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Gromov-Witten invariants
of the Hilbert schemes of points of a K3 surface

GEORG OBERDIECK

We study the enumerative geometry of rational curves on the Hilbert schemes of
points of a K3 surface.

Let S be a K3 surface and let Hilb? (S) be the Hilbert scheme of d points of .
In the case of elliptically fibered K3 surfaces S — P!, we calculate genus-0
Gromov—Witten invariants of Hilb? (S), which count rational curves incident
to two generic fibers of the induced Lagrangian fibration Hilb? (S) — P?. The
generating series of these invariants is the Fourier expansion of a power of the
Jacobi theta function times a modular form, hence of a Jacobi form.

We also prove results for genus-0 Gromov—Witten invariants of Hilb? (S) for
several other natural incidence conditions. In each case, the generating series is
again a Jacobi form. For the proof we evaluate Gromov—Witten invariants of the
Hilbert scheme of two points of P! x E, where E is an elliptic curve.

Inspired by our results, we conjecture a formula for the quantum multiplication
with divisor classes on Hilb? (S) with respect to primitive curve classes. The
conjecture is presented in terms of natural operators acting on the Fock space
of S. We prove the conjecture in the first nontrivial case Hilb?(S). As a
corollary, we find that the full genus-0 Gromov—Witten theory of Hilb?(S) in
primitive classes is governed by Jacobi forms.

We present two applications. A conjecture relating genus-1 invariants of Hilbd(S )
to the Igusa cusp form was proposed in joint work with R Pandharipande. Our
results prove the conjecture when d = 2. Finally, we present a conjectural
formula for the number of hyperelliptic curves on a K3 surface passing through
two general points.
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0 Introduction

0.1 The Yau-Zaslow formula

Let S be a smooth projective K3 surface, and let 85, € H»(S, Z) be a primitive effective
curve class of self-intersection ,Bi = 2h —2. The Yau—Zaslow formula [42] predicts
the number Nj, of rational curves in class f; via the generating series

1 1
ey D Nud" =2 ]
Pt q sy 1=0™)

The right-hand side is the reciprocal of the Fourier expansion of a classical modular
form of weight 12, the modular discriminant

) Am)=q [T -g™*,
m>1

where ¢ = exp(2mwit) and t € H. The prediction (1) was proven by Beauville [1]
and Chen [6] using the compactified Jacobian, and by Bryan and Leung [3] using
Gromov—Witten theory. It is the starting point of further research into the enumerative
geometry of algebraic curves on K3 surfaces; see for example Katz, Klemm and
Pandharipande [18], Maulik, Pandharipande and Thomas [30] and Pandharipande and
Thomas [37].

The Hilbert scheme of d points on S, denoted
Hilb? (),
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Gromov-Witten invariants of the Hilbert schemes of points of a K3 surface 325

is the moduli space of zero-dimensional subschemes of S of length d ; see Lehn [22] and
Nakajima [32] for an introduction. It is a nonsingular projective variety of dimension 2d ,
which is simply connected and carries a holomorphic symplectic form. For d = 1 we
recover the original surface,

Hilb!(S) = S,

while for d > 2 the Hilbert schemes Hilb% (S) may be thought of as analogues of K3
surfaces in higher dimensions.

In this paper we study the enumerative geometry of rational curves on the Hilbert
scheme of points Hilb? (S) for all d > 1. In particular, we obtain a generalization of
the Yau-Zaslow formula (1).

0.2 Gromov-Witten invariants

Forall . € H*(S;Q) and i > 0 let
p—i(@): H*(Hilb? (S); Q) — H*(HIbY T (S);Q), ¥+ p_i(@)y

be the Nakajima creation operator obtained by adding length-i punctual subschemes
incident to a cycle Poincaré dual to . By Grojnowski [15] and Nakajima [32, Corollary
8.16], the cohomology of Hilb? (S) is completely described by the cohomology of S
via the action of the operators p_; (@) on the vacuum vector

1s € H*(Hilb’(S); Q) = Q.
Let @ be the class of a point on S. For 8 € H,(S; Z), define the class
C(B) = p-1(B)p-1(ws)* ' 15 € Ha(Hilb’ (5): Z).

If B =[C] foracurve C C S, then C(pB) is the class of the curve obtained by fixing
d — 1 distinct points away from C and letting a single point move on C . For brevity,
we often write 8 for C(8). For d > 2 let

A =p_z(ws)p—1(0s)? 215

be the class of an exceptional curve, ie the locus of 2—fat points centered at a point
P € S plus d —2 distinct points away from P . For d > 2 we have

Ho(Hilb?(S): Z) ={B+kA| B € Hy(S:Z), k € Z}.
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326 Georg Oberdieck

Let B +kA € Hy(Hilb? (S)) be a nonzero effective curve class and consider the moduli
space

3) Mg m(Hilb? (S), B+ kA)

of m—marked stable maps! f: C — Hilb?(S) of genus g and class 8 + kA. Since
Hilb? (S) carries a holomorphic symplectic 2—form, the virtual class on (3) defined by
ordinary Gromov—Witten theory vanishes; see Kiem and Li [20]. A modified reduced
theory was defined in Maulik and Pandharipande [29] and gives rise to a nonzero
reduced virtual class

[Mg m(Hilb? (S), B + kA)]™

of dimension (1 —g)(2d —3) +m + 1; see also Pridham [39] and Schiirg, Toén and
Vezzosi [41]. Let

evi: Mg m(Hilb?(S), B +kA) — Hilb?(S) fori=1,....n

be the evaluation maps. The reduced Gromov—Witten invariant of Hilb? (S) in genus g
and class 8 + kA with primary insertions

Vie-ooym € H*(HiIbY(S))
is defined by

Hilb9 (S)

“4) (J/l»---»Vm)g,ﬂ+kA = eVT(Vl)U"‘UeV;:q(Vm)-

/[Mg,m(Hnbd(S),ﬂ +kA)]red

For d = 1 and k # 0, the moduli space Mg,m(HiIbd(S),,B + kA) is empty by
convention and the invariant (4) is defined to vanish.

0.3 The Yau-Zaslow formula in higher dimensions
Let w: S — P! be an elliptically fibered K3 surface and let
7l Hilb? (§) — Hilb? (P!) = P¢
be the induced Lagrangian fibration with generic fiber a smooth Lagrangian torus. Let
L, C Hilb%(S)
denote the fiber of 7141 over a point z € Pe.

I'The domain of a stable map is always taken here to be connected.
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Gromov-Witten invariants of the Hilbert schemes of points of a K3 surface 327

Let F € H(S;7Z) be the class of a fiber of 7, and let 8; be a primitive effective
curve class on S with

F-Bp=1 and Bj=2h-2.

For points z1,z, € P9 and for all d > 1 and k € Z, define the Gromov—Witten
invariant

Hilb9 (S)

Ng.hix = (Lz,, LZ2>ﬁh+kA = CVT(Lzl) U ev;(LZz),

/;hzmmdwxm+howd

which (virtually) counts the number of rational curves in class By + kA incident to the
Lagrangians L, and L;,. The first result of this paper is a complete evaluation of the
invariants Ng 5 f .

Define the Jacobi theta function

_0E D) oy i (1+yg™ (1 +y~ g™
) Fen=-55=0"+y ) T] T=gm :

considered as a power series in the variables

m>1

y = _e2niz and ¢ = e27‘[il’
where |g| < 1.
Theorem 1 For all d > 1, we have
— - 1
(©) 2 2 Napy "™ = Fe0* 7 5
h>0 keZ
under the variable change y = —e?™!? and q = e2™'".

The right-hand side of (6) is the Fourier expansion of a Jacobi form? of index d — 1.
For d =1 the class A vanishes on S and by convention only the term k = 0 is taken
in the sum on the left side of (6). Then (6) specializes to the Yau—Zaslow formula (1).

0.4 Further Gromov—Witten invariants

Let S be a smooth projective K3 surface, let 87, € H,(S, Z) be a primitive curve class
of square
Br =2h-2,

2See Eichler and Zagier [8] for an introduction.
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328 Georg Oberdieck
and let y € H?(S,Z) be a cohomology class with y - B, = 1 and y? = 0. We define
three sets of invariants.

For d > 2, consider the classes
C(y) = 4-1]
¥) =p-1(y)p-1(®) S-
A=p(@p-_1()7 1.
which were defined in Section 0.2. Define the first two invariants

O Hilb4 (S) @ Hilb? (S)
Na i ={CONgaa s Nk = Ag,rxa’
counting rational curves incident to a cycle of class C(y) and A, respectively.

For a point P € S consider the incidence scheme of P,

I(P) ={t e HilbY(S) | P €}

For generic points Pp,..., P4 € S define the third invariant
) Hilb? (S
%) NG = (L(PY). . I(Pyg ) S,

By geometric recursion, the invariants Ng)h k,i =1,2,3 and Ny p r determine the
full Gromov—Witten theory of Hilb?(S) in genus 0; see Section 5.6.3. For d = 2 the
invariants (7) are also related to counting hyperelliptic curves on a K3 surface passing

through two generic points; see Section 0.7.

The following theorem provides a full evaluation of the invariants Ng)h - Consider

the formal variables

2mwiz 2wit

y=—e and g=e

expanded in the region |y| < 1 and |g| < 1, and the function

®) G(z,7r)=F(z, f)z(yj—y>210g F(z,7)

y _
= Fz.0)- {—2 S () g
(I+y)? 7
>1m|d
=1+ 2+4 +6+4y +y)g
+(6y7% + 24y +36+24y +6y2)g* + - .
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Theorem 2 For all d > 2, we have

1) -1 d—1_1
YD Ngytad" =660 INGY

h>0keZ

) 1 ( d d— 1)
2D Nawwyd" ™ = 55500 5 GCE DY) 55
h>0keZ

3) -1 l(zd_z) i >2d—2 1
> > Nawira =7\la-1 (qqu(Z,f) NG
h>0keZ

under the variable change y = —e?™'? and q = e2™'".

0.5 Quantum cohomology

0.5.1 Reduced quantum cohomology Let % be a formal parameter with #2 = 0.
The reduced quantum cohomology of Hilb? (S) is a formal deformation of the ordinary
cup-product multiplication in H *(Hilb? (S)) defined by

©) (axb.c)={aUb.c)+hY (a.b.c)pt’©gb,

B>0
where (a,b) = [, b (5) @Y b is the standard intersection form, 8 runs over all nonzero
elements of the cone Eff, b (S) of effective curve classes in Hilb? (S), the symboL qP
denotes the corresponding element in the semigroup algebra, and {(a, b, c)g'gj ()
denotes the reduced genus-0 Gromov—Witten invariants of Hilb? (S) in class B; see

Maulik and Okounkov [28] for the related case of equivariant quantum cohomology.

By the WDVYV equation for reduced virtual classes (see Appendix A), the equality (9)
defines a commutative and associative product on

H*(Hilb (S). Q) ® Q[Eff 0 (5,] ® QIA] /A2,
which we call the reduced quantum cohomology ring
(10) OH * (Hilb? ().

The ordinary cohomology ring structure on H *(Hilb? (S), Q) has been explicitly
determined by Lehn and Sorger in [23]. In this paper, we put forth several conjectures
and results about its quantum deformation (10). Our results will concern only the
quantum multiplication with a divisor class on Hilb? (S). In other cases (see Lehn [21],
Li, Qin and Wang [24], Maulik and Oblomkov [27], Maulik and Okounkov [28] and
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330 Georg Oberdieck

Okounkov and Pandharipande [36]) this has been the first step towards a more complete
understanding. We will also restrict to primitive classes 8 below.

0.5.2 Elliptic K3 surfaces Let 7: S — P! be an elliptic K3 surface with a section,
and let B and F denote the class of a section and fiber, respectively. For every & > 0,
we set

ﬁh =B+ hF.

For d > 1 and cohomology classes y1., ..., ym € H*(Hilb? (S); Q), define the quantum

bracket
1o _ Hilb9 (S
h>0keZ

Define the primitive quantum multiplication *pim by
(11 (a,b*pimc) =(a,bUc)+h-(a,b,c)y.

forall a, b, c. Since 42 = 0, different curve classes B don’t interact, and *pim defines
a commutative and associative product on

(12) H*(HilbY(S), Q) ® Q((») (9)) ® Q[h] />

The main content of Section 5 is a conjecture for the primitive quantum multiplication
with divisor classes. By the divisor axiom and by deformation invariance the conjecture
explicitly predicts the full 2—point genus-0 Gromov—Witten theory of all Hilbert schemes
of points of a K3 surface in primitive classes. By direct calculations using the WDVV
equation and the evaluations of Section 3, we prove the conjecture for Hilb?(S).

0.5.3 Quasi-Jacobi forms Let (z,7) € C xH. The ring QJac of quasi-Jacobi forms
is defined as the linear subspace

QJaC - Q[F(Z’ T)v EZ(T)’ E4(T)’ 5@(2, T)’ 50.(2, T)v JI(Z’ T)]

of functions which are holomorphic at z = 0 for generic 7; here F(z, ) is the Jacobi
theta function (5), E,j are the classical Eisenstein series, g is the Weierstrass elliptic
function, g° is its derivative with respect to z, and Jp is the logarithmic derivative
of F with respect to z; see Appendix B.

We will identify a quasi-Jacobi form ¥ € QJac with its power series expansion in the

variables
_ 2mit

qg=e and y=—e

2miz
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The space QJac is naturally graded by index m and weight & :

QJaC=@ @ Qlacg .,

m>0k>—2m

with finite-dimensional summands QJacy , .
Based on the proven case of Hilb?(S) and effective calculations for Hilb? (S) for any d ,
we have the following results linking curve counting on Hilb? (S) to quasi-Jacobi forms.

Theorem 3 For all i1, v € H*(Hilb?(S)), we have

Hilb2(S) _ M
(,bL, v)q - A(‘L’)

for a quasi-Jacobi form v (z, t) of index 1 and weight < 6.

Since My (Hilb?(S), y) has virtual dimension 2 for all y, Theorem 3 implies that the
full genus-0 Gromov—Witten theory of Hilb?(S) in primitive classes is governed by
quasi-Jacobi forms.

Conjecture J For d > 1 and forall jt,v € H*(Hilbd (S)), we have

Hilb? (S) _ M
(/’L? v)q - A(‘E)

for a quasi-Jacobi form (z, t) of index d — 1 and weight <2+ 2d .

A sharper formulation of Theorem 3 and Conjecture J specifying the weight appears in
Lemma* 42.

0.6 Application 1: Genus 1 invariants of Hilb“ (S)

Let S be a K3 surface and let B;, € H?(S,Z) be a primitive curve class of square
,3% =2h—2. Let (E,0) be a nonsingular elliptic curve with origin 0 € E, and let

(13) Mg 0)(Hilb? (S). B, +kA)
be the fiber of the forgetful map
My (Hilb (S). B+ kA) — My

over the moduli point (E,0) € M 1,1. Hence, (13) is the moduli space parametrizing
stable maps to Hilb? () with 1-pointed domain with complex structure fixed after
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stabilization to be (E,0). The moduli space (13) carries a reduced virtual class of
dimension 1.

For d > 0 consider the reduced Gromov—Witten potential

14 Ha(y.g)=>_Y y*¢"! / f

d evp (/3;\1/,1«)’
keZ h=0 [M (£ 0)(Hilb? (S), B +kA)]

where the divisor class ﬂl\;k € H2(Hilb4(S), Q) is chosen to satisfy

(15) / ,BV =1.
Bn+kA hk

The invariants (14) virtually count the number of maps from the elliptic curve E to the
Hilbert scheme Hilb? (S) in the classes Br +kA. By degenerating E to a nodal curve,
resolving and using the divisor equation, the series Hz(y, g) is seen to not depend on
the choice of ,3;1’ k

The case d =1 of the series H; (v, ¢) is determined by the Katz—Klemm-—Vafa formula;
see Maulik, Pandharipande and Thomas [30]. For d = 2 we have the following result.

Proposition 4 Under the variable change y = —e?™'% and q = ¢*™'7,

1

Ha(y.q) = F(2.7)%- (S4- 9. 1) E2(0) = 3 E2(0)” + 3 E4(0) 35

In joint work with Rahul Pandharipande [35] a correspondence between curve counting
on Hilb? (S) and the enumerative geometry of the product Calabi—Yau S x E was
proposed. This in turn led to an explicit conjecture for H; (v, ¢) for all d in terms of
the reciprocal of the Igusa cusp form y¢. Proposition 4 verifies this conjecture for
d=2.

0.7 Application 2: Hyperelliptic curves

A projective nonsingular curve C of genus g > 2 is hyperelliptic if C admits a degree-2
map to P!,
Cc - PL

The locus of hyperelliptic curves in the moduli space Mg of nonsingular curves of
genus g is a closed substack of codimension g —2. Let

Hy € HXED (M, Q)
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be the stack fundamental class of the closure of nonsingular hyperelliptic curves
inside M ¢ - By results of Faber and Pandharipande [9], H is a tautological class (see
Faber and Pandharipande [10]) of codimension g —2.

Let S be a K3 surface, let B, € H?(S) be a primitive curve class of square ,Bi =2h-2,
and let

be the forgetful map from the moduli space of genus-g stable maps to S in class Sy, .
A virtual count of genus g > 2 hyperelliptic curves on S in class B passing through
two general points is defined by the integral

Hp = / - ¥ (Hg) ev} () evi(@).
[Mg 2(S,Bp)]red

where w € H*(S,Z) is the class of a point.

T Graber [13] used the genus-0 Gromov—Witten theory of Hilb?(IP?) to obtain enu-
merative results on hyperelliptic curves in P2. A similar strategy has been applied for
P! x P! (see Pontoni [38]) and for abelian surfaces, modulo a transversality result; see
Bryan, Oberdieck, Pandharipande and Yin [4] and Rose [40]. By arguments parallel to
the abelian case (see [4]), Theorem 2 leads to the following prediction for Hg .

Let A(T) = ¢ []p>1(1— g™)?* be the modular discriminant and let

—DkB
F(z,t1)=u exp(z(zsz)z'kEzk(r)u%)
k>1 ’

be the Jacobi theta function, which appeared already in (5), expanded in the variables

(16) g =e>™% and u=27uz.

Conjecture H Under the variable change (16),
_ d 2 1
DD W = (qd_qF(Z’ ﬂ) A

h>0g>2

By a direct verification using results of Bryan and Leung [3] and Maulik, Pandharipande
and Thomas [30] and an explicit expression (see Harris and Mumford [16]) for H3 €
H?(M3,Q), Conjecture H holds in the first nontrivial case g = 3. Similar conjectures
relating the Gromov—Witten count of r—gonal curves on the K3 surface S to the
genus-0 Gromov—Witten invariants of Hilb"(S) can be made.
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The virtual counts Hg ;, have contributions from the boundary of the moduli space,
and do not correspond to the actual, enumerative count of hyperelliptic curves on S.
For example, Hz 1 = —% is both rational and negative. For 4 > 0 BPS numbers hg 5,
of genus-g hyperelliptic curves on S in class B are defined by the expansion

> hg a(2sin )28 _ > Hg e t2,
g>2 g>2

a7

The invariants hg j are expected to yield the enumerative count of genus-g hyperelliptic
curves in class B on a generic K3 surface S carrying a curve class fj; compare
[4, Section 0.2.4].

The invariants hg , vanish for 7 = 0, 1. The first nonvanishing values of h, ; are
presented in Table 1. The distribution of the nonzero values in Table 1 matches precisely
the results of Ciliberto and Knutsen [7, Theorem 0.1]: there exist curves on a generic
K3 surface in class f; with normalization a hyperelliptic curve of genus g if and

only if
h>g+|5¢l(g—1-]3¢])
hi g— 2 3 4 5 6
2 1 0 0 0 0
3 36 0 0 0 0
4 672 6 0 0 0
5 8728 204 0 0 0
6 88830 3690 9 0 0
7 754992 47160 300 0 0
8 5573456 476700 5460 0 0
9 36693360 4048200 70848 36 0
10 219548277 29979846 730107 1134 0
11 1210781880 198559080 6333204 19640 0
12 6221679552 1197526770 47948472 244656 36
13 30045827616 6666313920 324736392 2438736 1176
14 137312404502 34612452966 2002600623 20589506 20895
15 597261371616 169017136848 11396062440 152487720 265860

Table 1: The first values for the counts h, 5 of hyperelliptic curves of genus g

and class B on a generic K3 surface S passing through two general points,
as predicted by Conjecture H and the BPS expansion (17).

0.8 Plan of the paper

In Section 1, we introduce the bare notational necessities and prove a few general
lemmas. In Section 2 we prove Theorem 1 by reducing to an elliptic K3 surface with
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24 rational nodal fibers and by comparison with rational curve counts on a Kummer K3.
In Sections 3 and 4 we prove Theorem 2 by reducing the statement to a calculation of
Gromov—Witten invariants of Hilb?(P! x E). This approach is mainly independent from
the Kummer K3 geometry used in Section 2, and yields a second proof of Theorem 1.
In Section 5, we present the conjectures and results on the quantum cohomology ring
of Hilb? (K3). Here we also prove Theorem 3 and Proposition 4. In Appendix A, we
present the precise form of the WDV'V equations for reduced invariants. In Appendix B,
we introduce the notion of a quasi-Jacobi form, and list numerical results related to the
conjectures of Section 5.

0.9 Acknowledgements

I would like to thank the following people: first and foremost, my advisor Rahul
Pandharipande for suggesting the topic and for all his support over the years; Aaron
Pixton for guessing a key series needed in the proof; Qizheng Yin for pointing out
the connection between Hilb?(K3) and the Kummer geometry; and Ben Bakker, Jim
Bryan, Lothar Gottsche, Simon Héberli, Jonas Jermann, Alina Marian, Eyal Markman,
Davesh Maulik, Andrew Morrison, Martin Raum, Emanuel Scheidegger, Timo Schiirg,
Qizheng Yin and Paul Ziegler for various discussions and comments related to the
topic. The author was supported by the Swiss National Science Foundation grant
SNF 200021_143274.

1 Preliminaries

Let S be a smooth projective surface and let Hilb? (S) be the Hilbert scheme of d
points of S. By definition, Hilb?(S) is a point parametrizing the empty subscheme.

1.1 Notation

We always work over C. All cohomology coefficients are in Q unless specified
otherwise. We let [V] denote the homology class of an algebraic cycle V.

On a connected smooth projective variety X, we will freely identify cohomology and
homology classes by Poincaré duality. We write

w=wy € HZdim(X)(X;Z),
e=ex e H(X:7)
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for the class of a point and the fundamental class of X, respectively. Using the degree
map we identify the top cohomology group with the underlying ring:

H2dim(X)(X, Q) = Q
The tangent bundle of X is denoted by Tx.
A homology class f € Hy(X,Z) is an effective curve class if X admits an algebraic

curve C of class [C] = B. The class f is primitive if it is indivisible in H, (X, Z).

1.2 Cohomology of Hilb’(S)

1.2.1 The Nakajima basis Let (u1,..., ;) with g >---> pu; > 1 be a partition
and let
at,...,ap € H*(S; Q)

be cohomology classes on S. We call the tuple
(18) = ((n1,a1),..., (u1, o))
a cohomology-weighted partition of size || =) w;.
If the set {a1,...,0;} is ordered, we call (18) ordered if for all i < j we have either
pi > pj o or (i =p; and o > o).
Fori >0 and a € H*(S;Q), let
p_i(a): H*(Hilb%(S), Q) — H*(Hilb? 1 (S), Q)

be the Nakajima creation operator [31], and let

ls € H*(HiIb’(S),Q) =Q

be the vacuum vector. A cohomology-weighted partition (18) defines the cohomology
class

Ppuy (1) -+ Py, (@)1 € H*(Hilbl* (5)).

Let «j,...,ap, be a homogeneous ordered basis of H*(S;Q). By a theorem of
Grojnowski [15] and Nakajima [31], the cohomology classes associated to all or-
dered cohomology-weighted partitions of size d with cohomology weighting by
the o;, not repeating factors (u;, ;) with a; odd, form a basis of the cohomology
H*(Hilb4 (S); Q).
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1.2.2 Special cycles We will require several natural cycles and their cohomology
classes. In the definitions below, we set p_;, (a)k = 0 whenever k < 0.

(i) The diagonal The diagonal divisor

Apppd sy C Hilb? (S)
is the reduced locus of subschemes & € Hilb? () such that len(Og ) > 2 for some
x € §. It has cohomology class

[Anie (5)] = ﬁp—z(e)pq(e)d_zls = —2.¢; (0,

where we let E14] denote the tautological bundle on Hilb? (S) associated to a vector
bundle E on §; see [21; 22].

(ii) The exceptional curve Let Symd (S) be the d™ symmetric product of S and let

p: Hilb? () — Sym?(S), &> ) len(Og y)x
xeS
be the Hilbert—-Chow morphism.

For distinct points x, y1,...,y4—2 € S where d > 2, the fiber of p over

2x +Zyl~ € Symd(S)

1

is isomorphic to P! and called an exceptional curve. For all d define the cohomology
class

A=p(@p-1(@)? s,

where w € H*(S, Z) is the class of a point on S. If d > 2 every exceptional curve
has class A.

(iii) The incidence subschemes Let z C S be a zero-dimensional subscheme. The
incidence scheme of z is the locus

1(z) = {& e HiIbY(S) | z C &}
endowed with the natural subscheme structure.
(iv) Curve classes For 8 € H>(S) and a,b € H{(S), define

C(B) = p-1(B)p—1(@)? 15 € Hy(Hilb?(S)),

19) d—2 d
C(a.b) =p-1(a)p-1(D)p-1(@)* “ls € Ha(Hilb®(S)).
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In unambiguous cases, we write 8 for C(8). By Nakajima’s theorem, the assignment
(19) induces for d > 2 the isomorphism

Hy(S,Q) & N*Hi(S, Q) & Q — Hy(Hilb? (5): Q),
(B.aAb,k)+ B+ C(a,b)+kA.

If d <1, we write
B+ Clai.bi) +kA e Hy(Hilb?(S). Q)
i
for some B, a;, b;, k; we always assume a; =b; =0 and k =0. If d =0, we also

assume f = 0. This will allow us to treat Hilb? (S) simultaneously for all d at once;
see for example Section 1.3.

(v) Partition cycles Let IV C S be a subscheme, let k£ > 1 and consider the diagonal
embedding

lg: S — Symk(S)
and the Hilbert—Chow morphism
ol Hilbk(S) — Symk(S).
The k-fattening of V is the subscheme
VK] = p~ L (ix (V) C HilbK(S).
Let d =dy +---+ d; be a partition of d into integers d; > 1, and let
Vi,....V, CS
be pairwise disjoint subschemes on S . Consider the open subscheme
20) U ={(1,...,&) € Hilb (S) x--- x Hilb% (S) | & N& = @ forall i # j}

and the natural map o: U — Hilb¥ (S), which sends a tuple of subschemes (£1,...,&)
defined by ideal shaves I, to the subscheme £ € Hilb? (S) defined by the ideal sheaf
Ig, N---N Ig, . We often use the shorthand notation>

(21) o(€1,....6) =8+ +§&.

3 For functions f;: X — Hilb%i S),i=1,..., r with (f1,..., fr): X — U, we also write
fit At fr=00(f1...., fr): X — Hilb?(S).
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We define the partition cycle as
(22) Vildi]---Veldr] = o (Vildi] x -+ x V;[d;]) C Hilb?(S).
By [32, Theorem 9.10], the subscheme (22) has cohomology class

pa,(@1)--p_g, (@) ls € H*(Hilb? (S)),

where «; = [V;] for all i.

1.3 Curves in Hilb“(S)

1.3.1 Cohomology classes Let C be a projective curve and let f: C — Hilb? ()
be a map. Let p: Z; — Hilb?(S) be the universal subscheme and let ¢: Z; — S be
the universal inclusion. Consider the fiber diagram

c 1 sz, 9 .5

(23) l |7

c —L Hibd(s)

andlet f'=g¢q of. The embedded curve C € C x S is flat of degree d over C. By the
universal property of Hilb? (S), we can recover f from C . Here, even when C is a
smooth connected curve, C could be disconnected, singular and possibly nonreduced.

Lemma 5 Let C be a reduced projective curve and let f: C — Hilb? (S) be a map
with

(24) f[CI=B+) Clyj.v)) +kA
J
for some f € Hy(S), v, y]/- € Hi(S) and k € Z. Then
(g0 ))«[C1=p.

Proof We may assume that d > 2 and that C is irreducible. Since p is flat,

RICI= fiP*[C] = ¢xp™ /IC].

Therefore, the claim of Lemma 5 follows from (24) and

qxp A =0, q«p*C(B)=ph, q+p"C(a,b)=0
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for all B € Hy(S) and a,b € H{(S). By considering an exceptional curve of
class A, one finds gxp*A = 0. We will verify that g« p*C(B) = B; the equation
gxp*C(a,b) =0 is similar.

Let U C S9 be the open set defined in (20) with d; =1 for all i, and let 0: U —
Hilbd(S) be the sum map. We have C(8) = o« (0?1 x B). Consider the fiber square

0 y 25 — 2 8
LT

U —— Hilb4(S)

Let A; 441 C S4 % S be the (i,d + 1) diagonal. Then UcS?xS is the disjoint
union | J;—; g Ai.a+1 N (U x S). Therefore

4« p*C(B) = g p*ox(@? ™1 x )

=pryp1s M@ X B)

.....

d
=Y prasix([Aigs1]- @7 x B xes))

i=1

= B. |

Lemma 6 Let C be a smooth, projective, connected curve of genus g andlet f: C —
Hilb? (S) be a map of class (24). Then

k= 1(0g)—d(1-g).

Proof The intersection of fi[C] with the diagonal class A = —2c1(0gd]) is —2k.
Therefore

d d d
k = deg(c1 (05 N £lC) = deg(f* O = x(/* 0§ —d(1 - g).
where we used Riemann—Roch in the last step. Since we have
f*O§ = 7 pug*Os = i [*q*Os = puOg
and p is finite, we obtain X(f*(’)g,d]) = 1(Px0g) = x(OgF). |

Corollary 7 Lety € H>(Hilb4(S), Z) and let Mo(Hilb?(S), y) be the moduli space
of stable maps of genus 0 in class y. Then for m < 0,

Moy(Hilb% (S),y + mA) = @.
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Proof Let f: P! — Hilb? (S) be amap in class y +mA. The cohomology class of the
corresponding curve C= f*2Z4 CP!xS isindependent of m. Hence the holomorphic
Euler characteristic x(Og) is bounded from below by a constant independent of m.
Therefore, by Lemma 6, we find m to be bounded from below when the domain curve
is P!, Since an effective class y +mA decomposes in at most finitely many ways in a
sum of effective classes, the claim is proven. |

1.3.2 Irreducible components Let f: C — Hilb? (S) be a map and consider the
fiber diagram

6=f*Zd—>Zd

b,

c —L 5 Hibd(s)

where p: Z; — Hilb?(S) is the universal family.
Definition 8 The map f is irreducible if f*Z; is irreducible.

Let d > 1 andlet f: C — Hilb?(S) be a map from a connected nonsingular projective
curve C . Consider the (reduced) irreducible components

Gl,...,Gr

of the curve C = f*Z,, and let
¢=Jp@GinGHcc
i#j
be the image of their intersection points under p. Every connected component D of
C \ p~1(¢) is an irreducible curve and flat over C \ . Since C is a nonsingular curve,
also the closure D is flat over C, and by the universal property of Hilbd/(S ) yields an

associated irreducible map
C — Hilb?'(S)

for some d’ < d. Let ¢1, ..., ¢, be the irreducible maps associated to all connected
components of C \ p~1(£). We say f decomposes into the irreducible components

¢1, e ey ¢r .

Conversely, let ¢;: C — Hilb% (S),i = 1,...,n be irreducible maps such that
e Y.di=d,and
o ¢FZ4 N qu’."Zd_/. is of dimension O for all i # j.
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Let U be the open subset defined in (20). The map
(P1.....¢n): C — Hilb? (S) x - x Hilb% (S)

meets the complement of U in a finite number of points xi,...,x, € C. By smooth-
ness of C, the composition

0o (P1.. . Pn): C\{x1.... . xm} — Hilb?(S)
extends uniquely to a map f: C — Hilb?(S).

A direct verification shows that the two operations above are inverse to each other. We
write

f=bi+ o+
for the decomposition of f into the irreducible components ¢q, ..., ¢r.
Let B8, B; € Hx(S), yj,y]’.,yi,j, yl.’j € H{(S) and k, k; € Z be such that

fe[C1=C(B)+ ) Clyj.v}) + kA € Hy(Hilb? (5)),
J

$i<[C1=C(B)+Y_ C(ij.v} ;) +kiA € Hy(Hilb% (S)).
J

Lemma 9 We have

Y Bi=B e H(S: ),
i
Y i Avi; =D v Ay e NH((S).
i,j J
Proof This follows directly from [32, Theorem 9.10]. O

2 The Yau-Zaslow formula in higher dimensions

2.1 Overview

In the remainder of Section 2 we give a proof of Theorem 1. The proof proceeds in the
following steps.

In Section 2.2 we use the deformation theory of K3 surfaces to reduce Theorem 1 to
an evaluation on a specific elliptic K3 surface S. Here, we also analyze rational curves
on Hilb?(S) and prove a few lemmas. This discussion will be used also later on.
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In Section 2.3, we study the structure of the moduli space of stable maps which are
incident to the Lagrangians L;, and L.,. The main result is a splitting statement
(Proposition 16), which reduces the computation of Gromov—Witten invariants to
integrals associated to fixed elliptic fibers.

In Section 2.4, we evaluate these remaining integrals using the geometry of the Kummer

K3 surfaces, the Yau—Zaslow formula and a theta function associated to the D4 lattice.

2.2 The Bryan-Leung K3

2.2.1 Definition Let 7: S — P! be an elliptic K3 surface with a unique section
s: P! — S and 24 rational nodal fibers. We call S a Bryan—Leung K3 surface.

Let xq,...,x24 € P! be the basepoints of the nodal fibers of , let By be the image
of the section s, and let
F,CS

denote the fiber of 7 over a point x € P!,
The Picard group
Pic(S) = HV'(S:2) = H*(S;Z)n H1(S; C)

is of rank 2 and generated by the section class B and the fiber class F'. We have the
intersection numbers

Hence for all & > 0 the class

(25) Bn=B+hF € Hy(S;Z)

is a primitive and effective curve class of square ,Bi =2h-2.

The projection 7 and the section s induce maps of Hilbert schemes
7l Hilb? (S) — Hilb? (P = P2, sl4l: P4 — Hilb9 (S)

such that 7[41ogld] = idpa . The map 511 is an isomorphism from Hilb4 (P!) to the
locus of subschemes of S which are contained in By . This gives natural identifications

P? = Hilb? (P1) = Hilb% (By)

that we will use sometimes. In unambiguous cases we also write 7 and s for wldl
and s[9], respectively.
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2.2.2 Main statement revisited For d > 1 and cohomology classes y1,...,Ym €
H*(Hilb4 (S); Q), define the quantum bracket

ib? Hilb? (S
(Vl,---,)/m)Hlb (S) Z Zyk h=1 yl”ym>ﬂ;l+k(A)’
h>0keZ

where the bracket on the right-hand side was defined in (4).

Theorem 10 Forall d > 1,

: F(z, 2d—2
a1 ()15 = HETE

where ¢ = e?™'T and y = —e?"'7,

We begin the proof of Theorem 10 in Section 2.3.

Let 7: S” — P! be any elliptic K3 surface, and let F’ be the class of a fiber of /. A
fiber of the induced Lagrangian fibration

7M1 Hilbd (8") — P?

has class p_1(F’")%1g. Hence Theorem 1 implies Theorem 10. The following lemma
shows that conversely Theorem 10 also implies Theorem 1, and hence the claims in
both theorems are equivalent.

Lemma 11 Let S be the fixed Bryan—-Leung K3 surface defined in Section 2.2.1, and
let B, = B + hF be the curve class (25).

Let S" be a K3 surface with a primitive curve class B of square 2h — 2, and let
y € H*(S',Z) be any class with B-y =1 and y?> = 0. Then

i S’ i S
(-1 15 po1 D sy e = (o1 (F) L. p—t (Y1) ).

Proof of Lemma 11 We will construct an algebraic deformation from S’ to the fixed
K3 surface S such that 8 deforms to 8 through classes of Hodge type (1, 1), and y
deforms to F'. By the deformation invariance of reduced Gromov—Witten invariants,
the claim of Lemma 11 follows.

Let Eg(—1) be the negative Eg lattice, let U be the hyperbolic lattice and consider
the K3 lattice
A=Es(-1)®2U®.
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Let e, f be a hyperbolic basis for one of the U summands of A and let
o A => H*(S:2)

be a fixed marking with ¢(e) = B + F and ¢(f) = F. We let
bp=e+h-1)f

denote the class corresponding to 8, = B + hF under ¢.

The orthogonal group of A is transitive on primitive vectors of the same square; see
[14, Lemma 7.8] for references. Hence there exists a marking

¢': A= H*(S';Z)

such that ¢/(b;,) = B. Let g = ¢/~ 1(y) € A be the vector that corresponds to the
class y under ¢’. The span
AO = (g’ bh) CA

defines a hyperbolic sublattice of A which, by unimodularity, yields the direct sum
decomposition
A=Ao®Af.

Because the irreducible unimodular factors of a unimodular lattice are unique up to
order, we find
Ay = Es(-1)®2aU®2,

Hence there exists a lattice isomorphism o: A — A with o(by) = by, and 6(g) = f.
Replacing ¢’ by ¢’ oo, we may therefore assume ¢'(by) = B and ¢'(f) = .

Since the period domain 2 associated to by, is connected, there exists a curve inside €2
connecting the period point of S’ to the period point of S. Restricting the universal
family over €2 to this curve, we obtain a deformation with the desired properties. 0O

2.2.3 Rational curves in Hilb? (S) Let 4 > 0 and let k be an integer. We consider
rational curves on Hilb?(S) in the classes B, + kA and hF + kA.

Vertical maps Let u1,...,ugz € P! be points such that

e u; is not the basepoint of a nodal fiber of 7: § — P! forall i,

e the points uq,...,uy are pairwise distinct.
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Then the fiber of 714! over uy +---4uy € Hilb? (P!) is isomorphic to the product of
smooth elliptic curves
Fy x---xF

Ug-
The subset of points in Hilb? (P') whose preimage under 7141 is not of this form is
the divisor

(26) W =1I(x1) U+ UI(x24) UApypapr, C Hilb? (P,

where x1,...,X24 are the basepoints of the nodal fibers of 7, I(x;) is the incidence
subscheme and Apjpd (p1y is the diagonal; see Section 1.2.2. Since a fiber of wld]
over a point z € P is nonsingular if and only if z ¢ W, we call W the discriminant
of wldl.

Consider a stable map f: C — Hilb?(S) of genus 0 and class hF + kA. Since the
composition

7o f: C - Hilb? (P')
is mapped to a point, and since nonsingular elliptic curves do not admit nonconstant

rational maps, we have the following lemma.

Lemma 12 Let f: C — Hilb%(S) be a nonconstant genus-0 stable map in class
hF +kA. Then the image of 7%l o f lies in the discriminant W .

Nonvertical maps Let /: C — Hilb? (S) be a stable genus-0 map in class fx[C] =
Br + kA. The composition
xldlo f:C— P4

has degree 1 with image a line
LcP?,

Let Cy be the unique irreducible component of C on which 7 o f is nonconstant. We
call Co C C the distinguished component of C .

Since Co = P!, we have a decomposition

fleo=do+--+¢r

of flc, into irreducible maps ¢;: Co — Hilb% (S) where d; are positive integers such
that d = do + --- + dr; see Section 1.3.2. By Lemma 9, exactly one of the maps
rldilo ¢; is nonconstant; we assume this map is ¢ .
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Lemma 13 Let W be the discriminant of w141, If L Z W, then
(i) di=1forallie{l,...,r},
(i) ¢;: Co — S isconstant foralli € {1,...,r},

(iii) ¢o: Co — Hilb%(S) is an isomorphism onto a line in Hilb% (By).

Proof Assume L € W.
() If d; > 2, then rl4i] o¢; maps Co into A, 1) Hence
7l f= Zn[di] o d;
i
maps Co into Aypapry CW. Since L =m0 f(Co), we find L C W, which is a
contradiction.

(i) If ¢;: Co — S is nonconstant, then m o ¢; maps Cy to a basepoint of a nodal
fiber of w: S — P!. By an argument identical to (i) this implies L C W, which is a
contradiction. Hence ¢; is constant.

(iii) The universal family of curves on the elliptic K3 surface 7: S — P! in class
Br = B+ hF is the h—dimensional linear system

|Bn| = Hilb"(P1) = P".
Explicitly, an element z € Hilb" (P1) corresponds to the comb curve
(27) Bo+7n7l(z)cC S,
where 771(z) denotes the fiber of 7 over the subscheme z C P!.4

Let Z; — Hilb? (S) be the universal family and consider the fiber diagram

Co—L 52z, %2 45

b

Co —L— Hilb?(S)

By Lemma 5, the map f/ =go ]7: Co — S is a curve in the linear system |B/| for
some i’ < h. Its image is therefore a comb of the form (27).

4 To see this, let C be a curve in class fj,. Since Pic(S) is discrete, the restriction of C to a
general fiber of 7 is linear equivalent to the restriction of the zero section Bg. This forces Bg C C so
C = By + 77! (2) for some z C PL.
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Let Go be the irreducible component of Co such that 7 o f'lG, is nonconstant. The
restriction

(28) PlGo: Go = Co

is flat. Since o f”: Co — P! has degree 1, the curve Co has multiplicity 1 at Gy,
and the map to the Hilbert scheme of S associated to (28) is equal to ¢y .

Since Gy is reduced and f”'|g,: Go — S maps to By, the map ¢o maps with degree 1

to Hilb% (By). The proof of (iii) is complete. o

The normal bundle of a line Let s/4]: Hilb? (P!) < Hilb?(S) be the section, and
consider the normal bundle

d
N =s! ]*THiIbd(S)/THiIbd(IF’l)‘

Lemma 14 For every line L C Hilb? (P1),
TH”bd(S)|L = THiIbd(]P’l)|L @ N|L

with N | = TI-\I/iIbd(]P’l)|L = 0L(-2) ® O (—1)®@-D

Proof Because the embedding st Hilp4 (P1) — Hilb? (S) has the right inverse rldl,
the restriction

THiIbd(S)|HiIbd(]P’1)
splits as a direct sum of the tangent and normal bundle of Hilb? (Bo).

The vanishing H O(Pd, Q%, 2) = 0 implies that the holomorphic symplectic form
on Hilb? (S) restricts to 0 on Hilb? (P1) and hence, by nondegeneracy, induces an
isomorphism

Thipe @1y = NY.
Since Tyypa p1yle = O (1)®@=1D g 0} (2), the proof is complete. O
2.3 Analysis of the moduli space

2.3.1 Overview Let S be the fixed elliptic Bryan—Leung K3 surface, let z1,z5 €
Hilb? (P!) be generic points, and for i € {1,2} let

Z; = 714171 (z;) c Hilb4 ()
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be the fiber of 7[?] over z; . The subscheme Z; has class [Zi] = p_l(F)d lg. Let
ev: Moo (Hilb?(S), By + kA) — Hilb? (S) x Hilb? (S)

be the evaluation map from the moduli space of genus-0 stable maps in class 8 =
B + hF, and define the moduli space

Mz =Mz(h,k)=ev 1 (Z| x Z5)
parametrizing maps which are incident to Z; and Z,.

In Section 2.3, we begin the proof of Theorem 10 by studying the moduli space Mz
and its virtual class. First, we prove that Mz is naturally isomorphic to a product of
moduli spaces associated to specific fibers of the elliptic fibration 7: § — P!. Second,
we show that the virtual class splits as a product of virtual classes on each factor. Both
results are summarized in Proposition 16. As a consequence, Theorem 10 is reduced to
the evaluation of a series FSV(y,q) encoding integrals associated to specific fibers
of .

2.3.2 The set-theoretic product Consider a stable map
[f: C — Hilb?(S), p1, p2] € Mz
with markings p1, p» € C. By definition of Mz, we have
A (f(p) =21, 7 f(p2) = 2.
Hence, the image of C under rldlo f is the unique line
LcPp

incident to the points zy, z; € P9 . Because Z1,2p € P9 are generic, also L is generic.
In particular, since z; Nz, = &, we have

(29) L& I(x) forall x P!

Let Cg be the distinguished irreducible component of C on which 7o f is nonconstant.
By (29), the restriction f'|c, is irreducible, and by Lemma 13(iii), the map f'|c, is an
isomorphism onto the embedded line

L C Hilb? (P1) & Hilbd (S).

We will identify Cop with L via this isomorphism.
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Let x1,...,x24 € P! be the basepoints of the nodal fibers of 7, and let
YiseoorY2d— € P!
be the points such that 2y; C z for some z € L. For x € P!, let
% =1I(x)NLeHib? P
denote the unique point on L which is incident to x. Then the points
(30) X12:0e2 X24, V102 Y2d—2

are the intersection points of L with the discriminant of 7141 defined in (26). Hence, by
Lemma 12, components of C can be attached to Cy only at the points (30). Consider
the decomposition

31) C=CoUAiU--UArqgUBiU---UByy_»,

where A; and B; are the components of C attached to the points X; and y; respectively.
We consider the restriction of f to A; and B; respectively.

A;i: Let X; = x; +wy +--- 4+ wg_; for some points wy € P1. By genericity of L,
the wy are basepoints of smooth elliptic fibers. Hence, f|4, decomposes as

(32) fla, = +wi+--+wg_q,

where wy € P! C S for all £ denote constant maps, and ¢: A; — Fy, is amap
to the i™ nodal fiber which sends X; to the point s(x;) € S.

Bj: Let y; = 2y; + w1 + -+ + wy_, for some points wy € P!. Then f1B;
decomposes as

(33) flB, =¢+wi+-+wg_,
where ¢: B; — Hilb2(S) maps to the fiber (7x[2)~1(2y) and sends the point
yi € L=Cyp to s(2y;).

Since L is independent of f, we conclude that the moduli space Mz is set-theoretically
a product® of moduli spaces of maps of the form f |4, and f|p . The next step is to
prove the splitting is scheme-theoretic.

SThat is, the set of C—valued points of Mz is a product.
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2.3.3 Deformation theory Let [f: C — Hilb?(S), p1, p2] € Mz be a point and let

c— 1 Hilb? (S)

il

Spec(C[€]/€?)

be a first-order deformation of f inside Mz . In particular, p is a flat map, py, p, are
sections of p, and f restricts to f at the closed point.

Consider the decomposition (31) and let X; for i = 1,...,24 and y; for j =
1,...,2d —2 be the node points A; N Cy and B; N Cy, respectively.

Lemma 15 The deformation (34) does not resolve the nodal points X1, ..., X24 and
yl""’yZd—Z'

Proof Assume fA smooths the node X; for some i. Let Z; — Hilb? (S) be the
universal family and consider the pullback diagram

f*zZ;=C > Zg > S

|,

c —L Hibd(s)

Let E be the connected component of f |ji Z;, which defines the nonconstant map ¢
in the decomposition (32), and let Gg = f |20 Z4 . Then the projection C — C is étale
at the intersection point ¢ = Go N E.

The deformation f : C — Hilb? (S) induces the deformation
K = f*2; — Spec(C[e]/€?)

of the curve C. Since C smooths X; and C — C is étale near q, the deformation K
resolves ¢g. Then the natural map K — S defines a deformation of the curve C—>S
which resolves ¢. Since C — S has class Br, such a deformation can not exist by the
geometry of the linear system |f|. Hence, f does not smooth the node ;.

Assume f smooths the node y; for some j. We follow closely the argument of Graber
in [13, page 19]. Let F),; be the fiber of 7: § — P! over yj,let

D(Fy,;) = {£ e Hib?(S) | §N Fy, # 0}
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be the divisor of subschemes with nonzero intersection with F), T and consider the
divisor

D= AHi|bd(S) + D(Fy,).
Let Cy be the irreducible component of C that attaches to Co at ¢ = y;, and let C>
be the union of all irreducible components of B; except C1. The curves C and C

intersect in a finite number of nodes {¢;}. The deformation f resolves the node ¢ and
may also resolve some of the ¢; .

The first-order neighborhood C, of C; in the total space of the deformation C can
be identified with the first-order neighborhood of P! in the total space of the bundle
O(—{), where £ > 1 is the number of nodes on C; which are smoothed by f. Let

' Cy — Hilb(S)
be the induced map on C1. We consider the case where f'lc, is a degree k > 1 map
to the exceptional curve at y;. The general case is similar.

Let N be the pullback of O(D) by f': C; — Hilb%(S), and let s € HO(C, N) be the
pullback of the section of O(D) defined by D. The bundle N restricts to O(—2k)
on Cp. By [13, page 20], giving N and s is equivalent to giving an element of the
vector space

Homoc, (O(=0), fl¢, O(D)).

which has dimension £ —2k +1 </{—1.

The neighborhood C 1 intersects Cg in a double point. Since Cy intersects the divisor D
transversely, s is nonzero on Ci. Let q1,---,q¢—1 be the other nodes on C; which get
resolved by f . Since C; C D, the section s vanishes at ¢y, ...,q¢—;. For dimension
reasons, we find s = 0. This contradicts the nonvanishing of s. Hence f does not
smooth the node y; . O

By Lemma 15, any first-order (and hence any infinitesimal) deformation of
[f: C — Hilb(S), p1, p2l € Mz
inside M preserves the decomposition
C=CoU; A; U; Bj
and therefore induces a deformation of the restriction

(35) fley: Co=> L CHilb4(S).
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By Lemma 14, every deformation of L C Hilb? (S) moves the line L in the projective
space Hilb? (Bo). Since any deformations of f inside Mz must stay incident to
Z1.Z» C Hilb? (S), we conclude that such deformations induce the constant deforma-
tion of (35). The image line f(Cp) stays completely fixed.

2.3.4 The product decomposition For /2 > 0 and for x € P! a basepoint of a nodal
fiber of w: S — P!, let

M® ()

be the moduli space of 1-marked genus-0 stable maps to S in class 2F which map
the marked point to s(x). Hence, M )EN) (h) parametrizes degree h covers of the nodal
fiber Fy. By convention, M ,SN) (0) is taken to be a point.

For h >0, k € Z and for y € P! a basepoint of a smooth fiber of 7, let
(36) M (h, k)

be the moduli space of 1-marked genus-0 stable maps to Hilb?(S) in class hF + kA
which map the marked point to s2/(2y). By convention, M)EF) (0,0) is taken to be a
point.

Let T be a connected scheme and consider a family

c —E Hib?(S)

(37) l

T

of stable maps in Mz . By Lemma 15, the curve C admits a decomposition
C=CoUAU---UApaUB1U---UBy _»,

where Cy is the distinguished component of C and the components 4; and B; are
attached to Cy at the points X; and y;, respectively.

The restriction of the family (37) to the components A; (resp. B;) defines a family
in the moduli space M)g\n (hyx;) (resp. M)Sf) (hy;,ky;)) for some hy, (resp. hy;, ky,).
Since, by Section 1.3, the line f(Co) = L has class

[L]=B—(d—1)A € Hy(Hilb%(S), Z),
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and by the additivity of cohomology classes under decomposing (Lemma 9), we must
have 3 hx, + 3, hy, =h and }_; ky, =k +(d —1). Let
2d-2

I M}f’(hy,.,ky,))
j=1

be the induced map on moduli spaces, where the disjoint union runs over all

24
(38) U Mz — |_|(]_[ M (hy,) x
h.k

i=1

h = (hx1 s e ’hxz4’ hyl ye e ’hy2d72) c (NZO){X[,)’j}’

(39)
k= (ky,....ky,, ,) €22

such that

(40) Y hy+Y hy,=h and Y ky, =k+(d-1).
i J J

Since L C Hilb? (S) is fixed under deformations, we can glue elements of the right-hand
side of (38) to Cp and obtain a map in Mz. By a direct verification, the induced
morphism on moduli spaces is the inverse to W. Hence, W is an isomorphism.

2.3.5 The virtual class Let Z;, Z, be the Lagrangian fibers of 714l defined in
Section 2.3.1, and let Z = Z; x Z,. We consider the fiber square

MZ;>M

1) lp l

Z —L 5 (Hilb4(S))?

where M = Mo,z(HiIbd (S),Bn + kA). The map i is the inclusion of a smooth
subscheme of codimension 2d . Hence, the restricted virtual class

(42) [MZ]Vir — i![M]red
is of dimension 0. By the push-pull formula we have

— d d 1 \Hilb?(S)
@3) [, 1= P s b s D

Let W be the splitting morphism (38). We will show that W, [Mz]"'" splits naturally
as a product of virtual cycles.
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Let Ly denote the cotangent complex on a space X . Let E® — Ly be the reduced
perfect obstruction theory on M, and let F* be the cone of the map

induced by the diagram (41). The cone F* maps to L, and defines a perfect
obstruction theory on Mz. By [2, Proposition 5.10], the associated virtual class
is [Mz]'Ir.

Let [f: C — Hilb%(S), p1. p2] € Mz be a point. For simplicity, we consider all
complexes on the level of tangent spaces at the moduli point [ f]. Let E, and F,
denote the derived duals of E* and F'*, respectively.

We recall the construction of E,; see [29; 41]. Consider the semiregularity map
(44) b: RT(C, f*TH”bd(S)) — V[-1],

where V = HO(Hilb? (S), Q2 (s))" > and recall the ordinary (nonreduced) perfect
obstruction theory of M at the point [ f],

E}" = Cone(RT(C, Tc(=p1 — p2)) = RT(C, [* Tyypa(sy))s

where Tc =1L/, is the tangent complex on C. Then, by the vanishing of the composi-
tion

(45) RT(C. T (~pi — p2) = RU(C. [ * Ty cs)) > VI-11.
the map (44) induces a morphism b: EY' — V[-1] with cocone E,.
By a diagram chase, F, is the cocone of

(b,dev): EX" - V[-1]® Nz (2.2,

where z1 and z, are the basepoints of the Lagrangian fibers Z; and Z,, respectively,
Nz (z,,z,) 18 the normal bundle of Z in Hilb? (S)2 at (z1,z2), and d ev is the differen-
tial of the evaluation map. Since taking the cone and cocone commutes, the complex F,
is therefore the cone of

(46) y: RO(C, Tc(—=p1—p2)) = K,
where

47 K= Cocone[(b, dev). RT'(C, f*TH”bd(S)) - V[-1]® Nz,(zl@)].
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Consider the decomposition
(48) C=CoUA1U---UAqUB1U---UBy _»,

where the components A; and B; are attached to Cy at the points X; and y;, respec-
tively. Tensoring RT'(C, T¢c(—p1 — p2)) and K against the partial renormalization
sequence associated to decomposition (48), we will show that the dependence on L
cancels in the cone of (46).

The map (b, dev) fits into the diagram
RT(C, f* Ty (sy) —— RT(L. f*Tyypa(sy)
(49) l(b,d ev) lv=(b,d ev)
(0,id)
V[_l] @ NZ,(Z],ZZ) - V[_l] @ NZ,(ZlaZZ)

where u is the restriction map and o is the induced map.® By Lemma 14, the cocone
of v is R['(Tr(—p1— p2)).
The partial normalization sequence of C with respect to X; and y; is
(50) 0>0c—>0L® P O0p— P Ocs—0.

De{4;,B;} se{X;,y;}
Tensoring (50) with f *TH”bd( s)> applying RT'(-) and factoring with (49), we obtain
the exact triangle

(51) K= RT(L.TL(=p1 = p2) & D RT(D. fip Tyipa s))
D
- @ Thind (s),s — K{1].
N

For each node ¢ € C, let N; (resp. T) be the tensor product (resp. the direct sum) of
the tangent spaces to the branches of C at ¢. Tensoring (50) with T¢ (—p; — p2) and
applying RI'(-), we obtain the exact triangle

(52) RTTc(—p1—p2) = RU(TL(—p1— p2) & D RT(Tp) & P Ni[-1]
D t
— @ Ty —---.
t

By the vanishing of (45) (applied to C = L), the sequence (52) maps naturally to (51).
Consider the restriction of this map to the summand RI"(Tz (—p1— p2)) which appears

SHere o is the inverse to the natural isomorphism in the other direction induced by the sequence of
surjections H!(C,Qc¢c)— P H(C;, Q¢;) — HY(C,wc) = 0.
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in the second term of (52):

¢: RT(TL(=p1 — p2)) = RT(L. TL(—p1— p2)) ® @D RT(D. £ Ty (s))-
D

Then the composition of ¢ with the projection to RT'(L, Tz (—p1— p2)) is the identity.
Hence, F, = Cone(y) admits the exact sequence

(53) Fo>@6p L @ Hp — FlLl,
D D

where D runs over all A; and Bj, and

Gp = Cone[RF(TD) @ @ Ni[-1] - RI'(D, f|BTHi|bd(S))]’
t

Hp = Cone[@ T — @ THiIbd(S),l]'
t t

Here t =t(D) = D N Cy is the attachment point of the component D .
The map v in (53) maps the factor Gp to Hp forall D. For D = A; consider the

decomposition
flay=¢+wi+---+wg—1.

The trivial factors which arise in Gp and Hp from the tangent space of Hilb? (S) at the
points wy, ..., w _1 cancel each otherin Cone(Gp — Hp). Hence Cone(Gp — Hp)
only depends on ¢: C — S, and therefore only on the image of [f] in the factor
M )SV) (hx;), where M )g\]) (hx;) is the moduli space defined in Section 2.3.4. The case
D = Bj is similar.

Hence, F, splits into a sum of complexes pulled back from each factor of the product
splitting (38). Since F, is a perfect obstruction theory on M, the complexes on each
factor are perfect obstruction theories. Let

MO ()™ and - [MD (hy,; ky )]
be their virtual classes, respectively. We have proved the following.

Proposition 16 Let W be the splitting morphism (38). Then W is an isomorphism and

we have
. 24 . 2d—2 )
W [Mz]'" = Z(H[M)g\l)(hxi)]vnr « 1_[ [M)g-:)(hy_/ i kyj)]V]r),
hk “i=1 j=1

where the sum is over the set (39) satistying (40).
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2.3.6 The series F WY We consider the left-hand side of Theorem 10. By (43), we
have

(h—1(F)¥ 15, p_1 (F)? 15)H1S) = 3™ 3™ ykgh= 1/ .

h>0k€Z 1\4Z(hak)]\/ir

By Proposition 16, this equals

2d—2

k h—1
" () (T, )
I;) (gk:) [ljll (N)(hxi)]vu 1_[ (F)(hy/ ,ky )]vnr
keZ Yihx;+3 hy;=h

Y, ky, =k+(d—1)

24
_ ,—(d-1 -1 hy,;
y q q i / 1)
(H Z M) ()]

l=1h3€,‘20
2d—2
ky. hy.
X( H Z Y /M(F)h k virl)
J=1 hy;>0 [My; Chy; ey )l
ky] €Z
2d—2
h—L h k—
(1_[ Z - /M‘N’<h)]wr ) ( n Zq /M‘F’(h k)]vifl)'
i=1h>0 i=1 h>0 Y\
kez

The integrals in the first factor were calculated by Bryan and Leung in their proof of
the Yau—Zaslow conjecture [3]. The result is

).,

h>0

_l_[l_

m=>0

<N) (h)]vir

By deformation invariance, the integrals

1
/[M;_? (h k)]

only depend on & and k. Define the generating series

(55) F™(y,9) = q"y f L.
Z Z M(.l? (h,k)]vir

h>0keZ

By our convention on MJSF) (0,0), the y~1/24%coefficient of FSV is 1.
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Let A(g) =¢q Hmzl(l —¢™)?* be the modular discriminant A(t) considered as a
formal expansion in the variable ¢ = ¢?™*. We conclude that

(p_1(F)1g,p_1(F)%15)HS) — 2 24/
! Alg)
Theorem 10 now follows directly from Theorem 17 below.

2.4 Evaluation of F°¢YV and the Kummer K3

Let F be the theta function which already appeared in Section 0.3,

m _ w1 m
F(z,r)=ﬁ1(z’f)=(y1/2+y—1/z) I (1+yg™A—-y~'q™)

3 _ 2 b
(%) 1 (1—g™)
where g = €277 and y = —e?7!Z,
Theorem 17 Under the variable change g = e>™'% and y = —e?™!%,

F™(y.q)=F(z,7).

In Section 2.4 we present a proof of Theorem 17 using the Kummer K3 surface and the
Yau—Zaslow formula. An independent proof is given in Section 4 through the geometry
of Hilb?>(P! x E), where E is an elliptic curve.

The Yau-Zaslow formula was used in the geometry of Kummer K3 surfaces before by
S Rose [40] to obtain virtual counts of hyperelliptic curves on abelian surfaces. While
the geometry used in [40] is similar to our setting, the closed formula of Theorem 17
in terms of the Jacobi theta function F is new. For example, Theorem 17 yields a new,
closed formula for hyperelliptic curve counts on an abelian surface; see [4].

2.4.1 The Kummer K3 Let A be an abelian surface. The Kummer of A is the
blowup

(56) p: Km(A) - A/ £1

of A/+1 along its 16 singular points. It is a smooth projective K3 surface. Alternatively,
consider the composition

st Hilb?(A) — Sym?(A) — A

Geometry € Topology, Volume 22 (2018)



360 Georg Oberdieck

of the Hilbert—-Chow morphism with the addition map. Then Km(A) is the fiber of s
over the identity element Oa € A:

(57) Km(A) = s~ 1(04).
Let E and E’ be generic elliptic curves and let
A=ExE'.

Let f1,...,%4 and ti, e, t[‘ denote the 2—torsion points of £ and E’, respectively.
The exceptional curves of Km(A) are the divisors

Ay =p " ((t.1))) forij=1,...4.
The projection of A to the factor E induces the elliptic fibration
p:Km(A) >A/+1—E/+1=PL

Hence, Km(A) is an elliptically fibered K3 surface. Similarly, we let p’: Km(A) — P!
denote the fibration induced by the projection A — E’. Since E and E’ are generic,
the fibration p has exactly four sections

S1yee.,84: P! — Km(A)

corresponding to the torsion points 71,...,t; of E’. We write B; C Km(A) for the
image of s;, and we let F, denote the fiber of p over x € P!,

Let y1,...,ys € P! be the image of the 2—torsion points f1, ..., € E under E —
E/+1="P!. The restriction

p: Km(A)\{Fy,,..., Fy,} > P\ {y1,..., v}

is an isotrivial fibration with fiber E’. For i € {1,...,4}, the fiber F), of p over the
points y; is singular with divisor class

Fy, =2T; + Aj1 + -+ + Aia,

where T; denotes the image of the section of p’: Km(A) — P! corresponding to the
2-torsion points ¢; . We summarize the notation in Figure 1.

Let F and F’ be the classes of fibers of p and p’, respectively. We have the intersec-
tions

F?=0, F-F'=2, F?*=0
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E'/+1
A A
B, 11 21
Aq2
B> %
—
B3
By
T, T, T, T,
ir
Pl=—E/+1

V1 Y2 V3 Ya

Figure 1: The Kummer K3 of A = E x E’

and
FeAij=F A =0, Aj A =—28;8;; forall i,j k. te{l,... 4.
By the relations
F =2T; + Aj1 + Aj2 + Aj3 + Ais,
©8) F'=2B; + A1 + Az + A3i + Ay

for i € {1,...,4}, this determines the intersection numbers of all the divisors above.

2.4.2 Rational curves and F¢W Let 8 e Hy(Km(A), Z) be an effective curve class

and let
Ki
(1)0$(A)=f 1
[Mo(Km(A),B)]red

denote the genus-0 Gromov—Witten invariants of Km(A). For an integer n > 0 and a
tuple k = (k;;);,j=1,....4 of half-integers k;; € %Z, define the class

4
Buj =LF +1inF + Z kijAij € Hy(Km(A), Q).
ij=1

We write B, x > 0 if B, x is effective.
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Proposition 18 We have

Km(A R
Y Gy = 4 FY ()",
k
ﬂn’,lk>0

4x4 . .
where the sum runs over alln > 0 and k = (k;;);,; € (%Z) ** for which B,k 1s an
effective curve class.

Proof Let f: C — Km(A) be a genus-0 stable map in class B, . By genericity of E
and E’, the fibration p has only the sections Bji,..., B4. Since po f has degree 1,
the image divisor of f is then of the form

Im(f) = B¢+ D’

for some 1 < ¢ <4 and a divisor D’, which is contracted by p. Since the fibration p
has fibers isomorphic to E’ away from the points yp,..., y4 € P!, the divisor D’ is
supported on the singular fibers F),. . Hence, there exist nonnegative integers
a; fori=1,...,4 and bjj fori,j=1,...,4
such that
4 4
Im(f) = By +ZaiTi + Z bijAjj.
i=1 i,j=1
Let Cp be the component of C which gets mapped by f isomorphically to By, and
let D; be the component of C that maps into the fiber Fy,. Then

59) C=CoUDjU---U Dy,

with pairwise disjoint D;. Under f the intersection points Co N D; get mapped to
s¢(yj), where sg: P! — Km(A) denotes the ™ section of p.

By arguments similar to the proof of Lemma 15 or by the geometry of the linear system
|Bn k|, the nodal points Co N D; do not smooth under infinitesimal deformations of f .
The decomposition (59) is therefore preserved under infinitesimal deformations. This
implies that the moduli space Mo(Km(A), Bn,k) admits the decomposition

4 4
©0)  MoKm(A), Bui)= || || TTML . (ks +3850),).

=1 n=ni1+-+ng i=1
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where M)Ef) (ni, (kjj);) is the moduli space of stable 1—-pointed genus-0 maps to Km(A)
in class

and with marked point mapped to s¢(y;). The term %8 /¢ appears in (60) since
= 3(F' — Ay — Ay — Asg — Agy).

For n; >0 and k; € Z/2, let

(61) MOPmi k)= ||  MPmi kip)))
kilyeees kia€Z/2
ki=ki1+-+kia

be the moduli space parametrizing stable 1-pointed genus-0 maps to Km(A) in class
%niF + Zj kijA;j for some k;; with Zj ki;j = k; and such that the marked points
map to st(y;).

Let n > 0 and k € Z/2 be fixed. Taking the union of (60) over all k such that
k= Zi’ j k;;, interchanging sum and product and reindexing, we get

4 4
(62) LI Mokma).pur=[] [ [IMP0uk)
kY i kij=k (=1 n=ni+-+ng i=1
) k+2=k;+-+kyq

Arguments essentially identical to those in Section 2.3.5 imply that the moduli space
M}f) (ni, k;) carries a natural virtual class

(63) (MO (ni, k)]
of dimension 0 such that the splitting (62) holds also for virtual classes:

(64) | | [(Mo(Km(A), B )] = |_| | | H[M‘“(nl,kn”

k> i kij=k (=1 n=ni;+-+ng i=1
s k+2=ky+-+k4

Consider the Bryan-Leung K3 surface wg: S — P!. Let’
L C Hilb?(B)

7We may restrict here to the Hilbert scheme of two points, since the evaluation of FEW is independent
of the number of points.
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be a fixed generic line and let y € P! be a point with 2y € L. Let
(F) (n k)

be the moduli space parametrizing 1-marked genus-0 stable maps to HilbZ(S) in class
nF + kA, which map the marked point to s[?1(2y); see (36). The subscript S is added
to avoid confusion. By Section 2.3.5, the moduli space Mg ) (n k) carries a natural
virtual class.

Lemma 19 We have

/[My“?’m,k)]vir /[Mgf)y(n,knvir

1

(65) 1.

The lemma is proven below. We finish the proof of Proposition 18. By the decomposi-
tion (64),

3D Mo ETUES 3 oD DI | UTURY B

n>0 k n>0{=1 n=n1+-+nqa i=1
Bn.k>0 k€eZ  k42=ki+-+kq

An application of Lemma 19 then yields

ni vki—35 —4. GW 4
ST [ 1) =0

{=1i=1 *n;>0
keZ

This completes the proof of Proposition 18. |
Proof of Lemma 19 Let F), = nEl(y) denote the fiber of g over y € P!. Consider
the deformation of S to the normal cone of F),

S =Blp,xo(S xAl) > Al

and let S° C S be the complement of the proper transform of S x 0. The relative
Hilbert scheme

(66) Hilb?(S°/Al) — Al
parametrizes length-2 subschemes on the fibers of S° — A!. Let

pi M — Al
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be the moduli space of I—pointed genus-0 stable maps to Hilb?>(S°/Al) in class
nF + kA, with the marked point mapping to the proper transform of s21(2y) x A1,
The fiber of p over ¢t #0 is

pH0) = M) (n k).

The fiber over ¢ = 0 parametrizes maps to Hilb?(C x Fy). Since the domain curve has
genus 0, these map to a fixed fiber of the natural map

Hilb2(C x Fy) =5 Sym2(C x Fy) —— F,.

We find that p~1(0) parametrizes 1-pointed genus-0 stable maps into a singular Dy4
fiber of a trivial elliptic fibration, with given conditions on the class and the marking.
Comparing with the construction of Km(A) via (57) and the definition of My(le) (ni. ki),
one finds

p7HO) = M (ni k).

The moduli space M carries the perfect obstruction theory obtained by the construction
of Section 2.3 in the relative context. On the fibers over £ 0 and ¢t =0, the perfect ob-
struction theory of M’ restricts to the perfect obstruction theories of M (n k) and
MJSZZ) (n;, ki), respectively. Hence, the associated virtual class [M’]"I" restrlcts on the
fibers to the previously defined virtual classes:

[M ]v1r [M(F)( ’k)]vir for t 75 0,
O'[M'T™ = [MyD (ki)™
Since M’ — A! is proper, Lemma 19 follows now from the principle of conservation

of numbers; see [11, Section 10.2]. O

2.4.3 Effective classes By Proposition 18, the evaluation of FSW(y, ¢) is reduced
to the evaluation of the series

(67) o (g gy ki,
n,k
Bn k>0

Since Km(A) is a K3 surface, the Yau—Zaslow formula (1) applies to the invariants
(l)gm(A) when f is effective.® The remaining difficulty is to identify precisely the set
of effective classes of the form B, .

81n fact, the Yau—Zaslow formula applies to all classes 8 € Ho(Km(A), Z) which are of type (1, 1)
and pair positively with an ample class.
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Lemma 20 Let n > 0 and k € (Z/2)**. If B, x is effective, then there exists a
unique £ = £(n, k) €{1,...,4} such that

4 4
Budk =Be+ Y aiTi+ Y bijAj
i=1 ij=1

for some integers a; > 0 and b;; > 0.

Proof If B, i is effective, then by the argument in the proof of Proposition 18, there
exist nonnegative integers

a; fori=1,...,4 and bijj fori,j=1,...,4
such that
4 4
Buk=Be+) aiTi+ Y bijAi
i=1 i,j=1
for some £ € {1,...,4}. We need to show that £ is unique. By (58), we have

4 4

Bn.k = %F,'f‘%zaiF'i‘ Z (bij—%ai—%gjg)/lij,

hence k;; =b;; — %ail —% ¢ We find that £ is the unique integer such that for every i
one of the following holds:

e kijjeZforall j #{ and k;y ¢ Z, or
e kij¢Zforall j #L and k;p € Z.
In particular, £ is uniquely determined by k. |

By the proof of Proposition 18, the contribution from all classes B, x with a given £
to the sum (67) is independent of £. Hence, (67) equals

o TS
n,k

where the sum runs over all (n, k) such that B, x is effective and £(n, k) = 1. Hence,
we may assume £ = 1 from now on.

It will be useful to rewrite the classes B, x in the basis

(69) {B1. FYU{T;, Ajz, Ajz, Aja | i =1,...,4}.
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Consider the class

4
Busk =5F' +3nF + Y kijAij € Hy(Km(A), Q)
i,j=1

4 4
=B1+nF +Z(aiTi + Zbiinj),
i=1 j=2

where (n,k) and (7, a;, b;;) are related by

(70) n=2ﬁ+2ai, ki =—%(a,~+1), kl'j =bl~j—%al— for j > 2.
i

Lemma 21 If B, i is effective, then 11, a;, b;; are integers for all i, j .

Proof If B, i is effective with £(n, k) = 1, there exist nonnegative integers

a; fori=1,....4 and bijj fori,j=1,...,4
such that

4 4
Bn.k = B1 +ZaiTi + Z bij Aij.

i=1 ij=1
In the basis (69) we obtain
4 4 B 4
Pnge = B1+ (Zbil)F + Z((ai —2bi)T; + Y (bij —bil)Ai)-
i=1 i=1 j=2
The claim follows. O

Lemma 22 If 71, a;, b;; are integers and /3,21 & = —2, then Bn .k is effective.

Proof If 7, a;,b;; are integers, then B,  is the class of a divisor D. By Riemann—

Roch we have
x(O(D)) + x(O(=D)) _ D?
2 2

+2’

and by Serre duality we have

2
Hence, if ﬁﬁ = D? > -2, then h°(D)+ h°(—D) > 1. Since F-Bn k=1, wehave
h®(—D) = 0, and therefore h°(D) > 1 and D is effective. |
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We are ready to evaluate the series (68).

By Lemma 21 we may replace the sum in (68) by a sum over all integers 77 € Z and
all elements

4
xi =a;T; —I-Zbl‘inj fori=1,...4
Jj=2
such that

(1) ai,biz, bi3, bi4 are integers for i € {1,...,4},

(i) Bi+nF +) ;x; is effective.

Hence, using (70), the series (68) equals

. 274+ a; =2+ {x;,Ti) 11y Km(A)

(7D 4 Z Z q y (1)0,31+5F+Zi x;’
o X1,...X4

where the sum runs over all (7, x1, ..., x4) satisfying (i) and (ii) above.

By the Yau-Zaslow formula (1), we have

Km(A) _ 1
(72) <1)0,Bl+ﬁF+Z,~ xi [m]qﬁ—l-i-zi(xi.xi)/z’

whenever By + 7 F + ), x; is effective; here [-];m denotes the coefficient of ¢™.
The term (72) vanishes, unless

2
~ 1 1 ~
n—l—i—EZ(xi,xi) ZE(Bl—i—nF—i—Zx,-) >—1.
1

1

When evaluating (71), we may therefore restrict to tuples (i, x1,...,x4) that also
satisfy

(i) (Bi+7F+Y; x)°> 2.

By Lemma 22, conditions (i) and (iii) together imply condition (ii). In (71) we may
therefore sum over tuples (7, x1, . . ., x4) satisfying (i) and (iii) alone. Rewriting (iii) as

A== 3(xi,x)
i
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and always assuming (i) in the following sums, (71) equals

. 2+ a2+ (x T [ 1
4 Z Z q y [A(T)]qﬁ—l-‘rzi(xi.xi)/Z

X103 X4 ﬁ>z {xj.x3)
Z2. -2

=4. Z y 2L i Ti) g 243 (@i —(xioxi)

X1 5003 X4
2?i—2+z,-(xi,x,~) L
x ). 4 [A(‘[)]qﬁ—l"‘zi Lt
ﬁZ}:[&nyl
4 24X ki T 2 (@i
= . y 1 1541 q 1 I 1M
sen, 2,

4

4
— 5+ {xi,Ty) 5 +ai—(xi,x;)
. y 2+<x q2 )
o 112

Consider the D4 lattice, defined as Z* together with the bilinear form

(x,y) > (x,y):=xT My for x,y € Z* x Z*,

where
2 -1 -1 -1
-1 2 0 0
M= -1 0 2 0
-1 0 0 2
Let (e1,...,es) denote the standard basis of Z* and let

o =2e1+ey+e3+ey.

Consider the function

. o o
O(z,7) = Z exp(—2mi (x + %a,zel + %el)) g 2xE)
xe€Z*
where z € C, 7 € H and ¢ = 27T, The function ®(z, 7) is a theta function with
characteristics associated to the lattice D4. In particular, ®(z, t) is a Jacobi form of

1

5 and weight 2; see [3, Section 71.2

index

9 The general form of these theta functions is

CM [g] (z,7) = Z q%(X+A,x+A> exp(27[i (x+A,z-v+ B))

xeZ4

for characteristics A, B € Q* and a direction vector v € C*. Here O(z, ) = ®(_el)[_oe‘,ﬁ2](z, 217).
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Lemma 23 Foreveryi € {l,...,4},

Z y—%+(xi,Ti)q%+ai—(xi,xi) =0(z, 1)
Xi

under the change of variables g = ™' and y = —e?™!7 .

Proof Let D4(—1) denote the lattice Z* with intersection form
(x,y)— —xTMy.
The Z-homomorphism defined by
e1—=>Ti, extr> Aja, e3> Ajz, est> Ajg
is an isomorphism from D4(—1) to
(ZT; ®ZAi» ®ZAi3 ® ZAjs.{-.")),

where (,) denotes the intersection product on Km(A). Hence

Z y—%+(xi,T[)q%+ai—(x,~,x[) _ Z y—%—(x,el)q%+(x,a)+(x,x).

b x€zZ4
Using the substitution y = exp(2wiz 4+ 7i), we obtain

Z exp(—27i - (x + 1, zey + Le1)) -gF T2 = 0(z, 0). o
xezZ4

By Lemma 23, we conclude

3 (K@) gn X ki __4 4
(73) p (I)Oaﬂn,kq y 4 /= A(2r) ®(Z’T) .
n,
ﬂn,k>0

2.4.4 The theta function of the D4 lattice Consider the Dedekind eta function
(74) n(@) =q¢"* T]-q™
m>1
and the first Jacobi theta function
(z.1)=—ig"B(p" 2= p A [0 —g™ A= pg™ (1 —p~'q™).

m>1

where g = ¢2™'% and p = €277,
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Proposition 24 We have
—(z,7)-n(27)°®
n(z)?

(75) O(z,7) =

The proof of Proposition 24 is given below. We complete the proof of Theorem 17.

Proof of Theorem 17 By Proposition 18, we have

4 FNG.gt= 3 (g "y H ki
n,k
Bb.k>0

The evaluation (73) and Proposition 24 yield
1 (91(z,0)-n20)°%)*
F¥(y, 9t = ( : :
A(27) n(z)

Using A(7) =n(t)?* and since by definition (see Section 2.3.6) the y~1/240 coefficient

of FSW is 1, we conclude

Vi(z, 1)
FGW , —
(v.q) 20

= F(z,1). O

Proof of Proposition 24 Both sides of (75) are Jacobi forms of weight 2 and index %
for a certain congruence subgroup of the Jacobi group. The statement would therefore
follow by the theory of Jacobi forms [8] after comparing enough coefficients of both
sides. For simplicity, we will instead prove the statement directly.

2wit 2wiz Consider

We will work with the variables g = e and p=e

_ i) a2 (1—pg™ (1 —p~'q™)
(76) F(z,7)= o =—i(p p ) l_[ d—gm)?

By direct calculation one finds

m>1

F(z+At+p. 1) = (—DHg42p7 K (2, 1),

(77)
@(Z + AT + M, ‘E) = (—I)A‘—i_“q_k/zp—/l@(z’ ‘E).
We have ) )
©0.7) = Y exp(—2mi(x + S 3e)) g T2 x Tt
x€zZ4
= > exp(—mi(x e1))g™ .
x/eZ4+%
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Since for every x" = m 4 & with m € Z* one has
exp(—mi (X', e1)) +exp(—mi (—x', e1)) = —i(=1)™e1) 4 i(—1)~Imer) =,
we find ©(0, 7) = 0. By (76), we also have F(0,7) =0.

Since ® and F are Jacobi forms of index % (see [8, Theorem 1.2]), the point z = 0 is
the only zero of either in the standard fundamental region. Therefore, the quotient

Oz, 1)
F(z,7)

is a doubly periodic entire function, and hence a constant in 7. Using the evaluations

1+ qm)2 77(277)2 @ a
3:7) =2 l_[ (—gm)2 =2 e and O(3.7) = Z(_l)q<x+2,x+2>’
1 7 xezZ4

m>1

the statement therefore follows directly from Lemma 25 below. O

Lemma 25 We have

8
DO as as ,1@0°
n(r)*

xeZ4

Proof As a special case of the Jacobi triple product [5], we have

n(27)? (1—g>™)? a1y
o) Nt 20" [ “=gmy “(—gqm) =D gt

m>1 mez

For m = (my,...,my) eZ*, let

— e e o . ( 1)6_4
xm= (14 5) 5 + (M2t 5 )2+t (ma+ ) %
Using that «, e, e3, e4 are orthogonal, we find
n(2r) 2
o1 (Z g+ D /z) T gl

mezZ*
We split the sum over m = (m, ..., m4) € Z* depending upon whether m + m; is

odd or even fori =2,3,4:

(78) Z q(xm,Xm) — Z Z q(xm,xm)‘

mezZ* 52,53,54€{0,1} (my,...,m,)eZ*
mi+m;=s;(2)
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For every choice of s3, 53,54 € {0, 1}, we have

Z xm,xm) Z q(x+2,x+

(ml,...,mr)eZ4 x€Z4
mi+m;=s;(2)

where B € Z* is a root of the D4—lattice (ie (B, B) = 2). Since the isometry group
of D4 acts transitively on roots,

Z q(x+§,x+§) — Z q(x+%,x+%)

x€ezZ4 xezZ4

Inserting this into (78) and dividing by 8 completes the proof. a

3 Evaluation of further Gromov—Witten invariants

3.1 Overview

In Section 3 and Section 4 we prove Theorem 2.

In Section 3.2 we reduce the calculation to a Bryan—Leung K3. We also state one extra
evaluation on the Hilbert scheme of two points of a K3 surface, which is required in
Section 5. Next, for each case separately, we analyze the moduli space of maps which
are incident to the given conditions. In each case, the main result is a splitting statement
similar to Proposition 16.

As a result, the proof of Theorem 2 is reduced to the calculation of certain universal
contributions associated to single elliptic fibers. These contributions will be determined
in Section 4 using the geometry of Hilb?(P! x E), where E is an elliptic curve. The
strategy is parallel to but more difficult than the evaluation considered in Section 2.3.

3.2 Reduction to the Bryan—Leung K3

Let 7: S — P! be an elliptic K3 surface with a unique section and 24 nodal fibers.
Let B and F be the section and fiber classes, respectively, and let

Pn=B+hF

for h > 0. The quantum bracket (---), on Hilb? (S) for d > 1 is defined by

b Hilb9 (S
1oy =N N kg V1,---,Vm)5;,+k(A),
h>0keZ
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where y1,...,ym € H *(Hilbd (S)) are cohomology classes. By arguments parallel to
those in Section 2.2.2, Theorem 2 is equivalent to the following theorem.

Theorem 26 Let Py,..., P;4_5 € S be generic points. For d > 2,
hibd () _ G(z,1)?!
(CE™S = T

wd(sy _ _1( d G(z,0)? 2
(4)g™" ¢ __2(ydyG(“)) NG

snd — 2d—2
(I(P1).... . I(Pyg_p))™" ) = %(ﬁtf)(qdd—qF(z,r)) ﬁ

under the variable change g = ¢?™'" and y = —e?™'7,
Later we will require one additional evaluation on Hilb?(S). Let P € S be a generic

point and let
p—1(F)1s
be the class of a generic fiber of 7[2!: Hilb2(S) — P2.

2rwit _627[12

’

Theorem 27 Under the variable change g = e and y =
F(z,7)-q 45 F(z,7)

A(7)

(p—1(F)*1g, I(P))g”bz(S) _

3.3 Case (C(F)),

avd
We consider the evaluation of (C(F)) 2 1bTS) | Let Pi,..., Pj_1 €S be generic points,
let Fy be a generic fiber of the elliptic fibration 7: § — P!, and let

Z = Fo[1]P1[1]--- Py_q[1] C Hilb%(S)

be the induced subscheme of class [Z] = C(F), where we used the notation of
Section 1.2.2(v). Consider the evaluation map

(79) ev: Mo, (Hilb?(S), By + kA) — 8,
the moduli space parametrizing maps incident to the subscheme Z,
(80) Mz =ev=(Z).

and an element
[f: C = Hilb%(S), p] € M.
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By Lemma 12, there does not exist a nonconstant genus-0 stable map to Hilb? (S) of
class i/ F + k’ A which is incident to Z. Hence, the marking p € C must lie on the
distinguished irreducible component

CocC

on which 7[4l o £ is nonconstant. By Lemma 13, the restriction f |c, is therefore an
isomorphism
@B flcy: Co— Bo[1]P1[1] -+ Pg—1[1] = I(Bo) N I(P1) N--- N I(Pg—1)

C Hilb? (),
where By is the section of S — P!. In particular, f(p) = (FoN Bo)+Y_; P;. We
identify Co with its image in Hilb?(S).

Let x1,..., x24 be the basepoints of the rational nodal fibers of 7 and let u; = 7w (P;)
for all i. The image line L = 7l o £(C) meets the discriminant locus of 714! in the

points
d—1

xi+Zuj fori=1,...,24 and 2ui+Zuj fori=1,...,d —1.
j=1 J#i

By Lemma 12, the curve C is therefore of the form

C=CyUA U ---UArs UB1U---UBy_,,
where the components A; and B; are attached to the points
(82) Xi+Pr+--+Pj—y and u;j+Pr+---+ Py_y,

respectively. Hence, the moduli space Mz is set-theoretically a product of spaces
parametrizing maps of the form f'|4, and f|p;. We show that the set-theoretic product
is scheme-theoretic and the virtual class splits. The argument is similar to Section 2.3.

First, the attachment points (82) do not smooth under infinitesimal deformations: this
follows since the projection

f*2;,=C—C

is étale over the points (82) (see the proof of Lemma 15); here Z; — Hilbd(S ) is the
universal family. Therefore, any infinitesimal deformation of f inside Mz induces a
deformation of the image f(Cp). This deformation corresponds to moving the points
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Py,..., P;_1 in (81), which is impossible since f continues to be incident to Z .

Hence, f(Cp) is fixed under infinitesimal deformations.!?

By a construction parallel to that of Section 2.3.4, we have a splitting map

d—1

(83) w: Mz — | | (]‘[ M () x [ M<G>(hy,,ky,))

(h,k) ~i=1 Jj=

where M )g\l) (hx;) was defined in Section 2.3.4 and M,ES’) (hy;,ky;) is an appropriately
defined moduli space; since f(Cp) has class B, the disjoint union in (83) runs over all

ho=(hxys.. o By By By ) € (NZO) U
k=(ky,.....ky, )z}

such that ) ; hy, + Zj hy; = h and Zj ky; = k. Since f(Cop) is fixed under
infinitesimal deformations, the map W is an isomorphism.

(84)

Let [Mz]'"" be the natural virtual class on Mz . By arguments parallel to Section 2.3.5,
the pushforward W.[Mz]"" is a product of virtual classes defined on each factor.
Hence, by a calculation identical to Section 2.3.6, (C(F)), is the product of series
corresponding to the points x; and u; .

For the points x1, ..., X24, the contributing factor agrees with the contribution from

the nodal fibers in the case of Section 2. It is the series (54). For uy,...,u _1, define

the formal series

(85) GV =Y / o L
h>0keZ My uj (Rl

where we let [M,SJG) (h,k)]V'" denote the induced virtual class on M,g}) (h,k). We
conclude

d GGW(y’q)d—l
(86) (CF))g"™ D = ==
! Ag)
3.4 Case (A),
. . Hilb? (S) . .
We consider the evaluation of (A4), . Let Py,..., P;j_» € S be generic points,

let
Z = Po[2]P1[1] -+ Py_o[1] C Hilb%(S)

10 Although f(Cp) is fixed under infinitesimal deformations, the point u ; in the attachment point
f(CoNBj)=u; + P1 +---+ P;z_; may move to first order; compare Section 3.6.
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be the exceptional curve (of class A) centered at 2Py + Py,---+ P;_», and let
Mz =ev 1(2),
where ev is the evaluation map (79). We consider an element
[f: C — Hilb%(S), p] € M.

Let Co C C be the distinguished component of C on which rldlo f is nonconstant,
and let C’ be the union of all irreducible components of C which map into the fiber

TN Quo +uy 4 +ug),

where u; = w(P;). Since f(Cp) cannot meet the exceptional curve Z, the compo-
nent C’ contains the marked point p:

peC’.
The restriction f|c/ decomposes into the components
fler=¢+Pr+-+ Py,
where ¢: C’ — Hilb?(S) maps into the fiber 721=1(2u4) and the P; are constant maps.
Consider the Hilbert—-Chow morphism
p: Hilb%(S) — Sym?(S)

and the Abel-Jacobi map
aj: Sym?(Fy,) — Fyp.

Since p(¢(p)) = 2Py, the image of ¢ lies inside the fiber V' of
_ o aj
p 1(Sym2(Fuo)) — Symz(FuO) = Fu,
over the point aj(2Py). Hence, f|c’ maps into the subscheme
V=V+4P +-+ Py_p CHilb?(S).

The intersection of ¥ with the divisor D(By) C Hilb? (S) is supported in the reduced
point

(87) s(uo) + Q + Py +---+ Py_, € Hilb(S),
where s: P! — § is the section and Q € Fy, is defined by

aj(s(uo) + Q) = aj(2Po).
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Since the distinguished component Cy C C must map into D(By), the point f(CoNC”)
therefore equals (87). Hence, the restriction f|c, yields an isomorphism

fleo: Co => Bo[1] Q1] P1[1] -+ Pa—s[1].
and we will identify Cp with its image.
Following the lines of Section 3.3, we find that the domain C is of the form
C=CoUC'UA1U---UArqUB1U---UBy_,,
where the components A; and B; are attached to the points
Xi+Q+Pi+-+Pj—p and u; +Q+Pi+---+ Py,

respectively. Hence, Mz is set-theoretically a product of spaces corresponding to the
points

(88) uop, U1, ..., Ug—2, X1, ..., X24.

By arguments parallel to Section 3.3, the moduli scheme Mz splits scheme-theoretically
as a product, and also the virtual class splits. Hence (A), is a product of series
corresponding to the points (88).

For xi,...,x24 the contributing factor is the same as in Section 2.3.6, and for
ui,...,Uq_o itis the same as in Section 3.3. Let
(89) GV (y.9) € Q) Ial

denote the contributing factor from the point #y. Then we have

Hilb? (S) _ GV (y,9)?2GV(y,q)

(90) (4)" A

3.5 Case (I(P1),...,1(P24-2)),

Let Pi,..., P45 € S be generic points. In this section, we consider the evaluation
of
o1 (I(P1),..., I(PZd_z));”bd(S).

In Section 3.5.1, we discuss the geometry of lines in Hilb? (P1). In Section 3.5.2, we
analyze the moduli space of stable maps incident to /(Py),...,[(Pyg_2).
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3.5.1 The Grassmannian Let Z; — Hilb? (P1) be the universal family, and let
L <> Hilb?(Ph)

be the inclusion of a line such that L & I(x) for all x € P!. Consider the fiber diagram

L s Z4 s P!

[

L —— Hilb4(PY)
The curve L C L x P! has bidegree (d, 1), and is the graph of the morphism
(92) I P> L, x—Ix)NL.

By definition, the subscheme corresponding to a point y € L is I 1(y). Hence, the
ramification index of Iy at a point x € P! is the length of Iz (x) (considered as a
subscheme of P1) at x. In particular, for y € L, we have y € Apjipd (p1y if and only
if I7,(x) = y for a branch point x of I,.

Let R(L) C P! be the ramification divisor of I;. Since I; has 2d — 2 branch
points counted with multiplicity (or, equivalently, L meets A, a P with multiplicity
2d —2), we have

R(L) € Hilb>?72(pY).

Let G = G(2,d + 1) be the Grassmannian of lines in Hilb? (P'). By the construction
above relative to G, we obtain a rational map

(93) $: G —-> Hib2¢~2(PY), L R(L)
defined on the open subset of lines L € G with L Z I(x) for all x € P!,

The map ¢ will be used in the proof of the following result. For u € P!, consider the
incidence subscheme

1Q2u) = {z e HIbY(P') | 2u C z}.

Under the identification Hilb? (P') = P9, the inclusion /(2u) C Hilb? (P!) is a linear
subspace of codimension 2. Let

z 1, pd — Hipd (P

(94) lp
G
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be the universal family of G, and let
Su=pla ' IQu) ={LeG|LNIQu)# 2} CG

be the divisor of lines incident to 7(2u).

Lemma28 Letui,...,usg_o € P! be generic points. Then

95) Sup NN Suzy s
is a collection of %(2;1_—12) reduced points.

Proof The class of Sy, is the Schubert cycle o7. By Schubert calculus the expected
number of intersection points is

/ O'2d_2 _ l<2d—2)
G 1 d\d-1)
It remains to prove that the intersection (95) is transverse.

Given a line L C I(x) C Hilb?(P') for some x € P!, there exist at most 2d — 1
different points v € P! with 2v C z for some z € L. Hence, for every L in (95) we
have L Z I(x) for all x € P!. Therefore, Sy, N++-N Sy,,_, lies in the domain of ¢.
Then, by construction of ¢, the intersection (95) is the fiber of ¢ over the point

Up+ -+ ung_p € Hilb2472(P1).

We will show that ¢ is generically finite. Since u1, ..., U7, are generic, the fiber
over Uy + -+ + upq_» is then a set of finitely many reduced points.

We determine an explicit expression for the map ¢. Let L € G be a line with L € I(x)
for all x € P!, let £, g € L be two distinct points and let xo, x1 be coordinates on P!,
We write

f=anxl +an—1x8 x1 4+ aox?,
-1
8 = bnx( +bp—1xg" X1 4+ + boxy

for coefficients a;, b; € C. The condition L Z I(x) for all x is equivalentto f and g
having no common zeros. Consider the rational function

S apx" +---+aop
h =h =—=——"
(0) = hiwo/m) = = 3o
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where x = x¢/x1. The ramification divisor R(L) is generically the zero locus of the
numerator of 1’ = (f/g) = (f'g — fg’)/g?; in coordinates we have

2d-2

f/g—fg/=§ ( E (i—j)(aibj—ajbi))xm-
m=0 Ni+j=m+1
i<j

Let M;; =a;b; —a;b; be the Pliicker coordinates on G . Then we conclude

2d-2
PpL)= ) ( > —j)M,-,-)xm € Hilb24=2(p1).
m=0 “i+j=m+1
i<j
By a direct verification, the differential of ¢ at the point with coordinates

(@0, ... an) = (1,0,...,0,1), (bo,...,bn) =(0,1,0,...,0,1)

is an isomorphism. Hence, ¢ is generically finite. O

Let uy,...,upq_» € P! be generic points. Consider a line
LeSyn--NSuy, :¢_1(u1 +-tuUzg_n)

and let Uy, be the formal neighborhood of L in G. By the proof of Lemma 28, the
map
¢: G --> Hilb24~2(P1)

is étale near L. Hence, ¢ induces an isomorphism from Up, to

2d—-2
(96) SpeC(OHilbd(Pl),u1+"~+u2d_2) = l_[ Spec(@]pl’ui)’

i=1

the formal neighborhood of Hilb? (P1) at uy + -+ +upg_s. Composing ¢ with the
projection to the i" factor of (96), we obtain maps

® A ~
O & UL —> Spec(Opnd b1y iy 4triny_,) = SPEC(Op1 ;) C P!
which parametrize the deformation of the branch points of /;, (defined in (92)).
In the notation of the diagram (94), consider the map

(98) 4 (Dpypapry) = G
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whose fiber over a point L” € G is the set of intersection points of L’ with the diagonal
Apind p1y- Since L is in the fiber of a generically finite map over a generic point, we
have

LN AHilb‘l(Pl) = {Slv .. -vé‘Zd—Z}

for pairwise disjoint subschemes & € Hilb? (P!) of type (21972) with 2u; C & .
The restriction of (98) to Uy, is a (2d —2)—sheeted trivial fibration, and hence admits
sections

99) V1,...,Usq_2: UL —)q_l(AH”bd(Pl))|UL,

such that for every i the composition g o v; restricts to & over the closed point.
Moreover, since ¢ o v; is incident to the diagonal and must contain twice the branch
point k; defined in (97), we have the decomposition

(100) qovi:2ki+h1+...+hd_2
for maps hy,...,hg_p: U, — PL.
3.5.2 The moduli space Let Pq,..., P,;_» € S be generic points and let u; =

w(P;) forall i. Let
ev: Mo pq_o(Hilb?(S), B, 4+ kA) — (Hilb? (§))2?~2
be the evaluation map and let
Mz =ev Y (I(P1) x -+ x I(Paq—3))

be the moduli space of stable maps incident to I(Py), ..., [(P>7_>). We consider an
element

[f: C > HilbY(S). p1..... pra—al € Mz.

Since P; € f(p;) and P; is generic, the line L = 7(f(C)) C Hilb (P1) is incident
to 1(2u;) for all i, and therefore lies in the finite set

(101) Suy NN Sy,, » CGR2,d+1)
defined in Section 3.5.1; here G(2,d + 1) is the Grassmannian of lines in P<.

Because the points u1,...,us4_5 are generic, by the proof of Lemma 28, L is also
generic. By arguments identical to the case of Section 2.3.2, the map f'|c,: Co — L
is an isomorphism. We identify Co with the image L.
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For x € P!, let ¥ = I(x) N L be the unique point on L incident to x. The points
(102) X1 ooy Xo4, Uy, ..., Upg—p

are the intersection points of L with the discriminant of 7l4] defined in (26). Hence,
by Lemma 12, the curve C admits the decomposition

C=CoUA1U---UApqUB1U---UBy, _»,

where A; and B; are the components of C attached to the points X; and ;, respec-
tively; see also Section 2.3.2.

By Lemma 15, the node points Co N A; and CoN B; do not smooth under deformations
of f inside Mz. Hence, by the construction of Section 2.3.4, we have a splitting
morphism

2d—2

(103) v MZ—>|_||_|(1_[ M (hy,) ]‘[ M (o Ky ))

L hk “i=1
where k., k runs over the set (39) (with y; replaced by u; ) satisfying (40), and L
runs over the set of lines (101), and where M,gl) (W', k") is the moduli space defined as
follows.

Consider the evaluation map

ev: Mo (Hilb?(S), ' F + k' A) — (Hilb*(S))?
and let

(104) ev 1 (I(P;) x Hilb?(By))

be the subscheme of maps incident to I(P;) and Hilb? (Bo) at the marked points. We
define M,EI/{) (1, k") to be the open and closed component of (104) whose C—points
parametrizé maps into the fiber 7= 2y 7). Using this definition, the map W is
well-defined (for example, the intersection point Cp N B; maps to the second marked
point in (104)).

In the case considered in Section 2.3, the image line L = f(Cp) was fixed under
infinitesimal deformations. Here, this does not seem to be the case; the line L. may move
infinitesimally. Nonetheless, the following proposition shows that these deformations
are all captured by the image of W.

Proposition 29 The splitting map (103) is an isomorphism.
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We will require the following lemma, which will be proven later.

Lemma 30 Let ¢: C — Hilb?(S) be a family in M,g[) (W', k") over a connected
scheme Y:

C —2 Hib2(s)

(105) l

Y

Then 72! o ¢ maps to Hilb>(P1) N I(uj).

Proof of Proposition 29 We define an inverse to W. Let

(106) ((¢f: Ai > S.qx,)i=1,..24.(¢;: Bj — Hilb*(S). pj.q;)j=1.... 2d—2)

be a family of maps in the right-hand side of (103) over a connected scheme Y .
By Lemma 30, 72l o ¢j: B — Hilb?(P!) maps into I(uj) N App2cpry- Since the
intersection of the line /(u;) and the diagonal A2 ) is infinitesimal, we have the
inclusion

I(uj) N Ap2pry = Spec(@AH“bz(Pl),zw) = Spec((AQPl’uj),

and therefore the induced map ¢;: ¥ — Spec(@]pl ;) making the diagram

B.

. . A
Yy — SPCC(OAHi,bz(Pl),Zu_/) = SPCC(OIP’I,uj)

commutative. Let £ = (;);: ¥ — UL, where

2d—2

Uy = 1_[ Spec(@]pl,uj) = speC(@Hi|b2d—2(]}»l),Zi ui)'
j=1

Under the generically finite rational map
G2,d + 1) --> Hilb>?~2(P1),

defined in (93), the formal scheme Uy, is isomorphic to the formal neighborhood of
G(2,d + 1) at the point [L]. We identify these neighborhoods under this isomorphism.
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Let Zr — Uy be the restriction of the universal family Z — G(2,d + 1) to U . By
pullback via £, we obtain a family of lines in P4 over the scheme Y,

(107) *Zp > Y,
together with an induced map
¢ [d]
Vi 0* 2 — 21 — P = Hilb? (By) — Hilb?(S).

We will require sections of £*Z; — Y, which allow us to glue the domains of the
maps ¢; and ¢; to £*Z; . Consider the sections

Vi,...,Upg—n: Y = L*Z]

which are the pullback under £ of the sections v;: Uy, — Zj defined in (99). By
construction, the section v;: Y — £* Z parametrizes the points of £* Z; which map to
the diagonal A« (S) under v (in particular, over closed points of Y they map to
I(uj)NL).

For j =1,...,2d —2, consider the family of maps ¢;: B; — Hilbz(S),

B~ Hilb(S)

(108) ] ] l

Y

where p; is the marked point mapping to /(P;), and ¢; is the marked point mapping to
Hilb?(By). Let C’ be the curve over Y which is obtained by gluing the component B j
to the line £*7Z, along the points g;, v; forall j:

C'=("ZLuBiU---UByg2)/q1 ~V1.....q2d—2 ~ V2d—2.
We will define a map f': C’ — Hilb4(S).

Forall j,letk;: UL — Spec(@Pl ,uj) C P! be the map defined in (97). By construction,
we have «; o £ = ;. Hence, by (100), there exist maps A1,...,hg_: Y — S with

(109) WOUJ- :¢jOQj+hl+"‘+hd_2.

Let ;: B; — Y be the map of the family B; /Y, and define

n—2
gZuj = (gb] +Z/’li OJTj)Z Bj — Hilbd(S).

i=1
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Define the map
2 C' = Hilb4(S)

by f'lco =¥ and by f'|p, = ¢, for every j. Equation (109) implies that the map
<$u_,~ restricted to ¢; agrees with y: C' — Hilb? (S) restricted to v;. Hence f’ is
well-defined.

By a parallel construction, we obtain a canonical gluing of the components A4; to C’
together with a gluing of the maps f” and ¢/: A; — S. We obtain a family of maps

1 C — Hilb4(S)

over Y, which lies in Mz and is such that W( f) equals (106). By a direct verification,
the induced morphism on the moduli spaces is the desired inverse to W. Hence, W is
an isomorphism. O

The remaining steps in the evaluation of (91) are similar to Section 2.3. Using the

identification
2d—2
H(Cy, f*TH“bd(S)) = H(Cy. Tc,) ® @ TAHi|b2(pl)>¢j(Qj)’
Jj=1

where ¢; = Cp N B; are the nodes and ¢; is as in the proof of Proposition 29, one
verifies that the virtual class splits according to the product (103). Hence, the invariant
(91) is a product of series associated to the points x; and u; . Let

1
o) HMo =Y Y [ e )l
h>0keZ [Mu;” (R ROT™
be the contribution from the point u;. By Lemma 28, there are %(2;1_—12) lines in the

set (101). Hence,

1 (2d—2) HGW(y’q)Zd—Z‘

ilb? () _
(111) (I(P1)..... I(Pyg )™ =70a-1 AQQ)

Proof of Lemma 30 Since ¢ is incident to /(P;), the composition 72l o ¢ maps
to I(u;). Therefore, we only need to show that 12 0 ¢ maps to Apip2 1) -
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It is enough to consider the case ¥ = Spec(Cl[e]/€?). Let fo: Co — Hilb?(S) be the
restriction of f over the closed point of Y, and consider the diagram

C —2 & HIB(S)

lnc l,, 2]

Spec(Cle]/€?) —%— Hilb?(P1)

where m¢ is the given map of the family (105) and a is the induced map. Let s be the
section of O(Ap1) with zero locus Ap1, and assume the pullback ¢*s is nonzero.

Let 25, be the sheaf of relative differentials of 75 := 72, The composition

d

(112) G5 2%y, = ¢ QR = Qe
factors as
(113) P S 28 Ly = TETCK e = Qe

Since the second term in (113) is zero, the map (112) is zero. Hence, d factors as
(114) O QL > " (Qy /TS24 Rmy) = Qe

By Lemma 31 below, Qy, /75 72+, is the pushforward of a sheaf supported on
751 (Ap1). After trivializing O(Ap1) near 2u; , write ¢*s = Ae for some A € C\ {0}.
Then, by (114),

0=d(s-Qn,) =Ae-d(Qr,) C Q.

In particular, db = 0 for every b € Q5,, which does not vanish on 75 L(Ap1). Since
¢|c is nonzero, this is a contradiction. O

Lemma 31 Let x € P! be the basepoint of a smooth fiber of 7: S — P!. Then there
exists a Zariski-open 2x € U C Hilb?(P') and a map

(115) u: OP? = 124, U
with cokernel equal to j«F for a sheaf F on Ap1 NU.
Proof Let U be an open subset of x € P! such that 7.Q|y is trivialized by a

section
o€k, (U)=Q2:(Sv),
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where Sy = 7~ 1(U). Consider the open neighborhood U = Hilb2(U ) of the point
2x € Hilb?(P1).

Let Dy C Sy x Sy be the diagonal and consider the Z, quotient
/Z> L2 —1 2
Blp, (Su x Sy) —> Hilb“(Sy) = m, ~ (Hilb=(U)).

For i € {1,2}, let
qi: BIDU Sy xSy) — Sy

be the composition of the blowdown map with the i™ projection. Let ¢ be a coordinate
on U and let

ti=qt and o =q]a

for i = 1,2 be the induced global functions and 1-forms on Blp,, (Sy x Sy ), respec-
tively. The two 1-forms

a;+az and (1 —12) (@) —az)

are Zy—-invariant and descend to global sections of 7242, |U . Consider the induced
map

u: 032 — 1252, U -
The map u is an isomorphism away from the diagonal
(116) A NU =V((t11 —1)*) CU.

Hence, it is left to check the statement of the lemma in an infinitesimal neighborhood
of (116). Let U’ be a small analytic neighborhood of v € U such that the restriction
myr: Syr — U’ is analytically isomorphic to the quotient

(U'xC)/~ > U,
where ~ is the equivalence relation
(t,2)~ (', Z)) < t=t"andz—z' € A,

with an analytically varying lattice A;: Z? — C. Now, a direct and explicit verification
yields the statement of the lemma. |
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3.6 Case (p_1(F)1s, I(P)),

Let FOW(y,q) and HSV(y, q) be the power series defined in (55) and (110), respec-
tively, let P € S be a point and let F be the class of a fiber of 7: S — P1.

Lemma 32 We have

FS¥Y(y,q)- HS¥(y,q)
A(q)

(p—1(F)1s. I(P))H*(S) =

Proof Let F;, F, be fibers of 7: S — P! over generic points x1, xp € P!, respec-
tively, and let P € S be a generic point. Define the subschemes

Z1 = Fi[1]1F;[1] and Z, =1I(P).
Consider the evaluation map
ev: Mo, 1(Hilb?(S), By, + kA) — Hilb?(S)
from the moduli space of stable maps with one marked point, let
Mz, =ev 1 (Z>),

and let
Mz C Mg,

be the closed substack of Mz, of maps which are incident to both Z1 and Z5.

Let [ f: C — Hilb%(S), p1] € Mz be an element, let Cy be the distinguished component
of C on which 7@ o f is nonzero, and let L = 7[2/( £(Cy)) be the image line. Since
P € S is generic, we have 2v € L, where v = w(P). Hence L is the line through 2v
and u1 4 u», and has the diagonal points

(117) LN AH”bZ(Pl) = {2“, ZU}

for some fixed u € P!\ {v}. By Lemma 13, the restriction f|c, is therefore an
isomorphism onto the embedded line L C Hilb?(By). Using arguments parallel to
Section 2.3.2, the moduli space Mz is set-theoretically a product of the moduli space
of maps to the nodal fibers, the moduli space M,EF) (W', k') parametrizing maps over 2u,
and the moduli space MISH) (h”, k") parametrizing maps over 2v.

Under infinitesimal deformations of [ f: C — Hilb?(S)] inside Mz, the line L remains
incident to x; + x>, but may move to first order at the point 2v (see Section 3.5.2);
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hence, it may move also at 2u to first order. In particular, the moduli space is scheme-
theoretically not a product of the above moduli spaces. Nevertheless, by degeneration,
we will reduce to the case of a scheme-theoretic product. For simplicity, we work on
the component of Mz which parametrizes maps with no component mapping to the
nodal fibers of m; the general case follows by completely analogous arguments with
an extra 1/A(g) factor appearing as a contribution from the nodal fibers.

Let N C Mz, be the open locus of maps f: C — Hilb2(S) in Mz, with
7B(f(C) N Appepry = (26,20}

for some point t € P \ {x1,..., x24,v}. Under deformations of an element [f] € N,
the intersection point 2¢ may move freely and independently of v. Hence, we have a
splitting isomorphism

(118) N> || MO0 k) x M (ha. k),
h=hy+h>
k=ki+ky—1

where

o M®(h, k) is the moduli space of 1-pointed stable maps to Hilb2(S) of genus 0
and class hF + kA such that the marked point is mapped to s[21(2¢) for some
t e P\{xl,...,X24,l)}, and

. MlgH) (h, k) is the moduli space defined in Section 3.5.2.

For every decomposition & = h1 + hy and k = k1 + ko — 1 separately, let

M® (hy k) x M (hy, ky) — A2y X SPCC(@AHiIbz(Pl)’zv)

be the product of the compositions of the first evaluation map with 72! on each

factor, let
(119) V> Az ety X Spec(Oa

Hilb2 (P 1)’2")

be the subscheme parametrizing the intersection points L N AHi|b2(P1) of lines L which
are incident to x| + x5, and consider the fiber product

Mz by o s ) ——— M® (hy k1) x M (h, ko)

(120) l l

Vv — ¢ AH”bz(P]) X SPeC(@AHi|b2<P1),2v)
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Then, by definition, the splitting isomorphism (118) restricts to an isomorphism

V: Mz — |_| Mz, (hy ks ey o) -

h=hi+h>
k=ki+kr—1

Restricting the natural virtual class on Mz, to the open locus, we obtain a virtual class
[N]VI' of dimension 1. By the arguments of Section 2.3.5,

(121) N = Y ME (k)] < (M (ha k)],
h=hi+h>
k=ki+ko—1

where [M ® (hy, k)] is a App2gpry—Telative version of the virtual class considered
in Section 2.3.5, and [MvH (ha, k2)]VI" is the virtual class constructed in Section 3.5.2.
The composition of ¢ with the projection to the second factor is an isomorphism. Hence
¢ is a regular embedding and we obtain

ib2(S
(122) (p1 (P2 1(P)) " &)
= deg(V+[Mz]"")
= > deg(IMP(hy k)] x M (ha. k)]'™).
h=hy+h>
k=ki+kr—1
We proceed by degenerating the first factor in the product
MO (hy k) x M (2. k2),
while keeping the second factor fixed. Let
S =Blp,xo(S x A') — A

be a deformation of S to the normal cone of F,,, where u was defined in (117). Let
8° C S be the complement of the proper transform of S x 0 and consider the relative
Hilbert scheme Hilb?(S°/A') — A, which appeared already in (66). Let

(123) p: M®(hy k) > A

be the moduli space of 1—pointed stable maps to Hilb?(S°/A!) of genus 0 and class
h1F + k1A, which map the marked point to the closure of

(AHiIbZ(Bo) \{xl, ..., X24, U}) X (Al \{0})
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Over t # 0, (123) restricts to M () (h1, k1), while the fiber over 0, denoted
F _
M (hy ky) = p~1(0).

parametrizes maps into the trivial elliptic fibration Hilb?(C x E) incident to the diagonal
Apin2(Cxe) forafixed e € E. Since addition by C acts on MéF) (h1,k1) we have the
product decomposition

(124) M§P (hy ky) = M3 (k) X Az e
where M&Fﬁ)x (h1,ky) is a fixed fiber of
(F)
My (h1. k1) = Ay xe)-

Consider a deformation of the diagram (120) to 0 € A,

MYy 0 iy ——— Mo" (k) < M (. ko)
V6 — AHilbz((CXE) x Spec(@AHilbz(Pl)’zv)

where (V', (') is the fiber over 0 of a deformation of (V, ) such that the composition

with the projection to Spec(@A .2y) Temains an isomorphism. By construction,

HilbZ (P 1)
the total space of the deformation

Mz hader dea) > Mz ke o)
is proper over A!. Using the product decomposition (124), we find
~ p® H
M/Z:(hlahZakl:kZ) = Mosﬁx(hl’ kl) x MIS )(hz’ kz).

Hence, after degeneration, we are reduced to a scheme-theoretic product. It remains to
consider the virtual class.

By the relative construction of Section 2.3.5 the moduli space M® (h1,ky) carries a
virtual class

(125) (MO (k)™
which restricts to [M® (hy,k1)]""" over 1 # 0, while over ¢ = 0 we have

(126) 0'[M ® (hy, k1)]¥™ = pri(IM{X(hy, k)]'™).
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where pr, is the projection to the first factor in (124) and [M lﬁx (h1, k)] is the virtual
class obtained by the construction of Section 2.3.5. We conclude that

(127)  degd (M ® (A1, k)] x M8 (hy, k2)]'™)
= deg(t)! (pr} (IM (1, k1)]¥T) x [MED (hy, ka)]T)
= deg([M™(hy, k1)]"™) - deg((MM (ha, k2)]'™).
By definition (see (110)),
deg[M (ha. k)™ = [HV (3. @)] s yir—1/2

where [ -] a,» denotes the g* y? coefficient. The moduli space M lﬁx(hl,kl) is isomor-

q
phic to the space M)Ef)(hl ,k1) defined in (61). Since the construction of the virtual

classes on both sides agree, the virtual class is the same under this isomorphism. Hence,
by Lemma 19,

deg[M{*(hy. kD)™ = [FOV(y.q)]yn yii-1/2.
Inserting into (127) yields
deg ' ([M ® (hy, k)] x M (ha, k2)]'™)
= [H 0, gz yra-172 - [FV (0, @iy =172,

which completes the proof by (122). a

4 The Hilbert scheme of 2 points of P! x E

4.1 Overview

In previous sections we expressed genus-0 Gromov—Witten invariants of the Hilbert
scheme of points of an elliptic K3 surface S in terms of universal series which depend
only on specific fibers of the fibration § — P!. The contributions from nodal fibers
were determined before by Bryan and Leung in their proof [3] of the Yau-Zaslow
formula (1). The yet-undetermined contributions from smooth fibers, denoted

(128) F¥(,9), GV(y,q9), GV,q), HV(y,q)

in equations (55), (85), (89), (110), respectively, depend only on infinitesimal data near
the smooth fibers, and not on the global geometry of the K3 surface. Hence, one may
hope to find similar contributions in the Gromov—Witten theory of the Hilbert scheme
of points of other elliptic fibrations.
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Let E be an elliptic curve with origin Og € E, and let
X=P'xE
be the trivial elliptic fibration. Here, we study the genus-0 Gromov—Witten theory of

the Hilbert scheme

Hilb2(X)
and use our results to determine the series (128).

From the view of Gromov—Witten theory, the variety Hilb?(X) has two advantages
over the Hilbert scheme of two points of an elliptic K3 surface. First, Hilb?>(X) is not
holomorphic symplectic. Therefore, we may use ordinary Gromov—Witten invariants,
and in particular the main computational method which exists in genus-0 Gromov—
Witten theory: the WDVV equation. Second, we have an additional map

Hilb%(X) — Hilb?(E)
induced by the projection of X to the second factor, which is useful in calculations.

Our study of the Gromov—Witten theory of Hilb?(X) will proceed in two independent
directions. First, we directly analyze the moduli space of stable maps to Hilb?(X)
which are incident to certain geometric cycles. Similar to the K3 case, this leads to an
explicit expression of generating series of Gromov—Witten invariants of Hilb?(X) in
terms of the series (128). This is parallel to the study of the Gromov—Witten theory of
the Hilbert scheme of points of a K3 surface in Sections 2 and 3.

In a second independent step, we will calculate the Gromov—Witten invariants of
Hilb?(X) using the WDVV equations and a few explicit calculations of initial data.
Then, combining both directions, we are able to solve for the functions (128). This
leads to the following result.

Let F(z, 1) be the Jacobi theta function (5) and, with y = —e?™Z | let

G(z,t)=F(z, r)z(y;—y)z log F(z,7)

be the function which appeared in Section 0.4.
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Theorem 33 Under the variable change y = —e?™'% and q = ¢?™'7,

FY(y,q)=F(z. 7).
GV(y,q) =Gz, 1),
GV (y.q) = —%(yj—q)G(z, 0.

HY(y,q) = (qj—q)F(y,q)-

The proof of Theorem 33 via the geometry of Hilb?(X) is independent of the Kummer
K3 geometry studied in Section 2.4. In particular, our approach here yields a second
proof of Theorem 17.

4.2 The fiber of Hilb?>(P! x E) —» E

4.2.1 Definition The projections of X = P! x E to the first and second factors
induce the maps

(129) 7t Hilb?(X) — Hilb?(P') =P? and t: Hilb?>(X) — Hilb?(E),
respectively. Consider the composition
o Hilb2(X) 5 Hilb%(E) = E

of T with the addition map +: Hilb>(E) — E. Since o is equivariant with respect
to the natural action of E on Hilb?(X) by translation, it is an isotrivial fibration with
smooth fibers. We let

Y =07 (0F)

be the fiber of o over the origin O € E.
Let y € H,(Hilb?(X)) be an effective curve class and let
Mo m (Hilb*(X). )

be the moduli space of m—pointed stable maps to Hilb?(X) of genus 0 and class y.
The map ¢ induces an isotrivial fibration

o: Mo m(Hilb?>(X),y) = E

with fiber over Og equal to
| | Mom(¥.v".
y/
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where the disjoint union runs over all effective curve classes y’ € H,(Y;Z) with
txy' = y; here 1: Y — Hilb%(X) is the inclusion.

For cohomology classes 1, ..., ym € H*(Hilb?>(X)), we have

/ - V(1 U Y] el (rm)
[Mo,m (Hilb? (X),y)]Vir

/ (toev)™(y1) - (toevm)™ (Ym),
)//EHz(Y) [MO.m (Y’y/)]vu

Ly =y

where we let [-]¥"" denote the virtual class defined by ordinary Gromov—Witten theory.
Hence, for calculations related to the Gromov—Witten theory of Hilb?(X) we may
restrict to the threefold Y .

4.2.2 Cohomology Let Dy C X x X be the diagonal and let
(130) Blp, (X x X) — Hilb*(X)
be the Z,—quotient map which interchanges the factors. Let

W=P'xP'xE — XxX, (x1,x2,€) = (x1,e,x3,—€)
be the fiber of Og under X x X — Ex E i) E and consider the blowup
(131) p: W =Blpyaw W — W.
Then the restriction of (130) to W yields the Z,—quotient map
(132) g Wo>W/Z,=Y.
Let Dx 1,..., Dx 4 be the components of the intersection

Dx NW ={(x1,x2, f) e P! xP!xE|x;=xpand f =—f}
corresponding to the four 2—torsion points of E, and let
Ei,....,E4

be the corresponding exceptional divisors of the blowup p: W — W. For every i,
the restriction of g to E; is an isomorphism onto its image. Define the cohomology
classes

A = g«lEil,  Ai = g«lp” ()]
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for some y; € Dy ;. We also set
A=A +-+Ay A= %(A1 4ot Ayg).
Let x1,x, € P! and f € E be points, and define
By =g«lp ' (P! xx2x f)], By =1-g«lp ' (x1 xx2 x E)].
Identify the fiber of Hilb?>(E) — E over O with P!, and consider the diagram
Yy —— P!
(133) I
PZ

induced by the morphisms (129). Let # € H?(IP?) be the class of a line and let x € P!
be a point. Define the divisor classes

Dy =[t"'(x)], Dy=n*h.

Lemma 34 The cohomology classes

(134) D1, Da, Ay, ..., Ay (resp. By, Ba, A1, ..., Ag)

form a basis of H?(Y; Q) (resp. of H*(Y;Q)).

Proof Since the map g is the quotient map by the finite group Z,, we have the

isomorphism ~
g* H*(Y:Q) — H*(W: Q)%,

where the right-hand side denotes the Zj—invariant part of the cohomology of W . The
lemma now follows from a direct verification. O

By straightforward calculation, we find the following intersections between the basis
elements (134):

\ Bi By A; - | D1 D, A;
D10 1 0 Di| 0 2B; 0
Dy | 1 0 0 D> | 2B1 2B; 2A4;
Aj 0 0 —251']' Aj 0 2Aj 4(Ai —Bl)gij

Finally, using intersection against test curves, the canonical class of Y is

Ky =-2D;.
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4.2.3 Gromov-Witten invariants Let r,d > 0 be integers and let k = (kq,...,k4)
be a tuple of half-integers k; € %Z. Define the class

Brax =7rB1+dBs+k1A1 +koAs +k3Az +kaAy.
Every algebraic curve in Y has a class of this form.

For cohomology classes y1,...,Ym € H*(Y;Q), define the genus-0 potential

(135 (yi...ov)f'=) Y gty / evi(y1) - evy (Ym),

r dzoke( Z)4 [MO m(Y ﬁrd k)]wr

where £, y, g are formal variables and the integral on the right-hand side is defined to
be 0 whenever B, 4 x is not effective.

The virtual class of Mo,m(Y , Br.a.x) has dimension 2r + m. Hence, for homogeneous
classes y1,...,ym of complex degrees dy, ..., dn, respectively, satisfying ) ; d; =
2r 4+ m, only terms with ¢” contribute to the sum (135). In this case, we often set

r=1.

4.2.4 WDVYV equations Let i: ¥ — Hilb?(X) denote the inclusion and consider the
subspace

(136) i*H*(Hilb*(X); Q) c H*(Y;Q)
of classes pulled back from Hilb?(X). The tuple of classes
b - (T)l—l - (eYle’D27A’BlvB2’A7wY)

forms a basis of (136); here ey = [Y] is the fundamental class and wy is the class of
apoint of Y. Let (g.r)e, r With

gefz(Te»Tf):/YTeUTf

be the intersection matrix of b, and let (g¢/ )e,7 beits inverse.

Lemma35 Letyi,...,ysci*H*(Hilb?>(X); Q) be homogeneous classes of complex
degrees dy, ..., ds, respectively, such that ) ; d; = 5. Then
8 8
137 > 12 T g (vava T = D (r1.v4. Te) 8 (y2. v3. Ty
e, f=1 e, f=1
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Proof The claim follows directly from the classical WDV'V equation [12] and direct
formal manipulations. |

We reformulate (137) into the form we will use. Let
y € i* H*(Hilb*(X); Q)
be a divisor class and let

0.y.9)= Y _ axat'y*q?

i,d,k

be a formal power series. Define the differential operator d, by

9,00 v.4) = Z(

V)aikd ¢ y*q?.
i.dk

/i;’ri—de-i—kA

Explicitly, we have

d d d
3DI=qd—q, aD2=§d—§, 8A=_2)’E-

Then, for homogeneous classes y1,. .., y4 € i* H*(Hilb>(X); Q) of complex degrees
2,1,1, 1, respectively, the left-hand side of (137) equals
Y Y
(138) 0y, (1,73 Uya)" + 0y, 0y5(y1 Uy2)
D O Te) g 0y0,,0, (1),
TBE{BI,327A}
Tre{D1,Dz,A}

where we let (1) denote the Gromov—Witten potential with no insertions. The expression
for the right-hand side of (137) is similar.

4.2.5 Relation to the Gromov—Witten theory of Hilb?(K3) Recall the power se-
ries (128):

FV(y,q), GV(y,9), GV.q), HV(y,q).

Proposition 36 There exists a power series

A (y,9) € Q((»?)4]

such that
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(i) (Ba. By)' = (FW)?,

(ii) (r)" =26V,

(iii) (By, Bo)Y =2FOV. OV 4 GOV,
(iv) (A, Bl)Y GOV + HOW. gOW,
(V) (A BQ)Y _ IHGW FGW

Proof Let d >0 be aninteger, let k = (ky1,...,k4) € (% ) be a tuple of half-integers,
and let

Bix =B1+dBy+kiAy+---+ksAs.

Consider a stable map f: C — Y of genus 0 and class B, . The composition
mo f: C — P? has degree 1 with image a line L. Let Co be the component of C on
which 7 o f is nonconstant.

Let g: W — Y be the quotient map (132), and consider the fiber diagram

i

C—>Y

N 2, PIxE

+——

where p = pr,3 op is the composition of the blowdown map with the projection to the
(2, 3)—factor of P! x P! x E. Then, parallel to the case of elliptic K3 surfaces, the
image of C under po f isacomb curve

Be + prl_l(z)’

where B, is the fiber of the projection X — E over some point e € E, the map
pr;: P1x E — P! is the projection to the first factor, and z C P! is a zero-dimensional
subscheme of length d .

Let Go C C be the irreducible component which maps with degree 1 to B, under
po f. The projection C — C induces a flat map

(139) Go — Cy.

If (139) has degree 2, then, similarly to the arguments of Lemma 13, the restriction
flc, 1s an isomorphism onto an embedded line

L C Hilb?(S,) C Y,
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where e = —e € E is a 2—-torsion point of E. Since f|c, is irreducible, we have
L & I(x) forall x € P!. The tangent line to Apip2(pry at 2x is I(x) forevery x e P!,
Hence, L intersects the diagonal A2 (p1y in two distinct points.

If (139) has degree 1, the map f'|c, is the sum of two maps Cop — X . The first of
these must map Cy to a section of X — P!, the second must be constant since there
are no nonconstant maps to the fiber of X — P!. Hence, the restriction f lc, is an
isomorphism onto the embedded line!!

(140) Be + (x'.—e) = g(p~ ' (x" x B, x —e))

for some x’ € P! and e € E; here we used the notation (21).

Every irreducible component of C other then Cy maps into the fiber of

n: Y — Hilb?(Pl) = P?

over a diagonal point 2x € AHi|b2(IF>1)-

Summarizing, the map f: C — Y therefore satisfies one of the following:
(A) The restriction f|c, is an isomorphism onto a line

(141) L C Hilb*(Be) C Y,

where e € E is a 2—torsion point. The line L intersects the diagonal in the
distinct points 2x; and 2x5. The curve C has a decomposition

(142) C=CyUCiUC,

such that for i = 1,2 the restriction f|c; maps in the fiber T (2x;).

(B) The restriction f|c, is an isomorphism onto the line (140) for some x’ € P!
and e € E. The image f(Cp) meets the fiber n_l(AH“bz(P])) only in the point
(x",e) + (x’, —e). Hence, the curve C admits the decomposition

(143) C=CyUCy,

where f|c, maps to the fiber 771 (2x).

L1 1f ¢ is a 2—torsion point of E, we take the proper transform instead of p~1 in (140). This case will
not appear below.
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According to the above cases, we say that f: C — Y is of type (A) or (B).
We consider the different cases of Proposition 36.
Case (i) Let Z;, Z5 be generic fibers of the natural map

7: Y — Hilb?(P1).

The fibers Z1, Z> have class 2B;. Let f: C — Y be a stable map of class B4 x
incident to Z; and Z,. Then f must be of type (A) above, with the line L in (141)
uniquely determined by Z;, Z, up the choice of the 2—torsion point e € E. After
specifying a 2—torsion point, we are in a case completely parallel to Section 2, except
for the existence of the nodal fibers in the K3 case. Following the argument there, we
find the contribution from each fixed 2—torsion point to be (FSW)2. Hence,

(2B2.2B,)Y = |{e € E |2e = 0}| - (FV)? = 4. (FOW)2,
Case (ii) Let x;,x, € Pl and e € E be generic, and consider the point

A stable map f: C — Y of class B,  incident to y must be of type (B) above, with
x" = x1 or x5 in (140). In each case, the calculation proceeds completely analogously
to Section 3.3 and yields the contribution GSW. Summing up both cases, we therefore
find (y)¥ =2G°WV.

Case (iii) Let x’,x;,x, e Pl and e € E be generic points. Let
(144) Z1=g(p (P xx'xe)) = (P! xe)+ (x", —e)

and let Z, be the fiber of 7 over the point x; + x». The cycles Z;, Z, have the
cohomology classes [Z1] = B; and [Z,] = 2 B>, respectively. Let

f:C—-Y

be a 2-marked stable map of genus 0 and class B4 x with markings p1, p; € C
incident to Z1, Z», respectively. Since f(p1) € Z1, we have

flp)) = (x",e) + (x', —e)
for some x” € P1. Since also f(p2) € Z, and e is generic, x” € {x, x1, x2}.

Assume x” =x;. Then f is of type (B) and the restriction f'|c, is an isomorphism onto
the line £ = B, +(x1, —e). The line £ meets the cycle Z5 in the point (x2, e)+(x1, —¢)
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and no marked point of C lies on the component C; in the splitting (143). Parallel
to (ii), the contribution of this case is GSW. The case x” = x, is identical.

Assume x” = x’. Then 7 (f(p1)) = 2x’. Since n(f(p2)) = x1 + x2, we have
7w(f(p1))Nr(f(p2)) = 2. Hence, f is of type (A) and we have the decomposition

C=CoUCiUCQC,,

where f|c, maps to a line L C Hilb?(B,’) for a 2-torsion point e’ € E, the restriction
flc, maps to 771(2x’), and f|c, maps to the fiber of & over the diagonal point
of L which is not 2x’. We have p; € C; with f(p1) € Z;, and p, € Cy with
f(p2) = (x1,€') + (x2,—¢’). The contribution from maps to the fiber over 2x’
matches the contribution HSY considered in Section 3.6. Since there is no marking

on C,, the contribution from maps f|c, is F GW  For each fixed 2-torsion point

¢’ € E, we therefore find the contribution FEWV . HCOW

In total, we obtain
(B1,2B5) =2-GV + 4. FOV. gG&V,

Case (iv) Let x,x’ € P! and ¢’ € E be generic points, and let e € E be the i
2—torsion point. Consider the exceptional curve at (x, e),

Zy=g(p~ ' (x.x,e)),
and the cycle which appeared in (144) above,
Z2 — g(p—l(IP)l Xx/ X e/)) — (Pl Xe/) _|_ (xl’ _e/).

We have [Z] = A; and [Z,] = B;. Consider a 2-marked stable map f: C — Y of
class B4 x with markings p1, p2 € C incident to Zy, Z», respectively.

If f is of type (B), we must have 7w (f(p1)) N7 (f(p2)) # @. Hence, f(p2) =
(x,e’) + (x’, —e’) and the restriction f|c, is an isomorphism onto

C=(p"'(xx P! xe')) = B + (x.€).

In the splitting (143), the component C; is attached to the component Cy = £ at

(x,—€") + (x,€’). Then the contribution here matches precisely the contribution of the

point ug in the K3 case of Section 3.4; it is GOV,

Assume f is of type (A). The line L in (141) lies inside Hilb2 (Ber) for some 2—torsion
point ¢” € E. Since ¢’ is generic, m(L) is the line through 2x and 2x’. Consider
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the splitting (142) with C; and C, mapping to the fibers of 7= over 2x and 2x/,
respectively. The contribution from maps f'|c, over 2x’ is parallel to Section 3.5.2; it
is HSV. Let H, (resp. H1) be the contribution from maps f|c, over 2x if e’/ =e
(resp. if e” # ). Then, summing up over all 2—torsion points, the total contribution is
ﬁGW-HGW, where HSW = ﬁo + 3FI1.

Adding up both cases, we obtain (4;, B;)Y = GOV + HOWV. gGW,

Case (v) This is identical to the second case of (iv) above, with the difference that the
second marked point lies on Cyp, not C5. m

4.3 Calculations

4.3.1 Initial conditions Define the formal power series

H=>">" Hgry*q" = (B2. By)".

d>0keZ

=" Iixy*q? = (oy)”.
d>0keZ

T=Y Y Ty q? =(1)",
d>0keZ

where (1)Y is the Gromov—Witten potential (135) with no insertion, and we have set
¢ =1 in (135). We have the following initial conditions.

Proposition 37 We have
(i) Tox =8/k> forallk > 1,
(i) Ty—ng=2/d>® foralld>1,

(i) Ho10=1,
(iv) Hgp=0 if (d =0,k <—2) or (d >0,k <—2d),
V) Tgp=0 ifk <—2d,
vi) Iz =0 ifk <—-2d.

Proof Case (i) The moduli space My(Y, > ;i ki A;) is nonempty only if there exists
aje{l,..., 4} with k; = §;;k for all i. Hence,

1= / .
[Mo(Y 2 ki ATV Z Mo (Y .kA; )]Vlr
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Since the term in the last sum is independent of 7,

(145) Tor =4 / 1.
[Mo(Y,kA1)]¥r

Let e € E be the first 2—torsion point, let
Dx1=1{(x,x,e)|x ePYYcP!xP'xE
and consider the subscheme
Ay =g(p~ ' (Dx,1))

which appeared in Section 4.2.2. The divisor A is isomorphic to the exceptional
divisor E; of the blowup p: W — W ; see (131). Hence A; = P(V), where

V =0p1(2) ®Op1 — P
Under the isomorphism A; = P(V'), the map
(146) 7 AL = Aty = P!
is identified with the natural P(V) — P,

The normal bundle of the exceptional divisor £1 C W is Op)(—1). Hence, taking
the Z,—quotient (132) of W, the normal bundle of A; C Y is

N = Na,/y = Op)(=2).

For k > 1, the moduli space
M = Mo(Y.kAyr)

parametrizes maps to the fibers of the fibration (146). Since the normal bundle N
of A; has degree —2 on each fiber, there are no infinitesimal deformations of maps
out of Ay. Hence, M is isomorphic to Mo(P(V), df), where f is the class of a fiber
of P(V). In particular, M is smooth of dimension 2k — 1.

By smoothness of M and convexity of P(V) in class kf, the virtual class of M is the
Euler class of the obstruction bundle Ob with fiber

Obs = H'(C, f*Ty)

over the moduli point [ f: C — Y] € M. The restriction of the tangent bundle Ty to a
fixed fiber Agy of (146) is

Tylay = 04y (2) @ Og, D O4y(—2).
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Hence,
Obs = HY(C, f*Ty) = H'(C, f*N).
Consider the relative Euler sequence of p: P(V) — P!,
(147) 0— Qp — p*V ®Op)(—1) = Opy)y — 0.

By direct calculation, 2, = Op(y)(—2) ® p*Op1(—2). Hence, twisting (147) by
p*Op1(2), we obtain the sequence

(148) 0— N — p*V(2)®Opy)(—1) = p*Op1(2) > 0.

Let g: C — M be the universal curve and let f: C — A; C Y be the universal map.
Pulling back (148) by f', pushing forward by ¢, and taking cohomology, we obtain
the exact sequence

(149) 0— R%qs f*p*Op1(2) > R'qx f*N = R'qs [* p*V(2) @ Op(vy (—1) = 0.
The bundle R'gy f*N is the obstruction bundle Ob, and
Rqu [* p*Op1(2) = qxq™ p™* Op1(2) = p"*Op1(2),
where p’: M — P! is the map induced by p: P(V) — P!. We find
c1(p™*Op1(2)) = 2p" wp1,

where wp1 is the class of a point on P!. Taking everything together, we have

(150) 1 =/ e(R'q«f*N)
M

[Mo(Y,kAy)]vir
_ /Mq (0™ Op1 )tz (R gw f* p*V(2) ® Op iy (—1)
—2 /M ks (R g f* P*V(2) ® Op vy (— 1),
where M, = My(P!, k) is the fiber of p’: M — P! over some x € P!. Since

P*V(2)® Opwy(=D)|p-1(x) = Or), (=1) & Opy), (—1),

the term (150) equals 2 [’ Moo (P k) €2k—2 (£), where £ is the bundle with fiber

HY(C, f*Opi1(-1)) ® H'(C, f*Op1(-1))
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over a moduli point [f: C — P'] € M,. Hence, using the Aspinwall-Morrison
formula [17, Section 27.5] the term (150) is

2
/ =2 raE) = 5.
[Mo(Y,kA)]vr My o(P1,k)

Combining with (145), the proof of case (i) is complete.

Cases (ii) and (v) Let f: C —Y be astable map of genus 0 and class dBr+)_k; A;.
Then f maps into the fiber of

m: Y — Hilb?(P)
over some diagonal point 2x € A2 p1y. The reduced locus of such a fiber is the union
(151) YxUAxe U -UdAxpe,
where e1,...,eq € E are the 2—torsion points of E,
Are=g(p~ (x xx x¢))

is the exceptional curve of Hilb?(X) at (x,e) € X, and Xy is the fiber of the addition
map Hilbz(Fx) — Fx = E over the origin Og . Hence,

[elCl=alS:]+ ) bilAx]

for some a, by, ...,bs > 0. Since [Ay ;] = A; and
[Sx] = B2 — (A1 + A2 + A3 + As).
we must have d = a and therefore

lCl=dBy+ ) (bi—d/2)4;.

1
Since b; > 0 forall i, we find ) ; k; > —2d, with equality if and only if k; = —d /2
for all i . This proves (v) and shows

(152) 1.

Tg,—a = / _ _
[Mo(Y,dB>—3";(d/2)A;)]¥r

Moreover, if f: C — Y has class dB, — ) _;(d/2)A;, it is a degree-d cover of the
curve X, for some x.

We evaluate the integral (152). Let Z’ be the proper transform of

P! x E < W, (x,e) — (x,x,e)

Geometry € Topology, Volume 22 (2018)



408 Georg Oberdieck

under the blowup map p: W — W, and let
Z=g(Z"N=2Z']Z,CY

be its image under g: W — Y. The projection map pry 3 0p: Z " P! x E descends
by Z,—quotient to the isomorphism

(153) (11z,mz): Z > P' x P!,

where 7: Y — P! is the morphism defined in (133). Under the isomorphism (153),
the curve ¥ equals P! x x. Since moreover the normal bundle of Z C Y has degree
—2 on X,, we find

Mo(Y,dBy> —2dA) = My(P',d) x P!.
The normal bundle Z C Y is the direct sum
N = Nz;y =prj Opi(a) ® pr; Op1(-2)
for some a. We determine a. Under the isomorphism (153), the curve
R=xxP!'cP!xP!

corresponds to the diagonal in a generic fiber of 7: ¥ — P!. The generic fiber of t
is isomorphic to P! x P!, hence ¢1(N)- R =2 and a = 2. The result now follows
by an argument parallel to (i).

Case (iii) This follows directly from the proof of Case (i) of Proposition 36 since the
line in (141) has class By — A; for some i .

Case (iv) Let f: C — Y be a stable map of genus 0 and class B, x incident to
the cycles Z1, Z, of the proof of Case (i) of Proposition 36. Then there exists an
irreducible component Cop C C which maps isomorphically to the line L considered
in (141). We have [L] = B; — A; for some i.

Since all irreducible components of C except for Cy gets mapped under f to curves
of the form ¥y or Ay ;, we have

folCl=Bag =IL1+d[Ex]+ ) bj4;
J

=B1+dBy+ ) (=d/2—8ij +b))
J
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for some by,...,b4>0.1f d =0 wefind k =) ; k; >—1.1If d >0, then f maps to
at least one curve of the form X, with nonzero degree. Since L and X are disjoint,
we must have bj > 0 for some ;. This shows k =} k; > —2d.

Case (vi) This case follows by an argument parallel to Case (iv). a

4.3.2 The system of equations Let d/dg and d/dy be the formal differentiation
operators with respect to g and y, respectively. We will use the notation

=y 4
dy’
The WDVV equation (137), applied to the cohomology insertions

a,:q;—q and 0,

E=(y1,....v4)

specified below, yields the following relations:

§=(B2.D2,D2,4) = (By, A) = —103.(H),

§=(B2,D2,D2,D1) = (B1,B2) = 8. H + 11,

£ =(A,D2, D2, A) = (A, A)=132H - 11,
(139 §=(4.D2.D2.D1) = (B, 4) = ~10-0H.

§=(B1.D2.D2,A) = (B1.A)—%0;1 =—303:(B1.Ba),

§=(B1,D2,D2,D1) = 2(B1,B1)+09:1 =20:(B1, Bz)

— <Bl, Bl) = 3%[‘].
Using (154) and the WDVYV equations (137) with insertions £ further yields:

(W1) &= (B2, D1, Dy, D2):
0=202H +20.] —H-03T + 39, H -0,02T;

(W2) &= (B2, A, A, Dy):
0=202H +49:H +2] —H -920;T + 33, H - (44 03T);
(W3) &= (B2, A,A,Dy):
0=407H +20.1 — 0921 + 30,0, H -(4+03T)— 0. H - 070, T
—202H -920,T + 0, H -9,02T;
(Wd) £=(A,A,A,Dy):
0=—80,0,H—40>H +803,1 +20,H-020,T —?H -(4+3>T)+1-(4+3T);
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(W5) §=(A,A,D1,D1):
0=—2021 + 3020. H-020,T —3,0.H - 9,027 — 303 H - 0,0°T
+O2H 2T — 10,1020 T +10,1-9,02T;
(W6) &= (B1,D1,Dy,D»):
0=20 H—021 —0:H 02T —11-03T + 30,0, H -0;0T.

4.3.3 Nondegeneracy of the equations

Proposition 38 The initial conditions of Proposition 37 and the equations (W1)—(W6)
together determine Hy i, Iy, Ty forall d and k.

Proof of Proposition 38 For all d, k, taking the coefficient of ¢¢ y¥ in equations
(W1)—(W6) yields:

(W) 2d°Hg g +2d1gp =Y (d—=D>(d—1)—3jlk— ) H; Tai
7.l
(W2) Qk(k+1)+4d)Hgp +214k
= (k—j)*((d =D —3jk—j))Hy i Ta—p j—;:
Jil

(W3) 2d(2d +k)Hgx + (2d —k*)1,4

= =3 k= H(jd =D =1k = ))((d =D =Lk = ) Hy  Ta—r -y
7l
(W4) 2k +1)Igp —k(k® +k+2d)Hy
=3 Y= (G =) = 3= ) Hyj + 50— D) Tat ey
il

(W5) 2d*1qp =Y (d =D (jd—1)—=1(k—)))
M@ =D Hy =32k ) Hy g+ S 1) Tarie—s
(W6) 2d°Hy o —d*Igp =Y (d—1)°
jil
((d—=D)(IHy; +51;,;)— % jltk— j)H; ) Ta—i k—;-
Claim 1 The initial conditions and (W1)-(W6) determine Ho x, lo k., To x forall k,
except for Ho .
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Proof of Claim 1 The values T} ; are determined by the initial conditions. Consider
the equation (W2) for (d, k) = (0,0). Plugging in (d, k) = (0,0) and using Hy—; =1,
TO,I = 8, we find 10,0 =2.

Let d =0 and k > 0, and assume we know the values Hy ;, Io,; forall j <k except
for Ho,o. Then equations (W3) and (W4) read

—4k210’k + (known terms) = 0,
b—4k?(k + 1)Hp  + (known terms) = 0.

Hence Iy and Hy j are also uniquely determined. By induction, the proof of Claim 1
is complete. |

Let d > 0. We argue by induction. Calculating the first values of Hg g, o x and Ty,
and plugging them into equations (W1)—-(W6) for (d,k) = (1,-2) and (d,k) =
(1,—1), we find by direct calculation that the values

Hoyo, Hi,—2, Hi,—1, I1,—2, I1,-1, T1,-1, T10
are determined.

Now let (d =1, k >0) or (d > 1, k > —2d), and assume we know the values Hj ;,
I;;, Ty foralll <d, j <k+2(d—1)andforall l =d, j <k. Also assume that
we know Ty . The proof of Proposition 38 follows now from the following claim.

Claim 2 The values Hy i, 14 k. Ty k+1 are determined.

Proof of Claim 2 Solving for the terms Hy i, 14k, T4 x+1 in the equations (W1),
(W6) and (W5), we obtain

(W1) 2d2Hd’k +2d1,x — dz(d + %(k + 1)) Ty k+1 = (known terms),
(W6) 2d3Hd,k — dzld,k = (known terms),
(W5) 214+ (d + %(k + 1))Td,k+1 = (known terms),

where in the last line we divided by d?. These equations in matrix form read

2d 2 —d(d+i(k+1)) Hyx
2d —1 0 ‘| Iqx | = (known terms).
0 -2 d+ik+1) Tak+1

The matrix on the left-hand side has determinant (2d — 3)(k 4+ 2d + 1)d . It vanishes
ifd= % or k =—2d —1 or d = 0. By assumption, each of these cases was excluded.
Hence the values Hy k., 14k, Ty k+1 are uniquely determined. O
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Remark We have selected very particular WDV'V equations for Y above. Using
additional equations, one may show that the values

Ho—1=1, Too=0, To1=8 T1,2=2
together with the vanishings of Proposition 37(iv)—(vi) suffice to determine the series
H,I, T.
4.3.4 Solution of the equations Let z € C and v € H and consider the actual
variables
(155) y=—e?™% and ¢ =e*"'".

Let F(z,7) and G(z, t) be the functions (5) and (8), respectively.

Theorem 39 We have

H = F(z,1)%,
1 =2G(z, 1),
— 1 & Ik

T=8) 5y +12 ) 54"

k>1 k,n>1
1 - 1 - —
+8 Z F(yk'i'y k)qkn +2 Z F(ka +y Zk)q(Zn 1k
k,n=1 kan>1
under the variable change y = —e?™? and q = €27,

Proof By Proposition 38, it suffices to show that the functions defined in the statement
of Theorem 39 satisfy the initial conditions of Proposition 37 and the WDV'V equations
(W1)-(W6). By a direct check, the initial conditions are satisfied. We consider the
WDVYV equations.

For the scope of this proof, define H = F(z,7)? and I =2G(z, 1) and

Tzszk%ykﬂz > k—qu”

k>1 k.an>1
1 - 1 _ _
+8 Z F(yk_+_y k)qkn_|_2 Z F(yzk_i_y 2k)q(2n Dk
k.n>1 k.n>1

considered as functions in z and t under the variable change (155). We show these
functions satisfy the equations (W1)—(W6).
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For a function A(z, t), we write

c_gg=_ L oA_ d P S S
AT=09:4:= 27i 0z _ydyA’ A =0:4:= 2wi d1 —qqu

for the differentials of A with respect to z and t, respectively.

For n > 1, define the deformed Eisenstein series [33]

J2,n(Z, T) = 8n,1L + Bp—n Z rn—l(yk + (_1)ny—k)qkr’

-1
Y k,r>1
1 -1 - _1
Fan(0) = =Ba(1= g ) =0 D (r=3)"" 0K 4+ (1) yR)gh D),
k,r>1

where B,, are the Bernoulli numbers (with B, = —%

(155). We also let

) and we used the variable change

Gn(z,7) = J4n(22,27)
1 -1 _ ~
=—Ba(1=gmp) =n 2 (1= 3" O+ )y gD,
k,r>1

Then we have

RT =—4—8J5,1 — 166Gy,
020 T = —4J2, —8Ga,
0:0;T = —%23—12Gs,

BT =—2J24—4G4 + 55 Es.

(156)

Since T'(z, t) appears only as a third derivative in the equations (W1)-(W6), we may
trade it for a deformed Eisenstein series using (156).

The first theta function ¥ (z, ) satisfies the heat equation
29 = 20,01,

which implies that F = F(z, 1) = ¥ (z, 7)/n>(r) satisfies

(157) 0 F = 302F — LE>(v)F,

where E>(t) =1-24 Zdzl Zk\d kq? is the second Eisenstein series. With a small
calculation, we obtain the relation

(158) I =40,(H)—0*(H)+ E»-H.
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Hence, using (156) and (158), we may replace in the equations (W1)-(W6) the func-
tion 7" with a deformed Eisenstein series and I with terms involving only H and E>.
Hence, we are left with a system of partial differential equations between the square of
the Jacobi theta function F', deformed Eisenstein series and classical modular forms.

These new equations may now be checked directly by methods of complex analysis, as
follows. Divide each equation by H ; derive how the quotients
Hko Hk/

7 and 17

(with Hk* and H¥' the k™ derivatives of H with respect to z and t, respectively)
transform under the variable change

(z.0)>(E+At+p,v) for A, ueZ;

using the periodicity properties of the deformed Eisenstein series proven in [33], show
that each equation is doubly periodic in z; calculate all appearing poles using the
expansions of the deformed Fisenstein series in [33]; prove all appearing poles cancel;
finally prove that the constant term is O by evaluating at z = % Using this procedure,
the proof reduces to a long but standard calculation. O

4.3.5 Proof of Theorem 33 We will identify functions in (z, t) with their expansions
in y,q under the variable change (155). By Proposition 36, the definition of H in
Section 4.3.1, and Theorem 39, we have

(FS™)2 = (B, B,)Y = H = F(z,7)?,
which implies
(159) FWY(y,q) = £F(z, ).

By definition (55), the y_l/zqo—coefﬁcient of FSW(y,q) is 1. Hence, there is a
positive sign in (159), and we have equality. This proves the first equation of Theorem 33.
The case GOV = G is parallel.

Finally, the two remaining cases follow directly from Proposition 36, the relations (154)
and Theorem 39. This completes the proof of Theorem 33.
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5 Quantum cohomology

5.1 Overview

Let S be a K3 surface. In Section 5.2 we recall basic facts about the Fock space

F(S) = @) H*(Hib?(5): Q).

d>0

In Section 5.3 we define a 2—point quantum operator £™"® which encodes the quantum
multiplication with a divisor class. In Section 5.4 we introduce natural operators £ )
acting on F(S). In Section 5.5, we state a series of conjectures which link £ to the
operator P In Section 5.6 we present several example calculations and prove our
conjectures in the case of Hilb2(S). Here, we also discuss the relationship of the K3
surface case to the case of 4;-resolution studied by Maulik and Oblomkov in [27].

5.2 The Fock space

The Fock space of the K3 surface S,

(160) F(S) =P Fa(S) = P H*(Hilb? (5). Q).

d=0 d>0

is naturally bigraded with the (d, k)™ summand given by
FE(S) = H>FFD(Hib? (S), Q).
For a bihomogeneous element y € F (]1‘ (S), we let

ul=d. k() =k.

The Fock space F(S) carries a natural scalar product (- |-) defined by declaring the
direct sum (160) orthogonal and setting

)= [ o
Hilb4 (S)

for p,v € H*(Hilb?(S), Q). If , o’ € H*(S, Q) we also write

(o, ') =/SozUo/.

If w, v are bihomogeneous, then (u|v) is nonvanishing only if

lul=1Iv] and k(u)+k()=0.
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For all @« € H*(S,Q) and m # 0, the Nakajima operators p,,(«) act on F(S)
bihomogeneously of bidegree (—m, k(a)):

pm(@): F& — Fhtk@

d—m
The commutation relations
(161) [P (@), P (B)] = —mm-+n0fet. B) id(s)
are satisfied for all o, 8 € H*(S) and all m,n € Z \ {0}.
The inclusion of the diagonal S C S™ induces a map
Tem: H*(S.Q) — H*(S™, Q) = H*(S5,Q)®".
For 74« = 142, we have

@) =) ¢'(@Uy)®y,
i,
where {y;}; is a basis of H*(S) and g% is the inverse of the intersection matrix
gij = (vi-vj)
For y € H*(S,Q) and n € Z define the Virasoro operator

1
Ln(y) == D Pebu—ic 1 T(¥).
keZ

where : —— : is the normal ordered product [22] and we used

prpr-a® B = pr(@)p;(B).

We are particularly interested in the degree-0 Virasoro operator

1
Lo(y)==3 Y Pkb—k:t=(y)
keZ\0

=—>"> e p k(i UPe ().

k>11i,j

The operator Lo(y) is characterized by the commutator relations

[pr(@), Lo(y)] = kpr (@ Uy).
Let e € H*(S) denote the unit. The restriction of Lo(y) to F4(S),

Lo(y) 7, ¢s): H*(HilbY (S), Q) — H*(Hilb?(S), Q),
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is the cup product by the class

(162) D(y) = p_1(y)p—1(e)9™" € H*(Hilb?(S), Q)

(d— 1)'
of subschemes incident to y; see [21]. In the special case y = e, the operator Ly =
Lo(e) is the energy operator,

(163) Lolr, sy =d -idg,(s) -

Finally, define Lehn’s diagonal operator [21]

1
—5 > (pib—jpit) + pibip—i+)T3x((S].

i,j=1
For d > 2, the operator 9 acts on F,;(S) by cup product with —%AH”bd (s> Where
_ 1 d—2
AHilbd(S) - (d_z)' p-2(€)p_1(€)
is the class of the diagonal in Hilb? ().
5.3 The WDVYV equation

Let S be an elliptic K3 surface with a section. Let B and F be the section and fiber
classes, respectively, and let

Brn=B+hF.
For d > 1 and cohomology classes y1, ..., Ym € H*(Hilb4 (S); Q), define the quantum
bracket ,
d 1
eyl ) 33 g S
h>0keZ

where the bracket on the right-hand side was defined in (4).

Define the 2—point quantum operator

M F($) ® Q@) = F(S) @ QU )((9)

by the following two conditions:

¢ for all homogeneous a, b € F(S),
{a,b)q if |a] =1b],

0 otherwise;

o &N s linear over Q(())((¢))-

(a | gHilbb> —
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Since M(),z(H“bd (S), ) has reduced virtual dimension 2d, the operator £MP is
self-adjoint of bidegree (0, 0).
For d > 0, consider a divisor class
D € H?(Hilb4 (5)),
and the operator of primitive quantum multiplication'? with D,
Mp:awr D xa

for all a € F4(S) ® Q((»)(q)) ® Q[Al/7>. 1f

D = D(y) forsome y € H*(S) or D= —%AH“bd(S),

by the divisor axiom we have

Mb)l74(s) = (Lo(y) +Aipo(EM™)| 1 ).

1 d_Hilb
_EMAHilbd(5)|fd(S) = (a+hyag I )

Fa(S)’
where d/dy is formal differentiation with respect to the variable y, and po(y) for
y € H*(S) is the degree-0 Nakajima operator defined by the following conditions:!3

[Po(¥), pm(y)] =0 forall y' € H*(S), m € Z,
po(g" 1 yF1s = (v, Br)g" 1 yF1s forall b k.

Since the classes D(y) and Ay () span H 2(Hilb¥ (S), the operator E7P therefore
determines quantum multiplication Mp for every divisor class D.

(164)

Let D1,D e H 2(Hi|bd (S), Q) be divisor classes. By associativity and commutativity
of quantum multiplication, we have

(165) Dy x(Dyxa)= Dy * (D *a)
for all a € F;(S). After specializing D and D, we obtain the main commutator
relations for the operator £HilP:
For all y,y’ € H?(S,Q), after restriction to F(S), we have
PoIE™™, Lo(y)] = po(¥)IE™™, Lo(y)],

po()[EM™, 0] = y L[, Lo(y)].

dy

(166)

12 Quantum multiplication is defined in (11).
13 The definition precisely matches the action of the extended Heisenberg algebra (py (y), k € Z) on
the full Fock space F(S) ® Q[H*(S, Q)] under the embedding qh_l = qB+hF ; see [19, Section 6.1].
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The equalities (166) hold only after restricting to F(.S). In both cases, the extension of
these equations to F(S) ® Q((y))((¢)) does not hold, since po(y) is not g-linear, and
y(d/dy) is not y-linear.

The equations (166) show that the commutator of £® with a divisor intersection

operator is essentially independent of the divisor.

5.4 The operators £"

For all (m,{) € Z?\ {0} consider fixed formal power series

(167) om(7.9) € C(»*)q]

which satisfy the symmetries
Pmp = —P—m,—L>
(168)
E‘pm,ﬁ =MoL m-

Let A(q) = q[]ps1(1— g™)* be the modular discriminant and let

m -1, m

be the Jacobi theta function which appeared in Section 0.3, considered as formal power

m>1

series in ¢ and y in the region |g| < 1.

Depending on the functions (167), define for all r € Z operators

(169) D F(S)@ () ((9) = F(S) @ C(»'?)((q)

by the following recursion relations:

Relation1 Forall r >0,

g(r) _ 80" .d
F0$)BCO2)@) = Fya)2ag)  SR®BCON @) -

Relation 2 For all m # 0, r € Z and homogeneous y € H*(S),

Y)

£k -
oy PETT D o (. 0),

[pm (). €71 =)"
LeZ

where k(y) denotes the shifted complex cohomological degree of y,

y € H**W¥D(s:Q),
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and : —— : is a variant of the normal ordered product defined by

pe(y)E® if L <o,

: g® .=
pe) e®p,(y) if £>0.

By definition, the operator £ ) js homogeneous of bidegree (—r,0); it is y-linear, but
not g-linear.

Lemma 40 The operators £ for r € 7 are well-defined.

Proof By induction, Relations 1 and 2 uniquely determine the operators £7). It
remains to show that the Nakajima commutator relations (161) are preserved by & )
Hence, we need to show

[ (@), (B E] = [~mm-tn.0le. B) idr(s), 7] =0

for all homogeneous «, 8 € H*(S) and all m,n € Z \ {0}. We have

(170) [[pm(Ol)’ pr(B)]. 8(”)] = [pm(Ol), [pn (B), g(r)]] _ [Pn(ﬁ), [ (@), g(r)]]‘

Using Relation 2, we obtain

A7D)  [pm(@), [pa(B), £7]

- [pm(oo, ) % pe(BETHO :som,m,q)}
LeZ
- e . ey,
» % B e @ETTT D ) g
Ae
Similarly, we have
(172) [pn(B).[om(@). 7] = %(a, BYETH T g
+ 2 % @ (e BETTT D ) oy
LUeZ

Since for all £, ¢’ € Z we have

pe(B)( pe (@ ETTHTMTED ) = pp (@) (pe(BET T )
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the second terms in (171) and (172) agree. Hence, (170) equals
(_m)k(ﬂ)-i-l (_n)k(oz)-i—l

(173) (a»ﬁ)g(r+m+n) Lk (B) Pn,—m Wfﬁm,—n .

If {(a, B) = 0 we are done, hence we may assume otherwise. Then, for degree reasons,
k(a) = —k(B). Using the symmetries (168), we find

Om,—n = _V(P—n,m = 7‘Pn,—m-

Inserting both equations into (173), this yields
m—k@+1 k@41

(r+m+n) . Rl G
(a,ﬂ)g ‘Pn,—m n_k(a) + mk(a) n 0 O

5.5 Conjectures

Let G(y,q) be the formal expansion in the variables y, g of the function G(z, 1)
which appeared in Section 0.4,

2
G.9) = F0.91*(v ) 1o2(F(r.)

= F(y.q) { e T Y men ™ o)

d>1m|d
Conjecture A There exist unique series ¢,, ¢ for (m, ) € 72\ {0} such that the
following hold:
(i) The symmetries (168) are satisfied.
(i1) The initial conditions
. 1 d
o11=G0.9)~1, ¢r0=—i-F(y.q), ¢1,-1= —Eq%(F(y,q)z)
hold, where i = ~/—1 is the imaginary unit.

(i) If ET) for r € Z are the operators (169) defined by the functions ¢m. ¢, then
£ satisfies, after restriction to F(S), the WDVV equations

po(NIED, Loy = po()EDL, Lo(y)],
po(N)E@. 8] = yj—y[s“’), Lo(y)]

forall y,y’ € H*(S,Q).

(174)
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Conjecture A is a purely algebraic nondegeneracy statement for the WDVV equa-
tions (174). It has been checked numerically on F;(S) for all d < 5. The first values
of the series ¢, ¢ are given in Section B.0.3. For the remainder of Section 5, we
assume Conjecture A to be true, and we let £ (") denote the operators defined by the
(hence unique) functions ¢,, ¢ satisfying (i)—(iii) above. Since Conjecture A has been
shown to be true for F,;(S) for all d < 5, the restriction of £© to the subspace
@Da<s Fa(S) is well-defined unconditionally.

The following conjecture relates £©@ to the quantum operator £M®. Let L be the
energy operator (163). Define the operator

G(y.q)"°: F(S) @ Q()(9) = F(S) @ QU (4))

by the assignment
Gy =Gr.g"

for any homogeneous u € F(S).

Conjecture B After restriction to F(S),

. 1
(175) g =@ _G(y,q)k0.
F(y.9)*Alg)

Combining Conjectures A and B, we obtain an algorithmic procedure to determine the
2—point quantum bracket (-, -),. The equality of Conjecture B is conjectured to hold
only after restriction to F(.5). The extension of (175) to F(S) @ Q((y))((q)) is clearly
false: the operators £M® and GL0 /(F2A) are g-linear by definition, but £ is not.

Let QJac be the ring of holomorphic quasi-Jacobi forms defined in Appendix B, and

let
QJac=@ @ QJacy

m>0k>—2m

be the natural bigrading of QJac by index m and weight k&, where m runs over all
nonnegative half-integers %ZZO.

Conjecture C For every (m,{) € Z?\ {0}, the series

Om.e+ sgn(m)dpmy

is a quasi-Jacobi form of index %(|m| + |€]) and weight —8¢y .
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Define a new degree function deg on H *(S) by the assignment

-1 ify eQF,
deg(y) =411 ifyeQ(B+F),
0 ifye{F,B+F}L,
where the orthogonal complement {F, B 4+ F}* is defined with respect to the inner

product (-,-).

Lemma®* 41 Assume that Conjectures A and C hold. Let y;,y; € H*(S) be deg—
homogeneous classes, and let

(176) p=[]p-m@ls. v=]]p-nF)ls
i J

be cohomology classes of Hilb™(S) and Hilb™(S), respectively. Then

n—m (D
([ €07) = 50 oA

for a quasi-Jacobi form ® € QJac of index %(|m| + |n|) and weight

> deg(yi) + Y deg(y)).
i J

Proof of Lemma* 41 By a straightforward induction on ||+ |v]. |
Let n,v e H*(Hilbd (S)). By Lemma* 41 and Conjecture B, we have

¢(y.9)
(177) (n.v)g =

~ F(y.9)?A(g)

for a quasi-Jacobi form ¢(y, q). Since F(y, g) has a simple zero at z =0, we expect the
function (177) to have a pole of order 2 at z = 0. Numerical experiments (Conjecture J)
or deformation invariance'# suggest that the series (L, V)4 is nonetheless holomorphic
at z = 0. Combining everything, we obtain the following prediction.

Lemma* 42 Assume Conjectures A, B, C, J hold. Let u,v € H*(Hilb%(S)) be
cohomology classes of the form (176). Then

Hilb? (S) _ M
A7)

145e¢ [34] for a discussion of the monodromy action by deformations of Hilb9 (S) in the moduli space
of irreducible holomorphic-symplectic varieties.
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for a quasi-Jacobi form ®(y, q) of index d — 1 and weight
24 deg(y) + ) deg(y)).
i J

5.6 Examples

5.6.1 The higher-dimensional Yau-Zaslow formula (i) Let F be the fiber of the
elliptic fibration 7: S — P!. Then the calculation
d (0) I L d
(-1 ()15 | (89 = 55 G2 )p-1(F)15)
= {p-1(F) 15 [ EOp_1(F)715)
= (—D(1s | p1(F)?€Op_1(F)?15)
= (=)¥(Ls I po(F)? €D gp_1(F)? 15)
= (=15 [ po(F)* €O (1) pf 402, o15)
d _d
__%10%-10
F(y,.9)*Ag)
_ F(y.g*?7?
A(q)

shows Conjecture B to be in agreement with Theorem 1; here we have used po(F) = 1.
(i) Let B be the class of the section of 7: § — P! and consider the class
W =B+ F.

We have (W, W) = 0 and (W, B8;) = h — 1. Hence, po(W) acts as g(d/dg) on
functions in ¢. We have

(-1 W) 15 | (8@ = 5 GO ooy (W)’ 1)

= (1M ?1s [ EDp_ (W) 15)
D15 | poM)?EDpf jo_1 (W) 15)
= (15 | po(W)22@pf o, (15)

d d d
(vie) " (7 sescn)

d d—
(ode)” (F585—)
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5.6.2 Further Gromov-Witten invariants (i) Let w € H*(S;Z) be the class of
a point. For d > 1, let

C(F) = p_1(F)p-1()? 15 € Hy(Hilb*(S), Z)

and
D(F) =p_1(F)p_1(e)*~ 15 € HX(HIb*(S), Z).

Then
(0) Lo
<C(F)}(€0 FZAG )D(F)>
(dll)'(p 1F)p-1@) s | EQp_1(F)p-1(e)? ' 1s)

1 _ _
= m(p—l(w)d 115 |5(°)(p1,0<p_1,0p_1(e)d 115)

= Gl 1£ 0 0p-r0tens + D i) pa (o)1)

_ pr09-1,0(p11 + 17!

 F(.9)?Ag)

_ G(y.q)!

A
By the divisor equation and the fact that (D(F'), 8, +kA) =1 forall h, k, Conjecture B
is in full agreement with the first equation of Theorem 26.

(ii) Let A=p_r(w)p_1 (w)?~21g be the class of an exceptional curve. Then

(4] (== g &™) o)

= IS 1@ 1@ (Fp (@ s + 14 21s)

_1\d
= Gils 1 26 Pp @ (-1 @ paa(ora + D)

=—3{ls [EWp1(F)e2a(pra + D7)
L (=p—1,0)92,1(p1,1 + )72

2 F2(y,q)A
1 (ydd_yG) _Gd—2
2 A ’

Hence, again, Conjecture B is in full agreement with the second equation of Theorem 26.
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(iili) For a point P € S, the incidence subscheme
I(P) ={£ e Hilb>(S) | P € &}
has class [I(P)] = p—1(w)p—1(e)1s. We calculate

<I(P) | (5(0) - ﬁGLO)I(P»

2
=—(p-1(e)1s |P1(w)5(0)1(P))_% 2
= —{p_1()1s | (EPp1(@) (@11 + 1) —p_1(@)EP 1 _1)I(P)) - %

= (p-1(e)Ls | E@p_1(@)(@1.1 + Dls)

2
+{1s | EPp_1(@)p-1(e)gp1,-115) —

G
F2A

_ (pri+1)? i WL T G?
F2A F2A F2A
d 2

(g ggF)
Aq)

Hence, Conjecture B agrees with the third equation of Theorem 26, case d = 2.

(iv) For a point P € S, we have

(p-1(FP1s | (89— 5 GL0)1(P)) = {15 | £P? 0 1(P))
—07 o#-1.1
FZA
F(y.9) 45 F(y.9)
A7)

Hence, Conjecture B is in agreement with Theorem 27.
5.6.3 The Hilbert scheme of two points We check Conjectures A, B, C, J for
Hilb2(S). Conjecture A is seen to hold for Hilb?(S) by direct calculation. The

corresponding functions ¢, ¢ are given in Section B.0.3. This implies Conjecture C
by inspection. Conjectures B and J hold by the following result.

Theorem 43 For all j1,v € H*(Hilb?(S)),
GLo
(o) = (e | (€= oz )v)
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Theorem 44 Let i, v € H*(Hilb?(S)) be cohomology classes of the form (176).
Then

(1900 = 505

for a quasi-Jacobi form ® of index 1 and weight

24 deg(yi) + Y deg(v)).
i J

By Sections 5.6.1 and 5.6.2 above, Theorem 43 holds in the cases considered in
Theorems 10, 26 and 27. Applying the WDVV equation (164) successively to these
base cases, one evaluates the bracket (i, v), forall u,v e H *(Hilb?(S)) in finitely
many steps. This implies Theorem 43 since for Hilb?(S) the WDVV equation also
holds for £© — GLo/(F2A). Theorem 44 now follows from direct inspection.

Proof of Proposition 4 By degenerating (£, 0) to the nodal elliptic curve and using
the divisor equation, we may rewrite H; (v, q) as

178) Ha(y.q) =Y > ykg"! / (ev1 x ev)*[Al]],

keZ h=0 [Mo,>(Hilb? (S), B +k A

where [A[d]] e H* (Hilbd (S) x Hilb? (S)) is the diagonal class. The proposition now
follows from calculating the right-hand side of (178) using Theorem 43. O

5.6.4 The A; resolution Let [¢!] be the operator that extracts the ¢! coefficient,
and let

Egilb — [q—l]gHiIb

be the restriction of P to the case of the section class B. The corresponding local
case was considered before in [26; 27].

Define operators Sg) by the relations

(r) Y
Is|Ep'ls) =

[P (1) €571 = (1. BY(=3) /2 = (=)™

for all m # 0 and all y € H*(S); see [27, Section 5.1]. Translating the results of
[26; 27] to the K3 surface leads to the following evaluation.

807‘ ’
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Theorem 45 (Maulik, Oblomkov) After restriction to F(S),
5Hi|b+ le — 5(0)
B (1 + y)2 F(S) B

By the numerical values of Section B.0.3, we expect the expansions

Om,0 = ((—y)_’"/z - (—y)m/z) + 0(q) for all m # 0,
ome = 0(q) forallm e Z,¢ # 0.
Because of the equality
Oy
FZA~ (142 7®»

we find Conjectures A and B in agreement with Theorem 45.

[g7"]

Appendix A The reduced WDVYV equation

Let ]\70,4 be the moduli space of stable genus-0 curves with four marked points. The
boundary of Mg 4 is the union of the divisors

(179) D(12]34), D(14]23), D(13[24)

corresponding to a broken curve with the respective prescribed splitting of the marked
points. Since My 4 is isomorphic to P!, any two of the divisors (179) are rationally
equivalent.

Let Y be a smooth projective variety and let Mo, (Y, B) be the moduli space of stable
maps to Y of genus 0 and class 8. Let

T M()’n(Y, IB) —> MOA

be the map that forgets all but the last four points. The pullback of the boundary divisors
(179) under 7 defines rationally equivalent divisors on Mo,n (Y, B). The intersection
of these divisors with curve classes obtained from the virtual class yields relations
among Gromov—Witten invariants of Y, namely the WDVV equations [12]. We derive
the precise form of these equations for reduced Gromov—Witten theory. For simplicity,
we restrict to the case n = 4.

Let Y be a holomorphic symplectic variety and let

(Vl,---,Vn)}fd:/ evi(y) U---Uevy(vn)
[Mo.n (Y, B)]
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denote the reduced Gromov—Witten invariants of ¥ of genus 0 and class € H>(Y; Z)
with primary insertions y1,...,ym € H*(Y).
Proposition 46 Let y1,...,ys € H**(Y;Q) be cohomology classes with

> " deg(yi) = vdim Mo 4(Y. B) — 1 =dimY +1,

l
where deg(y;) denotes the complex degree of y; . Then

red red

(1,72, 73 Uyl 5 + (v1 Uz, va, va) 5 = (1, v 12 U a) 5 4 (1 Uyas 72, v3)

Proof Consider the fiber of & over D(12|34),
D = 7~ Y(D(12]34)).

The intersection of D with the class

4
(180) (TTevion) nistoser.pre

i=1

splits into a sum of integrals over the product
M' = Mo 3(Y, 1) x Mo 3(Y. B2),
for all effective decompositions § = 1 + B3.
The reduced virtual class [Mo 4(Y, B)]™ restricts to M’ as the sum of
(eva xeva)* Ay N [Mos(Y, )] x [Mo3(Y. B2)]*
with the same term, except for “red” and “red” interchanged; here
Ay € H>9mY(y x v:7)
is the class of the diagonal and [-]°" denotes the ordinary virtual class.

Since [Mp 3(Y, )] = 0 unless B = 0, we find

(181) / puly
[Mo,4(Y,B)]™ 1,_[
=D (v v2 Te)5 e (va, va Tr)§ + (1, v2, )58 (va, va, Ty )
e.f
red

= {r1,v2, 73 Uya) 5 + (1 U2, v3, va) 5,
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where {T,}, is a basis of H*(Y;Z) and (g¢f )e, s 1s the inverse of the intersection
matrix g.r = [y Te UTy.

After comparing (181) with the integral of (180) over the pullback of D(14|23), the
proof of Proposition 46 is complete. |

We may use the previous proposition to define reduced quantum cohomology. Let % be
a formal parameter with A2 = 0. Let Effy be the cone of effective curve class on Y,
and for any f € Effy let gP be the corresponding element in the semigroup algebra
QI[Effy]. Define the reduced quantum product * on

H*(Y:Q) ® Q[Effy] ® Q[h]/A°
by
(v1#72.73) = (nUy2.y3) +1 Y ¢P(y1.v2. v3)f
B>0
for all a,b,c € H*(Y), where (y1.y2) = [y 1 U y2 is the standard inner prod-
uct on H*(Y;Q) and B runs over all nonzero effective curve classes of Y. Then
Proposition 46 implies that * is associative.

Appendix B Quasi-Jacobi forms

B.0.1 Overview We give a short concrete definition of quasi-Jacobi forms, and list
the first values of ¢ ,,. Quasi-Jacobi forms arise more generally as constant terms of
almost-holomorphic Jacobi forms; see [25] for an introduction.'® Our definition here
is closely related to Libgober’s definition. If f is a quasi-Jacobi form (in our sense) of
index m, then f/F?™ is a quasi-Jacobi form in the sense of [25].

B.0.2 Definition Let (z,7) e C xH, and let y = —p = —e?™'Z and g = ¢?™'T. For
all expansions below, we will work in the region |y| < 1.

Consider the Jacobi theta functions

h(z,7) 1/2 -1/2 (I+yg™A+y g™
F(z.7) = = (! +y712) ,
n°(7) [ (1—g™m)?
the logarithmic derivative

Nem) =y glog Fng) = T =5 = 30 3 (=)™ = =)™,
d>1m|d

m>1

15 The authors would like to thank A Libgober for pointing out [25].
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F(z,t) Ex(r) Ji(z.7) p(z.1) 9°(z.7)

pole order at z =0 0 0 1 2 3
weight -1 2k 1 2 3
index 1/ 0 0 0 0

Table 2: Weight and pole order at z =0

the Weierstrass elliptic function

(182) #C D= 15~ T2 + Y m((=)" =2+ (=) e,

12 (l-l—y ey

the derivative

P =y pE ) = T D Y M) - () g

(1+ d>1m|d
and for k > 1 the Eisenstein series
—1_ 2k—1
a83) B0 = 1= g 3 (Lo
>1 “m|d
where B, are the Bernoulli numbers. Define the free polynomial algebra

V= C[F(z,7), E2(v), E4(2), J1(z.7), (2, 7), (2, 7)].

Define the weight and index of the generators of V by Table 2. Here, we list also their
pole order at z = 0 for later use. The grading on the generators induces a natural
bigrading on V by weight k and index m,

V= B DVim

me(% Z)=0 keZ
where m runs over all nonnegative half-integers.
In the variable z, the functions
(184) Exc (1), J1(2.7), p(2.7). 9°(2.7)
can have a pole in the fundamental region
(185) {(x+yr|0<x,y <1}

only at z = 0. The function F(z, t) has a simple zero at z = 0 and no other zeros (or
poles) in the fundamental region (185).
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Definition 47 Let m be a nonnegative half-integer and let k € Z. A function

fz.1) e Vk,m

which is holomorphic at z = 0 for generic 7 is called a quasi-Jacobi form of weight k
and index m.

The subring QJac C V of quasi-Jacobi forms is graded by index m and weight k,

QJac=@ @ Qlacg .

m>0 k>—2m

with finite-dimensional summands QJacy , .
By the classical relation
(9°(2))* = 49(2)° = 3 Ea(0)(2) + 575 E6 (1),

we have E¢(7) € V and therefore Eg(t) € QJac. Hence, QJac contains the ring of
quasimodular forms C[E>, E4, Eg]. Since the functions

921 =-F(z.7)% @01 =—12F(z,1)%p(z.7)
lie both in QJac, it follows from [8, Theorem 9.3] that QJac also contains the ring of
weak Jacobi forms.

Lemma 48 The ring QJac is closed under differentiation by z and t.

Proof We write

1 0 _ d 1 0 d

= mior 9ag ™ T e Ty

for differentiation with respect to t and z, respectively. The lemma now directly
follows from the relations

0:(F)=F-(3J7 — 30— 15E2). 0:(F)=Ji-F.
I:(J1) = J1- (5 E2—p) — 29°. 9z(J1) = —p + 15 Ea.
0:(p) =20° + ¢9E2 + J19° — 3¢ Ea. 3z(p) = °,

Ie(9°) = 6J19° — s J1Es +3pp° + LE2p°, 3.(p°) = 69> — 54 Es. O
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B.0.3 Numerical values We present the first values of the functions ¢,, ¢ satisfying
the conditions of Conjecture A of Section 5.5. Let K =iF, where i = +/—1. Then
o1-1=K>(3JF — 30 — 15 E2).
¢1,0 = —K,
o1,1=K*(p— 5 E2).

02,2 =2K*(J} =209 — 5T E2—519°),
02,1 =2K>(3J7 —hp— 51 E2—9°).
p20=-2-J1-K?,
921 =2K>(Jip— {51 E2+ 39°).
w22+ 1= 2K4-(J12KJ— %leEz + %502 + Jl[{f—%lﬂ),

03,2 =3K>-(3J7 —3J0p — g I Ea+ 3197
+ 5 J19Er — 2 U290 + 1a5 J1 Ea + 5 900°).
@3,—1 =3K* (371 = 2J%p — LJPEs + 19? + L9Er — S T19° + 5a5 E4).
p30=K>-(—3J7 +3p).
03,1 =3K* (3J%p— s JTE2+ 39% + 559E2 + J19° — 137 E4).
032 =3K>-(3J0 9 — I E2+ J19°
+ g 19Er + I 19" — 56 J1Ea+ 39 9°).
¢33+ 1=3K®- (3J}p— ST Ea+ L Ilp* + JPpE> + 370" + 297
— 359  E21g )T Ea+3)19- 9" — iz Ea+ 5(97)),
pa0=K* (—2J +871p + 2p°).
In the variables
g =T and 5= (—y)V/2 =iz
the first coefficients of the functions above are
Q1,1 = (—s 4 +4572—6+ 45> —sH)g + 0(¢?),
01.0=("1=s)+ (=3 4351 =35 +5*)q+ 0(¢?).
011 = (s =452 +6—452 +5Yq + 0(¢D),
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2,2 = (=25 0+ 4574 42572 -8 4252 + 451 —25%) g + 0(¢?),
02,1 = (=25 4653 —4s ! —4s + 65> —25°)g + O(¢?),
¥2,—0 = (572 —52)+ (—4s 4+ 8572 —8s> +45M) g+ 0(¢?),
02,1 = (25 =653 + 457+ 45— 653 +25%)g + 0(¢?).
p22+1=1+ (2570 —457* —2572 48252 —45* +25%)g + O(¢?),

Y32 = (=35 T+ 657° =351 =35+ 65> —357)g + 0(¢?),
Y31 = (=35 04+ 957*— 9572 4+ 6— 952 + 95s* —35%)g + 0(¢?),
@30 = (s =5)+ (=957 +18573—95 1 + 95— 185 + 95°)g + 0(¢?),
031 = (3s 0 —957* 4+ 9572 —64 952 —9s* +35%)g + O(¢?),
Y32 = (Bs T =65 +35 1 +35—65° +357)g + 0(¢?),
@33+ 1=1+@s =650 +357*—6572+ 12— 6524 35*—65° +35%)g + 0(¢?).

040 = (s —5%) 4+ (=16570 43257 — 16572 4+ 165> —325* + 165%)g + 0(¢?).
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