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Long-time behavior of 3—dimensional Ricci flow
B: Evolution of the minimal area of simplicial complexes
under Ricci flow

RICHARD H BAMLER

In this second part of a series of papers on the long-time behavior of Ricci flows
with surgery, we establish a bound on the evolution of the infimal area of simplicial
complexes inside a 3—manifold under the Ricci flow. This estimate generalizes an
area estimate of Hamilton, which we will recall in the first part of the paper.

We remark that in this paper we will mostly be dealing with nonsingular Ricci flows.
The existence of surgeries will not play an important role.

49Q05, 53C44; 57TM20

1 Introduction and statement of the results

Consider a closed 3—manifold M with (M) = 0, a finite 2—dimensional simplicial
complex V (see Definition 3.1 below for details), possibly with boundary, and a
continuous map fo: V — M such that fy restricted to each edge of dV is a smooth
immersion. Suppose that (g;);¢[7,,75]> 71 > 0 is a Ricci flow (ie d;g; = —2Ricg,)
on M such that scal; > —% for all ¢t € [Ty, T]. For every t € [Ty, T»] let

A¢(fo) := inf{area; f': f' ~ fo relative to 3V}

be the infimum over the time-7 areas of all maps f’: V — M that are homotopic to f
relative to dV . By this we mean that there is a continuous maps H: V x [0, 1] - M
such that H(-,0) = fo, H(-,1) = f’ and H(-,s) = fo on dV for all s € [0, 1].
Then the main result of this paper is that in the forward barrier sense!

(1-1) L Afo) < - Afo) + G,

Uf h: [a,b) — R is a function, 9 € [a,b) and ¢ € R, then we say that dh(t)/dtT |y < c inthe
forward barrier sense if for any § > 0 the inequality () < h(tg) + (¢ + 8)(t —tp) holds on an interval
of the form [tg, to + 74,,5) -
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where C; is a time-dependent constant that only depends on the topology of V' and
the geometry of fo|gy with respect to the metric g; in a controlled way. We refer
to Proposition 5.5 for more details. In Bamler [D], the result of this paper will be
applied to simplicial complexes V' and maps fo as constructed in Bamler [C] to prove
a conjecture of Perelman.

Consider for a moment the case in which V is a compact surface, possibly with
boundary. In this case the estimate (1-1) is known, or at least folklore. It follows from
an argument due to Hamilton (see [3, Section 11]), which makes use of the fact that
for every time ¢ € [T, T»] we can choose a time-¢ minimal map f;: V — M whose
area is equal to A;( fp). The argument also makes use of the Gauss—Codazzi equations
and the Gauss—Bonnet theorem. So for example, in the case in which V' is closed, the
constant C; becomes —27y(V), where y(V') denotes the Euler characteristic of V.
We remark that even in the surface case Hamilton’s argument is not quite sufficient for
our particular setting, since we cannot exclude the existence of branch points, ie we
cannot guarantee that the minimal map f; is an immersion. This issue can however
be overcome as we demonstrate in Proposition 2.2 below, where we will establish the
case in which V' is a disk.

Consider the general case in which V' is a simplicial complex. An inspection of the
arguments described in the previous paragraph shows that if the existence of an area-
minimizing map f;: V — M is guaranteed, then all of Hamilton’s estimates can be
carried out. Here we have to make use of the Euler-Lagrange equations for f; along
the edges of V', which state that around every edge the faces meet in directions that
add up to zero. This additional set of equations implies that certain boundary integrals
arising in the application of Gauss—Bonnet cancel each other out.

Unfortunately, an existence and regularity theory for such minimizers f; does not exist
to the author’s knowledge and seems to be difficult to achieve. We note that, however,
if we allow the combinatorial structure of V' to vary, then a result of Choe [1] — which
relies heavily on this fact— states: for every Riemannian metric g on M, there is
a finite, 2—dimensional simplicial complex Vg and a smooth, minimal embedding
Jfe: Ve — M such that the complement of fg (V) is a topological ball. Such embed-
dings would be interesting in the final part [D] of our series, but it seems to be difficult
to control the number of vertices of Vg and this number influences the bound C; in
the area evolution estimate of A;( fp). In fact, it is very likely that there are metrics
g1,82,... on M for which the number of vertices of the corresponding minimal
simplicial complex Vg, diverges.
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Long-time behavior of 3—dimensional Ricci flow, B 847

In order to get around this issue, we will employ the following trick. Instead of looking
for a minimizer of the area functional, we will find a minimizer of the perturbed
functional

(1-2) S area f +A(f|ym).

Here A > 0 is a small constant, £( f'|}-«1)) denotes the sum of the lengths of f restricted
to all edges of V and f: V — M is any map that is homotopic to fp. The existence
and regularity of a minimizer for the perturbed functional follows now easily (apart
from some issues arising from possible self-intersections of the 1-skeleton). However,
the extra term AL( f|y,1)) introduces an extra term in the Euler—Lagrange equations
along each edge of V' and hence the boundary integrals in the evolution estimate for
the minimum of this perturbed functional will not cancel each other out, but add up
to a new term. Luckily, it will turn out that this term has the right sign to derive an
evolution estimate similar to (1-1). Now, letting A go to 0, we obtain the desired
evolution estimate for A;( fp).

This paper is organized as follows. In Section 2 we present Hamilton’s area estimate for
spheres (see Proposition 2.1) and for disks (see Proposition 2.2). Both of these estimates
will be needed in [D]. For spheres, Hamilton’s argument is straightforward and the
computations in this case exhibit the idea underlying the subsequent area estimates very
clearly. For disks, an issue arises due to possible branch points, which can be resolved
by a trick. In Section 3 we define simplicial complexes and Section 4 contains the
existence and regularity discussion for maps from simplicial complexes that minimize
the perturbed area functional (1-2). The results of this section will then be used in
Section 5 to derive the infimal area evolution estimate for simplicial complexes, ie
the bound (1-1). Proposition 5.5 in that section will be our main result. We note that
Sections 3-5 are independent of Section 2.

Most results in this paper will be phrased in terms of Ricci flows with surgery and
precise cutoff M as introduced in [A]. The reason for this is that we want to apply
these results without change in [D]. However, the possible existence of surgeries is
inessential and does not create any issues. For the purposes of this paper it is only
important to be familiar with properties (1) and (5) of the definition of Ricci flows
with surgery and precise cutoff (see [A, Definition 2.11]). Property (1) ensures that we
have the bound sec; > —% for all times ¢, and property (5) implies that areas cannot
increase by a trivial surgery. Specifically, this property implies that for every surgery
time 7" whose surgeries are all trivial and every y > O there is some 7, < T such that
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848 Richard H Bamler

for all ¢ € (¢, T) there is a (14 y)—Lipschitz map &: M(t) — M(T) that is equal
to the identity on the part of the manifold that is not affected by the surgery process
at time 7. We will be able to conclude from this property that quantities of the type
A¢(fo) are lower semicontinuous in time.

We refer to the introduction of [0] for acknowledgements and historical remarks.

2 Area evolution of spheres and disks

In this subsection we recall area estimates for minimal spheres and disks under Ricci
flow. They were first developed by Hamilton [3, Section 11]. The estimates needed in
this series of papers are however slightly different from those of Hamilton, which is
why we have decided to carry out their proofs.

The first proposition gives us an area estimate for 2—spheres and will be used in the
proof of [D, Proposition 4.5] to show that after some time, all time slices in a Ricci
flow with surgery are irreducible and all subsequent surgeries are trivial.

Proposition 2.1 Let M be a (3—dimensional) Ricci flow with surgery and precise
cutoff and closed time slices, defined on the time interval [Ty, T>] with 0 < Ty < T3.
Assume that the surgeries are all trivial and that 7o (M(t)) # 0 forall t € [Ty, T»]. For
every time t € [Ty, Tz] denote by A(t) the infimum of the areas of all homotopically
nontrivial immersed 2—spheres. Then the quantity

A A®) + 167)

is monotonically nonincreasing on [T1, T>]. Moreover,

T < (1+ ﬁTl_lA(Tl))“Tl.
Proof Compare also with [9, Lemmas 18.10 and 18.11]. Let to € [T1,72). By
[13] and either [2] or [8], there is a noncontractible, conformal, minimal immersion
f: 8% — M(tg) with area,, f = areag> f*(g(to)) = A(tp). We remark that, using
the methods in the proof of Proposition 2.2 below, it is enough to assume that f is only
smooth. Call ¥ = f(S?) C M(t). Then X is either a 2—sphere or an RP? with a
finite number of self-intersections. We can estimate the infinitesimal change of the area
of ¥ (we count the area twice if ¥ is an RP?) while we vary the metric in positive
time direction (and keep f constant!). Using the 7 1 _positivity of the curvature on
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Long-time behavior of 3—dimensional Ricci flow, B 849

M(tp), the fact that the interior sectional curvatures are not larger than the ambient
ones as well as Gauss—Bonnet, we conclude

_d .
FTEd P area;(X) = —Ltrto(Rlcto |Tx) dvoly,

:_l/ scaly, dvolto—/ sec?o/l(m)(TE) dvoly,
2 ) )

< 3 area, (%) —/ sec” dvoly,
4to )

3 3
< — — e J— —_
a0 area;,(X) — 2wy (%) a0 A(tg) — 4.

Here, sec?:(tO)(T 3) denotes the ambient sectional curvature of M (#p) tangential
to ¥ and sec% denotes the interior sectional curvature of . We conclude from this
calculation that d (¢1/4(¢t =1 A(t) + 161)) /dt | =, < 0 in the barrier sense and, hence,
the quantity /4t~ A(t) + 167) is monotonically nonincreasing in ¢ away from the
singular times.

We will now show that A(¢) is lower semicontinuous. We can restrict ourselves to the
case in which ?g is a surgery time. Let #; " ¢y be a sequence converging to ¢y and
choose minimal 2—spheres Xy C M(#;) with area;, X; = A(tx). By property (5) of
[A, Definition 2.11], we find diffeomorphisms &: M(t;) — M(tp) that are (14 yz)—
Lipschitz for y; — 0. So A(tp) < liminfy_, o (1 4+ xx)?A(tg) = liminfy_, o, A(tx).

The lower semicontinuity implies that /4t~ A(¢) + 167) is monotonically nonin-
creasing on [77, T>]. The bound on 7, follows from the fact that A(73) > 0. m|

In the next proposition we estimate the area evolution of minimal disks that are bounded
by a given loop of controlled geodesic curvature. This fact will be used in the main part
of the proof of [0, Theorem 1.1], which can be found in [D], to exclude the long-time
existence of short contractible loops, as asserted in [D, Proposition 4.4]. Note that in
contrast to Hamilton’s setting, we cannot exclude the existence of branch points at the
boundary of these disks. This difference creates some analytical difficulties.

Proposition 2.2 Let M be a (3—dimensional) Ricci flow with surgery and precise
cutoff and closed time slices, defined on the time interval [Ty, T»] with T, > T1 > 0.
Assume that all surgeries of M are trivial.

Let y; C M(t) be a time-dependent embedded, disjoint loop in M(t) that does not hit
surgery times and is stationary in time (ie between two surgery times y; to a fixed loop).
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Assume moreover that y; is contractible in M(t) for all t € [T}, T»] and denote by
A(t) the infimum of the areas of all smooth maps f: D? — M(t) whose restriction to
0D? = S! parametrizes the loop y; .

Assume that there are constants I",a > 0 such that, for all ¢t € [T}, T»],

(i) the geodesic curvatures along y; satisty the bound |ky, ;| < re1/2,

(i) the length of y; satisfies the bound £(y;) < at /2.

Then the quantity
Y4V A(r) + 4Q2r —alh))

is nonincreasing on [T, T3].
In particular, if al’ < 27, then

T A(T) )4T1

<14 L 221
2 (+4(27r—aF)

Proof Let t9 € [T1, T>]. By [10] we find a time-7¢ area-minimizing continuous map
f: D? — M(tp) that is smooth on Int D? and whose restriction to the boundary 9D?
parametrizes y;,. Moreover, f is almost conformal and harmonic on Int D? and we
have A(ty) = area f*(g(to)). Next, we use [6] to conclude that f is even smooth up
to the boundary and an immersion away from finitely many branch points.

Analogously to in the proof of Proposition 2.1, we can carry out the first part of the
computation of the infinitesimal change of the area of f as we vary the metric only:

(2-1) % oy 22 f*(g@) = _/D tr f*(Ricy, (IO))

= 41 3 Ato) - / sec™) (df ) dvol (g o))

where sec(0) (4 'f) denotes the sectional curvature in the normalized tangential direc-
tion of f. Observe that the last integrand is a continuous function on D? since the
volume form vanishes wherever this tangential sectional curvature is not defined.

In order to avoid issues arising from possible branch points (especially on the boundary
of D?), we employ the following trick (inspired by [12]): Let £ > 0 be a small
constant and consider the flat Riemannian disk (D = D2, ezgeucl). The identity
map hg: D? — D, is a conformal and harmonic diffeomorphism and hence the map
fo = (f.hg): D?> — M(tg) x Dy is a conformal and harmonic embedding. Denote
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its image by X, = f:(D?). Since the sectional curvatures on the target manifold
M(to) x D, arise from pulling back the sectional curvatures on M (#g) via the projection
onto the first factor, we have

(2-2) lim secM(t0)xDe (TXg)dvoly, = /D2 secM(t0) (df') dvolg+(g(1))-

e—>0 =

We can now proceed as in the proof of Proposition 2.1, using the fact that the interior
sectional curvatures of X, are not larger than the corresponding ambient ones as well
as the Gauss—Bonnet theorem:

(2-3) / secMt0)xDe (T ) dvoly, > / secZe(T'S¢) dvoly,
e

e

=2mx(Ze) + /82 Kazzes,to dsig.

Here K?ﬁa, 1, denotes the intrinsic geodesic curvature of 0%¢,, within 3¢ ;,. Note that
2
X(Ze) = x (D7) = 1.

We now estimate the last integral. Let yz, ¢: S L1 to,e) > 0Xg fori =1,...,mbea
unit-speed parametrization of the boundary of X.. Denote by y; é 0) (s) its component
function in M(#p) and by )/,O’s(s) thatin D, . Furthermore, let vy, ¢(s) be the outward-
pointing unit- normal field along yy,.¢(s) that is tangent to .. As before, denote by
Vo, (0)(3) and v,o “(s) the components in the direction of M (#p) and D, respectively.
Note that

Q24 0= () o(5), Vi, () = (e TOY (5), v O ()1 +{(r 2%) (5), v, (5)).

Since f is conformal, we obtain that

(VoY (9), vigtd® (9)) = (df (i) (). df (v (s)))
- )Ll‘o S(S)((yt() 3) (S) vto 8(S))

for some Az, ¢(s) > 0. So the first summand on the right-hand side of (2-4) is a
nonnegative multiple of the second summand. So these summands cannot have opposite
signs and hence

(2-5) (Vi Y (). Vi £ 9))= (Vi) (6): viga(s))= 0
Now note that y,/(\)/[ g 0 isa parametrization of y;, whose geodesic curvature is bounded

by T'ty 1 Moreover, the geodesic curvature of ytlgg is equal to ¢~!. Denote the
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geodesic curvature of yz, in M(tp) at any p € y;, by Ky1g .t (p). Using (2-5), we
conclude that

llo,e
e _ d _ M(o) M(to)
(2-6) /6;28 Ka%:. 10 dss, = /0 <d (ds Yio.e (s)) Vio.e (s)>ds

[ (B (i) o)

ltoé‘
M
= [ W DO Oy ) ds
l[o,,
_ Dg
[ N2 s RO ds.

As indicated, the norms of the vectors in the last integral are taken with respect

2
to &% geucl -

We now analyze the first integral on the right-hand side of (2-6) by substituting
2% §’°) S(lty.e) = V1, by a unit speed parametrization yto SY(lyy) — vy, Where
)7 (Fro s)), where

. Moreover, the length

lty = £(y1,). In doing this, we have to replace s by (Vto
(yt (IO)) 1. ./\/l(to)
0,&

element ds changes by a factor of |(y;; (tO)) (s)|~!. So we obtain

Vi — S denotes the inverse map of Yio

lto.&‘
2-7) /O (Ky1g.t0 Vg (50)., v & (5)) | (yre 8) () 2 ds

Ity
= /0 (Ky2g.t0 Fro ) Vi e (re 8 71 (Fio ())))

Y (28 T T (5))) | ds.

Next, we estimate the last integral in (2-6) by substituting the map yt : D% — 0D?
by the identity. Similarly to before, we have to replace s by (yto =)~ 1(s), where
(yt0 ¢)~1: D2 — dD? denotes the inverse map of y,o ., and change ds by a factor of
|()/t0 )/ (5) |5} Zua - Additionally, using the fact that the norm of v,O, -(s) with respect to
the metric &2 Zeucl 18 bounded by 1, we obtain

lto,s
(2-8) /O e Py ()2g,. IV V(82 gy dS

ltg.e
=< 8/0 |(Vt0,s) (s )lgeud
[ (02 (2 9))] 2y, ds

Geometry & Topology, Volume 22 (2018)



Long-time behavior of 3—dimensional Ricci flow, B 853

Now we let ¢ — 0. Observe that, away from the branch points of f,

lim v () () = viy ).

where vt{) is the outward-pointing unit normal vector field along y;, that is tangential

to f. Moreover, away from the branch points of f,

lim [ Y () T 6D = L im0 (i) ™ ()] 2., =0

So, using (2-6), (2-7) and (2-8) gives us
. f —1/2
(2-9) lim KaE to dsy, = / (/c,,to,,o (5), Vi (5)) dsgy = =Tty " “L(yy) > —al’.
e—>0 E)>R Yo

Combining this with (2-1), (2-2) and (2-3) yields

d . 3
A area [ (@) = - Alte) ~2x +al

So, in the barrier sense,

d
d[_+ e ( ) A(f()) 27T —i—aF
Thus,
dd+ (4 A + 42 —aT))] < 0.

Analogously to in the proof of Proposition 2.1, we conclude that A(¢) is lower semi-
continuous. The desired monotonicity follows now immediately. The bound on 73
follows again from the fact that A(7%) > 0. a

3 Simplicial complexes

We briefly recall the notion of simplicial complexes, which will be used throughout
the whole paper. Note that in the following we will only be interested in simplicial
complexes that are 2—dimensional, pure and locally finite. For brevity we will always
implicitly assume these properties when referring to the term “simplicial complex”.

Definition 3.1 (simplicial complex) A 2-dimensional simplicial complex V is a
topological space that is the union of embedded, closed 2—simplices (triangles), 1—
simplices (intervals) and O—simplices (points) such that any two distinct simplices are
either disjoint or their intersection is equal to another simplex whose dimension is
strictly smaller than the maximal dimension of both simplices. V' is called finite if the
number of these simplices is finite.
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In this paper, we assume V' moreover to be locally finite and pure. The first property
demands that every simplex of V' is contained in only finitely many other simplices
and the second property states that every 0— or 1—-dimensional simplex is contained
in a 2—simplex. We will also assume that all 2— and 1—simplices are equipped with
differentiable parametrizations that are compatible with respect to restriction.

We will often refer to the 2—simplices of V' as faces, the 1-simplices as edges and
the O—simplices as vertices. The 1—skeleton V1) is the union of all edges and the
0—skeleton V' (© is the union of all vertices of V. The valency of an edge E c VD
denotes the number of adjacent faces, ie the number of 2—simplices that contain E.
The boundary 9V is the union of all edges of valency 1.

We will also use the following notion for maps from simplicial complexes into mani-
folds.

Definition 3.2 (piecewise smooth map) Let V be a simplicial complex, M an
arbitrary differentiable manifold (not necessarily 3—dimensional) and f: V — M a
continuous map. We call f piecewise smooth if f restricted to the interior of each
face of V is smooth and bounded in W12 and if f restricted to each edge E C y
is smooth away from finitely many points.

Given a Riemannian metric g on M and a sufficiently regular map f: V — M (eg
piecewise smooth) we define its area, area( f), to be the sum of area( f | ) over all
faces F' C V and the length of the 1—skeleton £( f|y 1)) to be the sum of the lengths
¢(f|E) overall edges E c V.

4 Existence of minimizers of simplicial complexes

4.1 Introduction and overview

In this section (M, g) will always be a compact Riemannian manifold (not necessarily
3—dimensional) with 7, (M) = 0. We will also fix the following notation: for every
continuous contractible loop y: S! — M we denote by A(y) the infimum over the
areas of all continuous maps f: D? — M that are continuously differentiable on the
interior of D2, bounded in W12 and for which f|yp2 = y.

Consider a finite simplicial complex V' as well as a continuous map fo: V — M
such that fp|sp is a smooth embedding. The goal of this section is motivated by the
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question of finding an area-minimizer within the same homotopy class of fp, ie a map
f:V — M that is homotopic to fo: V — M relative to 0V and whose area is equal

to
A(fo) :=inf{area f': f' ~ fo relative to 9V }.

(Here the maps f’: V — M are assumed to be continuous and continuously differen-
tiable when restricted to V'\ VD and VD as well as bounded in W12 when restricted
to each face of V'.) This problem, however, seems to be very difficult, since it is not
clear how to control eg the length of the 1—skeleta of a sequence of minimizers.

To get around these analytical issues, we instead seek to minimize the quantity
area(f) + £(f|ya)). Here £(f|ym) denotes the sum of the lengths of all edges
of ¥V under f. It will turn out that this change has no negative effect when we apply
our results to the Ricci flow in Section 5. To summarize, we are looking for maps
f:V — M that are homotopic to fp relative to 9V and for which area(f)+£4(f |y 1))
is equal (or close) to

AW (fo) == inflarea(f') + £(f'|y1) : £ = fo relative to V' }.

We will be able to show that such a minimizer exists in a certain sense. More specifically,
we will find a map f: V() — M of regularity C!>! on the 1-skeleton that can be
extended onto V' to a minimizing sequence for AWM | This implies that the sum of
A(f|aF) overall faces F C V plus £( f) is equal to A ( fp). So the existence problem
for f is reduced to solving the Plateau problem for each loop f|3r . The only difficulty
that we may encounter then is that f|5z might a priori have (finitely or infinitely many)
self-intersections. Unfortunately, taking this possibility into account makes several
arguments quite tedious and might obscure the main idea in a forest of details.

The second goal of this section (see Section 4.4) is to understand the geometry of a
minimizer along the 1—skeleton. In the case in which f: V() — M is injective, our
findings can be presented as follows. In this case we can solve the Plateau problem for
the loop f|aF for each face F C V and extend f: V) — M toamap f: V > M
that is smooth on V' \ V(1) and C! on V(D and C12 on every (closed) face away
from the vertices. Consider and edge E C v\ 9V of valency vg and denote
by k: E — TM the geodesic curvature (defined almost everywhere) of f|g and let
vg), cees vg)E ). E — TM be unit vector fields that are normal to f|E and outward
pointing tangential to f restricted to those faces F' C V that are adjacent to E. A

simple variational argument will then yield the identities

(vE) 1) (vE)

4-1) vg)++])E =«kg and (UE ++UE 7KE)ZO~
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This set of equalities and inequalities is the second main result of this section and
some time is spent on expressing these identities in the case in which the loops f|gr
are allowed to have self-intersections. We remark that in the case in which f'| ) is
injective this equality and a bootstrap argument can be used to show that f is actually
smooth on each (closed) face away from VO,

Observe that in general it might happen that two or more edges are mapped to the
same segment under f (this could also happen for subsegments of these edges or
for subsegments of one and the same edge). It would then become necessary to take
the sum over all faces that are adjacent to either of these edges on the left-hand side
of (4-1) and a multiple of kg on the right-hand side of the equation in (4-1). These
combinatorics become even more involved by the fact that, at least a priori, f|yF can
for example intersect in a subset of empty interior but positive measure.

All important results of this section will be summarized in Proposition 4.11.

4.2 Construction and regularity of the map on the 1-skeleton

Consider again the given continuous map fo: V — M for which fy|gy is a smooth
embedding and let fi, f»,...: V — M be a minimizing sequence for A ( fy). More
specifically, we want each f; to be continuous and homotopic to fy relative to dV/,
continuously differentiable when restricted to V'\ V(! and V(1) as well as bounded
in W12 when restricted to each face and

im (area( i) + ((filyn)) = AP (fo).

By compactness of M we may assume that, after passing to a subsequence, fx|y ©)
converges pointwise. Next, observe that every edge E C v s equipped with
a standard parametrization by an interval [0, 1] (see Definition 3.1). We can then
reparametrize each f; such that for every edge E C V@ the restriction frlE is
parametrized by constant speed. Since £( fx|g) is uniformly bounded, we can pass
to another subsequence such that fx|g converges uniformly. So we may assume that
Jxly @ converges uniformly to a Lipschitz map f: V) > M and that £(f lyay) <
liminfg o0 £( fx|yy1»). It is our first goal to derive regularity results for f. Before
doing this we characterize the map f, so that we can forget about the sequence f .

Lemma 4.1 The map f is homotopic to foly () relative to V' and is parametrized
by constant speed, and if Fy, ..., Fy are the faces of V', then

A(flar) + -+ A(flar,) +(f) = AD(fo).
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Moreover, for every continuous map [ VD - M that is homotopic to fo|y o)
relative to 0V we have

A ar) + -+ A(f lor,) + () = AD(fo).

Proof The factthat f is homotopic to fo|y (1) relative to 0V follows from the uniform
convergence.

For every face F; consider the boundary loop flyF;: 0F; ~ S 1 M whichis a
Lipschitz map. Recall that the loops fi|yF; converge uniformly to f|yF; . So, using
the exponential map and assuming that k is large enough, we can find a homotopy
Hy: 0F; x [0,1] — M between fi|yF;, and f[yF, that is Lipschitz on 9F; x [0, 1]
and smooth on dF; x (0, 1) and whose area goes to 0 as k — oo. Gluing Hj to-
gether with fi|F;: Fj — M and mollifying around the seam yields a continuous map
ijk: F; — M that is smooth on Int F; such that fjj‘k|3 F; = flar, and such that
area f ', —area fi|F; goesto 0 as k — oo (here we are using the fact that f¢|F; is
bounded in W1-2). Hence A(f|oF;) <liminfg_, o area fi|F; and we obtain

A(flary) + -+ A(flar,) +L(f)
< llicrgioréf(area(fklaﬂ) + -+ 4 area( ficlar,) + £(filym))

=AD(fo).
For the reverse inequality it remains to establish the last statement of the claim. This

will then also imply that limy_, o £( fx |5y ») =€(f) and hence that f is parametrized
by constant speed.

Consider a continuous and rectifiable map f’: V) s M that is homotopic to fo|y )
relative to V. We can find smoothings f}': VD — M of f’ such that fi, converges
uniformly to f” and limg o, £(f;) = £(f'). Now, for every face F;, we can again
find a homotopy H j{,k: dF; x[0, 1]— M of small area between f”[yF; and f/|sF, and
by another gluing argument, we can construct continuous maps f]’ /k: Fj — M with
fj/,/k|aFj = floF, that are smooth on Int F; such that limg_, , area f]”k = A(f"lar;)-
Hence, we can extend each f: VD 5 M toamap StV — M of the right regularity
such that

A lor) -+ A lag,) + 601" = Jim (area(£) + €0 lyn) = AP (fo).
This proves the desired result. a

We also need the following isoperimetric inequality:
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Lemma4.2 Lety: S' — R”" be arectifiable loop such that y restricted to the lower
semicircle of S! parametrizes an interval on the x1-axis x, = -+ = x5, = 0 and
y restricted to the upper semicircle has length [. Denote by a the maximum of the
euclidean norm of the (x»,...,x,) component of all points on y (ie the maximal
distance from the xy-axis). Then A(y) <la.

Proof Let y: [0,/] — R” be a parametrization by arclength of y restricted to the
upper semicircle of S!. Let 0 = 59 < 5o < -+ < s, = [ be a subdivision of the
interval [0,/]. Let y; be the x1—coordinate of y(s;) and o; a straight segment between
y(s;) and (y;,0,...,0) foreachi =0,...,m. Foreachi =1,...,m, let y; be the
loop that consists of y|[s;_, s;]» Oi—1, 0; and the interval between (y;—1,0,...,0)
and (;,0,...,0). We set A*(50,....5m) = A(y1) + -+ A(ym).

Leti e{l,...,m—1}. We claim that if we remove s; from the list of subdivisions,
then the value of A*(sg,...,sm) does not increase. In fact, if y;—1 < y; < yij41 or
Yi—1 > Yi > Vi+1, then this is claim is true since any two maps h;, hjy1: D? > M
that restrict to y; and y;4+1 on S 1 can be glued together along o; . On the other hand,
if yi—1 < yi+1 < yi,then h; and h; 41 can be glued together along the union of o;
with the interval between (y;+1,0,...,0) and (y;,0,...,0). The other cases follow
analogously. Multiple application of this finding yields A(y) < A*(so,...,Sm)-

Now let y; be the loop that consists of the straight segment between y(s;—1) and ¥(s;),
the segments ¢;_1 and o;, and the interval between (y;—1,0,...,0) and (y;,0,...,0).
Moreover, let y;” be the loop that consists of the straight segment between y(s;—1)
and y(s;) and the curve y|[;_, 5,1 Then, by the isoperimetric inequality and some
basic geometry,

A(yi) < A + A < al@ls; .1 + CUF sy si))

Adding up this inequality for all i =1,...,m yields

m
A(y) < A*(s0.....sm) al + Y CUFs,_, 5>
i=1

The right-hand side converges to 0 as the mesh size of the subdivisions approaches
zero. |

The following lemma is our main regularity result:

Lemma 4.3 Themap f: VW — M has regularity C'-! on every edge E c VD).
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Proof Let E C V! be an edge and equip E with a smooth parametrization of
an interval such that f|g is parametrized by constant speed. We now establish
the regularity of the map fg = f|g: E — M up to the endpoints of E. Assume
L(f|E) > 0, since otherwise we are done. After scaling the interval by which E is
parametrized, we may assume without loss of generality that fg is parametrized by
arclength, ie that

L(fE|[s,,50])) =52 —s1 for every interval [s1, s3] C E.

Let ¢ > 0 be smaller than the injectivity radius of M and observe that, whenever
we choose exponential coordinates (y1,..., y,) around a point p € M, under these
coordinates we have the following comparison with the euclidean metric geyc;:

(4-2) g — Geua| < C17°?

for some uniform constant C; (here r denotes the radial distance from p). Assume
moreover that ¢ is chosen small enough such that g is 2-bilipschitz to geycl-

Consider three parameters s1, 53, s3 € E such that 51 < §5p <s3 <81 + lios. We set
xi = fE(si), I =|s3—s1] =L(fE|[s,,55]) as well as d = dist(x1, x3) and we denote
by y a minimizing geodesic segment between x; and x3. Consider now the competitor
map f’ that agrees with f on (V) \ E) U (E \ (s1,52)) and that maps the interval
[s1, s3] to the segment y.

Let us first bound the area gain for such a competitor. Denote by y*: S1 — M the loop
that consists of the curves fg|[s,,s5] and y. Choose geodesic coordinates (y1.. .., yn)
around x; such that y can be parametrized by (¢,0,...,0) and denote by a the
maximum of the euclidean norm of the (yz, ..., y,)—component of fr on [s,s3].
By Lemma 4.2 we have

A(y*) <8la.

(Recall that g is 2-bilipschitz to the euclidean metric.) Let Fy, ..., I, be the faces
that are adjacent to E. Then for each j =1,...,v we have

A(f'lor,) < A(flar;) + A(Y™) < A(f loF;) + 8la.
Moreover, £(f’) <{(f)—1+d. So, by the inequality of Lemma 4.1, we obtain
4-3) [—d <8v-la.

Now let [’ be the length of the segment parametrized by fE|[s,,s5] With respect to
the euclidean metric gey) in the coordinate system (yq,..., yn). Then %l <l <2l
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Moreover, we obtain the following improved bound on [’ using (4-2):
s3 §3
! =/ Ve[ (). fE () ds Z/ V(= Cr())gewa(f5 (). fE(5)) ds
S1 S1
>+1 —4C1121/.

By basic trigonometric estimates with respect to the euclidean metric in the coordinate
system (y1,..., yn) We obtain

d? +4a* < (I"2.
So
(4-4) (1—-4C11%)(d? + 4a?) < 1%,
Plugging in (4-3) yields, with ¢ = %v_z,
(1—4C1 1) (12d? +c(l —d)*) < 1™

And hence, for / < %Cl_l/z,

fel—d)? <1P(—d)(I +d)+4C1*d> <21%(1 —d) +4C,1°.

This inequality implies that if | —d >3, then ¢(I —d) <213 4+ 4Cy13. So in either
case (if I —d > 13 orif | —d < [3) there is a universal constant C, such that

(4-5) I —d < Cyl3.

In particular, if / is smaller than some uniform constant, then
1
5d <1 <2d.

We will in the following always assume that this bound holds whenever we compare
the intrinsic and extrinsic distance between two close points on fg .

Next, we plug (4-5) back into (4-4) and obtain a bound on a for small /:

(Il —d)(I +d) +4Cy12d>2
4(1—4C112)

a <

< /Cp13 .20 +4C112d2 < C31>

for some uniform constant C3. Now consider the point x, on fg([s1,s3]), set [; =
€(fEl[s,,s-)) and let @ > O be the angle between the geodesic segment y from x;
to x3 and the geodesic segment Y1 from x; to x,. Observe that the angle o between
y and yp is the same with respect to both g and ge.u;. Moreover, by our previous
conclusion applied to x; and x5 instead of x; and x3, the length of y; is bounded
from below by %l 1. So by basic trigonometry we find that there are uniform constants
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go > 0 and C4 < oo such that
(4-6) a <C4l if Iy > 71 and | < g.

We can now establish the differentiability of fr. Let s,s’,s” € E be such that
s<s' <5 <s+¢gg,set x = fg(s), x' = fg(s’) and x” = fE(s”), and choose
minimizing geodesic segments )’ between x and x’ and y” between x and x”. Let
o > 0 be the angle between y’ and y” at x. For each i > 1 for which s + 27/ € E
we set x; = fg (s +27") and we choose a minimizing geodesic segment y; between
x and x; . Choose, moreover, indices i’ > i” > 1 such that 277" < s’ —s <27%'*1 and
271" <" — 5 < 27"+l Then, by (4-6),

o= <x(V”a Vi”) + <):x(Vi”» Vi”-i—l) + Tt <x(yi’—2’ Vi/—l) + <’:x(Vi/—1, V,)
< C4(S// — S) + C42_i” + C42_i”_1 +---
< Cu(s" =) +2C427"" <3C4(s" —5).
Note also that by (4-5) the quotients £(y’)/(s" —s) and £(y")/(s” —s) converge to 1

as s” — 5. Altogether, this shows that the right-derivative of fg exists, has unit length
and that

4-7) (G5 56 7") 23Ca06" — ).

The existence of the left-derivative together with the analogous inequality follows in the
same way. In order to show that the right- and left-derivatives agree in the interior of E,
it suffices to show for any s € Int E, that the angle at f£ (s) between the geodesic
segments to fg(s—s’) and fg(s+s’) goesto 7 as s — 0. This follows immediately
from (4-6) and the fact that the sum of the angles of small triangles in M goes to 7 as
the circumference goes to 0.

Finally, we establish the Lipschitz continuity of the derivative f7(s). Let 51,53 € E
be such that 51 < s3 <51+ &9 and let s, = %(sl + s3) be the midpoint on fg. Let y
and y; be defined as before and let y3 be the geodesic segment between x» = f£ (s2)
and x3 = fg(s3). Using (4-2) we find that if we choose geodesic coordinates around
X1 or x3, then we can compare angles at different points on f£ ([s1, s3]) up to an error
of O(|s3 —s51]%). So we can estimate, using (4-6) and (4-7),
<(fg(s1), f£(53))

< <(fE(sD). 71) +<(y1.¥) + <. v3) + <(y3. 5 (53) + O(ls3 —s1/%)

< 3C4ls2— 51|+ 2C4|s3— 51|+ 3C4ls3 — 52| + O(|s3 —51|*) < Cs|s3 —s1]

for some uniform constant Cs. This finishes the proof. O
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Now if for every face FF C V the map f|jF is injective (ie an embedding in a
proper parametrization), then by solving the Plateau problem for each face (see [10])
we obtain an extension f :V — M of f that is homotopic to fy and for which
area f + £( f lya) = AM(fy). So in this case the existence of the minimizer is
ensured. In general, however, we need take into account the possibility that f|sF has
self-intersections. Note that there might be infinitely many such self-intersections and
the set of self-intersections might even have positive 1-dimensional Hausdorff measure.
This adds some technicalities to our discussion.

4.3 Results on self-intersections and the Plateau problem

The following lemma states that two intersecting curves agree up to order 2 almost
everywhere on their set of intersection.

Lemma 4.4 Let y: [0,/] — M be a curve of regularity C ' that is parametrized by
arclength. Then the geodesic curvature along y is defined almost everywhere, that is,
there is a vector field k: [0,1] — TM along v, ie k(s) € T),(s)M for all s € [0,!], and
anull set N C [0,1] such that at each s € [0,1]\ N the curve y is twice differentiable
and the geodesic curvature at s equals k(s).

Consider now two such curves y1: [0,11] — M and y;: [0,1,] — M with geodesic
curvature vector fields k1 and k. Assume additionally that vy, and y, are injective
embeddings that are contained in a coordinate chart (U, (x1, ..., X)) in such a way
that there is a vector v € R" with the property that (y;(s),v) # 0 with respect to the
euclidean metric for all s € [0,/;] andi = 1,2.

Let X1 ={s €[0.11] : y1(s) € y2([0,2])} and X2 = {s € [0, ]3] : y2(s) € y1([0. 1])}
be the parameter sets of self-intersections. Then there is a continuously differentiable
map ¢: [0,/;] — R whose derivative vanishes nowhere such that ¢(X1) = X, and
such that y1(s) = y2(¢(s)) whenever s € X1. Moreover, there are null sets N; C X;
such that ¢(N1) = N, and such that for all s € X; \ Ny we have ¢'(s) = +1,

v1(8) = v3(0(s))¢'(s) and k1(s) = K2(¢(s)).

Proof The first statement follows from the fact that a Lipschitz function is differen-
tiable almost everywhere. Observe that the geodesic curvature can be computed in
terms of the first and second derivatives of the curve in a local coordinate system.

Let ¢: [0,/;] — R be the composition of the projection s — (y1(s), v)r» with the
inverse of the projection s > (y2(s), v)rn (the scalar product (-,-)r» is taken in the
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coordinates (xp,...,Xs)). Then, by definition, ¢(X1) = X2 and y1(s) = y2(¢(s))
whenever s € X;. Moreover, ¢’(s) # 0 for all s € [0, [1].

Next, let N/ C [0,/;] be the null sets from the first part outside of which «; is equal

to the geodesic curvature of y;. Let, moreover, N;* C X be the set of isolated

points of X;. Note that N;* is a null set. We now claim that the lemma holds for

Ny =X1N(N{Ue 1 (N;)UNJ) and Ny = X2 N (¢(N1) U N;). The sets Ny and

N, are null sets. Now let s € X7 \ Ny. Observe that, for s’ close to s, we have
y1(5") = y1(5) + (5" = )1 (5) + 35" = 9)%k1(5) + 0((s" = 9)?).

Similarly, for every s” close to ¢(s),

y2(s") = y1(5) + (5" = () ¥ (0(5)) + 5 (" = 9())* k2 (@ () + 0((s” = 9(5))?).

Since s ¢ N, there is a sequence of parameters s;c — 5 with s;C #s and s € X1 such
that, with s;" = ¢(s}/), we have y1(s;) = y2(s})) . Since ¢ is continuously differentiable,

sy —(s) = @' (s)(s; —5) + o(s}, — ).
So we obtain from the expansions for y; and y, that
(55 = )y1(s) +o(sp =) = y1(sp) — v1(s)
= y2(57) = v2(9(5)) = ¢'(5) (53, —$)3(9(s)) + 0 (s}, —5).
This implies that y{(s) = y5(¢(s))¢’(s), and ¢'(s) = £1 follows from the fact that
Y1) =y =1.

Next, consider the metric (-,-),, () at the point y;(s). Use this metric to pair the
expansions for y; and y, with an arbitrary vector v* € R” that is orthogonal to y (s)
and hence also to y5(¢(s)) (with respect to (-, -),,(s)). Then

3 (55 =9)%(k1(5), v¥)y, () F0 (55, =9)%) = (y1(53)=71(8), V)1 )
= (VZ(SIZ)—VI (S)9 v*>y1(s)
= 5 (53— (k2(9(5)), V*)y, (5) F0((5,—5)?).

So (k1(5),v*)y,(s5) = (k2(@(5)). v*)y,(s)- Since k1(s) and k2(¢(s)) are orthogonal
to y;(s) with respect to (-, -),, (s)» we conclude that k1 (s) = k2(¢(s)). |

In the remainder of this subsection, we state the solution of the Plateau problem for
loops with (possibly infinitely many) self-intersections. We will hereby always make
use of the following terminology:
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Definition 4.5 Let y: S' — M be a continuous and contractible loop. A continuous
map f: D? — M is called a solution to the Plateau problem for y if f is smooth,
harmonic and almost conformal on the interior of D?, and if area f = A(y) and there
is an orientation-preserving homeomorphism ¢: S — S such that f|g1 =y og.

We will also need a variation of the Douglas-type condition.

Definition 4.6 (Douglas-type condition) Let y: S' — M be a piecewise C! immer-
sion that is contractible in M . We say that y satisfies the Douglas-type condition if for
any distinct pair of parameters s, t € S! with s # ¢ and y(s) = y(t), the following
is true: Consider the loops y; and y, that arise from restricting y to the arcs of S
between s and 7. Then

A(y) < A(y1) + A(y2).

We can now state a slightly more general solution of the Plateau problem.

Proposition 4.7 Consider a loop y: S — M that is a piecewise C ' —immersion and
that is contractible in M . Assume first that y satisfies the Douglas-type condition.
Then the following holds:

(a) There is a solution f: D% — M to the Plateau problem for y .

(b) If y has regularity C>! on U NS for some open subset U C D? then for
every a < 1 the map f (from assertion (a)) locally has regularity C** on U .
Moreover, the restriction f|g1 has nonvanishing derivative on U N S! away
from finitely many branch points.

Similarly, if y has regularity C"™* for some m >2 and @ € (0,1) on U N S,
then f locally has regularity C™* on U .

(c) Assume that yx: S' — M is a sequence of continuous maps that uniformly
converge to y. Moreover, assume that each yy, is C —Lipschitz for some uniform
C < oo. Consider solutions to the Plateau problem fi: D> — M for each
such yy . Then there are conformal maps yx: D> — D? such that the maps
fi o¥x: D? — M subconverge uniformly on D? and smoothly on Int D? to a
map f: D? — M that solves the Plateau problem for y .
Furthermore, if y has regularity C1>! on U N S for some open subset U C D?
and yy, locally converges to y on U NS in the C* sense for some a € (0, 1),
then the sequence f; actually converges to f on U in the C Le" sense for every
o <a.
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Next assume that y does not necessarily satisfy the Douglas-type condition and let
p be the number of places where y is not differentiable (ie where the right- and left-
derivatives don’t agree). Then there are finitely or countably infinitely many loops
Y1.¥2....: SY — M that are piecewise C ! —immersions and contractible in M such
that:

(d) The loops y; satisty the Douglas-type condition.

(e) Each y; is composed of finitely many subsegments of y in such a way that each
such subsegment of y is used at most once for the entire sequence Y1, Y2, ... .

(f) Foreachi let p; be the number of places where y; is not differentiable. Then
pi = 2 for all but finitely many i and

Y (pi-2)<p-2.
1
(g) We have
AWy) =) A).
i
(h) For any set of solutions f1, f2,...: D2 — M to the Plateau problems for
Y1.V2.... and every § > O there is a map fs: D> — M and an open subset

Ds C D? such that the following holds: fs|g1 =y and fs restricted to each
connected component of Dg is a diffeomorphic reparametrization of some f;
restricted to an open subset of D? in such a way that every i is used for at most
one component of Dg. Moreover,

area fs|p2\p, <8 and area fz < A(y)+$.

Proof We first prove the first part of assertion (c). Since yj uniformly converges to y
and the curves are uniformly Lipschitz, we can find maps Hy: S x [0, 1] — M that
are C’—Lipschitz for some uniform C’ < oo, smooth on S! x (0, 1) and that satisfy
Hp(-,0) =y, Hp(-,1) =y and limg_, o area H; = 0 (compare with the proof of
Lemma 4.1). So

lim area f; = lim A(yg) = A(y).
k—o0 k—o00

Next, recall that there are orientation-preserving homeomorphisms ¢: S — S! such
that fi|g1 = Yk o @k . Let s1, 52, 53 € S! be three pairwise distinct points and choose
orientation-preserving conformal maps ¥: D? — D? such that ¥y (s;) = (p,?l(si)
foralli =1,2,3 and k =1,2,.... Then each map fj o v is still a solution to the
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Plateau problem for yx and (fx o ¥x)|g1 = Yk © ¢k © Y. So we may replace f; by
Jfr oY and @ by ¢ o ¥ and assume in the following, without loss of generality,
that @i (s;) =s; foreachi =1,2,3and k=1,2,....

By compactness and since the maps ¢j are monotone (ie ¢y restricted to the arcs
between s1, s2 and s3 is monotone), we may pass to a subsequence and assume that the
@k converge pointwise to some monotone map ¢: S! — ST with ¢(s;) =s;. We claim
that ¢ is continuous. Assume not. Then there is a point so € S! such that the left and
right limits 7— = limg s, ¢(s) and 74+ = lime\ 5, @(s) at sop don’t agree, ie 1— # £ .
If y(t—) # y(t+), then we can derive a contradiction as in [11, Lemma 9.3.2]. Note
that, due to almost conformality of f}, its energy satisfies

/1 AP = 2area fi = 240
nt

It remains to consider the case y(t—) = y(f+). An inspection of the arguments of
[11, Lemma 9.3.2] shows that we can still derive a contradiction under the following
assumption: there are constants d, § > 0 such that, for any 0 < ¢ < § and sufficiently
large k (depending on &), any embedded smooth curve o [0, 1] — D? that connects a
point in [sg — &, so — ] with a point in [sg + &, 5o + 8] (in S!) satisfies £(fx 00) >d.

We will now assume that this assumption does not hold. That is, for any d, § > 0 there is
an 0 < & < § and a sequence oy: [0, 1] = D? of embedded smooth curves that connect
a point in [so — &, so — €] with a point in [sg + &, so + ] such that £( fx ooy) < d for
infinitely many k. Note that, since ¢ — ¢ pointwise and ¢ is monotone, we can find
for any n > 0 a § > 0 such that, for any 0 < ¢ < § and sufficiently large k (depending
on ¢), we have |t— — @ (s)| <n forall s € [sg—38,50—¢] and |1+ — @i (s)| < n for all
s € [so + &, 50 + 6]. Combining these two facts, we can pass to a subsequence and find
a sequence of embedded smooth curves o: [0, 1] — D? whose endpoints lie in S!
such that 0% (0), 0. (1) = 50, @r(0%(0)) = t—, @r(ox(1)) — t+ and

lim £(f, ooy) =0.
k—o00

We will now argue that such a scenario contradicts the Douglas-type condition for y. Let
Vi, V2. S 1 M bethe loops arising from restricting y to the arcs ay,a; C S 1 between
t— and 74 . For every k let Dy x and D, ; be the closures of the two components of
D?\ 0% ([0, 1]), so that for each i = 1,2, the arc ¢ (0D x N dD?) contains more and
more points of a@; as k — co. Foreach i = 1,2 and k = 1,2,... we can combine
fx|D; . with Hy restricted to the subset (3D; x N3D?)x [0, 1] C dD? x [0, 1], mollify
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around the seam and obtain a continuous map fl.’ P D? — M whose restriction to the
interior is smooth and bounded in W !-2 and such that

(4-8) kli)nolo(area f;/,k - fk|D,',k) =0.

Moreover, fl/ xlap2 describes the loop that is the concatenation of y|y, (ap, , naD2)-
fr o 0 and two curves corresponding to Hj restricted to the two radial lines of
(0D N dD?) x [0, 1], whose lengths go to 0 as k — co. So fi/,k|3D2 can be obtained
from y; by attaching a loop of length /; — 0 along a subsegment and deleting the
overlap. Using the isoperimetric inequality and (4-8), it follows that, for some uniform
C" < o0,

A(¥;) <liminf(area f/, + CI}) =liminfarea f¢|p, .
k—o00 ’ k—o00 ’
Letting k — oo yields
A(y1) + A(y2) < liminf(area fi|p, , +area fi|p,,) = lim area f; = A(y),
k—00 ' ’ k—o00
which contradicts the Douglas-type condition.

Summarizing our findings, we have shown that ¢: S! — S! is continuous. Since ¢
is monotone and ¢(s;) = s; for i = 1,2, 3, we deduce that ¢ is also surjective and
has mapping degree 1. Moreover, by the monotonicity of the ¢, we obtain that the
convergence ¢ — ¢ is actually uniform. So fi|g1 converges uniformly to y og. The
subconvergence of the fj to a harmonic and conformal f: D? — M with f|g1 =yog
now follows as in the proof of [11, Theorem 9.4.3]. Note that in this proof, the sequence
“zp” coming from [11, Lemma 9.4.8] can be chosen to be the sequence f; and [11,
Theorem 9.4.2] is redundant, since the f; are already energy-minimizing. The fact that
y may have self-intersections does not create any issues, since it was only used in the
proof of [11, Lemma 9.4.8]. In order to finish the proof of the first part of assertion (c),
it only remains to show that ¢ is injective, ie that ¢ cannot be constant on a nonempty,
open arc a C S'. Assume that such an arc a existed and choose p € M such that
{p}= f(a) =y(p(a)). Let y*: (—1,1) - M be any smooth, embedded curve with
¥(0) = p and choose an open U C D? such that p € U N dD? C a. Using [6], we
obtain that f must be constant on U, which is a contradiction.

Next, we prove assertion (a) using the first part of assertion (c). By perturbing y, we
can find a sequence of smooth embeddings yy: S' — M that are uniformly Lipschitz
and that uniformly converge to y. Using [11, Theorem 9.4.3] (see also [10]), there
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is a solution f;: D? — M to the Plateau problem for each yj. By the first part of
assertion (c), we can pass to a limit and obtain a solution to the Plateau problem for y.

The proof of assertion (b) in the case in which y is C 2onUNS! can be found in [6].
We remark that in the case in which y is only C!*! on U N'S! and g is locally flat
on U, assertion (b) is a consequence of [7]. For our purposes, however, it is enough
to note that the methods of the proof of [6] carry over to the case in which y is only
CU! on U N S!. We briefly point out how this can be done: The first step in [6]
consists of the choice of a local coordinate system (xi,...,Xx,) in which y is locally
mapped to the x,—axis. For the subsequent estimates, this coordinate system has to be
of class C2. In the case in which y isonly C1*1 on UNS!, we can choose a sequence
of coordinate systems (x’lC e ,x,’f ) that are uniformly bounded in the C? sense, and
that converge to a coordinate system (x{°,...,x,°) of regularity C L1 in every C 1
norm and in this coordinate system y is locally mapped to the x;,—axis. The minimal
surface equation in the coordinate system (xllC e x,’f ) implies an equation of the form
|AYK| < BIVyk|? for yk = (x]f, .. ,xllf_l)of, where B can be chosen independently
of k. Moreover, yk restricted to U NS converges to 0 in every C % norm as k — oo.
Let U” € U” € U’ € U be arbitrary compactly contained open subsets. A closer
look at the proof of the “Hilfssatz” in [5] yields that for every r > 0 we have the
estimate |yK| < Cr on U’ N (D2(1—r)\ D2(1 —2r)) if k is large depending on r.
Here C is independent of k. It thus follows that | y¥ lctwr np2(—ry) <C for every
r >0 and large k. This implies || y*°||c1 ) < C and hence ||ykllcl(U//) < 2C for
large k. Standard elliptic estimates applied to the equation |Ay*| < 48C? then yield
that || y¥ ey < C' for large k. The regularity of xlf o f and the fact that branch
points are isolated also follow similarly to in [6].

The second part of assertion (c) follows in a similar manner. We just need to choose the
local coordinate systems (x’f, e, x,]f) so that both (x]f, ey x,’f)oy and (x]f, .. ,x,’f)oyk
locally converge to the x,—axis in the C 1** sense.

Now consider the case in which y does not satisfy the Douglas-type condition. Then
the remaining assertions follow from the methods of Hass [4]. For completeness, we
briefly recall his proof.

We will inductively construct a (finite or infinite) sequence of straight segments
01,02, ... C D? between pairs of points s, t € S with y(s) = y(¢) such that any two
distinct segments don’t intersect in their interior and such that the following holds for
all k > 0: Consider the (unique) extension y: S!Uoy U---Uog — M of the map y
that is constant on each o;. Then the sum A(yg|9q) over all connected components
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Q CcIntD?\ (07 U---Uoy) is equal to A(y). (Note that every such component is
bounded by some of the o; and some arcs of S 1)

Having constructed segments o7y, ..., 0, we will choose ox 1 as follows: Consider
all components  C Int D2\ (o7 U--- U 0y) such that yi|sq does not satisfy the
Douglas-type condition (or, to be precise, such that the loop that is composed of the
restriction of y to SN JQ does not satisfy the Douglas-type condition). If there is no
such €2, then we are done. Otherwise we pick an 2 for which £(y|g1n5q) is maximal.
By our assumption, we can find a straight segment 0 C D? connecting two distinct
parameters s, t € S! N9 such that, if we denote by Q' and Q" the two components
of Q\ o', then

(4-9) A(yelae) = Avklae) + Avklagr)-
So if we choose oj41 = o for any such o, then the extension
Vk+1: Sl U o, U"'UO'k+1 - M

still satisfies the same assumption as above. Now pick o amongst all such straight seg-
ments such that min{(y|g1n5q/), £(V|s1n9q~)} is larger than % times the supremum
of this quantity over all such o and set o1 =o0.

Having constructed the sequence o1,0%,..., we let X C D? be the closure of
o1UosU--- and we let yx: S' U X — M be the direct limit of all extensions yy .
Then all components 2 C Int D?\ X are bounded by finitely many straight segments
and arcs of S'. We now show that A(y) is equal to the sum of A(yx|yq) over
all such components: Let Q1,...,Qy be arbitrary, pairwise distinct components of
Int D2\ X . Then there is a ko such that for all k > k¢ these components lie in different
components i g, ..., Qnk of Int D2\ (o7 U---U 0y). Moreover, Qjr— Q; as
k — o0o. So limge0 A(yxloe, ) = A(yxlsg,) foreach j =1,..., N. Since the
choice of the §2; was arbitrary, this shows that the sum of A(yx|ygq) over all connected
components Q C Int D2\ X is not larger than A(y). The other direction follows from
the subadditivity of 4 applied to a large but finite number of components of Int D?\ X
along with an isoperimetric estimate bounding the area of the remaining components.

Next we show that, for each component  C Int D2\ X, the loop yx|yq satisfies
the Douglas-type condition. If not, then we could separate 2 into two nonempty
components ' and Q” along a straight line o between two parameters 5,7 € S
for which y(s) = y(¢) so that (4-9) holds for yx instead of y;. Choose a sequence
Qr CInt D%\ (67 U---Uoy) such that Q1 D Q5 D --- and such that Q; — Q as
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k — oo. Let, moreover, £} and 2} be the components of €24 \ o such that Q} — Q'
and Q) — Q". Then limj_,o0 A(vklog,) = A(yxlag) and limj_,o0 A(vklae;) =
A(yxlaqr) and limg o A()/k|39;€/) = A(yx|sq~). Moreover, for all k > 1,

A(yilaer)+Alaer) = Avelae ) +AWelapnay) +AWklae) +A(velanay))
= A(velag ) +A(vklaey) +AWkla@i\e)
= A(yvelag ) +A(vklagy) +A(vklae, ) —A(vklaa,)-

Letting k — oo yields

Ayilog)) + Arilase)) < A(rilag,)-

Since the opposite inequality is trivially true, we must have equality. This, however,
yields a contradiction, because by our construction of the sequence 1,07, ... we must
have picked o earlier and hence o3 = o for some k.

Assertions (d), (e) and (g) are direct consequences of the construction. By the fact that
y is a piecewise immersion, we can deduce that all but finitely many components of
Q CInt D2\ X are bounded by exactly two straight segments and two arcs. Assertion
(f) follows by counting edges and vertices. Finally, the functions fs of assertion (h)
can be constructed by parametrizing the solutions f; by the corresponding component
of Int D2\ X and mollifying. a

The following variational property is a direct consequence of assertion (h) and will be
used twice in this paper.

Lemma 4.8 Consider a contractible, piecewise C ! —immersion y: S' — M, let y; be
the loops from the second part of Proposition 4.7 and consider solutions f;: D? — M
to the Plateau problem for each y; . Let (g¢):e[o,s) be a smooth family of Riemannian
metrics such that go = g (not necessarily a Ricci flow) and denote by A;(y) the
infimum over the areas of all spanning disks with respect to the metric g;. Then, in the
barrier sense,

d d
T ‘t:OAt(J/) =< 21:/02 E‘tzodvolfi*(gt)

(Here dvol £ (g1) denotes the volume form of the pull-back metric f;*(g7).)

Proof Due to the smoothness of the family (g;), we can find a constant C < co such
that for any two vectors v, w € TM based at the same point and every t € [0, %8) we

have
|g: (v, w) — go(v, w) —13:go(v, w)| < Ct*|v]o|wlo.
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Now let § > 0 be a small constant and consider the map f5: D? — M from Proposition
4.7(h). Tt follows that there is a constant C’ < oo which is independent of § and such
that, for small 7,

< C't? areay f.

area; fg —areag fs —t/ d
D2 d

t 1t

_o Volrrgn

So we find that

As(y) < areag fs +l/ di
D2 1

By the properties of fgs and the fact that the integrand in the previous integral is bounded

1.2
o dvolfs*(gt) + C't” areag f5.

by a multiple of d VOlfS*(g ,) independently of §, it follows that for fixed ¢ and for
8 — 0 the right-hand side of the previous inequality goes to

o+ [ 4

This yields the desired barrier. O

Ly dvolye + C't*Ao().

4.4 The structure of a minimizer along the 1-skeleton

Consider now, again, the C ! regular map f: V) — M from Section 4.2. The goal
of this subsection is to derive a variational identity in the spirit of (4-1). However, due
to possible self-intersections of f', this undertaking becomes a quite delicate issue
and it will be important to analyze the combinatorics of these self-intersections. Note
that, at least a priori, there could be infinitely many such self-intersections and the set
of self-intersections could have positive measure (and possibly empty interior). Our
main result will be Lemma 4.10 and inequality (4-16) therein, which will be needed
subsequently. At this point we recall that, by definition, f |9y = fo|sy is a smooth
embedding. So no edge at the boundary has a self-intersection and any two distinct
edges may only intersect in their endpoints.

We denote by Fi,..., F, the faces and by Eq,..., E, the edges of V' in such a way
that Eq, ..., Ep, are the edges of dV'. Forevery k =1,...,m let [} be the length of
f1E, andlet yg: [0,lx] — M be a parametrization of f'|g, by arclength. Since the
maps yx have regularity C ! (see Lemma 4.3), we can find foreach k = 1,...,n a
vector field kg [0, [x] — TM along yi (ie ki (s) € Ty, 5y M) that equals the geodesic
curvature of y; almost everywhere (see Lemma 4.4).

Next, we apply Proposition 4.7 for each loop f|gr, for j = 1,...,n and obtain
loops yj,1, ¥j,2, ... which satisfy assertions (d)—(h) of this proposition. Without loss
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of generality, we may assume that each y;; is parametrized by arclength, ie that
vii: SY(lji) — M, where [;; is the length of y;;. As before, we choose vector
fields «;;: S'(l;;) — TM along each y;; that represent the geodesic curvature almost
everywhere. Now, let f;;: D? — M be an arbitrary solution to the Plateau problem
for each loop y;,;. Proposition 4.7(b) yields that f;; is C L@ up to the boundary
except at the finitely many points where y;; is not differentiable. So we can choose
unit vector fields v;;: S L i) — TM along each y;; that are orthogonal to y;; and
outward-pointing tangential to f;; everywhere except at finitely many points.

For each edge Ej and each adjacent face F; we can consider the collection of
subsegments of the y;; that lie on Ej. These subsegments are pairwise disjoint
and are equipped with the vector fields v;;. We can hence construct a vector field
along y that is equal to each of the v;; on the corresponding subsegment and zero
everywhere else. Doing this for all faces F;; that are adjacent to Ej yields vector fields

v,ﬁl), cee, v,ﬁvk): [0,[x] = TM along y, where v is the valency of Ej. Note that
|v(“)|§1 foral k=1,....mandu=1,...,v.

With this notation at hand we can derive the following variation formula:

Lemma 4.9 For every continuous vector field X € C%(M;TM) that vanishes on
7@V NV ©®) we have

TN ()
<ka (s), ka(s)>ds

S ( / Kk(sxka(s»ds—(y,L(O),kam))+<y;€(zk>,xykak>>)‘
k=mo+1
mo lk
52/ X, ()] ds.
k=1"0

Proof Let X € C°(M;TM) be a smooth vector field that vanishes on f(dV NV (@)
and consider the smooth flow ®: Rx M — M, 9;®P; = X o &;, of X. Observe that
®;(x)=x forall x € fQV NV©®) and r € R. For each 7 € R let 1 vl 5 pm
be the map that is equal to ®; o |y )5y on YW\ 3V and equal to f |y on V.
By Lemma 4.1, for all t e R,

A ar) + -+ A(f lar,) + L) = AD(fy),
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where equality holds for # = 0. So we obtain that, in the barrier sense,

d

| A ar) 4+ A g, + L) = 0.

Next we compute the derivative of each term on the left-hand side. First note that, for
all k =mo+1,...,m,

d
@11 | U@ion)

(4-10)

Iy
. fo (e (5). X, 59) ds — (V2 (0). X, c00) + (V) Xt

Next we estimate the derivatives of the area terms. To do this, note that for each
sufficiently differentiable map h: D? — M the area of ®, o h with respect to the
metric g is equal to the area of & with respect to the metric ®;(g). So we can
use Lemma 4.8 and the first variation formula for the area to deduce that, for each
j=1,...,n,

d d
@1y | Ao flary) < Z/D 4

= Z/Dz divy, , (X o fj.).

RRCALACHEN

Here
2

divy, /(X © f5.) = D (Vag sen (X 0 f1i)- dfjiew)
u=1
for an orthonormal frame field ey, e, on D? (note that due to almost conformality, the
volume form d VOlfj*i (¢) cancels with the inverse of fj*l (g)). Since f;; is harmonic,
we have '
2

2
divy, (X0 i)=Y _ Vag, e {X o i) dfjilen)) =D Ve, (X0 fii.df;ien)).

u=1 u=1
So, by Stokes’ theorem,
[ dinj.J (Xo fj’[) = / (X o fj,is dfj’,-(s)) ds = [ (l)j,l' (s), ij’l.(s)) ds,
D2 aD2 S0
where in the second term s € 3D? is viewed both as a point in dD? and a unit tangent

vector. Plugging this back into (4-12) yields

d
(4-13) dt—+‘t:0A(d>t o flar;) = IZ /Sl(l,_,-)(vj’i(s)’ Xy, :(s)) ds.
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Now consider, for each k = 1,...,mg, the loop that is composed of y; and ;o y;
(recall that the endpoints of y are left-invariant by ®;). This loop bounds the disk that
is described by the map H; x: [0, [x] % [0,¢] = M with (s,1") = ®4 (yx (s)). Note that
area H, j = tfék | Xy (s)| ds + O(t*) for small r. Moreover, since each loop f/|yF,
can be obtained from ®; o f|yF; by possibly replacing some yi by ®; oy, we have

A(ftllaFl)+"'+A(ft/|8Fn)
< A(Pso flop,) +-+ A(Pr o floF,) +area Hy g + -+ + area Hy py,.

So taking the derivative at ¢ = 0 yields, together with (4-13),

| AR+ A as,)

<zz/

Together with (4-10) and (4-11) this yields

ZZ/ Vj,i(s),ijJ.(s)> ds

mo lk
046 Xy ds + 3 [ 1ol ds
S1(,.0) k=170

St(lj.i)

Ik
+ Z (_/0 (Kk(s),X),k(s))ds—(V;Q(O),ka(o))+(V]/¢(lk)»XVk(lk)))

k=mo+1
mo lk
+Z/ 1 Xy, (5| ds = 0.
k=1"0

Note that, by rearrangement,

Ix | Yk
ZZ/S U],(S) Xy“(s) dS— Z/ <ZUI£ )(S) ka(s)>ds

So our conclusions applied to X and —X show that the desired inequality holds for
all smooth vector fields that vanish on £ (3V NV (®). By continuity it must also hold
for all continuous vector fields that vanish on f(3V NV (@), |

Yj.)

We can now use this inequality to derive the following identities:

Lemma 4.10 For every x € f(VO)\ f(V©® N 3V) the (normalized) directional
derivatives of f at every vertex of V© that is mapped to x, in the direction of each
adjacent edge, add up to zero.
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Moreover, forevery k = 1,...,m and for almost all s € [0, [} ] the following holds: if
Vi(s) € f(dV), then

m Vgr
(4-14) oY TP - 1N kls) = 0.

k’'=1 s'€E;, u=l
fH=f(s)

Otherwise,

m Vps
(4-15) o > STvIE - (IS - 1) k()] < 1

k’'=1 S/EEk/ u=1

F(sH=r()

Furthermore, we have the integral inequality

(4-16) Xn:Z/SI

j=1 i (i

mo Ik
)(Vj,i(s)”cj,i(s)) ds > _;;/0 |k (s)| ds.

Proof Recall that all kx and v;; are uniformly bounded. Let X be a (not necessarily
continuous) vector field on M that vanishes on f(dV N V(). For any & > 0 let X ®
be a vector field that agrees with X on f(V©), vanishes outside an e—neighborhood
of £(V ) and satisfies | X ®)| < C everywhere for some uniform constant C < co.
For example, X ®) can be obtained from X by making X continuous near each point of
F(V©®) and multiplying with an appropriate cutoff function. If we apply the variation
formula in Lemma 4.9 to each such X ¥, then the contribution of the integrals goes to

zero as € — 0, while the other two terms are independent of ¢. So letting ¢ — 0 yields
m

Z(_Wllc(o)’ XJ/k(O)) + (Vllc(lk)’ XVk(lk)>) =0.
k=1

This implies the very first part of the claim and simplifies the variation formula: for
every continuous vector field X € C%(M; TM) we have

m ol O mo
Z / < Z Vku)(s)’ ka(s)>d5 - Z / (kK (8), Xy (5)) ds
k=1"9 ‘u=1

k=mgo+1 0
mo Ik
SZ/ Xy, (s)] ds.
k=10

Choose N < oo large enough that the following holds: each curve yj restricted

4-17)

to a subinterval of length %l k is embedded and whenever two curves yx, and yg,
restricted to subintervals of length %l k, and %l k- intersect, then we are in the situa-
tion of Lemma 4.4, ie we can find a coordinate chart (U, (x1, ..., x,)) that contains
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these subsegments and in which we can find a vector v € R” with the property
that ()/]’Cl , V), (y]’cz, v) # 0 on both subsegments with respect to the euclidean metric.
Consider now the index set I = {1,...,m} x{0,..., N — 1} and define, for every
(k,e) € I and every subset I’ C I with (k,e) € I’, the domain

Die,1 = {S € [%lk’ %lk] vk(s) € Vk/([%lku elNillk/])

if and only if (K, ') 1/}.

These sets are measurable and, for all (k,e) € I,

’ e e+1
U Dk,eJ:[Nl"’ N l"]'
rcl

C
(k,e)el’

Moreover, since f|yy = folsy is injective, we find that Dy , ;- is empty or finite
whenever there are two distinct pairs (k/,e’), (k”,e”) € I’ for which k’, k" < my.

Consider now two pairs (k1,e1) and (kz,ez) and I’ C I with (k1,ey), (ka,e2) €I’
and assume that Dy, ., ;# (and hence also Dy, ., ;) is nonempty. We can now
apply the second part of Lemma 4.4 and obtain a continuously differentiable map
@: [e1/N, (e1 +1)/N] — R, whose derivative vanishes nowhere, for which the fol-
lowing holds: @(Dg, .¢,.1') = Dks,er,17 and Vi, (s) = Yk, (@(s)) forall s € Dy, o, .1’-
Moreover, for almost every s € Dy, o,.;7 We have ¢'(s) = %1 and kg, (5) = kg, (¢(s)).
So the following three identities hold for every continuous vector field X € CO(M ; TM):

(4-18) /D (it (5). X, () s = / (ks (5): X, () .
ki.ep.I’

Dk2,e2,l’

vkz ka
(4-19) < 3 Ug) (9(5)), Xy, (s)> ds = / < 3 v]((’;)(s), ka2<s>> ds,
Diy,eq.1’ Diy,en.1'

u=1 u=1
vk2 vk2

(4-20) < > v (). k, (s)> ds = / < v (s). Kk, (s)>ds.
Diye. 1’ Vy=1 Diy.er. 1’ Vy=1

Next we express both sides of (4-17) as sums of integrals over the domains Dy , j/:

Z( Z Lk 1/< 1v£u)(S)’ka(S)>dS_ Z /D

I'cl © (ke)el’ u= (k,e)el’ ” “k.e.l’
k>m0

52 Z /D X, ()| ds.

I'Cl (k,e)el’ * “keel’
k§m0

(KK (), Xy (s)) ds) ‘
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We will now group integrals whose values are the same. To do this set
Io={1,...,mo} x{0,...,N —1}

and, for each @ # I’ C I, choose a pair (kj/,ey/) € I’ such that (kj/,ej’) € I
whenever I’ N Iy # &. Using (4-18) and (4-19) we may then express the integrals
over the domains Dy , ;- in the last inequality in terms of integrals over the domains
Dk[’sel’sl/ . This yields

> > )

o£l'Cl k[/,e[/,1’<k=1 s'€Er u=1
S)=f(s)

AN 5 Xy 0

< Z / X, 5)| ds.

ot1'cl ¥ Pkprep.’
I'Nly#2

(4-21)

Note that all summands involving @ # I’ C I for which I’ N Iy contains more
than one element vanish since those consist of integrals over a finite set. So, for all
remaining summands and all (k,e) € I’ C I, for almost every s € Dg . ;- the quantity
[1'N(I\1p)| isequalto | f ~L(f(s))| if yx(s) & (V) (or equivalently if I'NIy =)
orequal to | f~1(f(s))| =1 if yx(s) € f(3V) (or equivalently if [I'N 1| =1). So the
first factor in the scalar product on the left-hand side of (4-21) is equal to the left-hand
side of (4-14) or (4-15), depending on I’, almost everywhere.

We will now show by induction on |I’| that, for every @ # I’ C I, (4-14) or (4-15)
holds for almost every s € Dk, »,,,1/- Using the previous conclusions, which related
Di.e,1 10 Di,, ¢,,,1’ Tor any other (k,e) € I ', this will then imply the desired statement.
So let & # I* C I and assume that, for all & # I’ € I*, (4-14) or (4-15) holds
for almost every s € Dk, »,,,17- This implies that the terms involving subsets / " in
the sums on both sides of the inequality (4-21) vanish whenever @ # I’ € I and
I'nly=0.

Consider now some $o € Dk, ¢, 7+ - Then we can find an open neighborhood U C M
around yg,, (so) such that

e, e+l ])

Vk([le» N k|)NU#o

if and only if (k,e) € I*. So as long as X € C°(M;TM) is supported in U, the
summands in (4-21) involving & # I’ C I with @ # I’ ¢ I* vanish. Therefore the
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only summands that are not a priori zero are the summand involving the subset 1" = 1
and all proper subsets I’ C I'* for which [I'NIy| = 1.

Consider first the case in which I* N Iy = &. Then the previous conclusion implies
that only the summand involving 7* on the left-hand side of (4-21) is not a priori zero
and that the right-hand side of this equation is zero. So

| < S Y -1 ) e ka,*<s>>ds =0

kpx.epx.0* Ve —q s'€Ey u=1
f)=1()

for all X € C%(M;TM) that are supported in U . Since the restriction of yi 1 (s) tO

[(61*/N)lk1* ,((ep+ + 1)/N)lk1*] is an embedding, this implies that

/D <Z > ZV(“)(S’)—If‘l(f(s))\-xk(s),X(s)>ds=

kpewepsd* V=1 s'eEp u=1
for every compactly supported continuous vector function

f(S’)=f(S)
ey er~+1
XeC ()/k *(U) N [Flkl*’ le[*i|)

So (4-14) holds almost everywhere on

ey erx* =+ 1

Since so was chosen arbitrarily within D, ¢, 1+, this shows that (4-14) holds for
almost every s € Di,, ¢, 1+, Which finishes the induction in the first case.

Next consider the case in which 7* N Iy = {(ky+,er=)}. Then for every nonzero
summand in (4-21) involving I” we have (kj/,ey/) = (kr=,er+) =: (ko, eg). Since
the union of all domains Dy, , ;- for which (ko,ep) € I’ is equal to the interval
[(e0/N)lky. ((e0 + 1)/ N)lx, ], inequality (4-21) implies that

0+1

ﬁo 0 1o

Ikg Uk
<Z > 2wl (el 1)-Kko<s>,xyko<s>>ds

= s’€Ey u=1

S$)=1() IRy,
= |ka(s)| ds

20
N ko
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for all X € C%(M; TM) that are supported in U . As in the first case, we conclude that

e+1

fon, (2

T Y Y~ |f—1(f<s))|—1)-Kk0<s),X<s)>ds

k=1 SGEk u=1
F6)=1(s) oty

N 0
< / 1X(s)] ds
Xl

0

for every compactly supported continuous vector function

e eo+ 1
XeC (ykol(U) N [ﬁ"zko, OTZ’“)D'

Thus (4-15) holds for almost all s € Dy, ¢,. 1+ C [(eO/N)lkO, ((eo + 1)/N)lk0] and
finishes the induction in the second case.

Finally, we prove (4-16). Observe that by rearrangement we have

ZZ/ (v.i(8). /i (5)) ds = Z Z[ 0 (5), kg (5)) ds

Sta
j=1 i 7.i) k=1u=1

Using (4-20) we conclude further that

SN[ i s
j=1 i (Jl
m vk Ik
=ZZ / (08 (s), ki (5)) ds
k=1u=1 0
|

(k.e)el’ ’ P.c. 1/<

= Z /Dk,, . 1’<kz1 Z Zv(“)(s/),"kp(s)>ds

o#l'Cl s'€eE; u=l1
F(sH=1(s)

3 ), xk(s)>

We now apply (4-14) to all summands for which /’N Iy = & and (4-15) to all summands
for which 1’ N Iy # &. Then we obtain that the right-hand side of the previous equation
is bounded from below by
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> [ ko, o0 ds

o£l’'cl ¥ “kponpr 1’
I'nlp=2

- / (111 = 1) Kty (5). 1k, ) — ik, (9)]) s

o#l'cl Dkl/.nl/.l’

I'nly#2

=- > iy (5)] s
ot1'cl ¥ Pkprnpra’
I'nNly#o
mo Ix

== [ wlas
k=1"9

This establishes the claim. O

4.5 Summary

We conclude this section by summarizing the important results that are needed in
Section 5.

Proposition 4.11 Consider a compact Riemannian manifold (M, g) with mo(M) =0
Let V be a finite simplicial complex whose faces are Fy, ..., F, and fo: V — M acon-
tinuous map such that fy|yy is a smooth embedding. Furthermore, let yi: [0, ] > M
for k =1,...,mq be arclength parametrizations of f restricted to the edges of dV
and ky: [0, 1] = TM the geodesic curvature of yy

Then the following is true:

(a) There is a map f: VY — M that restricted to every edge E C V) js a
C 1! —immersion such that f is homotopic to fo|y ) relative to 3V and

A(Sf1ar) + -+ A lar,) + () = AP (o).

(b) Consider for each j = 1,...,n the loop f|apj and apply Proposition 4.7 to
obtain the loops y; ;: St (lj,i)— M . Let p;; be the (finitely many) places where
yj,i 1s not differentiable. Then p;; = 2 for almost every i and j, and

Y (pi- =1

(¢) For each loop yj i, as defined in assertion (b), consider an arbitrary solution
i1 D2 — M to the associated Plateau problem with respect to the metric g.
s P P g
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Consider moreover a smooth family (g¢):e[0,s) of metrics with go = g and
denote by A;(-), the infimal area A(-) with respect to the metric g;. Then for
any j = 1,...,n we have in the barrier sense

d d
ar l=0At(f|8F,-) = Xi:/DZ ar

(d) For each loop y;,; the geodesic curvature kj;: S 1 (/j,i) = TM is defined almost

=0 d VOlf;i (g1) -

everywhere. Consider again the maps f;;: D? — M from before and let
vji: SY(lji) — TM be unit vector fields along y;; that are orthogonal to y;.;
and outward pointing tangential to f; ;. Then

n _—
j;Xi:Ll(lj,i)(vj,i(s),Kj,i(S)>dS > _;;/0 Ik (5)]| ds.

Proof Assertion (a) is a consequence of Lemma 4.1, the preceding discussion and
Lemma 4.3. Assertion (b) is a restatement of Proposition 4.7(f). For this, note that
fla F; 1s differentiable everywhere except possibly at its three corners. Assertion () is
a restatement of Lemma 4.8 and (d) is a restatement of (4-16) in Lemma 4.10. O

Remark 4.12 For any A > 0 consider the quantity
AW (fo) = inf{area( f) + A(f'lym) : £~ fo relative to IV }.

Then all assertions of Proposition 4.11 hold with A1) replaced by AY) (in (a) we
have to insert the factor A in front of £( f)). This follows by rescaling the metric g by
a factor of A.

5 Area evolution under Ricci flow

5.1 Overview

In this section let M be a closed 3—manifold with 7,(M) = 0. Consider a finite
simplicial complex V' whose faces are denoted by Fi, ..., F, and a continuous map
fo: V. — M such that fy|sy is a smooth embedding.

Consider a Ricci flow (g¢):e[r,,7,] o0 M such that scal, > —% on M for all
t € [Ty, Tz]. The goal of this section is to study the evolution of the time-dependent
quantity

A¢(fo) ;= inf{area, f': f' ~ fo relative to IV},
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as introduced in Section 4. We now explain our strategy in this section. Assume first
that for some time zg € [T}, T»] there is an embedded minimizer f: V — M in the
homotopy class of fy (relative to dV'), ie areas, f = A4, (fo). Then by a simple
variational argument, we can conclude that at every edge E C y \ dV the unit vector
fields vg), e vg)E ) along f|g that are orthogonal to f|g and outward-pointing
tangential to the vg faces which are adjacent to E satisfy the identity

(5-1) v e — o,

We can then use Hamilton’s method (as presented in the proofs of Propositions 2.1
and 2.2) to compute the time derivative of the area of the minimal disk f'|F; , for every

j=1....n

d 3
52 | e (f1n) = pareay e [ s kan),

Fj
Here vyp; is the unit vector field which is normal to f |3pj and outward-pointing
tangential to f'|F; and kyF; is the geodesic curvature of f[sF, . Now we add up these
inequalities for j = 1,...,n. The sum of the integrals on the right-hand side can be
rearranged and grouped into integrals over each edge of 9V . By (5-1), the integrals
over each edge E C V(D' \ 9V cancel each other out and we are left with the integrals
over edges £ C dV. So

d
dl‘tztoareatf<—areato(le)+nn+ Z /lKEl

Ecov
This implies that, in the barrier sense,
22

(5-3) dtt li=

Aho) = ey (fle) i+ Y [ e,

Ecov

Unfortunately, as mentioned in Section 4, an existence theory for such a minimizer f
is hard to come by. We will however be able to establish the bound (5-3) without the
knowledge of this existence using the following trick. For every A > 0 consider the
quantity

Agk)(fo) :=inf{area, (f") + A:(f'|ym) : f' =~ fo relative to 3V},
as introduced in Remark 4.12. Tt is not hard to see that, for each ¢ € [Ty, T3],

(5-4) AP o) = A(fo) and i AL (fo) = Ai(fo).
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The existence theory for a minimizer of Agl)( fo) is far easier and has been carried
out in Section 4. Assume for the purpose of clarity that for some time f¢ there
is an embedded, smooth minimizer f: V — M for the corresponding minimization
problem, ie area, f+ALly, (f|ym)= Agé)( fo). Then identity (5-1) becomes (compare
with (4-1))

1) (vE)

vp +e vt = AKE.

So, when adding up inequality (5-2) for all j = 1,...,n and grouping the integrals on
the right-hand side by edge, we find that, luckily, the extra term that arises due to this
modified identity has the right sign:

d 3
dr tztoareatffmaf@ato(ﬂFJ-)-{-nn—l- Z L|K5|— Z /E(AKE,KE)

Ecov EcVD\oV

< areasy(flr) +n+ Y L|KE|.
Ecov
Now choose a function A: [T7, T2] — (0, 1) such that A/(¢) < —K;A(t), where K is
a bound on the Ricci curvature at time ¢. This is always possible. Then we can check
that
d

@) 3
dl» t=t0Al (fo) E Eareato(lej)'i‘]Tn— Z L|K8F]|

Ecov
Since A(¢) can be chosen arbitrarily small, we are able to derive (5-3) using (5-4).
Note that this is a simplified picture of the arguments that will be presented in the next
subsection. The main difficulty that needs to be overcome stems from the fact that

f:V — M is in general only defined on the 1—skeleton and not smooth there, and
that f might have self-intersections.

5.2 Main part
In the following lemma we deduce a bound on a curvature integral over a minimal disk

with smooth boundary. The statement and its proof are similar to parts of the proofs of
Propositions 2.1 and 2.2.

Lemma 5.1 Let f: D> — M be a smooth, harmonic, almost conformal map and
set y = fyp2. Denote by k: S' = dD? — TM the geodesic curvature of y and by
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v: S — TM the unit vector field along y that is orthogonal to y and outward-pointing
tangential to f away from possible branch points. Then

/ secM(df)dvolf*(g)z2Jr+/ (w(s), k() -y (s)| ds.
D2 N

(Here secM (df) denotes the sectional curvature of M in the direction of the image
of df . Note that the integrand on the left-hand side is well-defined since the volume
form vanishes whenever df is not injective.)

Proof In order to avoid issues arising from possible branch points (especially on
the boundary of X), we employ the following trick (compare with the proof of
Proposition 2.2): Let geyc1 be the euclidean metric on D? and consider for every € >0
the Riemannian manifold (D, = D2, egeuc1). The identity map hg: D? — (D?, £geuc)
is a harmonic and conformal diffeomorphism and hence the map

fo=(f hg): D> > M x D,

is a harmonic and conformal embedding. Denote its image by X = f,(D?) C M x Dy.
Since the sectional curvatures on the target manifold are bounded, we have

lim secM*Pe(T'2,) dvol = /E sec™ (df ) dvolys(g),

e—0 S

where dvol on the left-hand side denotes the induced volume form and the integrand
denotes the function on X, that assigns to each point the (ambient) sectional curvature
of M x D; in the direction of its tangent space.

Since X is a minimal surface, its interior sectional curvatures are not larger than the
corresponding ambient ones. So, combining this with Gauss—Bonnet, we obtain

/ secMXDS(TEE)dvolz/ SeCEEdV01=27T+/ KBZ;: ds.
ES ES & €

Here KBZEE denotes the geodesic curvature of the boundary circle viewed as a curve
&

within ¥,. Now, similarly to in the proof of Proposition 2.2 (more specifically,
see (2-9)), we can estimate the last integral. Then we obtain that

e—0

lim /828 ks ds=/Sl<u(s),x(s)>|y/(s)|ds.

This implies the claim. |
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Next, we extend the bound of Lemma 5.1 to minimal disks that are bounded by not
necessarily embedded, piecewise C !*! loops which satisfy the Douglas-type condition.

Lemma5.2 Let y: S'— M be a continuous loop that is a piecewise C > —immersion
andlet 0y, ..., 0, be the angles between the right- and left-derivatives of y at the points
where y is not differentiable. (Observe that 6; = 0 means that both derivatives agree.)
Assume that y satisfies the Douglas-type condition (see Definition 4.6). Then there is a
solution to the Plateau problem f: D?> — M for y which has the following property:

The function f is C1% up to the boundary away from finitely many points. Let
v: S1 — TM be the unit vector field along y that is orthogonal to y and outward-
pointing tangential to f away from possibly finitely many points and let k: S' — TM
be almost everywhere equal to the geodesic curvature of y. Then

/ secM(df)dvolf*(g)2271—91—--'—91,4—/ (w(s),k(s))- [y (s)| ds.
D2 S1

Proof The proof uses an approximation method.

Let s1,...,5p €S 1 be the places where y is not differentiable and choose a small
constant & > 0. Observe that there is a function ¢: (0, 1) — (0, 1) with limy_—¢ ¢(x) =0
(which may depend on (M, g) and y) such that: we can replace y in a small neigh-
borhood of each s; by a small arc of length < (6; 4+ ¢(¢))e and geodesic curvature

-1

bounded by £~! such that the resulting curve y*: S — M is a C!—immersion. It

then follows that if k*: S' — M is almost everywhere equal to the geodesic curvature
of y*, we have

[ @ = 70 ds < 61-++-+6, + pp(e) + pCe.

Here C isa C! bound on y. Next, we mollify y* to obtain a smooth immersion
y**: §1 — M such that if x**: ST — M is the geodesic curvature of y**, we have

f1|K**(S)—K(S)| Ay (s)|ds <Oy +---+ 0,4+ pp(e) + pCe+e.
S

Finally, we perturb y** to a smooth embedding y***: S1 — M whose geodesic

curvature k***: S1 — M satisfies
[ ) =) ) ds < 64+ 6, + pp(e) + pCet 26
S

These constructions have shown that we can find a sequence y1,ys,...: S' — M of
smoothly embedded loops with uniform Lipschitz constant that uniformly converge
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to y and that locally converge on S\ {s1,...,54} to y in the C1* sense such that
the geodesic curvatures ki: S! — TM satisfy

(5-5) timsup [ )=k )] ] ds =01+ 6
k—oo JSI
Now let f1, f2,...: D? — M be solutions of the Plateau problem for these loops.

By Proposition 4.7(b) the maps f; are smooth up to the boundary. Moreover, by
Proposition 4.7(c) we conclude that, after passing to a subsequence and a possible
conformal reparametrization, the maps fi: D? — M converge uniformly on D? and
smoothly on Int D? to amap f: D? — M, which solves the Plateau problem for y.
By Proposition 4.7(b) the map f has local regularity C1** up to the boundary away
from finitely many points for all « < 1. So, by Proposition 4.7(c), the convergence
fi — f islocally in C1* away from finitely many points.

‘We now conclude first that
. M M
(5-6) k]l>moo /D2 sec” (df) a’volfk*(g) = /DZ sec™ (df) dvolys(g).

Moreover, if we denote by vg: S — M the unit normal vectors to y that are outward
tangential to fj, we obtain that

61 im0k Ol = [ 06kl Olds

Note also that

‘ / 0k (5. ki (5)) - [y ()] s — / 0k (), k() - [y ()] ds
St S

= [ e =k o)L

Together with (5-5) and (5-7), this implies

lim inf Sl(Vk(S),Kk(S))'|V]/<(S)|d5 >—bh—--—bg +fsl(V(S),K(S))~|V'(S)|dS-

k—o0

Finally, applying Lemma 5.1 for each f; , we obtain together with (5-6) and the previous
estimate that
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M . M
df)dvolsxpy = 1 dfi) dvolgx
/Dzsec (df') dvoly«(g) kgl;o/l)zsec dfr) Vol (g)
> 27 + liminf (Vi (s), kg (s)) - |)/,/<(s)| ds
k—oo JS§1

Z27r—91—---—9p+/Sl(v(s),/c(s))-|y’(s)|ds. ad

We can now apply the previous bound together with the results of Proposition 4.11
to control the time derivative of the quantity Agk) . We remark that the proof of this
lemma is again similar to parts of Propositions 2.1 and 2.2.

Lemma 5.3 Let 0 < Ty < T3 < o0 and (g¢)e[T,,15) be a smooth solution of the
Ricci flow on M on which scal; > —% for all t € [Ty, T»). Assume that the Ricci
curvature of g; is bounded by some constant K < oo for all t € [Ty, T»].

Let, moreover, V' be a finite simplicial complex whose faces are denoted by Fy, ..., Fy
and fo: V — M a continuous map such that fy|sy is a smooth embedding. At
every time t € [Ty, T2) let y 4 [0, I ;] = M fork =1,...,mq be time-t arclength
parametrizations of f restricted to the edges of 0V and ky ;: [0,1x ;] — TM the
geodesic curvature of each yy ; at time t .

Now let A: [T1,T>) — (0,00) be a continuously differentiable function such that
M (t) < —KA(t) forall t € [Ty, T2). Then we can bound the evolution of the quantity
Agk(’ ))( fo) as follows. For every t € [T, T>) we have, in the barrier sense,

mo /
d & 3,4 ot
a0 = AN Gy n e 3 | oo ds.

Proof Let tg € [T1, T2]. We first apply Proposition 4.11(a) (see also Remark 4.12) at
time 7o and obtaina C ! map f: V(1) — M that is homotopic to fo|y 1) relative to
dV and for which

n

3" An(flary) + A0}y (f) = AL (fo).

j=1

Consider, for each j =1,...,n, the loop f[sF, and apply Proposition 4.7 to obtain
the loops y;i: S'(lj;) = M. As in Proposition 4.11(b) let p;; be the number of
places where y;,; is not differentiable and let «;;: S1(l;;) — TM be the geodesic
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curvature along y; ;. Recall that each y;; satisfies the Douglas-type condition and that,
foreach j =1,...,n,

D A (yji) = Aw(y) and ) (pi—2) <1
i i

Next, we apply Lemma 5.2 at time 7y to obtain a solution to the Plateau problem
fi.i: D> — M foreach y;; such that for the unit normal vector field v; ;: S1(l;;) —TM
that is outward-pointing tangential to f;; we have

| seett @i dvolys o = 7=+ [ 01060 ksa (6 s

J.
We can now apply Proposition 4.11(c) (or Lemma 4.8) and Proposition 4.11(b) to
conclude that, in the barrier sense, forall j =1,...,n,

d d
dt_+‘z=toA’(f|aFf)52i:/D2%

- Z Lz trf;j,' (gto)(RiCto (df/’l ’ df/,l)) dVO]fi”jl. (&10)
i

t=to dVOlf;i (g1)

1
=—Z(§ / (scaliy o fj.r) dvolye (g, ) + / secp! (dfj,i)dvolfjfi(gto))
=< 4t Z to(Vjt)+Z7T(pjl_2) Z[ Vj,i(s)a’(j,i(s))ds

< Gy A 7 =3 Loy, (a6 miao) ds.

Now Proposition 4.11(d) implies that if we sum this inequality over all j =1,...,n,
then the integral term can be estimated by a boundary integral:

d[+‘ ZA (f|3F)— 4; ZAtO(VJ +””+Z/ |k 20 (5) |20 ds.

It remains to estimate the distortion of the length of f. Since the Ricci curvature is
bounded by K on [T, T»], we find

] 0O = KAWL (1) +200) Kby (1) <0.

Finally, observe that for all ¢ > fy we have, by Lemma 4.1,

AL (fo) < ST A f lary) + AOLS)-
j=1
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The equality is strict for # = 79 and the time derivative of the right-hand side is bounded
by exactly the desired term in the barrier sense. This finishes the proof of the lemma. O

Letting the parameter A go to zero yields the following estimate, which does not require
a global curvature bound.

Lemma 5.4 Let0<Ty <T3 <00 and (g:):¢[T,,T,) be a smooth solution of the Ricci
flow on M on which scal; > —>; for allt € [Ty, T3).

Let, moreover, V be a finite simp]icial complex whose faces are denoted by Fy, ..., Iy
and fo: V — M a continuous map such that fy|sy is a smooth immersion. At
every time t € [Ty, Ty) let v ;: [0,k ;] — M fork =1,...,mg be time-t arclength
parametrizations of fo restricted to the edges of 0V and ky: [0,lx ;] — TM the
geodesic curvature of each yy ; at time t .

Then we can bound the evolution of A;( fo) as follows in the barrier sense:
mo l
d 3 k.t
dt_+Al(f0)§ 4—tAt(f0)+7T” +;§1/0 |kt ()¢ ds.

Proof Note that by a perturbation argument we only need to consider the case in
which fp|gp is an embedding. Moreover, we can without loss of generality restrict to
a time interval on which the Ricci curvature is bounded by some constant K < co. For

brevity set
It

R, =nn+ Z / Kkt (8)|¢ ds.

Note that R; is continuous with respect to #. Let ¢ > 0 be a small constant and apply
Lemma 5.3 with A(¢) = eexp(—Kt). We obtain

d
drt

Now let tg € [T1, T>) and consider the solution of the differential equation

A(eexp( Kt))(f ) < A(sexp( Kt))(f ) +Rt

d 3 -K
JrFoe)= - Fo s+ Ry and  Fiyo(to) = 43" (fo).

It follows that
AgseXp(—Kt))(fO) < Fy,¢(t) forall 1> 1.

Letting ¢ — 0 and using the fact that lim,_, Agk) (fo) = A¢(fo) yields

A (fo) < Fiy0(2) forall ¢ > to,
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where Fy, o satisfies the differential equation

d 3
77 Fro.0() = 47 Fio0() + Ry and - Fiy 0(to) = Aro (fo)-
So Fy,,0(t) is a barrier for A;(fo) with the required properties. m|

We can finally state our third main result:

Proposition 5.5 Let M be a Ricci flow with surgery with precise cutoff defined on a
time interval [Ty, T»), where 0 < Ty < T, < 0o, assume that all surgeries are trivial and
assume that o (M(t)) =0 forall t € [Ty, T>). Consider a finite simplicial complex V
whose faces are denoted by F1, ..., Fy.

Let fo: V — M(T1) be a continuous map such that fo o = folsy is a smooth im-
mersion. Consider a smooth family of immersions fo;: 0V — M(t) parametrized
by time that extend fo,0 and that don’t meet any surgery points. Assume moreover
that there is a constant I' < oo such that for each t € [Ty, T») the following is true:
Let vk ;: [0,k ;] = M(t) fork =1,...,mg be time-t arclength parametrizations of
Jo,: restricted to the edges of 9V and «y: [0, [ ;] — T M(t) the geodesic curvature
of each yy ; at time t. Then

mo el N
> [ ksl + o)l ds <
k=170
(Here 8;)/;} (s) is the component of d;y ;(s) that is perpendicular to yi ;.)

For every time t € [Ty, T>) denote by A(t) the infimum over the areas of all piecewise
smooth maps f: V — M(ty) such that f |3y = fo,, and such that there is a homotopy
between fo and f in space-time that restricts to fo on 0V .

Then the quantity
VATV A — dren — 4T

is monotonically nonincreasing on [T, T2) and, if T, = oo, we have

limsupt~LA(r) < 4mn + 4T,

t—00

Proof Note that the property of having precise cutoff implies that the metric g(¢) has
1 —positive curvature, which in turn entails that scal; > —2% (see [A, Definitions 2.10
and 2.11(1)]). Note also that we can mollify each f: V — M(¢) thatis C! on y®
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and V'\ VM and that is W12 on each face of V to a map that is piecewise smooth.
So A(t) = A:(fo).

So the monotonicity of the desired quantity away from surgery times follows directly

from Lemma 5.4 together with a variational estimate dealing with the fact that fy; can

move in time (similarly as in the proof of Lemma 4.9). By [A, Definition 2.11] the value

of A(t) cannot increase under a surgery, ie the function A(¢) is lower semicontinuous.

O
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