr(m,P"T1).
By composing them with I1;: G — F,,—1(Q"), we get two distinct morphisms
@i, Vi G — Gr(m,P"*1)
such that ;(G) € T¢ and ¥;(G) C TV . Let
G-YY, > 3(G) and G-y, — (G

be the Stein factorizations of @; and V;, respectively.
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3.3 Lemma The morphism ¢;: G — Y, has general fiber P!, and has exactly 2"
singular fibers, each isomorphic to a union of two copies of P™™ meeting transversally
at one point. More precisely, the singular fibers of ¢; are of the form M* Uo; (M)*,
with M € Fy,,(Z) such that [r;(M)] € T%. An analogous statement holds for v; .

As a consequence, the cone NE(¢;) is the convex cone generated by the classes {ps for
M € Fu(Z) such that [7r;(M)] € T, and similarly for NE(y;).

Proof For simplicity we assume in the proof that m > 2 and n > 4, the case n =2
being classical.

Let [A] € T® C Gr(m,P"*1), and let A’ C P"*2 be the (m+1)—plane through the
i coordinate point that projects onto A C P”*1. Then A’ is contained in a singular
quadric of the pencil of quadrics through Z, so that A’'NZ = A’ N Qq is an m—
dimensional quadric in A’. Hence [A] € @;(G) if and only if A’ N Z contains an
(m—1)—plane. This happens if and only if the quadric A’ N Z has rank at most 4.

If the m—dimensional quadric A’ N Z has rank 4, then it is the join of an (m—3)—plane
with a smooth quadric surface 2 P! x P!, So it contains two distinct 1-dimensional
families of (m—1)—planes, each parametrized by P!. Therefore o; L([A]) is the
disjoint union of two copies of P!, and this yields two smooth fibers of ¢;, each
isomorphic to P!,

If A’ N Z has rank 3, then it is the join of an (m—2)—plane with a plane conic. So it
contains a one-dimensional family of (m—1)—planes, parametrized by the conic. Thus
in this case ¢, L([A])rea = P1, and this yields a fiber of ¢; with reduced structure
isomorphic to P!,

If A’N Z has rank 2, then it is the union of two m—planes intersecting in codimension
one, both projecting onto A. Thus there exists M € F;,(Z) such that A = 7;(M),
A'NZ=MUo;(M) and ; '([A]) = M* Uo;(M)*. It follows from (2.4) that M*
and o; (M)* intersect in one point.

Finally, if A’ N Z has rank 1, then set-theoretically we should have A’ N Z = M for
some M € F,(Z), and hence ng._l([nl- (M)]) = M™*, which is impossible because we
have already seen that @_1([71,' (M) =M*Uo;(M)*.

Now set
U:=Yy ~{oi(M* U0;(M)*) | M € Fin(Z) and [m;(M)] € T*}.

We have shown that ¢; has one-dimensional fibers over U, and since G is Fano, ¢; is
a conic bundle over U. A general singular fiber should be reduced with two irreducible
components. Since there are no such fibers, ¢; is smooth over U . O
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In Section 6.5 we will characterize the varieties Yy, and Yy, .

Fix My € Fn(Z) such that [;(Mg)] € TV, and follow Notation 2.8. It follows from
Section 2.5 that, for every I € {1,...,n+3} suchthati ¢ I,

T? if |I] is odd,

i (My)] €
i (M) TV if |I] is even.

So we get the following corollary of Lemma 3.3:

3.4 Corollary We have

NE(g;) = Cone(€a; ) 1jodd,i¢gr  and  NE(;) = Cone(€ps;)|1(even, i¢1-
The general fiber of ¢; has class £y, + €y, for j # i, and the general fiber of Y; has
class {pry +Lp; -
3.5 (the isomorphisms between H2"~2(G,Z), H*(Z,Z) and H*(G,Z)) Recall
that, by Poincaré duality, the intersection product gives a perfect pairing
H*(G,Z)x H*"2(G,7Z) — Z.

We will define natural isomorphisms H2"2(G,7Z) = H"(Z,Z) and H?*(G,Z) =
H"(Z,Z), which behave well with respect to the intersection products. This construc-
tion is due to Borcea in the case n = 4 [6, Section 2]. Throughout this section, we use
the same notation as in Section 2.

Consider the incidence variety

I:={(L].p)eGxZ|pel}

Gyz\iz

The morphism 7 is a P”*~! —bundle, hence Z is smooth, irreducible, of dimension 3m—
1= %n — 1. Consider the morphisms given by pull-backs and Gysin homomorphisms

and the associated diagram:

@ i=exon*: H22(G,7) ™ H2"2(T,7) %5 H™(Z, 7)),
Bi=msoe*: HY(Z,7) %> H'(T,7) ™ H%(G, 7),
so that we have

(3.6) H>2(G,7) % H"(Z,7) 25 H?(G, 7).
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Note that a(£p7) = M for every M € F,(Z). We set Epy := B(M) € H?(G, Z) for
every M € Fpy(Z).

3.7 Proposition [6, Proposition 2.2] Both « and B are isomorphisms, and they are
dual to each other with respect to the intersection products. Namely,

x-B(y)=a(x)-y forevery x € H*""2(G,Z) and y € H"(Z, 7).

Proof Since a(£p7) = M and the classes {M }prcr,, (z) generate H"(Z, Z), the ho-
momorphism « is surjective. Then o must be an isomorphism, because H?"~2(G, Z)
and H"(Z,Z) are free of the same rank.

It follows from properties of Poincaré duality that o’ = (ex o 7*)! = (7*)! o (ex)’ =
x0e* = f,s0 «a is the transpose homomorphism of . It follows that 8 must be an
isomorphism too. m|

3.8 Corollary We have 8(n) = —Kg.

Proof Using Proposition 3.7, for every M € F,;,(Z) we have

l=n-M=n-ally)=pn) Lty =—Kc-{yu.

Since « is an isomorphism, and the classes {M }prcr, (z) generate H"(Z,Z), the
classes {{p}pmer,,(z) generate H 2n=2(@, 7). This yields the statement. |

Consider the involution o7: Z — Z for I C {1,...,n + 3} defined in Section 2.2. It
induces an involution of G, which we denote by the same symbol,

o7: G—> G, [L]+~Jor(L)].

Therefore the group W’ = (Z/27)" 2 generated by the involutions o; acts on G,
H?(G,Z) and H?*"~2(G,Z). It also acts on the incidence variety Z in such a way
that both morphisms 7 and e are W’ —equivariant. It follows that the isomorphisms o
and B are W’ —equivariant.

3.9 Proposition Forevery M € F,,(Z), L) generates an extremal ray of NE(G).

Proof Fix My € Fp(Z) and i € {1,...,n+ 3} such that [; (My)] € TV, and follow
Notation 2.8. By Corollary 3.4, we have

a(NE(¢;)) = Cone(My)|1j0ad,i¢7 and a(NE(Y;)) = Cone(My)|1|even,i¢1-

By (2.24), these are facets of the cone & C H"(Z,R), whose extremal rays are
generated by the classes M = «({ps) contained in these facets. Thus, for every
M € F,,(Z) the class £ps generates an extremal ray of either NE(¢;) or NE(v;), and
hence of NE(G). O
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4 The blow-up X of P" at n 4+ 3 points

Let n > 3 be an integer. Unless otherwise stated, in this section we do not assume
that n is even. Let P = {p1,..., pnt+3} C P” be a set of distinct points in general
linear position, and denote by C the unique rational normal curve in P” through
these points. Let X = X be the blow-up of P” at py,..., pp+3. Notice that acting
on P ={p1,..., pnt+3} by permutations and projective automorphisms of P” yields
isomorphic varieties Xp. The variety X and its birational geometry have been widely
studied. We refer the reader to Dolgachev [10], Bauer [3], Mukai [21; 23], Castravet and
Tevelev [9], Araujo and Massarenti [1] and Brambilla, Dumitrescu and Postinghel [7].

We have Pic(X) =~ H?(X,Z) and N1 (X) = H?(X,R). We denote by H the pullback
to X of the hyperplane class in P”, and by E; the exceptional divisor over the point p;
(as well as its class in H2(X,Z)).

4.1 (special subvarieties of X' ) Givenasubset I C{l,...,n+3}, with |I|=d <n,
and an integer 0 < s < %(n —d), we consider the join

Join({pi)ier, Secs—1(C)) C P".

(Here we write Seci(C) for the subvariety of P” obtained as the closure of the
union of all k—planes spanned by k + 1 general points of C for k > 0; in particular
Seco(C) = C. We also set Sec_1(C) = @.)

This join has dimension equal to d +2s—1. We denote by Jy s C X the strict transform
of Join({p;)ier,Secs—1(C)). When d +2s =n (so that |[[¢|=n+3—-3=2s+3
is odd) we denote the divisor Jy s and its class in H 2(X,Z) by Ep; in particular, for
n =2m even, Egz = Jg , is the strict transform of Sec,,—1(C). For I = {i}¢, we set
E;r =E;. Forevery I C{l,...,n+ 3} with |[[¢| =254 3 odd and s > 0, we have
the following identity in H2(X,Z):

4.2) Er=(@+DH-(s+1)Y Ei—s» Ej.

iel jel
By Castravet and Tevelev [9, Theorem 1.2], each Ej generates an extremal ray of
Eff(X), and all extremal rays are of this form. Moreover, by [9, Theorem 1.3] and
Mukai [23], X is a Mori dream space (MDS for short). We refer to Hu and Keel [18]
for the definition and basic properties of MDSs. Here we only recall an important
feature of a MDS, the Mori chamber decomposition of its effective cone.

4.3 (the Mori chamber decomposition) Let Y be a projective, normal and Q—factorial
MDS. The effective cone Eff(Y) admits a fan structure, called Mori chamber decom-
position and denoted by MCD(Y'), which can be described as follows (see Hu and

Geometry € Topology, Volume 21 (2017)



3026 Carolina Araujo and Cinzia Casagrande

Keel [18, Proposition 1.11(2)] and Okawa [24, Section 2.2]). There are finitely many
birational contractions (ie birational maps whose inverses do not contract any divisor)
from Y to projective, normal and Q—factorial MDSs, denoted by g;: ¥ --> ¥;. The
set Exc(g;) of classes of exceptional prime divisors of g; has cardinality p(Y)—p(Y;).
The maximal cones C; of the fan MCD(Y') are of the form:

C; = Cone(g}(Nef(Y;)), Exc(gi))-

By abuse of notation, we often write Nef(Y;) C Eff(Y) for g7 (Nef(Y;)) C Eff(Y). If
Exc(g;) = @, then we say that g;: Y --> Y; is a small Q—factorial modification of Y.
The movable cone Mov(Y) of Y is the union

Mov(Y) = U Ci.
Exc(g;)=@
An arbitrary cone 0 € MCD(Y) is of the form
o = Cone( f*(Nef(W)). €),

where f:Y --»> W is a dominant rational map to a normal projective variety, which
factors as Y -%> Y; i) W for some i, where f;: Y; — W is the contraction of an
extremal face of Nef(Y;), and £ C Exc(g;).

Given an effective divisor D on Y, its class in A'1(Y) lies in the relative interior of
some cone in MCD(Y'), say Cone( f*(Nef(W)),&). The map f: Y --> W coincides
with the map ¢, p| for m > 1 divisible enough. In this case, we write Yp for the
variety W'.

Now we go back to X . Our next goal is to describe the Mori chamber decomposition
of Eff(X), following Mukai [23] and Bauer [3] (see also Araujo and Massarenti [1,
Section 3]).

Let us consider the coordinates (y, X1,...,X,+3) in H2(X,R) induced by the basis
(H,Eq,..., Eyt+3), and consider the affine hyperplane

H= ((n Ty xi= 1) c H2(X,R).

It contains all the generators Ej of Eff(X) described above, as well as %(—KX).

We now observe that the convex hull of the E; in H is a demihypercube. To see this,

we need suitable coordinates in H. Fori =1,...,n + 3, set
“4.4) g :I%(H—ZE]'—I-EZ').
J#i

Geometry & Topology, Volume 21 (2017)



On the Fano variety of linear spaces contained in two odd-dimensional quadrics 3027

Then {€1,...,&,+3} is a basis for the linear subspace ((n + 1)y + >_ x; = 0), so that
(%(—KX), {€1,... ,5n+3}) induces affine coordinates (o, ..., a,43) in H = R?+3,
The radial projection

H2(X,R)\<(n+1)y+2xi =0) >

is given in coordinates by

y+xi 1 .
4.5 o = ——= fori=1,...,n+3.
(4.5) T+ Dy+> x;i 2
In the coordinates «; , %(—KX) is identified with the origin, and Ej with vjc, with
the notation introduced in Section 2.15. Thus Eff(X) N # is identified with the

demihypercube A C R”*3 described in Section 2.15,

A: _%Salf%’ ie{l,...,N},
Hr>1, |1] even.

Recall the degree 1 polynomials Hy introduced in (2.16), and consider the hyperplane
arrangement

(4.6) (Hr =k)1c{1,...n+3),keN, 2<k<(n+3)/2, |1 |k mod2 -

It defines a subdivision of A in polytopes, and a fan structure on Eff(X), given by
the cones over these polytopes. By Mukai [23] and Bauer [3], this fan coincides with
MCD(X). Moreover, one has the following description of the wall crossings (see [23,
Propositions 2 and 3] and also [3, Section 2]):

(1) The intersection of Mov(X) with the hyperplane H is given by

“sesgoiellnty
Amvov = Mov(X)NH =1 2="1=2 ,
Mov ( ) HI > 2’ |I| odd.
(2) All small Q—factorial modifications of X are smooth.

(3) Let C be a maximal cone of MCD(X), contained in Mov(X), corresponding to a
small Q—factorial modification X of X. Let o C dC be a wall such that o C d Mov(X),
and let f: X — Y bethe corresponding elementary contraction. Then 0 N'H C Apmoy
is supported on a hyperplane of one of the following forms:

(a) (ai = —%) or (ai = %)
(b) (Hy =2), with |I| odd.

In case (a), f: X — Y isa P!-bundle. In case (b), f: X — Y is the blow-up of
a smooth point, and the exceptional divisor of f is the strict transform in X of the
divisor E;e C X
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(4) Let C and C’' be two maximal cones of MCD(X), contained in Mov(X) and
having a common facet. Let f: X --> X and fli X ——> X’ be the corresponding
small Q-factorial modifications of X . The intersections of these cones with H are
separated in A by a hyperplane of the form (H; = k), with 3 <k < %(n +3) and
|I] # k mod2. Suppose that CN'H C (Hy <k) and C'N'H C (Hy > k). Then the
birational map f’o f~': X --> X’ flips a PK=2 into a P17k,

4.7 Remark It is possible to give a more precise description of the flipping locus
Pk2 c X (or PH1=k X’) in the situation described under (4) above (see [3,
Proposition 2.6(iv) and Theorem 2.9]): Consider the nef cone of X and its section
with H,

H{,-}zz, ie{l,....,n+3},

H{l’/}f?), 1,]6{1,,n+3},17é]

Suppose that Aner C (Hy < k). Then the P¥=2 ¢ X flipped by o f~1 is the strict
transform in X of the special variety Jy s C X, where s = %(k —I|-1)=0.
Suppose that Aner C (Hy > k). Then the P*+1=%K < X" flipped by f o (f7)~! is the
strict transform in X’ of the special variety Jyc ¢ C X, where s' = %(|I |—k—1)>0.

Anet = Nef(X)NH =

4.8 Remark Recall from Section 2.15 the description of the facets of A. Each of
the 2(n 4 3) facets of A supported on the hyperplanes (ozi = i%) intersects Anjoy
along a facet, while the other facets of A, supported on the hyperplanes (Hy = 1) for
|1] even, are disjoint from Ay . Let us describe the rational maps associated to the
facets of Anoy supported on the hyperplanes (; = j:%)

Fix i € {l,...,n 43} and let P; C P"~! be the image of the set P~ {p;} under the
projection 7p,: P --> P~ from p;. Let Y = (Xp,)" ! be the blow-up of P"~1
at the n 4+ 2 points in P;.

There is a small Q—factorial modification X --> X; and a P!-bundle X; — Y

extending 7, (see [23, Example 1]). Let 7;: X --> Y be the composite map. The

general fiber of 7; is the strict transform in X of a general line in P” through p;.

The hyperplane (;)* H?(Y,R) has equation y + x; = 0. Using (4.5), we see that

(m;)* H2(Y,R) NH is the hyperplane (ai = —%) Thus the cone (7r;)* Eff(Y) is the
1

cone over the polytope AN (ai =— 2) , which is an (n+2)-dimensional demihypercube.

Similarly, there is a map 7/: X --> Y whose general fiber is the strict transform in
X of a general rational normal curve through the points p, for A # i. Indeed, fix
Jj #1i andlet ¢: P” —-> P” be the standard Cremona transformation centered at the
points p, for A # i, j. This map sends rational normal curves through the points
py. for A # i to lines through ¢(p;). There is an automorphism of P” fixing p,
for A # i, j, sending p; to ¢(p;) and sending p; to ¢(p;) (see Remark 7.2). By
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composing ¢ with the projection from ¢(p;), we obtain a rational map HI’,I,: P” -->Y
whose general fiber is a general rational normal curve through the points p, for A i .
This yields a P!—bundle X ! — Y on a small Q—factorial modification of X, and the
desired map 7/: X --> Y. As before, one checks that (5;)* Eff(Y) is the cone over

the demihypercube A N (o = 1).

The center of the polytopes Apoy and A is the origin 0 € R”+3, which corresponds
to %(—K x). In particular, the divisor — Ky is movable. We want to describe the Fano
model X7}

Fano =X —Kx -
If 7 is odd, then 0 is a vertex in the subdivision of A and is contained in the intersection

of the hyperplanes
_1
(Hr = 3(n+ 3))|1\¢(n+3)/2 mod2 *

Thus —Kx lies in a one-dimensional cone of the fan MCD(X), contained in the interior

of Mov(X). Therefore Xf.  is non-Q-factorial and has Picard number 1.

For the remainder of this section, we assume that n = 2m > 2 is even. Then 0 lies in
the interior of a maximal polytope in the subdivision of Apoy, namely the polytope
defined by

4.9) Afano = (Hp = m + l)IIIEm mod?2 -

Then X[ is a small Q—factorial modification of X, it is a smooth Fano manifold,
and Nef(Xf, ) C Eff(X) is the cone over the polytope Afano.

4.10 Remark By Theorem 1.4, when P is the image of {(A1:1),..., (Apt3:1)}CP!
under a Veronese embedding P! < P”, X is pseudoisomorphic to the Fano variety
G addressed in Section 3. This implies that X/ is isomorphic to G .

Fano

4.11 Using the properties of MDSs, and the description of MCD(X) above, we can

deduce many properties of X{;  :

e The Mori cone NE(XZ, ) admits exactly 2”2 extremal rays, whose corre-

sponding contractions all contract a P™ to a point.

o The variety XJ = admits 2(n + 3) distinct (nontrivial) contractions of fiber type.

Indeed, the points in d Aoy N Apano are those of the form a = (a1,...,¥n+3),
where o; = —% or % for some fixed 7, and a; = 0 for j # i. These points all

lie in dA. We denote the corresponding contractions by ¢; and ¢, respectively.

4.12 Lemma The morphisms ¢; and ¢; are generic P! —bundles over (Xp; ﬁ;l(l),

where P; C P! is as in Remark 4.8. The general fiber of ¢; is the strict transform in

X0 of a general line in P™ through p; . The general fiber of ¢! is the strict transform
in X[t of a general rational normal curve in P" through P ~{p;}.
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Proof Let o = (xy,...,0n43), Where o = —% and o; =0 for j # 1, and consider
the corresponding fibration ¢;: X}, . — Xp, where D is an effective divisor such that
R>o[D]NH =«.

Consider the map m;: X -->Y = (Xp,,.)”_1 introduced in Remark 4.8, and recall that
(7r;)* Eff(Y) is the cone over the (n+2)-dimensional demihypercube AN (; = —3).
The center of this demihypercube is «, hence D is a positive multiple of (77;)*(—Ky).

So the image Xp of ¢; is precisely the Fano model (Xp, )21 of Y.

Fano

A similar argument shows the statement for ¢, . a

4.13 Let (z,t1,...,1,+3) be new coordinates in H?(X,R), induced by the basis
{—Kx,E1,..., En+3}. These are related to (y, x1,...,X,43) by y=z(n+ 1) and
x; =t; —(n—1)z. Using the defining inequalities for Ap,,, in (4.9), and the expression
for the radial projection onto # in (4.5), we conclude that Nef(Xf, ) C H 2(X,R) is
defined by the inequalities

n+3
(4.14) 224 (I =m) > ;=2 1;=0
i=1 iel

forevery I C{1,...,n+ 3} such that |/| =m mod?2.

4.15 We end this section by describing the birational map X --> X[ . First notice
that to go from the interior of the polytope Aner = Nef(X) N H to the interior of
the polytope Agan, = Nef(X[, ) NH, we must cross the wall (H; = k) for every
Ic{l,...,n+3}and 3 <k <m+1 suchthat |/|#£k mod2 and |/| <k —1. By
Remark 4.7 and [3, Theorem 2.9], we conclude that the rational map X --> X[
factors as

1 @2 Pm—1
X:XO——%Xl———>X2—__>..._m_éxm_lleélano’

where each ¢;: X;_1 --> X; flips the strict transforms in X;_; of all special subvarieties
J1,s C X of dimension i. These strict transforms are disjoint in X;_; and each
isomorphic to P?. The flipped locus on X; is a disjoint union of copies of P"~177
one for each Jy s of dimension i. Notice that in general the map ¢; is not the flip of a
small contraction: it is a pseudoisomorphism that can be factored as a sequence of flips.

In particular, we can describe the 2”12 copies of P™ in X[ corresponding to
the 22 extremal rays of NE(X{ ). These are the strict transforms of the special
subvarieties Jy s C X of dimension m, and the flipped locus of the flips of the strict
transforms of the special subvarieties J; ; C X of dimension m — 1. These are,
respectively,

Geometry & Topology, Volume 21 (2017)



On the Fano variety of linear spaces contained in two odd-dimensional quadrics 3031

m+1

Z (njl—3) for m—dimensional Jj ,
d=0

d#m mod 2
= n+3
Z ( d ) for (m—1)—dimensional Jy s.
d=0

d=m mod 2

We can also describe the strict transforms in Xf; = of the divisors P l~FE cCcX
under the rational map X --> X . There are n+ 3 special points ¢1,...,¢n+3 C E;:
gq; is the intersection of E; with the strict transform of the line through p; and p;
when j #1i, and g; is the intersection of E; with the strict transform of C . The points
g; all lie in a rational normal curve C’ of degree n —1 in E; = P71 Given a subset
I C{l,...,n+3},with |[/| <n—1, and an integer 0 < s < %(n—1—|1|),wedenote
by J; ; the join Join({g;);er. Secs—1(C’)) C E;. One can check that

JI’\{Z.}’S ifiel,
EiNJis=19 if i¢ [l and s =0,
‘]IlU{i},s—l ifi¢l and s> 1.

Therefore, the strict transform of E; under ¢ is the blow-up of P”~! at the points
q1s-...qn+3. For 2 < j <m—1, the restriction of ¢; to the strict transform of E; in
Xj—1 flips the strict transforms of every J; . of dimension j —1.

4.16 When n = 4, the birational map ¢1: X = Xo --> X1 = X¢, flips Jgij1.0
(strict transform of the line p; p; C P4) for 1 <1, Jj <7, and Jg,1 (strict transform of
C C P*#); this yields 22 among the 64 special copies of P2 in Xlé‘ano, corresponding
to the 64 extremal rays of NE(XIf}anO). The remaining ones are the strict transforms of

the 7 surfaces Join({p;), C) and of the 35 planes (p;, p;, py) in P*.

Notice in particular that £; C X does not contain any special subvariety Jy g, while
the strict transform of E; in Xlﬁ'ano contains 7 special copies of P2, namely the flipped
loci of the flips of Jy;;y 0 for j #i and of Jy 1.

5 Pseudoisomorphisms between G and X

Let m be a positive integer, and set n = 2m. Fix n + 3 distinct points
(/\1 : 1),---,(An+331)epl,

and let py,..., pnt3 € P" be their images under a Veronese embedding P! < P”.
Let Z, G and X be the varieties introduced in Sections 2, 3 and 4. We follow the
notation introduced in those sections. In this section we determine the nef cone of G,
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and then we prove Theorem 1.5, which follows from Theorem 5.7 and Corollary 5.8.
Our aim is to identify the line bundles on G whose linear systems define rational maps
G --> P" inducing a pseudoisomorphism G --> X . This is achieved by combining
the description of Nef(G) C H?(G,R) given by Theorem 5.1 and the description of
Nef(X2,.) C H*(X,R) in terms of the basis {—Kx, E1, ..., Ent+3} for H*>(X,R),
which was obtained from the Mori chamber decomposition of Eff(X) in Section 4.

We first describe the cones Nef(G) and NE(G). For n = 4, this was proved by Borcea
[6, Theorem 4.3].

5.1 Theorem Let the notation be as above. Then

NE(G) = Cone(€p)prer, ) = () and Nef(G) = B(EY).

Proof By Proposition 3.9, the class £3s generates an extremal ray of NE(G) for
every M € Fp,(G). This yields 2”72 distinct extremal rays of NE(G). On the other
hand, G = Xgano by Remark 4.10, and NE(Xgano) has precisely 27+2 extremal rays,
as explained in Section 4.11. So we have

NE(G) = Cone(tr)prern(c) = @ (6,
The equality Nef(G) = B(£Y) follows from the duality between Nef(G) and NE(G)

and from Proposition 3.7. a

Similarly, we will show in Proposition 5.5 that Eff(G) = B(£) and Mov{(G) =
a~1(&Y). So the cones NE(G) and Eff(G) are isomorphic under 8 oo, and the same
holds for Mov(G) and Nef(G).

Recall from Section 3 that Eyy = B(M) € H*(G, Z) for every M € F;,(Z). For each
M € Fu(Z), consider the linear map

hy: H*(X,R) - H?(G,R)
defined by

hy(—Ky) =—Kg and hm(Ei) = Eg,(my forevery i =1,....,n+3.

One can check that sy, respects the integral points, namely that it is induced by
an isomorphism H?(X,Z) — H?(G,Z), and that he,; (M) = o1 o hy for every
1 C{l,...,n+3}.

We also set
(5.2) hay =B Yohy: HX(X,R) > H"(Z,R),
so that ﬁM(—KX) =7 and EM(E,-) =o0;(M) foreveryi =1,...,n+3.
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5.3 Lemma Forevery M € F,(Z) and I C {l1,...,n+ 3} of even cardinality, we
have

hy (Er) = Eopmy.  ha (BEf(X)) = B(E),  hpr (Nef(XFano)) = Nef(G).

Proof Let I C{l,...,n+ 3} be such that |/| =n —2s is even with s > 0. We can
rewrite (4.2) as

1
E; = m((s +1)(—=Kx) —2(s + I)ZE,- +(n—1-25) Y Ej).
iel jeI€
It follows from (2.13) that /ips (Er) = o7 (M), and hence hps(Er) = Eq, (ar)- This
implies that /s (Eff(X)) = B(E).

By comparing (4.14) and (2.26), we see that hm (Nef(X?Z 1)) = &Y. Therefore

Fano
hy (Nef(XF ) = B(EY) = Nef(G) by Theorem 5.1. O
5.4 Proposition Let £: G --> X be a pseudoisomorphism, and consider the induced

linear map
£*: H*(X,R) > H?*(G,R).

Then, up to a unique permutation of Ey, ..., E,+3 C X, there is a unique M € F,(Z)
such that £* = hyy .

Proof We have £*(—Ky) = —Kg, and hence §*(Nef(X7 ) = Nef(G).

Fano

Recall Notation 2.8; fix Mo € F(Z). Consider £*o(hp,) "t H?(G,R)— H?(G,R).
By Lemma 5.3, this map fixes —Kg and sends Nef(G) to itself. Using the iso-
morphism B: H"(Z,R) — H?(G,R) and Theorem 5.1, we obtain a linear map
f: H"(Z,R) — H"(Z,R) such that f(n) =n and f(EY)=&E":

H?(X,R)
h g &‘
E*o(hmy) ™!
H%(G,R) Mo H2(G,R)
¢ [
H"(Z,R) / H"(Z,R)

By Lemma 2.27, we have f € W(Dp+3).

Consider the stabilizer Go C W(Dy43) of My, and recall that W(D,13) = W/ % Gy
and Go = Sy,+3. Thus there are uniquely defined w € Gy, o7 € W’ and k € Sy, 43
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such that f = o7 ow and w(M;) = M, forevery i =1,...,n+ 3. Since B is
W' —equivariant, this means that

EX(Ei) = B(f(M;)) = B(ow(i)(M1)) = 011y (B(M1)) = 01y (Em;)
forevery i =1,...,n+ 3. Apply the permutation k! to Eq,..., En43 C X. After
this reordering, we get f =o7 € W’ and §* = o7 ohpy, = hpy, - O

From now on we order the divisors E1, ..., E,+3 C X, and correspondingly the points
P1s---, Pn+3 € P, as in Proposition 5.4. At this point we can determine the cone of
effective divisors and the cone of moving curves of G.

5.5 Proposition Forevery M € F,,(Z), there is a unique effective divisor in G with
class Epy € H%(G, 7). This is a fixed prime divisor, which we still denote by Ep; C G
We have

Eff(G) = B(€) = Cone(Em)mer,,(zy and Movi(G)=a ' (&Y).
Proof By Theorem 1.4, there exists a pseudoisomorphism &: G --> X . By Proposition
5.4 there exists M € F,(Z) such that £€* = hps. In particular, for every I C
{1,...,n + 3} with |I| even, we have §*(Ej) = E,, (3 by Lemma 5.3. Thus

the strict transform in G of E; C X is a fixed prime divisor, and it is the unique
effective divisor with class Eq, (pr). It also follows from Lemma 5.3 that

Eff(G) = £ Eff(X) = B(€) = Cone(Enp)per, (2)-
The equality Mov;(G) = a~1(£Y) follows from the duality Mov;(G) = Eff(G)" and

from Proposition 3.7. |

For each M € F,(Z), we set

n+3
1
(5.6) Hy :=hy(H) = m(—KG +((n-1) ; Eo,-(M))

=m(-Kg) = (n—1)Ey € H*(G.Z),
where the last equality follows from (2.13) (taking M = My and I = @), using the
isomorphism B: H*(Z,R) - H?*(G,R).
5.7 Theorem For every M € F,(Z), the divisor class Hyys is movable, and its

complete linear system defines a birational map

om: G -->P",
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with exceptional divisors Eq, (p), - - -+ Eo, 5(M). Inducing a pseudoisomorphism
Ev: G -—> X

whose induced map &y, H?(X,R) — H?(G,R) coincides with hyy .

Forevery I C{1,...,n+3}, pg,(m)=pm ooy and &;,(p) =ém 007 .

Proof By Theorem 1.4, there exists a pseudoisomorphism &: G --> X. Let the map
p: G --> P" be the composition of & with the blow-up morphism X — P”.

By Proposition 5.4, there exists My € F,(Z) such that £* = hypy,. This implies
that p*(Opn (1)) = Hpy,. Hence the class Hyy, is movable, and H%(G, Hyy,) =
HO(P", Opn(1)). This proves the first statement for M = My, with pps, = p and
SM() = i:

Let I C{l,...,n+ 3}. We use Notation 2.8. The automorphism o7: G — G fixes
—K¢g and maps Ejpq, to Epy,, hence it maps Hpy, to Hpy, . This yields the first
statement for M = My, with pp, = pooy and §y, =§o00y.

The last statement is clear. O

5.8 Corollary Let X be any blow-up of P" at n+3 points. If X is pseudoisomorphic
to G, then X is isomorphic to X .

Proof Let §: G-->X bea pseudoisomorphism, and let p: G --> P” be the compo-
sition of E with the blow-up morphism X — P". Then p has n + 3 exceptional prime
divisors, whose classes must generate a simplicial facet of Eff(G). By Proposition 5.5
and the description of the facets of £ in Remark 2.23, every simplicial facet of Eff(G)
is generated by Eg (p)s---» Eg, (M) for some M € Fpy(Z). Since each Eg, (pr) is
unique in its linear system, p: G --> P" and pps: G —--> P" have the same exceptional
divisors. This means that p and pps coincide up to a projective transformation of P”,
and therefore X =~ X . O

5.9 Remark (comparing the intersection product in H"(Z,Z) with Dolgachev’s
pairing on H2(X,Z)) In[10], Dolgachev defined a nondegenerate symmetric bilinear
form (, ) on H?(X,Z), by imposing that the basis H, Ey, ..., E,13 is orthogonal,

(H Hy=n-1 and (Ei,Ei)=—1 foralli=1,...,n+3.

This pairing has signature (1,7 + 3), and (—Ky,—Kx) = 4(n — 1). Consider
g € H?(X,R), defined in (4.4),

~ 1 .
SiIIE(H—§Ej+Ei) fori=1,...,n+3.
JFi
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Then we have
(—Kx.,5)=0 and (¢i,€;) =—08;; forevery i,j=1,...,n+3,
thus —Kyx,£1,...,En+3 is another orthogonal basis for H?(X,R).

Fix My € Fin(Z), and consider the orthogonal basis 1, &1, ..., &,+3 for H*(Z,R)
introduced in (2.9). Recall that n?> = 4 and el.z =(=1)" forevery i =1,...,n+ 3.
Consider the isomorphism introduced in (5.2),

hyy: H*(X.R) — H"(Z.R).

From (5.6) and (2.14) we have EMO (¢;) =¢; forevery i =1,...,n+3. Therefore EMO
maps an orthogonal basis for Dolgachev’s pairing in H2(X,R) to an orthogonal basis
for the intersection product in H"(Z,R). In particular, h M, sends the D, 3-lattice
(—Kx)'t Cc H*(X,Z) to the D, 3-lattice n'- C H"(Z, Z), and the restriction of h~M0
to these lattices is an isometry up to the sign (—1)"~!. (Notice that h M, is globally
an isometry if and only if n» = 2.) This also shows that h M, is W(Dy3)—equivariant.

6 Cones of curves and divisors in G

Let the setup be as in Section 5. Recall that in Section 4 we considered the cones
Nef(X{ ) C Mov!(X) C Eff(X) C H*(X,R),

the affine hyperplane H C H?(X,R) containing all the E;, and the polytopes given
by the intersections of these cones with 7,

Afano C AMoy C A CH = RT3,

From the linear inequalities defining these polytopes in R”*3 and the expression
(4.5) of the radial projection onto H, one can write explicitly the linear inequalities
defining the cones Nef(X[ ) = Nef(G), Mov!(X) = Mov!(G) and Eff(X) =
Eff(G) with respect to the basis H, E1, ..., E,1+3 of H2(X,R). Inequalities defining
Mov!(X) and Eff(X) were obtained in a different way by Brambilla, Dumitrescu and
Postinghel [7]. In this section, we reinterpret the facets and extremal rays of these

cones in terms of special divisors and curves in G.

Recall from Section 2 that £ C H"(Z,R) is the cone over the demihypercube A with
vertices {M }prez,, (z)- Its dual cone €Y C € has 2(n + 3) + 2" 2 extremal rays,
generated by the classes

{M+0i(M)|MeFnu(Z),icfl,....n+3}}
Udsn = [30m + D0+ D" MYy cp )
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For a fixed i € {1,...,n + 3}, there are two distinct classes M + g; (M) as M varies
in F,(Z), and they form an orbit for the action of W’ on H"(Z,Z). The stabilizer
of this orbit is the subgroup G; :={oy | i ¢ I and |I|is even}. The group W' acts
transitively and freely on the set {$as }aprez,,(z)- The facet of £ corresponding to each
extremal ray of £ was described in Remark 2.23:

— (M +0;(M))*+ N & is the cone over the (n+2)—dimensional demihypercube
with vertices {o7 (M) |1 C{1,....n+3}~{i}, |I| #m mod 2}.

— (8pm)1NE is asimplicial cone generated by the classes o; (M), i €{1,...,n+3}.

Now we turn to cones of curves and divisors in G. We showed in Theorem 5.1 and
Proposition 5.5 that
Nef(G) = B(£Y) C B(€) = Eff(G),
Mov1(G) = a1 (&) c a1(€) = NE(G).
We give a geometric description of the facets and extremal rays of these cones in terms
of special divisors and curves in G .

6.1 (Eff(G)) The cone Eff(G) has 272 extremal rays, generated by the classes
{EMm}mer,,(z)- Each Ej is a fixed prime divisor. The group W’ C Aut(G) acts
transitively and freely on the set {Easfprer,,(z)- In particular, all these divisors are
isomorphic, and they can be described as a small modification of the blow-up of P71
at n + 3 points contained in a rational normal curve (see Section 4.15 for a precise
description).

6.2 (the divisor Eps when n = 4) Set n = 4; in this case Ejs is isomorphic to
the blow-up of P> at 7 points contained in a rational normal curve. To describe
geometrically Ejs inside G, consider the closed subset

{[L]e G| LN M # &}.
Then this locus is not equidimensional, and Ejy is its unique divisorial component.

Indeed, let us consider again the incidence diagram

GVIXZ

asin3.5,sothat dimZ =5, 7 isa P!-bundleand {[L] € G |LNM # &} =n (e~ (M)).
For the purposes of this subsection only, it is better to denote by [M] € H*(Z,Z) the
fundamental class of the plane M C Z.
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It is not difficult to see that e is flat, so that e~ (M) is equidimensional of dimension 3,
and e*([M]) = [e™'(M)] € H*(Z, Z). Then B([M]) = nxe* ([M]) = [ (e~ (M))].
By Proposition 5.5, we have Ejr = m«(e”1(M)), so that Ejpy is the unique divisorial
component of (e~ (M)).

Now let us consider the planes M*,01(M)*,...,07(M)* C G (see (3.1)); they are
all contained in w(e~1(M)).

Leti €{l,...,7}. Recall that £, (ar) C0; (M)* is aline and that £, (pr) = ct(0; (M)).
By Proposition 3.7, using for instance (2.12), we have

Ep Lo,y =M -0i(M) =—1,

so that o; (M)* C Eps. On the other hand Ejp; contains only 7 planes (M')* (see
Section 4.16), therefore M * cannot be contained in Eps. This shows that M™* is a
2—dimensional irreducible component of 7(e~1(M)).

6.3 (NE(G)) The cone NE(G) has 22 extremal rays, generated by the classes
M imer, (z), on which W’ C Aut(G) acts transitively. The contraction of the
extremal ray generated by {7 contracts M* =~ P™ to a point.

Fix M € F;,,(Z) and consider the pseudoisomorphism £p7: G --> X from Theorem 5.7.
This fixes an identification of G with X{. . which identifies each divisor Eq, (3r) CG

with the strict transform of the divisor Ey C X. Let I C {1,...,n + 3} be such that
|1| <m+ 1. It follows from the discussion in Section 4.15 that

— If |I| # m mod 2, then (o7(M))* C G is the strict transform of Jr s C X,
where s = %(m +1—|1)).

— If |I| = m mod 2, then (o7(M))* C G is the flipped locus of the flip of the
strict transform of Jy g C X, where s = %(m —|1)).

In particular, we see that (M')* C Ejp if and only if M’ = o;(M) for some
I c{l,...,n+3} with |[I| <m—1 and || # m mod 2.

6.4 (Nef(G)) The cone Nef(G) has 2”12 4 2(n + 3) extremal rays, generated by
the classes

{Dm = BOM)Imer, z) U{EM + Eg;om)y | M € Fin(Z), i =1,...,n+3}.

For fixed i, the morphisms associated to the extremal rays generated by Ep + Eq, ()
and Es, (m) + Eo;;(m) for j # i are the generic P!-bundles ¢;: G — Yy and
Yi: G — Yy, described in Lemma 3.3. The morphism associated to the extremal ray
generated by Dy is the composition of the (disjoint) small contractions of o; (M)* C G
toapointfori =1,...,n+3.
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6.5 (Movi(G)) The cone Movi(G) has 2(n + 3) 4+ 2”2 extremal rays, generated
by the curve classes

Up o,y | M € Fn(Z), i =1,....n+3;Uldy | M € Fiu(Z)},

where
dy = a7 ) = [ S0+ D) e () + (<1 la € N1(G).

Forafixed i €{1,...,n+3}, there are two distinct classes £3s +{, (ar) as M varies in
Fm(Z), and they form an orbit for the action of W’ on N1(G). By Corollary 3.4, these
are the classes of the fibers of the generic P! -bundles ¢;: G — Yo, and ¥;: G — Yy, .
Under the identification G =~ X[ induced by a pseudoisomorphism G --> X,

Fano
these correspond to the generic P! ~bundles ¢;, ¢/: X[\ = — (Xp,)%! described in

Lemma 4.12. In particular, we see that Yy, = Yy, = (Xp,)f1.
As for the class djps, using Proposition 3.7 and Remark 2.23, one computes

—Kg-dy=n-6py=n+1,
Eo.(m)-dy =0i(M)-6py =0 forevery i =1,...,n+3.

Therefore dpy is the class of the strict transform in G of a general line in P” under
the map ppr: G --> P".

In order to complete the picture, next we describe equations for the movable cone
Mov!(G) € H%(G,R) and give a geometric description of the extremal rays of the
dual cone Mov!(G)Y C N1(G). We do this for n > 4, since when n = 2 we have
Mov!(G) = Nef(G) and Mov!(G)Y = NE(G).

6.6 Proposition Suppose n > 4. The cone Mov!(G)Y C N1(G) has 2"t24+2(n+3)
extremal rays, generated by the classes

tem | M € F(Z)y Uy + Lo,y | M € Fru(Z),i =1,...,n+ 3},
where ey 1= L%(m)Joz_l(r]) + (=) 1y,

Proof Recall from Section 4 that the intersection of Mov!(X) with the affine hyper-
plane H C H?(X,R) is given by

So Mov!(G) = B(M), where M is the cone over Ayjoy, now viewed as a polytope
in the hyperplane {y | y-n=1} C H"(Z,R).
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Notice that the facet (H; = 2) N Apmoy Of Amov is the convex hull of the vertices vy
such that #(I ~ J) +#(J ~I) = 2. This follows from (2.17). In the same way as done
in Section 2 for £, one can use the linear inequalities defining Apjoy to compute the
linear inequalities defining M, or equivalently the generators of the dual cone MY .
These are

{M+0;(M)|Me€Fu(Z).i€{l,....n+ 3} UM} Mern(2)

where Ny = L%J n+4 (=1)""1M (notice that eps = a(17p7)). Indeed, one can check
using (2.12) that

6.7) nm -0ij (M) =0 forall i # j.

By the duality properties of « and 8, we have Mov!(G)Y = a~!(MV), and the result
follows. o

6.8 The classes {3 + £, (ar) Were described in Section 6.5 above. Now we want to
describe the classes epy .

Given M € F,(Z) and i €{1,...,n+ 3}, set My = 0; (M), and follow Notation 2.8,
so that M = M; . Consider the pseudoisomorphism &p7,: G --> X from Theorem 5.7,
and note that the divisor Eps C G is the strict transform of the divisor E; C X
under &p,. By (6.7) above, we have that

Ep;-epp =0 forall j#1i.

Similarly one computes that Eps -epr = —1. We conclude that eps is the class of the
strict transform under éA_/I:) of a general line in E; = P" 1.

6.9 Remark Set c:=a '(n) € N1(G). We have
—Kg-c=4 and Eym-c=1 forevery M € Fy(Z).

The class c is fixed by the action of W(D,3) and sits in the interior of the cone
Mov,(G) C NE(G). Let M € F,,(Z) and consider the rational map pps: G --> P”
from Theorem 5.7. Then c is the class of the strict transform via p;,,l of an elliptic
curve of degree n + 1 in P” through py,..., pp+3. There is a 4—dimensional family
of such curves (see Dolgachev [11]).

6.10 Remark Brambilla, Dumitrescu and Postinghel [7] describe the effective cone
Eff! (X) c H2(X,R) by 3 sets of linear inequalities (A4,), (B,) and (Cn,r). Similarly,
the movable cone Mov!(X) € H?(X,R) is described by 3 sets of linear inequalities
(An), (Bn) and (Dy;) (see [7, Theorems 5.1 and 5.3]). These are related to the
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extremal rays of Mov;(G) and Mov!(G)" described in Section 6.5 and 6.8 as follows.
A divisor class D € H?(G,R) satisfies the inequalities (4,) and (By) if and only if

D -y +4Ls, ) =0 forevery M € Fry(Z) and i =1,...,n+3.
It satisfies the inequalities (Cy ;) if and only if
D-dy >0 forevery M € F(Z).
Finally, it satisfies the inequalities (D ;) if and only if
D-epy >0 forevery M € F(Z).
6.11 (MCD(G)) Consider the subdivision in polytopes of the demihypercube A C
H C H"(Z,R) given by the hyperplane arrangement (4.6). By taking the cones

over these polytopes and using the isomorphism B: H*(Z,R) — H?*(G,R), this
subdivision yields the fan MCD(G).

Fix Mo € F(Z) and consider the orthogonal basis €1, ..., &,43 of - € H"(Z,R)
introduced in (2.9) and the affine coordinates «j, ..., o, +3 in the hyperplane H :=
{y | y-n =1} described in (2.19). The group W’ fixes H and 7, thus it acts linearly
in the coordinates ;. More precisely it follows from (2.11) that, if 7 C {1,...,n+ 3}
has even cardinality, then o7 (a1, ..., 0n+3) = (@], ..., 0, 3) with
Ll ifié¢l,
! —o; ifiel.
The group W’ fixes both A and Apgey, while the 22 polytopes o7 (Anef) are all
distinct. The corresponding cones in MCD(G) are SJT/I, (Nef(X)) = o} (S;IO (Nef(X)).

7 The automorphism group of G

Let the setup be as in Section 5. In this section we describe the automorphism group
of the Fano variety G, generalizing the description of the automorphism group of a
quartic del Pezzo surface in Section 1.1.

7.1 Proposition There are inclusion of groups
(Z/22)"*2 = W' € Aut(G) € W(Dnt3) = (Z/22)" % % Sn3.

Moreover, if the points (A1 :1),...,(An+3:1) € P! are general, then Aut(G) = W' =
(Z.]27)" 2.

Notice that in the general case we also have Aut(Z) = W’ (see Reid [25, Lemma 3.1]),
so that Z and G have the same automorphism group.
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Proof Clearly we have W’ C Aut(G).

For any ¢ € Aut(G), the induced isomorphism ¢*: H?(G,R) — H?(G,R) preserves
—K¢ and Eff(G). As in the proof of Proposition 5.4, one shows that {* € W(Dj,3).
This yields a group homomorphism

Aut(G) — W(Dpy3).

Fix My € F,,(Z). Consider the stabilizer Gy of My in W(D,+3), and recall that
W(Dyi3) =W/ xGo = (Z/2Z)" 2 xS,13. So, given ¢ € Aut(G), there are unique
elements w € Go and o7 € W' such that {* = wooy. Set E ;=070 € Aut(G). Then
Z* ={*o07 =w, s0 E* fixes Ep,, and hence it also fixes Hypy, .

Consider the rational map pp,: G --> P" induced by H)yy,, which contracts the

c}ivisors Em,s.... Em, 5 to the points pi,..., pp+3 (see Theorem 5.7). Then
(*(p}’{,,o (Opn (1)) = p]*{,lo (Opn (1)) = Hp,, 50 pm, and ppg, o ¢ differ by a projective
transformation f € Aut(P”) preserving the set of points {p1,..., pn+3}:

¢

G— G
[ [
PMg | I PM
oo
P" —— P*
In particular, if the points pi,..., pp+3 are general, then f = Idp», and so { = o7.

Suppose that {* =1dg2(g gy Then E:g and f mustfix each p;. Since pi, ..., ppt3
are in general linear position, this implies that f = Idp», and hence { = { = Idg.
This shows that the homomorphism Aut(G) — W(Dy+3) is injective, yielding the

statement. O

Every automorphism of X is induced by a projective transformation of P” preserving
the set {p1,..., pn+3}. This in turns corresponds to a projective transformation of
P! preserving the set of points {(A; : 1),...,(Ap+3 : 1)} C P!, In particular, if
Al,...,An43 are general, then Aut(X) = {Idy}.

For any projective variety Y , we denote by Bir®(Y) the group of pseudoautomorphisms
of Y. These are birational maps Y --> ¥ which are isomorphisms in codimension
one.

Since X and G are pseudoisomorphic, we have Bir®(X) = Bir’(G). On the other
hand, since G is a Fano manifold, we have Bir’(G) = Aut(G). Indeed if ¢ € Bir®(G),
then {*(—Kg) = —Kg. Since ¢ is an isomorphism in codimension one and —Kg is
ample, ¢ must be regular, and similarly for 7!,
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7.2 Remark (explicit description of pseudoautomorphisms of X) The action of W’
on X by pseudoautomorphisms is described by Dolgachev in [11, Sections 4.4—4.6].
Up to a projective transformation, we may assume that pq, ..., py+1 are the coordinate
points, pp+2 = (1:---:1) and py+3 =(ag:---:an+3). Since no n + 1 of the points
lie on a hyperplane, all the a; are nonzero.

Consider the standard Cremona map centered at pp,..., Pn+1,
P R O
s:(zo: .zn)r—>(zo Teees Zn)'
Itis regular at p,+» and pj, 43, which map to itself and (1/ag:---:1/ay), respectively.

The projective transformation
ri(zo:--izy) > (apzo i+ :anzp)

fixes p1,..., Pn+1, Maps pu+2 t0 pp43, and maps (1/ag:---: 1/ay) to pp42. So
the composition

Sot2nt3 =ros: P" —> P"
induces a pseudoautomorphism wy 42 n4+3: X -—> X.

Similarly, for every i, j € {1,...,n + 3} with i < j, we can define a birational
involution f;;: P" --» P", which is not regular only at {p1,..., punt+3} ~{pi. p;}
and exchanges p; and p;. This induces a pseudoautomorphism w;;: X --> X .

One can check that a)l’; acts on H?(X,Z) as follows:

oK) ==K, @(E) = Ey. ofj(E) =

n+1
o} (H) :nH—(n—l)(ZEh—Ei—Ej)

h=1
n+3
o (E)=H—Y Ep+E;+Ej+E,
h=1
1 2 n+3
= n+1(_KX)_th_:1Eh+Ei+Ej+Er for r #1i, j.

Consider the isomorphism h Mo: H 2(X,R) - H™(Z,R) defined in (5.2), and the
corresponding action of a)l"; on H"*(Z,R). We have

—& if r=i,j,

wji(m) =n and w;ﬁ-(sr)=%8 fr i
r » J-
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(The latter can be checked using (2.14).) Hence o, = o; 7 and w;; is the pseudoauto-

tj

morphism of X induced by o;; € W’. In particular, the pseudoautomorphism of X
induced by 01 € W’ is wa3wa5 - Wp+42.n+3, and so on.
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