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Unfolded Seiberg—Witten Floer spectra
I: Definition and invariance

TIRASAN KHANDHAWIT
JIANFENG LIN
HIROFUMI SASAHIRA

Let Y be a closed and oriented 3—manifold. We define different versions of unfolded
Seiberg—Witten Floer spectra for Y. These invariants generalize Manolescu’s Seiberg—
Witten Floer spectrum for rational homology 3—-spheres. We also compute some
examples when Y is a Seifert space.

57R57; 57R58

1 Introduction

The Seiberg—Witten equations, introduced in Witten [35], and related theories have
been playing a central role in the study of smooth 4—dimensional manifolds since the
1990s. Following the seminal work of Floer [9], Kronheimer and Mrowka [17] used
Seiberg—Witten equations on 3—manifolds to construct monopole Floer homology. The
monopole Floer homology and its counterparts are powerful invariants of 3—manifolds
and became an important tool in the study of low-dimensional topology with many
remarkable applications.

In the contexts of symplectic Floer theory and instanton Floer theory, Cohen, Jones
and Segal [4] posed a question of constructing a “Floer spectrum”, an object whose
homology recovers the Floer homology. In 2003, Manolescu [22] first constructed
the Seiberg—Witten Floer spectrum for rational homology 3-spheres by incorporat-
ing Furuta’s technique [10] of finite-dimensional approximation in Seiberg—Witten
theory and Conley index theory [5]. It has been just recently shown by Lidman and
Manolescu [19] that the homology of this spectrum is isomorphic to the monopole
Floer homology. In principle, the Seiberg—Witten Floer spectrum can be thought as
a stable homotopy refinement of Floer homology. For example, one can apply the
K-theory functor to this spectrum and define “Seiberg—Witten Floer K-theory” as well
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as other generalized homology theories; see Manolescu [23], Furuta and Li [11] and
Lin [21] for applications in this direction.

As monopole Floer homology is defined for general 3—manifolds, it is a natural question
to extend Manolescu’s construction to any 3—manifold Y with b;(Y) > 0. In the case
where b1 (Y') = 1, Kronheimer and Manolescu [16] constructed a periodic pro-spectrum
for such Y with nontorsion spin® structure. The first author [13] gave an approach to
construct Seiberg—Witten Floer spectrum for a general case.

The main goal of the current paper is to rigorously construct the “unfolded” version of
Seiberg—Witten Floer spectrum for general 3—manifolds. Our invariants come with two
variations: type-A invariant and type-R invariant. The letters “A” and “R” stand for
attractor and repeller, which are notions in dynamical systems and play a role in our
construction.

Theorem 1.1 Let Y be a closed, oriented 3—manifold and let s be a spin® structure
on Y. Given a Riemannian metric g on Y and a spin® connection Ay which induces a
connection on the determinant bundle of the spinor bundle with harmonic curvature, we
can define

swfd(Y,5, 49, 2:S") and swfR(Y,s, 49, g; S

as a direct system and an inverse system in the S'—equivariant stable category. These
objects are well defined up to canonical isomorphisms in the corresponding categories.

In the case where c1(s) is nontorsion and [ = gcd{(h Ule1(s)D[Y ]| he HY(Y; Z)}, the
objects swf4(Y, s, Ay, g;: S') and swfR(Y,s, Ay, g; S') are I-periodic in the sense
that

SDCswtA (Y, 5, Ao, g ") = swi? (V. s, 4o, g3 S1),

SUDCswiR (Y5, A9, g: 1) 2= swR (Y., 40, g1 S1).

When the metric g or the connection Ay changes, the objects MA(Y, s, Ag, g:S1)
and swfR(Y,s, Ag, g: S") can change only by suspending or desuspending by copies
of the complex representation C of S1.

In the case where c;(s) is torsion, we can normalize the above objects to obtain
invariants

SWF4(Y,s;:S') and SWFR(Y,s:S")

of the spin® manifold (Y, s).
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A portion of this paper is devoted to proving that our construction is well defined, ie it
does not depend on choices involved in the construction up to canonical isomorphisms.
Note that, for rational homology 3—spheres, the invariants SWE4 and SWFX are the

same and they agree with Manolescu’s spectrum. In the case where b1(Y) =1 and s
18 nontorsion, MA(Y, s, Ao, g; S 1) is equivalent to SWF (Y, s, g, Ag), constructed
by Kronheimer and Manolescu.

Remark According to Furuta (personal communication, 2015), one could set up
a periodically graded category so that it is possible to define SWFA(Y, 5;S1) and
SWFX(Y,s; S!) as invariants of the manifold in the nontorsion case.

When s is a spin structure, there is an additional Pin(2)-symmetry on the Seiberg—
Witten equations. The Pin(2)—equivariant Seiberg—Witten Floer spectrum for a rational
homology sphere is instrumental in Manolescu’s solution [24] of the triangulation
conjecture. For a general spin 3—manifold, we have the following generalization:

Theorem 1.2 Let Y be a closed, oriented 3—manifold and let s be a spin structure
on Y. We can obtain

SWF4(Y,s;Pin(2)) and SWFR(Y,s:Pin(2))

as Pin(2)—equivariant analogs of SWE4(Y,s; S!) and SWER(Y,s; S1).

Let us try to explain the motivation of our “unfolded” construction, which is inspired
by [16]. Intuitively, the monopole Floer homology is a Morse—Floer homology of a
quotient configuration space Coul(Y)/H!(Y; Z), where Coul(Y) is a Hilbert space of
configurations with gauge fixing. We see that this is a Hilbert bundle when b;(Y) > 0,
and we cannot simply use vector spaces for finite-dimensional approximation. There is
also a topological obstruction to finding a good sequence of subbundles for finite-
dimensional approximation; see [16, Proposition 6]. Thus, we instead do finite-
dimensional approximation on Coul(Y). Since the Seiberg—Witten solutions and
trajectories are no longer compact on Coul(Y'), we will consider spectra obtained from
an increasing sequence of bounded sets with nice properties on Coul(Y'). Our unfolded
spectrum is then obtained as a direct (or inverse) system from these spectra.

Recall that there is an equivalence between the homology (with twisted coefficients)
of a topological space and the usual homology of its covering space; see, for ex-
ample, Hatcher [12, Section 3H]. Since Coul(Y") is the universal covering space of
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Coul(Y)/H'(Y;Z), we expect the homology of our unfolded invariants to agree
with monopole Floer homology with fully twisted coefficients, ie homology with
a local system on the blown up configuration space whose fiber is the group ring
Z[H'(Y;Z)]. By equivalence of monopole Floer homology and Heegaard Floer
homology, the corresponding Heegaard Floer group with totally twisted coefficient
HF(Y, s) is constructed by Ozsvath and Szabé [30, Section 8]. This inspires us to use
underline notation SWF for the unfolded spectrum. Moreover, it should be possible
to give a rigorous proof of this speculation with techniques developed by Lidman and
Manolescu [19]. However, this is not the aim of the present paper.

In another direction, the third author [34] defined a folded version of Seiberg—Witten
Floer spectra in the case that the topological obstruction, as mentioned above, vanishes.
The first author [13, Chapter 6] also gave an approach to define a folded invariant, called
twisted Floer spectrum, for general 3—manifolds as a twisted parametrized spectrum.
These theories will not be discussed here either.

One of the main complications to show well-definedness of our invariants is that we
need to perturb the Chern—Simons-Dirac functional in the construction. First, we
perturb the functional by a nonexact 2—form so that the functional is balanced; see
Section 2. Second, we require that the set of critical points be discrete modulo gauge,
otherwise we cannot construct a good sequence of bounded subsets to apply finite-
dimensional approximation. As a result, the space of such perturbations may not be
path connected and we cannot use a standard homotopy argument here. Note that
this difficulty was avoided in Manolescu’s original construction because perturbations
are not necessary in the case of homology spheres. Also note that our construction is
flexible because it only requires the discreteness of critical points and avoids the need
for the full transversality of Kronheimer—Mrowka’s monopole Floer homology.

In general, our invariants are quite difficult to compute. However, by using the explicit
description of the Seiberg—Witten moduli space for Seifert manifolds by Mrowka,
Ozsvéth and Yu [26] and a refinement of the rescaling technique developed by the first
author [13], we are able to give explicit computations of the invariants in torsion cases
of the following manifolds:

(1) the manifold S2x S!;

(2) large-degree circle bundles over surfaces;
(3) all nil manifolds;

(4) all flat manifolds except T3
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At the end of this introductory section, we briefly mention further developments that
we hope to cover in our subsequent papers:

e As an extension of Manolescu’s construction [22], we will define relative
Bauer—Furuta invariants for a 4—manifold whose boundary can be an arbitrary
3—manifold.

¢ The relative invariants will give new inequalities regarding intersection forms of
spin 4-manifolds with boundary as in [23].

e We will establish Spanier—Whitehead duality between SWF4 and SWFX,

e We will prove a generalized gluing theorem for the relative Bauer—Furuta
invariants.

e Various applications of the generalized gluing theorem include the following:
behavior of the fiberwise Bauer—Furuta invariant under surgery along loops,
generalization of Bauer’s connected sum theorem [3]; nonexistence of essential
spheres with trivial normal bundle in a 4-manifold with nontrivial Bauer—Furuta
invariant, and a Kiinneth formula for Manolescu’s spectrum.

The paper is organized as follows: Section 2 covers some of the basics of the Seiberg—
Witten equations. Section 3 gives the analytical results which are needed in our
constructions. Section 4 reviews some elementary facts about the Conley index theory.
Section 5 constructs the spectrum invariants. Section 6 proves the invariance. Sections 7
and 8 are devoted to the calculation of the examples.

Acknowledgements Some arguments in this paper first appeared in Khandhawit’s
PhD thesis at Massachusetts Institute of Technology [13]. Khandhawit is supported by
World Premier International Research Center Initiative (WPI), MEXT, Japan. Sasahira is
supported by JSPS KAKENHI Grant Number 25800040. We would like to thank Ciprian
Manolescu and Mikio Furuta for helpful discussions during the preparation of this paper.

2 The Chern-Simons—Dirac functional and Seiberg—Witten
trajectories

Let Y be a closed, oriented (but not necessarily connected) 3—manifold endowed with a
spin® structure s and a Riemannian metric g. We denote its connected components by
Yi,....Yp, and denote by by = by (Y) its first Betti number. Let Sy be the associated
spinor bundle and p: TY — End(Sy) be the Clifford multiplication. After fixing a
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base spin® connection Ag, the space of spin® connections on Sy can be identified
with i Q' (Y) via the correspondence A — A — Ag.

Let A’O be the connection on det(Sy) induced by Ay. We choose A4 such that the
curvature F Al equals 2mivg, where vq is the harmonic 2—form representing —c (s).
For a 1-form a € iQ!(Y), we let D4,+, be the Dirac operator associated with the
connection Ag + a. We also denote by /) := ] 4, the Dirac operator corresponding
to the base connection, so we have D 4,4+, = D + p(a).

The gauge group Map(Y, S') acts on the space i Q!(Y) @ I'(Sy) by
u-(a,¢) = (a—u‘du,ugp),

where u € Map(Y, S1) and (a,¢) €iQ1(Y) @ T'(Sy). In practice, we will work with
the Sobolev completion of the spaces i Q'(Y) @ I'(Sy) and Map(Y, S') by the L,zc
and Li +1
denote the completed spaces by Cy and Gy, respectively. We will also consider the

norms, respectively. We fix an integer & > 4 throughout the paper and

following subgroups of Gy :
. f,::<{uegy|u:eS for some £: Y — iR};
° €,0 = € = & wi = | — :
Gy ={ue€G$ |u=ec with fyjédvol Oforj=1,...,bo};
. gg :={u € Gy | A(logu) = 0} the harmonic gauge group, where A = d*d;
. Q};/’o ={ue Q}I‘, |u(oj)=1for j =1,...,bo} the based harmonic gauge group,
where 0; is a chosen basepoint on Y; .
Note that G¢ = G&° x (S1)0 and 6% = g0 x (S0 and g1° = H'(Y; Z).

The balanced Chern—Simons—Dirac functional CSD,,,: Cy — R is defined as

CSDy,(a,¢) := —%(/Ya/\da—/y(qﬁ,DAOJra(d)))dvol).

Note that this is a perturbation of the standard Chern—Simons—Dirac functional by the
closed but nonexact 2—form vq so that CSD,,, becomes invariant under the full gauge
group; see [17, Definition 29.1.1]. The formal L2-gradient is given by

(1 grad CSDy, (a, ¢) = (xda + p~' (p¢™)o. Pag+a)-
where (¢p¢™)g is the traceless part of the endomorphism ¢¢* on Sy .

If we slightly perturb CSD,,, the critical points of CSD,,, are discrete modulo gauge
transformations. To ensure this property, we will need to pick a function f: Cy — R
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which is invariant under Gy and consider a twice-perturbed functional CSD,,,, fi=
CSD,, +f. We will make use of a large Banach space of perturbations constructed by
Kronheimer and Mrowka [17, Section 11].

Definition 2.1 Let { f/};i1 be a countable collection of cylinder functions as in [17,
page 193]. Given a sequence {C; =1 of positive real numbers, we consider a separable
Banach space

o0 o0
2) P={Z’7jfj‘nj cR, Zlenj|<OO},
j=1 j=1

where the norm is defined by | 3252, n; /| = Y52 [71C; . An element of P will
be called an extended cylinder function.

The Banach space P will be fixed throughout the paper. In particular, we will choose a
real sequence {Cj}; satisfying our requirements as in the following result.

Proposition 2.2 The sequence {Cj}; can be chosen so that any extended cylinder
function ]7 in ‘P has the following properties:

(i) The function /7 is bounded.
(ii) The formal L?—gradient grad f is a tame perturbation [17, Definition 10.5.1].

(iii) For any positive integer m, the gradient grad f defines a smooth vector field
on the Hilbert space L2,(i2'(Y) ® I'(Sy)). Moreover, for each nonnegative
integer n, we have

||D’(1a,¢) grad ]F” < Cpmun(l(a, ¢)”L%1)’

where pp ., is a polynomial depending only on m and n, and C is a constant
depending on m, n and f . The norm of D;’a ) grad ]7 is taken by considering
D?a ® grad /7 as an element of

Mult” (X, L2 Q1Y) ® T (Sy)), L2, Q' (Y) & T'(Sy))).
(iv) {Cj}; is taken so that the statements of Lemmas 6.10 and 6.13 hold.
Proof By the definition of cylinder functions, each f] is bounded. Therefore, prop-
erty (i) can be ensured by taking {C;}; increasing fast enough. Property (ii) is a

consequence of [17, Theorem 11.6.1]. For property (iii), let f; be a cylinder function
from the collection. By [17, Proposition 11.3.3], the gradient grad f; defines a smooth
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vector field over L2, (i Q' (Y) @ I'(Sy)) with the property that

1D, gy 2rad fj1 = € oy (1 + 181220 (A llall 2 YL+ l2 ),

m,Aog+a
/ . 2 .
where C ' m.n 18 @ constant and -1l L2, 4ota denotes the L;,—norm defined using the
connection Ag + a. Therefore, we only need to estimate [[¢||r2, e by a polynomial
+40
of (@ ¢z -

Notice that the expansion of V;{g’i 4@ consists of terms of the form
V(nl)a . V(nz)a . V(ni)a . V[;”H—l)(p’
0

where V denotes the Levi-Civita connection and i,7ny,...,n;41 are nonnegative
integers satisfying ny +n +---+n; 41 +i = m. As we want to control the L?—norm
of this term using ||(a, ¢)]|| 12, - there are three cases:
: e -
e [ =0 This is trivial since ||¢||L%1 < ||(a,¢)||L%1.

e i=1landny =m—1 We apply Sobolev multiplication L% x L2 — L? and
obtain [V~ Va-¢llL2 < CIV™Val2l¢ll 2 < Clia. )], - The case
i =1 and ny = m—1 can be done in the same manner. "

e i>landny,...,n;41 <m—1 We consider np,x = max{ny,...,nj+1}
and apply Sobolev multiplication

Ly XX LE % L,Zn_nl_+1 — L} _, < L%

Putting these together, we can find a polynomial p,, , (independent of ;) such that
1D, 4 8rad i1l < Cf o Pl @ $)lI2).

For each j, take a constant C; with

Ci > maX{Clll,lz,l3 [0=<11,I,13 < j}.

We will prove that condition (iii) is satisfied. Take any element f =) inj ﬁ of P.
Then we have

1D, 4 grad 1 < Y [0j|IDf, 4 erad fj
J

< jIC} Pl @ ®)l12)
J

5( S It Y |nj|cj)pm,n(||<a,¢>||L,zn>.

1Sj=N Jj=N
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Here N =max{m,n}. Putting C := (lejsN |’7j|CJ{,m,n+ijN Inj|C;), we obtain

||D?a,¢) grad f_” = Cpm,n(||(a’¢)||L%1)-
Thus P satisfies (iii).
We may suppose that C; satisfies Lemmas 6.10 and 6.13(2) by further shrinking C;.

That is, condition (iv) is satisfied. O

The perturbation we consider in the current paper will be of the form

fa,¢) = f(a,¢)+ 38197,

where f is an extended cylinder function and § is a real number. We sometimes write
the above perturbation as a pair (f,4).

Definition 2.3 A perturbation /' = (f,8) is called good if the critical points of
CSD,,,  are discrete modulo gauge transformations.

When § = 0, we know that good perturbations are generic in P by virtue of [17,
Theorem 12.1.2]. It is immediate to extend the result to a general case and we only
give a statement here.

Lemma 2.4 For any real §, a subset of extended cylinder functions ]7 in P such that
(8, f) is a good perturbation is residual.

Remark To define our invariants, it is sufficient to take § = 0. We include the term
%8 l¢]|? as it will facilitate computations of many examples in Section 8.

Our main object of interest is the negative gradient flow of the functional CSD,,, s
on the space Cy modulo the gauge group. Let I/ C R be an interval. A trajectory
y: I — Cy of the negative gradient flow is described by the equation

—2y(t) = grad CSD,,, £ (¥ (1)).

As in [22; 13], it is more convenient to study the flow on the subspace called the
Coulomb slice
Coul(Y) ={(a,¢) | d*a =0} C Cy.

Since any configuration (a,¢) € Cy can be gauge transformed into Coul(Y) by a
unique element of Q;’O, the Coulomb slice is isomorphic to the quotient Cy / gf;” with
residual action by the harmonic gauge group gi’,.
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Let IT: Cy — Cy/ Q;”,’O =~ Coul(Y) be the nonlinear Coulomb projection. The formula
for IT is given by
3) M(a.¢) = (a— d&(a), @),

where £(a): Y — iR is the unique function which solves
4) AE(a) = d*a and / E(a)=0 foreach j=1,...,b,.
Y;

To describe the Seiberg—Witten vector field on Coul(Y), we first consider a trivial
bundle 7;_; over Cy with fiber lec_l (iQ1(Y)®TI'(Sy)). Note that the vector field
grad CSD,,, s is a section of Tx_;. Similarly, we have a trivial bundle Coul;_;
over Coul(Y) whose fiber is the L,zc_l—completion of kerd* & I'(Sy). At a point
(a, ¢) € Coul(Y), the pushforward IT4: T;_; — Coulg_; of the Coulomb projection IT

is given by

(5) Maa.p)(b.¥) = (b—dE(D), ¥ +E(b)g).

We now project the negative gradient flow lines from Cy to Coul(Y') using I1. Such
projected trajectories y: I — Coul(Y') are described by the equation

(6) — 2 y(t) = I, grad CSD,, £ (¥ ().

From (1) and (5), we can write down an explicit formula for the induced vector field
on Coul(Y) as a section of Couly_q:

7 [T« grad CSDy, r(a, ¢) = l(a, ¢) +c(a, $),

where [ = (xd, D) is a first-order elliptic operator and ¢ = (c!, ¢?) is given by

®)  cMa.¢)=p " (pp*)o +grad f(a.¢) —dE(p~ (pp*)o + grad' f(a. ¢)).
©)  c*a.¢) = pla)p + grad’f(a,¢) +E(p~ " (pp™)o + grad' f(a, ¢))¢.

Note that / is linear and the nonlinear term ¢ has nice compactness properties which
will be explored in Section 3. We will call those trajectories y satisfying (6) the
Seiberg—Witten trajectories. By the standard elliptic bootstrapping argument, y is
actually a smooth path in Coul(Y) when restricted to the interior of 7.

We would also like to interpret the vector field ITx grad CSD,,, s from (6) as a gra-
dient vector field on Coul(Y). However, IT« grad CSD,,, ¢ is not the gradient of the
restriction CSD,,_ r|coui(y) With respect to the standard L?—metric, and we need to
introduce another metric on Coul(Y). Roughly speaking, we have to measure only the
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component of a vector on Coul(Y') which is orthogonal to the linearized gauge group
action. More specifically, consider a bundle decomposition over Cy

Te—1 = Tk—1 © Kg—1,

where the fiber of J;_; at (a, ¢) consists of a vector of the form (—d§&, £E¢p) where
£ e L]%(Y;i]R) with fY,-E = 0 and the fiber of Kj_; is the L2—orthogonal com-
plement. Note that this decomposition is slightly different from the decomposition
which appeared in [17, Section 9.3] since we use the derivative of the action of g;’;o
rather than G7,. Let I be the L?—orthogonal projection onto Kx_;. Explicitly, the
projection IT at (a, ¢) is given by

T a.g) (b, V) = (b—dE(b, Y, $), ¥ +Eb, ¥, $)),

where £(b, ¥, ¢): Y — iR is a unique function such that —d*(b — d&(b, ¥, )) +
iRe(ip, ¥ +&(b, ¥, p)¢) is a locally constant function and fY,- Eb, Y, ¢)=0. Itis
not hard to see that we have a bundle isomorphism
3|
Coulg 4 Kr—1
\ H* /

Coul(Y)

since both are complementary to the derivative of the action of Q;’O.
We now define a metric g for the bundle Couly_; by setting

(b1, Y1), (b2, ¥2))z := (T1(b1, Y1), TL(ba, ¥2)) 1 2.

Since IT and I, are inverses of each other and II is an orthogonal projection, we

have the identity
(Myv,w)g = (v,w)r2> whenever v € K.

Since CSD,,,, s is gauge-invariant, grad CSD,, s lies in Ky _;. From this point on,
we will denote by grad the gradient on Coul(Y') with respect to the metric & and put

L :=CSDy,, 1 lcoul(y)-
We then have

(10) grad £ = I, gradCSD,,, s =/+c¢ and |grad £z = ||grad CSDy, s || 2.

Note that analogous results hold for any functional on Cy which is gf;o—invariant.
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3 Analysis of approximated Seiberg—Witten trajectories

In this section, we review some boundedness and convergence results relevant to
finite-dimensional approximation which will be used in the main construction.

Definition 3.1 A smooth path in Coul(Y) is said to be of finite type if it is contained
in a fixed bounded set (in the L ,zc—norm).

It can be proved that a Seiberg—Witten trajectory ¥ (¢) = (x(2), ¢(¢)) is of finite type if
and only if both CSD,, ¢(y (7)) and [|¢(?)||co are bounded; see [22, Definition 1].

Recall that the set of the Seiberg—Witten solutions is compact modulo the full gauge
group. However, there is a residual action by the group gﬁ’;” ~ H'(Y;Z) on Coul(Y).
This motivates us to consider a strip of balls

Str(R) = {x € Coul(Y) | there exists & € g’;" such that || 4 -x||le < R},
where R is a positive real number.

Since CSD,,,, s is invariant under the full gauge group Gy, we have a uniform bound
for the topological energy of all finite-type trajectories; see [13, Proposition 10]. As a
result, we have the following boundedness result.

Theorem 3.2 [13] There exists a constant R such that all finite-type Seiberg—Witten
trajectories are contained in the interior of Str(Rg). In particular, the set Str(Ry)
contains all the critical points of £ and trajectories between them.

We now discuss finite-dimensional approximation of Seiberg—Witten trajectories fol-
lowing [22; 13]. To describe various projections, we first specify the L,Zn—inner product
(m>1)oniQN(Y)®I'(Sy). From the Hodge decomposition Q! (Y) =ker d*®imd,
we will just define an inner product on each summand. On i kerd* @ I'(Sy), we use
the elliptic operator [ = (xd, ID):

((@r.¢1), (@2.¢2)) 12 = ((a1.¢1). (a2, ¢2)) 2 + (" (a1, ¢1). 1" (a2, $2)) 2

For B, B, €iimd, we define

(B1.B2) 2 = (B1.B2)p> + (A" B1, B2) 2.

Consider the spectral decomposition of Coul(Y) with respect to the eigenspaces of
| = (*d, ). For any real numbers A < 0 < pu, let VAM be the span of the eigenspaces
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of / with eigenvalues in the interval (A, ] and let pf be the L2-orthogonal projection
onto VAM . We note that p;f has the following properties:

(i) p) isan L}—orthogonal projection for any m > 0;
(i) p) extends to a map on a cylinder  x Y with ||pf||L%1(1Xy) <1 forany m > 0.

Such properties allow one to deduce the boundedness property for approximated
Seiberg—Witten trajectories from the corresponding property for actual Seiberg—Witten
trajectories. As a result, they are sufficient for our proof of Proposition 3.3.

Recall that a Seiberg—Witten trajectory is an integral curve of the vector field / + ¢
on Coul(Y). This leads us to consider a trajectory on a finite-dimensional subspace
y: I — V)\M satisfying the equation

—dy(t)y =+ p} o)y (®).

Such a trajectory will be loosely called an approximated Seiberg—Witten trajectory. We
will also call a sequence of approximated Seiberg—Witten trajectories {y;: [ — V)i "YneN
an exhausting sequence when —A,, i, — oco. The next proposition is the main
convergence result of this section.

Proposition 3.3 Let {y,: [a,b] — V)ffl "1 be an exhausting sequence of approximated
Seiberg—Witten trajectories whose L i—norms are uniformly bounded. Then there exists
a Seiberg—Witten trajectory yoo: (a,b) — Coul(Y') such that, after passing to a subse-
quence, Y, (t) = Yoo(t) uniformly in any Sobolev norm on any compact subset of (a, D).

The proof of this proposition will be at end of this section. We basically follow the same
strategy as in the proofs of [22, Proposition 3; 13, Proposition 11]. Since our vector
field / 4 ¢ has an extra term coming from grad f, we need to assure that the nonlinear
part ¢ still has nice compactness properties similar to those of the quadratic term in
the Seiberg—Witten equation. For this purpose, we recall the notion of “quadratic-like”
map and related results in [13, Section 4.2]. Since our setting here is slightly different,
we spell out some details for completeness.

Definition 3.4 Let E be a vector bundle over Y. A smooth map Q: Coul(Y) —
lec (T'(E)) is called quadratic-like if it has the following properties:

(i) The map Q sends every bounded subset in L,zc to a bounded subset in L,%.
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(i1) Let m be a nonnegative integer not greater than k& — 1. If there is a convergence
of paths (%)syn (t) — (%)syoo (t) over a compact interval that is uniform
in Li_l_s for each s =0,1,...,m, then (%)mQ(yn(t)) — (%)mQ(yoo(t))

uniformly in Li_2_m .

(iii)) The map Q extends to a continuous map from Lfn(l xY) to L,zn (I xY) (with
suitable bundles understood) for each integer m > k — 1. Here I is a compact
interval.

The sum of two quadratic-like maps is obviously quadratic-like. Furthermore, it can be
shown that the pointwise tensor product of two quadratic-like maps is also quadratic-like;
see [13, Lemma 10].

Lemma 3.5 (compare [13, Lemma9]) Let f be a perturbation given by a pair (8, f)
with § € R and f € P. Then the map grad f: Coul(Y) — L7 (iQ!(Y) @ T'(Sy)) is
quadratic-like.

Proof We see that grad f(a, ¢) = (0, 8¢)+grad f(a, ¢) and the first term is obviously
quadratic-like. We just need to show that grad j_ is quadratic-like. First, we will check
properties (i) and (ii) of Definition 3.4 when m = 0.

For two configurations (ag, ¢o) and (a1, ¢1), we consider a straight segment (a;, ¢;) =
(1—=1)(ag, ¢p) +1t(ay, ¢1) joining them and apply the fundamental theorem of calculus:

lgrad f(ay.¢1) — grad f(ao, ¢0)||L]2

= H/O . Dia, ) &rad f (a1 —ag, ¢1 — o) dt

5
< cf[o el il a6 = o gl .

where the last inequality follows from Proposition 2.2(iii). When j =k and (ag, ¢g) =
(0, 0), this implies property (i) of Definition 3.4. Property (ii) when m = 0 also follows
from the above inequality when j =k — 1.

We now check property (ii) when 1 <m <k—2. Suppose that (%)Sy,, (t)— (%)syoo ()
uniformly in Li_l_s for each s = 0,1,...,m. We observe that an expansion of
(%)m grad f_ (y(¢)) consists of terms of the form

Dy grad j_'((%)aly(t), N (%)asy(l)) with o; > 1 and oy + -+ + a5 = m.
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From Proposmon 2.2(iii), ||Ds V) grad || < Cpr—1—m s(||)/(t)||L2 o ) as an element
of Mult’ (X L T—1—m> L %—1—m)- We see that y; is uniformly bounded in L? —1—m
and that the convergence ( 7 t) Vn(t) — ( v t) Yoo(?) is uniform in L2 hl_m A8 Qi =m.
These imply property (ii).

Property (iii) easily follows from the fact that grad f is a tame perturbation. |
As a result, we can deduce compactness of the induced vector field on Coul(Y').

Corollary 3.6 The nonlinear part ¢ of the induced Seiberg—Witten vector field in (7)
is quadratic-like.

Proof It is clear that the composition of a quadratic-like map with a linear operator
of nonpositive order is quadratic-like. Since the operator 5 in (3) is of order —1,
Lemma 3.5 and closure under pointwise multiplication imply that the map c is
quadratic-like. O

We are now ready to prove Proposition 3.3. However, we will only give an outline of
the proof as the reader can find more details in [22; 13].

Proof of Proposition 3.3 Let {y,,} be an exhausting sequence of approximated tra-
jectories which are all contained in a ball B(R) in lec. The norm H %yn () ” 2, is
uniformly bounded by boundedness of the map / 4 ¢. By the Rellich lemma and the
Arzela—Ascoli theorem, we can pass to a subsequence of {y,} which converges to a
path Yo uniformly in lec_l . Moreover, it can be shown that y, is a Seiberg—Witten
trajectory. By property (ii) of Definition 3.4 of ¢, we can inductively prove uniform
convergence ( ) (vn(@)) — (dt) (Yoo (?)) in Lk 1—m form=1,....k—1. This
implies that 7, — Yo in L2 i1 ([a,b]xY). (Here we treat y, () and yoo(?) as sections
over I xY and denote them respectively by ¥, and Y .) Property (iii) of Definition 3.4
allows us to do the bootstrapping argument over any shorter cylinder 7 x Y. This finishes
the proof of the proposition. a

Proposition 3.3 has the following consequence.

Corollary 3.7 For a closed and bounded subset S of Coul(Y) in L?, there exist
large numbers —X, i, T > 0 such that if A < A, w> [ and T > T, then for any
approximated Seiberg—Witten trajectory y: [—T,T] — V}f’“ contained in S, we have
y(0) € Str(Ry). (Here Ry is the universal constant from Theorem 3.2.)
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Proof Suppose the contrary; we can find an exhausting sequence of approximated
trajectories yu: [—Tn, Tn] — V)fi” NS with T, - oo and y,(0) & Str(Ry). Since S
is bounded, we can apply Proposition 3.3 and the diagonalization argument to find
a Seiberg—Witten trajectory yoo: R — S of finite type such that, after passing to a
subsequence, Y, (0) = Yoo(0) in L,zc. However, Yo (0) is in the interior of Str(Rg) by
Theorem 3.2. This is a contradiction. m

Remark In Corollary 3.7, we can also consider more generalized approximated
trajectories. For example, we can use interpolation between two projections for approx-
imation, ie a trajectory satisfying

— Lty = (I +(1=9)p +5p“)oc)(y(1)) for 0<s<1,

where A’ <A <A and i/ > pu > [i.

4 Categorical and topological preliminaries

4.1 The stable categories

In this subsection, we will briefly review algebraic-topological constructions which
will be needed later. In particular, we will define three stable categories €, S and &*
in which our invariants live as objects. The categories & and &* are defined as direct
systems and inverse systems of €, respectively. Our treatment follows closely with
[22; 23]. See [1; 25] for more systematic and detailed discussions regarding equivariant
stable homotopy theory.

The category €, which was defined in [22], is the S !—equivariant analog of the classical
Spanier—Whitehead category with R @ C° as the universe. In other words, we will
only consider suspensions involving the following two representations:

(1) R, the one-dimensional trivial representation;

(2) C, the two-dimensional representation where S' = {¢’? | § € [0, 27)} acts by

complex multiplication.

For a representation V, we will denote by V' its one-point compactification and by V'S !
its S '—fixed point set. Note that the transposition (R*1)TA(R*2)T — (R#2)tA(R¥*1)*
is homotopic to the identity only when u; or u, is even.

The objects of € are triples (A, m, n) consisting of a pointed topological space A
with an S!-action, an even integer m and a rational number n. We require that A4
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be S'-homotopy equivalent to a finite S'-CW complex. The set of morphisms
between two objects is given by

morg((A4,m, n), (A", m’,n’))

= colim [(R* @ C*) T A 4, (R g CVH= )T A 4],

U,v—>00

if n—n' € Z, where [-,-]g1 denotes the set of pointed S'—equivariant homotopy
classes. We define morg((A,m,n), (A’,m’,n’)) to be the empty setif n —n’ € Z. As
in [22], there is a full subcategory €y inside of € consisting of objects of the form
(4,0,0), which we also denote by 4. For an object Z = (A, m,n) € ob €, an even
integer m’ and a rational number 7', we also write (Z,m’,n’) for (A,m+m’,n+n’).

An S'—representation E is called admissible if it is isomorphic to R% @ C? for some
nonnegative integers a, b. For such a representation, we can define the suspension
functor £: ¢ — ¢ by setting XF(A4,m,n) := (XF A, m,n). For a morphism F,
we define E F to be the U(1)—equivariant stable homotopy class represented by a
composition

(1) (R*@CY)*AETAd 22 EFAR*GCY)TAA

dg+nS E-I-A(Ru-i-m—m’EBCv-i-n—n’)—i-/\A/
o1.2 (Ru—i—m—m/@(cv—i—n—n/)—i-/\E—i-/\A/’

where /: (REGCY)TAA— (RUTm—m gCvHn—n"yt A 4/ is a U(1)—equivariant map
representing F' and o7 5 is the interchanging map of the first and the second factor. We
can also define the desuspension functor X ~#: € — € by setting X~ F (4, m, n) :=
(EESlA, m+2a,n+b) and define ~F F as in (11) but replacing E+ with (ES1 )t
The following lemma is straightforward and we omit the proof.

Lemma 4.1 As functors of &, we have

sEPioxnf = gE10E: 5B y-F _ 5= (E19E)

Furthermore, we show that suspension and desuspension are inverses of each other as
functors in €.

Proposition 4.2 For an admissible representation E , there is a natural isomorphism 1
from the functor ¥ F o F to ide, where ide is the identity functor on €.
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Proof For each object (4, m,n) of €, we want to construct an isomorphism 7( 4, n)
from " E o SE (A, m,n) = ((ESl ®E)TAA m+2a,n+b) to (A, m,n). First, we
choose an isomorphism 7: £ — R @ C?. Then 7 induces an isomorphism

1
®tS 3

7 (Ea ESH)t 225, RegCct e RY) T 22 (R2 g b)Yt
Note that by the equivariant Hopf theorem (see [7, Section 2.4]), the homotopy class of 7
is independent of the choice of 7. The isomorphism 7( 4, n): Y EoxE(A,m,n) —
(A, m,n) is the U(1)—equivariant stable homotopy class of
Ty v Aid
(RMEBC”)+A(ES1 EBE)+/\A K 164 (Ru+2a®6v+b)+/\14,
where 7,y is the composition of idgugcv)+ A T with the transposition
(Ru ® (Cv)+/\ (RZa ® (Cb)+ N (RLH-Za ® (Cv+b)+.

Foramap f: (R* @ C?)TA A — (ReTMm—m g Cvtn—1")t A 4’ we want to check
that f on 4 mn) = N4’ ) © > EoSE f up to stable homotopy. This follows from
the following commutative diagram, a similar diagram for 4’, and the fact that the
transpositions in the diagrams are homotopic to the identity:

R*@CY)tAES' @ E)yTad 22 (ES' @ Byt A (RE@CY) A A
id(R”EBC”)"‘ /\'f/\idAl l?/\id(R”@CUH‘ Aid 4

(RY @ CV) A (R2 @ C)t A 4 220 (R22 g COY A (RE @ CY)TA A O

We now describe the category &. An object of & consists of a collection Z =

({Zp}.{ip}) pen of objects {Z} pen of € and morphisms {ip € more(Zy, Zp11)}peN -
In other words, an object Z of & is a direct system

13 1)
21— 2y —>---.

For two objects Z = ({Zp}p, {ip}p) and Z' = ({Z}}p, {i,}p) of &, we define the set
of morphisms as

(12) morg(Z, Z'):= lim lim more(Zp, Z)).
g—00 g

o0o<p q—

The identity morphism and the composition law are defined in the obvious way. Notice
that here we first take the direct limit and then the inverse limit. This order should not
be changed.
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As for the category &*, its objects are the inverse systems
Zl (J—l Zz (1_2 ey
where Zp €obC and j, € morg(ZP-H, Zp)- For two objects Z = ({Zp}jh {pip)
and Z' = ({ZI/,},,, {Jp}p) of &%, we define the set of morphisms as
(13) morg+(Z, Z') := lim lim morg(Z,, Z,'I).
00<—¢q p—>00

Again, we first take the direct limit and then the inverse limit.

The suspension functor and the desuspension functor can be extended to functors
on & and G&* in the obvious way. Lemma 4.1 and Proposition 4.2 continue to
hold for these extended functors. For an object Z = ({Zp}p.{ip}p) of &, an even
integer m and a rational number n, we write (Z,m,n) for ({(Z,,m,n)}p, {il’,}p),
where il’,: (Zp,m,n) — (Zp41,m,n) is the morphism induced by i, . For an object Z
of &*, we define (Z,m, n) similarly.

Remark The full subcategory of € consisting of objects {(A4,m,n) |m € 2Z,n € Z}
can be naturally embedded into the homotopy category of the S'—equivariant spectra
modeled on the standard universe R®° @ C*°. Thus an object ({(A4p,mp,np)}p, {ip}p)
of & (resp. &*) with mj € 2Z and n, € Z corresponds to an inductive system (resp. pro-
jective system) of S'—equivariant spectra. For this reason, we call an object of & an ind-
spectrum and an object of &* a pro-spectrum. However, this is not so accurate because,
in the usual sense, an ind-spectrum (resp. pro-spectrum) refers to an inductive system
(resp. projective system) in the category of spectra, not the homotopy category of spectra.
Also, with a slight abuse of language, we call all our invariants spectrum invariants.

We end this subsection with the following useful lemma, which is directly implied by
the definition of the direct limit and inverse limit.

Lemma 4.3 Let Z = ({Zp}peN. {ip}pen) be an object of &. For any infinite se-
quence of positive integers 0 < p; < pp < ---, the subsystem

ip,—10++0ip, ip3—10-0ip,
Zp, D2 p3

of Z is canonically isomorphic to Z as an object of &. Similarly, for an object
Z = ({Zp}peN, Lip}pen) of G*, the subsystem

— jpl 0-~-0jp2,1 — jpzo"'ojp:;fl —
Zp, D2 p3 <

of Z is canonically isomorphic to Z as an object of G*.
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4.2 The Conley index

In this section, we recall basic facts regarding the Conley index theory. See [5; 22; 33]
for more details.

Let V be a finite-dimensional manifold and ¢ be a smooth flow on V, ie a C*°—map
@: VxR — V such that ¢(x,0) = x and ¢(x,s +1) = ¢(p(x,s),t) forany x € V
and s,7 € R. We denote by inv(p, 4) :={x € 4| ¢(x,R) C A} the maximal invariant
set of A. We sometimes write inv(A4) when the flow ¢ is obvious from the context.

A compact set A C V is called an isolating neighborhood if inv(A) lies in the interior
of A. A compactset S C V is called an isolated invariant set if there exists an isolating
neighborhood A4 such that inv(4) = S. In this situation, we also say that A is an
isolating neighborhood of S'. For an isolated invariant set S, a pair (N, L) of compact
sets L C N is called an index pair of S if the following conditions hold:

(1) inv(N\L)=S Cint(N \ L), where int(N \ L) is the interior of N \ L;
(i) L is an exit set for N, ie for any x € N and ¢ > 0 such that ¢(x,?) & N, there
exists T €[0,¢) with ¢(x,7) € L;
(iii) L is positively invariantin N, ie for x € L and ¢ > 0, if we know ¢(x,[0,¢]) C N,
then we have ¢(x,[0,¢]) C L.
We list two fundamental facts regarding index pairs:
e For an isolated invariant set S with an isolating neighborhood A, we can always
find an index pair (N, L) of S suchthat L C N C A.

¢ The pointed homotopy type of N/L with [L] as a basepoint only depends on S
and ¢ . More precisely, for any two index pairs (N, L) and (N', L’) of S, there
is a natural pointed homotopy equivalence N/L — N’/L’ induced by the flow.

These lead to us the definition of the Conley index.

Definition 4.4 Given an isolated invariant set S of a flow ¢, let I(¢, S, N, L) denote
the pointed space of (N/L,[L]), where (N, L) is an index pair of S. This is called
the Conley index of S. We will always suppress (N, L) from our notation and write
I(p, S) instead. We may also write /(S) when the flow is clear from the context.

Remark In [33], the Conley index was defined as a connected simple system of
pointed spaces. That is, a collection of pointed spaces (given by different index pairs)
together with natural homotopy equivalences between them (given by the flow map).
In Definition 4.4, we actually pick a representative of this connected simple system
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by making a choice of the index pair (N, L). As we will see in the next section,
we need to make choices of all kinds of index pairs in our construction of spectrum
invariants. Just like the Riemannian metric g and the perturbation on f', these choices
will be treated as auxiliary data involved in the construction and we will prove that our
spectrum invariant is independent of this data up to canonical isomorphism.

We further provide relevant properties of the Conley index.

(1) Product flow If ¢; is a flow on V; for j = 1,2 and S; is an isolated invariant
set for ¢; , then we have a canonical homotopy equivalence 1(¢; X @2, S1XS3) =
I(¢1,S1) A (@2, S,), where A is the smash product.

(2) Continuation Let ¢; be a continuous family of flows parametrized by ¢ €0, 1].
Suppose that A is an isolating neighborhood of ¢; for any ¢ € [0, 1], and let S
be inv(¢y, A). Then we have a canonical homotopy equivalence I(pg, Sp) =

I(¢1, S1).

The following concept will be useful for explicitly computing the Conley index.
Definition 4.5 [32] For a compact subset 4, we consider the following subsets of
its boundary:
nt(A) ;= {x € 94 | there exists € > 0 such that ¢(x, (—e,0)) N 4 = &},
n~(A) :={x € 94 | there exists € > 0 such that ¢(x, (0,€)) N A = T}.

A compact subset N is called an isolating block if N =n™(N)Un—(N).

It is easy to verify that an isolating block is an isolating neighborhood. When N is an
isolating block, its index pair can be given by (N,n™ (N)).
Next, we consider a situation when an isolated invariant set can be decomposed to

smaller isolated invariant sets.
Definition 4.6 (i) For a subset 4 C V, we define its a—limit and w-limit sets as
a(4) = () ¢(4,(=00,7)) and  w(A4) = () e(4,[t, +00)).
t<0 t>0
(i) Let S be an isolated invariant set. A subset 7" C S is called an attractor (resp.
repeller) if there exists a neighborhood U of T in S such that w(U) =T (resp.
a(U)=T).
(ili) When T is an attractor in S, we define the set 7* :={x € S |w(x)NT = &},
which is a repeller in S. We call (T, T*) an attractor-repeller pair in S'.
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Note that an attractor and a repeller are always isolated invariant sets. We give an
important result relating Conley indices of an attractor-repeller pair.

Proposition 4.7 (Salamon [33]) Let S be an isolated invariant set with an isolating
neighborhood A, and let (T, T*) be an attractor-repeller pair in S . Then there exist
compact sets N3 C N, C Ny C A such that the pairs (ZVZ, ]V3), (ZVI, ]V3) and (ﬁl, ZVZ)
are index pairs for T, S and T*, respectively. The maps induced by inclusions give a
natural coexact sequence of Conley indices

[0.T) 5 1(9.8) 2 1(0.T*) > S1(9.T) > S1(. S) — - .

We call the triple (]V3, N», N 1) an index triple for the pair (T, T*), and we call the
maps i1 and i, the attractor map and the repeller map, respectively.

By Corollary 4.4 of [33], the attractor maps are transitive in the following sense.
Suppose that S; is an attractor in S, and S, is an attractor in S3. Then S is also an
attractor in S3. Moreover, the corresponding attractor maps

iv: 1(p, S1) > 1(9,S2), i: 1(9,S2) —> 1(p,S3) and if: I(p,S1) — I(p,S3)

satisfy the relation i{’ = ii oi1. Similar statements hold for the repeller maps.

Lastly, we briefly discuss the equivariant Conley index theory, which has been developed
in [8; 31]. Let G be a compact Lie group acting on V' while preserving the flow ¢. For a
G-invariant isolated invariant set S, we can find a G—invariant isolating neighborhood
as well as a G—invariant index pair (N, L). As in the nonequivariant case, with the
choice of (N, L), we denote by I (¢, S) the pointed G—space (N/L,[L]), whose
G—equivariant homotopy type only depends on S and ¢. In particular, /g (g, S) is the
G-equivariant Conley index of S'. All the nonequivariant results stated above can be
adapted to the G—equivariant setting. From now on, we will work on this equivariant
setting with G = S'! or Pin(2).

5 Construction of the spectrum invariants

In this section, we define different versions of unfolded Seiberg—Witten—Floer spectra
for the spin® manifold (Y, s). We first define the spectra MA(Y,s, Ao, g:S") and
S_WfR(Y,S, Ao, g: S 1) for a general spin® structure s. In Section 5.2, we consider
the situation when s is torsion and define normalized spectra MA (Y,5:S') and
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SWFR(Y,s; S!) which are independent of the choices of base connection Ay and
metric g. In Section 5.3, we deal with the Pin(2)—equivariant case for a spin structure s
and define SWF4(Y, s; Pin(2)) and SWER (Y, s: Pin(2)).

5.1 The spectrum invariants for general spin® structures

The main idea of the construction follows [16; 13]. In summary, we want to apply
finite-dimensional approximation of Conley indices to the set Str(R) which contains
all critical points and flow lines between them. However, the set Str(R) is unbounded
owing to the action of g@. We then need to introduce transverse functions and use
their level sets to obtain a collection of bounded subsets of Str(R).

The space of imaginary-valued harmonic 1-forms, denoted by iQ}l(Y), is a subspace
of Coul(Y). Let py: Coul(Y) — i Q}l(Y) be the L2—orthogonal projection. Here, we
identify iQ}l(Y) with R?1 by choosing harmonic forms {/1, /2, ..., hp,} C iSZ}ll(Y)
representing a set of free generators of the group

2iim(H'(Y;Z) - H'(Y;R)) = Z°1.
With this identification, we can write the projection as

PH = (PH,1---s Drby)-

From now on, we assume that our perturbation f is good; see Definition 2.3. Together
with the compactness result [17, Theorem 10.7.1], the set of critical points of £ in
Coul(Y) is finite modulo the action of g’;,. Consequently, we can find a small interval
[r,s] C (0,1) such that Ufl:l p;t,lj ([—s,—r]U[r, s]) contains no critical point of L.
Pick a positive number R greater than the universal constant Ry from Theorem 3.2.

Lemma 5.1 There exists a positive number € > 0 such that we have || grad L(x)||z > €
forany x € (7L, py; ((=s. —r]U[r.s)) NStr(R).

Proof Suppose that the result is not true. We can then find a sequence {x,} contained
in (Uj”:l P;[,lj ([—s,—r]U[r,sD) N Str(R) with | gr\aafi(xn)ﬂg — 0. Notice that the
sequence {x,} is contained in p?_{1 (—1, 1]°1) N Str(R), which is bounded in L,zc.
Hence, after passing to a subsequence, x, converges to some point X, of Coul(Y')
weakly in L,Z€ and strongly in L,zc_1 by the Rellich lemma. Consequently, we have
Pr(xn) = pr(xoo) and grad £(Xeo) = 0 by continuity. This is a contradiction since
Xoo i a critical point of grad £ and lies in U?‘zl Py j((=s,—r1U[r.s). m|
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Figure 1: The function g

Note that € in the above lemma depends on the choice of r, s and R. With these data,
we choose a smooth “staircase” function g: R — [0, co) (see Figure 1) satisfying the
following properties:

(i) g iseven,ie g(x) =g(—x) forall x e R;
(ii) there is a positive constant T such that g(x + 1) = g(x) 4+ 7 for all x € [0, 00);
(iii) g is increasing on the interval [r,s] and g’ = 0 on [0, 7] U[s, 1];

(iv) |g'(x)] <€-€” for all x € R, where €” is a positive constant such that

by
> ajh;
j=1

Next we use the function g to define a small perturbation of &£ which is not invariant

by

1/2
S(Zajz) for all (al,az,...,ab)e]R{bl.

(14) e’

under g@ but transverse to level sets of £. Foreach j =1,...,b;, we define
gi+=8opnj+L and gj_=gopyj—L.

With our assumptions on g, we have the following result.

Lemma 5.2 Foreach j =1,...,b{, we have
(8rad £(x). grad gj,+(x))z =0 and (grad L(x). grad g7~ (x))z < 0.

where the equalities hold only when x is a critical point of L.

Proof By (10) and a straightforward computation, we can prove that

—_ _ 1 5
[ grad (g o p3,;)(x)llz = llgrad (g o p3, ;) (X)) L2 < r 1" (pa,j(x))| <€

If |p3,j(x)| € [n,n + 1] or |py,(x)| € [n + s,n + 1] for some integer n, then
Z'(pwu,j(x)) = 0 and (grad £(x), grad gj +(x))g = ||§r?1?1£(x)||§7 which is zero if
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and only if x is a critical point of £. Otherwise, |py,;j(x)| € [n +r,n + s] for some
integer n, and Lemma 5.1 implies

(grad £(x). grad g7+ (x))g = |gFad £(x) 12 + (€ L(x). g7ad (Z 0 pr.j)(x))z
> ||grad L)% — 1g7ad (8 0 prj) ()17 - 16780 L(x) 7
> || grad £(x)z(|gad £(x) 1z — &) > 0.

The same argument applies to the inner product (grad £(x), grad gj —(x)) - m|

Since the number of critical points of £ is finite modulo gauge, we can find a real number
0 € R such that gj’i(x) = 0 for any critical point x of £ and j € {1,2,...,by}. For
convenience, we also choose a decreasing sequence of negative real numbers {A,} and
an increasing sequence of positive real numbers {u,} such that —A,, u, — co. We
are now ready to define a collection of bounded sets in Str(ﬁ).

Definition 5.3 With the choice of ﬁ, g and 6 above, we define the sets

Th=suw(R)n [ gk (-00.0+ml,
1<j<b;

Iy = Str(ﬁ) N ﬂ g-_’l_(—oo, 0 + m]|
1<j<b;

(15)

for each positive integer m. This collection of J, (resp. J,,) will be called a positive
(resp. negative) transverse system. With the choice of {A,} and {u,}, we also define

I = Ty OV,

Notice that the functional £ is bounded on Str(ﬁ), and the perturbed functional g; +
is bounded below on Str(ﬁ). Since a subset S C Str(E) is bounded if and only if
px(S) is bounded, we can see that the set Jnjf is bounded in the L,zc—norm.

We will start to derive some properties of the finite-dimensional bounded sets J,',’{i.
Although some of the following results are slightly stronger than what we need to define
the 3—dimensional invariants, they will be useful when we develop the 4—dimensional
theory and prove the gluing theorem in [14; 15].

Lemma 5.4 For any positive integer m, there exist positive real numbers €,, and 6,
and an integer Ny, >> 0 such that for any n > Ny, and 1 < j < by, we have

((Z—i—p)”’l’ oc)(x),éﬁigj,+(x))§ >¢€,  forany x € J,;’,’+ﬂgj_’£r[9+m—6m, 0-+m],
((1+p§f: oc)(x),gr\efdgj,_(x))g < —€m forany x € Jyy"Ng; L [0+m—6p.0+m].

Geometry € Topology, Volume 22 (2018)



2052 Tirasan Khandhawit, Jianfeng Lin and Hirofumi Sasahira

Proof We only prove this lemma for g; 1 ; the other cases can be proved simi-
larly. Suppose that the result is not true. Then we can find sequences n; — +o0,
€m,i,Om,i — 0 and {x;} with x; € J,;l,"’+ N g1_1+[9 +m — 0, 0 + m] and
:u/ni [yt
((Z + pkn_ OC)(XI'), grad gl,—i—(xi))g = €m,i-

Since {x;} is contained in the L,zc—bounded set J,5', we can pass to a convergent
subsequence X; — X0 iN lec_l by the Rellich lemma. By continuity, we have xo €
gL (6 +m) and grad g; 4 (x;) — grad g1 4 (Xeo) in L;_,. Since pf: converges
to the identity map pointwise, we also have (/ + pf”_i oc)(x;) > (I +¢0)(xx0) =
grad £(xoo) in L7_,. Therefore, we obtain '

tn; — — —
((1 + P, ° ¢)(xp;), grad gj,-i-(xni))g; — (grad L(Xo), grad gj,-i—(xoo))fg"

which implies that (grad £(xs). grad g; +(xoo))z < 0 and x is a critical point by
Lemma 5.2. This is a contradiction with the choice of 6. O

Now we apply the Conley index theory to the flow on V)ffl " generated by the vector field
—( + p;f: oc). There is a technical point here. Since V)ffi " is noncompact, this flow
may go to infinity within a finite time. As in [22], we can fix this by choosing a bump
function t,,: Coul(Y') — [0, 1] for each m such that ¢,, is supported in a bounded subset
of Coul(Y') and J YZ—L 41 1s contained in the interior of t,1(1). We denote by ¢, the
flow on V}Z " generated by —ip, - (I + pi‘: oc). The flow ¢!, on JE does not depend
on m’ whenever m’ > m—1, so its invariant set and its Conley index remain unchanged.

Lemma 5.5 For a positive integer M, there exist large numbers N and T such that
for any positive integers m < M and n > N, we have the following statements:
(a Ify:[-T,T]— V)f: " is an approximated Seiberg—Witten trajectory contained
in J,',ll’+, then we have
y(0) € Str(Ro) N [ &7} (=00, 6 +m — 6]
1<j<b;
In particular, J,’}Z’Jr is an isolating neighborhood for the flow ¢/ .

(b) The set inv(p) _,, J,Z’jl) is an attractor in inv(¢})},, J,Z’Jr) with respect to the

flow )}, .

Proof Let 7, A and 1 be the large constants from Corollary 3.7 with S = J AJ,FI Let
Om , €m and N, be the constants obtained from Lemma 5.4 form=1,..., M. Put T =
max{T, 0 /e1, ..., 0 /er}+1. We choose a positive integer N >max {Nj, ..., Nps}
such that Ay <X and sty > Ji. Let m < M and n > N be arbitrary positive integers.
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(a) Lety: [-T,T]— V“ " be an approximated Seiberg—Witten trajectory contained
in Jy, ’+. Corollary 3.7 and the choice of N and T ensure that y(0) € Str(Rp).
For the sake of contradiction, let us suppose that g; +(r(0) > 6 +m — 6y for
some j €{l,...,b;}. By Lemma 5.4, the value of g;j +(y(¢)) decreases along the
trajectory y on [—T, 0] with

L85+ () = (= + pir o)y (1)), grad gj,+ (v (1)) < —€m.

Hence, we obtain g, L(y(=7)) > g, +(7(0)) + Tem > 6 + m from the fundamental
theorem of calculus. This is a contradiction with our assumption that y(—T) € J,} C
g (=000 +m].

(b) From Lemma 5.4 and the choice of N, we have
(~( + pi 0 ¢)(x). gTad 7.4 (x))y < 0

for any x € J 1 N g LO+m—1). Consequently, the flow @) goes inside J:’;’_Jrl
along 8]” & \8 Str(R) and inv(g) ., J,
respect to the flow ¢y}, O

) is an attractor in inv(g”, Jpy Jr) with

Consequently, we can acquire the S'—equivariant Conley index g1 (¢, inV(J,Z’+))
from a compact finite-dimensional subset J,',’{’L when 7 is large enough relative to m
as in Lemma 5.5. Using the orthogonal complement 170 of i QI(Y) in V.2, we define

It .=3%" /\n151(<pm,1nv(J” )

as an object of €. Note that here a choice of index pair for 1nV(J,71’+) is made to get
the Conley index; see the remark following Definition 4.4. Eventually, we will show
that our invariants are independent of this choice up to canonical isomorphisms.

Let i,';,’+: I (@, inv(Jy +)) — Isl((pm,an(J’:l’_:_ )) be the attractor map and de-

o+ V*nl" e morg(l,f, , m+1) We will show that the
object [, ,','{+ is stable in the following sense.

note by et a morphism X~

Proposition 5.6 For any positive integer M > 0, there exists a positive integer N
such that for any positive integers m < M and n > N, there is a canonical isomorphism

ot e more (15, ILTYT) . Moreover, we have the following commutative diagram:
+ ;n,+1 +
n, m— n,
I ——— In
16 ~ ~
(16) it it
bt
gt Imo et

m—1
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Proof Following the remark after Corollary 3.7, we can extend the result of Lemma 5.5
to interpolated projections. With the integer N depending on M from Lemma 5.5,
we can deduce that J,',I,Jrl’Jr is an isolating neighborhood for the flow generated by

—tm (I + (s-pf::: +@ —s)p;f:)oc) forany n > N and s € [0, 1].

The rest of proof follows from the arguments given in [22, page 910; 13, Proposition 8].
By continuation property of the Conley index, we have a natural homotopy equivalence

yln ) .
p;tn,+: pX x;1+1151(g0;ln,1nv(J"7ll,+)) N [S1(§0;ln+lv1nV(Jr’ylz+l’+))-

The isomorphism ﬁ,’Z,’Jr is then given by the composition
770 7o __pn An
SV Ig1 (@l inv(JT)) — 70 st 2P [y (o inv(J))
= _pin
sV i L (o iy (g L)

79 .
=% nt g (ot inv(JTTY),

where the first morphism is given by sV n~! (see Proposition 4.2) and the second
morphism equals 2 ,of,;Jr. The diagram (16) commutes because of the continuation
property of attractor-repeller pairs [33, Theorem 6.10]. O

For each positive integer M, we pick a positive integer 7, larger than the constant N
from Proposition 5.6, and we require that {nys} be an increasing sequence. We are
now ready to define the spectrum invariant.

Definition 5.7 The S!—equivariant ind-spectrum MA(Y, sy, Ao, g;S1) is defined
to be an object of & given by

(17) [{11"'1' —)I;2’+ —>I;13’+ N
. Am,+ Rypp+1,1 - o
where the morphism from 1, to [, 1S a composition
;;Zm—&-l:"f‘ ° 5r7}l1n1+1_1>+ 0.4 0 ﬁr}zm,—l—

of the morphisms in Proposition 5.6.

We will prove in the next section that this gives a well-defined object of the category &
independent of the choices made in the construction up to canonical isomorphism.

To define another invariant MR(Y, sy, Ao, g; S1), we follow almost the same steps
for the construction of sifA except that there are two main differences. First, the
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set inv(@!, J,77) is a repeller in inv(g”,, J::l’_:l), so the arrows in the system will be
reversed. Second, we use V)‘0 for desuspension instead of 172 . We define
n n

18 = 7 I (ol inv(J 7)) € ob €,
where n is large enough relative to m, and we have a morphism

n,— n,—
I, < ImJrl

induced by the repeller map. The following collection of results can be proved in the
same way as the corresponding results for J,Z’+.

Proposition 5.8 For a positive integer M, there exist large numbers N and T such
that for any positive integers m < M and n > N, we have the following statements:

(a) For any approximated Seiberg—Witten trajectory y: [-T,T] — VA’Z " which is
contained in J,y~, we have

y(0) €Str(Ro) N (1) &5 (=00.6 +m— 6]
1<j<b;

In particular, Jp;~ is an isolating neighborhood for the flow ¢ .

(b) The set inv(¢])", J:l’__l) is arepeller in inv(¢p!™, J, ™) with respect to the flow ™.
Consequently, we have the repeller map

ir’:;—_l : ISl (‘p;ln’ inV(Jr’:z’_)) - ISI (90;1”, inV(J:,,__l ))

(c) There is a canonical isomorphism Py~ € morg(1y ™, 1,',',+1’_) such that the
diagram
i
n— , ‘m-1 n,—

I, ——In
’i-'n-l—l.—

i B

VO

~n,— - . =V .H,—
commutes, where i’ | is given by X~ "ini .

For each positive integer M, we also choose a positive integer nps, larger than the
constant N from Proposition 5.8, so that {nps} is an increasing sequence.
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Definition 5.9 The S!-equivariant pro-spectrum swiR (Y, sy, Ao, g; S!) is defined
to be an object of G* given by

(19) R e

where the connecting morphisms are defined in the same manner as in Definition 5.7.
We will also prove well-definedness of MR(Y, sy, Ao, g; S1) in the next section.

5.2 The torsion case

When the spin® structure s is torsion, we will be able to further normalize the spectrum
invariants sifA and slfR following the idea of [22]. The resulting objects will not
depend on 4¢ and g.

We will need to define a rational number n(Y, sy, Ag, g). Choose a 4-manifold X
with boundary Y with H3(X,Y;Z) =~ H(X;Z) =0. Such X always exists as we
can construct X by attaching 2—handles on D* according to the surgery diagram of Y.
By the homology long exact sequence for the pair (X,Y), we see that H%(X,Z) —
H?(Y, Z) is surjective. Therefore, we can extend s to a spin® structure sy over X and
extend A to a connection 20 over X. Recall that we have a nondegenerate pairing

U: im(H*(X,Y;Q)—H*(X;Q)) ®im(H*(X,Y; Q)= H*(X;Q)) — Q.

Denote by b*(X) (resp. b~ (X)) the dimension of a maximal positive (resp. negative)
subspace with respect to this pairing and denote by ¢ (X) the signature of this pairing.
Notice that we can define ¢ (sy)? = c;(sx) Uc;(sy) € Q because ¢ (sy)|y = c¢1(s)
is torsion. We define

(20) n(Y.s. Ao, g) :=Indc (B}, ) — Le1(sx)? — 0 (X)),

where @}0 is the positive Dirac operator on X coupled with A 0, and Indc (@}0) isits
index defined by using spectral boundary condition as in [2]. It was proved in [22] that
n(Y,s, Ag, g) does not depend on the choices of X, sy and 20 ([22] only considered
a rational homology sphere Y but the proof works for a general 3—manifold Y without
any changes). In fact, we have

Q1) n(Y,s, Ag, g) = 3(n(P) — dimg (ker D) + 1ngien).

where () and 7, denote the eta-invariant of the Dirac operator and the odd
signature operator, respectively; see [22; 2].
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The normalized invariants SWF4 and SWER will be obtained by formally desuspend-

ing S_WfA and swf® with the rational number n(Y, s, Ay, g) as follows.

Definition 5.10 We define the S'—equivariant ind-spectrum and pro-spectrum by

SWF4(Y,s; S1) := (SifA(Y,S, Ag.g:81),0,n(Y, s, Ag. g)),
SWER(Y,5:81) 1= (swfR(Y, 5, 40, 2: S1),0,n(Y,s, 4o, 2))

as objects of & and &%, respectively.
The proof of invariance of SWF4 and SWFX will also be in the next section.

5.3 The Pin(2)-spectrum invariants for spin structures

In this subsection, we will define the Pin(2)—analog of the spectrum invariants for a
3-manifold Y equipped with a spin structure s. Since all the constructions are similar
to the S!—case, some of the discussions will be brief.

We define the group Pin(2) as the subgroup S'U jS!' C H of the algebra of quaternions
containing S! as the set of unit complex numbers. We are interested in the following
real representations of Pin(2):

(1) R, the trivial one-dimensional representation;

(2) R, the nontrivial one-dimensional representation where S acts trivially and j
acts as multiplication by —1;

(3) H, the four-dimensional representation where Pin(2) acts by left quaternionic
multiplication.

*
Pin(2)
of the categories €, & and &*. The objects of Cpiy(2) are triples (A4, m,n) consisting

We introduce the categories €pin(2), Spin(2) and & which are the Pin(2)-versions
of an even integer m, a rational number n and a pointed Pin(2)-space 4 which
is Pin(2)-homotopy equivalent to a finite Pin(2)-CW complex. We define the set
MOy, ., ((A,m,n), (A’,m’,n’)) by
colim [(Ru@ ]Rv@ Hw)+/\ A, (RMEB I’@v+m—m’@ Hw+n—n’)+/\ A/]Pin(z)
U,v,W—00

*
Pin(2
sequential direct systems (resp. sequential inverse systems) in €p;jp(2). We call an object

when n—n' € Z and it is empty otherwise. The objects of Sp;y(2) (resp. & )) are the
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of Gpin(2) @ Pin(2)—equivariant ind-spectrum and call an object of G;in(z) a Pin(2)-
equivariant pro-spectrum. The sets of morphisms are defined in the same way as (12)
and (13). For an object W of &pip(2), Gpin(z) and 6§in(2), the notation (W, m, n)
will be used as in the S!—case. A Pin(2)-representation E is called admissible if it
is isomorphic to R? @ H®. For an admissible representation E, we can define the
suspension functor £ and the desuspension functor X% in the same manner, eg
>~E(A,m,n) is given by (ZESIA, m+42a,n+b). All the results from Section 4 can

be adapted to this setting.

We now turn to the Seiberg—Witten theory of a spin 3—manifold. Recall that the spin
structure s induces a torsion spin® structure on Y. With a slight abuse of notation,
we also denote this spin® structure by 5. We will have the same setup from the spin®
structure s with the following new features coming from a spin structure:

(1) The structure group of Sy can be reduced to SU(2) =~ S(H). Therefore, Sy
is a quaternionic bundle. Here we follow the convention of [24] and let the
structure group act by the right multiplication.

(2) The bundle det(Sy) has a canonical trivialization. The Levi-Civita connection
on TY then induces a canonical spin connection 4g on Sy with F Al = 0. We
will always choose Aq for our base connection.

(3) We have an additional action j: Cy — Cy sending (a, ¢) to (—a, j¢). This
action, together with the constant gauge group S'!, gives a Pin(2)—action on Cy .
All the objects in the setup are Pin(2)—invariant, eg the functional CSD,,,, the
Coulomb slice Coul(Y') and the Li—inner product, etc.

In order to respect the additional j—symmetry, we have two new requirements in our
construction:

(1) The perturbation f should be invariant under ;. In other words, we should have
fla.9)=f(=a.j¢).

(2) The sets J,'f,’i should be invariant under ;.

A slight adaption of [20, Theorem 2.6] shows that for any real number §, we can find
a j—invariant extended cylinder function / such that (8, f) is a good perturbation.
Since we required the staircase function g from Section 5.1 to be even, it is not hard
to see that J,’Z,’i is j—invariant once the perturbation f is j—invariant.

We can now follow the construction from Section 5.1 . In particular, the sets J,f,’i are
isolating neighborhoods for the Pin(2)—invariant flow ¢;, when # is sufficiently large
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relative to m, and we define

I (Pin(2)) = =77 A oy (g inv (),
—_— . —_— 0 . —_
Iy~ (Pin(2)) := =7V Ipin(ay (g3 1nv (7))
as objects of Cpjy2). As before, we obtain an object MA(Y,s, Ay, g;Pin(2)) of

Gpin(2) given by
I"F (Pin(2)) — I3*F (Pin(2)) — -+

and an object swiR(Y, s, Ay, g; Pin(2)) of G;in(Z) given by
IV (Pin(2)) < 17>~ (Pin(2)) <« - --

for an increasing sequence of large positive integers {n; }. We define spectrum invariants
as in the torsion spin® case.

Definition 5.11 With the above setup, the Pin(2)—equivariant ind-spectrum and pro-
spectrum are defined by
SWEA(Y. 5 Pin(2)) := (swf(Y.5. 4. g1 Pin(2). 0, 3 (n(Y. 5. 4o. 2))).
SWER(Y,s: Pin(2)) := (swf®(Y. s, 4o. g: Pin(2)), 0, 3 (n(Y. 5, Ao. £)))
%

Pin(2)°
number defined in (20). As before, these objects are independent of the choices made

as objects of Gpjy(2) and & respectively. Here n(Y,s, Ag, g) is the rational

in the construction up to canonical isomorphism.

6 The invariance for the spectrum

In this section, we will prove the invariance of our ind-spectrum (pro-spectrum). In
other words, we will show that the spectra given by different choices of parameters
are canonically isomorphic to each other (as objects of the category in which they are
defined). We focus on the S!—equivariant case, and the Pin(2)—case can be proved in
the same way.

First, let us list the parameters in order of dependence (for example, R is any number
greater than R, where Ry is the constant of Theorem 3.2 depending on g, Ag and f):
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(I) the Riemannian metric g and the base connection Ag;
(I) the good perturbation f: Coul(Y) — R;
(IIT) the sequences of real numbers {A,}, {{tn};
(IV) the number R (in the definition of Str(ﬁ));
(V) the harmonic forms {/;}, the cutting function g and the cutting value 0;
(VD) the positive integers n,, in (17) and (19);

(VII) the index pairs for the isolated invariant sets.

The invariance for (VII) is a direct consequence of the invariance of the Conley index;
see Section 4.2 and [33]. The commutative diagrams (16) and (18) imply the invariance
for (VI).

In Section 6.1, we will make a digression into the discussion of the finite-dimensional
approximation for a family of flows. In Section 6.2, we will prove the invariance for
(II)—(V). The invariance for (II) (which is the most interesting one) and (I) will be
proved in Sections 6.3 and 6.4, respectively.

6.1 The finite-dimensional approximation for a family of flows

In this subsection, we extend finite-dimensional approximation results in Section 3 for
a continuous family of flows. This setup will be useful for proving the invariance and
calculating examples.

Let S be a compact manifold (possibly with boundary) and consider a smooth family of
Riemannian metrics {gs}ses and a smooth family of base connections {Ag s}ses. As
before, we require that (i/27) F4¢ = equals the harmonic form representing ¢;(s). We
denote by Coul(Y, s) the (L,zc—completed) Coulomb slice for (g5, Ao s). Foreach s, we
have an elliptic operator /;: Coul(Y, s) — Coul(Y, s) given by (xyd, I 4o.5)» Where g
is the Hodge operator of gg. Although {Coul(Y,s) | s € S} is a Hilbert bundle over S,
by Kuiper’s theorem, this bundle is trivial, and we can identify it with .S x Coul(Y") by
fixing a trivialization. We have the following generalization of Definition 3.4:

Definition 6.1 Let E be a vector bundle over Y. A family of smooth and bounded
maps {Qs: Coul(Y,s)— L lzc (I'(E))}ses is called a continuous family of quadratic-like
maps if Qy is quadratic-like for each s € S and, for each nonnegative integer m < k

we have a uniform convergence (%)m Os, (yn(1)) — (%)m Oseo (Yool)) in L7,
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whenever there is a uniformly convergent sequence of compact paths (%)j Vu(t) —>
(%)])/oo(l) in lec—l—j for each j = 0,1,...,m with y,: I — Coul(Y,s,) and

Sp —> Soo-

We now let {Qj: Coul(Y, s) — lec(ker d* ®T(Sy))}ses be a continuous family of
quadratic-like maps. As before, for real numbers A < 0 < u, we define VA’L (s) C
Coul(Y, s) to be the space spanned by the eigenvectors of /g with eigenvalue in (A, u].
We also consider 172 (s), which is the orthogonal complement of iQ}l’(Y) in V)LO (s).
Note that these spaces usually do not change continuously with s because the dimension
can jump at eigenvalues of /.

Throughout this subsection, we say that for an interval 7, a path y: I — Coul(Y, s) is
an actual trajectory if it satisfies %y(t) =—(+4 Qs)y(t),and apath y: I — V)f" (s)
is an approximated trajectory if it satisfies %y(z) =—(+ p’f o Qs)y(t) for some
and A. We denote by ¢(A, i, s) the flow generated by —¢- (I + pﬁf o Qg), where ¢ is a
bump function which equals 1 on any bounded subset involved in our discussion.

Theorem 6.2 Let B be a closed and bounded subset of Coul(Y') and suppose that
there exists a closed subset A C int(B) such that for any s € S and any actual trajectory
y: R — Coul(Y, s) contained in B, we have y contained in int(A). Then there exist
constants T, —X, [ >> 0 such that the following statements hold:
(i) Forany A < A, u>jandse S, ifan approximated trajectory y: [-T,T] —
VA“ (s) is contained in B, then we have y(0) € A. In particular, B N qu is an
isolating neighborhood for the flow (A, i, s).

(i1) The spectra
—p0 i
=V (S)IS1 ((,0()\’ WU, s),inv(B N VAM(S))),
—po i
STV 61 (00 . 5). inv(B N V()

do not depend on the choice of A < A and j > Ji up to canonical isomorphisms
in €. We denote these objects by I(B, s) and I (B, s), respectively.

(iii) For any path «: [0, 1] — S, we have well-defined isomorphisms
o(B,a): I1(B,a(0)) — =POC 1B (1)),
5(B,a): 1(B,a(0)) — SfCP-aCT (B (1)),

where sf(— D, o) denotes the spectral flow of — ) along the path «. Moreover,
the isomorphisms p and p only depend on the homotopy class of « relative to
its endpoints.
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Proof For the first part, the proof is similar to that of Corollary 3.7: we suppose there
exists no such A, ;z and 7. Then we can find a sequence of approximated trajectories
Vi [=Tn, Ty] = Coul(Y, s,) with Ty, —An, ity — +00 such that y;, is contained in B
but y,(0) &€ A. Since S is compact, we can assume S, — Soo after passing to a
subsequence. The properties in Definition 6.1 allow us to repeat the argument in the
proof of Proposition 3.3 and find an actual trajectory ys0: R — Coul(Y, so) as the
limit of the y,,. Consequently, we have y contained in B and 50 (0) € int(A4). This is
a contradiction with our hypothesis. Thus, the proof of (i) is finished.

The proof of (ii) is a straight forward adaption of arguments from Proposition 5.6,
and we omit it. For (iii), we will focus on the case p(B,«) as the other case
can be proved similarly. For brevity, we will denote by E ;f (s) the Conley index
Ig: ((p(k, W,s),inv(BN VAM (S))). The isomorphism p(B, ) is constructed as follows:
We consider the interval [0, 1] as the union of subintervals [¢;,7; 1] with j =1,...,m
such that, for each j, we can find p; > it and A < A which are not eigenvalues of /()
for any ¢ € [tj,t;41]. Then V}fjj (a(z)) from ¢ =1; to t = ;41 is a continuous family
of linear subspaces and ¢(A;, uj, @(t)) is a continuous family of flows on them. By
the homotopy-invariance of the Conley index [33, Section 6], we get an isomorphism

(22) pit B3 (@(t) = E3 (@(tj+1).
Notice that
[V)g. ()] + [sf(—=P.a((tj, tj+1])C] = [Vk(i- @(tj41))]

as elements of the representation ring of S!. We can desuspend both sides of (22) and
get an isomorphism

I(B.a(ty) —» =20 6C [(B a(t;4.)).

The isomorphism p(B, «) is defined as the composition of the above isomorphisms
for j =1,...,m.

We will see that p(B, «) is independent of the choices of #;, A; and ;. First, fix a
choice of {#j} and make different choices of {)\.}} and { u} }. Without loss of generality,
we may assume that A; < )»} and pj > /,L}. As before, we have an isomorphism

W ~ W
pii By (@(t) = Ey/ @(4).
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As in Proposition 5.6, we have isomorphisms for stability of Conley indices
j ~ W j ~ Y ; I
o Ef @) = B @), ot ) (@(tyen) > 57 B (@(ij40).
Using the formula in [33, Theorem 6.7], we can easily see that 0;q 0 p; is Sl
0 0

equivariantly homotopic to ,0;. ooj . This implies that LY pj and DLy ,0} are equal
to each other as morphisms in €. Therefore p(B, ) does not depend on the choices
of {A;} and {u;}. Next we prove the independence of the choice of {#;}. Let us pick
another sequence {ZJ/ };”:/1 . Without loss of generality, we will only work on the case
where {tjf} C {tj}; ie {tj} is a finer subdivision. Let us suppose that

/ /

for some j’ € {1,...,m’}. An equivariant version of [33, Corollary 6.8] implies that
pj+10pjis S I_equivariantly homotopic to ,0},. This discussion implies that p(B, &)
is independent of the choice of {7;}.

Now suppose that we have two paths ¢, a; which are homotopic to each other relative
to their endpoints by a homotopy a,, for u € [0, 1]. For any (9, ug) € [0, 1]*, one
can also find ;0 > and A < A and a small neighborhood O of (¢y, ug) such that
and A are not eigenvalues of /() for any (z,u) in O. By the definition of p and the
homotopy-invariance of the Conley index, we see that p(B, &) does not change as u
varies inside O. By considering a finite cover of [0, 1]*> by such neighborhoods, we
see that p(B, ag) = p(B, «1). This finishes the proof of the theorem. |

The following corollary is directly implied by the homotopy-invariance of the attractor-
repeller map.

Corollary 6.3 Let By C B, be two closed and bounded sets both satisfying the
hypothesis of Theorem 6.2. Suppose that for any sufficiently large —A, . and any s € S,
the set inv(p(A, u, s), By ﬂV)f" (s)) is an attractor in inv(¢ (A, i, s), BoN V}f‘ (s)). Then
the desuspensions of the corresponding attractor maps give well-defined morphisms
i(s): I(By,s) — I(By,s) and i(s): I(B;,s) — I(B,,s). Moreover, for any path
a: [0,1] = S, we have

p(Ba,@) 0i((0)) = (PDCi(q(1))) 0 p(By, @),
B(Ba, @) 0i((0)) = (ZPOCT (1)) 0 5( By, ).

The repeller version of this result also holds given that inv(p(A, i, s), By N VAM (s)) is
a repeller in inv(p(A, 1, s), By N VAM (s)) forany s € S.
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6.2 The invariance for (III)-(V)

Notice that the three parameters in (V) only affect our results through the definition
of the bounded set J,ff. Suppose that we choose two different triples of parameters
({hj}.g.0) and ({/;}.Z.6) and use them to define the sets J;+* and J, respectively.
From these subsets, we construct two direct systems, which we denote by (17) and (17)’,
respectively. Notice that J+ and J} are bounded subsets of Str(R). We can find
0<my;<my<--- and 0 <y <M, <--- such that

+ ~ 7+ + ~ T+
(23) Iy €I, CImy C I, Cooe s
which also implies the following inclusions for any positive integer 7:
n,+ Tn,+ n,+ Tn,+
Tom CIgT C I Iy

Notice that for any j > 0 and any n and m large enough relative to m; and 7, the
flow ¢}, goes inside J + and JE_JF along 8J” Al \ 8Str(R) and 8J ’ \8Str(§),
respectively. Therefore, the attractor maps, together with the 1somorphlsms Ox’ ot

(as defined in Proposition 5.6) give a direct system
(24) L

in the category € for suitable choices of n; <7y <n, <ip <---, where the connecting
maps are defined in a similar way as (17). Since the attractor maps are transitive

as mentioned after Proposition 4.7, the composition of the connecting morphisms
Nm;,+ ”19 nj41,+
I =i iy = I 1)

Therefore, we see that (24) contains both a subsystem of (17) and a subsystem of (17)".

is the same as the attractor map for inv(J,, +) cinv(Jt

By Lemma 4.3, this implies that (17) and (17)” are canonically isomorphic as objects
of &. In other words, up to canonical isomorphisms, the spectrum invariants S_WfA and
SWFE“ do not depend on the choice of {4 i}, & and 6. The case of swf® and SWFR
can be shown similarly. We have proved the invariance for (V).

The proof of the invariance for (IV) is easy: Let ﬁo < El be two numbers which are
both larger than the constant Ry from Theorem 3.2. Notice that when we choose a
suitable choice of parameters ({h } g.0) for R, these parameters also work for Ry
since RO < R1 Denote by J,’,’; (R ) the corresponding bounded set corresponding
for i =0, 1. Then it is straightforward to see that for any positive integer m and any
sufficiently large integer n (relative to m), the sets J,’,’l’i(ﬁo) and J, ,Z’i(ﬁl) are both
isolating neighborhoods of the same isolated invariant set. Therefore, their Conley
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indices are related to each other by canonical isomorphisms which are compatible with
attractor-repeller maps. This implies the invariance for (IV).

Remark Actually, from the above argument, we can replace Str(R) in our construction
with any set C C Coul(Y) satisfying the following conditions:

(1) for any bounded subset A C iQ}I(Y ), the set p;tl (4) N C is also bounded;

(2) any finite-type Seiberg—Witten trajectory is contained in the interior of C.

Also, we can define {Jnj;} to be any sequence of bounded, closed subsets of C such

that J;f C JE, |,

to m, the flow ¢/ goes inside (resp. outside) Jot (resp. Jow™) along dJpw ™ \ 8C
(resp. 0J,~ \ 0C).

Un_; J,;t, = C, and for any m > 0 and n large enough relative

As for (IIT), we choose different sequences {A,}, {itn} and {X,,}, {{in}. By Lemma4.3,
we can pass to their subsequences and assume that A, 41 < An <An and Un < n < hnt1
forany n. Let [ ,’,’1’+ and T, ,’,’;Jr be the objects of € obtained by desuspending the Conley
indices corresponding to {A,}, {itn} and {Xn}, {{ln}, respectively. We can repeat
the proof of Proposition 5.6 and establish canonical isomorphisms /, ,’,’,’+ ~ ] ,',';'" and
I,’},+1’+ ~ f,’;,+1’+ for any positive integer m and any sufficiently large integer n
(relative to m). Moreover, they form commutative diagrams similar to (16). This
implies that swf4 and SWF4 are independent of (III). The repeller case follows in the

same€ manner.

6.3 The invariance for (II)

In this subsection, we will consider any choice of good perturbations fj: Cy — R for
J =1,2. Recall that fj(a,¢) = %5]' ||<]5||i2 + ﬁ(a, ¢), where §; is a real constant and
J;j is an extended cylinder function. We first assume that §; = §, = . Since we do not
know whether the space of good perturbations is path connected, the usual homotopy-
invariance argument does not work. Therefore, we follow a different approach here.
Because the whole argument is relatively long and technical, we first sketch the rough
idea as follows.

Denote by £; the restriction of CSD,, ¢, to Coul(Y). Recall that we identify iQ}l(Y)
with R?1 by choosing independent harmonic forms {/;}. For any real number e > 1,
we will construct a family of “mixed” functionals £S5 for s € [0, 1] such that £} = £,
and £2 equals £; on pil([—e +1,e—1]1) and equals £, on pﬁl(Rbl \ (—e, e)b1).
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Suppose that all finite-type flow lines of £ are contained in Str(ﬁ) and consider an
increasing sequence of bounded subsets

I CTE CJf Tk coe,

where Jn‘;'j and jn—;_] are the bounded subsets of Str(ﬁ) corresponding to £ and £,
respectively. We will require that for each positive integer j, there exists a real number
ej > 1 satisfying

T C put(—ej + 1.ej — 1P) N Sw(R) C py;' (—ej. ¢;]") N Str(R) € J,;;,.

Let ¢" (L) be the approximated gradient flow of £ on the compact set Joot. Since
L1 equals £2j when restricted to J,;'l”j and the flow goes inside J,',’,’].+, we have an
attractor map

Igi(¢" (L), vy ) = Tg1 (9" (£). V() = Tg1 (9" (£L)). inv(T5 ).

On the other hand, we have g1 (¢" (£2j), inv(fr',ll’,Jr)) >~ Ig1(9"(Ly), inv(f}%’f)) by
J J
continuity of Conley indices. We combine these and obtain a map

Lsi(¢"(L1).inv(J5) = Ls1 (¢" (L), inv(JZT)).
We also construct another family of functionals gi, to obtain a map

Is1(¢"(L2). inv(f,’}l;;r)) — Tg1(@"(Ly), inv(J=T ).

mj+1

We will then prove that the composition

Is1 (" (L1), V(b)) = L1 (9" (L), inv(T ) = Lsa (@™ (L1), V(I )
is just the attractor map corresponding to £;. A similar result holds for £,. Therefore,
we have constructed a “mixed direct system” in the category €, and the spectra
corresponding to f7, f> are both subsequential colimits of it. Therefore, the invariance

of MA is implied by Lemma 4.3. The s_wfR case can be proved similarly.

There is one technical difficulty here. We need to find a uniform constant R, (indepen-
dent of e, 5) such that Str(R;) contains all the finite-type trajectories of £5 and ;éi
This will be taken care of by Corollary 6.12 and Lemma 6.14, which generalize
Theorem 3.2.

Let us prepare some general results regarding the perturbations. Recall that we have a
canonical isomorphism

70(Gy) = mo(Gh) = H'(Y; Z).
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For any positive integer m, we denote by mGy (resp. mg?,) the subgroup of Gy
(resp. g@) consisting of the connected components corresponding to m - H'(Y; 7).

Definition 6.4 For a positive integer m, a continuous function f: Coul(Y) — R is
called m—periodic if f is invariant under the action of mG” , which implies that f oIT
is invariant under mGy .

We will also need the following definition of tame functions.

Definition 6.5 A smooth function f: Coul(Y) — R is called a tame function if the
formal gradient grad( f o IT) satisfies all the conditions of the tame perturbations [17,
Definition 10.5.1] except that it needs not be invariant under the full gauge group Gy,
where I1: Cy — Coul(Y) is the nonlinear Coulomb projection.

Furthermore, a continuous family of functions { f,,} parametrized by a compact mani-
fold W (possibly with boundary) is called a continuous family of tame functions if
each function is tame and grad( f,, o I1) extends to a continuous family of maps on the
cylinder I x Y. In addition, we require that the constant 71, and the function p; from
[17, Definition 10.5.1] be uniform with respect to w € W.

Now we describe a way to construct a continuous family of tame functions from any
pair of extended cylinder functions, given a family of smooth functions.

Lemma 6.6 Let W be a compact manifold and Ty,: iQ}l(Y) ~ R%1 — R a smooth
family of smooth functions parametrized by w € W. Then we can choose a sequence of
constants {C;} in the definition of the space of perturbauons P (see Definition 2.1) so
that forany § € R and any f,, f> € P, a family of functions fw Coul(Y) — R given by

25) fuw(a.¢) = 18l¢12, + Fw o mn(@) - fi(a.¢) + (1 —Fy 0 13(a)) - fr(a. $)

is a continuous family of tame functions. Moreover, if Ty, is mZ? —periodic, then fy,
is m—periodic.

Proof This is actually a parametrized version of [17, Theorem 11.6.1], and we will
focus only on the term (Ty o (@))- f_l (a, ¢). To avoid repeating complicated analysis
there, we introduce a trick turning a family of functions into a single function. Let Y’
be another spin® 3—manifold with b{(Y”’) > 2dim W so that we can embed W in
the torus i Q}I(Y’ )/ g’l‘;/” . We now consider the family {7y, },yew as a single function
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on iQ}l(Y) x W and extend it to T: iQ}l(Y) X iQ}l(Y’) — R. Recall that f; =
Z}'il nj f;-, where f; is a cylinder function of Y with Zjoil Cjlnj| < oo. We define
a function
f}li CY X CY/ — R
given by
(a,9) x (@ ¢') > T(a3 (@), 7u(@) - f(a. $),

where 7j,: i Ql(}: ') > i€} (Y') denotes the projection onto harmonic forms on Y.
These functions fj’ almost fit into the definition of cylinder functions (see Section 11
of [17]) on C(Y) x C(Y') except that they are not invariant under the full gauge
group. We can still repeat the argument the proof of [17, Theorem 11.6.1] and show
that, by setting {C;} to increase fast enough, the formal gradient grad(z i N ]j’ ) is
a tame perturbation for the manifold ¥ U Y’ except that it is not invariant under
the full gauge group. As a result, it is not hard to see that this actually implies that
(Tw 0 w(a)) - fi(a, $) is a continuous family of tame functions. |

For a general functional £: Coul(Y) — R, we can consider its negative gradient flow
line y: I — Coul(Y'), described by the equation %y(l) = —grad L(y(t)). Such a
trajectory will be called an L£—trajectory. As before, we define the topological energy by
EP(y. £) = 2(sup L(y (1)) — inf L(y (1))
tel tel
Recall that a trajectory is said to be of finite type if it is contained in a bounded subset of
Coul(Y). We have the following uniform boundedness result for functionals perturbed
by periodic functions.

Proposition 6.7 Let {f,} be a continuous family of m—periodic tame functions
parametrized by a compact manifold W, and consider a family of functionals L, =
CSDyg |coui(y) + fw- Then for any C > 0, there exist constants R, C’ such that for
any w € W and any Ly —trajectory y: [—1,1] — Coul(Y) with topological energy
EYP(y, L) < C, we have y(0) € Str(R) and | Ly (y(0))] < C".

Proof The proof is a slight adaption of [17, Theorem 10.7.1]. Suppose that the
statement is not true. Then we can find a sequence {y; } of Ly, —trajectory y;: [-1,1]—
Coul(Y') with w; € W such that at least one of the following two situations happens:

o limsup;_, luj-y; (0)||le( = oo for any sequence {u;} C mgg;

o limsup;_, o |[Lw; (¥ (0))| = 0.
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Since W is compact, after passing to a subsequence, we may assume that w; — Weo.

We lift y; to a path yj: [—%, %] — Cy, which is the negative gradient flow line of
CSDy,, + fw; o I1. Note that we only consider an interior domain here to avoid a
possible regularity issue. With X = [—% %] x Y, we treat y; as a section over X and
denote it by (a;, $j). We can find a gauge transformation #; over X' whose restrictions
to {0} x Y belong to mGy such that the following conditions hold:

(1) d*@;—u;'dij)=0on X;
2) (@ — ﬁj_ld uj)(n) =0 on dX, where n is the outward normal vector;

3) onr eachfor / =1,...,by, we have fi(aj —iij_ldﬁj)/\(*d?l) €[0,m), where
h; is the pullback of A; on X.

The conditions in Definition 6.5 allow us to repeat the bootstrapping argument in the
proof of [17, Theorem 10.7.1] and obtain the following statement. After passing to a
further subsequence, (d; — ﬁj_ld uj, Uj-¢;) is convergent in Li +1/2 When restricted
to any interior cylinder. In particular, this implies that TT(iZ; {0y xy - 7 (0)) is convergent
in L,ZC. Notice that T1(it |(oxy - ¥ (0)) equals u; - y;(0) for some u; € mg’}’,. Also
L, (yj(0)) = Ly, (uj - vj(0)) is a convergent sequence since Ly (a, ¢) is continuous
in w and (a, ¢). Therefore, we arrive at a contradiction with the above two situations. O

We also have the following lemma, whose proof is essentially the same as Corollary 3.6,
and we omit it.

Lemma 6.8 Let {f,} be a continuous family of tame functions. For each w € W,
we define a nonlinear term cy,: Coul(Y') — L,zc(i kerd* @& I'(Sy)) of the gradient of
CSDy |coui(v) + fw as in (8) and (9). Then {cy,} is a continuous family of quadratic-
like maps.

Now we explicitly construct “the mixed perturbation” as follows. Choose a smooth
function 7: R — [0, 1] satisfying 7|(—c0,1/4] = 0 and 7|[1/2,00) = 1. For any real
number e > 1, we define a bump function z,: i Q}ll(Y) — [0, 1] from t by

Te(X1, X2, ..., Xp,) = l_[ t(e +xj)t(e —x;j).

1<j<b,
Each 7, gives an induced tame function jzoz Coul(Y) — R asin (25), ie

F(a.¢) = 1816112, + (te 0 pu(a.¢)) - fi(a, ¢) + (1 — e 0 pu(a. 9)) - fr(a. ).
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where f1, f> € P. With Ji= %‘Wd’”%} + f, we note that the function ]?;o equals f;
on p;tl([—e +1,e—11%) and equals f> on p,_{l(Rb \ (—e, e)?). For s €[0,1], we
also consider an interpolation 7, = (1 —s)7,, and define

(26) [F=0=5)f24sf, and £ =CSDy,|couy)+ [

Notice that f;s is essentially a tame function induced from t; which is not m—periodic
for any positive integer 7. To utilize Proposition 6.7, we will introduce an explicit
family of smooth periodic functions such that the induced periodic tame functions
agree with f:f on desirable regions.

For any positive integer M, we consider a family of (6M+6)—periodic smooth
functions parametrized by compact manifold Wjs described as follows. The mani-
fold Wy is of the form Wiy U Was o U Wiy 3 where Wiy :=[1, M + 1] x [0, 1],
Wiz :={(B.o)|@#BC{l1,2,....b1}, 00 B—>{£1}}x(R/(6M +6)Z) %[0, 1]
and Wy 3 = {1,2}. We construct a family of functions {7,,} as follows:

e For each positive integer M and (e, 0) € Wjy 1, assign the unique (6 M +6)Zb1-

periodic function 7,: R?1 — R which extends re|[_3 M—3,3M+3]1 -
¢ For each positive integer M, we pick a (6 M +6)—periodic function Tps: R—[0,1]

which extends t|[_opr—2,20m+2]- For each (B, 0,0,0) € Wy 5, we assign a
function Tp 4 ¢: R51 — [0, 1] given by

?(B,U,G)(xla e, xbl) = l_[ ?M(Q + O’(j)xj').
jeB
* For general w = (w’, s) € Waz,1 UWay,2, we simply define Ty ¢) 1= (1—5)Ty.

e Weset7; =2—j for j € W3 sothatf?zfj.

Lemma 6.9 For each positive integer M, any (eq,ez,...,ep,) € R51 and (s,e) €
[0,1] x [1, 00), there exists an element w € W)y such that the induced function f,
equals f; on p;{l([el —M, ey +M]x---x[ep, — M, ep, +M]).

Proof For convenience, we let £ =[e; — M,e; + M| x---x[ep, — M, ep, + M].
‘We will consider two main cases with several subcases:

Casel (e€[l, M+1]) If EN[—M—1, M+1]>1 #£ & then E C[-3M—3,3M +3]1.
This implies T,|4 = te|4. Therefore, we can just choose w = (e,s) € Was,. If
EN[-M —1,M + 1]>* = &, then we have p;{l(E) C p;tl(Rbl \ (—e, e)?1) and
fes = f» on p;{l(E). We just take w = 2 € Wy 3 so that ﬁv = f, in this case.
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Case2 (e > M + 1) We consider the following subsets of [1,2,...,5]:
By ={j|lej =M. ej+M]Nle—1.el# i,
By ={jllej—M.ej+ M]N[-e,—e+1]# 7],
By ={j|lej—M,ej + M]N[—e,e] = T}.
If BjUB, =, then E is either contained in [—e+1, e—1]%1 or H}bl \(—e, e)?1, and we
can justtake w € Wys 3. If B3 # @, then we have 7| g =0 and fes|p;_{1(E)=f2|p?_{1(E).
We can take w = 2 € W), 3 again in this subcase. We are now left with the case where
B U B, # @ and B3 = @. Notice that for any (x1,...,xp,) € E, we have
jeEB = e+4+xj>2e—1-2M >1 and e—xje€[-2M,2M +1],
JEB, = e—xj>2e—1-2M >1 and e+x; €[-2M,2M +1],
j€BiUB, = e—|xj|=1.

Therefore, for such (xy,...,xp,), we have
Te(X1,...,Xp) = l_[ (e—x;j) - l_[ T(e+xj) = l_[ (e —xj) - l_[ Tam (e + X)),
JE€B JEB> JE€B; JE€B>

where we use the fact that Tas|[[—2ar—2, 20 +2] = Tl[—2M—2,2M+2]- As a result, we
see that f:,s = ﬁ,, on p;ll(E) when we set w = (B; U By, 0,¢e,5) € Wy, with
o: By U By — {1} sending By to —1 and B, to 1. Notice that B; N By, = &
because e > M + 1. =]

We also have the following extension of Lemma 6.6 to a countable union of compact sets.

Lemma 6.10 We can choose a sequence of constants {Cj} in the definition of P (see
Definition 2.1) such that for any positive integer M and any fl, ]72 € P, the induced
family { fw}wew,, Is a continuous family of (6 M+ 6)—periodic tame functions.

Proof For each W)y, there exists a sequence {Cyy, ;}; such that, for any f1, f5 €
P({Cm,j}j), the family { ﬁ,}weWM is a continuous family of (6 M +6)—periodic tame
functions. It is straightforward to see that a sequence of positive real numbers {C;}
such that
Cj > max Cy,j
I=SM=<j
satisfies our requirement. a

Next is the boundedness result for functionals with mixed perturbations.

Geometry € Topology, Volume 22 (2018)



2072 Tirasan Khandhawit, Jianfeng Lin and Hirofumi Sasahira

Lemma 6.11 For any C > 0, there exist constants R, C' such that for any (e, s) €
[1,00) x [0, 1] and any £} —trajectory y: [-2,2] — Coul(Y') with topological energy
EYP(y;£5) < C, we have y(0) € Str(R) and |£5(y(0))| < C’.

Proof We first write down grad /7 as

grad f3(a,¢) = 8¢ + (1—5)(f1(a,d) — fa(a. $)) grad(ze o py)(a, d)
+ (1 —5)(ze © pula, ¢)) grad fi(a, ¢) )
+ (1= (1 =5)(te 0 p(a, $))) grad f>(a, ¢).

By boundedness and tameness conditions of f;, we see that

lgrad (€] o T)(a. ) 2> = l|grad & (a. ¢)llg < m(1 + [ $] .2).

where m is a constant independent of (e, s). This implies
@7 lgrad(&; o (a. $)[I 72 < 2m* +2m* |-

We can lift y|_y,;] to ¥: [~1,1] — Cy, which is a negative gradient flow line for
the functional £5 o IT. Now we follow the argument on page 161 of [17]. Since
L3 oIl = CSD,,,+&) oI, we have

llgrad CSDy, |72 — 2 grad(§; o T 7> < 2| grad (L o T)I7-
By formula (27), this implies
: 2 2 2 ! 2 2
(28) /l(llgradCSDuo(V(t))lle + 7' ®)7.) dt —2m /1||¢(I)IIL2 dt—4m
1
=< 2/ 1(Ilgrad(ﬁi oM)[FO)72 + 17/ 072) dr < 28 P(y, £5) < 2C.

We can treat ¥ as a section over the 4-manifold [—1, 1] x ¥ and denote it by (@, qAS).
By Definition 4.5.4 and formula (4.19) of [17], the above estimate on the analytical
energy actually implies

1 ~ ~ 1 ~
Lo et [ warey [ (dP-Grsc
[—1,1]1xY [—1,1]xY [-1,1]1xY

where A is the connection corresponding to @ and C, is a constant independent of e
and s. By Corollary 4.5.3 and Lemmas 5.1.2 and 5.1.3 of [17], we can find a gauge
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transformation u: [—1,1] x ¥ — S such that |ju - 37”L%([—1 1]xy) is bounded by a
uniform constant Cy. Let u; equals u|(yxy . Then there exists Cs such that for any
11,1 € [—1, 1], we have

Ty (g, 7 (1)) — Dggtany- 7(12))|| 2 < Nutry- (@) Ml 2 + Ntgy- 7 (22) | L2 < Cs.
Recall that I1y: Cy — iQ,ll(Y) is just the orthogonal projection. Since u,, and u;,

are in the same component of the gauge group Gy, we have
P2 (y (1)) = pr(y (@) L2 = | (e, 7 (1)) — Dy (s, 7(12))|| ;2 < Cs.
This implies that y([—1, 1]) is contained in
Py (le1 — Mo, e1 + Mol x -+ x [ep, — Mo. e + Mo))

for some (e, ..., ep) € R? and some uniform constant M € Z>1. By Lemma 6.9,
we have

N —_
& |P;Z1([€1—M0,61+M0]X"'X[€b—M0=eb+Mo]) = Jw

for some w € Wy, . This implies that y|[_; 1] is also a trajectory for CSDy, |cou(y) +
fw . Notice that

EP(Y1=1,17- CSDuyl cour(y) + fw) < C.

Our result is directly implied by Proposition 6.7. |

The previous results imply uniform boundedness for finite-type trajectories for the
family {£}. For convenience, we will say that functional £: Coul(Y') — R is called
R-bounded if any finite-type L—trajectory is contained in Str(R).

Corollary 6.12 There exists a uniform constant Ry > 0 such that for any e € R>
and s € [0, 1], the functional L} is Ri—bounded.

Proof Let y: R — Coul(Y) be a finite-type £5—trajectory. Since £'°P(y, £5) < oo,
we have E'P(y |1 ;411 £¢) < 1 for any ¢ with |¢] sufficiently large. By Lemma 6.11
(with C = 1), we have [£5(y(7))] < C’ for such . Since £} is decreasing along y,
we see that £5(y(t — 1)) —£5(y(t + 1)) < 2C’ for any ¢ € R. We apply Lemma 6.11
again (now C = 2C"), so there is a uniform constant R such that y(¢) € Str(R) for
any t € R. |
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For the reader’s convenience, we summarize the functionals we will be dealing with.
Two extended cylinder functions fi, f> are now fixed, along with their corresponding
functionals £y, £,. We have the continuous family of functionals {£}} (see (26)) such
that for each (e, s) € [1, 00) x [0, 1], they satisfy

£y =L,

£90) {El(x) if x € p' (e + 1,e—1]°1),
X) =
¢ Ly(x) if x € pi (RO \ (—e,e)P1),

£5(x) = La(x) if x € py (R (—e, e)PM).

Since the above construction is asymmetrical in fl and ]72, we also consider another
family of functionals {Zz} where the role of f; and f; are reversed. In other words,

we have _
£l =1,
200 {Cz(x) if x € p!([—e + 1,e— 1),
X) =
‘ Li(x) if x € pi'(RP\ (=e,e)?),

£5(x)=L1(x) if x € py' RO\ (—e,e)).
Roughly speaking, the family {£5} will give a morphism from Conley indices given

by £ to Conley indices given by £, and vice versa.

To show equivalence, we need to introduce a (final) pair of families of functionals. For
two real numbers e, ¢’ with e —1>¢’ > 1 and s € [0, 1], we define

B(x) ifxe pyl(—e. e,

£%(x) otherwise,

£i/(x) lfx € p’}zl([_elvel]bl)v

;ég (x) otherwise.

£i’e/ (x) - {

£i’ e’ (x) - {
These functionals have the following properties:

(1) £}, =4£2and £!, = £,
H—e' + 1,e' =121 U (RO \ (—e, e)P1)),

Lo(x) ifxepy (-
[—e+1,e—1]P1\ (=€, e")P1),
[~
[~

(
Li(x) if x € py!

Li(x) ifxe p;ll(
Lr(x) ifxe p;[l(

@ .-

¢ +1,¢/ —1P1 U (RP1\ (—e, e)P1)),

=0 _
S £€a€’(x)_{ e—l—l,e—l]bl\(—e’,e’)bl).

We have the following extension of Lemmas 6.9 and 6.10. The proof is essentially the
same, and we omit it.
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Lemma 6.13 (1) Let M be any positive integer. Then we can find a smooth family
of (6 M+6)Z51 —periodic functions T: R?' — [0,1], parametrized by a compact
manifold Wy, , with the following property: for any functional in the family

(£5 ,1s€0,1],e—1>e" >1}

e,e’

and any (eq,...,ep,) € R, we can find w € W, such that
£fz,e’ = CSD, |Cou1(Y) + fw

when restricted to p;{l([el —M,e; +M]x---x[ep, —M,ep, + M]). Here fy is the
function on Coul(Y') induced by Ty, (see (25)).

(2) We can choose a sequence of constants {C ]} in the definition of P (Deﬁmtlon 2.1)
such that for any positive integer M and any fi, f> € P, the induced family { fw }weW/
is a continuous family of (6 M +-6)—periodic tame functions.

(3) Similar result holds if we consider any one of the following families instead:

o (£S5 |sel0, 1], e—1>¢ >1};

e.e’

o {(1—8)Ly+s£S ,|s,5€[0,1],e—1>e +1};

e,e’

o {(1=5)Ly +5£S ,|s,5€l0,1], e>e +1}.

ee’
With Lemma 6.13 at hand, we can repeat the proof of Corollary 6.12 and get the
following result.

Lemma 6.14 There exists a uniform constant R, such that for e —1 > ¢’ > 1 and
5,5 €[0, 1], the functionals £5 ,,, £5 ,,, (1 =)L, + Sﬁiie/ and (1—s5)Ly + Sgi/e/
are all R,—bounded.

Now we start constructing a mixed direct system relating the spectra glven by £;
and £,. As usual, we focus on the case of swf . We first choose a constant R greater
than max(Ry, R;), where R; is the constant in Corollary 6.12 and R is a constant
that we will specify later in Lemma 6.14. Let J1+ C J2Jr C--- and f1+ C .72+ C

be increasing sequences of bounded subsets corresponding to £ and £, , respectively;
see (15). Although these bounded sets come from Str(ﬁ), they are different as we use
different cutting functions and different cutting values. Since the sequences of subsets
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are increasing, we can find increasing sequences of positive integers {m;}, {/n;}, {e;}
and {€;} such that

(29) Ty, C py(=¢j + 1.e; = 1P) NSU(R) C py ((=ej. ¢51") NSU(R) C T
C pi (=& + 1,8 — 11°) N Ste(R) C py' (=&}, &1°) N Ste(R) C J,

m +1°
Let {u,} and {A,} be an increasing sequence and a decreasing sequence of real
numbers with —A,, u, — oo and denote by V), " the corresponding eigenspace. For a
functional £ on Coul(Y), we denote by ¢"(L) the flow generated by ¢ o pi‘: grad £
on V)fi " where ¢ is a bump function with value 1 on a specific bounded set. Since we
are only interested in the Conley index which will be independent of ¢, we can drop ¢
from our notation.

Consider J" o+ J"' N V“” and J" 7t Jm] N V“" By Theorem 6.2, we can fix a

n+ Jn+

sufficiently large 1nteger n so that Jp, are 1solat1ng neighborhoods for all of

the above families of approximated ﬂows. For the family {£§j }, we get a homotopy
equivalence from homotopy-invariance of Conley indices

pr: Lg1 (9" (£2),inv(T ) = g1 (" (L2). inv(T5 1)),

where we recall that £1 = L,. Since £° is equal to £ on p;, ([ ej+1,¢e— 1151y,
which contains J,; + we see that the flow ¢ (£° ) goes 1ns1de J along the boundary
O, 1\ 9 Stry(R) Consequently, the subset J, . + C J * isan attractor with respect
to ¢ (£0j) and we obtain an attractor map

pa: I (9" (L1).inv(J5) = Lsi (9" (£). (T T)).
We combine the above two maps and obtain the map
(B0) iyt = propa Lsi(@™(L1), V() = Ig1 (9" (L2), inV(«Z%’f))-

Similarly, we use the family {’E’Séj} to get a homotopy equivalence

P Isi (0" (). inv(Tt ) = Isa (" (La).inv(T 7t ).

mj 41 mj41
Since J Jet I J_FH is an attractor with respect to ;ég , we also get an attractor map
J
~. o Tt 70\ - +
p2: Is1(9" (L2), inv(J5 ™)) = L1 (9" (£5)), inv(Jp ™ ).

We compose the above two maps and get the map

B Iy =Biofy I (@"(L2) inv(TE ) = Lga (9" (L1), inv( Tt ).
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After appropriate desuspension, we obtain a direct system in the category ¢

(32) I,',’111’ —>1"11’+—>I”2+—>1ni’+—>---

’

where [, ,’;,’JF (resp. I, ,'Z,’Jr) be the object of € obtained from desuspending the Conley
indices of J, ,','1’+ (resp. f,';’Jr) by 17(1)”1 and we can pick a suitable sequence of integers
0 K ny <n; <ny <ny <---. The main result of this section follows from the
following proposition.

Proposition 6.15 The map z to l” -+ is S'—homotopic to attractor map for the
attractor inv(@™(Ly), J,',',’ )Cmv((p (El) Jot ).

mj+1

Proof We consider the following commutative (up to S !~-homotopy) diagram:

I (@™ (Ly).inv )

I (@2 ) invp) s Igi (" (£2).inv Tty L i Igi (g (£L).inv T ™)

Ig1(p" (Egj ” ), inVJ,',',’j+) LN Ig1(¢" (gg-j,ej )s invf,%’ﬁ) Ig1(¢"(L2), ian;,}+)

AN

Isl((pn(gg.j’ej),invj"-k 25 Igi(p" (£~) inv m1+1) P Tg1 (@™ (£2 ) 1nVJ~f)

mj+1

08 o1

I (" (L1),invJet

—— (9"} ). v )

The maps are defined as follows:

1. Different flows are generated by the same vector field when restricted to some
isolating neighborhood. This defines all the identifications “=" in the diagram.

2. The maps p1, pa, p1, p2 are defined as before.

3. The maps p3, ps are the homotopy equivalences given by the deformation £s e
s €10,1].

4. The maps p4, pg, p7 are the attractor maps for the flow ¢ (£° ,e,)

5. The map pg is homotopy equivalence given by the deformation

(33) (1—8)Lq1 + S£~ , se[0,1].
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Now we check that the above diagram commutes:

1. The maps p, and pg are the defined as attractor maps for the flows ¢ (£0 ) and
[0 (£0 ) respectlvely Since these two flows are generated by the same vector field
when restrlcted to J s we see that p, is S !'—homotopic to pg, written as p, 2 pg.

2. Because the attractor maps for the same flow are transitive, we have p7 = p4 o p¢.

3. We deform £9 = £1 e to £0 e through the family £ . In the process of this

deformation, nothmg is changed on the set pH1 (R2\ (—e; e ]) ) which contains both
gy J_FH \d Str(R) and 8J \ d Str(R) Therefore, we obtain a family of attractor
maps: we get pg when s = O and get p, when s = 1. Notice that p3 and ps are the
homotopy equivalences induced by this deformation. The identity p, = ps 0 ps 0 p3

can be proved using the homotopy-invariance of the attractor map.

4. The map ps3 is induced by the deformation £% , with s going from 1 to 0. We just

€j,ej
get £s if we restrict this deformation to the set J7 + . Therefore, we have p; =~ ,o3

5. Notice that p; o ps is the homotopy equlvalence induced by the deformation

(34) — £L

_ 70
e],ejl_]m J ej’ejl_]m +1_£EJ|JV;1|—J~+ —>£~ |J+ _’Cll_]""

m j+1 ’

In order to prove the identity pg = p; o ps, we just need to show that the homotopy
equivalences Ig1(¢" (£° ]) inV(Jr'f,]tl)) = Ig1(p"(Ly), il’lV(Jr’:;]-:_l)) which are
induced by deformatlons (33) and (34) are S !-homotopic to each other. To see this,

for any r € [0, 1], we consider the following 2—step deformation.
70 71 _7 : z
(a) Dfeform £:€j’ej torLy +(1—r)£gj,ej —£§j through the family rs.£; +(1—rs)£§e.j,ej
with s going from 0 to 1.
(b) Then deform gg to g% = L; through the family g% with s going from r to 1.
J J J

Setting r to be 0 and 1 in the above deformation, we will get (34) and (33), respectively.
As before, the flow near BJ,;ZF " \ d Stry(ﬁ) is not changed. By Lemma 6.14, all
the functionals involved in the above deformation are R,—bounded. Since R> R>,
Jm’] . 1s an isolating neighborhood for all these functionals when 7 is large enough.
Therefore, as r goes from 0 to 1, we get a S!'-homotopy between the homotopy

equivalences induced by (33) and (34).

We have proved that the diagram is commutative up to S'-homotopy. As a corollary,
o+ cnt o~ o~ ; 1 ; ;
the map i~ i, Olp; = p10p20p10py is S —homotopic to pg o p7. Now we consider

the attractor map for the flow £;, which we denote by

it Igi(o" (L), inv(J,;gjf)) — Ig1(9™(Ly), inv(J=T ).

mj1

Geometry & Topology, Volume 22 (2018)



Unfolded Seiberg—Witten Floer spectra, 1 2079

We deform L; to £~ e through the family (1—s5)£4 +S£° (s €10, 1]). For any s,
(1—s)L4 +s£° e equals L1 on the set p;{l([ ej +1 €)= 1] UR?\ (- ej,e])b))
which contains both aJ+ \8 Str(R) and 9J \ 8 Str(R). Therefore, we get a family
of attractors

m+1

inv(e"((1—s)Lq + s;s“gj,ej), Tot) Cinv(e™(1—5)L1 + s%gj’e ), JBt ).

mj+1

By the homotopy-invariance of the attractor maps, we see that i ™ also is homotopic to
pg © p7. This finishes the proof of the proposition. a

Proposition 6.15 actually implies that the direct system (32) contains a subsystem
whose colimit gives the ind-spectrum MA for the perturbation f;. Similarly, we
can prove that the ind-spectrum for the perturbation f, is also a subsequential colimit
of (32). Therefore, by Lemma 4.3, we see that f; and f5 give the same ind-spectrum
up to canonical isomorphism.

Finally, we address the situation when f7(a, ¢)= %81 |l ”]242 + fi(a,¢) and f>(a, )=
%82 ol iZ + f>(a, ¢) with 81 # 8, . This can now be proved by the standard homotopy-
invariance argument as follows. We set §; = (2—1¢)8; + (¢ — 1)§,. For each ¢y €1, 2],
we can find an extended cylinder function j_ such that the pair (&, j_ ) gives a perturbed
Chern—Simons—Dirac functional whose critical points are all nondegenerate in the sense
of [17, Definition 12.1.1] for any ¢ near f,. Here we essentially use the compactness
result for critical points, which is a special case of [17, Proposition 11.6.4]. Hence, we
can ﬁnd a subdivision 1 = ¢ <---<t, =2 and fl, ., [ P with f1 fl and

1= = f> such that the pair (8,, f ) gives a good perturl;latllon for any 1 € [t;, t]+1]
By homotopy-invariance of the Conley index, we see that (J;;, f ) and (8, f )
give the same ind-spectrum swf swf. Since we already showed that the ind-spectrum does
not depend on the choice of the extended cylinder function when § is fixed, we can
conclude that f; and f, give the same S_WfA (up to canonical isomorphisms). This

finishes the proof of the invariance for (II).

6.4 The invariance for (I)

Now we discuss what happens when we vary the metric g and the base connec-
tion Ag. Let (4,,go) and (4,, g1) be two pairs of base connections and metrics.
We can connect them by a smooth path a(s) = (4, g5) with s € [0,1]. As in the
proof of the invariance for §, we can divide [0, 1] into small subintervals [s;,s;41]
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such that, for each subinterval [s;, s j+1], we can fix the choice of the auxiliary data

(.80, R, {hn}, {tn)).

As s varies between s; and s;41, we get a continuous family of Coulomb slices
Coul(Y, s) and a family of sequences of bounded sets

+ +
Sy CIy T

For any positive integer n, we have a (usually not continuous) family of finite-

n

dimensional spaces V;ffl (s). As before, we denote by 17,(1’1 (s) the orthogonal comple-
ment of iQ}l(Y) in Vlfn (s). Let J,',',;r = J,;‘,"S N V)ffl "(s) and @, s be the approximated
Seiberg—Witten flow on V)f: "(s). The following lemma is a direct consequence of
Theorem 6.2.

Lemma 6.16 For any positive integer m and a sufficiently large integer n relative
to m, we have

Vi S g, (@n,s; - iV(JETY)

»Sj
= ESf(_m’a[sj S1DC E_V?‘" (st)ISl (‘Pn,s]-+1 ) inv(J,Z’:st.ﬂ )

as objects of €.

The above isomorphisms induce an isomorphism

swtd(Y,5, Ay, g5,3 ") = CPelssi+ MCswed (v 5, 4, L g50 13 SY).
By additivity of spectral flow, we can conclude that
35)  swi(Yosy. 45.80:8) = BCPOCswid(Vosy. A, 81187

Therefore, slfA can only change by suspension or desuspension of copies of C when
we vary the pair (4g, g9). Now we discuss the following two cases separately.

Case 1 (s is torsion) In this case, we recall that there is a well-defined quantity
n(Y,s, Ag, g). By excision arguments as in [22], we have

n(Y,s, Ay, go) +sf(—D,a) =n(Y,s, A, g1).
This implies

(swf (Y5, 4, 20: S1),0,n(Y, 5, 4y, £0))
g MA(Y,fs, A17g17 Sl)’o’n(Y’ﬁ’ Al?gl))’
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and the same result holds for swf® . This proves invariance of SWFA(Y, s;S1) and
SWFR(Y,s;S") in the torsion case.

Case 2 (s is nontorsion) Let / = gcd{(c;(s) Uh)[Y]|h € H'(Y;Z)}. We pick a
harmonic gauge transformation ug € gﬁ’,’” = H'(Y;Z) such that (c¢;(s) U[uo])[Y] =1
and denote by Coul(Y, A¢g) and Coul(Y, ug(Ap)) the Coulomb slices with the base
connections Ag and ug(Ag) = Ag — uo_lduo, respectively. (Actually, these two
slices correspond the same subspace of Cy . However, since the base connections are
different, this subspace is identified with L ]2( (i kerd*@T'(S)) in different ways. For this
reason, we distinguish them for clarity.) The gauge transformation u¢: Coul(Y, A¢) —
Coul(Y, ug(Ag)) preserves the functional CSD,, r, its formal gradient, the subspace
i Q}l(Y), the finite-dimensional subspaces V)fi " and both the L2-metric and the non-
linear metric || - ||z. From this fact, we get a natural isomorphism

(36) swf(Y, 5, Ao, g1 1) = swf(Y, 5,u0(Ap). g; S).

Let o be any path going from Ag to ug(Ag). As the spectral flow sf(—D4, )
can be calculated using excision and the Atiyah-Singer index theorem (see [17,
Lemma 14.4.6)), it is not hard to check that sf(—P 4, a) = %l . Combining the above
two equivalences with (35) and (36), we get

swi(Y, 5, Ao, g; S1) = =UDCswid(v, 5, 49, 2: S,

and similar results hold for MR . This proves the periodicity result in the main theorem.

7 The linearized Seiberg—Witten flow and its associated
spectra

Let (Y,s, Ay, g) be fixed as in the previous sections, except that s is assumed to be
torsion. We first recall a decomposition on the Coulomb slice
(37) Coul(Y) = L (i imd* ®iQ}(Y) ® T'(Sy)).

The linearized Seiberg—Witten flow we will consider is obtained by scaling the (per-
turbed) Seiberg—Witten flow in the direction of i imd™* @ I'(Sy).

A general setup of the linearized Seiberg—Witten flow can be described as follows.
Pick a real number § and consider D (h) = D 4,44 + 6 as a smooth family of self-
adjoint elliptic operators on the spinor bundle parametrized by iQ}I(Y). Choose an
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even Morse function gg: R — R such that gg (0 + 1) = gy (0) (usually we use
gi (0) =—cos(270)). After identifying i Q}l’(Y) with R?1 and the action of gﬁ’/’ with
addition by Z%1, consider a function f: iQ}l(Y) — R given by fg(01,....0p,) =
Zf) L . &H (0;). The function fp can be viewed as a Morse function on the Picard torus
of Y. The linearized Seiberg—Witten flow is given by a trajectory on Coul(Y') satisfying

(38) — 5 (B(@), h(1), $(1)) = (xdB (1), grad far (h(1)), D (h(1) (1)).

Recall that a trajectory y is said to be of finite type if the image y(R) is contained
in a bounded subset of Coul(Y). We will be interested in a particular situation where
all the finite-type trajectories are reducible and lie in the space of harmonic 1-forms.

Lemma 7.1 Suppose that the family of self-adjoint operators 2D? + p(grad fg) is
positive definite for all h € i 82,11 (Y). Then any finite-type trajectory of the linearized
Seiberg—Witten flow is contained in inll(Y).

Proof Let y(t)=(B(¢), h(t),¢(¢)) be such atrajectory. We want to show that 5(¢) =0
and ¢(¢) = 0 for any ¢. Since y is of finite type, we have sup,cg ||,8(t)||i2 < o0 and
SUP;eR ||¢>(t)||i2 < 00. Since *d has no kernel on i imd™, it is easy to deduce that

B=0.
For the spinor part, we compute the second derivative of its L2—-norm
4 o)]2,
= —22(D(h(1)p (1), $(1)) .2
= =2((£D(h(0))p(1) + D (D) (FP®)). $(1)) — 2D (h(1)p (1), %0 (1))
= 2((Dgrad fz D +2D*) (h(0)$(1). $ (1))
= 2((p(grad f5r) +2D?)(h(1)$(1). p (1))

By the assumption, we have j—tzz llo(2) ||i2 > 0, and the equality holds if and only if
¢(t) = 0. It is not hard to see that ¢ = 0. |

We can decompose the linearized Seiberg—Witten vector field (right-hand side of (38)) as
I +co, where [(B, h, ) = (xdB,0, D 4,¢) is linear and ¢y is a nonlinear part given by

(39 co(B.h.¢) := (0. grad fi (h). (p(h) + 8)8).

It is not hard to check that c( is quadratic-like. As a result, we can obtain Conley
indices from finite-dimensional approximation. We then construct associated spectra

Geometry & Topology, Volume 22 (2018)



Unfolded Seiberg—Witten Floer spectra, 1 2083

as before, although some modification to the choices of a strip of balls and cut-off
functions are made in order to simplify computation.

Recall VAM is the span of the eigenspaces of / with eigenvalues in the interval (A, u].
Furthermore, we will consider the space VA“ "V spanned by the eigenvectors of #d |ier 7+
with eigenvalue in (A, u] and the eigenvectors of P 4, with eigenvalue in (A, v]. The
space 17% and 17? " is the orthogonal complement of iQ}l(Y) in VAM and VAM v
respectively. The construction proceeds as follows:

1. Choose real numbers 6% € (0, 1) with %gH(QJF) >0 and %gH(Q_) <0.

2. For a suitable real number € > 0, we define a set

Su@) = {u-(B.h.¢) [ e Gy I1Blz <1 hel0. 11, gl 2 <&
and let
JE =Su@) N py (—6F —m, 0F + m]™).
3. For sequences {A,}, {itn} With —A,, u, — oo, consider f,",,’i = fnjf N V)fi" as
before. Let ¢}, be the flow on V)f; " generated by the vector field ¢, - (/ + pi‘: 0cg),
where (,,, is a bump function with value 1 on J*

- m+1-
(depending on m), the compact sets J,',’,’i are isolating neighborhoods under the

When #n is sufficiently large

flow @ . This allows us to define spectra

— 1770.—68 — — 0.,—6 —

It =V I (@ inv(JhT)), Th =V Ia(@), inv(J7)).
As before, there are isomorphisms m’i o~ I_,"n“’i.

4. Tt is straightforward to check the flow ¢}, goes inside et along ENfas \ BJ_rnn’:_rl
and goes outside J,y " along dJ, " \ 8]:"”’;1. Therefore, the attractor maps give a
direct system

(40) et et

and the repeller maps give an inverse system

41) IV« L7

for a suitable increasing sequence of positive integers {7, }.

5. When s is a spin structure, we define an direct system and inverse system of
Pin(2)—equivariant spectra I_,n,,’i(Pin(2)) in the same manner:

TN ,+ : TN 5+ 7

177" (Pin(2)) — I, (Pin(2)) — --- ,

I_;“’_(Pin(Z)) “«~ I_;z’_(Pin(Z)) e,

(42)
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To keep track of the number of eigenvalues near 0, we introduce a definition.

Definition 7.2 Let L be a self-adjoint elliptic operator, we define a signed count with
multiplicity of the eigenvalues of L, ie

# of eigenvalues of L in (-4, 0] if § >0,

L,§):=
m(L.?) {—(# of eigenvalues of L in (0, —4]) if § <O.

The following theorem is the main tool for our calculations of the spectrum invariants
when the Seiberg—Witten Floer spectra agree with the linearized ones.

Theorem 7.3 Let Y be a 3—manifold equipped with a torsion spin€ structure s. Sup-
pose that we can find an even Morse function ggr: R — R with gg (0 + 1) = g (0)
and an extended cylinder function f € P satistying the following conditions:

(i) The function fyg: iQ}l(Y) — R given by fg(0;,....0p,) = Zf’lzl g (6)
satisfies the hypothesis of Lemma 7.1.

(ii) There exists € > 0 such that f(a,¢$) =0 for any (a,$) with |2 <€

(iii) All critical points and finite-type gradient flow lines of the functional
43)  L(a,9):=CSD|couq)(@ ¢) + 38161172 + fu (pula.$) + [ (a, ¢)
on the Coulomb slice Coul(Y') are contained in iQ,ll(Y ).

Then we have
SWFA(Y,5;81) = (I1,0,n(s, Ag, g) + m(, 8)).
SWER(Y,5:81) = (I, 0,n(s, g, g) +m (B, §))

as objects in G and &*, respectively. Here I and I~ are the inductive system (40) and
the inverse system (41) of the spectra associated to the linearized flow constructed above.

Furthermore, when s is a spin structure, we also have
SWF4(Y,s:Pin(2)) = (I " (Pin(2)), 0, 1 (n(s, 4o, g) +m(,$))),
SWER (Y, s: Pin(2)) = (I (Pin(2)), 0, 1 (n(s, Ao, g) + m(1D. §)))

as objects in Spiy(2) and G;in(Z)’ respectively. Here I (Pin(2)) and I~ (Pin(2)) are

the direct system and inverse system of spectra in (42), respectively.
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Proof We first consider the spectrum invariants swf(Y, s, g, Ao; S!) associated with
the functional £. By the remark on page 2065 and the hypothesis, we can use the
strip Str(€) together with level sets pq_{1 ([—0% —m, 0% +m]P1) for constructing these
spectrum invariants. Note that the set of critical points of this functional is discrete
since they correspond to the critical points of the Morse function [z .

Choose a basis {/; } of iQ}l (Y). Since the function 3 (o~ (¢$*)o) is bounded on the
strip and is homogeneous of degree 2, we can choose € such that ||y (0~ (¢d*)o) || <
}%gy(@i)}/z |hjllz2 for any (a,¢) € Str(€). Furthermore, we require that € < ¢’.

We now consider a continuous family of vector fields / 4 ¢; parametrized by s € [0, 1]
on Str(€) with / = (xd, 0, I) and c; is a family of quadratic-like maps given by

¢s(B,h, @) = (0, grad £ (h), (p(h) + 6)¢)
+5(Timar 0 (@*)o. s (9™ )0, p(B)D + sE(P™ (p$*)0)):

see (4) for the definition of E Observe that / 4 ¢ is the gradient of L as f vanishes on
Str(€), whereas [ + ¢ is exactly the linearized Seiberg—Witten vector field described
earlier. For 0 < s < 1, the scaling automorphism gives the commutative diagram

Coul(Y) Coul(Y)

l+cl ll—i—cs

Li_ (iker(d*) ®T(Sy)) — Li_, (i ker(d*) ® T(Sy))

where both of the horizontal maps send (B, i, ¢) to (s- B, /h,s-¢). In other words, the
flow given by / + ¢; on Str(€) corresponds to the flow / + ¢y on Str(s~'€).

All that is left is to apply the homotopy-invariance of Conley index. We will focus on
the case S_WfA as the repeller case can be done similarly. Since %| r—p+ &H () >0, it
is easy to find €; > 0 such that any gradient trajectory of fg in [-0T —m, 87 +m]P!
actually lies in [-0F —m +e€1, 8T +m—e;]P! . We have to check that the inner product
(pro(+ pi‘: ocs)(a, $). hj) is positive on py,' (07 h;) N Str(€). We can see that

(pro(+ pymocs)(a @), hj)=(grad fa (6 hy) + smr(p~" (¢$*)o). ))
> Lo (0F)— |ma(o™ @6™)0) |17l

is indeed positive by our choice of €.
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Therefore, we have an isomorphism swfd(Y,s, g, Ag; SY) = (I, 0,m(D, §)). Note
that m(p, §) appears because we desuspend the Conley index by —172:1—8 instead
of 17?% in the definition of f,',’,”L. O

In practice, we will further deform the family of operators D to simplify the calculation
of the Conley index of inv(J, ,',’,’i, @") as follows: Let { Qs(/)} be a smooth family of 0—
order symmetric operators defined on I'(Sy) parametrized by (s, i) € [0, 1] x iQ}l(Y)
with D = ) + Qy. When 2(P + Q;)? + p(grad fy) is positive definite for any
h € [—0%—m, 0T+ m]P1, we can repeat our construction for the linearized Seiberg—
Witten vector field to obtain spectra I_,nn’,i () associated with ) + Q; for any m’ < m
and n is sufficiently large. The following lemma is immediate from Theorem 6.2.

Lemma 7.4 Suppose that 2(]) + Qy)? + p(grad fy) is positive definite for any
s €[0,1] and h € [-0%F —m, 6F + m]®1. We also assume that Q(0) does not depend
on s so that the desuspension indices are constant. Then for any s, s’ € [0, 1], we have
isomorphisms rZ’,i (s,s): I—Z’/i (s) = I_;'l o+ (s") when m’ <m and n sufficiently large
relative to m’. Furthermore, these isomorphisms satisfy the commutative diagram

Tn,+
Im’—l

r,':;,+1(s,s’)J lr,’;#(s,s’)

I_:;’,tl (s") — I_;ll’,Jr (s")

(s) —— 7 (s)

where the horizontal maps are attractor maps. A similar diagram holds for the repeller
maps. When s is spin, similar results hold for the Pin(2)—equivariant spectra.

Next, we describe a situation when Theorem 7.3 implies that the spectrum invariants
are just some suspensions of sphere spectra.

Theorem 7.5 Let Y be a 3—manifold with a torsion spin€ structure s and a Riemannian
metric g. Suppose that there exists a real number § such that
(i) the functional CSD +%5 g ||i2 has only reducible critical points,
(i) the operator I) 4 + § has no kernel for any A with Fq = 0.
Then we have
SWFA(Y,5;81) 2 (§°,0,n(Y, 5, Ay, g) + m(D 4,.,8)) € ob(S),

SWER(Y,5;8") = (5°,0,n(Y, 5, A, g) + m(D 4,,8)) € ob(G*),
where Ay is any base connection with F ar = 0.
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Moreover, if s is a spin structure, we also have
SWEA(Y, 5;Pin(2)) = (S°,0, 1 (n(Y. 5, 49, &) + m(P 4,.5))) € 0b(Spin(2)).
SWER (Y, 5: Pin(2)) = (S°.0, 3 (n(Y. 5, Ag. &) + m(B,.8))) € ob(Sh, 5))-

Proof Since 4 + & has no kernel for any flat connection, we can find a positive
number oy such that

(44) ((Pag+h +8)°0.¢) 2 = oollgll72
for any & € iQ,ll(Y) and ¢ € L*(I'(Sy)). We divide the proof into two steps.

Step 1 We would like to show that there exists €9 > 0 such that, for any € € [0, €¢],
all critical points and finite-type negative gradient flow lines of a functional

Lse:=CSD+38)¢ll7, + efu(pula.¢))

on Coul(Y') are contained i 1n iQl 5 (¥) with fg: iQl p(¥) = RO >R given explicitly
by JaHO1, ..., 0p) = —Z ! cos(27r9]) This w111 hold once we can show that
y t2 ||¢(t) 12 72 >0 for any 1rreduc1ble trajectory of finite type v = (a, ¢): R — Coul(Y)
of the gradient flow of the functional Ls .

Suppose that there are a sequence of irreducible trajectories of finite type ¥, = (an, ¢n)
of the negative gradient flow of Ls ., with positive €, — 0 and a sequence of real
numbers {#,} such that

d? 2
L, N2 < 0.
+

Since y; is of finite type, we have lim;— +o0 ¥u(t) = a;, +

in C*°, where a; are

critical points of Ls ¢, . After passing to a subsequence, we can assume that a,ﬂf — aéco

where aéco are critical points of Ls o. By hypothesis, aéco

Ls o(as,). This implies ,C,g’()(a;:_) — Ls,0(a;) — 0. In other words, the topological

are reducible and L o(a) =

energy of y, approaches zero.

Now we treat a finite trajectory yyul[;,—1,,+1]» denoted by yy, as a configuration of
a 4-manifold [—1, 1] x Y. By the standard compactness result of the 4—dimensional
Seiberg—Witten equations, after passing to a subsequence and applying suitable gauge
transformations, ), converges to a negative gradient flow line of L5, in C* on
any interior domain. It is not hard to check that the topological energy of 7, also
approaches 0, so y, in fact converges to a constant trajectory. In particular, there
is uy € g’;;” such that uy - ¥, (t,) to a critical point (%,0) of Ls o with / € iQ}l(Y)
by the hypothesis.
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Since the quantity ||¢n,(t,) || 22 is gauge-invariant, we can instead consider a lift of y,
to a path ¥, = (dy, $n): R — Cy which is a negative gradient flow line of the func-
tional Ls ¢, on Cy with }(t;) = uy - Yn(tn). In particular, we have

~ L on(t) = (B ag1a,) + 8)Pn(t),
~ LG (t) = *d@n(0)) + p~ () (1) )0 + € grad [z (ha (1)),

where 7, (¢) is the projection of d,(t) onto iQ}l(Y). By a calculation similar to one
in the proof Lemma 7.1, we obtain

@5) L) 16122 = H(Bty4, () +0) 2P (tn)- 1)) 2 + | (1) 52
+ 2<P(*d5n (tn)+e€n grad fu (Zn ([n)))(;n (tn), an (tn))Lz-

Since a,(ty) > h € iQ}l(Y), we have xday(t,) + €, grad fH(Zn(t,,)) — 0. Moreover,
we can deduce from (44) that

((¢A0+Zz‘n(tn) + 5)25,,(1‘,,), ‘gn(fn))Lz = %Uouan([n)”iz

for n sufficiently large. Notice that (Zn (tn) # 0 since yy, is irreducible by the unique
continuation property [17, Lemma 10.8.1]. Therefore, for a sufficiently large n, we
can conclude that j—tzz ‘ =t lpn(2) ||i2 > (0, which is a contradiction.

Step 2 Let €y be a constant from step 1. We pick a positive real number € satisfying
€ < min{eo, 00/(Suphei9}l(y) 2||grad fH(h)||C0)}

so that critical points and finite-type gradient trajectories of Ls ¢ lie in i Q}Z(Y) and
the family of operators

2(B g+ +8) +ep(grad [ (h))

is positive definite. Consequently, we can apply Theorem 7.3 and compute Conley
indices of the linearized flow.

Let us focus on the case of SWF4 (Y,5;S') as the other cases are almost identical. To
simplify the calculation, we further deform the family of linear operators 1 4,44 + §
through a family DA0+(1—s)h + 6 for 0 <s < 1. We see that, in fact,

2(D ag+(1—syh +8)* + ep(grad f (h))

is positive definite for all s €[0,1] and /& € i Q,ll(Y). Therefore, Lemma 7.4 allows us
to consider an approximated linearized flow @) | associated with the constant family
D4, + 8. This flow actually splits into the product of the following three flows:
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(1) the negative gradient flow of € g on i Q}l’(Y);
(2) the linear flow on Li(im(d NN V)fi " associated with the operator —(*d);

(3) the linear flow on Li ('(Sy)n V)fi” associated with the operator —() + §).
From this, we see that
—n T =0,—8
Is1 (@ 1 V(D)) 2= (V79T

Moreover, the attractor map /g1 (¢}, o inV(f,’,’,’+)) — Ig1(@), o inv(f:;:_rl)) is just the
identity map. Hence, SWFA(Y, 5, S1) 2 (5°,0,n(Y, 5, Ay, 2) + m(8)). O

Example 7.6 (S2xS') Let s be the unique torsion spin® structure on ¥ = S? x S'!
and g a Riemannian metric with constant positive scalar curvature. By the Weitzenbock
formula, the triple (Y, s, g) satisfies the conditions in Theorem 7.5 with § = 0. There-
fore, we only need to compute the number n(Y,s, Ag, g) to completely describe
the spectrum invariants. We choose the base connection A such that the induced
connection Af) is flat with trivial holonomy (up to gauge transformations, there are
two choices of such a connection and we pick any one of them). There exists an
orientation reversing isometry on Y preserving (s, Ap), so s and Ao correspond
in a natural way to a spin® structure and a spin® connection on —Y. This implies
that n(Y,s, Ag, g) = n(—Y,s, Ag, g). On the other hand, by formula (21), we have
n(Y,s, Ag, g) +n(=Y,s, Ag, g) = dimc (ker /) = 0 as J) has no kernel. Therefore,
we get n(Y, s, Ag, g) = 0 and conclude that

SWF4(S2x 81, 5;81) 2 (5°,0,0), SWFR(S2xS! 58" ~(5°0,0).

Notice that s can be lifted to a spin structure in two ways, denoted by s/ (j = 1,2).
Then we have

SWF4(S2x S',s/:Pin(2)) 2 (5°,0,0), SWER(S2xS! s/:Pin(2)) = (S°,0,0).

8 More examples

8.1 The Seiberg—Witten monopoles on Seifert fibered spaces

When Y is a Seifert fibered space, the solutions of the Seiberg—Witten equations
on Y, which are also called the Seiberg—Witten monopoles, are explicitly described by
Mrowka, Ozsvath and Yu in [26]. In this subsection, we will review their setup and
some of their results that will be useful for us.
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Let ¥ be an oriented 2—dimensional orbifold of genus g with » marked points whose
associated multiplicities are ay, ..., oy . Its Euler characteristic is given by

) =2—2g—i(%—1).
j=t 7

An orbifold Hermitian line bundle N over ¥ can be specified by a set of integers
(b,B1,...,Bn) with 0 < B; < «a;. The orbifold degree of this bundle is given by

n ,Bj
deg(N)=b 2:—.
eg(N) +j=1aj

From now on, suppose that the integer B; is coprime to «; for every j. Then the unit
circle bundle S(/V) is naturally a smooth 3—manifold, called a Seifert fibered space.
We will also denote the manifold S(N) by Y and we have

H'(Z;7) if deg(N) # 0,
HY(X:Z)®7Z if deg(N) =0,
H?*(Y;Z) = (Pic'(X)/Z[N]) ® Z%¢.

HI(Y;Z):{

Here Pic’(Z) denotes the topological Picard group of ¥, ie the group of topological
isomorphism classes of orbifold line bundles over ¥, and the subgroup Pic’ (£)/Z[N]C
H?*(S(N); Z) is identified by the image of the pullback of the projection p: ¥ — X via

Pic/ (%) LN [line bundles over Y] RN H*(Y:7Z).

Let gy be a constant-curvature metric on ¥ with volume n. For a positive real r,
we have a natural metric g, on Y given by r2a? @ p*(gx), where ia € iQ1(Y) is a
constant-curvature connection on S (V). We will only have to pick r to be sufficiently
small to use the computation in [27]. Instead of the Levi-Civita connection VIC, a
connection V° on TY which is trivial in the fiber direction and equals the pullback
of the Levi-Civita connection on ¥ when restricted to ker « is used in [26]. For any
spin® structure s with spinor bundle Sy, there is a natural one-to-one correspondence
between connections on Sy spinorial with respect to VY and connections on Sy
spinorial with respect to V° by identifying those inducing the same connection on
det(Sy). From [26, Lemma 5.2.1], we have an identity

(46) Dy=Da+6,,
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where [ is the Dirac operator induced by V° and A is the V°—spinorial connection
corresponding to A and §, = %r deg(N) is a constant. Therefore, under this identifi-
cation, solutions of the Seiberg—Witten equations described in [26] actually correspond
to critical points of the functional CSD —I—%(Sr ol 22‘

p* (KEI)EB(C , where K, is the canonical bundle of X (recall that deg(Kx) =—x(X)).
When deg(NV) is nonzero, the spin® structure s is torsion. Moreover, Pic’ (X)/Z[N] is
a finite abelian group and there is a one-to-one correspondence between Pic’ (X)/Z[N]
and the set of torsion spin® structures by identifying [Eo] with p*(E() ® Sg. With
this understood, the following proposition is a special case of Theorem 5.9.1 and
Corollary 5.8.5 of [26].

In addition, we have a canonical spin® structure s on Y with spinor bundle S?, =~

Proposition 8.1 Let Y = S(N) be a Seifert fibered space corresponding to an orbifold
line bundle N over ¥ with nonzero degree. Let Y be equipped with a torsion spin®
structure induced by an orbifold line bundle Ey over X. Then we have the following:

(1) The functional CSD —|—%8r||¢||i2 has only reducible critical points if there
is no orbifold line bundle E over X such that [E] = [Eg] (mod Z[N]) and
0 <deg(E) < —%X(E).

(2) The operator D4 + 8, has no kernel for any flat connection A if there is no
orbifold line bundle E over ¥ such that [E]=[E] (mod Z[N]) and deg(E) =

—1x(3).

Later, we will also consider some examples of S(N) with deg(N) = 0, specifically,
those manifolds with flat metric (deg(N) = x(X) = 0). By the Weitzenbock formula,
the (unperturbed) Chern—Simons—Dirac functionals on these manifolds also have no
irreducible critical points.

8.2 Large-degree circle bundles over a surface

Let ¥ be a smooth surface of genus g > 0 and N, be the complex line bundle with
degree d > 0. As we explained in the last subsection, the torsion spin® structures
on Y = S(Ny) can be parametrized by Z/dZ in a natural way. We denote them
by s¢,51,...,84—1 accordingly. In this subsection, we consider the torsion spin®
structures s, such that ¢ > g. By Proposition 8.1, we see that the triple (Y, s4, gr)

Lyd.

satisfies the conditions of Theorem 7.5 with § = §, = 3
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To describe the spectrum invariants, we will calculate n(Y, sq, Ao, gr) + m(D, ;)
following the approach from [27; 28]. We introduce a family of connections on 7Y
parametrized by s € [0, 1] given by

V¥ = (1 —5)V°® 4+ sVLC,

where V° and V€ are described earlier. Let Ay, be the connection on Sy which is
spinorial with respect to V¥ and induces the same connection as A6 on det(Sy) and
let )° be the Dirac operator corresponding to Ag,s. From (46), we see that

47) P =0=)P+sh=D0+(1-5)s,.

Now consider the cylinder 4-manifold X = I x Y. The family of connections {V*}
induces a connection V on TX (with temporal gauge). Similarly, the famlly of
connections {Ag s} induces a connection A on the spinor bundle Sy . Let EJ“ be the
positive Dirac operator coupled with A. We have the following observations:

(1) The operator ﬁ has no kernel (by Proposition 8.1).

(2) Let A" be the induced connection on det(S/{,|r ). Then we see that Fg |s3xy =0
for any s € [0, 1], which implies F A Fg, = 0.

(3) Aspointed outin [27, Remark 2.10], although V is not the Levi-Civita connection
for the product metric on X, we can still use the Atiyah—Patodi—Singer index
theorem [2] to calculate the index of P .

As a result, the Atiyah—Patodi—Singer theorem! gives

@8 Indc(B) =~ | pi(A)+ 300D —dime(ker D)~ 30(B),

where p; (2) is the first Pontryagin form for A.

On the other hand, the operator 1/5+ can be written as % + P’ under suitable bundle
identification. Then the index equals the spectral flow

(49) Indc (P1) = —(# of eigenvalues of P in [-§,,0]) = —m(D, §,),
where we note that —§, is not an eigenvalue of D . Recall that

n(Y, sq, Ao, &) = 3(n(P) —dime (ker B)) + gsign-

IThe sign convention of this index formula in [22] is different from that in [2] and [27] because Y is
oriented in different ways. For consistency, here we follow the convention in [22].
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Combining this with (48) and (49), we get

1 = 1 -~ 1
B8 + (Y., Ao.gr) = 0B+ 57 [ 21D+ g

Here we assume that r is sufficiently small and apply Lemma 2.3, formula (2.22) and
Appendix A of [27] to obtain

~ d, (g-1-q9)d+g—1—¢q)
n(¢)—€+ p ,

1 N d o4 2
2 XPl(A)— 12(d rt—(2-2g)r").

From [27, page 108; 29], we also have
%nsign = 21_4(d -3)— %d(dzr“ -2- 2g)72)'
Combining the above formulas, we can conclude

d—1+(g—1—qxd+g—l—q)
8 2d '

In summary, for 0 < g < ¢ < d, we have

n(Y’ﬁq» AO’gr) +m(5r) =

SWEA(S(Ny),5¢:S1) 2 (5°,0,¢(g,d. q)),
SWER(S(Ng).54;S") = (5°,0,¢(g.d, q)).

where ¢(g, d, q) is the number %(d —-D+(g—-1—-¢g)(d+g—1—q)/(2d) above.

8.3 Circle bundles over torus and other nil manifolds

When Y = S(N) where p: N — X is a complex line bundle over an orbifold ¥ with
x(X) =0 and deg(N) = d # 0, the manifold Y supports the so-called “nil-geometry”.
For simplicity, will assume that d > 0 and X is orientable. The case d < 0 is similar
(see the remark after formula (61)) and the nonorientable case can be done by passing
to a suitable (orientable) double cover. Our main focus will be the case when X is
smooth, ie Y is a circle bundle over a torus.

8.3.1 Preparation Let Y be a circle bundle over a torus. In this case, the torsion
spin® structures of Y can be parametrized by Z/dZ denoted by sg,...,547_1. The
spectrum invariants for s, with 1 < ¢ <d —1 are already calculated in Section 8.2
and we will only consider the spin€ structure so here. As earlier, Y is equipped with a
canonical metric g, and a canonical spinor bundle S?.
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Let the torus ¥ be given by (R/+/7Z) x (R/+/7Z) with coordinate (xq,x5). To
identify i Q}l(Y) with R?, we choose harmonic forms /; to be 2i /7 p*(dx;). We
have a canonical trivialization of Ky, which also induces a trivialization of S;} o
Cop*(Ky 1) and a trivialization of det(S ?,) =~ C, where C is the trivial vector bundle
on Y with fiber C. Under this trivialization, the Clifford multiplication is given by

We set the base connection A to be the connection which is spinorial with respect to
VL€ and induces the trivial connection on det(S ). Then the corresponding connection
Ay spinorial with respect to V° is just the trivial connection on SI(}.

Let ', (S ) be the subspace of F(S ) consisting of sections which are constant along
each fiber of Y = S(N). We see that I', (S ) is the same as a space of function
from T2 to C2, so Fourier series give an L2-orthogonal decomposition

(50) Te(Sy) = P V;
veZ?2

where V5 is the two-dimensional vector space spanned by ¢5 4 (X) = (ezﬁ i{x,0), 0)
and ¢; _(x) = (0, 2V {x,0)) ' We also have an orthogonal decomposition

(51) T'(Sy) =Te(Sy) ® To(Sy),

where FO(S ) is the subspace of F(S ) consisting of sections which integrate to 0
along each fiber of S(N). We have the following observations regarding the Dirac
operators and these subspaces.

Lemma 8.2 Forany h i} (Y), we consider Dirac operators DA wn=DPagrn+5r.

(1) The operator ﬁ d,-+h Dreserves the subspaces I'g (S g) and V3.

(2) The operator D has no kernel when restricted to L,zc (FO(SI(})).

Zo-i-h
(3) When h = 01h{ + 62h, and v = (vy, v,), the operator ﬁlﬁh restricted to V
is given by a matrix
0 —2ﬁ(92+v2)—2ﬁ(91 +v1)i
=27 (05 + v3) + 24/7 (01 + vy)i 0 '

Proof Statement (2) is implied by the proof of Proposition 5.8.4 of [26]. The other
statements can be verified by simple calculation. |
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As in Section 7, we will consider a functional of the form

Lse:=CSD 438|197, + efu(pula.$)).

where [ (61, 6,) = —(1/(2+/27))(cos 276y 4 cos 27r6,). From Proposition 8.1, the
functional Lg, o only has reducible critical points (recall that §, = %rd ). Although, the
operator ) Ao+h + 6y has nontrivial kernel for some / € iQ}l(Y ), we can construct a
suitable perturbation on L, o which allows us to apply Theorem 7.3. The first step is the
following lemma; the proof is almost identical to the proof of [17, Proposition 37.1.1],
and we omit it.

Lemma 8.3 There exists 6; > 0 such that, for any é € (0,8;), there exists €1(8) > 0
such that the functional

Ls,—s.e=Ls0— 581017, +€/a(prla.¢))

has only reducible critical points for all € € (0, ¢€(6)).
We also have the following lemma:

Lemma 8.4 There exists 6, > 0 such that, for any § € (0, §,), there exists €;(8) > 0
such that

(52) ((2@;0% —8)? +ep(grad i (h))$,$),2 = CG, O)pll7-

for all € € (0,€,(8)), h € iQ}l(Y) and ¢ € Li(F(S)Q)), and C(8,¢€) is a positive
constant depending only on §, €.

Proof Since we have an L?—orthogonal decomposition
r(sp)=ToSH o P V.
veZ?
which is preserved by both D Ao+h~ 8 and p(grad fg(h)), we just need to prove the
statement on each of the summand.

The case L,zC (To (S)(l)) is easy. By Lemma 8.2 and the compactness of iQ}l(Yl/g;',’o,
we can find a constant o7 > 0 such that, for any / € iQ}l(Y), the restriction of ) Ao+h

to lec (T (SI(})) has no eigenvalue lying in (=207, 20¢). Therefore, for any 0 < § < 0,

2
1 9

((2(D 3,11 — ) +eplerad [ (h))p. ¢),2 = 07 [1pl}. forall ¢ € LF(To(Sp)).

and 0 < € <o?, we have
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For the subspace V;, we first check the case v = 0. For h = 01h1+62h,, by Lemma 8.2,
the matrix of (IDZOJrh —8)|y; is given by

—4 —2/m (02 + 01i)
(—2ﬁ(92—91i) —4 )

The eigenvalues of this matrix are —§ £ 2+/ 71(912 + 022). The kernel of Aoth ™~ § is
nontrivial if and only if / is on the sphere S; of radius 8/(24/m) centered at 0. Let
S (Va) be the unit sphere in V. We notice that

(53) 2D, —87¢.9)2 =0 forany (h¢)€iQ(Y)x S(Vy),
where equality holds if and only if (%, ¢) belongs to the compact set
K:={(h.¢) € SzxS(V3) | (D7 ., —8)p =0}

For any (%, ¢) € K, we consider the negative gradient flow line y of fg with y(0) =h.
Here we choose § < ﬁgo that (%,y’(0)) <0, ie y goes inside S; at h. For t >0,
we see that the operator (/) Aoty — 0w has eigenvalues —4 + 27 ||y (©)|, which
are both negative. Then the function —§ + 2./7 ||y (1) — ((ﬁgﬁy@ —8)¢, @) is
nonnegative for ¢ > 0. Since the value of this function is 0 at # = 0, its derivative
at t+ = 0 must be nonnegative as well. After computing the derivative, we have
(p(grad fg(h))g,¢) > — (h,y’(0)). Therefore, we can conclude that

(54) (p(grad fg (h)p.$)p2 >0 forany (h,¢) € K.

Now we can find a small neighborhood U C iQ}l(Y) xS (V()) of K and a positive
number o, such that

(p(grad [ (h)p.$) 2 > 02 forany (h.¢) e U.
Similar to the case of Li(FO (Sg)), there exists o3 > 0 such that
2B g, 8’0 )12 = 203

for any 6§ € (0,03) and (&, ¢) € iQ}l(Y) X S(Va) \ U. Let € > 0 be a positive number
such that

e|(p(grad [y (). $) 12| < 03
for any (h,¢) € i) (Y) x S(V5). Then

((2(D 3,4 — ) +eplerad fu (h))¢. ¢); 2 = €0
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for any (h, @) € iQ,ll(Y) x §(V5). By applying elements in G0 we see that similar
estimate (with the same constants) holds for general V;. This proves the lemma. O

Remark For any function £: ¥ — R, by applying the gauge transformation u = e~ §

on (52), we also get ((2(ﬁ20+h+id§ —8)2 +ep(grad fH(h)))gb, ¢)L2 > (8, 6)||¢||iz.
This observation will be useful soon.

Fix a choice of constants (§, €) with 0 <6 <min(d1, ;) and 0 < e <min(eq(3), €2(6)),
where §; and €;(8) are the constants from Lemma 8.3 and Lemma 8.4. All critical
points Ls,_s . are then reducible, so they are of the form (%, 4,0) € Coul(Y') where
hpg = %( phi+ qhy) for each p, g € Z.. Modulo the action of the whole gauge group,
there are four equivalent classes [(/19,0,0)], [(70,1,0)], [(/1,0,0)] and [(%1,1,0)]. The
relative gradings between them are given by

gr([(h1,1.0)]. [(h1,0.0)]) = gr(((/21,1. 0)]. [(o,1,0)]) = 1,
gr([(h1,0.0)]. [(ho,0. 0)]) = gr([(ho,1. 0)]. [(10,0. 0)]) = —1.

Notice that gr([(hlao, 0)], [(%0,0, O)]) and gr([(ho,l 0], [(ho,0, 0)]) do not coincide with
the relative grading for the Morse function fz (which is 1). This is because of the

(55)

appearance of the spectral flow.

There may still be finite-type irreducible trajectories between these critical points. Our
next aim is to find a suitable perturbation f to eliminate these trajectories. To do
this, we need to use the results regarding the “blown-up moduli space”. We quickly
describe the situation in our case and refer to [17] for the Morse case and [20] for the
Morse—Bott case.

The blown-up quotient configuration space B° (Y') is obtained by blowing up the quo-
tient space B(Y) =C(Y')/Gy along the reducible locus. The vector field —grad L5, _5 ¢
can be lifted to a vector field on B (Y’), which we denote by —grad® £s._s .. The
set of zero locus of this vector field is given by the union of the critical manifolds
[Cp,q,u] Where p is an eigenvalue of ﬁﬂ(ﬂrhm — 46 and p,q € {0, 1}. The critical
manifold [Cp 4], lies in the preimage of [(/1p,4,0)] under the blow-down map, has
(real) dimension 2 x (multiplicity of ) — 2. This manifold is called boundary stable
(resp. boundary unstable) if © > 0 (resp. i < 0). Note that D o+hp.g —§ has no kernel.

Denote by M([Cp,q,u], [Cp,q,w]) the moduli space of unparametrized trajectories
going from [Cp 4,u] to [Cp ¢, ,7]. We will be interested in the expected dimension of
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the moduli space /\;l([Cp,q,M], [Cpr,q,w]) in the case u < 0 < . From [20, Chapter 2,
Proposition 3.12] (be careful with the notation there), we have

(56) dim(./\;l ([Cp,q,u]’ [Cp’,q’,u’])) = gr([(hp,qv 0)], [(hp’,q’v 0)]) -2
— 2 #{eigenvalues of 4,45, +8-—8 in(1.0)}
— 2 #{eigenvalues of ¢A0+hp,q+5r —8in(0,1)}.

Observe that the dimension in this case is always negative by (55). We have the
following result regarding these moduli spaces.

Lemma 8.5 There exists €’ > 0 such that, for any trajectory y = (a, ¢): R — Coul(Y)
representing a point of M([Cp 4], [Cpr g7 ./]) With 1 <0 < 11/, we have

sup [|¢(0) |2 > 2¢€".
teR

Proof First, we show that a trajectory representing a point in M([Cp,q,,t], [Corq'. ')
must be irreducible. A reducible point in M([Cp,q, wls [Cpr g, w]) gives rise to a finite-
type trajectory (8,h,¢): R — i imd* @iQ}l(Y) @ F(S?,) such that

57 L (BW). h1). (1) = —(+dB(1). € grad fr (h(D). (B 7, 4 pry — D D).

where ||¢(?)] ;2 = 1. From Lemma 8.4, we can use Lemma 7.1 to conclude that there
can be no such trajectory.

Now we can consider only irreducible trajectories. Suppose the contrary that there is a
sequence of irreducible trajectories

Yu(t) = (an(t), n(?)) with lim (sup [[¢n(®)]L2) = 0.
n teR

—>100

As in the proof of Theorem 7.5, we can lift y, to a negative gradient flow line ¥, =
(ayn, 5,,): R — Cy of Ls,_s,,e. Notice that the topological energy of ) is bounded
above by V2e/m. By [17, Proposition 16.2.1], after passing to a subsequence and
applying suitable gauge transformations, the sequence J, converges to a (possibly
broken) flow line ). From our assumption on the limit of sup;cg ||¢n(¢)||z2, the
trajectory yeo is reducible. Any such reducible flow line is contained in lec (kerd)x{0}.
In particular, if we decompose

Gn(t) = ha(t) + Ba(t) +idEn(t) €iQ(Y) ®imd* ®idQ°(Y),

then limy,— 4 oo (SUP,cRr ”ﬂn(t)”Li) =0, and so limy— 4 oo (SUp;er |da@n(?)||co) = 0.
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From (45), we have

8 Llgn N2 = 2B 5,17 o)~ + plerad e/ (hn (1) du(0). ¢u(0)) 2
+ @17 2 + 2(p(xdan (1) (1), (D)) 2.
Notice that
(B 717 ) =5 bn(0), n(0)) 2
=Bz, 50— Ol}
=B 1,10y +1ds, 0 — OO + pBu®)Gn(0) | 2
= (D 2 nrride,@ — ) 0 @), a0 2 = 1Ba)] 20| 6n )17 -
This gives

59 L lgn@)]I22
= 22D 7, h oy ride, @) + Perad e fa (ha(0)))@n (1), (1)) 2
+1@n (O} 2 + 2{p(xd@n (1) fu (). $n (1)) 2 — 4| B | 0 bn ()13 2
> (2C (8. €3) = 2| daan(t) ]| co — 4l Ba ()| 0) | 6n OII7 2.

where we make use of remark after Lemma 8.4. Therefore, when 7 is sufficiently
large, the above inequality implies that g—tzz lln (O]l iz > 0 for any ¢. This is impossible
because sup,cr ||¢n(t)||i2 < 00. |

To construct the final perturbation, we reintroduce the Banach space P of extended
cylinder functions (see Section 2). Define a subset O = {(a,¢) € Cy | ||¢|l 12 < €'},
where €’ is the constant from Lemma 8.5, and Po = {f € P | f|o = 0} is a closed
subspace of P. By [17, Proposition 11.6.4], we can find an open neighborhood &/
of 0 in Pp such that for any f_ in this neighborhood, the functional L5, _s  + f
has no critical points outside O. Therefore, the critical points are just (4, 4,0) for
D, q € Z with the corresponding critical manifolds [Cp 4,,.] as in the case of L, _5 .
Analogously, we denote by M f([cp,q, wls [Cpr g7, ]) the moduli space of trajectories

of grad?(Ls,—s.c + f).

Lemma 8.6 For any critical manifolds [Cp 4.,,] and [Cpr 4.,] with 1 <0 < 1/, there
is a residue subset of Po such that the moduli space /\;tf([Cp,q,M], [Cpr g7 ]) 1s empty.

Proof Using the fact that the index of a Fredholm operator does not change under
homotopy, it is easy to see that the expected dimension of M j;([Cp,q,M], [Cp g )
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does not depend on /. In particular, it is always negative when u < 0 < u’ by our
discussion earlier. Therefore, we just need prove that M f([C .q.uls [Cpr g7 w]) 1s Smale
regular; see [20, Definition 3.11]. The proof of this fact is very similar to the proofs
of [17, Theorem 15.1.1; 20, Theorem 3.1.7]; ie one introduces a parametrized moduli
space and then applies the Sard—Smale theorem.

The main difference is we require an extended cylinder function to satisfy f_ (a,9) =0
as long as ||¢|;2 < € instead of asking / to vanish in a small neighborhood
of the critical manifolds. To see that this new requirement does not affect the re-
sult, we recall how the cylinder functions are constructed (see [17]): After choos-
ing a set of sections ®y,..., D, of the bundle Sy = (ZQ (Y) x Sy)/gY over
Y x (H'(Y;R)/H'(Y;Z)) and a set of coexact forms a;,...,a,, we get a map

po: Cy = C™ x (HY(Y;R)/H (Y;Z)) xR".

A cylinder function is obtained by composing po with a compactly supported function
on C" x (HY(Y;R)/H"(Y;Z)) xR".

On the other hand, it is straightforward to deduce from Lemma 8.5 that any trajectory
y = (a,¢): R — Cy representing a point in /\/lf ([Cpq.ul: [Cpr q7,w]) also satisfies
sup,eg @) |2 > € for / € Po. We now pick a section of the bundle Sy which
equals ¢(#9)/||¢(to)|lz2 when restricted to Y x {mya(ty)} and whose restriction to
any Y x {*} has unit L?>—norm. By specifying ®; to be this section, we see that the
image po(O) lies in the set
U:=B()xC™" 1 x (H (Y;:R)/H'(Y;Z)) xR",

where B(¢’) is the ball of radius €’ in C. Therefore, by composing po with a function
which vanishes on U, we get a cylinder function which vanishes on O. Moreover,

since po(y) € U, this kind of cylinder functions are enough to repeat the argument on
page 269 of [17] and prove the transversality result we need. a

The following result is now immediate from the previous lemma.

Proposition 8.7 There exists an extended cylinder function f € Po such that all
finite-type gradient flow lines of the functional Ls, _s5 ¢ + f are contained in iQ;l(Y).

Proof Notice that any finite-type irreducible gradient flow line of Lg,_s ¢, + f gives

a point in Mf([cp,q,u]’ [Cpr g/,w]) With 1 <0 < /. By Lemma 8.6, the moduli space
is empty, so there are only reducible flow lines, which have to lie in 7 Q}Z(Y). |
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Remark By reversing the orientation of Y and repeating the arguments above, we
see that one can also choose §,¢ > 0 and f’ € Po such that gradient flow lines of
Ls, 18—+ ]7/ lie in i Q,i(Y). This will be useful when we calculate SWER .

8.3.2 Computation of the invariants We first consider the case SWF4(Y,s¢; S1).
Proposition 8.7 and Lemma 8.4 allow us to apply Theorem 7.3 to work on the linearized
flow given by

— & (B(t), h(1), $(1)) = (xdB(1), grad e [ (h(t)), D (h(1)$ (1)),

where D (h) = Vi o+h — & with §, € and fg previously chosen. Recall that we will
have to compute Conley indices of finite-dimensional approximation of the flow on the
1

bounded region J,; = Str(¢’) N p,' ([—5 —m. 5 —|—m]2) , where €’ is from Lemma 8.5

and we fix 0T = %; see Section 7.

To simplify the calculation of the corresponding Conley index, we consider subspaces

- B w We @ %

veZ2N[—m,m]? veZ2\[—m,m]?
From (50) and (51), we have an orthogonal decomposition F(S)O,) =WeWarl, (S)O,).
To deform D (/), we define a family of operators D®(h) parametrized by [0, 1] x
iQ}l(Y) as B .
(¢20+h_5)¢ ifpeW,

D’ (h)¢ = {(ﬁﬂo—i-sh —8)¢ ifpeW &To(S)).

Notice that for any h € [— —m, % + m]z, the operator D*(/), when restricted to
W @ T (Sg), has no eigenvalue in [—€q, €1], where €; is a constant independent

of m. Therefore, by setting € small and applying Lemma 7.4, we can consider D° ()
instead of D (h).

Fix an integer n large enough so that W C V)\’Z " . The approximated linearized flow
on V)fi " corresponding to D° (/) can be split into the product of the following flows:

(1) the linear flow on (W' @ FO(SI(})) N Vk’tl” given by the operator —(ﬁgo —3683);
(2) the linear flow on Li(im d*)n VXIZ " given by the operator —d*;

(3) the flow ¢ on a finite-dimensional space iQ}l(Y) @ W generated by the vector
field (—e grad fg, _(D/T()Jrh —§)).

Since the first two flows are linear, the corresponding Conley indices are just S© after
suitable desuspension. Therefore, the stable Conley index I_,"n’+ is determined by the
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third flow. More precisely, we have
It = I (e inv(J, NGQNT) ®W))),
where W™ C W is spanned by the negative eigenvectors of (15 i ) |w -
By Lemma 8.4 and [13, Lemma 12], we can deduce that [—% —m, % -|—m]2 x B(W) is
an isolating block for inv(J; paal( Q}l (Y)®W)), where B(W) is the unit ball inside W.

Moreover, by [13, Lemma 4], we have I (p,inv(J,f N QL (Y) & W))) = =n™,

where n™ is the exit set of [—% —m, % + m]2 x B(W) with respect to the flow ¢, and

3 denotes the unreduced suspension. By the definition of the flow ¢, we see that
i 2 ~
n~={(h¢)e[-F—m T +m] xS(W)|(g, (P g, —)¢) < 0},
where S(W) is the unit sphere in W.

We now start to deform n~ to simpler spaces. Let W™ (/) be the space spanned by
nonpositive eigenvectors of (/) doth — 83)|w . We consider the subset

ny={(h.¢)en" | p W (h)}

By Lemma 8.2, the operator (i) —6)|w can be represented by the matrix

Z()-i-h
@ ( Ir—a6 —2ﬁ(92+v2)—2ﬁ(91+v1)i)
—2ﬁ(02+v2)+2ﬁ(91+v1)i ) '

—m=vi,v2=<m

Then we see that

S(CCmTD*+1) i h e B for some ¥ € Z2 N [—m, m]?,
S(C (2’""'1)2) otherwise,

S(W=(h) = {

where By denotes the ball in R? centered at ¥ with radius §/(24/7). A careful
(but elementary) check shows that n7" is a deformation retract of n~. Note that this
deformation retraction does not preserve the projection py.

_ . 2 : .
To further deform n7", we choose a point zg € [—% —m, % + m] outside the union of
balls ( Jez2n[—m,m)? By and connect z to each of By by disjoint paths y; containing

. 2 .
in [—% —m, % + m] . It is not hard to see that the subset

(60) A= |J GsUBy
veZ2N[—m,m]?

is a deformation retract of [—% —m, % + m]z. This induces a deformation retract of n7
— = — . 1 1 2 1 1 2
to ny :=ny N pyH(A), where py: [—3—m, ;+m| x B(W) - [—;—m, 3 +m]
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is the projection. Since A is homotopy equivalent to the wedge sum of (2m + 1)?
balls, we see that n; is homotopy equivalent to

2m+1)2
ny = \/ S(C(2m+1)2+1).
S{0}xC2m+1n?2)
The notation \/j X means the space obtained by gluing n copies of X along their
subset B. Since W™ o C@m+D*+1 ye have
(2m+1)?

2
— m41)2
1’71,+ ~ y—Cemth +1( \/ (C(2m+1)2+1)+) ~ Z—C( \/ <C+).

({0yxC @m+1D2)+ S0

To determine the attractor maps, we notice that [—i -—m+1, i +m— 1]2 x B(W)
is an isolating block for inV(J,;lF_1 N @ Q}l(Y) @ W)) and the corresponding exiting
setis just n= N pl_1 ([—% —-m+1, % +m— 1]2). By this observation, we see that the
morphism induced by the attractor map It - f,:’;“L is just given by the desuspension

_1)2 2
of the inclusion \/fqzom b (C+—>\/§Om+l) C™. Therefore, we have
o0

SWFA(Y,50; S') = (\/ C*,0,n(Y, 50, Ao, g) + m(Da,. 6 —8) + 1),
SO
where \/$o C* € ob& denotes the direct system

2 3
(C+—>\/C+—>\/(C+—>---
S0 S0

whose connecting maps are given by the inclusions.

Since §,,8 > 0 and § is small, we have m( 4,8, —8) = m(8 4,,5,). We can repeat
the calculation in Section 8.2 to find the value of n(Y, sg, Ao, g) + m(D 4,.5,). The
only difference is that @0 = ﬁ 4, how has kernel of dimension 2. Therefore, (48)
and (49) become

1

tnde () = —5 | p1(A) + 3(1(B) —dime(ker D) — 5 (D) ~2),

Indc(DP1) = —m(8,) —2.
Consequently, we obtain
n(so, Ag.g) +m(,) +1=c(1,d,0)—2 = §(d —17).

Therefore, we can conclude that
o0

SWFA(Y,s0;: S1) =~ (\/ C*,0,4(d - 17)) for d > 0.
SO
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Next, we compute SWFX (Y, s0; S1). To have a simpler description, we replace (8, €)
in the SW_FA case by (=6, —e¢) as discussed in the remark following Proposition 8.7).
By setting 6~ = i, we also consider fnj = pﬁl ([—% —m, % + m]z) N Str(e’). This
linearized Seiberg—Witten flow goes outside f,; along p;ll (8[—% —m, % + m]z)
Let W be as before and W™ be the subspace spanned by negative eigenvectors of

(5 4o, + 8)|w . By similar argument as in the previous case, we obtain
I o =V [ (5 inv(T, N (2L (V) @ W))).
where ¢ is the flow on iQ}I(Y) @ W generated by (e grad fg (h), (1520_,_,1 +38)¢).

Instead of finding the Conley index I g1 (@. inv(J,, N(i 22} (Y)@®W))) directly, we con-
sider the reverse flow —¢ and use some duality results. Like ¢, the flow —@ goes inside
the isolating block [—% —m, % + m]2 x B(W) along (8[—% —m, % + m]z) x B(W).
With the same argument as in the previous case, we have that
(2m+1)?
~ . F— . 2
Ig1(=,inv(J,, N (2} (Y) D W))) = \/ (COm+D I+
({0yxC@m+12)+

According to [6; 24] (see also [13, Proposition 3]), this space is the equivariant
(iSZ}l(Y)EBW)—dual of I ((25, inv(f,; n (iQ,ll(Y) b W))); see [25, page 209] for
the definition. Since we have a decomposition

QN eW =iQl(¥)e W eCctmtD’+1

we can see that
2m+1)2 *
1,’,’;‘;2C( \/ <C+),

S0

where E* denotes the equivariant Spanier—Whitehead dual spectrum of E. In or-

2
der to calculate (\/g,zomﬂ) ct

consequence of Theorem 4.1 and Lemma 4.9 of [18, Chapter III].

)*, we give the following lemma, which is a simple

Lemma 8.8 Let E be a finite S'~CW complex embedded into S(V'), the unit sphere
of an S'-representation space V. Then (V™ \ E) and £ E are equivariant V —dual to
each other. Moreover, if E' C E is an inclusion of S'-CW complex, then the inclusion
Y E' — X E is dual to the inclusion (V' \ E) — (V' \ E’). Similar results hold for
the Pin(2)—equivariant case.
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Notice that

and we can embed the disjoint union of circles into S(C?). By Lemma 8.8, we have

2m+1)2 * 2m+1)2
ZCZ( \/ (C+) =(@2)+\( |_| Sl),

SO
and we can obtain

2m+1)2
=~y ((C2)+ \ ( | | Sl)).
Hence, we can conclude that

SVV_FR(szo; Sl) = ((Cz)+ \ (l_lSl)? 0, I’l(Y,ﬁo,Ao, g) +m(DA()’5l‘ +5) + 1)’

where (C?)*\ (L] S') denotes the inverse system

(€A (S < (€ F) (|i| sl) <@+ (|i| Sl) o
whose connecting morphisms are given by the inclusions.
Since 8,8 > 0 and —§, is an eigenvalue of J) with multiplicity 2, we get
m(Pa,. 8 +8) =m(Da,,8)+2,
which implies

(61) MR(Y,so;Sl)g(((Cz)+\(|_|Sl),0, %(d—l)) for d > 0.

Remark For the case d < 0, the results are

oo

SWEA(Y, 50; S!) = (\/ C*t.0,3(d - 15)),
SO

SWER (Y. 50: 1) = ((@2>+ \ (|_| S‘),o, s+ 1)).

We have finished the calculation of the S'-invariants. Since ¢;(s9) = 0, the spin®
structure s can be lifted to 22 = 4 different spin structures, whose spin connections are
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givenby Ag, Ao+ %hl , Ao+ %hz and Ao+ %(hl +h5). We denote the corresponding

1, s2 and 53, respectively. Although we have to choose the base

spin structures by s°, s
connection to be the corresponding spin connection, for consistency, we still identify

spin® connections with 1-forms by sending A to A — A instead.

Most of the argument in the S !—equivariant case can be easily adapted to be Pin(2)—
equivariant case. The only thing to be careful is that the set A (see (60)) should be
invariant under the additional j—symmetry.

Now we start the calculation. It turns out that the invariants for s!, 52 and s> are
isomorphic to each other, so we will just focus on s'. With the same setup when
computing SWEA(Y, 50;: S1), the addition J—action is given by

J '(h»¢a,+) = (hy —h»¢(1,o)—i5,—) and - (h’%',—) = (hy —h, —¢(1,0)—ﬁ,+)-
To preserve this symmetry, we consider

it =S N i ([~ —m o+ 1 m]),

W b

veZ2N[—m+1,m]?

where we note that the basic interval is [—m + 1, m] instead of [—m, m].

In a similar manner, we have that, for n sufficiently large,

A~

15~ (Pin2) = =7 Ipiney (9, iv(J,; N GQLY) @ W))),

where W™ is spanned by the negative eigenvector of (1 4,44, /2+8,—8)|w . The set A
can be made j—invariant by choosing zg = %hl and requiring that 7 - y5 = ¥(1,0)-3 -
Repeating the calculations, we can show that

4m? am?
Isi(p v nGumewy) = \/ (@ Hht g(cc“mz)Mz( || sl).
({0}xC4m?)+

. . .o 2 .
Notice that these copies of S correspond to vertices v € [—% —m+1, % + m] , which
are interchanged by ;. Therefore, we see that

2m?2

Tpinay (0. inv(JE N QL) @ W))) = (H2) A 2( | | Pin(Z)).
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. ~ _ 2
Since W~ >~ H2™" , we can conclude

o0
SWF4(Y,s'; Pin(2)) =~ (2 (|_| Pin(2)), 0, £ (d — 17)),
where E(|_|°° Pin(2)) € ob(6&(Pin(2))) denotes the direct system
¥ Pin(2) — X (Pin(2) U Pin(2)) — X (Pin(2) U Pin(2) U Pin(2)) — ---
whose connecting morphisms are given by inclusions.

The calculation of SWFR(Y, s!; Pin(2)) is also very similar to the SWFR(Y, s9; S1)
case. For example, we can show that I, (Pin(2)) is the Spanier—Whitehead dual of
Z](|_|2m2 Pin(2)). We can pick an embedding of | |** Pin(2) in S(H) and denote by
H* \ |_|*° Pin(2) the inverse system

2 3
H* \Pin(2) « HT\|_[Pin(2) < H*\| |Pin(2) <,
whose connecting morphisms are given by inclusions. Then by Lemma 8.8, the system

H* \ | |* Pin(2) is equivariant H-dual to (| |* Pin(2)). Hence we get

SWFER(Y,s'; Pin(2)) =~ (H+ \[_|Pin(2). 0. & - 1)).

Now we compute the invariants for 5°. The corresponding spin connection is A4¢, and
the additional j—symmetry is given by

Jo(h 5 4)=(=h,¢p_5_) and j-(h,¢5_)=(-h,—P_5 ;).
We want to compute the Conley index
5T PinR) = ™ Iiney (0, iv(J,F N (EQL (YY) @ W))).

Note that the set A defined in (60) can never be made j—invariant in this case. Instead,
we can use the union of balls By and paths yy connecting B; to By for each v#0
with j -y = y_;. Using a deformation retract to this set, we can describe the Conley
index Ipip(2) ((p,inv(f,%" N (iQ}l(Y) @ W))) as follows: the ball By contributes to
a copy of (H2m2+2m+1)+ >~ E(2m2+2’")HES(H). For v # 0, each pair of By;
together contributes a copy of XCm*+2mH ¥ (7. « S(H)), where Z, = {1} is the
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two-point space with nontrivial Pin(2)-action. More precisely, we can write

Ipin) (9. inv(J,5 N (2, (Y) @ W)))
2m24+2m

2 ~
~ y(@m +2m>H2(S(H) Vein  \V (Za2x S(H))).
Pin(2)

Here we think of Pin(2) as the subset {(1, ')} U{(—1, je'?)} in Zy ¥ S(H). Since
W™ = H2m*+2m+1 , we obtain

o0
SWE4(Y, 5% Pin(2)) (z (S(H) Vein \ (Z2 % S(H))), 0, £c(d — 9)),
Pin(2)
where S(H) Vpin(2) (\/1‘;;;(2)(2 2 X S(H))) denotes the direct system

2

(D) Vi (Za x S(D) = SE) Vi ( V/ (22 x 5(00)
Pin(2)

3
— S(H) Vpin(2) ( \/ (Z> % S(H))) =

Pin(2)

We are only left with the calculation of SWFX(Y, 5% Pin(2)). To do this, we need to
find the Spanier-Whitehead dual of S(H) Vpin(2) (\/gn(z) (Z 2 xS (H))) . It is not hard
to check that this space can be embedded into S(H?) as

m
Dy, = U{(Zl 4+ jza,234 jz4) € S(Hz) ‘ Z3 = —Z4 =NZ] Ol Z3 = Z4 = I’lfz}.
n=0
Repeating the calculation we did for SWFR (Y, s%; S1), we get
SWER (Y, 5% Pin(2)) = (H*) T\ Deo. 0, £ (d +7)).
where (H?)T \ Dy, denotes the inverse system
(H>)T\ Dy < (H) T\ Dy < (H*)F\ D3 «---.
8.3.3 Other nil manifolds Suppose that X is not smooth. Then the genus of X is 0

and Y is a rational homology sphere. Without any further perturbation, the functional
Ls, o has a unique critical point (A4¢, 0). This allows us to apply Theorem 7.5 and obtain

SWFA(Y,s;S') = (5°,0,n(Y, s, Ay, g) + m(D, §,)),
SWFR(Y,5;81) 2 (S°,0,n(Y, s, A9, g) + m(D, §,)).
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Moreover, when s is spin, we have
SWE4(Y, 5;Pin(2)) = (5,0, 3(n(Y, 5, 4o, &) + m(D. 5,))),
SWFR(Y,5;Pin(2)) = (5°,0, L (n(Y, s, Ao, g) + m(D,$,))).

The explicit formula for n(Y, s, Ay, g) +m (I, §,) can be obtained in the same fashion
as in Section 8.2 (see [27; 28]) and we omit it.

8.4 Flat manifolds except T3

In this subsection, we calculate the spectrum invariants for manifolds ¥ supporting a
flat metric g other than the 3—torus 7'3. There are five manifolds belonging to this
class: four of them are 7"?>~bundles over S! with monodromy automorphism fixing a
point and having orders 2, 3, 4 and 6, and the last of them is the Hantzsche—Wendt
manifold. By the Weitzenbock formula, for any torsion spin® structure s on Y, the
functional CSD has only reducible critical points.

The Hantzsche—Wendt manifold is a rational homology sphere. Therefore, the func-
tional Lo o has only one critical point (Ao, 0), and we can just apply Theorem 7.5 to
conclude that

SWFA(Y.5:8") = (5°,0,n(Y, 5, o)),

SWER(Y,s:8") = (S°,0,n(Y.s. 4))

and analogous results for the spin case. The numbers n(Y, s, 4Ag, g) can be calculated
using the method of [27; 28] and we omit the result.

Now we consider the 7'2-bundles over S! whose monodromies are automorphisms
7: T? — T? of order 2 (ie the hyperelliptic involution on 7'%). The situations for the
cases of order 3, 4 or 6 are very similar, so we will focus our attention on this case of
order 2.

Let 72 be given by R?/Z? with 7(6;,60,) = —(6.6,). Then the manifold ¥ can be
obtained as the quotient of (R x T'2)/Z, where the Z-action is given by (6, 01, 0,) —
(6o +1,—01,—6,). Since H\(Y;Z) = (Z/27) & (Z/27) & Z, there are four torsion
spin® structures on Y. By [17, Lemma 37.4.1], only one of them admits a spin®
connection 4 with F4r = 0 and ker ) 4 # 0. We denote it by so and the other three
by 51, 52 and 53.

Let us consider the spin® structure s first. This spin® structure can be identified with
a quotient of the spin® structure 5y on R x 7'2 whose spinor bundle is trivial and the
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Clifford multiplication is given by

ey = (g 1) oaso=(1 7). sarn=(7¢).

Note that the generator of the Z—action on the spinor bundle is given by the constant
matrix ((1) _(1’).

As in Section 8.3, we let I'.(Sy) (resp. I'g(Sy)) be the space of sections of that is
constant (resp. integrate to 0) along each fiber of the 72~bundle. For each integer 7,

we define sections ¢, + € I'¢(Sy) as
Gn+(80.61.62) = (€721%0.0). §u—(69.61.6,) = (0,7 D),
These give an L2—orthonormal basis of T'¢(Sy).
We choose as the base connection A induced from the trivial connection on 5, and

we pick h1; = 2mi - dfy as a basis for iQ}l(Y). We have the following observation.

Lemma 8.9 For any 6 € R, the kernel of the operator IP 4,+p, | L2(To(Sy)) is trivial.
Moreover, we have

¢A0+9h1 (¢n,+) = —7T(27’l + 29)¢n,+’
¢A0+9h1 (¢n,—) = 7'[(271 + 1 + 2‘9)¢n,—

Proof The first assertion can be proved by passing to the double cover of Y, which
is T'3. The second assertion is easy to verify by direct calculation. a

Let fg: iQ}l(Y) =~ R — R be given by f(6) = —cos(4r0). By the same argument
as in the proof of [17, Proposition 37.1.1] and Lemma 8.4, we have

Lemma 8.10 There exist a constant §; € (O, %

such that for any § € (0,81) and € € (0,¢1(81)), we have the following:

) and a function ¢1: (0,81) — (0, 00)

(1) The functional

L5, = CSDlcouy) = 3816172 + e/ (prla. ¢)
has only reducible critical points.

(2) Forany h € iQ}l(Y) and ¢ € L,%(F(Sy)), we have

((2(Pag+n—8) + pleradef ()¢, ¢) > = C(@, ©)p72,

where C (8, €) is a positive constant depending only on §, €.
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Let us fix a choice of §; € (0,8;) and €, € (0, €1(82)). The critical points of L_g, ¢,
are just (0hy,0) with 46 € Z, and there are four gauge equivalent classes [(0, 0)],
[(%hl , O)], [(%hl , O)] and [(%hl , 0)] Notice that the spectral flow of the operator
D 4y+6n, — 82 is 0 when 6 goes from 0 to % or 6 goes from % to %, whereas the

spectral flow is 1 when 6 goes from % to %. Consequently, we have

er([0.0))[(41.0)]) = (41, ). [(31.0)]) = 1.
er((0.0).[(31.0)]) = er([(51. 0] [(1.0)]) = 1.

As in the proof of Lemma 8.6, we can find an extended cylinder function f satisfying
the following requirements:

(1) there exists € > 0 such that f(a,$) = 0 whenever ||p||;2 > €'
(2) the functional £_s, ¢, + f has only reducible critical points;

(3) for any boundary unstable reducible critical manifold [C] and any boundary
stable reducible critical manifold [C’], the moduli space M f([C ,[C']) is Smale
regular.

We now consider the perturbed functional £_s, , + f. Let [C], [C"] be critical
manifolds whose corresponding critical points are [a], [b], respectively. By a formula
analogous to (56), we see that the expected dimension of M f([C ],[C’]) is nonnegative
only if gr([a],[b]) is at least 2. This can happen only when [a] = [(3/7,0)] and
[6] = [(2/1,0)]. However, since the functional £_s, ., + f takes the same value
at these two points, there cannot be any trajectory connecting them. As a result, we
have proved that the moduli space M f([C .[C']) is actually empty. This implies that
there are no irreducible trajectories for the functional £_s, ., + f and we can use
Theorem 7.3 to calculate our invariants.

The computation of the Conley indices of the linearized Seiberg—Witten flow is exactly
the same as in the case of nil manifolds and we will skip all the details. The number
n(Y,s, Ao, g) canbe calculated using the formula in [27]. Since Y admits an orientation
reversing diffeomorphism preserving (so. 4o), we see that () = nsign = 0, which
implies n(Y, g.s, Ag) = —idimc (ker )) = —1. Note that m(P, —6,) = 0 as §; is
small. Therefore, we can conclude that

o0
SWFA(Y, 50: S1) =~ (\/ C™,0, %)
SO

SWER(Y.50: 81) = ((«:2)+ \ (I_I Sl),o, %).
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As for the Pin(2)-invariants, notice that s¢ can be lifted to two spin structures. Since the
holonomy of Af) along the loop (0, 0, 8) equals —1, we see that the spin connections
are Ag + %hl and Ay + %h3 and denote the corresponding spin structures by 58
and 5(1), respectively. We have

SWEA(Y, 53; Pin(2)) = (S(H) Vo) \/ (Z2 S(H))),O, %),

Pin(2)
SWFR (Y, 55; Pin(2)) = (H*) "\ Des, 0, 3),

MA(Y,s(I);Pin(Z))N( (|_|P1n(2)) )

SWER(Y, 58; Pin(2)) = (H+ \ |_| Pin(2), 0, g).

As for the other spin structures s;, $, and s3, since the ker() Ao+#) = 0 for any
hei Q,ll(Y), we can just apply Theorem 7.5 and get sphere spectra with suitable
suspension. Notice, for j = 1,2,3, that we have n(Y, 4¢,s;,g) = 0 because of
existence of an orientation reversing diffeomorphism preserving (s;, Ao).

Finally, when Y is one of the other 7>~bundles, we can prove that the spectrum
invariants of Y are just shifts in the suspension indices of the above results. The only
difference comes from the change of the number n(Y, s, Ay, g). Again, we refer to
[27; 28] for the calculation of this quantity.
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