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Markov numbers and Lagrangian cell complexes
in the complex projective plane

JONATHAN DAVID EVANS
IvAN SMITH

We study Lagrangian embeddings of a class of two-dimensional cell complexes L 4
into the complex projective plane. These cell complexes, which we call pinwheels,
arise naturally in algebraic geometry as vanishing cycles for quotient singularities
of type (1/p?)(pg — 1, 1) (Wahl singularities). We show that if a pinwheel admits
a Lagrangian embedding into CPP? then p is a Markov number and we completely
characterise ¢g. We also show that a collection of Lagrangian pinwheels Ly, 4.,
i =1,..., N, cannot be made disjoint unless N < 3 and the p; form part of a
Markov triple. These results are the symplectic analogue of a theorem of Hacking and
Prokhorov, which classifies complex surfaces with quotient singularities admitting a
Q-Gorenstein smoothing whose general fibre is CP2.

14J17, 53D35, 53D42

1 Introduction

Definition 1.1 Let p;, p, and p3 be positive integers. The triple (p1, p2, p3) is a
Markov triple if

(1) P+ p3+p3 =3p1paps.

A theorem of Hacking and Prokhorov [9; 10] asserts that if X is a projective algebraic
surface with quotient singularities which admits a Q—Gorenstein smoothing to the
complex projective plane CP2, then X is obtained by partially smoothing a weighted
projective plane CIP( pf, p%, pg) for a Markowv triple (p1, p2, p3). In particular, X has
at most 3 singular points (this was also known earlier to Manetti [17]). Kollar [15] has
asked to what extent such theorems, which put constraints on orbifold degenerations
of algebraic surfaces, are purely topological. More precisely, he conjectures that any
compact smooth 4—manifold M with H{(M;Z) =0 and H,(M ;Z) = Z can have
at most five boundary components with finite but nontrivial fundamental group. The
relation between Kolldr’s conjecture and degenerations is that such a 4-manifold
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could be obtained by excising neighbourhoods of the singularities in a degeneration
of a homology CP2, so this conjecture would provide a topological upper bound on
the number of orbifold singularities. This conjecture is motivated by the orbifold
Bogomolov—Miyaoka—Yau inequality (which provides the upper bound on the number
of singularities, but relies on some nontrivial algebraic geometry).

We show that the Hacking—Prokhorov theorem has a purely symplectic analogue
(Theorem 1.2 below). This can be interpreted as giving constraints on the topology and
displaceability of Lagrangian embeddings of certain simple cell complexes in CIP2.
We do not know if this can be further weakened to use only methods of differential
topology, as Kollar conjectures.

An interesting feature of the algebraic surfaces above is that the cyclic quotient singulari-
ties (1/p?)(1, pg—1) which appear have vanishing Milnor number; the local smoothing
of the singularity is a rational homology ball B, ;. From a symplectic perspective,
Bp 4 is naturally a Stein domain, and retracts to a Lagrangian skeleton L, 4, which we
call a pinwheel, homotopy equivalent to the Moore space M (Z/ p, 1). (In the simplest
example, By | = T*RP? and Ly = RP2.) One can formulate potential symplectic
counterparts to (strengthenings of) the Hacking—Prokhorov theorem by asking for
constraints on four-dimensional symplectic orbifolds which can be smoothed to P2, or
by asking about symplectic embeddings | | By, 4, C P2, or embeddings of the corre-
sponding Lagrangian skeleta. Symplectic embedding questions for rational balls were
first considered by Khodorovskiy [12; 13; 14]; see also Lekili and Maydanskiy [16].

Theorem 1.2 Let N be a positive integer and By, 4, C CP? fori =1,...,N bea
collection of symplectic embeddings having pairwise disjoint images. Equivalently, let
Ly, .4 C CIP? be a collection of pairwise disjoint Lagrangian pinwheels. Then N <3
(Corollary 4.19). Moreover:

(A) Theorem 4.15 If N =1 then p; belongs to a Markov triple (p1, b, c). More-
over, g1 = £3b/c mod p;.

(B) Theoremd4.16 If N =2 then p; and p, belong to a Markov triple (p1, p2,c).
Moreover, g1 = £3p,/c mod py and g, = +3p/c mod p,.

(C) Theorem 4.18 If N = 3 then (pi, p2, p3) is a Markov triple. Moreover,
qi = £3pj/pi mod p;, where i, j, k is a permutation of 1,2, 3.

Corollary 1.3 We have the following consequences for Lagrangian embeddings:
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(A) If p is not a Markov number, or it p is Markov but ¢ # +3b/c forany b,c < p
with p? + b* + ¢? = 3pbc, then there is no Lagrangian embedding of Lyg
into CP2. In particular, if > # —9 mod p then there is no Lagrangian embedding
of Lp,q into CP2.

(B) If p and p’ are Markov numbers but do not form part of a Markov triple, and
Ly 4 and Ly 4 are Lagrangian pinwheels in CIP?, then they cannot be disjoined
from one another by a Hamiltonian isotopy.

Proof This is immediate from Theorem 1.2(A)—(B). The only nontrivial observation is
that if ¢ = 43b /¢ for some Markov triple (p, b, ¢) then g> = —9 mod p [4, Chapter I.3,
Equation (6)]. O

Remark 1.4 The first few Markov triples are

(1,1,1), (1,1,2), (1,2,5), (1,5,13), (2,5,29),
(1,13,34), (5,13,194), (5,29,433), (2,29,169),

A number appearing in a Markov triple is called a Markov number; see Sloane and Con-
way [21] for more Markov numbers. Markov numbers share some arithmetic properties.
For example, pj is a factor of a sum of squares since pl2 + p% = (3p1p2— p3)ps;
therefore all odd prime factors of a Markov number are congruent to 1 modulo 4. In
particular, Theorem 1.2 implies that B3 4, B74, B11,4, ... never embed symplectically
in CP?2,

Remark 1.5 For every Markov triple (py, pa2, p3) there exist three disjoint Lagrangian
pinwheels L, 5, C CP2, which are the vanishing cycles of the Q -Gorenstein degen-
eration to CP( pf, p%, pg) so the result is sharp. This gives many pairs of Lagrangian
pinwheels which cannot be displaced from one another. Since these Lagrangians are
not even immersed submanifolds, it is not clear how to prove this nondisplaceability
result using classical Floer theory.

Remark 1.6 The sign ambiguity in ¢; = £3p;/ px mod p; is not really an ambiguity
atall, as By 4 and B) ;4 are symplectomorphic; see Remark 2.8.

Remark 1.7 The equivalence of the statements about Lagrangian pinwheels and

symplectic rational homology balls follows from a neighbourhood theorem due to
Khodorovskiy, see Section 2.1 below.
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Remark 1.8 The exotic monotone Lagrangian tori discovered by Vianna [23; 24] are
also in bijection with Markov triples; they are constructed by taking the barycentric torus
in a toric weighted projective plane CP( pf, p%, p%) and transporting it to a nearby
smooth fibre in the Q—Gorenstein degeneration (as such, they are disjoint from the
pinwheel vanishing cycles). Indeed, the neck-stretching arguments used to constrain the
superpotential in Vianna’s paper [24] were important inspiration for the current paper.

Remark 1.9 It would be interesting to investigate this relationship further for Del
Pezzo surfaces with b, > 1. On the one hand, Vianna’s work [25] gives a plethora
of almost toric structures corresponding to solutions of Diophantine equations, where
there are visible embedded pinwheels; on the other hand, the literature on the related
problem of classifying helices on del Pezzo surfaces suggests that CPP? and its relation
to Markov triples is a special case; see Karpov and Nogin [11].

The idea of the proof is as follows. Given a rational ball B,, C CP2 one can
stretch the neck (in the sense of symplectic field theory) around 0B, , and study the
limits of holomorphic lines in CP2. Those limits compactify to give holomorphic
curves in orbifold degenerations of CIP2, and our results are essentially applications
of Weimin Chen’s orbifold adjunction formula to these curves, in the spirit of Chen’s
own work [5; 6], together with a number-theoretic result on Markov-type Diophantine
equations due to Rosenberger [20].

Outline

In Section 2, we review some basic topological facts about Lagrangian pinwheels L 4
and about the symplectic rational homology balls B, ;.

In Section 3, we explain how one can replace a symplectic rational homology ball
Bp.4 C X by an orbifold singularity. We also review W Chen’s theory of holomorphic
curves in orbifolds, including the adjunction formula and the formula for the virtual
dimension of the moduli space of orbifold curves. These are our main tools in what
follows.

Section 4 is the bulk of the proof. In Section 4.2, we prove that if a symplectic orbifold
X arises from X = CP2 by collapsing N symplectically embedded rational homology
balls Bp, 4. i =1,..., N, then there are strong constraints on the orbifold curves C
of low degree in X. In particular, if the degree is less than A := ]_LALI pi then we
show that if Z C C is the set of orbifold points then 1 <|Z| < 2. In Section 4.5, we
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show that (a) there are always curves with |Z| = 1 and positive virtual dimension, and
(b) if X has multiple singularities, then there are also curves with |Z| = 2 which meet
particular pairs of orbifold points.

The | Z| =1 curves allow us to prove Theorem 1.2(A). We will show that the adjunction
formula for such curves becomes the Markov equation, where the numbers b and ¢
have the following geometric interpretation: in a local lift of the curve to C? in a
neighbourhood of the orbifold point C2/ T, the link of the orbifold point of the curve
is a (b2, c?)—torus knot.

The | Z| = 2 curves allow us to prove Theorem 1.2(B). We will show that these curves
are suborbifolds, and again the adjunction formula becomes the Markov equation.

Theorem 1.2(C) and the fact that N < 3 (Corollary 4.19) follow readily from (A)—(B)
and elementary properties of Markov triples.

2 Pinwheels and rational homology balls

2.1 Lagrangian pinwheels and Khodorovskiy neighbourhoods

Definition 2.1 (pinwheel) Let D denote the unit disc in C and let ~,, denote the
equivalence relation on D which identifies z and z’ if z,z’ € dD and (z/z")" = 1.
The quotient space D/~,, is a CW—complex, which we call the pinwheel Py,. The
image of dD in Py, is called the core circle. See Figure 1 for an illustration of a
neighbourhood of an arc in the core circle in Ps.

Remark 2.2 The pinwheel Py, is a Moore space M(Z/(m), 1), that is, its reduced
integral homology groups are
Z/m) if k=1,

Hy (P, 7) =
k(Fm.2) {0 otherwise.

Definition 2.3 (Lagrangian pinwheel; see [14, Definition 3.1]) Let p be a positive

integer and 0 < ¢ < p an integer coprime to p. A Lagrangian (p, g)—pinwheel in a

symplectic manifold (X, w) is a smooth Lagrangian immersion f: D 9 X such that
* fIp\ap is an embedding;

e f(x)= f(y)ifand only if x, y € 0D with x ~, y (in other words, f factors
through a continuous embedding P, — X);

o if f(x) = f(p) then fu(TxD) # f«(T,D).
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Figure 1: A neighbourhood of an arc in the core circle in the pinwheel Ps

The number ¢ can be characterised as follows. Let 6 be the angle coordinate on
D\ {0} and let A — D\ {0} be the S!—bundle whose fibre over x is the space of
Lagrangian 2—planes in Ty (,) X which contain fx(dg). Let S = f(3D) be the core of
the pinwheel. Since f(x) = f(y) if x ~p y for x, y € 9D, the bundle A|yp restricted
to the boundary of the disc is the pullback of a bundle A’ — S under the p—fold
covering map dD — S. Pick a trivialisation of A’ and extend it to a trivialisation
of A. We have a section o: 0D — A defined by o(x) = fi«(Tx D); this section has a
winding number ¢ relative to the chosen trivialisation. If we change the trivialisation
of A’ and extend this to a new trivialisation of A then we change ¢ by a multiple of p.
Hence, the residue modulo p of the winding number is well-defined. See Lemma 2.13
for a related characterisation of ¢.

Definition 2.4 Let 7 be a positive integer and let u, = {¢ € C : {" = 1} denote the
group of complex n" roots of unity. Given integer weights m, ..., my, we define the

quotient singularity
1

;(ml, co,my)
to be the singularity at 0 of the quotient of ck by the action of w, with weights
my,...,mg:
(Z1yonzi) > (EMzy, . MRz,

Example 2.5 Let p and ¢ be coprime integers with 1 < ¢ < p. Let I', 4 be the
action of p > with weights (1, pg—1). The surface C2/ I'y,4 has a singularity of type
(1/p*)(1, pg — 1) at the origin. Consider the 3—fold C*/p,, of type (1/p)(1,—1,q).
We can embed the surface C2/ T}, into this 3—fold as the subvariety {xy = z”}.
This allows us to find a Q—Gorenstein smoothing

Spg={xy=z" +1} CC3/u, xC;
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of C?/Tp4. Pick ¢t # 0 and let Sy 4 be the fibre of this Q-Gorenstein smoothing
over ¢. This is the Milnor fibre of C? / Tp,q- Recall [26, Example 5.9.1] that the
singularity has vanishing Milnor number, so S) 4 is a rational homology ball.

The variety S, , contains a Lagrangian (p, g)—pinwheel L, 4. To see this, we use a
particular presentation of S 4 as a quotient of a Lefschetz fibration, described in [16].
Consider the A4,_;—Milnor fibre

Ap—1 ={(x,p,2): 2P +2xy =1}
and take its quotient by the (free) u,—action where { € u), acts by

§-(x,y.2) = (§x. ¢y, ¢02).

The Lefschetz fibration 7: A,y — C, m(x, y,z) = z, is a conic fibration with p
nodal fibres. Let y1, ..., ¥, be straight line segments connecting the critical values to
the origin. The union of the vanishing thimbles over these paths is the universal cover
of P, and descends to give a Lagrangian (p, g)—pinwheel L, , in the quotient.

The variety S, 4, admits a Liouville form for which it is the symplectic completion of a
compact Stein domain B, 4 and for which L, , is the Lagrangian skeleton in the sense
of [2]. We will not distinguish between different possible choices of subdomain B 4
since any two share a common Liouville retract and we are most interested in the
pinwheel itself.

Example 2.6 By a local-to-global theorem of Hacking and Prokhorov (Proposition 3.1
of [10]), there is a Q—Gorenstein smoothing of any Fano surface with log canonical
singularities, provided the singularities can locally be smoothed. They show that if
(p1, p2, p3) is a Markov triple then the smoothing of (CIP)(pf, p%, pg) is a Fano surface
with K2 =9 and hence biholomorphic to CP2. Here is one way to see this, using the
fact that K2 is constant in Q—Gorenstein families.

Suppose that (py, p2, p3) is a Markov triple and let p’3 = 3p1p2 — p3. The triple
(pl,pz,pg) is again a Markov triple and we call the transition (p1, pa, p3) —
(p1. p2. p3) a mutation. The Q—Gorenstein deformation

{zoz1 — (1 —1)z33 — 120 = 0} C CP(p?. p3, p3. p})

connects (CIP’(pf, p%, pg) att=0to (CIP’(p%, p%, (pg)z) at t = 1, so these both have
the same value of K2. Any Markov triple (pi, p2, p3) can be related to (1, 1, 1) by
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a sequence of mutations, and CP(1,1,1) = CP? has K? = 9. Therefore the Q—
Gorenstein smoothing of (C]P’(pf, p%, pg) is CIP? for any Markov triple (p1, p2. p3).

The weighted projective space CP( pf, p%, p%) is a toric orbifold with (up to) three
orbifold singularities
1
—Z(I,p,’qi—l), i=1,2,3.
p;
For each Markov number p, we therefore obtain a Lagrangian pinwheel L, , C CP?
which is the vanishing cycle of the (1/p?)(1, pg — 1) singularity.

For the orbifold CP ( pf, p%, p%), the numbers ¢, ¢> and g3 are determined by the
equations

qi = £3pj/pr  mod p;,

where i, j, k is a permutation of 1, 2, 3. One could read this from the moment polytope
for CP( pf, p%, pg), but it also follows by reducing (modulo p;) the virtual dimension
formula for the components of the toric (orbifold) divisor. In the literature on Markov
numbers, the numbers ¢; are therefore related to the characteristic numbers x; of the
Markov triple by g; = £3x; mod p; (see [4, 11.3, Equation (5)] or [1, page 28]). In
particular, ql.2 =—9 mod p;.

Remark 2.7 The singularity C2/ I’y 4 is toric and its moment polytope is the cone
in R? with edges R>¢(1,0) and R>o(pg — 1, p?). This can be modified by a nodal
trade at the singularity to give an almost toric fibration on the smoothing B, 4: the
polytope is the same but there is now a singular torus fibre at (¢, p) and a branch cut
in the affine base connecting (0, 0) to (g, p) (see Figure 2). The Lagrangian pinwheel
L, 4 is a “visible surface” in the sense of Symington [22, Section 7.1] with respect to
this almost toric fibration: it is a vanishing thimble for the singular fibre, living over
the vanishing path which is the branch cut. The core circle lives over the origin.

Remark 2.8 The number ¢ is only determined up to sign modulo p (which accounts
for the + signs everywhere): the rational homology balls B, , and B, ,—, are
symplectomorphic. To see this, note that the almost toric fibration for B, ; and for
By, p—q are related by an element of GL(2, Z) with negative determinant, which lifts
to a symplectomorphism.

Remark 2.9 More globally, the moment polytope for the torus action on the weighted
projective space CIP( pf, p%, pg) is a triangle with vertices in Z? whose sides have
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x(@.p)

Figure 2: An almost toric picture of B, 4 as a smoothing of a C2/ T}, ,. The
star marks the singular fibre at (¢, p). The Lagrangian pinwheel L, ; lives
over the (dashed) branch cut along (g, p).

affine lengths pf , p% and pg. This can be modified via nodal trades at each singularity
to give an almost toric picture of CIP?; see [24, Corollary 2.5]. The Lagrangian
pinwheels L. 4. are “visible surfaces” with respect to this almost toric fibration living
over the branch cuts. If (py. p2. p3) and (p]. p2. p3) are related by a mutation then
we can see both the pinwheels Lp, 4, and L, ;- simultaneously in the same almost
toric fibration living over two halves of the same affine line (this is because mutation
corresponds to the geometric operation of “transferring the cut” described in [24,
Section 2]). In particular, we see that Ly, 4, and L, ;- intersect precisely once
transversely at an interior point of each pinwheel disc (see Figure 3). It follows from
Theorem 1.2(B) that this intersection point cannot be removed by a Hamiltonian isotopy.

Definition 2.10 Following Khodorovskiy [14], we say that a Lagrangian pinwheel
f: D — X is good if it admits a neighbourhood U such that (U, f(D)) is symplecto-
morphic to (Bp, 4. Lp,q). We call such a neighbourhood a Khodorovskiy neighbourhood.
Khodorovskiy proves [14, Lemmas 3.3-3.4] that in a neighbourhood of any Lagrangian
(p.q)-pinwheel L there is a good Lagrangian (p, q)—pinwheel C°—close to L which
agrees with L away from a neighbourhood of its core circle.

We are interested in nondisplaceability questions about pinwheels, and start our argu-
ment by assuming we have a collection of pairwise disjoint Lagrangian pinwheels. If
this is the case, then Khodorovskiy’s result shows that we have a collection of pairwise
disjoint good Lagrangian pinwheels and hence a collection of disjoint Khodorovskiy
neighbourhoods. So, without loss of generality, we can assume that all our pinwheels
are good.
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Figure 3: An almost toric picture of CIP? as a smoothing of a weighted
projective space CP(p3$, p3, p3); there are three singular fibres, marked by
stars, with three (dashed) branch cuts. The Lagrangian pinwheels L, 4
live over the branch cuts. The Lagrangian pinwheel L .4 is also depicted,
living over the dotted line which is the continuation of one of the branch cuts.
Itintersects Lp, 4, once transversely.

2.2 Reeb dynamics on the boundary

The boundary X, ; = 0B, 4 is a hypersurface of contact-type diffeomorphic to the
lens space L(p?, pq —1). By Gray’s stability theorem, this contact structure is
contactomorphic to the structure defined on S3/ Iy C c?/ I'y,4 by the contact form
A =x1dy; + xady, (where z; = xj +iyj).

The Reeb flow is given by
[z1.22] > [e'z1. €' 23).

Let g := ged(p?, pg —2) (where g = p? if pg —2 = 0). The Reeb orbits on S are
the fibres of the Hopf map S3 — S2. The Reeb orbits on % p.q give X, 4 the structure
of a Seifert-fibred space over an orbifold S2.

Lemma 2.11 The generic point of the orbifold has stabiliser isomorphic to Z./(g).

Proof Let (xg, yo) be a point with xo # 0 and yo # 0. The Reeb orbit through
this point is parametrised by (e?’xq, e’ yo); suppose that this orbit passes through

Geometry & Topology, Volume 22 (2018)



Markov numbers and Lagrangian cell complexes in the complex projective plane 1153

(ez”ik/l’zxo,ez”ik(pq_l)/l’zyo). Then k = k(pg — 1) mod p2, so k(pg —2) =
0 mod p?. This means that if g = ged(p?, pg — 2) then p?/g divides k. The
stabiliser is therefore the group of elements ¢ P*/8 where § € pp2. This group is
isomorphic to pg. a

If p=2and g =1 then g = p? and every point is generic; otherwise there are two
orbifold points with stabiliser Z/(p?). The singular points correspond to the Reeb
orbits zy = 0 and z, = 0; we call these exceptional Reeb orbits. The generic orbit
in S3 is preserved by the subgroup

ker(Z/(p?) — Z/(p*/2))-

Remark 2.12 If gcd(p,q) =1 then

1 if p=1,3 mod4,
g=gcd(p2,pq—2)= 2 if p =0 mod4,
4 if p =2 mod4.

To see this, note that any prime divisor £ of gcd(p?, pg—2) also divides ged(p, pg—2),
so £ divides 2 and we see g is a power of 2. If p = 2m then gcd(p?, pq —2) =
ged(4m?,2(mg — 1)) = 2ged(2m?,mg — 1). If m is even then mg — 1 is odd so
ged(2m?, mq —1) = 1 (remember we are only interested in factors of 2). If m is odd
then mq — 1 is even and ged(2m?,mq —1) = 2.

2.3 Topology of rational homology balls

The rational ball B 4 is homotopy equivalent to the pinwheel L, , which is a Moore
space M(Z/(p),1). We have H\(Zp4;Z) = Z/(p?) and H (Bp,q;7) = 7./ (p);
the map H(Xp,4;Z) — Hi(Bp,4:Z) induced by inclusion is reduction modulo p.
We may take the exceptional Reeb orbit z; = 0 as a generator e for H; (X, 4:7Z). The
generic orbit is homologous to pZe/g.

Note that H*>(Bp4:Z) = Z./(p).
Lemma 2.13 The first Chern class ¢1(Bp.4) € H*(Bp.q:Z) = Z./(p) is primitive.
Proof Since B, 4 retracts onto L, 4, we may restrict 7B, 4 to L, ;. We can trivialise

T By 4 over aneighbourhood U of the core circle and over the interior V' of the 2—cell;
the clutching function for the bundle is then given by a map S — Sp(4, R), where

Geometry € Topology, Volume 22 (2018)



1154 Jonathan David Evans and Ivan Smith

S is a deformation retract of U N V. The first Chern class is simply the winding
number of this clutching function. This is only defined modulo p: we can change
the trivialisation over U by a map from the core circle to Sp(4, R). This changes the
winding number by a multiple of p.

We can compute the winding number explicitly via Khodorovskiy’s local model [14,
Theorem 3.2]. Let (X1, X2, X3, x4) be local coordinates on a neighbourhood S! x R3
of the core circle in Bj 4, with symplectic form dx| Adx; +dxz Adxy. Let (r,0) be
polar coordinates on the 2—cell in the pinwheel. The standard model for the Lagrangian
immersion of the punctured 2—cell into S x R? is

q(1—r)?

f(r,0)= (p@, ,(1=r)cos(gf),—(1—r) sin(q@)).

Then we have
q(r—1)

fx0p = (O, ,—cos(gh), sin(q@)),
J+99 = (p,0,—¢q(1 —r)sin(g0), —¢(1 —r) cos(q0)).

Let m = | fidg| = p|fudr| = VP2 +¢2(1—r)2, let J be the standard complex
structure Jdx, = 0x,, J0x; = dx,, and let M, g be the matrix whose columns are

1 1
%f*ar, %Jf*ar, — fxdo. T fxdo.

that is,
ig(1—r) D
M — m m
0 _ P ,-iq0 _Mie—irﬁ
m m

This is a unitary matrix whose inverse sends (1,0, 0, 0) to the normalised vector in
the fid,—direction and (0,0, 1,0) to the normalised vector in the f;dg—direction.
Therefore M~ 91 is the clutching function for the bundle 7'B, ; described in the first
paragraph. This has determinant ¢?2% | which has winding number ¢ as 6 runs around
the circle. Since Sp(4, R) >~ U(2) and dety: 71 (U(2)) — 1 (U(1)) is an isomorphism,
this tells us that the first Chern class of TBj, 4 is ¢ € Z/(p), which is primitive
modulo p. a

2.4 Extrinsic topology of Lagrangian pinwheels

Suppose that (X, w) is a symplectic 4-manifold with H{(X;Z) =0, H,(X;Z) = Z,
and B; C X, i =1,..., N, is acollection of pairwise disjointly embedded symplectic
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rational homology balls B; = Bp, 4,. Let X; denote 0B;, let B = |_|l]\;1 Bi, ¥ =
UINZI Y;and V =X\ B. Write j: V — X for the inclusion map. Let A = ]_LNZI Di
and let L; denote the Lagrangian pinwheel in B;.

Lemma 2.14 The numbers p; are pairwise coprime.

Proof Suppose that d is a prime divisor of p;. The pinwheel L; defines a non-
trivial class in H,(B;;Z/(d)) which satisfies [L;]*> # 0 modd. If d # 1 were a
common prime divisor of p; and p; then L; and L; would define nontrivial classes
in Hy(X;Z/(d)). Since Hy(X;Z/(d)) = 7Z/(d) and the intersection pairing is
nontrivial, this implies that [L;]-[L;] # 0, contradicting the fact that L; and L; are
disjoint. a
Lemma 2.15 If ¢;(X) is divisible by d in H*(X;Z) and Bp 4 is symplectically
embedded in X, then ged(p,d) = 1.

Proof Let 1: By, — X be the inclusion map. Since this is a symplectic map,
*e1(X) = c1(Bpyg) € H*(Bpg4;Z) = Z/(p). This implies ¢1(Bp,4) is a multiple
of d in Z/(p), so has order at most p/ ged(p, d). Because ¢;(Bp,4) is primitive, we
deduce that ged(p,d) = 1. a

Lemma2.16 (a) H{(V;Z)=0.
(b) j«: Hy(V;Z) — Hy(X;Z) =7 is the inclusion of the ideal (A).
() H*(V;Z)= H,(V,%;Z) =7 & T, where
T =12/(8/m)
for some divisor m of A.

(d) Wedefine € € Hy(V, X; Q) to be the unique element such that m& is a generator
for the lattice H,(V,%;Z)/ T C Hy(V, 2; Q). The map

JHAX:Q) = HA(V: Q).
(or, Poincaré-dually, ji: Hy(X; Q) — H,(V,X;Q)) sends a generator H €
H*(X:Z) to A € Hy,(V,Z;Q).
Proof The Mayer—Vietoris sequence gives
0> H,(B;Z)®Hy(V;7Z)— Hy(X:Z)— H{(2:;Z)— H{(B; Z)® H{(V;Z) —0.

We have Hy(B;Z) =0 and H{(X;Z) = Z/(AZ)%Z/(A) = H{(B;Z).
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(a) Suppose that Hy(V;Z) # 0. The existence of a surjective map of abelian groups
Z.](A*) — Z/(A) @ Hi(V:Z) tells us that Z/(A) @ H,(V;Z) is cyclic. Therefore,
by the classification of abelian groups, H(V'; Z) is cyclic of order coprime to A. But
there is no surjective map Z/(A?) — Z/(m) unless m divides A?.

(b) Part (a) implies that the Mayer—Vietoris sequence breaks up as
0> H,(V;Z2)— Hy,(X;Z)=7 — 7Z]/(A) — 0,
which implies (b).

(c) Poincaré—Lefschetz duality tells us that H>(V;Z) =~ H,(V,X;Z). The space
X/V is the wedge \/lN=1 (Bi/ Z;), and Lefschetz duality further implies that

H'(Bi/ i) = Hy—i(Bi)
fori >0, so
H*(Bi/Si:Z) =0, H(Bi/%iiZ)=17/(pi).
The long exact sequence in relative cohomology:
H*(X/V;Z)— H*(X;Z) - H*(V;Z) — H*(X/V;Z) — H*(X;Z)

becomes i}
0—>27Z21sH*V;Z)—>Z/(A)—0.

Therefore, Hy(V,%;7Z) = 7Z & T where T is torsion, and 7" embeds as a subgroup
of Z/(A),so T = 7Z/(m) for some m dividing A and ;j*H = (A/m,{) for some
LeT.

(d) From part (c), over Q, we have j*H = (A/m)mE = AE. O

3 Orbifolds

3.1 Almost complex structures

Let (X, w) be a symplectic manifold and B; C X fori =1,..., N be a collection of

pairwise disjoint symplectic embeddings of rational homology balls B; = B, 4, . Let
3; denote the boundary dB; and let ¥ = UIN=1 Si.Let V =X\ |_|l]\;1 B;.

A neighbourhood U; of ¥; C X is symplectomorphic to a neighbourhood of f],' =
S3/Tp;.qi CC?/Tp,.q; - Foreach i, we fix a symplectic embedding

¢,‘I U,' —> (Cz/ FPMI:’
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sending ¥; to ;. Let B; denote the compact component of (C2/ T’ i,q[)\ii. Define
the symplectic orbifold (X, ®) by

N
X=v U¢i(2i)%§i I_l B;.

i=1
This orbifold has a singularity X; € B; of type (l/pl.z)(l, pigi—1) fori=1,..., N.

In what follows, let (w;, I;) denote the standard Kihler structure on C2/ T}, 4. . Let
J3 denote the space of compatible almost complex structures on X which agree
with I; on B; and let Jx denote the space of compatible almost complex structures
on X which agree with ¢ I; on U;.

The following lemmas are proved by Vianna:

Lemma 3.1 [24, Example 3.3] Any J € Jx is an adjusted almost complex structure
in the sense of [3, Section 2.2]. In particular, the almost complex structure J |y extends
in a canonical way to an almost complex structure .E/ on the symplectic completion
(V. op).

Lemma 3.2 [24, Claim 3.1] The noncompact end of (V, Jy) is isomorphic as a
Kihler manifold to a neighbourhood of the negative end of |_|IN=1 (C2/ Ty, .4)\{(0,0)}.

This implies:

Lemma 3.3 Given an almost complex structure J € Jx there is a unique almost

complex structure JeJg ¢ such that (f \{xi Y

O, f) is isomorphic to (V, oy, Jy).

The following lemma is also implicit in [24]. See [7, Definition 2.1.3] for the definition
of an orbifold holomorphic curve.

Lemma3.4 Let (X,w,J) and (A?, o, f) be as above. Let S be a punctured Riemann
surface and u: S — V be a proper finite-energy punctured Jy —holomorphic curve.
There is a compact orbifold Riemann surface S and an orbifold J —holomorphic map
ii: S — X which extends u (where we identify V' with X \ {)?,-}ZNZ 1)- Conversely,
suppose that u: S — X is an orbifold J —holomorphic map from an orbifold Riemann
surface S to X and let S = i~ (V). Then u := il|s: S — V is a finite-energy

punctured holomorphic curve.
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Proof Consider a neighbourhood N of a component of the negative end of V, isomor-
phic to a neighbourhood of the negative end of (C2/ Tp, 4,)\{0}. Let C =u~!(N)CS.
The map u is asymptotic to a collection of Reeb cylinders, so, for sufficiently small N,
C =J; Cj is acollection of annuli Cj = D?\{0} in S. If we pass to the uniformising
cover C2 — C?/Tp, 4, then the map u|c; lifts to a map i;: C; — C2\ {0} defined
on a finite covering space C; which is also an annulus. Let y; denote the action of
the deck group of this cover and let 5,- = éj U {0} be a disc compactifying C j 5 the
deck group y; continues to act on 5]- fixing the origin. The map i#; is also asymptotic
to a Reeb cylinder and hence extends continuously to a map #;: D; — C2. By the
removal of singularities theorem, #; is holomorphic. Therefore we compactify S by
attaching the (orbifold) discs D; = l~)j /v; along the annuli C;. We use the lifts i to
define an orbifold extension of u over the orbifold discs D; .

For the converse, since S is compact, the curve # has finite symplectic area; hence u
has finite area and is a finite-energy curve. O

3.2 Homology classes of orbifold curves

A punctured finite-energy curve u: S — V defines a relative homology class [u] €
H,(V,X;Z), and we can identify this relative homology group with H, (f ;7)) as X
is homeomorphic to the quotient V' /X. For a 4—dimensional orbifold X , Chen [5]
defines an intersection pairing on the rational homology H>» (1\? ; Q) which coincides
with the usual intersection pairing on the subset V' C X.In particular, this means that if
C € Hy(X;Q) then C? = (;;C)?, where j1: H>(X; Q) — H,(V, X; Q) is induced
by the inclusion map j: V — X.

Remark 3.5 An orbifold curve C defines a class in Hy(V,X;7Z)/T, which can
therefore be written as [C] = D& for some D € mZ, where m € Z is the integer from
Lemma 2.16.

Lemma 3.6 Let £ € Hy(V, X; Q) be the element introduced in Lemma 2.16. With
respect to the intersection pairing, £ = 1/A?.

Proof By Poincaré duality over Z, the intersection pairing on H, (X ; Z) is unimodular,
so if H is a generator of H,(X;Z), we have H?*=1. By Lemma 2.16, ) H = A€,
so we deduce that £2 = 1/AZ. |
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Lemma 3.7 Suppose that ¢;(X) = kH . The first Chern class c; (A? ) can be identified
via pullback and Poincaré duality with the class kAE € Hy(V, X; Q). Therefore, if we
have an orbifold curve with homology class C = D& then cq (1\? )-C=kD/A.

Proof By composing the pullback map along V «— X with the Poincaré-Lefschetz
duality isomorphism, we get an isomorphism

H2(X;Q) — HX(V;Q) — Hy(V,%; Q).

Since the first Chern class is natural under pullback, ¢, (A? ) pulls back to ¢ (V) €
H?*(V;Q), which is also the pullback of ¢; (X) to V. Since ¢;(X) =kH and H pulls
back to AE € H2(V, X; Q), we see that cl(A?) is identified with kA€ € H,(V, Z; Q).

O

3.3 Orbifold adjunction

Chen has proved the following adjunction formula for orbifold holomorphic curves.
Here we state it only in the case where the orbifold X has isolated singularities X, sing »
so that a generic point on the orbifold curve has isotropy of order one.

We introduce some notation. Let S be an orbifold Riemann surface, f: S—>Xa
somewhere-injective orbifold holomorphic map, let H; be the isotropy group of S
at z € S and let G, denote the isotropy group of X at f(z). Let Z C S be the
collection of orbifold points, that is, the set of points with | H;| > 1. Let D be a disc
neighbourhood of z, let B C C? be a ball and let B — X be a local uniformising
cover of a neighbourhood of the orbifold point f(z). The orbifold holomorphic curve
is defined by an injective homomorphism p,: H, — G, a branched cover D—D
with deck group H and the collection of all lifts { ﬁ;: D— B}geq of f to the local
uniformising cover of X at f(2), equivariant with respect to the actions of H, and G,
and the homomorphism p,:

) Ja(@x) = p2(0) - fu(x), x€D.

Here A is just a set indexing all the lifts; since f is somewhere-injective, there are
|G,/ H;| of these lifts and between any two lifts (not necessarily distinct) there is a
well-defined local intersection number fy - fg. Define

1 ~ o~ 1 ~ o~
(3) kzlz @(;f(x'fa‘i‘zo;}fa'fﬂ).
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For distinct z # z’ € S, if we denote the unordered pair as [z, z'], the number kiz,2 is
defined using lifts f, at z and f é at z’ to be equal to

1 ~ ~
@ ke = (g1 2o Ja T
a’ﬂ

Theorem 3.8 [5, Theorem 3.1] Let f: S— X bea somewhere-injective orbifold
holomorphic curve representing a homology class C € H, (f ;Q). Let g3 denote the
genus of the underlying smooth Riemann surface. Then

C-C—c(X)-C
5 1+ ;1( )’ _g|S| 2 Z( - )+Zk + Z k[zz’]

zeS Ssz;éz eS
f@=f(2)

Remark 3.9 The local intersection number of two curves at a point ) is nonnegative.
It is 1 if and only if the two curves are embedded at y and intersect one another
transversely. It is O if and only if the two curves are identical and embedded at z;
in the sum for k[, ., the two branches of the curve passing through f(z) = f(2')
with z # z/ are considered to be different even if their geometric images coincide, so
k[, Z/] is always positive if there are distinct z and z’ in S mapping to the same pomt
in X. By contrast, it is possible for k, to be zero if G, = H, and the single lift f 1s
embedded at z, in other words if the curve is a suborbifold at z.

Remark 3.10 In our case, the group G, is a cyclic group. If we pick ¢ € G, and
write o — (o for its action on the indices of the branches f,, then we see that

Jar Jp=Jea" Tep.

so that many terms in the sum defining &, are repeated. Therefore,

where N; = ﬁx . ];;-ia. We define
|G- /H:|-1
K;:=2No+ Y N

i=1

so that k; = K,/2|H;|.
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Remark 3.11 Recall that we assume a neighbourhood of each singular point f(z) €
X, sing 18 biholomorphic to a neighbourhood of zero in the standard model C 2 /G. Inthis
case, any component of the lift ]70,(2) can be written as (Z?io a;z 9, > b,'zR")
for some power series Y @;z2 and Y b;zRi with ag, by # 0, convergent on a
neighbourhood of 0. Suppose that O < R ; equivalently, we assume that C x {0} C C?
is the tangent plane of the branched minimal immersion j;, at the origin. Since ag # 0,

we may take a branch F(z) of
o0
o Z aizQi_Q
i=0

around z = 0 and use the local coordinate w = zF(z) on the domain; in these
coordinates, the orbifold curve is f(w) = (w2, c;wR + c;wk2 4 ...) (where we
now set O = Q). This is a simple version of the local model for branched minimal
immersions established by Micallef and White [18].

Remark 3.12 The equivariance condition (2) gives some constraints on the exponents
0, Ry, R,..... Givena |H;|™ root of unity ¢, suppose that the action of p,(¢) on
(z1,22) is (¢™1z,{™22,) for some 0 <m,my < |H,|. Then (2) becomes

(;QZQ, ZbiCR"zR") — (;mlzg, Zbi;mzzki)’

which implies Q = m; mod |H;| and R; = m, mod | H;|.

We can express the adjunction contributions k. in terms of the exponents Q, R,
R,, ... as follows.

Lemma 3.13 (1) Let u(z) = (z2,h(z)) be a germ of a somewhere-injective
holomorphic curve in C? with h(z) = > a;zRi . Let K denote the local
adjunction contribution from the singularity at (0, 0). Then

K—-1=QRi—Q0—-R,

with equality if and only if gcd(Q, R{) = 1. Suppose, moreover, that R; =
R{ modd for some d and for all i. Then K — 1 # QR{ — Q — R; implies
K—1>d.

(2) Let ui(z) = (z2,h;i(z)) fori = 0,1 be germs of somewhere-injective holo-
morphic curves in C? with h;(z) = Zfil ai,j zRi. Then the local intersection
contribution v to uq - uq from the intersection point (0, 0) satisfies v > QR;.
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Suppose, moreover, that Rj = Ry modd for some d and for all j. Then strict
inequality v # QR implies v > d .

Proof (1) Define g; = gcd(Q, Ry, R3,..., Rj_1). Since the orbifold map is
somewhere-injective it is not multiply covered, and hence there exists M > 0 such
that g, = 1 for all m > M. Milnor [19, Remark 10.10] (see also [18, Remark after
Theorem 7.3]) gives a formula for the local adjunction contribution in terms of g;:

K=(Q-g)Ri =D+ (g2—g3)(Ro =D +---+(gpm — D(Rap — 1).

We see that K — 1 > QR — Q — R; with equality if and only if M = 1, that is, if
and only if gcd(Q, R;) = 1.

Suppose that K —1 > QRy — Q — R;. Then, since gcd(Q, R) # 1 we must have
Q > 2. Moreover, since Ry > Q we must have R; > 2. Since Ry = R{ modd
and Ry > Ry, we also have Ry > d 4 2 for k > 2. Let k > 2 be minimal such that
gk > Zk+1 (Which exists because g, # 1 and gas+1 = 1).

We have
K—1>(gr—grs1)(Rgk—1)—1> R —2>d since k >2.
(2) The local intersection contribution v is given by Equation 2 in [18, Theorem 7.1]:
v= Y order of vanishing of /19(¢z) — /11 ().

fero

For each ¢ € p g, the first potentially nonzero term in ro({z) —hy(z2) is
(1,185 —az, )z "1,

which means /1¢({z) — /1 (z) has order at least R. Therefore v > QR;. Inequality
means that, for some ¢, the highest-order termin /1o ({z)—hy(2) is (a1, ¢ R —Clz’j)ZRj,
which has order R; > d. This gives v > d, as required. |

Corollary 3.14 Suppose we have an orbifold X with a singularity at X of type
(1/p*)(pq — 1, 1) and an orbifold holomorphic curve f: S — X with f(z) =X for
some point z € S with |H;| = d;. We have
P2
K. ~1>20R,—0-R,
dz

with equality only if gcd(Q, R1) = 1; strict inequality implies K, — 1 > d.
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Proof We have a total of p?/d, lifts, f; of f to the local uniformising cover, which
are locally given by fo(z) = (2, Y dq,iz®7). Recall that

K, =2Ny+ N; +"'+N(p2/dz)—1’

where 2N is the local adjunction contribution for each f:; (independent of « since
the lifts are conjugated by the residual G,/H;—action) and N; (i # 0) is the local
intersection contribution fy + f¢i.o. From Lemma 3.13, we get

2No = OR1 — QO — Ry + 1, N; > OR, for i #0,
SO )
K.—1=2L0r —0-R,.
d;

Equality implies that 2Ng = QR — Q — Ry + 1, which implies gcd(Q, Ry) = 1. Strict
inequality implies that either 2Ny —1 > QR{ — Q — Ry or N; > QR;. In the first
case, Lemma 3.13(1) implies that 2Ny — 1 > d;; in the second case, Lemma 3.13(2)
implies that N; > d. In either case, we see that K, — 1 > d. O

3.4 Virtual dimension

Chen [6, Section 1] gives the following formula for the virtual complex dimension of
the moduli space of orbifold holomorphic maps f: S — X in the class [C’ |, where S
is an orbifold Riemann surface with underlying smooth surface of genus zero and with
orbifold points Z C S':

mi,z + mj z

(6) d=ci(X)[Cl+2-(3—1Z)- > v

zeZ

’

where 0 <m ;, my , <|H;| are integers related to the homomorphism p,: H; — G,
(where G, is the isotropy group at f(z)). Specifically, in local coordinates on the
uniformising cover C? — C2/G; at f(z),

pz(§)(z1,22) = (§M17 2y, ™27 2y).

If, with respect to these coordinates, a lift of f to the uniformising cover is given
by fu(z) = (zQ, Za,-zRf) then, by Remark 3.12, we have Q = m; , mod |H;| and
R; =mjy , mod |H,|.

Remark 3.15 Recall from Section 2.2 that, unless p = 2, there are two exceptional
Reeb orbits in X, 4 ; these are the intersections of X, ; with the coordinate lines C x{0}
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and {0} x C. In the case when I" = I'p 4, if the punctured curve C is asymptotic to
one of the exceptional Reeb orbits in X, ; then each lift f;t of the orbifold curve C
is tangent to the corresponding complex plane C x {0} or {0} x C in C?2. Since the
action of T4 on C? is

p(0)(z1.22) = ({21, 07971 y),

we know from Remark 3.12 that either Q =m , =1 mod |H;| and R} =m;, ; =
pq—1mod |H,| orelse Q =mj, , = pqg—1mod|H;| and Ry =m; ;=1 mod|H;|.
We also note that

(pg—1)7"'=-pg—1 mod p*

and |H;| divides p?>. Thus R; = Q(£pg — 1) mod|H,|; we see that this sign
ambiguity is inherited from the sign ambiguity mentioned in Remark 2.8.

Suppose that z is the only point in C which maps to the orbifold point X and that
the homology class [6 ] maps to a nonzero class in H; (X, 4; Z) under the connecting
homomorphism. Then the corresponding punctured curve C is asymptotic to a multiple
of one of the exceptional Reeb orbits, as the generic Reeb orbits are homologically
trivial in ¥, 4. This will be the case whenever we need to make use of this remark.

4 Curves in the orbifold

4.1 Standing notation

We first establish some standing notation for this section.

Let X = CP? let N be a positive integer and let B; C X for i = 1,..., N be
a collection of pairwise disjoint symplectic embeddings of rational homology balls
B; = By, 4;, Where

P1<p2<-:-+<PDN.

Define A := ]_[l_l pi. Let I; denote the boundary dB;, let ¥ = UIALI ¥, B=
Ul_l Bi,andlet V = X\ B. Let Xbmg = {x,} | denote the set of orbifold points
of X andlet J € J g - Recall that we have aclass £ € HZ(V ¥:Q) such that £2 =1/A?
and such that any surface in H,(V, X;7Z) is a multiple of £.

Let C bea somewhere-injective J —holomorphic orbifold curve in X. Let f: S—>X
beaJ —holomorphic parametrisation of C, where S is some orbifold Riemann surface
whose underlying topological surface has genus zero. Let Z C S denote the set of
orbifold points on S.
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4.2 Low-degree curves

Recall (Lemma 2.16(d)) that under the natural map
i H(X:Q) — Hy(V.2:Q) = Hy(X: Q).
the class of a complex line is sent to AE. Let [é] =DEec Hy (A?; Q) be the homology

class of 6 . We will now assume that D < A and see what restrictions this imposes
on C.

The adjunction formula, together with Remark 3.10 and the fact that the underlying
curve S has genus zero, says that

3AD— D? 1 1 K
% 1= — +ZE(1—d—Z)+szZZ+ S ko

zeZ zeS §az;éz’e§
f@=f(")

where d; is the size of the isotropy group H, for the curve Catz.

Lemma 4.1 Suppose that D < A. If f(z) = f(z') then z,z' € Z. If k; # 0 then
z € Z. In other words, the only k; and ki, . contributions can come from z, z' € Z
and the sums ) sk, and Z§9z;ézfe§ F(2)=f (") Kiz,z7) in (7) reduce to a sum over
z,z'e”Z.

Proof If f(z) = f(z') and f(z) is not an orbifold point then the contribution A, ,
is a positive integer by (4). Similarly, if k; # 0 and z & Z, then k; is a positive integer
by (3). All other terms on the right-hand side of (7) are nonnegative and some of them
are positive. The sum of this positive integer and these positive terms is supposed to
be 1 (the left-hand side), which is impossible. O

Lemma 4.2 Suppose that D < A. If K, =0 and f(z) = Xy, then d, = p]%. As a
consequence, the total contribution

1 1

S(1- d_z) + ks
to the right-hand side of (7) from each point z € Z is either %(1 — l/pi) (if K;=0)
or else it is greater than or equal to %

Proof If d, # p,% then there are p]% /d lifts f; of f near z, which intersect pairwise
at 0. Hence N; > 1 for j =1,.. .,pi/dz—l, giving K, Zpi/a’z—l > 0. Therefore,
if K, =0 then we have d, = p,%.
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Each point z € Z contributes a total of %(1 + (K, —1)/d;) to the right-hand side
of (7). This contribution is either %(1 -1/ pi) (if K; =0) or else greater than or equal
to % This implies the claim. |

Lemma 4.3 Suppose that D < A. We have Z = f~! (A’;Sing).

Proof By definition of an orbifold holomorphic map, an orbifold point of the curve
must map to an orbifold point of X ,s0 Z C f -1 ()?Sing). For the reverse inclusion,
note that if f(z) =X; and z € Z, then d; = 1. By Lemma 4.2, this means K, # 0
and by Lemma 4.1 this cannot happen as z ¢ Z . a

Lemma 4.4 Suppose that D < A. We have | < |Z]| <2.

Proof If we had |Z| =0 then, by Lemma 4.3, /! (A’; sing) Would be empty and so the
punctured curve C would have no punctures. This would mean 0C =0 € H{(X;Z)
and hence D = 0 mod A”. Since 0 < D < A, this is impossible.

If we had |Z| > 3 then, by Lemma 4.2, these three points together would contribute at

1 1 3 3 3 1 9
25(1——2)35‘—>‘(1‘Z):§>1

‘ez P 2min pi ~ 2

least

to the right-hand side of (7) (since pj > 2), which contradicts positivity of all the other
terms. m]

Lemma 4.5 Suppose that D < A. Forall z, z’ € Z with z # z' we have f(z) # ('),
so that k[, ;1 =0.

Proof By Lemma 4.1, if kp; ;1 # 0 then z,z" € Z. If |Z| =1 then there is no
ki 2] term. Suppose that |Z| = 2. We have that K; > 0 with equality if and only if
d, = pi where f(z) = X; (and the same for z’, where f(z') = Xj). Therefore, (7)
and Lemma 4.2 imply that

(3A—D)D 11
0 2 T - _2 + _2 + 2k[Z,Z/]'

Py Py
If both f(z) = f(z') = X then kj; ;1> 1/ pi and the inequality reduces to
0>@BA-D)D.

Since 0 < D < A, we have 0 < (3A — D) D, which is a contradiction. Therefore,
f(2) # f(Z) and there is no k[, . term. O
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The adjunction formula for C is now
2
D?=3AD+(—|Z)A* =Y (K. - D5
d;
zeZ
Lemma 4.6 Suppose that D < A and that either
o Z={z},o0r
e Z={z,Z'}and K, =0.
Then K, —1 < d;. In particular, if z — (zQ, Z:’il aizRi) is a local parametrisation

of one of the lifts ]Z of f to the local uniformising cover B C C? of a neighbourhood
of f(z), then gcd(Q, Ry) = 1.

Proof Since D —3AD <0, we have
AZ
D (Ka=Dm <@-|Z)A.
4
zeZ
In the case Z = {z}, this gives K, — 1 < d,. In the second case, this gives
A2
dy’
so (K;—1)/d, < 1. In either case, Corollary 3.14 implies that gcd(Q, R;) =1. O

2
(KZ—1)§—Z <

Lemma 4.7 Suppose that z € Z is a point with |G,| = p*. Then K, # 1.

Proof Assume that K, =1. Since K, =2No+ N;+---+ Np2/d,)—1 with N; >0
for all i 0, we see that Ng =0, Ny =1 and p?/d, =2. Geometrically, this means
that the lift of f to the uniformising cover has two branches ﬁ;, aeAd=1{12}
moreover these branches are embedded at z and intersect transversely there. Let 7,
be the tangent line to fy at z; every element of the deck group for the orbifold cover
either switches or fixes the branches. Let { be an element of the deck group which
switches the branches. Then {7 = T and {T, = T1, so the action of p 2 on the
space of tangent complex lines at the origin has an orbit of size 2. The action of p >
on complex lines is the same as its action on Reeb orbits of X, ;, so the orbits fall into
two categories: exceptional orbits of size 1 and generic orbits of size p?/g, where
g = ged(p?, pg —2) (see Section 2.2). Thus p2/g =2 and, since g € {1,2,4} by
Remark 2.12, we must have g = 2 and p? = 4. However, when p = 2 we know that
g =4, so we have a contradiction. O

We now analyse the cases |Z| =1 and |Z| = 2 separately.
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4.3 Thecase |[Z]|=1

Suppose that Z = {z}. The adjunction formula for C tells us that

AZ

(8) D2—3AD+A2=(KZ—1)d—.
z

Lemma 4.8 Suppose that D < A and Z = {z}. We have f(z) = Xy, where py is
maximal in {py, ..., pN}. Moreover, either

e K,=0,d,= p]2V and py is an odd-indexed Fibonacci number, or

~

e K, # 0 and the homology class [C] = D& satisfies
D < 3_2—\/§A.
In either case, D < %A.

Proof If f(z) = Xj then the curve C does not intersect ; for i # k. Hence its
homology class [6 ]= D& reduces to zero modulo pl.2 for i # k. Therefore D > A?/ pi,
which is greater than A if pj is not maximal. This would contradict the assumption
D < A. Therefore, f(z) = Xy with py maximalin {pq,..., pN}.

If K; =0 then d, = pjz\, by Lemma 4.2. The adjunction formula (8) tells us

A2
D>+ N’ + — =3AD.
PN
Therefore, D = %(pN + Spjz\, —4)A/pn. If this is an integer then pp is an odd-
indexed Fibonacci number, F5,,;. In this case, V5 pjz\, —4 is an odd-indexed Lucas
number! and D = p; - py—1 Fam—1. Note

If K, # 0 then D?> —3AD + A? > 0. The quadratic function on the left-hand side of
this inequality is decreasing on the interval [0, A] where D lives, so D must be less

than the root %(3 —V3)A. O

D

Lemma 4.9 Suppose that D < A and Z = {z}. Then the virtual complex dimension
of the moduli space containing C is less than or equal to 1. Ifitis equal to 1 then
D> 1A.

I'The Lucas numbers are defined by the Fibonacci recursion Ly = L,_; + L,_5 but with Ly =2
and L =1.
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Proof When |Z| =1, equation (6) for the virtual complex dimension of the moduli
space reduces to
2 _my +my
A |Hz|
This is strictly less than 3D /A . By Lemma 4.8, we also know that D < %A. Therefore,
the virtual dimension of the curves C is at most 1. If the virtual dimension equals 1

then
2_ mi+my

A | He|

so D > %A, as required. O

=1,

Lemma 4.10 Suppose that D < A, that Z = {z} and that the virtual dimension of
the moduli space containing C is equal to 1. Then

Proof Let C and C’ be two curves in this 1-dimensional moduli space. Since they
both have homology class DE and £2 = 1/A?, we know that D?/A? is the sum of
local intersection contributions from the points in C -C’. We know from Lemma 4.8
that D < %A, so none of these intersection contributions can be integers as they sum
to D?/A* < %. Since the only orbifold point contained in both C and C' is £ N, there
is only one local intersection contribution, which we now compute.

Both curves have pjz\, /d lifts in the uniformising cover as they belong to the same
moduli space. The local models for the lifts are of the form

fo = (ZQ, Zaa,iZRi), fﬂ’ = (ZQ, Za%’iZR"),
with R; = R; modd,. Lemma 3.13 tells us that the local intersection contribution

from each pair of branches is at least QR ;. There are ( pJZ\, /d)?* pairs of branches
and the sum of local intersection numbers is weighted by an overall factor of 1/ p]2V

D2 1 2\ 2
= > _2(p_N) OR;.
A= p2 \d;

in (4), so we get

By Lemma 3.13, strict inequality means that one of the local intersection numbers
fo- f é is strictly greater than d. This would mean that fgi, - fil" 5> d, for each
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i=0,..., (pzzv/dz) — 1 (that is, for the |G,/ H;| pairs of lifts which are conjugate to
the pair («, f) under the residual G,/H,—action). This would give

D* 1 px
—2 > _2d_NdZ = 1,
A pN z

which is impossible, since D < A. Therefore we have equality and the lemma follows.
O

4.4 Thecase |Z| =2

Suppose that Z = {z, z’}. The adjunction formula for C tells us that

0— 3AD—D2+KZ—1 Ky —1

9
©) A2 & 4

Lemma 4.11 Suppose that D < A, that Z = {z,z'}, and that f(z) = X} and
f(Z') = Xy with pgs < py.. Then:

(A) The term K,/ vanishes and d,» = p,%,.
(B) The homology class DE of C satisfies D < A/3pyr.
(C) py is maximal among {p1,..., pN}, thatis, k = N.

(D) There is no other orbifold holomorphic curve C’ with homology class [C']= D'E
satisfying D' < A passing through the two orbifold points X} and Xy .

Proof (A) We must have either K, = 0 or K,» = 0: otherwise the last two terms
on the right-hand side of (9) are nonnegative and cannot cancel the positive first term.
Moreover, if K,» # 0 then K; = 0 and hence, by Lemma 4.2, d, = pi, so the
adjunction formula (9) becomes

3AD—-D? 1 Ky—1
0=—FG—-—5+ )
A pk dz/

Since d < pi, < p,% and since K,/ # 1 by Lemma 4.7, the final term is strictly larger
than 1/p ]% and therefore the right-hand side is still positive, which is a contradiction.
Therefore K, =0, and d, = pi, by Lemma 4.2.

(B) Using part (A) of the lemma, the adjunction formula (9) becomes

) A? A2 A2
P z Py
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Since 0 < D/A <1, this means that D/A must lie in the interval [0, D(p/, pr)],

where
1 1 1
D(prspr) =5 |3=,[9=4 5+ ).
P Py

On this interval, the function H(x):=x2—3x +(1/ p,%, +1/ p,%) is nonnegative. We
compute that H(1/3py) <0, so D(prs, px) < 1/3pps and hence D < A/3py/, as

required.

(C) Since C is disjoint from X; for i # k, k’, the boundary dC must vanish in
Hy (Ui;ék,k/ i Z) = Z/(Az/p]%/p,%) and hence Az/pi/p]% divides D. Therefore,

A2 < A
p]%/plz - 3pk/ s
which means
3A < o
Pk’ Pk '

If py is not maximal then pp divides the left-hand side, which means that py < pi,
which contradicts maximality of pp. Therefore p; is maximal.

(D) If there were two orbifold holomorphic curves C and C’ in homology classes DE
and D’E which both passed through the orbifold points X and Xy, then the intersection
formula would give local contributions from these points of at least 1/ p,% +1/ p,%, to
the product DD’/ A?*. Since part (B) of this lemma implies that both D and D’ are
less than A /3py, this gives
1 1 DD’ 1
—S+—= =—
pi pi T A T 9pd,

which is a contradiction. O

4.5 Analysis of SFT limit curves

Let /.{ € Jx and let J e J b be the associated orbifold almost complex structure
on X given by Lemma 3.3. By Lemma 3.1, any J € Jx is an adjusted almost
complex structure, which means we can perform neck-stretching along > starting
with J and obtain a sequence of almost complex structures J; on X for which the
SFT compactness theorem applies. Pick points wy,w, € V and look at the unique
Jr—holomorphic curve u;(wy,w,) in the class of a line CP! ¢ CP? passing through
w; and wj.
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As t — oo, the sequence u;(w;,w,) converges (in the Gromov-Hofer sense [3,
Section 9]) to a holomorphic building ¢« (w1, w) in the split almost complex manifold
made up of

oV, the completion of V, equipped with the almost complex structure Jy ;

e R x 3, the symplectisation of ¥, equipped with an complex structure making it
biholomorphic to (C2\ {(0,0)})/ Tp,.q;

o B, the completion of B, equipped with the almost complex structure which is
the completion of J|p.

Let C ={Cy,...,C,} be an enumeration of the distinct simple punctured curves under-
lying those components of 0o (w1, w5) which lie in the symplectic completion V; let
C= {6’ Loeees 6,,} denote the associated somewhere-injective orbifold J —holomorphic
curves in X, , constructed in Lemma 3.4.

Lemma 4.12 For each C € C, if we write [CA'] = D& then we have D < A. In
particular, all of the conclusions from Section 4 apply to C.

Proof The symplectic area of CP! C CP? is equal to the sum of the symplectic areas
of the various components of the SFT limit building living in V [8, Corollary 2.11].
The curves C € C are obtained from these components by taking the underlying simple
curves and ignoring repeats, so the sum

of symplectic areas is less than or equal to the area of CP!. The class H = [CP!] e
H,(X;Z) is identified with the class AE € Hy(V, X; Z). Therefore if we normalise
H to have symplectic area A, £ must have symplectic area 1, and hence DE has
area D. This implies that D < A. O

Lemma 4.13 For generic J € Jx, and generic wy, w, € V there exists a component
C €C with |Z| =1 such that the virtual (complex) dimension of the moduli space of
J —holomorphic orbifold curves containing Cisl.

Proof Any nonconstant holomorphic curve in X necessarily passes through V, so if
we pick J generically on V then, for any fixed E > 0, we can achieve transversality
for all somewhere-injective orbifold J —holomorphic curves with energy at most E.
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In particular, we can achieve transversality for all curves with |Z| = 1 and virtual
complex dimension zero living in a homology class m& with m < A. In particular,
there is a finite collection of such curves. By Lemma 4.11(D), there is at most a finite
number of somewhere-injective curves with energy less than A and |Z| =2 and, by
Lemma 4.4, there are no curves with |Z| > 3.

We pick w; and w, in V so that they do not lie on any of the finite set of curves with
|Z| # 1 or virtual dimension zero. Since the condition of containing w; is closed, one
of the curves C € C contains w1, and hence (by our choice of w1 ) it must have | Z| =1
and virtual dimension at least 1. By Lemma 4.9, its virtual dimension is precisely 1. O

Lemma 4.14 If N > 2 then, for any j # N, the set C contains a unique curve CA’Cyl,j
through X; . This curve has |Z| =2 and Xy € écyl,j .

Proof Fix j. Each J;—holomorphic curve in the class of a line CP! ¢ CP? nec-
essarily passes through the pinwheel Ly, ;; C B;. This is because we can trivialise
the complex determinant line bundle of CP? in the complement of CP!, but any
neighbourhood of L, 4; has nontrivial first Chern class. Since the condition that a
curve intersects Lp, 4; is a closed condition, the SFT limit building must contain a
component which intersects Lp; 4. . This component lives in the symplectic completion
of the rational homology ball Bj, so, correspondingly, there must be a component
of the building in V with punctures asymptotic to Reeb orbits in % j . After taking
the orbifold compactification, this means that there is a component of the orbifold
curve containing X;. A curve containing only X; would necessarily live in a homology
class D;& with Az/pjz dividing Dj, but this is strictly bigger than A if j # N.
Hence, by Lemma 4.12, this cannot occur. Therefore this component has |Z| = 2. By
Lemma 4.11(C), this curve also contains X . Uniqueness follows from Lemma 4.11(D).

O

Theorem 4.15 Suppose that N =1. Let CeC bea component with Z = {z} living in
a moduli space of virtual dimension 1. Then we have d, = pf Iz (22, a1 2R )
is a local model for the lift of the curve to a uniformising cover of a neighbourhood
of the orbifold point X, then there exist positive integers b, ¢ < p; such that Q = b?,
R, =c? and

p% +b% +¢? =3p,bc.

Moreover, ¢, is determined up to g1 — p; —¢q1 by

bg1 = £3¢ mod p;.
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Proof Let z — (zQ, > a;z®) be a local model for one of the lifts fo to the uni-
formising cover. By Lemma 4.10, we have D? = (plz/dz)zQRl , and, by Lemma 4.6,
we have ged(Q, R;) = 1. This implies that Q = b2 and R = ¢? for some integers b
and c. Since bc divides D? < p%, we have b, ¢ < p1. Recall the adjunction formula (8)

in this case is
2

D?—3AD+ A = (K, — )2,
d;
where now A = p;, D = pfbc/dz, and (by Corollary 3.14)

5 Pt
K,—1="L0R,—0—Ry =-Lb?c?2-b>-(%
dz dZ

This becomes

2.2 3 2

P 22 L Pibc 2 Pi,o2 42 o
i) prer _3Pi%€ o (Pry2a p2
(dz) c 4 + P (dz c c )

d; +b>+ ¢ = 3pibc.

Ll S

’

E

or

Let us factorise d, as d, = s¢, where ¢ is squarefree. Since d, divides pf, we see
that p; = str for some r. Multiplying by r? we get

r2s%t 4+ (rb)? + (re)® = 3rst(rb)(re)
so that rb, rc, rs is a positive integer solution to the Diophantine equation
X2+ y2 +122 = 3txyz.

There is a complete classification, due to Rosenberger [20], of Diophantine equations
of the form ax? + By? +yz? =8xyz, with | <a <B <y, ged(a, B) = ged(a, y) =
gcd(B, y) and with §é divisible by «fy which admit positive integer solutions. They
are called Markov—Rosenberger equations and there are six possibilities:

(1,1,1,1),
(1,1, 1, 3),
(1,1,2,2),
(1,1,2,4),
(1,2,3,6),
(1, 1,5,95).

(a.B.y.8) =

The equation x2 + y2 4722 = 3txyz therefore has positive integer solutions if and only
if # =1. Butthen (rb, rc,rs) is a solution of the Markov equation x%+ y? 422 =3xyz,
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so r = ged(x, y, z) = 1. Therefore d; = s> = p{ and
pi+b*+c* =3pibe.

Finally, by Remark 3.15, we know that R; = Q(+p19; —1) mod p%. Since Ry = c?
and Q = b2, this tells us that

=b*(£p1q1) mod pi.
Since b2 4 ¢2 = (3bc — p1) p1, this gives
3bc = +b*q; mod p,

or 3¢ = +bgy mod p; (since b and p; are coprime). O
Theorem 4.16 Suppose that N = 2. Let C = écyl,l EA(AZ be the unique component
with Z ={z,z'}, f(z/) =X and f(z) = X,, and let [C] = DE. Then

pi+pi+D*=3pipaD.
Moreover, 3D = £ p;g, mod p, and 3D = +p,q1 mod p;.

Proof By Lemma4.11(A), we know that K,» =0 and d,» = pf , so that the adjunction
formula (9) becomes

P
(10) —3p1p2D + p3 = (K; —1) 2 p3.

The virtual dimension of the moduli space containing C is zero since C is the unique
curve in its homology class (we can choose J generically on V' so that C is regular).

The virtual dimension formula (6) becomes
3D ml,z+m2,z miy,z +m2,z’

+1= +
pP1p2 d; Pf

1D

To find the numbers m; ; and m; ,/, we use Remark 3.15: if /";(z) = (zQ, Za,-zRi)
is a local lift of C in a neighbourhood of X, then m; , =[Q],, and m, , = R| =
[O(£p2q2 — 1)]4. , where we write [x], for the remainder of x modulo y. Similarly
we get my ;> =1 and my = [j:plql — 1] 2 because the condition K,» = 0 means
that, in local coordinates, the lift of C in a nelghbourhood of Xy is ( Y a;z R/)

Note that by Lemma 4.6, we know that gcd(Q, Ry) = 1, so by Corollary 3.14 we have
K:—1=(p3/dz)OR1 — QO —R;.
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We have

PiP2———F—— =PpiD2 5 = D2 = p2l£q1lp, -
Py )z D1

The sign ambiguity here is simply a question of which plane, C x {0} or {0} x C, our
curve asymptotes; since ¢; is only determined up to a sign modulo p;, we can relabel
the ¢; we have picked to be p; —¢; if necessary in order to replace the term [+q;]p,
by ¢ (this relabelling does not affect any other equations as g appears only here).
The virtual dimension formula (11) now implies

2
p5 1

3D+ p1p2= PI(Q+R1)_d2 — + p2q1.

z P2

We now define Q = (p%/dz)Q and R = (p%/dz)Rl, so that
~ =~ 1
(12) 3D+ p1p2 =P1(Q+R)Z+P2611-

In terms of Q and R, we have (K, — l)pg/dz = Qﬁ — Q — R, and the adjunction
formula (10) becomes

(13) D*=3p1paD+p; =(QR—-0—R)pi.
Claim1 Wehave O + R = [+ szqz]pg.

Proof We know that

0+ R=0+0(*pyg2—1) mod p3
= +£0p2q2 mod p3,
so it suffices to show that Q +R< p%. Equation (12) tells us that

3p2D -
’;21 +p§(1—q—1):Q+R.

P1

By Lemma 4.11(B), we have D < %pz, SO

~ o~ 1
Q+R<p§(1—q—1+—).
P D1
This implies that é + R is strictly less than p% as q; > 1. O

Claim 2 We have O < 2p,/p;.
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Proof We know that D? —3p; p, D <0, so

p3>D>=3pipyD+p3>((0—1)(R—-1)-1)p?>(0*-0-1)pi,

where we have used (13) and the fact that R > Q + 1 (see the definition of the local
model in Remark 3.11). If we define f(x)=x2—x—1 then thistellsus f(Q) < p%/pf .
We will show that f(2p,/p1) > p% / pf; since the function f(x) is monotonically
increasing on the interval [%, oo), this will imply the claim. We have

2 2 2 3 2
f(ﬁ)zﬂ_;_ &_1=P_§+(ﬂ_2)&_1>1’_3,
P1 P P1 P P1 P1 P

where we have used p,/p; > 1. O

Let us define k := [+ qu]p2 (the sign choice is the one for which Q +R= kps). In
terms of &, the adjunction formula (13) and virtual dimension formula (12) become

(14) D?—3pypaD + p3 = (Q(kpr— Q) —kp2) pi,
(15) pik =3D+ p1p2— p2q1.

SO

(16) D>+ (p10)* + p} =3p1p2D + p1 p2(p1k) (0 — 1)

=3(p10)p2D + p1(p1—q1)p3(Q —1).
We know that D < p, and Q <2p>/pi1,s0

D>+ (p10)* < paD +2p2p10 <3(p10) p2 D.

Therefore,
Py > pi(p1—q1)p3(Q—1).
However, the right-hand side is strictly bigger than p% unless Q = 1. Thus we deduce
that (p%/dZ)Q =1,s0d, = p% and Q = 1. The adjunction formula (16) now gives
D*+ pi + p; =3p1p2D,

as required.

The equalities 3D = % p1g, mod p, and 3D = + pr¢1 mod p; follow from the virtual
dimension formula (15) (recall from Remark 2.8 that ¢; is only uniquely determined
up to a sign modulo p;). |
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Remark 4.17 For any given Markov number p and for any ¢, there is at most one
Markov triple (@, b, p) with a, b < p and aqg = +3b mod p. See [1, Proposition 3.15].

Theorem 4.18 Suppose that N = 3. Then (p1, p2, p3) is a Markov triple.

Proof Suppose without loss of generality that p;3 > p;, po. By Theorem 4.16, there
exist by < p3 and b, < p3 such that

b} + p3 + p3 = 3b1 paps, paqs = £3b, mod ps,
P 403+ p3 =3pibaps, p193 = £3b, mod ps.

By Remark 4.17, this implies that b; = p; and b, = p,. Hence, (p1, p2, p3) is a
Markov triple. O

Corollary 4.19 We have N < 3.

Proof If (a,b,c) and (a,b,c’) are both Markov triples then ¢’ = 3ab — ¢ and we
say that (a,b,c¢) and (a, b, ¢’) are related by a mutation. The graph whose vertices
are Markov triples and whose edges are mutations forms a tree called the Markov tree
(see for example [1, Theorem 3.3] for a proof that this is a tree). Suppose N > 4.
Then, by Theorem 4.18, (p;. pj. px) is a Markov triple for any {i, j, k} C {1,2,3,4}.
This would imply that the Markov tree contains a copy of the complete graph on four
vertices, which is a contradiction. O
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