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Detecting periodic elements
in higher topological Hochschild homology

TORLEIF VEEN

Given a commutative ring spectrum R, let Ay R be the Loday functor constructed
by Brun, Carlson and Dundas. Given a prime p > 5, we calculate w4 (Agsn HF))
and w«(Arn HF,) for n < p, and use these results to deduce that v,—; in the
(n—1)* connective Morava K-theory of (Arn H ]Fp)hT” is nonzero and detected in
the homotopy fixed-point spectral sequence by an explicit element, whose class we
name the Rognes class.

To facilitate these calculations, we introduce multifold Hopf algebras. Each axis
circle in T" gives rise to a Hopf algebra structure on w4« (Arn HF,), and the way
these Hopf algebra structures interact is encoded with a multifold Hopf algebra
structure. This structure puts several restrictions on the possible algebra structures on
m«(Arn HFp) and is a vital tool in the calculations above.

55P42, 55P91, 55T99

1 Introduction

Topological Hochschild homology of an orthogonal commutative ring spectrum R can
be defined as the tensor S'! ® R in the category of orthogonal commutative ring spectra;
see McClure, Schwinzl and Vogt [25], and Mandell and May [22]. Several people
have put a lot of effort into computing the homotopy groups of topological Hochschild
homology of various ring spectra. In [8], Bokstedt calculates the homotopy groups of the
THH of the Eilenberg-Mac Lane spectra HIF, and HZ; in [26], McClure and Staffeldt
calculate the mod p homotopy groups of the THH of the Adams summand £; in [3],
Ausoni calculates the mod v; homotopy groups of the THH of connective complex
K-theory and in [1], Angeltveit, Hill and Lawson calculate the integral homotopy
groups of THH({) and the 2-local homotopy groups of THH(ko0).

Let X be a space, and write Ay R for the Loday functor, defined in Definition 2.1,
first defined for I'-spaces by Brun, Carlsson and Dundas [10] and then defined for
orthogonal spectra by Stolz [31] and Brun, Dundas and Stolz [11]. If G is a compact
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694 Torleif Veen

group, and X is a G-space, then Ax R is a G—spectrum which is G—equivariant
equivalent to R® X, the categorical tensor, when using the S—model structure from [11].
We will be interested in the case when both X and G are tori.

We write L4(X) for the graded ring m«(Ax HIFp). Iterated topological Hochschild
homology of HF, is then isomorphic to L«(7"), where 7" is the n—fold pointed torus.
We calculate L«(T") using the bar spectral sequences associated with the cofibration
given by attaching the top cell in 7”. A first step is thus to calculate L, (S").

Let p be an odd prime, By =F,, By = P(u) the polynomial algebra over F, on a
generator of degree 2, and for n > 2, we recursively define B, = TorZ»—1 (Fp,TFp),
where the grading in B, is given by the total grading in Tor.

In Theorem 3.6, we prove:
Theorem 1.1 When n <2p, there is an IF,—Hopf algebra isomorphism
Ly(S™) =~ By.

Let n denote the set {1,...,n} of natural numbers.

In Theorem 6.2, we prove:

Theorem 1.2 Given 1 <n < p when p>5and 1 <n <2 when p = 3, there is a
graded F,—algebra isomorphism

L(T") = (X) By

UCn

The fold and pinch maps on each circle factor in 7" produces 7 different L (7" 1)—
Hopf algebra structures on L (T").

Let V(n) be the category with objects given by subsets of 2" and morphisms from
U to V given by subsets of U N V, where composition is intersection. Define the
functor £: V(n) — CRings, where CRings is the category of commutative rings, by
mapping U C n to L(U) = L+«(TY), and sending a morphism W C U NV to
L«(TY - TV — TV), where the first map is projection and the second is inclusion.

The functor £ has the structure of a multifold Hopf algebra as introduced in Section 4.
This follows from the fact that the all maps from 77 to (S! Vv S!)*" given by pinching
each circle in T™ once are homotopic. The notion of simultaneously primitive elements
is a generalization of primitive elements to multifold Hopf algebras; they are elements
which are primitive in all the Hopf algebra structures.
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Detecting periodic elements in higher topological Hochschild homology 695

The calculation of L4(T") is a double induction proof on the dimension of 7"
and the degree of L.(7T"). Similarly to Hopf algebras, simultaneously primitive
elements limit the possible nonzero differentials in the bar spectral sequence calculating
L.(T"), and using this it is shown to collapse at the E?—page, giving the F p—module
structure. Furthermore, the possible algebra structures on L.(7T") are limited by the
simultaneously primitive elements helping us identifying the IF,—algebra structure.

The redshift conjecture predicts that under favorable circumstances, algebraic K-theory
increases “telescopic complexity”. See the introduction to Ausoni and Rognes [4]
and [5] and Baas, Dundas and Rognes [6], and also Rognes [29] for a wider perspective.
The simplest sequence of examples that should display this phenomenon for all complex-
ities is the following: for a given prime p, the iterated algebraic K-theory K ") (F »)
should have telescopic complexity n — 1. In particular, if k(n — 1) is the (n—1)%
connective Morava K-theory with coefficient ring k(n — 1)x = Fp[v,—1], the redshift
conjecture predicts that the element v,—; € k(n — 1)« K (”)(IFP) is not a zero divisor.

Most of the evidence for redshift stems from trace methods: according to Bokstedt,
Hsiang and Madsen [9], the trace K(4) — THH(A) = A g1(A) factors through the
inclusion of fixed points under the action of subgroups of S'. Since these fixed
points provide a very close approximation to K(A4) (see Dundas, Goodwillie and
McCarthy [15]), it is reasonable to hope that chromatic behavior for K (”)(IFP) is
reflected in similar behavior for fixed points of the iterates THH(”)(IFP) = ArnHF,.
See the introduction to Carlsson, Douglas and Dundas [13] for more details.

Theorem 7.9 below is an indication that this is indeed so. While we are not able
to establish that v,_; is not a zero divisor, we are able to show it is nonzero in an
unprecedented range.
Theorem 1.3 Let p>5and1 <n<por p=3and1 <n <2. The unit

k(= 1)y = k(= 1) (Agn HF)HT"

maps v,—1 to a nontrivial class.

We call this class the Rognes class.

The proof shows a specific element in the homotopy fixed-point spectral sequence,
called the Rognes element, is not hit by any differential, is a cycle and is the image
of v,_1. The only differential that might hit it is the d2—differential, which is induced
by the various circle actions on the factors in 7. This is not possible due to there
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696 Torleif Veen

being n circle factors, but only n — 1 odd-dimensional generators 7; in k(n — 1)y of
degree less than the degree of v,_.

It should be possible to generalize the calculation of L« (7T") to a calculation of the
mod p homotopy groups V(0)«(A7n HZ) and possibly to the mod v; homotopy
groups V(1) (A7nf) in some range which depends on p.

Organization Section 2 recalls some results about spectra and the Loday functor,
and in Section 3, we explicitly calculate L.(S") for n < 2p. Section 4 introduces
multifold Hopf algebras, and in Section 5, we prove that the structure of a multifold
Hopf algebra restricts the possible coalgebra structures that can appear in L4 (7"). In
Section 6, we calculate L«(7") for n < p when p > 5 and for n <2 when p = 3.

In Section 7, we show that there is an element in the second column of the homotopy
fixed-point spectral sequence calculating k(n — 1)« ((A7n H IFp)th) that is a cycle
and not a boundary, and represents vj,_j .

The rest of the sections contain several technical results which have been moved out of
the main sections to improve the flow of the arguments.

Acknowledgements This article is based on parts of my PhD thesis and I would like
to thank my supervisor Prof. Bjgrn Ian Dundas for all his helpful discussions and
insight, and Prof. John Rognes who did the calculations for low n and shared the results
with me. I would also like to thank the referee and Prof. Haynes Miller for all the
helpful suggestions and corrections, and in particular for outlining a restructuring of
the sections and outlining a much better proof of Theorem 6.2.

2 The Loday functor

We will work in the category of orthogonal spectra. See Hill, Hopkins and Ravenel [19]
for details. Mandell, May, Schwede and Shipley [23] prove that the category of
orthogonal commutative ring spectra is enriched over topological spaces and is tensored
and cotensored.

We recall the definition of the Loday functor given in Definition 4.3.9 of [11]. The
Loday functor was originally stated for I'—spaces in [10], but restated in simpler terms
for orthogonal ring spectra in Martin Stoltz’s thesis [31], on which [11] is heavily based.
We will use the S—model structure on orthogonal spectra from [11] as this gives us
nice equivariant properties as explained below Definition 2.1.
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Detecting periodic elements in higher topological Hochschild homology 697

Definition 2.1 Given a space X' and a commutative ring spectrum R, we define
AxR=R®X,

where R ® X is the categorical tensor in orthogonal spectra.

If G is a compact Lie group and X is a G—space, then G acts on R ® X through the
action on X. When using the S—model structure, this is the action we are interested in,
the one used to calculate, among other things, TC, topological cyclic homology in the
case of G =S

When X is a simplicial space, Lemma 4.3.10 in [11] gives us a natural isomorphism
A|x|R = |Ax R|, where the realization on the right is in orthogonal spectra.

Proposition 2.2 The Loday functor has the following properties:

(1) A weak equivalence X — Y of simplicial sets induces a weak equivalence
A XR —> AyR.

(2) Given a simplicial set Y, there is a natural equivalence Ay (Ay R) ~ Axxy R.

(3) Given a cofibration L — X and amap L — K between simplicial sets, there is
an equivalence Axyi, k R~ Ax RAp, R Ak R.

Proof Statements 1 and 2 follow from the definition of the Loday functor, and
statement 3 follows from the fact that the tensor commutes with colimits. O

The following two Hopf algebra structures will be essential for our calculations.

Proposition 2.3 Letn > 1, let R be a commutative ring spectrum, and assume that
7w« (A gn R) is flat as a . (R)—module. Then m«(Agn R) is an w4« (R)—Hopf algebra
with unit and counit induced by choosing a base point in S™ and by collapsing S" to
a point, respectively. The multiplication and coproduct are induced by the fold map
V: §%v S§" — S" and the pinch map y: S™ — S v S" given by collapsing a chosen
equator through the basepoint, respectively, and the conjugation map is induced by the
reflection map —id: S" — S™.

Proof By Proposition 2.2(3), Agnysn R >~ Agn R AR Agn R, and since 74« (Agn R)
is flat as a 74 (R)-module, 74 (Asn RAR Agn R) = (A gn R) Ag, () T+ (A gn R) by
Proposition 8.2. That the various diagrams in the definition of a w4 (R)-Hopf algebra
commute now follows from commutativity of the corresponding diagrams on the level
of simplicial sets. d
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698 Torleif Veen

Given a map of spaces f: X — Y, we will write f for both the induced maps
ArHFp: Ax HF, — Ay HIFp and L«(f): L«(X) — L«(Y) when there is no room
for confusion.

Proposition 2.4 Let U be a finite set and let TY be the U—fold torus. For each
ueU,if Ly(TY) is flat as an L+(TY\*)-module, then (L«(TY), L4(TY\%)) is a
commutative Hopf algebra where we have

(1) multiplication induced by the fold map TYL 7o\ TY = TUNx (STvS1) - TY,
(2) the coproduct induced by the pinch map S' — S v S on the u' circle in TY,
(3) the unit map induced by the inclusion U \ u — U, and

(4) the counit map induced by collapsing the u™ circle in TY to its basepoint.
Proof Since Apu HIF, = A g1 Apuu HIFp, this follows from Proposition 2.3. O
We now set the notation for two maps which are used throughout the article.

Definition 2.5 Let X be a simplicial set, R a commutative ring spectrum and
V xex R the | X|-fold wedge sum of R indexed by the elements in X. Each element
x € X induces a map Ay R — Ax R, and these maps assemble to a natural map

wy: X+ AR = \/XexR = \/xeXAxR — AxR.

Let Y be a simplicial set. Composing wy: X4+ A Ay R — Axxy R with the map
induced by the quotient map X XY — X xY/(X VYY) = X AY yields a natural map

C/(\)XI X+ A AyR — Ax v R.

The map wy was first constructed in Section 5 of [25].

Definition 2.6 Composing the maps wg1 and @g1 with a chosen stable splitting
S_L ~ S1v S% induces maps in homotopy

1(S'AR) = Hi(SH)®@7(R) — mx(Ag1R),
7 (STAAYR) = Hyi(S") @ mx(Ay R) — mx(Aginy R).

We define maps
0: 7x(R) = m«(Ag1 R),

0: mx(Ay R) = mx(Agi oy R),

by mapping z € m4(R) and y € m«(Ay R) to the image of [S']®z and [S!]® y
under wg1 and @g1, where [S!] is a chosen generator of H(SY).
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Detecting periodic elements in higher topological Hochschild homology 699

The following statement is well known and is proven by Angeltveit and Rognes for
homology, but the same proof works for homotopy.

Proposition 2.7 [2, Proposition 5.10] Let R be a commutative ring spectrum. Then

0: 74 (R) = m«(A g1 R) is a graded derivation of degree 1; ie for x, y € m« R,
o(xy) =a(x)y+(=Dxo(y).

Similarly, the composite 0: mx(A g1 R) = w4« (Agi1xg51R) = m«(A g1 R), where the

last map is induced by the multiplication in S, is also a derivation.

Proposition 2.8 Let R be a commutative ring spectrum, and assume that w4« (A g1 R)
is flat as a 7w (R)—module. If z is in w«(R), then o(z) is primitive in the +«(R)—Hopf
algebra m«(A g1 R).

Proof The diagram
SIAR—2—AgiR
2.9) lw.,_/\id lAwR
(S'VSHi AR5 Agi g1 R

commutes. Hence, ¥ (0(z)) =0(2) @1+ 1®0(2). |

3 Calculating the homotopy groups of A 5. HIF,

In this section, we will calculate L (S") when n <2p and p is odd. First we describe
an [F,—Hopf algebra B, and then we show that L(S") = B,.

The calculations of B,, were first done in the calculations of the Eilenberg—Mac Lane
spaces for F by Cartan [14].
Definition 3.1 Given the letters i, o, Qk and (pk for k > 0, define an admissible
word to be a word such that:

(1) it ends with the letter u;

(2) if p is preceded by a letter, it must be o;

(3) if o is preceded by a letter, it must be ok

“4) if Qk or <pk is preceded by a letter, it must be o or (pl for some / > 0.

We define a monic word to be an admissible word that begins with one of the letters
0, 0% ¢° or .
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700 Torleif Veen

We define the degree of 1 to be 2 and recursively define the degree of an admissible

word by the rules
lox| =1+ |x],

0% x| = p* (1 + |x]),
lo*x| = pF 2+ plx]).

An example of an admissible word of length 6 is ng”%pl QkQM.

Lemma 3.2 (1) An admissible word of length at least 3 always ends with the letter
combination o op.

(2) There are at most %(n — 1) occurrences of the letter ¢ in an admissible word of
even degree of length n.

(3) Every admissible word of length n has degree at least n + 1.
(4) All admissible words of odd degree begin with the letter o.

(5) Let 0 <k < p. A monic word of degree 2k modulo 2p is either equal to
(%)% !
A monic word of degree 2k + 1 modulo 2p is either equal to Q(Qog)k_l,u,
or it starts with the letter combination Q(QOQ)k_I(pO or Q(QOQ)k.

w, or it starts with the letter combination (0°0)*~1¢° or (0%0)*.

Proof All but the last statement is obvious. The last statement follows from the
observation that the degree of a word starting with (pl or Ql o is 0 modulo 2p for / > 1,
and the degree of a word starting with ¢° is 2 modulo 2p. |

Let R be a commutative ring, and let x and y be of even and odd degree, respectively.
We let Pgr(x) be the polynomial ring over R and let £ g()) be the exterior algebra
over R. When R is clear from the setup, we will often leave it out of the notation
and write P,(x) = P(x)/(x?) for the truncated polynomial ring. Furthermore, we
let I'(x) be the divided power algebra over R which, as an R—module, is generated
by the elements y;(x) in degrees i|x| for i > 0, with R-algebra structure given
by yi(x)yj(x) = (iJ;j )y,'+ j(x) and R—coalgebra structure given by v (yx(x)) =
Yivj=k Vi(X) ®Yj(x).

Definition 3.3 We define B; to be the polynomial [F,—Hopf algebra P(u) with
|| = 2. Given n > 2, we define the F,—Hopf algebra B, to be equal to the tensor
product of exterior algebras on all monic words of length n of odd degrees, and divided

Geometry & Topology, Volume 22 (2018)



Detecting periodic elements in higher topological Hochschild homology 701

power algebras on all monic words of length n of even degrees. For the divided power
algebra structure on B, we will write o%x = Yphk (0°x) and ¢¥x = Vph (¢°x), where
x is an admissible word of length n — 1 and of odd and even degree, respectively.

For example, the monic words of length 4 are QQk om and (pOQk ou for k£ > 0. Hence,
By = Qp=o(E(00* o) ® T(po*op)).
Proposition 3.4 When n > 2, there is an isomorphism of [F,—Hopf algebras

By = TorBr=1(F,, Fp).
The map o: B,_; — B, is determined by o (x) = ox and o(x) = 0°x when x is an
admissible word of even and odd degree, respectively.

Proof This is classical. For a proof, see McCleary [24, Proposition 7.24]. O

Before we calculate L(S"), we state a technical lemma which is needed in the proof.
Given a graded module A4, we will write A4; for the part in degree i .

Lemma 3.5 Let P(By,) be the submodule of primitive elementsin B,. If 2<n <2p,
then P(Bp)2pi—1 = P(By)2p; =0 foralli > 2.

Proof In a divided power algebra I'(x), the only primitive elements are nonzero
scalar multiples of y;(x), so by the graded version of Milnor and Moore’s [28, Propo-
sition 3.12] and Proposition 3.4, the primitive elements in B, are linear combinations
of monic words of length 7.

We will show that the shortest monic word in degree 0 modulo 2p, and of degree
greater than 2 p, has length 2p + 2.

By Lemma 3.2(5), a monic word of degree 0 modulo 2p must either be equal to
(0°0)P~ ! or start with the letter combination (0°0)?~1¢° or (0°0)?.

The word (0°0)?~! 1« has degree 2 p, so the shortest monic word in degree 0 modulo 2 p
of degree greater than 2p, is thus (0°0)?~1¢%0Koue for k > 1, and it has length
2p+2.

By a similar argument, we get that the shortest monic word in degree —1 modulo 2 p of
degree greater than 2p, is 0(0°0)?~2¢%0% oo for k > 1, and it has length 2p +1. O
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702 Torleif Veen

Applying the Loday functor L. (—) to the cofiber sequence
e
gives rise to a bar spectral sequence
E%(S™) = Tork*S" " D(F,.F,) = L.(S")

by Propositions 2.2 and 8.2. The spectral sequence is indexed such that the differen-

tials are of the form d”: E7, — E’

5.t S—rttr—1- The differentials are only given up to

multiplication with a unit.

For an abelian group G and m > 1, the bar construction of the Eilenberg—Mac Lane
space K(G,m) is equivalent to K(G,m + 1), and the spectral sequence E2(S") is
analogous to the Eilenberg—Moore spectral sequence calculating K(G,m + 1) from
K(G,m).

The pinch map v induces vertical maps of cofiber sequences
Sn—l D" Sn
v | v
sr=ty st —— p*v D" —— S" v S"

and this in combination with the reflection map on S” gives a map of simplicial spectra

B(HF,, A gn1 HF,, HF))
— B(HFy, A gn1 HFy, HE)) AgrF, B(HF,, A gn1 HF,, HF))

that endows this spectral sequence with a IF,—Hopf algebra structure as explained in
Proposition 8.4. Flatness is no problem since [, is a field.

Theorem 3.6 When n < 2p, there are no differentials in the spectral sequence
E*(S™), and there is an F,—Hopf algebra isomorphism

L.(S") =~ B,.

Proof The proof is by induction on 7. Bokstedt [8] showed that L4 (S') 2= P(11) = B;.
Assume we have proved the theorem for n — 1. The bar spectral sequence then becomes

E*(S™) = TorB—1(F,.F,) = B, = L«(S").
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Detecting periodic elements in higher topological Hochschild homology 703

By Proposition 8.6, the shortest differential in lowest total degree goes from an inde-
composable element to a primitive element. We have E2(S™)q « = F,, so the indecom-
posable elements in B, that can support differentials are generated by ofw and <pk w
with k > 1, where w is some admissible word of length » —1. By Lemma 3.2(3), these
elements are all in degrees greater than or equal to 4p and equal to 0 modulo 2 p since
k > 1. Thus if z is an indecomposable element, d” (z) is in degree —1 modulo 2p
and greater than or equal to 4p — 1. By Lemma 3.5, there are no primitive elements
in these degrees when n < 2 p, so there are no differentials in the spectral sequence.
Hence, E2(S") = E®(S").

To solve the multiplicative extensions, we must determine (0¥w)? and (¢¥w)? for

all £ > 0 and w an admissible word of length n — 1.

Assume z is one of the generators ka or <pkw of lowest total degree with z? # 0.
Then since the p™ powers of primitives are primitive,

W(Zp)=l”(2)p=(l®z+z®1+ZZ/®Z”)1’
=1z’ +2/®@1+ ) ()’ (")?
=1z +z/®1,

so z? must be a primitive element in degree 0 modulo 2p. By Lemma 3.5, this is
impossible when n < 2p and |z?| > 4p, so there are no multiplicative extensions.

When n > 2, the pinch map ¥: S” — §" v §” is homotopy cocommutative, ie the
following diagram commutes:
n n
1/// S*v S
n
\

vy st

T

S

where 7 interchanges the two factors. Cocommutativity is shown by suspending a
homotopy between the identity and antipodal map on S, picking one of the endpoints
of the suspension as the basepoint in S”, and identifying the suspension of two antipodal
points on S! to a point, to define .

From this, it follows that L4(S") is cocommutative as an [F,—coalgebra when n > 2.
Since EZ(S™) is a tensor product of exterior algebras and divided power algebras,
Proposition 8.7 says that there are no coproduct coextensions. Thus L (S")
E®(S") = E?(S™) =~ B, as an F,~Hopf algebra.

oo
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4 Multifold Hopf algebras

The homotopy groups L. (7T") will have several Hopf algebra structures coming from
the various circles in 7”. These structures will be interlinked, and in this section, we
set up an algebraic framework for this interlinked structure. Our main goal is to state
Proposition 5.5, which is a crucial ingredient in the calculation of the multiplicative
structure of L4(7"). Throughout this section, we will prove statements about the
multifold Hopf algebra structure of L.(7T") as an illustration of the definitions and
propositions.

This exposition of multifold Hopf algebra leaves several unanswered questions. In
particular, it would be interesting to have a good description of the module of elements
that are primitive in all the Hopf algebra structures simultaneously. In that regard, a
generalization of the very special case in Lemma 9.5 would be welcomed.

Let CRings be the category of commutative rings. In this section, we will assume that
all our Hopf algebras are connected and commutative.

First we construct a category of Hopf algebras and show that it has all small colimits.
Objects in this category are ordinary Hopf algebras, but we use the morphisms to define
a multifold Hopf algebra.

Definition 4.1 The category of Hopf algebras has pairs of commutative rings (A4, R)
as objects, where A is given the structure of a commutative connected R—Hopf algebra.
A morphism from (4, R) to (B, S) consists of two maps f: 4 — B and g:R — S
of commutative rings such that f* is a map of R-algebras and [ ®;id: A®r S —
B®gs S = B is amap of S—coalgebras.

Proposition 4.2 The category of Hopf algebras has all small colimits, and the colimit
colimy (A4, Rj) is equal to the pair (colimy A;,colimy R;) of colimits in the category
of commutative rings.

Proof The proof is left to the reader. a

Our multifold Hopf algebras will be functors from the following categories. Let .S be
a finite set and define V'(S) to be the category with objects given by subsets of .S and
morphisms from U to V' given by subsets of U NV, where composition is intersection.
Given an element s € S, we will often write S\ s for S\ {s} to make the formulas
more readable.
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Equivalently, V(.S) is isomorphic to the category of spans in [2]S , where [2]S is the
category with subsets of S as objects and inclusions of sets as morphisms. There is
an inclusion [Z]S — V(S) given by sending a morphism U C V to the morphism U
from U to V.

Example 4.3 Let S = {u, v}. Then the nonidentity morphisms in the category V(S)
are given in the diagram

o a—

1]

{u} == {u. v}

and the images of the nonidentity morphisms under the inclusion [2]S — V(S) are the
straight arrows.

The next definition is only a preliminary step towards the final definition of an S—fold
Hopf algebra in Definition 4.18.

Definition 4.4 Let S be a finite set viewed as a discrete category, and let X C V(S)x.S
denote the full subcategory of pairs (V, v) with v € V. A pre- S—fold Hopf algebra 4
is a functor 4: V(S) — CRings with the following property:

For every v € V C S, the pair (4(V), A(V \ v)) is equipped with the structure of
a Hopf algebra with unit and counit induced by the spans V \v <« V \v— V and
V < V\v— V\ v, respectively, such that with this structure, the composite

F AxA . .
X — V(S) x V(S) —— CRings x CRings,

where F is the functor F(V,v) = (V, V \ v), becomes a functor to the category of
Hopf algebras.

We let ¥y, ¢y, 3, and €}, denote the coproduct, product, unit and counit in the Hopf
algebra (A(V), A(V \ v)), respectively.

For a functor A: C — D, where the objects of C are finite sets, we will for V € C
write Ay for A(V).

Definition 4.5 A map from a pre-S—fold Hopf algebra A to a pre-S—fold Hopf
algebra B is a natural transformation from A to B such that for every v € V C §, the
induced map from (Ay, Ay\,) to (By, By\,) is a map of Hopf algebras.
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706 Torleif Veen

Fix a basepoint on the circle S!. Let Z be the category with finite sets of natural
numbers as objects, and inclusions as morphisms.

We define the functor 7: Z — Top by T/(@) = {pt} and T(U) = TV, the U—fold
torus, for U # &. On morphisms, it takes an inclusion U C V to the inclusion
inZ: TY — TV, where we use the basepoint in the factors not in U . Furthermore,
there is the projection map
prg: TV > T1Y,

Give the circle S! the minimal CW-structure with one O—cell and one 1—cell, and give
the U—fold torus TV the product CW-structure. We write 7, kU for the k—skeleton
of TU. If U has cardinality k, the quotient map

V.V 1Y/l
maps to the U—sphere SYU.

Definition 4.6 Let W be an object in Z. Define the functor £: V(W) — CRings on an
object V € V(W) by L(V)=L4(T") andonamap U: V — X by £L(U)=in¥ opr},.

Proposition 4.7 Let W be an objectin .

(1) The functor £ is a pre-W—fold Hopf algebra if the pair (Ls(TY), L+(TY\?))
is equipped with the Hopf algebra structure in Proposition 2.4 forallve U C W.

(2) Themap g"': TW — SW induces a map of Hopf algebras
(La(TW). LT V) — (Lu(SV)). Fp).

Proof Given U C V C W and v € U, we get two homomorphisms of Hopf algebras
(Lx(TY), Lo(TY\Y)) = (Lo(T"), L+(TV\?)) > (L+(TY), L+(TY\?)) induced
by the inclusion U \ v — V \ v. Hence, L is a pre- W—fold Hopf algebra.

Given subsets U C V C W, the ring £Y, as defined in Definition 4.8, is isomorphic
to L(TV\U x (ST v SHY), since £ commutes with colimits, and the colimit of the

composite
u —VON\U) ¢ T~

T(U) —=[2] 2]

is TV\U x (S1v S1)V: see Definition 4.8. a

Top

Let T(S) be the full subcategory of [Z]S X [2]S with pairs (U, V) suchthat UNV =g
as objects.
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Definition 4.8 Let S be a finite set and 4 a functor A: [2]S — CRings. Given finite
sets U C V C §, we define the functor F/ll]V to be the composite

u —Un\)

—U— s A .
TU) 2] [2]° — CRings,

and define Ag to be the colimit of the functor F/lijV'

Using the inclusion [Z]S — V/(S), this construction applies to any pre-S—fold Hopf

algebra A. Note that Ag = Ayp.

Example 4.9 Let U = {u, v} < V. The source category 7(U) of F/IIJV is the diagram
on the left, and the image of F/IIJV in commutative rings is the diagram on the right:

{u,v}, @ +—{u}, @ —— {u}, {v} Ay ¢+——— Ay\y — Ay
I R

{v}, o a3, g, {v} Ay\u S Av\ju,py — Ay
L T S R B

oy {uy —— 2. {uy —— 2. {u. v} Ay +—— Ay — Ay

Example 410 For U CV C W, we have £Y =~ L (T"\U x (S!v S1)*V).

Remark 4.11 We will now describe a helpful way to think about the rings Ag. The
power set P(U) of U can be thought of as a discrete category, with the subsets of U
as objects. There is a functor G from P(U) to T'(U) given by mapping W C U to
the pair (U \ W, W). The composite FEV o G is the constant functor Ay, so this
induces a surjective map on colimits from’AgP(U) to Ag.

An element in Ag can thus be represented by an element in A%P(U). By thinking

of the objects in P(U) as the corners of the unit cube in RY, we can think of the

®PU)
AV

monomials in as U-indexed cubes with a monomial from A4y in each corner.

We will write the image of such a representative in A?P(U) as a sum of U—indexed
cubes as well.

Example 4.12 Let U = {u, v} C V. We represent an element of Ag by a sum of cubes
|:Xg X{v} ]
Xy Xuwr]’
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where the displayed cube is the notation for ;¢ p() X1 € A%P(U). The four entries
in the cube correspond to the four corners in the right diagram in Example 4.9, and
the subscripts are given by the second set in the four corners in the left diagram.
Multiplication is done componentwise, and we have the identifications

|:aux@ X} ] _ |:xg aux{v}} ’ |: Xg X } _ [x@ X{} ] ’
XMuy Xu,v} Muy Mu,v} AuX{u} Xu,v} Muy AuXu,v}
[avx@ X{v} ] _ |: Xg Xy ] ’ [x@ avx{v}} _ [x@ X{v} } ’
Muy Xu,v} Ao X{uy Xu,v} Muy Mu,v} Muy Ao X{u,v}
where a, is an element in Ay\g,y € Ay, and ay is an element in Ap\(y € Ay .

Observe that if a is an element in A\ 3, we can move the element between all four
corners of the cube.

Definition 4.13 Observe that the colimits of the columns in the right diagram in

Example 4.9 are
A{u} (—A{u} A{u}

14 A I 4
Given a map of diagrams
Ay Ap\y Ay
lllfy l‘ﬁV\v L/W

we will write the map on the colimits of the horizontal direction as
[y vp]: Al > 4l

Lemma 4.14 For U CV and v € V \ U, the universal property of colimits induces
the commutative-ring isomorphism

U U~ U

Proof Both sides are the colimit of the functor Fflﬂlﬁ”. On the left-hand side, the col-
imit is evaluated in two steps, evaluating the v direction in the diagram 7'(U Uv) last.

More explicitly, the middle term Ag\v is the colimit of the functor FZLI;” precomposed

with the inclusion 7(U) — T'(U U v). The two outer terms Ag are the colimit of the
functor F/I{,LI}” precomposed with the two maps 7 (U) — T'(U U v) given by adding v
to the first and second set in 7(U), respectively. |
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Given a pre-S—fold Hopf algebra A, there are some related multifold Hopf algebras.
Thinking of a pre- S—fold Hopf algebra as a sum of S—cubes with corners indexed
by the subset of S, the first part of the next proposition says that every face is a
pre-multifold Hopf algebra in a natural way.

Proposition 4.15 Let A be a pre-S—fold Hopf algebra. If U and W are subsets of S,
the composite
—uU A )
V(W) —— V(S) — CRings

is a pre-W-fold Hopf algebra. If U is a subset of S, the functor
AY: V(S \U) — CRings
given by AY(V) = AgUU is a pre-(S'\U )—fold Hopf algebra.
Proof The first case is clear by definition. In the second case, forevery U C V C S

and v € V' \ U, we need to give a Hopf algebra structure to the pair (Ag, Ag\v)
satisfying the definition of a pre-(S\U )—-fold Hopf algebra.

We claim there is a pushout diagram of Hopf algebras:

U U U U
(AV\u’ A(V\u)\v) (AV’ AV\v)

J l

(AU’ Ag\v) (AgUu’ Agtjvu)

The identification of the pushout follows from Lemma 4.14. The case where U = &
follows from the definition of a pre- S—fold Hopf algebra. The other statements follow
by induction on the cardinality of U and Proposition 4.2.

The universal property of pushouts guarantees that these Hopf algebras combine to a

functor satisfying the definition of a pre- (S'\U )—fold Hopf algebra. |

Composing the various coproducts in a pre- S—fold Hopf algebra gives rise to several
homomorphisms that we now introduce. An S—fold Hopf algebra is a pre- S—fold Hopf
algebra where these various homomorphisms agree.

Definition 4.16 Let A be a pre- S—fold Hopf algebra. Given a pair of sets U C V C §
with v € V \ U, we define

Uy AY > AY @4y AY = AP
v
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to be the composition of the coproduct in the Hopf algebra (AY, Ag\ ,) With the
isomorphism from Lemma 4.14

Given a sequence of distinct elements uq, us,...,ur € V C S, we define

Similarly, we define

using the reduced coproducts 1;1{,'4"“ """ uichtti _ WI{/WH """ “ehti _ | @id—id @1.

Definition 4.17 Let S be a finite set, and let 4 a pre- S—fold Hopf algebra. An S—fold
primitive element in A is an element which is primitive in (4, 4g\y) foreach s € S..
When S is clear from context, it will also be called a simultaneous primitive element.

Definition 4.18 Let S be a finite set. An S—fold Hopf algebra A is a pre-S—fold
Hopf algebra A with the additional requirement that for every sequence uy, us, ..., U
of distinct elements in V' € S and all permutations « of &,

Letting U = {uy, ..., ux}, we denote this map by

v Ay — AY.
Definition 4.19 A map from an S—fold Hopf algebra A to an S—fold Hopf algebra B
is a map of pre-S—fold Hopf algebras.

Proposition 4.20 Let W be an object in Z. The functor L: V(W) — CRings is a
W—fold Hopf algebra.

Proof We proved in Proposition 4.7 that £ is a pre- W—fold Hopf algebra. That £ is
also a W-fold Hopf algebra follows from the geometric origin of the coproducts W{,
for i € V C W. Given a sequence 1, Uy, ..., U of distinct elements in V C W, let
U={uy,uy,...,ur}. The map

Y2t p(Vy 2 L(TY) — £Y = Lo(T"\V x (ST v ishY),

defined in Definition 4.16, is induced by the pinch map on every circle in 7V € TV,

Ur,uz,....Uuj O

Hence, it is independent of the order of the elements u; in ¥,
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It shouldn’t come as a surprise that when the composition of the coproducts agree, the
composition of the reduced coproducts agree. More precisely:

Proposition 4.21 Let A be an S—fold Hopf algebra, and let uy,u,,...,u; be a
sequence of distinct elements in V C S. Then for all permutations « of k,

Jlljoz(l) ----- Ug (k) — JIL?,...,M}('

Proof By Proposition 4.15, it suffices to check the claim for transpositions since
Atirtich js an S\ {u;, . . ., ug }—fold Hopf algebra for every i < k. That it holds for
transpositions is easily checked by calculating the two sides using the cube notation. O

We end this section by constructing some special S—fold Hopf algebras.

Definition 4.22 Let S be a finite set. We define a subcategory A of V(S) to be
saturated if it has the property that if W € A, then V(W) C A.

Definition 4.23 Let S be a finite set and let A be a saturated subcategory of V(S).
Define a partial S—fold Hopf algebra A: A — CRings to be a functor 4 which, for
every W € A, is a W-fold Hopf algebra when restricted to W.

Definition 4.24 Let S be a finite set, let A be a saturated subcategory of V(S), let
A be the subcategory Uwea [2]W C A, and let 4: A — CRings be a partial S—fold
Hopf algebra. The functor

A: V(S) — CRings

defined by A(W) = colimy;ppr yen AU ) has the structure of an S—fold Hopf algebra,
and we call it the extension of A to S.

Since the category of Hopf algebras has all small colimits, and these are given as pairs
of colimits in commutative rings, it is clear that the extension of A is an S—fold Hopf
algebra. All the properties of an S—fold Hopf algebra follows from functoriality of
the colimit.

Definition 4.25 Let S be a finite set, and let A be a saturated subcategory of V(S).
Given an S—fold Hopf algebra A, we define the restriction of A to A to be the S—fold
Hopf algebra which is the extension of the functor

A|a: A — CRings.
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Example 4.26 Let W be a finite set, let k£ > 0 be an integer, and let A be the saturated
subcategory of V(W) containing all sets of cardinality at most k. Let LA be the
restriction of £ to A. Then for U C W, and where T, kU is the k—skeleton of T’ U,

La(U) = Li(TY).

Definition 4.27 Let S be a finite set, and let m be a positive even integer. Let
A C V(S) be the full subcategory containing all sets with at most one element. Let
A: A — CRings be the functor given by A(@) = R and A({s}) = Pgr(us), with

lps| =m.

We define Pgr(u—), the polynomial S—fold Hopf algebra over R in degree m, to be
the extension of the functor A to all of §S'.

Example 4.28 For the set S = {sq,...,5;}, there is an R-algebra isomorphism
Pr(ps) = Pr(is,, ..., s, ), and for each s € §, the element fis is primitive in the

Hopf algebra (Pg(its), Pr(ts\s))-
For U C V C §, there is an R-algebra isomorphism

(PR(1s)Y = PR(LY) @ Prume) PR(UY).

Since Pgr(us) is generated as an R algebra by {us,, ..., is, }, and w;f (s;) = s
when i # j, the iterated coproduct

Yy Pr(y) = (PRr(1s))Y = PR(y) ® pr(upo) PRILY)
is determined by W;g(/iu,-) = fy; ®1+1Q® py,; for u; € U and wI[,](,uui) =y, ®1 =
1 ® py; foru; e V\U.

Example 4.29 When m = 2, and A is the subcategory of V(W) containing all sets
with at most one element, the functor £ is naturally isomorphic to Pg, (i1—).

S Coproduct in a multifold Hopf algebra

In this section, we state a proposition that we will need when we calculate the multi-
plicative structure of L« (7T").

Given an integer n divisible by p, we write n/ p for the image of n/p under the ring
map Z — Fp. In the polynomial F,-Hopf algebra P, (1), we write IZ(;LP i) / p for
the image of ¥ (1?")/ p under the ring map Pz (un) — Pr,(1n) given by mapping i,
to /. This is well defined since (1;61) is divisible by p for all i and k with 0 <k < p'.
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Lemma 5.1 Let M be an F,—module, and let n be a natural number greater than 2.

Let {rk y—k}o<k<n be a subset of M which satisfy the relations (”‘l’;b)raer,c =

(bjc)ra,bJrc foralla4+b+c =n and 0 <a, ¢ <n. Then the following relations hold:

(1) If n= p™*! for some m > 0, then
n
Tk,n—k = Ler,(P—l)Pm
p
forall 0 <k <n.
(2) If n=p™ 4 p™2 withm; <m, and k # p™!, p™2 then ry ,_ = 0.
(3) If n# p™T1, p™ + p™2 with m; < m,, then

ny —1
Tk,n—k = (k)nm Fpm p—pm

forall 0 <k <n, where n =ng+nyp' +---+nyup™ with 0 <n; < p, and

nm # 0 is the p—adic representation of n.

The only case which is not covered by the lemma is n = p™! + p™2 with m # m,,
when the relations in the lemma don’t give any relation between Fpmi, pm2 and Fpma pmi .

Proof Given a set {ry_,—k jo<k<n Of elements in an abelian group, let ~ be the equiv-
alence relation generated by (“Zb)ra_,_b,c ~ (bjc)ra’bﬂ. Let Fp{ripn—ts---rn—1.1}
be the free F,—module on the set {ry ,—1,...,74—1,1}. Since M is an F,—module,
there is a homomorphism

Fpirin—1,- o stn—1,14/~—> M

defined by mapping rg ,—i to 1k ,— - Hence it suffices to prove the lemma for the
module M =Fp{ry y—1,...,7p—1,1}/~. Let

k=ko+kip'+--+kjp’
with 0 < k; < p and k; # 0 be the p—adic representations of k. Similarly, let
n=no+np +--+nmp™

with 0 <n; < p and n,, # 0 be the p-adic representation of n, except that when 7 is
a power of p we express itas n = p™+1,

The proof consists of two parts. First we prove that unless both k and n—k are powers
of p, there is a sequence of equations expressing 7 ,—x as a multiple of rpm y—pm .
The second part is to identify the factor in this equation in terms of (Z)
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We will now use the relations (azb)raer’c = (bzc)ra,bﬂ to express I'g ,—k as a

multiple of rpm y—pm . Lucas’ theorem says that (Z) =[], (Zi) mod p, so (k_kpj) =

( ; j) = kj, giving us the equation

=2

k—pJ

Tkn—k = Trpj ,a—pJ -
k—pf)

If j =m, we are done. Otherwise, if n > p/ + p™, the m™ coefficient in the p—adic

. i —p/ .
expansion of n — p/ is at least 1. Hence (" p,fj ) # 0, and we have two equations

(pj+prn) (n_pm)
m J
Tpi n— j=%}’ Jqgpmp—pi—pms Fpjiipmp pi_ m=.p—mrpm,n_prn.
p’, D (n pl) p v, p p p v, p p (p]+p )
p pJ

If n < p/ + p™, there is an i < j such that n; # 0 and the i th coefficient in the
p—adic expansion of n— p/ is n;. Hence (n;f’ j) =n; and (”;,f; l) = N, and the four
equations below move these powers of p back and forth:

') ",

i pj
pin—pi = erﬂrp",n—pf—p"’ "pi+pin—pi—pi = W”p",n—p"’
P! pJ
i m —pm
(") (")
l"pi’n_pi = n_—pirpi-i-Pm,n—Pm—Pi’ rpi+p"1,n—pi—p"1 = erm,n—pm.
( " ) ( pl )

Combining three or five equations, respectively, when (k,n) # (p/, p/ + p™) with
j < m, we get the equation

Tk ,n—k = U¥rpm p—pm
where u is some element in [,

To determine the element u, we will take a detour through Z ), the integers localized

at p. In the Q-module Q{ry y—1,....,74—1,1}/~, we let ry ,—1 = nr. The formula

(/1‘ Vrken—k = (”_If +1)"k—1,n—k+1 and induction give the equality

Tkn—k = %Vk—l,n—ﬂl - n_/li—H(k}il )r - (Z)r

in Q{rl,n—lw .. vrn—l,l}/'\’- Thus if n = pm—l—l, then

pnlz:-l (pn;c-‘rl)/p
Teon—k = g1 o (p=1)p" =~ ngi_qy [P (p—1)p"
(ppm ) (pp’”—l )
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and when 7 is not a power of p,
n
_ _\k _ ("), 1
Tkon—k = TP n—pm = My Tpm ,n—pm-
( pm ) k

m+1 m+1_
By Lucas’ theorem, (p k ) is divisible by p for every k, but neither (p Pml_l 1) nor #,,
are divisible by p. Hence these relations exists in the submodule

Z(p){rl,n—l»---»rn—l,l}/’\’ < Q{Vl,n—l’---,rn—l,l}/’”-

By the universal property of localization, we get a map
e Z(P){Vl,n—lv cees rn—l,l}/'\’ —> Fptrin—t1.-..s rn—l,l}/"’

by mapping rg n—k 0 g p—k-

By Lucas’ theorem, (pj,;ri?) =1 mod p and (nm”pm) =1 mod p. So when 7 is not

apower of p, wehave 1 ((7)/(, " m)) = (}) = u, proving part (3). In particular, when
J m

K ny, pm
k # p? or p™, the binomial coefficients (p }ch ) are equal to 0, proving part (2) of

the lemma.
If n = p™*!, then we have
m-41
(Pk )/p B pm+1 3
f prral Rl RS /p=u,
( pn—1 )

proving part (1). |

Given a graded module M , let M<, denote the module €, -, M}, and similarly for
other inequalities <, > and >.

Definition 5.2 Let R be a commutative ring.

(1) Let A and B be graded R-algebras. An R—algebra homomorphism from A to B
in degrees less than or equal to ¢ is an R—-module homomorphism f: A — B
which induces an R—algebra homomorphism on the quotients A/A~4 — B/B>g.

(2) Let A and B be graded R—coalgebras. An R—coalgebra homomorphism from
A to B in degrees less than or equal to ¢ is an R—-module homomorphism
f: A — B which induces an R—coalgebra homomorphism A<, — B<y.
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(3) Let A and B be graded R-Hopf algebras. An R-Hopf algebra homomorphism
from A to B in degrees less than or equal to ¢ is an R—module homomorphism
f: A — B which is both an R-algebra and R—coalgebra homomorphism in
degrees less than or equal to ¢, and which preserves the antipode map in degrees
less than or equal to ¢.

Let N denote the natural numbers including 0, let N denote the strictly positive
natural numbers and let P denote the set of prime powers {p°, p!, p%,...} CN.

Proposition 5.3 Let R be an [F,—algebra, and let A be an R—Hopf algebra such that:

(1) There is an R—Hopft subalgebra Pr(i1) € A.

(2) There is a chosen retraction pr: A — Pgr(wn) of the F, module inclusion
PRr(i) C A that is a homomorphism of R-algebras in degrees less than or
equal to q.

(3) In degree less than or equal to q — 1, this is a splitting as an R—Hopf algebra; ie

the diagram
pr

A Pr(n)

l‘/fA lllfPRw)
®p

pr® pr
A®A—— Pr(n) ® Pr(p)
commutes in degree less than or equal to g — 1.

Let x be an element of degree ¢ in ker(pr). Then there exist elements r, € R for
n €Ny, and t(;, <p,) € R for pairs (n; <ny) € P xP, such that the coproduct satisfies

(FIPR(M) XI:IPR(II«)) Y (')
= Vn'W(,U/n) + In + l(n1<n2)//l/nl ® an.

neN_L neP (n1<np)ePxP

Recall that J(M”) = Zz;ll (Z)Mk ® /L"_k and that if n is a power of p, then (Z) is

divisible by p for all 0 < k < n. Hence, ¥ (u")/ p is well defined.

Observe that since 1;(;11’ i) =0 for all i > 1, the first sum is independent of the values
of rpi. An example where this proposition applies is the dual Steenrod algebra A
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with P(£1) C Ax. Then Y (&) = 7 ® &1 = V(") —& Q] 50 f1<p = —1 and
I'p+1 = 1.

Proof 1In general, (prp, () ® Prpe(u)) © V(X) = D eN DatbenTa bt ® wb for
some 745 € R. Since (¢ ®id)y = (id ®€)y = id and x € ker(pr), we must have that
Yon =Tpn,0 =0 forall n.

By part (3) of the proposition, we have

Ereprep)W @iy x)=Y > ric Y. (Z)u“@u”@u“

neN d+c=n a+b=d

and

Eroprep)(d@VY() =Y Y raq (Z)u“@ub®uc-

neN a+d=n b+c=d

From coassociativity of {&, we know that the coefficients in front of u? ® ,ub ® u€
in the two expressions above must be equal. Hence there are relations (a'l’;b)raer,c =

(bZ“)ra,b+c forall a,c>1 and b > 0.

Given such relations, if n = p™*!, then rg ,_ = ((Z)/p)rpm,(p_l)pm by Lemma 5.1,
and we let 1y = rpm (p—1)pm . If n= p™t 4 p™2 with m; <my, then ry ,_ =0 when
k # p™t, p™2. Welet rp = rpmy pmy and t(pmi < pmay = rpmi pmy —Fpma pmi . Other-
wise, let n =ng+ny pl+--+n, p™, with 0 <n; < p and n,, #0, be the p—adic rep-
resentation of n. Then ry y—x = ({)n};' rpm n—pm , and we let ry = nytrpm p_pm. O

Definition 5.4 Let B ER A be S—fold Hopf algebras with R = A5 =~ B. We say

that A is a B split S—Hopf algebra in degree g > 0 if:

(1) There is a splitting of S—fold Hopf algebras B EN A B, where 4 is the

restriction of A4, as in Definition 4.25, to the full subcategory of V(S) not
containing S'.

(2) Indegree less than or equal to ¢, the map pr can be extended to Ag; ie in degree
less than or equal to ¢, there is an R—algebra homomorphism pr: As — Bg
(see Definition 5.2) such that the diagram

12(5—>AS

o A

Bg

commutes in degree less than or equal to ¢.
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(3) Forall s € S, the map pr: (As, As\s) = (Bs. Bs\s) is a map of Hopf algebras
in degree less than or equal to ¢ — 1.

The next proposition is similar to the previous one, but involves S—fold Hopf al-
gebras. Although they are similar, the next proposition doesn’t specialize to the
previous one when S contains exactly one element since, in Definition 5.4(1), A=R
gives us an impossible splitting Pr(n) — R — Pgr(u). Given a finite set U =

{ui,...,ux}, we write Pr(uy) for the polynomial ring Pgr(iy,, ..., fu,), and
given an element m € NV where U C V, we let ug; in PRr(py) denote the product
/,LZ”IHI cee /,LGk"k.

Proposition 5.5 Let A be a Pr(u—) split S—Hopf algebra in degree q. Let x be an
element in (" c g ker(ey: As — Ag\s) € As of degree q. If x € ker(pr) and s € S,
then there exist elements rp € R for b € N j;S such that for every s € S,

56 [ prlovier = Y ronh T+ 3 S0

beNxS bePxS

+ Z Z tb,cl<cZ,sM{)g\s [Mgl Mgz],

bePS\s ci<crePxP

where by is the s™ component of b, and rps and tp ¢ <, s are elements in R.

An important observation is that in the first sum, the coefficients r are independent of
the element s. The P>S part in the first sum is zero since ws(ufl) =0 foralli >0.
The map [pr pr] was given in Definition 4.13.

Proof In this proof, we will compare J;k (x) with Jé’i(x) for all pairs of elements
i # k in S, where the definition of g/fg” is found in Definition 4.18.

For every element i € S, the ring Ag is an Ag\;—Hopf algebra, and Ag\; is an [F,—
algebra since R = Ay = [F),. By Definition 5.4(1), the unit ng: Ag\; — As induces
an inclusion

PASV (i) = Pr(ns) ®Pr(s\i) Ag\i — IZ[S — Ag,

so Proposition 5.3(1) is satisfied for the Hopf algebra (Ag, Ag\;). The splitting in
Proposition 5.3(2) comes from the homomorphism

As — PR(Ls) @Pr(us\i) As\i = Pag; (i)
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induced by efg and the splitting in Definition 5.4(1). From Definition 5.4(3), this
splitting induces a map of Hopf algebras
(As. As\i) = (PR(1LS) ®Pg(us) As\i» PRULS\) @ Pr(us) As\i)
= (PAS\,' (Mi)v AS\i)

satisfying Proposition 5.3(3).
By Proposition 5.3, there exist elements 75 ; and #p . <¢,,; in R such that

pr i b 7 i b J(Mfl)
(5.7) oY) = Y rpinf ¥+ Y. ey

pr -
beNS beNS\i|p;eP

C1
b |
+ Z Z tb,Cl <62,i/"LS\i [/"l’zcz} ’

beNS c1<crePxP

Observe that if b; = 1, we can choose 1} ; arbitrarily.

We will now show that if b; > 2 and by = 0 for some k # i, then r;; = 0. The
counits e{é and eg\i induce a map of Hopf algebras (As, Ag\;) = (As\k. As\(ik})-
Since x isin [ g ker(e§: As — Ag\s), we have wfs*\k oeg(x) =0.1Ifrp; #0,
then e§ ® eg (wg (x)) # 0, so the commutative diagram
“
As —— Ag ®AS\i Ag

k k k
les les ®€S

VS
As\k — As\k ® A\ iy AS\k

gives a contradiction. Thus rp ; = 0.

From Definition 5.4(3), we get a commutative diagram

THit.k
Vi vl

ker(efs.) Ag} Ag’k}

l&fg Jpr
THit.k

i pr . ’ .
AD L Pr(us) s Pr(us) R

in degree less than or equal to ¢, where the composition of the two morphisms on the
top is the definition of wg" . The diagram commutes in degree less than or equal to ¢,
and not just ¢ — 1, since we use the reduced coproduct.
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From this diagram, we have the formula
PI Pr| -~k
[pr pr] oY (X)

i\ b 1 M“" pubra
Sp VD SEND DI ) (4 T2 Y 5
beNS 0<a;<b; O<ayj <by

ak bi—ay

© T r 3 () [

bENS elP 0<a;<b; 0<ay<by

b AT
i Z Z Z th,cy<ca,i ( )MS\{, k} Mgzk k1 .
1

beNS\’ c1<cr€PxP 0<ay<by

The three lines correspond to the three summands in (5.7).

Since A is an S—fold Hopf algebra, 1;’5’ = {/73" , SO
pr pr T k,i __|pr pr ~ik
[Pr Pr] oY (X) = |:pr pri| oY ().
We will now compare the coefficient in front of

ar , br—ak
i e
/LS\{zk}[M’, & }

1

for b € N¥, with 0 < aj < b;.
We will say that an integer b; > 2 is
e type 1 if b; is equal to a power of the prime p,

e type 2 if b; is equal to a sum of two distinct powers of p, and

¢ type 3 otherwise.
There are six possible cases since b; and by may be interchanged.
Case 1 Both b; and b; are type3 We get the equation
br\ (bi bi\ (bx
Tpi = b k-
ay ) \ai ai ) \ag

Since neither b; nor by are of type 1, there exist integers 0 < a; < b; and 0 < ay < by,
such that (zi) # 0 and (2’;) #0. Thus rp; =rp .
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Case2 b; istype2and by istype3 Let b; = p/ +pl with j </. When a; = p/,
we get the equation

AYEAY N br, bi \ (bk
. ; i ;= . r
ai)\pi )" N ) o =P\ pi ey )0

and when a; = p!, we get the equation

;)b = / b k-
ax) \p D ag

By Lucas’ theorem, (ﬁlﬁ) = (b") = 1. Since by is not of type 1, there exists an ay

J pl
such that (2;‘) # 0. The last equation thus gives rp ; = rp  , and the second equation
ik bl

becomes rp ; +1p pi<pl i = bk SO Uy pi<pl ; Must be equal to 0.
The rest are proven similarly, and we just state the results.
Case3 b; istypeland by is type 3 In this case, rp; = 0.
Case4 Both b; and by are type2 In this case, rp; =rp.
CaseS b; istype2and by istype 1 In this case, 15 x =0 and 15 ; is undetermined.
Case 6 Both b; and by aretypel Inthis case, both rp ; and r ;. are undetermined.
From these six cases, we will now deduce (5.6) in the proposition.
Consider an S—tuple b € Ni. These fall in five classes:
(1) All b; are equal to 1.
(2) All b; are of type 1 or equal to 1.
(3) Exactly one b; is of type 2, and the rest are of type 1 or equal to 1.

(4) Atleast two b; are of type 2, and the rest are of type 1 or equal to 1.
(5) Atleast one b; is of type 3.

We will now consider these cases one by one.
(1) We can choose rp; arbitrarily since they don’t affect the sum, so we let 1, = 0.

(2) This corresponds to the middle sum in (5.6).

(3) Assume b; is of type 2. By case 5, for all b of type 1, rp x = 0, but nothing
can be said about rp ; nor , ,j i ;. We choose rp = rp ;, and this corresponds
to one summand in the first sum and one summand in the last sum in (5.6).
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(4) Assume b; = pli < pli and by = pJk < plk are of type 2. Then using case 4
twice, we get that #p i < 1  =1p pi<pl =0 and rp g =rp;. If bj is of type 1,
case 5 shows that r; ; = 0. We choose 1, = 13 ;, and this corresponds to the
first sum in (5.6).

(5) Case 2 shows that for all by = p/ +pl of type 2, # i< pi x =0and rp g =rp ;.
From case 3, rpx = 0 for all k& with by of type 1. Finally, case 1 says that
bk = rp,; forall by of type 3, so we let rp, =1 ;. This also corresponds to the
first sum in (5.6). O

6 Calculating the homotopy groups of A 7. H,

In this section, we will calculate the homotopy groups L« (7T") for n < p. We will
use the bar spectral sequence and the multifold Hopf algebra structure of L.(T") to
make the calculation.

The proof of Theorem 6.2 calculating L. (7T") is very long and spread over several
lemmas, so we will now give a sketch of how the proof is structured.

The outermost layer is a double induction argument on the dimension n of the tori
and the degrees of the elements in L« (7"), and this induction argument uses several
properties of L., (T"™), all of which must be proven in the induction step, and is thus
included in Theorem 6.2.

The main calculation in the induction step is done using the bar spectral sequence
E*(T™). We use the Bokstedt spectral sequence to identify the E2—page of the bar
spectral sequence and to show that all d>—differentials are zero.

The collection L4 (T") can be endowed with a multifold Hopf algebra structure, and
the degrees, modulo 2p, of the simultaneously primitive elements in L, (7T") are
calculated. Using this, we can show that there are no other nonzero differentials and
hence calculate E°°(T™).

From E®(T"), we can choose a set of [F,—algebra generators for L4(7"), and in
a couple of steps, we perturb these sets of generators such that they have nicer and
nicer properties. Using these nicer properties, we are able to prove all the remaining
statements in Theorem 6.2 and thus finish the induction step. In particular, we need the
multifold Hopf algebra structure to get hold of the multiplicative structure in L. (T").

We will now construct a family of bar spectral sequences that will be the backbone in
our calculation of L.(T").
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The attaching maps in the CW-structures yield cofiber sequences
s L ", —>T",
giving an equivalence of commutative HIF,—algebra spectra
B(AprnHFp, A gn—1 HIFp, Agn HFp) ~ Arn HF).
By Proposition 8.2, there is an [F,—algebra bar spectral sequence
EX(T™) = Tork* " (L (T" ). F,) = L. (T").
The spectral sequence is indexed such that the differentials are of the form d": E¢, —
E!_ rtdr—1- The differentials are only given up to multiplication with a unit.

For each i € n, the pinch of the i circle in 7" induces a map of cofiber sequences

fn
-1
A "

| l |

srtvstl —— T Upwi TP —— T" Upwi T"

inducing a map of simplicial spectra

B(HFp, Agn—1 HEp, Agn  HFp)

— B(HFp, Agn-1 HEp NgF, Agn—1 HFp, Apn HFEpAp_ 0 HF, AT HF)p)

~ B(HFp, Agn-1 HFp, Apn_ HEp)AA_ . HE, B(HFp, Agn—1 HFp, An  HFp).

Tn\i

Hence by Proposition 8.4, if E”(T™) is flat as an L (7"\')-module then E*(T™") is a
spectral sequence of L4 (7™\')—Hopf algebras, and if L.(T™) is flat as an L (7"\)-
module, then L4(T™) is an L4(T™\')—Hopf algebra, and the spectral sequence con-
verges to Ly (T™) as an L. (T™\')-Hopf algebra.

Definition 6.1 Given a finite ordered set S = {51 <--- <s$,}, we define an S-labeled
admissible word to be an admissible word of length 7, where the first letter is labeled
with s, the second with s,_;, and so forth. We define Bg to be the IF,—Hopf algebra
that is a tensor product of exterior algebras on all S—labeled admissible monic words
of odd degree and divided power algebras on all S—labeled admissible monic words of
even degree. We let By = [F, be generated by the empty word in degree zero.

The operator o0;,: Bg\y, — Bg is determined by oy, (x) = g5, X and o, (x) = Q?nx
when x is an S'\s,—labeled admissible word of even and odd degree, respectively.
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Forgetting the labels on the letters induces an [F,—Hopf algebra isomorphism between
Bg and B,. An example of an S-labeled word of length 3 is Q@ Os, sy -

Given a finite subcategory A € 7, we define

T2 =colimTV.
UeA

Theorem 6.2 Given 1 <k < p when p>5and 1 <k <2 when p =3, let A be a
finite subcategory of Z of dimension at most k , and let V' be a nonempty set in Z of
cardinality at most k .

(1) The map L(f*): Ly (S* ") — L*(T]f_l) factors through IF), .
(2) When k > 2, the spectral sequence E*(T*) collapses on the E2—term.
(3) There is a natural isomorphism
ay: Lo(T") > Q) Bu.
ucy
where By is described in Definition 6.1, of functors from V (k) to IF,—algebras
inducing an isomorphism of IF,—algebras
L(T?) =colim Lo(TY) = (X) By.
#(T%) = colim Lo(TY) = Q) By
UeA
In the sequel, we will identify L+«(T") and Qucy Bu by means of ay .
(4) For every v € V, the projection maps
o
pr: Lo(TV) =~ ® By — ® By
vcr ieV

induce maps of Hopf algebras
pr
(La(TY). La(TVY) = (P(uy). P(i0)-
(5) Assume |V| > 2 and let v be the greatest integer in V. The operator
o: Lo(TV\Y) > L(T")

is determined by the fact that o is a derivation and that 0 (z) = pyz and 0(z) =
0%z when @ # U € V \ v and z is an U-labeled admissible word in By C
L*(TV\”) of even and odd degree, respectively. In particular, for any z €
L+«(TV\?), we have that o(z) is in the kernel of

pr: L(T") = Q) Bu — X Byy.

ucy ieV
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(6) There is a commutative diagram

L (TV)—— Rucy Bu

o

L*(SV) ; By

where the bottom isomorphism is the one from Theorem 3.6 together with the
canonical isomorphism By | = By given by labeling the words in B)y|.

The range k < p comes from all the lemmas in Section 9 concerning the degrees of
primitive elements. It is possible that this range could be improved by getting better
control of the degrees of the primitive elements.

When k = p = 3, parts (1) and (2) of the theorem still hold, but we are not able to
determine the multiplicative structure of L (7T3) = E%(T3) ~ L*(T23) ® Bj. This
is because the degrees of yx+1 (%) € T (%) = Bj are equal to the degrees of
,u{’kﬂ’kﬂ ,ué’k /Lg’k . Thus, we can’t use Proposition 5.5 to show that (y,x+1 (0%mn))?
is a simultaneously primitive element in the 3—fold Hopf algebra L (T3).

The idea to look at the simultaneously primitive elements to show that the spectral
sequence collapses on the E2—term originated from a note by John Rognes, where he
showed that the spectral sequence E*(T3) collapses on the E2—term.

Remark 6.3 It should be possible to prove a similar result for V(0)«(A7n HZ). The
difference would be the degrees of the elements in the rings, and thus the degrees of
the simultaneously primitive elements. The arguments in Section 3 would thus have
to be adjusted for these new elements, and it may be preferable to work modulo 2 p?
instead of modulo 2p.

We need this corollary to identify the E?—term E2(T™) and show that there are no
d?—differentials.

Corollary 6.4 Given n, assume Theorem 6.2 holds when 1 <k <n—1. Given m >0,
if " L(S"1) — L«(T,"_,) factors through Fp in degrees less than or equal to
2pm — 1, and the spectral sequence E*(T™) collapses in total degrees less than or
equal to 2pm — 1 (that is, E>(T™) = E®(T™) in these degrees), then
(1) themap f™: L.(S"™!)— L«(T,"_,) factors through ¥, in degrees less than or
equal to 2p(m + 1) —2,
(2) the spectral sequence E*(T™) collapses in total degrees less than or equal to
2p(m+1)—=2.
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Proof From Lemma 10.1, we know that as an [F,—module,
Hy(Arn HFp) <3 pmt1)—2 = (A* ® ®B;J) .
Ucn <2p(m+1)—2

Since Arn HFF), is a generalized Eilenberg—Mac Lane spectrum, the Hurewicz ho-
momorphism induces an isomorphism between the F,—modules Ax ® L4«(T") =
Ax ® E®(T") and Hy(An HIFp).

The E!'—terms of the bar spectral sequence E'(7") is the two-sided bar complex

E{(T") = By(L+(Ty,), By1,Fp) = Lu(T; ) ® BY’, @ F),
where the Bff’_s , module structure on L« (7" ,) is induced by /™, and the differential
d': El (T")— E!_| (T") is given by
d'(a®b; ® -+ ®bsi1)

=af"(b)®br @ ®@bsp1+ Y (—1)a®bi @+ ®bibit1 @+ ®byp1.

If /™ factors through I, in degrees less than /, then

EX(T") = Tort* "D (L (T ). F,)

n—1
= Ly (T" ) @ Tork 8" D (F,,F,) = Lo (T" ) ® By
in bidegrees (s, ¢) with ¢ < /. Furthermore,
E§(T") = Li(T,_ )/ im(f™).

If f™ doesn’t factor through [, in degrees / < 2p(m + 1) — 2, then the dimension
of Ay ® E%(T™) in total degree / is smaller than the dimension of Hy(A7n H Fp) in
degree /, giving us a contradiction. Thus f™ factors through I, in degrees less than
orequal to 2p(m + 1) —2.

By a similar argument, if there are any nonzero d”—differentials in E”(T"™) starting
in total degrees less than or equal to 2p(m + 1) — 1, the dimension of A, ® E"(T")
in the degree of the image of this differential will be smaller than the dimension of
Hy(Arn HIF,) in this degree.

Thus the spectral sequence E*(T™) collapses in total degrees less than or equal to
2p(m+1)—2. d

Proof of Theorem 6.2 The proof is by induction. Given n, with 1 <n < p when
p>=5and 1 <n <2 when p = 3, assume the theorem holds for all k¥ with 1 <k <n.
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In this proof, we call this the torus-induction hypothesis. The only place in the proof
where there is a difference between p =3 and p > 5 is when we invoke Corollary 9.4
in the proof of part (3).

When n = 2, the theorem holds since L*(TIU) >~ P(uy).

Parts (1) and (2) We proceed by induction on the degrees of elements in part (1) and
total degrees in part (2). Given m, assume that parts (1) and (2) hold in degrees less
than or equal to 2pm — 1. This is trivially true when m = 0.

By Corollary 6.4, parts (1) and (2) hold in (total) degrees at most 2p(m + 1) —2. We
must show that they hold in degree 2p(m + 1) — 1.

The attaching map f™: L(S" 1) — L«(T,"_,) is determined by what it does on the
set of algebra generators in L4(S”~!) given by the monic words of length n — 1, and
by Lemma 9.2 there are no such element in degrees —1 modulo 2p. Hence f™ factors
through IF,, in degrees less than or equal to 2p(m + 1) — 1. So in vertical degrees less
than or equal to 2 p(m + 1) —1, the Kiinneth isomorphism yields an L« (7", )-module
isomorphism

n—1
EX(T") = Torb*S" " (L (T™ ), Fp)
~ Lo(T" ) @ Torl*S" )(F,. F,p) = Lo (T" ) ® By.

It remains to show that there are no d” —differentials in E”(T™) starting in total degrees
2p(m + 1). For every i in n, we have that E2(T™) is an L+(T™\')~Hopf algebra
spectral sequence since E2(T™) is flat over L (7™\!). The Hopf algebra structure on
E2(T™) is the tensor product of the L (7™\)-Hopf algebra structures on Ly (7’ )
and the IF, Hopf algebra structure on Bj,. Thus by Proposition 8.6, a shortest nonzero
differential in lowest total degree must go to a primitive element in the Lo (T™"\)—
Hopf algebra structure. Hence if a shortest nonzero differential starts in total degree
2p(m + 1), there must be elements in degree 2p(m + 1) — 1 that are primitive in the
L+(T™\))—Hopf algebra structure for all i € n.

By the graded version of [28, Proposition 3.12], the L« (T n\i )—primitive elements in
L«(T,"_,)® By, are linear combinations of primitive elements in L. (7" ;) and By, and
the module of L (7"\)—primitive elements in By is Lx(T™\)){X,}, where X, is the
set of monic words in B,. The intersection [ );c, Ly (T™){X,} is equal to Fp{Xn}
since (;epn Lo (T™M\) = Fp. Thus the module of elements in B, C E*(T™) that are
primitive in the L, (7™"\)—Hopf algebra structure for every i € n is Fp{Xn} € By,
which is isomorphic to the module of F,—primitive elements in B, under the projection
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map E2(T") — B,. By Lemma 3.5, there are no [Fp—primitive elements in B, in
degrees —1 modulo 2p when n < 2p. Hence there are no differentials starting in total
degree 2p(m + 1) that have target in filtration 1 or higher.

It remains to show that there are no differentials starting in total degree 2 p(m + 1) that
have nonzero target in filtration 0. This is only possible if there are n—fold primitive
elements in Lx(7,"_,) in the target of the differential. If z is an indecomposable
element in B, in degree 2p(m + 1), Corollary 9.10 says there are no n—fold primitive
elements in Lx(7,"_,) in degree 2p(m + 1) —1 when n < p.

Hence there are no differentials in E*(7™") when n < p, so E*(T") collapses on the
E2—term. Since E2(T™) is isomorphic to E®(T™), itis flat as an Ly(7"\')-module,
and L.(T™") is flat as an L.(7"\))-module. The spectral sequence converges to
L«(T™) as an L, (T™\")-Hopf algebra.

Parts (3) and (4) We will only show the theorem for the set V = n.

(1) Let gﬁ’dd and G{*" and be the sets of all admissible words of length n starting
with o or @°, respectively, and let G; = g‘fdd ugsren.,

(2) Let G, be the set of all admissible words of length » that start with goi or Qi +1
fori > 0.

The set G, only contains elements in degree 0 modulo 2 p, and the sets G; and G,
generate B, as an [Fj,—algebra.

We can also think of Q‘l’dd and gf;ven as sets of elements in E 12 *(T ™) of odd and even
degree, respectively, and G, as a set of elements in £ 32’*(T") with s > 2; together
they generate E2(T™) as an L(T o, )—algebra.

We will define sets G; and G, of elements in L. (7™"), with bijections G; = G; and
G» = G,, which generate L,(7T™) as an L(T,"_,)-algebra.

The [Fp—isomorphism « is then the composite
o’ id®a”
a: Lu(T™) —> La(T ) Q) Bu —> L (T ) Q) Ba.

where o is the F,~isomorphism induced by the bijections G; = G;, and «” is the
[Fp—algebra isomorphism B, = B, given by labeling the words in Bj.

Let G; be the set of elements 0 (z,—1) in L4(T™), where z,_1 runs over all admissible
words in B,_1 € L«(T"~1). Define the bijection G; 2 G; by mapping o(z) or 0°(z),
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where z is an admissible word in B,_; of odd or even degree, respectively, to 0(z,—1),
where z,_1 is the labeled version of z.

We will use induction on the degrees of elements in L«(7™) to define the bijection
G, 2~ G, and to prove parts (3) and (4).

Let the degree-induction hypothesis be as follows:

(1) In degrees less than 2 p/, we have lifted all elements in G, to elements in G,,
and in degrees less than 2p/, this lift induces an isomorphism « satisfying
Theorem 6.2(3).

(2) In degrees less than 2p/, we have defined a homomorphism pr satisfying
Theorem 6.2(4).

See Definition 5.2 for the definition of an homomorphism in degrees less than 2p/.
When / = 0, there is nothing to prove. Assume we have proved it for m when m = /.

First we prove hypothesis (1) of the degree-induction hypothesis for m + 1. For each
X € Gy, let

(6.5) = (=1)"in} prf (x).
UCn
and let
(6.6) X¥=%— ) rpxih.
beNq‘_

where the elements 75 , are given in (6.7). Define G, to be {X | x € G, |x| < 2pm}.

To prove Theorem 6.2(3) for m 4 1, we will first show that o« is well defined in degree
2pm on decomposable elements. By the degree-induction hypothesis, it suffices to
prove that if y € G; UG, is a nonzero element of degree 2m, then y? = 0.

By Proposition 4.20, L«(7 ™) is an n—fold Hopf algebra. By the degree-induction
hypothesis and the definition of «, the only monomials in L.(7") in degrees less
than 2m that are nonzero when raised to the power of p are the monomials in the
subring P(un) S L«(T™"). Thus, by Frobenius and Theorem 6.2(4), we have

. . D
w,’,(y”)=\/f,’,(y)"=(1®y+y®1+2y/®y”> =1y’ +yf el

inall L (T™\')-Hopf algebra structures. Hence y? is primitive in the L (7™ \')~Hopf
algebra structure for every i € n.
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Let y? be represented by ys € EJS(T™) modulo lower filtration. Then, since y?
is primitive in the Ly (T™N )—Hopf algebra structure, ys must be primitive in the
L« (T™\))—Hopf algebra E®(T™") for every i € n. If y, is not primitive, Vi (yP)
would not be equal to ys ® 1 + 1 ® y, in filtration s.

By the graded version of [28, Proposition 3.12], the L (7T™\')—primitive elements in
L«(T"_,)® By are linear combinations of primitive elements in L«(7,"_;) and By, and
the module of L (7™\')—primitive elements in B, is Lx(T"V ){xj}, where x; runs
over the monic words in B,,. The intersection ();¢, L+(T n\i )ix;j} is equal to Fp{x;}
since [ );epn L (T"\) = FFp. Thus, the module of elements in B, C E?(T™) that are
primitive in the L(7™\)-Hopf algebra structure for every i € n is Fpixj} € By,
which is isomorphic to the module of [F,—primitive elements in B, under the projection
map E2(T") — B,.

The degree of y? is at least 4 and is 0 modulo 2p, so by Lemma 3.5 there are no
[Fp—primitive elements in B, in the degree of y?.

Hence y? must be equal to an n—fold primitive elementin L(7," ;). By Corollary 9.10,
the degree of y? is not equal to the degree of any n—fold primitive elementin L« (7" ;)
when n < p. Thus y? =0.

We will now extend « to degree 2 pm on all elements. First we show that L,(77) is a
P, (n-) split S—fold Hopf algebra in degree ¢. By the torus-induction hypothesis and
Theorem 6.2(4), there is a splitting of n—fold Hopf algebras P, (u—) — L«(T,_,) —
P, (u—). Since L«(T,_,) is the restriction (see Definition 4.25) of L«(7 ™) to the
full subcategory of V' (n) not containing n, Definition 5.4(1) is thus satisfied for the
n—fold Hopf algebra L. (T ™) for ¢ = 2pm. By the degree-induction hypothesis and
Theorem 6.2(4), this map can be extended to a map

pr: Ly(T") — Pg, (1-)

in degrees less than 2 pm such that Definition 5.4(3) is satisfied. We can further extend
it to an [F,—algebra map
pr's Ly(T") — Pr, (1)

in degrees less than or equal to 2 pm by mapping X, defined in (6.5), to zero for x € G,
in degree 2 pm. This is well defined since X is indecomposable. The map pr’ satisfies
Definition 5.4(2).

From (6.5), X € ")
have X € ker(pr’).

ker(eflz L(T™) — Ly(T™\)), and by the definition of pr’, we

i€n
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For x € G,, the degree of x is equal to the degree of an admissible word in B, & E2(T™)
of even degree. By Corollary 9.4, X is thus not in the same degree as any of the elements
,uP” 1’]2 /Lf; or (pL uy 2 1’]") Pt ,where 1 <s <n and j; € N for all
1<i 5 n+1.

Hence Proposition 5.5 gives us that for some 75 x in Fp,

(6.7) (b 1) ®Ptans) Pp () O Vi (E) = D Tt ;¥ (1)),

beNY
To finish the construction of « in degrees less than 2 p(m + 1), we must show that it
is well defined on elements in G;. Note that if y € G; is of odd degree, then y% =0
since the ring is graded commutative. This shows that « is an [F,—isomorphism in
degree less than 2p(m + 1).

To show that it is a natural isomorphism of functors from V (k) to IF,—algebras, we
must show that prj,(y) = 0 forall y € G1 UG,. In (6.6), we only sum over sequences
of positive integers, so pry, (X) = pry,(X) = 0 for all V' & n, proving naturality for the
set G,. Naturality for the elements in G; follows from Lemma 6.10.

Now we proof hypothesis (2) of the degree-induction hypothesis for m + 1. To show
that prp(,,) 1s an Hopf algebra morphism for all i € n, we must show that

(6.8) (PTP (1) © Pptm1) PIP () © Wi () = 0
for x in G; or G,. By (6.6) and (6.7), this holds for x in G,.

Each element in G; is of the form o (z) for some admissible word z in B,_q. By
Proposition 2.7, 6: w4« (Agn—1 HFp) — m«(ATn HF)) is a derivation. From the com-
mutative diagram (2.9), if w,’;_l (2)=1®z+:z014+) z;®z] fori en—1, then

Ya(0(2)=1800(z)+0(@) @1+ Y 0(z)®z £z} ®0(z)).

By part (2) of the degree-induction hypothesis and since o is a derivation, o'(z;) and
o(z}') are in the kernel of pr P(uun) - and thus (6.8) is satisfied for i <n. Proposition 2.3
shows that o'(z) is primitive as an element in the L. (7" 1)—Hopf algebra L. (T™),
proving it for i = n.

Part (5) This follows from the definition of G; and «.

Part (6) It suffices to prove it for the elements in G; and G, since they generate
L(T") as an Ly (T,"_,)-algebra.
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Let X be the ideal generated by the nonunits in L« (7" ;). By Lemma 6.9, x and X
in (6.5) are equal modulo X. In (6.6), X and X are equal modulo X. From this it
follows that ¢ maps X, modulo the ideal X, to the labeled version of x in By, proving
part (6) for elements in G,.

By Proposition 8.5 and the commutative diagram

S} AApa—1 HF, —— An HF,

lSiAg"_l lg"

SY A Aguos HFy —2— Asn HF,

the element g" (0 (zy—1)) is equal to g" 1(z,_1) = 0z, where z is the unlabeled
version of z,_1. This proves part (6) for elements in G . a

Lemma 6.9 Given x € L.(T"), let

X = Z (—1rul ing; pry; (x).

UCn
Then forevery V ¢ n,
pry (X) = 0.

and X = x in L«(T") modulo the ideal generated by the nonunits in L«(T,"_,).

Proof For every U & n, we have inj; prj;(x) € L«(T,_,), so X is equal to x in
L« (T™) modulo the ideal generated by the nonunits in L«(7) ;). The diagram

e pr'l’] TU in'('] e
lpri'my lpr’&
UV gy v

commutes. Hence if V C n, then

prp (@)=Y (D" Wpdinf prfp(x)=>" Y (=0 ISk pr (x) =0,

Ucn SSV wen\y
since
n—|V|
S (s 2 Z(_l)n—|S|—i(7’l—i|V|) _o. -
wen\V i=0
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Lemma 6.10 Let x be an element in ();¢,_y ker(eﬁl_lz Lo(T" 1) > L (T 1\,

Then o (x) is an element in ();c, ker(eh: L (T™) — Ly(T"\)).

Proof Observe that the diagrams

SYAApu—1HFy —2— ApnHF, S} AApu—1HF, —— Arn HF,

lSi/\prﬁ:i\i J{prz\i lpmr Aid J/prz_l

S A Apn-ni HEy —2— Apwi HE,  S® AApa—1 HF, —=— Agu—1 HF,

commute for all i € n — 1. From the left diagram, we conclude that prj, \i (o(x)) is zero
when i # n. From the right, we conclude that pry _;(0(2)) is zero since Hy (S =0. 0O

7 Periodic elements

The connective m™ Morava K-theory k(m) is a ring spectrum with coefficient ring
k(m)x = Pg,(vm), where |vy| = 2p™ — 2. The unit map of the ring spectrum
A7n HF, induces a homomorphism Pp, (v) — k(m)«(An HEFp), and we denote
the image of vy, with vy,. In this section, we show that the the Rognes element

n—1 n—1 n—1

hpyo thpy ety

where p; € L,(T™) is the image of the generator in L4(S!) under the inclusion
of the i circle, in the homotopy fixed-point spectral sequence which calculates
k(n— 1)« (F(E,T?, Apn HIFp)Tn), is not hit by any differential, and that this implies
Vp—1 €Ek(m—1)x((Arn H]Fp)th) is nonzero.

Given a prime p, let A, be the dual Steenrod algebra; see Milnor [27] for details.
When p is odd, A« = P(§1,&,...) ® E(T.T1,...), where |§| = 2p! —2 and
|Ti| = 2p' — 1, and when p =2, we have Ay = P(£1.£&,,...), where |&] =2/ —1.

See Johnson and Wilson [21] for the following details about Morava K-theory. We
have Hy(k(n)) = A(n)«, where A(n)yx = P(£1.&2,... )@ E(To. ... . Tnet1.Tns1.--.)
is isomorphic to the dual Steenrod algebra A, without the generator 7,. Multiplication
by v, yields a cofiber sequence

227" 2k (n) — k(n) — HFp,
which, in homology, decomposes into short exact sequences

0> A(n)s = Ay — =" "1 A(n), — 0.
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Since Arn HIF, is an HIF,—module spectrum, we have as graded k (1m)x—algebras,
k(m)sx(Arn HFp) = k(m)«(HFp) ® L+«(T").

Let X be a T"—spectrum. The homotopy fixed-point spectrum of X is defined as the
mapping spectrum
X" = Ferr, )T

of T"—equivariant based maps from ET? to X. Here ET{ should be interpreted as

the unreduced suspension spectrum of E T, the free contractible T"—space.

Now we want to construct the first two columns of the homotopy fixed-point spectral
sequence for the group 7. We use the setup of Bruner and Rognes [12]. Let the unit
sphere S(C°) be our model for £S! with the S!—action given by the coordinatewise
action. The space S(C®) is equipped with a free S!-CW-structure with one free
S1_cell in each even degree. We use the product S(C>)” as a model for ET" with
the product 7"-CW-structure.

We now get a T"—equivariant cofiber sequence
EoT" — EoT" — T? A (VS?),
where the wedge sum runs over all 2—cells in ET”. Here T" acts trivially on the

space (V.S?).

Proposition 7.1 Let X be a bounded-below T"—spectrum with finite homotopy
groups in each degree. Let M be any homology theory. There is a strongly convergent
spectral sequence

EX, =~ Z{1 11, ... .ta} ® My(X) = My (F(E,T}, X)™).

Proof Proof is left to the reader. There are no convergence issues since the spectral
sequence is concentrated in two columns. |

This spectral sequence is just a long exact sequence in disguise, but since the calculations
are relevant for calculations in the homotopy fixed-point spectral sequence, we have
chosen to use the language of spectral sequences.

When X = Arn HF,, we will write E*(M, n) for the spectral sequence
E*(M,n) = M (Arn HE {1, 11, ..., ty} = M (F(E,TL, ATnHIFp)Tn)
when M is HF, or k(m).
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Proposition 7.2 Let x € E22 2pn— ,(k(n — 1),n), and suppose that it survives to
E32 2 pi— (k(n—=1),n). Ifdz(rn 1) =h(x) in E*(HFy,,n), where h is the Hurewicz
homomorphlsm then [x] = uv,—y, where [x] € k(n — 1)« (F(E, T, Arn HIFP)T ) is
the class of x, for some unit u .

Proof Smashing the cofiber sequences

Yk(n—1) ——k(n—1)— HF, — 29 k(n—-1)

nl

and

Xy — F(E,T", Apn HF)T" — X, 2, X5,
where X; = F(E;T}!/E; T}, Arn HIFP)T" , and taking homotopy groups, one ob-
tains a diagram with exact rows and columns, where the connecting homomorphism 0
induces the d? differential of the two-column spectral sequences. Since x survives to
E"”2 2pi—1 (k(n—1),n), its class [x] is nonzeroin k (1), pn—1_p (F(E2 T, An HIFp)Tn).
Bya dlagram chase, it is seen that [x] generates the kernel of

k(1) pn1 o (F(E2T}, Apn HER)T") = Hy pur o (F(E2 T, Apn HE,)™),
and that multiplication by v,—; is zero on k(n — 1) X;, from which the proposition

follows. O

Definition 7.3 Let M be a homology theory. Since T splits completely, the homo-
morphism in Definition 2.6,

(C()Tn)*Z M*(T_,"f AN ATn HIFP) —> M*(ATnxTn HIFP),
together with the multiplication map in the group 7", induces a homomorphism
Hy(T") @ My(Arn HFp) — My (Arn HEF)).

Given j €en and x € Myx(Arn HFp), we write oj(x) for the image of [Sjl] ® x under
this map, where [Sjl] € Hy(T™) is the image of a fundamental class [S'] € Hy(S1)
under the inclusion of the j™ circle.

Here, Hy is homology with F,, coefficients. Since 7" is a pointed space, Ar» HF)
is an HIF,—algebra and thus a generalized Eilenberg-Mac Lane spectrum. Let p > 5
and 1 <n<por p=3and 1 <n <2, and define p to be the kernel of the projection
homomorphism

Hy(Apn HFp) = Ax ® Lo (T") = 4+ ® (X) Bu — Q) Byiy.

UCn i€n

where the isomorphism a: L«(T") = @y, By is the one in Theorem 6.2.
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Proposition 7.4 Let p>5and 1 <n<porp=3and 1 <n <2.If x is in the
subring P(&1,&2,...) ® Ly(T™) C Ay @ Ly (T™) = Hy(Apn HT,), then for every
J € n, the element 0j(x) isin p.

Proof Since o; is a derivation by Proposition 2.7, it suffices to check the claim for the
set of IF,—algebra generators in P(€1.&, ... )®L«(T") = P(&,&,. ... )®Quca Bu
consisting of 5, for i > 1 together with all U-labeled admissible words, where U C n.

By [2, Proposition 4.9], the element o (£;) for i > 1 is represented by ¢&; in filtration 1
in the Bokstedt spectral sequence calculating Hy(A g1 HIF,). By the calculation in [8]
(see Hunter [20, Theorem 1] for a published account), the element aE,- is a boundary
in the Bokstedt spectral sequence, and hence o (£;) € Ax. Thus it must be equal to
zero since it is the image of [S']®&;, and [S!] is mapped to zero on the left-hand side
in the following commutative diagram:

Hy(S1) ® Hy(HF,) —=~ Hy(Ag1 HF,)

J/pr ®id lpr ®id

Hy(S%) ® Hy(HF,) —= Hy (A HF))

Hence 0;(&) =0 forall i > 1 and 1 < j <n.

We prove the proposition by induction on the degree m of an element x in L. (T") =~
Qv ca Bu. When m = 0, there is nothing to check since o; is trivial on units.

Assume the proposition holds for all elements in degrees less than m. If m is even, the

proposition holds because o (x) is then of odd degree, and );, By} is concentrated

l1€n
in even degrees. Assume m is odd, and that x is a U-labeled admissible word of
degree m for some U € n. By Lemma 3.2(4), x is thus equal to oxy, where k is
the largest element in U and y is a U \ k-labeled admissible word of even degree.
By Theorem 6.2(5), x is equal to o3 (y), where we think of y as being an element in

Byvk € Lo(TUN) € Lo(T*T).
If j > k, the element 0} (x) = 0j (0% (»)) is in p by Theorem 6.2(5).

The element o (0% (y)) is equal to the image of [Sjl] . [S,i] ® y, where [S]-l] . [S,l] is
the product in Hx(7T"). When k = j, 0j (0 (p)) is thus zero since [Sjl]2 =0.

When j <k, we have o (0% (y)) = L0k (0j(y)) since the ring H«(T™") is graded com-
mutative. Now, o;(y) is in L«(T*1), so by Theorem 6.2(5), the element oy (0 (»))
isin p. Hence, o (0% (y)) isin p. O
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Proposition 7.5 The differential in E*(HT,,n) is given, for x € Eé LIy, n), by
d*(x) = t101(x) + - + thou(x).

Thus, if p>5and 1 <n < por p=3and 1 <n <2, and x is in the sub-

ring P(§1,5,...) ® L«(T") C Hy(Arn HF,) =~ E2 _(HF,,n), then d*(x) is in

p{ll,...,tn}.

Proof For each i € n, inclusion of fixed points induces the projection homomorphism
from E2(HF,,n) to

E2(i) = Ho(Apn HF){1.1;} = Hy(F(E,SL, Apn HF,)S'),

where S acts on the i circle in 7”. Now E?(i) maps injectively to the Tate spectral
sequence, so by Hesselholt [17, Lemma 1.4.2], the d?—differential in £2 (i) is induced
by the operator o; .

Since E3 ,(HFp,n) = Hy(Apn HFp){t1. 15, ... 1z}, and E} (i) = E} (HF,.n),
the formula for the differential in E g «(HTFp, n) is thus

d?(x) = 1101 (%) + -+ + tn0On(x),
and the second claim now follows by Proposition 7.4. |
We will show that the Rognes element #; ,ufn_l—i- tzué’n_l+' -t tnuﬁn_l in EZ(HIFP 1)
is not hit by any differential in the homotopy fixed-point spectral sequence. The idea of
the proof is that, by the previous propositions, only differentials on 7; can hit an element

in P(iq, ..., un){t1,-..,ty}. This can only happen when i <#n —2 for dimensional
reasons, but since we have one fewer variable 7; than p;, these will not add up correctly.

Definition 7.6 Since the Rognes element tluf"_l+ tzwz”n_l—l- et tn,ufl’”_l is a
cycle, it represents an element in k(n — 1)« (F(E>T?, Apn H Fp)T") , which we call
the Rognes class.

Proposition 7.7 Let p>5and 1 <n<p or p=3 and 1 <n < 2. The Rognes
element rmf"“+ rmg"“+ cee l,,ufl’"_l in

E*(k(n—1),n)
= k(n—1)s(Arn HE) {1, 11, ... 1y} = k(n— D)u(F(E2TT, Apn HE,)T")

is not hit by any differential, and hence the Rognes class is a nonzero element in
k(n—1)x(F(E,T®, Arn HF)T").
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Proof The differentials in E%(k(n — 1),n) are determined by the differentials in
E2(HTy,n) since k(n—1)«(Arn HF,) € Hy(A7n HF,). By Hesselholt and Madsen
[18, Theorem 5.2], and by '[2, Proposition 4.9], 0i(7;) = /Ll!’j, so Proposition 7.5
yields d2(z7j) = Y.7_, ti,ul.p]. Assume z is an element in k(n — 1)« (Arn HF,) with
differential d2(z) =Y 7_, & /Ll!’n_l. It can be written as

z=Tozo 4+ Tu—2Zn—2+ 2,

where z’ is an element in P(§1,§2, ... )®L«(T") and z;, for 0 <i <n—2, are elements
in E(Tiy1.Ti42....) ® P(£1,&,...) ® L«(T™). By Proposition 7.5, d?(z') is in

p{t1,....tn}, and obviously the products T;d?(z;) for 0 <i <n—2 arein p{t1, ..., 1},
so for some y in p{zq,...,%,}, we must have
n—2
— — J ]
(7.8) d*(T)zo + -+ d*(Ty—2)zp—2 = Z(Zluf +t ln,bbﬁj)Zj
j=0

" —1
= Z Zi/,Lipn + .
i=1
Write the elements z; in the monomial basis in Ax ® L(T") = Ax ® Quc, Bu-
For (7.8) to hold, at least one of the z; must have a nonzero coefficient in front of
n—1

wt —P' We let k; > 0 be the greatest integer i such that this coefficient is nonzero.

. . —1_ ki pki_pka .
Let ky <k be the greatest integer where the coefficient of ;Ul"n P lug . 1’1 2 1}(1 Zk,
. . . . A9 n—1__

is nonzero. Such an integer must exist, because the coefficient of 7, ué’ ! ;ul” Pl

the left-hand side in (7.8) would otherwise be nonzero due to the contribution from
d? (T, )2k, -

Continuing in this way, we get that since there are n variables #;, there must be a

on

sequence of integers ki > --- > kj, such that the coefficient in front of the monomial
n—1_ pki ki _ pko kn _ pkn
P L Y

are only n — 1 number of variables z;.

in zx,, is nonzero. But this is impossible since there

We thus get a contradiction, so there is no element z in k(n — 1)« (Ar» HF,) with

n—1

differential d2(z) =Y 7_, & 7 ]

Theorem 7.9 Let p>5and 1 <n<porp=3and 1 <n <2. Then v,
ink(n—1)«((Arn H IFP)”T”) is nonzero and is detected by the Rognes class in the
homotopy spectral sequence. Equivalently, the homomorphism

k(n=1)(Z*P" 2 F(ES T Apn HF)T") 25 k(n—1)w(F(E2 T Agn HF)T")

maps 1 to a nonzero class.
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Whether higher powers of v,_; are nonzero is not known, and similar arguments to
those in this article is probably not sufficient to resolve this question as the number of
potential differentials in the spectral sequences increases as the power increases.

Proof The unit map S® — (Agn H Fp)hT " and the inclusion E,T" — ET" induce
the vertical homomorphisms in the following commutative diagram:

Un—1

k(n—1)5(22P"'259) k(n—1)5(S°)

| |

k(n=1) (S 2 (An HEp)'T") — = k(n—1)((Arn HE)"T")

| |

k(n—1)x(S2P" " 2 F(E, T, Apn HF,)T") N k(n—1)5(F(E, T, Apn HF)T")

By Propositions 7.7 and 7.2, the homomorphism v,_; maps 1 in the lower left-hand
corner to the nonzero element represented by the cycle #; 9 " Ll ST Iy /,L;l; "
in the lower right-hand corner. Hence, the image of v,_; must be nonzero in the middle

group on the right-hand side of the diagram. O

8 Spectral sequences

In this section, we review the well-known bar spectral sequence, which is the most
important tool in our calculations.

Let X4 be a simplicial spectrum, and define the simplicial abelian group 7z;(X«) to be
mt(Xgq) in degree g with face and degeneracy homomorphisms induced by the face and
degeneracy maps in X. Write | X| for the realization of the simplicial spectrum X.

The spectral sequence below is well known for spaces and appears for S—modules in

Elmendorf, Kriz, Mandell and May [16, Theorem X.2.9].

Proposition 8.1 Let X be a simplicial spectrum, and assume skg(Xyx) — skg41 (Xx)

is a cofibration for all s > 0. There is a strongly convergent spectral sequence
Esz,t(X*) = Hy(m:(Xx)) = 741 (Xs).

Let R be a ring spectrum. If Xy is also a simplicial R-algebra, then E ,(Xy) is a

7« (R)—algebra spectral sequence.

Let R be a commutative ring spectrum, M a cofibrant right R—module, N a left
R-module and B(M, R, N) the bar construction. In more detail, B(M, R, N) is
the simplicial spectrum which in degree ¢ is equal to M A R*? A N, and where the
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face and degeneracy maps are induced by the same formulas as in the algebra case
using the unit map and multiplication map. By Shipley [30, Lemma 4.1.9], there is an
equivalence |B(M, R, N)| ~ |M Agr N|.

Proposition 8.2 Let R be a bounded-below ring spectrum, M a right R—module and
N aleft R—module. Then there is a strongly convergent spectral sequence

E}, = Torp* R(mu M. s N)y = mg4e(M AR N).
Proof For S—modules, this is a corollary of [16, Theorem X.2.9]. O

Remark 8.3 Let X, be a cofibrant simplicial R—module. If m.(X) is flat as a
7« (R)—module, this proposition yields an isomorphism

If X« is a simplicial R—coalgebra, ie there is a coproduct map ¥: Xy — X« Ag Xx
with a counit map Xy — R making the obvious diagrams commute up to homotopy, and
7+ (Xx) is flat as a . (R)—-module, then 4 (X%) is a w4« (R)—coalgebra with coproduct
induced by ¥ followed by the isomorphism 74 (X /\ILe Xi) =4 (X5) @, (R) T (X))

Proposition 8.4 Assume that X« is a cofibrant simplicial R—coalgebra, and assume
that the map sks(Xx) — sk 1(Xx) is a cofibration for all s > 0. If each term E" (X&)
for r > 1 is flat over m«(R), then EY ,(Xx) is a m«(R)—coalgebra spectral sequence.
If in addition, w4« (Xy) is flat as a 7w, (R)—module, then the spectral sequence converges
to w4« (X«) as a w«(R)—coalgebra.

Proof A similar statement is proven for X = A¢1 R and mod p homology in [2,
Theorem 4.5]. This proof also works for 7" and S” since we can make the pinch
maps simplicial so that they descend to maps of chain complexes. a

In particular, for B(R, Ax R, R) >~ A g1, y R, we have the following proposition.

Proposition 8.5 Let R be a commutative ring spectrum, and let X be a simplicial set.
The derivation

(see Definition 2.6) takes z € m,(Ax R) to the class of [z] in

N

E?, = TorT A B (7 (R), 74 (R)); = mys(Aginx R),

where [z] in the reduced bar complex B(7t«(R), m«(Ax R), w«(R)) is represented by z
in E{ , = B1(x(R), 7+ (Ax R), w5(R)n = 7n(Ax R).
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Proof Using the minimal simplicial model for S' we get a simplicial spectrum
S_L A Ay R, which in simplicial degree ¢, is equal to (Sq1)+ AAx R = (Ax R)V1, the
g—fold wedge of Ay R. In the E?—term of the spectral sequence in Proposition 8.1
associated with this simplicial spectrum, the element [S!] ® z is represented by 1 @ z
in Ell* = m(Ax RV AY R) = 4« (Ax R) & m«(Ax R), where the second summand
corresponds to the nondegenerate simplex in S 11 .

Similarly, there is a simplicial model for the spectrum A g1, y R, which in simplicial
degree ¢, is equal to AS;AXR =~ Ay, xR = (Ax R)"R4~!  the (¢g—1)—fold smash
product over R. The map @: S}r ANAx R — Agiy xR, defined in Definition 2.5, is
given on these simplicial models in degree ¢ by the natural map

(Ax R)Y? — (Ax R — (Ax R)"RI71,

where the first map is induced by the inclusion into the various smash factors using
the unit maps, and the second map is induced by the map Ay R — A, R on the
factor indexed by the simplex which is the image of the 0" simplex under a g—fold
composition of degeneracy maps. The element 6(z) in the spectral sequence from
Proposition 8.1 associated with this simplicial spectrum is thus represented by the
element z in Ell* ~ 7+ (Ax R).

Now we have to compare this last spectral sequence with the spectral sequence
coming from the bar complex B(R, Ay R, R). In simplicial degree ¢, the complex
B(R,AxR,R)isequalto RAAY RN AR A son(yy, x) R The equivalence be-
tween B(R, Ax R, R) and the model above is induced by the map S° 11 [, X =V, X
identifying S° and the basepoints in X to the base point in \/q X. The element 6 (z)
is thus represented by the class of [z] in

E?, = Tor™ "B (7, (R), 74(R)) = 7s14(Aginx R).
where [z] is in the reduced bar complex B(mw«(R), m«(Ax R), 7« (R)). m]

Proposition 8.6 Let R be a commutative ring, and let E* be a first quadrant connected
R-Hopf algebra spectral sequence. The shortest nonzero differentials in E* of lowest
total degree, if there are any, are from an indecomposable element in E* to a primitive
element in E*.

Proof See [2, Proposition 4.8]. O

The next proposition shows that in certain circumstances, the coalgebra structure of
the abutment in a spectral sequence is determined by the algebra structure of the
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dual spectral sequence. We will use it to calculate the IF,—Hopf algebra structure of
s (Agn HFp).

Let R be a field with characteristic different than 2, and let

i i

0 Ao A] A2
NN

= J J

1 1 1

EO El EZ

be an unrolled exact couple of connected cocommutative R—coalgebras which are of
finite type. The unrolled exact couple gives rise to a spectral sequence E* converging
strongly to colimg Ay by Boardman [7, Theorem 6.1].

Proposition 8.7 Assume that in each degree ¢, the map As; — Agy1, eventually
stabilizes, ie is an isomorphism for all s > u for some u depending on t. Assume that
the E°°—term of the spectral sequence is isomorphic, as an R—coalgebra, to a tensor
product of exterior algebras and divided power algebras. Then there are no coproduct
coextensions in the abutment. Hence colimg Ag =~ E* as an R—coalgebra.

Proof The colimit colimg As of R—coalgebras is constructed in the underlying
category of R—modules. If we apply D(—) = hompg(—, R) to the isomorphism
colimg Ag = E°, we get an isomorphism D(colimg Ag) = D(E°), where D(E®)
is a free graded commutative algebra. Since D(E ) is the associated graded algebra
of the filtered commutative algebra D(colims A ), this implies that D(colims Ag) is
a free graded commutative algebra. Since the maps Ay — As4+1 eventually stabilizes,
D(limg Ag) = colimg Ay, so we can dualize again and get that there is an R—coalgebra
isomorphism colimg Ay =~ E°. O

9 Primitive elements

In this section, we prove several technical statements about the degrees of certain
admissible words and primitive elements in multifold Hopf algebras. The first two
lemmas can obviously be generalized to all n, but we only need them for n < p, so
we keep their formulations as simple as possible.

Lemma 9.1 Letn <2p—2, and let x be an admissible word in B, of even degree.
Let | be the number of occurrences of the letter o in the word x. The sum of the
coefficients in the p—adic expansion of the number %|x| isequal ton—1.

Geometry & Topology, Volume 22 (2018)



Detecting periodic elements in higher topological Hochschild homology 743

Proof The proof is by induction on . It is true for n = 1 since / =0 and |u| = 2.
Assume it is true for all 1 <m <n—1. An admissible word x in B, of even degree
is, by Lemma 3.2(4), either equal to (pk y or 0¥ oz for some k > 0, where y and z are
admissible words in B,_1 and B,_,, respectively.

First, % |<pk y|= pk (1 + % ply |) , so if the sum of the coefficients in the p—adic expansion
of %| y| is n—1—1/, where [ is the number of occurrences of g in y, the sum of the
coefficients in the p—adic expansion of %l(pk y|lisn—1.

Second, %|Qk oz| = pk(l + %|Z|), so if the sum of the coefficients in the p-adic
expansion of %|Z| isn—2—({—-1)=n—-1-1, where [/ — 1 is the number of
occurrences of o in z, then the sum of the coefficients in the p—adic expansion of
%|ngz| is n —/, unless there was carrying involved in the addition 1 + %|z|

There is only carrying involved if the degree of z is equal to —2 modulo 2p, and by
Lemma 3.2(5), this implies that z is equal to (0°0)? 2, or it starts with (0%0)?~!
or (0°0)?72¢". In these cases, 00z has length at least 2p — 1, so there is no carrying
involved when n <2p —2. a

Lemma 9.2 Let Q(B,) be the module of indecomposable elements in B,,. If 2 <
n=<2p,then Q(Bp),pi—1 =0 forall i, and @;>, Q(Bn)2p; is equal to the module
generated by all nonmonic admissible words of length n.

Proof The module of indecomposable elements is generated by all admissible words
of length n. All nonmonic words are in degree 0 modulo 2p. All monic words
are primitive, so by Lemma 3.5, they are not in degree —1 or 0 modulo 2p when
2<n=<2p. O

Lemma 9.3 The sum of the coefficients in the p—adic expansion of

1 pjl piz pjn
2l wy g s
where j; > 0 and |u;| =2 for 1 <i <n, is equal ton when 0 <n < p and either n

orn—p+1when p<n<2p.

Proof If less than p of the numbers j; are equal, we get the case n, and if at least p
of the numbers j; are equal, we get the case n — p + 1. |
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Corollary 9.4 Let x be an admissible word in B, of even degree.

If 1 <n < p, then the degree of x is not equal to the degree of M{’jlugjz. .. ng",
where j; >0 for 1 <i <n.

If p>5,1<n<pand1=<s =n, then the degree of x is not equal to the degree of
(Mf]lligjz"‘ﬂ,fm)ufjnﬂ, where j; >0 for1 <i <n+1.

Proof By Lemma 9.1, the sum of the coefficients in the p—adic expansion of %|x| is
equal to n—/ where / is the number of occurrences of the letter ¢ in x. Lemma 3.2(2)
saysthat 1 </ < %(n —1),s0 %(n +1)<n-I =n —1. By Lemma 9.3, the sum of
the coefficients in the p—adic expansion of %| ;L{’“ /ngz- - /Lrll’m | is equal to n when
0O<n< pandeither n or ]l whenn=p. Nown—/ <n—1<n<n+1, and if

n=p,then 1 < %(n +1)= %(p + 1) <n—1, proving the first claim.

The sum of the coefficients in the p—adic expansion of %|(/ijl,u§ 2. wp 5 ,ule"Jrl |
isequalton+1 when 0 <n < p—1 andeithern+1orn—p+2 when p—1 <
n<p.Ifn=p—1=>4,then 1 <%(n—l—l)z%pfn—l,andifnzpiS,then
2 < %(n +1)= %(p + 1) <n—1, proving the second claim. |

Lemma 9.5 Letn < p, andlet P € @y, Bu be the F,—submodule generated by
all products zy, --- zy, , where Uy, . . ., U;: is a partition of n, and zy, is a primitive
element in By, for every i. Then P,p; 1 = 0 for every i > 2, and the module
@,>» P2pi is contained in the module generated by all the elements ,ufjl/xé’jz- . ,upj",

n
where j; >0 for 1 <i <n.

Proof In a divided power algebra I'(x), the only primitive elements are nonzero
scalar multiples of y1(x), and in a polynomial algebra P(x), the primitive elements
are generated by X By [28, Proposition 3.12], the primitive elements in By, are
therefore linear combinations of monic words w; of length |U;| when |U;| > 1,
and ;ngi when |U;| = 1. Assume without loss of generality that z is a product of
such elements.

Observe that the degree of a word starting with (pk, QkQ or /ka is 0 modulo 2 p when
k > 1. Thus multiplication with one of these words will not change the degree of the
product modulo 2p. The degrees of ¢°x and u are 2 modulo 2p, and finally the
degree of p%0x is 2 + |x| modulo 2p.
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Except for the products u? g u’f j", the smallest # where z has degree 0 modulo 2p

. K o

is thus n = p+2, where z may be equal to ---/Lp_z-ull)’_l -Qg+2Qp+1[,Lp. Similarly,

the smallest n where the degree of z can be —1 modulo 2p is n = p + 1, where z
. k

might be equal to (4 -+ tp—2 '“5—1 “Op+1Mp. a

This lemma is about which elements in L« (7" ) are simultaneously primitive in
all n Hopf algebra structures. For example, 41 ,ué’ ,ug’ % is simultaneously primitive in
L+(T3) since it’s a product of elements that are primitive in the different circles. We
only gain control over the degrees of the elements, but that is sufficient for our needs. It is
probably a very special case of a more general statement about simultaneously primitive
elements in an S—fold Hopf algebra, but a more general statement has eluded us.

Given a finite subcategory A C 7 and a finite set U, we define A|y, the restriction
of A to U, to be the full subcategory of A with objects {V NU | V € A}. The
dimension of A is the maximal cardinality of the sets in A.

Lemma 9.6 Assume Theorem 6.2(3) holds for | <k <n—1. Let S be an objectin Z,
and let A be a saturated subcategory (see Definition 4.22) of V(S) with dimension at
mostn—1.

Let V € T, and define Ny C N to be the set Qf degrees of monic words in By when
|V'|>2, and the set {2p'};>¢ of degrees of,u{)” when V ={v}. Let NA €N be the set

NA:{ Z ru; ‘Ul,...,Uj is a partition of § WithU,-eAandrUieNUi}.
U,'G{Ul,...,Uj}

If z € L(T?) is S—fold primitive, then |z| € N .

Proof We prove it by induction on the number of sets in A. There are no S—fold
primitive elements in L4(7T2) if S\ (UUeA U) =W # & since Ly(TAls\i) =
Ly(T?) forany j € W,s0 Y} =id: Ly(T?) — L«(T?). If S={s} and A= S, the
lemma holds since L (T Ay = Bysy = P(us), and the primitive elements are generated
by /Lfl fori > 0.

Let V € A be a maximal setin A;ieif V< W € A, then V = W. Let A be the full
subcategory of A not containing V.

Let Z(I)/, le, ... be an ordered monomial basis of By C L*(TV) ~ ®U§V By ordered

so that |ZI-V| < |Z,~I:Ll| for all i > 0. Note that Zé/ =1.
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When z # 0, we can write z uniquely as

9.7) PR £ NG N SN S
where x? are elements in L*(TA) >~ ®UGA’U#VBU and le # 0. This is possible
since L(T2) = L+(T2)® By.If | =0, then z € L,(T2), and we are done by the

induction hypothesis.

Otherwise, given j € V, assume xlI7 & Ly(TAIs\i) C Ly(T2). Then

Vi@ =i + v vl )+ + vl CEOvieD)
=(1®z,V+z}’®1+Z(z}’)/®(z}/)“)
X (1 ®x}7+x}7®1+2(x;7)’®(x}7)”)+
—1®Zl xl +Zl X; ®1+ZIV®XII7+XII7®ZIV+'”-
We have

~

vl LY > LY e L(TY),

L*(Tﬁ‘s\j)
so the expression on the last line can not be equal to z® 1+ 1 ® z due to the summands
le ® le and le ® le and the facts that ZIV, cee, Z(I)/ is part of a basis and that ZIV is
of highest degree. Hence we get a contradiction, and le € Ly(TAlIs\i)y C L (Th).
Doing this for all j gives us that le € Ly (TAls\w) C L (Th).

For U € A, the projection maps prg\V: TV — 17UV combine into a map
pr: TA  7hlsw,

Since this map collapses T|I§|_1 to a point, the map g": TV — S Vi together with pr
induces a map
pr: T2 — sy rAlsw

For j € V, the pinch map ¥/ on the j® circle induces a commutative diagram:

TA P SV TAlsw
lw//vid
v SV v SV v rAlsw
H T
TA HTA|S\] TA pr L pr (SV TA\S\V) I IS (SV TA‘S\V)
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Similarly, for j € S\ V, the pinch map v/ on the j™ circle induces a commutative

diagram:
A pr 124 Al
T SY v Talsw
id v/
; | 4 A A
v SV v(T ls\w HTAl(S\V)\j T |S\V)
A LT AVE T V., A
T Upaigy,; T2 —— (8" VT Is\r) Ugp, paisun (87 VT Is\r)

Applying the functor L4 (—) to these two diagrams yields, for j € V', a commutative
diagram

L(T%) z By ® Ly(TAls\v)

(9.8) lxpg lx/fBV@d

pr ® pr
L(T%) ®r, (r2ls\) L«(T?) — By ® By ® Ly(TAlsW)

and for j € S\ V, a commutative diagram:

pr

L(T%) By®Ly(TAls\)

9.9) lwg lidwgw

pr®pr

We have proved that xl17 € L (TAlsw), so

pr(z) = 2/ 2y prxyy) + o+ 20 prixg)

is nonzero since ZIV e ,Z(I)/ is part of a basis. From diagram (9.8) we know that pr(z)

must be primitive in the L (7 2/s\")~Hopf algebra By ® L+(T2!5\V"), where the Hopf
algebra structure is induced by the IFp—Hopf algebra structure on By = B|y| = L« (S ).
By the graded version of [28, Proposition 3.12], this implies that if pr(xiV ) is nonzero,
then ZI-V is a V-labeled monic word when |V| = 2 or an element ;7 " for some m
when V' = {v}. It follows from diagram (9.9) that when pr(xl.V) # 0, itis S\ V-fold

primitive. By induction, the lemma holds for pr(xiV), finishing the proof. |

Geometry € Topology, Volume 22 (2018)



748 Torleif Veen

Corollary 9.10 Given n < p, assume Theorem 6.2(3) holds for 1 <k <n. Let y be
an n—fold primitive element in L. (T,"_,). If x is an admissible word of length n with
degree 0 modulo 2p, then |x|—1 % |y|. If z is an admissible word of length n with
even degree, then |z?| # |y|.

Proof When 2 <n < p, Lemma 9.2 says the admissible words of length n with
degree 0 modulo 2p are those that start with ¢’ or o' for i > 1. Hence x = ¢'x’ or
x = ¢'x’ for x’ some admissible word of length 7 — 1. The element o’ x’ has degree
greater than or equal to 4p. By Lemmas 9.6 and 9.5, there are no n—fold primitive
elements in Lx(7,"_,) in dimension 2pm —1 for m > 2, and hence |x|—1# |y].

If z is an admissible word of length #n and even degree, then by Lemma 9.2, we have
z=0'z" or z ="'z’ for some admissible word z’ of length n—1. So |z?| = |’ T1Z/| or
|z2| = |@'t1Zz/|. By Lemmas 9.6 and 9.5, the degrees of the n—fold primitive elements
in L«(7,._,) are equal to the degrees of the products uf" e . By Corollary 9.4,

neither o' 1z’ nor ¢’ *12 is in the same degree as one of the products - = M’f]",

and hence |z?| # |y|. m|

10 Bokstedt spectral sequence argument

To prove that there are no nonzero d? differentials when computing L. (7"), we look
at the Bokstedt spectral sequence.

Lemma 10.1 Suppose we have n > 2 and a prime p > 2. Assume that

L(T" H=~ & Bu.

Ucn—-1

where By is described in Definition 6.1.

(1) The Bokstedt spectral sequence calculating Hy (A1 HF,) has E 2_page

2T = 4, L(T"H® & Buum
2#U<n—1

®E(an§1, a,,Ez, ...)®T'(on79,0n7T1,...).
(2) There are no differentials d” when r < p—1, so E2(T") = EP~1(T™").
(3) There are differentials

AP~ (Y1 (0nTi) = Onkig1 - Vpi_1(OnTi).
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If, in addition, given m > 0, the homomorphism f™: L4(S"" 1) — L«(T,"_,) factors
through I, in degrees less than or equal to 2pm—1, and the spectral sequence E*(T™)
collapses in total degrees less than or equal to 2pm — 1 (thatis E>(T") = E®(T")
in these degrees), then:

(4) The only other possible nonzero differentials in EP~'(T™) starting in total
degrees less than or equal to 2p(m + 1) — 1 are

AP (vt (0n3)) = Yyt p(0n) 3 1w id P~ (rp(0T0)).

where x is a generator in L(T"~1) of odd degree and ry; € L«(T" 1) C
=p—1
E§,(T™).

(5) Let B;I c E2(T™) be the algebra, isomorphic to By, that has the same gener-
ators as By, except that we exchange the generators y,:(0,x) in degrees less
than 2 p(m + 1) with the infinite cycles

pl—l
Ypi ((Onx)) =) ((—1>f'y,,z_,,,-((onx)’) > T v (ona-)),
Jj=0 aeNN |g|=j ieN
where || = Y_;cn @i, and the convention is that 0° = 1, yo(x) = 1, and
yi(x) =0 wheni <0. When s +¢t <2p(m+ 1) — 2, we get an isomorphism

ER(TM =A@ L(T" H® (K Byym ® Po(0nTo.0nT1,...).
o#U<n—1
Proof By [26, Proposition 2.1] and the Kiinneth isomorphism, there are isomorphisms
of Hy(Apn—1HF)) = A4 ® L«(T"1)—Hopf algebras
EX(T™) = HHy (Hy (A pnt HFp)) = Hy (A a1 HF,) ® Tord*®L«T""D (R F )

= A, ® Lo(T" 1 ® X) TorBV (F,.Fy) @ Tor (F,. Fp)
Ucn—1

A4 ® L*(Tn_l) 029 ® BUU{n}
o#Ucn—1 = = — =
®E(Un§1’0n52, . ) ® F(OHTO’OnTI’ . ')’

where the empty set is left out in the tensor product in the last line since TorB= (Fp.Fp)
is isomorphic to [F,,. See [2] for more details on the Hopf algebra structure.

Part (2) The Bokstedt spectral sequence E2(T™) is an Ay ® L+(T™"1)—Hopf alge-
bra spectral sequence. By Proposition 8.6, the shortest differential is therefore from
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an indecomposable element to a primitive element. By the graded version of [28,
Proposition 3.12], the primitive elements are linear combinations of the monic words in
®ra;éUgn—1 Byuigny, and the elements a,,EiH and y;(0,7;) for i > 0. The primitive
elements are thus in filtration 1 and 2. The indecomposable elements are linear combi-
nations of the IF,—algebra generators in ®®#U9,_1 Byumy ® E(041,0n62,...) ®
I'(on7o, 0471, .. .), given by the admissible words in ®®#U§n—1 Byuny together
with the elements 0,&; and y,x(0,7;), and they are in filtration 1,2 and 7 for i > 0.
The indecomposable elements in filtration p are generated by y,, (0,,x) for a generator x
in Ay ® L+(T"1) of odd degree. By [20, Theorem 1], these elements survive to
EP~Y(T™),so EX(T™) = EP~1(T™).

Part (3) Theorem 1 of [20] also gives us the differentials

(10.2) dp_l(yp-l—k(an?i)) = uigngi-l—l Vi (onTi),
where u; are units in I, .

Part (4) When m = 0, there is nothing to prove, since all elements in filtration p
and higher are in degrees at least 2p. Since A7n HF, is an HIF,—module, it is a
generalized Eilenberg—Mac Lane spectrum, so the Hurewicz homomorphism induces
an isomorphism between the [F,—modules A4 @ L«(T") and Hy(Arn HEF)).

From the assumption that /™ factors through [, in degrees less than or equal to 2 prm—1
and that E2(T”)<2pm = E°°(T")<2pm, we know the dimension of Hy(Ar» HF))
as an [F,—module in degrees less than 2 pm. We will show that if there are differentials
in the spectral sequence E2(T™) starting in degrees less than or equal to 2p(m+1)—1
other than those in parts (3) and (4) of the lemma, the dimension of E® (T™) is smaller
than the abutment of the spectral sequence, which is equal to Hy(A» HIF),), thus
giving us a contradiction.

Assume the only P~ !—differentials in the Bokstedt spectral sequence E2(T™) are
those generated by (10.2). Lemma 10.3 yields an isomorphism

EP(T") = A® Lo(T" H® Q) Buum ® Pp(onTo.0nT1....).
o#U<n—1

Proposition 3.4, together with the assumption that /™ factors through [F, in degrees
less than 2pm — 1 and that EZ(T")<2pm = E®(T")<2pm, gives us an Fp—module
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isomorphism

Eoo(Tn)<2pm = EZ(T”)<2pm = (L*(T:_l) & Bn)<2pm

(® BU) g( X Bue &K Buum ®B{n})

Ucn <2pm UCn—1 o#£U<n—1 <2pm

lle

lle

(L*(T"_l) ® @ Buum ® B{n})

2#UCn—1 <2pm
By Proposition 3.4, there is an Fj-module isomorphism from Pp(0,7o.0nT1. - - .)
to By,; given by mapping 0,7; to ,ufl’l , and this isomorphism yields an [F,—module
isomorphism E?P(T") <3 pm = (Ax @ Lx(T™))<2pm = Hx(A7n HEp) <2 pm -

Assume there is a d?~'—differential with image in EP~1(T")_, pm»> Which doesn’t
have image in (0,1, 0néa,...) € EP~1(T™"), the ideal generated by the images of
all the differentials in (10.2). Then in the degree of the target of this differential, the
dimension of the IF,—module E®(T") -, pm would be smaller than the dimension of
Hy(Arn HEp) <2 pm = EP(T”)<2pm , giving us a contradiction.

To find all possible d 7~ !—differentials with target in (0,&;, 0,&., ... ), it suffices to look
at differentials from indecomposable elements. Possible nonzero d?~!—differentials
with image in Eﬁ;;m are thus generated by 77! (Vpk (0%x)) and d?~! (Vpk (9nX)).,
where x is a U—admissible word in By C L*(T”_l) for some @ # U Cn—1 of odd
degree at most 2m pl_k — 1 and even degree at most (2m pl_k —2)/p, respectively,
and k > 1. From the calculation

Y@ (i (9nx)) = AP (U (i () = AP ( > vl @y ((p,,x)),
i+j=p¥

we see by induction on k that 477! (Vpk (pnx)) must be primitive. Thus it is zero
since when k > 1, it is in filtration greater than or equal to p + 1, while the primitive
elements are in filtration 1 and 2.

For the elements y,« (09x), [20, Theorem 1] yields the formula
AP~ (vp+r(ep) = (@BQHV2x) -y (o).
SO Vpik (09x) is a cycle if and only if Yp (09x) is a cycle.

In E f :1 (T™), the ideal generated by the elements a,,E 1s a,,gz, ... isequal to 4% ®

L«(T" Y){0,&,, 0n€5,...}. Thus, if dP~1(yp(09x)) is nonzero, onfOIXIHD/2y
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must be an element in As @ Ly(T" 1){0n&1, 0n&2. ... }. Since differentials from an
As—comodule primitive has target an 4—comodule primitive, onBOUXIHED/2x must
actually be an element in L4(T" 1){0,&,0n&,,...}. Hence,

onBOQIITD 2y =3 "1 1d P (vp(00Th)).

l
where ry ; are elements in L*(T”_l).

Part (5) By Lemma 10.4, the elements y,:((04x)) in part (5) are cycles, and EP1

is isomorphic as an algebra to

EPTN I = A®Lu(T" H® (X) By ®E©Onf1.0nks... )RT (04T0.0n7T2.. . ).
o#U<n—1

In total degrees less than or equal to 2p(m + 1) — 1, all elements in ®®# Ucn—1 ij
are cycles. Thus, when s + ¢ < 2p(m + 1) — 2, the only differentials are those in
part (3), so by Lemma 10.3, there is an isomorphism

EP(T") =A@ Lu(T" Y ® Q) By ® Pp(0nTo.0nTi. . .)
o#U<n—1
in total degrees less than 2p(m + 1) — 2.

All the algebra generators in filtration greater than 2 are in total degrees zero modulo 2 p.
All generators in total degrees less than or equal to 2 pm must be cycles, because other-
wise, in the degrees of the target of this nonzero differential, the dimension of the [F,,—
module E°°(T”)<2pm will be smaller than the dimension of Hy(Arn HFp) <3 pm =
EP(T™)_, pm - Thus there are no more differentials with source in total degrees less
than or equal to 2p(m + 1), so EP(T”)Szp(mH)_Z ~ E°°(T")52p(m+1)_2. |

The final two lemmas are one standard homological calculation, and one easy homo-
logical calculation that was used in the previous lemma.

Lemma 10.3 Let R be a field of characteristic p, and let E* be a connected R—
algebra spectral sequence with

EP7' > A®RrTR(x0,X1,...) ® ER(J1, V2, --.),
where x; and y; are in filtration 1. Assume there are nonzero differentials
AP Yk (X)) = Vi (xi) yig1
forall i,k > 0. Then

E? ;A®PR(xo,xl,...)/(xé’,xf’,...).
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Proof Consider the R-algebra I'g(x;) ® Er(y;4+1) with differentials given by

AP~ (yp+k (i) = Vi (x1) yit1. The cycles are yx (x;) for k < p—1 and yj(xi)yi+1
for all k, but this last family are also boundaries, so the homology is Pg(x;)/ (xf ).
Since R is a field, the lemma now follows from the Kiinneth isomorphism. O

Lemma 10.4 Let R be a field of characteristic p, and let E* be a connected R—
algebra spectral sequence with

EP ' >~ AQTr(x0.X1....) ® ER(31. y2,...) @ Tr(2).

Assume there are differentials
A7 (Vprk (x0) = () yir1. AP Wpac(D) = @)+ Y 113141,
leN

where r; are elements in R. For k > 0, define y (z") by the formula

pk—l

(10.5) ypr (2) = Z((—l)"ypk_pj(z) > l_[r,-""'ypai(xﬂ),

Jj=0 aeNN |g|=j ieN
where |a| = ) cn i, and the convention is that 0°=1, yo(x) =1, and yj(x) =0
when j < 0. There is an R—algebra isomorphism

AQ®TR(x0,x1,...)® ER(¥1,¥2,...) ® TR(z")
gA®FR(X0,X1,...)®ER(y1,y2,...)®FR(Z),

induced by (10.5). Furthermore, the elements y (z') are dP~! cyclesin EP7!,

Proof First we show that the elements y,« (z’) are cycles. Applying the Leibniz rule
several times gives

(10.6)  d?~(yk ()

k—1

D

=z(<—1>fypk_p(,-+1)<z>x(zr,ym) 3 ]_[r,f""ypa,-(xi))
Jj=0 leN aeNN |g|=j ieN
k—1

D
s ((—1>f'ypk_p,~ 2)

j=0 _
<Y Y Y- &Dyis [ Vl'al)/poc,'(xi)),

aeNN |g|=j [eN l#ieN

Geometry € Topology, Volume 22 (2018)



754 Torleif Veen

and there are no extra signs since all the factors in the expression of y,« (z) are in even
degrees.

In the first sum in (10.6), observe that

(anp—%yp(x,))) S T e )

leN aeNN,|g|=j ieN
o o
= Z Z " lyl+1yp(0¢1—1)(x1) l—[ i Vpe (xi).
leN qeNN |a|=j+1 l#ieN

Substituting this expression into (10.6) and increasing the summation index in the first
sum by 1, the differential is given by

APy (2) =
pE=14+1

) ((—1>f—1y,,k_,,j<z) Y Y e G [] r,.""'ypai(x»)
j=1

OIGNN,|O[|=j leN l;él'EN

pk—l
=S ((—l)fy,,k_p,xz) S Y e Gy [] r;"fy,,a,.(xi)).

Jj=0 aeNN |g|=j IeN l#ieN

The j = pk_1 + 1 summand in the first sum is zero because ]/pk_(plc—l+1)p(2) =
Y—p(z) = 0. Similarly, the j = 0 summand in the last sum is zero because 0 = j = ||
implies that oy = 0 for all /, and hence y,(q,—1)(x7) = y—p(x;) = 0.

The rest of the summands cancel pairwise due to the factors (—1)/~! and (—1)7. Thus
dr-1 (vpr (2')) = 0.

That (y,«(2'))? = 0 is clear by the Frobenius formula since every summand in the
expression for y,« (z') contains a factor in a divided power algebra.

The composite

Ypk ()~ Ypk (2"

PIT R (2
TR(2) TR(x0,X1.-.) ® ER(1. 2, -..) ® TR(2) =55 TR(2)
equals the identity. Hence the map induced by (10.5) induces an R—algebra isomorphism
AQTR(x0.X1....)® ER(y1.y2....) ®Tr(2)

= A®TR(x0,Xx1,...)® ER(y1,y2,...)®Tg(z). O
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