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The chromatic splitting conjecture at n = p = 2

AGNES BEAUDRY

We show that the strongest form of Hopkins’ chromatic splitting conjecture, as
stated by Hovey, cannot hold at chromatic level n = 2 at the prime p = 2. More
precisely, for V(0), the mod 2 Moore spectrum, we prove that my L1 Lg2)V(0) is
not zero when k is congruent to —3 modulo 8. We explain how this contradicts the
decomposition of L Lk )S predicted by the chromatic splitting conjecture.

55P60, 55Q45

1 Introduction

Fix a prime p. Let S be the p-—local sphere spectrum, and L,S be the Bousfield
localization of S at the Johnson—Wilson spectrum E (7). Let K(n) be Morava K-theory.
There is a homotopy pullback square called the chromatic fracture square:

LnS _— LK(n)S

| |

Ly—1S —— Ln—lLK(n)S

Let Fy be the fiber of the map L,S — Lg,)S. Note that Fy, is weakly equivalent to
the fiber of ¢. It was shown by Hovey [12, Lemma 4.1] that F,, is weakly equivalent
to the function spectrum F(L,—1S, L,S). Hopkins’ chromatic splitting conjecture,
as stated by Hovey [12, Conjecture 4.2], stipulates that ¢ is the inclusion of a wedge
summand, so that

(1-1) Ly LgnyS ~ Ly—1SV EFy.

We will call this the weak form of the chromatic splitting conjecture. However, [12,
Conjecture 4.2] also gives an explicit decomposition of 3 F}, as a wedge of suspensions
of spectra of the form L;S, for 0 <i <n. We will call this the strong form of the
chromatic splitting conjecture.

The conjectured decomposition comes from the connection between the K(n)-local
category and the cohomology of a certain group called the Morava stabilizer group G, .

Published: 31 August 2017 DOI: 10.2140/gt.2017.21.3213


http://msp.org
http://www.ams.org/mathscinet/search/mscdoc.html?code=55P60, 55Q45
http://dx.doi.org/10.2140/gt.2017.21.3213

3214 Agneés Beaudry

Let S, be the group of automorphisms of the formal group law of K(n) over Fpn.
Then G, is the extension of S, by the Galois group Gal(Fp» /IF,). Let W be the Witt
vectors on [F,n . There is a spectral sequence

(1-2) HS(GH» (En)t) = ”t—sLK(n)S-
Note that W sits naturally in (Ey)o = W(uq,...,u,—1]. The inclusion induces a map
(1-3) H*(Gp, W) — H*(Gp, (En)o).

Morava proves in [16, Remark 2.2.5], using the work of Lazard, that
H*(Gn, W)®Qp = E(eyq,...,en)

for classes ¢; of degree 2i — 1. Therefore, H*(G,, W) contains an exterior algebra
E(x1,...,xp) for appropriate integral multiples x; of the generators e; . The chromatic
splitting conjecture stipulates that, for some choice of xy, ..., x;, the exterior algebra
E(x1,...,xy) injects into H*(G,, (E,)o) under the map (1-3), and that the nonzero
products x;, ---x;; survive in (1-2) to nontrivial elements in 7_5(y ;. )+j Lk@n)S -
Further, it states that there is a factorization

S;Z(Zik)+j Ln—max(ik)S;z(Zik)+j

|

LgwS Xy

where S is the p—completion of S™, and that these maps decompose X F, as

(1-4) SF ) Licwwao Sy =
1<j=<n
I1<ij<-<ij=<n

The chromatic splitting conjecture has been shown for n < 2 and for all primes p,
except in the case n = p = 2. For n = 1, it follows immediately from a computation
of mxL1Sp; see Ravenel [19, Theorems 8.10 and 8.15]. At n =2 and p > 5, it is due
to Hopkins, and follows from Shimomura and Yabe’s computations [23]. The proof
can be found in Behrens’ account of their work [4, Remark 7.8]. At n =2 and p = 3,
the conjecture was proved recently by Goerss, Henn and Mahowald [9].

In this paper, we show that the chromatic splitting conjecture as stated above cannot
hold for n = p = 2. More precisely, we show that [12, Conjecture 4.2(iv)] fails in this
case. At n =2, (1-1) and (1-4) imply that

(1-5) LiLg@)S ~ L1Syv LS, VLS,V LS, .
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The chromatic splitting conjecture atn = p =2 3215

We show that the right-hand side of (1-5) has too few homotopy groups for the equiv-
alence to hold. However, our results do not contradict the possibility that ¢ is the
inclusion of a wedge summand. Giving an alternative description for the fiber in this
case is work in progress.

That our methods could disprove (1-5) was first suggested to the author by Paul Goerss.
He and Mark Mahowald had been studying the computations of Shimomura and
Wang [22] and Shimomura [21] and noticed that these suggest that the right-hand side
of (1-5) is too small.

Statement of the results Let 1/(0) be the cofiber of multiplication by p on S. Note
that for any p—local spectrum X, there is a cofiber sequence

X2 x = X AvV(0).
Since Bousfield localization of spectra preserves exact triangles, it follows that
LgV(0)~LESAV(0)
for any spectrum E. This has the following consequence.

Proposition 1.1 The strong form of the chromatic splitting conjecture at n = 2 implies
that L1 Lg2)V(0) >~ L1V (0)v L 'V(0).

We now fix our attention to the case when p = 2. Since LyV(0) is contractible, it
follows from the chromatic fracture square that L;V(0) >~ Lk )V (0). Computing
7+ Lk 1)V (0) is a routine exercise using the spectral sequence

(1-6) Ey' = HY(G1,(E1)«V(0)) = m—sLg)V(0).

The Eoo—term is given in Figure 1. At p =2, we have that V(0) is not a ring spectrum.
This manifests itself by the fact that 7« L g1V (0) is not a ring. In fact,

L1y V(0) = (Zaln, B 411/ (20, 0%, £D)){eo, vieo}/ (2e0, 201 e0 — 1n?eo),

where 7 € 7 is the Hopf map, B € mg is the vj—self-map detected by v}, and
{1 € m_; is detected by a generator of H'(G,Z,) =~ H'(ZX,7Z,). The element
eg € mo represents the inclusion of the bottom cell S® < V(0), and vieg € 75 is a
lift of X7 to the top cell:

S2
vieg
lEn
0o % 3 12 1
SO 2 v(0) S S

The following result is a consequence of Proposition 1.1.
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3216 Agneés Beaudry

2 " 74| Vs 74| Vs
A W
0 1 'y 1 'y
—4 -2 0 2 4 6 8 10 12

Figure 1: The E.—term of (1-6) computing 7« L k(1) V' (0). Vertical lines
denote extensions by multiplication by 2, and lines of slope one denote
multiplication by 7.

Corollary 1.2 The chromatic splitting conjecture implies that 7 L1 Lk 2)V(0) is
zero when k = —3 modulo 8.

However, in this paper, we prove the following result.

Theorem 1.3 There are nontrivial homotopy classes p'x in wg;—3 L1 Lk )V (0) and
CaB'x in g4 L1 Lg2)V(0).

This has the following immediate consequence.

Theorem 1.4 The homotopy group my L1 L g2V (0) is nonzero when k = —3 mod-
ulo 8. Therefore, the decomposition (1-5) of the chromatic splitting conjecture does
not hold when n =2 and p = 2.

The broad strokes of the proof of Theorem 1.3 when ¢ = 0 are as follows. Let
G,4 = Qg x C3 be a representative of the unique conjugacy class of maximal finite
subgroups of S;. Let Cg be a subgroup of G,4 of order 6. Let Sé be the norm one
subgroup so that S, &= Sé X Z, (see Section 2). It follows from the duality resolution
techniques of Goerss, Henn, Mahowald and Rezk and the work of Bobkova [6] that,
for any X, there is a spectral sequence

EP' = 16 AX) = 1o p(EBS2 A X),

where &), are spectra such that &y >~ Eé’G24, Ep Eé‘cf’ if p=1,2and (E;)«&5 =
(Ey)«E 51024 as Morava modules. Localizing at E (1), we obtain a spectral sequence

(1-7) EP' =1 Ly(& A X) = m—pLi(EXS3 A X).

We use this spectral sequence to show that w_3 L (E é’Sé AV(0)) =y, in Lemma 4.1

and Proposition 4.2. After taking Galois invariants, we obtain a nonzero element x in
1

m_3Li(E é’GZ A V(0)). In the cofiber sequence

1 1
LiLgoyV(0) — Li(E"2 AV(0)) — L (EFC2 A v(0)),

Geometry & Topology, Volume 21 (2017)



The chromatic splitting conjecture atn = p =2 3217

which is obtained from the cofiber sequence Lg5)S — E é’Gé — E é’G% by smashing
with V(0) and localizing at E(1); this class gives rise to nonzero elements x €
mw_3L4 LK(2) V(O) and §2x em_4L4 LK(Z) V(O) .

Warning 1.5 We use the notation {, to denote the homotopy class defined by

SO

I

Lyxo)S — EMG: L EIG: 51458

Experts will notice that this clashes with Ravenel [17, Lemma 2.1], but this is the
natural generalization of what is now commonly denoted by ¢, at odd primes.

Organization of the paper In Section 2, we specialize to the case n =2 and p =2
and describe the duality resolution spectral sequence and its E(1)-localization. In
Section 3, we compute the E{—page of this spectral sequence for V(0). In Section 4,
we prove Theorem 1.3.

Acknowledgements I thank Paul Goerss, Hans-Werner Henn and Peter May for their
constant help and support. I thank Tobias Barthel, Daniel G Davis and Douglas Ravenel
for helping me sort out some of the details for the proofs of Section 2. I also thank
Mark Behrens, Irina Bobkova, Michael Hopkins, Jack Morava, Niko Naumann and
Zhouli Xu for helpful conversations. Finally, I thank Mark Mahowald for the insight
he shared with all of us throughout his life.

This material is based upon work supported by the National Science Foundation under
Grant No. DMS-1612020.

2 The E(1)-local duality resolution spectral sequence

We take the point of view that, at height 2, the Honda formal group law may be replaced
by the formal group law of a supersingular elliptic curve. This was carefully explained
in [3, Section 1]. (The reader who wants to ignore this subtlety may take S¢, G¢
and E¢ to mean S;, G, and E,, respectively.)

Let S¢ be the group of automorphisms of the formal group law of the supersingular
elliptic curve

C: y+y=x?

Geometry € Topology, Volume 21 (2017)



3218 Agneés Beaudry

of height two over [F4; see [3, Section 3] for the comparison. It admits an action of the
Galois group Gal(IF4/F,). Define

GC = SC X Gal(IF4/IF2)

Let E¢ be the spectrum which classifies the deformations of the formal group law of C
over [y as described, for example, in Rezk [20]. It can be chosen to be a complex
oriented ring spectrum with

(Ec)s = W J[u™']
for |ui| =0, |u| = —2, whose formal group law is the formal group law of the curve
2-1) Cu: y*+3uixy+@i—1)y=x°
It admits an action of G¢, and for any finite spectrum X,
Lg@oyX ~ EFS¢ A X ~ (Ec A X)"Ce;

see Behrens and Davis [5, page 5]. The group of automorphisms Aut(C) of C is of
order 24 and injects into S¢. We let G4 denote the image of Aut(C). We note that

Grq = Qg x (3,

where Qg is a quaternion subgroup and C3 a cyclic group of order 3. The group S¢
contains a central subgroup of order 2, which we denote by C,. We define

C6=C2XC3.

There is a surjective homomorphism N: S¢ — Z5 /(£1) = Z,, which we call the
norm. It is constructed using the determinant of a representation p: S¢ — GL,(W);
see [3, Section 3]. Further, it can be extended to G. We let Sé and Gcl be the kernels
of the norms, and note that the elements of finite order in S¢ and G, are contained
in Sé and Gé respectively. Further,

(2-2) Sc =St %7, and Gez= G} xZs.

The formal group law Fg¢,, of Cy, is not 2-typical. Nonetheless, it is strictly iso-
morphic to a 2-typical formal group law classified by a map BP,x — (E¢)«. Further,
[2]FCU (x) = uju~'x? modulo (2,x%); see [3, Section 6.1] for details on F¢,, . The
strict isomorphism between Fe,, and its 2—typification preserves this identity. Hence, v,
is mapped to u;u~! modulo (2). Since we are working primarily modulo (2), we
abuse notation and let v; = uju~! € (E¢),.

Geometry & Topology, Volume 21 (2017)
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We will need the following result, which can be found in Henn [11, Theorem 13] and
is also discussed in greater detail in Bobkova [6]. We restate it here using our notation
for convenience.

Theorem 2.1 (Goerss, Henn, Mahowald, Rezk and Bobkova) There is a resolution
of spectra in the K(2)-local category given by

1
ElSc — EhG2 ElCo ElCo — s &

| H I
&0 & &2 &3

where (E¢)«&3 = (EC)*Eé’G24 as Morava modules. Further, for any spectrum X , the
resolution gives rise to a tower of fibrations spectral sequence

SS
(2-3) EP' = 16 A X) — 7 p(ELSE A X)

with differentials d,: EP"' — EPTrI+r—1

We call the resolution of Theorem 2.1 the duality resolution. Let w generate Z, in the
decompositions (2-2), and let G; 4= 7Gaam ™. Recall from [3] or [2] that there is
also an algebraic duality resolution:

(2-4)

3 ©2 3 )
Now, let X be a finite spectrum. Resolving (2-4) into a double complex of projective

Si-modules and applying the functor Homy s 1 ]](—, (Ec): X) gives rise to a spectral
sequence

SS>
@5 EPM =Bxt o (6. (E)eX) = HPY(SE (Eo)X)

with differentials d,: E?*9" — EPT"47"t1! Fyrther, in each fixed degree p, there
are spectral sequences

(2-6) EPP! — Ext4 (Gp. (Ec) X) i%: Ti—g(Ep A X)
1 - Zz[[S}j]] ps \LC)t t—q(Gp

with differentials d,: Ef'?" — EF gtritr=l, Finally, there is also a spectral sequence

SS4 1
(2-7) Ey' = H*(St. (Ee)i X) == m—s(ElS¢ A X)

Geometry € Topology, Volume 21 (2017)



3220 Agneés Beaudry

with differentials d,: Ef’t — Ef+r’t+r_l . Thus, for X finite, we obtain a diagram of
spectral sequences:

SS
Ext] 1611 (€p. (Ec)iX) == HP*4(S}t. (Ec)eX)
(2-8) SS3“ “S&

1
t—q(Ep A X) — Tr—(p+q) (EBSe A X)

Remark 2.2 For elements of Adams—Novikov filtration s = 0 in E f’ ’t(SSl), the
differentials d; are related to the d—differentials in the algebraic duality resolution
spectral sequence SS; in the following way. If X is finite, as in [10, Proposition 2.4
and (2.7)], for G a closed subgroup of G¢, there are isomorphisms of Morava modules

(2-9) (Ec)i(EL9AX) = Hom® (Ge/G. (Ec)iX) 2 Homgz, (Z:[Ge/ G, (Ec)( X).
Let A
E1(SS)P" = 716, A X) = H®(Ge. (Ec)i(8p A X)) = ED*(SS))
be the edge homomorphism for the spectral sequence
H*(Ge. (Ec)i(ép A X)) = mi—s(6p A X).

The spectral sequence SS is constructed so that the following diagram commutes:

EP'(SS;) —1—s EPO(SS,)

o 2

When both horizontal maps / are injective, one can deduce information in SS; from
information in SS,.

For the statement of the next result, recall that for any closed subgroup F of G¢ and
finite spectrum X, there is a spectral sequence

(2-10) Ey'(F.X) = H*(F.(Ec):X) = mi—s(ELF A X).
The author learned the proof of the following result from Paul Goerss.

Lemma 2.3 Let S a closed subgroup of S¢ which is invariant under the action of
Gal(IF4/F,). Let G =~ S x Gal(F4/IF,) be the corresponding closed subgroup of G¢.
Then for any finite X and any 2 <r < 00,

ESN(S, X) =W gz, EVN(G, X),

and the differentials of the spectral sequence EY' (S, X) are W-linear.

Geometry & Topology, Volume 21 (2017)
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Proof The action of Gal(IF4/IF,) on (E¢)«X is semilinear over W, so there is an iso-
morphism E3*(S, X) >~ W ®z, E3*(G, X). Now consider, E5*(Sc, S°). We have
E°(Sc, S% =~ W and the subring Z, of W consists of permanent cycles. The spec-
tral sequence E}*(Sc, S?) is multiplicative, so the differentials d,: E>® — EI"~1
are Z—derivations. Since W 1is an étale extension of Z,, for any r, the Z,—derivations
from W to the W—module EZ"~! are zero. Hence, E°(S¢, S®) = W consists
of permanent cycles and the differentials are W—linear. Since the spectral sequence
E**(S, X) is one of modules over E}*(S¢, S°), the differentials of E¥*(S, X) are
also W-linear, and the result follows. O

In what follows, we will use the following remark.

Remark 2.4 Let X be a finite spectrum and F be a closed subgroup of G¢. As
noted by Devinatz in the proof of [7, Lemma 3.5], it follows from the fact that E é’F is
(K¢)«—local Ec—nilpotent, (see Devinatz and Hopkins [8, Proposition A.3]) that the
descent spectral sequence (2-10) has a horizontal vanishing line.

Now, recall that the telescope conjecture holds at height » = 1. This was proved at
odd primes by Miller [15] and at p = 2 by Mahowald [14]. In particular, we have the
following result.

Theorem 2.5 (Mahowald and Miller) Let Y admit a vy;—self-map v’f: w2ky .
Then
LY ~ L)Y ~v'Y,

where

-1 : Vi ok Y vf

V] Y:=cohm(---—> XY — Y—>)

Proposition 2.6 For any finite type-1 spectrum X , with self map v’f 32k y o x,
there is a diagram of strongly convergent spectral sequences:

_ LSS _
v Ext o (6p. (B X) === vy HP*(S{. (Ec); X)

Llss3ﬂ ﬂLlSS‘*

1
T—qL1(Ep A X) Tr—(p+q) L1(EBSC A X)

LSS

Proof The spectral sequence LSS, is obtained from SS, by inverting the element
v{‘ € (E¢)o X, and LSS, is obtained by the applying L to the tower of fibrations
which gives rise to SS;. The spectral sequences L;S5S3 and LSS, are obtained by
inverting the algebraic element v’f in the spectral sequences SS3 or SS4, and using
the fact that

Vi k(6 A X) 2 L1 (6 A X).

Geometry € Topology, Volume 21 (2017)
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With regards to the strong convergence of the four spectral sequences, note that local-
ization with respect to v; is exact. Therefore, the localized spectral sequences will
converge strongly if they have horizontal vanishing lines at the Eo—term. The spectral
sequences S5 and SS> have a vanishing line at p = 4 for all » > 1. As noted in
Remark 2.4, the descent spectral sequences SS3 and SS4 have horizontal vanishing
lines. Therefore, the spectral sequences LSS; exist and converge. a

Remark 2.7 As in Remark 2.2, the differentials ¢; in L{SS; and LSS, commute
with the edge homomorphisms

hoo_
E((L1SS1)P" = m,L1(6, AX) — v " H®(Ge, (Ec)i(&p A X)) = Ef”o’t(LlSSz).

Remark 2.8 For X as in Proposition 2.6, the element v%k € (E¢)21 X can be chosen
to be Galois invariant. Therefore, the results of Lemma 2.3 also hold for the localized
spectral sequences. That is, let

v EY(F, X) = v H*(F, (Ec) X) = mi—sL1(EEF A X).
Then for S and G as in Lemma 2.3, we have
VVES(S, X) = W @z, v ES(G, X)

for 2 <r < 0o, and the differentials are W —linear.

3 The homotopy of L{(E %2 AV(0)) and L,(ECs A V(0))

The spectrum V(0) has a self map
8 v
B: T°V(0) = V(0),
and in this section, we give the E|—term for
Psq L1551 hSt
El (L18S1) =4 L1(6p AV(0)) == mg—pL1(Ez"C AV(0)).

In order to do so, we must compute 74 L (Eé’G24 AV(0)) and w4 L (Eé‘c6 AV(0)).
We do this using the descent spectral sequences

v HS(G, (Ec) V(0) = mi—s L1 (EXY A V(0)),

Notation 3.1 We use the following conventions. First,

vlzulu_l, vzzu_3 and jozuf.
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The element A is the discriminant of Cy7, and hence is given by

A= 27v2(vf —1,)’ = vz(vf +v2)? mod (2),
and
4 = 9vi1 + 72vqv, = v‘lt mod (2).
The j—invariant is
c_ 3A—1_ 121
J=c¢;A7 =v"A7" mod (2).

These identities can be computed using Silverman [24, Section III.1]; see also [3,
Section 4.2]. We abuse notation and let

n=35(v1),
where § is the Bockstein associated to
2
00— (Ec)«/2— (E¢)«/4 — (Ec)x/2 — 0.
This is justified by the fact that §(v;) detects the homotopy class 1 (see [3, Section 4.1]).
The vq—torsion-free elements of H* (G4, (Ec)«V(0)) generate a submodule isomor-

phic to
Falillvr, n, AEY K]/ (n* — vk, jA —v1?)

for elements of degrees (s,?), where s is the cohomological grading, ¢ is the internal
grading, and

lvil=(0.2). nl=(1.2), |A[=1(0.24), [|k|=(4.0). [j]=1(0.0);

see Section 4.2 or the appendix of [3]. On the other hand, H*(Cg, (E¢)«V(0)) is
vy—torsion-free and is isomorphic to

Faljollvr. . v3™" A/ (= vih. jovs —vi).
where |v2]| = (0,6), || = (1,0) and |jo| = (0,0); see Section 4.2 of [3].

The next proposition is an immediate consequence of these results. In its statement, we
let F4((x)) denote the Laurent series on x.

Proposition 3.2 There are isomorphisms
v H*(Gaa, (Ec)«V(0) = Fa((j)Ivi, ]

v H* (Ce: (Ec)s V(0) = Fa((o)loi™, 1l

The degrees (s, t) are given by |vi| = (0,2), [n|=(1,2), |j| = (0,0) and | jo| = (0, 0).
The restriction associated to the inclusion of Cg in G4 maps j to j(;‘(l + jo) 3.

and
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Proof This follows from [3, Section 4.2] after inverting v . O
To compute the differentials, we will use the following observation.

Remark 3.3 Thereisaclass o3 in Extg’;* gp(BPx, BPy) (see Ravenel [18, page 430])
such that d3(a3) = n*. Further, a3 reduces to nv? in Extﬁ,* gp(BPx, BP.V(0)), so
nds(v) = n*.

In general, for a 2-local BP-algebra spectrum FE, the E—Adams spectral sequence
for any spectrum X is a module over Extgp, pp(BPx, BPy). There is a universal dz—
differential d3(c32) = n*z + a3d3(z). Further, if 2 annihilates E(X), this reduces
to d3(nv?z) = n*z + nv?d;(z). If there is no n-torsion on the E3—term as in our
examples below, this gives a universal differential d3(viz) = 03z + vid3(2).

Lemma 3.4 Let G be a closed subgroup of G¢. Let X be a K(2)—local spectrum
such that (E¢)« X = (Ec)*Eé’G. Then the K(2)-local, Ec—Adams spectral sequence
computing w4« X has E,—term isomorphic to H*(G, (E¢)«).

Proof We first prove that the E,—term is isomorphic to H*(Ge¢, (E¢)«X). This can
be deduced directly from Barthel and Heard [1, Theorem 4.3]. Nonetheless, we sketch
the proof here. The assumption on (E¢)«X implies that it is profree as an (E¢)s«—
module. An inductive argument using [13, Proposition 8.4] and [10, Proposition 2.4]
shows that

L gy (EL* A X) = Hom® (GE™Y, (Ec)« X),

which allows us to identify the E,—term as H*(Gg¢, (E¢)«X). Now, using the fact
that (Ec)« X = (Ec)*Eé’G as Morava modules, (2-9) and Shapiro’s lemma imply that
H*(Gc,(Ec)*X) = H*(G,(Ec)*) O

Lemma 3.5 Let X be a K(2)-local spectrum such that (E¢)«X = (Ec)*Eé’G24
as Morava modules. Then the K(2)—local, Ec—Adams spectral sequence computing
7x(X A V(0)) has E—term isomorphic to H*(Gy4,(Ec)«V(0)). Further, in this
spectral sequence, the elements A¥ and vy A are ds—cycles for all k .

Proof The identification of the E,—term follows from Lemma 3.4 and the five lemma.
There are no d,—differentials, so all elements survive to the E3;—term. Let € =0, 1. It fol-
lows from [2, Theorem 4.2.2], that d3 (vak) = 1)%0*'6173p(j)Ak_1 for p(j) € F4[j].
Suppose that p(j) is not zero. Then p(j) = j" po(j) for r > 0 and po(j) € F4[/]
such that po(j) = ¢ modulo () for some £ € F;*. Using the fact that the differentials
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are n— and v{-linear (since X A V(0) has a v{—self map), Remark 3.3 and the identity
j =v{2A7!, we have

0= d3(u;*Ty’ p(j) %)
12r+8 3d (v2+€p0(]~)Ak—r—l)
112r+8+e 6p (])Ak r— 1+v12r+10 3d3(l)1p0(])Ak r— 1)

Again, by [2, Theorem 4.2.2], H3*(G14, (Ec);V(0)) is F4[vy, n]-torsion-free in degrees
t = 6 4+ 2¢ modulo (24), so we can conclude that

1 po (AT = vi ™ ds (v po(/)AKTTH.
Since € = 0 or 1, the right-hand side is divisible by vy, while the left-hand side is not,
a contradiction. Therefore, we must have p(j) = 0. |

In the next two propositions, we let
R(=) =W () 1/ @n.n’).
Proposition 3.6 Let X be as in Lemma 3.5. The E(1)-localization of the K(2)-local,

E-—Adams spectral sequence
Ey" = vy H* (Ge. (Ee) (X AV(0)) = mi—sL1(X AV(0))
satisfies
EY = R(j){x,v1x}/(2-x, 2v1x)

for x in (0,0) and vix € (0,2). Further, mg,L1(X A V(0)) = F4((j)){B"} and the
edge homomorphisms

h: s, L1(X AV(0)) = vy H%(Gas. (Ec)s: V(0))

are isomorphisms.

Proof By Lemma 3.5 and naturality, ES! is isomorphic to vy H¥(Ga4, (Ec): V(0))
and j* IZkA_k and vy jK are ds—cycles. By Remark 3.3, there are differentials
d3(1)2jk) = n?j* and d3(l)1jk) = vyn j¥. This, together with the fact that the
differentials are vl—lmear, determines all ds—differentials. The E4—term has a hor-
izontal vanishing line at s = 3. Therefore, there cannot be any higher differentials.
Letting x be the element detected by 1 € H%(Ga4, (E¢)oV(0)), vix the element
detected by v; € H%(Ga4, (Ec)2V(0)) and B! the element detected by v}, we obtain
the desired description of the Eoo—term. For degree reasons, wg;L{(X A V(0)) =
F4((7)){B"}. That the edge homomorphisms are isomorphisms in degrees 8¢ follows
since v7 1 H(Gas. (Ec)s: V(0)) = Fa((j){v}'} and h(j*B!) = jkvir. O

Remark 3.7 When X = V(0), the class x can be described as the composite S —
LIE(’}GZ“ 1nreo, Ll(Eé’G24 A V(0)), where the first map is the unit and eq is the
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0 2 4 6 8 10 12 14 16 18 20 22 24 26 28

Figure 2: This picture is both an illustration of the homotopy groups
Ly (Eé’G24 A V(0)) and of the homotopy groups kal(Eé’C6 A V(0)).
For the former, a o denotes a copy of F4((j)), and for the latter, it denotes a
copy of F4((jo))-

inclusion of the bottom cell. In 7, V(0)(2), there is a relation 2vieq = r]2e0 for vyeq
detected by v; € BP,V(0) in the Adams—Novikov spectral sequence. This then implies
that 2v,x = n?x in s L1 (ELC24 A V(0)), so

s Ly (Eé’G24 AV(0)) = R(j){x,v1x}/(2-x,2v01x — n*x).
With some work, one can show that the relation 2v;x = n?x holds for arbitrary X

satisfying the condition of Lemma 3.5. However, this fact is not needed here.

Proposition 3.8 There is an isomorphism

7 L1 (EECC AV(0) 2= R(jo){y, viy}/(2-y, 2v1y =7 y)
for y in (0,0) and vyy € (0,2); see Figure 2. Hence, H*Ll(EélC6 A V(0)) is 8-
periodic with periodicity generator (. Further, the edge homomorphisms
h g L1 (EES AV(0) = v HO(Co. (Ec)s: V(0)

are isomorphisms.

Proof We prove that jé‘ is a d3—cycle for all integers k. Then an argument similar
to that of Proposition 3.6 finishes the computation of the E,—term, where we let y be
the element detected by 1 € H%(Cg, (E¢)oV(0)) and vy y be the element detected by
vy € H(Cg, (Ec)2V(0)). The extension is obtained as in Remark 3.7.

The spectral sequence H*(Cg, (Ec)«x) = 7« Eé’c6 is multiplicative; hence, in this
spectral sequence, all elements of the form a? are ds;—cycles. Note that jg lifts to
an invariant in H°(Cs, (Ec)o). This implies that d3(j2") = 0 and d3(j3 ') =
j02r ds(jo). Hence, it suffices to prove that jj is a d3—cycle. The restriction induced
by the inclusion of Cg in G4, maps j to j(;1 (14 jo)~3. By naturality, the element
d3(jy (1 + jo)~?) = 0. However,

d3(g (1 + jo) ) = jg (1 + jo) " *ds(1 + jo) = jg (1 + jo) *d3(jo),
which implies that d5(jo) = 0. |

Geometry & Topology, Volume 21 (2017)



The chromatic splitting conjecture atn = p =2 3227

4 Some elements in . L L g2V (0)
We now turn to examining the spectral sequence

P.q LSS, hSl
E{7(LySS1) =g L1(6p AV(0)) —= mg—pL1(Ec™C AV(0)).

The idea is to use knowledge of the differentials in the spectral sequence

LSS
EP T (LySS3)=vi " Ext] o1 (6. (Ec):V(0) == vi HPY(SE.(Ee) V(0)

to deduce information about the differentials of LSS, .
Lemma 4.1 In the spectral sequence LSS, we have E;’St =~ Fu{B'}.

Proof From Section 3, we have that

P8I {F4((j')){l3t}, p=0.3,
b FGodiBy, p=1.2

From Remark 2.7 and the fact that the edge homomorphisms are isomorphisms in these
degrees, we obtain a commutative diagram

d d d
EPY(LySSy) —— E{¥(L1SSy) —— E7* (L1 SS1) —— E} (L1SSy)
d d d
EPO¥(Ly8Sy) — Ey O (L1 SSy) —= EPO*(L1SS) — E} ¥ (L15S,)

where B4’ maps to v{’. Theorem 1.2.1 and Corollary 1.2.3 of [3] give a computation
of the spectral sequence L;SS,. In particular, it follows immediately from these
results that

Ey ¥ (L1SSy) 2= Fa((/){0i'}/ (/) = Fafo'.

The claim follows. O
Proposition 4.2 If k = —3 modulo 8, then 7 L (E¥S¢ A V(0)) = F,.

Proof We use the spectral sequence Ef*?Y = EF*(L,SS;). From Proposition 3.6
applied to X = &y and X = &3, and from Proposition 3.8, it follows that for r =1, 2
or 3 and for any p,

EPYT = mg, L1(6 AV(0)) = 0.

By Lemma 4.1, E;’St =~ F4{B8"}, which proves the claim. O
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Proposition 4.3 If k = —3 modulo 8, then mj L (Eé’Gé AV(0) =TF,.
Proof It follows from Remark 2.8 that
vV EE*(SE V(0) = W @z, vi ' EXE*(GL, V(0)).

Since 7 L4 (Eé’Sé AV(0)) =Ty, there is a unique so > 0 such that Ef)g’k“o (SL, v (0))
is nonzero, and ESQK+50 (S}, V(0)) = Fy. Therefore, ELKHS(GL, V(0)) =0 if s # 5o
and ESQKT50(GL, V(0)) = TF,. o

Definition 4.4 Define the class x € m_31L (Eé’(c’é A V(0)) to be the nonzero element.

Recall that

Ge =~ Gé X 7.
Let 7 be a topological generator of the subgroup Z, in G¢. There is a cofiber sequence
(4-1) Lx@yS — EMGe 7, phtGe.

We can now prove our main result.

Proof of Theorem 1.3 Since L 2)S AV(0) > Lg(2)V(0) and localization preserves
exact triangles, the fiber sequence (4-1) gives rise to a fiber sequence

(4-2) LiLgaV(0) = Li(EFCE Av(0)) 225 Li(E!SE A V(0)).

Since 7 acts by automorphisms and the only automorphism of [, is the identity, the
map m — 1 acts trivially on 718,_3L1(Eé’Gé A V(0)). Therefore, in the long exact
sequence on homotopy groups, the class B’x is in the kernel of 7 — 1, and the image
of B!x under the map L, (Eé’Gé AV(0)) = XL Lg)V(0) is nonzero. We denote
itby (B x. O

References
[1] T Barthel, D Heard, The E,—term of the K(n)—local E,—Adams spectral sequence,
Topology Appl. 206 (2016) 190-214 MR

[2] A Beaudry, The algebraic duality resolution at p = 2, Algebr. Geom. Topol. 15 (2015)
3653-3705 MR

[3]1 A Beaudry, Towards the homotopy of the K(2)—local Moore spectrum at p = 2, Adv.
Math. 306 (2017) 722-788 MR

[4] M Behrens, The homotopy groups of Sg(z) at p > 5 revisited, Adv. Math. 230 (2012)
458-492 MR

Geometry & Topology, Volume 21 (2017)


http://dx.doi.org/10.1016/j.topol.2016.03.024
http://msp.org/idx/mr/3494442
http://dx.doi.org/10.2140/agt.2015.15.3653
http://msp.org/idx/mr/3450774
http://dx.doi.org/10.1016/j.aim.2016.10.020
http://msp.org/idx/mr/3581316
http://dx.doi.org/10.1016/j.aim.2012.02.023
http://msp.org/idx/mr/2914955

The chromatic splitting conjecture atn = p =2 3229

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

M Behrens, D G Davis, The homotopy fixed point spectra of profinite Galois extensions,
Trans. Amer. Math. Soc. 362 (2010) 4983-5042 MR

I Bobkova, Resolutions in the K(2)-local category at the prime 2, PhD thesis, North-
western University (2014) MR Available at https://search.proquest.com/
docview/1558126694

E S Devinatz, A Lyndon—Hochschild—Serre spectral sequence for certain homotopy
fixed point spectra, Trans. Amer. Math. Soc. 357 (2005) 129-150 MR

E S Devinatz, M J Hopkins, Homotopy fixed point spectra for closed subgroups of the
Morava stabilizer groups, Topology 43 (2004) 1-47 MR

P G Goerss, H-W Henn, M Mahowald, The rational homotopy of the K(2)-local
sphere and the chromatic splitting conjecture for the prime 3 and level 2, Doc. Math.
19 (2014) 1271-1290 MR

P Goerss, H-W Henn, M Mahowald, C Rezk, A resolution of the K(2)-local sphere
at the prime 3, Ann. of Math. 162 (2005) 777-822 MR

H-W Henn, On finite resolutions of K(n)—local spheres, from “Elliptic cohomol-
ogy” (HR Miller, D C Ravenel, editors), London Math. Soc. Lecture Note Ser. 342,
Cambridge Univ. Press (2007) 122-169 MR

M Hovey, Bousfield localization functors and Hopkins’ chromatic splitting conjecture,
from “The Cech centennial” (M Cenkl, H Miller, editors), Contemp. Math. 181, Amer.
Math. Soc., Providence, RI (1995) 225-250 MR

M Hovey, N P Strickland, Morava K —theories and localisation, Mem. Amer. Math.
Soc. 666, Amer. Math. Soc., Providence, RI (1999) MR

M Mahowald, The image of J in the EHP sequence, Ann. of Math. 116 (1982)
65-112 MR

HR Miller, On relations between Adams spectral sequences, with an application to
the stable homotopy of a Moore space, J. Pure Appl. Algebra 20 (1981) 287-312 MR

J Morava, Noetherian localisations of categories of cobordism comodules, Ann. of

Math. 121 (1985) 1-39 MR

D C Ravenel, The cohomology of the Morava stabilizer algebras, Math. Z. 152 (1977)
287-297 MR

D C Ravenel, A novice’s guide to the Adams—Novikov spectral sequence, from “Geo-
metric applications of homotopy theory, I’ (M G Barratt, M E Mahowald, editors),
Lecture Notes in Math. 658, Springer (1978) 404-475 MR

D C Ravenel, Localization and periodicity in homotopy theory, from “Homotopy theory”
(E Rees, J D S Jones, editors), London Math. Soc. Lecture Note Ser. 117, Cambridge
Univ. Press (1987) 175-194 MR

Geometry € Topology, Volume 21 (2017)


http://dx.doi.org/10.1090/S0002-9947-10-05154-8
http://msp.org/idx/mr/2645058
http://msp.org/idx/mr/3251316
https://search.proquest.com/docview/1558126694
https://search.proquest.com/docview/1558126694
http://dx.doi.org/10.1090/S0002-9947-04-03394-X
http://dx.doi.org/10.1090/S0002-9947-04-03394-X
http://msp.org/idx/mr/2098089
http://dx.doi.org/10.1016/S0040-9383(03)00029-6
http://dx.doi.org/10.1016/S0040-9383(03)00029-6
http://msp.org/idx/mr/2030586
https://www.math.uni-bielefeld.de/documenta/vol-19/42.pdf
https://www.math.uni-bielefeld.de/documenta/vol-19/42.pdf
http://msp.org/idx/mr/3312144
http://dx.doi.org/10.4007/annals.2005.162.777
http://dx.doi.org/10.4007/annals.2005.162.777
http://msp.org/idx/mr/2183282
http://dx.doi.org/10.1017/CBO9780511721489.008
http://msp.org/idx/mr/2330511
http://dx.doi.org/10.1090/conm/181/02036
http://msp.org/idx/mr/1320994
http://dx.doi.org/10.1090/memo/0666
http://msp.org/idx/mr/1601906
http://dx.doi.org/10.2307/2007048
http://msp.org/idx/mr/662118
http://dx.doi.org/10.1016/0022-4049(81)90064-5
http://dx.doi.org/10.1016/0022-4049(81)90064-5
http://msp.org/idx/mr/604321
http://dx.doi.org/10.2307/1971192
http://msp.org/idx/mr/782555
http://dx.doi.org/10.1007/BF01488970
http://msp.org/idx/mr/0431168
http://dx.doi.org/10.1007/BFb0068728
http://msp.org/idx/mr/513586
http://msp.org/idx/mr/932264

3230 Agneés Beaudry

[20] C Rezk, Notes on the Hopkins—Miller theorem, from “Homotopy theory via algebraic
geometry and group representations” (M Mahowald, S Priddy, editors), Contemp. Math.
220, Amer. Math. Soc., Providence, RI (1998) 313-366 MR

[21] K Shimomura, The Adams—Novikov E,—term for computing w«(L,V(0)) at the
prime 2, Topology Appl. 96 (1999) 133-152 MR

[22] K Shimomura, X Wang, The Adams—Novikov E»—term for w4 (L,S°) at the prime 2,
Math. Z. 241 (2002) 271-311 MR

[23] K Shimomura, A Yabe, The homotopy groups m+(L,S°), Topology 34 (1995) 261
289 MR

[24] JH Silverman, The arithmetic of elliptic curves, Graduate Texts in Mathematics 106,
Springer (1986) MR

Department of Mathematics, University of Colorado
Boulder, CO, United States

agnes.beaudry@colorado.edu

Proposed: Mark Behrens Received: 3 April 2015
Seconded: Stefan Schwede, Ralph Cohen Revised: 7 December 2016

Geometry € Topology Publications, an imprint of mathematical sciences publishers :.msp


http://dx.doi.org/10.1090/conm/220/03107
http://msp.org/idx/mr/1642902
http://dx.doi.org/10.1016/S0166-8641(98)00048-0
http://dx.doi.org/10.1016/S0166-8641(98)00048-0
http://msp.org/idx/mr/1702307
http://dx.doi.org/10.1007/s002090200415
http://msp.org/idx/mr/1935487
http://dx.doi.org/10.1016/0040-9383(94)00032-G
http://msp.org/idx/mr/1318877
http://dx.doi.org/10.1007/978-1-4757-1920-8
http://msp.org/idx/mr/817210
mailto:agnes.beaudry@colorado.edu
http://msp.org
http://msp.org

	1. Introduction
	2. The E(1)–local duality resolution spectral sequence
	3. The homotopy of L1(EChG24^V(0)) and L1(EChC6^V(0))
	4. Some elements in pi*L1LK(2)V(0)
	References

